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Abstract. Let (M, gg) be a compact Riemann surface with boundary and with negative
Euler characteristic. Let £(x) be a strictly negative smooth function on M and denote by
o (x) the value of f in the interior and ¢ (x) the value of f on the boundary. By studying
the evolution of curvatures on M, we prove that there exist a constant Ao and a conformal
metric goo such that Asoo (x) and Aoo¢(x) can be realized as the Gaussian curvature and
boundary geodesic curvature of g respectively.

1. Introduction

Let M be a closed Riemann surface with Riemannian metric gg. Given a smooth
function f on M, is it possible to find a metric g which is pointwise conformal
to go, i.e. g = e¢**go, such that f can be realized as the Gaussian curvature of g?
This prescribing Gaussian curvature problem is equivalent to solving the following
equation

— Mgt + Ko = fe*, ue C®(M), (1.1)

where Ag; and K are, respectively, the Laplace—Beltrami operator and Gaussian
curvature of go. The solvability of the Eq. (1.1) depends on the sign of Euler
characteristic x (M) of M. When x (M) > 0, i.e., M is the sphere, the problem
is called Nirenberg’s problem which has been extensively studied by Morser [14,
15], Kazdan—Warner [13], Chang—Yang [8,9] and many others; when x (M) = 0,
the problem was completed solved by Berger [3] and Kazdan—Warner [13]; when
X (M) < 0, this problem was studied by Chen-Li [10] and Kazdan—Warner [13].
Particularly, Kazdan—Warner, by using the method of upper and lower solutions,
showed in [13] the result below

Theorem 1.1. Assume that f < 0 and f # O, then the Eq. (1.1) possesses a
solution.
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Later on, Ho [12] partially recovered this result by using the curvature flow intro-
duced by Struwe [17]. Baird—Fardoun—Regbaoui [2] extended this result to sign-
changing functions by studying an abstract gradient flow.

A natural analogue of prescribing Gaussian curvature problem for Riemann
surface with boundary is as follows. Let M be a compact Riemann surface with
boundary with metric go. Assume that f(x) is a smooth function on M and denote
by o (x) the value of f in the interior and ¢ (x) the value of f on the boundary. It is
natural to ask if it is possible to find a metric g which is pointwise conformal to gg
such that o (x) and ¢(x) can be realized as the Gaussian curvature and boundary
geodesic curvature of g, respectively. This problem is equivalent to solving the
following boundary value problem

—Apu+ Ko =0 (x)e*, inM,
H gl + Ko = 0 (x) 12

ﬁu+/<o=§(x)e”, on oM,

where ko and 9/91n, are geodesic curvature and out normal derivative of go, re-
spectively.

In this paper, we partially generalize Theorem 1.1 to problem (1.2) through
studying the evolution of curvatures on M. The main result of the paper is stated
as the following

Theorem 1.2. Suppose that f (x) < 0ando (x) and { (x) are defined as before, then
there exist a constant hoo and a conformal metric goo such that h.ooo (x) and hoo (x)
can be realized as the Gaussian curvature and boundary geodesic curvature of goo
respectively, i.e., Eq. (1.2), with o (x) and ¢(x) replaced respectively by A0 (x)
and Ao ¢ (x), has a solution.

2. The flow equation and long time existence

2.1. The flow equation and its energy

Let M be a compact Riemann surface with boundary with background metric go
and the Euler characteristic x (M) < 0. Assume that f is a strictly negative smooth

function on M and o (x) and ¢ (x) are defined the same as above. Also, without loss
of generality, we may assume

/ o(x)dAg, +/ 20(x) dsgy = —2m. (2.1)
M aM
Inspired by Brendle’s work [4], we consider the following evolution equation

3 2 i
[ 5= 709 (K —ho(x))g, in M, (2.2)

9
&= %(K —AZ(x))g, ondM,
with the initial condition

8(0) = go,
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where K and « are, respectively, Gaussian curvature and boundary geodesic cur-
vature of g, and A is a constant defined in (2.7). If we write g = ¢>“g, then the
evolution Eq. (2.2) implies that the evolution equation for u is given by

u _ K :

aa—’;——g(x)—k, inM, 23)
u __ K .
W—m—)\, OnaM,

with the initial condition
u(-,0)=0.

