
manuscripta math. 157:101–119 (2018) © Springer-Verlag GmbH Germany 2017

Yuan-Jen Chiang

Exponentially harmonic maps between Finsler
manifolds

Received: 9 January 2017 / Accepted: 27 September 2017
Published online: 4 October 2017

Abstract. Exponentially harmonic maps and harmonic maps are different. In this paper, we
derive the first and second variations of the exponential energy of a smooth map between
Finsler manifolds. We show that a non-constant exponentially harmonic map f from a unit
m-sphere Sm (m ≥ 3) into a Finsler manifold is stable in case |d f |2 ≥ m−2, and is unstable
in case |d f |2 < m − 2.

1. Introduction

Exponentially harmonic maps between Riemannian manifolds were first explored
byEells andLemaire [11] in 1990.Afterwards,Duc andEells [10],Hong [14],Hong
and Yang [15], Chiang et al. [3–8], Cheung and Leung [9], Zhang et al. [24], and
others also investigated exponentially harmonic maps. In 2002, Kanfon et al. [16]
discovered the applications of exponential harmonic maps on Friedmann–Lemaître
universe, and considered some new models of exponentially harmonic maps which
are coupledwith gravity based on a generalization of Lagrangian for bosonic strings
coupled with diatonic field. In 2011–2012, Omori [18,19] obtained results about
Eells–Sampson’s existence theorem and Sacks–Uhlenbeck’s existence theorem for
harmonic maps via exponentially harmonic maps.

Exponentially harmonic maps and harmonic maps (cf. [12]) are different. There
are exponentially harmonic maps which are not harmonic maps, and there are har-
monic maps which are not exponentially harmonic maps either (cf. [15]). Cheung
and Leung [9] showed that the identity map from any compact manifold Mm into
itself is always stable as an exponentially harmonic map, which is contrast to such
an identity as a harmonic map [22] unstable. They also showed that an isometric
and totally geodesic immersion of Sm into Sn is an unstable exponentially harmonic
map ifm �= n, and is stable ifm = n. Moreover, Chiang and Yang [8] proved that if
f is an exponentially harmonic map from a Riemannian manifold into another Rie-
mannian manifold with non-positive sectional curvature, then f is stable. Chiang
[3] also obtained a theorem asserted as follows: If f is an exponentially harmonic
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map from a compact Riemannian manifold M into the unit n-sphere Sn (n ≥ 3)
with |d f |2 < n − 2, then f is unstable.

The structure of a Finsler manifold is different from the structure of a Rieman-
nian manifold. Recently, Mo [17], He et al. [13,20,23], Shen [21] and others inves-
tigated harmonic maps of Finsler manifolds. In this paper, we study exponentially
harmonic maps between Finsler manifolds. We derive the first and second varia-
tions of exponential energy between Finsler manifolds in Theorems 3.4 and 4.1.
We then apply Theorem 4.1 to show that a non-constant exponentially harmonic
map f from a unit m-sphere Sm (m ≥ 3) into a Finsler manifold is stable in case
|d f |2 ≥ m − 2, and is unstable in case |d f |2 < m − 2, in Theorem 5.4.

2. Finsler manifold

Let M be an m-dimensional smooth manifold and π : T M → M be the natural
projection from its tangent bundle. Let (x, y) be a point in T M with x ∈ M, y ∈
TxM and let (xi , yi ) be its local coordinates in T M with y = yi ∂

∂xi
. A Finsler

metric on M is a function F : T M → [0,∞) satisfying the following properties:

(i) Regularity: F(x, y) is smooth in T M\{0};
(ii) Positive homogeneity: F(x, λy) = λF(x, y) for λ > 0;
(iii) Strong convexity: The fundamental quadratic form g = gi j dxi ⊗ dx j is

positive definite, where gi j = 1
2∂

2(F2)/∂yi∂y j .

A Finsler mani f old is a C∞ manifold M with a Finsler metric F (cf. [1,2]).
Let SM be the projective sphere bundle of M with canonical projection map π :
SM → M given by (x, y) → x , and let SxM = π−1(x) be the projective sphere
at x . Denote the pull-backs of T M and T ∗M by π∗T M and π∗T ∗M , respectively,
and consider these as vector bundles (withm-dimensional fibres) over the (2m−1)-
dimensional base SM.

Let (M, F) be anm-dimensional Finslermanifold. Given local coordinates (xi )
on M , we write any y ∈ TxM as yi ∂

∂xi
. This generates local coordinates (xi , yi )

on SM . At each point of SM , the fiber of π∗T M has a basis { ∂
∂xi

}. Therefore, F
inherits the Hilbert form and the Cartan tensor as follows:

w = ∂F

∂yi
dxi , A = Ai jkdx

i ⊗ dx j ⊗ dxk, Ai jk = F
∂gi j
∂yk

,

where 1 ≤ i, j, k ≤ m. It is well-known that there exists a unique Chern connection
∇ (cf. [1]) on π∗T M with ∇ ∂

∂xi
= w

j
i

∂
∂x j and w

j
i = �

j
ikdx

k such that

dgi j − gikw
k
j − g jkw

k
i = 2Ai jk

δyk

F
, (2.1)

where δyi = dyi +Ni
j dx

j , Ni
j = γ i

jk y
k− 1

F Ai
jkγ

k
nl y

n yl and γ i
jk are the Christoffel

symbols of the second kind for gi j . Since ∇em = δyk

F
∂

∂xk
with em = yi

F
∂

∂xi
, (2.1)

is equivalent to

X (U, V ) = (∇XU, V ) + (U, ∇XV ) + 2C(U, V, ∇X (Fem)), (2.2)
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where Ai jk = FCi jk and X,U, V ∈ �(π∗T M).

The curvature 2-forms of the Chern connection ∇ are

wi
j − wk

j ∧ w
j
k = �i

j = 1

2
Ri
jkldx

k ∧ dxl + 1

F
Pi
jkldx

k ∧ δyl . (2.3)

Choose a g-orthonormal frame {ei = u j
i

∂
∂x j } with em = yi

F
∂

∂xi
for each fibre of

π∗T M and {ωi } its dual coframe. The collection {wi , wi
m} forms an orthonor-

mal basis for T ∗(T M\{0}) with respect to the Sasaki-type metric gi j dxi ⊗ dx j +
gi jδyi ⊗ δy j . The pull-back of the Sasaki metric from T M\{0} to SM is a Rie-
mannian metric

ḡ = gi j dx
i ⊗ dx j + δabw

a
m ⊗ wb

m, (2.4)

where 1 ≤ a, b, c ≤ m − 1. Set Pabc := Pmabc. Pabc is called the Landberg
curvature (cf. [21]). It follows from [2] that

Pmab = 0,
∑

a

Paab = −
∑

a

Ȧaab,

where the dot denotes the covariant derivative along the Hilbert form.

