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Abstract. We study a nonlinear equation with an elliptic operator having degenerate coer-
civity. We prove the existence of a unique W&’] (2) distributional solution under suitable
summability assumptions on the source in Lebesgue spaces. Moreover, we prove that our
problem has no solution if the source is a Radon measure concentrated on a set of zero
harmonic capacity.

1. Introduction and statement of the results

In this paper we are going to study the nonlinear elliptic equation
o (a(x,W))Jr F g
—div|{ ——— u= in €,
(I 4 [u)”
u=~0 on 092,

(1.1)

under the following assumptions. The set Q is a bounded, open subset of RY, with
N > 2,y > 0, f belongs to some Lebesgue space, and a : Q x RN — RN i
a Carathéodory function (i.e., a(-, ) is measurable on 2 for every £ in RY, and
a(x, -) is continuous on RY for almost every z in Q) such that

a(z, &) £ > alt)?, (1.2)
la(z, £)| < BIE|, (1.3)
la(z, &) —a(z, M) - (E —1n) >0, (1.4)

for almost every x in € and for every £ and  in RV, £ # 1, where « and B are
positive constants. We are going to prove that, under suitable assumptions on y and
f,problem (1.1) has a unique distributional solution u obtained by approximation,
with u belonging to the (nonreflexive) Sobolev space WO1 o1 (€2). Furthermore, we are
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going to prove that problem (1.1) does not have a solution if y > 1 and the datum
f is a bounded Radon measure concentrated on a set of zero harmonic capacity.

Problems like (1.1) have been extensively studied in the past. In [7] (see also
[15,16,19]), existence and regularity results were proved, under the assumptions
thata(z, £) = A(z)&, with A a uniformly elliptic bounded matrix, and0 < y <1,
for the problem

. ( A(x)Vu
—div { ———
(I + Jul)

u=~0 on 0€2,

):f in Q,
(1.5)

where f belongs to L™ (£2) for some m > 1.

The main difficulty in dealing with problem (1.5) (or (1.1)) is that the differ-
ential operator, even if well defined between H& () and its dual H~1(), is not
coercive on HO1 (£2) due to the fact that if u is large tends to zero (see [19]
for an explicit example).

This lack of coercivity implies that the classical methods used in order to prove
the existence of a solution for elliptic equations (see [18]) cannot be applied even
if the datum f is regular. However, in [7], a whole range of existence results

1
> (1+|ul)?

was proved, yielding solutions belonging to some Sobolev space Wol’q(Q), with
q = q(y,m) <2,if f is regular enough. Under weaker summability assumptions
on f, the gradient of u (and even u itself) may not be in LY(): in this case, it
is possible to give a meaning to solutions of problem (1.5), using the concept of
entropy solutions which has been introduced in [3].

If y > 1, anon existence result for problem (1.5) was proved in [1] (where the
principal part is nonlinear with respect to the gradient), even for L°°(<2) data f.
Therefore, if the operator becomes “too degenerate”, existence may be lost even
for data expected to give bounded solutions. However, as proved in [5], existence
of solutions can be recovered by adding a lower order term of order zero. Indeed,
if we consider the problem

. A@)Vu ) .

—divl ——— ) +u= in 2,
((1 + [ul)Y f

u=~0 on 0€2,

(1.6)

with f in L™ (€2), then the following results can be proved in the case y > 1 (see
[5,11]):

1) ifm >y %, then there exists a weak solution in H& () N L®(Q);
(i) if m > y + 2, then there exists a weak solution in H(} ()N L"™(Q);

1, 2m

(iii) ifyT+2 < m < y +2, then there exists a distributional solution in W, Q)N
L™(S);

v) if 1 < m < VTH, then there exists an entropy solution in L™ (£2) whose

2m
gradient belongs to the Marcinkiewicz space M ¥+2 (£2).



Nonlinear degenerate elliptic problems with W(} o1 (£2) solutions 421

Note thatify +2 <m < y % and m tends to y %, the summability result of (ii)

is not “continuous” with the boundedness result of (i), according to the following
example (see also Example 3.3 of [5]).
Example 1.1. If % <o < N —2,then u(z) = # — 1 is a distributional solu-
tion of (1.6) with A(z) = I, and f(z) = % + o — 1. Due to the
assumptions on o, both f and u belong to L™ (2), with m < y%. If m tends to
14 % i.e., if o tends to %, the solution u does not become bounded.

