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Abstract. For any symplectic manifold (M, w), the set of Hamiltonian diffeomorphisms
Ham® (M, w) forms a group and Ham® (M, w) contains an important subset Aut(M, @) which
consists of time one flows of autonomous(time-independent) Hamiltonian vector fields on M.
One might expect that Aut(M, w) is a very small subset of Ham® (M, ). In this paper, we esti-
mate the size of the subset Aut(M, w) in C*°-topology and Hofer’s metric which was intro-
duced by Hofer. Polterovich and Shelukhin proved that the complement Ham“\ Aut(M, )
is a dense subset of Ham® (M, w) in C*°-topology and Hofer’s metric if (M, ) is a closed
symplectically aspherical manifold where Conley conjecture is established (Polterovich and
Schelukhin in Sel Math 22(1):227-296, 2016). In this paper, we generalize above theorem
to general closed symplectic manifolds and general conv! ex symplectic manifolds. So, we
prove that the set of all non-autonomous Hamiltonian diffeomorphisms Ham\Aut(M, )
is a dense subset of Ham“ (M, w) in C*°-topology and Hofer’s metric if (M, ) is a closed
or convex symplectic manifold without relying on the solution of Conley conjecture.

1. Introduction
1.1. Background

For any closed manifold M, the set of diffeomorphisms Diff(M) forms a group
which is called diffeomorphism group. This is an infinite-dimensional Lie group
(non-Banach). It is well known that any one-parameter subgroup of Diff(M)
is generated by a vector field. More precisely, for any one-parameter subgroup
f : R — Diff(M), there is a vector field X € I'(T M) which satisfies

f (1) = exp(tX)

where exp : ['(T M) — Diff(M) is a time 1 flow of a vector field. From the inverse
function theorem, one might expect that there is an open neighborhood of the zero
section U C I'(T M) such that

exp : U —> Diff(M)
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gives a diffeomorphism onto an open neighborhood of 1Id, but this is far from true
([3,9] Warning 1.6). This is an example that inverse function theorem does not hold
for non-Banach manifolds. This implies that the set of diffeomorphisms which are
generated by vector fields {exp(X)}xer(rm) is very small in Diff(M).

For a symplectic manifold (M, w), one important subgroup of Diff(M) is the
Hamiltonian diffeomorphism group Ham® (M, ). In this case, the set of Hamilto-
nian diffeomorphisms of the form exp(X) is autonomous Hamiltonian diffeomor-
phisms Aut(M, w). So one might expect that the set of autonomous Hamiltonian
diffeomorphisms is very small in the Hamiltonian diffeomorphism group. Hofer
introduced the so-called Hofer’s metric on Ham® (M, w). Polterovich and Shelukhin
proved that the complement of Aut(M, w) contains an open dense subset in Hofer’s
metric which is also dense in C*°-topology for closed symplectically aspherical
manifolds [10]. Their proof can not be adapted to general symplectic manifolds
because it was based on the solution of the Conley conjecture for closed symplecti-
cally aspherical manifolds [5,6,11]. In this paper, we generalize the above theor! em
to general closed symplectic manifolds and general convex symplectic manifolds
without relying on the solution of the Conley conjecture.

1.2. Main results

Let (M, ) be a symplectic manifold and let C2°(S 1'% M) be the set of smooth
periodic Hamiltonian functions on M such that their supports are compact.

CCOO(S1 X M) = {H S'x M —R | supp(H) C S x M is compact}
In this paper, we define the Hamiltonian vector field of H as follows.
o(Xy,)=—dH

We denote the time 7 flow of the vector field X i by ¢}, and time 1 flow by ¢ .
We call ¢y a Hamiltonian diffeomorphism generated by H and we denote the set
of all such Hamiltonian diffeomorphisms by Ham (M, ).

Ham® (M, w) = {qu | H e C(8" x M)}

If H € C2°(H) (in other words, H does not depend on § 1), H is called autonomous
Hamiltonian function and ¢ is called autonomous Hamiltonian diffeomorphism.

Aut(M, w) = {¢n | H € CZ (M)}

We want to know the size of Aut(M, w) in Ham‘(M, w). In this paper, we prove
Aut(M, w) is small with respect to Hofer’s metric. Hofer’s norm of a Hamiltonian
function is defined as follows.

1
[|H || :/ max H; — min H,dt
0
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Then, Hofer’s norm of ¢ € Ham® (M, w) is defined by
¢l = inf {[1H]| | ¢ = . H € CZ(5" x M)

and Hofer’s metric on Ham® (M, w) is defined by

p(d,¥) = llpy .

Itis known that (Ham®(M, w), p) is a metric space. (M, w) is called symplectically
aspherical if it satisfies the following conditions for any u : §> — M.

o w(u) = fSZ uwr*o=0
o ci(u) = sz u*cy = 0 where c; is the first Chern class of (M, w)

Polterovich and Shelukhin proved the following theorem.

Theorem 1.1. (Polterovich—Shelukhin [10]) Let (M, w) be a closed symplectically
aspherical manifold. Then Ham® (M, w) contains a subset W which satisfies the
following conditions.

1. WNAut(M, w) =0
2. Wis C*®-dense
3. W is open and dense in the topology induced by Hofer’s metric

We generalize this theorem into Theorem 1.2. We define convex symplectic
manifolds.

Definition 1.1. Let (M, w) be a symplectic manifold. (M, w) is called convex if
there is a sequence of codimension 0 submanifolds {M,,}, <N such that

e M, #0

o M, C M,

M=, N My

e For any n, there is a vector field X, defined near d M,, which is outward pointing
on dM, and satisfies Lx, w = w (Liouville vector field).

holds.

Theorem 1.2. 1. Let (M, w) be a closed symplectic manifold. Then, the set of
all non-autonomous Hamiltonian diffeomorphisms Ham®\Aut is C*°-dense in
Ham® (M, w). Moreover, Ham® (M, w) contains a subset W which satisfies the
following conditions.

(@ WNAut(M, w) =@
(b) W is C%-dense (not C*°-dense)
(c) W is open and dense in the topology induced by Hofer’s metric
2. Let (M, w) be a convex symplectic manifold. Then Ham®(M, w) contains a
subset W which satisfies the following conditions.
@ WNAut(M,w) =0
(b) W is C*°-dense
(c) W is open and dense in the topology induced by Hofer’s metric
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The aim of this paper is to prove Theorem 1.2. In the second section, we explain
the definition of spectral spread which was introduced by Polterovich and Shelukhin
[10] and we prove a lemma (see Lemma 2.1 below) in the full generality in the third
section. Our proof of Lemma 2.1 simplifies that of Polterovich and Shelukhin.

