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Abstract. Given Q C R” open, connected and with Lipschitz boundary, and s € (0, 1), we
consider the functional

dxd dxd
T(E. Q) =/ / _dxdy / / y_
ENQ JENQ 1X — Yl ENQ JEnQe |x — I

/ / dxdy
Enge JEeng 1x — y[PTs”

where E C R” is an arbitrary measurable set. We prove that the functionals (1 — s) 7 (-, ©2)
are equi-coercive in Llloc(Q) as s 1 1 and that

r— thll(l - )T5(E, Q) = w,_1 P(E, ), forevery E C R" measurable,
N
where P(E, 2) denotes the perimeter of E in €2 in the sense of De Giorgi. We also prove

that as s 1 1 limit points of local minimizers of (1 — 5)Js (-, €2) are local minimizers of
P(, ).

1. Introduction
For a measurable set E C R*,n > 1,0 < s < 1, and a connected open set 2 € R"

with Lipschitz boundary (or simply Q2 = (a,b) € R if n = 1), we consider the
functional

T (E, Q) := THE, Q) + J2(E, Q),

where

1
TNE, Q) = / ————dxdy,
Eng JEng |x — y["TS

1 1
JHE, Q) = / — dxdy+ / / —  dxdy.
Eng JEenge [x — y[ts Enge JEng |x — [ tS
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The functional J;(E, 2) can be thought of as a fractional perimeter of E in €2
which is non-local in the sense that it is not determined by the behaviour of E in a
neighbourhood of d £ N €2, and which can be finite even if the Hausdorff dimension
of dE isn — s > n — 1. Notice that the term 7, (E, Q) is simply half of the frac-
tional Sobolev space seminorm |xg|ys.1(q). Where xg denotes the characteristic
function of E. Roughly speaking this term represents the (n — s)-dimensional frac-
tional perimeter of E inside $2, while 7?2 is the contribution near 3. This can be
made precise when letting s 1 1. We also recall the following elementary scaling

property:
TJIOE Q) =" TJHE, Q) fora>0,i=1,2. (1)

This functional has already been investigated by several authors. In [15] Visintin
studied some basic properties of Js, and in particular he showed that 7, satisfies
a suitable co-area formula, see Lemma 10 below. Caffarelli et al. [5] studied the
behavior of minimizers of J;, proving that if E is a local minimizer of J (-, 2), i.e.

Js(E, Q) < Js(F, Q) whenever EAF € Q,

then (0 E) NQ is of class C 1% up to a set of Hausdorff codimension in R” at least 2.

As it is well-known (see for instance [10] and the references therein), for min-
imizers E of the classical De Giorgi’s perimeter, which we shall denote P (E, €2),
the regularity results are stronger. The boundary of a local minimizer E of P (-, 2)
is analytic if n < 7, it has (at most) isolated singularities when n = 8 and it is
analytic up to a set of codimension at least 8 in R" if n > 9. This suggests that the
results of [S] might not be optimal for s close to 1. Motivated by this, Caffarelli and
Valdinoci [4] studied the limiting properties of minimal sets for the s-perimeter as
s — 17,

Partly motivated by their work, we make a complete analysis of the limiting
properties, in the sense of I'-convergence, of J; ass — 17, under no other assump-
tion than the measurability of the sets considered. Our proofs differ in particular
from those in [4] because they do not rely on uniform (as s — 17) regularity esti-
mates on s-minimal boundaries borrowed from [5]. The only result we need from
[5], in the proof of our Lemma 14, is the local minimality of halfspaces, whose
proof is reproduced in Sect. 4.

We start by proving a coercivity result.

Theorem 1. (Equi-coercivity) Assume that s; 1 1 and that E; are measurable sets
satisfying

sup(1 — )T (E;, Q) <00 VQ € Q.
ieN
1

Then (E;) is relatively compact in Ly,

perimeter in Q2.

(2), any limit point E has locally finite

Notice the scaling factor (1 — s), which accounts for the fact that (711 (E, Q) =
+oo unless E C Q€, or @ C E, as already shown by Brézis [2,3].
Let w; denote the volume of the unit ball in R¥ for k > 1, and set wo = 1.
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Theorem 2. (I"-convergence) For every measurable set E C R" we have
r— limTilnf(l — s)jsl(E, Q) > w,—1P(E, ),
)

' — limsup(l — $)Js(E, Q) < w,—1P(E, Q), 2)
st

with respect to the local convergence in measure, i.e. the LllOC convergence of the
corresponding characteristic functions in R".

‘We recall that (2) means that
liminf(1 — 5) 7, (Ei, Q) = 0u—1 P(E, Q)
1—>00
whenever yg, — xg in Li, (R"), s; 1 1,

and that for every measurable set E and sequence s; 1 1 there exists a sequence E;
with xg, — xg in LL _(R") such that

loc

limsup(1 — 5;)J5; (Ei, Q) < w,—1 P(E, ).
11— 00
We finally show that as s 1 1 local minimizers converge to local minimizers,
where by a local minimizer of J;(-, 2) we mean a Borel set E C R” such that
Js(E, Q) < Js(F, Q) whenever EAF & Q. Notice that if E is a local minimizer
of Js(-, ) and Q' C Q, then E is also a local minimizer of J;(-, '). A similar
definition holds for P (-, L2).

Theorem 3. (Convergence of local minimizers) Assume that s; 1+ 1, E; are local
minimizer of Js, (-, ), and xg;, — X in LIIOC(R”). Then

limsup(1 — 5;)Jy, (Ei, Q) < 400 VQ' € Q, 3)
i—o00
E is a local minimizer of P(-, Q) and (1 — 5;)J5,(E;i, ) — w,—1P(E, Q)
whenever Q' € Q and P(E, d2') = 0.

We point out that I'-convergence results for functionals reminiscent of
jsl(-, R™) have been proven in [13,14].
We fix some notation used throughout the paper:

— we write x € R" as (x/, x,) withx’ € R" ! and x, € R;

— we denote by H the halfspace {x : x, < 0} and by O = (—1/2,1/2)" the
canonical unit cube;

— we denote by B,(x) the ball of radius r centered at x and, unless otherwise
specified, B, := B, (0).

— forevery h € R" and function u# definedon U C R" we set tj,u(x) := u(x +h)
forallx e U — h.

