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Abstract. Let G be a finite group and d the degree of a complex irreducible character of G,

then write |G| = d(d + e) where e is a nonnegative integer. We prove that |G| < et — &3

whenever e > 1. This bound is best possible and improves on several earlier related results.

1. Introduction

Let d be the degree of a complex irreducible character of a finite group G. Since
d divides |G| and d% < |G|, one can write |G| = d(d + e) for some nonnegative
integer e. It is clear that the largest possible value of d is /|G| and d = /|G| if
and only if G is trivial.

The extremal situations where d is close to /|G| or equivalently e is small have
been studied considerably in the literature. In [1], Berkovich showed that e = 1 if
and only if G is either a cyclic group of order 2 or a 2-transitive Frobenius group.
Going further, Snyder [31] classified the finite groups with e = 2 or 3, and as a
consequence of his classification, |G| < 8 when ¢ = 2 and |G| < 54 when e = 3.
This naturally leads Snyder to the observation that |G| is bounded in terms of e
whenever e > 1 and, indeed, he managed to prove that |G| < ((2e))2.

Finding the best bound for |G| in terms of e has become a problem of interest in
many recent papers. Isaacs [16] was the first to improve Snyder’s factorial bound to
a polynomial one of the form Be® where B is a large enough constant. However his
proof relied on a result of Larsen et al. [19, Theorem 1.1] on bounding the largest
irreducible character degree in terms of smaller degrees in a simple group, which
in turn replied on the classification of finite simple groups. Later on, Durfee and
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Jensen [8] were able to obtain the bound of ¢ — ¢* without using the classification.
This bound was further improved to ¢* 4 ¢ by the second author in [20].
In [16], Isaacs pointed out that the group of 3 x 3 matrices of the form

I x vy
01 z],
0 0 ¢

where x, y, z,  are elements in a field of order ¢ and ¢ # 0, has order ¢3(g — 1)
and an irreducible character of degree g(q — 1). These groups show that the best
possible bound one can achieve is e* — ¢3 and, in fact, this bound holds when G
has a nontrivial abelian normal subgroup, as shown in [20, Theorem 1]. We note
that these groups had earlier appeared in [11, p. 383] in a slightly different context.

The aim of the present paper is to prove the optimal bound of ¢* — e for arbitrary
finite groups.

Theorem 1.1. Let |G| = d(d + e) where e > 1 and d is the degree of some
irreducible character of G. Then |G| < e* — &°.

In light of [20], to prove Theorem 1.1 it suffices to assume that G has a trivial
solvable radical. Indeed, we can do a bit more.

Theorem 1.2. Let |G| = d(d + e) where d is the degree of some irreducible
character of G. If G has a non-abelian minimal normal subgroup, then |G| <
4 3
et —e’.

Theorem 1.2 convinces us that those groups with |G| = e* — ¢ are necessarily

solvable. It would be interesting to confirm this, or to even classify them completely,
a task that seems nontrivial to us. In Sect. 7, we show that they must be the so-called
Gagola groups of specific type and present some of their examples.

Let F(G) and b(G) respectively denote the Fitting subgroup and the largest
degree of an irreducible character of G. An old (and still open) conjecture of
Gluck [12] asserts that |G : F(G)| < b(G)? whenever G is solvable. In a recent
extension of Gluck’s conjecture to arbitrary finite groups [6], it has been predicted
that |G : F(G)| < b(G)3. This means that, when G has a trivial solvable radical,
it is expected that |G| < b(G)?. In the course of proving Theorem 1.2, we in fact
prove that e > +/b(G) + 1, and this, on the other end, provides a lower bound for
|G| in terms of b(G) in those groups.

Theorem 1.3. Let G be a finite group with a non-abelian minimal normal subgroup.
Then

IG| > b(G) (b(G) +Vb(G) + 1) .

Theorem 1.3 is not true for non-solvable groups in general, as shown by the
non-solvable 2-transitive Frobenius groups (there are three of them, see [29, Propo-
sition 20.2]). We should also mention that we know of no finite groups G with a
non-abelian minimal normal subgroup such that |G| < 2b(G)2. In fact, we are able
to prove the following, which solves a weak form of a prediction of Isaacs raised
in [16], see Sect. 3 for a detailed discussion.
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Theorem 1.4. Let S be a finite non-abelian simple group. Then |S| > 2b(S)%.
Consequently, if |S| = d(d +e) where d is the degree of some irreducible character
of S then |S| < 2¢>.

We note that Theorem 1.4 implies Theorem 1.2 for simple groups and more
generally characteristically simple groups. Also, its proof makes use of recent
results [14, 19] on bounding the largest character degree in terms of smaller degrees
in finite simple groups, see Sect. 3.

Our proof of Theorem 1.2 is fundamentally different from those in [8,16,20]
and, as expected, relies on the classification of finite simple groups. Let N be a
non-abelian minimal normal subgroup of G and suppose that S is a simple direct
factor of N. The proof is divided in two main cases, according to whether or not S
is isomorphic to PSL>(gq).

The key to the proof in the case § 2 PSLy(g) is to show that S possesses
an irreducible character 6 extendible to Aut(S) of ‘very large’ degree, namely
6(1) > |S|?/8, see Theorem 2.1. This result helps us to reduce Theorem 1.2 to a
question on characteristically simple groups, which are then handled in Theorem 1.4
as mentioned above. We believe that Theorem 2.1 will have other applications in
problems involving characters of large degree. The case S = PSL,(q) turns out to
be surprisingly complicated and requires delicate treatment, and is done in Sects. 5
and 6.

2. Extendible characters of simple groups

In this section we will show that a non-abelian simple group § 2 PSL»(g) has
an irreducible character extendible to Aut(S) of very large degree. The following
theorem is a key tool toward the proof of Theorem 1.2 in the case S 22 PSLj(g).

Theorem 2.1. Let S be a non-abelian simple group not isomorphic to PSLa(q)
where q is a prime power. Then S has an irreducible character 6 extendible to
Aut(S) such that 6(1) > |S|3/8.

Remark. The exclusion of PSL,(g) in the theorem is necessary since [PSL2(g)| =
q(q> = 1)/(2,q — 1) and b(PSLa(q)) = g or g + 1 forq = 5.

In the study of Gluck’s conjecture [6] concerning the largest character degree
and the index of the Fitting subgroup in a finite group, the first author along with
J.P. Cossey, Z. Halasi, and A. Maréti have proved that every non-abelian simple
group S possesses an irreducible character extendible to Aut(S) with degree at least
|S|!/3. Unfortunately this bound is not enough for our current purpose. However, the
ideas in the proof of [6, Theorem 12] can be further developed to prove Theorem 2.1.

For the reader’s convenience and to prove Theorem 2.1 for the alternating
groups, we recall some combinatorics concerning partitions, Young diagrams, and
representation theory of the alternating and symmetric groups.

Let n be a positive integer. A finite sequence (A1, A2, ..., Ax) for some k such
that Ay > X > -+ > Arand A1 + A2 + - -- + A = n is said to be a partition of
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n. The Young diagram associated to X, denoted by Y;, is defined to be the finite
subset of N x N such that (i, j) € ¥ if and only if i < A;.