Polterovich and Shelukhin proved Theorem 1.1 by using spectral spread and
the solution of Conley conjecture for symplectically aspherical manifolds. More
precisely, they used Conley conjecture as follows. Let H € C®(S! x M) be any
non-degenerate Hamiltonian function. The solution of Conley conjecture for closed
symplectically aspherical manifolds implies that there are infinitely many integers
k € Z>, for which there exists a contractible k-periodic orbit of the Hamiltonian
vector field X g

x(t):R/kZ — M

which satisfies x(0) # x(1). For general closed symplectic manifolds, we can not
argue in the same way because this fact does not hold in general. So we need new
ideas. For general convex symplectic manifolds, the proof is a bit more complicated
than that in closed case because spectral spread is not well-defined globally. More
precisely, spectral spread is only defined for each M,, (M = |,y M») as follows.

w,i") : C?(S1 x M,) — R

So we only have a sequence of spectral spreads {w,(:’)}nzl. We give a proof of
Theorem 1.2 in the fourth section.

2. Floer homology and spectral spread
2.1. Closed case

We recall the definition of Floer homology and spectral spread and their prop-
erties. Let (M, w) be a closed symplectic manifold. Let H € C*®(S! x M) be a
Hamiltonian function. H is called non-degenerate if

dog : TyM — TyM

does not have 1 as an eigenvalue for all x € Fix(¢n). We denote the space of
contractible loops by L(M).

L(M) = [x cS' > M| x s contractible}
We define Novikov covering of L(M) as follows.
LM) = {(u,x) |x € L(M),u: D*> — M, du :x}/~

where D? is atwo dimensional disk and equivalence relation ~ is defined as follows.

xX=y
u,x)~ (,y) < { outv) =0
c1(utv) =0
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Here v is a disc with opposite orientation on the domain (unit disk) and uf{v is the
glued sphere. We denote the equivalence class which is represented by (u, x) by
[1, x]. We define an action functional Ay on £(M) as follows.

1
Ag([u, x]) = —f u*a)+/ H{(t, x(t))dt
D2 0
Let P(H) be the set of contractible periodic orbits of X .
P(H) = {x € LIM) | x(t) = Xp, (x(1))}
Let P (H) be the Novikov covering of P(H).
P(H) = {[u,x1 € LM) | x € P(H))

We denote the set of S!-dependent compatible almost complex structures on M by
J(M). Let H be a non-degenerate Hamiltonian function and let J € J (M) be an
almost complex structure. We define the Floer chain complex of (H, J) as follows.

CF(H,J)

= Z a; -z

2eP(H),a.€Q

VC eR,t#{z e P(H) |a. #0, Ag(z) > C} < 00

We consider the following equation on the cylinder.
u:Rxs'—wm (%)
Osu(s, 1) + J(t, u(s, 1)) (3zM(S, 1) — Xg, (u(s, l))) =0

Forz_ =[v_,x_],z4 = [vy,x4] € IE(H), we consider the following space.

- u satisfies (%)
MGz, H, D) ={u:Rx S' — M | limg_ oo u(s, 1) = x+(1)
[v_fu, xy] = [v4, x4]

The above M(z_, Z4+, H, J) has a natural R-action. For any u € ./{/lv(z_, 24,
H, J) and sg € R, 50 - u is defined as follows.

50 - u(s, 1) = u(s + so, 1)
We take the quotient of this R-action.
M= 24 Ho ) = Mo, 24, Ho J)/R

By counting the 0 dimensional part, we can define the boundary operator on the
Floer chain complex [4,8].

d:CF(H,J)— CF(H,J)
0z)= Y. gM@o.zp H. ) 24

Z+EF(H)
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d satisfies d o 3 = 0. Floer homology H F(H, J) is the homology of the chain
complex (CF(H, J), ). The action functional Ay give a filtration on CF (H, J)
as follows.

CF<“(H,J) = {Zaz e CF(H,J)| Ap(2) < a}
CF=%(H, J) is a subcomplex of C F(H, J). In other words,
d0(CF=“(H,J)) CcCF~“(H,J)

is satisfied (see also [12] Lemma 2.1).
For a, b € R, we define the quotient

CF“YH,J)y=CF=<(H,J)/CF<*(H, J).

We define H F<%(H, J) and H F1%?) (H, J) as the homology of C F~*(H, J) and
CF!*b (H, J). We use this filtered Floer homology to define spectral spread.
For k > 2,k € 7, we have the %—rotation of L(M).

Re: L(M) — L(M)
. - ]
() (1) = x(t + E>

This action also induces an action on E(M ) as follows.

Ry : L(M) — L(M)
[u, x] — [Ri(u), Rp(x)]

where R (u) is %—rotation of the disk D2 composed withu. Let H € C*(S s M)
be a Hamiltonian function such that

H® (¢, x) = kH (kt, x)
is non-degenerate.

For J € J(M), we define J*% € J(M) by

+1 1
TR x) = J(t + E,x).

Then, Ry induces an isomorphism between two chain complexes as follows.

Ry :CF(H®, J) > CF(H(k), J+i)

Rk< Z az-z>= Z a; - Ri(2)

zeP(H®) ze€P(H®)

Ry also induces a homomorphism
Ry : HF' 9D (H® | gy - g Flatd.btd) (H(k), J"'%)

for any a < b and d > 0. For any @ < b and d > 0, we fix a homotopy (Kj, J.)
(s € R) between (H® | J) and (H®, J+%) as follows.
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o (K, J) = (H® J)holds for s < —T (for some T > 0).
o (Ky, J)) = (H®, J5) holds for s = T.
o [pmax( esixy mKs(t,x)ds <d

Forany z_ = [v_,x_], 24+ = [v4, x4] € ﬁ(H(k)), we define a moduli space
N(Zf, Z+7 KS’ ng)
as a space of maps u : R x §' — M which satisfies the following equations.
dgu(s, 1) + J; ,(Bru(s, 1) — Xk, (u(s, 1)) =0

S_l)igloou(& 1) =xx(t), [v_fu,xi]=[vy, xy]

Definition 2.1. We define a continuation homomorphism 7, 4 as follows. First,
we define a chain map I, p 4. (k,.J))-

Lapd.keay : CFEOP(H® ]y - ¢ platdbtd) (H(k), J+%)

Lapd k.0 (2-) = Z BN (2=, 24 K5, J9) - 2
24 €P(H®)

The chain homotopy class of I, 5 4,(k,.s;) does not depend on the choice of the
homotopy (K, J{). So it induces a unique map on their homologies. We denote
this map by 1, 4.

