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Abstract. We study two classes of non-weight modules Q(A, o, 8) ® Ind(M) and
/\/l(V, QA a, ﬂ)) over the twisted Heisenberg—Virasoro algebra in this paper. We present
conditions under which these modules are irreducible, the necessary and sufficient conditions
under which modules in each class are isomorphic, and also show that the irreducible modules
in these two classes are new. Finally, we construct non-weight modules Ind,, ; (Crgs) and
Ind; 3 (Cpg) over the twisted Heisenberg—Virasoro algebra and then apply the established
results to give irreducible conditions for these modules.

1. Introduction

The well-known twisted Heisenberg—Virasoro algebra 'H, initially studied by
Arbarello et al. in [1], is the universal central extension of the Lie algebra L of
differential operators on a circle of order at most one:

_ d
L:= {f(t)a +g0) | f(0), g(0) € Cl1, ,1]} .

To be more precise, H is an infinite dimensional complex Lie algebra with basis
{Lm, In,Ci |meZ,i=1,2,3} subject to the following Lie brackets:

[H, C1] = [H, C2] = [H, C3] =0,

m3 —m
[Lyy, Lyl =M —m)Lyypn + 8m+n,0TCla
(Lo, In] = nlyin + Smn.0(m* +m)Ca,

[1y, In] = némin,0C3 form,n € Z.

Clearly, the subspaces spanned by {/,,,, C3 | 0 2 m € Z} and by {L,,, C1 | m € Z}
are respectively the Heisenberg algebra and the Virasoro algebra. Notice that the
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center of ‘H is spanned by {Co := Iy, C; | i = 1,2, 3}. Moreover, the twisted
Heisenberg—Virasoro algebra has a triangular decomposition:

H="H- @ b ® H+,
where ) = spanc{Lo, C; | i =0, 1, 2, 3} is a Cartan subalgebra of H and
H_ =spanc{L_;, [, | m € N}, Hy = spang{L,, I, | m € N}.

The twisted Heisenberg—Virasoro algebra is one of the most important Lie algebras
both in mathematics and in mathematical physics, whose structure theory has been
extensively studied (see, e.g., [7,10,20]).

A fundamental problem in the representation theory of the twisted Heisenberg—
Virasoro algebra is to classify all its irreducible modules. In fact, the theory of
weight modules with all weight subspaces being finite dimensional (namely, Harish-
Chandra modules) has been well developed. Irreducible weight modules over ‘H
with a nontrivial finite dimensional weight subspace were proved to be Harish-
Chandra modules [22]. And irreducible Harish-Chandra 7-modules were classi-
fied in [15], each of which was shown to be either the highest (or lowest) weight
module, or the module of the intermediate series, which is consistent with the well-
known result for the Virasoro algebra [16]. While weight modules with an infinite
dimensional weight subspace were also studied (see [6, 19]).

Non-weight modules constitute the other important ingredients of the represen-
tation theory of H, the study of which is definitely necessary and became popular
in the last few years. A large class of new non-weight irreducible H-modules were
constructed in [3], which includes the highest weight modules and Whittaker mod-
ules. Non-weight H-modules whose restriction to the universal enveloping algebra
of the degree-0 part (modulo center) are free of rank 1 were studied in [4] (see
also [8]). And by twisting the weight modules, we obtained a family of new non-
weight irreducible 7{-modules [6]. However, the theory of non-weight H-modules
is far more from being well developed.

As a continuation of [6], we still study the representation theory of H in this
paper. But we shall be concerned with non-weight H-modules. It is well known that
an important way of constructing modules is to consider the linear tensor product
of two modules, see for instance, [5,23-25] for such modules over the Virasoro
algebra. All non-weight H-modules studied in the present paper are obtained in
this way, which can be divided into two classes: one class consists of tensor product
modules and the other class consists of modules constructed from the linear tensor
product of two modules.

We briefly give a summary of the paper below. In Sect. 2, we recall some known
modules and construct a class of non-weight modules M(V, QA «a, ﬂ)) over the
twisted Heisenberg—Virasoro algebra H, where V is amodule over some Lie algebra
which is a subquotient of H. Section 3 is devoted to studying the irreducibilities of
tensor product modules 2 (A, o, ) ® Ind(M) and the reducibilities of H-modules
M(V, QA a, ,3)), where Ind(M) is an H-module induced from some subalgebra
of H. We prove that Q(A, @, ) ® Ind(M) is irreducible if both Q (A, «, ) and
Ind(M) are irreducible (in fact, here we use some sufficient conditions for the irre-
ducibility of Ind(M)) and that M(V, Q (X, , B)) is reducible if and only if V is
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a certain one-dimensional module. In Sect. 4, we give the necessary and sufficient
conditions under which two irreducible H-modules Q2 (A, @1, B1) ® Ind(M) and
Q (A2, @2, B2) ® Ind(M>) are isomorphic. And we also determine the isomorphism
classes of the modules M (V, QMA, o, ,3)). In Sect. 5, we prove irreducible modules
in the two classes are new by showing they are not isomorphic to any other known
irreducible non-weight H-module. In Sect. 6, some non-weight 7{-modules are con-
structed and using Theorem 3.1 we present irreducible conditions for these modules.
The main results of this paper are summarized in Theorems 3.1,3.3,4.1,4.6,6.2,6.3
and Proposition 5.2.

Throughout this paper, we respectively denote by C, C*, Z, Z . and N the sets
of complex numbers, nonzero complex numbers, integers, nonnegative integers and
positive integers, and use U (a) to denote the universal enveloping algebra of a Lie
algebra a. All vector spaces are assumed to be over C.

2. Preliminaries

In this section, we shall first recall some known H-modules and then introduce a
functor from the category of H-modules to some of its subcategory, and finally we
present some non-weight modules which will be studied in this paper.