When two Young diagrams can be transformed into each other when reflected
about the line y = x, we say that the associated partitions are conjugate. The
partition conjugate to A is denoted by A. If A = A then Y;, is symmetric and we say
that X is self-conjugate. For each node (i, j) € Y,, we define the so-called hook
length h(i, j) to be the number of nodes that are directly above it, directly to the
right of it, or equal to it. That is,

h(i, j):=1+4xj+k —i— ]

It is well-known that there are bijective correspondences between the partitions of
n, the Young diagrams of cardinality n, and the irreducible complex characters of
S,.. Denote by x; or xy, the irreducible character of S, corresponding to A and Y.
The degree of y; is given by the hook-length formula of Frame et al. [10]:

n!
[Ti jyer, hG D)

The irreducible characters of A, can be obtained by restricting those of S, to
A,,. More explicitly, x» {a,= x5 {a, is irreducible of degree yx;, (1) if A is not
self-conjugate. Otherwise, x5 |a, splits into two different irreducible characters
of the same degree x;, (1)/2.

Define A(X) to be the set of nodes that can be added to Y, to obtain another
Young diagram of size n 4 1. It is known (see [19, §2] for instance) that

|A(W)| < V21 + 1.

0.1 = xy, (1) =

Similarly, define R(}) to be the set of nodes that can be removed from Y, to obtain
another Young diagram of size n — 1. We have

[R(V)| < v/2n.

The branching rule [17, §9.2] asserts that the restriction x;, |g, , of i to S,_1
is a sum of irreducible characters xy,\(q, )} as (i, j) runs over all nodes in R(});

and the induction X;? "1 of x; to S, 1 is a sum of irreducible characters XY,U(G,)))
as (i, j) runs over all nodes in A(A).

Proof of Theorem 2.1. If S is one of 26 sporadic simple groups or the Tits group,
the proof is a case-by-case check from the Atlas [5]. For instance, if S = M1,—the
second Mathieu group—we can choose 6 to be the unique irreducible character
of degree 176 of S. If S is a simple group of Lie type in characteristic p and
S 2 PSLy(g) where ¢ is a prime power, we then realize that S has the so-called
Steinberg character Stg of degree Stg(1) = |S]|,, the p-part of the order of §.
Furthermore, Stg is extendible to Aut(S) (see [9] for instance). Now we can check
theinequality |S|, > |S |3/8 easily by consulting the list of families of simple groups
and their orders, see [5, p. xvi] for instance. As an example, when S = PSL,(gq)
with n > 3, we see that |S], = q”(”_l)/2 and it is easily checked that

IPSL,, (q) /8 < g3@*=D/8 < gn(n=17/2
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So for the rest of this proof we assume that S = A, is an alternating group
of degree n > 7. Note that A5 = PSL,(5) and A¢ = PSL,(9) are not in our
consideration. Let p(A,) be the largest degree of an irreducible character of A,
that can be extended to S,,. We aim to show that p(A,) > (n!/ 2)3/8 whenn > 7.

First the theorem can be checked directly by computer for small n, namely
n < 75. We describe here how it is done. A partition corresponding to a character of
S, of the largest degree is available in [25]. If this partition is not self-conjugate, then
the required character 6 can be chosen to be the character associated to this partition.
So let us assume that this partition is self-conjugate and let Y be the corresponding
Young diagram. We consider all the possible Young diagrams obtained from Y by
moving one node from one row to another. For all those Young diagrams the degrees
of the corresponding irreducible characters are computed and 6 can be chosen to
be the character of the largest degree among these characters.

Now we may assume that n > 75. In fact, we will prove by induction on
n > 75 that p(A,41) > (n 4+ 1)33p(A,) and this implies that p(A,) > (n!/2)%/3
immediately.

Let v be an irreducible character of A,, with n > 75 such that v is extendible
to S, and ¥ (1) = p(A,). Let x be an extension of 1/ to S, and let A and Y be
respectively the partition and the Young diagram associated to y . By the branching

rule, we have
XS)1+1 — Z XYU{(i,j)}'
@i,j)eA())

Assume that all the Young diagrams in {Y U {(Z, j)}|(i, j) € A()A)} are non-
symmetric. Then all the irreducible characters xyuy, j); where (i, j) € A(A) restrict
irreducibly to A, 11, and thus

xyuii, (D) < p(Angr).

We therefore deduce that

xS ) < JAM) o (Ansr).

Since |[A(A)| < +/2n + 1 and XS"+1(1) = (n + Dp(A,), it follows that (n +
Dp(A) < (V2n+ 1)p(A,+1), and hence

n+1
A, —p(A)).
p( +1)>m+1p( )

When n > 75, we can check that (n + 1)/(@ +1) > (n + 1)*/3. Therefore we
conclude that p(A,41) > (n + 1)3/8p(A,), as desired.

It remains to assume that there is a symmetric Young diagram of the form
Y U {(i, j) with (i, j) € A(L). Then there is exactly one such diagram and at
most ~/2n non-symmetric diagrams in {Y U {(i, j)}|(i, j) € A(A)}. Let Y’ be that
symmetric Young diagram and p be the corresponding partition. By the branching
rule, we have

Xy s,= Z XYN\{(G)}-
(i, j)ER(n)
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We distinguish two cases:

(1) All the Young diagrams of the form Y'\{(i, j)} where (i, j) € R(u) are non-
symmetric. Then the characters associated to these diagrams restrict irreducibly to
A, and thus their degrees are at most p(A,). As |R(n)| < +/2n + 2, we deduce
that

=" D xrgai(D < V21 +2pA).

(i, J)eR ()

‘We then have

m+DpA) =D xrugind)
(. ))EAG)
= xy/ (D) + > xvu, (D
(L ))EAG,YULG, )I£Y!
<V2n+20(An) + > xvugi. (D

(@, )eAM), YU, DAY’

Since xyuqi, ) (1) < p(Ant1) whenever Y U {(i, j)} # Y, it follows that

(n+ Dp(Ay) < V20 + 2p(Ay) + (AR = 1) p (Aps1)
< V2n+2p(Ay) +V2np (Ant1) -
Thus

o Aner) > n+1—+2n42
n+ m

Again, as n > 75 we now can easily deduce that p(A,1) > (n + 1)3/3p(A,).

(2) There is a symmetric Young diagram of the form Y'\{(i, j)} where (i, j) €
R(p). Let Y” be this symmetric Young diagram and v be the associated partition.
Then Y” is the only one symmetric diagram and there are at most /2n +2 — 1
non-symmetric diagrams in {Y"\{(i, j)}|(i, j) € R(u)}. So we have two symmet-
ric Young diagrams Y’ and Y” and Y” is obtained from Y’ by removing a node.
Therefore, if another node is removed from Y” to get a Young diagram (of size
n — 1), the resulting diagram cannot be symmetric. Therefore, by the branching
rule,

o (An) .

Xy (1) < ~2np (Au_1).
It follows that
X (D) < ~2np Au) + (V20 +2 = 1) p(Ay).
Therefore,

(n+ DpAn) = xy (1) + > xyugi. ()
(i, ))eAM), YU, )HI#Y’

< V2npAn-) + (V20 + 2= 1) p(An) + v 210(Ans).
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—3/8p(A,), we then have

n+2—J2n+2 2nn~3/3

Using the induction hypothesis that p(A,—1) < n

p (Ans1) > m o (An).
Now with n > 75 we can check that
n+2— \/Zn\—}—% 2nn=3/8 > (n+1)%/8,
and the proof is complete. O

3. Simple groups

In this section we prove Theorem 1.4, and then deduce Theorems 1.2 and 1.3 for
characteristically simple groups. This will be used in the proof for arbitrary groups.
We restate Theorem 1.4 here.

