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Abstract. Given � ⊂ R
n open, connected and with Lipschitz boundary, and s ∈ (0, 1), we

consider the functional

Js(E,�) =
∫

E∩�

∫
Ec∩�

dxdy

|x − y|n+s +
∫

E∩�

∫
Ec∩�c

dxdy

|x − y|n+s

+
∫

E∩�c

∫
Ec∩�

dxdy

|x − y|n+s ,

where E ⊂ R
n is an arbitrary measurable set. We prove that the functionals (1 − s)Js(·,�)

are equi-coercive in L1
loc(�) as s ↑ 1 and that

� − lim
s↑1

(1 − s)Js(E, �) = ωn−1 P(E, �), for every E ⊂ R
n measurable,

where P(E, �) denotes the perimeter of E in � in the sense of De Giorgi. We also prove
that as s ↑ 1 limit points of local minimizers of (1 − s)Js(·, �) are local minimizers of
P(·, �).

1. Introduction

For a measurable set E ⊂ R
n , n ≥ 1, 0 < s < 1, and a connected open set � � R

n

with Lipschitz boundary (or simply � = (a, b) � R if n = 1), we consider the
functional

Js(E,�) := J 1
s (E,�) + J 2

s (E,�),

where

J 1
s (E,�) :=

∫
E∩�

∫
Ec∩�

1

|x − y|n+s
dxdy,

J 2
s (E,�) :=

∫
E∩�

∫
Ec∩�c

1

|x − y|n+s
dxdy +

∫
E∩�c

∫
Ec∩�

1

|x − y|n+s
dxdy.
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The functional Js(E,�) can be thought of as a fractional perimeter of E in �

which is non-local in the sense that it is not determined by the behaviour of E in a
neighbourhood of ∂ E ∩�, and which can be finite even if the Hausdorff dimension
of ∂ E is n − s > n − 1. Notice that the term J 1

s (E,�) is simply half of the frac-
tional Sobolev space seminorm |χE |W s,1(�), where χE denotes the characteristic
function of E . Roughly speaking this term represents the (n − s)-dimensional frac-
tional perimeter of E inside �, while J 2

s is the contribution near ∂�. This can be
made precise when letting s ↑ 1. We also recall the following elementary scaling
property:

J i
s (λE, λ�) = λn−sJ i

s (E,�) for λ > 0, i = 1, 2. (1)

This functional has already been investigated by several authors. In [15] Visintin
studied some basic properties of Js , and in particular he showed that Js satisfies
a suitable co-area formula, see Lemma 10 below. Caffarelli et al. [5] studied the
behavior of minimizers of Js , proving that if E is a local minimizer of Js(·,�), i.e.

Js(E,�) ≤ Js(F,�) whenever E�F � �,

then (∂ E)∩� is of class C1,α up to a set of Hausdorff codimension in R
n at least 2.

As it is well-known (see for instance [10] and the references therein), for min-
imizers E of the classical De Giorgi’s perimeter, which we shall denote P(E,�),
the regularity results are stronger. The boundary of a local minimizer E of P(·,�)

is analytic if n ≤ 7, it has (at most) isolated singularities when n = 8 and it is
analytic up to a set of codimension at least 8 in R

n if n ≥ 9. This suggests that the
results of [5] might not be optimal for s close to 1. Motivated by this, Caffarelli and
Valdinoci [4] studied the limiting properties of minimal sets for the s-perimeter as
s → 1−.

Partly motivated by their work, we make a complete analysis of the limiting
properties, in the sense of �-convergence, of Js as s → 1−, under no other assump-
tion than the measurability of the sets considered. Our proofs differ in particular
from those in [4] because they do not rely on uniform (as s → 1−) regularity esti-
mates on s-minimal boundaries borrowed from [5]. The only result we need from
[5], in the proof of our Lemma 14, is the local minimality of halfspaces, whose
proof is reproduced in Sect. 4.

We start by proving a coercivity result.

