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Abstract. We consider evolutionary problems associated with a convex integrand f: Q7 x
RN7 [0, 00), which is «-Holder continuous with respect to the x-variable and satisfies
anon-standard p, g-growth condition. We prove the existence of weak solutions u: Q7 —
RN , which solve

du — div o f(x,1, Du) =0

weakly in Q7. Therefore, we use the concept of variational solutions, which exist under a
mild assumption on the gap ¢ — p, namely

2n _ 1
< < .
n+2 p=a=r
For
2n min{2, p}a
< PR,
n+2<P_q<P+ nt2

we prove that the spatial derivative Du of a variational solution # admits a higher integrability
and is accordingly a weak solution.

1. Introduction and statement of the results

In this paper we are interested in the existence of solutions of parabolic systems
with p, g-growth of the type

Ou —divo; f(x,t, Du) =0 in Q. (1.1)

The corresponding stationary problem has been studied extensively in the past,
where the papers [18, 19] of Marcellini have been the starting point. In these papers
a W'-*_bound for minimizers or respectively weak solutions is shown. The strategy
therein is, to regularize the problem by adding the g-energy €| Du|?. The regularized
problem, which satisfies a standard g-growth condition, exhibits solutions u, €
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W]L’cq, that possess an uniform W!*°-bound and sub-converge to a WIL’COO—solution
of the original p, g-growth problem. For more details we refer to [5,8,9,18-21].

In the elliptic setting, a second approach was introduced in [12]. Therein, reg-
ularity results for functionals of the form

F(u) ::/ f(Du)dx
Q

with a convex integrand f : RN 0, 00), satisfying a non-standard p, g-
growth, are established. Due to the coercivity of the integrand, the gradient of the
minimizer « lies in L”. The aim is to establish, that minimizers admit a gradient in
Li’oc. Therefore, one tests the corresponding Euler-Lagrange system with a finite
difference of u and obtains a fractional differentiability of Du. At this stage it
is not clear that the minimizer is also a solution to the Euler-Lagrange system.
Hence one has to perform an approximation procedure. By using fractional Sobolev
embeddings and a finite iteration, the desired higher integrability of Du can be
deduced. Initially, this results holds only for the regularized problem, but it is
possible to show, that these minimizers sub-converge to a minimizer of the original
functional.

In [13], this method was extended for functionals, where the integrand f can
additionally depend on x. It is assumed that f is «-Holder continuous with respect
to the x-variable, but not differentiable. Again fractional Sobolev spaces are used,
to obtain a higher integrability for the gradient of the minimizer. Although it is not
possible to differentiate the integrand, the Holder continuity of f provides a certain
kind of fractional differentiability for the gradient of minimizers u. Of course, a
stronger assumption, depending on «, on the difference between p and g as in [12]
is needed to show the desired higher integrability of Du. For more information to
this topic we refer to [7,16,24,25].

Here we are interested in existence and regularity results for parabolic sys-
tems with p, g-growth. In this setting a variational approach was developed in [4].
Therein, the notion of variational solutions, which was introduced by Lichnevsky
and Temam in [15] in the context of evolutionary minimal surface equations, is
adapted. The advantage of these solutions is, that the existence can be established
under mild assumptions on the convex integrand, which is independent on x and 7,
and on p and ¢, namely

2n
n—+2

<p<g<p+1

After having the existence at hand, a parabolic version of fractional Sobolev spaces
is used to achieve the higher integrability property Du € quoc in the case p > 2.

Moreover, higher integrability results via differentiability and interpolation
in the parabolic case are obtained in [2]. Therein, Lipschitz regular integrands
f(x, Du) with p(x, t)-growth are considered and the a priori estimates are proven
only by using the fact that the vector fields satisfies a p, g-growth condition. The
method of fractional differentiability for parabolic systems has also been used in
[11].
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The aim of this paper is to establish the existence of weak solutions to parabolic
systems of the form (1.1), where the integrand f satisfies a non-standard p, g-
growth condition and is only Holder continuous with respect to the x-variable.
Note that besides measurability, we do not need any other assumption for the time
variable. Existence results for variational solutions, can be gained in the same way as
in [4]. The main effort of this works persists in proving a higher integrability result
for the spatial gradient. This is accomplished by proving a suitable Caccioppoli
type inequality for the regularized problem, and afterwards the higher integrability
is gained by the parabolic fractional Sobolev embedding, where the condition

2n _ +min{2,p}a
< < _—
n+2 P=q=p n+42

is required. We also treat the singular case % < p < 2. To deal with it, we

have to overcome some problems. First, the Caccioppoli inequality can not directly
be applied to the spatial gradient. Here, we have to make use of the V-function,
which interpolates between quadratic and p-growth. The second problem is the
appearance of quadratic terms of Du. Since p < 2, it is not clear that Du € L]2Oc
holds. But with the help of an interpolation argument it is possible to absorb the

quadratic term and to handle these problems.

1.1. The setting

We consider Cauchy—Dirichlet problems of the type

[ u —divoy f(x,t, Du) =0 in Qr (1.2)

u=g on dp 27,

where u: Qr C Rl RN withn > 2 and N > 1, can be a vector valued
function. Here, ©2 denotes a bounded domain in R” with n > 2 and for T > O,
Qr = Q x (0, T) denotes the space-time cylinder. The parabolic boundary of Q7
is denoted by dpQr :=[02 x (0, T)]U [ x {0}]. Points in R"*! are termed z =
(x, ). With Du we mean the spatial gradient, and 9,u stands for the differentiation
with respect to the time variable. The function f : Q7 x R¥ — R is supposed to
be a Carathéodory-function with

v[gP < flx,1,8) < L+ 157,
|07 fx, 1,0 < LA+ 1¢)%
(07 f (x, 2, £)m, m) = g 1P~ 2 |n?,
|f e, 1,8) = f(xa, 1, )] < Llxp — xa]*(1+ ¢ )