Lemma 2.1. For φ = φiw
i ∈ �(π∗T ∗M), we have

divḡφ =
∑

i

φi|i +
∑

a,b

φaPbba = (∇eHi
φ)ei +

∑

a,b

φaPbba,

where | denotes the horizontal covariant differential with respect to the Chern
connection, eHi = u j

i
δ

δx j = u j
i (

∂
∂x j − Nk

j
∂

∂yi
) is the horizontal part of ei and

Pbba = Pm
bba (cf. [2]).

For any fixed x ∈ M , SxM = {y ∈ TxM |F(y) = 1} has a natural Riemannian
metric

r̂x =
∑

a

θam ⊗ θam, θam = wa
m |Sx M .

Lemma 2.2. For ψ = νψi dyi , we have

divr̂xψ = F2νgi j [ψi ]y j − mνψi y
i ,

where ν = √
det(gi j ) and [ψi ]y j = ∂

∂y j ψi (cf. [13]).
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3. Exponentially harmonic maps of Finsler manifolds

Let f : Mm → M̂n be a non-constant smooth map between two Finsler manifolds.
The exponential energy density of f is the function from SM to R defined by

ee( f )(x, y) = e
1
2 |d f |2 = e

1
2 g

i j (x,y) f α
i f β

j ĝαβ(x̂,ŷ)
, (3.1)

where d f ( ∂
∂xi

) = f α
i

∂
∂ x̂α and ŷ = ŷα ∂

∂ x̂α = yi f α
i

∂
∂ x̂α , 1 ≤ i, j ≤ m, 1 ≤ α, β ≤

n. The exponential energy of f is given by

Ee( f ) = 1

c

∫

SM
ee( f )dvSM , (3.2)

where dvSM = �dτ ∧ dx, � = det(gi j/F), dτ = ∑
i (−1)i−1yi dy1 ∧ · · · ∧

d̂yi ∧ · · · dym , dx = dx1 ∧ · · · ∧ dxm, and c denotes the volume of the unit sphere
Sm−1.

Let ∇̃ be the pullback Chern connection on π∗( f −1T M̂), and let �̃ be the
curvature form of the pullback connection ∇̃.

Lemma 3.1. We have

(1) X〈d f U, d f V 〉 = 〈∇̃X (d f U ), d f V 〉 + 〈d f U, ∇̃X (d f V )〉
+ 2Ĉ(d f U, d f V, ∇̃X (d f Fem )), (3.3)

(2) �̃α
β(U, V ) = R̂α

β (d f U, d f V ) + F

F̂
P̂α

β (d f U, ∇̃V d f em)

− F

F̂
P̂α

β (d f V, ∇̃Ud f em), (3.4)

where R̂α
β = R̂α

βγσdx̂
γ ⊗ dx̂σ and P̂α

β = P̂α
βγσdx̂

γ ⊗ dx̂σ .

Proof. (1) follows from (2.2) with d f (Fem ) = F̂ ên, and (2) follows from (2.3). ��

Lemma 3.2. We obtain

∑

i

∫

SM

〈
∇̃eHi

d f
∂

∂t
, e

1
2 |d f |2d f ei

〉
dvSM

= −
∫

SM

{∑

i

[〈
d f

∂

∂t
,
(
∇̃eHi

e
1
2 |d f |2d f

)
ei

〉

+2e
1
2 |d f |2Ĉ

(
d f

∂

∂t
, d f ei , ∇̃eHi

d f Fem
)]

+
∑

a,b

e
1
2 |d f |2〈d f ∂

∂t
, d f ea

〉
Paab

}
dvSM .
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Proof. Set φ = e
1
2 |d f |2〈d f ∂

∂t , d f ei 〉wi . Lemma 2.1 implies that

divḡφ =
〈
∇̃eHi

d f
∂

∂t
, e

1
2 |d f |2d f ei

〉
+

〈
d f

∂

∂t
, ∇̃eHi

(e
1
2 |d f |2d f ei )

〉

+2e
1
2 |d f |2 Ĉ

(
d f

∂

∂t
, d f ei , ∇̃eHi

d f Fem
)

+ e
1
2 |d f |2〈d f ∂

∂t
, d f e j 〉(∇̃eHi

w j )ei

+
∑

a,b

e
1
2 |d f |2 〈d f ∂

∂t
, d f eb

〉
Paab

=
〈
∇̃eHi

d f
∂

∂t
, e

1
2 |d f |2d f ei

〉
+ 〈d f ∂

∂t
,
(
∇̃eHi

e
1
2 |d f |2d f

)
ei 〉

+2e
1
2 |d f |2 Ĉ

(
d f

∂

∂t
, d f ei , (∇̃eHi

d f )Fem
)

+
∑

a,b

e
1
2 |d f |2 〈d f ∂

∂t
, d f eb

〉
Paab.

(3.5)

Integrating (3.5), we conclude the result. ��

Likewise, let φ = e
1
2 |d f |2Ĉ(d f ei , d f ei ,

d f
dt )Fwm which is a global section on

T ∗(SxM). We arrive at the following lemma due to Paam = 0.

Lemma 3.3.

∑

i

∫

SM
e
1
2 |d f |2Ĉ

(
d f ei , d f ei , ∇̃FeHm

d f

dt

)
dvSM

= −
∑

i

∫

SM

[
(∇̃FeHm

e
1
2 |d f |2)Ĉ

(
d f ei , d f ei ,

d f

dt

)
+ e

1
2 |d f |2(∇̃FeHm

Ĉ)

×
(
d f ei , d f ei ,

d f

dt

)

+ 2e
1
2 |d f |2Ĉ

(
∇̃FeHm

d f ei , d f ei ,
d f

dt

)]
dvSM . (3.6)

A map f : M → M̂ is exponentially harmonic iff it is a critical point of the
exponential energy. Let { ft } be a smooth variation of f with f0 = f and ft |∂M =
f |∂M . It induces a vector field V along f with

V = ∂ ft
∂t

|t=0 = V α ∂

∂ x̂α
, V |∂M = 0.

Theorem 3.4. A map f : M → M̂ between two Finsler manifolds is exponentially
harmonic if and only if

∫

SM
〈V, τe( f )〉dvSM = 0, (3.7)

for any vector field V ∈ �( f −1T M̂).
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Proof. Applying Lemmas 3.2 and 3.3, we obtain

d

dt
Ee( f ) = 1

c

∑

i

∫

SM
e

1
2 |d f |2[〈∇̃ei d f )

∂

∂t
, d f ei

〉
+ Ĉ

(
d f ei , d f ei , (∇̃FeHm

d f )
∂ f

∂t

)]
dvSM

= 1

c

∑

i

∫

SM
e

1
2 |d f |2[〈∇̃eHi

d f
∂

∂t
, d f ei

〉
+ Ĉ(d f ei , d f ei ,

(
∇̃FeHm

d f )
∂ f

∂t

)]
dvSM

= − 1

c

∫

SM
〈d f
dt

, τe( f )〉dvSM , (3.8)

where

τe( f ) =
∑

i

(∇̃eHi
e
1
2 |d f |2d f )ei +

∑

i,α

[
2e

1
2 |d f |2 Ĉ(êα, d f ei , ∇̃eHm

d f Fem)êα

+ (∇̃FeHm
e
1
2 |d f |2 )Ĉ(d f ei , d f ei , êα)êα + e

1
2 |d f |2 (∇̃FeHm

Ĉ)(d f ei , d f ei , êα)êα

+ 2e
1
2 |d f |2 Ĉ(∇̃FeHm

d f ei , d f ei , êα)êα

]
+

∑

a,b

e
1
2 |d f |2 〈êα, d f eb〉êαPaab.