Theorem 1. (Equi-coercivity) Assume that si ↑ 1 and that Ei are measurable sets
satisfying

sup
i∈N

(1 − si )J 1
si
(Ei ,�

′) < ∞ ∀�′ � �.

Then (Ei ) is relatively compact in L1
loc(�), any limit point E has locally finite

perimeter in �.

Notice the scaling factor (1 − s), which accounts for the fact that J 1
1 (E,�) =

+∞ unless E ⊂ �c, or � ⊂ E , as already shown by Brézis [2,3].
Let ωk denote the volume of the unit ball in R

k for k ≥ 1, and set ω0 := 1.
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Theorem 2. (�-convergence) For every measurable set E ⊂ R
n we have

� − lim inf
s↑1

(1 − s)J 1
s (E,�) ≥ ωn−1 P(E,�),

� − lim sup
s↑1

(1 − s)Js(E,�) ≤ ωn−1 P(E,�), (2)

with respect to the local convergence in measure, i.e. the L1
loc convergence of the

corresponding characteristic functions in R
n.

We recall that (2) means that

lim inf
i→∞ (1 − si )J 1

si
(Ei ,�) ≥ ωn−1 P(E,�)

whenever χEi → χE in L1
loc(R

n), si ↑ 1,

and that for every measurable set E and sequence si ↑ 1 there exists a sequence Ei

with χEi → χE in L1
loc(R

n) such that

lim sup
i→∞

(1 − si )Jsi (Ei ,�) ≤ ωn−1 P(E,�).

We finally show that as s ↑ 1 local minimizers converge to local minimizers,
where by a local minimizer of Js(·,�) we mean a Borel set E ⊂ R

n such that
Js(E,�) ≤ Js(F,�) whenever E�F � �. Notice that if E is a local minimizer
of Js(·,�) and �′ ⊂ �, then E is also a local minimizer of Js(·,�′). A similar
definition holds for P(·,�).

Theorem 3. (Convergence of local minimizers) Assume that si ↑ 1, Ei are local
minimizer of Jsi (·,�), and χEi → χE in L1

loc(R
n). Then

lim sup
i→∞

(1 − si )Jsi (Ei ,�
′) < +∞ ∀�′ � �, (3)

E is a local minimizer of P(·,�) and (1 − si )Jsi (Ei ,�
′) → ωn−1 P(E,�′)

whenever �′ � � and P(E, ∂�′) = 0.

We point out that �-convergence results for functionals reminiscent of
J 1

s (·, R
n) have been proven in [13,14].

We fix some notation used throughout the paper:

– we write x ∈ R
n as (x ′, xn) with x ′ ∈ R

n−1 and xn ∈ R;
– we denote by H the halfspace {x : xn ≤ 0} and by Q = (−1/2, 1/2)n the

canonical unit cube;
– we denote by Br (x) the ball of radius r centered at x and, unless otherwise

specified, Br := Br (0).
– for every h ∈ R

n and function u defined on U ⊂ R
n we set τhu(x) := u(x +h)

for all x ∈ U − h.

For the definition and basic properties of the perimeter P(E,�) in the sense
of De Giorgi we refer to the monographs [1,10].
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2. Proof of Theorem 1

The proof is a direct consequence of the Frechet-Kolmogorov compactness criterion
in L p

loc (applied with p = 1), ensuring pre-compactness of any family G ⊂ L1
loc(�)

satisfying

lim
h→0

sup
u∈G

‖τhu − u‖L1(�′) = 0 ∀�′ � �,

and of the following pointwise upper bound on ‖τhu − u‖L1 : for all u ∈ L1(�),
A � �, h ∈ R

n with |h| < dist(A, ∂�)/2 and s ∈ (0, 1) we have

‖τhu − u‖L1(A) ≤ C(n)|h|s(1 − s)Fs(u,�), (4)

where

Fs(u,�) :=
∫

�

∫
�

|u(x) − u(y)|
|x − y|n+s

dxdy. (5)

The functional Fs is obviously related to J 1
s by

Fs(χE ,�) = 2J 1
s (E,�).