(1.3)

for almost every (x,t) € Qr,¢,n € RV o e, 1)and0 <v<1<L < o0
with
2n min{2, p} o

—=r 1.4
n+2<p<q<p+ nt2 (1.4)
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It is an easy consequence, that also

[ 19 (6, £, O1 = el L1 + g (L5)
10 £ (1 1,0) = 9 f (2, 1, O] < e(@)Lxy = xa|* (14 )7 '

holds (c.f. [18, Lemma 2.1]). For the boundary data g we assume that the following
regularity assumptions hold true:

{g e L7 (0,73 W @, RY) N €O (10, TH 2@, BY) ()

g € LV (0, T; W=17'(Qr, RV)),
where p’ = -7 denotes the Holder conjugate of p. Note that p'(¢ — 1) > ¢.In

the following we will use the notation u € L?P(0, T W;’p(Q, ]RN)), ifu—ge€
LP(0, T; W, " (22, RY)) holds.

1.2. The main result

Now, we state our existence result for the parabolic Cauchy-Dirichlet problem (1.2)
and start with the definition of a weak solution, which has been already used in a
similar way in [4]:

Definition 1.1. A function

we LP(0,T; WP (@, RM) N LL (0, T; Wi (,RV)) n L®(0, T; L2(Q, RY)),

{s]

with u(-, 0) = g(-, 0), is called a weak solution of the parabolic system (1.2) if and
only if

/ u-0rp — <8§f(x, t, Du), D(p)dz =0
Qr

holds true whenever ¢ € C3°(Qr, RV).

For weak solutions in the sense of Definition 1.1, we prove the following exis-
tence result:

Theorem 1.2. Suppose that the integrand f: Qr x RN" — [0, oo) satisfies (1.3)
and (1.4) and further, that g is as in (1.6). Then there exists a weak solution
we LP(0,T; WP (@, RM) N LL (0, T; Whi(Q,RV)) N L®(0, T; L3(Q, RY)),

loc

withu(-,0) = g(-, 0) of the parabolic system (1.2). Moreover, there exist constants
X =x0n,p,q,a)and x = x(n, p,q, «) such that for any cylinder Q g(zo) € Qr
the quantitative estimate

/ |[Dul?dz < ¢ (MZO,R)X ,
Qg(zo)
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holds for p > 2 and for p < 2 we have

/ |Dul?dz < ¢ (Mg + Neo.r)”
Qg(ZO)

with
My g:=  sup / lu(-, 1))*dx +/ 1+ |ul” + |Du|Pdz
re(to—R2,19) ¥ Br(x0) Or(z0)

and

4—Q2—p)n

Ppn+2)-2n
Ney.r = / 1+ |Du|Pdz
Or(20)

and a constant ¢ = c¢(n, q, p, L, v, a, R).

Remark 1.3. Now, we compare the elliptic bound for the difference between p and
q with the parabolic bound for p > 2. In the stationary case in [13], the assumption

n—+uo o
n

q=<7p
n

is needed for all p > 1, while for evolutionary problems

200 ap 2
n+2 n+2 p

qg<p+

is required for p > 2. This seems to be the natural bound, since one must replace n
by n 42 and must take the parabolic deficit 2 for p > 2 into account. However, for
p < 2 an interesting phenomena appears. pr we take the scaling deficit 2p/(p(n +
2) — 2n), the maximal difference would be a(pn + 2p — 2n)/(2(n + 2)), which
is smaller than ap/(n 4 2). However, we can prove the better bound, which is also
stable for p 7 2.

The first step of the proof is to show that there exists a variational solution
ue L®0,T; L2, RY)) N LPO, T; WhP(2, RY)) in the sense of Definition
3.2. The existence of such solutions can be established under the assumption

2n
n+2

<p<g<p+1,

cf. Theorem 3.4. For more details, we refer to Sect. 3.

1.3. Model examples

Here, we give some examples for integrands f, which are discussed in this paper.
For instance, we can consider functions
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f(x,8) =ax)h(?),
where
VS|P < h(@) < LA+ ¢!

holds and a(x) is a-Holder continuous with 0 < v < a(x) < L. For the function
h, we can take for example

h(g) = 1517 log(1 + ¢ ]).

We could also consider functions with anisotropic growth, i.e.
n
[0 =" ai@)lgl”,
i=1

where0 < v < a;(x) < LisHoldercontinuousand p = p; < pp <--- < p, =¢q
holds.
For integrands of the form

fx, ) =117 + a0,

we require only the weaker assumption 0 < a(x) < L, where a is again a «-Holder
continuous function.

2. Preliminaries

Here, we state some usefull tools, that will be needed throughout the paper.

2.1. Auxiliary tools and notations
With

B,(x0) := {x e R" : [x —xo| < p}
we denote the open ball in R” with centre xg and radius p, and

0,(z0) := B, (x0) x (to — p*, 10)

is the parabolic standard cylinder.
In order to absorb certain terms, we will use the following iteration Lemma,
which can be found for instance in [14, Lemma 6.1].

Lemma 2.1. Let ¢ (p) be a bounded, non-negative function on 0 < Ry < p < Ry
and assume for Ry < p < r < Ry there holds

A B
d(p) < V() + + +C
r—p)  (r—pF
for some fixed non-negative constants A, B,C,a > > 0and 9 € (0, 1). Then
there exists a constant ¢ = c(9, o) such that for all Ry < po < ro < R1 we have

¢(po)§C( A + B +C).
(ro — po)*  (ro — po)?
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The next Lemma can be found in [1, Lemma 2.1] and [22, Lemma 2.1].

Lemma 2.2. Let k € N. For every o € (—1/2,00) there exists a constant ¢ =
c(o) > 1 such that the following estimate holds true:

1
(W + 1AITIB s/ (1 + 1A +5(B — A)H ds
0
<c(u® + AP+ B
forany u > 0and A, B € R¥, not both zero if . = 0 and o < 0.