2.1. Some H-modules

Definition 2.1. AnH-module V iscalled a weight module if V has the decomposition:
V = ®jep* Vi, where V) = {v € V | xv = A(x)v, Vx € b} foreach 1 € h* (the
dual space of b); and called a non-weight module otherwise.

Remark 2.2. More generally, we call an H-module V a weight module with respect
to Lo if V= ®@ccVa withV, ={v eV | Lov = Av} forany A € C.

For later use, we are going to recall some weight and non-weight H-modules.
For A, «, B € C, the (weight) H-module A(X, «, 8) of the intermediate series has
a basis {v; | i € Z} with trivial central actions and

Lv, = (k +n +ma)vm+n, Inv, = Buysn form,n € Z.

Note that A(X, «, B) is reducible if and only if A € Z, @ € {0,1} and 8 = 0
(see [9,11]).
For A € C*, a, B € C, we recall the non-weight module

QM a, B) :=Cl[1],
with the action of H defined, fori =1, 2,3, f(¢r) € C[t] and m € Z, by
Ly f(t) =2"( —ma) f(t —m), Ly f(t)=A"Bf(t —m), Cif(t) =0.

Then Q (A, «, B) is irreducible if and only if « € C* or 8 € C* (see [4]). Notice
that this module reduces to a Virasoro module if 8 = 0 (see [13]).
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Now let us recall a class of irreducible modules for the twisted Heisenberg—
Virasoro algebra, which includes the known irreducible modules such as highest
weight modules and Whittaker modules. For any e € Z., denote by H, the subal-
gebra of H:

3" (CLy ® Cly—e) ® CC1 & CC2 & CCs.

m€Z+

Take M(cg, c1, c2, ¢3) to be an irreducible H,-module such that Iy, Ci, C» and
C3 act as scalars co, c1, ¢2, c3 respectively. For convenience, we briefly denote
M (cop, c1, ¢2, c3) by M. Form the induced H-module

Ind(M) :=UH) Qun,) M. 2.1
The following theorem was obtained in [3].

Theorem 2.3. Let ¢ € Z, and M be an irreducible H.-module with c3 = 0.
Suppose that there exists k € Z such that

1) the action of Iy on M is injective if k#0,

co+ (n—1)c; 20 foralln € Z\{0} if k =0,
Q) IL,M =Ly,M =0foralln > kandm > k +e.
Then

(1) Ind(M) is an irreducible H-module;
(ii) the actions of I,;, Ly, on Ind(M) for all n > k and m > k + e are locally
nilpotent.

2.2. The functor VW

Inspired by [18] (see also [14]) we define a functor VW from the category of H-
modules to the category of weight H-modules with respect to Lg (see Remark 2.2)
in this subsection.

For any ¢ € C, denote Z. by the (maximal) ideal of C[L¢] generated by Lo — c.
For an H-module V and n € Z, set

Vi = V/Inv, W) = @nez V-

Then the vector space WW(V) carries the structure of a weight H-module with
respect to L under the following given actions:

Liyy(v+7,V) = Liyv + Lyt V,
In(v+Z1,V) = Inv+ Ty V,
Ciw+Z,V)=0 fori=1,2,3, mneZandv e V.
Given any H-module homomorphism f : V. — W we define W(f) : W(V) —
W(W) by sending v + Z,,V to f(v) +Z,W forany v € V and n € Z. Then it

is easy to check that W becomes a functor from the category of H-modules to the
category of weight H-modules with respect to L.
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2.3. Construction of M(V, Q(x, a, B))

Based on the non-weight H-modules (A, «, 8) (see Sect. 2.1) we shall consider
two classes of non-weight H-modules. Objects in one class consist of the tensor
product modules Q (A, «, 8) ® Ind(M) (see (2.1)) and objects in the other class are
constructed in this subsection.

Ford € {0,1},r € Z4, denote by H, 4 the ideal of Hy 4 = spanc{L;, I; |
i >0,j > d} generated by L;, I; foz all_i > r,j > r+d. Now we write H, 4
the quotient algebra H+ 4/H, 4, and L;, I; 14 the respective images of L;, I; 4 in
ﬂr,d. Let V be an ﬂr,d—module. For any A, «, 8 € C, define an H-action on the
vector space M(V, Q(%, &, B)) := V ® C[r] as follows (see [14]):

Lm(v®f(t)) =v A"t —ma)f({t —m)

T it
+;(mLi)v®Amf(t—m), (2.2)
r - i+d
In(ve® () = Z; (hm) v® A" Bt —m), 23)

Ci(v® f(1)) =0 fori=1,23,meZveV,ft)eCli]. (24

Proposition 2.4. Let d € {0,1},r € Zy and V be an ﬂr,d-module. Then
M(V, QA a, ,3)) is a non-weight H-module under the actions given in (2.2)—
(2.4).

Proof. Define a series of operators x,, on C[¢] as follows:
X f@) =A"f(@t —m) form € Zand f(r) € C[z].

Then I,x, f(t) = xpl,f(t) = Lyynf(@) for any m,n € Z. It follows
from [14, Section 3] that the relation L,,L,, — L,L,, = (n — m)L,+, holds on
M(V, Q, a, /3)). By (2.2)—(2.4), we have

(LmIn - Ian)(U ® f(t))

r nitd  _
= < Ii+d> Ve (Lmlnf(f))
i=0

(i +d)!
"o omitt NS Rt
! i=0 <(i + 1)!Li> lZ:; ((i +d)!1i+d> Ve (xmlnf(f))
r < pitd ( )
— .—Ii+d> V® (I, Ly f(t)
S\ +d)!
r nH—d B r mi+1 )
= <(" + dﬂ””) pars ((z’ n 1)!L"> v & (I f (1))
" pitd
- <(i +d)v1i+d> v ® (Ininf (1)
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- : pitd
+ <(l+])yLi> (]+d)' ]+d> (m+nf(l‘))

Jj=

pitd r mitl
<(1 +d>'1"+"> ~ ((i + 1)!“)” ® (Ins2©)

1

nitd
<(l+d)‘ i+ >U®(Im+nf(t))

r l+1nj+d ( B B _ ) ( )
+ <— Liljtq—1IjyqL; )v ® (In+n f (1)
' G+ DI+

|
M\N

(=}

~.