Moreover, K and « can be formulated by

K =e¢ U (8?7’;0 + K()) , on oM, 2.4)

[ K = e 2 (=Agu + Ko), in M,

Notice that (1.2) can be viewed, differing by a constant, as Euler-Lagrange
equation of the following energy functional

1
Elu] =/ ~|Vul3, + Kou dAg, +/ Ko dsg, (2.5)
M2 M
with the constraint

L(u) := / o(x)e* dAg, + / 20(x)e" dsgy = —21. (2.6)
M oM

The constraint (2.6) above reminds us that we should keep L unchanged along
the flow (2.2). That is

dL d 2u u
P Mo(x)e dAg + . 28 (x)e" dsg,

= 2/ o(x)u; dAg +2/ C(x)uy dsg
M oM

2|:k(/ o(x) dAg+/ Z(x) dsg) - (/ KdAg+/ deg)i|
M oM M oM
2|:k(/ o(x) dAg—l—/ Z(x) dsg) —271)((M):|

M oM
0

’

where we have used the Gauss—Bonnet formula in the second last equality above.
Hence, the natural choice of A will be

27 x (M)
A= .
o) dAg + [, ¢(x) dsg
From the choice of A and (2.1), it follows that L (#) () = L(u)(0) = L(0) = —2x.
Hence, u(t) satisfies the constraint (2.6) for all £ > 0.

An important characterization of the flow (2.2) is that the energy functional
E[u] is decay during the evolution. In fact, we have the following lemma

2.7)
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Lemma 2.1. For any smooth solution u(x, t) of (2. 3) there holds
dE[u]
dt

In particular, E[u] is decreasing.

Proof. Tt follows from (2.3), (2.4) and (2.7) that
dE[u]
dt

=/ (K — 1o (x))? dAg + —— (K — AL (x))? dsg.
M o (x)

é“()

= / <Vl/l, Vu,)go =+ KOM; dAgo +/ KolUy ngO
M M

ou
= / —Agouuy + Kou; dAg, +/ u; + kouy dsg,
oM 377go

K
- dA —— — )« d
/(“(x) ) +/aM(c(x> )K b
K
:/M(a(x) )(K ro(x)) dAg +/ (ﬁ‘l)(K—M(x))dsg
+)~|:27IX(M)—?»(/ G(x)dAg+/ ;(x)dsg)i|
M aM

:/ %(K Ao (x): dA, / %(K—M(x))zdsg.

Since o (x) and ¢ (x) are negative, E[u] is decreasing. |

2.2. Long time existence of the flow

In order to bound the conformal factor u, as a initial step, one may need to show
that the normalized coefficient A(¢) keeps bounded during the evolution. This is the
following lemma

Lemma 2.2. There exist two positive constants A and Ay such that
Al S A1) < Ao

Proof. Since o (x) and ¢ (x) are negative, it follows that

/a(x) dAg~|—/ ;(x)dsgz/ o(x) dAg+2/ ¢(x) dsg.
M oM M oM
and

2(/ o(x) dAg+/ {(x)dsg) 5/ o(x) dAg+2/ C(x) dsg.
M oM M oM

Since u(t) satisfies the constraint (2.6), we obtain
—27 5/ o(x)dA, +/ ¢(x)dsg < —m. 2.8)
M oM

Combining (2.7) and (2.8), one can obtain
A= —x (M) < A(1) < =2x(M) = A,
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The following lemma allows us to choose the background metric go with the
Gauss curvature Ko < 0 and geodesic curvature «y < 0. This fact will simplify
our argument later.

Lemma 2.3. There exists a metric g, in the conformal class of the metric gy such
that the Gauss curvature K, and geodesic curvature k. of g keep the same sign.

Proof. Consider the following boundary value problem

— _ 2nx(M) .
[ AT 29
W o .
Tneg = Ko + T ©On M.
Since
2 x (M 2o x (M
[ koD [ 0
M A(go) M L(g0)
the Eq. (2.9) has a solution u. Now, define g = €24+ g(. Then
2 M
K, = 67214 (—Agou + KO) = 72“M
A(go)
and
0 2 M
Ky =e " (— " +Ko) = ef”nx—().
877g0 L(go)
O

Since x (M) < 0, we may assume that Ko < 0 and k9 < 0 by the two
equalities above. Otherwise, we let g, be the initial metric of evolution Eq. (2.2). If
this evolution equation has a limit metric g, = Mg, then go = 2ot g
will be our desired metric. Using this fact and Lemma 2.2, we are able to show that
the conformal factor u is uniformly bounded.

