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Abstract. We consider systems of stochastic evolutionary equations of the type
du = div S(Vu) dt + @ (n)dW;
where S is a non-linear operator, for instance the p-Laplacian
S = (1+6DP %, & e R,

with p € (1, 00) and @ grows linearly. We extend known results about the deterministic
problem to the stochastic situation. First we verify the natural regularity:

T 5
E[ sup |Vu(t)|2dx+/ / |VF(Vu)\2dxdt] < o0,
te(0,7)/G’ JO G’

-2
where F(§) = (1 + |’g‘|)pT§. If we have Uhlenbeck-structure then E[lquHZ] is finite for
all ¢ < oo if the same is true for the initial data.

1. Introduction

We will study existence and regularity of solutions u : Q — RD , 9 :=(0,T) x G with
T > 0and G C R? bounded, to systems of stochastic PDE’s of the type

du =div S(Vu)dt + @ (u)dW;

a0 — u (1.1)

Here S : R?*P _ RAXD jg 3 non-linear operator and ug some in general random initial
datum. The most famous example is the p-Laplacian operator

SE) = (14 EDP7%, & eRID, (1.2)

with p € (1, oo). Equation (1.1) is an abbreviation for

u(t) =ug +/
0
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div S(Vu)do + / P () dWs (1.3)
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P ® £!-a.e. We assume that W is a Brownian motion with values in a Hilbert space (see
Sect. 2 for details). We suppose linear growth of @-roughly speaking |® (u)| < ¢(1 + |u])
and |[D®(u)| < c (for a precise formulation see (2.9) in Sect. 2). The motivation for this
is an interaction between the solution and the random perturbation caused by the Brownian
motion. For large values of |u| we expect a larger perturbation than for small values.

Since the p-Laplace equation is a basic problem in non-linear PDEs it can be understood
as a model-problem to a large class of equations. In view of applications we especially
mention the flow of Non-Newtonian fluids (see for instance [10,20,37,41]) which might be
the topic of some future projects. The deterministic equivalent to the equation mentioned
above is already well understood, we refer to [24,25] and [42] for the stationary case and to
[17,34,43] for the evolutionary situation. We also refer to the survey papers [36] and [19]
giving a nice overview.

Regarding the stochastic problem there is a lot of literature regarding the existence of solu-
tions to nonlinear evolutionary equations. The popular variational approach by Pardoux [38]
for SPDEs provides an existence theory for a quite general class of equations. It requires a
Banach space V which is continuously embedded into the Hilbert space %" on which the
equation is considered. The main part of the equation is to be understood in the dual V*. In
the situation (1.1)—(1.2) we have V = Wl’p(G) and 7 = LZ(G). Although this does not
include the case 1 < p < % (this bound arises from Sobolev’s Theorem) system (1.1)
can still be treated by slightly modified arguments. For recent developments we refer to [35]
and [39].

However, there is not much literature about the regularity for nonlinear stochastic problems
like (1.1). Only a few regularity results about nonlinear stochastic PDEs are known:

e In [27] and [28] semilinear stochastic PDEs are considered, were also regularity state-
ments are shown. Anyway, the elliptic part of the equations studied there is still linear.
Zhang [44] observes non-linear stochastic PDEs but only in space-dimension one.
Very recently the regularity of certain nonlinear parabolic systems with stochastic per-
turbation was investigated in [4]. The results are C*-estimates for the solution under a
quadratic growth assumption.

The literature dedicated to the regularity theory for linear SPDEs is quite extensive, we refer
to [21,31-33] and the references therein. The situation in the non-linear case is different, as
explained above and to our best knowledge there is nothing about regularity for the stochastic
p-Laplacian system. Hence this is the aim of the present paper. We will prove the following
statements:

e The weak solution u is a strong solution to (1.1) and it holds

. T
IE[ sup / |Vu(t)|2dx+/ / |VF(Vu)|2dxdt:|<oo (1.4)
te(0,T)/ G’ 0 G’

n—2
forall G’ € G, where F(§) = (1 + |£|)IT§ (see Theorems 4 and 5).
o LetS(&) =v(|&])& forv : [0, c0) — [0, ooyl andp > 2 — 3. Then the strong solution

u satisfies
T
E[/ / |Vu|? dxdtj| < 00 (1.5)
O ’

forall G’ € G and all ¢ < oo (see Theorem 7).

! Ihe so-called Uhlenbeck-structure, see [42].
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Remark 1. (a) The estimate in (1.4) is the natural extension of the results for non-linear
PDE’s in the deterministic situation to the stochastic setting, see [19] (chapter 5). In
the deterministic case, it is also quite standard to get regularity results in time: testing
with 8t2u gives dru € L°°(L2) and 0;F(Vu) € Lz(Q)‘ Due to the appearance of the
Brownian motion such a results cannot be true for the stochastic problem.

(b) We consider only the non-degenerated case, see (2.8). However, the regularity estimates
are independent of A which means it is possible to obtain results for the degenerate
case via approximation.

(c) Itis only a technical matter to assume general Dirichlet boundary conditions. In order
to keep the proofs easier, we assume them to be zero.

