manuscripta math. 159, 511-547 (2019)  © Springer-Verlag GmbH Germany, part of Springer Nature 2018

@ CrossMark

Gradient estimates for a nonlinear parabolic equation
and Liouville theorems

Jia-Yong Wu

Received: 4 September 2017 / Accepted: 5 October 2018 /
Published online: 11 October 2018

Abstract. We establish local elliptic and parabolic gradient estimates for positive smooth
solutions to a nonlinear parabolic equation on a smooth metric measure space. As appli-
cations, we determine various conditions on the equation’s coefficients and the growth of
solutions that guarantee the nonexistence of nontrivial positive smooth solutions to many
special cases of the nonlinear equation. In particular, we apply gradient estimates to dis-
cuss some Yamabe-type problems of complete Riemannian manifolds and smooth metric
measure spaces.

1. Introduction and main results

In this paper we will study gradient estimates for positive smooth solutions u(x, ¢)
to a parabolic equation

(Af - %>“+u<x,r>u+p(x,t>u“ +qx, uf =0 (1.1)

on a smooth metric measure space (M, g, e_fdvg), where ©(x,1t), p(x,t) and
q(x,t) are all smooth space-time functions, and «, 8 € R. As applications, we
give Liouville-type theorems for various special cases of Eq. (1.1). In particular,
since Eq. (1.1) is related to Yamabe-type problems (see the explanation below), we
also apply gradient estimates to study some Yamabe-type problems of complete
Riemannian manifolds and smooth metric measure spaces.

A smooth metric measure space is a tuple (M, g, e~ /d vg) of an n-dimensional
complete Riemannian manifold (M, g), and a weighted measure e~ fd v, deter-
mined by some f € C°(M) and the Riemannian volume element dv, of the
metric g. Such spaces arise in many contexts, for example as collapsed measured
Gromov—Hausdorff limits [31]. On (M, g, e~/ d vg), the f-Laplacian is defined by

Ap=A-Vf-V,

where A is the usual Laplacian, which is self-adjoint with respect to e~/ d vg. For
any number m > 0, the m-Bakry—Emery Ricci tensor introduced by Bakry and
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Emery [5] is defined by
1
Ric’}’i := Ric + Hess f — —df ® df,
: m

where Ric is the Ricci tensor of (M, g), and Hess is the Hessian of metric g. When
m = 0, it means that f is constant and Ric’}1 returns to the usual Ricci tensor Ric.
In [32], the weighted scalar curvature related to Ric’}? is defined by

1
S =S +2Af — %Wﬂz,

where S is the scalar curvature of (M, g). In general, S} is not the trace of Ric’}’,
except when f is constant. When m — oo, we have the Perelman’s scalar curvature
(see [34])

S¥ :=S+2Af = [VfI?
and the (co—)Bakry—Emery Ricci tensor
Ricy := RicF.

It is easy to see that Ric’j’! > c implies Ricy > ¢, but not vice versa.
On a smooth metric measure space (M, g, e_fdvg), if

Ricy =1 g

for some A € R, then (M, g, e /d vg) is a gradient Ricci soliton, which is a gener-
alization of an Einstein manifold. Gradient Ricci solitons play a fundamental role
in the formation of singularities of the Ricci flow, and have been studied by many
authors; see [10,22] and references therein for nice surveys.

There have been many gradient estimates and Liouville-type theorems about
special cases of Eq. (1.1). In 1980s, Gidas and Spruck [19] studied the equation

n—+2

Au+pxu* =0, 1<a<
n—2

(1.2)

on an n-dimensional manifold. The case « = 3 is relevant to Yang-Mills equations
(see [7]). The case @ < 0 is related to a steady state of the thin film (see [20]). Gidas
and Spruck [19] proved that any nonnegative solution to Eq. (1.2) is identically zero
when the Ricci tensor of manifold is nonnegative. Yang [47] showed that if « < O
and p(x) is positive constant, then Eq. (1.2) does not admit any positive solution
on a complete manifold with the nonnegative Ricci tensor. Li [27] proved the
Gidas—Spruck’s result under some weaker restrictions of p(x) for 1 < o < nnTz
(n > 4). He also proved Li—Yau gradient estimates and Harnack inequalities for

the nonlinear parabolic equation

ad
(A—E)”er(x,t)u“ =0, «a>0 (1.3)
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on a manifold. In biomathematics, Eq. (1.3) could be interpreted as the population
dynamics (see [9]). Recently, Zhu [50,51] gave elliptic gradient estimates and
Liouville-type theorems for positive ancient solutions to Eq. (1.3).

Apart from the relation to the above equations, the famous and widely studied
special example of Eq. (1.1) is related to conformally deformation of the scalar
curvature on a manifold. Indeed, for any n-dimensional (n > 3) complete manifold
(M, g), consider a pointwise conformal metric

~ _4_
g:un—Zg

for some 0 < u € C*°(M). Then the scalar curvature S of metric g related to the
scalar curvature S of metric g is given by (see [33])

n—2 n—2 ~ 2

u—4(n_])Su+4(n_])Su -2 =0, (1.4)

which is a special form of Eq. (1.1). If M is compact and S is constant, the existence
of a positive solution u is the well-known Yamabe problem and it has been solved in
the affirmative by the combined efforts of Yamabe [45], Trudinger [39], Aubin [2]
and Schoen [36]; see the survey [25] for more details. However, if M is noncompact
(S is still constant), Jin [23] gave examples of complete metrics on the noncompact
manifold on which there do not exist a positive smooth solution of (1.4). When Sis
a smooth function, the geometry of manifolds plays a large role in the existence and
nonexistence of positive solutions of (1.4) on compact or noncompact manifolds.
The interested reader can refer to [6,24,28,33,37,49] and references therein.

Another important reason of studying Eq. (1.1) is that a static form of Eq. (1.1)
is related to the weighted Yamabe problem posed by Case [15]. Recall that, for any
m > 0, Case [15] introduced the weighted Yamabe quotient

2m
_ 2m+n—=1)  f\
(fM |VM|2 =+ —4?:”171"_21)8}'}[”2) <fM |M| m+n—2 em)
Q(u) = 2m+n—2

(f | |2(m+n2) 0
M u|mtn— )

on a smooth metric measure space (M, g, e fd vg), where all integrals are taken
with respect to the weighted measure e~/ d vg. The weighted Yamabe quotient is
conformally invariant in the sense that if

F 2 m+n .
(Mn, g, e_fdvg) = <Mn, em+5—2 g, gfn:;r_)g e_f dUg)
for some p € C°°(M), then Q) = Q(egu) (see [15]). The weighted Yamabe
constant is defined by
Alg, e dvg] :=inf {Qu)| 0 <u € C®(M)},

which is a generalization of the Yamabe constant. Indeed, if f = 0 and m = 0,
the weighted Yamabe constant returns to the classical Yamabe constant. In [15]



514 J.-Y. Wu

Case observed that u is a critical point of the weighted Yamabe quotient Q(u) on
a smooth metric measure space (M, g, e~ /d vg) if and only if it satisfies

m-+n— 2 f m+n m+n+2

m 1 min—3 min—2 —
A= ot S — e e 0. (1)

which is a special elliptic case of (1.1) in some setting. Here,

2m+n—2 _2m+4n

2m(m +n — 1)Q(u) (f 2(»1+n)> n </ 2(m+n—1) f) n
cl1 = u m+n-=2 u m+tn=2 em s
nim+n—2) M M

2m—2 2m
@2m +n —2)(m +n)Q(u) (f zo:w;) " (/ 2t f>"
c) = u m+n— u mtn=2 em s
2 nim+n—2) M M

where all integrals are taken with respect to e~/ d vg. Obviously, ¢; and ¢; have the
same sign. When A[g, e’fdvg] = 0, we have ¢; = ¢ = 0 and the critical point
of Q is in fact a minimizer of A. Case [15] proved that minimizers always exist on
a compact smooth metric measure space provided the weighted Yamabe constant
is strictly less than its value on Euclidean space.

In this paper, we will give local elliptic and parabolic gradient estimates for
positive solutions to Eq. (1.1) on a smooth metric measure space with the Bakry—
Emery Ricci tensor bounded below. As applications, we will determine various
conditions on the growth of solutions and coefficients that guarantee the nonexis-
tence of nontrivial positive smooth solutions to many special cases of Eq. (1.1).
In particular, we can apply gradient estimates to analyze Yamabe-type problems
of equations (1.4) and (1.5) on a complete manifold and a smooth metric measure
space, respectively.

In order to state the results, we introduce some notations. On an n-dimensional
complete smooth metric measure space (M, g, e~/ dv), let V and | - | stand for the
Levi-Civita connection and the norm with respect to metric g, respectively. For a
fixed point xo € M and R > 0, let r(x) (or d(x, xo)) denote a distance function to
x from xp with respect to g, and B(xg, R) denote the geodesic ball centered at xo
of radius R. In the elliptic gradient estimate setting, let Q g 7 be

Qrr1 =B(x0,R) x[to —T,t90] C M x (—00,00), tpeRand T > 0.
In the parabolic gradient estimate setting, let Hg 7 be
Hrr1:=B(xo,R) x[0,T], T >0.
For any u € C*°(Qg, 1), denote

put= sup {ut(x, 0.0} and p”:= inf {u(x.1),0},
(x.1)EQR.T (x.,1)EQR.T

where ut(x,t) := max{u(x,1),0} and u = (x,1) := min{u(x,t),0}. For u €
C™(Hg,r), we similarly define wtand = in Hp T as above. We also introduce
the geometric quantities

+.

o= max Ayr(x) and o7 :=max{o, 0},

T xld(x,x0)=1}
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which will appear in our theorems.