As stated before, this paper is concerned with two borderline cases connected
with point (iv) above:

A ifm = VTH we will prove in Sect. 2 the existence of W(}’l (€2) distributional
solutions, and in Sect. 3 their uniqueness;

B. if f is a bounded Radon measure concentrated on a set E of zero harmonic
capacity and y > 1, we will prove in Sect. 4 non existence of solutions.

In the linear case, i.e., for the boundary value problem (1.6), a simple proof of
the existence result is given in [6].

Remark 1.2. Let a(x, &) = A(z)&, with A a bounded and measurable uniformly
elliptic matrix, and let # > 0 be a solution of

di A(x)Vu _
v (m) tu=/

with y > 1 and f > 0. If we define

1 { 1
Z_y—l A+uyr-1)’
then z is a solution of

—div(A(z)Vz) +( ! — — 1) =f,
(1= —=DzprT

which is an equation whose lower order term becomes singular as z tends to the
value ﬁ For a study of these problems, see [4,14].

Remark 1.3. We explicitely state that our existence results can be generalized to
equations with differential operators defined on Wol’p (), with p > 1:ify >
(P—2)+ y(p—D+2

= and if m =
p—1

butional solution u in W&’l (2) N L™(R2) of the boundary value problem
. a(x, Vu)

—div| ————

(1 + [uly? =D

u=>0 on 0€2,

, then it is possible to prove the existence of a distri-

)+u =f inQ,
(1.7)

where a(z, £) satisfies (1.2), (1.3) and (1.4) with p instead of 2 (in (1.3), a grows
as [£[P7).
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2. Existence of a WO1 ’I(SZ) solution

In this section we prove the existence of a Wol’ ! (€2) solution to problem (1.1). Our
result is the following.

2
Theorem 2.1. Let y > 0, and let fbea functton inL'> (S2). Then there exists a
distributional solution u in WO (Q) nL = (Q) of (1.1), that is,

a(x,Vu) - Vo / / y oo
Q/ (1 + |ul)¥ fo, Yoe Wy (Q). 2.1

Remark 2.2. The previous result gives existence of a solution u in WOI’I(Q) to
(1.6) for every y > 0. If 0 < y < 1 existence results for (1.1) can also be
proved by the same techniques of [7]. More precisely, if f belongs to L™ (£2) with

., . Nm(1—
m then (1.1) has a solution in W,,'? (Q), with ¢ = #Hyy)) Note

N .
that when m tends to NO=) Ty then ¢ tends to 1. We have now two cases: if

m >

y;rz > m that is, if O0<y< %, our result is weaker than the one in
[7]. On the other hand, if =5 < y < 1, then our result, which strongly uses the

lower order term of order zero is better.

Remark 2.3. The same existence result, with the same proof, holds for the following
boundary value problem

—div(b(xz,u,Vu)) +u = f in <,
u=20 on 082,

with b : Q@ x R x R¥ — R¥ a Carathéodory function such that

_alEl?
arishr =

where «, 8, y are positive constants.

b(z,s, &) & < BIEI,

To prove Theorem 2.1 we will work by approximation. First of all, let g be a
function in L°°(£2). Then, by the results of [5], there exists a solution v in HO1 )N

L(R) of
 a(z, Vv) .
—div (m)—i—v_g m Q,

v=0 on 0%2.

(2.2)

In order for this paper to be self contained, we give here the easy proof of this fact.
Let M = | g|| + 1, and consider the problem

—div (M) +v= in
1+ [Tu)” —9 ’

v=20 on 092.

L=(Q)

2.3)
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Here and in the following we define T} (s) = max(—k, min(s, k)) for k > 0 and s
in R. Since the differential operator is pseudomonotone and coercive thanks to the
assumptions on a and to the truncature, by the results of [18] there exists a weak
solution v in HO1 (2) of (2.3). Choosing (Jv| — ||gll )+ sgn(v) as a test function

we obtain, dropping the nonnegative first term,

/|v|(|v|— Il )+ s/ngan(mum—||g||LOO(Q)>+.
Q Q

L®(Q)

Thus,
[0 =191 ) 01 = bl g )4 <0
Q

so that [v] < |lgll

solution of (2.2).
Let now f, be a sequence of L*°(Q2) functions which converges to f in

LVTH(Q), and such that | f,| < |f| almost everywhere in €2, and consider the
approximating problems

. a(xz, Vuy) .

—div | ———=2 = Q,
W(<1+|unw)+”” Jo i

u, =0 on 092.

