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Abstract. We initiate a detailed study of the ramification locus for projective endomor-
phisms of the Berkovich projective line—the non-Archimedean analog of the Riemann
sphere.

1. Introduction

Given a nonconstant holomorphic map f : X — Y between compact Riemann
surfaces, one of the first objects we learn to construct is its ramification divisor R 7,
which describes the locus at which f fails to be locally injective. The divisor R is
a formal linear combination of points of X that is combinatorially constrained by
the Hurwitz Formula: 2gx — 2 = deg(f)(2gy — 2) + deg(Ry).

The goal of the present article is to initiate a study of the ramification locus
in the setting of non-Archimedean analytic geometry. Here the role of a Riemann
surface is played by a projective Berkovich analytic curve over a non-Archime-
dean field k. As these curves have many points that are not algebraic over k, some
new (non-algebraic) ramification behavior appears. For example, the ramification
locus is no longer a divisor, but rather a closed analytic subspace. Berkovich first
observed this “geometric ramification” in [4, 6.3].

We begin our study by restricting attention to rational functions, viewed as
endomorphisms of the projective line P!. This simplest first case has the benefit
of being approachable by concrete techniques, many of which were developed by
Rivera-Letelier [11-13], Favre and Rivera-Letelier [7], and Baker and Rumely [2].
As critical points occupy a central position in the study of complex dynamical
systems on the Riemann sphere, it is not unreasonable to suppose that a better
understanding of the Berkovich ramification locus for rational functions will have
applications to non-Archimedean dynamical systems. In fact, this work was initially
inspired by dynamical considerations in [7]. The simple structure of the ramification
locus for tame polynomials plays a fundamental role in the recent work of Trucco
[15]. The nature of the ramification locus for dynamical systems defined over the
formal Laurent series field C((¢)) also sheds some light on degenerations of complex
dynamical systems. See [8,9].
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Let k be an algebraically closed field that is complete with respect to a fixed non-
trivial non-Archimedean absolute value |- |. For example, k could be the completion
of an algebraic closure of @, or of IF, ((¢)). Write ]P’,l for the (algebraic) projective
line over k, and write P! = P,i for its Berkovich analytification. A rational func-
tion ¢ € k(z), viewed as a morphism ¢ : P} — P}, extends functorially to a
morphism of P! (which we also call ¢). Intuitively, it describes the action of ¢ on
disks in P! (k). As ¢ is a finite morphism, one may associate to each point x € P!
a local degree or multiplicity m,(x): in a weak neighborhood of x, the map ¢ is
mg (x)-to-1. The Berkovich ramification locus is defined to be the set

Ry =1{x¢€ P! tmy(x) > 1}.

It is a closed subset of P! with no isolated point. Our first main result provides a
bound for the number of connected components R,.

Theorem A (Connected Components). Let ¢ € k(z) be a nonconstant rational
function. Each connected component of the Berkovich ramification locus of ¢ con-
tains at least two critical points of ¢, counted with weights.' In particular, Ry has
at most deg(¢) — 1 connected components.

The theorem is optimal in the following sense. For any algebraically closed field
k that is complete with respect to a nontrivial non-Archimedean absolute value and
any integers 1 < n < d, there exists a rational function ¢ € k(z) of degree d whose
ramification locus has precisely n connected components.

A field k as above always admits nontrivial extensions by non-Archimedean
valued fields; it is one feature of non-Archimedean analysis that sets it apart from
complex analysis. Let K/k be an extension of algebraically closed and complete
non-Archimedean fields, so that the absolute value on K is an extension of the one
on k. There is a natural inclusion P! (k) < P'(K), and this inclusion extends to the
Berkovich analytifications ¢ : P,l — P}(. However, this last map is not a morphism
of analytic spaces (unless K = k!), and so we must spend some time proving that
it preserves many of the features relevant to our study of ramification. In particular,
we will show that this inclusion is continuous, that it preserves multiplicities, and
that it preserves a certain natural metric on P!\ P! (k). The existence of the inclusion
¢ is closely related to Berkovich’s notion of “peaked point” [3, 5.2] and Poineau’s
notion of “universal point” [10], although these latter notions extend to arbitrary
analytic spaces.

A rational function ¢ € k(z) can act via an inseparable morphism on the local
rings of certain points of P!; Rivera-Letelier calls this “inseparable reduction at
a type II point.” We give a natural extension of Rivera-Letelier’s definition to all
points of P! by enlarging the field k in such a way that all non-classical points
become type II points. As an application of this work on extension of scalars and
inseparable reduction, we are able to give a natural characterization of the interior
of the ramification locus for the strong topology on P!.

! For a rational function ¢ € k(z), a point at which the induced map on the tangent space
of ]P’,lC vanishes will be called a critical point. The order of vanishing is called the weight.
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Theorem B (Interior Points). Let ¢ € k(z) be a nonconstant rational function.

1. The set of points at which ¢ has inseparable reduction coincides with the strong
interior of the Berkovich ramification locus.

2. The ramification locus has empty weak interior unless ¢ is itself inseparable,
in which case Ry, = P!

Following Trucco [15], we say that a rational function ¢ is tame if its ramifi-
cation locus has only finitely many branch points. Theorem B allows us to give a
number of equivalent characterizations of tame rational functions (Corollary 7.13).
We remark that a sufficient condition for a rational function ¢ to be tame is that
res.char.(k) = 0 or res.char.(k) > deg(¢) (Corollary 6.6).

We also look at the special setting of rational functions with a totally ramified
point; i.e., a point x € P! such that my(x) = deg(e). For example, this includes
the important cases of polynomials (x = oo) and rational functions with good
reduction (x is the Gauss point). For the following statement, let Hull(Crit(¢)) be
the connected hull of the critical points; i.e., the smallest closed connected subset
of P! containing Crit(¢).

Theorem C (Totally Ramified Functions). Let ¢ € k(z) be a nonconstant rational
function for which there exists a totally ramified point in P'. Then the ramification
locus Ry, is connected. In particular, if ¢ is tame, then R, = Hull(Crit(p)).

In a sequel to this paper, we provide a detailed study of the geometry of the rami-
fication locus with respect to the hyperbolic PGL; (k)-invariant metric on P1\ P! (k)
[6].

We close with a detailed summary of the contents of the present paper. In Sect. 2
we recall all of the relevant features of P! and its endomorphisms. While this section
is primarily designed to fix notation, it could also serve as a brief introduction to P'.
In Sect. 3 we discuss three notions of multiplicity function. The first is an extension
of the algebraic multiplicity m, on P! (k) to the entire Berkovich projective line P!.
The second is the directional multiplicity, which allows one to accurately count the
number of solutions to the equation ¢(z) = y in a particular open Berkovich disk
U, provided that ¢(U) # P'. It can happen that ¢(U) = P!, and so we introduce
the notion of surplus multiplicity as the defect in this counting problem. The surplus
multiplicity of U is very closely tied to the number of critical points contained in
U. The first two multiplicities are well understood in the literature. This article is
the first to focus on the surplus multiplicity in its own right, although it does appear
in [13, Lem. 3.2].

Section 4 is devoted to constructing the canonical inclusion (£ : P} — P}
and proving a number of useful properties, including its compatibility with rational
functions. The goal of Sect. 5 is to provide a definition of inseparable reduction at
an arbitrary point of P!. We also give an interesting criterion for when a rational
function has inseparable reduction at a type III point. In Sect. 6, we prove Theo-
rem A and a number of other results related to connectedness of the ramification
locus. For example, we show that every connected component of R, meets the
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convex hull of the critical points. We describe the endpoints and interior points of
the ramification locus in Sect. 7; this includes a proof of Theorem B and a number
of characterizations of tame and locally tame rational functions. Finally, in Sect. 8
we discuss the locus of total ramification and some of the properties of rational
functions for which this locus is nonempty.

2. Notation and conventions
2.1. Non-Archimedean fields

For the duration of this paper, k will denote an algebraically closed field that is
complete with respect to a nontrivial non-Archimedean absolute value | - |. We use
the standard notation k° = {t € k : |t] < 1} and k°° = {t € k : |t| < 1} for the
valuation ring of k and for its maximal ideal, respectively, and we write k=ke /k°°
for the residue field. The residue characteristic of k will be denoted p. (Note p = 0
is allowed.) The value group of k will be denoted |k*|; as k is algebraically closed,
|k | is a divisible group.
The normalized base associated to k is the constant

e if k has equicharacteristic p > 0
= | pl_1 if k has mixed characteristic.

Then g > 1, and the function ord(-) = — loqu | -] is a valuation on k.
Fora € k and r € R, write

D(a,r)" ={xek:|x—a|l<r} and D(a,r)={x€k:|x —a| <r}

for the (classical) open disk and the (classical) closed disk of radius r about a,
respectively.

2.2. The Berkovich projective line

Here we summarize the definition and main properties of P!. For the most part we
follow the notation and treatment in [2, 1-2], although much of this material was
first presented in [12,13]. See also [1, Ch. 3].

2.2.1. The affine line The Berkovich affine line A' = A,i is defined to be the set
of all multiplicative seminorms on the polynomial algebra k[7'] that restrict to the
given absolute value on k. If x is a seminorm and f € k[T] is a polynomial, we
write | f(x)| for the value of f at x. For example, if a € k and r € R>, write ¢, ,
for the multiplicative seminorm defined by

|fCar)l = sup |f(D)], fe€k[T]

beD(a,r)

Berkovich has classified the points of Al
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Type L. ¢,,0 for some a € k. (Such a point is called a classical point.)

Type IL. ¢, for some a € k and r € |k*|.

Type III. ¢, for some a € k and r & |k*|.

Type IV. A limit of seminorms (¢, ;)i>0, Where the associated sequence of
closed disks (D(a;, ri))i>0 is descending and has empty intersection. (The field
k is called spherically closed if no such sequence of closed disks exists.)

b

This classification suggests a means for extending the notation to cover type IV
points. Given a decreasing sequence of closed disks D(a,r) = (D(a;, ri))i>0,
define ¢y r € A! to be the seminorm on k[T] given by

|fGap)l = lim —sup [f(B)]. f€KkIT].

X beD(a;,r)

Note that £ r = &4, if D(a, r) is the constant sequence with term D(a, r). More
generally, if N;>0D(a;, ri) = D(b, s) forsomeb € kands € Rxo, then one verifies
easily that ¢, » = p,s. Moreover, we have the equality of seminorms ¢a r = o/
if and only if the associated sequences D(a,r) and D(a’, r) are cofinal in each
other.

We identify the set of classical points in A! with k via the injection a > ¢,.0.
The point ¢, is called the Gauss point because the associated seminorm coincides
with the Gauss norm of a polynomial.

2.2.2. The weak topology The weak topology on A! is the weakest topology
satisfying the following property: for each polynomial f € k[T], the function
X | f(x)] is continuous on Al. The space Alis locally compact, Hausdorff, and
uniquely path-connected for the weak topology.

The injection k < A! given by a > ¢, is a dense homeomorphic embed-
ding relative to the absolute value topology on k and the weak topology on A'. The
type II points of A! are dense in A! for the weak topology.

Fora € k and r € R, the sets

D@a,r)” ={xeA . |(T—a)x)|<r} and D(a,r)={xeAl : |(T—a)(x)|<r}

are the (standard) open Berkovich disk and the (standard) closed Berkovich disk of
radius r about a, respectively. The weak topology on A! is generated by sets of the
form

D(a,r)” and A'\D(a,r)

fora € k and r € R..