We now give one of main theorems, a local elliptic (space-only) gradient esti-
mates for positive smooth solutions to Eq. (1.1) when Ric s is bounded below.

Theorem 1.1. Let (M, g, e/ dv) be an n-dimensional complete smooth metric
measure space. Assume that Ricy > — (n — 1)K for some constant K > 0 in
B(xo, R), where xo € M and R > 2. Let 0 < u(x,t) < D for some constant D,
be a smooth solution to Eq. (1.1) in Qr. 1 := B(x0, R) x [to — T, to]. There exists
a constant ¢ depending only on n, such that

D
[V 1nu| §c<1+ln—>
u

1 ot 1 1
— 4y + ———=+ VK +/uT + sup|Vpul?
|:R R Jt—t0+T QRE

+ V(@ — Dpl* + pt sup (U } + sup [Vp|5 sup {u'S )

OR,T OR,T OR,T

-1 B—1
+VIB = Dgl* +q* sup{u'T } + sup [Vq|5 supfu'7 }
ORr,T OR,T ORr,T

in QrpT witht #ty—T.

Remark 1.2. If f is constant, the term ,/ % is unnecessary in the above estimate.

If w(x,1), p(x,t) and g(x, t) are identically zero, the theorem returns to [42].
Recently, Dung et al. [18] proved similar results when p(x, t), p(x,1), g(x,1), o
and S are special constants.

Besides, we can give alocal parabolic (space-time) gradient estimate for positive
smooth solutions to Eq. (1.1) when Ric’}’ is bounded below.

Theorem 1.3. Let (M, g, e/ dv) be an n-dimensional complete smooth metric
measure space. Assume that Ric’}’ > —(m+n—1)K (m < 00) for some constant
K > 0in B(xo,2R), where xo € M and R > 0. Let u(x, t) be a positive smooth
solution to Eq. (1.1) in Hyg 17 := B(x0,2R) x [0, T]. Also assume that

IVpl <ai, Ayp > by for some constants a; and by;
Vgl < ay, Ayq > by for some constants ap and by;
V| < a3z, Agu > b3 for some constants a3 and b3

in B(xg,2R). For any . > 1 and ¢ € (0, 1) satisfying ¥ > 0, there exists a
universal positive constant ¢ independent of the geometry of (M, g, e~/ dv) such
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that
|Vul?

a—1 p—1 o (m +n)A fm—+n
2 + pu + qu +u » < > + > v

m+n 5 (m —}—n)c%)\2
—A 14+ RVK)+2 _
R [(m—l-n)Q( + ) + 2¢1 + 20— 1)

D=

+

+ ’"T“A {[(a —1)p]" sup Wy +[(B - Dg]" sup {uﬂ‘}}
Hyr 1 Hyr T

in B(xg, R) x (0, T], where

o é [(m+n))\2i|; 4 (m + n)A2K?>
T2 4e(n—1)2 2(1—e)(A — 1)2

—A |: inf (ua_lb] + uﬂ_lbz) +b3i| ,
Hyr, 1
y ==ai e — 1] sup 'Y+ a8 — 1] sup "} +az(h — 1)

Hap T Hyr.1

and

K:=@m+n—-1DK — %[(a — D — Dp] sup {u* ")

Har.1

1 _ _
—=[(B =1L —1g] sup (u’7'}.

2 Har.1
Remark 1.4. If f is constant, p(x, t) and ¢g(x, t) are identically zero, then the the-
orem returns to the well-known Li—Yau gradient estimate [29]. More parabolic

gradient estimates for special cases of Eq. (1.1) were proved in [11,13,27,30].

Theorem 1.1 describes local elliptic gradient estimates under only Ric  bounded
below, whose assumption on Ricy is obviously weaker than the assumption on
Ric’]’Z (m < 00). Theorem 1.3 describes local Li—Yau gradient estimates under the
assumption on Ric’,’? (m < oo) rather than Ric ¢, because, according to [42], there
seems essential obstacles to obtain Li—Yau gradient estimates for Eq. (1.1) when
Ric s is bounded below, even assuming growth assumption on f.

Theorems 1.1 and 1.3 have many applications. On one hand, we apply The-
orem 1.1 to get parabolic Liouville-type theorems for special cases of Eq. (1.1).
Here, we only provide two typical results. More related results will be discussed in
Sect. 4.

Theorem 1.5. Let (M, g, e/ dv) be an n-dimensional complete smooth metric
measure space with Ricy > 0. Assume that there exist two constants s > 0 and
k > 0, such that p(x) and p(x) in the following equation

<Af — %) u+puxXu+ px)u* =0, a>1, pkx)#£0, (1.6)

satisfy
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(1) ;ﬁ‘B(xo’R) = o(R™) and supp,, gy V1| = 0(R™*), as R — oo;
() pT1Bwo.R) = olR™““ V] and suppg(,, gy IVpl = 0o[R7“@"V], as R — oo.

Let u(x, t) be a positive ancient solution to Eq. (1.6) (that is, a solution defined in
all space and negative time) such that

u(x, 1) = ol (r(x) + [t)¥]

1
for some ¥ € (0, k) near infinity. Then u(x,t) = ce-1 and u(x) = —cp(x) for
some constant ¢ > 0.

Theorem 1.6. Let (M, g, e~/ dv) be an n-dimensional complete smooth metric
measure space with Ricy > 0. Assume that there exist two constants s > 0 and
k > 0, such that u(x) and p(x) in the following equation

(Af - %) U+ pu@u+peu® =0, a<l1, px)£0, (1.7)

satisfy

(1) M+|B(xo,R) = 0(R™) and supp,, gy Vil = 0(R™*), as R — oo;

(2) SUpg .k | | = o[ RT¥17%]
0.

and supp, gy |IVpl = o[R~¥1=9] a5 R —

Let u(x, t) be a positive ancient solution to (1.7) such that
(r@) + 1D < ulx, 1) < (r(x) + |2’

for some ¥ € (0,«) and § > O near infinity. Then u(x,t) = cﬁ and p(x) =
—cp(x) for some constant ¢ > 0.

We also apply Theorem 1.1 to prove Liouville-type theorems for elliptic ver-
sions of Eq. (1.1); see for example Theorems 5.1 and 5.2 in Sect. 5. In particular,
we apply Theorem 1.5 to study the problem about conformal deformation of the
scalar curvature on complete manifolds.

Theorem 1.7. Let (M, g) be an n-dimensional (n > 3) complete (possible non-
compact) Riemannian manifold with Ric > 0 and supp,, gy VS| = o(R™*) for
some constant s > 0, as R — oo. For any k > 0, there does not exist complete
metric

ie {un“fzg 10 < u e C¥M), u(x) = o(r?(x))}
for some ¥ € (0, k), such that the scalar curvature S of g satisfies

4k ~ 4k
o(R"7-2) and sup |VS|=o0(R #2), as R — oo.

S+ -
560 B(x,R)
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Remark 1.8. If S is nonpositive constant, the growth conditions of S and VS in

Theorem 1.7 naturally hold and hence u(x) can be relaxed to u(x) = e?r3(),
Compared with the work of [33,35], Theorem 1.7 is valid without any assumptions
on sectional curvature, eigenvalue of the conformal operator A — 4(”11;_21)8, only
assuming some conditions of the Ricci tensor and the growth of u(x).

On a compact smooth metric measure space, Case [15] provided an example
which shows that minimizers of the weighted Yamabe constant do not always exist.
Using Theorem 1.1 we can prove

Theorem 1.9. Let (M, g, e~/ dv) be an n-dimensional (n > 3) complete smooth
metric measure space with Ricy > 0. For any m > 0, assume that there exist two
constants s > 0 and k > 0 such that

) (S?)_|B(x0,R) = o(R™*) and supp(,, g, |VS’]'Z| =0(R™"), as R — oo;
I =2 I =2k
(2) em | B(xo,r) = O[Rm+=2] and supp(y gy |Vemn| = o[Rmin-2], as R — oo.

Then there does not exist a minimizer of the weighted Yamabe constant A < 0 with
u(x) = o (r(x)) for some ¥ € (0, k) near infinity.

When A = 0, we have a simple statement.

Theorem 1.10. Let (M, g, e’fdv) be an n-dimensional (n > 3) complete smooth
metric measure space with Ricy > 0. For any m > 0, assume that

S paor = 0(R™) and  sup |VS7| = o(R™3), as R — oo.
’ B(x0,R)

If the weighted Yamabe constant A = 0, there does not exist a critical point of the
weighted Yamabe quotient Q(u) with u(x) = e°” 200 near infinity.

On the other hand, we can apply Theorem 1.3 to give a new Liouville theorem
for an elliptic case of Eq. (1.1), which is a supplement to Yang’s result [47].