Lemma 2.4. There exists a positive constant C independent of time t such that
llu(@) oo = C.

Proof. From (2.3) and (2.4), it follows that the conformal factor u will satisfy

|_,—u_du 1 (2.10)
U = € By + w()e Yo — A, on M.

1 ,-2 _2 .
[u,: eI MA80”+a(x) YKo— A, inM,

Firstly, we show that u is uniformly bounded from above. To see this, let x” €
M be a point where the function u attains its maximum. Assume that u(x’) is
sufficiently large. Then we consider the following two cases.

(i) x* € M. Using maximum principle and the fact that o (x) < 0, we have
(—56_2'4 Agou) (x’) < 0. Since A > 0 by Lemma 2.2 and u(x") is sufficiently
large by our assumption, it follows that (1e=2“K() (x') — A < 0. Hence, the first
equation in (2.10) implies that 5+ 8” (x’) < 0.
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(ii) x’ € dM. It follows from maximum principle and the fact that £(x) < 0

that (%e‘“ 8‘?7—") (x") < 0. The same reason as in (i) yields (%e_MK()) (x)—A <0.
80

Then the second equation in (2.10) implies that %—?(x’ ) < 0.

Therefore, the time derivative of u at the maximum point where u is sufficiently
large is negative and hence the maximum of # must be uniformly bounded from
above.

Next, we show that u is also uniformly bounded from below. Let x* € M be a
point where the function u attains its minimum. Suppose that u(x*) is sufficiently
negative. Similarly, we split the argument into two cases.

(a) x* € M. Using maximum principle and the fact that o (x) < 0, we have
(—Le 2 Agyu) (x*) = 0. Since A is bounded by Lemma 2.2, Ko < 0 and u(x*) is
sufficiently negative by our assumption, it follows that (%e‘zu KO) x)y—x>0.
Hence, the first equation in (2.10) implies that %—”t‘(x*) > 0.

(b)x* € dM . It follows from maximum principle and ¢ (x) < Othat (%e‘“ 3?7’;0 )
(x*) > 0. From the boundedness of 1, k9 < 0 and sufficiently negative u(x*), it
follows tha (%e_”xo) (x*) — A > 0. Then the second equation in (2.10) implies
that 3% (x*) > 0.

Therefore, the time derivative of u at the minimum point where u is sufficiently
negative is positive and hence the minimum of # must be uniformly bounded from
below. O

Next step, we need to bound all higher derivatives of the conformal factor u. To
do so, we will show that the curvatures are bounded in L? for all p > 2. For this
purpose, deriving the curvatures evolution equations seems necessary which is the
following lemma.

Lemma 2.5.
K K .
K, = —aAg(t)(m) —2K (555 —»), in M,
— K K
Kt—m(m)—lc(m—)\.), on oM.
Proof. From (2.4) and (2.3), it follows that
K; = —2e 2 (= Agyu + Ko)u; — e Agyu,
= —Ag(t)u, — 2lelt

=—-A K 2K K A
- sofi) ()

and
i ou,
Ky = —e (- + Kko)u; +e
Mgy g,
314,
= — KUy
8778[

() (@)
—(— ) —«[——1).
Ing, \ ¢ (x) ¢(x)

where we have used the relations: Ag = e "2 A, and 3/dn, = ¢ "3/dng,. O
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Now, observing (2.3), we may rewrite K and « as

[ K =03 +1)
k= c G+

Hence, by setting

LY 2.11)
T '
we then have the following relation
- % in M. 2.12)
= m, on oM

By using (2.12), it is easy to obtain the evolution equation for /.