Lo@ < M. Therefore, Ty (v) = v, and v is a bounded weak

(2.4)

A solution u,, in H(} (2) N L°°(L2) exists choosing g = f; in (2.2). We begin with
some a priori estimates on the sequence {u,,}.

Lemma 2.4. If u, is a solution to problem (2.4), then, for every k > 0,

/ 5 < / LR 2.5)

{lun|=k} {lun=k}
2
y+2

\v/ 2
/%gc /|f|VT“ : 2.6)
1+ lunh &

{lun|=k} {lun|=k}
==
/ Vi < C / LEA R @)
{lun|=k} {lun|=k}
a/WTk(un)F sk(1+k)y/|f|- (2.8)
Q Q

Here, and in the following, C denotes a positive constant depending on
2
o, v, meas(), and the norm of f in L%(Q).



424 L. Boccardo et al.

Proof. Letk > 0,h > 0, and let ¥, 4 (s) be the function defined by

0 if0<s <k,
=k ifk <s <k+7,
Vik(s) =1 ifs>k+ 1,

Yik(s) = —=ypi(—s) ifs <O.

Note that
1 if s > k,
lim Yp(s) =14 0 if[s| <k,
h= oo 1 ifs < —k.

Let £ > 0, and choose (¢ + |uy |)% Y.k (un) as a test function in (2.4); such a test
function is admissible since u,, belongs to HO1 (2) N L*°(2) and ¥ 1 (0) = 0. We
obtain

y (e + lun) >

Eg/a(xa Vuy,) - Vunw [Vh k()]
+/M ) (& + iea]) F

() (el
+ [t e D Vs
Q
- / Fo &+ lun ) 2 Y ) 2.9)

Q

By (1.2), and since lp;, «(s) > 0, the first two terms are nonnegative, so that we
obtain, recalling that | f;,| < | f1,

/un<s+ ) 2 Y i () < / | £1(e + lun]) 2 191 ).
Q

Q

Letting ¢ tend to zero and & tend to infinity, we obtain, by Fatou’s lemma (on the
left hand side) and by Lebesgue’s theorem (on the right hand side, recall that u,,
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belongs to L>°(2)),

r+2 V4
lupl 2 < Lf] lunlZ.

{lun|=k} {lun|=k}

Using Holder’s inequality on the right hand side we obtain

[

2
y+2

<
+
[

r+2 ri2 r42
lup| 27 < [f2 | 2

{lun|=k} {lun| =k} {lun|=k}
Simplifying equal terms we thus have
y+2 y+2
/ a2 < / L
{lun|>k} {lun|=k}
which is (2.5). Note that from (2.5), written for k = 0, it follows

42 42 vz
/Iunl 2 S/Ifl =01 e (2.10)
Q Q g

2(Q)

Now we consider (2.9) written for ¢ = 1. Dropping the nonnegative second
and third terms, and using that | f,| < | f|, we have

y [ a(z,Vuy) - Vu, 2
E/—L“th,k(un” s/|f|<1+|un|> 2 W )|
Q (T + lun)) 2 Q

Using (1.2), and letting % tend to infinity, we get (using again Fatou’s lemma and
Lebesgue’s theorem)

2
o / (1'%5 / FICL + lunD .

2 y+2
gz (LA 1D 20y

Holder’s inequality on the right hand side then gives

Z |V”n|2
> z5)
(luylzky L a2
_ —-_2 a
y+2 y+2
yi2 yi2
< [ f172 A+ fuu) 2
) 1 lei=x
_ ﬁ B ﬁ
yi2 yi2
< [f12 (1 + Juul) 2 ,
_{l”nlzk} L
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so that, by (2.10),

y+2

2
e / L'zfc / |f|VT+2 ,
2 (1 + g7

} " {lutn| >k}

{lunl>k

which is (2.6).
Then, again by Holder’s inequality, and by (2.6) and (2.10),

V| = S
{Jun 2K} (luylzhy L a5
:
|V“n|2 y+2
< — (1 + luul) 2
= 25}
(uyzky a2 {lun|=k)
_ -1 1
y+2 2
ya2 ya2
<C [f12 (I + |ug) 2
[ {lunl=k} _ Q
B s
y+2
<C [f12 ,
| {lun| =k}
so that (2.7) is proved.

=

@2.11)

Finally, choosing T (u,) as a test function in (2.4) we get, dropping the non-

negative linear term, and using (1.2),

a/WTk(un)F sk(1+k)y/|f|,
Q Q

which is (2.8).