Theorem 3.1. Let S be a non-abelian simple group. Then |S| > 2b(S)?. Conse-
quently, if |S| = d(d + e) where d is the degree of some irreducible character of S
then |S| < 2¢2.

LetIrr(G) denote the set of irreducible character of G. Motivated by the problem
of improving Snyder’s bound, Isaacs [16] introduced and studied the invariant

2
2 yetin(s).x () <bis) X (D
b(S)?

for non-abelian simple groups S. He raised the question whether the largest char-
acter degree of S can be bounded in terms of smaller degrees in the sense that
&(S) > & for some universal constant ¢ > 0 and for all non-abelian simple groups
S. This was answered in the affirmative in [19] with the bounding constant ¢ taken
to be 2/(120,000!). We note that this rather small bound comes from the alternating
groups, see [19, Theorem 2.1 and Corollary 2.2] for more details.

To further improve the bound from Be® to ¢® + ¢*, Isaacs even predicted that
&(S) > 1 for every non-abelian simple group S. This was in fact confirmed in [19]
for the majority of simple classical groups, and for all simple exceptional groups of
Lie type as well as sporadic simple groups. Recently, Z. Halasi, C. Hannusch, and
the first author have confirmed that indeed £(A,;) > 1 for every n > 5, see [14].

One easily sees thatif (S) > 1thene > b(S) > d so that 2b(S)2 < |S] < 2¢2,
and Theorem 3.1 is proved for the simple group S. Furthermore, when S has a
unique irreducible character of the largest degree b(S), |S| > 2b(S)? is equivalent
to €(S) > 1. Therefore Theorem 3.1 can be viewed as a weak form of Isaacs’s
prediction.

To prove Theorem 3.1, we will use Lusztig’s classification of complex irre-
ducible characters of finite groups of Lie type (see [7, Chapter 13] and [4, §13.8])
and detailed structure of the centralizers of semisimple elements in finite classical
groups (see for instance [32, Section 3], [28, Section 2], and [3, Section 2]). We
first record two observations.

e(S) =
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o
Lemma 3.2. Let g > 2. Then [ [(1 — 1/¢) > 9/16.
i=2

Proof. This is [19, Lemma 4.1(ii)]. |

Let f € Fylt] be an irreducible monic polynomial. In what follows, we will
write f for the polynomial over I, [7] whose roots are {a~"|ais aroot of £}. Note
that if f = f then the deg(f) is necessarily even. Moreover, [26, Theorem 3]
gives a formula for the number of f satisfying f = £, which yields the following
lemma.

Lemma 3.3. Let Sy(d) be the number of irreducible monic polynomial over
of degree 2d satisfying f = f. Then S2(1) = $2(2) = $23) = 1; $2(4) = 2;
S$2(5) =3; 82(6) =5; $2(7) = 9; and Sp(d) > 16 ford > 8.

Proof. This is straightforward from [26, Theorem 3]. O

Proof of Theorem 3.1. Since the inequality €(S) > 1 has been established for all
the simple exceptional groups of Lie type, the sporadic simple groups, and the
alternating groups, it remains to prove the theorem for the simple classical groups.

Further, we note that we only need to consider those classical groups of Lie
type excluded from [19, Theorem 4.7]. That is, we must consider the simple groups
found in the following list:

SLa(2), Sp,, (2), 23,(2),
PSL,,(3) with5 <n <14, PSU,,(2) with7 <n < 14,

PSp,,,(3) or Q2,4+1(3) with 4 <n <17, PQ ,(3) with4 <n < 30,
PQ; (7), and PQ3 (S)with4 <n <6.

We will make use of some of the ideas used in [19], as well as the list of character
degrees of small rank groups of Lie type available on Liibeck’s website [22].

When the rank is at most 8 all the character degrees of the simply connected
group G of the same type as S in this list can be found from [22], and one can use
this to check that in fact |S| > 2b(G)? > 2b(S)?, which implies that e > b(S) and
hence |S| < 2¢2. So we assume that S is one of the groups listed above with n > 9
(and n > 10 for type A).

(1) First, let § be PSL,,(3), PSU,,(2), PSp,, (3), Q2,+1(3), PS22n 3), PQ§(7),
or Pan (5), with n as above, but larger than 8. Note that by Seitz [30, Theorem 2.1],

b(§) =b(G) = |G : Tly,

where ¢ is the size of the underlying field for S, G is the group of fixed points
for the simple simply connected algebraic group corresponding to S, and T is a
maximal torus of G of minimal order. The size of T is (¢ — 1)" (or (¢ — D" for
PSL, (g)) if S is of untwisted type, and can be found, for example, in [19, Table 1]
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if § is of twisted type. We may check directly using this bound for »(S) that in fact,
|S| > 2b(S)? for each group in this finite list. This shows that if S is one of

PSL,(3) with 5 < n < 14, PSU,(2) with 7 < n < 14,
PSp,,,(3) or Qo,41(3) with4d < n < 17, PQ3, (3) with4 < n < 30,
PQ(7), and PQ3 (5) with 4 < n <6,

then 2b(5)? < |S| < 2¢2.

(2) Now let S be one of the groups SL,(2), Sp,,(2), or 95(2), and assume
n > 10 in the first case and n > 9 in the latter two cases. Then $* = S is self-
dual and the center of the corresponding algebraic group is trivial. We make the
identification $* = S, and hence by Lusztig’s classification of complex irreducible
characters of finite groups of Lie type, Irr(S) is parametrized by pairs ((s), 6),
where (s) is a semisimple conjugacy class in § and 6 € Irr(Cg(s)) is a unipotent
character. Further, the character parametrized by ((s), ) has degree

[S: Cs(s)]20(1).

Notice that if there are at least two x € Irr(S) satisfying x (1) = b(S), then
certainly |S| > 2b(S)2, and hence |S| < 2¢2. Therefore, we may further assume
that there is a unique such x.

Notice that the centralizer of a semisimple element s of S is of the form

Cs(s)ZK x H x---x H,,

where each H; is of the form GLZ (2%), €; is + in the linear case and + for
the symplectic and orthogonal cases, K is trivial in the linear case, Sp,,,(2) in the
symplectic case, and in the orthogonal case, we may assume by the argument toward
the beginning of [19, Part (3) of Proof of Theorem 4.8] that K is .inm (2). (Indeed, by
Tiep and Zalesskii [32, Theorem 3.7], Cs(s) = K| x Hy X - - - X H, where each H; is
as described above, and K| has a normal subgroup isomorphic to inm (2) with either
trivial quotient or quotient isomorphic to GU;(2). Since Stg, in the latter case has
degree 2" (m~D+1 thereisnolossinassuming Cs(s) = K x Hy x Hy x - - -x H, with
K as stated.) Note that we use the notation GLk+ (29) := GLy(2%) and GL, (29 =
GUk(Zd). Further, > k;d; + m = n, and the K and H; are determine by the
elementary divisors of s acting on the natural module I} or JF%” for S. Namely,
if § = Sp,,(2) or inn(Z), a factor of H; = GLy, (29 corresponds to a pair
of monic polynomials g;(¢)g;(¢) in F[¢] with multiplicity k;, where g; # g;
are irreducible of degree d;. Moreover, H; = GUy, (ddi ) corresponds to a monic
irreducible f;(¢) # t — 1 with degree 2d; and multiplicity k;, where f = f In
these cases, K corresponds to the elementary divisor ¢+ — 1, with multiplicity 2m.
If § = SL,(2), each elementary divisor f;(¢) with degree d; and multiplicity k;
yields a factor H; = GLy, (2%).