Iopa: HF9P (H®D, J) — g Flatdbrd (H(k>, J+%>

We define S as follows.
Skt =Rk — lapa

Definition 2.2. (Spectral spread[10]) We define the spectral spread of H as follows.
First, assume that H® is non-degenerate.

wi(H) = sup {d >0

Sk HFI@D (), 1) — g plardbrd (g, J+i)}

isnot 0 for some a < b

Lemma 2.1(3) below implies that w(H) is Lipschitz continuous with respect to
Hofer’s norm of Hamiltonian functions. So we extend wy (H) for any continuous
H e C%S' x M) as follows. Let {H;}i>1 be a sequence of smooth Hamiltonian

functions such that Hl.(k) are non-degenerate and ||H — H;|| — 0 holds.
w(H) = lim wy(H;)
11— 00

Remark 2.1. Polterovich and Shelukhin defined wy ,(H) for any free homotopy
class o on symplectically atoroidal manifold (M, w). They used Floer homology
of free homotopy class « to define wy . We use only Floer homology of contractible
periodic orbits for the sake of simplicity. Our arguments can be used also for non-
contractible case wy ¢, but we omit it.
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We need the following properties of wy.

Lemma 2.1. wi (H) satisfies the following properties.

1.0 < wi(H) <k||H]|
2. wi(H) = wi(K) if g = ¢k. In other words, wy induces a map

wy : Ham® (M, w) — Rxg

3. lwp (H) —wi(K)| < k||H — K|
4. wi (@) =0 ifp € Aut(M, w).

Remark 2.2. e (1) follows from (3) and (4).
e Polterovich and Shelukhin proved Lemma 2.1 for symplectically aspherical
manifolds.

We do not need to prove (3) because the proof in [10] can be adapted to the
general case. It was a standard argument in Floer theory. So we only prove (2) and
(4) in the next section.

2.2. Convex case

A convex symplectic manifold is a union of compact codimension 0 submanifolds
such that their boundaries are non-empty and these boundaries are of contact type.
In this subsection, we will define the spectral spread for each of these submanifolds.
So, we treat a compact symplectic manifold (M, w) such that 9 M # @ holds in this
subsection.

We call 9 M of contact type if there exists a vector field near d M such that

e X is outward pointing on d M
] ,Cxa) =w

hold. In this subsection, we assume that d M has contact type. Then o = tyw|jpy is
a contact form on d M. A neighborhood of d M is identified with (1 — 7, 1] x oM
whose symplectic form on (r, y) € (1 — 7, 1] x M is d(ra). Symplectic comple-
tion (M, ®) is defined as follows [14].

o M =M|J,yll,00) x aM

[ ]

~ o on M

“=1dra) on (r,y) [l,00) x IM

An almost complex structure J on M is called of contact type if it satisfies the
following conditions.

e J preserves Ker(ra) C T({r} x OM)on {r} x oM

e Let X be a Liouville vector fieldon [1, 00) x oM (X (r, y) = rgir) and let R be
aReeb vector field on {r} x d M with respect to the contact form r«. J satisfies
J(X)=Rand J(R) = —X.
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Let T > 0 be the smallest period of periodic Reeb orbits of (M, o) and we
fix0 <e < %T. we define the following family of pairs of a Hamiltonian function

and a S'-dependent contact type almost complex structure.

J is a §'-dependent compatible almost complex structure of contact type
H= (H,J)‘ H e C®(S! x M)
H(t, (r,y)) = —€(r—1),Y(@,y) € [1,00) x oM

For such (H, J) we have the following Claim.

Claim 2.1. [1,14] Let (H, J) € H_be any element of 'H such that H is non-
degenerate and let u : R x S' — M be any solution of

Osu(s, 1) + J(Qu(s, 1) — Xgw (u(s, 1)) = 0.
Then u(s,t) € M holds.

This claim implies that we can define H FI*?(H® | J) for (H®, J) e Hif H®
is non-degenerate. Let (H, J) be an element of / such that H® is non-degenerate.
Then we can define the spectral spread wy (H) as in the closed case as follows.

Wi (H) = sup {d >0

S s HFWD(HW, ) — HFletdord (g0, i)
isnot 0 for some a < b

This definition does not depend on the choice of contact type almost complex
structure J. Let H, be a set of continuous Hamiltonian functions as follows.

H(, (r,y) = —€(r — 1)}

_ 0/ ¢l r
Hf‘{Hec (S X MY o y) € 11, 00) x OM

Wy also satisfies Lipschitz continuity as follows.
|wx(H) — wi(K)| < k[|H — K]

So we can extend wy on He.
In this paper, we define the space of compact supported Hamiltonian functions
C?(S1 x M) as follows.

CoS' x M) ={H € C°(S" x M) | supp(H) C S' x Int(M)}
Forsuch H € C B(S ' % M), we define the canonical extension He € H, as follows.

H(t, x) xeM

HE(tvx):{_G(r—l) x:(r,y)e[laoo)xaM

We extend spectral spread on (M, w) as follows.
Definition 2.3. For any H € C?(S1 X M), we define wi (H) by
wi (H) = W (He).
Remark 2.3. The above wy, also satisfies Lemma 2.1. So wy induces a map from
Ham® (M, ) = [¢H | H e C®(s" x M)}
to R>¢. In other words, we have the following map.

wy : Ham“ (M, w) — R>
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3. Proof of Lemma 2.1
3.1. Proof of Lemma 2.1 (2)

We first prove (2). See also Proposition 5.3 in [13] and [10] where similar arguments
are used. Proof of Lemma 2.1 in convex case (0M # () is the same as in the closed
case. So we assume (M, w) is a closed symplectic manifold in this section. We
assume H, K € C®(S! x M) are Hamiltonian functions such that

o oy =g

o H® K® are non-degenerate
hold. Let L € C*®(S! x M) be a Hamiltonian function such that

e ¢ =id
o HO(t,x) = LEK® (1, x) = L(t, x) + K® (1, (¢%) %)

hold. Then, the flow ¢ satisfies ¢; = @', (¢;((,{))’1.