(d) A lot of other statements which are known in the deterministic situation are still open
for the stochastic problem. For instance partial regularity for the parabolic problems
with p-structure which is shown in [18] via the .A-caloric approximation method.

(e) The proof of (1.5) is based on Moser iteration (see for instance [26], ch. 8.5, for a
nice presentation in the stationary deterministic case). Moser iteration in the stochastic
setting also appears in [ 14—16]. The authors study estimates and maximum princples for
the solution to SPDEs with a linear operator in the main part. This paper is concerned
with gradient estimates for nonlinear systems of SPDEs.

Our procedure is as follows: In Sect. 3 we study the case p > 2. We apply the difference
quotient method to gain higher differentiability and the corresponding estimates in the su-
perquadratic case (Sect. 4). Since this does not work immediately if p < 2 we approximate
by a quadratic problem and show uniform estimates. We have to combine the techniques
from non-linear PDE’s with stochastic calculus for martingales. Note that it is not possible
to work directly with test functions. Instead we apply Itd’s formula to certain functions of u.
Finally we prove arbitrarily high integrability of Vu under special structure assumptions.
This is done by Moser iteration.

2. Probability framework

Let (2, F, IP) be a probability space equipped with a filtration {F;, 0 <t < T}, which is
a nondecreasing family of sub-o-fields of F,i.e. Fy C F; for0 < s <t < T. We further
assume that {#;, 0 <t < T}isright-continuous and F contains all the P-negligible events
in F.

For a Banach space (X, || - ||x) we denote for 1 < p < co by LP(R2, F, P; X) the Banach
space of all F-measurable functions v : & — X such that

E[IvlI%] < oo,

where the expectation is taken w.r.t. (2, F, P).

Let U, ¢ be two separable Hilbert spaces and let (e);cn be an orthonormal basis of U.
We denote by Lo (U, J¢) the set of Hilbert-Schmidt operators from U to 7. Throughout
the paper we consider a cylindrical Wiener process W = (W;);¢[o,7] Which has the form

W(o) =D Brlo)e (2.6)
keN

with a sequence (Bj) of independent real valued Brownian motions on (€2, F, P). Now

t
/ Y(0)dWo, ¢ € L3R, F,P; L20, T; Ly(U, ),
0
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with v progressively (F;)-measurable, defines a P-almost surely continuous L2(Q)P valued
Fr-martingale.” Moreover, we can multiply with test-functions since

t S
</ w(o)dwa,<p> = > [ oLy i) o< or.
0 P =tL)

is well-defined (the series converges in LZ(Q, F,P; C[0, T))).
Our actual aim is the study of the system (1.1), where H = L2(G), V = WLr(G):

du =div S(Vu)dt + @ (u) dW;
[u ©) —ug , 2.7)
where S : RIXD s RIXD i5 ¢l and fulfils
A+ EDPT2E? < DSE)(&, &) < AQ + EDP21g (2.8)

forall §,¢ € RY*D with some positive constants A, A and p € (1, c0). Suppose that @
satisfies (2.9).

Definition 2. (weak solution)
Let W be a Brownian motion as in (2.6) on a probability space (2, F, P) with filtration
(Fp). Afunctionu € L2(Q, F,P; L2, T; L>(G)))NLP(Q, F,P; LP(0, T; W7 (G)))
which is progressively (F;)-measureable is called a weak solutions to (1.1) if for every
¢ € C§°(G) it holds for a.e. ¢

t
/ u()-edx +/ / S(Vu(o)) : Vo dxdo
G G JO

t
:/u0-<pdx+// P ()dWys - @dx
G GJO

P-almost surely.

In order to show regularity of solutions we suppose the following linear growth assumptions
on @ (following [27]): For each z € Lz(G) there is a mapping @ (z) : U — LZ(G)D
defined by @ (z)e; = gi (-, z(-)). In particular, we suppose that g; € CH(G x RP) and the
following conditions

Dok, BF <c+ %), D IVegr(x, &> <c, &eRP,
keN keN

D IVagk(x, H)1F < c(1+ 181,
keN

(2.9)

Definition 3. (strong solution)
A weak solution is called a strong solutions to (1.1) if divS(Vu) € L (Q, F,P; L}OC(Q))
and

t t
u(t) =ug +/ div S(Vu)do + / @ (u)dW,
0 JO

holds P ® L4+ ae.

2 For stochastic calculus in infinite dimensions we refer to [12].
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3. Regularity for p > 2

Throughout this section we study problems of the type (1.1) with (2.8) for p > 2. In the
following section we consider subquadratic problems regularized by quadratic ones.

Theorem 4. (Regularity)
Assume ug € L2(Q, Fo. P, W2(G)), (2.8) with p > 2 and (2.9). Then the unique weak
solution u to (1.1) is a strong solution and satisfies

T
IE[ sup / |Vu(t)|2dx+/ / |VF(Vu)|2dxdt]<w
te(0,7) /G’ 0o JG

forall G’ € G.