I
S
ngh
[}

rooitl < mit1—iyi+d—1

ny )
; T —
par Syt G+1-=pDIG+d—-1

Y 13+d>v ® (Lntn f (1))

- .
(m +n)itd _
n ——litd |V ® ( m+nf(t)) = nlm+n(v ® f(t))
<\ (i +d)!
That is, Ly, Iy — IyLy = nlyym holds on M(V, (A, a, B)). Finally, the relation
Lnly — IyLy = 0 on M(V,Q(A, a, B)) is trivial. Thus, the actions (2.2)~(2.4)
make M(V, QA «a, ,8)) into a non-weight H-module. O

Remark 2.5. Letd € {0, 1}, r € Z4 and V be an irreducible Hr,d-module.

(1) V must be infinite dimensional if dimV > 1, since any irreducible finite dimen-
sional module over the solvable Lie algebra ﬂr,d is one-dimensional by Lie’s
Theorem.

(2) Consider now V = Cuv is one-dimensional. Then Liv=ILv=0for anyi € N,
Lov = o, Iypv = tv for some o, T € C. In this case V is denoted by Vs,r and
it is clear that

M(Vor, Q0 B)) = QA o —0,84,087) forany 2 € C*anda, B € C,

where 84 ¢ is the Kronecker delta.

(3) Note that if I_j+dV =0forall0 < j <r, then M(V, QA o, ﬂ)) reduces to
a module over the Virasoro algebra. So until further notice we always assume
that I i+aV # 0 for some 0 < j < r. Choose such r’ to be maximal such that

I/1qV # 0. Then I, is a linear isomorphism of V by [6, Lemma 3.1] if V
is irreducible.

3. Irreducibilities

Theorem 3.1. Let (A, &) € (C*)? or (1, B) € (C*)2. Suppose that Ind(M) is an
‘H-module defined by (2.1) for which M satisfies the conditions in Theorem 2.3.
Then the tensor product module Q2 (X, o, B) ® Ind(M) of H-modules Q2 (A, «, B)
and Ind(M) is an irreducible H-module.
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Proof. For any v € Ind(M), there exists K(v) € Z4 such that I,,v = L,,v =0
for all m > K(v) by Theorem 2.3. Suppose that P is a nonzero submodule of
Q, a, B) @ Ind(M). Choose a nonzero

n
w=Y 1" ®u € P with 0 # v, € Ind(M) and n € Z minimal.

i=0
The case for @ € C* was proved in [23, Theorem 1], thus we only need to consider
the case for g € C*. O
Claim 1. n = 0.

Let K = max{K(v;) | i =0, 1,...,n}. Then we have

n
AT Lw = Z,B(t—m)i ®uv; € P for m > K.
i=0

Note that the right-hand side of the above can also be written as

n
Zm’wi epP
i=0

for some w; € Q(A, «, B) ® Ind(M) (independent of the choice of m) with w, =
B(—1D" ® v, # 0. It follows from that w, € P. Thus, n must be zero by its
minimality, proving the claim.

To complete the proof, it suffices to show the following claim.

Claim2. P = Q(\, o, B) @ Ind(M).
By Claim 1, we have 1 ® vy € P for some nonzero vy € Ind(M). Using

L (t* ® vo) = (" (t — ma)(t —m)*) ® vy
="t —m)* T @ vy — M"m(a — 1)t — m)F ® v

form > K(vp), k € Z4 and by induction on k, we deduce that *® vy € P for
keZiie,Q0, o, B)Quy C P.Itfollowsthat Q (A, o, B) QU (H)vy < P. Thus,
P =Q0,a, B) ® Ind(M), since the nonzero H-submodule U (H)vg of Ind(M)
generated by vy is equal to Ind(M) by the irreducibility of Ind(M). O

Now we describe the following two examples of the modules in Theorem 3.1,
which will be discussed in detail in Sect. 6.

Example 3.2. (i) Leth € C, d = (do,d1, d»,d3) € C* with d3 = 0. Let J; be
the left ideal of U(h & H4) generated by L,,, I,, Lo — h and C; — d; for
i=0,1,2,3,m € Zy.Denote M := Uh@H)/J1. Then V = Ind(M) is the
classical Verma module (see, e.g., [2,21]). By Theorem 2.3 (cf. [2, Theorem 1]),
we obtain that if dg+ (n — 1)d> # 0forn € Z\{0}, then V is both an irreducible
‘H-module and a locally nilpotent module over H.. From Theorem 3.1, we
obtain that Q (A, «, ) ® V is an irreducible H-module if dy + (n — 1)dy # 0
for n € Z\{0} and either (A, ) € (C*)? or (A, B) € (C*)%.
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(i) Let (A1, A, 1) € C3, e = (ep, e1,€2,€3) € C* with e3 = 0. Let J> be the
left ideal of U/ (H4) generated by

{Ll—)»17L2—)v2,Li711—,U«I»Ij,ck—ek|iZ3:J.227k=071,273}~

Denote M = U (H4+)/J2. ThenV = Ind(M) is the classical Whittaker module
(see, e.g., [3,12]). By Theorem 2.3 (cf. [3, Example 10]), we obtain that if
eo+ (n—1)er # Oforalln € Z\{0} and 1 # 0, then V is both an irreducible
‘H-module and a locally nilpotent module over Hf) = spanc{Ly, I, | m > 2}.
From Theorem 3.1, we obtain that Q (A, «, 8) ® V is an irreducible H-module
if eg + (n — 1)es # 0 for all n € Z\{0} and either (A, &, 1) € (C*)3 or
(A, B, m1) € (C*)°.