(3.9)

��

4. Second variation

In this section, we apply a few auxiliary lemmas to derive the second variation of
the exponential energy of a smooth map between Finsler manifolds as follows.

Theorem 4.1. If f : M → M̂ is a non-constant smooth map between two Finsler
manifolds, then

Ie(V, V ) = d2

dt2
Ee( ft )|t=0 = A + B + C + D + E + G,

where

A = 1

c

∫

SM
e
1
2 |d f |2[〈∇̃eHi

V, d f ei 〉 + Ĉ(d f ei , d f ei , ∇̃Fem V )
]2
dvSM , (4.1)

B = 1

c

∫

SM
e
1
2 |d f |2〈∇̃eHi

V, ∇̃eHi
V 〉dvSM , (4.2)

C = 1

c

∫

SM
e
1
2 |d f |2[4Ĉ(∇̃eHi

dV, d f ei , ∇̃Fem V ) + (∇̃V H Ĉ)(d f ei , d f ei , ∇̃Fem V )

+Ĉ(d f ei , d f ei ∇̃Fem V, ∇̃Fem V )
]
dvSM (see Ĉ in Lemma 4.2), (4.3)

D = 1

c

∫

SM
e
1
2 |d f |2[ − 〈R̂(d f ei , V )V, d f ei 〉 + F

F̂
P̂(V, (∇̃ei d f )em)V, d f ei 〉

− F

F̂
〈P̂(d f ei , ∇̃eHm

V )V, d f ei 〉
]
dvSM , (4.4)

E = 1

c

∫

SM
e
1
2 |d f |2[ − Ĉ(d f ei , d f ei , R̂(d f Fem, V )V )
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+ F

F̂
Ĉ(d f ei , d f ei , P̂(V, (∇̃Fem d f )em)V )

− F

F̂
Ĉ(d f ei , d f ei , P̂(d f Fem, ∇̃eHi

V )V )
]
dvSM , (4.5)

G = − 1

c

∫

SM
〈∇̃V V, τe( f )〉dvSM . (4.6)

Firstly, we obtain from Lemma 3.1 (2) that

∇̃ ∂
∂t

∇̃eHi
d f

∂

∂t
− ∇̃eHi

∇̃ ∂
∂t
d f

∂

∂t

= − R̂
(
d f ei , d f

∂

∂t

)
d f

∂

∂t
+ F

F̂
P̂

(
d f

∂

∂t
, (∇̃ei d f )em

)
d f

∂

∂t

− F

F̂
P̂

(
d f ei , ∇̃eHm

d f

dt

)
d f

∂

∂t
, (4.7)

where R̂ = R̂α
βγσ

∂
∂ x̂α ⊗dx̂β ⊗dx̂γ ⊗dx̂σ and P̂ = P̂α

βγσ
∂

∂ x̂α ⊗dx̂β ⊗dx̂γ ⊗dx̂σ .

In Lemma 2.1, setting φ = e
1
2 |d f |2〈∇̃ ∂

∂t
d f ∂

∂t , d f ei 〉wi we get

divḡφ =
∑

i

e
1
2 |d f |2〈∇̃eHi

∇̃ ∂
∂t
d f

∂

∂t
, d f ei

〉
+

〈
∇̃ ∂

∂t
d f

∂

∂t
, (∇̃eHi

e
1
2 |d f |2d f )ei

〉

+2
∑

i

e
1
2 |d f |2Ĉ

(
∇̃ ∂

∂t
d f

∂

∂t
, d f ei , ∇̃eHi

d f Fem
)

+
∑

a,b

e
1
2 |d f |2〈∇̃ ∂

∂t
d f

∂

∂t
, d f eb

〉
Paab. (4.8)

It implies that

∑

i

∫

SM

∑

i

e
1
2 |d f |2〈∇̃eHi

∇̃ ∂
∂t
d f

∂

∂t
, d f ei

〉
dvSM

= −
∫

SM

{ ∑

i

〈
∇̃ ∂

∂t
d f

∂

∂t
, (∇̃eHi

e
1
2 |d f |2d f )ei

〉

+2
∑

i

e
1
2 |d f |2Ĉ

(
∇̃ ∂

∂t
d f

∂

∂t
, d f ei , ∇̃eHi

d f Fem
)

+
∑

a,b

e
1
2 |d f |2〈∇̃ ∂

∂t
d f

∂

∂t
, d f eb

〉
Paab

}
dvSM . (4.9)

Similarly, we have
∫

SM
e
1
2 |d f |2Ĉ

(
d f ei , d f ei , ∇̃eHm

∇ ∂
∂t
d f Fem

)
dvSM

= −
∫

SM

{(
∇̃FeHm

e
1
2 |d f |2)Ĉ

(
d f ei , d f ei , ∇̃ ∂

∂t
d f

∂

∂t

)
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+e
1
2 |d f |2(∇̃FeHm

Ĉ)
(
d f ei , d f ei , ∇̃ ∂

∂t
d f

∂

∂t

)

+2e
1
2 |d f |2Ĉ

(
∇̃FeHm

d f ei , d f ei , ∇̃ ∂
∂t
d f

∂

∂t

)}
dvSM . (4.10)

Combining (4.9) and (4.10), we arrive at

∫

SM

{
e
1
2 |d f |2〈∇̃eHi

∇̃ ∂
∂t
d f

∂

∂t
, d f ei

〉
+ e

1
2 |d f |2Ĉ

(
d f ei , d f ei , ∇̃ ∂

∂t
d f

∂

∂t

)}
dvSM

= −
∫

SM

〈
∇̃ ∂

∂t
d f

∂

∂t
, τe( f )

〉
dvSM = −

∫

SM

〈
∇̃d f ∂

∂t
d f

∂

∂t
, τe( f )

〉
dvSM .

(4.11)
Lemma 4.2.

e
1
2 |d f |2(∇̃ ∂

∂t
Ĉ

)(
d f ei , d f ei , ∇̃Fem

d f

dt

)
= e

1
2 |d f |2 (∇̃ d f

dt
H Ĉ)

(
d f ei , d f ei , ∇̃Fem

d f

dt

)

+e
1
2 |d f |2

Ĉ

(
d f ei , d f ei , ∇̃Fem

d f

dt
, ∇̃Fem

d f

dt

)
,

where Ĉ = Ĉ
α
βγσ

∂
∂ x̂α ⊗ dx̂β ⊗ dx̂γ ⊗ dx̂σ , Ĉα

βγσ = ∂Ĉα
βγ

∂ ŷσ .