We first compare ﬁ(H(k)) and ﬁ(K(k)). The loop ¢tL in Ham(M, w) acts on
L(M) as follows.

£ L(M) — L(M)
F)(@) = ¢f (x(1))

We fix two points [u, x], [v, y] € Z(M) such that y = f(x) holds. Then, there is a
unique covering transformation

F i L(M) — L(M)

such that f([u, x]) = [v, y] holds and the following diagram is commutative.
Fony —L— Fon
d! d!
Loy —L— £y
We can also see that the difference
Agw (@) = Agw (F2)

does not depend on z € Z(M ). This follows from the following calculations. It
suffices to prove that the differential

TL(M) — R
X > D(Agw (@) — Ayw (F@NX

vanishes. We fix z = [u, x] € Z(M). Then, the tangent space TZZ(M) can be iden-
tified with the space of vector fields along x € £(M). In other words,

T.L(M) = x*TM
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holds. We fix a vector field X () € x*T M. Then the following equalities hold.

D(Agw ()X = _/1 (X (1), x(t))dt + /1 dk® . X (t)dt
S S
D(Ayw (F@NX

d
== /Sl w (d‘PlL - X (1), E(WL(X(I)))) dt + /;1 dHt(k) (d¢’L . X(t)) dt

=—f w(dey - X (1), Xp, +do - x(1))dt
Sl

+/ (dL,—i—dK,(k) od(¢’L)_1) odd! - X(t)dt
s1

{o(X (1), (1)) +dL, o d¢] (X (1))} dt

o

S]
+/ {dL, o ddl (X(1)) + dK® .X(z)} di
Sl
=D (AK(k) (Z)) X

The above equalities imply that D(A g (z) — A g f (z))) vanishes. So, A g (2)
—Ag® (f(2)) does not depend on z and we denote this constant by C.
Next, we compare moduli spaces

Mz—, 24, KD, Jo)

and

M(f(z-), fze), H®, Jy)

for any z4+ € ﬁ(K(k)) and some Jo,J; € J(M). We fix J; € J(M). For
u:R x S' — M, we define v as follows.

v:RxS' > M
¢r(v(s, 1)) = u(s, 1)
Then straightforward computation shows the following equation.

dsu(s,t) + Ji(u(s, 1)) (0ru(s, t) — Xyw (u(s, 1))
= (¢))s Bsv(s, 1)) + J1 (s, 1)) (@)« (dv(s. 1)) — (D)) X g0 (V(s, 1))

This implies that the equation
Osu + J1(0u — Xpp(u)) =0

and the equation
350 + Jo(dv — X g (v) = 0

are equivalent for Jy = (qb’L); L (q)’L)*. We have the following 1 : 1 correspon-
dence.

Mz_, 24, KB, Jo) — M(f(z2), flze), H®, Jy)
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v(s, 1) —> u(s, 1) = ¢} (v(s, 1))

We can use f to identify C F1¢-?) (K ®) | Jo) and CFle+CH+O (g ® | gy,
1
Next, we fix a homotopy (Fy, J;) between (K(k), Jo) and (K®, Joﬂ) and a
1
homotopy (G, J!) between (H®, Jy) and (H®, JJ "Ywhich satisfy the follow-
ing conditions.
Gs(tvx) = LﬁFS(tv S)
GRS
By using the similar calculation, we can see that there is the following 1 : 1
correspondence.
NG, 24, Fo J) — N(f(z2), f(z1), Gy, J))
u(s, 1) —> u(s, 1) = @7 (v(s, 1))

So we have the following commutative diagram.

CF[a’b)(K(k), -IO) _Sk_> CF[a+d’b+d)(K(k), J(;_%)

7| 7
CFIa+CHO(F®) J)y S, CplatO+d @+ (@) 5Ty

This implies that wi (H) = wy(K) holds. So we proved (2). ]

3.2. Proof of Lemma 2.1 (4)

In this subsection, we prove (4). We fix a function
p:R— R

such that
0 —1
p(s) = { 1 |

k

IV IA

hold. We use p to twist Floer equation as follows. For a cylinder u : R x S' — M,
we define %—twist of u by

v(s, 1) = u(s,t + p(s)).
We have the following equation.

Osu(s, 1) + Jr (0ru(s, t) — X yao (u(s, 1))
= 9sv(s, 1 — p(s)) — p' () v(s, 1 — p(s))
+Jr (s, t — p()N) (O v(s, t — p(s) — Xyw (s, t — p(s))))
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This equation implies that the Floer equation
Osu + J; (0 — X gy (u)) =0

is equivalent to
Asv(s, 1) — p' ()3 v(s, 1) + Jr1p(s) (V) <8rv(s, ) — XH@ ( )(v(s, t))) =0. (A)
1+p(s
We define the following moduli space for z_, z € P(H®).

N(Zﬂzﬁp,H(k),J): {v:RxSl - M

v satisfies (A)
limg— +oo v(s, 1) = 24, 2-fu = 74

Then, the above equivalence implies that there is an isomorphism between the
following two moduli spaces.

M- R (24, HO 1) E N, 2400, HO, 0)
This f\Z(~ --) is the space of connecting orbits which we defined in the second
section. In particular, the O dimensional part of N'(z_, z, p, H ® g ) is compact

and the following equality holds.

I z4 = Re(z-)
0 z4 # Ri(zo)

NG 24, p, HO,0) = {
This equality implies that the following lemma holds.
Lemma 3.1. We define a chain map R,; as follows.
R, : CFled(g® jy — cFlab) (H(k), Jﬂl)
A — Zﬁ/\/(z_, 20, p, HO 0y 24
Then, R;{ = Ry holds in chain level.

We deform the above equation (A) as follows.
Asv(s, 1) — 17 p ()0 v(s, 1) + Jrp(s) (V) <Bzv(s, ) — X,,(f ( )) =0 (B
t+p(s

For z_ = [u_, x_1,z4 = [uy, x+] € P(H®), we define the following moduli
space.