Next we are going to characterise the reducibility of M(V, QM a, ,8)). For
any m € Z,n € Z, denote

n—+m
JO=1and J" = 1_[ (t—j) form > 0.
j=n+1

Note that {J)"" | m € Z} forms a basis of Q (A, a, B) for any n € Z. By the action
of H on Q (A, a, B), it is easy to check that

Ly Jf = 2"t —ma)Jk .,

and 1, J¥ = x"BJk ., form,n e Z,k € L. (3.1
Now we are ready to state the other main result of this section.

Theorem 3.3. Let . € C* and V be an irreducible ﬂr,d-module.
Then M(V, QM a, ,3)) is reducible if and only if V. = Vg s, o for some © € C
such that 64,08t = 0.

Proof. Consider first that V is finite dimensional. Then V = V,; ; forsome o, t € C
and M (Vyz, Q(A, @, B)) = Q(%, & — 0, 84,07) by Remark 2.5(2). But we know
that Q (A, @ — 0, 84,007) is reducible if and only if « = o and §4, 087 = 0. So in
this case the statement is true.

Assume that V is infinite dimensional. To complete the proof, it suffices to show
that M(V, QA, «a, /3)) is irreducible. For this, let M be a nonzero submodule of
M(V, Q@ a, B)). Without loss of generality, we may assume that 1 = 1. If
B = 0, then M(V, QA o, ﬂ)) reduces to a module over the Virasoro algebra,
which is irreducible by [14, Theorem 3.2].

Consider now the case 8 # 0. Let r’ be the nonnegative integer as in
Remark 2.5(3) and u = ZZ:O vm ® Jy' a nonzero element in M with v, # 0. It
follows from (2.3) and the second relation in (3.1) that

r’ i+d
n _
i=0 ’
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Then one can check that

Il (v @ Jm)
r’ kitd (n— k)i+d _
= Z ((z Iy z+d> Z (Wli+d> Un @ ﬁzjrin
fork,n eZ,m e Z+.

Since k is arbitrary, we can view k as a variable. Observe that the coefficient of
k272 in L, is

B
mZIr,+dvm®erM forn € 7Z.
m=0
Similarly, viewing n as a variable we get I 4qVp ®1 € M. Setv = I’ 7 qUp- Now
by L3 (v ® ) = v ® t" for n € Z and the injectivity of I +q (see Remark 2.5(3)),
v ® Q(A, o, B) is nonzero subspace of M. It follows from
r nitl
m m m
M>L,(v® kan) =vQ®(— I’lOl)Jk + IZ(; <mL,> v Jk

/
r .
nl +d

and M>L,(v®J" )_Z((z—i—d)' ,+d>v®ﬂj,§”

that both 3-7_q (5 Li)v® J{ and 7y (g Tiva) v® I lie in M fork, m
Z,n € Z4. In particular, L,v ® Q,a,B) € M and I_j+dv QLA a,B) e M
fori =0,1,...,rand j =0, 1,...,r". Then by the irreducibility of V we have
M = M(V,Q(, a, B)), proving the irreducibility of M(V, (%, o, B)). O

4. Isomorphism classes

Theorem 4.1. Let a1, f1 € C, (A1, 22, a2) € (C*)3 or (A1, A2, o) € (C*)3.
Suppose that Ind(M1) and Ind(M>) are H-modules for which M| and My satisfy
the conditions in Theorem 2.3. Then Q2 (11, a1, B1) @Ind(M1) and Q (A2, a2, B2) ®
Ind(M») are isomorphic as H-modules if and only if (A1, a1, B1) = (A2, a2, B2)
and Ind(My) = Ind(M>3) as H-modules.

Proof. The “if” part is trivial. Now we prove the “only if” part. Let ¢ be an H-
module isomorphism from Q (A1, a1, 1) ® Ind(M1) to Q(X2, a2, f2) ® Ind(M>).

Choose a nonzero element 1 @ v € Q(Aq, a1, f1) @ Ind(M7). Assume

n
(1l ®v) = Zti ® vi, where v; € Ind(M>) withv, # 0. 4.1)
i=0

There exists a positive integer K such that /,,v = I,,v; = L,,v = L,,v; = 0 for
all integers m > K and 0 < i < n by the condition (2) of Theorem 2.3.

Now we consider the following two cases.
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Case 1. 8, € C*.
For any m1, my > K, it follows from (A" Ly, — A{"? Iy,) (1 ® v) = 0 that

0=A7"" L, — A" In,) ¥ (1 @ v)

n
= (" Iy = 27" y) Dt @0
i=0

n A \™ ; A\ ;
=Zﬂz<(—) (t —mi) ®v,-—(—) (t —m2) ®vl~). (4.2)
i=0 M A

In particular, we have

M\ (™
(G- o
1 1

which forces A1 = Ap. Whence (4.2) can be rewritten as

n

Z <(t — ml)i Qv — (t —mg)i ® vi) =0 forallm;,my > K.
i=0
Note from the above formula that n = 0, since otherwise the coefficient (—1)" (1 ®

v,) of m' would be zero, yielding a contradiction v, = 0. Thus, by (4.1) there
exists a linear isomorphism 7 : Ind(M1) — Ind(M>) such that

Y(1®v)=1Qt(v) forall v eInd(My). 4.3)

