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Abstract. Given a C" function f : U C R" — R™. Inspired by a recent result due to
Moreira and Ruas (Manuscr Math 129:401-408, 2009), we show that for any x € U, there
exists a §(x) > 0, such that for all y € B(x, §(x)) N U, it holds

If @) = fOI = CrldfWlx =yl +Co sup [D" f(x +1(y —x)) — D" f(x)|lx — yI",

0=<r<1

where Cp, C» depends only on n,m. This inequality can be thought as a generalized
Bochnak-t.ojasiewicz inequality for smooth functions, it contains a “polynomial term”
and a correction term from the finite differentiability. When df (y) = 0, the inequality
improves the classical Morse criticality theorem, therefore, our approach unifies and sim-
plifies various results on Morse criticality theorems, and leads to some streamlined proofs
of the Morse—Sard type theorems. To showcase the wide applicability of our inequality, we
provide two novel Morse—Sard type results. Define Z‘;. = {x € U | rank(df(x)) < vi.

In the first place, if f € CK@ k > 1Lk € NJO < o < 1, ( CH@ Mor-

eira’s class), then the packing dimension dimp f(E?) < ﬁ Secondly, we consider

S WEESP(U:R™) 0 > m, k > lL,sp >n,0<s <1, Wk+S.P ig the (possibly frac-
tional) Sobolev space. We will show that, for f € wkts.p(U; R™M), Em(f(E;)) =0if

k41> 220y =0,1,....,m— Ly for f € WP, 0 <5 < 1,$m(f(2?)) =0, if

v
k+s > % To the best of our knowledge, it’s the first result on the Morse—Sard theorem for
fractional Sobolev spaces.

1. Introduction

The classical Morse—Sard theorem, stating that the set of critical values of a suf-
ficiently smooth mapping has Lebesgue measure zero, plays a fundamental role
in differential topology and dynamical systems. Especially, transversality theory
makes use of the Morse—Sard theorem in an essential way and the theorem has
wide applications in many other fields of mathematics.
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We recall the classical Morse—Sard theorem. Let f : U — R™ be a C* function,
where U is an open subset of R” . A point x € U is a critical point of f if
rankDf (x) < min{n, m}, and y € U is a critical value of f if there is a critical
pointx € U with f(x) = y. Denote by £ the m-dimensional Lebesgue measure.

The Morse-Sard Theorem. Let f : U — R™ , where U is open in R". If f
is C* where k > max{1, n — m + 1}, then the set of critical values of f has L™
-measure zero.

Actually, it n < m, f € C ! the theorem is almost trivial. Therefore, the
main concern is on the case n > m. Morse [15] first proved the theorem in this
form when m = 1. That is, he showed that for f : U — R, U C R” open,
n>1, f € C* k > n, the set of critical values of f has Lebesgue measure zero in
R. Later on, Sard [18] extended the theorem to the case m > 1. Combined with an
earlier famous construction by Whitney [21], we now know that the differentiability
order k = n — m + 1 cannot be weakened.

There have appeared some new directions and new ideas since the pioneering
works of Whitney, Morse, Sard. Nowadays it might be difficult to list all important
contributions on the theorem, however, the reader can find an excellent brief survey
on the history and backgrounds on the Morse—Sard theorem in De Pascale [6], or
one can consult the insightful monograph by Yomdin and Comte [26], to find out
some of the most significant contributions on the topic.

A key tool, underling many proofs of various versions of the Morse—Sard the-
orem, is the so-called Morse criticality theorem [15]. The theorem tells us the
behavior of a C* function near its critical set.

Theorem 1.1. (Morse criticality Lemma). Let U be an open set of R",n > 1. If
f : U — Ris of class C¥, define B := {x € U|df(x) = 0}. Then there exist sets
By, By, ..., so that

o0
e B=J Bj;
i=0
e By is countable;
e fori > 0, the set B; is bounded and has no isolated points;
e forevery x € B;, it holds
— f(x
jin f(lyy)_ x];k( ) o
YEB;

Morse used a clever double induction on k£ and n to show the lemma. Observe
that for k = 1 or h = 1, the results are just consequences of calculus. In particular,
if n = 1, xo is an non-isolated critical point of f, then f'(xg) = f"(xg) = -+ =
f ®) (x0) = 0. However, for n > 2, at an non-isolated critical point xg, D? fx) #
0 might happen. To overcome the difficulty, Morse tactically singled out a set
U* C Cy, which roughly is the critical set of df, ie, on U*, d2f = (), then one can
apply the induction hypothesis on df € C*~!. On C £\U*, the implicit function
theorem can be used to reduce the dimension 7.

Making an essential use of the equality limy—x % = 0,whenk > n,one
YEB; -

can deduce easily that & L f(B;)) = 0, hence the Morse—Sard theorem for m = 1
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follows. Thereafter, analogous arguments combined with some clever applications
of the implicit function theorem, led Sard [ 18] to obtain the corresponding statement
inm > 1.

This has been an exciting area of research to extend the Morse—Sard theorem
to other function spaces. In many of these works, the compelling Morse criticality
argument (or Morse’s decomposition) has been adapted and again played a vital
role, typical examples include, e.g, those in Holder spaces [17], in Ck+(@ class [5],
in Sobolev spaces [6], etc.