Theorem 1.11. Let (M, g, e~ fd v) be an n-dimensional complete smooth metric
measure space with Ric"t > 0. Then there does not exist any nontrivial positive
solution u(x) to the elliptic equation

Afu+pu® =0, a<l, (1.8)
where p is a nonnegative constant.
When A = 0, Theorem 1.11 indeed implies that

Corollary 1.12. Let (M, g, e~ 1 dv) be an n-dimensional (n > 3) complete smooth
metric measure space with Ric’;’ > 0. Assume that the weighted scalar curvature
S'J’Z is nonpositive constant. If the weighted Yamabe constant A = 0, there does not
exist a critical point of the weighted Yamabe quotient Q.



Gradient estimates and Liouville theorems 519

Remark 1.13. In view of Theorem 1.9, we may apply Theorem 1.3 to study the
minimizer of the weighted Yamabe constant A < 0 (or A > 0). This enables us to
determine many complicated assumptions so that we can apply the Li—Yau gradient
estimate of Theorem 1.3 to achieve the Liouville-type theorem for Eq. (1.5). In the
paper we do not describe this complicated case.

Inequalities in Theorems 1.1 and 1.3 are called local elliptic and parabolic
gradient estimates, respectively (sometimes called Hamilton—Souplet—Zhang and
Li—Yau gradient estimates, respectively), which are both proved by using the max-
imum principle in a locally supported set of the manifold. Similar inequalities
have been obtained for the linear heat equation, e.g. [17,26,29,30,38,42] and some
nonlinear equations, e.g. [14,18,27,46,50,51]. However, our case is more compli-
cated due to the function coefficients of Eq. (1.1). To the best of our knowledge,
the gradient estimate technique is originated by Yau [48] (see also Cheng—Yau
[16]) in 1970s, who first proved a gradient estimate for the harmonic function on
the manifold. In 1980s, this technique was developed by Li—Yau [29] for the heat
equation on manifolds (though a precursory form of their estimate appeared in [1]).
In 1990s, Hamilton [21] gave an elliptic gradient estimate for the heat equation.
But this estimate is global which requires the equation defined on closed man-
ifolds. In 2006, Souplet and Zhang [38] proved a local elliptic form by adding
a logarithmic correction term. Recently, many authors extended the Li—Yau and
Hamilton—Souplet—Zhang gradient estimates to the other heat-type equations; see
for example [3,11-13,18,42—-44,50,51] and references therein.

The paper is organized as follows. In Sect. 2, we first give a useful lemma. Then
we apply the lemma and the maximum principle to prove Theorem 1.1. In Sect. 3,
we start to give a lemma, and then we apply the lemma to prove Theorem 1.3.
In Sect. 4, we apply Theorem 1.1 to discuss Liouville-type theorems for some
parabolic cases of Eq. (1.1), especially for Theorems 1.5 and 1.6. In Sect. 5, we
apply Theorems 1.1 and 1.3 to study Liouville-type theorems for various elliptic
versions of Eq. (1.1); see for example Theorems 1.11, 5.1 and 5.2. In particular,
using these results, we study some Yamabe-type problems of complete manifolds
and smooth metric measure spaces; see Theorems 1.7, 1.9, 1.10 and Corollary 1.12.

2. Elliptic gradient estimate

In this section, we first prove a lemma, which is a generalization of [38,42]. Then
we apply this lemma and the maximum principle to prove Theorem 1.1.

Let (M, g, e /dv) be an n-dimensional complete smooth metric measure
space. For any point xp € M and R > 0, assume that 0 < u(x,t) < D for
some constant D is a smooth solution to Eq. (1.1) in Qg 7, where

Orr1 =B(xo,R) x[to—T,t0)] C M x (—o0,00), thpeR, T >0.

Introduce a auxiliary function

u
hix,t) :=1In—
(x,1) n—
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in Qg,7. Then i < 0 and £ satisfies

(Af - %) h+|Vh]> + p(x, DD + g(x, 1) (DeMP! + pu(x, 1)
=0. 2.1

Using (2.1) we have the following lemma, which will play an significant part in the
proof of Theorem 1.1.

Lemma 2.1. Let (M, g, e~/dv) be a complete smooth metric measure space.
Assume that Ricy > — (n — 1)K for some constant K > 0 in B(xo, R), where
X0 € M and R > 0. Let h(x, t) is a nonpositive smooth function defined in Qr.T
satisfying (2.1). Then the function

2
w:=|Vin(l —h)* = VA" (2.2)
(1 —h)?

satisfies

%(Af—i>wz%< h,Vo)+ (1 —h)o* — (n — DKo

B (Deh)ot—l

W(VP, Vh)

1
— (O( -1+ m) p(Deh)o‘_lw

(1oL pot, (D!
(ﬁ 1+ 1_h>q(De Y w d -2 (Vq, Vh)
N S oA

T R AT AN o

forall (x,t)in Qr.T.

Proof. The proof is similar to that of Lemma 2.1 in [42], but is included for com-

pleteness. We shall apply local coordinates to conveniently compute these com-

plicated evolution equations. Let e1, e3, . . ., e, be a local orthonormal frame field

at a point x € M" and we adopt the notation that subscripts in i, j, and k, with

1 < i, j,k < n, mean covariant differentiations in the ¢;, ¢; and e, directions

respectively. We denote h; := V;h, hj; = V;V;h = Ahand h;;j := V;V;V;h,etc.
By the definition of w in (2.2), we compute that

2k 2h?h;
YT A= T a=ny
_ 2hijhif; | 2hih;fj
S A-mnr o A-n¥

(V. Vo)

2.3)
and

20yl | 2hihi;  Shikghy | 2h2hy o Ohih
S (= (-h? (A-h? A=k (1=t
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Hence,
Arw=Aw—(Vf Vo)
_ 20hij1* 2hihij; Shihjhij N 2h?hj; 6h?
I-m? A-m* A-m3 A-h3 A-n
_ 2hijhifj  2hih;f;

(I-m? (1-=h

Using the Ricci identity h;j; = hjj; + R;jh}, the above inequality becomes

Ao = 2P 2hi A 2Ry 4 fijhiky . 8hihjhi;
! (1=n?  (1=h? (1—h)? (1—h)?
N 6h} 2h? - Ash 04)
1-m*  A-h?" ‘

From (2.1) and (2.2), we obtain

do _ 2Vih Vi (Ash+|Vh]> + p(De")* ! + q(DeFP! 4 1)
or (I —h)?
2IVh> (Afh 4+ |VRI* + p(De)*~! + g(De™)P~! + 1)
+
(1 —h)?
_ ZVhVAfh 4hih/’hl’j ZhizAfh 2|Vh|4
(1 —h)? (1-m2 (A-=h3 (A-=h)3
1 _ Zpihi(Deh)a—l
2 —1 _ D hya—1 cpitiNTe )
+ (“ +1_h>P( e o+ a=?
1 -~ 2q.h.(Deh)/3—1
2(B—14+— ) gDl + 2
+ ('3 +1_h>61( e o+ 1=
2p 2uihi
: 2.5
+1—hw+(1_h)2 (2.5)

Combining (2.4) and (2.5), we get

1 ( d ) hij? Ry + fiphihy  4hikjhi;
2

Ar— — =
=9 )T a=ne (1 —h)? (1= h)3
N 3n} 2hih jhij h!
A-m* d-hn* A—-h3
1 _ pihi(De")*~!
_ _1 - D h a—1 gz
<oc +]_h>p( e w a2
1 _ gihi(De")P~1
(B—14 —Na(DeMp,, — 1N e "
(ﬂ +1_h)q( e’ w 12

L wih;
1—n" " a=n?
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Since Ricy > — (n — 1)K for some constant K > 0, we have
(Rij + fijhihj > —(n — DK h?.
Since 1 — h > 1, we also have

4

|hij|? L Zhikjhi; h ~o.
(I-m2  A-m> A=

Using these two inequalities, the above equation can be simplified as

1 3 (n — DKh?  2hihh; 2n}
—Ar—— o > — +

2 a) — A-hn2  A-h3  (A-h?*
2hihjhij h}

(1—h2  (1—h)3

1 haot . Pihi(DeMH*!
—<Ol—1+m)p(D€) w —(l—h)2
I PR PR LUCL0 i
(,3 1+1_h)q(De) w e
K wih; (2.6)

-’ a=n2
From (2.3), we know that
4
wh; = 2hihjh;; 2h; ‘
1-n?  (1A-h3

Using this formula, (2.6) can be rewritten as

1 9 — )Kh? h ht
-<Af——>wz—(n ) L4 wjhj +———

2 ot (1 — h)2 1—nh (1 —h)3
1 _i pihi(DeM* !
_ _ 1 - D hya—1 gz
<<x +1_h>p( e w e
1 _ gihi(De")P~1
_ e - D1, - LT 7
(ﬁ +1_h)q(e) w d—n?
K, wih;
1—h (1—h)?"
By the definition of w, the desired inequality immediately follows. O

In the rest of this section, we will apply Lemma 2.1 and the localized technique
of Souplet—Zhang [38] and the author [42] to give an elliptic-type gradient estimate
for positive smooth solutions to Eq. (1.1).

We first introduce a useful space-time cut-off function originated by Li—Yau
[29] (see also [38,42]) as follows.

Lemma 2.2. Fixty € Rand T > 0. For any given T € (1o — T, o], there exists a
smooth function ¥ : [0, 00) x [tg — T, to] — R satisfying following propositions:
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HO<y¥@r,t)<1in[0, Rl x[to—T, 1], and it is supported in a open subset of
[0, R] x [to — T, to].