2.2.3. The strong topology ~The affine line A' admits a partial ordering < defined
by x < yifand only if | f(x)| < | f(y)| for all polynomials f € k[T]. For exam-
ple, ¢4.r < {ps if and only if D(a,r) C D(b,s). Givenx, y € Al, the least upper
bound with respect to the partial ordering is denoted x V y. It always exists and is
unique. Type I and type IV points are the minimal elements with respect to <.
Define the affine diameter of the point ¢, , to be diam(¢, ) = r. More gener-
ally, if (¢4, ;) 1s a sequence of seminorms corresponding to a type IV point x € Al
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define diam(x) = lim r;. The limit exists since (r;) is a decreasing sequence, and
diam(x) > O (else this sequence corresponds to a type I point).
The small metric on A! is defined by

d(x,y) = [diam(x V y) — diam(x)] + [diam(x V y) — diam(y)] .

The topology on A! induced by d is called the strong topology. It is strictly finer
than the weak topology.

Define the path-distance metric p on the Berkovich hyperbolic space H = A"\ k
via the formula

diam(x Vv y) diam(x V y)

,y) = log, ————" T diam(n
px,y) =log, diam (x) 08 diam(y)

The restriction of the strong topology to H coincides with the metric topology for
p. The space H is complete for this metric, but not locally compact. Note that our
choice of normalized base gx gives p (%o, ¢0,1) = 1.

The group PGL; (k) acts by isometries for the path-distance metric: p (o (x),
o(y)) = p(x,y) forany x, y € Hand o € PGL; (k).

2.2.4. The projective line  The Berkovich projective line over k, denoted P! = P,l s
is given by gluing two copies of Al along A! \ {0} via the map T+ 1/T. The
weak topology on P! is induced by this gluing. We write {oo} = P! \ A!, and the
dense homeomorphic embedding k < A! extends to P! (k) < P!. We also extend
the partial ordering < to P! by setting x < oo for every x € P!. Forx < x’ € P!,
we define the closed segment [x,x'] = {y € P! : x < y < x'}, and extend this
notion to arbitrary pairs x, x’ € P! by [x, x'] = [x, x Vx’]U[x’, x vV x']. Open and
half-open segments can be defined similarly.

The group PGL, (k) acts on P! (k), and this action extends functorially to P
Moreover, the action preserves the type of a point in P!, and it is transitive on the
set of type I and type II points. The image of an open disk D(a, )~ C A! under
the action of an element of PGL; (k) will be called an open Berkovich disk (and
similarly for a closed Berkovich disk). The weak topology on P! is generated by
sets of the form D(a, r)~ and P! \ D(a, r) fora € k and r € R-. The space P!
is compact, Hausdorff, and uniquely path-connected for the weak topology.

We close with the following important property of the strong and weak topol-
ogies on P!:

Proposition 2.1. ([2, Lem. B.18]) Let X C P! be a subset. Then X is connected
for the weak topology on P if and only if it is connected for the strong topology on
Pl

Consequently, we may speak of the connected components of a subset X C P!
without reference to the topology.

2.2.5. Tangent vectors Let x € P! be a point. Write T, for the set of connected
components of P! \ {x}; an element v € T, will be called a tangent vector at x.
If we wish to view a connected component v € Ty as a subset of P!, then we will
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write it as B, (7). Observe that the weak topology on P! is generated by the sets
B, (V)™ as x varies through P! and v varies through 7.
The cardinality of the set 7\ depends only on the type of the point x:

Type L. Ty consists of a single tangent vector.

Type II. Ty is in 1-to-1 correspondence with elements of P! (k).
Type III. T, consists of two tangent vectors.

4. Type IV. Ty consists of a single tangent vector.

L=

In the case of a type II point x, the correspondence between T and P! (k) is non-
canonical except when x = ¢o.1. The correspondence P! k) = Ty, is given by

a — a, where a is the connected component of P! \ {¢o,1} all of whose classical
points map to a under the canonical reduction map PL(k) — PLk).

2.3. Rational functions

2.3.1. Generalities Let L be an algebraically closed field, and let ¢ € L(z) be a
nonconstant rational function. Choose polynomials f, g € L[z] with no common
root such that ¢ = f/g. Write deg(¢) = max{deg(f), deg(g)}.

Suppose x € ]P’](L) and set y = ¢(x). Select 01,02 € PGL>(L) such that
01(0) = x and 02 (y) = 0, and define ¥ = 03 o ¢ o o1. The multiplicity of ¢ at x is
defined to be the integer my(x) = ord,— ¥ (z). Evidently 1 < m,(x) < deg(ep).
The weight of ¢ at x is defined as wy(x) = ord,— ¥ (2). If ¢’'(z) = 0, we set
wy (x) = +o00. The weight and multiplicity at x are independent of the choice of
o1 and o05.

If o(x) = y with x, y # oo, then one verifies that

my(x) = ord =y (¢(2) — y) Wy (x) = ord;=x (90/(2)) .

As animmediate consequence, we obtain the following formula foreach y € P!'(L):

D my(x) = deg(e).

xePY(L)

p)=y
Remark 2.2. In some of the literature, the multiplicity m, (x) is referred to as the
“ramification index” or as the “local degree.” The weight w, (x) is a non-standard
terminology special to this paper; it is referred to as the “multiplicity” of a critical
point in most of the literature. As our focus is on certain multiplicity functions, we
have chosen an alternative terminology to avoid confusion.

Let p be the characteristic of L. The weight and multiplicity of a point are
related by

=my(x) —1 ifpfmy(x)
w(p(X)[>mZ(x)—1 ifp|m(:(x)’

We say that ¢ is ramified (resp. unramified) at x if my(x) > 1 (resp. my(x) = 1).If
p | my(x), we say that ¢ is wildly ramified at x; otherwise ¢ is tamely ramified at
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x. A point x with positive weight is called a critical point of ¢; the above relations
between weights and multiplicities show that ¢ is ramified at x if and only if x is a
critical point. We write Crit(¢) for the set of critical points of ¢.

If L has characteristic p > 0, arational function ¢ € L(z) is called inseparable
if ¢(z) = ¥ (zP) for some rational function . Otherwise ¢ is said to be separable.
(Equivalently, ¢ is separable if and only if the extension of fields L(z)/L(¢(z)) is
separable.)

With this notation, the Hurwitz Formula may be written in the following way:

Proposition 2.3. (Hurwitz Formula) Let ¢ € L(z) be a nonconstant rational func-
tion. The collection of weights for ¢ are related by

Z (x) = 2deg(p) —2 if ¢ is separable
Yol =1 100 if @ is inseparable.
xePI(L)

In particular, a nonconstant separable rational function has at most 2 deg(¢) — 2
distinct critical points.

For a nonconstant rational function ¢ € L(z), choose polynomials f, g with no
common root such that ¢ = f/g. This choice is unique up to a common nonzero
factor in L. The Wronskian of ¢ = f/g € L(z) is defined to be

Wr, = f'g — fg' € Llz].

Itis a polynomial of degree at most 2 deg(¢) —2 whose roots are precisely the affine
critical points of ¢. (If one wants to recover all critical points, then one should work
with the homogeneous Wronskian Y29¢@)=2Wr,(X/Y) € L[X, Y].) The Wrons-
kian depends on the choice of representation f/g, although we suppress this from
the notation. Note that the Hurwitz Formula may be proved by counting roots of
the Wronskian with appropriate weights.

To close this section, we derive an explicit formula for the Wronskian Wr, in
terms of the coefficients of f and g. Let d = deg(¢) and write

d—1

f @) =adZd+ad—1Z +---+ao, g(Z)ZbdZd+bd—1Zd_l+-~-+b0,

for some coefficients a;, b; € L. Let us make the convention that a; = b; = 0 if
i <0ori > d. Then the Wronskian of ¢ = f/g is given by

Wr,(2) = f/(2)g() — f()g' (=) = D > (iaibj — jaibj)z ™.

i=0 j=0

Making the change of variable j — j —i + 1 gives

Wr,(2) = > 1D Qi —j— Daibji1i {2/ 2.1

>0 | i>0
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2.3.2. Rational functions over non-Archimedean fields A rational function ¢ €
k(z), viewed as an endomorphism of P! (k), extends functorially to an endomor-
phism of P!'. By abuse of notation, we denote the extension by ¢ as well. The map
¢ : P — P! is continuous for both the weak and strong topologies.

Intuitively, the extension ¢ : P! — P! reflects the mapping properties of open
disks in P! (k). More precisely, if ¢ is nonconstant, we can describe the extension
of ¢ to type II points in the following concrete fashion. Let S C k° be a complete
collection of coset representatives fork = k° /k°°. The closed disk D(0, 1) is a dis-
joint union of open disks D(b, 1)~ as b varies through S. For all but finitely many
b € S, the image ¢ (D (b, 1)7) is an open disk D(¢(b), s)~ for some s € |k*|. For
any such choice of b, we have ¢({o,1) = {y(p),s- For an arbitrary type II point ¢, ,,
choose o € PGL; (k) so that o (£p,1) = &4.r, and apply the preceding discussion to
the rational function ¢ o o.

Let ¢ € k(z) be a nonconstant rational function. We may write ¢ = f/g for
polynomials f, g € k[z] with no common root. If f, g € k°[z] and if the maximum
absolute value of the coefficients of f and g is 1, then we say ¢ is normalized.

Given ¢ € k(z), we may always choose polynomials f, g € k°[z] so that
¢ = f/g is normalized. (It can be accomplished by dividing the numerator and
denominator of an arbitrary representation by a judicious choice of nonzero ele-
ment of k.) This choice of f and g is unique up to simultaneous multiplication by
an element in k with absolute value 1. Write f and g for the images of f and g in
k°[z]/k°°[z], respectively. The reduction of ¢ is given by

~ | frg ifg &k
‘”(Z)‘[oo if g € k°°[z].

The degree of ¢ is independent of the choice of normalized representation ¢ = f/g.
(By convention, we set deg(oo) = 0.) We say that ¢ has constant reduction (resp.
nonconstant reduction) if the degree of ¢ is zero (resp. positive).

Proposition 2.4. Let ¢ € k(z) be a nonconstant rational function, and write ¢ =
f/g in normalized form. Then ¢ has nonconstant reduction if and only if ¢({o.1) =
%o,1-

Proof. This is essentially Lemma 2.17 of [2]. As the point at infinity plays a dis-
tinguished role in much of their theory, they do not treat the case in which ¢ has
constant reduction with value co. This issue can be remedied by replacing ¢(z)
with 1/¢(1/z2). |

Let x be a point of P! and v a tangent direction at x. Then for every y € B, (v)~
sufficiently close to x, the image segment ¢((x, y)) does not contain ¢(x), and
hence it lies entirely in a single connected component of P! ~ {¢(x)}. In this way,
@ determines a surjective map ¢y : Ty — Ty(x) [2, Cor. 9.20]. We have already
seen that 17, , is canonically identified with P! (12). If 9(¢0,1) = &o.1, then under
this identification we have @ = .
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3. Multiplicity functions
3.1. Extending m, to P!

Here we describe an extension of the multiplicity function m, on P! (k) to the Ber-
kovich projective line P!, where k is a non-Archimedean field. There are a number
of equivalent ways to do this; see [2, 9.1], [4, 6.3.1], and [7, 2.2]. The definition
is relatively unimportant for our purposes in this paper (although we give one for
completeness); instead, we rely on various characterizations and properties of the
multiplicity function to be recalled below.