Let x € Irr(S) satisfying x (1) = b(S) be parametrized by ((s), 6). Then by
Larsen et al. [19, Theorem 1.2], & must be the Steinberg character Stc(s) of Cs(s).
Recall that the Steinberg character of GLzE (29) has degree 24"("*=1/2 the Steinberg
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character of Sp,,,(2) has degree 2’” and the Steinberg character of Q . (2) has
degree 2mm=1,

Moreover, by our assumption that y is the unique member of Irr(S) satisfying
x (1) = b(S), we see that it must be the case that every polynomial of a given degree
and type as described above must appear as an elementary divisor of s with the same
multiplicity. (Indeed, otherwise, we may find another semisimple element s’ € S
not conjugate to s with Cg(s) = Cg(s’), and hence the character parametrized by
((s"), Stcy(s7)) has degree b(S) as well.)

We will proceed using some estimates for the number of monic irreducible
polynomials of a given type as above.

Let S = 5, (2). We present the complete proof in this case and note that the
proof in the other two cases are similar, though less complicated.

(3) First, if no factors of the form GL,j; (2491 appears in Cg=(s), then we see

that x = St has degree 27n=1_ Otherwise, write Cs(s) = ng (2) x GLi'l 41y x
GL, Q%) x - x GLy (2% with r > 1. In this case,
=1+ dekeke—1)/2 — oIl (2% - 1)
=1
- ﬁ)Hezl (Hi:l (2ide — 62))
m(m—1)+i deke(ke—1)/2 (2™ 4+ B) 1‘[”._m+1 (221' _ 1)
=1
(2" + €) HE | (H (2!(1'/5 — E@))
om(m—1)+37_ deke(ke—1)/2 e+ B[ fE— (2 J— 1)

x(1)=2

22 ket D2 on ) [T, (Hz 1 (1 - (66/2”1()[))
1
<
- 2n — 1 22 b=t deke(he+1)/2
1 T+ l/2m 2m+n(n+l)—m(m+1)+m(m—1)+22:1d@kg(kg—l)/2
(3) (%)
16\ (1+1/2"\ o)
1—1/2n
Note that the bound remains true if m = 0, and that we have used Lemma 3.2 and
the fact thatn > 9.If 0 < r < 3, this calculation (together with the first observation

6 r om +1 2n(n+1)—m(m+1)+m(m—l)+zl=1d@kg(kg—l)/Z
5) )
6
1—1/2" on+3y deke(ke+1)/2
16 3 512 nin—1).
“\9 511
for the case r = 0) yields that
x(1) <9210,

SO W€ S€€

S| _ l 2 Q" —1) Hn 1 (221 _ 1) _i Q" =1 on(n—1) H?z—ll (1 _ 1/221')
x(M?\9 2n(n=1) T8l 2n(=1)
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e~ (1) (i) -

which is larger than 2 since n > 9. Hence we see that |S| > 2x (D)% = 2b(8)% if
r < 3. We may therefore assume that

and by Lemma 3.2,

Cs(s) = 25, 2) x GLY! (24) x GLE (2) x - x 6Ly (o)

with r > 4, and assume dik; > doky > - - > d k.

(4) Our strategy for the remainder of the proof is to consider semisimple ele-
ments ¢ € § and the characters v corresponding to (¢, Stcg(r)). We will show that
there are a sufficient number of such semisimple elements with ¥ (1)/x (1) large
enough to imply that €(S) > 1, and therefore that | S| < 262

Let § denote the set of all monic polynomials f # ¢t — 1 over [, which are
either irreducible satisfying f = f or of the form f = gg where g # g are
irreducible. For f € §, write ey = —1 if f is irreducible and ey = 1 if f = gg,
and write d 7 for the degree of f. Then given that « : § — Nis a function satisfying
n—m = % Zfes dsr(f)and erg(ef)”f =11, (e,-)f.‘, there exists a semisimple
t € § with corresponding multiplicities « (f) for the polynomials f as elementary
divisors, and hence

Cs(n = 25,2 x [] 6Ly, (zdf/2) .
fes

Now, notice that there are at least two pairs (i, j) with4 > i > j > 1 such
that d;k; + djk; is even. Moreover, these pairs satisfy d;k; + djk; > 4 since the
combination (dy¢, k¢) = (1, 1) can occur at most once. Also note thatif a factor of the
form GLzE (2kiditkjdjy appears in Cg(s), it must be that (k, k;d; +k;d;) = (k, dy)
or (kz, dp) and if GUy (2kidi+kjd;j)/2) appears, then (k;d; +kjd;)/2 € {dy, ..., ds}
(and correspondingly k € {ki, ..., ka}).

We consider four situations:

(i) GL; (2kidi+kjdjy is not a factor of Cs(s), in which case we will consider a
semisimple element ¢ € S with

Cs(0) = 94, @ x GL; (284hd) T oLy (2%).
Lefl,....,r)\{i,j}

(i) GLg (2kiditkjdjy i a factor of Cg(s), in which case we will consider a
semisimple element ¢ € S with

Cs() = Q5 (2) x GL{,, (2"1“’!‘ +k/'dj) x GL{! (2dz)
x GL; (zds) - x GLY (2dr)

where we write £ € {1,...,4} so that £ # i, j, or the index corresponding to
(k, kid; + kjdj).
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(iii) GUy (2kidi+kjdj)/2) is not a factor of Cg(s), in which case we consider a
semisimple element ¢ € S with

Cs(n =4 (2) x GU, (z(kfdf+kfd.f>/2) ~ [ oL (2‘1@).

(iv) GUy (2%idi+kjdj)/2) is a factor of Cy(s), in which case we consider a semi-
simple element ¢ € S with

Cs(t) = 28 (2) x GUiya (2("fdf+kfdf)/2) x GL{! (2df)

xGL{ (2%) -+ x 6Ly (27)

where we write £ € {1,...,4} so that £ # i, j, or the index corresponding to
(k, (kid; + k;dj)/2).

Note that for situations (iii) and (iv), it must be that efi ek.j = 1.Ineach situation,
we will let ¢ € Irr(S) correspond to (¢, Stcg(r)), and arrive at lower bounds for
%. Note that from the last paragraph of part (3) of the proof of [19, Theorem 4.8],
we have that in situation (i), ¥ (1)/x (1) > %. We use similar arguments in the
remaining situations.