Q)Y (r,t) = Land 8,y (r,t) = 0in [0, R/2] X [z, to] and [0, R/2] x [to — T, to),
respectively.

1
3) 19;¥] < %Wf in[0, 00) x [to—T, tol for some C > 0, and ¥ (r, to—T) =
0 forallr € [0, 00).
@ =S¥ <09 < 0and [03y] < $59° in [0,00) x [t — T. to] for every
€ € (0, 1) with some constant C depending on €.

Then we apply Lemmas 2.1 and 2.2 to prove Theorem 1.1 via the maximum
principle in a local space-time supported set. The proof mainly follows the argu-
ments of [4,42], which is a little different from [38].

Proof of Theorem 1.1. Pick any number t € (typ — T, f9] and choose a cutoff func-
tion v (r, ) satisfying the conditions of Lemma 2.2. Briefly, we will show that
the inequalities in Theorem 1.1 hold at the point (x, t) for all x € M such that
d(x,x9) < R/2. Since t is arbitrary, the assertion of theorem will immediately
follow. In the following we provide a detailed description.

Lety : M x [tg — T, o] — R be the cutoff function ¢ = ¥ (d(x, xq), 1) =
¥(r,t). Then v (x,t) could be viewed as smooth cut-off function supported in
OR, 1. Our strategy is to estimate (A y — %)(ww) and carefully analyze the result
at a space-time point where the function ¥ w attains its maximum.

We apply Lemma 2.1 to conclude that

Ly 0 LS AN
5( —5>(1/f60)—<—1_h +7> (Yw)
Vg |?
m ®

>yl —ho® — (LVh.vw>w—
1—h

1 1
+ E(Afl//)w — Elﬁ,a) —(n—DKvw

D hyo—1
—(C(—1+ lih>p(Deh)(x—lww_ ‘/fpzhz(De )

(1—h)?
1 Iy B—1 Ygihi(De")P~!
_(ﬁ—l—km)q(De) ww—w
Iz Yihi
B AL Tt @7

Now let (x1, #1) be a maximum space-time point for ¥ w in the closed set
{(x,0) e M x 1o =T, 7]ld(x, x0) < R}.

We may assume (Y w)(xq,t;) > 0; otherwise, w(x, ) < 0 and the conclusion
naturally holds at (x, ) whenever d(x, xg) < g. Notice that #; # t9 — T, since we
assume (Yw)(xy, 1) > 0. We may also assume that ¥ (x, 7) is smooth at (xp, 1)
due to the standard Calabi argument [8]. Since (x1, #1) iS a maximum space-time

point, at this point we have

Ar(Yw) <0, (Yo); >0 and V(Yw) =0.
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Using the above estimates at (x1, #1), (2.7) can be simplified as

) h V|2
Y(l —hw 5<mvwvw+ " )a)

1 1
— (Ao + El/f,a)—i- n—DKyw

2
1 _ lpp-h-u"“1
+ <a — 1+ m) pu® o+ ﬁ (2.8)
1 _ YqihiuP~!
1l — p-1 s
+<,3 +1_h)qu Yo+ ()2
Iz Yih;
ROt aTnye

at (xi, 1), where in the above estimates we have used the fact that u = De”.

In the rest, we will use (2.8) at the maximum space-time point (x1, #1) to give
the desired gradient estimate in Theorem 1.1. We will achieve it by two steps.

Case One: We assume the maximum space-point x; ¢ B(xg, 1). Recall that,
Ricy > —(n — DK and r(x1,x0) > 1in B(xg, R), R > 2. Hence by the f-
Laplacian comparison theorem (Theorem 3.1 in [40]), we have

Arr(x)) <o+ m—1DK(R -1, 2.9)

where ¢ := max(y|q(x,xp)=1} Ay 7(x), which will be used later. Below we will
carefully estimate upper bounds for each term on the right hand side (RHS) of
(2.8), similar to the arguments of Souplet—Zhang [38] and the author [42]. This
will lead us to give the desired result. We remark that the Young’s inequality will
be repeatedly used in the following estimates. Below we let ¢ denote a constant
depending only on n whose value may change from line to line.

First, we estimate the first term on the RHS of (2.8):

h
(—Vh : w) w < || - VY| - 0*?

1—nh
IS L IR
=[va-ne?] s »
< L — et 4 VYD =
=3 W — P
ch*

1 2
VA =Me’ + s

IA
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For the second term on the RHS of (2.8), we have

|V |? IV |?

Tw =y 0. el
< v 4o <'w§”/'22) @11)
< iwwz + i
~ 18 R*’

For the third term on the RHS of (2.8), since ¥ is a radial function, then at
(x1, 1), using (2.9) we have

La = awa Y| Vr|?
—3 Ao = =[G+ @IV

1 2
=—s[pv@+n-DKR=-1)+0}y]o
< [18201+ (0t + @ = DER = 1) 13,9]

2.12
=y |¢1%|+¢1/2 [oF + (n— DK(R — 1)]'3’%' —
LN A R AP NG S A Y S G VR
Sﬁlﬂw +c v +c v +c v

c(o1)?

—qz ek

IA

11//2+c+
JE— a) —
18 R4

where 6t := max{o, 0}, and in the last inequality we have used proposition (4) in
Lemma 2.2.
For the fourth term on the RHS of (2.8), we have

1 Loyl
Elwllw_ Ew wwl/z
1 2 el )
< (v'%0) +c(1//1’/2> 2.13)
<i 2+;
TR e

For the fifth term on the RHS of (2.8), we have

n—DKyo=0n— 1)y 0 ¢'?K
<Lty ek? (2.14)
= Elﬁa) C .

For the sixth term on the RHS of (2.8), we easily get

pt

1—h
< [@—=Dpl" +p™,

<a—1+ﬁ>p<(a—l)p+
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where in the above inequality we used the fact ﬁ > 1 due to & < 0. Hence we
have

(a 1y ﬁ)pu“ Ww < ( (@—Dpl* +p+) Wy

1 2
< —vo? +c(l@—Dpl* + p*) sup 2Dy,
18 OR,T

(2.15)

where in the last inequality, we have used the fact ¥ < 1.
For the seventh term on the RHS of (2.8), since 7 < 0, we have the following
estimate

a—1 a—1

u _
T Vel < G Vil hil < w2V p G )]

4
i(lﬂl/4a)1/2)4+C(W3/4u°"llvp(x1,t1)|)3 (2.16)

IA

—1/fco + ¢ sup |Vp|? sup{u%(‘" Dy,
ORr,T OR.T

IA

For the eighth and ninth terms on the RHS of (2.8), the estimates are very similar
to the sixth and seventh terms. We summarize these estimates without providing
the detailed proof.

<,3 -1+ L) qu? o

1—nh
2 2 1
< Sy’ te(8 - Dal +47) sy @)
18 OR.T
and
uﬂfl 1
———Yqihi < Ly +csup 1valt sup w00y, (2.18)
1-h) 13 OR,T ORr.1T

For the tenth term on the RHS of (2.8), similar to (2.15), we have the following
estimate

_1_ Vo <—ww +e(nh)?, (2.19)

where ut = sup(, ;) cpp 1T (x, 1), 0} and p* (x, 1) = max{u(x, 1), 0}. For the
eleventh term on the RHS of (2.8), similar to (2.16), we have the estimate

I/IMI i
< gha) + ¢ su |VM|? (2.20)
A=~ 18 onn

In the following, we will apply the above estimates to prove the theorem. Sub-
stituting (2.10)—(2.20) into the RHS of (2.8), at (x1, #1), we have that
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1 ch* 10
l—-ho® < -y(1—ho* + ———— + — Y
¥ ( Jw _310( )W +R4(1—h)3+18ww
+12
+i+c(a) c e

R* R (t —tg+T)2
+2 3
+c(u™)+csup [Vul3

OR,T
2
+e(l@=Dpl" +p*) " sup u2@D)
ORr.1T
4 2a—1)
4+ ¢ sup |Vpl|3 sup{u3 }
ORr.T OR,T
2
+¢(18 = DaT* +4*) " sup (w21}
OR.T

3 18-
+ ¢ sup |Vq|3 sup {u3 }.
ORr.T ORr.1

Since 1 — h > 1, the above estimate implies

vo? < ch* N c N c(o1)? ¢
a) —_— —_—
SROA-nt TRTTR T G-+ T)?

