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Abstract. The stability of m-fold circles in the curve shortening problem (CSP) is studied
in this paper. It turns out that a suitable perturbation of m-fold circle will shrink to a point
asymptotically like an m-fold circle under the curve shortening flow.

1. Introduction and formulation

The curve shortening problem (CSP) for simple convex curves was settled by Gage
and Hamilton [8] who show that the flow shrinks to a round point in finite time.
For locally convex curves it is routine to show that the flow exists for small time.
However, simple examples show that singularities may develop before it can shrink
to a point. For example, taking the initial curve to be a perturbation of a 2-fold circle
so that there is a smaller circle C; contained in a larger one C», see Fig. 1. It is
rather clear that a singularity would occur when the smaller circle contracts to a
point, and forms a cusp, while the larger circle still has positive length. In view of
this example, it is not expected that Gage—Hamilton’s theorem holds for immersed,
locally convex curves. Nevertheless, when the initial curve is nice, for example,
when it has certain rotational symmetry, the CSP may still drive this curve to a
point. Thus it still makes sense to study the asymptotic shape of the flow.

Same as in the embedded case, one expects the asymptotic shape to be a self-
similar solution as the circle is a self-similar solution. (In fact, the circle is the only
self-similar curve which is embedded.) All self-similar curves with total curvature
2mm and n many leaves (that’s, it is symmetric under 27 /n-rotation) have been
classified completely by Abresch-Langer [1]. They proved

Abresch-Langer Theorem. Letn andm be mutually prime. There exists a smooth,
strictly locally convex, non-circular immersed self-similar solution yy, , to the CSP
with total curvature 2mm and n maxima of curvature if and only if
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Remark 1. Any circle or multi-fold circle is also a self-similar solution to the CSP.
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Fig. 1. The cusp appearing in the CSP

In this paper, we will show that a small 2m s /n-periodic perturbation of m-fold
circle will shrink to a point asymptotically like an m-fold circle under the CSP. Here
and after, m and n always denote two mutually prime numbers satisfying (1.1). We
note that the stability of an m-fold circle under the CSP has been investigated by
many authors. The earliest one can be dated back to Epstein—Weinstein [7] and
later, Abresch—Langer [1], Chou—Zhu [6]. However, they just established the linear
stability of an m-fold circle under 2mm /n-periodic perturbations. Our result in fact
has disclosed the asymptotic stability of an m-fold circle under the same class of
perturbations.

Let y,,, denote the m-fold circle whose enclosed algebraic area is mr. Our main
theorem reads as follows:

Theorem 1. Consider the CSP with initial data yos = Vi + d¢ng with ng being the
outward unit normal vector of y,, where ¢ is any given smooth 2mi /n-periodic
function of normal angle of y,, such that yys is convex for all small §. In the case
that |8| is small enough, the solution shrinks to a point asymptotically like an m-fold
circle.

About the stability of other shrinking self-similar solutions, one may refer to
[1,4] and [5]. For the references of relative problems in the generalized CSP, see
[2,3,12] and etc.

In the following, we will formulate our problem in terms of support function.
Let yp be a given immersed closed plane curve parameterized by p. We study the
CSP with an initial data yy, i.e.,

d
i—y = —kn,

a (1.2)

y(p,0) = y(p)
where y (p, t) (also denoted by y (¢)) is a family of curves and k(p, t) denotes the
curvature with respect to outward normal vector field n(p, 7).
For each locally convex curve y (p), the support function is defined as

h(®) = <y(p).n(p)>,

where 6 is the angle of the outward normal vector n = (cosf,sinf) and 6 €
[0, 2mm], with 2mm being the total curvature of y. The position of the curve y as
a function of 0 in terms of 4 is determined by

y (@) = (h(B)cost — hg(0)sin6, h(6)sinb + hy(6) cosH). (1.3)
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The curvature k is given by

k6) = (1.4)

h(6) + hog(0)
The formulation in terms of the support function is very useful for the discussion of
convex plane curves. The relationship between locally convex, closed curves and
their support functions is contained in the following proposition [6].