Proof. Since ugy € LA(Q, Fo, P, W12(G)) and p > 2 the existence of a unique weak
solution (in the sense of defintion 2) follows by the common variational approach (see for
instance [39]) and satisfies

o uelXQ F,PLX0,T; LX(G)));

o uclLP(Q, F,P,LPO,T; W-P(G))).

We consider a cut-off function n € Cgo (G) and the difference quotient AZ in direction
y € {1,...,d} with |h| < %dist(supp n, 0S2). We apply Itd’s formula to the function
fv) =3 ||77AVV||L2(G) In appropriate version it is shown in [13], Prop. A.1. Although
only the L2-case is considered there it is straightforward to extend it to the LP-setting. This
shows

1 14 2 _1 Y 2 ! -/ 1 ! 1/
EllnAhu(I)I|L2(G) - EllnAhuO||L2(G)+ 0 f (u)du(T +§ 0 f (u)d<u>(7

1 g t
14 2 2/A7Y
SInaluolZ, ) + /G/O (Al )y dx
1 ! i
+7/ / n2d</ AZ((P(u)dW)> dx=:(D+ D+ II).
2JGJo Jo o
We consider the three integrals separately. For the second one we get

(U1 =—UID)1— U2+ D3,

t
(1) :=/ / n*AYS(Vu) : AY Vudx do,
(I1)2 —/ / AYS(Vu) : Vi? ® A udx do,

(ID); —// n?Alu - A” @(u)dwg)dx.

Using the assumptions for S in (2.8) we get

t 1
(11)1=/ / n2/ DS(Vu + shA) Vu) ds(A) Vu, A Vu) dx do
0JG 0
t 1
zA/ / nz/ (1+ |Vu + sh A} Vu)P 2 ds| A} Vu|? dx do
G 0

t
> c/ / (1 + [Vul + 1AL Vu)?P~2| A Vul? dx do
0 JG

t
zc/ / n?|AYF(V)|? dx do.
0 JG
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In the second last step we used [1], Lemma 2.1. For the second term we obtain by similar
arguments

t 1
(ID)y < c/ / n/ (1+ |Vu +shA) Vu)P~2 ds|A) Vu||Vn||A) u| dx do
0 JG 0
t 1
56/ / nz/ (1+ [Vu+ shA] Vu)P =2 ds|A) Vu|? dx do
0 JG 0
t r 1
+c(8)/ / / (1 +|Vu+shAZVu|)p_2ds|Vr;|2|AZu|dxda
0 JGJO
~t
§c(8)/ / (1+ |Vu| + |hAY Vu)P 2| AV u|? dx do
supp 7

t
+5/ / n?|AYF(Vu)|? dx do.
0 JG

Here we used Young’s inequality for an arbitrary § > 0. Moreover, we have by (2.9)

(111):1//177251 /'AZ(dﬁ(u)dW)de
72// /AV (Ger)dpy) dx

2
SEZ:// nz‘(/ Vggk(x+shey,u+shAZu)ds)AZu‘ do dx
G JO 0
k
1 t 5 1 2
+EZ// n ’/ Bygk(x—i—shey,u—l—shAZu)ds’ do dx
JG JO 0
k

' '
SC/ / H2|AZU|2doa’x+c/ / lu2 do dx.
GJO GJO

Plugging all together and using E[(/1)3] = 0 we see
E[/ n*|AYu(t))? dx +/ n?|AYF(Vu)|* dx dt]
G Q

t
gcJE[/ |Vu0\2dx] +c/ JE[/ n?(A)ul® + u)?) dx] do
G 0 G

t
+c1E[// n2(1+|Vu|+|hAZVu|)1’—2|AZu|2dxda].
supp 1

By Gronwall’s Lemma and since ug € L3R, Fo, P; W12(G)) andu € LA x Q) we
end up with

E[/ n2|AZu(t)|2dx+/ n2|AZF(Vu)|2dxdt:|
G Q

t
5c(n)(1+1€[// (1+IVuI+IhAZVul)I’_zlAZulzdxda]).
0 Jsuppn
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Here we also took into account u € L2( x Q). If p > 2 we gain by Young’s inequality
for the exponents % and $3

top t
(RHS) < c(n)(l —|—/ / |Vu|? dx do —I—/ / |hAZVu|pdx do)
0 JG 0 Jsuppn

t
Sc(n)(l—i—/ / |Vu|pdxda)
0 JG

which is bounded as well (independent of /). This means we have shown

E[/ 2|1 AY u(n)? dx +/ nZIAZF(Vu)|2dxdt] <cO).
G Q

Now we want to interchange supremum and expectation value. Applying similar arguments
as before we obtain

IE[ sup/nzlAZu(t)lzdx]—i—IE[/ nzlAZF(Vu)lzdxdt]
0.7)/G Q
(3.10)

<c() +cE[ sup |(11)3|]~
0,7)