4
+ck? 4 e(uh)? +c sup [Vul3
ORr,T

2
+C<[(Ol — l)p]+ + P+) sup {MZ((!—I)} + ¢ sup |V[7|% sup {u%(a—l)}

ORr.T ORr.T ORr.T

2
+ (1B = DaT* +4*) " sup (2D} + ¢ sup Vgl sup (u3#1)
ORr,T ORr,T Or,T

. 4 . .. .
at (x, t1). Moreover, since uf_h)“ < 1, the above inequality implies that

W) (x1, 1) < (Yo (x1, 1)
¢ cloh)? c )
“®TTr tTeonrm K

4
+e(uh)? +c sup [Vul3

Or.T
2
+e(l@—DpIt+ p*) " sup w2V
Or.T
3 $-1)
+ ¢ sup [Vp|3 sup {u? }
Or.T OrT
2
+¢(168 = DaTt +4") " sup (w2 P}
Or1

3 3(8-1)
+ ¢ sup |Vq|3 sup {u3 }.
OR.T OR.T
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Since ¥ (x, ) = 1 when d(x, xo) < R/2 by the proposition (2) in Lemma 2.2,
from the above estimate, we in fact get

ox, 1) = o), 1)

= (Yw)(x1,11)
<i+£+—+cl(+c + ¢ osup [Vul3
“R> R t—1y+T : Q£ g

+e(I@ = DpI* +p*) sup (u™"} +c sup [Vpl¥ sup u3 V)
Or.T Or.T Or.T

+¢(1(8 = DaT* +4*) sup (P~} + ¢ sup [Vq|¥ sup fu3#~V)
ORr,T ORr,T ORr,T
for all x € M such that d(x, x9) < R/2. By the definition of w(x, t) and the fact
that T € (f9 — T, tp] was chosen arbitrarily, we get the estimate

Vh c ot c |
IV x,H)) < —+c —+—T+C\/?+c\/,u++csup V|3
ORr,T

(1 —h) R R JVi—io+

+ev/ll@— DT+ p* - sup (u“T ) + ¢ sup [Vp|¥ sup uT )

ORr.T ORr.T ORr.T
p—1 p—1
+eyI(B = Dgl* +47 - sup{u'= ) +c sup [Val5 supfu'T )
ORr.T ORr.T ORr.T

forall (x, t) € Qgy2,r witht # fo—T.Since h = In(u/ D), substituting this into the
above estimate completes the proof of theorem when x; ¢ B(xg, 1) C B(xg, R),
where R > 2.

Case Two: We assume the maximum space-point x| € B(xg, 1). In this case, ¥ is
constant in space direction in B(xg, R/2) by our assumption, where R > 2. So by
(2.8), we have

| % Yuihi
Vo < sYo+ = DEKYo+ e+
1 hya—1 M
U Y ooyt 4 D
+<ﬁ 1+1_h>ﬂDe) Vet T Ty

at (xp,11), where we have used 1 — 2 > 1 on the left hand side of the above
inequality. By (2.13)—(2.20), the above inequality can be estimated by

Yo* < EWa)z + +cK*+ce(uh)r+c sup |Vu|%
18 t—t0+7) onn

2
+e(l@ = DpI" +p*) " sup (2@} + e sup [Vp[5 sup (w3 D)
ORr,T ORr,T ORr,T

2
+c(B = Dal* +q*) sup w2V} + ¢ sup Vgl ¥ sup (u3 B}

ORr.T ORr.T ORr.T
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at (x1, 11). Since ¥ (x1, t1) = 1, the above inequality can be written as

2 2 412 4
o (x1,) £ ——————= +cK 4+ c(u")"+csup |Vul3
(t —to+T)? Orr

2
+e(l@=DpI* + p*) sup (u2@D)
Or,T
3 F@-1
+c sup [Vp|3 sup{us3 1

OrT ORr.1

2
+e(l = Dl +47) " sup )
R, T

+ ¢ sup |Vq|% sup {u%(ﬁ_l)}.

ORr.1 ORr.T

Since ¥ (x, ) = 1 when d(x, x9) < R/2 by the proposition (2) in Lemma 2.2, the

above estimate indeed gives that

ox, 1) = (Yo)(x, 1)

< (Yw)(x1, 11)

< w(x1,11)

< ——— 4+ cK+cut +csup |Vu|%
‘[—t0+T ORr.T

+ c([(a —Dplt + p*) sup W+ sup |Vp|% sup {u%(“*])}

ORr.T ORrT ORrT

2 2
+ (18 = Dal™ +47) sup W~} + ¢ sup [Vq|F sup (u3#Y)

ORr.1T ORr.1T ORr.T

for all x € M such that d(x, xg) < R/2. By the definition of w(x, 7) and the fact
that T € (t9 — T, to] was chosen arbitrarily, we in fact prove that the estimate in

theorem still holds when x; € B(xg, 1).

3. Parabolic gradient estimate

O

In this section, by adapting the arguments of [29,41], we first give a useful lemma.
Then we apply the lemma to prove Theorem 1.3 by the maximum principle in a

locally supported set of the manifold.

Let (M, g, e /dv) be an n-dimensional complete smooth metric measure
space. For any point xg € M and R > 0, assume that u(x, ) is a positive smooth
solution to Eq. (1.1) in Hag 1, where Hop 7 := B(xo,2R) x [0, T], T > O.

Introduce a auxiliary function
h(x,t) :=Inu(x,t)

in Hog 7. By Eq. (1.1), the function £ satisfies
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3
(Af — E) h+ |VA? + p(x, )+ g, )P + w(x, 1)
=0. (3.1)

Then we have the following useful lemma, which will be important in the proof of
Theorem 1.3.

Lemma 3.1. Let (M, g, e~ /dv) be a complete smooth metric measure space.
Assume that Ric’; > —(m +n — 1)K for some constant K > 0 in B(xp, 2R),
where xo € M and R > 0. Let h(x, t) be a smooth function in Hyg r satisfying
Eq. (3.1). Then for any ) > 1, the function

Fi=t[IVAP = (ke = pee™ = g~ = 1) (3.2)
satisfies

(A — %) F>— ; —2(Vh,VF)=2(m +n — 1)Kt|Vh|?
2[R+ p @ = ]
— (@ = DpEH*'F +200a — Dt (" 1 (Vh, Vp)
+ (@ — D — Dipe* N Vh)? + ar (' Arp
— (B — Dg(e"P'F + 208 — Dt (")~ (Vh, Vq)
+ (B = DB — Dige)P~ VA + 1P~ A yq
+ 20 — Dt(Vh, Vi) + AArp

forall (x,t) in Hyp 1.

Proof of Lemma 3.1. The proof follows by direct computations. Using (3.1) and
(3.2), by the definition of F, we compute that

AfF =1 [AfIVAP = 2Ash +3A,D],

where D := p(e"*~ ! + g (P + 1. By the Bochner formula of the m-Bakry—
Emery Ricci tensor and the assumption Ric’}' > —(m+n— 1)K, we have

2 2(A/'h)2 2
Ar|Vh|]* > ———— +2(Vh,VAsh) —2(m +n — DK|Vh|*.
m-+n
Hence,
2(Arh)? 5
ArF >t ﬁ +2(Vh,VAsh) —2(m +n — 1)K |Vh|
m

—MAsh; + LA fD]. (3.3)
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Notice that by (3.1) and (3.2), we have the following equality:

FF F
—)A ph4+2(Vh, VA th) = 7’ ~ 5 +20:=1)VhVh + 2(Vh, VA sh)

F, F
Tt -+ 2(A—1)VAV (A th+|Vh[*+D)

(3.4)
+2(Vh, VA sh)
F, F

2
=~ =5 = (VL. VF) +20. = ){Vh, VD),

where in the last equality we have used the following formulae

2 F 1 2
Agh=—=|VhP +h =D == — (1= =) 1VA (3.5)

Substituting (3.4) into (3.3) yields

Af—i F>—E+ 2 (Afh)* —=2(m +n — )Kt|Vh|?
ot - t m+n

— 2(Vh, VF) +2(, — )t(Vh, VD) + At A ;D.

Further using (3.5), the above inequality becomes

d F 2t
(Af——>Fz——+ (|Vh|2+7)—hl)2—2(m—i—n—l)I(t|Vh|2
Jat t m-+n (3.6)

—2(Vh,VF) +2(h — 1)t (Vh, VD) + At AsD.

In the following we will compute the last two terms in the inequality (3.6). We first
notice that
200 — l)t<Vh, V(p(eh)“—1)> + A (plehe)
=20 — D1 'V pVh + (@ — D + & — 2)1p(eM* 1| VA|?
+ At (@A pp 4 (e — Dipe)* ' Ash
=20 — Dt ' VpVh +at (@ Arp — (@ — Dpe*'F
+ (@ — D = Dipe"* | Vh],

where in the last equality we have used the formulae (3.5). Similar to the above
equality, we also have

200 = D (Vh, V(g 7)) + e s (g€
=208 — Dt 'VgVh +ar (P A g — (B - Dg(e"P'F
+(B— DB — Dige"P~'|Vh|*.
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Combining the above two equalities, we have
20. — Dt(Vh, VD) 4+ At A ;D
=20 — Dt 'VpVh + ar( ) Arp — (@ — DpeH*'F
+ (@ — Db — Dip(e)* 1 Vh|?
+208 = D1 IVgVh + 1) A pg — (B - Dg(eP T F
+(B = DB — Drge) P~ vaP?
+200 — 1)IVUVh + A A s 1.
Finally substituting this into (3.6) gives the proof of the lemma. O
In the following, we will apply Lemma 3.1 and the localized technique of Li—

Yau [29] and the author [41] to give parabolic gradient estimates for the positive
smooth solutions to Eq. (1.1) on smooth metric measure spaces.

Proof of Theorem 1.3. Firstly, we introduce an auxiliary cut-off function and its
useful properties. This cut-off function is very important in the following proof.

