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Abstract. The aim of this paper is to investigate the static perfect fluid spacetime M 4 x fR
such that (M 4 g) is a half conformally flat Riemannian manifold. We prove that (M4, g)
is, in fact, locally isometric to a warped product manifold I x N3 where I C R and N3 is
a space form. Consequently, we make an analysis of the Fischer-Marsden conjecture for a
4-dimensional Riemannian manifold.

1. Introduction

The Einstein equation with perfect fluid as a matter field is given by

Ric— —g = (u+pn®n+pg, (1.1)

| =

where Ric and R are, respectively, the Ricci tensor and the scalar curvature for
the metric g. Moreover, 7 is a 1-form with g(n, ) = —1 whose associated vector
field represents the flux of the fluid, u, p are smooth functions, namely the energy
density and pressure, respectively (see [9-11]). The equation (1.1) was presented
by Einstein in 1915, and shows the relationship between matter and spacetime.
Some solutions of (1.1) provide models for galaxies, stars and black holes (cf. [9]).
Therefore, it is natural to study Einstein’s equation. One way to do this is to consider
some special cases of g.

In this work we will explore the static spacetime (M, 8) = M" xR such
that

e=—fdi*+g (1.2)

where (M", g) is an open, connected and oriented Riemannian manifold, and f :
M"™ — (0, +00) is a smooth warped function.
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Therefore, from (1.1) and (1.2) we know that the static perfect fluid equation
is equivalent to

fRic=V*f (1.3)
and
=R and fp=""1ar— =2 ps
= ans = — _——_— N
” = 20— 1)
where Ric = Ric — %g and %zf =V2f— A’—lfg are, respectively, the Ricci and

the Hessian traceless tensors, A is the Laplacian and R is the scalar curvature for
g (cf. [10,11]).

An n-dimensional Riemannian manifold with n > 4 is locally conformally flat
if and only if the Weyl tensor W is equal to zero. For n = 3 the Weyl tensor is
always zero. Then, a 3-dimensional Riemannian manifold is locally conformally
flatif and only if the Cotton tensor C vanishes. A paper published by Kobayashi and
Obata [11] reveals that a complete locally conformally flat Riemannian manifold
(M", g, f)inwhich (g, f) satisfies (1.3) has the property that, for a connected com-
ponent My of the open submanifold {V f # 0} C M, My is isometric to the warped
product I x¢ N of (I, dr?) and (N, 3), i.e., glmy = dr? + ¢ (r)?g, where I is an
openintervalin R, ¢ is a positive functionon /, and (N, g) is an (n — 1)-dimensional
complete space with constant sectional curvature (cf. Lemma B in [10]).

Here, we will prove that a half locally conformally flat (i.e., W= = 0) complete
Riemannian manifold satisfying the static perfect fluid equation (1.3) will be, in fact,
locally conformally flat (see Section 2.1). A four oriented Riemannian manifold
with compatible complex structures has a natural almost complex structure which
is integrable if, and only if, W= vanishes (cf. Chapter 13 in [3]). Moreover, we
provided a different proof that My is isometric to the warped product mentioned
earlier. It is worth to mention that in [1] they consider the metric (1.3) under the
additional conditions that M* is compact with constant scalar curvature such that

(n — DAf + Rf = —n.

Since we are considering that (M 4, g) satisfies Equation (1.3) without any condition
on the Laplacian (cf. Equation (2.2) in [1] or Equation (1.5) below) and that R is
not necessarily constant, our result is quite different from the result provided in [1].
In [11], the following result was demonstrated for a locally conformally flat
Riemannian manifold satisfying (1.3). In this paper, we prove such result forn = 4
and metric half locally conformally flat.
Without further ado, we state our main result.

Theorem 1. Let (M*, g, f) be a complete halflocally conformally flat Riemannian
manifold satisfying (1.3). Then, (M*, ) is locally conformally flat. Moreover, for
any connected component My of the open submanifold {V f # 0} C M, My is
isometric to the warped product

(I1,dr*) x4 (N3, 8),
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1 prr
where ¢ (r) = e3 Jro H 1 and H is the mean curvature for the level set ¥,, =
f~=Yro) for any regular value ry of the function f. Furthermore, I is an open
interval in R and (N, g) is a 3-dimensional Einstein manifold (i.e., is a space

form).