In this paper we will pursue some further advances in the Morse—Sard type
theorem, the main results here will be the natural consequences of a new inequality,
which in turn can be viewed as a quantitative Morse criticality theorem.

The ideas presented here are motivated by a result of Moreira—Ruas [14], where
some techniques from semi-algebraic geometry were used to obtain the following
remarkable proposition.

Theorem 1.2. (Moreira—Ruas). Given a ck function f : U C R* - R,k > 1.
Then we have

lim Lfk(x) —0 forallx € Crit(f) N U. (1.1)
yecrit(f) [y = x|

where Crit(f) = {x € Uldf (x) = 0}, Crit(f) is the set of accumulation points of
Crit(f).

This formula replaces the Morse criticality lemma, and it leads Moreira and
Ruas to a simple and elegant proof of the classical Morse—Sard theorem. More
importantly, the methodology behind is compelling, and more flexible for other
situations.

The idea is simple. Moreira and Ruas observed, using a classical inequality of
Bochnak and Lojasiewicz from real algebraic geometry, that (1.1) can be derived
from Taylor polynomial approximation to functions with finite smoothness.

In fact, this line of research has long been followed by Yomdin in a series
of works [23-25], etc. In [23], tools form semi-algebraic geometry allows him
to establish a so-called quantitative Morse—Sard theorem in Holder spaces, that
is, the sharp upper bounds of entropy dimension for critical sets are derived. The
same strategy has been wonderfully used, by Yomdin and his collaborators, to
deal with delicate problems from a wide range of pure and applied mathematics,
including dynamical systems, singularity theory, complexity theory and robotics.
A comprehensive introduction to this topic is [26].

Nevertheless, we want to emphasize that, it is Moreira and Ruas who first
realized that the Morse criticality can be deduced in this way, we also remark that
sometimes it is not an easy task to apply Yomdin’s result directly. On the other
hand, the Morse criticality usually provides elementary and direct treatments to
these kinds of problems.

Continuing in this spirit, we will establish a new inequality in this paper, which
plays the same role as the Morse criticality does in the classical Morse—Sard theo-
rem. Our idea is similar to that by Moreira—Ruas. However, the quantitative nature
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of the inequality makes it very useful in various function spaces, and our work
provides a unifying framework for Morse criticality theorem in these spaces.
Here is our starting point.

Theorem 1.3. Let f : U — R™, U openinR", f € C",r > 1. Then given any
x € U, there exists § = 6(x) > 0, forall y € B(x, §(x)) N U, we have

lf ) = f)l = CrldfDIly — x|
+CzosuP1|Drf(X+t(y—X))—Drf(X)IIy—XIr, (1.2)
=I=

where C1, Cy are constants depending only on n, m .

Notice that if f is a polynomial mapping, choosing r larger than the degrees
of the components of f, (1.2) becomes the well known Bochnak—t.ojasiewicz
inequality in real algebraic geometry. While if df (y) = 0, (1.2) is similar to
the estimates in Morse’s criticality. Therefore, it is fair to call (1.2) “the Bochnak—
Lojasiewicz-Morse inequality”.

To showcase the utility of the above inequality, we will prove the following
Theorem 1.4. (Quantitative Morse—Sard theorem for C¥*(@). Let f : U — R™

be of CH@ 0 < o < 1, here Ck+@ denote; Moreira classes, see definitions
below. Define ¥ = {x € U | rank(df (x)) < v}. Then

dim 29 < .
e f( ! ) T k4o«

here dimp S is the packing dimension of a set S C R (the definition of packing
dimension can be found in Sect. 3).

Moreira [5] defines C¥T@ as follows: f € CKt@ if f e C¥, and for any
x € U, there exist 8, > 0, C, > 0 such that |D¥ f(x) — DK f(y)| < Cy|x — y|?,
forally e U, |y — x| < 8. Trivially, C k+(@) includes the usual locally Holder (or
Lipschitz) spaces cke where Cy, 8, can be chosen uniformly on compact subsets.
While, it is easy to see that the inclusion is strict. For example, C k+(s) characterizes
all f € C*and D**! f exists almost everywhere, which is the content of Stepanov’s
theorem. Consequently, C*! ; ck+,

It is instructive to compare Theorem 1.4 with [5,23] . Yomdin showed, for f €
Ck® thatdim, f (E.‘;.) <v+ ,’;L;;, dim, is the entropy dimension. Moreira showed,
for f € Ckt@), H“+ﬁ(f(2;)) = 0, which implies dimy((f(£})) < v +
ZI_; , where H* denotes the s-dimensional Hausdorff measure, dimy; the Hausdorff
dimension.

As far as we know, Yomdin’s original method cannot cover the Ck+(@) case, at
least in some straightforward way. On the other hand, it is known [13] that, for a
set §$ C R”,dimy S < dimp S < dim, S, and inequalities are strict generically.
Therefore, in view of dimension estimates, our result is stronger that Moreira’s. On
the other hand, we do not get similar estimates for v > 0.

Lately, there has been some interest in the Morse—Sard theorem in Sobolev
spaces, see [1,4,6,10], etc.

Our contribution in this respect is the following
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Theorem 1.5. (Morse—Sard theorem for WX*:P). Let f : U — R™, U open in
R'n>mlIffe WP 0 <s <1,sp>n,thenforv=0,1,....,m—1,

o fors=1,k+1> 2= wehave.i”m(f(Ef))—O

m—vy’
o forO<s <1l,k+s> wehave,f’"(f(EO ) =0,
where L™ denotes the m -dimensional Lebesgue measure.