Consider situation (ii). For simplicity in the calculation, rewrite (i, j) as (1, 2)
and write dy := dik; + drk>. Then

y() _ 20HEDRTTR (200 — (e)) [T, (2" — (") [Thmy (2 — )
x(1) 2dok(k—=1)/2+d1ki (ki =1)/2+d2ka (ka—1) /2 Hﬁg (2vdo — €v)

2d0k 1‘[{‘;1:1 (2vd1 _ (El)v) 1—[62:1 (2Ud2 _ (62)”)
2diki (ki=1)/2+d2ka (ko =1)/2 (Dkdo+do — ek+1)

Ly @ = @) [T, (2" ~ (@)")
2diki (ki —1)/2+d2rka (ko —1)/2+dp

. 2d|k|(k|+l)/2+d2k2(k2+l)/2 l_Llil:l (1 _ (Gl/zdl)v) HII?ZI (1 _ (ez/zdz)\})
2diki(ki—1)/2+drk> (ko —1)/2+dp

pdiki+dko—d ﬁ (1 _ (61/2”")”) ﬁ (1 _ (62/2d2)V)
v=1 1

V=

81
-(9/16)% = —
0/16) 320

VA LlE Ulh Uuls

by Lemma 3.2, since (d;, €;) # (1, 1) for any j. In the third line, we have also
used the fact that 2k+4 4 1 < §2kd0+d0 since certainly kd + d > 2.
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Now, consider situation (iii), and again for simplicity rewrite (i, j) as (1, 2) and
write do := d1ki + drky. Then

I//(l) B 2d0/2 . Hﬁlzl (2vd1 _ (61)”) H"?:l (zvdz _ (62)”)
x(1) — 2dikika=D/2+dka(ka=1/2 . (2do/2 1 1) (2d0 — 1)

k
202 L (2 = @) T, (2" — @)")

2do/2 4 1 2diki(k1—1)/2+4dzka (k2 —1)/2+do
81 2d/2
256 240/2 41
81 4 81

> L =

— 25 5 320
where the last inequality is since dyp > 4, and the second-to-last is by the same
argument as situation (ii).

Finally, consider situation (iv). As before, write (i, j) as (1,2), and

do := diky + dak>. We have

¥ (1)

x (1)
B 2do(k+2)(k+1)/4 HI;l:l(Zle —(e1)") H’lc)zzl (zvdz _ (éz)v) Hﬁ:l (2vd/2 _ (_1)V)
- 2dk(k—1)/A+d ki (k1 —1)/2+d2kz (k—1)/2 Hﬁﬁ (2ud0/2 _ (_l)v)

k k
B 2d0(k+2)(k+1)/4 . Hvl:l (2Ud1 _ (El)v) Hv2:1 (2de _ (62)‘))
- zdok(kfl)/4+d1k1(k]*])/2+d2k2(k27])/2 . (2d0(k+])/2 _ (_1)k+1)(2d0(k+2)/2 _ (_1)k+2)

>

Now, notice that one of k + 1 and k + 2 is even, so that

(Zdo(k+1)/2 _ (_1)k+1) (zdo(k+2)/2 _ (_1)k+2) < Yty 2+dok42 2
16

since do(k + 1)/2 and dy(k + 2)/2 are at least 4. Hence

v (16) DUV T (20— en”) [T, (27 — (@)")

x(1) ~ ﬁ 2dok(k—1)/4+d1ki (k1 —1)/24d2ka (ko —1)/2 . Ddo(k+1)/2+do(k+2)/2

(16) : Hﬁlzl (2" = (e1)") HI\?:I (2 — (22)")

17 2diki (ki—1)/2+d2kz (ka—1)/2+dy

16 81 81
g (17) (256) o

Hence, in each situation, we see that ¥ (1)/x (1) > 81/320. Now, let dy :=
dik; + djk; as above. Suppose that efi e;{.j = —1. Note that for every f € § which
is irreducible of degree 2d, we can identify a semisimple element ¢ as in situation
(i) or (ii) withe = —1. By Lemma 3.3, there are at least 16 such f aslongasdy > 8,
yielding at least 16 characters ¥ € Irr(S) satisfying ¥ (1)/x (1) > 81/320 when
dy > 8. Hence if dy > 8, we see that €(S) > 16(81/320)> > 1, and |S| < 2¢7.

Now suppose ef" e];j = —1. Define §4, C § to be the set of monic polynomials
of the form gg where g # g are irreducible of degree dy together with the monic
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irreducible polynomials f # t — 1 of degree dp such that f = f Notice that
if ngy, is the number of irreducible monic polynomials over [, of degree dy, then
|Sdy| = na,/2. Moreover, for each choice of | € §4,, we can identify a semisimple
element t € S as in one of the cases (i)—(iv), with ¢ = 1 in cases (i) and (ii).

This yields at least ng,/2 characters v satisfying ¥ (1)/x (1) > 81/320. Note
3.2%

that by Larsen et al. [19, (5.1)], if dy > 3, then ny, > o Then certainly
[Sao] = ’% > % as long as dp > 3, which is at least 12 if dy > 8.

So, if dyp > 8 for both choices of (i, j) (recall there must be at least two pairs
(i, j) withdy = d;k; +djk; even), then there are at least 24 characters v satisfying
v (1)/x (1) > 81/320, so that €(S) > 24 - (81/320)% > 1, and we see in this case
that | S| < 2¢2.

Finally, considering each possibility for GLZ_ 29y x GLZ_ (245 satisfying d; k; +
djkj = 4 or 6, we can use similar (but now more explicit) calculations to show that
in each case, €(S) > 1, completing the proof for inn 2).

We make a final remark about the proofs for Sp,,(2) and SL,(2). In either
case, calculations analogous to those in part (3) above yield similar results. The
remainder of the proof for Sp,,(2) follows directly from the calculations in part

(4) above for Qi (2), replacing Qf (2) with Sp,,,(2). The analogue to part (4)

2m
for SL,,(2) is similar, but requires only considering case (i) above, with € = 1,

together with the estimate for n4, since each elementary divisor of s yields a factor
GLy, (29 in this case. O

The next observation is useful in the proofs of the main results.

Lemma 3.4. Let N be a nontrivial proper normal subgroup of G. Assume that
b(G) < b(N)b(G/N). Then Theorem 1.2 is true for G. Furthermore, if |G| =

b(G)(b(G) +e) then e > 2/b(G).

Proof. Write |N| = b(N)(b(N)+e(N)),|G/N| =b(G/N)(b(G/N)+e(G/N)),
and recall that |G| = b(G)(b(G) + e). Then

b(G)(b(G) + €) = b(N)b(G/N)(b(N) + e(N)) (b(G/N) + e(G/N)).
As b(G) < b(N)b(G/N), we deduce that
e = e(N)e(G/N) + e(N)b(G/N) + b(N)e(G/N)
> e(N)b(G/N) + b(N)e(G/N)
> 2,/b(N)b(G/N)
> 2/b(G).

Note that, as both N and G/N are nontrivial, e(N) > 0 and e(G/N) > 0. We now

easily deduce that |G| < e* — €. |

Corollary 3.5. Theorems 1.2 and 1.3 are true for every finite group which is direct
product of non-abelian simple groups. In particular, they are true for all charac-
teristically simple groups.

Proof. This follows from Theorem 3.1 and Lemma 3.4. O
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4. The case S 2 PSL;(q)

With Theorem 2.1 in hand, we are now ready to prove the main results in the case
S 22 PSL,(gq). First, we recall the following lemma, which will be frequently used
from now on.

Lemmad4.1. Let N = S x --- X §, a direct product of copies of a non-abelian
simple group S, be a minimal normal subgroup of G. Assume that 0 € Irr(S) is
extendible to Aut(S). Then the product character ¥ := 6 x --- x 0 € Irr(N) is
extendible to G. Consequently, if x € Irr(G) is an extension of , then there is a
bijection f <> Bx between Irt(G/N) and the set of irreducible characters of G
lying above .