O

Lemma 2.5. If{u, } is the sequence of solutions to (2.4), there exists a subsequence,

still denoted by {u,}, and a function u in LVT+2 (2), with T (u) belonging to H(} (RQ)
for every k > 0, such that u,, almost everywhere converges to u in 2, and Ty (u,)

weakly converges to Ty (u) in H(} ().

Proof. Consider (2.6) written for k = 0:

|Vun)?
———5 <CIfll v

g (L4 lua) = L@
Since (if y # 2)
Vu,|? 16 -
Ml = s 1],
(I +u,hT  @=7)

2.12)



Nonlinear degenerate elliptic problems with W(} o1 (£2) solutions 427

the sequence v, = %[(1 + |un|)2_Ty — 1]sgn(uy) is bounded in HO1 (2) by (2.12).
If y =2 we have

|Vun)?

AP |V log(1 + |un])|?,
n

so that v, = [log(1 + |u,|)]sgn(u,) is bounded in H(; (£2). In both cases, up to a
subsequence still denoted by v,,, v, converges to some function v weakly in HO1 (),
strongly in LZ(Q), and almost everywhere in Q. If y < 2, define

4

2—vy 2=y
u(xr) = [( 1 [v(x)] + 1) - 1] sgn(v(x)),

if y > 2 define

4
[(%|U($)| + 1)27V - 1} sgn(v(@) if [u(@)] < 545,

Y
u(r) = Yoo if v(x) = %,
—00 if v(z) = —%,

while if y = 2, define
u(z) = [V — 1sgn(v(z)).

Thus, u, almost everywhere converges, up to a subsequence still denoted by u,,, to
u. From now on, we will consider this particular subsequence, for which it holds
that u,, almost everywhere converges to u.

We use now (2.5) written for k = 0:

y+2 r+2
lupl 27 < [ |fI 7 =C.
Q Q

Since u,; almost everywhere converges to u, we have from Fatou’s lemma that
n

y+2
lul 27 < C.
Q

Hence u belongs to L 5 (£2), which implies that u is almost everywhere finite (note
that if y > 2 this fact did not follow from the definition of u, since |v| could have
assumed the value %2 on a set of positive measure).

Letnow k > 0; since from (2.8) it follows that the sequence {7} («,)} is bounded
in HO1 (£2), there exists a subsequence T (un_/.) which weakly converges to some
function vy in H& (£2). Using the almost everywhere convergence of u,, to u, we
have that vy = Ty (u). Since the limit is independent on the subsequence, then the
whole sequence {7 (u,)} weakly converges to T (u), for every k > 0. O
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Remark 2.6. Using the fact that Ty («) is in Hol (R2) for every k > 0, and the results
of [3], we have that there exists a unique measurable function v with values in RN,
such that

VT (u) = v X<k} almost everywhere in 2, for every k > 0.
Following again [3], we will define Vu = v, the approximate gradient of u.

Remark 2.7. We emphasize that if y = 2, then (2.11), written for k = 0, becomes

1
/W|< Vit 2 2/0+|N
u I EE—— u
" (1 + |ugl)? "
Q Q Q

1

Since

[Vu, |2

A+ unD? = |Vlog(l + |un]I?,
n

a nonlinear interpolation result follows: let A be in R™ and let v in LZ(Q) be such
that log(A + |v]|) belongs to HO1 (€2). Then v belongs to WOI’1 (2), and

2

2
[ 1901 = Hoga+ 10Dl | [ A+ 10D
Q Q

Our next result deals with the strong convergence of Ty (u,,) in H(} ().

Proposition 2.8. Let u, and u be the sequence of solutions to problems (2.4) and

the function in LVT+2 (2) given by Lemma 2.5. Then, for every fixed k > 0, Ty (uy)
strongly converges to Ty (u) in HOl (R2), as n tends to infinity.