In the above, when 0 < s < 1, WKTS:? ig so-called fractional Sobolev space,
its precise definition will be given in Sect. 4. For s = 1, WX*7 is the usual
Sobolev space, De Pascale [6] showed (see [10] for a short proof) that, for f €
WKtLr b > nif k > n — m, then Z’”(f(E;'}_l)) = 0. Hence, our result can
be thought as a natural extension of De Pascale’s work. The key step is again the
Bochnak-t.ojasiewicz—Morse inequality (1.2). To the best of our knowledge, there
has been no previous work on Morse—Sard theorems in fractional Sobolev spaces.

The rest of the paper is organized as follows. In Sect. 2, we will prove the main
inequality Theorem 1.3. Sections 3 and 4 are devoted to the proofs of Theorem 1.4,
Theorem 1.5, respectively.

2. Bochnak-L.ojasiewicz—Morse’s inequality

Recall the celebrated Bochnak—t.ojasiewicz inequality [3].

Lemma 2.1. (Bochnak—t.ojasiewicz). Let p : U C R" — R be a polynomial.
Givenanyx € U, any C > 1, there exists a neighborhood W C U of x, such that

Ip(x) — pWI| < Clx — ylldp(y)|, forany y € W.

Note that this inequality is trivial unless x is a critical point for p.
Now we turn to the proof of Theorem 1.3, with the help of Lemma 2.1.

Proof of Theorem 1.3. We first assume m = 1.
Let f : U - Rbeof C",r > 1. Given any point x € U. Define

r

D(X
P =Y Of!(x)(y —x)"

Ja|=0

i.e., p(y) is the Taylor expansion of f(y) around x, and p(x) = f(x). By
Taylor’s formula with integral remainder term, one has, for y in some convex
neighborhood of x,

HORNIOE 1),/ (1= N (D flx+1(y =)

- Drf(x))dt Sy =1, 2.1)

here we use the notation for w, v € R”,

DB
D'g(w)- v = “; _g!(w)vﬁ’
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here and in what follows the multi-index notation will be used without further
mention.

Define
Rr0) = s 1D f 4103 =) = D' f(0)
By (2.1), we get
FO) = ) = Rl = 3T 22)

Now we define
b 0
df ) — dpo)l = max | 2Ly = 22|,
1<i<n|0Xx; 0Xx;
Similarly,

1
ldf (y) —dp(y)| = Y —= R (x =y (2.3)

Now, by Lemma 2.1, for a fixed constant C > 1, say C = 2, one can choose
6§ =06(x)>0,sothatforally € B(x,§) NU,

[p(y) — p(x)| = Cldp(y)|ly — x| 24
Therefore, by (2.2), (2.4), and (2.3), we get

1
[f() = fO < Ip(y) —pXx)|+ ;Rr(y)lx -y
1
< Cly —x|ldp(y)| + ﬁRr(y)Ix -y

< Cly —x| <Idf(y)|+ ———R(x =y~ 1)

1
(r=D!
1
+ =R lx =yl
r!
C 1
=Cly—x||df(y)|+(m )R(y)lx—yl
= Cly —x[ldf (DI + (C+ DR ()lx — yI’

Hence the inequality for m = 1.

In general, if f : U — R", f(x) = (f1(x), f2(x), ..., fm(x)), we can apply
the above 1 — d case to fi(x),i = 1,2, ..., m, to obtain

| = f = Cildf Dly = x[ + C2R,(V)|x = yI",

this is the desired Bochnak—Ft.ojasiewicz-Morse inequality. The universal constants
C1, C, depend on the peculiar forms of the norms in R"”, R™, so one can think
C1, Cy rely on n, m only. The precise estimates on Cp, Cy are irrelevant to our
discussions below. |
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Now we explain why the inequality can be viewed as a replacement of Morse’s
criticality theorem.
Let f:U — R"beof C",r > 1. Define B = {x € Uldf(x) = 0}.

Corollary 2.1. (Morse’s Criticality). If x € B, there exists § = §(x), for all
y € B, |y — x| < 8(x), we have

lf) = fGI=C sup [D"f(x+1(y—x) = D" fOlly —x|", (25)

0<t<l
where C = C(n, m) > 0.

Since D" f is continuous, Moreira—Ruas’s result Theorem 1.2 follows trivially
from Corollary 2.1.

Remark. (2.5)trivially holds if x is an isolated critical point. Hence, in the following
one does not need to treat isolated critical points separately.

It turns out that Corollary 2.1, or inequality (2.5) will unify some previous
results on the refined Morse criticality theorem.

Recall that f € Ckeu; R™), if f U — R™ belongs to C*, and for any
compact K C U, there exists Cy > 0, so that |Dkf(x) — Dkf(y)| < Cgklx —yl%,
here 0 < o < 1. The C*¥ is the local Holder (or Lipschitz, if « = 1) space. The
Morse—Sard theorem in Holder spaces was initiated by A. Norton [17] in 1986, as
the natural spaces to answer a question of Whitney. The final form of the extended
Morse—Sard theorem in Holder spaces was obtained only some years later, by S.
M. Bates [2]. The key in these works is a refined version of the Morse criticality
theorem first observed by Norton.