Proposition 1.1. Any 2m -periodic function h with hgg+h >0 determines a closed,
locally convex curve by (1.3) whose support function is h and is with positive cur-
vature given by (1.4). Two such curves with corresponding support functions h and
h, respectively, differ by a translation if and only if the difference of h and h is
equal to C1 cos 0 + C; sin6 for some C1 and Cy. Moreover, y is embedded if and
only if h is 2w -periodic.

Assume that the total curvature of the locally convex curve y is 2ms. Then the

algebraic area of y can be determined by its support function 4, i.e.,

2mm

1
E / h(h 4+ hgg) do.
0

And the length of the curve y can be determined by the formula,

2mm
/ hdf.
0

Now, in terms of the support functions, we can reformulate the problem (1.2).
Here and after we use the notation

I =[0,2mm/n]

to denote the circle formed by identifying the endpoints of [0, 2m /n]. We denote
by h,, the support function of the curve y,,. Obviously, A, = 1.

Set the initial data in the problem (1.2) to be yps just as defined in Theorem 1.
Then the problem (1.2) is reformulated as the following initial value problem for
ho,1t),

1
h =— , (B,1)el x(0,T],
‘ 1T oo 0,1 el x(0,T]
h(0,0) = hy,©0)+d¢, €l

(1.5)

For the convenience, we replace h,, + §¢ with

hm(0) + 8¢

hos (0) = =g

’
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where W (¢) = 1 + fozm” (28¢ + 82¢* — 52¢§) d@. The corresponding curve sup-
ported by hgs is still denoted by yps, that is,

VYm + 5¢n0

Y05 = —lll(d))l/2 .

This replacement implies that the enclosed algebraic area of yps is mm. In the
following, we will prove the main theorem by considering the problem (1.2) with
this initial data yps. Such a replacement of initial data will not affect the truth of
the main theorem since it does not change asymptotic shape of the solution to the
problem (1.2). In the sequel, we always use the notations ‘hgs’ and ‘yps” to denote
such initial data.

Denote by A(¢) the algebraic area enclosed by the solution y (¢) to the problem
(1.2). A direct computation shows that dA/dt = —2mm. Note that A(0) = mm.
Hence, A(t) = mm (1 — 2t). To examine the ultimate shape of the solution y (¢),
we normalize it so that its enclosed area is always equal to msr. Specifically, we let

7(2) = (mr JA@) Py (1)

where dt/dt = mm/A(t). Then y () solves the problem

oy ~ .
v (0) = yos,

where k is the curvature of 7 with respect to the outward unit normal vector of y,
still denoted by n. Note that this problem is equivalent to problem (1.2) as long as
A(t) > 0.

In terms of the normalized support function

h = (mm/A®)"*h,

we reformulate the problem (1.6) as

- 1 -

i, =———— 4k (6.0 elx (0Tl

~T h + hgg (1.7)
h(,0) = hos, 0 €l.

Our problem can also be formulated in terms of the curvature function. This
formulation will be useful in our proof. Let (6, t) denote the curvature of the curve
y(¢). Then k(0, t) solves the equation

ke = k2 (koo + k),
with initial data
k(©,0) = (hos + (hos)ee) ™" = kos.
In terms of the normalized curvature

k= (A@t)/mm)"?k,
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we have

[12r = k2kgo + k1 —k, (©,7) €l x(0,T], 18

k®,0) = kos, O€l,

and dt/dt = mm/A(t). As the equivalence between the problems (1.6) and (1.8)
is concerned, one may keep the following fact in mind, that is, if the curvature k of
a uniformly convex curve y is known as a function of the normal angle 6, then the
curve y is completely determined by, up to a translation,

0 0

cos 6 sin O
y(©0) =y(0) + /k(e) o, /@de

0 0

In the remaining part of this paper, we will prove our main theorem in three
steps. First, some a priori estimates are obtained for solutions to the problem (1.7)
in Sect. 1. Subsequently, the global existence result is established in Sect. 2. Finally,
the convergence result is proved in Sect. 3.