We need the auxiliary function V : RV" — RN",

p=2
V) =1¢17¢,
and from the last Lemma, we can conclude (cf. [1, Lemma 2.2]):

Lemma 2.3. Forany p € (1,2) and n € [0, 1] there holds

1 _
o =0l ey - vl
(2 12 P+ )

<c(p,n)

P

I —nl
2—
(W2 + 12>+ 1m?)*

Sfor arbitrary ¢, n € R”", not both zero if © = 0.

Another important tool is the next interpolation inequality, which is a conse-
quence of Gagliardo-Nirenberg’s inequality (see [23, Lemma 3.2] ).

Lemma 2.4. Assume that the function v : Q,(z0) — RF satisfies
v e L®(to —r?, to; L* (B, (x0), RY)) N LP (19 — r*, to; WP (B, (x0), RY))

for some exponents 1 < p < oco. Then there holds, for every radius p € (r/2,r),

n+2
/ [P dz
0, (z0)

p/n v|?
<cr? sup / lv(x, s)|9dx / (|Dv|” + —) dz
selio—r2.10) J Br (x0) 0, (z0) (r=p)?

with a constant ¢ depending on n, k, p and q.
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2.2. Fractional Sobolev spaces

Now we state some results for parabolic fractional Sobolev spaces. The embedding
for such spaces will play a crucial part in the proof, since it provides higher inte-
grability properties. We will only be concerned with the parabolic case, for more
information for elliptic fractional Sobolev spaces see for instance [3,6].

We say thatu € LP(0, T; WEP(Q,RV)) with1 < p < 00,k € Ng, i € (0, 1)
belongs to the parabolic fractional Sobolev space L” (0, T; W*T#P(Q, RV)) if the
parabolic Gagliardo semi-norm

B _ DB p
B |DPu(x,t) — DPu(y, t)|
[D u]MOPQT / // P dxdyd?

is finite for any multiindex B € Ny with |8]| = k. Analogous to the elliptic setting
we define the norm

lullisse0ps2r = Nl oo rwir @ vy + D 1D fluopar,
|Bl=k
which makes L? (0, T; Wkt-P(Q, RV)) to a Banach-space.
The next Lemma provides an embedding result for fractional parabolic Sobolev
spaces and is proved in [4, Lemma 6.5].

Lemma 2.5. Let B, (xg) x (t1,12) C R be a general space-time cylinder with
O<p=<landf,nec0,1),1 < p,r <s < oo parameters such that

s—p)(1—n+>) <op.

Further assume thatu € LP(t1, to; W1+0"’(Bp (x0)))NL>(t1, t2; WHT(B,(x0))).
Then Du € L*(By(xo) X (t1, t2)) forany0 < ¥ < p and moreover, the quantitative
estimate

S—p

”DM”LY(Bﬁ(X())X(l] n)) = = C”M”Lp(tl t; wli+6, P (B, (x0))) S(up , ||M( t)”WM T (B, (x0))
te(ty,n

holds true with a constant ¢ = c(n, u,0,r, p, s, 1/(p — 9)).

Finally we need an elliptic and parabolic version of the embedding of Nikolskii
spaces into fractional Sobolev spaces (cf. [4, Lemma 6.6]).

Lemma2.6. Letk e N, Q€ Q, 60 € (0,)and0 <1 <1, <T.
(1) Assume that u € L>(0, T, L*>(2, R¥)) satisfies
sup / lu(x + hei, 1) — u(x, 1)|>dx < M|n|*°

te(ty,rp) J Q

foreveryi € {1,...,n} and h € R with |h| < min {dist(fZ 012), A} where
A, M > 0. Then for every a € (0,0) and O € Q there exists a constant
c=cn,0,a, A,dist(O, BQ) dist(2, Q)) such that

2
u(x,t) —u(y,t
sup / utx. 1) g )| dxdy <cM.
te(t;,n) JOJO |x — y|rte
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(2) Assume that u € LP(Qr, R¥) satisfies
n
/ / lu(x + hei, t) — u(x, 1)|Pdxdt < M|h|°P
1 Q

foreveryi € {l,...,n}and h € R with |h| < min {dist(fz, d1L2), A}, where
A, M > 0. Then for every y € (0,0) and O € Q, there exists a constant
c=cn,0,y, A,dist(O, 0R2), dist(2, 2)) such that

2 1) — ,D|P
/ / e, ) =0 O 3 gydr < em.
n JoJo o |lx—y["tey

3. Existence of variational solutions

In this section, we prove the existence of variational solutions. In [4] such a result
has already been shown for integrands, which do not depend on x or . But the
techniques are applicable in our case, too. Thus we will only describe the notion of
variational solutions and give a sketch of the proof.

The existence of variational solutions can be shown under much weaker as-
sumptions, than the existence of weak solutions. Here, the integrand f must only
fulfil the following growth conditions:

p—2
2

[ 0< fx,t,0) <L1+[¢D?,
(O f.t.0) =0 flx,t,m), & —n) = v (> + (1> +1nl?) 2 1¢ —nl?,
3.1

whenever ¢, n € RN and for some 0 < v <1 < L and w e [0, 1].
To give the precise definition of variational solutions, we introduce a notion of
weaker continuity with respect to time.

Definition 3.1. Let X be a Banach space. A function u € L*(0, T'; X) belongs to
the function space C,, ([0, T']; X) of weakly continuous functions from [0, 7] to X
ifu(-,t) € X forany r € [0, T] and

t+ (Y, u(t))x iscontinuous for any ¥ € X'.
Here (-, -, ) denotes the duality pairing between X’ and X.

Now we are able to give a definition of variational solutions to the Cauchy—
Dirichlet problem (1.2) (cf. [4, Definition 2.2.]).