Following Morse’s original argument, Norton noticed that, for B = {x €
Uldf(x) = 0}, f € CK®, there exists a decomposition B = By U U2, B;, By
the set of all isolated points in B; on B;, there holds

@) = fO)] < Cilx = y[*** forall x, y € B;.
Now using Corollary 2.1, one actually has

Corollary 2.2. (Morse criticality for C5%). For any x € BN K, K any compact
subset of U, there exists Cg > 0, such that

|f(x) = fO)| < Cklx — y[** forally e BN K, |y — x| < 8(x). (2.6)
where f € cke 0 <a <.

Regardless of some slight differences between (2.6) and Norton’s version of
the Morse criticality for C ko however, (2.6) suffices to recover the Morse—Sard
theorem for CX%, originally showed by Bates [2]. Anyway, we will turn back to
the issue in Sect. 3.

Now we recall that Moreira’s classes C¥*(® are defined as: f : U — R,
f € cH@ )y if f € C*(U), and for any x € U, there exists Cy, 6y > 0,
such that for any y € B(x, 8;) N U, it holds | DX f(x) — D* f(y)| < Cyxlx — y|*.
Naturally, for a mapping f : U — R™, f € CK¥t(® means that f; € CkH@(U),
where f(x) = (fi(x), fo(x), ..., fm(x)),i=1,2,...,m.

The following implication of Corollary 2.1 is now easy.
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Corollary 2.3. (Morse criticality for CK+(®)) Ler f : U — R™ be of Ck+@
. Define B = {x € U|df(x) = 0}. For any x € B, there exist two constants
Cy,8x >0, sothatif y € BN B(x, §x), we have

£ () = FOD] < Calx — p[Fe. 2.7)

Again, estimates like (2.7) has appeared in Moreira’s works on the Morse—Sard
theorem for C¥ @ and the derivations of such estimates are quite complicated,
though basic ideas followed the original idea of Morse.

In Sect. 3 we will use (2.7) as a crucial step to get some new quantitative
Morse—Sard type theorem for C*+(@)

As the last application of Bochnak—tojasiewicz-Morse’s inequality (or Corol-
lary 2.1), we state the corresponding Criticality theorem for W¥5:P(U; R™), 0 <
s < 1,sp > n. The definition of fractional Sobolev spaces will be postponed to
Sect. 4.

Corollary 2.4. (Morse criticality for WKt5:7). Let f : U — R™ be of WK:7 k>
1,0 <s < 1,and sp > n. Define B ={x € U|df(x) = 0}. Then for any x € B,
there exists 6y > 0, if y € BN B(x, §x), we have, for0 <s < 1

1F () = FO)I < Clx =y 77 (/B( )IDkf(z)ldz

1
Dk — Dk p »
+/ / ID°f @) = D /)l dudv) . (28)
B(x,r) Y B(x,r) |M_U|n+”‘p

1
| Dk f(z)lpdz> "9

and fors =1,

£ — fO)] < Clx — y[15 (/
B(x,r)

where r = |x — y|, C is a constant depending on n, m only.

The inequality (2.8) for WX$7 (0 < s < 1) is something new while (2.9) has
appeared in [6,10], where (2.9) is derived for x,y € B = {x € U|D* f = 0, for
all 0 < |a| < k}. Note that Bis just a small part of B.

Our presentation somehow is more transparent and conceptually simpler. We
shall discuss Sobolev spaces in more details in Sect. 4, there Corollary 2.4 will be
proved, some new Morse—Sard theorems in these spaces then follow.

Itis very interesting to note that Corollaries 2.2, 2.3, 2.4 all follow from the main
inequality in an uniform pattern: by replacing the oscillations of higher derivatives
with suitable forms, one can get very precise information on oscillations of the
functions on sets where all first derivatives vanish. In previous results [5,6,17]
similar but weaker criticality theorems are obtained case by case, proofs usually
are more difficult, and sometimes the key points needed in the Morse—Sard type
theorems are hidden.

We believe that the Bochnak—t.ojasiewicz-Morse inequality will be applicable
to many other problems. Instead of Bochnak—t.ojasiewicz’s inequality, if one uses
Lojasiewicz’s inequality |p(y) — p(x)| < Cldp(y)|?, B > 1, one can get the
corresponding Lojasiewicz-Morse’s inequality. However, the inequality makes no
difference with (1.2) on points where first derivatives vanish.
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3. New Morse-Sard type theorems for C¥+@

In this section, we always assume U is a bounded open subset of R”. One of the
main results in this section is Theorem 1.4. Before proving the theorem, we first
define some standard terminology, which can be found in, say [13].

Let f : U — R™ be of CK¥+(@ the class of Moreira that has been explained
before, where k > 1,0 < a < 1. Recall for a bounded set § C R”, we can
define M (e, S) the minimal number of closed balls of radius ¢ in R” covering
S. The entropy dimension (or the Minkowski dimension, upper boxing counting
dimension) of § is defined as

—log M(e, S)

dim, S = lim
e—~0 —loge

The packing dimension of S is then defined as:

oo
dimp S =inf { sup dim, A;, S = UAi} ,
1<i<oo i—1
where the infimum is taken over all A;’s such that U;’il A; = S. It’s well known
that dimy § < dimp S < dim, S, where dimy, S is the Hausdorff dimension of S,
and generically these inequalities can be strict.
It turns out that Corollary 2.3 will be the key to our proof.