The upper bound (4) is a direct consequence of Proposition 4 below, whose proof
can be found in [11]. Since the inequality is not explicitly stated in [11], we repeat
it for the reader’s convenience.

Proposition 4. For all u ∈ L1(�), A � � and s ∈ (0, 1) we have

‖τhu − u‖L1(A)

|h|s ≤ C(n)(1 − s)
∫

B|h|

‖τξ u − u‖L1(A|h|)
|ξ |n+s

dξ (6)

whenever 0 < |h| < dist(A, ∂�)/2, and A|h| := {x ∈ R
n : dist(x, A) < |h|}.

We start with two preliminary results.

Proposition 5. Let u ∈ L1(�), h ∈ R
n and A � � open with |h| < dist(A, ∂�)/2.

Then for any z ∈ (0, |h|] we have:

‖τhu − u‖L1(A) ≤ C(n)
|h|

zn+1

∫
Bz

‖τξ u − u‖L1(A|h|)dξ, (7)

where A|h| is as in Proposition 4.

Proof. Fix a non-negative function ϕ ∈ C1
c (B1) with

∫
B1

ϕdx = 1. For x ∈ A and
z ∈ (0, |h|] we write

u(x) = 1

zn

∫
Bz

u(x + y)ϕ

(
y

z

)
dy + 1

zn

∫
Bz

(u(x) − u(x + y))ϕ

(
y

z

)
dy

= : U (x, z) + V (x, z).
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Then we have

|u(x + h) − u(x)| ≤ |U (x + h, z) − U (x, z)| + |V (x + h, z)| + |V (x, z)|. (8)

The second and third terms can be easily estimated as follows:

|V (x + h, z)| + |V (x, z)| ≤ sup |ϕ|
zn

∫
Bz

{|τyu(x) − u(x)|
+ |τyu(x + h) − u(x + h)|} dy.

For the first one instead notice that

∇xU (x, z) = − 1

zn+1

∫
Bz(x)

u(y)∇ϕ

(
y − x

z

)
dy

= − 1

zn+1

∫
Bz(x)

(u(y) − u(x))∇ϕ

(
y − x

z

)
dy

and so

|U (x + h, z) − U (x, z)| ≤ |h|
∫ 1

0
|∇xU (x + sh, z)|ds

≤ sup |∇ϕ| |h|
zn+1

∫ 1

0

∫
Bz

|u(y+x+sh)−u(x+sh)|dyds.

Notice now that z ≤ |h| and so 1 ≤ |h|/z, hence from (8) we have:

|u(x + h) − u(x)| ≤ C

{
1

zn

∫
Bz

|τyu(x) − u(x)| + |τyu(x + h) − u(x + h)|dy

+ |h|
zn+1

∫ 1

0

∫
Bz

|u(y + x + sh) − u(x + sh)|dyds

}

≤ C
|h|

zn+1

{∫
Bz

|τyu(x) − u(x)| + |τyu(x + h) − u(x + h)|dy

+
∫ 1

0

∫
Bz

|τyu(x + sh) − u(x + sh)|dyds

}
,

with C = sup |ϕ| + sup |∇ϕ|. Integrating both sides over A we infer (7) with
C(n) = 3C . ��

Recall now the following version of Hardy’s inequality:

Proposition 6. Let g : R → [0,∞) be a Borel function, then for every s > 0 we
have

∫ r

0

1

ξn+s+1

∫ ξ

0
g(t)dtdξ ≤ 1

n + s

∫ r

0

g(t)

tn+s
dt ∀r ≥ 0. (9)
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Proof. We have
∫ r

0

1

ξn+s+1

∫ ξ

0
g(t)dtdξ =

∫ r

0
g(t)

∫ r

t

1

ξn+s+1 dξdt

= 1

n+s

∫ r

0
g(t)

(
1

tn+s
− 1

rn+s

)
dt ≤ 1

n+s

∫ r

0

g(t)

tn+s
dt.