Definition 3.2. Suppose f: Qr x RN - [0, o) is an integrand satisfying (3.1).
Furthermore, assume that the Cauchy—Dirichlet datum g fulfils (1.6). We identify
a map

ue LP(0,T; WP (2, RY)) N C, ([0, T1; L2(2, RY))



96 T. Singer

as a variational solution of the Cauchy-Dirichlet problem (1.2) if and only if
u(-,0) = g(-, 0) and, further, the variational inequality

T
/ <atv,v—u)w.,,,(Q’RN)dt+/ [£(x,t, Dv) — f(x,t, Du)]ldz
0 Qr

1

1
2 2
= z”(v - M)(v I)HLZ(Q,]RN) - EH(U - g)(v O)HLZ(Q’RN) (32)

holds true, whenever v € LP(0, T, W;’p(Q, RMY) with 9,v € L/’,(O, T; w—Lp
(2,RV))and t € (0, T].

Remark 3.3. A variational solution belonging to the space L{. (0, T'; WIL’C" (2, R")
is in fact already a weak solution. Hence, if the higher integrability is established,
the two concepts coincide.

First, we show an existence result for variational solutions.

Theorem 3.4. Suppose that f: Qr x RN — [0, oo) satisfies (3.1) and

2n
n+2

<p<qg<p+1

and g satisfies (1.6). Then, there exists a unique variational solution
we LP(0,T; Wg' (2, RV)) N C,y([0, T L3, RY))

withu(-,0) = g(0, -).

Proof. Since the proof is essentially the same as the one of Theorem 2.4 in [4], we
will only give a sketch of the proof.
Step 1: First, we consider the regularized integrand

fe(x,1,0) = fx,1,0) +elg]”

for ¢ € (0, 1]. Then, f. satisfies a standard g-growth condition and [17] ensures
the existence of a unique weak solution

ue € L1(0, T; wha(Q,RY)) n ([0, T1, L*(2, RY))
to the Cauchy—Dirichlet problem

Oiue —divo; fe(x,t, Dug) =0 in Q7
Ue = 8 on dp 2.

Step 2: Next, we prove a suitable energy bound for u.. Therefore, we take ¢ =
(ug — g) as testing function in the weak formulation (note, that this is only possible
on a formal level) and with help of the growth conditions (3.1), we get the following
energy bound

sup / Ius(u(-,t))lzder/ lue|” 4+ |Due|Pdz < c(v, L,q, p, 2, g). (3.3)
te(0,7)J Q2 Qr
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Step 3: Using the energy bound (3.3) and the fact, that u, is a weak solution, we
getforany) <t <thp < T and g € CSO(Q X (11, 1))

ptl

-9
/ ug - 9 dz| <clspte|l » |ID@|lLe@x,n))-
Qx(11,12)

This and a density argument guarantees that

ptl—g

lite G 1) = e (o 52) ey < clsi —sal 7 (3.4)

holds true for any s1,s52 € (t1,%2) and £ > % But this is the desired weak
continuity property with respect to the time variable for u.

Step 4: The weak solutions are also variational solutions, which can be easily
deduced by testing the weak formulation with ¢ = v — u,.

Step 5: In order to prove, that there exists a variational solution, we have to pass
the limit ¢ | 0. The energy bound (3.3) and (3.4) ensure the existence of a function
ue LP, T; WhP(Q, RN)) such that

Ug — U weakly in LP(O, T; Wl’p(Q, RN))
ug(-, 1) = u(-,t) weakly in L?(Q, RV) forany ¢ € [0, T

for a (not re-labelled) subsequence. Since u, is already a variational solution for
every ¢ > 0, we can pass to the limit ¢ | 0 in (3.2). Note, that the functions u,
belong to space C°([0, T]; L?(2, RY)), but they loose this property in the limit
¢ | 0 and u belongs only to the space C, ([0, T']; L2(Q2, RVY).

Step 6: It remains to show, that there exists only one variational solution. To this
end, we assume that there exist two different solutions u and u,. If we choose
v = (u1+uz)/2 as comparison map in (3.2), we get a contradiction and the desired
claim follows. Note, that this choice for the comparison map is only possible on
a formal level, because the functions #; and u> do not possess a time derivative
in LP' (0, T; W17 (Q, RV)). Therefore, one has to use a mollification in time to
make the calculations rigorous. O

4. A local L7-estimate for the Spatial gradient

This section contains the main effort of this work. Here, we show the higher in-
tegrability for the spatial gradient Du. To be more precisely, we first assume that
Du € L?OC(QT, RY) holds, and prove that the L?OC(QT, R™)-norm of Du can be
estimated only in terms of the L? (Q7, RY) of Du. This result can later on be used
in an approximation scheme. For the approximating sequence, the higher integra-
bility is known and the results from this section, ensures the higher integrability of
variational solutions.
First we define

hilv](x, 1)

i[v](x, 1) ;= v(x + he; 1) —v(x, 1) and Ay [v](x, 1) = - ,

and start with a Caccioppoli-type inequality.
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Lemma 4.1. Let p > nz% and

weL?©,T; WP (@, R¥)NLL 0, T; Whi@, RY)Nc([0, T]; L (2, RY))
be a weak solution to (1.2), where (1.3) holds. Then for every parabolic cylinder
Or(z0) € Qr,any0 < r < py < p2 < R, any 0 < |h| < 252 and any
i €{l,...,n} there holds

sup / |th.i[u](-, 1) *dx
By, (x0)

1€(to—p7.10)
p=2
+/ |Dutx, 0 +1Dutx + hei, D) T [ [Duldz
Qﬂ|(z())

|h|*

<c——— (1 + |Du|)?dz +
(02 = PD* J0,, zo)

D E— |Th’il/l|2dZ
('02_'01)2 Qp1+02 (z0)
2

“.1)
with a constant ¢ = c(v, L, p, q).