From 1 = A2 and ¥ ([,,(1 ® v)) = L,y (1 ® v) for all m > K, it is easy to
get f1¢¥ (1 ® v) = B2(1 @ t(v)) and therefore 1 = B». Since w(lm(l ® v)) =
Lny (1 ®v) forall m € Z, we have ¥ (1 ® (Inv)) = 1 ® (IyT(v)). Clearly,

t(lyv) = Iyt(v) forallm e Z, v e Ind(My). “4.4)
For any m, my > K and m| # m,, we can deduce from
Y (O Liny = 2" L)) A @ 0)) = ™ Liny = 27" Ly )Y (1 @ v)

that (my —mpoy (1 @ v) = (my — mp)az(1 ® T(v)), which implies &1 = o5.
Using ¥ (Ln(1 ® v)) = Lypy(1 ® v) for all m > K, we can conclude that
Y(t®v) =t®1(v) forv € Ind(M;). Combining this with (2.3) gives immediately
1//((Lm1) ® v) = (Lyul)® t(v) forallm € Z and v € Ind(M;). Now it follows
from w(Lm(l ® v)) = LY (1 ® v) that w(l ® (Lmv)) =1® (Lmr(v)), which
and (4.3) force

t(L,,v) = Lyyt(v) forallm € Z, v € Ind(My). 4.5)

It is clear that ¥ (Ci (1 ® v)) = C;¥ (1 ® v), which implies 7(Cjv) = C;jt(v) for
i =1,2,3, v € Ind(My). These together with (4.4) and (4.5) show that t is an
‘H-module isomorphism if g, € C*.
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Case 2. ap € C*.

By the similar arguments as in the proof of [23, Theorem 2], we obtain that
A1 = A2, @1 = o and there exists a linear bijection t : Ind(M) — Ind(M>) such
that ¥ (1 ® v) = 1 ® t(v) for all v € Ind(M7). Meanwhile we get that 7(L,,,v) =
Lyt(v) forallm € Z,v € Ind(My). Since I/I(Im(l ® v)) = I,¥ (1 ® v) for all
m > K, itis easy to see that 81 = f. Then from 1//(Im(1 ® v)) = I, ¥ (1 ®v)and
1//(C,~(1 ® v)) = Ci¥ (1 ® v) we see that t([,,v) = I,,7(v) and t(C;v) = C;t(v)
fori =1,2,3, m € Z, respectively. Thus, Ind(M;) = Ind(M3) as H-modules for
oy € C*.

To sum up, in either case we obtain (A1, o1, B1) = (A2, @2, B2) and Ind(M) =
Ind(M>) as H-modules. O

The rest of this section is to establish isomorphisms among the modules
MV, Q(\, a, B)). We need to make some preparations first, for this case is more
complicated than the former one.

Definition 4.2. Let d € {0,1},7 € Zy, « € Cand V, W be two H,.4-modules.
Denote by V¥ the H, s-module obtained from V by modifying the Lo-action as

Lo — aidy. A linear isomorphism ¢ : V. — W is called an a-isomorphism if
Y(Liv) = Liy(v) and ¥ (li4qv) = alirq¥(v) forany v € V and i € Z.

It follows from the similar proof of [6, Theorem 4.1] that we have the following
result.

Theorem 4.3. Let d; € {0,1},r;, € Zi,Ai,;,0 # Bi € C and V; be

an irreducible H,, 4.-module for i = 1,2. Then M(Vl,A(kl,al,ﬂl)) and
M(Vg, A(rg, an, ﬂz)) are isomorphic as H-modules if and only if Ay — Xo €
Z,dy = do and V{"' = V;? are ﬂl_lﬁz-isomorphic as Huax{r, .r}.d, -modules.

Next we are going to make use of the functor VV introduced in Sect. 2.2 to
derive some useful results.

Lemma 4.4. As H-modules, W(SZ A, «a, ,3)) = A0,1 —a, B).

Proof. By the definition of Z,,, dim(Q Ao, BTN, «, /3)) = lforanyn € Z.
Take wy, =1+ Z,(QA, o, B)) € QA, 0, B)/Tn(2(A, @, B)). Then

Linwy = A" (t —ma) + Lpn (RO, B) = A" (n 4+ m(1 — o) Wy 4n,
and Lyw, = A"B + Lynn(QOA, a, B)) = A" Bwiysy forany m,n € Z.

That is, L,v, = (n + m(1 — @) vy and Lyw, = Buy4n, where v, = X w,.
This completes the proof of this lemma. O

Letd € {0,1},r € Z, and V be an H,yd-module. Define the action of H on
V® A, a, B) as follows

r i+1
m —
Lm(u ® vn) = (n +A+am+ Z (mL,>>u ® Vmtn,
i=0 ’
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r ﬂ i+d

Im(“ ® vn) = Z (#I_H-d)u @ Um-tn,

i=0
Ci(u®vy) =Co(u®vy) = C3(u@v,) =0,
where m,n € Z and u € V. Then one can check that under the given actions

as above, M(V, A(L, a, B)) becomes a weight H-module, which is denoted by
M(V, A, a, B)).

Proposition 4.5. We have the following isomorphism of H-modules
W(M(V, Q0 «, ﬁ))) = M(V, A0, 1 —a,B)).
Proof. Using (2.2), we have

I,,(M(V, QM «a, ﬂ))) =I,,(V®S2(/\,oe, /3))
=VRILEQMA, a p)) fornel.

Then it follows from this and Lemma 4.4 that

W(M(V, Q, a, /3))) =@PMV. Q0. a.B)n

nez

=P (M(V, QO B/ Ty (MV, Q0. a, 5))))

nez

=P (v @ QM , B)/V &L, (R0, a, ,3))) (by (2.2))

nez

=ve <Q(k,(x, B) /T (20, a, ﬁ))) = VRW(Q0, a, B))

nez

ZV®AQO1—ap)=M(V,A0,1—-ap)).
O

Since W is a functor, an H-module isomorphismbetween/\/l(vl, QA a1, B 1))
and M (V2, Q(A2, a2, B2)) would induce an isomorphism between M (Vi, A(0, 1—
ar, 1)) and M(V2, A(0, 1 — ay, B2)) by Proposition 4.5. Then it follows from
Theorem 4.3 that di = dp and that Vla I = Vza 2 are B ! B2-isomorphic as
'F{max{rl,rz},dl -modules. So it is reasonable to include these into sufficient condi-
tions for M(V], QA ap, ,31)) and M(VQ, Q(Ay, ay, ﬂz)) being isomorphic. In
fact, one more condition 11 = X, will be enough, as stated in the following result.