The most direct definition of the multiplicity function is as follows. Let k be
a non-Archimedean field, let ¢ € k(z) be a nonconstant rational function, and let
Op1 be the analytic structure sheaf on P!. Then ¢, Op: is a locally free Op1 module.
The multiplicity of ¢ at x € P! is defined as

mw(x) = rk(’)l,l_y (QD*OPI)X = rkopl_yOPl,xv y = (P(x)

More intuitively, we have the following topological characterization that
appears in the work of Rivera-Letelier. It will be the first instance of many in
which we want to count a set of points “with multiplicities.” To be precise, if
X c P!is aset, then to count X with multiplicities means to compute the quantity

#X =D cx Me(x).

Proposition 3.1. ([2, Cor. 9.17]). For each x € P! and for each sufficiently small
@-saturated neighborhood U of x (i.e., U is a connected component of o~ (¢ (U))),
the multiplicity my(x) is equal to #U N o~ ({b}) for each b € (U) NP (k).

Intuitively, this says that each classical point near ¢(x) has m(x) pre-images
when counted with multiplicities. More generally, it is true that if x € P! has mul-
tiplicity m = my(x), then the map ¢ is locally m-to-1 in a neighborhood of x, pro-
vided that we count with multiplicities. The function m,, : P' - {1,..., deg(p)}
is sometimes called the “local degree function” for this reason.

Definition 3.2. The (Berkovich) ramification locus of a nonconstant rational func-
tion ¢ € k(z) is the set

Ry =1{x € p!: my(x) > 1}.

Remark 3.3. We call an arbitrary point x € R, a ramified point, while we reserve
the term “critical point” for the type I points in R,. (A different convention is used
in [15].)

A rational function ¢ of degree 1 is an automorphism. Hence my, = 1 on P!, s0
that R, is empty. A rational function ¢ with deg(¢) > 2 has a critical point—i.e.,
a classical point of multiplicity at least 2—and so R, is nonempty.

Proposition 3.4. ([2, Prop. 9.28]) Let ¢ € k(z) be a nonconstant rational func-
tion. The multiplicity function my, : P! — {1,...,deg(p)} enjoys the following
properties.
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1. my, is upper semicontinuous with respect to the weak topology. That is, the set
{x eP!: my(x) > i} is weakly closed in Plfor eachi =1,2,...,deg(p).

2. The map ¢ : P! — Pl is locally injective at a with respect to the weak topology
ifmg(a) = 1. The converse holds if  is separable.

3. If ¥ (2) is another nonconstant rational function, then

Myop(x) =my (p(x)) -my(x) forall x € Pl
Remark 3.5. Statements (3.4) and (3.4) are also true for the strong topology.

Remark 3.6. Part (3.4) of the proposition is proved in [2] under the hypothesis
that the characteristic of k is zero, but their proof applies mutatis mutandis if ¢ is
separable. See also [2,7].

Corollary 3.7. Let ¢ € k(z) be a nonconstant rational function, and let o1, 07 €
PGL; (k). Set ¥y = 03 0 @ 0 1. Then Ry = 0 ' (Ry).

Proof. This result is an immediate consequence of part (3.4) of the proposition and
the fact that automorphisms are unramified:

my (x) = mg, (9(01(x))) - my (01(x)) - Moy (x) = my (01(x)),  x € P,
O

The fact that P! is a tree implies that a rational function is injective on each
connected component of the complement of the ramification locus.

Corollary 3.8. Let ¢ € k(z) be a nonconstant rational function, and let U C P! be
a connected weak open subset. If |y is not injective, then U contains a ramified
point.

Proof. Let x, y be arbitrary distinct points of U. The segment [x, y] is contained
in U by connectedness. If U does not contain a ramified point, then ¢ is locally
injective at every point of [x, y] (Proposition 3.4). In particular, the image path
[x, y] — @([x,y]) cannot have any backtracking. As P! contains no loop, it
follows that p(x) # ¢(y), so that ¢ is injective. O

3.2. The directional multiplicity

Essentially all of the ideas in this section are due to Rivera-Letelier [4, 12], although
we will adhere to the notation and terminology of Baker and Rumely [2, 9.1].

Proposition 3.9. ([2, pp. 261-266]) Let ¢ € k(z) be a nonconstant rational func-
tion, let x € P!, and let v € T,. Then there is a positive integer m and a point
x' € By(V)~ satisfying the following:

l.my(y) =mforall y € (x,x'), and
2. p(e(x), 0(y)) =m - p(x,y) forall y € (x, x").



450 X. Faber

The integer m in the proposition is called the directional multiplicity, and we denote
it by m (x, v). Part (3.9) shows that it satisfies m, (x, v) < deg(¢).

For the next statement, a generalized open Berkovich disk is a weakly open
set of the form B, (¥)~ for some point x € P! and some tangent vector v at x.
Equivalently, a weak open subset is a generalized open Berkovich disk if and only
if it has exactly one boundary point.

Proposition 3.10. Let ¢ € k(z) be a nonconstant rational function. Let B =
B, (V)™ be a generalized open Berkovich disk. Then ¢(B) always contains the
generalized open Berkovich disk B' = By x)(¢«(0))~, and either ¢(B) = B’ or
o(B) = Pl. Setm = mey(x, v) for the directional multiplicity.

1. If o(B) = B/, then for each y € B’ there are exactly m solutions to ¢(z) =y
in B (counted with multiplicities).

2. If o(B) = P!, then there is a unique integer s > 0 such that for each y € BB,
there are s + m solutions to ¢(z) = y in B (counted with multiplicities), and
for each y € P~ B there are s solutions to ¢(z) = y in B (counted with
multiplicities).

Proof. The proposition seems to have been known to Rivera-Letelier [12, 4.1], but
it was only stated in the case where y is a classical point. Baker and Rumely give
a proof of the full statement except for the case where ¢(B) = P! and y = ¢(x)
[2, Prop. 9.41]. If ¢(B) = P! and x is of type I or type IV, then y = ¢(x) is the
unique point in P! . B’. Evidently the desired result holds with s = deg(¢) — m.
We will supply the remaining case now using a perturbation argument.

Suppose that x is of type II or type IIl and ¢ (B) = P'. The result of Baker and
Rumely tells us that there is an integer s > 0 such that for each y € P! \ B/, y
has s pre-images inside B (counted with multiplicities). We must now extend this
statement to the point y = ¢@(x). There exists a segment I = [x, x'] withx’ € B
such that m, is constant with value m on the interior of / (Proposition 3.9) and such
that ¢ is injective on / [2, Thm. 9.35]. Fix an ancillary element y; 7 y in the com-
plement of 5. Select an open Berkovich disk By C B of the form By = By, (Vo)
satisfying the following properties:

e x lies in the interior of the segment /;

e o 'MNB=¢ '(y)NByand ™" (y1) N B =g~ (y1) N Bo; and

e ¢(By) =Pl
Each of these three properties holds for any sufficiently large subdisk of B: the
second because each element of P! has only finitely many pre-images under ¢, and
the third by compactness.

Write By = By (x) (¢« (Vo)) ~. Then B, C B’ because ¢ is injective on 7, and
hence y, y; € P! B,. Applying the case already proved by Baker and Rumely
to the disks By and B separately, we find that there is a unique integer so > 0 such
that y and y; each has so pre-images in By, counted with multiplicities. That is,

#o ') NBY=#(p~ () N Bo)=so=#(p~ " (y1) N Bo)=#(¢~ ' (y1) N B) =s.

O
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The next result gives an algebraic relationship between the multiplicity 2, (x)
and the directional multiplicities m, (x, v) for v € Tk.

Proposition 3.11. ([2, Thm. 9.22]) Let ¢ € k(z) be a nonconstant rational function
and let x € PL.

1. (Directional Multiplicity Formula) For each tangent vector w at ¢(x), we have

my(x) = Z my(x, V).
veTy
@ (V)=w
2. The induced map @y : Tx — Ty(x) is surjective. If x is of type 1, 111, or 1V, then
my(x) = my(x, V) for each tangent vector v € T. |

Corollary 3.12. Let ¢ € k(z) be a nonconstant rational function. Then R, is a
closed subset of P! with no isolated point (for both the weak and strong topolo-
gies).

Proof. Proposition 3.4(1) immediately implies that R, is closed. Proposi-
tion 3.11(1) shows that if m,(x) > 1, then there is a direction v € T such that
my(x,v) > 1. It follows from Proposition 3.9(1) that there exists x" € By (V)™
such that my(y) = m(x, v) > 1forall y € (x,x’). Hence R has no isolated
point. O

The following proposition, due to Rivera-Letelier, gives the best technique for
determining the value of the multiplicity function at a type II point.

Proposition 3.13. (Algebraic Reduction Formula, [2, Thm. 9.42]) Let ¢ € k(z)
be a nonconstant rational function, and let x € P! be a point of type II. Put
y = @(x), choose 01,02 € PGLy(k) such that o1(x) = 02(y) = &o.1, and set
Y(z) =0p0¢po0, ! Then W has nonconstant reduction y and

my(x) = deg().

For each a € P'(k), if U, € Ty is the associated tangent direction under the
bijection between Ty and P' (k) afforded by (c1)s, we have

my(x, Uq) = m(a).

As an application of the results in this section, we describe the ramification
locus for inseparable rational functions.

Proposition 3.14. Suppose k has characteristic p > 0 (and hence residue char-
acteristic p, in accordance with our conventions). Let ¢ € k(z) be a nonconstant
inseparable rational function. Then R, = P

Proof. We begin by showing that mp = p, where F € k(z) is the relative Frobe-
nius map defined by F(z) = z”. For a closed disk D(a, r) with rational radius and
any b € D(a, r) with |a — b| = r, observe that

Y(z) =b P[F(bz+a) — F(a)] = F(2).



452 X. Faber

Hence mr(¢4,,) = mrp(o,1) = p by the Algebraic Reduction Formula. Since m ¢
takes the same value at any type II point, we conclude that mr = p (Proposi-
tion 3.9(1)).

Now we may factor ¢ uniquely as ¢ = ¥ o F¢, where ¥ € k(z) is separable,
¢>1,and F¢ = Fo---o F is the ¢-fold iterate of F. By Proposition 3.4(3), we
see that

my(x) =my (Fe(x)) -mpg (Fg_l(x)) -mpg (FZ_Z(x)) -emp(x)
= ptomy (F‘(x)) > pt.

As x is arbitrary, R, = Pl O

3.3. The surplus multiplicity

With the notation in Proposition 3.10, we define the surplus multiplicity s,(B) to
be zero if ¢(B) is a generalized open Berkovich disk, and to be s,(B) = s if
o(B) = P'. As B = B,(v)~, we will also write 8¢ (x, V) = s,(B). The intuition
behind the terminology “surplus multiplicity” is that for y € B’, there are always
at least m solutions to ¢(¢) = y with ¢ € B, and there are s,,(3) “extra” solutions
depending on the nature of ¢ and B.

The surplus multiplicity gives a lower bound for the number of pre-images of a
given point inside certain open Berkovich disks. This fact—which follows imme-
diately from Proposition 3.10—is extremely important for bounding the number of
connected components of R,.

Corollary 3.15. Let ¢ € k(z) be a nonconstant rational function, and let B be a
generalized open Berkovich disk. For each y € P!,

#C € B:@(l) =y} = 5,(B).