2. A priori estimate

In this section, some a priori estimate is obtained for solutions to the problem (1.7).
This estimate will be crucial to yield global existence in the subsequent section. As
a byproduct, a stability result is also obtained.

As § tends to 0, the initial support function Aps(0) tends to 1 on [0, 2mm]. It is
natural to link the asymptotic behavior of h to the asymptotic stability of the m-fold
circle in this case.

The linearized problem for the Eq. (1.7) at h=1is given by

@ = poo + 2¢.
For those perturbation ¢ which preserves the enclosed area, we have

2mm

d - - -
0=— / (h + e@)(hog + cppe +h + @) dO
de e=0
0
2mm

/ (900 + @) + (hoo + h)p dO
0

2mm

/(pd@

0

ath = 1. By Abresch—Langer Theorem, it can be easily checked that (see Lemma 2.3
below), the eigenvalue problem

—(pgg +2¢) = rp, p € X
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with
2mm

X = <peL2(1):/gad9=0
0

satisfies A > 0 and hence suggests the asymptotic stability of the m-fold circle.
However, we cannot use the known result such as those in Henry [9] for this con-
clusion for two reasons: First, the principle part of our equation, —(igg + k)", is
fully nonlinear; and, second, our area constraint, foz " fz(ftgg + fl) df = 2mm, is
nonlinear.

To overcome these difficulties we shall represent the equation in polar coordi-
nates. To this end, we let o be the polar angle, and set

Y, 1) =70, 1),

where, as the normal angle 6 runs from O to 2m, the polar angle o may also be
assumed to run from 0 to 2m . We still denote by n the outward unit normal vector
of y(«, ) or y(0, 7). Then we have,

d . 5 a0 .
3—)/(&, ) =0, 71)— + 0, 7)
T at
. 90 - .
=% 0. 1)-— +kn+y.
aT

Taking product with n we get

9y

—.,n

ot
where / and k are the support function and curvature function of y respectively.

Denote the m-circle by I'(«) := (cosea, sinw) with ¢ € [0, 2mm], and its
outward unit normal vector by N(«) = (cos«, sin ). Set

= (_E +I’:l)}(9’t) = (_A +ﬁ)|(0{,‘[)’

(e, T)

7, 1) = ') — d(e, T)N(a) = (1 — d)N(w).
Then the Eq. (1.6) for the normalized flow is equivalent to the equation
(N(@),n(e, T))d; =k —h, ael,t>0.
A direct computation yields,

(—dysina + (1 —d)cosa, dy cosa + (1 — d) sina)

nen = N
s (1 — d)dyy +2d2 + (1 — d)?
k(a, 1) =

[(1 —d)?+d2PP?
and

h(a, ) = (1 —d)’[(1 —d)* +d217 /2.
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Now the equation becomes

 dag +2d2/(1 —d) + (1 — d)

d
i (1 —d)?+d2

—(1-d), ael,t>0.

We write it into the following form

diy =dyg +2d+ F(d,dy,dye), a€l, >0,

where
F(z,p.q) = S [(21 —25q — qp?
(1 —2)2+ p?
2 2
+ pz—(1+z)pz+(l—z)z2 .

1 —

One observes that the area enclosed by y (7) keeps unchanged. Hence, if the
area enclosed by y (., 0) is mz, then it holds that

/(1 —d(a,0)’da =mn/n, Y1 >0,
1

that is

/(2d—d2)da=0, vt > 0.
1

To study the stability of d = 0, we need to introduce a new function defined by
u=2d—d.