Theorem 4.6. Let d; € {0,1},r; € Z1, 2, Bi € C*,a; € C and V; be an irre-
ducible H,; g4;-module such that ./\/l(V,-, QAi, o, ,Bi)) is irreducible fori = 1, 2.
Then

M(V1, QL ar, B1)) Z M(Va, Q(A2, a2, f2))
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as H-modules i_fand only if dy = do, A = Ay and V{"" = V;? are ﬁflﬂz-
isomorphic as Hmax{r,,r),d, -Mmodules.

Proof. Let
¢ : M(Vl, QA ap, /31)) — M(VL Q A2, az, :32))

be an isomorphism of H-modules. By the remark before this theorem we know
that d; = d; and that the linear map ¢ : Vl‘)‘l — VZ‘)‘2 induced from ¢ is a ﬂl_l,Bz-
isomorphism of ﬂmax{,l .r2),d-modules. It remains to show A1 = A».

Take any 0 # w € Vi and assume that p(w @ 1) = >, u; @ it e
M(Vz, Q (Ao, g, ﬁz)). Note on the one hand that ¢ induces an H-module iso-
morphism

P4 : M(V], A0, 1 —Otl,ﬂl)) — M(Vz, A0, 1 —Otz,ﬁz))

sending w ® v, to ) _; (i‘—;)”niui ® vy, for any n € Z by Lemma 4.4 and Proposi-
tion 4.5, and on the other hand that g4 (w ® v,) = p(w) v, for any n € Z (see [6,
Theorem 4.1]). Thus, ¢(w) = Zi(i—;)"niui, which implies A = A and u; = 0 if
i #0.

Conversely, let ¢ : V"' — V;? bea ﬂl_lﬂg-isomorphism of Hmax{ry.ra}.ds -
modules. One can check the linear map ¢ : /\/l(Vl, QA, oy, /31)) —
M(V2, (%, a2, B2)) sending v ® f (1) to ¢(v) @ f(¢) is an isomorphism of H-
modules. |

5. New irreducible modules

In this section, we shall show that any one of Q(A,®, ) ® Ind(M) and
M(V, Q@ «, B)) is not isomorphic to Ind(M) or the irreducible non-weight
‘H-modules defined in [6] and that Q(X, «, 8) ® Ind(M) is not isomorphic to
MV, QW B)).

Foranyl,m € Z, s € Z, define a sequence of operators Tl(;: as follows

s
. S
Tz(iﬁ = 20(—1)S l(i)llmiIeri-
=

Lemma 5.1. Let A € C*, a, 8 € Cand V anirreducible 'F{r,d-module. Suppose that
M is an irreducible Hc-module satisfying the conditions in Theorem 2.3. Assume
that r' is the maximal nonnegative integer such that 1,14V # 0. Then

(i) the action of L., for m sufficiently large is not locally nilpotent on Q (A, «, B) ®
Ind(M);
(ii) the action of Ly, for eachm € 7 on M (V, QM a, ,3)) is not locally nilpotent,
(iii) Tlffnrurzd) is a linear automorphism of M (V, QA o, ,3)) and M(V, y (1)) for
I,m e Zandy(t) € Clt,t7'];
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@iv) Tf;i (s > 1) is locally nilpotent on Q (A, «, f) ® Ind(M) whenever m > 0 and

1> m;
) Tl(:n) acts nontrivially on Q (A, «, ) ® Ind(M) whenever m < 0 andl < m.

Proof. (i) follows from the local nilpotency of L,, on Ind(M) by Theorem 2.3 for
m sufficiently large and its non-local nilpotency on 2 (A, &, ). (ii) and (iii) follows
from [6, Lemma 3.3]. (iv) follows from an easy observation that

Q0 a.f) =0 forl,meZ
and Tl(;z is locally nilpotent on Ind(M) when m > 0 and [ > m. Note when

m <« 0and! < m that I;_,, ¢ H, and I,, ¢ H,. It follows from this and a direct
computation that for0 # 1 ® 1 ® v € Q(A, @, ) ® Ind(M) we have

TV 18v) = 1@ (=Ml — X" Bl — l1-mln
A Byt + 2T B Lt 4 Dt 1) @ v # 0,

So 7,3, o, f) ® Ind(M)) # 0, proving (v). u

Letd € {0,1},r € Z4 and V be an ﬂr,d-module. For any fixed y(¢) =
> icitt eClr, +~1], define the action of H on V ® C[t, r~!] as follows

Lyn(ve® tn) = <Lm + Zcilm+i> ve® ln)v
i

Iy (v ®tn) = Im(v®tn)7
Civ®t")=0 form,neZ,veVandi=1,2,3.

Then V @ C[t, +~!] carries the structure of an H-module under the above given
actions, which is denoted by M(V, y(¢)). Note that M(V, y (1)) is a weight H-
module if and only if y () € C and also that the H-module M(V, y(¢)) for y () €
C[t, t~"] is irreducible if and only if V is irreducible (see [6]).

We are now ready to state the main result of this section.

Proposition 5.2. Letd € {0, 1}, r,e € Zy, » € C*, a, B € Cand V anirreducible
Hr,d-module. Suppose that M is an irreducible H,-module satisfying the conditions
in Theorem 2.3. Then any of (A, o, B) ® Ind(M) and ./\/l(V, QA «a, /3)) is not
isomorphic to Ind(M") for any irreducible H,-module M’ satisfying the conditions
in Theorem 2.3 or Q(\', o', B) for any A € C*, o', B’ € C, or M(W, y (1)) for
any ’F{r/,d/-module Wandy(t) =73, citt € Clt, 711 and Q(, a, B) ® Ind(M)
is not isomorphic to M(W, QW o, ,B’)) for any ﬂr/,d/-module W and \' €
C* a',B c€C.