Proof. Due to ∂ ŷσ

∂t = yi ∂V σ

∂xi
, we obtain

(
∇̃ ∂

∂t
Ĉ

)(
d f ei , d f ei , ∇̃Fem

d f

dt

)

= V σ ∂Ĉ

∂xσ
(d f ei , d f ei , ∇̃Fem

d f

dt
) + Ĉ

(
d f ei , d f ei , ∇̃Fem

d f

dt
, yi

∂V σ

∂xi
∂

∂ x̂σ

)
,

(4.12)

and

(
∇̃ d f

dt
H Ĉ

)(
d f ei , d f ei , ∇̃Fem

d f

dt

)
= ∇̃

V σ

(
∂

∂ x̂σ −N̂σ
τ

∂
∂ ŷτ

)Ĉ
(
d f ei , d f ei , ∇̃Fem

d f

dt

)

= V σ ∂Ĉ

∂ x̂σ

(
d f ei , d f ei , ∇̃Fem

d f

dt

)
− Ĉ

(
d f ei , d f ei , ∇̃Fem

d f

dt
, V σ N̂σ

τ

∂

∂ x̂τ

)
.

(4.13)

Moreover, we have

Ĉ(d f ei , d f ei , ∇̃Fem
d f

dt
, ∇̃Fem

d f

dt
) = Ĉ

(
d f ei , d f ei , ∇̃Fem

d f

dt
, yi

∂V σ

∂xi
∂

∂ x̂σ

+V σ N̂ τ
σ

∂

∂ x̂τ

)
. (4.14)

We conclude the result by applying (4.12), (4.13) and (4.14). ��
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Lemma 4.3.
1

c

∫

SM
e
1
2 |d f |2 d

dt

〈
∇̃ei d f

∂

∂t
, d f ei

〉
dvSM = 1

c

∫

SM
e
1
2 |d f |2{〈

∇̃eHi

(
∇̃ ∂

∂t
d f

∂

∂t

)
, d f ei

〉

+ 2e
1
2 |d f |2 C̄

(
∇̃eHi

d f
∂

∂t
, d f ei , ∇̃Fem

d f

dt

)}
dvSM + B + D.

Proof. It follows from (4.7) that

1

c

∫

SM
e
1
2 |d f |2 d

dt
〈∇̃ei d f

∂

∂t
, d f ei 〉dvSM = 1

c

∫

SM
e
1
2 |d f |2[〈∇̃ ∂

∂t
∇̃eHi

d f
∂

∂t
, d f ei 〉

+
〈
∇̃eHi

d f
∂

∂t
, ∇̃ ∂

∂t
d f ei

〉
+ 2Ĉ

(
∇̃eHi

d f
∂

∂t
, d f ei , ∇̃ ∂

∂t
d f Fem

)]
dvSM

= 1

c

∫

SM
e
1
2 |d f |2[〈∇̃eHi

∇̃ ∂
∂t
d f

∂

∂t
, d f ei

〉
−

〈
R̂(d f ei , d f

∂

∂t
, d f ei )d f

∂

∂t
, d f ei

〉

+ F

F̂

〈
P̂

(
d f

∂

∂t
, (∇̃ei d f )em

)
d f

∂

∂t
, d f ei

〉
− F

F̂

〈
P̂

(
d f ei , (∇̃eHi

d f )
∂

∂t
, d f ei

〉

+
〈
∇̃eHi

d f
∂

∂t
, ∇̃ei d f

∂

∂t

〉
+ 2Ĉ

(
∇̃eHi

d f
∂

∂t
, d f ei , ∇̃Fem

d f

dt

)]
dvSM , (4.15)

which completes the proof. ��
Lemma 4.4.

1

c

∫

SM
e
1
2 |d f |2 d

dt

[
Ĉ

(
d f ei , d f ei , ∇̃Fem

d f

dt

)]
dvSM

= 1

c

∫

SM
e
1
2 |d f |2[Ĉ

(
d f ei , d f ei , ∇̃Fem ∇̃ ∂

∂t

d f

dt

)

− 2Ĉ
(
∇̃eHi

d f

dt
, d f ei , ∇̃Fem

d f

dt

)]
dvSM + C + E . (4.16)

Proof. We have

1

c

∫

SM
e
1
2 |d f |2 d

dt

[
Ĉ

(
d f ei , d f ei , ∇̃Fem

d f

dt

)]
dvSM

= 1

c

∫

SM
e
1
2 |d f |2[(∇̃ ∂

∂t
Ĉ

)(
d f ei , d f ei , ∇̃Fem

d f

dt

)

+ 2Ĉ
(
∇̃ ∂

∂t
d f ei , d f ei , ∇̃Fem

d f

dt

)
+ Ĉ

(
d f ei , d f ei , ∇̃ ∂

∂t
∇̃Fem

d f

dt

)]
dvSM

= 1

c

∫

SM
e
1
2 |d f |2[(∇̃ ∂

∂t
Ĉ

)(
d f ei , d f ei , ∇̃Fem

d f

dt

)

+ 2Ĉ
(
∇̃eHi

d f

dt
, d f ei , ∇̃Fem

d f

dt

)
+ Ĉ

(
d f ei , d f ei , ∇̃Fem ∇̃ ∂

∂t

d f

dt

)

− Ĉ
(
d f ei , d f ei , R̂

(
d f Fem, d f

∂

∂t

)
d f

∂

∂t

)

+ F

F̂
Ĉ

(
d f ei , d f ei , P̂

(
d f

∂

∂t
,
(
∇̃Femd f

∂

∂t

)
em

)
d f

∂

∂t

)

− F

F̂
Ĉ

(
d f ei , d f ei , P̂

(
d f Fem, ∇̃eHi

d f
∂

∂t

)
d f

∂

∂t

)]
dvSM . (4.17)

The result follows from (4.17) and Lemma 4.2. ��
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Proof of Theorem4.1. Applying (4.11), Lemma 4.3 and Lemma 4.4, we obtain

d2

dt2
Ee( f )

= 1

c

d

dt

∫

SM
e
1
2 |d f |2[〈∇̃eHi

d f
∂

∂t
, d f ei

〉
+ Ĉ

(
d f ei , d f ei , ∇̃Fem

d f

dt

)]
dvSM

= 1

c

∫

SM
e
1
2 |d f |2[〈∇̃eHi

d f
∂

∂t
, d f ei

〉
+ Ĉ

(
d f ei , d f ei , ∇̃Fem

d f

dt

)]2
dvSM

+ 1

c

∫

SM
e
1
2 |d f |2{ d

dt

〈
∇̃ei d f

∂

∂t
, d f ei

〉
+ d

dt

[
Ĉ

(
d f ei , d f ei , ∇̃Fem

d f

dt

)]}
dvSM

= A + B + C + D + E + G.

