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Abstract. The orbital stability of standing waves of nonlinear Schrodinger equations with a
general nonlinear term is investigated in this paper. We study the corresponding minimizing
problem with L2 -constraint:

E, —inf 1t IVul2dx — | FQu)dx;u € HY@®RN)Y, Jju|? =
o — 2 . ’ ’ Lz(RN) -
RN RN

We discuss when a minimizing sequence with respect to E is precompact. We prove that
there exists og > 0 such that there exists a global minimizer if @ > ¢ and there exists no
global minimizer if @ < «g. Moreover, some almost critical conditions which determine
ap = 0 or ag > 0 are established, and the existence results with respect to E¢, under some
conditions are obtained.

1. Introduction and main results

In this paper, we study stability results regarding standing waves of nonlinear
Schrodinger equations with general nonlinearity:

iuy 4+ Au+ fw) =0 if (¢,x) e R x RY, (1)

where N > 1. We are interested in existence and orbital stability for standing
waves for (1). That is, solutions of (1) of the special form u(z, x) = /" v(x),
where w € Randv € H L(RN). For the nonlinear term, we assume the following
conditions throughout this paper:

(F1) f € C(C,C), f(0)=0.

(F2) f(r) eRforr e R, f(ef2) =€ f(z) ford e R, z € C.

(F3) lim;—¢ f(2)/]z] = 0.

(F4) lim|; o0 f(2)/Iz|'! = 0, where | =2+ 4/N.

(F5) There exists so > 0 such that F(sg) > 0, where F(s) = fos f(r)dt for
s € R.
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Under these conditions, for a solution u of (1), it has been established that the
following conservations laws:

e, 2@y = 1400, 2@y, TTutt, )] = ITu(0, )] foranyt € R,

where [ is the energy functional associated with (1) defined by

Hﬂ:%/WWW—/FWWx
RN

RN
for any u € H'(RY). Moreover, we consider the following conditions:

(F6) There exist K > 0 and p € (2,2%) such that | f(z1) — f(z2)] < K(1 +
1z1] 4 1221)P 2|z — z2| for z1, z2 € C, where 2* = 2N /(N —2).

(F7) There exist L > 0 and ¢ € (2,1) such that F(|z]) < L(|z|*> + |z|9) for
zeC.

It is recognized that the global well-posedness in H 1 (RN) about (1) holds under
assumptions (F1), (F2), (F6), and (F7). Regarding global well-posedness, see, for
example, [5].

If u is a standing wave, i.e., u(t, x) = e/* v(x), thenv € H'(R¥) and u € R
satisfy the following equation:

Av+ f(v) =pv ifx e RV, )

In this paper, we look for solutions (v, /) with a priori prescribed L?-norm. More
precisely, we consider a constrained variational problem as follows. For a given
o > 0, we put

Mo = {u e H' @)l zn) = o}

If v is a critical point of I on M, then v is a solution of (2) where i is determined
as the Lagrange multiplier. Since 7 is bounded below by the assumption (F4), the
energy
Ey = inf I[u] (3
ueMy
is well-defined and the existence of a global minimizer of (3) is expected. We define
S, by the set of all global minimizers, i.e.,

So = {u € My; I[u] = Eq}.

In this paper, we study the existence and the non-existence of global minimizers
of E,.

This type problem was first studied in the works of Stuart [11, 12]. Subsequently,
in [4], orbital stability of the set of minimizers, which suppose to establish the
compactness of any minimizing sequence, was obtained using the concentration
compactness principle [10]. In [4], it is assumed that £, < O for all @ > 0 and that
the strict subadditivity condition

Eurp < Eo + Eg “
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holds. This strict inequality was established in the special case of f(u) =
|u|”_2u (2 < p < 1) in [4]. However, for a general f, it is not clear if (4) hold.
Another difficulty is that £, < O for all« > 0 may not be satisfied. Actually, under
the assumptions (F1)—(F5), we show that there exists a g > 0 uniquely determined
by f and N such that

E,=0 if0<a<ay E,<0 ifa>ap. ®))

These last years have seen a renew interest for L2-constraint minimizing problems,
or more generally for constrained minimization problem, see, e.g., [1,2,6-9]. Our
work uses in particular some arguments of [7] where a new scaling is introduced to
exclude the dichotomy of minimizing sequences on a related problem. Also note
that a study of existence and non-existence of minimizers, in the same spirit as the
present work, is made in [8] on the Schrodinger-Poisson equation.