N, z4,10,11, 0, H®, J)
v satisfies (B)
limg s 100 (s, 1) = x£(7)
[u—fv, x_] = [u4, x4]

={(t,v) €[0,1] x C®°R x S' - M)
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The compactness of this moduli space follows from the following arguments. Let
(t, v) be an element of this moduli space. We twist v as follows.

u(s,t) =v(s, t —tp(s))

(t,v) e N(z_, 24,0, 1], p, H® J) iff u satisfies the following equation.

Osu(s, 1) + Jrr1—v)ps) @) (3tu(57 1) —X,m (u)) =0 (O]

t+(1=1)p(s)

Let R —it be an obvious —%‘L’ rotation as follows.
R PH®Y) — P (Ht(k)lr)
i

(Note that H (k)l =H (k)l holds.) We define the following moduli space.
1+ (1-1) =T
M(Z,, 4, [07 1]’ O, H(k)a J)
u satisfies (C)
limg s 400 (s, 1) = x£(2)
1
[u—_fu, x_] = R7¥"(z4)

={(t,u) €[0,1] x C°R x S' > M)

Then, there is an isomorphism as follows.
NG 24,00, 10, p, HO 1) = M(z—, 24,10, 11, p, H®, )

The compactness of the 0 dimensional part of M(z_, z4, [0, 1], p, H®, J) fol-
lows from the standard arguments in Floer theory. So N'(z—, z+, [0, 11, p, H ® g )
is also compact.

Then, by counting the 0 dimensional part of this moduli space, we construct 7'
as follows.

T:CFH®Y,J) — CF (H(k>, J+%)

Te)= Y. NG, 200,100, HY, J) 2y

24 €P(H®)
Let (Gy.t, J.) be a homotopy between (H®, Jyand (H®, J+%) as follows.

k
Gsi(x)=HY

Ji(t, %) = Jrgp(s)(X)

Then Claim 3.1 below implies that for any d > k max |0, H|, T induces a map
Topa : CFODH®Y, J) — CFlrdid (g0 rih)
and the homotopy (G5, J;) determines a chain map

Lubd G,y i CF@D(H® |y s cplatdbid) (H(k), J+%>.
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In other words, the homotopy (G, J;) can be used to define the map I, 5 4 in
Definition 2.1 and [Ia,h,d,(Gx,t,J;)] = I,.p.4 holds.

Let V(- --) and M!(- - -) be connected components of moduli spaces N (- - -)
and M(---) whose (virtual) dimensions are equal to /. Then, the boundary of
Nz, z4,[0,1], p, H®, J) can be written as follows.

N (o 24 10,10, 0. HO 1) = NO(a 2 p. HO T
|_|./\/0(z_, 24, Gy, J3)
L] L] MG, w, HO, 1) x Now, 2., 10, 11, o, H®, 1)

weP(H®)

LI L AV w 10,11, HO, 1) < MO (w24, O, 57F)

weP(H®)

(Here J\/O(z,,er,Gs‘,,J;) is the moduli space which we used to define
Ia,h,d,(G,y,t,J;%) This implies that

/
lobd (G0 — Ry =00Typa+Tapaod

holds and 7, ;, 4 is a chain homotopy between
Ri: CFlat)(H® |y — cFlotdbrd) <H<k>, J+%)

and Ia,b,d,(Gs,,,J;)-

Claim 3.1. Assume that N'(z—, z+, [0, 11, p, H® | J) # @ holds, then the follow-
ing inequality holds.

Apw(zy) < Apgw(z-) +k max |0, H]|
1€[0.1]

We fix (7, v) € N(z_, z4, [0, 11, p, H®, J). We define u by
u(s,t) =v(s,t —tp(s)).

So (7, u) is an element of M(z—, z+, [0, 1], p, H® 1)
We define w € L(M) by z_fu. The equation for (t, u) implies that

3
9 g

A gs 1+ I=0)p(s)

ds

(w) < Agw(z-) +/ max

(k)
H™ R teR

I—zf

EH(k) ds
at

< Agwno)+ 1 - r)/ o’ (s) max
R teR
< Agw(z-) + k(1 — v) max |0, H|
holds. On the other hand, we have

Apwo (W) =Azwm (4.
—1e

k
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So, we have
Apgw(z4) < Agw(z-) +k max |0, H|.
t€[0,1]

O
We have proved that Sy = Ry — I, 5,4 1S zero and this implies that the following
inequality holds.
wi(H) < kmax |0; H|

So, wr(¢) = 0 holds for any ¢ € Aut(M, w). m|

4. Proof of Theorem 1.2
4.1. Closed case

In this subsection, we assume that (M, w) is a closed symplectic manifold.
W= Ukzz wk_l((O, 00)) is a subset of Ham\ Aut(M, w) and this subset is open
in Hofer’s metric. So it suffices to prove that W is a dense subset of Ham® (M, ) in
Hofer’s metric and C%-topology. We also prove that Ham\ Aut(M, w) is C*°-dense
in Ham(M, w) independently. For these purposes, we use the following claim.

Claim 4.1. If K® is non-degenerate and there is a contractible periodic orbit
x € P(KW) such that x(0) # x(}) holds, then wi(K) > 0 and ¢x ¢ Aut(M, »)
hold.

Proof of this claim is straightforward. We fix z = [u, x] € ]N’(K (®)). Then
Ri(z) #z and Agw (z) = Agw (Rr(z)) = a hold for some a € R.We fix e > 0
so that any non-trivial cylinder

v:Rx S' > M
Osv + J(0v — Xgw(v)) =0

satisfies
E(w) = / (050, ;v — X gw (v))dsdt > 2e.
RxS!

Then, M(z, z+, K® 1 # @implies that A &) (z4) < a — 2¢ holds and similarly,
Mz, Re(z), K®, J*1) # ¢ implies A g (z_) > a + 2¢ holds.
So z € CFla=26.a+) (K &) | 1) becomes a cycle. Next, we prove that Si(z) €

H Fla—.a+20 (K0 J+1) is not zero. First, we fix a homotopy of S!-dependent
compatible almost complex structure J; which satisfies the following conditions.

J(t, x) s <—R

J(t, x) =
s {J“Lli(t,x):J(t—l—%,x) s >R

Let {(Gs.r, J))}men be a homotopy between (K(k), J) and (K(k), J+%) satisfying
Gsi(x) = K® (x)foralls € R,r € S'andx € M.Then, Agw (2) = Agw (Rr(2))
and z # Ry (z) implies that

N(Z’ Rk(z)’ GS,[7 JSI) = @
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holds. This implies that a representative of homology class S(z) €
H Fla—eat2e) (g k) J+%) can be written in the following form.