5. Stability

We consider that the domain is a unit m-sphere Sm in this section. Let {ei } be the
orthonormal frame of Sm , and {E1, . . . , Em+1} be the constant orthonormal basis
in Rm+1. Set Vν = 〈Eν, ei 〉ei , ν = 1, . . . ,m + 1. Based on [2], we have

∇XVν = −〈Eν, em+1〉X. (5.1)

Applying Theorem4.1, the second variation of an exponentially harmonic map
f : Sm → M̂n can be expressed as

∑

ν

Ie(d f Vν, d f Vν) = A + B + C + D + E + G,

where

A =
∑

ν

1

c

∫

SM
e
1
2 |d f |2[〈∇̃eHi

d f Vν, d f ei
〉
+Ĉ

(
d f ei , d f ei , ∇̃Fem d f Vν

)]2
dvSM ,

B =
∑

ν

1

c

∫

SM
e
1
2 |d f |2 〈∇̃eHi

d f Vν, ∇̃eHi
d f Vν

〉
dvSM ,

C =
∑

ν

1

c

∫

SM
e
1
2 |d f |2[4Ĉ

(
∇̃eHi

d f Vν, d f ei , ∇̃Fem d f Vν

)

+ (∇̃(d f Vν )H Ĉ)(d f ei , d f ei , ∇̃Fem d f Vν)

+ Ĉ(d f ei , d f ei , ∇̃Fem d f Vν, ∇̃Fem d f Vν)
]
dvSM , (5.2)

D =
∑

ν

1

c

∫

SM
e
1
2 |d f |2[ − 〈R̂(d f ei , d f Vν)d f Vν, d f ei 〉

+ F

F̂
〈P̂

(
d f Vν, (∇̃ei d f )em

)
d f Vν, d f ei 〉

− F

F̂

〈
P̂(d f ei , ∇̃eHm

d f Vν)d f Vν, d f ei
〉]
dvSM ,

E =
∑

ν

1

c

∫

SM
e
1
2 |d f |2[ − Ĉ(d f ei , d f ei , R̂(d f Fem, d f Vν)d f Vν)
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+ F

F̂
Ĉ(d f ei , d f ei , P̂(d f Vν, (∇̃Fem d f )em)d f Vν)

− F

F̂
Ĉ(d f ei , d f ei , P̂(d f Fem, ∇̃eHm

d f Vν)d f Vν)
]
dvSM ,

G = − 1

c

∫

SM
〈∇̃d f V d f V, τe( f )〉dvSM .

Referring to [1], we obtain

(∇̃XH ∇̃Zd f )Y = − d f R(X,Y )Z + (∇̃Y H ∇̃Zd f )X

+ (∇̃Y d f )(∇̃XH Z) − (∇̃Xd f )(∇̃Y H Z)

+ R̂(d f X, d f Y )d f Z + F

F̂
P̂(d f X, (∇̃em d f )Y )d f Z

− F

F̂
P̂(d f Y, (∇̃em d f )X)d f Z . (5.3)

Letting X = Z = V, Y = ei in (5.3), we have

−〈R̂(d f ei , d f V )d f V, d f ei 〉 + F

F̂
〈P̂(d f V, ((∇̃ei d f )em)d f V, d f ei 〉

− F

F̂
〈P̂(d f ei , ((∇̃ei d f )V )d f V, d f ei 〉

= −〈d f R(ei , V )V, d f ei 〉 + 〈(∇̃V H ∇̃V d f )ei , d f ei 〉 − 〈(∇̃eHi
∇̃V d f )V ), d f ei 〉

− 〈(∇̃ei d f )(∇V H V ), d f ei 〉 + 〈(∇̃V d f )(∇eHi
V ), d f ei 〉. (5.4)

In order to prove Theorem5.4, we require the following useful lemmas.

Lemma 5.1.

D =
∑

ν

1

c

∫

SM
e
1
2 |d f |2[ − 〈d f R̂(ei , Vν)Vν, d f ei 〉 − 〈∇̃eHi

[(∇̃Vνd f )Vν], d f ei 〉

+〈∇̃V H
ν

[(∇̃Vνd f )ei ], d f ei 〉 − 〈(∇̃Vνd f )(∇̃V H
ν
ei ), d f ei 〉

]
dvSM .

Proof. Due to the fact ∇̃ ∂

∂yi
Vν = 0 and (5.1), we have

∑

ν

∇̃V H
ν
Vν =

∑

ν

∇̃VνVν = −
∑

ν

viνv
m+1
ν ei = 0, (5.5)

where viν = 〈Eν, ei 〉. Therefore,
∑

ν

(∇̃Vνd f )(∇eHi
Vν) =

∑

ν

(∇̃Vνd f )(∇ei Vν) = −
∑

ν

v j
ν vm+1

ν (∇e j d f )ei = 0,

(5.6)∑

ν

(∇eHi
∇̃Vνd f )Vν =

∑

ν

∇eHi
[(∇̃Vνd f )Vν] − (∇̃Vνd f )(∇̃eHi

Vν)

= ∇̃eHi
[(∇̃Vνd f )Vν], (5.7)
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∑

ν

(∇V H
ν

∇̃Vνd f )ei =
∑

ν

∇V H
ν

[(∇̃Vνd f )ei ] − (∇̃Vνd f ei )(∇V H
ν
ei ). (5.8)

Hence, the result follows from (5.5)–(5.8). ��
Likewise, we also have the following by ∇V em = 0:

E =
∑

ν

1

c

∫

SM
e
1
2 |d f |2{ − Ĉ(d f ei , d f ei , d f R̂(Fem, Vν)Vν)

− Ĉ(d f ei , d f ei , ∇̃FeHm
[(∇̃Vνd f )Vν]) + Ĉ(d f ei , d f ei , ∇̃V H

ν
[(∇̃Vνd f )Vν])

}
dvSM .

(5.9)

Lemma 5.2.

−
∑

ν

∫

SM

{
e
1
2 |d f |2〈∇̃eHi

[(∇̃Vνd f )Vν], d f ei 〉

+ e
1
2 |d f |2Ĉ(d f ei , d f ei , ∇̃FeHm

((∇̃Vνd f )Vν)
}
dvSM + G = 0.