For the definition and basic properties of the perimeter P(E, 2) in the sense
of De Giorgi we refer to the monographs [1,10].
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2. Proof of Theorem 1

The proofis a direct consequence of the Frechet-Kolmogorov compactness criterion
in Lf;c (applied with p = 1), ensuring pre-compactness of any family G C LIIOC(Q)
satisfying

hm sup |t —ull 1oy =0 VQ' € Q,
—0yeg

and of the following pointwise upper bound on ||tpu — ul|;1: for all u € LY(Q),
A € @, h € R" with |h| < dist(A, 9R2)/2 and s € (0, 1) we have

lthu — ullpray < C) A (1 = 5)Fs(u, Q), “4)
where
Folu, Q) = / ) = gy, (5)
ala |x—y[rts

The functional F; is obviously related to JSI by
Felxe. Q) = 27/ (E, Q).

The upper bound (4) is a direct consequence of Proposition 4 below, whose proof
can be found in [11]. Since the inequality is not explicitly stated in [11], we repeat
it for the reader’s convenience.

Proposition 4. For all u € LYQ), A € Qands € (0, 1) we have

||Thu—u|| 1 ”T&'M_M”LI(A )
S =) | e ©)

|]* By
whenever 0 < |h| < dist(A, 92)/2, and Ay = {x € R" : dist(x, A) < |hl]}.
We start with two preliminary results.

Proposition 5. Leru € L' (Q),h € R" and A € Q openwith |h| < dist(A, 9K2)/2.
Then for any z € (0, |h|] we have:

lThu — ””Ll(A) <C(n)—r= n+1 / lTeu — u”Ll(Alhl)d‘f (7

where A\ is as in Proposition 4.

Proof. Fix a non-negative function ¢ € CCl (B7) with fBl @dx = 1.For x € A and
z € (0, |h|] we write

u(x)=—/ u<x+y><p( )dy+—/(u(x>—u(x+y>><o( )

.U(x,z) + Vi(x, 2).



Gamma-convergence of nonlocal perimeter functionals 381

Then we have
lu(x +h) —u@x)| < |U(x+h,2) = U, )|+ |V +h )|+ |V(x, 2] 8)
The second and third terms can be easily estimated as follows:
V(x4 h, 2]+ |V(x.2)] < %nm/g {lyu(x) — u(x)|
e+ ) — ux + 1)) dy.
For the first one instead notice that

1 y—x
ViU(x,2) = =77 u(MVo | —— ) dy
z B (x) z

1 —
= —— / (y) — u(x)Vy (u) dy
Z B (x) <

and so

1
[U(x 4+ h,z) —U(x,2)| < |h|/ ViU (x + sh, 2)|ds
0

h 1
§sup|V<p|Z|n+|1/0 /B lu(y+x—+sh)—u(x+sh)|dyds.

Notice now that z < |k| and so 1 < |h|/z, hence from (8) we have:

1
UG+ h) — u()] < clz—n/ J2yux) — u ()| + [2yuCx + ) — ulx + hldy
B

h 1
Z|”+|1/ / |M(y+x+sh)—u(x+sh)|dyds]
0 JB,

h
= CZL+|1 [/B [ty (x) — u(x)| + [ryu(x + h) — u(x + h)|dy

+

1
+/ / |ryu(x+sh)—u(x+sh)|dyds},
0o Ja,

with C = sup|¢| + sup |Ve|. Integrating both sides over A we infer (7) with
C(n) =3C. O

Recall now the following version of Hardy’s inequality:

Proposition 6. Let g : R — [0, 00) be a Borel function, then for every s > 0 we

have
SR L[ g
) BT g(t)dtd$§n+s ; tnﬂdt Vr > 0. 9)
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Proof. We have

r 1 3 r r 1
/0 g,,+—5+1/0 g(f)dtd$=/0 g(t)/l $n+—s+1d§d’

_ 1 /r o 1 1 di < 1 rg(t)dt
T nds 0 8 thts  pnts “n4s Jy s

O

Proof of Proposition 4. Multiply both sides of (7) by z~* and integrate with respect
to z between 0 and |A]| to obtain

|]’l | (1—s)
(1—s)
Now apply inequality (9) with

ho
v =l < COothl [ —r [ e = uliga, e

g(t) = /aB lzet — ull 1a,)dH" ™" ()

and obtain

- o z
/0 W/BZ ||tgu—u||L1(A|h|)d€dz:/O W/o g(tdtdz

Il
< C(ﬂ)/ g(t)dt
0

tn—i—s

lzeu —ullLriay,)

=C(n) d§.
By |S|n+s
(10)
Putting all together
ThU — U ||T u— uII 1
T Lzt cay < C(n)|h|s/ 3 L (A|h|)d§
(1 - S) By |€|n+s
and the thesis follows. O

3. Proof of Theorem 2

In the proof of the lim inf inequality we shall adapt to this framework the blow-up
technique introduced, for the first time in the context of lower semicontinuity, by
Fonseca and Miiller [9]. The proof of the lim sup inequality, which is typically
constructive and by density, is slightly different from the analogous results in [4],
since we approximate with polyhedra, rather than C!: sets. Notice also that the
natural strategies in the proof of the lim inf and lim sup inequalities produce con-
stants I';,, see (11), and "} > T',,, see (17); our final task will be to show that they
both coincide with w,_;.
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3.1. The T — lim inf inequality

Let us define
T, := inf [limTilnf(l —)JNEs, O) | xg, — xu in L‘(Q)]. (11)
N

We denote by C the family of all n-cubes in R”
C:= {R(x +rQ): xeR", r>0, Re SO(n)}.

1

e (R asi — oo,

Lemma 7. Given s; 1 1 and sets E; C R" with xg, — xgin L
one has

liminf (1 — s,-)JS:(E,-, Q) >T,P(E, Q). (12)
11— 00
We can assume that the left-hand side of (12) is finite, otherwise the inequality
is trivial. Then, passing to the limit as i — oo in (6) with s = s; we get
e = xellLiery < COnlAlminf(1 = )T (Ei @) ¥R € @
whenever |h| < dist(2', 92)/2, hence E has finite perimeter in .
We shall denote by u the perimeter measure of E, i.e. w(A) = |Dxgl|(A) for
any Borel set A C €2, and we shall use the following property of sets of finite

perimeter: for p-a.e. x € 2 there exists R, € SO (n) such that (E — x)/r locally
converge in measure to Ry H as r — 0. In addition,

. u(x+TrR:Q)
lim ——— =

r—0 rn=1

1, for n-a.e. x. (13)

