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Abstract. The aim of this article is to classify the pairs (S, G), where S is a smooth minimal
surface of general type with py = 0 and K 2-7,Gisa subgroup of the automorphism
group of S and G is isomorphic to the group Z%. We show that there are only three possible
cases for such pairs. Two of them correspond to known examples, but the existence of the
third one remains an open problem. The Inoue surfaces with K 2 = 7, which are finite
Galois Z%—covers of the 4-nodal cubic surface, are the first examples of such pairs. More
recently, the author constructed a new family of such pairs. They are finite Galois Z%—covers
of certain 6-nodal Del Pezzo surfaces of degree one. We prove that the base of the Kuranishi
family of deformations of a surface in this family is smooth. We show that, in the Gieseker
moduli space of canonical models of surfaces of general type, the subset corresponding to
the surfaces in this family is an irreducible connected component, normal, unirational of
dimension 3.

1. Introduction

The first examples of surfaces of general type with p, = 0 were constructed in the
1930’s (cf. [9,20]). Since then, these surfaces have been studied by many mathe-
maticians, and more and more examples were constructed (cf. [1, Table 14,p. 304]
and the references given there). Nowadays, there is a long list of examples (cf. [2,
Table 1-3]). Minimal smooth surfaces of general type with p, = 0 have invariants
1 < K? < 9. Surprisingly, there are few examples of surfaces of general type with
pe =0and K 2 = 7. The first family of such surfaces was constructed by M. Inoue
(cf. [21]).

The bicanonical map plays an important role in the classification of surfaces of
general type with p, = 0.Itis shownin [25] and [26] that the bicanonical morphism
of a smooth minimal surface of general type with p, = 0 and K 2 = 7 has degree
1 or 2; and if the bicanonical morphism has degree 2, the surface has a genus 3
hyperelliptic fibration and the fibration has five double fibers and one reducible
fiber. Another important way to classify surfaces with p, = 0 is to study surfaces
with certain automorphisms (for example, cf. [8,22]). Involutions on surfaces of
general type with p, = 0 and K 2 = 7 are investigated in [24] and [29]. All the
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possibilities of the quotient surfaces and the fixed loci of the involutions are listed
in these articles.

Recently, the author constructed a new family of surfaces of general type with
pg =0and K 2 = 7 (cf. [16]). In this article, we illustrate the process which leads
to the discovery of these surfaces. We explain the main idea. From the results of [24]
and [29], we observe that, under the assumption of the existence of one involution,
it is still hard to construct new examples of surfaces of general type with p, = 0
and K% = 7 (cf. [16, Section 6]). So it is natural to try to classify such surfaces
with two distinct involutions. We restrict our attention to the situation where the
two involutions commute.

Theorem 1.1. Let S be a minimal smooth surface of general type with p, = 0 and
K% = 7. Assume that Aut(S) contains a subgroup G = {1, g1, g2, g3}, which is
isomorphic to Z%. Let R; be the divisorial part of the fixed locus of the involution g;
fori =1,2,3andletm: S — X := S/G be the quotient map. Then the canonical
divisor Kg is ample and Rl.2 = —1 fori = 1,2,3. Moreover, one of the following
cases holds:

(a) (KsR1, KsRy, KsR3) = (7,5,5); in this case, (R{ Ry, R{R3, R2R3) = (5,9,
7)or (9,5, 7) and w: S — X is a finite Galois Z%-cover of the 4-nodal cubic
surface as described in Example 3.1;

(b) (KsR1, KsRy, KsR3) = (5,5, 3), in this case, (R{R2, R{R3, RoR3) = (7, 5,
)or(7,1,5) and : S — X a finite Galois Z%—cover of a 6-nodal Del Pezzo
surface of degree one as described in Example 4.1;

(¢) (KsR1, KsRy, KsR3) = (5, 3, 1), in this case, (R1 Ry, R1R3, RyR3) = (1, 3,
1) and the surface X is a rational surface with K% = —1 and containing 8
nodes.

We adopt the convention KgR; > KgR> > KgRj3 in the theorem.

The surfaces in the case (a) are called Inoue surfaces. They were originally
constructed by Inoue [21] and they were described as Z%—covers of the 4-nodal
cubic surface in [25]. The bicanonical morphisms of Inoue surfaces have degree 2
(cf. [25, Example 4.1]). The surfaces in the case (b) were constructed by the author;
they are different from the Inoue surfaces because they have birational bicanonical
morphisms (cf. [16, Section 3—4]).

The proof of Theorem 1.1 is organized as follows. We describe the general
properties of the pair (S, G) in Sect. 2, showing in particular that Kg is ample
and that ¥ is rational in Proposition 2.7. Then we prove that there are only three
possible cases for (KsR1, KsR>, KgR3) in Theorem 2.9 and prove Theorem 1.1(c)
in Proposition 2.10. In Sects. 3 and 4, we study the two remaining cases in detail and
prove Theorem 1.1(a)—(b). In particular, Sect. 4.2 provides a detailed exposition of
the classification process which leads to the discovery of the surfaces in the case (b).
Here we explain the key strategy. Because the Picard number of the surface S is 3,
the four divisors Ks, Ry, Ry and Rj are linearly dependent in Pic(S)g. Combining
this fact, the algebraic index theorem and the adjunction formula, we could easily
analyze the configuration of the divisors Ry, Ry, R3 and determine the number of
nodes of the quotient surface ¥. When X is a Del Pezzo surface (the cases (a) and
(b)), we get a complete classification.
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However, we have difficulties when dealing with the case (c) because X is
no longer a Del Pezzo surface. We do not know any example for this case. We
can not exclude this case at the moment. Nevertheless, we remark that the minimal
resolution of the quotient surface S/ g3 is a numerical Campedelli surface containing
5 disjoint nodal curves (cf. Proposition 2.10(c)). In particular, S/g3 is of general
type. Note that for surfaces in Examples 3.1 and 4.1, all the intermediate quotient
surfaces have Kodaira dimensions at most 1 (cf. [24, Section 5], [16, Section 5-6]).
So it is worth finding pairs (S, G) in the case (c). We shall pursue this in the future.

The classification in Theorem 1.1 contributes to the study of the moduli of the
surfaces in the case (b). The notation M in the following theorem stands for
the Gieseker moduli space of canonical models of surfaces of general type with
x(O) =1and K% =7 (cf. [19]).

Theorem 1.2. Assume that (S, G) is a pair in the case (b) of Theorem 1.1. Then
the base of the Kuranishi family of deformations of S is smooth.

Inthe Gieseker moduli space M{%, the subset B corresponding to the surfaces
in the case (b) of Theorem 1.1 is an irreducible connected component, normal,

unirational of dimension 3.

We point out that similar statements for Inoue surfaces have been achieved in
[3]: The base of the Kuranishi family of deformations of an Inoue surface is smooth;
in the Gieseker moduli space, the Inoue surfaces form a 4-dimensional irreducible
connected component, normal and unirational. Theorem 1.2 is proved in Sect. 5.
The smoothness of the base of the Kuranishi family is obtained by calculating the
dimensions of the cohomology groups of the tangent sheaf of the surface S. And
the openness of B in M{% follows from this. We emphasize that the closedness
of B in M follows from the classification in Theorem 1.1.

Notation and conventions

We adopt the convention that the indices i € {1, 2, 3} should be understood as
residue classes modulo 3. Denote by g1, g2, g3 the nontrivial elements of the group
G = Z%. Denote by G* = {1, x1, x2, x3} the group of characters of G, where
xi(gi) = land x;(gi+1) = xi(gi+2) = —1 fori = 1,2,3. If G acts on a finite
dimensional linear space V over C, we denote by V" the G-invariant subspace of
V and by V% the eigenspace of V corresponding to the character ;.

Linear equivalence between divisors is denoted by =. Numerical equivalence

between divisors is denoted by " A —m-curve (m > 0) on a smooth projective
surface stands for a smooth rational curve with self intersection number —m. A
—2-curve is also called a nodal curve. We denote by ¢ (L) (respectively c{(D))
the first Chern class of an invertible sheaf £ (respectively a Cartier divisor D). The
rest of the notation is standard in algebraic geometry.

2. Commuting involutions on surfaces with p, =0

Let S be a smooth irreducible projective surface over C. A nontrivial automorphism
aon S iscalled an involution if @2 = Idg. We refer to [8, Section 3] for the properties
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of an involution on a surface. We follow the ideas and the techniques there to study
commuting involutions on a surface of general type with p, = 0 and K 2=7.

2.1. General case

To study the general case, we assume that S is a smooth minimal surface of general
type with p, = 0 and Aut(S) contains a subgroup G = {1, g1, g2, g3}, which is
isomorphic to Z%. Burniat surfaces are examples of such surfaces with2 < K 2<6
(cf. [7,28]).

Letm: § — X = §/G be the quotient map. We use Cartan’s lemma (see [14])
to analyze the local properties of the ramification locus and branch locus of 7.
More precisely, fori = 1, 2, 3, let R; be the divisorial part of the fixed locus of the
involution g; and let B; := w(R;). Cartan’s lemma implies that the divisors Ry, R»
and Rj3 satisfy the following properties:

(1) if R; is not 0, it is a disjoint union of irreducible smooth curves;
(i1) the divisor Ry + Ry + R3 is normal crossing.

For each i € {1,2,3}, if Ri11 N Ri42 # @, then the intersection points of R,
and R;4, are isolated fixed points of the involution g;. The image of these points
under 7 are smooth points of X. Besides the intersection points of R;4+ and R; 4,

the involution g; has /; pairs of isolated fixed points (p;j;, gij;) for j; = 1,...,1;.
The two points p;j, and g;;; of such a pair are permutated by g;+1 and g;4>. Their
images r;;; = mw(p;j;) = m(g;j;) are nodes of X. The nodes r;j; (j; =1,...,/; and

i = 1,2, 3) are the only singularities of X. In particular, ¥ is Gorenstein. We have
the following formula

Ks=7n*Ks + Ry + Ry + R3. 2.1

Remark 2.1. The discussion above also shows that the divisors B, B> and B3 are
contained in the smooth locus of X. Moreover, the statements (i) and (ii) still hold
if we replace R; by B; (cf. [13, Theorem 2]).