Our primarily goal is the following theorem:

Theorem 1.1. Suppose (F1)—(F5) and that a constant ag > 0 which satisfies (5) is
uniquely determined. If o > o,

(1) There exists a global minimizer with respect to Ey, i.e., Sq # .

(ii) Under the assumptions (F6)—(F7), Sy is orbitally stable, i.e., for any € > 0,
there exists § > 0 such that for any solution u of (1) with dist(u (0, -), Sy) < 6,
it holds that

dist(u(t, ), Sq¢) <€ foranyt € R,

where dist(¢, So) = infyes, |¢ — ¥l g1 @y
If0 < o < g, there is no global minimizer with respect to E,.

Theorem 1.1 is proved by the following Theorem 1.2 and the argument presented
by Cazenave and Lions [4].

Theorem 1.2. Suppose (F1)—(F5)andthata > 0. If {u,},en C My is a minimizing
sequence with respect to Ey, then one of the following holds:

®

lim sup / |un|2dx =0. (6)
n—oo ZERN
B(z,1)
(ii) Taking a subsequence if necessary, there exist u € My and a family {y, },eN C
RN such that u, (- — y,) — win H'(RN) asn — oo. Specifically, u is a global
minimizer.

It is a natural question that “When o > 0 holds”. To answer the question, the
behavior of f near O is important. We can show that the following results:

Theorem 1.3. Suppose (FI1)—(F5).
(1) Iflim,__, F(s)/sl = o0 holds, then ay = 0 holds.

(i) If lims_o F(s)/s' < oo holds, then ag > 0 holds.
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In the case «p > 0, existence of a global minimizer with respect to E,, is still
unknown. Under some conditions, we can obtain existence results as follows.

Theorem 1.4. Suppose (F1)—(F5).

() Iflims_.q F(s)/s' = 0 holds, then there exists a global minimizer with respect
0 Ey,.

(ii) There exist positive constants C and s\ such that F(s) = C|s|' if |s| < s1.
Then, there exists a global minimizer with respect to E,,.

Finally, we can state the strict subadditivity condition.

Theorem 1.5. Suppose (F1)—(F5). Then the strict subadditivity condition holds,
i.e, fora, B > 0witha + 8 > ao,

Ea+ﬁ < E, + Elg
holds.

We remark that the condition o + B > «p is necessary because E, = Eg =
Eoyrp=0ifa+ B < ap.

In Sect. 2, we introduce the framework and provide the appropriate setting for
the proof of our main theorem. In Sect. 3, we give the proof of Theorem 1.2. In
Sect. 4, we give the proof of Theorem 1.1. In Sect. 5, we give the proof of the
remaining theorems. In Sect. 6 (Appendix), we give the proof of some lemmas
stated in Sect. 2.

2. Preliminaries

In this paper, L”(2) (p > 1) is the usual Lebesgue space and HY () is the usual
Sobolev space on a domain 2 C R . We denote the norm of L”(2) and H! () by
I lLr() and || - | g1 (q), respectively. We consider H 1(Q) as a real Hilbert space
with the inner product

U, Vg = ?H/Vu - Vv + uvdx.
Q

Under the assumptions (F1)—(F4), it is known that I is continuously differentiable
in HL(RY) as follows.

Lemma 2.1. The energy functional I is continuously differentiable in H'(RN).
Moreover, for u, v € H! (RN),
I'lulv = m/ Vu - Vv — f(u)vdx
RN

holds. If u is a global minimizer with respect to Ey, the following holds:

5)%/VM~V_¢—f(u)$+,uu$dx=0 f0r¢eHl(RN),
RN
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where | is a Lagrange multiplier determined by

—1
n= 7/|Vu|2—f<|u|>|u|dx.
RN

In particular, u is a solution of (2).
Lemma 2.1 is clear, so we omit the proof.