Note that d can be resolved from u by the formula d = u/(1 4+ +/1 —u). Then u
satisfies the equation

Ur — Ugq —2u = G(U, Uy, Ugq), 2.1)
where
Gz, p.q)
1 p4
=—— 14 —2)zg — pPq +2zp* — ——
T R R T
2Z2p2 4(1 _Z)2Z2 p2 2Z2

+(l+«/1—z)2 - 1+ /1T=2)2 +2(1—z) U+ /12?2

We have the following structural condition of G

1G(z, p, )| < Collz* + IpI* + Ig 1),
Yz, p,q) € D:={(z, p,q) :z| +Ip| +lq| < 1/2}, (2.2)
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for some constant Co > 0. Note that the solution u(c, ) to (2.1) satisfies that
J;u(x, t)dx = 0 as long as the initial data ug satisfies that [, uodx = 0.
Define

X = C>(1),

and
X, = weXl,/wdazo
1

Then X and X are the Banach spaces with the norm |[|-[| c2.0 () forsome o € (0, 1).
Recall that 7 is the circle obtained by identifying O and 2m s /n in [0, 2mm /n]. Sim-
ilarly, we define three more Banach spaces

X, =C>°(I x[0,T]
and

X, = weil,/w(a,r)dazo ,
1

with the parabolic Holder norm 52*”(1 x [0, T]) for some T > 0; and
X3=C°(I x[0,T))

with the norm || - 1 &o (1 xj0.77)-
The implicit function theorem gives the following existence result for a special
nonlinear parabolic equation. In the following lemmas, we may take

T =1
in the definitions of Banach spaces X 1 ?2 and X 3.

Lemma 2.1. Consider the equation

(2.3)

Wy = Weg + 2w + g(w, Wy, Waa),
w(0) =wy € X1,

on I x [0, 1]where g(z, p, q) is a C" -function on the domain D (defined in (2.2))
satisfying
ad d 0
900.0,0) = °2(0,0,0) = -2(0,0,0) = -2 (0,0,0) = 0.
0z ap aq

Then there exists eo € (0, 1) such that for any initial data wo with [|wol|x, < €o
the problem (2.3) has a unique solution w € X satisfying

lwllg, < Ci

where ¢y and C1 depend only on ||g| |C1.a(D).



The Stability of m-fold circles in CSP 501

Proof. Letting v = w — wo, problem (2.3) is turned into the equivalent problem
for v:

[Ur ==vaa4—2v4-umaa%-Zwo%—g(v4-um,va4—uma,vaa4—umaax(24)

v(0) = 0.
Set
Flv] = Voo + 20 + Woaa + 2wo + g(v + wo, Vo + W, Vaa + Woaa) — Vr

and regard it as a mapping from X to X3. We compute its Frechét derivative at
v=_0:

09 g , 0
DF(0lp = ¢ +20+ Lo+ 2 + Ly

0P Tap? Tt T

where Vg = (d—J —;7] g—J) is evaluated at (wg, woy, Woxe ). By our assumption on

b}
g, for wo with [[wo||x, < 1/2, the linearized problem
DF[0]lp = f
is invertible by the theory of the linear parabolic equation:

llellz, < Coll f1Iz,

where the constants Co depends only on ||g||¢c1.0(p)- By the implicit function the-
orem, there exist rg, po > 0 (depending on ||g||c1.0(p)) such that the equation

Flvl=f. |If = FI0lllg, <o

is uniquely solvable in the class of v satisfying [|v — Ol|z, < po.

Now observe that F[0] = woge + 2wo + g(wo, Woe, Woee) tends to zero as
[lwollx, tends to zero. It follows that there exists g9 € (0, 1) such that [[F[0]] Iz, <
ro whenever ||wp||x, < €o. It means that

Flv]l=0

has a solution v satisfying |[v||g, < po. Taking C; = po + &, we complete the
proof. O

Now, a specific dependence on the initial data uq is obtained for the solution
u(a, t) to the Eq. (2.1),

Uy — Ugq —2u = G(U, Uy, Ugqy).