Ri(2) — > N (2, w, Gyr, J)) - w

weP(KMO)\Ry(2), a—e<A o (w)<a+2e

Ifz_ e P(K®) satisfies A (z_) < a+ 26, M(z_, Re(2), K, JTE) = . So
the above chain does not become a boundary and Si(z) 7# 0. This implies that
wg(K) > € holds. |

We fix a Hamiltonian diffeomorphism ¢z € (=, w,:l(O). We construct a
Hamiltonian function K so that ||H — K|| is arbitrary small.

We can perturb H in C*°-topology so that ¢ and (¢ 7)? are non-degenerate. So
without loss of generality, we can assume that ¢z and (¢)? are non-degenerate.
We fix y(t) € P(H) and we denote y(0) by p. wa(¢y) = 0 and above claim
imply that we can choose a small open neighborhood U, of p so that the following
condition holds.

q € U\(p} = ou(q) # q. (dm)*(q) # ¢

We fix g € Up\{p} and a path [ : [0, 1] — U, which satisfies the following con-
ditions.

e 1(0) = (¢pn)*(q)
el(l)=gq
e dn(q) ¢ Im(l)

We also choose a small open neighborhood U; of Im(!) so that ¢y (q) ¢ U; holds
and we choose a Hamiltonian function G so that the following conditions hold.

e supp(G) C S' x U
e (06 o dr)*(q) = dg o (Pr)*(q) =q

o d((¢g o qu)z)q : TyM — T, M does not have 1 as an eigenvalue.

Then, K’ def. G H is a Hamiltonian function which satisfies the following condi-
tions.

* 9x(q) = 9Pu(q) #q

o ($x)*@) =¢c o (pn)*(@) =4

e ¢ is a non-degenerate fixed point of (¢x+)? and this orbit is contractible.
In order to apply Claim 4.1, K’ have to be non-degenerate. Let K € C°(S! x M)
be a C*°-small perturbation of K’ so that

supp(K — K') C ' x M\{U{r} x ¢} () |_J Uit} x 57" (9)}

holds and ¢ and (d)K)2 are non-degenerate. Then ¢k (¢) # g and (¢K)2(q) =q
hold and qﬁ%(t (q) (t € SY)is contractible. Then Claim 4.1 implies w (¢x) > 0holds.
By making ¢ — p, we can make ¢k arbitrarily close to ¢ in C’-topology and
Hofer’s metric. So, we proved that W is dense in Hofer’s metric and C%-topology
and open in Hofer’s metric.
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In the rest of this subsection, we prove that Ham\ Aut(M, w) is C°°-dense in
Ham(M, w). We fix ¢ € Aut(M, w). Without loss of generality, we assume that ¢ is
strongly non-degenerate (In other words, ¢ is non-degenerate for every k € Z1.).
Non-degeneracy of ¢ implies that there is a Morse function f € C°°(M, R) such
that ¢ = ¢ holds. Let p € M be a critical point of f so that

f(p)=§3>4<f(x)=C

holds. This implies that the Morse index of p is equal to dimM = 2n. Claim 4.1
and ¢ € Aut(M, w) imply that

Fix(¢*) = Fix(¢)

holds for any k € Z>1. Let U be and open neighborhood of p and let v be a local
chart (symplectic embedding) as follows.

¥ (U, 0ly) — (R*, wp)

We assume that ¥ (p) = (0, ..., 0) and Fix(¢) N U = {p} hold. Let (x1, y1, ...,
Xn, Yn) be local coordinates of R2". Let X be a vector field on U as follows.

1 0 d
X =v* = PR L —
v (2Xi:<xz3xi +yl3)’i))

This X satisfies Lxw = w. We choose a sufficiently small a > 0. Then,
Ve)={xeU]| f(x) >C —a}

is diffeomorphic to 2n-disk and X is outward pointing on dV (a) (In other words,
aV (a) is of contact type with respect to the Liouville vector field X.). We prove
the following claim.

Claim 4.2. Thereis a T -periodic solution of the following equation for some T > 0.
{ : R — V(a)\{p}
T =Xs(y@)

So,
{x € V(@)\(p} | ¢} (x) = x for some T > 0} # ¢

holds.

Remark 4.1. The assumption Fix(¢*) = Fix(¢) and Fix(¢) N U = {p} implies that
T ¢ Q holds.

The proof of this claim relies on the computation of “local Floer homology” near
p € M. First, we assume that

{x € V(@)\{p} | ¢} (x) = x for some T > 0} =0

holds. We fix an almost complex structure J on V (a) which is of contact type on the

boundary 9V (a). Then, Claim 2.1 implies that H F,(f I(‘i)( a) J) is well-defined for
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all/ € Z> (Here, * is the grading of Floer homology which comes from Conley—
Zehnder index of periodic orbits). We can compute this homology by using the
assumption Fix(qﬁi,) NU = {p}.

@ * = Conley—Zehnder index of p € Fix(d);)

O] ~
HF*(f|V(a)’ J)= {() others

Let p : R — R be a strictly increasing function which satisfies the following
conditions.

e p(s) =sholdsnears = C —a
e p'(s) <0
e p'(C) <1
Then, the Hamiltonian function g = p o f|y ) on V (a) satisfies Fix(¢é) = {p}
and

@Q * = Conley—Zehnder index of p € Fix(d)lg)

(0] ~
HEg™, )= {0 others

holds. The assumption p’(s) = 1 nears = C — a implies we can construct a homo-
topy (Gy,;, J) between (f |$)( )y J) and (g(l), J) which satisfies the following con-
ditions.

o Gyi(x) = [y}, x) holds on (s, 1, x) € (—00, —R] x ! x V(a)

e Gy (x) =g®(x)holds on (s, 7, x) € [R, 00) x S' x V(a)

o Gyi(x) = [, (x) = gV (x) hold on (s, 7, x) € R x §! x O3V (a)) (Here,
O(dV (a)) is an open neighborhood of dV (a).)