Proposition 2.2. Let S be a minimal smooth surface of general type with pg = 0.
Assume that Aut(S) contains a subgroup G = {1, g1, g2, g3}, which is isomorphic
to Z%. Then:

@ fori =1,2,3,2li+ Ri+1Ri+2 = KsR; +4,0 < KgR; < K_% and the integers
KsRi, Rit1Ri 42 and K§ are of the same parity;

(b) KOS, Os(2Ks)™ = L(K2+KsRy + KsRy+ KsR3)+ 1 andfori = 1,2,3,
hO(S, Os(2K )% = L(K2 + KsR; — KsRi1 — KsRi42);

(©) K% = 1(K2+R}+R3+R3)+6—1, —l,—I3 and the integer K3+ R} + R+ R?
is divisible by 4.

Proof. The discussion above shows that the number of the isolated fixed points
of the involution g; is 2/; + R;4+1R;4+2. By [8, Lemma 3.2andProposition 3.3(v)],
2li + Ri+1Ri+» = KsR; +4 < K§ + 4 and 2/; + R;+1R;+> has the same parity
of K3. This implies (a).
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Fix i. The invariant subspace of H 0(S, Og(2Ky)) for the action of gi has
dimension %(K § + KsR;) + 1 (cf. [8, Proposition 3.3(iii)andCorollary 3.4(i)]). In
our notation, we have

dim HY(S, Os(2K )™ + dim H(S, O5(2K))%i

1
= E<K§+KSR")+1 for i =1,2,3.

Since dim H°(S, Os(2Ks)) = K% + 1, assertion (b) follows.
By (2.1), we have

1 1 1
K>2;=Z (K§+R]2+R%+R§) — EKS(R1+R2+R3)+§(R1R2+R1R3+R2R3)
2.2)

Because ¥ has only nodes, K % is an integer. Then assertion (c) follows by (a). O

Corollary 2.3. (cf. Corollary 3.6 in [8]) Fix i. The bicanonical map ¢: S --»
PKS is composed with the involution g; if and only if KsR; = K% In this case,
KsRi+1 = KsRi+o.

Let n: W — X be the minimal resolution of X. For each i = 1, 2, 3, let Ni
be the disjoint union of the /; nodal curves over the nodes r;j; for j; = 1,...,;
and let B; := n*B;. Let e: V — S be the blowup at pij; and g;j; fori = 1,2,3
and j; = 1,...,[;. Then the Z%-action on S liftsto V and V/G = W. There is a
commutative diagram:

&

V——=§ R; {(Piji» qij)}ji=1....1; (2.3)
nl lﬂ ln T
w n X Ei?Bi Niﬁ{riji}ji=l ..... li

The quotient map 7 : V — W is a finite flat Z%-cover branched on the divisors
Al = B1 + Ni, Ay := By + Ny and Az := B3 + N3. There are three divisors
L1, Lo and L3 of W such that

2Li =Biy1+ Nig1+Biya+ Niga, Li+Bi+Ni=Lis1+Liza (24
fori = 1,2, 3 (cf. [13, Section 2]).
Lemma 2.4. Let
D:=2Kw+Bi+By+ B3 and M :=Kw + D (2.5)
Then:
(a) the divisor D is nef and big, 7D = ¢*(2Ks) and D* = K?;

(b)for eachi = ], 2, 3, §l2 = Riz, §i§i+l = R,‘R,’_H and DE,’ = KsRi,‘
(©) h°(W, Ow (D)) = (K2 + KsRy + KsR> + KsR3) + 1 and diim | D| > 1;
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(d) any divisor in | D| is 1-connected and p,(D) > 1;
(€) KW, Ow (M) = pa(D) > 1.

Assume furthermore that K is ample. Then:

() if DC = 0 for an irreducible curve C, then C is one of the nodal curves in
NiUN>UN3;
(g) the divisor M is nef.

Proof. Note that 7*B; = 2R; fori = 1, 2, 3. By (2.1) and commutativity of (2.3),
we have

T*D=7*n* 2K 5 +B1+By+B3)=¢*1* (2K 5+ B+ Bo+B3)=¢*(2Ks).

Then D? = 41—‘41(52~ = Kg The divisor D is nef and big because so is 2K.
Assertion (b) follows by 7*D = £*(2K) and 7*B; = *(2R;).
Note that

K +B1+ B2+ B " 2D+ 2(Bi + B2 + By).
The divisor D is nef and big, whereas % (B1+ B1+ Bj3) is effective with zero integral
part, and its support has normal crossings (see Remark 2.1). Thus H k (W, Ow (D)) =
Ofork = 1, 2 by Kawamata—Vieweg vanishing theorem (cf. [18, Corollary 5.12(c)]).
The Riemann—Roch theorem gives h°(W, Ow (D)) = %(D2 — DKw) + 1. Then
(c) follows by (b) and (2.5).
By (2.5), (b) and Proposition 2.2(b), one has

3
1 1 _
5 <D2+KWD) =2 (31)2 — DB, — DB, — DB3) =" dim H'(S, 052K ).
i=1

So %(Dz—l—KWD) > 0,1.e., ps(D) > 1.Because D is nef and big, D is 1-connected
(cf. [27, Lemma 2.6]). This proves (d).

Assertion (e) follows from the long exact sequence of cohomology groups
obtained from

0— Ow(Kw) »> Ow(Kw + D) > wp — 0

and the fact pg (W) = g(W) = 0.

Now we prove (f). Assertion(a) implies ¢* K g.7*C = Oand thus Kg.,(7*C) =
0. Since K is ample, £,(7*C) = 0 and Supp 7*C is contained in the exceptional
divisors of €. The nodal curves N} U N, U N3 are exactly the images of the excep-
tional divisors of € under 7. So C is one of them.

For (g), assume by contradiction that MC < O for an irreducible curve C.
Because M is effective by (e), we have C? < 0. Since KyC = (M — D)C <
—DC <0, Cisa(—1)-curve and D.C = 0. This contradicts (f). Hence M is nef.

O
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2.2. Surfaces with p, = 0 and K*=7

In the remainder of the article, we always assume that S is a smooth minimal
surface of general type with p, = 0 and K g = 7. We list some basic properties
of S. The surface S has irregularity ¢(S) = 0 and has Picard number p(S) =
3 by Noether’s formula and Hodge decomposition. The expotential cohomology
sequence gives Pic(S) = H?(S, Z). Poincaré duality implies that the intersection
form on Num(S) := Pic(S)/Pic(S)r is unimodular. The the bicanonical map
p: S — P7 has degree either 1 or 2 (cf. [25,26]). We also need the following
lemmas.

Lemma 2.5. (cf. Theorem 1.4(1)(f) in [23]) The surface S contains at most one
nodal curve.

Proof. Assume by contradiction that S contains two nodal curves C and C». Then
C1C> < 1. The matrix of the intersection numbers of Kg, C; and C; has deter-
minant 21 or 28, either of which is not a square integer. Since p(S) = 3, this
contradicts the fact that the intersection form on Num(S) is unimodular. |

Lemma 2.6. (cf. Proposition 3.6 in [6]) Let « be an involution on S and let Ry be
the divisorial part of the fixed locus of «. Then Rgl ==l

Proof. Lettr(a®) be the trace of the induced linearmap o™ : H2(S, C) — H>(S, C).
Then Rg = 2 — tr(a*) by [17, Lemma 4.2]. The Chern classes c¢;(Kgs) and

c1(Ry) € H?(S,C) are invariant under o*. So tr(a*) = —1, 1 or 3. It suffices
to exclude the case tr(a™) = —1.

If tr(e*) = —1, then «™* has eigenvalues —1, —1 and 1. This implies R, kN
rKs for some positive rational number r. Because Ré = 2 —tr(a®) = 3 and
K% =7, this is impossible. O

We assume furthermore that Aut(S) contains a subgroup G = {1, g1, g2, g3} =
Z%. We keep the same notation introduced in the previous subsection and denote
by

A= (RiRj)i<i<j<3 (2.6)

the matrix of intersection numbers of the ramification divisors Ry, Ry and R3 of
the quotientmapw: § — X = S/G.

Without loss of generality, we may assume KsR| > KsR> > KgRj3. Since the
bicanonical map ¢ has degree at most 2, ¢ is composed with at most one involution
in G. Then by Proposition 2.2(a)—(b) and Corollary 2.3, one of the following cases
occurs:

e if ¢ is composed with exact one involution in G, then
(KsRi, KsRy, KsR3) € {(7,1,1),(7,3,3),(7,5,5)}; 2.7
e if ¢ is not composed with any involution in G, then

(KsR1,KsR2, KsR3) € {(3,1,1),(3,3,3),(5,3,1), (5,5, 3)}. (2.8)
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Proposition 2.7. Let S be a minimal smooth surface of general type with p, = 0
and K% = 7. Assume that Aut(S) contains a subgroup G = {1, g1, g2, g3}, which
is isomorphic to Z%. Then:

(a)fori=1,2,3, R? = —1;

(b) the quotient ¥ is a rational surface with K% =T7-lL—-lh—l3and p(X) =3;

(c) the divisors R, R, R3 generate a sublattice of Num(S) and det A is a positive
square integer;

(d) the numbers 11, l» and I3 are even integers;

(e) the canonical divisor Kg is ample.

Proof. Recall that Rl.2 = +1 fori = 1,2,3 by Lemma 2.6. We recall in the
diagram (2.3) that W is the minimal resolution of %. Note that R; R;+1(= Eiﬁiﬂ)

is a positive odd integer (see Proposition 2.2(a) and Lemma 2.4(b)).