��
Proof of Proposition 4. Multiply both sides of (7) by z−s and integrate with respect
to z between 0 and |h| to obtain

|h|(1−s)

(1 − s)
‖τhu − u‖L1(A) ≤ C(n)|h|

∫ |h|

0

1

zn+s+1

∫
Bz

‖τξ u − u‖L1(A|h|)dξdz.

Now apply inequality (9) with

g(t) :=
∫

∂ Bt

‖τξ u − u‖L1(A|h|)dHn−1(ξ)

and obtain
∫ |h|

0

1

zn+s+1

∫
Bz

‖τξ u − u‖L1(A|h|)dξdz =
∫ |h|

0

1

zn+s+1

∫ z

0
g(t)dtdz

≤ C(n)

∫ |h|

0

1

tn+s
g(t)dt

= C(n)

∫
B|h|

‖τξ u − u‖L1(A|h|)
|ξ |n+s

dξ.

(10)

Putting all together

‖τhu − u‖L1(A)

(1 − s)
≤ C(n)|h|s

∫
B|h|

‖τξ u − u‖L1(A|h|)
|ξ |n+s

dξ

and the thesis follows. ��

3. Proof of Theorem 2

In the proof of the lim inf inequality we shall adapt to this framework the blow-up
technique introduced, for the first time in the context of lower semicontinuity, by
Fonseca and Müller [9]. The proof of the lim sup inequality, which is typically
constructive and by density, is slightly different from the analogous results in [4],
since we approximate with polyhedra, rather than C1,α sets. Notice also that the
natural strategies in the proof of the lim inf and lim sup inequalities produce con-
stants �n , see (11), and �∗

n ≥ �n , see (17); our final task will be to show that they
both coincide with ωn−1.
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3.1. The � − lim inf inequality

Let us define

�n := inf

{
lim inf

s↑1
(1 − s)J 1

s (Es, Q)

∣∣∣ χEs → χH in L1(Q)

}
. (11)

We denote by C the family of all n-cubes in R
n

C := {
R(x + r Q) : x ∈ R

n, r > 0, R ∈ SO(n)
}
.

Lemma 7. Given si ↑ 1 and sets Ei ⊂ R
n with χEi → χE in L1

loc(R
n) as i → ∞,

one has

lim inf
i→∞ (1 − si )J 1

si
(Ei ,�) ≥ �n P(E,�). (12)

We can assume that the left-hand side of (12) is finite, otherwise the inequality
is trivial. Then, passing to the limit as i → ∞ in (6) with s = si we get

‖τhχE − χE‖L1(�′) ≤ C(n)|h| lim inf
i→∞ (1 − si )J 1

si
(Ei ,�) ∀�′ � �

whenever |h| < dist(�′, ∂�)/2, hence E has finite perimeter in �.
We shall denote by μ the perimeter measure of E , i.e. μ(A) = |DχE |(A) for

any Borel set A ⊂ �, and we shall use the following property of sets of finite
perimeter: for μ-a.e. x ∈ � there exists Rx ∈ SO(n) such that (E − x)/r locally
converge in measure to Rx H as r → 0. In addition,

lim
r→0

μ(x + r Rx Q)

rn−1 = 1, for μ-a.e. x . (13)

Indeed this property holds for every x ∈ F E , where F E denotes the reduced
boundary of E , see Theorem 3.59(b) in [1].

Now, given a cube C ∈ C contained in � we set

αi (C) := (1 − si )J 1
si
(Ei , C)

and

α(C) := lim inf
i→∞ αi (C).