The surplus multiplicity of a disk is closely tied to the number of critical points
contained within it. The following result is the key to bounding the number of
connected components of the ramification locus.

Proposition 3.16. Let ¢ € k(z) be anonconstant rational function. Suppose x € P!
is a type Il point and v € Ty is a tangent direction such that p t my(x, V). Then we
have the equality

Z Wy () = 254(x, V) +my(x,v) — 1.
ceCrit(p)NBy (V)

Before starting the proof, we give an alternate description of the surplus multi-
plicity at the Gauss point. Let ¢ = f/g be normalized. The surplus multiplicity is
invariant under postcomposition by an element of PGL; (k), so it suffices to assume
that ¢(Zo,1) = ¢o,1, in which case ¢ has nonconstant reduction. In particular, this
means that each of f and g has a coefficient with absolute value 1.
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Write F(X,Y) = Y%e@ £(X/Y) and G(X,Y) = Y%e@g(X/Y) for the
homogenizations of f and g. Write F and G for the reductions of F and G, respec-
tively; these reductions are nonzero since f and g each has a coefficient with
absolute value 1. Let H = gcd(ﬁ , G) S IG[X , Y, it exists since F and G are
homogeneous, and it is unique up to multiplication by a nonzero element of the
residue field.

Now let a € P! (/E), and write B = By, , (a)~ for the corresponding open Ber-
kovich disk. We claim that the surplus multiplicity of B is equal to the multiplicity
of a as a root of H. To see it, change coordinates on the source and target by an
element of PGL, (k°) so that @ = ¢.(a) = 0. The induced map Ty,, — T, , on
sets of tangent vectors is given in homogeneous coordinates by '

. (F G
e==0=\z:7)

Since ¢, maps 0 to 0 with multiplicity m = my (8o, 1, 6), we see that X™ || I:”/H.
Let S > 0 be defined by X || H. It follows that X"+ evenly divides F, or equiv-
alently that F' has m + S zeros in the disk D(0, 1)~ (counted with multiplicity). In
fact, this same conclusion holds with zero replaced by any y € D(0, 1), which
shows that § = s5,(%0,1, 6) is the surplus multiplicity of the disk D(0, 1)~. We
summarize this conclusion as

Lemma 3.17. Let ¢ = f/g € k(z) be a nonconstant normalized rational func-
tion with nonconstant reduction. Set F(X,Y) = Y94€@) £(X/Y) and G(X,Y) =
Ydeg(‘/’)g(X /Y) for the homogenizations of [ and g, respectively, and let H =
gcd(F G) be a greatest common divisor of their reductions. For each a € P! (k)
the surplus multiplicity of the disk By, (@)~ is equal to the multiplicity of a as a
root of H.

If x € P! is a type Il point and ¢ € k(z) is any nonconstant rational function,
then an immediate consequence of this characterization of the surplus multiplicity
and the Algebraic Reduction Formula is the following:

my(x) + D sp(x, V) = deg(g). (3.1)
veTy
And while we will not need it in what follows, this formula actually holds at any
x € P! The proof is trivial for points of type I or type IV since there is only one
tangent direction to consider, and one can use Corollary 4.4 below to reduce the
type III case to the type II case.

Proof of Proposition 3.16. Change coordinates on the source and target so that
x = @(x) = ¢o,1 and B, (¥)~ = D(0, 1)~. Note that ¢ must be separable, else its
reduction ¢ will be inseparable, so that m, (x, V) > p by the Algebraic Reduction
Formula. In particular, ¢ has only finitely many critical points, so there are only
finitely many connected components of P! \ {¢o. 1} that contain one. After a further
change of coordinate on the source if necessary, we may assume that no critical
point lies in the open Berkovich disk By, , (50)~; equivalently, each critical point
has absolute value at most 1.
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We may suppose ¢ = f/g is normalized, and set i1 = ged( f £) with 4 monic.
Write f = hf] andg = hg for some f1, g1 € k[z] We see that f vanishes to
order m = my(¢o,1, 0) at the origin, and g1(0) # 0. As p { m, we have

ord,—o Wrg = ord.—o(f{g1 — fig)) =m — .

Since ¢ = f/g is normalized, we see that Wr, € k°[z], and we may compute

Wr, = /g — f§
= (W' fi + hf)hg1 — hfi(hg| + h'g1)
= Wrg - h%.

With our choice of coordinates, all of the roots of Wr,, have absolute value at most 1,
and hence

> wy(c) = ord,—g Wry, = 254(Z0.1,0) 4+ my (Lo 1,0) — 1
ceCrit(p)ND(0,1)~

where ord;—o(h) = s4,(£0,1, 6) follows upon dehomogenizing Lemma 3.17. O
We now give another useful description of the surplus multiplicity of an open
Berkovich disk B as a sum of “jumps” in the multiplicity function inside B.

Proposition 3.18. Let ¢ € k(z) be a nonconstant rational function, and let B be a
generalized open Berkovich disk with boundary point {. Then

s(B) = Zmax {mw(y) —my(y, V), O} ,
yeB

where 1’5; is the unique tangent vector at 'y containing ¢.

Remark 3.19. Since my,(y, V) = my(x) for all x € (¢, y) sufficiently close to y,
we can think of max {m,(y) — my(y, V), 0} as the “jump” in multiplicity at y
along a path emanating from ¢.

Since the surplus multiplicity of a disk B is positive if and only if ¢(B) = P!
we obtain the following corollary. It appeared previously as [2, Thm. 9.42].

Corollary 3.20. Let ¢ € k(z) be a nonconstant rational function, and let B be a
generalized open Berkovich disk with boundary point ¢. Then ¢ (B) is a generalized
open Berkovich disk if and only if for each ¢ € B, the multiplicity function m, is
nonincreasing on the directed segment (¢, c].

Proof of Proposition 3.18. For the purpose of this proof, let us make two ad hoc
definitions. We will say that y € Bis a jumping point if my(y) > my(y, U;); these
are precisely the points that contribute to the sum in the proposition. Note that a
jumping point is necessarily of type II (Proposition 3.11(2)). We say that a jumping
point y is visible from ¢ if it is the unique jumping point on the path (¢, y].

Let y € B be ajumping point that is visible from ¢. We claim that ¢ is injective
on the segment (¢, y). Otherwise ¢ would have to backtrack on this segment, which



Topology and geometry of the Berkovich ramification locus 455

would imply thereis x € (¢, y) and a tangent vector i at x such that ¢, (V) = @ (1).
But then

me(x) > my(x, 6{) + my(x, u) > me(x, 6§)a

so that x is a jumping point. This contradicts the visibility of y.

Define a closed Berkovich disk D = P!\ By (3;) ™. Write & = ¢, (V) € Tp(y).
Let vy, ..., U, € Ty be the distinct tangent vectors at y that are distinct from v, and
that satisfy ¢, (;) = w.Let U,11, ..., Uy be the remaining tangent vectors distinct
from v, satisfying s, (y, ;) > 0. Set ¢’ = ¢(¢). By the Directional Multiplicity
Formula and Proposition 3.10, we find that

n N
D my (3. )+ D sp(y. 1)
i=1 i=1

m(p()’)_mgo()’v E;)‘i‘ Z Sw(y, l_})
ﬁeTy\{ﬁ{}

#(¢7' ¢ D)
(3.2)

Here we are counting pre-images of ¢’ with multiplicities. Since y is a jumping
point, we conclude that D contains a pre-image of ¢’. It follows that there can be
only finitely many jumping points visible from ¢.

We now complete the proof by induction on the surplus multiplicity s = s, (5).
If s = 0, then ¢’ & @(B). A visible jumping point y € B would enable us to apply
(3.2); the right side would be strictly positive, which would force the existence of
a pre-image of ¢’ in 3. Hence there can be no jumping point when s = 0 and the
proposition is proved. Suppose now that the proposition holds for all open Berko-
vich disks with surplus multiplicity at most s — 1 for some s > 1, and let 5 be a
disk with surplus multiplicity s. Let yi, ..., y¢ be the jumping points in B that are
visible from ¢. Fori = 1,...,¢,let D; = P! < Byi(ﬁg)_ be the closed Berko-
vich disk with boundary point y; that does not contain ¢. The argument given in
the first paragraph shows that any path (¢, y] that contains a pre-image of ¢’ must
necessarily contain a jumping point. Hence, (3.2) gives

#(r7' @ nB) = > (¢ ¢ D)
i=1

¢ ¢
:Z(m(ﬂ(yi)_m(p(yiaﬁg))‘Fz Z S(p(y,',l_}).
i=1

i=1 BTy, \ (i}

But now observe that each of the surplus multiplicities s, (y;, V) is necessarily
smaller than s, so that we may apply the inductive hypothesis to each of the open
disks By, (V). We conclude that

#e ()N B) = D max{my(y) — my(y, i), 0}.
yeB

Proposition 3.10 shows that the pre-image count on the left hand side is precisely
5o (B). O
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4. Extension of scalars

Let K/k be an extension of algebraically closed and complete non-Archimedean
fields, where as usual we assume the absolute value on k is nontrivial (and hence
also on K). To distinguish between objects defined over k and those over K, we will
decorate our notation with subscripts. For example, Dy (0, 1) and P,l will denote
the classical closed unit disk and the Berkovich projective line defined over k,
respectively.

We will be occupied for most of this section with the proof of the following
result.

Theorem 4.1. To each extension K /k of algebraically closed and complete non-
Archimedean fields, there exists a canonical inclusion map Lf : P,l — P}< with the
following properties:

1. Lf (Ck.axr) = Ck.ar for each decreasing sequence of closed disks Dy(a,r) =
(D(ai, 1i))i>o with a; € k and r; € Rxo. In particular, L,f extends the natural
inclusion PL (k) — PY(K) on classical poznts

2. If K'/K is a further extension, then L,{( = Lf o LE

3. Lf is continuous for the weak topologies on P,l and P}(. In particular; v, (P )
is a compact subset of P} x for the weak topology.

4, L,f is an isometry for the path distance metric p.

5. Write 1 = Lf. For each x € P,i, there exists an injective map ty : Ty — Ty(x)
such that property that t(Byx (V) ™) C Byx) (1« (V)™ for every v € Ty.

Remark 4.2. The map Lf in the theorem is not a morphism of k-analytic spaces
except in the case k = K, and so we cannot simply appeal to general principles in
analytic geometry to determine its properties. Indeed, if it were k-analytic, then its
construction below would imply the existence of a k-analytic morphism of Berko-
vich disks Dy (0, 1) — Dk (0, 1). Passing to rings of functions, there would exist a
k-morphism of Tate algebras K{T'} — k{T'}. The image of K must lie in a subfield
of k{T'} containing k, and so it must be k itself.

Remark 4.3. The existence Lf and the fact that it is continuous for the weak topol-
ogy also follow from Poineau’s theory of universal points. See [10, Cor. 3.7, 3.14].
More generally, the hypothesis that & is algebraically closed guarantees that the base
extension morphism mg,/r : Xk — X has a continuous section for any analytic
space X/ k and any extension of non-Archimedean fields K / k.

An important consequence of the continuity properties of the map Lf is the
following application to multiplicities of rational functions.