Lemma 2.2. (i) Let {up},en be a bounded sequence in HY(RM). If either
limy, o0 [l |l p2ryy = 0 or limy— o0 [|unllp1ryy = O holds, then it is true
that lim,_, oo [pn F(Jus|)dx = 0.
(ii) There exists a positive constant C(f, N, o) depending f, N and o such that

1
Mz ; [ Vubdx - c(N.@ @
RN
holds for any u € My,. Specifically, E4 > —C(f, N, ) > —o0.

Proof. (i): By the assumptions (F1)—(F4), for any € > 0, there exists a positive
constant C'(f, €) which depends on € and f such that

IF(ul)| < C(f, Olul> +elul', |F(luD| < elul® + C(f, e)lul’,
where | =2 +4/N.Foru € H' (R"), we have

/ F(luhdx| < C(f, )llullf>gn, + €llullyy g, ®)
RN
/ F(luDdx| < €llull g, + C(fs Ollully g, ©9)
RN

The Gagliardo—Nirenberg inequality implies that

4/N
il vy < COVIVI 2 vy lll 2

where C(N) is a positive constant which depends on N. Thus, we obtain
F(uldx| < C(f. )llull2gn, + €COIVa 25 g, lull 1oty (10)
ul)dx| < sOllullz2 gy, ullzo ey el 2 gy -
RN
We take the case where {u,},cn 1S a bounded sequence in H LRN) satisfying
limy,— 00 [t ll 2wyy = 0. By (10), we have lim,— fRN F(Ju,|)dx = 0. Alter-

natively, we can take the case where {u,},cn is a bounded sequence in H!(RY)
satisfying limy,—, oo ||t [l .1y = 0. By (9), we have

T 2
| [ P < e,
RN
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Since we can choose € > 0 arbitrary, we obtain lim,,_, 5, f]RN F(Ju,)dx = 0.
(i1): In (10), we choose € > 0 satisfying C(N)a?Ne = 1/4. Then, foru € M,,
we have

1 1
/ Fluhdx < C(f.N.o) + L IVulagr) = 5 / IVulPdx + C(f. N, ),
RN

where C(f, N,«) is a positive constant which depends on f, N and «. This
implies (7). O

In relation to the energy E,, the following lemma holds.

Lemma 2.3. (i) E, <0 fora > 0.

(i) Eq4p < Eq + Eg fora, B > 0.

(i) o — E, is nonincreasing.

(iv) For sufficiently large o, E, < 0 holds.
(V) a — E, is continuous.

We define g by
oo = inf {a > 0; E, < 0}.

By Lemma 2.3, o is well-defined and (5) holds. We state the proof of Lemma 2.3
in the Appendix.

Lemma 2.4. Let {uy,},cn be a bounded sequence in H'(RM) satisfying lim;,_, o
”u"”i%RN) =a > 0. Let a, = ﬁ/||un||Lz(RN) and u, = ayu,. Then the
following holds:

iin € My, lim a, =1, Hm [I[in] — I[un]] =O.

n— o0 n—oo

Proof. Clearly, it,, € My, and lim,,_, o, a, = 1 hold. We can compute

[ﬁn]_l[un]
_@-D _1) / Vit |Pdx — / F(anttn]) — F (|un)dx
RN
~1)

1
/IV nlPdx— / /f(lun|+(|an|—1)9|un|)(|an|—1)|un|d0 dx
0

(a5—1) 2 \
T/IVunl dx—<|an|—1)/ /f<|un|+<|an|—1)9|un|)|un|d9 dx.
RN N
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We have 0 < |u,| + (la,| — DOlun| < (lan| + 2)|un|. Under the assumptions
(F1)—(F4), we have | f(s)| < |s| + C(f)|s|l_1. Hence, we obtain

1
//f(lunl + (lan| = DOun|)|un|dodx

RN O

1
s/ /<|an|+2)|un|2+C(f><|an|+2)l*‘|un|ld9 dx
0

RN

= /<|an| + D) |un* + C(F)(an] +2)" " un ' dx.
RN

Since {u,},cn is bounded in H'(RY), we achieve our conclusion. O

3. Proof of Theorem 1.2

In this section, we give the proof of Theorem 1.2. For our purposes, we will use
the concentration-compactness argument. The following Lemma 3.1 is necessary
for this argument.