Proof. We follow the proof of [17].
Let h > k and choose Toi[u, — Ty (uy) + T (un) — Tr(u)] as a test function in
(2.4). We have

/ a(x, Vuy) - VI uy — Ty (up) + Ti(uy) — Ti(u)]
(L + Jun )Y

Q

= - /(un — Ju) Toiclun — T (up) + Ti(up) — T ()] (2.13)
Q

We observe that the right hand side converges to zero as first #n and then 4 tend to

infinity, since u,, converges to u almost everywhere in 2 and u,, and f;, are bounded
2
in L = (€2). Thus, if we define e(n, h) as any quantity such that

lim lim e&(n,h) =0,
h—+00 n—+00
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then
/(un — f) Toalttn = Tan) + TeCttn) — Te ()] = e(n, ).
Q

Let M = 4k + h. Observing that VT [u, — T (u,) + Tr(uy) — Tr(w)] = 0 if
lu,| = M, by (2.13) we have

a(@, VTy (un)) - Viun — Tp(un) 4 Ti(un) — Ti(u)]

£ln, b) = (0 + un))?
{lup | <k}
a(x, VT (n)) - Viin — Ty (an) + Te(an) — Te()]
+ .
. (1 + [un)?

Since u, — Ty (u,) = 01in {|u,| < k} and VT (u,) = 0 in {|u,| > k}, we have,
using that a(z, 0) = 0,

_/ a(x, VI (uy)) - V[Ti(un) — T (w)]
e(n, h) =

, (I + [unl)”
n a(x, VTy(uy)) - Viug — Ty (uy))
(I + lun )Y
{lun|=k)
B / a(z, VI (uy)) - VI (u)
(I + lu, )Y '

{lun|>k}
The second term of the right hand side is positive, so that

la(x, VT (un)) — a(@, VT ()] - V[T (un) — Ti(u)]

e(n, h) 2 0+ k)7
Q
+/ a(x, VTi(u)) - V[Ti(un) — T (u)]
J (I + [unl)
_ / a(@, VTy(un) - VT w) _ LT K,
o lon (L + Jun )Y

The last two terms tend to zero as n tends to infinity. Indeed

. . / a(z, VIy(w)) - V[T (uy) — Ti(u)]
im J,= lim =

0,
A+ lunl)”

n—+oo n——+00
Q

a(x,VTi(u))
(I+{un )Y

pact in (L2(Q)V by the growth assumption (1.3) on a. The last term can be
rewritten as

since Ty (u,) converges to Ty (1) weakly in HOl (2) and is strongly com-

© _/a(m,VTM(un))-VTk(u)X{|u,,|zk}
= )

(I =+ |un )Y
Q
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Since M is fixed with respect to n, then the sequence {a(x, VT (u,))} is
bounded in (L%(2))". Hence, there exists o in (L2($2))V, and a subsequence
{a(z, VT (un;))}, such that

lim a(z, VTy(un;)) = o,
j—>+oo

weakly in (L%(£2))N. On the other hand,

VT Xik<iu,ly VT Xtk<july

m
n—+oo (1 + |upl)” (I 4 [u)Y

’

strongly in (L2(£2))", and so

/ a(x, VTy (un;)) - VTi(u)

lim K, = lim
j (1 + lun, )7

J— o0 ’ Jj—+oo
{Iutn; 12k}

Since the limit does not depend on the subsequence, we have

lim K, = lim /Q(I’VTM(Mn))-VTk(u)Z

Oa
(I + lunl)”

n——+oo n—+o0
{lun|>k}

as desired. Therefore,

la(x, VIi(un)) —a(@, VI ()] - V[T (un) — Ti(u)]

en,h)y =1, = d 107

Q

so that, thanks to (1.4),

lim la(x, VIi(uy)) — a(x, VI (w)] - V[T (uy) — Tr(u)] = 0.

n—-+00
Q

Using this formula, (1.4) and the results of [8,10], we then conclude that T (i)
strongly converges to Ty (u) in HOI(Q), as desired. O

Corollary 2.9. Let uy, and u be as in Proposition 2.8. Then Vu, converges to Vu
almost everywhere in 2, where Vu has been defined in Remark 2.6.

Lemma 2.10. Let u,, and u be as in Proposition 2.8. Then Vu,, strongly converges

2
to Vu in (LYQ)N. Moreover uy, strongly converges to u in L% (2).

Proof. We begin by proving the convergence of Vu, to Vu. Let ¢ > 0, and let
k > 0 be sufficiently large such that
1
y+2
y+2
VAREE <e, (2.14)
{lun|=k}
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uniformly with respect to n. This can be done thanks to (2.10) and to the absolute
continuity of the integral. Let E be a measurable set. Writing

/|V“n| =/|VTk(un)|+ / [V |
E E

EN{lun|=k}

we have, by (2.7), and by (2.14),

/IVunI S/IVTk(un)|+C8~
E E

Using Holder’s inequality and (2.8), we obtain

1

2

/|wn| < Cmeas(E)2k? (1 + k)% /lfl 1 Ce.