Using the assumptions on W [see (2.9)] we see
t
(11)3=/ / nzAZu-AZ(¢(u)ekd,8k(a))dx
G JO
! 2
=3 [ | raju-a] (s w dpiio) dx
X GJO
t 1
zz// ,,2(/ v,;gk(x+shey,u+shAZu)ds)(AZu, Al'w) dpy (o) dx
GJO 0
k

t 1
+Z/G/() nzAZu-</0 Bygk(x+shey,u+shAZu)ds)dﬂk(a)dx
k
t
=/G/O n°GE (A u, AYw) dBy (o) dx

t
+ / / n*G () - Al udpy(o) dx
GJO
= (D} +UD3

where we abbreviated

1
Gt = Zgg = Z(/() ngk(x+shey,u+shAZu)ds),
k k

-1
GXu) = Zg;g(u) = Z/ 3y gk (x + shey, u +shAZu) ds.
& i 0

3 This step is trivial if p = 2.
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On account of assumption (2.9) Burkholder—Davis—Gundy inequality and Young’s inequality
imply for arbitrary § > 0

]E[ sup |(11)§|]5JE[ sup ‘/ Z/ *GE (A, Ayu)dxdﬂk(a)u

te(0,T) 1€(0,T)

T 2 qi
<cE / (/ 2Qg(Ayu Ayu) dx) dt:|
0 G

T 2 13
<cE (/ (/ r;zlAZulzdx) dt]
L 0 G

<SE sup/ n2|AZu|2dx:|+c(8)E[/ nzlAZulzdxdt].
L0.,7)/G Q

By similar arguments we gain

roT 2 43
/ (/ nzgx(u)-A}:udx) dz]
0 G

IE[ sup |(11)§|]5c1E
te(0,T)

r 2
<cE (/ (/ 1 |A”u|/ |u+shAhu\dsdx) dt]

<cE sup/ [ua| dx]+cE[/ nzlAZulzdxdt].
L (0,7) Q

Combining this with (3.10), using u € L2(Q, F,P; L%°(0, T; L2(G))) and choosing §
sufficiently small shows

E[ sup / n2|AZu(t)|2dx] +]E[/ n2|AZF(Vu)|2dxdz] < (). (3.11)
0.7)/G Q

This finally proves the claim (see [4], section 3.2, for difference quotients and differen-
tiability in the stochastic setting). O

4. The subquadratic case: p < 2

Throughout this section we study problems of the type (1.1) with (2.8) and p < 2. We add
the Laplacian to the main part in order to get a problem with quadratic growth. Let u® be the
solution to

& _ i & &

du® = div (S(Vu®))dr + eAudt + ® (u)dW;, 4.12)

u(0) = up.
From Theorem 4 we know that the solution has the following properties
o ufel?(Q,F,P;L®0,T; L2(]G)))
o VUt e LX(Q,F,PiL20.T; W,;2(G)).
We will prove the following a priori estimates which are uniform in &:

E[ sup / [uf (1)|% dx +/ |Vué|P dx dt +8/ |V |? dx dt:|
G
te(0,T) Q Q (4.13)

o(1+8] [ morar]).
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2

12G) which shows

We apply 1t6’s formula to the function f(v) = %Ilvll

1 1 r 1t
S D172 ) = 3101726, + /0 fw)dug + - /O fa)dt)g

1 2 ! 2 .
= —|jug| —8/ / |Vu®|* dx do —/ / S(Vu®) : Vul dx do
270G g o GJo

t . t .
+/ / u8.¢(u£)dwgdx+/ / d</ q>(u8)dw> dx.
GJO JG JO 0 o

(4.14)

Now we can follow, building expectations and using (2.8), that

t t
]E[/|u€(t)|2dx+e/ / \Vu€|2dxdo+/ / |Vué |? dx do
G 0 JG 0 JG

< c(B[1 + ol )] + E[41 0] + E[5]).

Here we abbreviated

t
Jl(t)://us-d?(us)dwgdx,
G JO

t .
Jg(z):/ / d</ <p(u8)dw> dx.
G JO 0 o

Using (2.9) we gain
t 0
E[Jz]=E[/ Z/ |<I>(u5)ei|2dxdo]
0 =Je
t 00
=E JCud)2dxd :|
[/OE/G@( u’)? dx do

t
SCIE[I—I—/ / |u8|2dxda].
JO JG

Clearly, we have E[J1] = 0. So interchanging the time-integral and the expectation value
and applying Gronwall’s Lemma leads to

sup E[/ |u€(t)|2dx] —|—£E[/ |Vug|pdxdt] +]E|:/ |Vu€|pdxdti|
1e(0,T) G Q Q

(4.15)
< cE[l—l—/ |u0|2dx:|.
G
A similar observation shows
T
IE[ sup /|u5(r)|2dx]ch[1+/ |u0|2dx+/ /Iuglzdxdoi|
G G 0 JG
te0.1) (4.16)

+cE[ sup |J](t)|:|.
1e(0,7)
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On account of the Burkholder-Davis—Gundy inequality, (2.9) and Young’s inequality we
obtain for arbitrary ¥ > 0

'
IE|: sup |J1(t)|:|:IE|: sup ‘//uedi(ug)dxdwa’]
te(0,7) te(0,7)
[ (/ Z/ gi(',ug)dXd,Bi(U)H
te(OT)
roT 2 43
<cE flgi(,ub)dx ) dt
<c /0 IZ(/G'“'“ u®) x) }