Lemma 2.2. Consider the Eq. (2.1) with initial data ug € X 1. There exist g > 0
and Cy such that

llullg, < Cilluollx,

where ||ug||x, < €o. Here, &9 and Cy depend on ||G||c1.0 (py.
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Proof. It is clear that the term G in the Eq. (2.1) satisfies the assumption for g

in Lemma 2.1. Suppose on the contrary, there exists u}, € X1, [|uj|lx, # 0 but

lludllx,—0 as j—o0, and

N/ l1g, = jlludllx, - 2.5)

Let i/ = sou//||u0||xl, where ¢ is given in Lemma 2.1. Then ||u/(0)||x1 < e
and i1 = i/ satisfies

fiy = ligq + 20g + G, lig, ligw),
where
G, fia, e
= eollud |y Gu. ua. tae)
= eolluyllx Gleg Nudllx, i, e Nudllx, a- £g ' 1uglx, flaa)-

By the structure condition (2.2) of G, ||é|| cto(py 18 uniformly bounded in j. It
follows from Lemma 2.1 that

Aj _
i llg, < Ci
and C; only depends on [|G||¢1.0(p)- But then
eollu’ |1z, < llugllx, l1d’ |1z, < Cillugllx,.
which contradicts to (2.5). |
To proceed further, we need a linearized stability result.

Lemma 2.3. Denote by (A, ¢;) (j = 1,2,...) the corresponding eigenvalues
and eigenfunctions to the following problem

— (Yoo +2¢0) = Lo, @€ X, (2.6)

where the eigenfunctions are normalized in the sense that ||@j|| 2y = 1. Then the
smallest eigenvalue Ay satisfies .1 > § for some § > 0.

Proof. 1It’s easy to see that when A = —2, the corresponding solution to prob-
lem (2.6) could only be the zero. The first eigenvalue of (2.6) is then given by

Al = (E)z — 2 with the eigenfunctions cos (Za) and sin (Za). By Abresch—
Langer Theorem, m/n < /2/2, it follows that 1 > 0. O

We denote by H!(I) (I € N) the usual Sobolev space. Let f € H!'(I) and
satisfy [, f da = 0. Then we would have

1P D122, = Zﬁ’ e ) , @7
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where {a;}7° | is given by

I

We note that the existence result in the beginning of this section ensures that the
Eq. (2.1) has a smooth solution u. Obviously, u € H'(I) for any [ € N. Since u
also belongs to the space X», the identity (2.7) holds for u. Hence, we could define
for u a norm equivalent to its usual H' norm as follows

el 2y gy = Zﬂl 2( ) , al/:/(pju([)da. (2.8)

I

Now, we begin to consider the Eq. (2.1) in the space X> with Holder exponent
o = 1/2 in particular.

Lemma 2.4. (A stability result) Consider the Eq. (2.1) in the space )~(2 with o =
1/2. There exists a positive €1 such that

(G, Dllgs <€, if [luollgs =&, Ve € (0,e1),
where || - || g3 is defined as in (2.8). As a consequence, for any time n € N,
u(,m)||gs < &, if ||uollys <&, Ve € (0, e1).
Proof. First, consider the linear problem in the space X 2,
Vr = Yoa +2¢9, ¥(0) = uo. (2.9)

We expand ug in the Fourier series with respect to the eigenfunction ¢; of (2.6),

00
upg = Zaj(pj.
j=1

By separation of variable,

Vo, 1) = Zaj(f)(ﬂj, aj(t)y=e*'a;.

j=1
Since

ajz-(t) =e m”af < e 7 12, VjeN,

we have

s 21
W @y = 2@ (5)
=1

21
—28T 21 2 (1
> P (L)

j=1

IA
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That is,
W Oy < e lluollgry, V1 €N, (2.10)
Set v = u — . Then v satisfies the equation
Vr = Vg + 20+ G(u, uy, ugy), v(0) =0, 2.11)
with v € X». By virtue of standard Schauder type estimate, we have
1vll%, < C2lG W, tta, a5,
< Csllull%,
for some constants C», C3 > 0. Due to Lemma 2.2, we have
lvllg, < C3Cilluoll%, = Cslluoll%, (2.12)

if [|luollx, < €o.