Corollary 4.4. Let K / k be an extension of algebraically closed and complete non-
Archimedean fields, let ¢ € k(z) be a nonconstant rational function, and let 1 =
Lf : P,i — P}( be the inclusion map from the theorem. The following assertions

hold:

1. If px € K (z) is given by extension of scalars, then ¢x ot = Lo @.
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2. Foreveryx € Pl we have my, (1(x)) = my(x). Inparticular, L_I(R(p,() =Ry.
3. For each x € P,lC and each v € Ty, we have

My (LX), 1 (V) = my(x, V) and sgp (1(x), 1:(V)) = $4(x, V).

Proof of Theorem 4.1. Define L,{( (Ckarxr) = Ck.ar and L,{{ (00) = 0. Since cofi-
nality of nested sequences of disks is preserved under base extension, this map is
evidently well-defined and injective. Compatibility of the family of maps ¢ is clear
from the definition.

For the remainder of the proof, we assume that the extension K /k is fixed and
write t = ¢ f for simplicity. To prove weak continuity of ¢, we observe that it suffices
to prove X D(a, r)7) is open and Y(D(a, r)) is closed for every a € K and
r € Rxg. The proof breaks naturally into several cases.

Case 1. Dk (a,r)” Nk # (. Without loss of generality, we may assume that
a € k. We claim that .= (Dg (a,7)”) = Di(a,r)”. Suppose first that {xps €
! (DK (a, r)_). We see that

}(T - a)(fk,b,s)| = lim sup |x—aq

=00 x e Dy (by.5i)

< lim sup |x—a|l= (T —a)Ckps)| <r
1= xeDk (bi,si)

Hence ¢k pvs € Dr(a,r)”.

For the other containment, suppose that ¢ ps € Dr(a,r)”. Then s; < r and
(T — a)(Ck,p;,5;)| < r for i sufficiently large; fix such an i for the moment. For
arbitrary x € Dk (b;, s;) and x’ € Dy (b;, s;), we see that

v —al = |(x = b)) = (" = by) + (" = a)| < max {s;, (T —a)(Ckp5)I} <7

Taking the supremum over all x € D (b;, s;) shows ¢k 5, 5; € Dk (a, r)”. Letting
i tend to infinity, we see that {x p,s € D (a,r)”. (Note that [(T — a)(¢k p;,5;)] 1S
by definition a nonincreasing sequence in the variable i.)

Case 2. Dk (a,r) Nk # (. The argument here is virtually identical to the previ-
ous case. If we assume (as we may without loss) that a € k, then Y Dk (a, r)) =
Dk (a, I’).

Case 3. Dk (a,r)” Nk = @. We will argue that (! (DK (a, r)_) = ). Suppose
to the contrary that there exists ¢ p s such that |(T — a)({k p.s)| < r. Then for i
sufficiently large, we find that

(T —a)(@Ck bs)| = sup |x—a|l<r
x€Dk (bi,si)

But then b; € kN Dk (a, r)~, a contradiction.
Case 4. Dk (a,r) Nk = (. Observe that
Di(a.r) ={lkartV | J Dx@.r).
a'eDk (a,r)

We have already shown that the pre-image of each of the latter sets is empty in
Case 3, so that (! Dk (a,r)) = L_I(CK,W). As ( is injective, we conclude that
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1= (Dk (a, r)) is either empty or a single point. In either case, it is closed for the
weak topology.

Next, ¢ is an isometry for the path-distance metric because it preserves affine
diameters and because it is compatible with the partial orderings on P,l and P}<
in the following sense: For every x, x’, y € P!, we have x < x’ = t(x) < ux)
and ((x V y) = t(x) Vv ((y). Indeed, these observations are immediate from the
definitions for points of types I, II, or III, and a limiting argument gives them for
type IV points.

By continuity and injectivity, the image of the connected set By (v)~ under ¢
is connected and does not contain ¢(x). So it must be contained in B, (y) (W)~ for
some W € T,(x). We define 1, (V) = w.

We must show that t, : T, — T,(y) is injective. This is clear if x is of type I
or type IV, since #T, = 1. So we now assume that x is of type II or III. Let
U] # Uy € Ty. Choose x; € By (v;)” fori = 1,2. It suffices to show ¢(x1) and
t(x2) lie in distinct connected components of P}< ~A{e(x)). If By (92) ™ contains oo,
then x| < x < x7. The ordering is compatible with ¢, so that t(x1) < t(x) < t(x7).
This lastinequality implies that¢(x) and ¢ (x5 ) must lie in distinct connected compo-
nents of P}( ~{t(x)}. By symmetry, we obtain the same conclusionif co € By (v1) .
Finally, suppose that co & B, (v;)~ fori = 1, 2. In that case, x; < x fori = 1, 2,
and xj and x» are mutually incomparable under the partial ordering, and we have
X1V x3 = x. Then t(x) = t(x1) V t(x2), which means ¢(x1) and ¢(x2) again lie in
distinct connected components of P}< ~e(x0)}. |

Proof of Corollary 4.4. The first assertion is trivial for type I points of P}, and the
full equality px ot = to¢ follows by weak continuity and the fact that type I points
are dense in P,l.

For the second assertion, it evidently holds whenever x is a type I point by
the algebraic description of the multiplicity in that case. Now let x € P,l be arbi-
trary, and let V be a gg-saturated weak neighborhood of ¢(x). Then the multi-
plicity m = mgy, (1(x)) is equal to #V N (p,?l ({y}) for each y € ¢x (V) NP(K)
(Proposition 3.1). Now observe that U = (~!(V) is a ¢-saturated weak neighbor-
hood of x. Since ¢ is defined over the algebraically closed field k, we find that
#U N~ '({y})) = m forany y € o(U) NP (k). Thus my(x) = m as well.

Finally, letx € P}, v € Ty. Write By = B,(v)~ and Bx = B,(x)(t+(¥)) . Then
the proof of the theorem shows :~!(Bx) = By. The third assertion now follows
from Propositions 3.9 and 3.10, the compatibility of ¢ and ¢, and what we have
already shown in the last paragraph. O

5. The locus of inseparable reduction

The phenomenon of inseparable reduction at a type II point was first investigated
by Rivera-Letelier; we spend the present section extending this notion to points of
P! of arbitrary type. In 7 we will characterize the strong interior of the ramification
locus in terms of inseparable reduction.

Let us begin by recalling Rivera-Letelier’s definition. Let ¢ € k(z) be a non-
constant rational function and let x € P! be a type II point. Let o1, 0» € PGL1 (k)
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be chosen so that 01(%p,1) = x and o2(¢(x)) = ¢o,1. Then ¥ = 02 0 @ 0 0]
fixes the Gauss point, and so ¥ has nonconstant reduction 1} The reduction ¥ is
well-defined up to pre- and post-composition with an element of PGL; (k). We say
that ¢ has inseparable reduction at x if k has positive residue characteristic and
1/7 € k(z) is inseparable. We say that ¢ has separable reduction at x if it does not
have inseparable reduction. This definition is stable under extension of scalars:

Proposition 5.1. Let K /k be an extension of complete and algebraically closed
non-Archimedean fields, and let L,f : P,l (IS P}( be the canonical inclusion. Then t
maps type Il points to type Il points, and the function ¢ has inseparable reduction
at a type Il point x € P,i if and only if 9k has inseparable reduction at L,f (x).

Proof. If x = & 4., is a type Il point, then € |k*| C |K*|, and hence tf(x) =
Ck.a.r 1s also a type II point. We may suppose that x = 0,1 = ¢(k,0,1) after
a change of coordinate on the source and target. Note that L,f is compatible with
these changes of coordinate (Corollary 4.4). Since px = ¢, we see that ¢ has
inseparable reduction at the Gauss point of P,l if and only if g has inseparable
reduction at the Gauss point of P}(. O

In order to generalize the definition of inseparable reduction, we will need to
know there exist certain kinds of extensions of the field k. The following result is
well-known, although its proof seems not to be.

Proposition 5.2. There exists an algebraically closed and complete extension K [ k
with trivial residue extension such that K is spherically closed and |K*| = R~.
In particular, P}< has no point of type Il or type 1V.

Proof. The construction of a universal field €2, lying over the algebraic closure of
Qp given in [14, pp.137-140] applies mutatis mutandis to our setting. It gives an
extension K /k that is algebraically closed and complete, spherically closed, and
has the desired value group. However, there is no control over the residue field of
K in this construction.

Let S be the set of intermediate extensions of K / k with trivial residue exten-
sion. Then S is nonempty, and the union of a linearly ordered collection of elements
of S is again an element of S. Zorn’s lemma guarantees the existence of a maximal
element K, which we claim satisfies the conclusion of the proposition.

Evidently K is complete, since otherwise its completion would be a strictly
larger element of S. Next we show that |K*| = R. . For otherwise, there exists
r € Rog~|K*|.Let A, be the generalized Tate algebra K {r ! T'}; it is the K -alge-
bra of series f = >, a; T with K -coefficients such that |a;|[r’ — 0asi — oo.
The norm on A, is || £, = sup; > la;|r’. Then A, is a domain, and its fraction
field K, has residue field k = K and value group generated by r and |K *|. Thus
K, contradicts the maximality of K.

Now let K'/K be a finite extension. Since the corresponding extension of res-
idue fields is finite, and since K =Fkis algebraically closed, we see that K' =K.
Hence K’ = K by maximality.
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Finally, the spherical closure of K is the maximal extension with the same res-
idue field and value group as K. By maximality, we find K is itself spherically
closed. m]

Definition 5.3. Fix a nonconstant rational function ¢ € k(z). We say that ¢ has
inseparable reduction at a type I point if and only if ¢ is an inseparable rational
function. We have already defined above what it means for ¢ to have inseparable
reduction at a point of type II. If x € P,l is a point of type III or type IV, then the
preceding proposition shows there exists an extension K /k of algebraically closed
and complete non-Archimedean fields such that ¢ ,f (x) is a point of type II. We say
that ¢ has inseparable reduction at x if ¢k has inseparable reduction at Lf (x). This
definition is independent of the choice of field K (Proposition 5.1).

The notion of inseparable reduction at a type I or type II point is evidently
intrinsic to the field k by the above definitions. This is also true of type III points:

Proposition 5.4. Suppose k has residue characteristic p > 0. Let ¢ € k(z) be
a nonconstant rational function, and let x € P! be a type III point. Then ¢ has
inseparable reduction at x if and only if p | my(x).

Proof. Write m = my(x) = my(x, V1) = my(x, 02), where Ty = {vy, U2}. Let K
be an algebraically closed and complete extension of k such that xx = Lf (x)isa
type I point of P}.. Write w; = (tX),.(;) fori = 1, 2. Choose o1 € PGL>(K) so
that

a1k o) =x, (©1):0) =1, (01):(%) = wn.
Next choose oo € PGL,(K) so that

o2 (9 (X)) = k.01, (02)x (9K (@1)) =0,  (02)x (@x)x(i2)) = So.

Then the map ¥ = 02 o ¢k o o satisfies ¥ ({k,0,1) = k0,1, ¥+(0) = 0, and
Y+(00) = o0. Then m = my ({k.0.1) = my (Ck.0.1,0) = my (Ek.0.1, ) (Cor-
ollary 4.4). The Algebraic Reduction Formula implies that ¥ (z) = az™ for some
nonzero a € K, and the proof is complete since p | m if and only if ¥ has
inseparable reduction at ¢k o, if and only if ¢ has inseparable reduction at x. O

6. Connected components

We open this section by giving a bound on the number of connected components
that the ramification locus may have (Theorem A). Then we study the part of the
ramification locus lying off of the connected hull of the critical points. We also
give sufficient conditions for when R, C Hull(Crit(¢)). Finally, we show that—
subject to the bound given by Theorem A—any number of connected components
is achievable.