Proof. Without loss of generality, we assume that zo = 0 and write Q, instead of
0,(0). In the weak formulation

/ - — (0 f(x,t, Du), Dp)dz =0 forall p € C°(Qr,R")
Qr

we replace ¢ by t_p ;[¢] with O < || < 1 and obtain after an integration by parts
for finite differences

/s2 thalic] - g1 — (a0 f(x. 1. Dw)], Dg)dz = 0 4.2)
T

forall ¢ € C§°(Qr, RY) and || small enough. In this formulation we choose the
testing function ¢(x, 1) = 7, ; [ul(x, )n*(x)¢ (1) xo (), where n € C(B(py+pm)/2,
[0, 1]) and ¢, x9 € WL(R, [0, 1]) are cut-off functions. The spatial cut-off func-
tion n satisfies n = 1 in B, and |Dn| < 4/(p2 — p1), while ¢ is defined by

0 fort e (—oo, - (@)2
o 1 p1t+p2 V)2 (P12 2
¢(r) = (m;pz)z_p% (r+ (#5%2))" fort e[ (#52)" —ni
1 fort e [—,012, 00)
and yp is given by
1 fort € (—oo, 7 — 0]
Xo(t) := é(r—t) fort e (v — 0, 1]

0 fort € (7, 0],
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for some 7 € (—,012, 0) and 6 € (0, ,o]2 + 7). With this choice, (4.2) turns into

,

rh,i[u]~8t(fh,i[u]§xa)n2dz+/ (th.ildc £ (x. 1. D)), Ti [Dul) ¢ xodz

n Op)
S /Q (0000 f (s 1. Du)L, V> ® 7.1l € o dz. 43)
”

For the first term on the left-hand side in (4.3), we obtain for almost every v €
(—pi.0)

—/ tn.ilu] - 8 (T i (U] x0)n*dz =/ tni[ul - (th i )¢ xo)n*dz

Qﬂz sz
_ 1 O |tn i [ul*n*¢ xod - [ul|*n*d d
=5 lTni[ull"n"¢ xedz = 3 |Th,i[u]l"n”0: (¢ xp)dz
Qp% Qp%

1 //’12 / -
- 2 2 [Th,i[ull"n” xedxdt
2 ((PI;PZ) _ ,012) _(m;pz) B@

1 T
+ L / / (o ] PP dxdr
20 Ji—0 /B,

0 2
0 1 —p7
(( : ) - IO]) 7(172) B/)‘lr +m

1
+—/ [T, [u] -, T) [P dx.

2 B,

Passing also the limit 6 | 0 in (4.3) and using the estimate 1/((%)2 —-ph <
4/(p2 — p1)?, we get

1 _1 . 2,2 . 4 2
[+10:= 2/, |Th.i ], TP dx + ) (tn,il0; f (x. t, Dw)], T, /[ Dul) n*¢ dz

2
2 ]

<2 / (th.1 08¢ £ (e 1, D). Vi ® w slucl) i dz
o,
2
b / (i) 2z
(02 =P JQ pyin
i

= 1I+1V,

where we used the abbreviation Q; =B, x (— ,02, 7). Now, we rewrite the term
II

I :/ n%¢ (3¢ f (x + hei, t, Du(x + he;, 1))

)

— 3 f(x,t, Du(x, 1)), T i[Dul(x, 1)) dz

:/ nzg[(agf(x + he;, t, Du(x + he;, 1))
Q'[

2



100 T. Singer

— 9 f(x.t, Du(x + he;. 1)), T [Dul(x, t))]dz

+/ n%¢ (9 £ (x, t, Du(x + hei, 1)) — 3 f (x, t, Du(x, 1)), T i [Dul(x, 1)) dz
(O

=:1I; + 1

and estimate II; with help of (1.5);

0
| < C(q)IhI“L/ / (1+ |Du(x + hej, )"z, [Dul(x, 1)|dxdr
—p§ Bﬂszrﬂl

< c|h|“/ (14 |Du|)?dz,
Cp,

since || < (p2 — p1)/8. For the other term we use (1.3)3 and Lemma 2.2 to obtain

1
I / 7724“/ <3;2f(x,t, Du+srh,i[Du])rh,f[Du],th,i[Du]>dsdz
05, 0

'

v
2w (1Dute 0 + 1Dt + hei. )
c Q;’Z

1
7724“/ |Du + sty ;[Dul|” 2|y ;[ Dul|*dsdz
0

v

T
2
p—2

* |ti[Dull?dz.

v

It remains to estimate III. If we use

/ |rh,i[u]|‘fdxs|h|‘1/ \Dul dx
Bpl;ﬂZ B

r2

and the condition (1.5);, we get
0
[T < c/ / |Dn| [(1 + [Du(x, )T + (1 + | Du(x + he;, t)|)‘7_1]
_P§ Bpi+p

- |t ilulldxdt

1
1 q

c 0 ]711
< / / (1 + |Du))?dx / |t i[u]|?dx dt
P2 — P1 —,0% By, Bpi+m
ukez)

|h|

P2 = P1JQ,,
|h]*

P2 —P1JQ,,

<c (1 + |Dul)?dz

<c (1 + | Dul)?dz.



Existence of weak solutions of parabolic systems with p, g-growth 101

Combing the previous estimates, we can conclude that

/lfh,i[M](-,T)lznzdx
By,
prz
+/ ¢ (1DuCe, O +1Dutx + heg, D) [, [DulPdz
QT

2

h(x
“¢ |h| 2/ (1+|Du|)qdz+—2/ |on,i[u]]* dz
(p2 = p1) (p2 = p1) Qoiter )

holds for every T € (—p2, 0). Taking the supremum over t € (—p2, 0) in the first
term and letting t — 0 in the second term on the left-hand side, completes the
proof of the Lemma. O

With the Caccioppoli type inequality at hand, we can prove the desired higher
integrability for the spatial gradient. To this end, we will make use of the fractional
Gagliardo-Nirenberg inequality (Lemma 2.5).