Now we assume that |[uo||g3;) < €. The Sobolev embedding theorem tells
that [|uollx, < Celluollpg3y < Cee. With such a ug as initial data, the solution
u(x,t) to the Eq. (2.1) could be written as ¥ + v, where ¥ is a solution to the Eq.

(2.9) and v is a solution to the Eq. (2.11). By the estimate (2.10),
Y (O3 < 67&8, T > 0.

On the other hand side, by (2.12),
llv(Dllx, < C5(Cee)* := Cre?

ife <Cq !€0. The Poinare inequality implies that
lvII7s < CslvP D15,

Integration by parts yields

IR = =Cs [ v 10@ W da = € | [ @01 da
1 1

172

Note that the initial data uy being considered are bounded in C°°(I). Therefore,

we have the estimate
1/2

/ WO)rda| <c*,
1

for some constant C* depending on C®-norm of ug. Then the integration by parts

yields
1/2

I 1 !

< Cyoe?,

1/2
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and C1¢ depends on C* and C7. Thus at last we get

lo(D)]l3 < v/ Cov/Croe? := €113/

Combining the estimates for ¥ and v, we have

Hu(Dl gz < I Wlgs + [lv(D)]] 43
<ePe 4+ Cp Y2

Taking an ¢ € (0, Cglso) such that
e Pe+ C1183/2 <eg Vee(0,er),
we have
lu(Dllps =&, Yee(0,e),
under the assumption that ||ug|| g3 < ¢. |

We note that Lemma 2.4 not only yields a stability result, but also implies the
following a priori estimate for solutions 4 to the problem (1.7).

Lemma 2.5. (Two-sided bound for h) When |8| is small enough, there is a two-sided
bound for solutions h(0, t) to the problem (1.7),

1/2<h®,7)<3/2, Y@,7)elx[0,T].

3. Global existence

In view of the two-sided bound on the support function, some regularity results for
the problem (1.7) will be shown in the subsequent several lemmas. The technique
is from [2]. In the sequel, we denote two-sided bound for / by r and R respectively.
That is,

r=1/2, R=3/2.
First, we show that the normalized curvature k is bounded from above.
Lemma 3.1. (Upper bound for k) When |8| is small enough, the solution k to the
problem (1.8) is bounded from above, i.e., there exists a constant M| independent

of T such that

k@O, ) <My, Y©O,7)elx]|0,T].
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Proof. Consider the quantity Q = I;/ (h — a) where h > 2a. According to
Lemma 2.5, one can choose a = r/2. Let the maximum of Q over I x [0, T]
attain at (6p, 7o), to > 0. At the point (6y, o), we have

2
99 o 2220 a2 <o
36 At 362
Since
90 - 2k2hy Qg 2k? ak? 2h—a -
0<— =k*Qpp + — + — - — — k
ot h—a th—a)? (h—-—a)? (h—a)?
. 2k%h
< P00 + ﬁ—‘)Q@ Q%0 — 2]
< —0%a*Q - 2]

(where the inequality h—a > a is used), we deduce that

2
Q(6, 10) = —-
a

When the maximum of Q attains at the initial time, we have

kos (0)
D= snam) —a’