- T 2 %
<cE 1+(/ (/ |u8|2dx) da]
T
<«E| sup / lu® |2dx]+c(K)E[ / / |u£|2dxdcr]
Lte(0,T) G

Inserting this in (4.16), choosing « small enough and using (4.15) proves (4.13).
After passing to a (not relabeled) subsequence we have for a certain function u

uw —u in LP(Q,F,P;LP(Q)),
u —u in L3Q,F,P;L"0,T; L*(G)) Vr < oo,

Vué — Vu in LP(Q,F,P; LP(Q)),

eVt — 0 in L2(Q,F,P; L2(Q)).

4.17)

Theorem 5. (Regularity)
Assume (2.8) with p < 2, (2.9) and ug € L2(Q, Fo, P, WI2(G)). Then there is a unique
weak solution a to (1.1) which is a strong solution and satisfies

T
IE[ sup / |Vu(t)|2dx+/ / |VF(Vu)|2dxdz:|<oo
te(0,7)/G’ 0 JG

forall G' € G, where F(§) = (1 + |§|)#E.

Remark 6. Incthease 1 < p < 2_;12 even the existence of a weak solution is not contained
in literature. In this case no Gelfand triple is available and hence the general results for
evolutionary SPDEs based on the variational approach (see for instance [39, Thm. 4.2.4])
do not hold. The uniqueness is again classical and follows from the monotonicity of the

coefficients.

Proof. From the proof of Theorem 4 we can quote [recall (4.13)]
E[/ n*|AYuE (1) dx + / n?|AYF(Vu®)|? dx dt}
G JO
t
< c(n)(l +E[/ / (14 |Vuf| + |hAZVu£|)P_2|AZuS|2 dx da])
0 Jsuppn

t
+c(n)sJE[// |AZu8|2dxda:|)
0 Jsuppn
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since the arguments up to this step also work for p < 2. All involved quantities have weak
derivatives so we can go to the limit # — 0. This shows by (4.13)

IE[/ n2|Vu£(t)|2dx+/ n2|VF(Vu8)|2dxdz:|
G Q
- }
§c(n)(1+E / /(1+|Vu8|)P*2|Vu8|2dxda )
LJO JG

: i
—l—c(n)eE[/ / |Vu£|2dxda]).
0 JG

0/ ]
SC(n)(IHE / /(1+|Vu5|>/"2|Vu8|2dxda)
LJO JG

- t -
EC(ﬂ)(l—f—E / / |Vu6|pdxda]).
LJO JG

Using similar arguments as in the last section we can interchange supremum and integral
and conclude

]E[ sup /n2|Vu8(t)|2dx+/ nz\VF(Vu€)|2dxdt]
t€(0,T) /G Q

(4.18)
< C(n)(l +JE[/ [Vu®|P dx da]) <c@.
Q
Now we have to go to the limit in the equation. We get
S(Vut) —:§ in LP(@, F.B; LP (Q)), @.19)

Put) —: @ in L2(Q,F,P; L0, T; Ly(U, L*(G)P))).

One can now pass to the limit in the equation to obtain the corresponding equation for u with
S and @ instead of S(Vu) and @ (u), respectively. The passage to the limit in the stochastic
integral is justified since the mapping

L2(Q, F,P; L*(0, T; Ly(U; L*(G)))) — L¥(Q, F,P; L*(0, T; L*(G))),
t
¢'—>/ 9dW,
0

is continuous hence weakly continuous. We have to show that S = S(Vu) and @ = @ (u)
hold. Subtracting the formula for ||u® ||2 and ||u||2 [see (4.14)] shows

L2(G) L2(G)
1 e 2
-E [a®(T) —u(T)|* dx
2 G

T T
+ E[/G/(; (S(Vu®) — S(Vw)) : V(u® — u) dxda] +8E|:/0 /G |Vu£|2dxda]

= IE[ —/ wi(T) - u(T)dx:|
G

r T T
+ E // (S—S(Vug)):Vudxda—// S(Vu):V(us—u)dxda]
LJG JO G JO
- . )
+E // (us-qﬁ(u‘s)dwg—u-(DdWU)dx]
LJGJO

+ E:/G/()Td«/o'@(ug)dw)a—(/O'quWL)dx}.




340 D. Breit

By (4.17) u®(T) is bounded in L2(Q2 x G, P® £4). Which gives u® (T) — u(7) in the same
space at least for a subsequence (note that both are weakly continuous in LE(QxG,PeLY)
with respect to ¢+ which can be shown by the equations). Letting ¢ — oo shows for a
subsequence using (4.17) and (4.19)

g T
1imE|:/ lu (T) — w(T)|? dx +/ / (S(Vu®) — S(Vw)) : V(uf —u) dx dcf]
& G GJO

glignE[/G/OTd«/O.d)(ug)dWL —</0 quW)g) dx].