Lemma 4.2. Let
2n min{2, p}«

= 4.4
n+2<p<q<p+ w2 (4.4)

and

ueL?(0,T; whr(Q,RV)) n L]

loc

(0, 7; wid (@, RY)) n c((0, T1; L} (2, RY))

be a weak solution to (1.2), where (1.3) holds. If p > 2, then there exists a constant
= x(n,q, p,a) such that for every parabolic cylinder Qr(x9) € Qr there
holds

/ Dul?dz < ¢ (May 1)
0O R (20)

and for p < 2 there exists a constant x = x(n,q, p,«) such that for every
parabolic cylinder Q r(xo) € Qr there holds

/ |Dul|?dz < ¢ (Mg + Nz g)"
O R (z0)

with
My r = sup / lu(-, t)|2dx +/ 1+ |ul? +|DulPdz (4.5)
te(to—R2,19) 7 Br(x0) Or(z0)
and
4—Q2—p)n
p(n+2)—2n
Ny.r = (/ I+ |Du|de) 4.6)
Or(z0)

and a constant ¢ = depending only onn, q, p, L, v, @ and R.



102 T. Singer

Proof. We start with the case p > 2, where (4.4) can be written as
qg<p+ P 4.7)

Consider 0 < p; < p» < R. Making use of Lemma 4.1 and the fact that p > 2,
we get for 0 < |h| < (p2 — p1)/8

sup / |z, (], ) *dx +/ |Th,i[Dul|? dz
B/’l (x0) Qpl (z0)

te(to—pi.to)

PR / il )P
Bpl(XO)

2

te(to—py,10)

p—2
2

[ (1Dut 0P+ 1Dutx 4 he ) 7 it DulPa:
Qp (z0)

|h|*
= C—2
(02 = P1)* S0, o)
N c
(02 — p1)? Q,JI;,,Q (20)
|h|*
= C—Z
(02 = P1)* S0, o)

(14 |Dul)?dz
|tn.iu|*dz

(14 |Du|)?dz,

where we used

/ ltniul*dz < |h|? |Dul’dz.
Q@(m) 0y, (z0)

For ry, r, > 0 with p142-pz <ri<r< pr'OZ, Lemma 2.6 and the last inequality

imply that

u € L™ (o —r3, to; WH2(By, (x0), RV))  forallu € (0,%)
e LP (to —r3, to; WP (B, (x0), RY))  forall6 e (0, %)

holds. Moreover, Lemma 2.5 ensures the existence of constants 8 = B(p, i, 0, «, )
>0andc =c(n, p,s,a, u,0,1/(p2 — p1)) such that

/ |Du|5dz§;ﬁ/ 1+ [ul” + |Dul? + |Dul?dz
0, (20) (r2 =rP \Jo,, o)

sup / lu(-, 1)*dx +/ 1+ |Du|?dz ;
le(lofrzz,l()) Br2 (x0) Qr2 (z0)

for all s with

(s—p)(l—u+§)sep.
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Using the maximal range for the variables 8 and p, we can conclude that the last
estimate holds for all

20
s <p+ m.
Since
20 20
(I S

by assumption we can choose s € (g, p +
be chosen later, we infer from (4.8)

/ |Du|*dz
er (z0)

c
S—ﬁ / |Du|qu+Mz0R
(2 =P \Jo,, 0

n+2 a) For § > % > 1, where § will

- c / |Du| \Dujd- q c M1+.vzp
< u <
T (rn—r)f Or, (z0) ¢ (7’2—”1)'3 Z0.R
>2)
c N
< Y |Dul*dz
(r2 =r)? \J o, o)
vzt
. \Dul 5 dz M (4.9)
(rp —r)B R ’
Qrz(z()) 2 1

Next, we want to absorb the term involving the L*-norm of Du from the right-hand
side into the left, so that there remain only terms with the L”-norm of Du on the
right-hand side. Therefore, we have to choose § and s in such a way that

L 45=P) 2y ana 2975 (4.10)
- ——— ) <1 an .
5 2 s—1 =P
holds, but this is equivalent to
s=p s=p

1+ <6 and § <

q-pr
If we choose
s=2"_PF
q—7p

it is sufficient to show that we can find s € (¢, p + ; +2 ) satisfying

s—p 2(s —p)
1+ ——<3$§ — —_—,
+ 2 = < 4 p<2+s—p
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where we note that § > % holds. Since

20
n+2’

q—p<
there exists € = ¢(a, n) > 0 such that
20 — 2¢

‘H’<m ¢-11)

is true. Moreover, there exists so € (¢, p + ) such that (4.9) is true for all

s € [so, p+ m) with

n+2 —a

200 2¢e
n+2—a n+2-—o

s—p=

Hence, by (4.11), we obtain

2<s—p> 2472 2o -2
2 _ 2a—2c 2 _ =4q—P
+s 2+n+2a n+ &

which means, we can choose § and s such that (4.10) and s > %1 holds. With this
choice in (4.9), we can apply Young’s inequality and obtain

/ |Du|*dz
Qr] (z0)

1 s c X
<= |Du| dz+—5 |Du|Pdz
20,0 (r2 =11)P \J 0r(z0)

c 14+552
(ry —rpf 20K
for some exponent x depending on n, p, g, and «. Lemma 2.1 allows to absorb the
term involving the L*-norm of Du from the left-hand side into the right and yields
that

’

/ |Du|*dz < ¢ (MZO’R)X
0 g (z0)

for some s € [sg, p+ ). But this implies already the claim of the Lemma for
p=2

Now we consider the case p < 2, where

n+2 —a

q <p+— 4.12)

holds. Lemma 2.3 and 4.1 imply the following estimate

sup / [t (1], 1) *dx + / [t [V (Dw)]*dz
Bp] (x0) Qpl (Z())

2
te(to—py,10)

|h|* q ¢ 2
<c——5 I+ [Dupfdz+ ——— |th,i[u]|"dz
(P2 = P1)” J 0, z0) (p2 = p1) quﬂz (z0)
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and dividing the last inequality by |k|? leads to
sup / | AnilulC, )P dx +/ | AnilV(Dw)]*dz
te(to—p?,to) ¥ Bpy (x0) 0, (20)
|h|ot72

S —5
(02 = P1)* J0,, o)
C

(14 |Dul)?dz

|Api[u]*dz. (4.13)

+ -
(02 = PD? J 0 1y 40y (20
2
Since p < 2 holds, we do not know, whether Du € L%OC(SZT) is satisfied or not.