Proof of Theorem 1.4. Denote B = E?, = {x € Uldf(x) = 0} . The Morse
criticality Corollary 2.3 tells us, for any x € B, there exist Cy, §x > 0, so that if
y € BN B(x, §), we have

|f(x) — fF()] < Calx — yF+e. (3.1)

The lack of uniformity, i.e., the dependence of C or § on x, of course will cause
some trouble, as usual in analysis. Our idea is to decompose B into a countable
union of sets, on each set, the constants are uniform.

By (3.1), the decomposition can be done easily as B = | J§_; By, where

1
By = {x €BlifyeB,|y—x| < N’ then | f(y) — f(x)]| < le—x|k+“}

We note thateach By isaclosed set, and it actually holds that forany x, y € By,
if [y — x| < . then [ f(y) — f(x)| < Ny — x|+
Now we make an obvious observation: for all x, y € By, one has

|f() = fF)] < Cwlx =y, (3.2)

Cy a constant independent of x, y.
The assertion is straightforward: for x, y € By, |x —y| < % onetakes C = N

in (3.2); for [x — y| > +, one has | f(x) — f(y)| < 2M = 2M N e ({H)kte <

QM Nk x — yk+e here M = sup,cy | f(x)|. Therefore, in general, one can
choose Cy = max(N, 2M N¥+o).
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In summary, on the compact set By, we have the estimate: thereexistsaCy > 0,
such that | f(x) — f(y)| < Cylx — y|**t® for all x,y € By. Now employing
Whitney’s extension theorem [22] (see also [11,19]), thereisan F' : R” — R™ F €
Cck® and F|p, = flpy, D*F(x) = 0for 0 < |a| < k,x € By. Therefore
f(By) = F(By), By C {x € R"|dF(x) = 0}. Using Yomdin’s result ([23]
or [26, p. 113]) treating F as a Ccke mapping defined on some ball B,.(0) D U,
dim, f(By) = dim, F(By) < -

On the other hand, by definition, since f(B) = Jy-; f(By),sodimp f(B) <
sup dim, f(By) < k+a O

We now make a few remarks to clarify some issues.

Remark 1. We shall remark that our result dimp f (Z?c) < - is stronger than

k+a

both the statement dimy f (Z?) <z ia and Moreira’s result H Fa (f (E?)) =0.
In fact, forany a, b € R, 0 < a < b < 1, there exists a Cantor-like set S C [0, 1],
such that dimy; S = a, dimp S = b, see [12]. Hence, if a < k_’ia < b, our results
shows that S cannot be the critical set for any f € CK+@ : R" — R, while it’s
impossible to rule out the possibility by Hausdorff estimates.

2. The packing dimension estimate dimp f (E?) <z j_a is sharp in the follow-
ing sense. Yomdin and Comte [26, pp. 113—114] construct a sequence of functions

fi + U — R, with dimy fi(E?) = dimefi(Z?c,) — ﬁ Realizing that
! b0

cke ¢ @ and dimy < dimp < dim,, we have dimp f;

k—i—ot
i — oo, where f; € C**(® Hence, for any r < k+oz’ dimp f(E ) < r cannot

hold for all f € CK+(@,
3. It would be very nice to get a better estimate dim, f (E ) <

k+01
CK@  Anyway, we don’t know how to extend Yomdin’s powerful arguments for
C*¥ to the more local case C¥T(®_ It might be plausible to deduce such a result
by combining Yomdin’s arguments with the arguments used above.

The following theorem in the spirit is more similar to the classical Morse—Sard
theorem concerning the Lebesgue measure.

Theorem 3.1. Let f : U — R™ be of CKt@ k> 1,0 <a < 1, andn > m. If
k+oa>2=2 v=0,1,2,...,m — 1, then

.ﬁf’"(f(E})) =0.

Proof. 1t is sufficient to consider the v = O case, the general case can be reduced
to v = 0 by a standard argument, see [2].
Recall that we have decomposed B = {x € Ul|df(x) = 0} = EO as B =

UN=; Bn. and on By there exists Cy > 0 such that for all x, y € By, 1t holds

Vx,y € By, |f(x) — f(¥)] < Cylx — y[F™

Now we employ the following lemma, which is explicitly proved in [2] , without
stating it as a lemma. According to [8], Ferry has already found the lemma in 1976
[9]. We state a simple version of the lemma, more general version on metric spaces
can be found in [8].
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Lemma 3.2. (Ferry’s lemma). Let f : E — R™, E C R". Suppose that there are
p and M such that

Vx,y € E.|f(x) = f()I = Mlx —y|”.
If p > 1, then the %-dimensional Hausdorff measure of f(E) is 0.

Applying Ferry’s lemma with E = By, p = k 4 «, it leads to the conclusion
HF (f(By)) = 0. Therefore, HF (f(B)) < Y%, HF# (f(By)) = 0.

Suppose k + « > .. Then HLa < m, which implies H"(f(B)) =
L™ (f(B)) = 0. Hence the statement is proved in v = 0 case.

As we said before, v > 0 can be reduced to v = 0, as done in [2,18]. Here one
needs to verify the validity of the inverse function theorem in C¥*(® but this fact

is obvious, by following the argument in the appendix of [17].