We choose any C? cut-off function ¢@on|[0, oo) suchthatp(r) = 1forr € [0, 1],
@(r) =0forr € [2,00),and 0 < ¢(r) < 1; meanwhile ¢ satisfies

¢'(r)

—1 < —==—<0 and ¢"'(r) > —cy
@12(r)

for some universal positive constant cj. Let

w@)=¢(%§>,

where r(x) denotes the distance between x and xo in M. Then suppp < B(xg, 2R)
and ¢|p(x,, ) = 1. We shall consider the function ¢ ' in Hyg 7. By the argument
of Calabi [8], by using approximation, we can assume without loss of generality
that p(x) € C 2(M ) with support in B(xg, 2R). By a easy computation, we have

\V/ 2 2
¢ R?
and
A er @|Vr?
Asp= P04 21V (3.8)

R R?

in B(xg, 2R). On the other hand, since Ric’;? > —(m+n— 1)K for some K > 0,
the generalized Laplacian comparison theorem (see [40]) gives that

Agr < (m+n—1)VK coth(vVK r).

Since coth is decreasing, and ¢’ = 0 when r(x) < R, by (3.8), this implies

v

Argp > — C—Rl(m +n— l)ﬁcoth(\/ER) — %

o (m +n)ei1 (1 + RVK) (3.9)

= R2
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where we have used the inequality VK coth(\/f R) < %(1 + VK R).

Secondly, we will apply the f-Laplacian operator A s to the function ¢ F' and
get a useful inequality. Then we apply the maximum principle argument to the
inequality in a compactly supported set and obtain the Li—Yau gradient estimate.

Forany0 < v < T,if¢F < 0in Hg 1, then the desired estimate follows. Now
We assume max(y neH,x . () > 0. Let (x1, 1) be a point where ¢ I achieves the
positive maximum, where X1 € B(x0,2R) and 0 < #; < 7. Clearly, at (x1, t1), we
have

V(pF)=0, F, >0 and A;(¢F)<O0. (3.10)

From now on all calculations below will be at (x1, #1). Applying Lemma 3.1 to the
following equality

Ap(pF) = F(Arp) +2(Vo, VF) + 9(AfF),
and using (3.7), (3.8), (3.9), (3.10) and the fact e =u, we get that
0= As(pF)

2
- _F(m+n)c1(12+RJE> _,plVel
R ®

F _ _
+¢[—7—2<Vh,w>—<a—1>pu“ 'F— (8- quf ‘F]
1

2t
m-+n

+ t1(p|Vh|2[(oz — DO — Dpu® ' + (B = 1) — DguP~' —2m +n — I)K]

2
+ (1982 + pu=" 4 quP ' 4 o= i

+ 201 G = D" (YA, V p) + G = DuP ~H(Vh, V) + 6. = D(Vh, Vi) |

+)»11(/’|:Ma7]AfP +ufTArqg + Afﬂ]

¥ - -
R - ~@=DpuTlg = (B Dgu” ‘(p}

[ (m 4+ n)er (14 RVK) +2¢2
>F|-
2ne 2 a—1 —1 2
£ 2F(Vh, Vo) + —[Wm T+ pu b quP - h,]
m-+n
+ t1(p|Vh|2[(oz —DOa—Dpu® '+ B-DOB = DguP™' = 2(m+n — 1)1(]
+ 201 G = D" (YA, V p) + G = DuP ~H(Vh, V) + 6. = D(Vh, Vi) |

+Ml(/7|:ua7]Afp +uf'Apq + Afﬂ]-

Multiplying both sides of the above inequality by #¢, using the assumptions
of p(x,1t),q(x,t), u(x,t) and ¢(x) in Theorem 1.1, recalling that 0 < ¢ < 1, we
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in fact get that

m+n)c 1+R\/? +2¢2 1 B
e s ) Lt = i@ - DplFu!
1

0> —t1g0F|:

+(B = Dgl*u ™| = 2¢1 R 0 F| VR

2t12(p2
m-+n

2
+ HIVhIZ—i-pu”‘] + quP~! +,u—h,]

+ R [fte= DG p1u ! (311

+ [(ﬂ—l)(lﬂ—l)q]_uﬂ_l—2(m+n—1)K]}
= 22" V|| e = ™ + 38 = TazuP ™" + (= Das ]
+ )\.tlz |: inf (ua_lbl + u'B_lbz) ~|—b3:| .
Hyr,1
In the above inequality, we denote

+._

p sup {pT(x,7),0} and p~:= inf {p (x,1),0},
EHR,T

(x,)€HR T (x,1)
for any p(x,t) € C°°(Hg,T), where
p+(x, t) ;= max{p(x,t),0} and p~ (x,t) := min{p(x, 1), 0}.
We let
y = g¢|Vh[?
and

=1 _

z:=g(h — pu*~" —qu ).

Then (3.11) can be rewritten as

+ 14+ RVK) +2¢2
oa—w[(’" mei( - VEK) %H]

Hap 1 Hap.r

— ¢F [[(a — Dpl™ sup {w* " +[(B — Dgl™ sup {uﬁ‘}n}

21

m-+n

+ (3.12)

{(y —2)? —cim+m)R Y2 (y —2rz)
—(m —I—n)l%y — (m +n)yy1/2}

+At12 [ inf (ua_1b1 + uﬂ_lb2> +b3:| ,

Har.1
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where
K:=n+m-1DK — l[(ot — D — 1)p]~ sup (w1
2 Hor,1
1 _ B—1
—5[(/3 — DB — Dg]™ sup {u” "}
Hor,1
and

y = |Aa — la; sup (u® "} + A8 — 1laz sup {uP ™1} + (A — Das.

Hyp. 1 Hap 1

Inequality (3.12) is rather complicated and we want to simplify it so that the inequal-
ity can be estimated efficiently. Indeed, we can follow the Li—Yau’s arguments [29]
to estimate the third line of inequality (3.12). The similar argument also appeared in
[41]. That is to say, we can use the Cauchy—Schwarz inequality to get the following
key inequality

v =2 =cim+mR™y2(y = 22) — (m +m)Ky — (m +n)yy'’?
(m +n)?
s 2/3
2,252
for any 0 < ¢ < 1. Substituting this inequality into (3.12) and arranging the terms
yields

14+ RVK) +2¢2

> 17y —2) - = DT'R(y — r2)

R2

—@F [[(u — Dpl™ sup (u* "} + [(B — Dg]T sup {u’f"l}n}

Hop 1 Har.1

2 _ (m + n)2c??
— (2P - ——— 1 4 (oF
+m+n[ (pF) 8 DR 1(pF)
1 -
n tl2 =3 ((m+n)*A%\3 4 (m 4+ n)?22K?
m+n| 2 \de(h—1)2 21 —e)(A — 1)2
+ at} [ inf (uo‘_lbl + uﬁ—1b2> +b3}
Hyg T
2372 2 2
= (pF)" =@ (pF) — 17V,
m-—+n
where
2 242
o — (m+n)c1(1+R\/E)+201t (m + n)cir —

R2 "G 2 D)R?
+[(@ — DpI™ sup {u* "} + (B — Dgl™ sup (u?~}1

Hyr.1 Har.1
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and
1 -
W 3/ (m+n)Aa2\? 4 (m +n)A2K?
To2\zea—02) VT 20— 12
—X |: inf (u"‘_lbl + uﬁ_lbz) +b3i| ,
Har.1
and where
v = e — la; sup {u®~ '} + A8 — 1|as sup {u? "} + (A — Da3
Hor.1T Hor,1
and
- 1
K:=m+m-1DK — =[(@ — )(ha — 1)p]~ sup {u*""}
2 Hor,1
1 _ 1
—5[(;3 = D@B — Dgl™ sup {u"""}.
Hor,1
This implies

A

m+n g 172
(F)(x1,11) = Az [cb + <<b2 +—A thq/)
4 m-+n
8 1/2
<M [q> + 0+ <—r2t12q1> (3.13)
4 m+n

- mTHk2d>+t1A(

1/2
m—i—n\lj) ’

where ® and W are defined as above. Notice that on B(xg, R) x [0, t], since p = 1
and (xp, t1) is a maximum point of function ¢ F', we have

sup F(x,7) < (pF)(x1, 1). (3.14)
B(xo,R)

Substituting (3.13) into (3.14), and using a easy fact that #; < 7, we indeed show
that

T . sup [|Vh|2 +apu® 4 aquP ! o — Xh,](x, 7)

B(xo,R)
1/2
< rk(m + n\p) /
mtn (m +n)c1(1 + RVK) +2¢2 (m +n)cir?
T T
2 R? 4(n — DHR?
m+n_,
—
T

+ ’”T”xz {[(a — Dplt sup Wy + (B — Dglt sup {uﬁl}r} ,
Hyr 1 Hr 1

which immediately implies the theorem because 7 € (0, T'] is arbitrary. O
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4. Parabolic Liouville theorem

In this section, we will apply Theorem 1.1 to give many sufficient conditions on the
growth of solutions and coefficients that guarantee the parabolic Liouville theorems
for various cases of Eq. (1.1).

First, we will prove Theorem 1.5 in the introduction. We consider the case:
o> 1, ux,t)=pnx), px,t) = p(x) #0and g(x, t) = 01in Eq. (1.1).