Lemma 2.6. The function h satisfies the following evolution equation

[ hy = —lﬁ?mh —2h(h— ), inM,
]’l;= mmh—h(k—k), on oM

Proof. In view of Lemma 2.5 and (2.12), it is just a routine calculation. We omit
the detail. ]

Since o (x) and ¢ (x) are smooth functions, it suffices to bound % in L? instead
of bounding K and « in L? in view of (2.12). The next lemma shows that 7 belongs
to L2(M, g) N L*(dM, g) fort € [0, T] with T < oo.

Lemma 2.7. For any fixed T < oo, the function h is bounded in L>*(M, g) N
L%(dM, g) fort € [0, T].

Proof. From Lemma 2.1 and (2.12), we have

d

—E[u]:/ o(x)(h—k)szg+/ c)(h— ) dsg.  (2.13)
dt M aM

Since the conformal factor u is bounded by Lemma 2.4, it follows from the energy
functional formula (2.5) that

Elu] > —C. (2.14)

Hence, by integrating (2.13) and using (2.14) and the fact that o(x) < 0 and
Z(x) < 0, we have

T
/ (/ —o(x)(h — 1)? dA, +/ —Z(x)(h — ) dsg)dt <C.
0 M oM

From Lemma 2.2, it follows that

T
/ (/ —o(x)h* dA, +/ —(x)h? dsg)dt <C. (2.15)
0 M M
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For simplicity, we set
Fp(1) =/ —o (x)|h|P dAg—i—/ —¢(x)|h|P ds,.
M oM
Then, by Lemma 2.6 and (2.3), we have
d
—F,(t) = p/ —o(xX)|h|P"2hh, dA, +2/ —o(x)|h|Pu; dA,
dt M M

+P/ —¢ () |h1P~2hh, dsg+/ =) |h|Pu; dsyg

oM oM
1
= —o ()P 2h] — —— A h —2h(h — V)] dA

p/IW [ O'(x) 8 ] 8

+p/ el ] as
oM ¢(x) ong ¢

+2/ —a(xX)|h|P(h — 1) dA, +/ —C@)|h|P(h — A) dsg
M oM

= _p/ (V(Ih|P™2h), Vh), d A,

M

+2(1 — p)/ —a(X)|h|P(h — 1) dA,

M

1 —p)/ —L(OIRIP(h = 1) dsg
oM

4(p—1
< _w/ V|| %2 dAg—}—C(/ |h|? dAg+/ |k dsg)
p M M oM

+C(/ |h|PH! dAg+/ |h|PT! dsg), (2.16)
M oM

for p > 2. Using the Gagliardo—Nirenberg inequality (see [1], p. 60), we obtain

1
/ IhPdA, < c(/ |h|9 dAg)(/ IV|h| 22 dAg)
M M M
nd
1—a=t
/ InPthdA, < c(/ |h|4 dsg)(/ IV|h| 22 dAg) "
oM oM M

Plugging the two inequalities above into (2.16) and applying Young’s inequality,
we have

d
S < —c/ |V|h|5|2dAg+c(/ |h|? dAg—i-/ Ih|? dsg)
dt M M M

=t =t
+c(/ | dAg)q +C(/ | dsg)q
M oM

< CFp(t) + CF (1)@, @.17)

g—1

a
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forallg < p <2q.Now, set p =g = 2in (2.17). Then
d 2
EFz(f) < CF (1) + CF(1)",
which implies that

j—tlog(Fz(t) +1)<CF(()+C. (2.18)

From (2.15), it follows that

t
/ F(t)dt <C,
0

fort € [0, T]. Hence, by integrating (2.18) with respect to ¢ and using the estimate
above, we obtain

() < C, (2.19)

fort € [0, T]. Since o (x) and ¢ (x) are bounded functions, it follows that

/ h? dAg +/ h? dsg < CFy(1) < C.
M oM

This proves the assertion. O

With the help of Lemma 2.7, we are able to show that the function /4 is bounded
in L? forall p > 2.

Lemma 2.8. The function h is bounded in LP (M, g) N LP(0M, g) fort € [0, T].