E Q

Choosing meas(E) small enough (recall that k is now fixed) we have

/|V“n| < Cg,

E

uniformly with respect to n, where C does not depend on n or €. Since Vu,, almost
everywhere converges to Vu by Corollary 2.9, we can apply Vitali’s theorem to
obtain the strong convergence of Vu,, to Vu in (LY (Q))V.

As for the second convergence, by (2.5) we have

r+2 v+2 V+2
luy| 2 < lun] 2 + lup| 2
E

EN{lun|<k} EN{lun|=k}

y+2 y+2
<k meas(E) + / [fl =z
{l“nlzk}
As before, we first choose k such that the second integral is small, uniformly with

respect to n, and then the measure of £ small enough such that the first term is
small. The almost everywhere convergence of u,, to u, and Vitali’s theorem, then

2
imply that u,, strongly converges to u in L7 (). O

Remark 2.11. Since we have proved that Vu, strongly converges to Vu in
(LY(Q2)V, so that u belongs to W(}’l (£2), then the approximate gradient Vu of
u is nothing but the distributional gradient of u (see [3]).

Proof of Theorem 2.1. Using the previous results, we pass to the limit, as n tends
to infinity, in the weak formulation of (2.4). Starting from

a(x, Vuy) - Vo 1.00
/ TSI /unw /fn v, @€ Wy (),
Q
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the limit of the second and the last integral is easy to compute; indeed, recall that
by Lemma 2.10, and by definition of f,,, the sequences {u,} and { f;,} strongly con-

verge to u and f respectively in LVTJr2 (), hence in L'(). For the first integral,
we have that a(x, Vu,) converges almost everywhere in €2 to a(x, Vu) thanks to
Corollary 2.9, and the continuity assumption on a(x, -); furthermore, (1.3) implies
that

la(z, Vuy)| < BlVuyl,

and the right hand side is compact in L'(€) by Lemma 2.10. Thus, by Vitali’s
theorem a(z, Vu,) strongly converges to a(z, Vu) in (LY(2)V, so that

. / a(x,Vuy) - Vo _ / a(x,Vu) - Vo
I+ lual)r (1 + |ul)?

1
n——+00

where we have also used that «,, almost everywhere converges to u, and Lebesgue’s
theorem. Thus, we have that

a(x,Vu) - Vo _ 1.00
[y [ee= [ 10 voemiTe
Q Q

i.e., u satisfies (2.1). O

3. Uniqueness of the solution obtained by approximation

2
Let f € L%(Q), let f, be a sequence of L>°(£2) functions converging to f in
2
L% (2), with | f,,| < |f|, and let u,, be a solution of (2.4). In Sect. 2 we proved

2
the existence of a distributional solution u in Wé . )N L% (2) to (1.1), such
that, up to a subsequence,

im  up —u| | yy2  =0. 3.1
n—-+o0 Wl @NL 2 (@)

Now, let g € LVT+2 (), let g, be a sequence of L°°(2) functions converging to g
2
inL (), with |g,| < |gl, and let z,, in HO1 (2) N L°°(R2) be a weak solution of

, 'V
—div (M) +2p=9gn InQ,

(1 + |Zn|)y (3.2)
7, =0 on 0€2.
Then, up to a subsequence, we can assume that
lim ||z, —zl| r+2 =0, 3.3)

n—-+00 Wyl @nL T (@)



Nonlinear degenerate elliptic problems with W(} o1 (£2) solutions 433

2
where z in Wol’l(Q) N L% (€2) is a distributional solution of

. a(x,Vz) _ .
—le (m)—i—Z—f n Q,

z=0 on 0L2.

(34)

Our result, which will imply the uniqueness of the solution by approximation (see
[12]) of (1.1), is the following.

Theorem 3.1. Assume that u, and z, are solutions of (2.4) and (3.2) respectively,
and that (3.1) and (3.3) hold true, with u and z solutions of (1.1) and (3.4) respec-

tively. Then
/IM—ZI S/If—g|~ (3.5)
Q Q

Moreover,
f <ga.e inQimpliesu < z a.e. in Q2. (3.6)

Proof. Substracting (3.2) from (2.4) we obtain

. ( a(zx, Vuy) a(zx, Vz,)
—div

(l+|un|))’ o (1+ |Zn|)y) +up —2n = fn — gn.