We first exclude the case (KsR|, KsR>, KsR3) = (3, 1, 1). Since K% =7, the
algebraic index theorem gives (R + Ry + R3)? < % It follows that R,.2 = -1
and RiRi41 = 1 fori = 1,2,3. Then B; = —1, B;Biy1 = 1 and DBy = |
by Lemma 2.4(b). So Kw By = %(D — B1 — By — B3)By = 0 by (2.5). This
contradicts the adjunction formula.

Now we show that W (and thus X) is a rational surface and K %V <3.By (2.5
and Lemma 2.4(b), we have

1 _
DKw =3 (D2 — DB, - DB, — DB3) = (K§ — KsR| — KsRy — K5R3)

(2.9)

1
2

It follows that DKy € {—5, —3, —1} for all the possibilities (2.7) and (2.8). Since
D is nef and big (see Lemma 2.4(a)), W is a rational surface. The algebraic index
theorem gives K%V < 3 since D?> = 7.

Because W is a rational surface, the Picard number p(W) = 10 — K ‘%V > 7.By
Proposition 2.2(c), one of the following two cases holds:

o fori=1,23R=—landKj, =7—1) —, — I3
e two of the three integers Rl.2 equal 1, the third one equals —1 and K %V =
88— —h—1I5.

Assume that the latter holds. Without loss of generality, assume that R12 = R% =1
and R% = —1. Then p(W) =11 + 1> + [3 + 2 and W contains p(W) — 2 disjoint
nodal curves N U N, U Ns. By [17, Theorem 3.3], /1 + I + 3 is an even integer.
Also By, B3 and these nodal curves generate a sublattice of Num(W). The matrix of
intersection numbers of this sublattice has determinant —2/1 2531 + (B, B3)?].
Since the intersection form on Num(W) is unimodular, 21251 + (B B3)?]
is a positive square integer. Because /| + I, + /3 is an even integer and B B3 is a
positive odd integer, this is impossible. Thus the former case holds. We have proved
(a) and (b).
The matrix A has determinant

det A = (R{R2)? + (R1R3)* + (R2R3)* 4+ 2(R1 R2)(R1 R3)(RaR3) — 1 (2.10)
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Because the numbers R; R;4 are positive odd integer, det A is a positive integer.
Since p(S) = 3, Ry, Rz, R3 generate a sublattice of Num(S) and therefore det A
is a square integer by Poincaré duality. This proves (c).

By Lemma 2.4(b), the matrix A is also the intersection number matrix of the
divisors B, B2, Bs. It follows that B, B, and B3 and the [; + I, + /3 nodal curves
N{ U N> U Nj3 generate a sublattice of Num(W). Therefore 2/! 7275 det A is a
positive square integer by Poincaré duality. Hence /1 + [> + I3 is an even integer
by (c).

Note that R; (B;j) is a disjoint union of smooth irreducible curves (see
Remark 2.1). We apply the Hurwitz formula for the double cover 7 |g, : R; — B;
induced by the action of g; 1 (gi+2):

KsR;i + R} =2Q2pa(Bi) — 2) + Ri(Ri41 + Ri42)

By Proposition 2.2(a), we have
1
2pa(Bi) =2 = S(KsRi + R} = KsRit1 = KsRis2) +lip1 + 12 =4 2.11)

For all the possibilities (2.7) and (2.8), KsR; + Ri2 — KsRi+1— KsRi1is divisible
by 4 foreachi =1, 2,3.So/; 41 + /i1 is an even integer fori = 1,2, 3 by (2.11).
We have seen that /1 + /> + I3 is an even integer. Therefore /1, [> and /3 are even
integers. This proves (d).

Now we prove (e). Assume by contradiction that Kg is not ample. Then S
contains exactly one nodal curve C by Lemma 2.5. Thus C is G-invariant. Let
C' =n(C) C T and let C’ be the strict transform of C’ on W.

First assume that C is contained in some R;, i.e., C’ is contained in some B;.
By Remark 2.1, C’ is contained in the smooth locus of ¥ and 7*C’ = 2C. Thus
C? = —2. It follows that C’ is a nodal curve, which is disjoint from the nodal
curves N1 U N, U N3. Then W contains I; + I 4 I3 + 1 pairwise disjoint nodal
curves. By (d), this contradicts [17, Theorem 3.3].

Hence C is not contained in R;, i.e., E # C' fori = 1,2, 3. By Proposi-
tion 2.4(a), DC’ = 0 and €' < 0. Tt follows that 2Ky C’ = — (B 4+ Ba+B3)C’ <
0. Thus C’ is either a (—1)-curve or a nodal curve.

If C’ is a nodal curve, then EiC_” =0fori =1,2,3,ie., R,C = 0 for
i = 1,2, 3. This contradicts (c). So C'isa (—1)-curve and (El +B> +§3)C_" =2,
i.e.,, C'(B; + By + B3) = 2. We remark that for any Galois Z%—cover P! — P,
in the target space P!, the branch locus consists of three distinct points. Applying
this remark to the cover 7|c: C — C’, because C’ intersects the divisorial part
B + B, + B3 of the branch locus of v at two points we conclude that C’ passes
through exactly one node of X. Equivalently, C’ intersects exactly one nodal curve
C;in NjUN,UN3 and C'Cy = 1. Blowing down C’ and then the i image of
C1, we obtain a surface W’ containing /; + I + I3 — 1 disjoint nodal curves and
p(W') =11 + I, + I3 + 1. By (d), this again contradicts [17, Theorem 3.3].

Hence K is ample. O
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Remark 2.8. We see in the proof of Proposition 2.7(c)—(d) that the three curves
Bi, B, E:}, and the I1 + /> + I3 pairwise disjoint nodal curves NiUN,U N:},
generate a sublattice of Num(W).

Also B1+ B> +§3 does not contain any nodal curve. Otherwise, since Bi+B>+
Biis disjoint from the nodal curves N{UN,UN3, W contains at least /| +1, +13+1
pairwise disjoint nodal curves. But this contradicts Proposition 2.7(b), (d) and [17,
Theorem 3.3].

The following theorem is the main result of this section. We keep the same
notation introduced above and adopt the convention KsR| > KsRy > KgR3.

Theorem 2.9. Let S be a minimal smooth surface of general type with p, = 0 and
K§ = 7. Assume that Aut(S) contains a subgroup G = {1, g1, g2, g3}, which is
isomorphic to Z%. Then there are only three possibilities for the the intersection
numbers (KsR1, KsRy, KsR3): (a) (7,5,5); (b) (5,5, 3), (c) (5,3, 1).

Proof. All the possibilities for (KsR1, KsR2, KsR3) are listed in (2.7)—(2.8) and
the case (3, 1, 1) has been excluded in the proof of Proposition 2.7. Note that
Rl.2 = —1 by Proposition 2.7(a). Fix one possibility for (KsR1, KsR2, KsR3). We
calculate (R1 R, R1R3, Ry R3) as follows.

e Step 1: Bound R;R; 11 (i = 1,2,3) and R R> + R{R3 + R> R3 from above by
using the algebraic index theorem: 2R; R;+1 —2 = (R, + Ri+1)2 < %(KSRI' +
KsRit1)?> and 2(R{ Ry + RiR3 + RyR3) —3 = (R1 + Ry + R3)? < L(KsR +
KsRy + KsR3)?.

e Step 2: Propositions 2.2(a) and 2.7(d) show that KgR; — R;+1 R;+»> is divisible
by 4. This fact narrows down the possibilities for R; R; 1.

e Step 3: The fact that det A is a square integer also narrows down the possibilities
(cf. Proposition 2.7(c)). Note that det A = (R;R2)*> + (R1R3)> + (R2R3)> +
2(R1R2)(R1R3)(R2R3) — 1.

Take the case (KsR1, KsRy, KsR3) = (7, 3, 3) forexample. Step 1 yields Rj Ry <
8, RiR3 < 8, RoR3 < 3 and R{Ry + R1R3 + RyR3 < 13. Then Step 2 gives
RiR>, RiR3 € {3,7} and RyR3; = 3. Since det A = 80 or 192, this case is
excluded by Step 3. The same reasoning exclude the cases (7, 1, 1) and (3, 3, 3).

O

We shall study the case (a) and the case (b) separately in the following two
sections. We do not know any example for the case (c). But we have the following
proposition.

Proposition 2.10. Let (S, G) be a pair as in 1.1(c). Then:

(@) (RiRy, R\ R3, RyR3) = (1,3, 1) and K5 "~ Ry +2R3;
(b) X is a rational surface with K 2= _1land containing 8 nodes.

Let Y be the minimal resolution of the intermediate quotient surface S/g3. Then

(¢) Y contains 5 disjoint nodal curves and Ky is nef with K2 = 2.
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Proof. To obtain (R1 Rz, R1R3, RyR3) = (1, 3, 1), one proceeds as in the proof of
Theorem 2.9. Since (KsR1, KsR>, KsR3) = (5, 3, 1), Proposition 2.7(c) yields
Ky e R + 2R53.

We also have (11, [, [3) = (4, 2, 2) by Proposition 2.2(a). Thus X is a rational
surface with K % = —1 and containing 8 nodes by Proposition 2.7(b).

Since K s R3 = 1, theinvolution g3 has 5 isolated fixed points by [8, Lemma 3.2].
This is the case k = 5 in the list of [24, Introduction] and assertion (c) follows. O

3. Inoue surfaces

We treat the case (a) of Theorem 2.9 in this section and prove Theorem 1.1(a).

3.1. Examples

We briefly describe the Inoue surfaces, which are the very first examples of surfaces
of general type with p, = 0 and K 2 = 7 (cf. [21]). The following description is
from [25] (see [29] for an equivalent description; cf. [16, Section 6]).