Indeed this property holds for every x € FE, where FE denotes the reduced
boundary of E, see Theorem 3.59(b) in [1].
Now, given a cube C € C contained in 2 we set

i (C) := (1 = s)) T (E;, C)
and

«(C) := liminf ; (C).
1—> 00

We claim that, setting C, (x) := x +r R, Q, where R, is as in (13), for u-a.e. x we
have

— = >T, f -a.e. x € R". 14
P (G = Tt (19

Then observing that for all & > 0 the family

A={C,(x) Q2 : (1+8)a(Cr(x)) =T,u(Cr(x))}
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is a fine covering of p-almost all of €2, by a suitable variant of Vitali’s theorem (see
[12]) we can extract a countable subfamily of disjoint cubes

[C;cQ:jel)
such that (22 \ |J C;) =0, whence

jelJ

LP(E, Q) =T [ | Cj) =T0 D u(c))

jeJ jeJ
< +s>_z;a(cj> <d +s)nir££fzjaf<c,->
J€ J€

< (1 + &) liminf(1 — 5) T} (E;, Q).
11— 00

In the last inequality we used that jsl is superadditive and positive for every s €
(0, 1). Since ¢ > 0 is arbitrary we get the I' — lim inf estimate.

We now prove the inequality in (14) at any point x such that (E — x)/r con-
verges locally in measure as r — 0 to R, H and (13) holds. Because of (13), we
need to show that

a(Cr(x)) -

lim inf
r—0 rn—l

. (15)

Since from now on x is fixed, we can assume with no loss of generality (by rotation
invariance) that R, = I, so that the limit hyperplane is H and the cubes C, (x) are
the standard ones x + r Q. Let us choose a sequence ry — 0 such that

. a(Cr(x) . a(Cr(x))
liminf ———— = lim —————.
r—0 rn—1 k— 00 r]’:*l

For k > 0 we can choose i (k) so large that the following conditions hold:

i) (Cr (X)) = a(Cry (%)) + 1,

1=5ik) 1
I"k > 1-— % 1
j[‘ |XEl‘(k) - XE|dX < k-
Crp )

Then we infer

a(Cr () _ i (Cr(x) "

r,:’_l B r,:l_l
1- Si(k))%%(k)((Ei(k) —x)/re. Qr
= — Ik
n—1
Tk

1
> (1 - E) - Si(k))js}(k)((Ei(k) —X)/1k, Q) = ks
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ie.

5 a(Cr, (x))
im ————=
k— 00 r]’:_l

> liminf(1 — s;@) Ty, (Eity — %)/ 7k, Q)
k—o00 !
On the other hand we have
lim / IX(Eijy—x)/re — X(E=x)/n1dx =0,
k—o00 0
and
lim / [X(E—x)/re — XxHI|dXx = 0.
k— 00 0

It follows that (E;x) — x)/rx — H in L'(Q). Recalling the definition of '), we
conclude the proof of (15) and of Lemma 7.

3.2. The T — lim sup inequality

It is enough to prove the I' — lim sup inequality for a collection B of sets of
finite perimeter which is dense in energy, i.e. such that for every set E of
finite perimeter there exists ExeB with xg — xg in LIIOC(R") as k—oo and
lim sup, P(Ey, 2) = P(E, 2). Indeed, let d be a distance inducing the Ll con-

loc
vergence and, for a set E of finite perimeter, let £y be as above. Given s; 1 1, we

can find sets Ek with d(XEk, XE,) < 1/k and

. 1
(I = s1) Ts (Ege, Q) < Ty P(Eg, Q) + T

Then we have xz — g in L} (R") and

lim sup(1 — sx) Ty, (Ex, Q) < limsup IrP(Ey, Q) =T, P(E, Q).

k—o00 k—o00

We shall take BB to be the collection of polyhedra IT which satisty P (IT, 92) =0
(i.e. with faces transversal to €2, see Proposition 15). Equivalently,

(}in}) P(T1, QF UQy) =0,
where

Qf ={xeQ |dx,Q) <3}

° (16)
Qy i={reQ|dx, Q) <8}

In fact, we have:
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Lemma 8. For a polyhedron T1 C R" there holds

lim sup(1 — 5)J (T, 2) < F:P(H, Q) + ZF: glnb P (11, Q;r U Qg),
st -

where

¥ := limsup(l — 5) 7. (H, Q). (17)
st

Proof. Step 1. We first estimate Jsl (TT, 2). For a fixed ¢ > 0 set
0 :=={x € Q| d(x,dI) < e}, (dI1); = () NII.

We can find N, disjoint cubes Qf C Q,1 <i < Ng, of side length ¢ satisfying the
following properties:

1) if Qf denotes the dilation of QF by a factor (1 + ¢), then each cube Qf
intersects exactly one face ¥ of 911, its barycenter belongs to X and each of
its sides is either parallel or orthogonal to X¥;

(i) M (((an) n\UY, Q;“) —|P(IT, Q) — Noe" | = Oas e — 0.

For x € R” set

I (x) / 4y
X) = _—
’ meng 1x — y[*rs

We consider several cases.
Case 1. x € (ITNQ)\(dI1); . Then for y € T1° N € we have |x — y| > ¢, hence

nwy,

1 1
Ii(x) < ——dy =no ——dp = ,
)= /(Bg<x)>f =y "/g oot P T s

since nw, = H"~1(§"~1). Therefore

LT N Q
/ L (ody < /N Q) (18)
(MNR)\ BT sel

Case 2. x € (3TD); \ UL, OF. Then

1 e 1
I;(x) < / ——dy = no / dp
’ (By(x,mene) ()¢ lx — y|ts ! d(x,TI°NK) Ps_l

nwy

= e o )

Now write (1) N Q2 = U]J»=1 X j, where each X¥; is the intersection of a face of
oIT with €, and define

(81"[);1- = {x € (I, :dist(x, [1° N Q) = dist(x, X;)}.
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Clearly (0IT); = UJJ-=1 (0 H);j. Moreover we have

(81'[);]- Clx+tv:ix e Xj, t €(0,¢), vis the interior unit normal to X ;},

and X, ; is the set of points x belonging to the same hyperplane as X; and with
dist(x, ¥;) < e. Clearly H"’I(E&j) < H"’I(Ej) + Ce as ¢ — 0. Then from
(19) we infer

J
nwy, 1
I;(x)dx < / —dx
/<ar1>g\ufvg1 0 § Z; @m; \UY, o [dGx, TTOF
nw, / 1
n
——dx
s ;/(an)&j\ujﬁl of [d(x, B¢ I

J &
dt
nwy 2/ (/ _s) dHn—l
s o/ Eau o Vo

A

IA

IA

nw,e' ! Ne e!=So(1)
—_ n® qm—1 DI 2 P
s(l—s)H U o \.UQ’ s(1—s)’
j=1 i=1
(20)

with error o(1) — 0 as ¢ — 0 and independent of s.