Proof of Theorem 1.5. Under the assumptions of Theorem 1.5, let u(x, t) be a pos-
itive smooth ancient solution to Eq. (1.6). For any fixed space-time point (xg, ),
since « > 1 and K = 0, we apply Theorem 1.1 to u(x, #p) in the space-time set
B(xo, R) x (tp — R, t9] (i.e.,let T = R in QR 1), and obtain that

|V Inu(xg, to)|
< c(n) (1 +1In(D(Qg,r)) — Inu(xo, o))

1"‘\10'+ s s ~ a—1 ~ a—1
X | ——=— 4+ 0(R72) + 0o(R™3) + o[ RE™) T 1+ o[ R“™)5]
[ VR

for sufficiently large R >> 2, depending on |#|, where R has been chosen suffi-
ciently large such that R > |fp|. Since u(x, 1) = o([r (x) + |¢|]°) in Qg g, then we
have D(QRr.r) = o(RF). For the number ¥ € (0, «) and the fixed value In u(xg, o),
letting R — oo in the above inequality, we immediately get

|Vu(xo, 10)] = 0.

Since (xo, tp) was chosen arbitrarily, we conclude that u(x, t) = u(¢) forallx € M.
Case One: p(x) = 0.

In this case (1.6) becomes

W' () = pxu®@), pkx)#0, a> 1.

This equation implies p(x) = c¢ for some constant ¢ < 0 due to the growth
assumption on p(x). Therefore,

u' =%t = c(1 — a)r + u'"%(0).

Since u is a positive ancient solution, from above we see that u! = (— o) < 0 for
t — —oo. This is a contradiction with the positivity of u(x, f).

Case Two: u(x) £ 0.

In this case, (1.6) reduces to

u'(t) = pu@®) + p(u®(0), pux) #0, px) #0, > 1,

which can be rewritten as a first-order ODE by

'] = 1 —a)px) + (1 —a)ux)u' ",
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This equation has a general solution
u! (1) = Ce TR — p() /), 4.1)

where C is a arbitrary constant, @ (x) % 0 and p(x) # 0.

Since the left-hand side of (4.1) is independent of x, it must hold that p(x)/u(x)
is constant. Moreover, if ;(x) = ¢ < 0 (¢ > 0 is impossible due to the growth of
w(x)), then p(x) = ¢’ < 0(c’ > 0isimpossible due to the growth of p(x)). In this
case, (4.1) becomes

ul—()l(t) — (ul—()l(o) + 2) e(l—Ol)Ct _ £

, t <0,
C/

where o > 1, ¢ < 0,u(0) > 0 and ¢/c¢’ > 0. Letting t — —o0, we get
u () — —3, <0,
c

which is impossible since u(x,?) > 0. So p(x) is not constant and from (4.1),
we conclude that C = 0 and u!=%@) = — p(x)/u(x) is constant. Therefore
1

u(x) = —cp(x) for some constant ¢ > 0 and u(x, 1) = ce-1. m|

InTheorem 1.5, if i (x) and p(x) are both negative constants, then they naturally
satisfy the conditions (1) and (2). In this case we are able to improve the growth
condition of u(x, ¢) and get a simple statement, which was also proved by Dung,
Khanh and Ngo (see Corollary 2.6 in [18]).

Corollary 4.1. Let (M, g, e/ dv) be an n-dimensional complete smooth metric
measure space with Ricy > 0. There does not exist any positive ancient solution
to equation

d
(Af—§>u—|—,uu+pu“=0, a>1, u<0, p<0, 4.2)

1 1
such that u(x, 1) = e°"2 ) peqr infinity. Moreover, if f is identically con-
stant, then the growth of u can be relaxed to u(x, t) = ¢+,

Proof of Corollary 4.1. Because pu(x) and p(x) are both negative constants, we
know that the conditions (1) and (2) in Theorem 1.5 naturally hold. Now let u(x, 1)
be a positive smooth ancient solution to Eq. (4.2), such that

Inu(x,t) = o(r%(x) + |l|%)

near infinity. Similar to the proof of Theorem 1.5, for a fixed space-time point
(x0, t0), we apply Theorem 1.1 (i) to u(xo, fo) in Qr.g = B(x0, R) x (fo — R, o],

+
[V Inu(xo, t0)| < c(n) (1 + o(v/R) — Inu(xo, l‘o)) [% + %} 4.3)
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for sufficiently large R >> 2, depending on |fp|. Then letting R — oo, we have
|Vu(xo, to)| = 0. Since (xo, t9) is arbitrary, we get u(x,t) = u(t) forallx € M.
Finally, the conclusion follows by the same argument of Theorem 1.5.

As for the case f is constant, we assume that

Inu(x,t) =o(r(x) + |l‘|%)

near infinity. We apply Theorem 1.1 to u(xo, 7o) in Qg g2 = B(xo, R) x (fo —
R?, to] and the proof is almost the same as before except the corresponding gradient
estimate of (4.3) is replaced by

[VInu(xo, t0)| < c(n) (1 +o(R) — Inu(xo, 1)) - %

for sufficiently large R, depending on |zp]|. O

Second, we consider the case: @ = 1, u(x,?) = u(x), p(x,t) = p(x) and
q(x,t) =01in Eq. (1.1). In this case we prove that

Theorem 4.2. Let (M, g, e/ dv) be an n-dimensional complete smooth metric
measure space with Ricy > 0. Assume that ju(x) in the following equation

(A - %) u+ o =0 (44)

satisfies
3
1 Boe.R) =0(R™Y) and  sup |Vu|=o0(R™2), as R — oc.
B(xo,R)
(1) For pu(x) # O, there does not exist any positive ancient solution to Eq. (4.4)

1 1
such that u(x, 1) = €T OHN2) peqr infinity;
(2) for w(x) = 0, there only exist constant positive ancient solution to Eq. (4.4)

i 1
such that u(x, t) = e°T2OHIN2) near infinity.

Remark 4.3. There indeed exist many functions p(x) satisfying the growth of u,
such as pu(x) = —e™*/(x% + 1) in R'. If u(x) is negative constant, it naturally
satisfies the growth of w. If w(x) = 0, the theorem returns to a slight improvement of
[42]. Notice that the growth condition of u is necessary. For example, let u = "1,
f=—xand u(x) = —1inR!. Thenu is a positive eternal solution to Eq. (4.4).

Proof of Theorem 4.2. Letu(x, t) be apositive smooth ancient solution to Eq. (4.4),
such that

Inu(x,t) = o(r%(x) + |t|%)

near infinity. For any point (xq, #p), since « = 1 and K = 0, applying Theorem 1.1
to u(xo, tp) in the set Qg g := B(xo, R) X (to — R, 1],

1++o™

[V Inu(xp, t0)| < c(n) (1 + o(v/R) — Inu(xo, to)) [ N

+0(R_;)}
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for sufficiently large R >> 2,depending on |fy|. Letting R — oo, |Vu(xp, t9)| = 0.
Since (xp, fp) is arbitrary, we know thatu (x, ) = u(¢) forallx € M, which satisfies

u'(t) = p(u(r).

If u(x) = 0, then u(x,t) = c is positive constant. If pu(x) % 0, this implies
u(x) = C for some constant C < 0 by the growth of w(x). So we have

u(t) = u(O)eC', t <O0.

1 1
This contradicts the assumption of theorem u(x, 1) = 0" @+I12) pear infinity.
Hence the theorem follows. |

In Theorem 4.2, if we further assume f is a constant, we can improve the growth
assumptions on u(x) and u(x, t). This has also been obtained by Zhu [51].

Corollary 4.4. Let (M, g) be an n-dimensional complete noncompact Riemannian
manifold with Ric > 0. Assume that [1(x) in the following equation

<A — %) u+pux)u =0 4.5)

satisfies

1 1Bo.r) =0(R72) and  sup |Vu|=o(R™), as R — oc.
B(x0.R)

(1) For pu(x) = 0, there does not exist any positive ancient solution to Eq. (4.5)

1
such that u(x,t) = 2T FI2) poqr infinity;
(2) for u(x) = 0, there only exist constant positive ancient solution to Eq. (4.5)

1
such that u(x, t) = e®C O peqr infinity.
Proof of Corollary 4.4. The proof is nearly the same as the proof Theorem 4.2 with

the only difference is that we apply Theorem 1.1 to u(x, #p) in the new space-time
set Qg g2 = B(xo, R) x (to — R?, 1], and get that

[V Inu(xo, 19)| < c(n) (1 +o(R) — Inu(xg, to)) [% + o(R])i|

for sufficiently large R >> 2, depending on |fp|. We would like to point out that

the term ,/ % in Theorem 1.1 does not exist in this case (see Remark 1.2). |
Remark 4.5. The growth condition of u(x, t) is sharp in the space direction. For

example, let u = ¢**** and u(x) = — 3 in R'. Obviously, u is a positive eternal
solution to Eq. (4.5).

Third, we prove Theorem 1.6 in the introduction. Leto < 1, u(x, 1) = u(x) #
0, p(x,t) = p(x) #0and g(x,t) = g(x) =0in (1.1), and we have
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Proof of Theorem 1.6. Let u(x, t) be a positive ancient solution to Eq. (1.7) such
that

(r) + 1) <ulx,1) < (r(x) + J1])°

for some k¥ € (0, k) and § > 0 near infinity. For any point (xg, fo), since @ < 1 and
K =0, applying Theorem 1.1 to u(xo, #9) in B(xg, R) x (to — R, to9], we get that

IV In u(xo, )] < c(n)(l () InR - lnu(xo,to))
y 1440t

VR

+ol RT3 (RS ]

+0(R™3) +0o(R™3) + o[R-20-0 (RTF) T

(4.6)

for sufficiently large R >> 2, depending on |fy|, where R has been chosen suffi-
ciently large such that R > |#p|. We would like to point out, in the above complicated
estimate, we have chosen ming,, , u(x, 1) = (3 R)’7 due to the fact: r(x) < R and
lt] < ltol + R <2R.