Now, we will consider a special case of (1.3). Let (M", g) be a compact Rie-
mannian manifold, for a while. Remember that from the linearization of the scalar
curvature equation (cf. [3,7,10]) we can take from the Stokes formula that the
adjoint operator of d R, has non trivial kernel. Hence, we can conclude that

— gAf +V2f — fRic=0. (1.4)
Contracting (1.4) we obtain

Rf

n—1

—Af = (1.5)
Moreover, taking the divergent of (1.4), from the contracted Bianchi identity it is
easy to see that R is constant (cf. [7]). And if we consider M compact, we have
from (1.5) that R > 0.

So, from (1.3) and (1.5) we obtain (1.4) (cf. [10]). It means that (1.4) is equiva-
lent to (1.3) with constant energy density and under the additional condition (1.5).
Thus, the next result is a special case of Theorem 1.

Theorem 2. Let (M*, g, f) be a complete half locally conformally flat Riemannian
manifold satisfying (1.4). Then, (M*, g) is locally conformally flat. In addition, for
any connected component My of the open submanifold {V f # 0} C M, My is
isometric to the warped product

(1, ds*) x4 (N3, &),

where I is an open interval in R and (N, g) is a 3-dimensional Einstein manifold
(i.e., is a space form).

An immediately consequence of Theorems 2 and 3.1 in [10] is that a complete
half conformally flat Riemannian manifold satisfying (1.4) is isometric to a space
form oritis a special case demonstrated in Section 3 in [ 10]. Further, from Theorems
1 and 4.1 in [11] we have that if the spatial factor M* of (1.2) is half conformally
flat and Einstein, then M is conformally flat.

Further, from Theorem 1 and Theorem 4.1 in [11] we have that if the spatial
factor M* of (1.2) is half conformally flat and Einstein, then M3 is conformally flat

2. Background
2.1. Four Dimensional Manifolds
The world of 4-dimensional manifolds is quite unusual. This environment is big-

ger than any other set of n-dimensional spaces. For example, some 4-dimensional
manifolds have no smooth structure and others admit a variety of such structures.
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Furthermore, we remember that CP2 is an example of manifold that is half con-
formally flat but it is not conformally flat. On the other hand, any 4-dimensional
conformally flat manifold is half conformally flat. This shows us that the set of the
half conformally spaces is larger that the set of conformally flat spaces (see more
in [3,6]).

In what follows, M* will denote an oriented 4-dimensional manifold and g
a Riemannian metric on M*. As it was previously stated, 4-manifolds are fairly
special. For instance, following the notations used in [6], given any local orthogonal
frame {eq, €2, €3, e4} in an open set of M* with dual basis {el, e2, e3, e4}, there is
a unique bundle morphism  called Hodge star (acting on bivectors), where

>l<(e1 A ez) =S At

This implies that * is an involution, that is, 2 = Id. In particular, the bundle
of 2-forms in a 4-dimensional oriented Riemannian manifold can be invariantly
decomposed as a direct sum A% = A?|r @ A2 . From this, it follows that the Weyl
tensor W is an endomorphism of A2 = AT @ A~ for which

wW=wtrew".

A four dimensional manifold is half conformally flat if it is self or anti-self dual,
ie, if W™ =0or WH =0.

Observe that di mR(Az) =6anddi mR(Ai) = 3. Moreover, these spaces are
generated by

A+=span{61/\ez+e3/\e4, e]/\e3+e4/\e2, 63/\€2+€4/\€1] @0
V2 V2 V2
and
A- {el/\62—63/\e4 NN e3/\e2—e4/\e1} 22
= span s s . .
P V2 V2 V2

Therefore, the bundles A™ and A~ carry natural orientations such that the bases
(2.1) and (2.2) are both positive-oriented.
Thus, from the Hodge star we have wE = %(W + Wx), ie.,

1
+
quls = E(WP‘IIS + Wﬁ?”)’

where (p q) stands for the dual of (p q), thatis, (p g ls) = o(1234) for some even
permutation o in the set {1, 2, 3, 4}. For more details refer to [6] and [12].
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2.2. The Warped Product Structure

Here we state some well known warped products formulas that we will need to
prove our main results.
Consider the warped product manifold

(M", g) = (I,dr?) x4 (N"", &), (2.3)

where ds? = dr? +¢(r)2g. Choose any local coordinates system 6 = (63, ..., 6,)
on N1 and pick (x1,x2,...,x,) = (r,62,...,0,). In what follows a, b, c,d
range from 2 to n. Also, curvature tensors with bar are the curvature tensors of
(N, g). It is well known that the Riemann curvature tensor of (M", g) is given by
(cf. [3,4])

Rigip = —¢®"8ab, Riabe =0 (2.4)
and
Rabed = #* Rabed — (90" (Bac@bd — Gad8be)- 2.5)

From the above equations, the Ricci tensor formulas of (M", g) and (N n—1 g)
are related by

4

Ry =—(n— 1)?, Ria=0 2<a<n)

and
Rap = Rap — [(n —2)(@)* + ¢¢"18ap (2 <a,b <n).