Example 3.1. Let p1, p2, p3. p}, P, ps be the six vertices of a complete quadri-
lateral on P?. Let 0: W — IP? be the blowup of these points. Denote by E;
(respectively E) the exceptional curve of W over p; (respectively p!) and by L the
pullback of a general line by o (Fig. 1).

The surface W has four disjoint nodal curves, their divisor classes are

Zi=L—E;—E | —Ej,fori=123adZ=L—E —E— Ej.

Note that Z1, Z;, Z3 and Z are the proper transforms of the four sides of the
quadrilateral. Let n: W — X be the morphism contracting there curves. The
surface X has four nodes, — Ky, is ample and ¥ is the 4-nodal cubic surface.

LetI'y, I'; and I'3 be the proper transforms of the three diagonals of the quadri-
lateral, ie., I'; = L — E; — El’ fori = 1,2,3. Foreachi = 1,2,3, W has a
pencil of rational curves |F;| := |2L — E;y1 — Ej12 — El | — E;+2|. Note that
—Ky=T1+To+I3=I;+ F;fori =1,2,3.

Now we define three effective divisors on W

+1

A =T1+F+Z +Z3, Ay:=Tr+F, A3:=03+F +F +Z+Z,
3.1
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where F; (i = 1,2, 3) and Fl’ (€ |F1]) are smooth O-curves such that the divisor
A = A1+ A+ Az has only nodes. There is a smooth finite Z%-cover 7:V->W
branched on the divisors Ay, Ay and Az (cf. [13, Section 2]). The (set theoretic)
inverseimage 7~ Z; orw ~! Z is adisjoint union of two (—1)-curves. Lete: V — S
be the blowdown of these eight (—1)-curves. Then S is a smooth minimal surface
of general type with p4(S) = 0 and K§ =1.

From the construction, there is a finite Z%—cover w: S — Ysuchthatwe = nw.
Recall that Z;, Z», Z3 and Z are contracted by 7. In the notation of Sect. 2 (see
the diagram (2.3)), we have Ny = Z, + Z3, N, = 0 and N3 = Zr+ Z by
comparing (3.1) with the first formula of (2.4). In the same notation, we have
El =T+ Fz,Ez =1+ F; and§3 =T34+ F1 + Fl/ Sil‘lCCE,’ =A; —Ni. And
then D = 2Kw+B+By+ B3 = —Kw+F/.Itfollows that (DB, DBy, DB3) =
(7,5,5). So the Inoue surfaces satisfy Theorem 2.9(a) by Lemma 2.4(b).

Remark 3.2. We need the following remarks in the Proof of Theorem 1.1(a) in
Sect. 3.2.

(1) Note that W contains exactly nine (—1)-curves E;, El’ and I'; fori =1, 2, 3.
There are exactly three (—1)-curves I'1, I'; and I'3, which are disjoint from the
nodal curves.

(2) If we replace Z; + Z3 in Ay by Z> + Z and replace Z> + Z in A3 by Z| + Z3,

these new divisors A, Aj and Aj still define a smooth finite Z%-cover. In this
way, we get another 4-dimensional family of surfaces of general type. However,
this family is the same as the original one.
Indeed, let o be the involution on P? such that a(py) = pp and a(py) = pi
for k = 1,2. Then a(p3) = p3 and a(p}) = pj. It induces an involution o’
on W. The (—1)-curves I'y, I'», I'3 are o’-invariant and the divisors classes of
Fy, F», F3are o’-invariant. We alsohave o’ (Z1) = Z», o/ (Z») = Z1, ' (Z3) =
Zand o' (Z) = Z3.

(3) Observe that the two nodal curves in the same Ay (k = 1, 3) are in the same
singular member of the pencil | F>|. Indeed, the singular members of the pencil
|Frlare 'y + T3, Z1 + 2Eé + Zzand Zr +2E> + Z.

3.2. Classification

The subsection is devoted to classify the pairs (S, G) satisfying the property (a)
of Theorem 2.9. We assume (KsRi, KsRy>, KsR3) = (7,5,5) throughout this
subsection and stick to the same notation in Sect. 2.

Recall that W is the minimal resolution of X. Also recall that D = 2Ky +
By + B>+ Bzand M = Ky + D. We have (DB, DB, DB3) = (7,5,5) by
Lemma 2.4(b) and then we also have

1 _
DKw = >D(D ~ By~ By~ B3) = -5, DM =D(Ky +D) =2,

KwM = Kw(Kw + D) = K3 —5, M*>=MKw+D)=K} -3 (32)

The following lemma describes the surface W.
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Lemma 3.3. (a) The linear system | M| is a base point free pencil of rational curves.
(b) The surface W is a weak Del Pezzo surface of degree three, i.e., —Kyy is nef
and K %v =3.

Proof. Since DKy = —5, the algebraic index theorem yields K ‘24, < 3. Because
K is ample by Proposition 2.7(e), M is nef by Lemma 2.4(f) and thus M? > 0.
So K‘zy =3,M? = 0and KyM = —2 by (3.2). The adjunction formula gives
pa(M) = 0. Also Proposition 2.4(e) yields dim |M| = p,(D) — 1 = 1.

Assume |[M| = |®| + ¥, where |®] is the moving part and W is the fixed
part. Because both M and @ is nef, we have 0 = M? = MO+VY) > MDD =
@2 + W > &2 > 0. It follows that M® = MW = 0 and &> = W = W2 =0,
In particular, |®| is base point free. Moreover, D® + DV = DM =2 and D® =
(M — Kw)® = —Kw®. Since D is nef and big, the adjunction formula implies
D® = —Kw® = 2 and then D¥ = 0. Then Lemma 2.4(f) yields ¥ = 0 since
W2 = (. Hence |M| = |®| is base point free.

It remains to show that — K is nef. Assume by contradiction that —Kw C < 0
for anirreducible curve C. The Riemann—Roch theorem implies WOW, Ow(—Kw))
> 4. S0 C? < 0 and C is contained in the fixed part of | — K |. Because both D
and M are nef, | < KwC 4+ DC = MC < M(—Kw) = 2. Lemma 2.4(f) implies
DC > 1.1tfollowsthat KyC = DC = land MC = 2.Since M(—Kw —C) = 0,
the Zariski lemma yields (—Kw — C)? =54 C? <0.Then p,(C) = %(KWC +
C2) + 1 < 0, a contradiction. Hence — Ky is nef. O

Corollary 3.4. Either (R R, R{R3, RyR3) = (5,9,7)or(R1R2, R1R3, RyR3) =
9,5,7).

Proof. Recall that R? = —1 fori = 1,2,3 and Ks = n*Ky + R| + Ry + Rs.
According to the lemma above, one has 3 = K% = JT(KS — R — Ry — R3)2, i.e.,
RiR> + RiR3 + RyR3 = 21.

Step 1 and Step 2 in the proof of Theorem 2.9 show that Ry R>, R1R3 € {1, 5, 9}
and Ry R3 € {3, 7}. Therefore (R{ R2, R1R3, RyR3) € {(9,9, 3),(5,9,7),(9,5,7)}.
The case (9, 9, 3) is excluded by Step 3 in the proof of Theorem 2.9 since det A =
656, which is not a square integer. O

Since KsR» = KgR3 = 5, we may assume (Rj Ry, RiR3, RoR3) = (5,9,7)
in the rest of this section. Then we have (B1B», B1B3, B2B3) = (5,9,7) by
Lemma 2.4(b). Also (I1,l2,13) = (2,0, 2) by Lemma 2.2(a). This means that N
consists of two disjoint nodal curves for k = 1,3 and N» = 0. The following
lemma determines the branch divisors By, B> and Bs.

Lemma 3.5. The divisors B, By and B3 are as follows:
B =T+ F,, By=T1+F;, By =T3+F + Fj, (3.3)

where the curves I'; are (—1)-curves, F; and Fl/ are O-curves such that Fi, Fl/ €
|M|. Moreover, T'; + F; = —Kw fori =1,2,3and 'y + Ty + '3 = —Ky.
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Proof. Recall that (DB, DB>, DB3) = (7,5,5), (B1B>, B1B3, ByB3) =
(5,9,7) and Ef = —1fori = 1,2,3. Since D = 2Kw + By + B> + B3,
we have (KwB1, KwB2, KwB3) = (=3, =3, —5).

Also recall that B; is a disjoint union of smooth irreducible curves (see
Remark 2.1). Because — Ky is nef and B; does not contain any nodal curve (see
Remark 2.8), —Kw Y > 0 for any irreducible component Y of B;.

Since —KwB; = —KwB, = —3 and E% = E; = —1, the algebraic index
theorem and the adjunction formula imply By = I'y + F> and B, = I') + F3,
where 'y and I'» are (—1)-curves, while F> and F3 are O-curves. Since M B3 =
(D + Kw)B3 = 0, B3 is contained in some divisors of |M|. The Zariski lemma,
the algebraic index theorem and the adjunction formula imply B3 = I's + F| + F/,
where I'3 is (—1)-curve, F; and F; are O-curves in |M].

WeclaimthatI'; ;4 = 1fori =1, 2, 3. Actually, since —Kw (I'; +T'i+1) = 2,
the algebraic index theorem implies I';T;41 < 1. As an irreducible component
of the curve B;, [ is disjoint from the nodal curves N1 U N3. Now fix i. If
[;T;+1 = 0, then blowing down I'; and I'; 4|, we obtain a rational surface W’
containing four disjoint nodal curves and p(W’) = 5. This gives a contradiction
to [17, Theorem 3.3]. The claim is proved and thus (I'y 4+ I'y + ;)% = 3. Since
—Kw ("1 + 'y + I'3) = 3, the algebraic index theorem implies I'1 + 'y + '3 =
—Kw.

Since Fy, F{ € [M|and M = Kw + D = 3Ky + B| + By + B3, we have
F1 + F» + F3 = —2Kyw by (3.3). It follows that F;(F; + F> + F3) = 4 and
FiFiy1 =2fori =1,2,3.