Case 3. x € TIN UlN:”1 Q: . In this case we write

dy dy
Ii(x) = T omns s
(Men)N{y:lx—y|ze2) 1X — y[** (MeNQ)N(y:lx—y|<e2} |x — y|"T
= 1} (x) 4+ I*(x).

Then, similar to the case 1,
o0
1 _ nwy
I (x) < nawy /82 —pstp =

hence (since all cubes are contained in £2)
L2
/ 1M vydx < w Q1)
nnuiL of se”

As for 12(x) observe that if x € Qf and [x — y| < €%, then y € Qf, where QF is
the cube obtained by dilating Q¢ by a factor 1 + ¢ (hence the side length of Qf is
e + €2). Then

N,
d 1
12(x)dx < E / / ——dydx
/HOU,-NE] o’ = Jnng: Juenge 1x — yI"
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< i/ / - dyd
< ydx
= Jnngs Juenge 1x — yI"

= N:J H, (¢ +£)0)
= Ne(e + )" TN(H, Q), (22)

where in the last identity we used the scaling property (1). Keeping ¢ > 0 fixed,
letting s go to 1 and putting (18)—(22) together we infer

lim sup(1 — 5) 7. (IT, ) < o(1) + limsup(1 — $) 7, (H, Q)N (e + 3" !
st st
=o(1) + T} P(11, Q),

with error o(1) — 0 as e — Ouniformly in s. Since ¢ > 0 is arbitrary, we conclude

limsup(1 — )7, (I, Q) < T} P(I1, Q).
st

Step 2. It now remains to estimate jsz. Let us start by considering the term

1
—dydx.
/l'msz /Hfrmf |x — y|nts

Case 1. x € TI N (2\ Ry ). Then for y € I1° N Q€ we have |[x — y| > §, whence

dy * dp nw.
’(X>¢=/ —+5”w/ o
nenge [x — yl s P 58

Case 2. x € T1 N Qy . In this case, using the same argument of case 1 for y €

I N (Q\Q)), we have
dy +/ dy
x — y[rts nen@e\e X =yt

I1(x) =/
neney

- / _ 4y non
neney X — yI"t 588
Therefore

/ / dydx _ 2nwy |2 / / dydx
nne Jrenge [x — yI"t T s8¢ nne; Joene) X — Jx =yl
< 2na)n‘|52| +/ / dydx )
§6° nne; ue)) Jren@; el X — vt

An obvious similar estimate can be obtained by swapping IT and I[1¢, finally yielding

4 Q dyd
ZZ(H,Q)SMH/ / _dydx
588 nn@; ue)) Jren@; ue)) X — yI"re

4nwy, |2
585

+ 27N, @5 ueh.



Gamma-convergence of nonlocal perimeter functionals 389

Using the result of step 1 we get

limsup(1 — 5)72(T, Q) < 2T P(I1, 5 U Q7).
s

Since § > 0 is arbitrary, letting § go to zero we conclude the proof of the lemma.
O

Lemma 9. (Characterization of I'}}) The limsup in (17) is a limit and T} = w,—1.

Proof. The proofis inspired from [4, Lemma 11]. We shall actually prove a slightly
stronger statement. Set fora > 0

Qu:=1{x:|xj|<1/2for1 <i<n—1, |x,| <a}.
Then we show that

11%?(1 —$)JNH, Qu) = w1, Ya>0.
S

Let us first consider the casen > 2. Fixx € Q,NH and write as usual x = (x', x;,),
y = (¥, yn). We consider

I (x) :=/ / / dy'dy,
’ 0.nHe |x — |"+s WNOH X — y|”+s "

With the change of variable z = (y’ — x’) /|y, — x| and setting

/

X(x, yn) = [Z/GRnIZ Z;‘f‘ al = forlfifn—l],
1% — ynl 2|xp — Ynl
we get
a 1 ,
b :/0 /z(x,y,a o — w11 Py e

a 1 1
< —dv, - ——
B /0 [Xn — yalsT! o /an (1+ |7/]2)nt9)/2 <

(=) — (@ —xn)° R
= 5 . (I’l — 1)a),,_1 ) mdﬁ

(23)

Now integrating I with respect to x, observing that H"~'(Q, N dH) = 1 and that
by dominated convergence one has

o0 o 2 00 o 2
lim/ ——————=dp :/ ————5dp
st Jo (14 p2)mts)/2 o (1+ p2)tDh/2

pn—l o] 1
B [(n - Dha +p2)(n—1>/2}O = 1 (24
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we get

0
/ I;(x)dx < H" ' (Q.NdH) sup / I, (x', xp)dxy
HNQ, x'€eQ,NoH J—a
0 (_ -5 _ _ —s
<on i 4oy [ EW @z,

—a s

w1 (1 +o(1))a'# (2 —2'7)
- s(1—5) ’

with error o(1) — 0O as s 1 1 dependent only on s. Therefore

lim sup(1 — s)jsl(H, Qg) = limsup(l — ) I;(x)dx < wy—1. (25)
st st HNQq

Now observing that for ¢ small enough
1
bl <% Iyl <€ il —e forl<i=n—1 (26)

implies that By /(2¢)(0) C X (x, y,), similar to (23) we estimate

82 1
Iy (x) Z/ / —————dy'dy
’ o Jonam lx —y*ts "

52 1
> : —dz'dy
/o /Blwm X — P14 [Pz

1
(=) = (&% = x) w2
= s ~(n— Dwp—g o mdp,

whenever x is as in (26). Integrating with respect to x satisfying (26) one has

(=xp) ™5 = (&2 —x,)~*

0
/ I;(x)dx > (1 —2¢)""! / dx,
HNQq —2 N

~ n—2
x(n— Dw,_1 * p—dp
n— o A +p2)(n+s)/2

_ Do =20 1200@ ol o2
- s —s) o (+pyeZ

Letting first s 1 1 and then ¢ — 0 and using (24) again we conclude

limTilnf(l —)JTNH, Q0) > wp—1,
N

which together with (25) completes the proof when n > 2.
When n = 1 one computes explicitly

0 a 0 \—s _ S
TNH, 04) :/ / ;ldydx :/ (—x) (a —x) Ay
—a JO |x - y| s —a s

al—S(z _ 21—&)
s(l —5)

’
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hence

11%?(1 —$)JNH, Q0) =1 = wy. O

3.3. Gluing construction and characterization of the geometric constants

A key observation in [15], which we shall need, is that F satisfies a generalized

coarea formula, namely Fi(u, Q) = fo] Fs(X{u>1}» 2) dt; we reproduce here the
simple proof of this fact and we state the result in terms of J.