Further,

L ¢/ 2 ¢N
R=¢R—-n—-1)n-2)(=) =20 —1)=.
® (n—1)(n )<¢> (n )¢

2.3. Fundamental Equations
In a system of local coordinates, (1.3) is equivalent to
R Af
fARij— —8ij | = ViVf— - 8ii- (2.6)

It is easy to see from (2.6) that

. A
fRyNVIf = ViV fVIf = —=8ijV'f.

Then, since V;V; fV/ f = 1V;|V f|> and g;;V/ f = V; f we get:

. . 1 A
fRijV]f=§Vi|Vf|2—vaif- 2.7)
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Taking now the covariant derivative of (2.6) we have
VifRjk+ fViRjx = ViV;Vi f — %ViAfgjk (2.8)
and
V;fRix+ fVjRix = V;ViVi f — ,l—leAfgik. 2.9)
Then, subtracting (2.8) and (2.9) we obtain
FOViRjk = ViRit) + (RjNi f = RV f) = ViV Vi f = V;ViVi f
+’11(Vj(Af)gik = Vi(Af)gjk)- (2.10)
Then, using the Ricci equation
ViViVif = V;ViVif = RijuV' f
in (2.10) we can show that
FViRjk — ViRit) + (RjxVi f — RuVif) = RijuV' f

1
+o (Vi(Af)gik = Vi(A)gjk)- 2.11)

Contracting Equation (2.11) over i and k and remembering that Ric is trace
free, we have

fe* ViR + RjV' f =RV f

1
+VH(Af) = ~V(Af).

Considering the contracted second Bianchi identity g'*V; R ik = %VjR we
obtain from the above equation
1
——[(m—2)fV;R—2RV, f]1 = Vi(Af). 2.12
TR IAY 1= 9,0 (2.12)

The next result has the same conclusion of Lemma 2 in [1]. However, the Miao-
Tam metric has constant scalar curvature. Here, we are considering that the scalar
curvature is not necessarily constant. To prove the following Lemma, Equation
(2.12) will be essential.

Lemma 1. Let (M", g, f) be a Riemannian manifold satisfying (1.3). Then,
1
fCijk = WijuV' f — m(Rilvlfgjk — RV fair)
n—1 R
o5 RV f = RjVif) + —— (Vifgjk =V f8i).

where C and W are, respectively, the Cotton tensor and the Weyl tensor.
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Proof. Then, from (2.11) and (2.12) we obtain
F(ViRjk — ViRi) + (RjxVi f — RV f) = RijuV' f

n—2 R
TS f(ViRgik — ViRg i) + ————(Vifagix — Vi fair).
+2n(n—l)f( jRgik = ViRgjk) + _1)( if8jx = Vjfgix)

(n
Further, since Ric = Ric — % g we have
F(ViRjx = ViRip) + (R Vi f — RV, f) = RijuV' f

1 R
+mf(vijok — V;Rgix) + m(vifgjk =V, fgi). (2.13)

Moreover, we know the Cotton tensor is given by

Cijk = ViRjr — VjRjx — (ViRgjrk — VjRgit). (2.14)

2(n —1)
Then, from (2.14), (2.13) becomes

R
fCijk = RijuV' f + RV, f — RjxVi f) + m(vifgjk -V, fgir). (2.15)
Remember the Weyl formula
1
Rijxi = Wijr + nTZ(Rikgjl + Rjigik — Rugjx — Rjkgit)

R

_m(gﬂgik — 8ilgjk)- (2.16)

Therefore, from (2.16) we have

1
RijuV'f = Wi V' f + m(Riijf + RV feik — RuV' fgjx — RixVif)
.
n—1n-2)

From (2.15) and (2.17) we get

V;fgik — Vifgijk). (2.17)