Proof. The first statement of the lemma is well known (see for instance
[2, Lemma 5] or [27, Lemma 1]). The second statement follows by Gallagher’s
theorem, see [15, Corollary 6.17]. O

Theorem 4.2. Let G be a finite group with a minimal normal subgroup N = § x

- X S, where S is a non-abelian simple group different from PSL;(q) for every
prime power q. Let |G| = b(G)(b(G)+e). Thene > /b(G)+ 1 and, in particular,
|G| < et — .

Proof. Let 6 be a character of S found in Theorem 2.1, i.e. 6 is extendible to
Aut(S) and 0(1) > |S>/8. Let := 6 x --- x 0 € Irr(N). Using Lemma 4.1, we
deduce that v is extended to a character x € Irr(G) and the mapping 8 — By is a
bijection between Irr(G/N) and the set of irreducible characters of G lying above
Y € Irr(N). This implies in particular that x (1)b(G/N) is a character degree of
G, and whence b(G) > x(1)b(G/N).

If b(G) = x(1)b(G/N), then b(G) < b(N)b(G/N) and we are done by
Lemma 3.4. So for the rest of the proof we assume that b(G) > x (1)b(G/N). This
means that the degree of any irreducible character of G lying above v is <b(G).
We therefore deduce that

b(Ge=|G|—b(G)Y*= > (x(HBI) = x(1)*|G/N|.

Belr(G/N)
Using the fact that x (1) = 0(1)* > |S>*/8 = |N|3/3, we then obtain
b(G)e > INP*IG/N| = |GI/IN|'*.

As the case G = N has been already handled in Corollary 3.5, we may assume
that |G/N| > 2. Also note that |G| > 2|N| > 5040 as 2520 is the size of
the smallest simple group not isomorphic to PSLy(g). We now easily see that
|G|/IN|'/* > |G]3/* + |G|'/2. This and the above inequality imply that

b(G)e > |G|/ + 1G|'/>.
Since b(G) < |G|'/?, it follows that
b(G)e > b(G)*'* + b(G),
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or equivalently
e>b(G)'?*+1.

This implies that b(G) < e — e, which in turn implies that
IG| = b(G)(B(G) + ¢) < (e2 - e) 2=t

and the theorem is completely proved. O

5. The case S = PSL;,(g) with ¢ even

Characters of the linear groups in dimension 2 are well known and we will use [33]
as the main source. In particular, we will follow the notation there.

According to [33, p. 8], when ¢ is even, SL2(g) = PSL2(g) has the following
irreducible characters

(i) 1sp,(g) of degree 1,

(i) StsL,(q) of degree g,
(i) xi, 1 <i <(q —2)/2,of degree g + 1, and
(iv) 6,1 <j<q/2, of degree g — 1.

Let ¢ = 2/ and ¢ the field automorphism of order f of SLy(g). Then, by
White [33, Lemma 4.8], the character x; € Irr(SL»(g)) is invariant under ¢* where
1 <k < fifandonly if Q2 =DI]i@F=1)or (27 = 1)]i (2K + 1); and the character
6; € Irr(SLa(q)) is invariant under ¢* if and only if (2/ + 1)j (2¥ — 1) or 2/ +
1)|j (2 +1). Using this, we can deduce that SL(2/) has a non-principal irreducible
character besides the Steinberg character that is extendible to Aut(SL, (2f ).

Lemma 5.1. The simple groups SL(q) withq > 8 even always have an irreducible
character 0 of degree g — 1 or q + 1 such that 6 is extendible to Aut(SL»(q)).

Proof. Assume that ¢ = 2/ with f > 3. From the above discussion, we observe
that when f is odd then 3|(2/ + 1) and Oori1y3 is invariant under ¢. On the other
hand, when f is even then 3127 —1) and X2/ —1)/3 1s Invariant under ¢. So in any
case, there is always an irreducible character 6 € Irr(SLa(g)) of degreeg—1org+1
such that 6 is invariant in Aut(SL»(g)). Note that Aut(SL>(2/)) = SL»(2/) x (¢).
Thus 6 is extendible to Aut(SL2(g)), as wanted. |

Lemma 5.2. Let N = PSLy(g) x --- x PSLa(q), a direct product of k copies of
the simple linear group PSL,(q), is a normal subgroup of G. Then

b(G) = min {IGI'2, (¢ + DHG/NI}.
Proof. Tt is clear that b(G) < |G|1/2, so it remains to show that b(G) < (g +

1)*|G/N|. But this is also clear since b(PSL»(g)) < ¢ + 1 for every prime power
q =8. O
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We are now ready to prove Theorems 1.2 and 1.3 in the case S = PSL,(g) with
q even. Since PSL;(4) = PSL,(5), we will assume that g > 8.

Theorem 5.3. Assume that N = PSLa(q) x --- x PSLa(q), a direct product of k
copies of PSLa(q) where g > 8 is even, is a minimal normal subgroup of a finite
group G. Let |G| = b(G)(b(G) + e). Then e > /b(G) + 1 and, in particular,
|G| < et — &3,

Proof. Let0 e Irr(SLy(g)) be an irreducible character of degree ¢ — 1 or ¢ + 1 such
that 6 is extendible to Aut(SL;(g)), as its existence is guaranteed by Lemma 5.1.
Using Lemma 4.1, we obtain a bijection § <> Bx between Irr(G/N) and the set
of irreducible characters of G lying above 6 x --- x 6 € Irr(N), where x is an
extension of 6 x --- x 6 t0 G.

Consider the case b(G) = x(1)b(G/N). We then have b(G) < b(N)b(G/N)
and as in the proof of Theorem 4.2, we are done by Lemma 3.4. So we can assume
that b(G) > x(1)b(G/N). In other words, all the irreducible characters of G lying
above 0 x --- x 0 € Irr(N) have degree smaller than b(G).

Repeat the above arguments for the Steinberg character Stsy,(4) in place of 0,
we also can assume that all irreducible characters of G lying above Stsr,(4) X - - - X
StsL,(q) € Irr(N) have degree smaller than b(G). Note that these characters are
of the form Bx; where B € Irr(G/N) and x; is an extension of Stgp,) X -+ X
StSLz(q) e Irr(N) to G.

The conclusions of the last two paragraphs imply that

b(G)e =1G-b@G > > (BOMW+BMEa)?)
Belr(G/N)

= (x*+aM?) 16/N]

= (@ = D* +¢%) 1G/NI.
It is straightforward to check that
(@ = D*+4™)1G/N = 16 + 1G]
if |G/N| > ¢*, and
(@ = D* +*)1G/NI = (q + D¥2IG/NP2 + (g + 1FIG/N|
if |G/N| < g*. Therefore, it follows from Lemma 5.2 that
(@ = D% +4%)1G/N| = G + b(G).

We finally deduce that 5(G)e > b(G)>/*>+b(G), and the desired inequality follows.
O
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6. The case S = PSL;(g) with ¢ odd

We now turn to the most complicated case, namely S = PSL,(g) with odd g. This
will be achieved in Theorems 6.1 and 6.3.