Then, by using Claim 2.1, we can see that a chain map

CEf Yy ) — CFu(gV. 1)

7_ > ZﬁN(Z_, 24, Gors J) - 24
2

is well defined and this induces an isomorphism between their homologies.
0 = 0)
HF*(fIV(a),J)—>HF*(g )

This implies that the Conleys—Zehnder index of p as a periodic orbit of qb?c is equal

to the Conley—Zehnder index of p as a periodic orbit of ¢é. This is a contradiction
because these two indices become differentas/ € Z>| becomes large. So we proved
the claim.

We choose g € V(a)\{p} and T € R.¢ so that qb?(q) = g holds. We also
assume that 7' is the smallest period (In other words, ¢ r(g)" # ¢ holds for any
0 <t < T).Letk > 0 be a constant such that

KTGQ\{%IW%ZM}

hold. Let p : R — R be a strictly increasing function such that
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e p(s)=sons <C—a
o 0'(fle) =¢
hold. We define a Hamiltonian function f” by f¥ = p o f. Wealsochoosek € Zx
so that
k(kT)eZ

holds. Then, 1 ¢ {m(«T)},nez., implies that
lq} € Fix(,)\Fix(¢7»)

holds. We perturb f* as follows. Let F' € C*°(S I x M, R) be a Hamiltonian func-
tion which satisfies the following conditions.

o ¢r(#7,(9)) = ¢7,(q) holds for any m € Z
o (Ft fp)(") is non-degenerate

Then Claim 4.1 implies that wi (¢Fsr0) > 0 and ¢Fypr € Ham\Aut(M, o) hold.
By making « — 1, we can make p(s) — s (in C*°-topology) and Ff /¥ — f (in
C®°-topology). So, we proved that Ham\ Aut(M, w) is C*°-dense in Ham(M, w).

O

4.2. Convex case

In this subsection, we assume that (M, w) is convex. We fix a sequence of codi-
mension 0 submanifolds {M,, },,en such that

e M=, N Mm
o (M, wy = w|uy,,) is asymplectic manifold with a contact type boundary 0 M,,

holds. Then for any fixed k € Nx;, we have a sequence of spectral spread w,({m) as
follows.

w™ {H e CO(s' x M) | supp(H) ' x Int(Mm)} >R

Let § > 0 be a small positive real number so that k5 is smaller than the smallest
period of periodic Reeb orbits on dM,,. Then, the definition of w,im)(H ) is as
follows.

w,Em) (H) = wr((H|pm,,)s)

Above (H|um,,)s € cos! x M,n) is the canonical extension.
We also fix ¢ € Ham“(M, w). We will construct a subset Uy C Ham®(M, w)
so that the following conditions hold.

e Uy C Ham“\Aut

e Uy is open with respect to Hofer’s metric.

e There is a sequence ¢; € Ug(i = 1,2, ...) such that ¢; — ¢ in C*°-topology
and Hofer’s metric.
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Then W = (U yepame Up is a C*°-dense and an open dense subset of Ham® with
respect to Hofer’s metric.

LetH € C°(S ' % M) be a Hamiltonian function which generates ¢ (¢ = ¢z ).
We choose a symplectic embedding

t:(B3r), wp) — (M, w)

so that ' x Im(:) N supp(H) = @ holds.
We fix a function p : [0, (3r)2] — [0, c0) and € > 0 as follows.

p(t) <e€

- <p'(0)<0
supp(p) C [0, (3r)?)
p'(t) <0

/(1) <O0ont < r?

2 21 =—=T — min = —=T7T
P lelr2,2r)2) 3 tE[O,rZ]p 3

Remark 4.2. Let F(z) = ,0(|z|2) be a Hamiltonian function on B(3r) C C". Then,
F generates the following Hamiltonian flow.

¢ (2) = exp(2p/(|zH)ti) - 2

We want to construct a sequence of Hamiltonian functions {Ky}ien., so that
this sequence satisfies the following conditions.
e supp(H — K;) C S! x «(B(3r))
o [|H — Kill < re
e Thereisacontractible periodic orbitx(t) € P(K ,ik)) which satisfies x (0) # x(%)
and x (1) € «(B(r)).
e K, is non-degenerate on ((B(r)).

First, we define a sequence of Hamiltonian functions { K ,/{ Jken., C CZ(S U'x M)
as follows.

K,Q(t, x)=H(t,x) (x € M\t(B(3r)))
1
Kj(t,1(2) = Ep<|t<z)|2> (z € B(3r))

(We can define such K ,2 because the ball ¢ (B(3r)) and the support of H are disjoint.)
We define 0 < t < r as follows.

ECRIEE:

Such a 7 is uniquely determined because we assumed p” (1) < 0 on ¢ < r2.
Then, x = ¢(0) is the unique fixed point of ¢Kxi on((B(r)) and x = 1(z) (z € B(r))
is a fixed point of ¢K/(k) if and only if z =0 or |z|] = t hold. x = ¢(0) is a non-
degenerate fixed point, butx = ¢(z) (|z| = ) is adegenerate fixed point. We perturb

K ,’( in a small neighborhood of the sphere ¢ (0 B(t)) as follows. Let K be a perturbed
Hamiltonian function which satisfies the following conditions.
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o [|H — K|l < 1€
e ((0) is the unique fixed point of ¢k, on t(B(r))
e Fixed points of K ,Ek) on ((B(r)) are non-degenerate.

Then, we have at least one contractible periodic orbit x € P(K ,Ek)) such that
x(0) # x(%) and x(¢) € «(B(r)) hold. This fact follows from the following argu-
ments. ¢(0) is the unique fixed point of ¢, on ((B(r)). So it suffices to prove that
o @ has at least two fixed points in ¢(B(r)). This follows from the following claim.

Claim 4.3. Ler T € C®(S' x B(r)) be a Hamiltonian function on (B(r), wg)
which is defined as follows.

T(t,7) = Ki(¢t,1(2)

Then, Floer homology of T® can be computed as follows. Here, % is the grading
of Floer homology which comes from Conley-Zehnder index of periodic orbits.

Q *=3n

HF (T®, )= {o e 23

The Conley-Zehnder index of the periodic orbit ¢(0) is n, so this claim implies
that ¢ K ® has at least two fixed point in ¢(B(r)).
k

This claim follows from the calculation of symplectic homology of balls in C"
([2], Theorem 2). We fix A € R.¢ \ {k7}xen and we fix a Hamiltonian function
P € C®(S! x B(r)) such that

P(t,x) = —)L|x|2 + constant

holds on (¢, x) € St x (B(r) \ X) for some compact subset X C B(r). Then, one
2

can see that SHL_OO’M )(B(r)) = HF,(P). In our case, A = %71 and P =T®%.