Lemma 3.1. (Lions [10, Lemma I.1]) Let {u,},en be a bounded sequence in
H'(RN) which satisfies

sup / |un|2dx—>0 asn — oo.

zeR®
B(z,1)

Then, for p € (2,2%),
lunllpp@wyy > 0 asn — oo
holds, where 2* = 2N /(N — 2)4. is the critical Sobolev exponent.

To prove Theorem 1.2, the new scaling argument introduced in [7] plays impor-
tant role. By using the scaling argument in [7], similar to [8, Lemma 3.2], we can
obtain the following useful lemma.

Lemma 3.2. (i) Assume that there exists a global minimizer u € M, with respect
to E, for some a > 0. Then E, < E, for any b > a. In particular, we have
E, <Oforanyb > a.
(ii) Assume that there exist global minimizers u € M, and v € My, with respect to
E, and Ey, respectively for some a,b > 0. Then E,1p < E, + Ep.

Proof. (i): By Lemma 2.3, we have /[u] < 0. Now setting A = b/a > 1 and

i(x) = u(A"/Nx), by the assumption, we have ||ﬁ||i2(RN) = b and

—2/N

I[i] = » /|Vu|2dx — / Fudx | < AM[u] = ME,.

RN RN

Hence, we obtain E;, < I[i] < AE, < E,.



228 M. Shibata

(ii): By the assumption and the argument as above, we have

E,s <ME, forany A > 1,
E.p <tE, foranyt > 1.

Noting that we can assume 0 < b < a without loss of generality, taking A =
(a +b)/a and T = a/b, we obtain

a+b b
Ea+b < TEa =Ea+zEa < Ea+Eb.

It completes the lemma. O

Proof of Theorem 1.2. Suppose that {u,},eNy C M, is a minimizing sequence
which does not satisfy (6). It is sufficient to show that (ii) holds. Since (6) does not
hold and {u, },en C M, we have

0 < lim sup / |u,,|2dx§ot<oo.

n—>00 _ _pN
B(z,1)

Taking a subsequence if necessary, there exists a family {y,},eny € R such that

0 < lim / lin (x — yn)|2dx < c0. (11)
n—>0oo
B(0,1)
Since {u, },en C M, is aminimizing sequence, Lemma 2.2 (ii) asserts that {u,, },,cn
is a bounded sequence in H L®RN). Hence {un(- — yn)}nen is a bounded sequence

in H'(R"). Using the weak compactness of a Hilbert space and the Rellich com-
pactness, for some subsequence, there exists u € H 1 (RN ) such that

un(- — yp) — u  weakly in H'(R"), (12)
Un(- — yp) — u in L3 (RM), (13)
un(- — yp) — u  ae. in RV, (14)

Equations (11) and (13) assert that [lu| 2wy, > 0. We put v, = up(- — yn) — u.
By (12), v, — 0 weakly in H!(R"). Thus, we have

/|Vu+an|2dx:/|Vu|2+|Vv,,|2dx+2§R/Vu~an

RN RN RN
:/IVu|2+|an|2dx+o(1) asn — oo, (15)
RN
/|u+vn|2dx=/|u|2+|vn|2dx+2m/um
RN RN RN
:/|u|2+|vn|2dx+0(l) asn — 0o. (16)

RN
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Using (14), the Brezis-Lieb theorem (see [3]) implies that

/ F(lu 4+ v,|)dx = / F(u|) + F(lvy)dx +0(1) asn — oo.
RN RN

Since I[u,] = Ilu,(- — y,)] = I[u + v, ], we can obtain
Hup] = Iu] + Iva] + o(1), A7)
ln |72 gy = Nl 72 @ny + I0nll32 gy +0(1) asn — oo

We will show the following claim.