Theorem 6.1. Assume that N = PSLa(g) X --- x PSLy(q), a direct product of
k copies of PSLa(q) where ¢ > 5 is an odd prime power; is a minimal normal
subgroup of a finite group G such that |G/N| > g*. Let |G| = b(G)(b(G) + e).
Then e > /b(G) + 1 and, in particular, |G| < * — &>

Proof. Write N = S1 X --- X S where S; = PSLo(q) foreveryi =1,2,...,k.
As before, we apply Lemma 4.1 to have a bijective map 8 +— S x fromIrr(G/N) to
the set of irreducible characters of G lying above Stg, x Stg, x - - - x Stg, € Irr(N),
where x is an extension of Stg; x Stg, x --- x Stg, to G. The case b(G) =
x(Hb(G/N) = g*b(G/N) can be argued as before by using Lemma 3.4. So we
may assume that b(G) > ¢*b(G/N). Equivalently, every irreducible character of
G lying above Stg, x Stg, x --- x Stg, € Irr(N) has degree smaller than b(G). It
follows in particular that

b(G)e = |G| — b(G)* = ¢*|G/N]|. )]

LetM := Sy x---xSt.LetT :=Ng(M),so |G : T| = k. Furthermore M can
be considered as a subgroup of 7/C¢ (M), which in turn is isomorphic to a subgroup
of Aut(M) = Aut(PSL2(q)) ¢ Sk—1. Using [24, Lemma 1.3], we have that Stg, x
-+ x Stg, € Irr(M) is extendible to Aut(M ), and hence is extendible to T /Cg (M).
It follows that Stg, x - - - x Stg, € Irr(M) is extended to an irreducible character of
T whose kernel contains Cg(M). Now since S; € Cg (M), we conclude that the
character 15, x Stg, x --- x Stg, € Irr(N) is extendible to T'. Assume that x; is
an extension of 15, x Stg, x --- x Stg, to 7.

Observe that the stabilizer of 15, x Stg, x --- x Stg, normalizes M, and 15, x
Stg, x -+ x Stg, has exactly k conjugates under the action of G. Thus, T must be
the stabilizer of 15, x Stg, x --- x Stg, in G.

Now we apply Gallagher’s theorem to obtain a bijection §; — B x1 between
Irr(T'/N) and the set of irreducible characters of 7" lying above 15, x Stg, x -+ - X
Sts, € Irr(N). Moreover, by Clifford’s theorem, each irreducible character of T
lying above 1g, x Stg, x --- x Stg, € Irr(/N) induces irreducibly to G. Therefore,
the map B1 — (B1x1)C is a bijection between Irr(7/N) and the set of irreducible
characters of G lying above 15, x Stg, x --- x Stg, € Irr(N). We note that

Brx)® (1) =G : TIx1(DB1 (1) = kg" ' B1(1)
and
k"~ Bi(1) < kq"'b(T/N) < kg* TNV = k241G N2
If b(G) = kq"~'b(T/N) then it follows that

b(G)Y? + b(G) < K32 * V121G /NP /4 + k251G /N |2,
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Using the hypothesis |G/N| > ¢, one can easily check that
132g3 =012 1GNP /4 + KV2g5 G /N| V2 < g% IG/N)|
and therefore we have
b(G)? +b(G) < ¢*IG/N|.

This and (1) imply that 5(G)3/2 + b(G) < b(G)e. As in the proof of Theorem 4.2,
we deduce that |G| < ¢* — &> as required.

So from now on to the end of the proof we assume that b(G) > kg*='b(T/N).
In other words, the irreducible characters of G of the form (8 Xl)G where B; €
Irr(T/N) all have degree smaller than b(G). Recall from the second paragraph
that all irreducible characters of G lying above Stg, X - - - x Stg, also have degree
smaller than b(G). Therefore we obtain

bGez D> BAPx*+ D] ((ﬂ1X1)G(1))2

Belr(G/N) Biel(T/N)
= ¢*G/N| + K> VT /N|
= ¢*"|G/N| +kg**~V|G/N)|.

Using the hypothesis that |G/N| > ¢* and the fact that |[N| = |PSLa2(¢)|* <

g, we easily check that

¢*|G/N| > |G|*/*
and
kg**~V|G/N| > |G|'/>.

Therefore we deduce that b(G)e > |G|3/*+|G|'/2. Since b(G) < |G|/?, it follows
that b(G)e > b(G)>? + b(G) and the theorem follows as before. |

Unlike the groups in even characteristic, PSL2(g) with odd ¢ may have the
Steinberg character as the only one that is extendible to Aut(PSL>(g)). According
to White [33, p. 8], when ¢ is odd, PSL> (g ) has the following irreducible characters:

(i) 1psL,(q) of degree 1,

(ii) Stpsy,(q) of degree g,
@1ii) xi, 1 <i < (g —3)/2andi even, of degree g + 1,

(iv) 6j,1<j<(g—1)/2and jeven,of degree g — 1,

(v) & and & of degree (¢ + 1)/2, if g = 1(mod 4), and

(vi) np and ny of degree (¢ — 1)/2,if ¢ = —1(mod 4).

Let g = p/ where p is an odd prime. Let ¢ be the field automorphism of order

f of PSL2(g) and 6 be the diagonal automorphism of order 2 of PSL;(g). Then,
by White [33, Lemma 4.8], the character x; € Irr(PSL2(g)) is invariant under gok
where 1 < k < fif and only if (p/ — 1)|i(p* — 1) or (pf — 1)]i(p* + 1); and the
character 6; € Irr(PSL2(g)) is invariant under @~ ifand only if (p/ + 1)|j (p* — 1)
or (pf + DIj(p* + 1. Contrary to the even characteristic case, we now show
that PSL,(p7) has an irreducible character of degree ¢ — 1 whose stabilizer in
Aut(PSL>(q)) is PGL2(gq), which is as small as possible.
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Lemma 6.2. Let ¢ = p/ > 5 be an odd prime power and let 0 be defined as
above. Then

Stabaut(PSL, (¢)) (62) = PGL2(q).

Proof. We observe that (pf + 1)[2(p* — 1) or (p/ + D)|]2(pF + 1) if and only
if k = f. That means 6, € Irr(PSLa(g)) is not invariant under ¢* for every
1 <k < f.1Itis well known that every irreducible character of PSL>(g) of degree
g £ 1 is invariant under the diagonal automorphism §. Therefore

Stabaut(PSL, (¢)) (02) = PSLa(g) x (8) = PGL2(q),

as claimed. O

Theorem 6.3. Assume that N = PSL)(q) x - -+ x PSL2(q), a direct product of k
copies of PSLa(q) with g > 5, is a minimal normal subgroup of a finite group G
such that |G /N| < g*. Let |G| = b(G)(b(G) + ¢). Then e > /b(G) + 1 and, in

particular, |G| < e* — &3.

Proof. Arguing as in the proof of Theorem 6.1, we can assume that every irreducible
character of G lying above Stg, x Stg, x --- x Stg, € Irr(N) has degree smaller
than b(G).

By Lemma 6.2, we have StabaupsL, (¢)) (02) = PGL2(q). Let ¢y := 6> x - - - X
0, € Trr(N). Then we have Stabay vy () = PGL2(q):Sk. Set H := PGL;(¢)Sx.

Consider N as a subgroup of G/Cg (), which in turn can be considered as a
subgroup of Aut(XN). Then the stabilizer of ¥ in G/Cg(N) is HN G/Cg(N). Let
H be the preimage of HN G/Cg(N) in G. Then we have Stabg () = H.

Recall that PGL;(q) = PSL2(g) x (§) where § the diagonal automorphism of
degree 2 of PSL;(g). Therefore 6 is extendible to PGL>(g). Thus ¢ € Irr(N) is
extendible to H so that it is extendible to H N G/Cg(N) as well. We deduce that
¥ is extendible to H. Let x be an extension of ¥ to H.