Proof. Ttsuffices to prove that the function 4 is bounded in LY (M, 9)NLY (0M, g)
for all integers n > 1. To see this, we only need to show that F»» () is bounded for
alln > 1.
When n = 1, it follows from (2.19) that F,(¢) is bounded for ¢ € [0, T].
Now, assume that F,« () isbounded for¢ € [0, T']. By setting p = 2k+1 q= 2k
in (2.17) and applying the induction assumption, we obtain

Skt

d panng
EFZHI(I) < CFu11(t) + CFo (1) -1
< CFu+1(t) + C,

which implies that F,e+1(¢) is bounded. Hence, by mathematical induction, Fo (¢)
is bounded for all n > 1. O

Lemma 2.9. The function %u is bounded in LP (M, g)NLP(0M, g) forall p > 2
andt € [0, T]. Moreover, the function u is bounded in Wz’p(M, go)ﬂWI’p(aM, £0)
forallp>2andt € [0, T].
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Proof. From (2.3) and (2.12), it follows that

a
—u=h-—Xx.
ot

Hence, by Lemma 2.8, the function %u is bounded in L”(M, g) N LP(0M, g) for

all p > 2 and ¢ € [0, T]. Moreover, we have by (2.4) and (2.12)

Oy = e'c(x)h — ko on oM

—Agu = e*o(x)h — Ko in M,
gy

Hence, it follows from Lemma 2.8 that

ad
/ [Agyul” dAgy < C and / |8 ul? dsg, < C.
M am 07

Now, from Lemma 2.4 and the estimate (A.1), it follows that u is bounded in
W2P(M, go) N WhP(dM, go) forall p > 2andt € [0, T]. O

At this point, we are able to show that all higher order derivatives of function u
are bounded forr € [0, T'].

Lemma 2.10. The function u is bounded in C* (M x[0, T, go)NC*(dM x[0, T1, go)
forallk > 0.

Proof. We firstly show the interior regularity of the function u. For this, we will
follow the idea in [7, Proposition 3.8]. Hence, it suffices to show that for some
0 < s < 1, there exists a constant C(7T') > 0 such that

lu(x1, 1) — u(x2, )| < C(T)((11 — 1) + d(x1, x2)°).

forall xy,xp € Mandallt{,tp € [0, T]with0 < t; — 1, < 1.
Lets =1 —2/p, where p > 2. Using Lemma 2.9, we have

/M |Agoul” dAg, < C(T)
and
9 P
/ ‘—u dAg < C(T)
M |0t

for all # € [0, T]. It follows from the first inequality above that

lu(x1, 1) —u(xz, )| < C(T)d(x1, x2)*
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forall x;, x» € M andt € [0, T]. Now, applying the second inequality above yields
|u('xa t]) - u(-x9 t2)|

<C@t — tz)_l/ lu(x, 11) —u(x, )| dAg,
B yi=r; (%)

<C@t — tz)_l/ u(t) — u(t2)| dAgy + C(T) (1 — )2
B j=r ()

9 s
<C sup '7”' dAg +C(T)(t — )2

n=<t<t /f;m(x)

s 8 s
<C(t1 —1)? sup (/ | —ul” dAgo)p + C(T)(11 — )2
M

n<t<n ot
< C(T)(t1 — 1)2.

Therefore, we can now apply the standard regularity theory for parabolic equations
(see [11, Theorem 5], on p. 64) to obtain that u is bounded in Ck(M x [0, T, go)
forall k > 0.

Next, we show the boundary regularity of the function u. It follows from Lem-
mas 2.4 and 2.9 and the interior regularity we just proved above that u is bounded
in L¥(M x [0, T]), in C®(M x [0, T]) N Wh-*(@M x [0, T]). Hence, we can
apply the recurrence estimate for the linear equation from Lemma A.2 to obtain
that u is bounded in C¥(dM x [0, T'], go) for all k > 0. O

Notice that we may follow the proof of [5, Theorem 2.5] to get the local existence
of our flow. Then, using Lemma 2.10, we immediately obtain

Corollary 2.11. The evolution Eq. (2.2) has a unique smooth solution on [0, 00).

3. Existence of conformal metrics

In this section, we devote ourselves to proving the Theorem 1.2. To do so, we need
the following L? convergence of the curvatures.