Choosing Ty, (u, — z,,) as a test function we have

/ |:a(:c, Vi) B a(x, Vz,)
I+ lun )Y A+ [za)Y

:| VT (uy — zn)
+/(”n —z2)Th(uy — zp) = /(fn — 9 Th(un — z5).
Q Q

This equality can be written in an equivalent way as

/ la(x, Vu,) —a(x, Vz,)] - VT (uy — z4)
J (1 + lunl)Y

+/(”n —z2)Th(uy — zp) = /(fn — gn)Th(up — zp)
Q

Q

1 1
_/ |:(1 + |u,|)? B 1+ IZnI)V:|a(x’ Vzu) - VT (uy — z5).
Q

By (1.4), the first term of the left hand side is nonnegative, so that it can be dropped;
using Lagrange’s theorem on the last term of the right hand side, we therefore have,
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since the absolute value of the derivative of the function s +— is bounded

1
aTsn7
by v,

/(un —z2)Th(uy — zp) < /(fn — ) Th(up — zp)
Q Q

+yh/|a(a:, Vz)lIVTy (uy — zn)l.

Dividing by & we obtain
Th(u, — Th(uy —z
/(Mn_Zn UM n /|fn n | h(un n)|
Q

+V/|a(x7 Vz)lIVTy(un — z)|.

Since, for every fixed n, u, and z, belong to HO1 (2), and a(z, &) satisfies (1.3), the
limit as 4 tends to zero gives

/|un—zn| S/Ifn—gnl, (3.7)
Q Q

which then yields (3.5) passing to the limit and using the second part of Lemma 2.10.
The use of T, (u, — z,)" as a test function and the same technique as above

imply that
/(Mn - Zn)+ / (fn — gn)-
Q

{un>zn}

Hence, passing to the limit as #n tends to infinity, we obtain, if we suppose that
f < g almost everywhere in €2,

so that (3.6) is proved. O

Thanks to (3.5), we can prove that problem (1.1) has a unique solution obtained
by approximation.

Corollary 3.2. There exists a unique solution obtamed by approximation of (1.1),

in the sense that the solution u in Wo (Q) nL= (Q) obtained as limit of the
sequence u, of solutions of (2.4) does not depend on the sequence f;, chosen to

2
approximate the datum f in L5 ().

Remark 3.3. Note that (3.7) implies the uniqueness of the solution of (2.2), while
(3.6) implies that if f > 0, then the solution u of (1.1) is nonnegative.
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Remark 3.4. Corollary 3.2, together with estimates (3.5) and (2.5), implies that the

map S from LVT+2 (£2) into itself defined by S(f) = u, where u is the solution of
(1.1) with datum f, is well defined and satisfies

ISCF) = Sl <If-gql SO vz <N v
L2 (Q) L

LY(9) LY@’ 5@

4. A non existence result

As stated in the Introduction, we prove here a non existence result for solutions
of (1.1) if the datum is a bounded Radon measure concentrated on a set E of zero
harmonic capacity.

Theorem 4.1. Assume that y > 1, and let u be a nonnegative Radon measure,
concentrated on a set E of zero harmonic capacity. Then there is no solution to

,V
—div M +u=pn in,
1 +u)y
u=20 on 0L2.
More precisely, if { fu} is a sequence of nonnegative L°°(2) functions which con-

verges to [ in the tight sense of measures, and if u,, is the sequence of solutions to
(2.4), then u,, tends to zero almost everyhwere in Q and

lim /ungo:/(pdu Vo e WOI’OO(Q).

n——+00
Q Q

Remark 4.2. A similar non existence result for the case y < 1 is much more com-
plicated to obtain. Indeed, if for example a(x, &) = &, and y = 1, the change of
variables v = log(1 + u) yields that v is a solution to

—Av+e'—1=pu inQ,
u=>~0 on 0%2.

Existence and non existence of solutions for such a problem has been studied in [9]
(where the concept of “good measure” was introduced) and in [20] (if N = 2) and
[2] Gf N = 3).