Thus, we want to absorb the quadratic term on the right-hand side and proceed in
a similar way as in [23,27]. To this end, we estimate with Holder’s inequality

2
/ [Ap,ilull”dz
0 py+pp (z0)
2
pn+2)—2n (n+2)(2—p)

=/ [Apilull™ 2 |Apilull 2
Qlezrpz(Zo)

2

P
/ [Ap,i[u]|?dz
Qszrpz (z0)

IA

Q—p)n
2p

n+2
/ | A [ul|P*5 dz
Q/J142rp2 (z0)

Next, we use Lemma 2.4 to estimate the second term, where we note that (p; +
02)/2 + |h| < (p1 + 302)/4 holds, and get

/ |Ap,i[ull*dz
0 P1tP2 (z0)
lihdu)
p(n+2)—2n

2p
<c / |Du|Pdz
sz(Z())

(2—p)n
Py v
/ PR Dull? + — Ay L)) dz
Qpl+3pz (z0) (102 - pl)
2—p
2
sup / | Api[ul(-, 1)[*dx . (4.14)
te(to—ﬂzz,to) By, (x0)
Lemma 2.3 implies
Q-pp

Al Dull” < el AplV(DWIIP (1Dux + hei, P + [Dute, )
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which leads to
Q@—pn
p 2p
)
/ P18k DUl + — Ay L))z
0 py 1305 (20) (p2 — p1)
s
)4 2-p
2 2
<c (/ pé’lAh,imDu)]Fdz) (/ (1+ |Du|>”dz)
Qp2 Qp2
Q—p)n
pP 2p
+ —2 |Du|?dz
(02 = PD? J 0, o)
2—p
14
<c (/ PfIAh,i[V(Du)]IZdZ)(/ (I+ IDul)de)
[ 0,
@-pn
" s
4 — |Dul|P dz
(02 = P1)? J0,, )
Q@—p)*n
1 4p
<ol — (1 + [Du|P)dz
(02 =P1)? J0,, o)
@-pn
V4 4

P
: / P31 A4 [V (Du)]*dz + —2p |Du|Pdz
0, (20) (02 = P1)? J0,, o)

Combining the last estimate with (4.14), yields

C
3 |Apilull*dz
(p2 — p1) 0 py+p; (20)
2
4 4=Q=p)n
1 =2-pn 1 4
< (———— — (1 + |Dul)?dz
(o2 — p1) (p2 — p1)P 0p, (20)
2—p
2
sup / | Api[u] (-, )P dx
te(ty—p3,19) ¥ Bpy (x0)
Q=pin
oy ‘
: / P%|Ah,i[V(DM)]|2+—p|Du|de
0, (z0) (o2 — p1)
4 4—Q2—p)n
1 P —2n 1 p(n+2)—2n
Sc(—z) — (1 + |Dul)?
(o2 = p1) (02 = P17 J0,,z0)
1 1
+3  sup / |Apilu]C, 1) Pdx + 5 / |Api [V (Duw)]|dz,
1€(to—p3,10)  Bo (0) 0, (20)



Existence of weak solutions of parabolic systems with p, g-growth 107

where we used Young’s inequality with4/(p(n+2)—2n),2/(2—p)and4/(2—p)n.
If we insert this in (4.13) and use Lemma 2.1 to absorb the last two terms on the
right-hand side, we get

sup / |Api [, )]?dx + / |Ap [V (Du)]|*dz
IE(to—plz,I()) Bpl (x0) Qpl (z0)
|h|a—2

<e— (1+ |Dul)?dz
(02 = P1)* J0,, o)

4—Q2—p)n

1 m Pt2)—2n
te (—2) / (1+ | Dul)?dz ,
(02 = p1) 0, (20)

or respectively

sup / th.i (], 1) *dx + / |t.i[V (Du)])*dz
By, (x0)

te(to—pi 1) 0y, (z0)
|h|*

<c——— (1+ |Dul|)?dz
(02 = D= J0,, zo)

4—Q2—p)n

o 1 A L Y
telhl® | ———5 / (1 + | Du|)? dz .
(p2 = p1) 0., (0)

On the one hand, the last inequality implies

sup / |t [u] (-, 1)) >dx
By, (x0)

1€(to—pi.10)
|h|*

<e—1 (1+ |Dul)?dz
(02 = D= Jo,, o)

4—Q2—p)n

. 1 e PU+D-2n
e\ o2 / (1+|Dul)?dz . (4.15)
(02 = p1) 0, (20)

on the other hand, if we additionally use Lemma 2.3, we obtain

/ |Tn,i[Du]|’ dz
Qp (20)

<c [ mvOwIl (1Dut + hei. 0 + Dutr.F)
Qpl (z0)

Q-p)p
4

2—p

P
2 2
<c / [T [V (Du)])>dz / |Du|? dz
0p, (0) 01, (20)

2—p

2
p 1
st ([ paraz) | [ ipupta:
0, (20) (02 = P1)" Jo,, o)
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p
4—Q2—p)n 17

1 m p+2)—2n
+ (—) / (14 |Du|)Pdz
Q,02 (zo0)

(p2 — p1)?
(4.16)

If we choose 71, 7 > 0 with % <r <r< plt‘i, Lemma 2.6, (4.15) and

(4.16) imply
u e L*® (to — r22, 10; W“’Z(B,2 (x0), RN)) forall u € (O, %)

{u € LV (to —r3, to; WP (By, (x0), RY)) forall 6 € (0, §).