Following essential ideas of [11] (section 6) the last integral T can be written as

7o T &N 12 r . 2
T_Zi:]E[/G/O [P (u®)e| dxda]—zi:E[/G/o |Pe;]| dxda]
T 2 L 2
=E[/O 12 @I, w126y dz} —IE[/O D12, 0 126y dt]
T ) T &\ &
:E[/O ||¢(“5)—‘p“Lz(U,Lz(G))d’} +2E[/0 (®(u ),@)LZ(U,LZ(G))dt}

T
2112
—ZE[/O ||¢||L2(U!L2(G))dti|.

On account of (4.19) for ¢ — 0 we only have to consider the first term which can be written
as

T T
& Z2 _ ey _ 2
E[/O I® )—¢||L2(U,L2<G))dz} _E[./o 1@ ) q><u)||L2(U,L2(G))dr}
T =12
- ]E|:/O ”(p(u) - ¢||L2(U,L2(G)) dti|

T ~ ~
+ ZE[/O (fD(uS)—@,fD(u)—fp)Lz(U,Lz(G)) dt]

Using again (4.19) and also (2.9) implies

T
— . ey 2
hénT < llgnIE[/O | u®) <1§(u)||L2(U’L2(G)) dt]

T
<c limIE|:/ / [u® 7u|2dxdt:|.
€ 0 G

We finally gain on account of Grownwall’s lemma after interchanging expectation and inte-
gral

T
E[/ / (S(Vu®) — S(Vw)) : V(u® —u) dx doi| =0.
GJO
From this we deduce, by monotonicity of S that
Vué — Vu P® L9 —qge.

This means we have shown S = S(Vu). Now we combine the uniform L7 -estimates for
Vu? with Vitali’s Theorem to get

Vot — Vu in LY(Q x (0,T) x G;P® £ty forall g < p. (4.20)
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Of course this also means compactness of u® in the same space (we have zero traces).
Therefore, we gain @ = @ (u). Now we can pass to the limit in the approximated equation
and finish the proof of Theorem 5. O

5. Uhlenbeck-structure

In order to get better results we assume Uhlenbeck structure for the non-linear tensor S. If
D > 2 we suppose

S@&) = v(&D§ (5.21)
for a C!-function v : [0, c0) — [0, 00).
Theorem 7. (Higher integrability)

Assume (2.8), (5.21), (2.9) and ug € LI(S2, Fo, P, WH4(G)) forallg < c0.If p > 2 — 5
then the solution u to (1.1) satisfies

T
IE[/ / |Vu|? dxdt:| < 00
0 G’

forall G’ € G and all ¢ < co.

Since we now assume higher moments for the initial data we gain higher moments for
the solution as well.

Lemma 8. Under the assumptions of Theorem T we have

[ sup /|u(z)| dx+/ /IVulpdxdt] -0
te(0,T)

forall g < oo.

Proof. Due to the regularity results from Theorems 4 and 5 we have a strong solution and

It0’s formula can be directly applied to the funtion f(v) = 5 ||v|| 12G)" Using the growth

condition on S from (2.8), taking the supremum and the g-th power of both sides of the
equation and applying expectations shows

[WP/Iu(t)IzdxwL/ /|Vu|l’dxda]
0,7)
q
SC(E[ /|uo|2qu]+E[ sup |11<t)|] +E[ sup IJz(l)I] )
0,7) 0,7)

5

J1(I)=//u-¢>(u)dedx,
GJO

t .
J2(t)=/ / d</ ¢(u)dw> dx.
G JO 0 o
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Using (2.9) we gain

q t q
IE[ sup |Jz(t)|] =IE[ sup /Z/ |d>(u)ei|2dxdo]
0/=/6

te(0,T) te(0,7)

T > ) q
E G w)*dxd
[/0 i_Zl/G|g<u)| xa]

T q
< cE[l—i—/ / |u|2dxda] .
0 G

On account of the Burkholder-Davis—Gundi inequality, (2.9) and Young’s inequality we
obtain for arbitrary ¢ > 0

q t q
E[ sup |Jl(t>|] =1E[ sup \Z/O /Gu~gi<-,u)dxdﬂi(o)\]

te(0,T) 1€(0,T)

T 2 1
SCE[/O Zi:(/cu-gi(~,u)dx) dt]z

T 2 7
SCE[I-I—(/ (/ |u|2dx) do]
0 G
q T q
§£IE|: sup /|u|2dx] —|—c(s)IE|:/ /|u|2dxda} .
1e(0,7)JG 0o JG

Choosing ¢ small enough and using Gronwall’s lemma proves the claim.
Since the calculations above are not well-defined a priori one can work with a quadratic
approximation for the function z — z9. O

IA

Before we begin with the proof of Theorem 7 which is based on the Moser iteration
(see [26] for a nice presentation in the easier elliptic case) we need some preparations. The
basic idea is estimating higher powers of |Vu| by lower powers and iterate this. Therefore,
we define

S
h(s) ::/ (14+60)%0do, a >0,
0

which behaves like s*12 for large s. Unfortunately we cannot work directly with /2, we need
an approximation 47, which grows quadratically and converges to 4. We follow the approach
in [7] and define for L > 1

hy(s) = /0 gL (n)dx,

g1.(0) = g(0) + /O ¥ (6)8'(6) db, (5.22)
h(®
g) = é )