Lemma 10. (Coarea formula) For every measurable function u : Q2 — [0, 1] we
have

1 1
5}—“(”’ Q) =/ T u > 1}, Q)d.
0
Proof. Given x,y € €, the function t = x>} (X) — X{u>r(y) takes its values

in {—1, 0, 1} and it is nonzero precisely in the interval having u(x) and u(y) as
extreme points, hence

1
lu(x) —u(yl =/ | X(u=1y(X) = Xu>ny (¥)1dt.
0
Substituting into (5), using Fubini’s theorem and observing that

(X1 (X) = X0y D = Xus>ny ) x@\fus1} (V) + xo\jus1 ) Xusn (),

we infer

1 _
fs(l/l, Q) _ / / / |X{u>t}(x) X{u>t}(y)|dtdxdy
QJQJO

|x—y|”+5

1
1
Y
0 JusnyJavusn 1x =yt

1
= 2/ Tl ({u > 1}, Q)dr.
0
O
Proposition 11. (Gluing) Given s € (0, 1), measurable sets E1, Ey in R" with

Jsl (Ei, Q) <oofori =1,2and given 51 > §2 > 0 we can find a measurable set
F such that

(a) lIxr —xellLi@) < IIxe, — XEx L1 @)
(b) FN(Q\ Q) =E1N(Q\Qs), FNQs, = Ex N Qs,, where

Qs :={xeQ:dx,Q <8} fors§ >0,
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(c) forall e > 0 we have

C
T (F, Q) = T} (Ev, @) + T} (B2, Q1) + s

IXE = XE L1 (s \25,)
(I=s)

Proof. Consider a function ¢ € C*°(R") suchthat0 < ¢ < 1in Q, ¢ = 0in Qs,,

9 =1inQ\ Qs, and |[Vo| <2/(81 — 82).

Given two measurable functions u, v : & — [0, 1] such that Fy(u, Q) < o0,
Fs(v, 2) < oo,definew : Q — [0, 1]as w := pu + (I —p)v. Forx,y € Q we
can write

w(x) —w(y) = (px) —e()u(y) + o) w(x) —u(y))
+(1 = () (wx) = v(y)) — v(¥)(Px) — @(y))
= (p(x) =) (u(y) —v(y) + o) (ulx) —u(y))
+(1 — () (wx) —v(y)),

+C (2, 81, 62) |: +||XE1_XE2||L'(Q):| .

and infer

lwx) —w)| = lpx) —eWIlu(y) — vyl
FX1p20) (O u(x) —u()| + xp£13 () v (x) —v(y)].
Observing that {¢ # 0} C Q\ s, and {¢ # 1} C Qs, we get

Fs(w, Q) =< / lu(y) —v(y )I/ L{ig)'dxdy

+/ |u(x) — uiy)|dxdy+/ IU(X)—UELy)I dxdy
a\es, Ja X =y Q5 Ja X ="

=1+ L+
From
1
lp(x) — (M| < [Vo(lx — y| + Envzgouoopc -y

and the inequalities [, [x — y|~" " dx < C(Q)/( — 5) (witho = 1, @ = 2)
we have

Ve (y)l V2]l
I < /Q lu(y) — v(y)l/g2 (|x T + Ax =y dxdy

e —vlipe; a5  llu— v”L'(Q))

§C(Q,51,32)( 1 —s 2-y)

Clearly 1o < F;(u, 2). As for I3, choosing ¢ > 0 we get

lv(x) —v(y)l lv(x) —v(y)l
I; < / / P ———————dxdy + PpeTE= —————dxdy
QS] QSI+£ y QS] Q\le+£ y

2L7(S25,) L7 (S2\ QSH—&)
ghts

< F(v, 951+8)
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Summing up we obtain

e = vl e\
fS(U), Q) st(u, Q)"‘fs(v, QSI+5)+C(Q,51’82) ( 51\ 52)

1—=s
C(Q2)

+C(Q,81,62)”M—U“LI(Q)+W. 27

We now apply this with u = xfg,, v = XE,, so that (27) reads as

Fo(w, Q) < 2T (E1. Q) + 27 (E. Qs 4¢)
IxE, — xEx L1 (25 \@
(S, b1, 8)
— S
C(Q2)

+CE, 81, 0)lxe = xealliie) + 55 (28)

and by Lemma 10 there exists ¢ € (0, 1) such that F := {w > t} satisfies
2T (F, Q) < Fi(w, Q).

By construction we see that F' satisfies conditions (a) and (b), and by (28) it follows
that also condition (c) is satisfied. |

The following corollary is an immediate consequence of Proposition 11.

Corollary 12. Given measurable sets E; C R" fors € (0, 1), with xg, — X in
LY (Q)ass 1 1Landwith T} (Ey, Q) < 0o, TNE, Q) < 00, and given §; > 8, > 0
we can find measurable sets Fy C R" such that

(a) xr, — xgin LY(Q) asi — oo,
(b) F&‘ N (Q\Qal) = E‘y N (Q\le), F&‘ n QSZ =FEN Q(Sz;
(c) forall e > 0 we have

limTilnf(l — ) JNF, Q) < 1imT inf (1 — )TN E, Q)
N N
+limsup(1 — )T (E, Qs,1).
st

We devote the rest of the section to the proof of the equality of the consants I',,
and I' appearing in the proof of the I"-liminf and I"-limsup respectively (we already
proved thatI'}; = w,_1). We shall introduce an intermediate quantity I, €[l I
and prove in two steps that ', = I', (by the gluing Proposition 11) and then use
the local minimality of hyperplanes to show that I, = rr.