Lemma 3.1.
/ —o(x)(h — A)? dAg +/ —¢(x)(h — ) dsg — 0, ast — oo.
M oM
Proof. For abbreviation, we set
y(t) = / —o(x)(h —1)? dA, +/ —¢(x)(h — 1)? dsg.
M oM

Then by Lemma 2.6, (2.7) and a direct computation, we obtain
d _ 2 a2 EYY
y#) <=2 [ |Vh|"dA,+C (h—A)"dAg + (h—A)"dsg
dt M M aM

+C(/ (h— )3 dA, +/ (h—2)° dsg)
M M
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Using the Gagliardo-Nirenberg inequality as before, we obtain

%
/ lh — A dAg §C(/ (h — 1)? dAg)(/ |Vh|2dAg)
M M M
d
%
/ lh— A dAg gc(/ (h — 2)? dsg)(/ |Vh|2dAg) )
oM M M

Here, the constant C can be chosen independent of ¢, since the conformal factor u
is uniformly bounded by Lemma 2.4. From this and Young’s inequality, it follows
that

an

2
%y(r) < c( / —o () (h— 1) dAg + / —£@)(h = 1) dsg)
M oM

+c(/ —o(x)(h —A)? dAg +/ c(x)(h — )% dsg).
M oM

Hence, the function y(#) satisfies

d
Y0 = Cy(1)? + Cy(1). 3.1)

By (2.13) and (2.14), we have

/ y()dt <C.
0

This implies that there exists a sequence ¢t; — oo as j — oo such that
lim y(z;) — 0.
Jj—>00

Observing that (3.1) is equivalent to the following differential inequality

d
7;1ogy@® + 1) = Cy@).

Integrating this inequality with respective to ¢ from ¢; to t with ¢t > ¢; yields

o
() < (y(tj) + Dexp [C/ y(1) dz] —1.
L
Letting j — oo gives
lim y(z) = 0.
1—00
0

With the help of Lemma (3.1), we can show that u(¢) is uniformly bounded
in W22(M, go) N WH2(9M, go) for all t > 0. From this, the main theorem thus
follows.
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Proof of Theorem 1.2. By (2.4) and (2.12), we have

—Agyu = Ke* — Ko
=ox)(h — Ve + ro(x)e™ — Ko

in M and

u = ke — kg
dng,

= ¢(x)(h — e + 1 (x)e — ko

on oM. From Lemmas 2.4 and 3.1, it follows that there exists a constant C inde-
pendent of 7 such that

3
/|Ag0u|2dAg0§Cand/ ‘ u
M am | 9ng,

From this and the estimate (A.1), we conclude that u(¢) is uniformly bounded
in W2’2(M, go) N W1’2(8M, go) for all + > 0. Hence, there exists a function
Uso € W2'2(M, go)N Wl’z(aM, go) such that, up to a subsequence (¢;) j, we have

2
dsg, < C.

u(t;) = uoo, weakly in W22(M, go) N Wh2(dM, go),
u(tj) — Uueso, strongly in C°(M, go) N C(OM, go) for 0 <5 < 1.

It follows from Lemma 3.1 that u, weakly solves the following equation

Luoo + Ko = Aol (x)e"e, on oM.

—Agoltoo + Ko = hooo (x)e24> | in M
g

The standard regularity theory implies that uso is smooth since o (x) and ¢ (x) are
smooth. Hence, if welet goo = gtoo 80, then under the metric g0, the Gaussian cur-
vature Ko (x) = A0 (x) and the boundary geodesic curvature koo (X) = Axol(X).
This completes the proof of Theorem 1.2. O

A. Appendix

In this appendix, we will provide some estimates which are needed in the proof of
long time existence and convergence of the flow. We will firstly borrow the idea in
[4, Lemma 2.1] and [5, Lemma 3.2] to show the following result. In fact, the result
below is a generalization of [5, Lemma 3.2] where only harmonica functions were
considered.

Proposition A.1. Let (M, go) be a compact Riemannian manifold with boundary.
Also let ¢ be a smooth function on M. Then we have the following estimate

IVOllLr@m.g < Cll OllLr@m,gp) + CllIAgPIILr (M, g0)- (A.D)

Mgy
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Proof. Firstly, we will give a proof of (A.1) for the model problem on the half
space {x, > 0}. Hence, let (x/, x,) = (x1, .. xn 1, X») be the coordinate of the

half space. For abbreviation, we set o (x) := Zl P q) and B(x') = 3 ¢(x/ ,0).