Proof. Q(\,a, B) ® Ind(M) 2% Ind(M’) follows from Lemma 5.1(i) and Theo-
rem 2.3; M(V, QA «a, ,3)) 2 Ind(M’) follows from Lemma 5.1(ii) and Theo-
rem?2.3; Q(A, o, B)R@Ind(M) 2 M(W, QW o, ,8’)) and Q (A, o, B)QInd(M) 2
M(W, y(t)) follows from Lemma 5.1(iii) and (iv); QA, «, f) @ Ind(M) 2
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QW a, B') follows from Lemma 5.1(v) and the fact T( )Q(A o, ) = 0 for
[, m € Z. Finally, on the one hand, note that the restr1ct10n of Ly — Z cil; on
W @1" is the scalar n, namely, Lo — Y _; ¢;I; is semisimple on M(W y(1));
on the other hand, Lo — Zi ¢; I; has no eigenvector in M(V QMA, o, ,3)) Thus,

M(V, Q0 a, B)) 2 M(W, y(0)). O

6. Applications

Inspired by [17,23], we first construct two classes of non-weight modules and then
apply Theorem 3.1 to give certain conditions for these modules being irreducible.

For A € C*, we denote H§0) = spanc{L,, — A" Lo, lp, I,, | m > 1} and
Hgl) = spang{L,, — )J”*ILI, I, | m > 2,n > 1}. It is easy to check that both
H;O) and H;l) are Lie subalgebras of H. For fixed RS = (r1, r2, 59, 51) € C* and
PO = (p2, p3, P4, q1,q2) € C3, we define an H;O)-action on C by

(L —A"L))l =71, form=1,2;
(Lyy — A"Lo)l = X" 2(m — Dry — A" Ym — 2)ry form > 2:

6.1)
Iyl =s, form=0,1,
Iyl =A""1s; form > 1,
and an Hf\l)-action on C by
(L — A" 'L = p,, form=2,3,4;
(L — N"'L)1 = 2" = 3)ps — M"3(m — 4)p3 form > 4; 62)

In1=q, form=1,2
I,1 = Am_Zqz form > 2.

It is straightforward to verify that under the given actions C is an H§0) -module

and also an Hgl)—module, denoted by Cgs and Cpg, respectively. For a fixed
y = (y1.y2.y3) € Cand z = (20. 21, 22, 23) € C*, form modules Indy 5 (Cgs)
and Ind; ; (Cpg) as follows:

3
Indy 3 (Crs) = UH) & 5,0), (CRS/ D (Ci = y)U(H) B340 Crs:(6-3)
) i=1

3
Indz 5(Cpo) = UH) &30, Cro / > (Ci = zUMH) @50, Crol6.4)
i=0

The following lemma is the key to proving the main results of this section,
which generalizes [23, Lemma 6].
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Lemma 6.1. Suppose that V is a cyclic H-module with a basis
i—m n lj
(b Ly L tmon ki ki e € 24

where 0 # v € V is afixed vector, i, j are fixed integers and I,v € Cv, Lyv € Cv
for all integers p > i, q > j. Then for (,,a) € (C*? or (x, ) € (C*)?,
Q, a, B) ® Vis a cyclic H-module with a generator 1 ® v and a basis

ki—m k,‘ lj— n 1
B= by a e |

m,n, k;, ...,k[,m,ljJr],lj,...,ljfn € Z+}.

Proof. Observe from (2.1) that Q (A, @, 8) ® V has a basis

r_ +1 kiom pkiplion gl
B_{f L L] - L]v|
m,n,ki,...,k,~_m,lj+1,lj,...,lj_,,GZ+}.

Now we define the following partial order “<” on B’ by decreeing

ki—m n Pi—m iy 4dj—n qj
j+1 L Ly gj+1 2... pigimm 4
A IS Ly < @ 1 1L L
if and only if
v oo djny ki oo ki, 0,0, 0,141
——
my+ny
< ij--,CIj—nzaPi,-~~api—m2703-~-a07Qj+1
mi+nj

Here the order “<” is the lexicographical order, which is defined

(at,...,ap) < (by,...,by) <= Tk > Osuchthata; = b; foralli < k
and a; < by.
Note that each element of /3 can be written as a linear combination of elements in
B

I.kifm .

ki lj—n j+1
Sl L e
NI . 1
= AUVl Ii‘:r;” e Il.k’Lan e Lj’ v + lower terms (w.r.f <).

This shows that the transition matrix from B’ to B is upper triangular with diagonal
entries nonzero. Thus, B is a basis of Q(A, «, 8) ® V and the lemma follows. O

Now we are ready to give some conditions under which Indy ; (Cgs) is irre-
ducible. a

Theorem 6.2. Let A € C*, y = (1,2, ) € C3, RS = (r1, 12,50, 51) € C*
with y3 = 0. Then
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(i) Ind, 3 (Crs) = Q,a,B) ® V, where V is the classical Verma module
described in Example 3.2(i) and o, B, h, d; fori = 0, 1, 2, 3 are defined as
o= )\72()»;’1 —r),B= )Flsl, h = )»72(}’2 — 2Ar1),

| (6.5)
dy=s0—A s1,d3=y3=0, di=y; fori=1,2.

(ii) Indy 5 (Cgs) is irreducible if so — 2l + = Dy, # Oforall n €
Z\{0}, and either ry # Ary or sy # 0.

Proof. (i) Leta, B,h,d; € Cfori =0,1,2,3 asin (6.5). Then
r=—Ma+h),ry=—-2*Qa+h),s; = Ap,
so=do+B,y3=d3=0,y; =d; fori=1,2.