Claim.

lim sup / lv|2dx = 0. (18)
n%OOZERN
B(z,1)

Suppose that (18) does not hold. Since {v,},cx is bounded in H'(RY), similarly as
above, for some subsequence, there exist a family {z,},ey € RY andv € H!(RY)
satisfying |[v|,2(g~y > O such that
Un(- —2,) = v weakly in H'(RV),
V(- —2zp) > v in L%QC(RN)v
v,(-—2zy) —> v ae.in RV,
We put w, = v, (- — z,) — v. Then, similarly as above, we can obtain
Ivp]=1v+wp]=I{v]+1[wp]+o0(1),
onl 72wy = 1017 2 eyl wall 7o vy +0(1)  asn — oo,

Consequently, we have

Hup]=1{u]l+1[v]+Iw,]+o(1) asn — oo, (19)
letn 132 govy = a1 32 gy + 101132 gy +lwnll 2 gy +0(1) - asn — oo, (20)
2

L2(RN)
lim,— o [Jwy ”iZ(RN) = § > 0. We will consider cases § > 0 and § = 0.

Here, we set 8 = |lu|| y = ”v”iZ(RN) and § = o« — B — y. Then, we have

In the case § > 0, we set w,, = a,w, and a,, = \/S/Hwn”LZ(RN). By Lemma
2.4, we have w,, € Mg and I[w,] = I[w,]+ o(1). Thus, by (19) and the definition
of Es, we have

IMup] = Iul + I[v] + Iw,] + o(1)
I{ul + I'v] + I[w,] + o(1)
> Iu]l + I[v]+ Es +0o(1) asn — oo.
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Asn — oo, Lemma 2.3 implies that
Ey = Iul +Ivl+Es > Eg+ E, + Es > Egypy15 = E,. 2D

Hence u and v are global minimizers with respect to Eg and E,, respectively. Here,
we can apply Lemma 3.2 (ii) to obtain

Eﬂ+y < Eﬂ + Ey.

It contradicts to (21).
In the case § = 0, the equations « = B+ and lim,,—, o0 [[wy || L2(gvy = O hold.
By Lemma 2.2 (i), we have

lim /F(|wn|)dx 0.
n—>oo
RN

Thus, we obtain

lim I{w,] > 0.
n—oo

Asn — ooin (19), we have
E, 21[14]+1[U]ZE,3+EV > Ey.

Hence u and v are global minimizers with respect to Eg and E, respectively.
Similarly as above, by Lemma 3.2 (ii), we can obtain

Ey=FEg., <Eg+E,,

which is a contradiction. It completes the proof of the claim.
By (18) and Lemma 3.1, we have lim,_, 5 ||Un||L1(RN) = 0. Lemma 2.2 (i)
asserts that

lim /F(|vn|)dx =0. (22)
n—oo
RN

Next, we estimate the L2 norm of v,,.

2
L2(RN)

2

Claim. 1lim,_ oo [|vn |l L2RN) =

= 0. In particular, ||u]| o.

By (16) and 8 = ||u||%2, it is sufficient to show that § = «. Otherwise, 8 < «
holds because 8 < «. By (22), we have

lim I[v,] > lim — / F(lvadx = 0.
n—o0 n—0o0
]RN
Taking the limit in (17), we obtain E, > [[u]. Using Lemma 2.3 (iii) along with
u € Mg, we have

Eq > I[u] = Ep > Eo. (23)
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This requires Eg = E,. Moreover, u is a global minimizer with respect to Eg. By
Lemma 3.2 (i), we obtain Eg > E, because B < «. It contradicts to (23).