Since Ei is a disjoint union of smooth curves, we have I'1 F, = 0,12 F3 =0
andT3F; =0.Also5 =B Bo =1+ F) {2+ F3) =3+ T1F + B, ie.,
' F3+ Ty F, = 2.Similarly, By B3 = 9and B> B3 = 7imply that 2I"'; F{ + '3 F> =
4 and 2I', F1 + '3 F3 = 2. Note that (F) + F> + F3)['; = —2KwI; = 2 for
i =1,2,3. It follows that I'; F; = 2 and F;T'j41 = FiTj4p = 0fori = 1,2, 3.
Since (T'; + F;))?2 =3 and —Kw (I'; + F;) = 3, the algebraic index theorem gives
I'i + F; =—Kw. O

Lemma 3.6. The surface W is isomorphic to the minimal resolution of the 4-nodal
cubic surface.

Proof. Ttis well known that any weak Del Pezzo surface of degree three is isomor-
phic to the minimal resolution of a normal cubic surface in P3. We have seen that
W contains four nodal curves N| U N3. It remains to show that W contains exactly
four nodal curves.

Assume that C is a nodal curve on W. Because I') + I'» + '3 = —Kw and
i+ Fp=—-2Kw,I'iC = F;C =0fori =1,2,3. By (3.3), we DC = 0 since
D =2Kw + B + B> + B3. Then Lemma 2.4(f) implies C € N1 U N3. |

We have shown in diagram (2.3) that the cover 7: V — W is branched on
B + Ny, B> and B3 + N3, where both N and N3 consist of two disjoint nodal
curves, By, B, and B3 are described in Lemma 3.5. We conclude that F» + N
and F» 4+ N3 are divisible in Pic(W) by (2.4) and (3.3). It follows that the two
nodal curves in Ny (k = 1, 3) are in the same singular member of the pencil | F>]|.
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Comparing with (3.3) and Example 3.1, we conclude that S is an Inoue surface by
Remark 3.2.

4. Bidouble covers of Del Pezzo surfaces of degree one

We treat the case (b) of Theorem 2.9 and prove Theorem 1.1(b).

4.1. Examples

We briefly describe the surfaces constructed in [16, Sections 2-3].

Example 4.1. Let po, p1, p2, p3 be four points of P? in general position and let p;
be the infinitely near point over p; corresponding to the line pop; for j = 1,2, 3.
Finally, let p be the eighth point satisfying the following Zariski open conditions:

M p & U3_{Popi : xit1 = xit2} Ul {Pis1pigz : xi = O}
@) p & c1 Uy U cs, where ¢; is the unique conic passing through the five points
Pi» Pi+1, Pi 4> pi+2 and p; ., (Fig. 2).

Leto: W — P2 be the blowup of these eight points. Denote by E j (respectively
E } , E) the total transform of the point p ; (respectively p;. , p), and by L the pullback

of a general line by o. Then Pic(W) = ZL @ ZEy ® @§:1 (LEj ®ZE)) ®ZE and

—Kw=3L—-Ey— Zj'=l (Ej + E}.) — E. We list some properties of the surface
w.

(1) The surface W is a weak Del Pezzo surface of degree one, i.e., — K is nef and
K3 =1
(2) There are exactly six nodal curves on W. Their divisor classes are

Cj=L-Ey—E;j—E; C;=E;—E, for j=123. 4.1)

Let n: W — X be the morphism contracting these curves. The surface £ has
six nodes and — Ky is ample.

(3) The pencil of lines on P? passing through pg induces a fibration g: W — P!
Denote by F a general fiber of g. Then F = L — E. The fibration g has exactly
four singular fibers: C; + 2E} + C} for j =1,2,3and ' + E, where T is the
strict transform of the line pppandI' =L — Ey — E.

17?3
/
Ps3 | p
l L]
/ ya POy N /
V41 P2
b1 / \pz

Fig. 2. Configurations of pg, pi, ..., pé and p
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(4) The linear system | — 2Ky — I'| consists of a single (—1)-curve. Denote this
curve by B». The linear system | — 2Ky — E| consists of a single (—1)-curve.
Denote this curve by ‘Bs. We have BoI' = B3E = 3 and BoB3 = BoE =
B3I = 1. Moreover, the divisor I' + E + B, + B3 has only nodes (cf. [16,
Proposition 2.5]).

Now we define three effective divisors on W

Al:=Fp+T+(C1+C|+Cy+Ch) =4L —4E) — 2E] — 2E, — E,
Ay :=By+ (C3+Cy) = —2Kw —2E} + E, (4.2)
A32=§3E—2Kw—E.

Here we require that the curve Fj, is a smooth fiber of g and the divisor A :=
A1 + Az + Asz has only nodes. We also define three divisors

Ly = 2Ky — E},
Lr=—Kw+ 2L —2Ey— E| — E} — E), (4.3)
L3 :—KW+(2L—2E()—E; —Eé—Eé).

It follows that A; and £; (i = 1,2, 3) satisfy (2.4). These data define a smooth
finite Z%-cover 7w:V — W branched on the divisors Ay, Ay and Aj (cf. [13,
Section 2]). The (set theoretic) inverse image 7-lc j or 7-1C isa disjoint union
of two (—1)-curves. Let £: V — § be the blowdown of these twelve (—1)-curves.
Then § is a smooth minimal surface of general type with p¢(S) = 0 and K § =17.

From the construction, there is a finite Z%-cover m: S — Ysuchthatwe = nw.
Recall that Cy, C{, C2, C}, C3 and C} are contracted by 7. In the notation of Sect. 2
(see the diagram (2.3)), we have N| = C; + Ci+Cr+C, N, =C3 + C% and
N3=0 by comparing (4.2) with the first formula of (2.4). In the same notation, we
have B] = F,+T since B; = A; — N and thus D = 2Kw + B+ B> +E3 =
—2Kw+T.Itfollows that (DB, DB3, DB3) = (5, 3, 3). So these surfaces satisfy
the property (b) of Theorem 2.9 by Lemma 2.4(b).

We need the following lemma to study deformations of the surfaces in Exam-
ple 4.1. See Sect. 5.

Lemma 4.2. Let W be a weak Del Pezzo surface of degree one as in Example 4.1.
For j = 1,2, 3, the linear system | — Ky —i—E} — E| consists of a single (—1)-curve.
Denote this curve by A j. Then A intersects Fy, transversely with A j Fp = 2.

Proof. Fix j € {1,2, 3}. Note that (= Kw +E —E)?>=—1land Kw(—Kw+E;—
E) = —1. Also it is clear that h%(W, 2Kw — E; 4+ E) = 0. The Riemann—Roch
theorem yields W, Ow(—Kw + E; — E)) > 1. From (4.1), we can easily show
that any effective divisor A in | — Ky + E // — E| does not contain Cy or C; for

k =1, 2, 3. Because the nodal curves Cy, . , Cg are exactly all the nodal curves
of W and —KwA; = 1, we conclude that A is irreducible. Therefore A ; is a
(—1)-curve.
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Itis directly to show C; +2A; + C = —=2Kw + L — Eg — 2E = B3+ 1T for
j =1,2,3. Since B3 and I are (—1)-curves with B3I" = 1, |B3 + I'| induces a
fibration g': W — P! and C; +2A; + C;. is a singular fiber of g’ for j = 1,2, 3.

Since F, (B3 +I") = 4, the restriction g\p,: Fp > P! has degree 4. The curve
Fy is disjoint from the nodal curves, so FA; = 2 for j = 1,2, 3. Because the
multiplicity of A ; in the singular fiber is 2, the ramification divisor of g’|f, has
degree at least 2 x 3 = 6. On the other hand, the Hurwitz formula shows that the
ramification divisor of g’| s, has degree exactly 6. This implies that F}, intersects
A transversely for j = 1,2, 3. O

4.2. Classification

This subsection is devoted to classify the pairs (S, G) satisfying the property (b)
of Theorem 2.9. We assume (KsR|, KsRy, KsR3) = (5,5, 3) throughout this
section and stick to the same notation in Sect. 2.

Recall that W is the minimal resolution of . Also recall that D = 2Ky +
B+ B> + §3 and M = Kw + D. We have (DE], DB, D§3) = (5,5,3) by
Lemma 2.4(b) and then we have

1 o
DKWZED(D—Bl—Bz—B3):—3, DM = D(Kw + D) =4,
KwM = Kw(Kw + D) = K3, —3, M*>=M(Kw+D)=K3 +1 (44)

Lemma 4.3. One of the following two cases holds:

(bl) K3, = 1, M*> =2 and — Ky is nef;
(b2) K%, = —1 and M* = 0.

Proof. Note that K %V =K )2: is an odd integer by Proposition 2.7(b) and (d). Since
DKyw = —3, the algebraic index theorem yields K %V < 1. Because Ky is ample
by Proposition 2.7(e), M is nef by Lemma 2.4(f) and thus M? > 0. So either
K3, =1,M*> =2o0r K3, = —1, M> = 0 by (4.4). To prove the last statement of
(bl), one proceeds as in Lemma 3.3(b). O

To prove Theorem 1.1(b), we shall show that the case (b1) corresponds to the
surfaces in Example 4.1 and that the case (b2) never occurs.

4.2.1. Existence result Assume K %V = 1 and M? = 2. We have seen that W is a
weak Del Pezzo surface of degree one by the lemma above.

Corollary 4.4. Either (R{R2, R{R3, RyR3) = (7,5, 1) or(R1R2, R1R3, R2R3) =
(7,1, 5).