Denote v =1+ J; € V. By Lemma 6.1 and the structure of V, Q(X, o, B) ® V is

a cyclic module with a generator 1 ® v and has a basis

By=1"y 1 L e e |
m,n,k_p, ..., k_1,ko,l—p, ..., 11 € Z4}.
By Theorem 3.1 and the fact that d3 = 0, Q(X, o, B) ® V is irreducible if dy +

(n — 1)dy # 0 for all n € Z\{0} and either « € C* or § € C*.
In Q(\, o, B) ® V, we have that

(L — 2"Lo)(1 ® v) = —A"(ma + h)(1 @ v) = rp(1 ® v) form = 1,2;
(Lin — A" Lo)(1 ® v) = —A" (ma + h)(1 ® v)
= (W2m — Dry — 2" 'm = 2)r)(1 @ v) form > 2;
In(1®v) = A"B 4+ 8m.0do)(1 ®v) = s, (1 Qv) form =0, 1;
In(1®v) =A"B(1®@v)=A"siQ1®v) form > 1
and that C;(1®@v) =d;(1 ®v) =y, (1 ®v) fori =1, 2, 3. It follows from these
and (6.1) that there exists an H-module epimorphism

7 :Indy 3 (Crs) > Q(1, ., BBV,

which is uniquely determined by 7(1) = 1 ® v, where

3

L= 1@ 1+ ) (Ci = y)lU(H) &0, Crs € Indy ; (Crs).
i=1

Clearly, Ind, ; (Cgs) has a basis

k—m

I—y I k_1ykoT
82 — {I—n "'I_llL_m ...L_llLool |

m,n,k_m,...,k_l,ko,l_,,,...,l_l €Z+}.

Since t|p, : B, — By is a bijection, 7 : Ind, 3 (Cgs) — Q(X,a, f) ® V is an
isomorphism. -
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(i) By (i) and Theorem 3.1, Ind, ;(Cgys) is irreducible if and only if
QA,a, B) ® V is irreducible. But Q(A, o, B) ® V is irreducible if dy + (n —
1)dy # Oforall n € Z\{0} and either « # 0 or B # 0 by noting d3 = 0,
as pointed out in Examples 3.2(i). Thus by (6.5), Ind, 5 (Cgs) is irreducible if

5o — A7 Vs; + (n — 1)y2 # 0 for all n € Z\{0} and either rp # Arj or sy #0. O
While the irreducible conditions for Ind; ; (Cpg) can be given as follows.
Theorem 6.3. Let A € C*, z = (20, 21, 22, 23) € C*, PO = (p2, p3, P4, q1, q2) €

C with z3 = 0. Then
(i) Ind; ;,(Cpg) = Q(,a, B) ® V, where V is the classical Whittaker module
described in Example 3.2(ii) and o, B, A1, A2, 1, e; fori = 0,1,2,3 are
defined as
a=1"0p3 = pa). B=1"2q2. b1 =1">2ps—3pa),
ho =22 (pa — 2p3 +27p2), i =q1 — 2, (6.6)
e3=23=0, e =zO—A_2q2, e =z fori=1,2;
(i) Ind; ; (Cp) is irreducible if zo + (n — 1)z2 # 0 forall n € Z\{0}, Aq1 #
q2 and either p4 # Ap3 or qo # 0.
Proof. (i) Leta, B, A1, A2, 1 € C be as in (6.6). Then we have
P2 =)o — A — A2, p3 = —A2(A1 4+ 2ha), pa = —A (A1 + 3ha),
q1 = pn1 +AB, qzzkzﬂ, 3=e3=0,z0=e+ B, zi=¢ fori=1,2.
Denote v =1 + J» € V. Clearly, H4+v € Cv. Since V has a basis
(e rS s Y Tk ko, L, 1 € 24,

using Lemma 6.1, we see that Q (A, o, B) ® V is cyclic with a generator 1 ® v and
has a basis
By =11yt g |
m,n, k_m, ey ko, kl, l_n, ey l_l € Z+}.
By Theorem 3.1 and the fact thatez = 0, Q(A, «, B) ® V isirreducible if ey + (n —
ey # O for all n € Z\{0}, w1 # 0 and either « € C* or B € C*.
In W, we have that

(L = 2" 'LDA®v) = (A" (1 = m)a = A" a1 4 82 m002) (1 © v)
=pn(1®v) form=2,3,4;
(L =" 'L @v) = (W"(1 —m)a — 2"~ '21) (1 @ v)
= (W m = 3)ps — X" (m — Hp3) (1 @ )
form > 4;
Ln(1®v) = A" B+ 81-mon)(1 ® v) = gu(1 @ v)
form =1, 2;

Li(1®v)=A"B(1Qv)=A"2¢p(1Qv) form > 2;



Two classes of non-weight modules 283

and that C; (1 ® v) = (¢; + 6. 08)(1 @ v) = z;(1 ®v) fori =0, 1, 2, 3. It follows
from these and (6.2) that there exists an H-module epimorphism

7 :Ind; 3 (Cpg) = Q(A,, HQV,

which uniquely determined by 7(1) = 1 ® v, where

3
Ti=1@ 1+ (Ci = 2)UMH) @4y, Cpo € Ind: 5 (Cro).
i=0

It is clear that Ind; 3 (Cp o) has a basis

By= {1 1L LR LT o ke ko K g,y € 2,

Since t |g,: Bo — Bi is a bijection, 7 : Ind; 3 (Cpp) — Q(A,a, f) ® V is an
isomorphism. B

(i) By (i) and Theorem 3.1, Ind;;(Cpg) is irreducible if and only if
Q(, o, B)QV isirreducible. But Q (A, o, B) ® V is irreducible if eg + (n — 1)es #
0 forall n € Z\{0}, pn1 # O and either « # 0 or B # O by noting e3 = 0,
as pointed out in Example 3.2(ii), Thus by (6.6), Ind; 5 (Cpp) is irreducible if
20+ (n —1)zp # Ofor all n € Z\{0}, g1 # ¢ and either ps # Apz org» # 0.0
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