Proof. Set φ = e
1
2 |d f |2Ĉ(d f ei , d f ei , (∇̃Vνd f )Vν)Fwm . It follows from

∇V H Fwm = 0 and Lemma 2.1 that

divḡφ = (∇̃Fem e
1
2 |d f |2)Ĉ(d f ei , d f ei , (∇̃Vνd f )Vν) + e

1
2 |d f |2(∇̃Fem Ĉ)

×(d f ei , d f ei , (∇̃Vνd f )Vν)

+ 2e
1
2 |d f |2Ĉ(∇̃Femd f ei , d f ei , (∇̃Vνd f )Vν) + e

1
2 |d f |2Ĉ(d f ei , d f ei ,

∇̃FeHm
[(∇̃Vνd f )Vν]). (5.10)

Integrating (5.10), we have

∑

ν

∫

SM
e
1
2 |d f |2Ĉ(d f ei , d f ei , ∇̃FeHm

[(∇̃Vνd f )Vν])dvSM

= −
∑

ν

∫

SM

[
(∇̃FeHm

e
1
2 |d f |2)Ĉ(d f ei , d f ei , (∇̃Vνd f )Vν)

+ e
1
2 |d f |2(∇̃FeHm

Ĉ)(d f ei , d f ei , (∇̃Vνd f )Vν)

+ 2e
1
2 |d f |2Ĉ(∇̃FeHm

d f ei , d f ei , (∇̃Vνd f )Vν)
]
dvSM . (5.11)

Putting φ = e
1
2 |d f |2〈(∇̃Vνd f )Vν, d f ei 〉wi , we obtain

divḡφ = e
1
2 |d f |2〈∇̃eHi

[(∇̃Vνd f )], d f ei 〉 + 〈(∇̃Vνd f )Vν, ∇̃eHi
(e

1
2 |d f |2d f ei )〉

+ 2e
1
2 |d f |2Ĉ((∇̃Vνd f )Vν, d f ei , ∇̃eHm

d f Fem) + e
1
2 |d f |2

×〈(∇̃Vνd f )Vν, d f e j 〉(∇̃eHi
w j )ei

= e
1
2 |d f |2〈∇̃eHi

[(∇̃Vνd f )Vν], d f ei 〉 + 〈(∇̃Vνd f )Vν, (∇̃eHi
e
1
2 |d f |2d f )ei 〉

+ 2e
1
2 |d f |2Ĉ((∇̃Vνd f )Vν, d f ei , ∇̃eHi

d f Fem). (5.12)
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It implies that

∑

ν

∫

SM
e
1
2 |d f |2〈∇̃eHi

[(∇̃Vνd f )Vν], d f ei 〉dvSM

= −
∑

ν

∫

SM
e
1
2 |d f |2[〈(∇̃Vνd f )Vν, (∇̃eHm

e
1
2 |d f |2d f )ei 〉

+ 2Ĉ((∇̃Vνd f )Vν, d f ei , ∇eHi
d f Fem)

]
dvSM . (5.13)

Since f is exponentially harmonic, it follows from (5.11) and (5.13) that

−
∑

ν

∫

SM
e
1
2 |d f |2[Ĉ(d f ei , d f ei , ∇̃eHm

[(∇̃Vνd f )Vν])

+〈∇̃eHi
[(∇̃Vνd f )Vν], d f ei 〉

]
dvSM + G

=
∑

ν

∫

SM
〈∇̃V d f V − ∇̃d f V d f V, τe( f )〉dvSM = 0. (5.14)

Using the fact 〈R(em, ei )ei , e j 〉 = δmj and d f (Fem) = F̂ ên , we get

∑

ν

Ĉ(d f ei , d f ei , d f R(Fem, Vν)Vν) = 0. (5.15)

We obtain from (5.9), (5.15) and Lemmas 5.1 and 5.2 that

D + E + G =
∑

ν

1

c

∫

SM
e
1
2 |d f |2[ − 〈d f R(ei , Vν)Vν, d f ei 〉 + 〈∇̃V H

ν
(∇̃Vν

d f )ei ), d f ei 〉

− 〈(∇̃Vν
d f )(∇̃V H

ν
ei ), d f ei 〉 + Ĉ(d f ei , d f ei , ∇̃V H

ν
((∇̃Vν

d f )Fem))
]
dvSM . (5.16)

��

Lemma 5.3.

∑

ν

1

c

∫

SM
e
1
2 |d f |2〈∇̃V H

ν
[(∇̃Vνd f )ei ], d f ei 〉dvSM + B

= 1

c

∫

SM

{
−

∑

ν

(∇̃V H
ν
e
1
2 |d f |2)〈∇̃V H

ν
(∇̃Vνd f )ei , d f ei 〉 + e

1
2 |d f |2〈d f ei , d f ei 〉

−
∑

ν

e
1
2 |d f |2〈d f (∇̃V H

ν
ei ), (∇̃Vνd f )ei 〉 −

∑

ν

2e
1
2 |d f |2Ĉ((∇̃Vνd f )ei ,

d f ei , ∇̃V H
ν
d f Fem)

}
dvSM .
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Proof. Set φ = ∑
ν,i e

1
2 |d f |2〈(∇̃Vνd f )Vν, d f ei 〉v j

νw j with viν = 〈Eν, ei 〉. We
obtain

divḡφ =
∑

ν

[
(∇̃V H

ν
e
1
2 |d f |2

) 〈(∇̃Vν d f )ei , d f ei 〉 + e
1
2 |d f |2 〈(∇̃V H

ν
((∇̃Vν d f )ei ), d f ei 〉

+ e
1
2 |d f |2 〈(∇̃Vν d f )ei , ∇̃V H

ν
d f ei )〉 + 2e

1
2 |d f |2 Ĉ(∇̃Vν d f )ei , d f ei , ∇̃V H

ν
d f Fem )

− e
1
2 |d f |2 〈(∇̃Vν d f )ei , d f ei 〉vm+1

ν

]

=
∑

ν

[
(∇̃V H

ν
e
1
2 |d f |2

)〈(∇̃Vν d f )ei , d f ei 〉 + e
1
2 |d f |2 〈∇̃V H

ν
(∇̃Vν d f )ei , d f ei 〉

+ e
1
2 |d f |2 〈(∇̃Vν d f )ei , (∇̃V H

ν
d f )ei 〉 + 2e

1
2 |d f |2 Ĉ((∇̃Vν d f )ei , d f ei , ∇̃V H

ν
d f Fem )

]
.

(5.17)

Integrating (5.17), we arrive at

∑

ν

∫

SM
〈∇̃V H

ν
[(∇̃Vν

d f )ei ], d f ei 〉dvSM

= −
∑

ν

∫

SM

[
(∇̃V H

ν
e
1
2 |d f |2 )〈(∇̃Vν

d f )ei , d f ei 〉 + e
1
2 |d f |2 〈(∇̃Vν

d f )ei , ∇V H
ν
d f ei 〉

+ 2e
1
2 |d f |2 Ĉ((∇̃Vν

d f )ei , d f ei , ∇̃V H
ν
d f Fem)

]
dvSM . (5.18)

Furthermore, we have

B =
∑

ν

1

c

∫

SM
e
1
2 |d f |2〈(∇̃eHi

d f )Vν + d f (∇̃eHi
Vν), (∇̃ei d f )Vν + d f (∇ei Vν)〉dvSM

=
∑

ν

1

c

∫

SM
e
1
2 |d f |2[〈(∇̃eHi

d f )Vν, (∇̃ei d f )Vν〉 + 〈d f ei , d f ei 〉
]
dvSM

=
∑

ν

1

c

∫

SM
e
1
2 |d f |2[〈∇̃V H

ν
(d f ei ), (∇̃Vν (d f ei )〉

− 〈d f (∇̃V H
ν
ei ), (∇̃Vνd f )ei 〉 + 〈d f ei , d f ei 〉

]
dvSM . (5.19)

Hence, we conclude the result by (5.18) and (5.19). ��
Theorem 5.4. If f : Sm → N (m ≥ 3) is a non-constant exponentially harmonic
map from the unit sphere Sm to a Finsler manifold, then it is stable in case |d f |2 ≥
m − 2, and is unstable in case |d f |2 < m − 2.