Letting R — oo in (4.6), since k¥ € (0, k), we have

[Vu(xo, t9)| = 0.
Since (xq, tp) is arbitrary, we conclude that u(x, t) = u(¢) and it satisfies

W (1) = p(ul®) + pou®, pkx) 20, a < 1. 4.7

Case One: p(x) = 0.

In this case (4.7) becomes

' () = pxu®@), pkx)#0, a<I.
Similar to the Case One in the proof of Theorem 1.5, this is impossible.
Case Two: n(x) £ 0.

Equation (4.7) can be rewritten as a first-order ODE by
[ =01 = (1 = e)p@)u'™ + (1 =) p(x),
which has a general solution
u! = (1) = CelTOMI — o) /u(x), u(x) 0, plx) £ 0,

where C is a arbitrary constant. Similar to the proof of Case Two in Theorem 1.5,
we have p(x) = —cp(x) for some constant ¢ > 0 and u'~%(r) = 1/c. |
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5. Elliptic Liouville theorem

In this section, we have two goals. One is that we apply Theorem 1.1 to discuss
Liouville-type theorems for some elliptic versions of Eq. (1.1) on complete (not
necessarily compact) manifolds and smooth metric measure spaces.

Firstly, we consider a special elliptic version of (1.1) for @ < 1 on a smooth
metric measure space, which supplements Yang’s result [47].

Theorem 5.1. Let (M, g, e/ dv) be an n-dimensional complete smooth metric
measure space with Ricy > 0. Assume that there exists a constant k > 0 such that
p(x) in the following elliptic equation

Aru+pxu® =0, a<l1, px)#0, (5.1)
satisfies

sup |pl=0[R7*U"®) and sup |Vp|=o[R“1"9] asR - .
B(x0.R) B(x0.R)

Then there does not exist any positive solution to (5.1) on M, such that
rR @) < ux) <)
for some ¥ € (0, k) and § > 0 near infiniry.

Proof of Theorem 5.1. The proof is similar to the argument of Theorem 1.6. Let
u(x, t) be a positive smooth solution to Eq. (5.1) such that

r () < ulx) < rl(x)

for some ¥ € (0, k) and § > 0 near infinity. For any fixed point xo, since « < 1 and
K = 0, we apply Theorem 1.1 to u(xg) in B(xg, R) (here function « is independent
of time 7), and get that

[IVInu(xg)| <cm) (1 +c@@)InR —Inu(xg))
" 1++o™t
VR

for R > 2, where we have used the fact that minyep(x,,r) u(x) = RF. Letting
R — oo and using ¥ > K > 0, we get

+o[REI-O (RT) T 4 o[R™5(1-)] (R—%“?l]

|Vu(xo)| = 0.

Since point xo was chosen arbitrarily, we have that u(x) = ¢ for some constant
¢ > 0. Substituting u(x) = c into (5.1) we get p(x) = 0 which is impossible due
to the assumption of p(x). Therefore we complete the proof. O

Secondly, we consider a static version of Eq. (1.1) for > l and 8 > lona
smooth metric measure space. Because the proof method of Theorem 1.5 is suitable
to the elliptic version of (1.1), we only state the result without the proof.
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Theorem 5.2. Let (M, g, e_fdv) be an n-dimensional complete smooth metric
measure space with Ricy > 0. Assume that there exist three constants s > 0,
k > 0andk > 0 such that u(x), p(x) and g(x) in the following elliptic equation

Agu+pu+ pou® +q@uf =0, a>1, p>1, (5.2)

satisfy

(1) “+|B<xo,R> = 0(R™) and supp, gy |Vl = 0(R™*), as R — oo;
) pHBGxo.R) = olR*@ D] and supp,, gy IVpl = o[R*@ V], as R — oo;

(3) 4T B(xo.r) = o[ RT*F~"D] and supg,, gy Vgl = o[R7*FD] as R — oc.

Let u(x) be positive solution to the elliptic equation (5.2) on M such that
u(x) = o (r* (x))

for some K € (0,1) near infinity, where | := min{k, k}. Then u(x) is a positive
constant.

Thirdly, we will apply Theorem 1.1 to discuss some Yamabe-type problems of
complete Riemannian manifolds and smooth metric measure spaces.
We now prove Theorem 1.7 by applying Theorem 1.5 to Eq.1.4).

Proof of Theorem 1.7. In order to prove the theorem, we only need to discuss the
nonexistence of positive smooth solutions u(x) to Eq.1.4) on (M, g). In Theo-
rem 1.5, if we let

n+2
ulx,t)=ukx), f=0, a= ,
n—2
and
n—2 n—2 -
-~ s, N
O =-2a-n > PO= 5D
then by the assumptions of Theorem 1.7, we know that S > 0 and such u(x) does
not exist and hence the theorem follows. m]

Theorem 1.9 can be proved by applying Theorem 5.2 to Eq.1.5).

Proof of Theorem 1.9. Assume that u is a minimizer of the weighted Yamabe con-
stant A < 0. By the proof of Proposition 4.1 in [15], u is a solution of the equation

m-+n— 2 m [ m+n m+n+2
- fu — cremymtn=2 + coum+n=2 = O7
4dm+n—1)

Afu

where

2m+n—2 _ 2m+4n

2m(m +n— l)A (/ 2(m+n)) n </ 2(m+n—1) f) n
cl=— u m+n-=2 u mtn=2 em S
nim+n —2) M M

2m—2 2m
2m+n—-2)(m+n)A </ 2(:14—:;2)) " (/‘ Z(m:n—zl) f)_n
CHr = u mtn— u mtn=2 em .
2 nim+n—2) M M
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In order to prove the theorem, we only need to check the nonexistence of
nonconstant positive solutions #(x) to the above equation under the assumptions
of Theorem 1.9. Notice that ¢c; < 0 and ¢ < 0 due to A < 0. In Theorem 5.2, if
we let

m+n—2 _,. I
MO T G PO T At a = e
and
2
azm—+”>L ﬁ=w>1’
m—+n-—2 m+n—2

then the assumptions of Theorem 1.9 imply that all the conditions of Theorem 5.2
are satisfied and hence such u(x) does not exist, which contradicts the existence of
positive minimizer u. O

When A = 0, we can prove Theorem 1.10 by applying Theorem 4.2 to Eq.1.5).

Proof of Theorem 1.10. Assume that u is a critical point of the weighted Yamabe
quotient Q(u) with u(x) = 020 pear infinity. Then such u satisfies Eq.1.5).
Since A = 0, we have ¢; = ¢p = 0 and the critical point in fact is a minimizer. So
(1.5) becomes

m+n—2

Ajpu — ——
dm+n—1)

m.,
R U= 0.
In order to prove Theorem 1.10, we only need to check the nonexistence of positive
solutions to the above equation under conditions of Theorem 1.10. Indeed, if we
let

m+n—2 .

ot =S uen = uo,

n(x) = —
in Theorem 4.2, then the assumptions of Theorem 1.10 satisfy all the conditions of
Theorem 4.2. Therefore, by Theorem 4.2, we know that there does not exist any
positive solution u(x) with u(x) = e°" Y2(0) pear infinity. So the theorem follows.
m}

The other goal of this section is that we apply Theorem 1.3 to study elliptic
Liouville-type theorems for some elliptic versions of Eq.1.1) on a smooth metric
measure space. Here, we mainly apply Theorem 1.3 to prove Theorem 1.11 and
Corollary 1.12.

Proof of Theorem 1.11. Let u(x) be a positive smooth function to the equation
Afu+pu® =0, a<lI,

where p is a nonnegative constant. Since Ric"} > O0anda; =b; =0 (i = 1,2, 3),
applying Theorem 1.3 to this equation, for any A > 1, we have the gradient estimate

m+n\y%

|Vu|2 a—1
<
Au? +pu - 2
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by letting R — 00, where

(m +n)A2K2

_ 1 _ o
=aa-po_nr M4 K=l - Doa—Dp] sup .

Hyr,1
In the above estimate, if « = 1, then K =0 and

|Vul?

a—1 __
Au? +pu =0,

which implies the theorem. So we only consider the case & < 1. In this case, we
choose A = A9 > 1 such that Lgax < 1 and then K = 0, hence ¥ = 0, which also
implies the theorem. O

Theorem 1.11 immediately implies Corollary 1.12 as follows.

Proof of Corollary 1.12. Assume that u is a critical point of the weighted Yamabe
quotient Q(u). Then u satisfies Eq.1.5). Since A = 0, we have ¢; = ¢ = 0 and
hence (1.5) becomes

m+n—2

Ay — ———
dm+n—1)

m,_
Su=0.
In the following we only need to check the nonexistence of positive solutions to

the above equation under the condition of Corollary 1.12. Indeed, since S’;’ is non-

positive constant, we know that — %S’}’ is nonnegative constant. According

to Theorem 1.11, we immediately conclude that there does not exist any nontrivial
positive solution to the above equation. So our assumption does not hold and the
theorem follows. |
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