Taking the Fourier transformation in the first n — 1 variables, we obtam
L&, xn) = [EPGE %) = &€, xa) inx, > 0,
-P(E, 0) = B(&) on x, = 0.

This is an second order linear ordinary differential equation with respect to x;
whose solution is given by

P&, xn)
l o
— —&l|xp—ynl
= 2|§|/0 e e, x,) dyp

1 o 1
- —&1Cen+yn) 5 " d n —1&lxn g
A &8, o) dy + e A

Therefore, it follows from the expression above that

[ g ig
Vian $(£,0) = Tl e (&, xn) dyn + |s|,3($)
where V., = (%, e m). Using Mikhlin’s theorm (see [16], p. 109), we

conclude that

/ [Vian ¢(x/’0)|p dx’'
{xn=0}

< C(/ lae(x’, x)|P dx'dx, +/ B(x’, 0)|” dx/).
{xn>0} {xn=0}

n
_ c( /
{x, >0}

p
—p(x, O)‘ dx’).

ad
dx’dxn + /
{xn=0} 8x"

92
Z 8x2¢(x \ Xn)

From this, it follows that

/ Vo (x', 007 dx’
(5=0)

= C(/ |Vian ¢(x,’ 0)|” dx’ +/
{xn=0} {xn=0}

n p
dx'dx, +/
{x,=0}

82
=C ( / —¢ (', x)
(x>0} ; ox} !
Hence, the estimate (A.1) holds for the half space. Next, using the standard unitary
partition argument and the estimate above, we conclude that (A.1) holds on M. O

¢(x

)

¢(x 0)‘ dx)

0x,

0xy,

Next, we will prove a recurrence estimate for a linear evolution equation. The
proof of this estimate is basically the same as [6, Lemma 3.2]. For simplicity, all
norms below are considered with respective to the metric gg.



Evolution of curvatures on a surface with boundary

167

Lemma A.2. Let y (x) be a strictly negative smooth function on M. Let ¢ be a

solution of the linear evolution equation

D= —y@)e XAgpp+ fi inM
go=y@e g9+ fr  ondM
80

with the initial data
¢(,0)=0.

Suppose that u is bounded. Then we have the estimate

Hollwi2mxio,ry + NPllwi2@mxio, )
< C(IAllzzamxpo.ry + 2N 2@mxio.rn)-
Proof. Notice that

¢ dp ¢
(/ / AVIEN dA dt — / /M a7 877g(t) dsgdt)

=—2/ /8—(Vg0¢)-Vg0¢)dAgOdt
0 Jm ot

T 8 )

—/ / E|vg0¢| d Agydt
0 M

—/ [Veod|* dAg, <0.
M t=T

From this it follows that

T
(/ /M y(x)( ) dAgdt"'/ /—y(x)(Ag(t)¢)2dAgdt)

(A2)

(A3)

A L o) e [ [ v (i) o)

5/ / <W§¢— —V(X)Ag(t)¢) dAgdt
//(v—y( 3t¢+ Y(x g(z) ) dsgdt

= 2dA,d // 2 ds,d
/O/M—y(x)(f” ) M—y<x)(f2) sl

Since u and y (x) are bounded, it follows from the estimate above that

T 3 \? T
([ [, (o) anwtis [ [ oo angar)

T 9 2 T 9 2
A [ Gie) amars [ ], (o) aomr)

T T
< C( / / (fi)? dAgydt + / / (f2)? dsgodt).
0 M 0 M
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Using the estimate A.1, we obtain

T 8 2 T
(/ / (—¢) dAgodt+/ /(Ago¢)2 dAgOdt)
o Ju \ot 0o Ju
T 8 2 T
+(/ / (—¢) dsgodt+/ / |Vg0¢|2dsg0dt)
o Jom \ 0t o Jom

T T
< C(/ / (f1)2 dAg,dt +/ / (f2)2 dsgodt). (A4)
0 M 0 M
Moreover

jt(/ ¢* dAg, +/ ¢* dsgo) _2/ ¢¢dAgo+2/ ¢¢dsg0
(ot o) () e () )