So, we can see that

(B(r)) = {? o

Next, we prove the theorem in the following two steps.

1. We prove that ¢x, € Ham“\ Aut hold.
2. We construct an open neighborhood Vi of ¢k, (in Hofer’s metric) so that
Vi € Ham®\ Aut holds.

Then, we can define Uy by Uy = Uk€N>2 Vi and {¢g, € Uy} converges to ¢ in
Hofer’s metric and C*°-topology. -

We fix N € N so that supp(Ky) C S! x Int(My). For (1), it suffices to prove
that

700,%7”2)

HE(T® i) = SH!

Pk |m, € Ham®(Mp)\Aut(M;,) (Ym = N)

holds. We also fix m > N. So it suffices to prove that w,({m)(Kk) # 0 holds. Let

{zj}1<j< be a subset of P(K") which satisfies the following conditions. z; is
written in the form [v, x] such that

v:D? — t(B(r)) C My,
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x:8h— t(B(r)) C My,

hold. We choose z = [v, x] € {z;} which satisfies x(0) # x(%).
Let C; > 0 be a constant which is defined as follows.

C1 = min ”AKlik)(Zi) - AKlik)(Zj)‘ #* 0}

Then
‘AKlik)(Z) - AK;Ek)(Zj)‘ > C

or
Agw (@) = Agwn(z))

hold. We denote AK(k) (z) bya € R.
k

__ For a relatively compact connected open subset § C R x R/3Z such that
39S =915 ]35S (8;S and 3,S are not empty), we consider maps which satisfy
the following conditions.

f:S— B@3r)
f(018) CB(r), f(8,S) C dB(2r)
o5 f(s,t)+i0 f(s,t) =0 on (s,1) €S

Then we define C, as follows. Let wg be a standard symplectic form on C”".

1
Cy = ginf {f fray ’ S and f are as above}
S

Remark 4.3. This C» satisfies Cy > 0. This follows from the famous monotonicity
lemma (see for example, [7] Theorem 1.3).

Let C > 0 be a constant which satisfies C < % min{Cy, Cp}. Let L € C°°(Sl
xM,, ) be a Hamiltonian function which satisfies the following conditions.

e L = Ky ont(B(Q2r))
e L(t,(r,y)) = —6ron(r,y) €[l,00) x IM,,
e L% is non-degenerate.

The first condition implies that {z}i< ;< are also elements of P (L(k)). Next,

(m)
k

we prove that w, (L) > C holds. For this, it suffices to prove the following claim.

Claim 4.4. Let 7 = [v, x] b~e the element of P (L®) which we fixed above and let
z_, 74 be any elements of P(L"®). Then, the following two claims hold.

e M(z, 24, LW, J) # 0 = A w(z4) <a —2C
o M(z—, Ri(2), LW, J4E) £ 0 = Ay (z-) > a+2C
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Then, by using the same arguments as in the proof of Claim 4.1, we can see
that z € P(L®) becomes a cycle in C Fla—2C.a+0C) (L% J) and Sk(z) is not zero
in H Fla—C.a+20) (1 &), J+%)'

Claim 4.3 follows from the following arguments. We fix an almost complex
structure of contact type J on My, which satisfies J| g1, g3,y = ¢*i. Assume that

Mz, 24, L®, J) # ¢ holds. If 7, € {zj}1<j< holds, then A @ (z4) <a —2C
holds. If z¢ ¢ {z;}1<j< holds, u € M(z, z4) satisfies the following conditions.

u” @B # B, u (W(@(B2r)))) # 0

Onu~'(«(B(2r)/B(r))),amap g'(s, t) = 1~ (u(s, t)) satisfies the following equa-
tion.
358’ (s, 1) +i {3ig'(s,1) + i - (s, )} =0

In order to transform g’ into a holomorphic curve f below, we consider the
following three-fold covering.

7 :RxZ/3Z —> RxS!

Let $' C R x R/3Z be the preimage 7! (™! (L(B(2r)/B(r)))). We define a map
g:8 — B@3r) by g(s,t) = " YNu(@(s, 1))). Then g also satisfies the following
Floer equation.

5g(s. 1) +i{ag(s, 1)+ Smi-g(s,1)} =0
Then, we define f : S - B(3r) as follows.
f(s,t) =exp (%nit) g(s, 1)
This f is a holomorphic curve as follows.

o f(s,t)+id f(s,t) =0
fYN@B) #0, fTH@BQr) #0

So we can choose a connected component S C S’ which satisfies the following
conditions.

38 = 315'_'325
F(018) C B(r), f(3:5) C dB(2r)
asf(sv t) + ialf(sv t) =0

The definition of C> > 0 implies that

Arw(z4) =a— / o (Osu, JOsu)dsdt
RxS!

<a-— / w(Ogu, Josu)dsdt
u= (((BQr)\B(r)))

1
=a— —/ wo(0sg,1058)dsdt
3 )¢
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1 1
—a- -/ w0 (3s f. 105 f)dsdt = a — —/ fren
3 /g 3 )y

1
fa—gff*wofa—cz<a—2c
S

holds.
This implies that

M@z 24, LP ) £ 0= A w(zy) <a—2C

holds. By using the same arguments, we can prove that the second claim holds. So,
we proved that ﬁ?,im)(L) > C holds. By making ||L — (Kk|um,,)s|| — 0, we can see
that
w™ (K= lim  B"(L)>C>0
L— (Ki|mp,)s

holds. So we proved (1). For (2), we define V; C Ham“(M, w) as follows.

C
Vi = {W € Ham“(M, o) | 1Y — ¢k, Il < ;}

So it suffices to prove the following claim.
Claim 4.5. V;, C Ham“\Aut holds.

Recall that above constant C > 0 does not depend on the choice of m > N. So we

proved that w,(cm/)(Kk) > C holds for any m’ > N.
We fix ¥ = ¢ € Vy and m’ > N so that supp(G) C M,,s. Then,

/ ’ C
w(" (@) = wf" (K —k- = >C—C=0

holds. So ¥ = ¢ ¢ Aut(M, w) holds and we proved the theorem. O
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