Remark 3.3. Moreira’s theorem [5] states that, if f : U — R” be of Ck+(® then
H%"’”(f(z}i)) = 0.In particular, it implies thatif k +a > 7=, £ (f(E}i)) =
0. Therefore, our theorem is a consequence of Moreira’s theorem. However, we
notice that our argument is more elementary and much simpler. The reason of such
simplicity is, on one hand, our Morse’s criticality Theorem Corollary 2.3 provides
a shortcut, and on the other hand, we only proved a weaker statement, in this case
Fubini’s theorem holds when dealing with .£".

It’s well known that Fubini’s theorem does not hold anymore for non-integral
Hausdorff measures, Moreira’s contribution is to overcome this obstacle concerning
the use of Fubini’s theorem, by highly technical arguments.

Remark 3.4. Since Ck¢ < Ck+@ Theorem 3.1 implies that, if f : U — R™
be of CK% k + @ > 2=V then g'“(f(z;.)) = 0. This result is due to Bates [2].

m—a’
Hence, the condition k +a > 7= is optimal to guarantee £ ( f (E;)) = 0. Forif

-

k4o < 2=Y Bates constructs some f € C5% ¢ Ck(@ with fm(f(E‘}i)) > 0.

m—o’

4. The Morse-Sard theorem in fractional Sobolev spaces

This section is divided into three subsections. The first one is on the Morse criticality
in Sobolev spaces. The rest two subsections are on the Morse—Sard theorems in the
corresponding spaces. Among these results, the theorems about fractional Sobolev
spaces are new.

4.1. The Morse criticality for Wk+s:p

We will prove Corollary 2.4 in the subsection, and these Morse’s criticality theorems
will be used as key tools in next subsections.

The definitions below are quite standard, they can be found in classical books
[7,27]. For fractional Sobolev spaces, a short and very helpful introduction is [16].
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Let f : U — R™, where U is a bounded open set in R". We say f €
wktl.p (U), where k > 1, p € [1, 400), if there exist all the distributional deriva-
tions of f with order up to k + 1, and for all multi-index «, || < k + 1, we have
D*f e LP(U). If f is a mapping from U to R", ie. f : U — R™, we say
f e WKELP(U; R™) (or simply WXt1L.P(U), or WKH1P without confusion), if all
components of f belongs to WXtLP(U), ie., if f(x) = (fi(x), ..., fn(x)), fi €
wktLey,i=1,....m

Now we switch from 1 tos € (0, 1). Fix s € (0, 1). For any p € [1, +00), we
define W*P(U) as follows:

|f ) — fOI

WSP(U) = {f e LP(U): e
|x yIP

e L?(U x U)}

i.e., an intermediate Banach space between L?”(U) and wbP(U), endowed with
the natural norm:

1
_ p >
1 sy = ( [1ras+ [ U%dxdy) |

where the term

1

_ P »

Lflwsrw) == (/ & = FOF dxdy)
UJU

o =yl
is the so-called Gagliardo seminorm of f. Then W*+5:P(U) is defined as
WP () = {f e WEP(U) : D f € WSP(U) for any a € N with |a| = k] .

and this is a Banach space with respect to the norm

1wy = | 1 Weny + 2 1D e

la|=k

Similarly, if f isamapping, f € WX7(U; R™) if all components of f belong
to WhEs-P(U).

We first deal with the more familiar s = 1 case. Recall the well known Mor-
rey’s inequality, which says that if p > n, then WAt1.P(U) ¢ ckl=r (U). That
means that in each Lebesgue equivalent class of W*T1.7_ one can find a con-
tinuous representative. Thereafter, when we talk about f € W*T1.7 we always
think f is continuous. The Ho6 lder regularity is from Morrey’s lemma [7]: If
f e WKtLP(U; R™), k > 1, p > n, then it holds: for x, y € U,

ID* f(x) — D*F(y)| < Clx —y|' 7 (/ |Dk+1f(z)|f’dz>", 4.1.1)
B

(x.r)

where C = C(n, m, p) is a universal constant, » = |x — y|. Note that in the above
we apply Morrey’s inequality on D f, which is on W7,
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Now one can prove the inequality (2.9) in Corollary 2.4. From Corollary 2.1,
if f:U — R™beof WP ¢ ¢¥'75 and x € B = {x € U|df (x) = 0}, there
exists a §(x) > 0, for all y € B N B(x, §(x)), one has

1f&) = FOI < C sup [DXf(x +1(y —x)) = DFF()lx — y*
1

O=t=

1
_n P
<C sup {mx—ynl , (/ ID"“f(z)I”dZ> }
0<t<l B(x,tlx—yl])

lx — yI* (by 4.1.1))

< Clx —y[1=0 (/ |D"+1f(z>|sz> "
B(x,|x—yl|)

where C = C(n, m, p) is a constant independent of x. Hence, the inequality (2.9)
is derived.