Here v € C 1 ([0, 00)) denotes a cut-off function with the properties 0 < ¥ < 1, ¥/ < 0,
[W'| <c¢/L,¥ =10n[0,3L/2] and ¢ = 0 on [2L, c0). For the function 7 we obtain the
following properties (see [8], Lemma 2.1, and [9], Sect. 2)
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Lemma 9. For the sequence (hy) we have:
(a) hp € C2[0, o0), hp(s) = h(s) forallt <3L/2 and

lim &y (s) = h(s) foralls > 0;
L—o0

(b) hp <h gL <gandh] <c(L)on[0,c0);
(c) It holds

1 (s) 1, (s)

<hj(s) <cl@+1) "

and h/L (s)s < chp (s) uniformly in L.
(d) We have for all s,t > 0 uniformly in L
' (s)
LTR < c@)(1+hp(s)+hpi?).

With this preparations the following calculations are well-defined by Theorems 4 and 5.

Lemma 10. Under the assumptions of Theorem 7 we have

E[ sup /lu(t)lqu]<oo
te(0,7)J/G

forall g < oo.

Proof. We apply 1t6’s formula to the function

L) :=/ Hy(v)dx :=/ hi, (VD) dx,
G G

where A is defined in (5.22) and set « = g — 2. We obtain

/hL(Illl)dx
G

t 1 t
:/ nzhL(|UO|)dx+/ [ (dug +§/ flwdug)o
G 0 0

'
=/ ﬂzhL(|“0|)dX+// DHj (u) - dug dx
G GJO

t .
+/ / DZHL(u)d</ <D(u)dW> dx
GJO 0 a

=g +UDg+ UI])yg.
We consider the three integrals separately and decompose the second one into

(IDg = —UDY — (D2 + D},

= u) : Vudx,
T Jo Jg o M

2 (! ol
Iy = A GS(Vu).V m

anmd = [ 0y e aw,
q._OG‘u‘u-u & dx.

|uD ®udxdo,
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Using the Uhlenbeck structure (5.21) and Lemma 9 ¢) we gain

t ’
| 1, () >
(n) =/0 /G Ll (v vVul dx = 0,
t ” o/
(n? =/ / v(Vuf)vu : LA WD Gy @ wdx do
0 Jo [u]

1 t ” !
- 7/ / v(|va)) LR 00D G Gy 212 4y do > 0.
4 0 JG [u

This and the assumptions on ug imply

IE[ sup /hL(lul)dxi|§cIE[l+ sup |(I1)]1+ sup \(111)q|]
te(0,7)/G te(0,7) te(0,

We have by (2.9) and Lemma 9
sup [(I11)g] = Z// DZHL(u)d/gk( u)dﬁk> dx
te(0,T)

<= |D? Hp, (w)||gk (-, w)[* do dx

2§/G/o
T qup 2
EC(q)Z// Tl lgi (-, )| do dx
X G JO

T
sc(q)// ! (Jul)ul do dx

GJO

T
fc(q)// hi (lul) do dx.

GJO

Similar to the proof of Theorem 4 we gain using ( @ + h/Ii (s))s2 < c(g)h (s) uniformly
in L [recall Lemma 9 ¢)]

T 2 qi
IE[ sup |(11)3|] SCIE[(/ (/ hL(lul)dx) dt]
te(0,T) 0 G

ssE[ sup/hL(lul)dx]—I—c(S)E[/ hL(|u|)dxdti|.
0,7)/G Q

Finally we have shown

T
E|: sup / hL(|u|)dx] < cE|:1+/ / hL(|u|)dxdti|
te(0,7)/G 0 JG

and by Gronwall’s Lemma

IE[ sup /hL(lul)dx:|§c
1€(0,T)/G

uniformly in L. Passing to the limit L — oo yields the claim. ]
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Proof of Theorem 7. We apply 1t0’s formula to the function
1w = [ PH o ds = [ vl ds,

where n € Cgo (G) is a cut-off function and 4, is defined in (5.22). We obtain
/ n*hp(IVu]) dx
G

2 ! / 1 [ /"

=/ n hL(IVUOI)dx+/ S (wdug +7/ S d(ug)o
/ n?hy ([Vug|) dx +/ / n2DH; (Vu) : dVu, dx
/ / n2D2Hy (V) d</ V(@@ dW)) dx
o
= Do+ UDg+ UTIDq.

We consider the three integrals separately and decompose the second one into

(IDg =—(IDY —an2 —and +uang,

! L[ an (vu)
(IDg = A Gn vl DS(Vu) (3, Vu, 3y, Vu),

t ’
(ID2 = / / "L DS(Vu) (3, Vu. Vn? @ dyu) dx do

any = // n? DS(Vu) (3, Vu, ”(‘V“‘”@ayu)dxdg

4. 2h (Vuh o
(Iny, .:/O/Gn L\Vu| Vu: V(®(u)dWy)dx.