Proposition 6.1. Let ¢ € k(z) be a nonconstant rational function. Let x € P! be a
point withmy(x) > 1, and let X be the connected component of R containing x.
Then X contains at least 2my(x) — 2 > 2 critical points of ¢ counted with weights.
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Proof of Theorem A. The proposition shows that each connected component of R,
contains at least two critical points, while the Hurwitz formula bounds the number
of critical points of a separable rational function by 2 deg(¢) —2. Hence Theorem A
follows in the separable case. Recall that if ¢ is inseparable, then R, = P! and
Theorem A is trivial. O

Remark 6.2. If the characteristic of the field k is positive, then it is possible to have
a connected component of R, containing only one critical point (when counted
without weight). For example, this is the case for any polynomial function of the
form ¢(z) = f(z”) 4+ az, where f € k[z] is a nonconstant polynomial and a € k
iS nonzero.

Proof of Proposition 6.1. If ¢ is inseparable, then R, = P! = X, and ¢ has
infinitely many critical points. So the result is trivial in this case.

Suppose now that ¢ is separable. Let {U, } be the collection of connected com-
ponents of P! \. X. Note that each U, is an open Berkovich disk with a type II
endpoint x, (Proposition 3.11). Let U, € Ty, be the tangent direction such that
Uy = By, (Vg) ™. Then my(xq, Vo) = 1, since otherwise Uy N X would be non-
empty. Let y = ¢(x). For each index «, we apply Corollary 3.15 and Proposi-
tion 3.16 to find that

1
HE U (@) =3} 2 50WUa) =5 D wylo).
ceCrit(p)NUy

Hence we obtain the estimate

deg(p) =#{¢ € P! : 0(0) =y} = my(x) + D_#{¢ € Uy : (1) =y}

SRS S S

o ceCrit(p)NUy

1
:m(p(x)—i—z Z w(p(c).

ceCrit(p)\X

Completing the sum over all critical points and applying the Hurwitz Formula gives

D we@© = D wy(o) + 2my(x) — deg(p)] = 2my (x) — 2.

ceCrit(p)NX c€eCrit(p)

0
Before describing the part of the ramification locus lying outside the connected
hull of the critical points, we need a couple of technical lemmas.

Lemma 6.3. Let ¢ = f/g € k(z) be a nonconstant rational function in normalized
form with nonconstant reduction. The following are equivalent:

1.(¢) =0
2. Wry, = 0 (Where Wr, is the Wronskian of ¢ = f/g)
3. ¢ has inseparable reduction at the Gauss point
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Proof. The equivalence of the first two statements is immediate since Wry, is the
numerator of ¢’. Write h = ged(f, &), fi = f/h, and g; = g/h. Then

f'g=78 _ (' +fimgih—fikih' +gih) _ fig1 — fig]
g gih? s

(@)= =(9).

Hence we may write ¢’ without ambiguity. Inseparable rational functions are pre-
cisely the kernel of the formal derivative operator; equivalence of (6.3) and (6.3)
follows. O

Lemma 6.4. Let ¢ € k(z) be a nonconstant rational function satisfying the follow-
ing hypotheses:

e ¢ is not injective on the classical disk D(0, 1), and
e ¢ has no critical point in the classical disk D(0, 1)~.

Then 0 < p < deg(p) and ¢ has inseparable reduction at the Gauss point.

Proof. We may make a change of coordinates on the target so that ¢(£o.1) = ¢o.1
and ¢, (O) = 0. Write ¢ = f/g in normalized form with

f@) = adZd +ad_1zd71 + -+ ap,
8@ = baz® +by_17297 1 + - + by,

where a;, b; € k°. Assume a4 or by is nonzero. Write m = mw(go,l,ED and s =
59(%0,1 .} The Proof of Lemma 3.17 shows 2% || f and z° || g. Equivalently, we
have

lai| < 1forO0 <i <m+s—1 and |a+s| = 1;
[bj] <1for0<j<s—1and |bs|=1.

We will now show that the first segment of the Newton polygon of the Wronski-
an Wr,, has negative slope if p { m, which is equivalent to saying that D(0, 1)~
contains a root of the Wronskian—i.e., a critical point of ¢. Evidently this is a
contradiction.

Write Wry(z) = > cjzf € k°[z]. From (2.1) we see that the constant coeffi-
cient of Wry, is co = a1byg — agb;. Since ¢ is not injective on D(0, 1), we find
s +m > 1, so that both ag, a1 € k°°, which implies |cp| < 1. We also see that the
coefficient on the monomial 2T~ is

Cos+m—1 = Z (2n — 25 — m)anbsym—n + Mmasymbs.
n#m-+s

We know that |a,| < 1 forn < s+4m and that |bys1;—n| < 1for2s+m—n < s,or
equivalently when n > s 4 m. So each of the terms in the above sum has absolute
value strictly less than 1, while the final term has absolute value |m|. If p t m,
the final term has absolute value 1 and hence dominates the sum. This means the
point (2s +m — 1, 0) lies on the Newton polygon of Wr,, (although it may not be
a vertex). Hence the first segment of the Newton polygon of ¢ has negative slope.
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Thus we conclude that p | m < deg(¢), which gives the desired bounds on
the residue characteristic in the lemma. Finally, observe that if any coefficient cy
has absolute value 1, then as above we deduce the existence of a cr~itical point of
@ in the disk D(0, 1)~. Thus |c¢| < 1 for all £ > 0. It follows that ¢’ = 0, and an
application of Lemma 6.3 completes the proof. O

Proposition 6.5. Let ¢ € k(z) be a nonconstant rational function. Let U be an open
Berkovich disk disjoint from Hull(Crit(@)) with type Il boundary point x. Suppose
U N'Ry is nonempty. Then the following assertions are true:

1.0 < p < deg(p);
2. ¢ has inseparable reduction at x; and
3. U N'Ry, is connected (for both the weak and strong topologies).

Proof. Change coordinates on the source and target so that x = @(x) = ¢o,1 and
U =D(0, 1)". The assumption U N R, # ¥ implies that ¢ is not injective on U.
Also, U contains no critical point by hypothesis. Thus ¢ has inseparable reduction
atx and 0 < p < deg(¢) (Lemma 6.4).

If U N'R, were disconnected, then U would contain an entire connected com-
ponent of R. As U contains no critical point, this contradicts Proposition 6.1. O

Recall from the introduction that a rational function ¢ is tame if its ramification
locus has finitely many branch points.

Corollary 6.6. Let ¢ € k(z) be a nonconstant rational function. Suppose that the
residue characteristic of k satisfies p = 0 or p > deg(¢). Then ¢ is tame.

Proof. Note ¢ has at least 2 distinct critical points, so that Hull(Crit(¢)) is not
reduced to a point. Suppose the result is false, and let I3 be a connected component
of P!\ Hull(Crit(¢)) that meets ‘R Thenits boundary is of type II. Proposition 6.5
implies that 0 < p < deg(¢), a contradiction. Hence R, C Hull(Crit(¢)), and ¢
is tame. O

We close this section by showing that Theorem A is optimal.

Proposition 6.7. Let k be an algebraically closed field that is complete with respect
to anontrivial non-Archimedean absolute value. Fix integers | < n < d. Then there
exists a rational function ¢ € k(z) of degree d whose ramification locus Ry has
precisely n connected components.

Proof. For the case n = 1, let ¢ be a polynomial of degree d. Then m,(0c0) = d,
and so the connected component X of R, containing oo must contain all of the
critical points of ¢ (Proposition 6.1). Any other connected component of R, would
need to contain a critical point, so that X = R,,.

We assume for the remainder of the proof that n > 2. It will be convenient to
set £ = n — 1 and construct a rational function whose ramification locus has ¢ + 1
connected components.
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Begin by selecting a rational function ¢ = f/g € k(z) with the following
properties:
Y has degree d — ¢;
J ck(z)isa separable rational function of degree d — ¢;
o0 is not a critical point for ¥;
Y = f/g is normalized (see Sect. 2.3.2); and
f and g are monic of degree d — ¢.

The set of separable rational functions in k(z) of degree d — £ with simple critical
points and non-vanishing leading coefficient in numerator and denominator is a Za-
riski open subset of the space of all rational functions of degree d — £. Choose such
a rational function and lift its coefficients to k°; if necessary, change coordinate on
the source so that oo is not a critical point. Scaling f and g and perhaps making a
scalar change of coordinate on the target allows one to assume f, g are monic.
Now select elements ay, az, ..., a; € k° with distinct nonzero images in the
residue field k. For each i = 2,...,4,choose b; € k° such that 0 < |a; — b;| < 1.
Choose t € k°° ~ {0}. Now we may define a rational function ¢ € k(z) by
_(—aplz—ay---(z

0(z) = —90 4 ).

(z—=b2)---(z—by)
Evidently the numerator and denominator of ¢ have degree d and d — 1, respec-
tively. To show that ¢ has degree d, we must show that no root of the numerator of
¢ coincides with a root of the denominator. Write

by

7) = :
Ve = + Ba—e-1297 -+ Bo

Then

2 tag g2 td_zoto
O 7 IIRT Ll SRR S S |

v(z/t) =

A Newton polygon argument shows that the zeros and poles of ¥ (z/¢) all lie in
D(0,1)". The a;’s and b;’s all have absolute value 1, and a; # b; for any i, j by
construction. Hence ¢ has degree d.

The reduction of ¢ is ¢(z) = z — a;. The Algebraic Reduction Formula shows
my(%o,1) = 1, which means that each connected component of R, lies inside a
connected component of P! {¢0,1}. Foreachi =2, ..., ¢,let U; be the connected
component of P' < {¢0.1} containing a; (and b; ). First observe that the surplus mul-
tiplicity is s, (U;) = 1 (Proposition 3.17). So U; contains exactly 2 critical points
(counted with weights) fori = 2, ..., £ (Proposition 3.16), and hence U; contains
a single connected component of R, (Proposition 6.1). Set Uy = D(0, 1)~. Then
s4(U1) = d — £, so that U; contains 2(d — £) critical points (counted with weights).
It remains for us to show that U; contains exactly two connected components of
Re.
Define

(tz—a)(tz —az)---(tz — ay)

n(2) = ¢(tz) = (2 —by) (12— bo) ¥ (2).
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Then 77(z) = (—&])1/7(1), which has degree d — £, and so s,(%o,1, ) =
(Lemma 3.17). The open Berkovich disk B;OM(T))_ contains 2¢ critical points,
where v is the tangent vector corresponding to the connected component of
P! {0,)71} containing co. We have already accounted for 2(£ — 1) of those critical
points above, and so there must be two more critical points — and hence exactly
one more component of R, — in the open annulus {x € Al |t < |T)| < 1}.
The reduction of n shows m(¢o,|r|) = d — £ (Algebraic Reduction Formula).
Proposition 6.1 shows the connected component of R, containing ¢ |, also con-
tains at least 2(d — £) — 2 critical points. We have accounted for 2(¢ — 1) +2 = 2¢
critical points in the preceding paragraphs, and we have just located 2(d — £) —
more. The Hurwitz formula shows we have now found all of the critical points, and
hence all of the connected components of R,. That is, R, has £ + 1 connected
components. a

7. Endpoints and interior points

Here we determine the interior and endpoints of R, for both the weak and strong
topologies. We already saw in Proposition 3.14 that R, = P! if ¢ is itself an
inseparable rational function; here we show this is the only case in which the weak
interior of R, is nonempty. Then we characterize the endpoints of the ramification
locus and show that the strong interior of R, coincides with the locus of inseparable
reduction. (The definitions were chosen so that this statement holds even when ¢
is inseparable.) We finish the section with a discussion of tame and locally tame
rational functions.