For fractional Sobolev spaces W’”‘“’(U; R™),0 <s < 1,ifsp > n,an
analogous embedding theorem also holds: W¥*:7 < C k=3,

From [16] formula (8.8) and (8.4), we know if f € WXt5:P sp > n, then for

allx,ye U

DK f(x) — D* £ ()] < CLDK f1pplx — v 77

<CHD" H oy 412
= |0 @12)

where C is a constant independent of f and x,r = |x — y|, and

1

P

(glpup = | sup o= / 100 = (P by 1Pdx
xoeU B(xp,p)NU
p>0
and
1
() Bo.pnU = T f(x)dx.

|B(x0, p) N U JB(xo, 000

Employing Corollary 2.1 again, if f : U — R” be of WKt57 p ¢
[1,4+00),sp > n, then for any x € B := {x € Ul|df(x) = 0}, there exists
8(x) > 0,forall y € BN B(x, d(x)), we have

1f(x) = fO)] < C sup [D¥f(x +1(y—x)) — DX f)||x — y|f

OSTSI
<C”Dk H TR by (412
< fWS_p(B(x,r))lx yl (by (4.1.2))
which is (2.8).

Remark. Usually the validity of the embedding W*+5:P(U) c C ks=p requires
U to be an extension domain of W* ”. However, since in the above argument we
actually treat f as a mapping defined on balls B(x, §(x)), we do not need further
requirement on U , except U is open.
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4.2. The Morse=Sard theorem in Wkt1.p

We will treat two cases s = 1 and s € (0, 1) separately. As we shall see, a unified
proof can be given in both cases. However, in integral Sobolev spaces, one can
apply a beautiful trick due to De Pascale [6], to check the so-called Ng-property
for Sobolev functions. Hence in this case a much shorter argument can be given.

Theorem 4.2.1. Let f : U — R™ , U open in R*,n > m. Suppose f €
wktlp > 1,p > n. Define Z;- = {x € U| rankdf(x) < v}v =

0, 1,...om—LIfk+1> 2= then £™(f(})) = 0.

m—y’

Some remarks are in order.

—n, .
Remark 4.2.2. As mentioned in [6], the embedding wktlr - ¢ k1=5 tself is not
powerful enough to get our conclusion, this is the effect of the existence of another
weak derivative summable enough.

Remark 4.2.3. When v = m — 1, our theorem recovers the result by De Pascale.
However, we shall note that, using De Pascale or Figalli’s methods, one cannot
get the corresponding statements for general v # m — 1. De Pascale’s argument
depends on his Sobolev version of Morse’s criticality or decomposition theorem,
which is too complicated to treat the general cases. On the other hand, Figalli [10]
found an alternative simple proof of De Pascale’s theorem, based on the Kneser—
Glaeser rough composition theorem. The key step in his argument is to use the
implicit function theorem for the dimension reduction. Unfortunately, dimension
reduction works only for v = m — 1 case. The power of our argument relies on the
special form of Morse’s criticality Corollary 2.4, which holds on the whole set E?.
Remark 4.2.4. More general statements concerning Hausdorff measures of critical
values have been obtained quite recently, in [1,4] for example. These authors bor-
rowed heavy tools from geometric measure theory to obtain more precise results on
Sard-type properties. Compared with the heavy machinery they used, our methods
are much more elementary, though our results are weaker.

Proof of Theorem 4.2.1. Tt suffices to treat v = 0 case, i.e., we will show if k41 >
%, then .£"™ (f(E?)) =0.The 0 < v < m — 1 cases can be reduced to this case by
the implicit function theorem, and the reduction is now standard, see Figalli [10, p.
3677].

De Pascale observed that, it is sufficient to show the so-called Nq property:

EC 29, H'(E) =0= H™(f(E)) =0.

For the sake of completeness, we now explain De Pascale’s observation. Let
f e WkH'p(U; R™). It is well known [7] that, for any & > 0, there exist a set U,
and a mapping f; € CK1(U; R™), such that D* fely. = D* fly,, le| < 1, and
LTNU\U,) < e.

Now decompose E? as Z?, = U, (ZO

fun N Ul/N) U E, where E =
SN (29, NUw)
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It is clear Z"(E) = 0. By the classical Morse-Sard theorem for ckLif
k+1> 24,

LM (F(25,,, NUN)) =L (fiyn(Z],, N Uiyw)) = 0.

So, if one can show . (f(E)) = 0, then

LM(F(29) = DL fyn (], N UL+ L7 (f(E) =0
N=1

Hence, Theorem 4.2.1 is reduced to proving O

Lemmad.2.5. [ E C 29, £"(E) =0, and k + 1 > L, then " (f(E)) = 0.

Proof of the Lemma. From Corollary 2.4, for any x € E?c, there exists a (x) > 0,
such that for arbitrary y € %9, |y — x| < 8(x), one has

1

1F) = )] < Clx =y 70 (/ IDk“f(z)I”dz)p ,
B

(x.r)

where r = |x — y|.
Therefore, by Young’s inequality

1F(x) = FOI™ < Clx — y"EH1=0) (f |Dk+1f<z>|"dz)”
B

(x,r)

< Clx — y|pron®1=5) 4 c/ |DFH £ (2)|Pdz.
B(x,r)

. []m []m _ .
Since k + 1 > -, we have ﬁ(k+l—%) > %_m(%_%) =n.So,if |x —y| <
min(8(x), 1), x,y € Y,

1f @) — FOI" < c/

(1 + ID"“f(z)lP) dz. @.2.1)
B(x,r)

Applying (4.2.1) on x € E and noting that .Z"(E) = 0, it is quite routine
to obtain the conclusion £ (f(E)) = 0. The left argument can be viewed as
an exercise on Vitali’s covering theorem, the reader is invited to write down the
details. The reader can also follow Figalli’s argument [10, p. 3678], by realizing
that formula (3) in [10] is identical to (4.2.1) above, with k replace by k + 1. O

Remark. The condition k + 1 > ;‘1’” is sharp for f’”(f(E;.)) = 0, for if k +

—v
1 < r’,’lj‘; , by Bate’s example [2], there is an [ € ck Uy ¢ wkELr(U) with

LM ED) > 0.
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4.3. The Morse-Sard theorem for Wkt 0 <5 < 1

The statement is

Theorem 4.3.1. Let f : U — R™ be of WKtSP sp > n > m,s € (0,1). If
k+s>=20=0,1,..., lthen.i”m(f(E )) =0.