Lemma 13. We have I',, = f‘,,, where
[, :=inf [ani]nf(l — ) TMNE,, Q)} ,
N
with the infimum taken over all families of measurable sets (E)o<s <1 With the prop-

erty that xg, — XH in L'(Q) as s11 and, for some § > 0, E; N Q% = H N Q°
foralls € (0, 1), where Q° = {x € Q : d(x, Q) < 8}.
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Proof. Clearly I',, > T,. In order to prove the converse consider sets E; C R”
fors € (0, 1) with xg, — xm in Ll(Q) as s 1 1. Without loss of generality we
can assume that jxl (E, 2) < oo for all s€(0, 1). Then according to Corollary 12
for any given § > 0 we can find a family of measurable sets (Fy)p<s<1 such that
XF, — xmin L'(Q)as s, F;N Q° = HN Q% and

[, < liminf(1 — )7 (Fy, Q) < liminf(1 — 5) 7! (Es, Q)+ T} inf P(H, Q°T*),
st ; st ’ >0

where we also used Lemma 8. Since § > 0 is arbitrary and P(H, 0%) — 0 as

8 — 0 we infer

T, < an inf(1 - )T (Es, Q)
S

and, since (Ey)g<s<1 is arbitrary, this proves that r,<T,. O
Lemma 14. We have T, = T'%.

Proof. Clearly f‘,, < I'.In order to prove the converse we consider sets (E)o<s<1
with xg, — xm in L'(Q) ass 1 1 and with E; N Q% = H N Q° for some § > 0
(here Q‘S is defined as in Lemma 13). Since our goal is to estimate jsl (Es, Q) from
below, possibly modifying E outside Q we may assume that

E;N(R"\Q) = HN[R"\ Q). (29)

This implies, according to Proposition 17 in Sect. 4, that J;(H, Q) < J;(Es, Q)
for s € (0, 1). Then, in order to prove that

lim(1 - )T, (H, Q) <lim inf (1 - )T (Es, Q), (30)
it is enough to show that
lim(1 - )(F(H. Q) = J7(Es. 0) = 0. (31)

One immediately sees that (29) imples

\T2(H, Q) — T2(Es, Q)] 5/ / '
* s (E;AH)NQ JHenge |X — y|n TS

1
+/ / —  dxdy=:1+11.
(EcAHONQ JHNQe [x — y["HS

Observing that (E;AH) N Q‘s = () we can estimate for y € (E;AH) N Q

1 1 nw,
/ n4+s dx = / n4+s dx = sn ’
Henge |X — Y RM\B;s(y) 1X — Yl 58

hence I < nw,/(sé6*). One can bound from above /1 in the same way. Now (31)
follows at once upon multiplying by 1 — s and letting s 1 1. This shows (30),
and talfing the infimum in (30) over all families (E5)g<s<1 as above shows that
I <T,. O
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4. Proof of Theorem 3

In order to prove (3) define 25 as in Proposition 11 for some small § > 0 and set
F; := E; N (€U Qs). By the minimality of E; we then have

lim sup(1 = 5,).75 (E;. @\25) < lim sup(1 = 57) (T, (Er. @ — T} (E1. %))

i—00 i—00

< limsup(1 = s1) (5, (i, @) = T} (i 2))

i—00
= limsup(1 — 5;) [(jS}(F,-, Q) — I\ (F, Qs))
11— 00
+T2(F;, sz)] .
Since F; N (2\2s5) = ¥ we have, using Proposition 16 in Sect. 4,

limsup(l = 5;) (T (Fi, ©) = T (Fr, @) = limsup(l = 5,)7, R\ 25, @)

i—00 i—00
Fs Y
= lim sup(1 — si)—s’ (s, )
i—00 2
- nwy, P(2\ 25, R™)
=< 5 .
Again using Proposition 16 in Sect. 4 we get
P(Q2,R"
lim sup(1 — 5) J2(F;, @) < lim sup(1 — s) 7. (@, R") < "enPEED
i—00 ' i—00 ! 2

whence (3) follows for Q' C @\ Qs, hence for every Q' € Q.

For the sake of simplicity we first consider perturbations in compactly supported
balls. The general case will require only minor modifications.

Consider the monotone set function «; (A) := (1 —s; )JS: (E;i, A) forevery open
set FF C 2 (see Sect. 4 for the definition and some basic properties of monotone
set functions), extended to

;i (F) :=inf{e;(A) : F C A C 2, A open}

for every F C . Clearly «; is regular. Thanks to (3) and Theorem 21, up to
extracting a subsequence, «; weakly converges to a regular monotone set function
o, which is regular and super-additive on disjoint open sets. We shall now prove
thatif Bg(x) €@ Qand a(d Bg(x)) = 0, then E is alocal minimum of the functional
P(-, BR(x)), and

Aim (1 = 5;) Ty (Ei, Br(x)) = P(E, Br(x)).

Indeed consider a Borel set F C Q2 suchthat EAF & Bpg (here and in the following
x is fixed and B, := B,(x) for any r > 0). Then we can find r < R such that
EAF C B,.By Theorem 2 there exist sets F; such that

lim [(F;AF) N Bg| =0, lim (1 —s)Jy; (Fi, BR) = wp—1 P(F, Br).
11— 00 11— 00
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According to Proposition 11, given p and t withr < p <t < R, we can find sets
G; such that

Gi = Ei in Rn\Bt, G,' = Fi in Bp,
and for all ¢ > 0 there holds
j(GIVBR)<\.7(FI7BR)+\.7(EHBR\B,O 8)+

CI(EiAF;) N (B:\B))|
(I —si)

ehtsi

+ C|(F; AE;) N Bg|.

By the local minimality of E; we infer
Js; (Ei, BR) < Ty, (G, Bg).

We shall now estimate

dxdy dxdy
J(Gi, Bg) = / —++/ / [
GinBg Jaengg |x — y["Ti nBg JGingg |x =y

=1+11

We have

/= / / _dxdy / / dxdy
GinBg JESNBS X — y|n+Y, GinB, J Eene, 1x — y|ntsi
dxd
+/ / il)+v-
E:NBR\B) JESNBG [X — Y[
si(R — 1) EnBaB) (BB 1K — YT

dxdy
" g, &~y
iN(BR\By) / E{NBY, y
< J (E;, B \B ) + ¢ ! + !
is» DR t (R [)Si (R/ — R)Si )

forany R’ € (R, dist(x, 3$2)). Since /1 can be estimated in a similar way, we infer

c 1 1
J (Gj, Bg) < 2J (Ei, BR’\BZ) + = ((R £)si + (R — R)Si) ’

hence,

lim sup(1 — 5;) 7, (G;, Bg) < 2limsup(1 — s;)J, (Ei, Bg/\ By).

i— 00 i— 00
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Finally
@p-1 P(E, Bg) < liminf(1 — si) Ty (Ei, BR) < liminf(1 — 5:)Js (Ei, Br)
< lizn_l)gf(l —51)J5; (Gi, BR) |
< liminf (1 - si)JTy(Gi, B) + limsup(1 — 5,) 7 (G, Bg)
— i— 00
< liminf (1 = 5).J; (Fi, Br)
+3lim sup(1 — 5;) T (Ei, Br'\ Bp—e)

i— 00

+C lim |[(E;AF;) N (B/\By)l. (32)

The last term is zero, since £ = F in B;\ B, and |(E;AE) N Br| — 0,
|(F;AF) N Br| — 0asi — oo. Using Proposition 22 from Sect. 4, and recalling
that (0 Bg) = 0, we infer

lim lim sup(1 — 5;,) T} (Ei, BR\ B p—e)
R'IR, ptR, el0 50 !