Using the assumptions on S, see (2.8), we obtain

| YA 202,12
(II)aZc/ / n? Lgar (1 + [Vu)? =2 V2ul? dx do.
0 JG

For the second term we gain for every § > 0 using Young’s inequality and Lemma 9

n, (IV
(IDZ <8I} + c(S)/ /suppn L DS(VW) (Vi ® dyu. Vn? ® dyu) dx do

<8I} +c®) / / (1 + Vu)? =2y, (|Vul) dx do.
supp n

Thanks to assumption (5.21) and Lemma 9 it holds*

s_ [T 2 1, (IVul)
Dy = 0 G’I DS(aqu,V V| ®3yu)dxdcr

Ll o, (V) 2
= 5/() /Gr] DS(ey QV L\Vu| ,ey ® V|Vu| )dxdo

1t B (V)| Vu|—H, (|V
:5/0 /an LOVUDIVUI, (V0D oo 0 v, e, @ V| Vul) di do

[Vul?

4 For a detailed explanation of this step we refer to [6], (32) on p. 62.
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Moreover, we have by (2.9) and Lemma 9

1 t .
Iy = 5 Z\/G,/o nzDzHL(Vu)d<%) v(gk(”u))dﬂkL dx
k
1 t
=3 Zk:/G/O n*ID* H (VW|IV (-, g (w))|* do dx
t , 5
< Z~/G/0 nz(hZ(‘Vu|) + hLl(V|z|“D)|V(gk(.’ u))‘ do dx

h, (|V
<C(a+1>2// 210D (19 g w vl + [Vigi (- w)l?) do dx

<c(ot+1)// P20 (1Vup 4 uP) do dx

gc(a)/G/o 7> (1 +hp(IVul) + hz(lu]?)) do dx.

In the last step we applied Lemma 9 c¢) and d).Thus we obtain taking the supremum, the g-th
power and applying expectations

’ q
[sup / Phi(|Va)) dx + / / 2%%7,,“”(1+|Vu|>”—2|v2u|2dxdo]
0.7)

q
<c(n,a)E[1+/ hL(|Vu0|)dx+/ / (1+|Vu|)P*2hL(|Vu|)dxda]
supp n

+c(n, oz)/ |:/ hL(|Vu|)+hL(|u| ))dx:| do

+cE[ sup |(11)g(;)|} . (5.23)
0.7)

Similar to the proof of Theorem 4 we gain using (h L)
in L [recall Lemma 9 ¢)]

4 q ) q
E[ sup |(II)a|] < S]E[ sup / hL(IVUI)dx]
1€(0,T) 0.7)

q
+c(8)/ [/ zhL(|Vu|)dx] dt

q
+c]E|: sup / n2hL(|u|)dx] .
0,7)/G

If we choose § small enough we can remove the term involving (/7 )g from the right-hand-

side of (5.23). By Gronwall’s Lemma, the assumptions on ug and Lemma 10 we end up
with

’ q
IE[/ nzhL(|Vu(t)|)dx+/ nzhLI(v'Zf‘)(l+|Vu|)l’*2|v2u|2dxdt] (5.24)
G Q

t q
§c(n,a)E[l+/ / (1+|Vu|)p_2hL(|Vu|)dxdo] .
0 Jsuppn

(s))s < c(a)h (s) uniformly
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Assume for a moment that
Vue L49(Q, F,P; LPT*((0,T) x G")) VG € G, Vq < oo, (5.25)
ue L9(Q, F,P; L2, T; L*t%(G")) VG € G, Vg < oo, (5.26)

Then we are allowed to go to the limit L — oo on the r.h.s. of (5.24). By Fatou’s Theorem
we are now allowed to do this on the 1.h.s. as well. We obtain

2 2 ot o 4
E| sup n“h(|Vu(t)|) dx + n°|\V(1 + |Vu|) 2 |“dxdt
0,7)/G Q

T p q
Sc(n,a)(l —HE[/ / [Vu|Pte dxdt} )
JO  Jsuppy

This yields

+ +
IVul2" e L9(Q, F.P; 120, T; Wh2A(G))IVu 2 e
a+2

"7 (G)) Vg < oo.

0

LY(Q, F,P; L™, T; L,

A parabolic interpolation (see for instance [2], Thm. 3.1) shows on account of p > 2 — %

Vue L9(Q, F,P; L0, T) x G')) VG € G, Vg < oo, (5.27)
2a+2
w(a):=(p +a)(1 + o +p)'

Since (5.25) is true for @ = 0 (by Lemma 8) we start an iteration procedure by
ap =0, opq) :=wlg)—p, keN
On account of oy — oo the claim is proven. O

Remark 11. As already observed in [17], Remark 2.1., for the deterministic problem, it is
not possible to obtain L°°-bounds for Vu except of the case p = 2 via Moser iteration. So
it is an open question if one can gain Lipschitz regularity for the stochastic problem. In the
deterministic case this is shown using the DeGiorgi method (see [17], Lemma 2.3). However
it is not clear if similar arguments will work for stochastic problems.
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