Finally, we estimate the H L_norm of v,. Using the above claim, u € M,,. This
gives I[u] > E,. Therefore, we have

Iuy] = Iul + Iv,] +0(1) > Eq + I[v,] +0(1) asn — oo.
As n — 00, we obtain
lim 7[v,] <0,
n—>00
while (22) asserts that

1 _ _
lim —/|an|2dx < Iim I[v,] + lim /F(|v,,|)dx <0.
n—00 2 n—o00 n— 00

RN RN

2 2
L2(RN) HY[RN)
lim,, 00 un (- — y,) = u in HY(RVN). O

Since lim;— oo ||Vn | = 0, we have lim,— oo [|Unll = 0. Hence

4. Proof of Theorem 1.1

In this section, we will give a proof of Theorem 1.1. To our purpose, we show the
following proposition.

Proposition 4.1. Suppose that o > a. If {un}eN C My is a minimizing sequence
with respect to Ey, i.e., lim,_, o I[u,] = Eq. Then, taking a subsequence if neces-
sary, there exist a family {y,} C RN andu € My, such that lim,_, oo U, (- — V) = U
strongly in H'(RN). In particular, u is a global minimizer, i.e., u € Sy.

Proof. By the assumption of the proposition and (5), we have E, < 0. Let
{untnen C M, be aminimizing sequence with respect to E,,. It is sufficient to show
that {u, },en satisfies (i) in Theorem 1.2. Otherwise, by Theorem 1.2, {u, },en sat-
isfies (6). By Lemma 2.2 (ii), {1, } e is bounded in H!'(RY), so (6) and Lemma
3.1 imply that u,, — 0 in L!(RY). By Lemma 2.2 (i), we have

lim /F(|un|)dx=0.
n—oQ
RN

Since I{u,] > — [gn F(lunl), we can obtain

E, = lim I{u,] > lim —/ F(luy)dx =0,
n—>00 n—00

RN
contradicting to E, < 0. O

Now, we can show Theorem 1.1.
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Proof of Theorem 1.1. First, we consider the case 0 < o < &g and suppose by con-
tradiction that there exists a global minimizer with respect to E, . By the assumption,
we have E, = 0. Here, Lemma 3.2 (i) asserts that

0=Ey > Ey,.

It contradicts to the definition of «g and Lemma 2.3 (v).

Next, we consider the case ¢ > . Proposition 4.1 asserts Theorem 1.1 (i).
Moreover, Theorem 1.1 (ii) follows from Proposition 4.1 according to [4]. So we
omit the proof. O

5. Proof of Theorems 1.3, 1.4 and 1.5

In this section, we give the proofs of the remaining theorems.

Proof of Theorem 1.3. (1): We fix « > 0 and take some function u € M, N
CSP(RN) \ {0}. For A > 0, let u; (x) = AN/?u(1x). Then, we see that u; € M.
By the assumption of (i), there exist a positive constant § such that

F(s) > Cls|' if|s| <8,

where C is a constant determined by

C=/|Vu|2dx//|u|ldx.
RN RN

Hence F(|u;|) > C|u;|' holds for a sufficiently small A. Thus we have

1 A2
] = 5 / |Vu, |>dx — c/ lu; 'dx = -5 / [Vu|?dx.
RN RN RN
It concludes that E, < I[u,] < 0 for any o > 0.
(i1): By the assumption of (i), there exists a positive constant C ( f) depending

on f such that F(s) < C(f)|s|' holds for any s > 0. For u € My, using the
Gagliardo-Nirenberg inequality, we have

/ F(luhdx < C(POllully@r, < COOCNIVull 2 grya®™.
RN

For a sufficiently small « > 0, it can be shown that C(f)C (N )oez/ N <1 /2 holds.
After choosing an appropriately small o, we have

1[u]>1||w||22 N —1||Vu||22 N, = 0.
) L*(RN) 2 L*(RN)

This means E, > 0 for a small « > 0. Hence, we obtain «g > 0. O
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Proof of Theorem 1.4. (1): By Theorem 1.3 (ii), we have g > 0.Leto, = ap+1/n.
By (5), Eu, < 0 holds. Moreover, Theorem 1.1 asserts that there exists a global
minimizer u, € M, with respect to E,,. Using the symmetric rearrangement,
we can assume that u,, is radially symmetric with respect to the origin and and

that it is nonincreasing. Since I[u,] and |ju, || L2(RN) are bounded, u,, is bounded
2

L2(RN)
Un = Jaoun/llunll L2@ny- Then, by Lemma 2.4, we can obtain v, € M, and

in H'(RV). By the definition of u,, we have lim,_, oo ||u | = agp. Let

lim I[v,] = lim I[u,] = lim Eqyt1/n <O0.
n—oo n—oo n—oo

On the other hand, by (5), Ey, = 0. Thus, {v,},eN is a minimizing sequence with
respect to Eq,. We now show the following claim.