= lim lim sup o; (Br4s\ Br—s) = 0,
§—0 I—00

and (32) finally yields

a)n*]P(E’ BR) S 1_1)11;0(1 _Si)kjﬁi(ﬂ5 BR) = a)l”l*lP(F’ BR)v
1

so E is a local minimizer of P(-, Bg). Choosing F = E the chain of inequalities
in (32) gives

lim (1 — 5))Jy; (Ei, Br) = lim (1 — 5,)J, (Ei, Br) = w,—1 P(E, Bg), (33)

11— 00
as wished. In order to complete the proof we first remark that the above arguments
applies to any open set Q' €  with Lipschitz boundary and «(9€2") = 0, upon
replacing Bg(x) by @/, Brs by N5(2') and Bgr_s by N_s(2"), where
Ns(Q):={x e Q:d(x,Q) <8}, N_s(Q):={xeQ :d(x,Q) > 5}
for § > 0 small.

In particular @ (2") = P(E, Q') forevery open set Q' € 2 with Lipschitz boundary
and «(32") = 0. Since for every Q' € Q and ¢ > 0 small enough the set

(5 € (—e, &) : a(@Ns(Q)) > 0}

is at most countable (remember that « is super-additive and locally finite), and since
both o and P(E, -) are regular monotone set functions on €2, it is not difficult to
show that « = P(E, -), and the proof is complete. m]
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Appendix: some useful results

We list here some results which we used in the previous sections.

Proposition 15. Let E C R” be a set with finite perimeter in Q2. Then for every
& > 0 there exists a polyhedral set T1 C R" such that

1 (EAID N Q| < ¢,
(i) |P(E, Q) — P(I1, Q)| < ¢,
(i) P(IT, 02) = 0.

Proof. Classical theorems (see for example [1,7]) imply that there exists a polyhe-
dral set IT’ satisfying (i) and (ii). In order to get (iii) first notice that

P(IT',99) > 0 ifand only if "' (@1’ N 9Q) > 0,

and that the latter condition can be satisfied only if <2 contains a piece ¥ with
H"~1(X) > 0 contained in a hyperplane and v = *vp = const on X (here vg
and vy denote the interior unit normal to 9€2 and 9T1 respectively). Since the set

{v e " H (fx € 99 : vo(x) = 1)) > 0}

is at most countable, it is easy to see that there exists a rotation R € SO (n) close
enough to the identity so that the polyhedron IT := R(IT’) satisfies (i), (i) and (iii).

O
Proposition 16. Let u € BV (2) and let Q' € Q be open. Then we have
h) —
limsup(1 — 5)F; (u, ) < new, lim sup/ ule + ) =ul )
st1 lh—0 Jor |h]
< nwy|Dul(2). (34)

Proof. For h € R”" let us define

2(h) =/ Iu(erf'l})l'— u@l

and fix L > limsupy,_,o g(h). Then there exists §;, > 0 such that @' + 7 C Q
forall h € Bs, and L > g(h) for 0 < |h| < 8. Multiplying by [2|™*~5*! and
integrating with respect to 4 on Bs, we obtain

1—s
”‘””‘S—LLE/ ﬂdhz/ / lulx + 1) = w0 35)
B B‘SL /

1—s . |h|n+s—l |h|n+s
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Now notice that

u(x) — u(y)|
— " dxd
//Q =y

|u(x)—u(y)| d
= Ty 4y
@x@)nflx—yl<sy X ="
ux)—u
+/ u(x) iy”dxdy
@ x)N{x—yzsr) X — y["+s

h h) —
/ / lu(x +h) — u(x)|dxdh+/ / lu(x + h) u(x)|dxdh
By Jo R ¢ Jo IR
lu(x 4+ h) — u(x)| ann
E ASL /, |h|n+s d.x+ S(SL ”u”Ll(Q) (36)
Putting together (35) and (36) we obtain

nw, L > limsup(l — s)/ / lu(x) = u(y)ldxdy,

st [x — y|rts

and for L — lim sup g(h) the firstinequality in (34). The second one is well-known.
|h|—0
]

Minimality of H

Proposition 17. Forevery s € (0, 1), H is the unique minimizer of Js (-, Q), in the
sense that Js(H, Q) < Js(F, Q) for every set F C R" with F N Q¢ = H N QF,
with strict inequality if F # H.

The proof of Proposition 17 easily follows from a couple of results of [5], which
we give here for the sake of completeness.

Proposition 18. (Existence of minimizers) Given Eg C Q€ and s € (0, 1) there
exists E C R" such that E N Q¢ = Eg and

inf Jy(F, Q) =Js(E, Q). (37
FNQC=E,

Proof. This follows immediately from the lower semicontinuity of [J; with respect
to the LllOC convergence (a simple consequence of Fatou’s lemma) and the coercivity
estimate of Proposition 4. O

In general a set E satisfying (37) will be called a minimizer of Js(-, 2). Follow-
ing the notation of [5], we set L(A, B) := [, [z |x — y|7"*dxdy for s € (0, 1)
and A, B C R" measurable. Notice that L(AU B,C) = L(A,C) + L(B, C) if
|[ANB|=0and L(A, B) = L(B, A). Now we can write

J(E, Q) =L(ENSQ, E)+ L(ENQ, ECNQ).



400 L. Ambrosio et al.

It is easy to check that a minimizer E of J;(-, 2) satisfies

L(A,E) < L(A,ES\A) forAC E‘NQ (38)
L(A,ES) < L(A,E\A) forAC ENQ. (39)

It suffices indeed to compare E with £\ A and with E U A.

Proposition 19. (Comparison principle I) Let E satisfy (38) with Q = Q and as-
sume that HN Q¢ C E. Then H C E up to a set of measure zero (i.e. |[HNE“| = 0).