Moreover, Lemma 2.5, cgmbiged with the estimates (4.15) and (4.16), ensures the
existence of a constants 8 = B(p, u,0,«,s) > 0and c = c(n, p,q, v, L,s) such

that
/ |Du|*dz
er (z0)
VA
c 2 2-p
< ~(/ |Du|qu+Mzo,R+Nzo,R) (Mzo,R+Nzo,R) 2
(ra —r)P \J o, o
s=p

2
- / |Dulfdz + Mag g + Noy
01y 20)
S 27

2
c
/ |Du|qu+Mzo,R + Nyo.r (Mzo,R +Nzo,R)
QrQ(ZO)

B (ry — )P

=

N‘

s
2 2y
2

. 2p
«_ ¢ / |Du|?dz | (Mz.r + Neo.r)
Q"Z(ZO)

T (- )P
4.17)

s+2—p

+ (Mzo,R + NZO,R)

holds for all s with
n
(s —p) (1—M+§) <0p,

where M, g and N, g are defined in (4.5) and (4.6). Using the maximal range for
the variables € and ., we can conclude that the last estimate holds for all

ap
s<p+n+2_a.

Since
ap op

< - 4 —7

a p+n+2 <p+n+2—a

2 _) For § > 3 > 1, where § will

by assumption, we can choose s € (¢, p + ;75—
be chosen later, we estimate (4.17) in the following way
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2-p

/ |Du|*dz
er (z0)
3

C s s
<— |Du|s|Du|?”5dz My r+ Ny Rr) 2
(rp =P (/Qrz(zo) (M w®)

s+2—p

+ (Mzo,R + Nzo,R)

ls 5—1

32 52
c s q8=s
< — / |Dul| dz / |Du| 5T dz
(2 =P \Jo,, 0 0r, (z0)

s+2—p

2—p
(Mg + Nyg.g) 2 + (Mepr +Negr) 2 - (4.18)

As in the case p > 2, we want to absorb the term involving the L®-norm of Du on
the right-hand side. Therefore, we have to choose § and s in such a way that

s q—s
— <1 and < 4.19
ZT R @19
holds, but this is equivalent to
2.5 and 5< L,
2 q-—r

If we choose § = ;:Z, we only need to find s € (¢, p + ;75—5) satisfying
s

where we note that § > % holds. Since

q_p<n+2’

there exists ¢ = €(«, n, p) > 0 such that

ap — 2¢

_ 4.20
n+2—c¢ ( )

q—pP<

is true. Moreover, there exists so € (g, p + fzp_a) such that (4.18) is true for all
s € [s0, p + ;4—) with

n+
op &p
> — .
S_n~|—2—oc+p n+2—a«a
Hence, by (4.20), we obtain
ap—pe _ _
2s pZ ap,:ﬁ_a _ 200 — 2¢ - pa —2¢ — g
N ot n+2—¢ n+2-—c¢
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which means, we can choose § and s such that (4.19) and § > 5 holds. With this
choice, (4.18) turns into

/ |Du|*dz
01, (20)
1 s 4 7
< |Dul’dz + ———— (Mzy.g + Nz.r)”
01, (20) ry —rp)P
for some exponent x depending only on n, p, g and «. Lemma 2.1 gives

/ |Dul*dz < ¢ (Mzy.g + Nz.r)"
0 g (z0)

for some s € [so, p + ). This finishes the proof of the Lemma. O

ap
n+2—o

5. Proof of Theorem 1.2

In this section we complete the proof of Theorem 1.2. Therefore, we regularize
the functional and obtain variational solutions ug, which also solve the associated
parabolic system. Lemma 4.2 guarantees an LlOC -bound for the spatial gradient of
ug. In the limit ¢ | 0, this property can be transferred to the variational solution u
and hence it also a weak solution.

Proof of Theorem 1.2. The procedure will be the same as in Sect.7 of [4], so we
will only give a sketch of the proof.
Step 1: For ¢ € (0, 1] we define

fé‘(x5tv ;) = f(x’t9 é‘) +8|C|q

For every fixed ¢, d; f satisfies a standard g-growth condition and we obtain a
unique weak solution

ue € L4(0, 7; wh4(Q,RY)) n C°([0, T1, L*(2, RY))
to the parabolic Cauchy—Dirichlet problem

Oiue —divo; fe(x,t, Dug) =0 in Q7
U = 8 on dp 2.

Step 2: In the following we want to pass to the limit ¢ | 0. Since we perform the
same approximation schema as in Sect.3, we gain the energy bound (3.3). From
[10, Chapter I, Proposition 3.1] we conclude that

p(n+2) "
/ lute | dzsc/ (Iuel” 4 |Dug|?)d (sup /|ug( Dl dx)
Qr Qr 1€(0,T)

holds for a constant ¢ = ¢(c, p, ). Since g < p + % < p% holds, the

energy bound implies that u, is uniformly bounded in L7 (227, RY). Moreover, if
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we combine the energy bound (3.3) with Lemma 4.2, we infer that Du is uniformly
bounded in L;’OC(QT, RN This ensures the existence of a function

ueL?0,7; W@ RV)NL]

loc

(0, T; woi (@, RY)),

loc
with

loc

Dug — Du weakly in L{ (Qr, RN™).

loc

[ ug — u  weaklyin L (Qr,RN)

As in Sect. 3, we can only show that u € C,([0, T]; LZ(Q, RN)) holds, although
ug € CO([0, T1; L2(2, RN)) is true for every ¢ > 0.
Step 3: With help of [26, Theorem 6], we obtain

Ug —> U strongly in L*(Qr,RN) and L7(Qg, RY) for any Qo € Qr,
Du, — Du strongly in L? (Qo, RN7) for any Qo € Qr,
ug(-, 1) = u(-, t) strongly in L>(O, RY) for any © € Q and any 1 € (11, 1).

Step 4: The convergence results allow us to pass to the limit ¢ | 0 in the weak
formulation for u., which implies that u is also a weak solution to the Cauchy—
Dirichlet problem (1.2). The bounds of Lemma 4.2 can be transferred from u, to
u, which completes the proof. O
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