Claim. For some subsequence, there exist a family {y, }neny and v € H'(RN) such
that limy, o0 v, (- — yn) = v in H'(RM).

If the claim holds, then v is a global minimizer. Therefore, suppose instead that the
claim does not hold. By Theorem 1.2, {v, },,en satisfies (6). By the definition of v,,
we see that {u, },eN satisfies (6). Here, u;, is a solution of

—Auy + ppuy = f(uy) in RV,

As {1y} en is bounded in H'(RY), we find that 1, is bounded in R. Using the
elliptic regularity theory, we see that {u, },cn is bounded in C'(B(0, 1)). Thus, by
(6), we have

un(o) = ”Ml’l”LC’O(RN) — 0 asn — oo.

On the other hand, by the assumption lim,_,o F(s) /s’ = 0, forany € > 0, there
exists s3 > 0 such that F(s) < € |s|l if |s| < s3. Thus, for a sufficiently large n, we
have

2/N
/ F(lunl)dx < €llunllys gn, < €CONIVunllgs g, (ao - ;) :
RN

We choose € > 0 satisfying e C(N) (o + DN < 1/2. We can then obtain /[u,] >
0, contradicting the definition of u,,.

(ii): By Theorem 1.3 (ii), we have ¢ > 0. Let u;, be a global minimizer
with respect to Egy+1/,. We can assume u,, is radially symmetric with respect
to the origin and nonincreasing. Similar to the proof of (i), if there is no global
minimizer with respect to Eg,, then {u,},cn satisfies (6). Moreover, we have
limy,— o0 [[ttn || pooryvy = 0. Thus, we can choose a sufficiently large n such that
Nt ll oo mry < $1/2.
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Let v, (x) = AYV/2u,().x), so that vy € Myy41/4. By the assumption of (ii), in
the case AV/2 < 2, we see that F(|vy]) = C|v;.|' holds. Hence, we have

1
1[uk]=§/|Vuk|2dx—c/|vk|ldx
RN RN

)»2
:3/|Vun|2dx—,\2c/|u,,|’dx:,\21[un].
RN RN

Choose an A which satisfies & > 1 and AV/2 < 2. As I[u,] < 0, we can obtain
Egri/n < I[vi] = 2 1uy] < Iup] = Eagii/n,
which is a contradiction.

Proof of Theorem 1.5. We can assume that 0 < o < g without loss of generality.
It is then sufficient to consider the following cases:

Case l: E, = Eg =0.
Case2: E, =0, Eg < 0.
Case 3: Ey, Eg < 0.

In Case 1, itis clear that E, + Eg = 0 > E44 g because o + 8 > ap.
In Case 2, there exists a minimizer with respect to Eg by Theorem 1.1. Thus,
we can apply Lemma 3.2 (i) to obtain

Eyip < Eg.

In Case 3, there exist a minimizers with respect to E, and Eg by Theorem 1.1.
Therefore Lemma 3.2 (ii) asserts conclusion. O

6. Appendix

In this appendix, we will give the proofs of Lemmas 2.3.

Proof of Lemma 2.3. (i): Let u € M. For A > 0, we set u; (x) = AN2u(ix),
giving u; € M,. Moreover, ||u)L|IILI(RN) = X2||u||[L,(RN> — 0as A — 0. By
Lemma 2.2 (i), we have

li F dx = 0.
Al_%/ (lurl)dx
RN

As ||Vu;\||iz(RN) = x2||w||iz(RN), we see that lim; _.o /[u;] = 0 holds. By the

definition of E,, we have E, < I[u,]. Thus, we obtain E, < 0.
(ii): We fix e > 0.By the definition of E, and Eg, there existu € M,NC§° (RM)
and v € Mg N C°(RY) such that

Iul < Eq +€, I[v] < Eq+e.
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Since u and v have compact support, by using parallel translation, we can assume
supp u N supp v = ¥. Therefore, we have u + v € My g. Thus, we find

Eqyip <Iu+v]l=I[ul+I[v] < Ey + Eg + 2e.