1
fCijk = WijuV' f - nj(Rilvlfgjk — RtV fein)

n—1 R
+m(Riijf —RyiVif)+ m(vifgjk =V, fgik)-

Namely,
1
Tijk = _m(Rilvlfgjk — Rj1V' fgit)

n—1 R
+m(Riijf—RjkVif)+m(vz’fgjk—ijgik)- (2.18)
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That is, from Lemma 1 we have
fCijk = WiV f + Tije. (2.19)
It is important to highlight that 7" is skew-symmetric and trace free, i.e.,
Tijk = —Tjix
and
8" Tij = ¢/ Tiju = g"Tiji = 0.
The demonstration for the next result follows the same steps of [2,5].

Lemma 2. Let (M*, g, f) be a half conformally flat Riemannian manifold satisfy-
ing (1.3) in a neighborhood of a regular point q. Then, T, = 0.

Proof. Consider from now on an orthonormal frame {ej, ez, e3,e4} where
e1, e, e3, e4 are eigenvectors of Ric at ¢ and R;j(q) = R;;d;j(q), where R;;
represents the eigenvalue of e;.

Let’s now prove that T'|; = 0. From the skew-symmetry property, it is easy to
see that T;;; = O for all i, k € {1, 2, 3, 4}. Furthermore, from (2.18) we can see
that 7, = O for all different i, j, k € {1, 2, 3, 4}.

Now, remember that C;j; = —;’—:%VlWijkl. Thus,

Cijk = —2V'Wiju.

Then, from (2.19) we have
Tiji = — [2fVlWijkz + Wijklvlf] .

On the other hand, we already know that

QW =W + W,
where * is the Hodge star. By hypothesis, we have that W+ = 0, it implies

Wizki + Waakr = 0; Wizir + Waly =0 and Wiy + Wazig = 0. (2.20)
Hence, we can infer
Tiok + T3k = — [ZfVl(lekz + Waakr) + (Wian + W34k1)Vlf] =0.
Analogously, we obtain
T3 + Tap =0 and Tig, + Tozr = 0.

Then, we have T;;; = O forall i # j € {1,2,3,4}. Finally, we have proof that
Ty =0. o

Our following result can be compared with other well known results such as
[1,2,5].
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Proposition 1. Letr (M*, g, f) be a half locally conformally flat Riemannian man-
ifold satisfying (1.3) where X, is a connected component of f~'(c) = {q €
M*; f(q) = c}, the level surface with respect to regular value c of f. Then, for any
local orthonormal frame {e1, ez, e3, eq} with e; = % and {ey, e3, e4} tangent to
Y., we have:

(1) V f is an eigenvector of the Ricci operator. Furthermore,
(i) Ric(er, e1) = Ri1;
(i1) Ric(e1,eq) =0,a =2,3,4;
(iii) Ric(eq, ep) = Ryubap, a,b = 2,3,4, where Ry = ... = Ryg = X or
R2> = R33 = R4q = A and Ry has multiplicity 1;
2) |Vf|2 is constant on X.;
(3) The second fundamental form of X is

H
hab = —= 8ab»

3

where H is the constant mean curvature of X.;
4) (M4, g) is locally conformally flat manifold, i.e., W = 0.

Proof. Consider an orthonormal frame {e, e>, 3, e4} diagonalizing Ric atq € X,
with associated eigenvalues Rix(q), k =1, ..., 4, respectively. That is, R;;(q) =
R;idij(q). From Lemma 2 we can see that T'(g) = 0. Then, from (2.18), T;;; = 0,
i.e.,

1 . .
Evjf[Rjj +3Ri;i —R1=0, Vi#j. (2.21)

Assume that, for a fixed j, V; f(p) # 0 and V;f(p) = Oforalli # j;
i,j €{l,2,3,4}. Then, we have Ric(Vf) = R;;V f,ie, Vf is a eigenvector
for Ric. Moreover, from (2.21) we know that R;; has multiplicity 1 and R;; has
multiplicity 3, for all i # j. In the other case, if V; f # O for at least two distinct
directions, from (2.21) we concluded that A = R;; = --- = R44 and we also have
V f an eigenvector for Ric (see this discussion in [2]).

Therefore, in any case we perceive that V f is an eigenvector for Ric at g. From
the above analysis we can take {e] = %, €2, e3, eq} an orthonormal frame for X,
diagonalizing Ric atq € Z..