Proof. Applying Lemma 5.3 to (5.16), we obtain

B + D + E + G = 1

c

∫

SM

[
−

∑

ν

e
1
2 |d f |2〈d f R(ei , Vν)Vν, d f ei 〉

+ e
1
2 |d f |2〈d f ei , d f ei 〉

−
∑

ν

(∇̃V H
ν
e
1
2 |d f |2)〈(∇̃Vνd f )ei , d f ei 〉
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+
∑

ν

e
1
2 |d f |2Ĉ(d f ei , d f ei , ∇̃V H

ν
[(∇̃Vνd f )Fem])

−
∑

ν

2e
1
2 |d f |2Ĉ((∇̃Vνd f )ei , d f ei , ∇̃V H

ν
d f Fem)

]
dvSM .

(5.20)

Setting φ = e
1
2 |d f |2Ĉ(d f ei , d f ei , ∇̃Vν Fem)vkνw

k , we get

divḡφ = (∇̃eHk

[
e
1
2 |d f |2Ĉ(d f ei , d f ei , (∇̃Vνd f )Fem

]
vk

+ e
1
2 |d f |2Ĉ(d f ei , d f ei , (∇̃Vνd f )Fem)[∇̃ek (v

lwl)]ek
= (∇̃V H

ν
e
1
2 |d f |2)Ĉ(d f ei , d f ei , (∇̃Vνd f )Fem)

+ e
1
2 |d f |2(∇̃V H

ν
Ĉ)(d f ei , d f ei , (∇̃Vνd f )Fem)

+ 2e
1
2 |d f |2Ĉ(∇̃V H

ν
d f ei , d f ei , (∇̃Vνd f )Fem)

+ e
1
2 |d f |2Ĉ(d f ei , d f ei , ∇̃V H

ν
[(∇̃Vνd f )Fem]). (5.21)

Integrating (5.21), we arrive at

∑

ν

1

c

∫

SM
e
1
2 |d f |2Ĉ(d f ei , d f ei , ∇̃V H

ν
[∇̃Vνd f Fem])dvSM

= −
∑

ν

1

c

∫

SM

[
(∇̃V H

ν
e
1
2 |d f |2)Ĉ(d f ei , d f ei , (∇̃Vνd f )Fem)

+ e
1
2 |d f |2(∇̃V H

ν
Ĉ)(d f ei , d f ei , ∇̃Vνd f Fem)

+2e
1
2 |d f |2Ĉ(∇̃V H

ν
d f ei , d f ei , (∇̃Vνd f )Fem)

]
dvSM . (5.22)

Moreover, it follows from (5.1) that

∑

ν

e
1
2 |d f |2(∇̃V H

ν
Ĉ)(d f ei , d f ei , (∇̃Vνd f )Fem)

=
∑

ν

e
1
2 |d f |2(∇̃V H

ν
Ĉ)(d f ei , d f ei , ∇̃Fem (d f Vν) − d f (∇Fem Vν))

=
∑

ν

e
1
2 |d f |2(∇̃V H

ν
Ĉ)(d f ei , d f ei , ∇̃Fem (d f Vν)), (5.23)

and

2e
1
2 |d f |2Ĉ(∇̃V H

ν
d f ei , d f ei , (∇̃Vνd f )Fem)

= 2e
1
2 |d f |2Ĉ(∇̃V H

ν
d f ei , d f ei , (∇̃Femd f )Vν). (5.24)
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Substituting (5.23) and (5.24) into (5.22), we obtain

∑

ν

1

c

∫

SM
e
1
2 |d f |2Ĉ(d f ei , d f ei , ∇̃V H

ν
[(∇̃Vνd f )Fem])dvSM

= −
∑

ν

1

c

∫

SM

[
(∇̃V H

ν
e
1
2 |d f |2)Ĉ(d f ei , d f ei , ∇̃Vνd f Fem)

+ e
1
2 |d f |2(∇̃V H

ν
Ĉ)(d f ei , d f ei , (∇̃Femd f )Vν)

+ 2e
1
2 |d f |2Ĉ(∇̃V H

ν
d f ei , d f ei , (∇̃Femd f )Vν)

]
. (5.25)

By a calculation, we have

∑

ν

2e
1
2 |d f |2Ĉ(∇̃Vνd f ei , d f ei , (∇̃V H

ν
d f )Fem)

=
∑

ν

2e
1
2 |d f |2Ĉ(∇̃ei (d f Vν), d f ei , ∇̃Fem (d f Vν)). (5.26)

Substituting (5.25) and (5.26) into (5.20), we arrive at

B + D + E + G = 1

c

∫

SM

[
−

∑

ν

e
1
2 |d f |2〈d f R(ei , Vν)Vν, d f ei 〉

+ e
1
2 |d f |2〈d f ei , d f ei 〉

−
∑

ν

(∇̃V H
ν
e
1
2 |d f |2)〈(∇̃Vνd f )ei , d f ei 〉

−
∑

ν

(∇̃V H
ν
e
1
2 |d f |2)Ĉ(d f ei , d f ei , ∇̃Vνd f Fem)

−
∑

ν

e
1
2 |d f |2(∇̃V H

ν
Ĉ)(d f ei , d f ei , (∇̃Femd f )Vν)

−
∑

ν

4e
1
2 |d f |2Ĉ((∇̃Vνd f )ei , d f ei , ∇̃V H

ν
d f Fem)

]
dvSM .

(5.27)

Lemma 4.2 implies that

∑

ν

e
1
2 |d f |2(∇̃V H

ν
Ĉ)(d f ei , d f ei , ∇̃Fem (d f Vν))

=
∑

ν

[
e
1
2 |d f |2(∇̃(d f Vν )H Ĉ)(d f ei , d f ei , ∇̃Femd f Vν)

+ e
1
2 |d f |2

Ĉ(d f ei , d f ei , ∇̃Femd f Vν)
]
. (5.28)



Exponentially harmonic maps between Finsler manifolds 117

Combining (5.27), (5.28) and (5.2), we obtain

B + C + D + E + G = 1

c

∫

SM

[
−

∑

ν

e
1
2 |d f |2〈d f R(ei , Vν)Vν, d f ei 〉

+ e
1
2 |d f |2〈d f ei , d f ei 〉

−
∑

ν

(∇̃V H
ν
e
1
2 |d f |2)〈(∇̃V H

ν
d f )ei , d f ei 〉 −

∑

ν

(∇̃V H
ν
e
1
2 |d f |2)