Proof. Recall that Ri2 = —1fori =1,2,3and Kg = 7*Ky + Ry + R + Rs.
According to the lemma above, one has 1 = K% = LIT(KS — R — Ry — R3)2, i.e.,
R1R> + R1{R3 + Ry R3 = 13. Then Step 1-Step 3 in the proof of Theorem 2.9 give

(R1R2, RiR3, RhR3) = (7,5, 1) or (7, 1, 5). ]
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Since KsR; = KsRy = 5, we may assume (R Ry, R{R3, RoR3) = (7,5, 1).
Thenwehave (BB, B1 B3, B2B3) = (7,5, 1) by Lemma2.4(b). Also (I1, I, [3) =
(4,2, 0) by Proposition 2.2(a). This means that N consists of four disjoint nodal
curves, N consists of two disjoint nodal curves and N3 = 0. The following lemma
determines the branch divisors B, B, and B3.

Lemma 4.5. The divisors By, B2, B3 satisfy the following properties.

(a) The curve B is reducible: By = Fp + T, where T is a (—1)-curve and T =
M + Kw, while Fy, is a O-curve and D F, = 4.

(b) The divisors By and B3z are (—1)-curves. Moreover, By = —2Kw — I' and
B3 = —2Kw — F, +T.

Proof. Recall that (DB, DBy, DB3) = (5,5,3), (B1B2, B1B3, B2B3) =
(7,5.1) and B, = —1fori = 1,2,3. Since D = 2Ky + By + By + Bs.
we have (KwB1, Kw B2, KwB3) = (=3, —1, —1).

Also recall that B; is a disjoint union of smooth irreducible curves (see
Remark 2.1). Because —Kyy is nef and B; does not contain any nodal curve (see
Remark 2.8), —Kw Y > 0 for any irreducible component Y of B;.

Since —Kw B = 3 and E% = —1, the algebraic index theorem and the adjunc-
tion formula show that B is a disjoint union of a (—1)-curve I" and a O-curve Fj,.
Now we prove that ' = M + K. Note that By (M +Kw) = Bi2Kw+D) = —1.
It suffices to show that the linear system |M + Ky | consists of a (—1)-curve. Since
M is nef and big, it is 1-connected (cf. [27, Lemma 2.6]). The long exact sequence
obtained from

0—> Ow(Kw) > Ow(M + Kywy) —> wy — 0

gives hO(W, Ow (M + Kw)) = po(M) = 1. Since D(M + Ky) = 1, by
Lemma 2.4(f), we may assume that Ky + M = & + W, where @ is an irre-
ducible curve with D® = 1 and Supp(¥) € N1 UN3. So ®? < 0 by the algebraic
index theorem. Since Ky ® = Kw(M + Kyw) = —1, ® is a (—1)-curve. Then
U2 = (M+Kwy—®)?> = 2Kw+D—®)?> = 0and thus ¥ = 0. Hence |M + K|
consistsofa (—1)-curveandI' = M+ K. Itfollows that DI' = DM+ DKy =1
and DFj, = D(B| — I') = 4. This proves (a).

For (b), because —K W§2 = —K W§3 = 1, the curves B, and §3 are irre-
ducible. Since E; = §§ = —1, B, and B3 are (—1)-curves. Because [' =
M+Kw =3Kw+B1+By+Bzand B| = Fp+T,wehave Bo+Bz = —4Ky —Fj.
So it suffices to show B, = —2Kw — I.

Note that By — (—2Kw — I') = 3D — 2B; — B> — 2B3. It follows that
[Br — (—2Kw — I')]> = 0 and D[B; — (—2Kw — I')] = 0. The algebraic index
theorem yields B, =—2Kw —T. |

The next lemma describes a rational fibration on W.

Lemma 4.6. The linear system | Fy| induces a genus 0 fibration g: W — P

(a) The curve I is contained in a singular fiber Fy of g and Fo =" + E, where E
isa (—1)-curve and ET" = 1.
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(b) The fibration g has exactly four singular fibers: Fy and C; + 2E;. + C} (j =
1,2, 3), where E; is a (—1)-curve, C; and C} are the nodal curves contained
in N UNzandeE} = C;E} =1.

(c) If Eg is a smooth section of g and E% < 0, then Eg is a (—1)-curve.

Proof. Ttis well known that a O-curve on a smooth rational surface induces a genus
0 fibration. Because Fj,I" = 0, I is contained in a fiber F of g. Similarly, the nodal
curves N1 U N, are contained in the fibers of g. Denote by F the general fiber of g.

Assume that E is an irreducible component of Fy such that EI" = 1. Then E
is a smooth rational curve with E2 < 0. Since B> is a (—1)-curve and By F =
(—2Kw —T)F =4, By # E and thus BoE = (—2Kw —I')E > 0. It follows that
KwE < 0. The adjunction formula shows that E is (—1)-curve. Then the Zariski
lemma gives Fp =T"+ E.

Assume that Fy is a singular fiber different from Fp and A is an irreducible
component of Fy. Then A" = Osince A and I are in different fibers. Then 2Kw A =
(I' — D)A = —DA. By Proposition 2.4(f), A is either a nodal curve in Ny U N>
or a (—1)-curve with DA = 2. Because D F = 4, any singular fiber has one of the
following types:

° -
1 2 1 1 1 1 1 1

Here a vertex stands for an irreducible component of a singular fiber, and the number
above the vertex represents the self-intersection number of the irreducible compo-
nent, and the number below the vertex represents the multiplicity of the irreducible
component in the fiber. Note that each fiber of the first two types contributes 2 to
the Picard number p(W). The surface W contains six disjoint nodal curves and
p(W)=10— K%V = 9. We have seen that g has one fiber Fy = I" 4+ E of the third
type. So the other fibers are of the first type. This proves (a) and (b).

Assume that Ey is a smooth section of g with Eé < 0. Lemma 4.3(b1) implies
KwEo <0.1f Ky Ey = 0, then Eg is anodal curve. Also Eq(I' + E) = EoF = 1.
By Lemma 4.5(b), either ByEg = —1 or B3Ey = —1. This is impossible because
‘B, and B3 are (—1)-curves. Hence KwEp < 0 and Eg is a (—1)-curve by the
adjunction formula. O

Lemma 4.7. The surface W contains exactly six nodal curves N1 U N».

Proof. Assume that C is a nodal curve different from the six nodal curves NiUN,.
According to Lemma 4.6(b), C is not contained in the fibers of g. Lemma 4.6(c)
implies FC > 2. Then (B, + B3)C = —FC < 0 by Lemma 4.5(b). This contra-
dicts that B, and B3 are (—1)-curves. Thus W contains exactly six nodal curves
N] @] ﬁz. O

_ We have shown in diagram (2.3) that the cover 7: V. — W is branched on
B+ N1, B, + N; and B3, where

Eleb—i-F, EzE—ZKw—F, §3E—2Kw—EE—2Kw—F+F
4.5)
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Now we consider how the nodal curves Cy, ..., C g in the fibers of g (see Lemma 4.6)
distribute along two divisors ‘N and N,. We conclude that N| and N, + F are
divisible by 2 in Pic(W) from (2.4) and (4.5). Since C; + C} = F — ZE} for
Jj =1,2,3, we may assume

Ni=(Ci+C)+(Ca+C)) =2F —2E| —2E,, Ny =C3+C,=F —2E}.
(4.6)

Finally, we shall show that W arises as the blowup of P2 as described in Exam-
ple 4.1. We first claim that there exists a smooth section Eq of g, such that E is a
(—=D)-curve, EoT" = 1 and EgE = 0. Let p: W — W/’ be the morphism blowing
down E. Because K ‘%V/ = 2, the fibration g’: W — P! induced by g is not relatively
minimal. Thus g’ has a smooth section E|, such that E} < 0. The strict transform
Eq of E6 is a smooth section of g and thus it is a (—1)-curve by Lemma 4.6(c). It
follows that EqI" = 1 and EgE = 0. The claim is proved.

Since F = C; + 2E; + C}, we have EOE} = 0. After possibly relabeling C;
and C} for each j = 1, 2, 3, we may assume that EqC; = 1 and EOC} =0.

Blowing down E; (j = L1,2,3), then blowing down the image of C; (G =
1,2, 3) and finally blowing down Ey and E, we obtain a birational morphism
o: W — P2 Let pg := o(Ep), p1 := (E} u C//.) (j=1,2,3)and p := o (E).
Denote by p} the infinitely near point over p; .corresponding to the line p;po.
Note that the exceptional divisor on W corresponding to p; is E’.. The fibration g
corresponds to the pencil of lines passing through the point pg. Then Lemma 4.6(b)
implies that po, p;, pi+1 are not collinear and pg, p, p; are not collinear for each
i = 1,2,3. Lemma 4.7 implies that pi, pa, p3 are not collinear and the point
p satisfies the conditions (I) and (IT) in Example 4.1. Otherwise, for example, if
p € ci, then the strict transform of ¢; on W is a nodal curve, which is different
from Cy, ..., Cé, a contradiction to Lemma 4.7.

Hence we have shown that S is a surface in Example 4.1.

4.2.2. Non-existence result Our goal is to exclude the case (b2) of Lemma 4.3.
Assume K %V = —1 and M? = 0. The following lemma describes a fibration on the
surface W.

Lemma 4.8. (a) The linear system |M | is composed with a pencil |F|and M = 2F,
where | F| is a base point free pencil of rational curves and DF = 2.

(b) Let g: W — P! be the fibration defined by | F|. Then g has exactly five singular
fibers: E1 + E> and C; + 2I'; + C;. (J = 1,2,3,4), where E|, E> and
I'j are (—=1)-curves, C; and C;- are the nodal curves in N1 U N2 U N3 and
E\E, =C;Tj = C;.l"j = 1. Moreover, DE; = DE, = 1.

Proof. Lemma 2.4(e) gives W, Ow(M)) = pa(D) = 3. Assume |M| = |D| +
W, where |®| is the moving part and W is the fixed part. Because both M and & is
nef, wehave 0 = M? = M(®+ W) > M®d = 2+ dW > &2 > 0. It follows that
M® = MY = 0 and ®* = dW = W2 = 0. Then |®| is composed a pencil |F|
and ® = 2F . Itfollows that F2 = 0, MF = 0and DF = (M —Kw)F = —KwF.
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Since D is nef and big, D® < DM = 4 and then the adjunction formula shows
that DF = 2 and D® = 4. Then DV = 0. Lemma 2.4(f) implies ¥ = 0 since
W2 =0.Thus M = ® =2F, DF =2 and KwF = —2. This proves (a).