We know that V f is an eigenvector for Ric. Then, (2.7) gives

.. 1 , Af
fRicleq, V[) = EVaIVfI - TVaf-

Hence, |V f|? is constant on 2.
By definition of the second fundamental form we have

h Vavbf
ab = TS
V[l

in ..
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Now, since R,y = Agqp forall a, b € {2, 3, 4}, from (1.3) we get

4

(o= Ros) 4 &
- i 8ab 4gab 4 8ab

_ i R Af
= _f <)‘_Z)+Ti|gab-

. Af
VaVof = | fRab + —8ab

Therefore,

L LR\ Af
ab—W[f( _Z>+Tj|gab'

Contracting the above equation in a and b we obtain the mean curvature of X,

H = 3 A R Af 2.22
‘W[f( ‘Z>+ﬂ' (2:22)

Which implies that

H
hap = ?gtzh- (2.23)

Contracting the Codazzi equation
Ricab = Vahpe — Vphae

over ¢ and b gives
1 2
Rig = Va(H) — gva(H) = gva(H)-

On the other hand, since Rj, = 0 we know that H is constant in .. Then, we can
see from the Codazzi equation that Ry,,. = 0. Since the frame that we consider
diagonalizes the Ricci tensor, from the Weyl equation (2.16) we have that

1
0 = Wiape + E(Rlbgac + Racgib — Ricgap — Rabglc)
R

__(gacglb - glcgab)-
6

Therefore, from the above equation we conclude that Wy, = 0, and since W +
Wx = 0 we get from (2.20) that W = 0. O
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3. Proof of Theorem 1

Now that we are familiarized with Proposition 1 we can move on to Theorem 1.

Proof of Theorem 1:. We started the demonstration saying that there is no open
subset Q of M* where {V f = 0} is dense. In fact, if f is constant in €2, since M*
is complete we have f analytic, which implies f constant everywhere (cf. Lemma
2.5 in [5]). Thus, consider X, a connected component of the level surface f )
(possibly disconnected) where c is any regular value of the function f. Suppose
that / is an open interval containing ¢ such that f has no critical points in the open
neighborhood U; = f~!(I) of X.. For sake of simplicity, let U; be a connected
component of f~1(I). Therefore, we can extend smoothly g| v, to a smooth metric

g|M()~

From Proposition 1 we know that |V f|? is constant on X. Then, we can express
the metric g in the form

ds* =

|Vf|2df + 8ab(f, 0)d0udb)p,

where g, (f, 0)d6,d0p is the induced metric and (6>, 03, 04) is a local coordinate
system on X.. Since |V f|? is a function of f only we can make a change of

variables
_ [ 45
re = / V7]

such that the metric g in U; can be expressed by
ds® = dr* + gup(r, 0)d6,d6p.

LetVr = adr ,then |Vr|=1landVf = f’ (”)W on Uj. Observe that f/(r) does

not change sign on U;. Moreover, we have V,,dr = 0. From (2.23) the second
fundamental formula on . is given by

VoVof H
IV fl 3

ab — — 8ab

where H = H (r), since H is constant in 2.
For what follows, we fix a local coordinates system

(x1, X2, x3, x4) = (r, 02, 03, 04)

in Uy, where (62, 03, 64) is any local coordinates system on the level surface X,.
Admit thata, b, c, ... € {2, 3, 4}, we have

hap = —8(3r, Vadp) = —g (@, TLyd) = T},

Now, by definition

I 1 0 10
Cop =158 —a—ré’ab = 28_gab
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Then,

2H( ) _3
—H(r = .
3 8ab 8rgab

Hence, we can infer that

8ab(, 0) = ¢ (r)*gan (10, 0),

where ¢ (r) = e% (f’, 0 H(S)ds) and the level set {r = ry} corresponds to the connected
component . of £~!(c) (this ¢ was defined at the beginning of the proof).

Moreover, from (2.4) and (2.5) the Weyl tensor W for an arbitrary warped
product manifold (2.3) is given by (see [3,4]):

1 - R _
Wiatp = _ERab + 5 Sab>

Wiabe = 0, (31)
and
Wabea = d)ZWabcd,

where W denotes the Weyl tensor of (N"~!, g). Since, from Proposition 1, the
warped product manifold (2.3) is locally conformally flat (i.e., W = 0), from (3.1)
we obtain

_ R _
Rap = ggab'
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