Ĉ(d f ei , d f ei , ∇̃Femd f Vν)
]
dvSM

= 1

c

∫

SM

[
−

∑

ν

e
1
2 |d f |2〈d f R(ei , Vν)Vν, d f ei 〉 + e

1
2 |d f |2〈d f ei , d f ei 〉

−
∑

ν

e
1
2 |d f |2 [〈(∇̃V H

ν
d f )ei + d f (∇V H

ν
ei ), d f ei 〉 + Ĉ(d f ei , d f ei ,

∇̃Fem (d f Vν))][〈(∇̃Vν )ei , d f ei 〉
+ Ĉ(d f ei , d f ei , ∇̃Femd f Vν)]

]
dvSM

= 1

c

∫

SM

[
−

∑

ν

e
1
2 |d f |2〈d f R(ei , Vν)Vν, d f ei 〉 + e

1
2 |d f |2〈d f ei , d f ei 〉

−
∑

ν

e
1
2 |d f |2 [〈(∇̃V H

ν
d f )ei , d f ei 〉 + Ĉ(d f ei , d f ei , ∇̃Fem (d f Vν))]2

]
dvSM .

(5.29)

Furthermore, we have

A =
∑

ν

1

c

∫

SM
e
1
2 |d f |2[〈∇̃ei d f Vν + d f (∇ei Vν), d f ei 〉

+ Ĉ(d f ei , d f ei , ∇̃V H
ν

(d f Fem))
]2
dvSM

=
∑

ν

1

c

∫

SM
e
1
2 |d f |2[〈∇̃ei d f Vν, d f ei 〉 + Ĉ(d f ei , d f ei , ∇̃V H

ν
(d f Fem))

]2
dvSM

+ 1

c

∫

SM
e
1
2 |d f |2〈−vm+1

ν d f ei , d f ei 〉2dvSM

=
∑

ν

1

c

∫

SM
e
1
2 |d f |2[〈∇̃ei d f Vν, d f ei 〉 + Ĉ(d f ei , d f ei , ∇̃V H

ν
(d f Fem))

]2
dvSM

+
∑

ν

1

c

∫

SM
e
1
2 |d f |2 |d f |4dvSM . (5.30)
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Applying (5.29) and (5.30), we obtain

∑

ν

Ie(d f Vν, d f Vν) = 1

c

∫

SM

[
−

∑

ν

e
1
2 |d f |2〈d f R(ei , Vν)Vν, d f ei 〉

+e
1
2 |d f |2〈d f ei , d f ei 〉 + e

1
2 |d f |2 |d f |4

]
dvSM

= 1

c

∫

SM
e
1
2 |d f |2 |d f |2((2 − m) + |d f |2)dvSM .

(5.31)

Consequently, we conclude the result. ��

References

[1] Bao,D.,Chern, S.S., Shen, Z.:An introduction toRiemann-FinslerGeometry. Springer,
New York (2000)

[2] Bao, D., Chern, S.S.: A note on Gauss-Bonnet theorem for Finsler spaces. Ann. Math.
143, 943–957 (1996)

[3] Chiang,Y.J.: Exponential harmonicmaps, exponential stress energy and stability. Com-
mun. Contemp. Math. 18(06), 1–14 (2016)

[4] Chiang, Y.J.: Exponential harmonic maps and their properties. Math. Nachr. 228(7–8),
1970–1980 (2015)

[5] Chiang, Y.J.: Developments of harmonic maps, wave maps and Yang-Mills fields into
biharmonic maps, biwave maps and bi-Yang-Mills fields. Frontier in Mathematics,
Birkhäuser, Springer, Basel, xxi+399 (2013)

[6] Chiang, Y.J., Pan, H.: On exponentially harmonic maps. Acta Math. Sinica 58(1),
131–140 (2015). (Chinese)

[7] Chiang, Y.J., Wolak, R.: Transversal wave maps and transversal exponential wave
maps. J. Geom. 104(3), 443–459 (2013)

[8] Chiang, Y.J., Yang, Y.H.: Exponential wave maps. J. Geom. Phys. 57(12), 2521–2532
(2007)

[9] Cheung, L.-F., Leung, P.-F.: The second variation formula for exponentially harmonic
maps. Bull. Aust. Math. Soc. 59, 509–514 (1999)

[10] Duc, D.M., Eells, J.: Regularity of exponentially harmonic functions. Int. J. Math. 2(1),
395–398 (1991)

[11] Eells, J., Lemaire, L.: Some properties of exponentially harmonic maps. In: Partial
Differential Equations, Part 1, 2 (Warsaw, 1990), Banach Center Publ. 27, pp. 129–
136. Polish Acad. Sci., Warsaw (1992)

[12] Eells, J., Sampson, J.H.: Harmonic maps of Riemannian manifolds. Am. J. Math. 86,
109–160 (1964)

[13] He, Q., Shen, Y.B.: Some results on harmonic maps for Finsler manifolds. Int. J. Math.
16, 1017–1031 (2005)

[14] Hong, M.C.: On the conformal equivalence of harmonic maps and exponentially har-
monic maps. Bull. Lond. Math. Soc. 24, 488–492 (1992)

[15] Hong, J.Q., Yang, Y.: Some results on exponentially harmonic maps. Chin. Ann. Math.
Ser. A 14(6), 686–691 (1993). (Chinese)



Exponentially harmonic maps between Finsler manifolds 119

[16] Kanfon, A.D., Füzfa, A., Lambert, D.: Some examples of exponentially harmonic
maps. J. Phys. A Math. Gen. 35, 7629–7639 (2002)

[17] Mo, X.H.: Harmonic maps from Finsler manifolds. Illinois J. Math. 45, 1331–1345
(2001)

[18] Omori, T.:OnEells–Sampson’s existence theorem for harmonicmaps via exponentially
harmonic maps. Nagoya Math. J. 201, 133–146 (2011)

[19] Omori, T.: On Sacks–Uhlenbeck’s existence theorem for harmonic maps via exponen-
tially harmonic maps. Int. J. Math. 23(10), 1–6 (2012)

[20] Shen, Y.B., Zhang, Y.: The second variation of harmonic maps between Finsler mani-
folds. Sci. China Ser. A 47, 35–51 (2004)

[21] Shen, Z.: Differential Geometry of Spray and Finsler Spaces. Kluwer Acad. Publ,
Dordrecht (2001)

[22] Smith, R.T.: Harmonic maps of spheres. Am. J. Math. 97, 229–236 (1975)
[23] Wei, S.W., Shen, Y.B.: The stability of harmonic maps on Finsler manifolds. Houst. J.

Math. 34, 1049–1056 (2008)
[24] Zhang, Y.,Wang, Y., Liu, J.: Negative exponentially harmonic maps. J. Beijing Normal

Univ. (Nat. Sci.) 34(3), 324–329 (1998)


	Exponentially harmonic maps between Finsler manifolds
	Abstract.
	1 Introduction
	2 Finsler manifold 
	3 Exponentially harmonic maps of Finsler manifolds 
	4 Second variation
	5 Stability
	References