Proof. Let u be as in the statement. Then (see [13]) for every § > 0 there exists a
function 5 in C§°(£2) such that

O<vys =<1, /IVWIZS& /(1—%)61/158.
Q Q

Note that, as a consequence of the estimate on 5 in HO1 (£2), and of the fact that
0 < 5 < 1, Y5 tends to zero in the weak™ topology of L°°(2) as § tends to zero.
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If f, is a sequence of nonnegative functions which converges to p in the tight
convergence of measures, that is, if

lim /fnwz/qﬂdu, Vo € C°(Q),

n——+o00o
then

0< Br-lr—loo/ In (1—1//a)=/(1—1/f5)dui5- 4.1)
Q Q

Let u,, be the nonnegative solution to the approximating problem (2.4). If we choose
1 — (1 + uy)'7 as a test function in (2.4), we have, by (1.2), and dropping the

nonnegative lower order term,
a(x, Vuy) - Vu, /
—1 .
< )/ A u)? I
Q

”/hl T un)?
Vu,
ﬂ/‘(l+u,,)y _C/fns
Q

Recalling (1.3), we thus have
Q
with C depending on «, 8 and y. Therefore, up to a subsequence, there exist o in
(L*>(2))N and p in L*(R) such that
a(x, Vuy) . Vu,
im —=o0, lm |——
n—+o0o (1 + u,)” n—+oo | (1 + u,)”

a(x, Vu,,)
(L4 uy)

=p, (4.2)

weakly in (L2(2))V and L?(2) respectively.
The choice of [1 — (1 + u,)!=Y](1 — ¥s) as a test function in (2.4) gives

a(x, Vu,,) Vu,,
(v — 1)/ (1 — )

+/QA1—u+un“nu—ww

Q

= / Soll = (1 4+ u)' 7710 = )

Q
/a§ﬂ@ﬁ42@n—«r+wfﬂ]

(I +up)”

Q
s/ﬁﬂ—%)
Q

/ a(x,Vuy) - Vs

Tray u-a +un)' 7. (4.3)



Nonlinear degenerate elliptic problems with W(} o1 (£2) solutions 437

We study the right hand side. For the first term, (4.1) implies that

§—0t+ n—>+o0

lim  lim /fn(1—1p3):o,

while for the second one, we have, using (4.2), and the boundedness of [1 — (1 +

) 771,

/ a(x,Vuy) - Vs
(I +uy)”

lim

n—+00

0—(+u)' "= /0 VY[ = (1 +uw)' 7]

Q

Recalling that o is in (L2(Q))N that s tends to zero in H (f2), and using the
boundedness [1 — (1 4+ u)' 7], we have

. . a(x, Vuy) - Vs -y _
i Jim, [ S w0

Therefore, since both terms of the left hand side of (4.3) are nonnegative, we obtain

/a(ac Vu,) - Vu,
(1 +up)?v

lim lim
§—0+ n—>+00

(I =95 =0.

Assumption (1.2) then gives

—¥s)

. . Vu,,
Iim Iim o«
§—0+ n—>+o0 (1 + u,)?

. . a(x,Vuy) - Vu,
=l / Ty (=0

Since the functional

ve LX) H/|v|2<1 —¥s)

is weakly lower semicontinuous on L%(Q), we have

Vu

2 . 2 n
=1 1— < I

Q/|p| 5~1>I{)1+Q/|p| ( 1/f8) i)m+ n—>+oo/’(l+ n))’

which implies that p = 0. Thus, since

Vu, 1 1—
- v(l —a V),
w71 ()

—s) =0,

by the second limit of (4.2) the sequence 1 — (1 + u,)'~7 weakly converges to
Zero in H(} (), and so (up to subsequences) it strongly converges to zero in L(£2).
Therefore u, (up to subsequences) tends to zero almost everywhere in 2. Since
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the limit does not depend on the subsequence, the whole sequence u,, tends to zero
almost everywhere in 2.
We now have, for ® in (L2(2))", and by (1.3),

a(x Vuy)
(L + Jual”

a(z, Vuy,) [Vuy|
— ] </ I_ﬂ/ DJ.
(I + Ju, )Y (I+ Iunl)V

Q Q

Thus, by (4.2),

. a(z, Vuy)
o-®d| = lim —— P <B [ p|P =0,

n—+00 (I + Ju, Y
Q Q Q

which implies that o = 0. Therefore, passing to the limit in (2.4), that is, in

a(x,Vuy) - Vo l.00
/ TETRY /unw /fn@» p e Wy (),
Q

we get, since the first term tends to zero,

lim un<p=/¢du,

n——+00
Q Q

for every ¢ in W(}’OO(Q), as desired. ]

Remark 4.3. With minor technical changes (see [13]) one can prove the same result
if ¢ is a signed Radon measure concentrated on a set E of zero harmonic capacity.
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