The conclusions of the last two paragraphs, together with Gallagher’s theorem
and Clifford’s theorem, imply that 8 — (Bx)? is a bijection between Irr(H /N)
and the set of irreducible characters of G lying above v € Irr(N). Note that

B¢ (1) = Bx(DIG/H| = (g — D*B)IG/H|.

We come up with two cases:

Case b(G) = (¢ — D*b(H/N)|G/H|: Then we have b(G) < (¢ — 1)!G/N|.
Recall that every irreducible character of G lying above Stg, x Stg, X --- x Stg, €
Irr(N) has degree smaller than b(G). Therefore b(G)e > ¢**|G/N|. This and the
inequality b(G) < (¢ — 1)!G/N]|, together with the hypothesis that |G/N| < g¥
imply that b(G)e > b(G)*/?> + b(G), and we are done as before.

Case b(G) > (q — 1)kb(H/N)|G/H|: Then every irreducible character of G
of the form (8x)¢ where 8 € Irr(H/N) has degree smaller than b(G). Therefore

2
b(Ge =g IG/NI+ Y. (B0OD)
Beltr(H/N)
=q*|G/N| + (g — D**|H/N||G/H|?
> ¢*|G/N| + (¢ — D*|G/N]I.
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Using |G/N| < ¢*, we can check that
q*|G/N|+ (g = D*|G/N| > (g + D**|G/NP? + (¢ + DMIG/N|.
It follows from Lemma 5.2 that
q*|G/N|+ (¢ — D*|G/N| > b(G)** + b(G).

This and the above inequality b(G)e > ¢**|G/N| + (g — 1)*|G/N| imply that
b(G)e > b(G)*? + b(G), which in turn implies that b(G) < e2 — e and the
theorem follows. O

Theorems 1.2 and 1.3 now are consequences of Theorems 4.2, 5.3, 6.1, and 6.3.

7. Groups with |G| = ¢* — &3
In this section, we characterize those groups that satisfy the condition |G| = ¢* —¢>.
To do this, we need to introduce another class of groups.

An irreducible character x of a finite group G is said to be a Gagola character
if it vanishes on all but two conjugacy classes of G. Groups with such a character
have been studied in great depth by Gagola [11]. In particular, if G has a Gagola
character, then G has a unique minimal normal subgroup N, which is necessarily
elementary abelian. Furthermore, x vanishes on all the elements in G\ N and that
x 1is the unique irreducible character of G whose kernel does not contain N. In
this situation, for simplicity we will say that G is a Gagola group and (G, N) is a
Gagola pair.

The following lemma shows the connection between groups in consideration
and Gagola groups.

Lemma 7.1. (i) Let G be a finite group with a nontrivial abelian normal sub-
group, and let |G| = d(d + e) where d is a character degree of G and e > 1
is an integer. If d > ¢> — e then G has a Gagola character x € Irr(G) of
degree d.

(ii) Let (G, N) be a Gagola pair with the associated Gagola character of degree
d. Let p be the only prime divisor of |N| and P a Sylow p-subgroup of G.
Then |P : N| = €% andd = e(IN| — 1).

Proof. See [18, Corollary 1.4], [31, Theorem 4.1], and [20, Lemmas 2.1 and 2.2].
O

We can now characterize the groups G with |G| = e* — 3.
Theorem 7.2. Let G be a finite group, and let |G| = d(d + e) whered > 1l is a
character degree of G and e > 1 is an integer. Then |G| = ¢* — &> if and only if G

has a Gagola character of degree d and a unique minimal normal subgroup N of
order e.



544 N. N. Hung et al.

Proof. Suppose first that G has a Gagola character of degree d and the unique
minimal normal subgroup N with |[N| = e. Let p be the unique prime divisor
of [N| and let P be a Sylow p-subgroup of G. By Lemma 7.1(ii), we know that
e = |P : N|. Furthermore, from Lemma 2.1 and Corollary 2.3 of [11], we have
|G : P| = |N| — 1. Therefore,

|G| =|G : P||P: N|IN| = (N|—D|P: N||N| = (e — 1)e?e = ¢* — &°.

Conversely, suppose that |G| = e* — ¢>. In view of Theorem 1.2, G must

have a nontrivial solvable radical. In particular, G has a nontrivial abelian normal
subgroup. Theorem 1.1 of [20] then implies that

dfez—e.

Ifd < ¢? — e, then
|Gl =d(d+e) < (ez—e) ((ez—e)—i—e) =(ez—e)e2=e4—e3:|G|,

which is a contradiction. Thus, we must have d = e> — e. We then apply
Lemma 7.1(i) to see that G has a Gagola character of degree d, and hence has
a unique minimal normal subgroup. Let N be the unique minimal normal subgroup
of G. Applying Lemma 7.1(ii), we deduce that d = e(|N| — 1). Since d = 2 —e,
it follows that e(e — 1) = e(|N| — 1), and we easily computes that |N| = e. |

The groups mentioned in the introduction are not the only Gagola groups in the
consideration of Theorem 7.2. Let us describe here another family of such groups,
which appeared in [13, p. 409] in a different context. These groups have normal
Sylow p-subgroups, where p the the prime divisor of |N|.

Let [F be a field of order ¢ where g is a power of some prime p. Take

1 a b
K = 0 1 c¢)|:ab,celF; deF*
0 0 d

Let G := Gal(IF/IF,) be the Galois group for IF over the subfield IF, of order p. We
define an action G on K as follows: if o € G, then o acts on a typical element of
K by acting on each of the entries of K. Let

1 a b
P .= 0O 1 c)la,b,celFy,
0 0 1
and
1 0 O
L = 0 1 0)|deF*
0 0 d

It is not difficult to see that P is an ultraspecial group of order ¢> and L is a
cyclic group of order ¢ — 1. Notice that P and L are invariant under the action
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of G. Furthermore, the semi-direct product of G acting on L is isomorphic to the
affine group on F. Let I be the semi-direct product of G acting on K. (We note
that Z(P)LG is isomorphic to the affine semi-linear group on F, which has been
discussed on [23, p. 38].)

Suppose D = N H*is atwo-transitive Frobenius group of Dickson type of order
p"(p" — 1), where N is the Frobenius kernel and H* is the Frobenius complement.
It is well-known that H* can be embedded in the affine group of F and that N H*
is isomorphic to a subgroup of the semi-linear affine group of F. Thus, H* is
isomorphic to H € LG C I" and N H is isomorphic to Z(P)H. We set G := PH,
and it is not difficult to see that G is a Gagola group with the desired properties.

A family of non- p-closed examples can be found in [21, Theorem 3.3] for every
prime p. These groups were constructed as subgroups of index p of the group I'
defined above when ¢ = p?. Two other non-p-closed examples can be found in
[11, pp. 383-384]. The first of these has a subgroup S of order 12 obtained by taking
a cyclic group of order 4 acting on a group of order 3 by inverting the nontrivial
elements and then having S act on the direct product of two cyclic groups of order
4. The second one has a subgroup 7" which is the direct product of a cyclic group of
order 4 and the semi-direct product of a cyclic group of order 9 acting nontrivially
on the quaternion group of order 8. The desired group is then obtained by having
T act on the direct product of two cyclic groups of order 9. We refer the interested
reader to [11] for detailed constructions of these groups.

It seems nontrivial to us to obtain a complete classification of those groups
that satisfy the extremal condition |G| = e* — ¢3. It is likely that these groups are
necessarily solvable, but we are not able to confirm it at this time.
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