0,
Hence, we have

0, 7) Smax|%,ﬂ]

a* hos(mm/n) —a
That is

k@®, 1)
ho,t)—a —

It follows that

k@O, 7) < M(h©, 7) —a)
< M(R —r/2). O
After obtaining an upper bound for k, we estimate k from the below.
Lemma 3.2. (Lower bound for k) When |8| is small enough, the solution k to the
problem (1.8) is bounded from below, i.e., there exists a constant My > 0 indepen-

dent of T such that

k@®,7)> My, YO,7) el x|[0,T).
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Proof. We first claim that

sup [(129)2 + 122] < max Isup[(129)2 +720,0), sup 122] ERY
Ix[0,T] 1 Ix[0,T]

Consider the function ® = (kg)? + k2. Suppose that there is (6y, 71) € I x (0, T']
such that

®(0), 1) = max [(129)2 + 122] .
1x[0,T]

VYe clair~n that 129 must vanish at (6, 3:1).~ For, if this is not true, then we must have
(koo + k) (6o, T1) = 0 since @y = 2ky(kgy + k) = 0 at (8y, t1). This tells us that
at (6o, 71),

1 ~ —~ o~ - -

5 ®r = =k + ko (koo + ko) — (k)?
and

1 - o~ -
5%9 = ko (kooo + ko).

So, lcbf = k% + %Ipcbgg — (129)2 at (6p, 71). On the other hand, at (6, 71), we
have ®gy < 0, ®; > 0. As a consequence

0<-®, < —k*— (ko)*,

N =

which is impossible. Thus, 129 (6o, t1) = 0. This yields the estimate (3.1).

Combining (3.1) with the upper bound for |/€| on [ x [0, T] from Lemma 3.1,
we conclude that |kg| is bounded on I x [0, T]. Note that |kg| = k~'|ks| (s denotes
the unit arc length). Therefore

d -
—Ink
dsn

<C, (3.2)

for some constant C > 0.
The length of y (-, 7) is equal to

2mm 2mm

L(t) = / ds=/12—1d9
0 0
2mm 2mm
= /(ﬁ+ﬁ99)d9=/ﬁd9, Tt €[0,T].
0 0

Since 7 < R on I x [0, T], then L(t) < 2mnR, for t € [0, T]. Thus (3.2)
implies that the oscillation of (Ink)(6, ) on [0, 2mx] is uniformly bounded for
all T € [0, T]. It will follow that k(@, t) has a uniform positive lower bound for
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gll t € [0, T], if we could show that IE(O, t) > 1 forall t € [0, T]. Indeed, if
k(0, t1) < 1 for some 11 € [0, T'], then k(0, t1) < 1 on [0, 2mm /n]. Thus we have

! 2mnﬁ 1 2mm ] 2mm
=— | Zd0>= | hdo == [ (h+ heg)db
mr =3 / 7 > 2/ > /( + hoo)
0 0 0
2mm 2mm
1 do 1
= = —_— > — do = mm,
2 k 2
0 0
which is impossible. O

Lemma 3.3. (Smooth estimates for k) Let k(6, t) be the solution to the problem
(1.8) when |8| is small enough. Then for every | € N, there exists a constant C;
depending only on r, R and kos such that

sup kP, 1) <.
Ix[0,T]

Proof. Recall that the Eq. (1.8) satisfied by k is given by,
ke = k> (koo + k) —k, (8,7) €I x[0,T].

From the proof of Lemma 3.2, we derive the maximum estimate for 129. Then
the maximum estimate for 129(,» could be derived by the Schauder estimate since
two-sided bound for k guarantees that the above equation is a uniformly parabolic
equation. By differentiating the above equation, we can obtain all higher order
estimates for k similarly, see [10] or [11]. O

From the two-sided bound and all higher order estimates for k in the above
lemmas, we can deduce global existence of the flow (1.6) for all time.

Theorem 2. (Global existence of ﬁ) For the initial data hos when |8| is small
enough, there is a global solution h(-, T) to the problem (1.7).