Therefore

T o 8 2 o a 2
/qbszgo—i—/ ¢2dsg0§ef/ e—’(/ (—‘7’) dAg0+/ (—"5) dsgo)dt.
M M 0 M\ 0t am \ 01

Integrating the inequality above with respect to ¢ and using (A.4), we obtain

/ /¢ dAgOdl+/ / ¢* dsgdt
[ L) e L2
sc( /O [ 2 aagr+ /O [ dsgodt). (A5)

The assertion now follows from the estimate (A.4) and (A.5). a

Lemma A.3. Let ¢ be a solution of (A.2) and (A.3). Suppose that u is bounded in
LM x [0,T]), in C®°(M x [0, T]) N W-4@OM x [0, T) and in W™2(dM x
[0, T1). Then we have

Nollwm+i2mxpo0,7) + N@Hwmt12Gmx10,77)
< C(1Aillwmeaaxo.ry + P2 llwm2@mxo.rn)-

Proof. Assume that the assertion holds for m — 1. Observe that the function V4, ¢
satisfies the evolution equation

F(Vad) =~y (e Bgy (Vo) + i in M
2 (Vo) = =y (e ™5 (V@) + o ondM

with the initial data

V@ (-, 0) =0,
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where

F1 = Vo fi — €72 (27 (1) Vot — Vo7 (1)) Agyp

and

o=V fr—e (Y (x)Vgou — Vo v (X)) —.

gy
Using the Lemma A.2, Gagliado—Nirenberg inequality, Sobolev embedding theo-
rem and induction assumption, we obtain

I Veo@llwm2maxo.r + Veo @ lwm2@amxio.17)
=< C(||f1||wm—1,2(M><[0,T]) + ||f2||wm—1,2(aMx[o,T]))
= C[IIVe0 i = €2 (27 () Vggtt = Vo () Mgyl 2a1 10,7

+||Vg0f2 —e ()/()C)Vgou - Vgoy(x))

dllwm—120Mmx0.T ]
91 @Mx[0.T])

0
< C(||Ago¢||W’"—'=4(M><[O,T]) +lo—®llwn-14Gmx0,7))
Mgy
H Vo [1llwm-12(01%10.77) T ||Vgof2||Wm*"2(3MX[O.,T]))

1 0
< C( - Zu - - m—1, m,4& (o
<C(ll y(x)e (8t¢ fl) [lwm-14rx10.77) + Dl lwma@mxio. )

Hl fillwm2mxio,ry) + ||f2||w'"«2(aMx[o,T]))
< C(||¢||W"’v4(M><[0,T]) + llPllwna@mxio, T

Hl fillwm2mxpo,ry) + ||f2||wnu2(aMx[0,T]))
1 3
< C('|¢||€V’"’2(M><[0,T])||¢||3Vm+1’2(M><[0,T]) + ”fl”Wm‘z(MX[O,T])

1 1
+||¢||€V’"<2(3M><[O,T])||¢||5V’”+1*2(3MX[0,T]) + ||f2||WW‘-2(3Mx[O,T]))
1 3
< C((||f1||Wm,2(Mx[0,T]) + 1 f2llwm2@mxqo.ry) ||¢||évm+1~2(Mx[0,T])

1 1
+(| |f1 ||W’”*2(MX[O,T]) + ||f2||W”’v2(8Mx[0,T])) : ||¢| |‘%V’”+1’2(3M><[0,T])

Hlfillwmearxpo,ry + ||f2||wm,2(aMx[0,T]))

Using Lemma A.2 again, we conclude that
| |¢| |W’"+1’2(M><[0,T]) + | |¢| |W’"+1’2(8M><[0,T])

1 3
= C((||f1||w~u2(Mx[o,T]) + ||f2||wnu2(aMx[o,T]))4 ||¢||{44/m+1,2(MX[0!T])

1 1
+(| |f] ||Wm*2(M><[0,T]) + ||f2| |Wm‘2(8M><[0,T])) 2 ||¢| |€V”’+1*2(3M><[0,T])

H1fillwmaquaxior + 12l lwn2aario.rn)
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From Young’s inequality, it follows that
NPl lwm+120rx10,77) T 1@ wm+1.2mx10.77)
< C(IlAillwmeaaxpo.ry + 21l wm2@amxio.r)-
We thus complete the proof. O
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