Proposition 7.1. The weak interior of the ramification locus of a separable non-
constant rational function is empty.

Proof. Suppose there exists a rational function ¢ € k(z) such that the weak inte-
rior of its ramification locus is nonempty. Any weak open subset of P! contains
infinitely many points of type I, and the type I points of the ramification locus are
precisely the critical points. Thus ¢ has infinitely many critical points, and hence
it must be inseparable by the Hurwitz formula. O

Lemma 7.2. Suppose k has positive residue characteristic p, and suppose ¢ € k(z)
is a nonconstant rational function with nonconstant reduction. Let v be a tangent
direction at the Gauss point of P!, and write m = my (0,1, V). Then p | m if and
only if there exists a point x € By, , (V)™ such that ¢ has inseparable reduction at
each point of the segment ({1, x).

Proof. Without loss of generality, we may replace k with an algebraically closed
and complete extension in order to assume that P1 has no point of type III or IV.
(See Sects. 4, 5.) Moreover, we may change coordmates on the source and target in
order to assume that U = ¢, (V) = 0. Write m = my(8o,1, O) and for ¢t € k°°\ {0},
define

@i (2) =1t "p(tz).
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To prove the lemma, it suffices to show that once ¢; is properly normalized, it has
reduction ¢;(z) = ¢z™ for some nonzero ¢ € k whenever ¢ € k°° has absolute
value sufficiently close to 1. Indeed, if p | m, then this shows ¢ has inseparable
reduction at &o |y

We begin by writing ¢ in normalized form as

(Z)_adzd-i-"'—i-ao
P b T by

with a;,b; € k° and some coefficient in the numerator and denominator having

absolute value 1. Let s = s4(0,1, 6) be the associated surplus multiplicity. The
Algebraic Reduction Formula and Lemma 3.17 shows that |a,,+s| = |bs| = 1, and
that |a;| < 1fori < m + s and that |b;| < 1 for j < 5. Now observe that

—m—s

$1(2) = —— - ¢(tz)
» (7.1)
B adtdfmfszd+_._+am+szm+s_’_,“_i_tfmfsao .
N batd=5z4 + .-+ bsz5 + - +175hy '
Define rg to be the maximum element of the set
{la;| V=0 =0, m s — YU{b; VD s j =0, 5 — 1)
If we assume that rg < |t| < 1, then
iem—s| | <1 ifi #Fm+s ‘ j-s| <1 ifj#Es
‘“” [:1 ifizmts > |27 =1 ifj=s TP

Thus the presentation of ¢, given in (7.1) is normalized, and its reduction is given
by @1 (z) = (Gm+s/bs)2™, as desired. o

Proposition 7.3. [Endpoints of Ry Let ¢ € k(z) be a nonconstant rational func-
tion, and suppose x € R, is an endpoint of the ramification locus. Then x is of
type I, II, or IV.

1. If x is of type I, then it is a critical point of ¢.
2. If x is of type Il or 1V, then ¢ has inseparable reduction at every point of some
nonempty segment (x,y) C Ry. In particular, 0 < p < deg(p).

Proof. Suppose first that x € Ry, is of type III, so that it has exactly two tan-
gent directions v and v. The local degree satisfies m, (x, U1) = mgy(x, U2) > 1
(Proposition 3.11(2)). Hence x cannot be an endpoint of R, (Proposition 3.9(1)).

Now letx € Ry beof typel. Thenm,(x) > 1is the usual algebraic multiplicity,
and hence x must be a critical point of ¢.

Next suppose that x is a type II endpoint of R,. After a change of coordinate
on the source and target, we may suppose that x = ¢o.1 = ¢({o,1). Then ¢ has
nonconstant reduction at x. Since x is an endpoint, we see that m, (x, v) > 1 for
precisely one tangent direction v. If p { m,(x, v), then the weight of the reduction
¢ at v satisfies

wg (V) = my(x, V) — 1 < deg(p) — 1 < 2deg(p) — 2,



Topology and geometry of the Berkovich ramification locus 467

in contradiction to the Hurwitz Formula. So p | m(x, v), and the result follows
upon applying the preceding lemma.

Now suppose that x € R, is of type IV. Let y be the closest point to
x in Hull(Crit(¢)); more precisely, if U is the connected component of P,l ~
Hull(Crit(¢)) containing x, then y is the unique boundary point of U. Let K /k
be an extension of algebraically closed and complete non-Archimedean fields so
that P}( has no point of type III or IV. Write xg = tf (x) and yx = Lf (y). Propo-
sition 6.5 implies that px has inseparable reduction at every (type II) point of the
segment (xx, yx ). Hence ¢ has inseparable reduction at every point of the segment

(x, ¥)- o

Remark 7.4. When x is an endpoint of R, of type II, the induced rational function
@« : Ty — Ty(x) on tangent spaces has a very special property: it is ramified in
only one direction. Such rational functions are called unicritical, and were studied
in [5]. One interesting fact is that the multiplicity at x must satisfy my(x) = 0 or 1
(mod p).

Rivera-Letelier has characterized when a type II point lies in the strong interior
of the ramification locus:

Proposition 7.5. ([13, Prop. 10.2]) Let ¢ € k(z) be a nonconstant rational function
and let x € P! be a type II point. Then ¢ has inseparable reduction at x if and only
if there exists a strong neighborhood V of x such that my(y) > p foreachy € V.

Remark 7.6. While the result in [13] is stated over C,, the proof is valid for an
arbitrary non-Archimedean ﬁs:ld (with residue characteristic p > 0). Note that the
statement is vacuous if char(k) = 0 (Corollary 6.6).

Corollary 7.7. Let ¢ € k(z) be a nonconstant rational Junction. If Y is a connected
component of R, ~ Hull(Crit(¢)), then each point of Y is either a strong interior
point of Ry or an endpoint of R.

Remark 7.8. As a subspace of R, the unique relative boundary point of ¥ will be
of type II in general. However, if k has positive characteristic p, then it is possi-
ble for ¢ to have a single critical point (counted without weight), in which case
Hull(Crit(¢)) = 0Y consists of a single point of type I. The statement of the
corollary applies in either case.

Proof. Suppose that y € Y. If y is of type L or IV, it is an endpoint of P!, and hence
also of R,. If y is of type II, define S C 7} to be the set of tangent directions v such
that my,(y, ) > 1. Then S is nonempty since R, has no isolated point. If #S = 1,
then y is an endpoint. Otherwise, #S > 2, and there exists an open Berkovich disk
U disjoint from Hull(Crit(¢)) with boundary point y such that U N'R,, # . Thus
¢ has inseparable reduction at y (Proposition 6.5), and so y is a strong interior point
of R, by the above proposition.

If y = &4 is of type III, then we will show it is an interior point of R,,. Let
K / k be an extension of algebraically closed and complete non-Archimedean fields
such that r € |K*|, and write yx = L,f (y). Then yg is a type II point of P}( that
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lies off of the connected hull of the critical points of g . A type III point can never
be an endpoint of the ramification locus; it follows that yg is not an endpoint of
Ry (Proposition 4.4). The argument in the previous paragraph applied to yx and
@k shows that yg is a strong interior point of Ry, . If V. C Ry is a strong open
neighborhood of yg, then (L,ﬁ< " L(v) ¢ Ry is a strong open neighborhood of y
(Theorem 4.1). |

Lemma 7.9. Suppose k has positive residue characteristic. Let ¢ € k(z) be such
that s, (0,1, V) = 0 for all v # o0, and suppose further that $(z) = h(z?) + cz
for some nonconstant polynomial h € k[z] and some nonzero c. Fix § > 0. Then
there exists ¢ > 0 such that {g 4| € Ry for any A, B € k satisfying

0<|Al<q;® and 1 <|B| <qf.

Proof. Let A,B € k satisfy 0 < |A| < ¢;° and [B| > 1. Set ¥(z) =
A7 [p(Az+ B) — ¢(B)]. If ¢(2) = f(2)/g(2), then

5 = A7 f(Az+ B) — f(B)] = A”'f(B)g(B) — g(Az + B)]
B g(Az+ B) ¢(B)g(Az + B)

. (13)

We will show that the first term above reduces to a linear polynomial in k[z], and
that the second vanishes modulo £°°, provided that | B| is sufficiently close to 1.
The Algebraic Reduction Formula then implies ny (§o,1) = 1 = my(Ep,ja)), SO
that £p 4| is not in the ramification locus.

Write ¢ in normalized form as

agz +--+ao _ f(2)
bazd + - +by  g()’

Let D be the degree of the polynomial % in the statement of the lemma. The hypoth-
eses on the surplus multiplicity and on the reduction of ¢ are equivalent to saying
|bjl < 1forj=1,...,d,that|a;| < 1fori > Dp,that|a;| < 1forl <i < Dp
such that p {7, and that |bg| = 1 = |a1| = |appl.

In the remainder of the proof, we write 8 for any positive real function that
tends to zero as |B| — 1, independently of A. Note also that if |A| < ¢, % then A
is uniformly bounded away from 1. Consider the quantity

() =

Xj:=A"aj(Az+ B)) —ajBl1=a; >’ (?)Ai_lBj_iZi. (7.4)

I<i<j

We will show that X j = Ofor j # 1 provided |B| is sufficiently close to 1. If
J > Dp and |B] is sufficiently close to 1, then |a ;| < 1implies every coefficient of
X is bounded by |aj|(1+8) < 1.If 1 < j < Dp and p t j, then each coefficient
of X; is bounded by |a;|(1 + B) < 1 for the same reason. If 1 < j < Dp and
p | j,then

: j— I\ qi-2pi-ii
X:=ja;B' 'z7+a;A AlT2pi-igi
j=17]4aj z J Z (z) z

2=<i<j
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The linear coefficient has absolute value bounded by | p|(14+8) < 1since p | j,and
the remaining coefficients are bounded by |A|(1+8) < ¢, S+ B). The remaining
cases j = 0 and j = 1 are treated by observing that Xo = 0 and X| = a;z.

Next observe that

g(Az+B)—bo= > bj(Az+ B).
l<j=d

Since |b;| < 1 forall j > 0, we see that g(;;:B) = bo provided |B] is suffi-
ciently close to 1. Hence
ATNFAZHB) — fB)_ TosjzaXi _ar
g(Az+ B) g(Az+B) by '
Thus the first term in (7.3) has the desired reduction.
For the second term in (7.3), we observe that g(Az + B) = g(B) + A - E(2),
where E € k°° is a polynomial whose coefficients are bounded by (1+8) max{|b;| :

Jj > 0}. Note also that | f(B)| < 1 + B. Since g/(\é/) = l;o, it follows that

A~'f(B)[g(B) — g(Az + B)] —f(B)E(2) B oo
= =0 (mod k°°).
8(B)g(Az + B) g(B)[g(B)+ A- E(2)]
‘We have now show that the second term in (7.3) has the desired reduction when
| B| is sufficiently close to 1, which completes the proof. O

Proposition 7.10. Let ¢ € k(z) be a nonconstant rational function, and let x € P,
Then ¢ has inseparable reduction at x if and only if x is an interior point of R
for the strong topology.