Proof. Let T (x', x,) := (x’, —x,,) denote the reflection across d H and set A~ :=
HNE, AT :=T(AT)NE‘,A:=A"UAT CE‘NQ, A := AT UTAD),
Ay = AT\T(A%) and F := T(E°\ A) C H. Then, observing that L(B, C) =
L(T(B), T(C)), from (38) we infer

0>L(A,E)— L(A,E°\A)=L(A,E)— L(T(A), F)
=L(A,E)—L(A, F) — L(T(A2), F)
=L(A,E)—L(A,F)+ L(Ay, F)— L(T(Ay), F)
=L(A,E\F)+ L(Ay, F) — L(T(A>), F)
= L(A1, E\F) + L(A2, E\F) + (L(A2, F) — L(T (A2), F)).

The first two terms on the right-hand side are clearly positive. We also have
L(Ay, F) > L(T(Aj3), F) unless |A>] = 0, since fory € F and x € A;\dH
one has |x — y| < |T (x) — y|. Therefore the right-hand side must be zero, |A2| = 0
and either |A{| = 0 (and the proof is complete), or |E\ F| = 0. In the latter case
consider for a small ¢ > O the translated set £, := E + (0, ..., 0, &), which satis-
fies (38)in Q. := QO+ (0, ..., 0, ¢), hence also in QS = Q. NT(Q;). Repeating
the above procedure for E; in 0, we get |Az .| = 0 (A7, A, etc. are defined as
above with respect to the set E, in the domain QE, still reflecting across d H; we
use also the fact since H C H, := H + (0,...,0,¢), we have H N Qg C Ey)
and, since |E;\ F;| = o0, |A1,¢| = 0. This implies at once that |[A;| = 0 and
|H\E¢| = 0. Since this is true for every small ¢ > 0, it follows that H C E (up to
a set of measure 0). O

By a similar argument, the proposition above also holds replacing H by H¢. Also,
it is easy to see that if E satisfies (39), then E€ satisfies (38), hence by applying
Proposition 19 to E€ and H€ one has the following corollary.

Proposition 20. (Comparison principle II) Let E satisfy (39) with Q = Q and as-
sumethat ENQ® C H.Then E C H up to aset of measure zero (i.e. |[H NE| = 0).

Proof of Proposition 17. According to Proposition 18 a minimizer E of J;(-, Q)
with E N Q¢ = H N Q€ exists. Then E satisfies both (38) and (39), hence by
Propositions 19 and 20 we have H C E and E C H (up to sets of measure 0), i.e.
E=H. O
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Monotone set functions

We report some of the main results of [8], see also [6, Chapter 16] for more general
and related results. In the sequel for an open set 2 C R”", we denote by P(2)
the set of subsets of Q and by A(2), K(2) C P(R), the collection of open and
compact subset of €2 respectively. We also define

M
C<9>:=[UQi: QieQ,MeN},

i=1
where Q is countable the set of open cubes Q,(x) := x+rQ € Q withx € Q" and
0 < r € Q. The collections A(2), K(£2) and C(2) satisfy the following property

Aec ARQ), K e K(Q), KCA = thereexists C € C(Q)with K C C € A.
(40)
We say that a set function « : P(2) — [0, 0o] is monotone if
o(E) < a(F) wherever E C F,
and that a monotone set function is regular if the following two conditions hold
a(A) = sup{a(K): KCA, K € K(R2)} forany A € A(RQ), 41)
a(E) =inf{a(A): ECA, A€ A(Q)} forany E € P(Q). (42)
Thanks to (40) it is clear that (41) is equivalent to
a(A) =sup{la(V): Ve A, Ve AQ)} =sup{a(C): C c A, C eC(Q)}.
(43)
We also say that a monotone set function « is super-additive if
(EUF)>a(E)+a(F), wherever E, F € P(2), ENF =0.

We say that a sequence of regular monotone set functions «; weakly converges to
a monotone set function « if the following two conditions hold:

liminf o; (A) > a(A) forevery Ac A(Q), (44)
11— 00

limsupo;(K) < a(K) forevery Kek(2). 45)
i—00

The limit need not be unique, but it is easy to see that a sequence of regular monotone
set functions admits at most one regular limit.

Theorem 21. (De Giorgi-Letta) Let («;) be a sequence of regular monotone set
functions such that
limsupa; (') < 0o for every open set Q' € Q.
i—00
Then there exists a subsequence (o) weakly converging to a regular monotone set
function a. Moreover if each «; is super-additive on disjoint open sets' (and hence
on disjoint compact sets), then so is o.

' This means that a; (AU B) > a;(A) + «; (B) wherever A, B € A() are disjoint.
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Proof. Since the proof is standard we only sketch it.

Step 1. Being C(£2) countable, we can easily extract a diagonal subsequence, still
denoted by («;) such that,

B(C) = lim a;(C) <00 forany C € C(Q).
Step 2. We define
a(A) :==sup{B(C): C € A, C €C(Q)} forevery A € A(Q),
a(E) == inf{a(A): ADE, Ac AQ)} forevery E € P(Q).
Clearly for C € C(€2) we have a(C) < B(C).

Step 3. The set function « is clearly monotone, and if every «; is super-additive on
disjoint open sets, then so is «. It is also easy to see that (44) is satisfied. As for
(49), it is an easy consequence of the identity

a(K) =inf{(C): C DK, C €C(Q)}.
which follows from (40). Then «; converges weakly to «.

Step 4. It remains to prove the regularity of «. Identity (42) follows by the defi-
nition of «. In order to prove (41) fix any A € A(R2). Then for C € C(Q2) with
C € A, we have

B(C) = 11m ;i (C) < lim sup «; (C) <a(C) <a(C) < B(C).

i— 00

From this and the definition of «(A), (43) follows at once, hence also (41). O

Proposition 22. Let («;) be a sequence of regular monotone set functions weakly
converging to a regular monotone set function o, and let K ;| K be a decreasing
sequence of compact sets such that «(K) = 0. Then

lim limsupe;(K;) =0

J=0 00

Proof. We have

0=a(K) = hm a(Kj) > lim limsupo;(K;),

J= 00

where the second equality follows from the regularity of «. Indeed for A € A(2)
with A D K, we have by compactness A D K; for j large enough, hence

a(A) > lim a(K;) > a(K) =0,
j—o00

and the claim follows by taking the infimum over all A € A(Q2) with A D K. 0O
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