Proof. Lemmas 3.1 and 3.2 show that the equation in (1.7) is uniformly parabolic.
Lemma 3.3 guarantees that the equation in (1.7) can be written as a linear uniformly
parabolic equation with smooth coefficients. Therefore, Schauder estimate gives
the estimates on all the derivatives of the solution independent of 7. This regu-
larity result together with fixed point theorem or implicit function theorem yields
a global existence of the solution / to the problem (1.7). O

Note that there is another equivalent way to show the global existence of y (7),
via showing the global existence of solution k for the problem (1.8), see [4].
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4. Convergence

First, a Lyapunov functional is introduced to show the convergence of y to self-
similar solutions.

2mm
Lemma 4.1. Let 7 (h(-, 7)) :][ logh df. Then
0

d ~
—Jh(, 1) =0
dt
and the equality holds if and only if h solves
1
h99+h=Z, h > 0. 4.1)

Proof. Since

and
2mm 2 2mm . 2mm .
h k
1d6 < =db =db, 4.2)
k h
0 0 0
we have
2mm .
k
/ =db > 2mm
h
0
Hence,

d 2mm 5 2mn];
—][ loghdezl—][ Zd6 <.
dt 0 o h

Moreover, the above equality holds if and only if the equality holds in (4.2). This
implies that h = Ck for some constant C. Since fozm” (h / k) d6 = 2mm, we have
c=1. ]

Theorem 3. (Convergence of ) Let § be small enough. For any sequence of time
{7; }?11 tending to infinity, there is a subsequence {t;, )22 | such that the normalized
solution y (t) to the CSP starting from yps converges smoothly to either y,, , or

m-fold circle along the subsequence {t;, }7° ;.
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Proof. Note that for any v > 0
[ (d
/ (Eﬂﬁ(-, r))) dt = J(h(-. 1)) = T (h(-, 0)).
0
Since we have known that /1 is bounded for all time, then the integral

(4 h d
/ (EJ( (-,r») .
0

must be bounded from below. Recall that %j (ﬁ(-, 7)) < 0 from Lemma 4.1. We

have
T d -
/(—j(h(-, 'L’))) dt > —o0. 4.3)
dt
0
We claim that
%J(ft(u 7))—0, ast—00. (4.4)

If not, then there exists a constant Cyp > 0 and a sequence {t; =1 tending to infinity
such that

d -
Ej(h(', 7)) < —Co.

As noted in thg proof of Theorem 2, we have the estimates for all the derivatives of
the solutions / independent of 7. Thus we can find a py (independent of 7;) such
that

d ~ C
’EJ(h(-, )| = = onlrj. 7 + pol.

It follows that

K d C
LT, 1) dr < —=22, 4.5)
dt
7
On the other hand, from (4.3) we know that
o
. d ~
lim —J(,1))dt =0,
j—o00 dt
Tj

which contradicts to (4.5) since j—rj(fz(-, 7)) <0.
Now, for any given sequence {7; ?‘; |» the estimates on all the derivatives of

the solutions / permit us to extract a subsequence of {t; }j?o: |» denoted by {z;,}72 |,
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such that {A (-, Tj ) e, converges smoothly to a function h* which is smooth and
strictly positive. In addition, by (4.4), h* satisfies

d _ -
I =0.

So, Lemma 4.1 tells us that 2* is a solution to the Eq. (4.1). Alternatively speaking,
7 (-, Tj,) must converge to one shrinking self-similar solution as k— oo. O

Now, we could conclude the proof of Theorem 1.

Proof. 1t’s easy to observe that hos tends to 1 smoothly on I as §—0. So, for §
with |§| small enough, /s will be sufficiently close to 1 so that the initial data u
for the Eq. (2.1) is sufficiently close to 0. As a consequence, the stability result
in Lemma 2.4 ensures that the solution % to the problem (1.7) will be close to 1
forever, which excludes the possibility of /’s convergence to nontrivial solution of
(4.1). Finally, we conclude that  must converge to m-fold circle as t— oo. O
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