Proof. First, suppose x is of type 1. By definition, the function ¢ has inseparable
reduction at x if and only if ¢ is itself inseparable. In the case that ¢ is insepara-
ble, we have Ry = P! (Proposition 3.14), so that every classical point is a strong
interior point. If ¢ is separable, we must show that x fails to be a strong interior
point. A strong open neighborhood of x contains infinitely many type I points. But
the type I points of R, are precisely the critical points, of which ¢ has only finitely
many. So x cannot be a strong interior point.

Now we suppose that x is of type II, III, or IV, and that ¢ has inseparable
reduction at x. Let K /k be an extension of algebraically closed and complete non-
Archimedean fields such that P}< has only type I and type II points (Proposition 5.2).
Write t = ¢ ,f . Then t(x) is a type II point, and Proposition 7.5 shows that ¢x has
inseparable reduction at ¢ (x) if and only if there exists a strong open neighborhood
V of «(x) contained inside R, . By shrinking V' if necessary, we may assume it
contains no type I point. Set U = ¢~ ! (V). Theorem 4.1 and its corollary show that
U C R, is a strong open neighborhood of x. That is, x is a strong interior point
of Ry.

For the reverse implication, we assume that x € P! is a strong interior point of
‘R and show that ¢ has inseparable reduction at x. This is clear by Proposition 7.5
if x is of type II. Suppose x is of type III. The multiplicity m(y) is constant with
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value m = my(x) for all type II points y lying on some segment beginning at x
(Propositions 3.9, 3.11). Now each such point y that is sufficiently close to x in
the strong topology must lie in the strong interior of R,. So ¢ has inseparable
reduction at y; hence p | my(y) = my(x); hence ¢ has inseparable reduction at x
(Proposition 5.4).

Finally, suppose x is a type IV point in the strong interior of R,,. Note that x
does not lie on the connected hull of the critical points of ¢. Let K / k be an extension
of non-Archimedean fields as in the second paragraph. In particular, xx = ((x) is a
type II point, so it must be either an endpoint or a strong interior point of R, (Cor-
ollary 7.7). In the latter case, gk has inseparable reduction at xg (Proposition 7.5),
and so ¢ has inseparable reduction at x (by definition).

It remains to show that xg cannot be an endpoint of the ramification locus of
@k . Suppose to the contrary that it is an endpoint. Let v € Ty, be the unique
tangent direction such that my, (xg, V) > 1. We may select o1, 02 € PGLy(K)
so that ol_l(xK) = Cko01 = oa(pk(xk)), and so that (07);'(¥) = 0 =
(02)+((9K)« (D). Set ¥ (z) = 02 0 g o oy. Since x is a type IV point, my(x) =
My, (XK) = My (xk, U) > 1. So J € K (z) is arational function that fixes co, and
the (algebraic) multiplicity at infinity equals the degree of ¥. Thus ¥ is a polyno-
mial function. Moreover, ¥ has no finite critical point, and so its formal derivative
must be a nonzero constant ¢ € K. We conclude that J(z) = h(z?) + cz for some
nonconstant polynomial & € K [z]. Observe further that sy ({x 0,1, w) = 0 for all
W # &0 since xg is the image of a type IV point in P,lc. We are now in a position
to apply Lemma 7.9.

Recall that we are assuming x is an interior point of R,. Let 6o > 0 be such
that the p-ball of radius §y about x lies in R,,. Set § = §p/3 and choose ¢ > 0 as
in the lemma. Let A, B € K be such that (i) ¢, < |A| < ¢;°, (i) 1 < |B| <
g™ %% and (iii) there exists y € P} such that £ 4 = o7 ' (1()). This last
condition is possible because 01_1 (t(By (¥)7)) is a connected subset of Bey o (c0)~
and shares the same boundary point. Then y ¢ R, by the lemma. But we also find
that

p(x,y) = p(k.0,1,88,4) = 2log, |B] —log, |A]l < 2log, |B|+ 25 < do.
Hence y € Ry, by our choice of §y. This contradiction completes the proof. O

Finally, we give a criterion to determine when a rational function is locally tame
near a point x—i.e., when there exists a neighborhood U of x such that R, N U is
a finite tree.

Proposition 7.11. Let ¢ € k(z) be a nonconstant rational function, and let x € P
The ramification locus is locally tame near x (for the weak or strong topology) if
and only if p { my(x, V) for all tangent vectors v € Ty.

Remark 7.12. When ¢ has nonconstant reduction, the proposition says that the ram-
ification locus is locally a finite tree at the Gauss point if and only if the reduction
¢ € k(z) is tamely ramified.



Topology and geometry of the Berkovich ramification locus 471

Proof. Evidently p | my(x, v) for all x and all v € Ty if ¢ is inseparable, and
Ry = P!, so we may exclude this case from the remainder of the proof. We may
also assume that my(x) > 1; else, P!\ Ry is a weak and strong open neighborhood
on which the ramification locus is locally a finite (empty) tree near x.

Suppose first that p | m(x, v) for some tangent vector v € Ty. Let U be any
(weak or strong) open neighborhood of x, and let y € B,(v)~ N U be a type 11
point such that m,(y) = my(y, w) = mgy(x, v), where w is the tangent vector
containing x. Lemma 7.2 implies that ¢ has inseparable reduction at some point
of the segment (x, y), so that R, N U is not a finite tree. As U was arbitrary, we
conclude that the ramification locus is not locally a finite tree near x.

Now suppose that p { m (x, v) for all tangent vectors v € T. In particular, ¢
has separable reduction at x. It suffices to show that R, is locally a finite tree near
x for the weak topology. We claim that there is a weak open neighborhood U of x
such that ¢ has separable reduction at all points of U. If not, there is a sequence (y,)
of type II points approaching x at which ¢ has inseparable reduction. Since ¢ has
separable reduction at x, there are only finitely many ramified tangent directions at
x. It follows that there is a finite set of tangent directions containing the sequence
(Yn), else Ry, would have infinitely many connected components. By passing to a
subsequence if necessary, we may assume that (y,) lies inside By (v)~ for some
tangent vector v € Ty. Moreover, the hyperbolic distance between y, and x must
tend to zero. There is a path (x, x’) C B (V)™ on which my,(y) = my(x, V) for
y € (x,x"). Inparticular, p { my,(y). Thus y, & (x, x) forany n. Since R, has only
finitely many connected components, there must be infinitely many branch points
of R, along (x, x"). Each branch must contain a critical point, else Proposition 6.5
implies ¢ has inseparable reduction at each branch point. As there are only finitely
many critical points, we have reached a contradiction.

To complete the proof, let U be a weak neighborhood of x on which ¢ has
separable reduction. For each branch point y € U N R, each tangent direction
v € T, that points along R,, must contain either a boundary point of U or a critical
point of ¢ (Proposition 6.5). Since there are only finitely many of each of these
types of point, there can be only finitely many branch points in U. O

We conclude this section by giving several characterizations of tame rational
functions. In particular, this applies when the residue characteristic of k satisfies
p =0or p > deg(p) (Corollary 6.6).

Corollary 7.13. [Tame Characterization] Let ¢ € k(z) be a nonconstant separable
rational function. The following statements are equivalent:

1. ¢ is tame.

2. Ry C Hull(Crit(g)).

3. The ramification locus Ry has empty strong interior.

4. ¢ has separable reduction at all points of P'.

5. @ has separable reduction at all type II points of P'.

6. The endpoints of the ramification locus are precisely the critical points of ¢.

Remark 7.14. With a little more work, one can give another characterization of
inseparable reduction that is intrinsic to the field k. In the sequel [6], we introduce
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a strong continuous piecewise linear function 7, : H — R>¢ — defined purely in
terms of the coefficients of ¢ — in order to study the behavior of the ramification
locus away from the connected hull of the critical points. It turns out that 7, (x) > 0
if and only if ¢ has inseparable reduction at x. So one could add a further equivalent
statement to Corollary 7.13:

7. 7, is identically zero on H = P! \ P! (k).

Proof of Corollary 7.13 1. = 2. Suppose not. Then there is a connected component
U of P! \. Hull(Crit(¢)) such that U N R, is nonempty. By Proposition 6.5, ¢ has
inseparable reduction at some point x € Hull(Crit(¢)), so that ¢ is not locally tame
at x.

2. = 3. The separability hypothesis implies ¢ has finitely many critical points.

3. = 4. Proposition 7.10.

4. = 5. Clear.

5. = 6. Proposition 7.3.

6. = 1. Each of the finitely many connected components of R, is a nontrivial
tree, and by hypothesis, the endpoints are precisely the critical points. Finitely many
endpoints implies finitely many branch points. O

8. The locus of total ramification

Definition 8.1. Let ¢ € k(z) be a nonconstant rational function. A point x € P! is
said to be rotally ramified for ¢ if m,(x) = deg(¢). The locus of total ramification
for ¢ is defined as

R = {x € P! i my(x) = deg(¢)}.

Any map of degree 2 admits a critical point, which must necessarily have mul-
tiplicity 2. Thus Ri* # ) when deg(¢) = 2. But when deg(¢) > 3, the locus of
total ramification may be empty.

Theorem 8.2. Let ¢ € k(z) be a nonconstant rational function. The locus of total
ramification Rg“ is a closed and connected subset of the ramification locus R. If
Rg’t # U, then R, is connected and contains Hull(Crit(@)). In particular, if ¢ is
tame and Rj" is nonempty, then R, = Hull(Crit(¢)).

Proof. The result is trivial if Rg’t = P orif deg(¢) = 1, so we will assume that we
are in neither of these cases in what follows.

Suppose ¢ € P! is totally ramified for ¢. Let ¢ € Ry ~{¢}, and let x € P! be
any point on the open segment (¢, ¢). Then x is of type II or III. Write 3 for the
open Berkovich disk with boundary point x and containing c. Then the image ¢ (53)
does not contain ¢(¢), and hence cannot be equal to P!, so the multiplicities satisfy
my(x) = mgy(c) > 1 (Corollary 3.20). Thus the ramification locus is connected.
Taking c to be a critical point of ¢, we also see that every point in the connected
hull of the critical points is a ramified point. This proves the second statement of
the theorem.
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Now repeat the argument in the previous paragraph with ¢ a totally ramified
point, so that my,(x) > my(c) = deg(p) as well. This proves connectedness of
the locus of total ramification. The fact that Rf,f" is closed is a consequence of
semicontinuity of m, (Proposition 3.4(1)).

The final statement follows from Corollary 7.13 and what we have already
shown. O

Let us say that two rational functions ¢, ¥ € k(z) are equivalent if there exist
01,07 € PGLy (k) such that ¢ = 05 0 Y 0 07.

Corollary 8.3. Let ¢ € k(z) be a nonconstant rational function that is equivalent
to one of the following:

1. a polynomial or
2. a map with good reduction (i.e., deg(¢) = deg(@)).

Then the ramification locus of ¢ is connected and contains Hull(Crit(p)). If ¢ is
tame, then R, = Hull(Crit(¢)).

Proof. If ¢ is a polynomial, then co € P! (k) is totally ramified, and the theorem
applies. If ¢ has good reduction, then the Gauss point is totally ramified for ¢,
and we may again use the theorem. The conclusions of the corollary are invariant
under change of equivalence class representative (Corollary 3.7), so the proof is
complete. O
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