Since FN; = 2(D—I—KW)N = Ofori = 1, 2, 3, thenodal curves N{UN,UN3
are contained in the singular fibers of g. Assume that A is an irreducible component
of a singular fiber of g. Then A is a smooth rational curve with A?> < 0. Note that
0=2FA=MA=KwA+DA>KyA =-2— A% By Lemma 2.4(f), A is
either one of the nodal curves in N1 UN, UN3 or a (—1)-curve with DA = 1. The
rest of the proof is similar to that of Lemma 4.6(a)—(b). |

Lemma 4.9. (a) The curves B 1, 1 ‘B> and B3 satisfy the following properties: BBy =
7,B1B3 = BzB3_1andBF_2f0r1_123 o
(b) The divisor B3 is an irreducible smooth elliptic curve and Bz = —Ky.

Proof. Recall that E EH isa positive odd integer and E,-z =—1fori=1,2,3.
Note that F "~ —(D +Kw) '~ 13D -~ B, — B> — B3) and FN; = 0 for

i=1,2,3.1t follows that
_ 1 — R — — 1 — N
FBy =4— Z(BZ+BS)BI <3, FBy=4—- Z(Bl + B3)By < 3,

_ 5 1 — _
FBy=-——(B1+By)B3 <2

)
~

Also FB{, FB, and F§3 are of the same parity by (2.4). Since F(El + By +
B3) = (D + Kw)(D —2Ky) = 6, we have FB; = 2 fori = 1,2,3 and then
E]Ez = 7,§]§3 = §2§3 = 1.

By Remark 2.8, from the intersection numbers DB; and DN; = 0, we can
write D as a Q-linear combination of B, B> and B3. It turns out to be a Z-linear
combination: D = B] + B, — B3. Since Pic(W) has no torsion, B3 = —Kw by
(2.5). Assume that B3 = & + ...+ ®,, where the curves ®; are irreducible,
smooth and pairwise disjoint. Then <I>% = & B3 = —Kw®;. It follows that & is
a smooth elliptic curve. The long exact sequence obtained from

0— Ow(Kw) » Ow(Kw + ®1) = we, — 0

gives h'(W, Ow (Kw + ®1)) = 1. Since Ky + @ = —dy — ... — d;,1 = l and
B3 = ®;. This is the desired conclusion. |

Lemma 4.10. Fork = 1, 2, the linear system | B3 + Ex| induces an elliptic fibration
hy: W — P

Proof. Notethat (By+B2)Ey = (D—Kw)Ey = (M —2Ky)E; =2fork =1,2.
Since Ey is disjoint from the nodal curves N{UN,UN3;, by (2. 4) B1Ey, BgEk
and B3Ek are of the same parity. Since B3Ek = —KwE, =1, B Ey and B> E;
are odd integers.

Fix k € {1,2}. Assume B| + By # E;. Then B\Ey = B2E; = 1 and
then the intersection number matrix of B I B>, Bz and Ej, is non- degenerate. This
contradicts Remark 2.8. Therefore By + By > Ej fork = 1, 2.
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Without loss of generality, we may assume B > E;. Then B1E; = —1 and

BoE; = 3. By Remark 2.8, we may write E;| as the (Q-linear combination of
um

By, By, B3. That is E; " %(El — B3),ie., B] = 2E| + B3. Then B|E; =
2E; +E3)E2 = 3 and §2E2 =2—- §1E2 = —1. Thus Ez > E; and Ez =
2E> + B3 again by Remark 2.8.

For k = 1, 2, the divisor By is a disjoint union of smooth irreducible curves, so
is By — E. Also By — Ej and B3 + Ej have no common irreducible component
(cf. Remark 2.1). Since By = B3 + 2Ey, By — Ex and B3 + Ej generate a base
point free pencil of elliptic curves. O

We are now in a position to deduce a contradiction. Let P := E| + E» + B3 =
—Kw + F. We have shown B3 = —Kw and B| + B> > E; + E>. So B3, E; and
E> have no common points by Remark 2.1. Because |E| + E»| (= |F|), | B3 + E1|
and |B3 + E,| are base point free pencils of curves, | P| is base point free. We also
have E 1 E> =E3E1 =E3E2 = 1and PE3 = PE|=PE, =1.

Note that F is a rational curve and that Bj is an elliptic curve. The Riemann—
Roch theorem yields H' (W, Ow (F)) = 0 and dim H°(B3, Og,(P)) = 1. Then
the following exact sequence

0— Ow(F) — Ow(P) — (’)§3(P) -0

yields dim HO(W, Ow(P)) = 3. So | P| defines a morphism f: W — P2. The
argument above also shows that the trace of |P| on B3 is complete and of 0-
dimensional. Therefore f (B3) is a point. Since P = f*Op2(1), this contradicts
PB3;=1>0. O

Hence we exclude the case (b2) of Lemma 4.3 and complete the proof of
Theorem 1.1.

5. Deformations and the moduli space

We study the local deformations and the moduli of the surfaces in the case (b) of
Theorem 1.1. These surfaces are exactly the ones in Example 4.1. Our goal is to
prove Theorem 1.2. Throughout this section, we assume that S is a smooth minimal
surface as in Example 4.1. We denote by ® the tangent sheaf of S. The following
proposition estimates the dimension of the cohomology group H2(S, Og).

Proposition 5.1. The dimensions of the eigenspaces of H*(S, ©s) (for the Z%—
action) satisfy the following properties:

dim H%(S, ©®¢)™ = 0, dim H%(S, ©®¢)X! <2, dim H>(S, ©4)X
<2, dim H%(S, ©5)% < 3.
We use the methods in [3-5], and [15] to prove Proposition 5.1. The techniques

involved depend on the exact sequences in [18, Properties 2.3(c), p. 13]. We also
need the following lemma, which generalizes [5, Lemma 5.1].
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Lemma 5.2. (cf. Lemma 4.4 [15]) Let X be a projective smooth surface. Let
Yi,...,Yr_1and Y be k irreducible smooth curves on X. Assume that Y1 + ...+
Yir—1 4+ Y has only nodes.

(a) There is an exact sequence
0— QLdogYi,...,log¥1,logY) — QL(log¥y,... log¥;_1)(Y)
- QY +...+ Y% +Y) > 0.
) If Lisadivisorof X and Y.(Kx +2Y + Y1+ ...+ Y1+ L) <0, then
dim HO(X, QL (log Y1, ..., log Yi_1)(Y + L))
= dim H(X, Q4 (log Y1, ..., log Y;_1,log Y)(L)).

Proof of Proposition 5.1. We recall in the Example 4.1 that V is a blowup of the
surface S and 7: V — W is a finite Galois Z%—cover branched on Ay, A, and Aj
[see the diagram (2.3) and (4.2)]. We often refer to Example 4.1 (2)—(4) for the
intersection numbers of the curves and the classes of curves in the Picard group
Pic(W) = H2(W, Z).

Denote by ®y the tangent sheaf of the surface V. Because blowing downa (—1)-
curve does not change the dimension of the second cohomology group of the tangent
sheaf, we have dim H2(S, ©5)™ = dim H*(V, ©y)™ and dim H*(S, O5)% =
dim H?(V, ©y)% fori = 1, 2, 3. Serre duality implies H*(V, ©y) = HO(V, Q},®
Q%,)*. The Z%—cover structure gives (cf. [12, Theorem 2.16])

T.(Q) ® Q) = Qjy(log Ay, log Az, log A3)(Kw)

B (B]_,Qyy (log A))(Kw + L))

HO(V. ), ® Q) = HO(W. Q) (log A log A, log A3)(Ky))

® (@ HOW, Q) (log A)(Kw + L)), (5.1)

where the invertible sheaves L1, Lo, L3 are given by (4.3). Itis sufficient to calculate
the dimension of each summand.

We first show HO(W, Q%)V(log A1, log As,log A3)(Kw)) = 0. We have the
following exact sequence from [12, Lemma 3.7] and [10, Lemma 3]

0 — Qb (Kw) — Qb (log Ay, log Az, log A3)(Kw) — @04, (Kw) — 0

(5.2)

Since HO(W, Ql,) = 0 and —Ky is effective, HO(W, @}, (Kw)) = 0. It

suffices to show that the boundary map §: HO(W,®;_ On,(Kw)) — H'

(W, Q%/V(K w)) is injective. The linear system | — Ky | has only one simple base

point because W is a weak Del Pezzo surface of degree one. So there is a morphism

Ow (Kw) — Oy, which is not identically zero on any component of the divisors
A;. This morphism Ow (Kw) — Ow induces a commutative diagram

0 — Qjy (Kw) — Qj, (log Ay, log Ay, log A3)(Kw) — ®;_,Oa, (Kw) —0

| | |

0 Qly Q1 (log Ay, log Ay, log Az) —— @3 ,Op, —> 0
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It gives a commutative diagram of cohomology groups

HOW, ®3_,0a, (Kw)) —— H' (W, 2L, (Kw))

e T

HOW, ®3_,0n,) = H'\(W, Q)

Recall that C; and C; are nodal-curves and that other components of A; are
(—D)-curves or O-curves (see (4.2)). So we have HO(W, ea?:loAi (Kw))
= @?:1 HO(w, OCI.)EBHO(W, OC’(). By [12, Lemma 3.7], the image of the function
identically equal to 1 on C; (respectively C;) maps under /1 to the first Chern class
of C; (respectively C;). Because the curves C; and C; are disjoint nodal curves,
their Chern classes are linearly independent in H'(W, SZ{}V). Thus the composite
map ¥ = Y1y is injective. It follows that § is also injective. We thus get

dim H2(S, ©5)™ = dim HO(W, @1}, (log A1, log Az, log A3)(Kyw)) = 0.