Ase — 0,wehave Ey g < Ey + Eg.
(iii): By (i) and (ii), we have

Eyip < Ey+ Eg < Ey

for any «, B > 0. This gives (iii).
(iv): For R > 0, set ug € H'(R") by according to the following:

) if x| < R,
Uurp(x) =13 so(R+1—|x|) if R<|x| < R+1,
0 if x| > R+1,

where s is a constant determined in (F5). We write | SV 1| for the surface area of
the unit sphere. If N = 1, set |SO| = 2. We estimate /[ug] as follows:

IuRg]
1 2 1 2
= §|V”R| —F(lugl)dx+ §|V”R| —F(lugl)dx
B(0,R) B(0,R+1)\B(0,R)
1
< / —F (so)dx+ / —s5 + sup |F(s)ldx
2 0<s<so
B(0,R) B(0,R+1)\B(0,R)
R | R+1
=_F(s0)|SN—1|/rN—1dr+ —s3+ sup [F(s)| JISN / rNlar
2 O=s=so
0 R
(R+DN=RN)|SN-11 (1, RN
= —Sn+ su F(s)|————F(s .
Since
RN 1

= — o0 as R — oo,
(R+DHN—RN A4+ 1/RN -1
for a sufficiently large R, we have I[ur] < 0. By choosing such an R and setting
o = ”“R“%%RN)’ we obtain E, < I[ug] < 0. By (iii), we have Eg < E, < 0if
B> a.
(v): We fix @ > 0. By (iii), E4—j and E44j are monotonic and bounded as

h — 0+ 0, so therefore they has limits. Moreover, Ey,_j, > E, > Ey4, holds due
to (iii). Thus, we obtain

li Ey_n>Eq> li Eqyn.

lmO a—h = “_h—lgio a+h

h— 0+

Claim. limj_ 040 Eq—p < Eq.
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This is clear if E, = 0, so we consider the case E, < 0. Take u € M, and
let up(x) = «/T—h/au(x) for h > 0. Since ””h”iz(RN) = —-h/o)a =
o — h, we have u, € My_p. On the other hand, we have ||u;, — M“HI(RN) =(1-
VT =h/a)|lull g1 gyy — 0ash — 040.Thus, we obtain limy, 010 1 [un] = I[u].
By Eq—p < I[u], we have

lim Eo_p < lim [[uy] = I[ul.
h—0+0 h—0+0

As we choose u € M, arbitrarily, for a minimizing sequence {u,},cny C My with
respect to E,, we can obtain

lim Ey_p <I[u,] foranyn € N.
h—040

As n — o0, the claim holds.
Claim. limh_)0+0 Eot-l—h > E,.

Since the left hand side converges, it is sufficient to consider the case h = 1/n,
where n € N. Choose a {u, € M1/, which satisfies I'[u,] < Eq11/, + 1/n for
eachn € N. By (i), I[u,] < 1/n. Lemma 2.2 (ii) asserts that {u, },,en is @ bounded
sequence in H LRM). By the definition of u,,, we have

n—o00

lim I[uy] = Tim FEepn. (24)

Let v, = u,/+/1 + 1/(an) for n € N. Then, {v,},cn is also a bounded sequence
in H'(RN). Moreover, we have

o2 @y, e+ 1/n .
TIL2RY T 4 1/ (an) T L+ 1/(an)

Hence, v, € M, holds. Since Lemma 2.4 is independent of Lemma 2.3, we can
use Lemma 2.4 to obtain

Ey < I[vy] = I[u,] 4+ o0(1) asn — oo.

By (24), the claim holds. ]
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