Proof. We note that when 0 < s < 1, De Pascale’s trick does not work any more.
Although there are some results concerning approximation by Ho lder functions in
fractional Sobolev spaces (see [20] for example), these results are not very suitable
for our purpose.

Instead, we will use Figalli’s argument in [10], which in turn is a clever adap-
tation in Sobolev spaces of an argument by Bates [2].

First, we see how the condition k + s > % works in our proof. We know from

Corollary 2.4, for x, y € =0, x —y] <8(x),

£ = FOI = Cle =y DX £ o ey

where r = |x — y|.
Therefore, by Young’s inequality

1£(x) = FOI™ < Clx — y"*H=0)

< Cla =y 075 4 ¢ p*

Dkf”n‘;”P(B(x r))
f ” W$:P(B(x,r))"

Ifk+s > 2 then p’L—mm(k—{—s ”) > ppmm("”l - %) = n, so the above inequality

becomes, if |x — y| < min(1, 8(x)), x,y € 29, then

sw-sor=c [ (1vptrer)d
B(x,r)

+C/ [ ID"f(u)—D"f(v)lpdudv
B(x.r) JB(x.r) lu — v|rtsp

< c/ (1 + 1Dk FIP + g(z)) dz, 4.3.1)
B(x,r)

k k 7
where g(z) = [ D2 f@=D"fI” 7, Note that g € L' (U) because f € Wk+s:.

‘Z,w‘n-#sp
We now use the idea of Figalli or Bates, to write 0= F | U F>, where

= {density points for Z?c} N {Lebesgue points of | D* f7 + g}

and F> = O\ F1.

Obviously, Z"(F;) = 0. From (4.3.1), ™ (f (F»)) = 0, as proved by argu-
ments similar to those in [10, p. 3678].

On the other hand, following the arguments on p. 3679 of [10] almost word
by word, we know £ (f(F1)) = 0. We do not want to repeat Figalli’s argu-
ment, instead, we only mention some necessary modification in our case: firstly, all
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appearance of 1 + | D¥ £ (x)|? should be replaced by 1 + |D* £ (x)|? + g(x) in our
case, secondly, formula (6) in [10] should be replaced by

0= s = et | (14 10" r @17 + 8(2)) dz,
B(x,ry)NFy

Vy € B(x,ry) N E?C.

Note that the conditions k > 1, sp > n guarantee that | —k — s + % <0,s0
Figalli’s argument with above modifications works.

The proof is complete. O

Theorem 1.5 is just the combination of Theorems 4.2.1 and 4.3.1.

Remark 4.3.1. Unlike the case WXTL.P for WKHS:2 0 < s < 1, one cannot
reduce rank v > 0 to rank v = 0 case by standard arguments (i.e, [10, p.
3677]). The key difference between integral and fractional Sobolev spaces lies
on the following : for f € WktLP(R") x = (x1, ..., x,), we have for almost all
x' = (x1,...,x) € R", fu(x") := f(x', x") belongs to Wk+1.P(R"~"), where
X = (X4l ..., Xn), x = (x/, x”) € R". Butif f € WKT5P 0 < s < 1, this kind
of slicing property does not hold. Therefore, usual reduction argument does not
work. Somehow we believe it is still true that if k +s > r’fl:?), v=0,1,...,m—1,
then 2" (f ( E;)) = 0. We don’t know how to prove (or disprove) the statement.

Remark 4.3.2. The above proof also works for s = 1, by simply neglecting the term
8(2).

Remark 4.3.3. Tt is very instructive to take p — +o0o . A well known fact [7]
on Sobolev spaces is that Wk+L.oo(7) can be identical to C*1(U), and since
wktloo(y ¢ wk+L.r(U), hence Theorem 4.2.1 can be viewed as an exten-
sion of Bates’ work on C*! version of Morse-Sard’s theorem. For 0 < s < 1, if
we define WA+5:(U) as the space of functions

| D*u(x) — DFu(y)|

lx — y|¥

{u:DkueLoo(U), ELOO(UXU)},

Wk+s:20 (1) boils down to C*5 (U) [16]. Theorem 4.3.1 can be viewed as a sort of
extension of Bates’s work on C** Morse—Sard’s theorem. We note that in general
Wktsoo(y)y ¢ WkHP(U), 1 < p < oo. But it holds CK*'(U) ¢ WrH"-r(U)
for s’ > s”. We leave the claim as an exercise.

Remark 4.3.4. Following the preceding comment, it is easy to see that k +s > -~

n

is a sharp condition for £ (f(E?)) = 0. Forif k + s < i°, one chooses some
f e Chs" C WEHP such that 2™ (f(£9)) # 0, where s” > 5,k 5 < 2.

m
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