We now calculate dim HO(W, @}, (log A1)(Kw +£1)). Recall that A} = Fj+
F+C1+C+Cy+Chand Ky + L1 = —Kw — E} (see (4.2) and (4.3)). Applying
Lemma 5.2(b) to I, C3 and Cj, we have

dim HO(W, Q1 (log A1) (Kw + £1)) = (5.3)

dim H(W, Q1 (log F, log C1, log C}, log C3, log C}, log C3, log C)(Kw

+ L —C3—C§+F))
NOtethatKw+£1—C3—Cé+F = (—KW—Eé)—(L—Eo—ZEé)-l—(L—E()—E) =
—Kw + E; — E (see (4.1) and (4.3)). By Lemma 4.2, | — Kw + E — E| consists

of a (—1)-curve A and A meets Fj, transversely. Now A(Kw + 2A + Fp + C1 +
Lt Cé) = 1, Lemma 5.2(a) gives the following exact sequence

0 — Qiy (log Fp, log C1, log C}, log C2, log C}, log C3, log C}, log A)
—>§2%,V(10g Fp,log Cy, log C}, log C2, log C5, log C3, log C5)(A) — Oa (1)—0.

The first Chern classes of Fp,Cq, ..., Cé and A are linearly independent in
H*(W, C). By [12, Lemma 3.7], it follows that

HO(W, Q]W(log Fp,log Cy1,log C}, log Ca, log C5, log C3, log C%, log A)) = 0.
From the long exact sequence of cohomology we conclude that

dim HO(W, Q,l,v(log Fp,log Cy,log C}, log C2,log C5, log C3, log C5)(A)) <2
5.4

We thus get dim H*(S, ©¢)*1 = dim HO(W, @}, (log A))(Kw + £1)) < 2 by
(5.3) and (5.4).

We proceed to calculate dim HO(W, Q{V (log A2)(Kw+L>)). Recall that Ay =
By +C3+ Cyand Ky + Lo = 2L —2Eg — E| — E}, — E. Note that I" intersects
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B> transversely (see Example 4.1(4)) and I'(Kw + 2I" + Br+C3+ Cé + (Kw +
Lo —T')) = 0. Lemma 5.2(a) yields an exact sequence

0— Q%V(logﬁz, log C3,log C5, log ) (Kw + L2 — T)
— Qi (log B, log C3, log C5)(Kw + £2) — Or — 0.

It follows that
dim HO(W, Q1 (log B2, log C3, log C})(Kw + £2))
< dim H(W, @}, (log B2, log C3, log C4, log D) (Kw + L2 — T)) + 1 (5.5)

Note that B>(Kw + £2 — I') = 0. Tensoring the exact sequence (cf. [18, Proper-
ties 2.3(b)])

0 — Qi (log C3, log Cj, logT') — Q1 (log B2, log C3, log C5,
logI') > Og, = 0
with Ow (Kw + L2 — T'), we have
dim HO(W, Q%V(logﬁg, log C3, log Cé, logI')(Kw + L2 — T))
< dim HO(W, @}, (log C3,1og Cj, log D) (Kw + Lo —T) +1  (5.6)
Note that Ky + Lo — ' =L — Eg — E{ — E, = C1 + E| + C| — E}. Applying
Lemma 5.2(b) to Cy, E| and C{, we have
dim HO(W, Q1 (log C3, log C}, log T)(Kw + L2 — )
= dim HO(W, @}, (log C3, log C}, log T, log C1, log E', log C})(—E})) (5.7)

The first Chern classes of I', C3, C, C1, E| and C| are linearly independent in
H?2(S,C). By [12, Lemma 3.7], it follows that

dim H°(W, Ql, (log C3, log C}, log T, log Cy, log E}, log C})(—E5)) =0 (5.8)

We thus obtain dim H2(S, ©5)% = dim HO(W, Q}, (log A2)(Kw + £2)) < 2
from (5.5)—(5.8).

It remains to calculate dim HO(W, Q%,V(log A3)(Kw+L£L3)). Note that A3 = B3
and Kw + L3 = 2L — 2Eg — E} — E}, — E}. Since I'(Kw + 2T + B3 + (Kw +
L3 —T')) = —1, Lemma 5.2(b) yields

dim HO(W, Q1 (log B3)(Kw + L3))
= dim HO(W, @}, (log B3, log ) (Kw + L3 — ")) (5.9)

Note that B3(Kw + £3 — ) = 1. Tensoring the exact sequence (cf. [18, Proper-
ties 2.3(b)])

0 — Qi (logT) — Qi (log B3, logI") — Op, — 0
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with Ow (Kw + L3 — I'), we have

dim H°(W, @1, (log B3, log T')(Kw + £3 — I))
< dim H(W, @b, (log T)(Kw + L3 — ) +2 (5.10)

Note that Ky +£L3—I' = L—Eo+E—E|—E,—E; = E+C1+E|+C|—E,—E}.
Applying Lemma 5.2(b) to E, Cy, E| and C{, we have

dim HO(W, Ql, (log ") (Kw + L3 —T)) =
dim HO(W, Q1 (log T, log E, log Cy, log E', log C})(—E5 — E5))  (5.11)

Since E + T = F = C| + 2E/ + C{, applying [12, Lemma 3.7] to the following
exact sequence

0— QW — QW(logF log E,log Cy, log E}, log C1) — Or & O & O,
@ OE; @Oci — O,

we have
Ho(W, @}, (logT, log E, log Cy, log E, log C})) = 1 (5.12)
We obtain dim H2(S, ©)% < 3 from (5.9)—(5.12) and complete the proof. m|

The proof of Theorem 1.2. From the construction of the surfaces in Example 4.1,
it is clear that B is irreducible, unirational and of dimension 3 (cf. [16, thelastpara-
graphofSection 3]).

Let S be a surface in Example 4.1. Since — dim HY(S, ©g)+dim H2(S, Og) =
2K§ — 10x(S) = 4, by Proposition 5.1, we have dim H?(S,0s5) < 7 and
dim H'(S, ©g) < 3. Because S is smooth and K g is ample, the minimal model and
the canonical model of S coincide. We denote by B(S) the base of the Kuranishi
family of deformations of S and by [S] the corresponding point of the moduli space
M. Recall the fact that the germ of the complex space (M, [S]) is analytically
1somorph1c to the quotient B(S)/Aut(S).

We have the following inequalities

3> dim H!(S, ®g) > the dimension of B(S) > the dimension of (MT7,[SD
> the local dimension of 8 at the point [S] = 3.

Consequently all the equalities hold. The second equality shows that B(S) is smooth.
Therefore (M?ag, [S]) is normal. Since ‘B is irreducible, the last equality shows
that %8 coincides with M locally at [S] for any S in Example 4.1. Hence ‘B is
an open subset of M{"] and B is normal.

It remains to prove that B is a closed subset of M?a? It suffices to prove the
following statement. Let T be a smooth affine curve and o € T. Let F: § — T
be a flat family of canonical models of surfaces of general type with K* = 7 and
pg = 0. Set §; = F~Y) fort € T. Assume that S; is a surface in Example 4.1
fort # o. Then so is S,.



Commuting involutions on surfaces of general type 573

In fact, by construction, we have a G (= Z%)-aetion on S\ S,. The G-action
extends to S by [11, Theorem 1.8]. In particular, S, admits a G-action. This action
lifts to the minimal model S, of S,. By Proposition 2.7(e), the canonical divisor
of &) is ample and thus S, = S),. It suffices to show that the pair (S,, G) satisfies
property (b) of Theorem 1.1.

Fort € T, we denote by R; be the union of the divisorial parts of the fixed
loci of the three involutions g;, g2 and g3. Since F: S — T is a flat family with
the G-action on each fiber, Ks, R, > K, 'R, for t # o. From the construction in
Example 4.1, we have K5, R; =5+ 5+ 3 = 13fort # o and thus Ks R, > 13.
We see that (S,, G) satisfies the property (a) or (b) of Theorem 1.1.

Set Y := §/G. Then Y — T is a flat family of surfaces with only nodes.
For ¢t # o, by construction, ); := S;/G is a 6-nodal singular Del Pezzo surface.
It follows that )V, := S,/G has at least 6 nodes. Since the quotient of an Inoue
surface is the 4-nodal cubic surface, by Theorem 1.1, (S,, G) satisfies property (b)
and S, is indeed a surface in Example 4.1.

Hence B is a closed subset of M7 and we complete the proof of Theorem 1.2.
0

Remark 5.3. From the proof of Theorem 1.2, we see that all the inequalities in
Proposition 5.1 hold, dim H'(S, ®¢) = 3 and dim H%(S, ©g) = 7. Here we show
H(S, ®) is Z3-invariant.

It suffices to show dim H‘(S, ®5)i“" = dim HI(W, Q%)V(log A1, log As,
log A3)(Kw)) = 3 by (5.1). We have seen dim HO(W, Qh,(log A1, log As, log
A3)(Kw)) = 0. According to (5.1), H*(W, j, (log A1, log Ay, log A3)(Kw)) is
adirectsumof HO(V, ©y)*. Since V is of general type, we have HO(V,0y) =0.1t
remains to show x (Q%,V(log A1, log As,log A3)(Kw)) = —3. The exact sequence
(5.2) yields

X (Q2h (log A1, log Az, log A3)(Kw) = x (Qy (Kw)) + x (@304, (Kw)).

The splitting principle and the Riemann—Roch theorem imply x (Q%V (Kw)) = —8.
Note that each component of A1, A and A3 is a smooth rational curve (see (4.2)).
We easily obtain x (69?: 104, (Kw)) = 5by Riemann—Roch Theorem and complete
the proof.
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