We claim that, setting Cr (x) := x + r Rx Q, where Rx is as in (13), for μ-a.e. x we
have

lim inf
r→0

α(Cr (x))

μ(Cr (x))
≥ �n for μ-a.e. x ∈ R

n . (14)

Then observing that for all ε > 0 the family

A := {Cr (x) ⊂ � : (1 + ε)α(Cr (x)) ≥ �nμ(Cr (x))}
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is a fine covering of μ-almost all of �, by a suitable variant of Vitali’s theorem (see
[12]) we can extract a countable subfamily of disjoint cubes

{C j ⊂ � : j ∈ J }
such that μ(� \ ⋃

j∈J
C j ) = 0, whence

�n P(E,�) = �nμ

⎛
⎝⋃

j∈J

C j

⎞
⎠ = �n

∑
j∈J

μ(C j )

≤ (1 + ε)
∑
j∈J

α(C j ) ≤ (1 + ε) lim inf
i→∞

∑
j∈J

αi (C j )

≤ (1 + ε) lim inf
i→∞ (1 − si )J 1

si
(Ei ,�).

In the last inequality we used that J 1
s is superadditive and positive for every s ∈

(0, 1). Since ε > 0 is arbitrary we get the � − lim inf estimate.
We now prove the inequality in (14) at any point x such that (E − x)/r con-

verges locally in measure as r → 0 to Rx H and (13) holds. Because of (13), we
need to show that

lim inf
r→0

α(Cr (x))

rn−1 ≥ �n . (15)

Since from now on x is fixed, we can assume with no loss of generality (by rotation
invariance) that Rx = I , so that the limit hyperplane is H and the cubes Cr (x) are
the standard ones x + r Q. Let us choose a sequence rk → 0 such that

lim inf
r→0

α(Cr (x))

rn−1 = lim
k→∞

α(Crk (x))

rn−1
k

.

For k > 0 we can choose i(k) so large that the following conditions hold:

⎧⎪⎪⎨
⎪⎪⎩

αi(k)(Crk (x)) ≤ α(Crk (x)) + rn
k ,

r
1−si(k)

k ≥ 1 − 1
k ,∫

Crk (x)

|χEi(k)
− χE |dx < 1

k .

Then we infer

α(Crk (x))

rn−1
k

≥ αi(k)(Crk (x))

rn−1
k

− rk

= (1 − si(k))J 1
si(k)

((Ei(k) − x)/rk, Q)r
n−si(k)

k

rn−1
k

− rk

≥
(

1 − 1

k

)
(1 − si(k))J 1

si(k)
((Ei(k) − x)/rk, Q) − rk,
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i.e.

lim
k→∞

α(Crk (x))

rn−1
k

≥ lim inf
k→∞ (1 − si(k))J 1

si(k)
((Ei(k) − x)/rk, Q).

On the other hand we have

lim
k→∞

∫
Q

|χ(Ei(k)−x)/rk − χ(E−x)/rk |dx = 0,

and

lim
k→∞

∫
Q

|χ(E−x)/rk − χH |dx = 0.

It follows that (Ei(k) − x)/rk → H in L1(Q). Recalling the definition of �n we
conclude the proof of (15) and of Lemma 7.

3.2. The � − lim sup inequality

It is enough to prove the � − lim sup inequality for a collection B of sets of
finite perimeter which is dense in energy, i.e. such that for every set E of
finite perimeter there exists Ek∈B with χEk →χE in L1

loc(R
n) as k→∞ and

lim supk P(Ek,�) = P(E,�). Indeed, let d be a distance inducing the L1
loc con-

vergence and, for a set E of finite perimeter, let Ek be as above. Given sk ↑ 1, we
can find sets Êk with d(χÊk

, χEk ) < 1/k and

(1 − sk)Jsk (Êk,�) ≤ �∗
n P(Ek,�) + 1

k
.

Then we have χÊk
→ χE in L1

loc(R
n) and

lim sup
k→∞

(1 − sk)Jsk (Êk,�) ≤ lim sup
k→∞

�∗
n P(Ek,�) = �∗

n P(E,�).

We shall take B to be the collection of polyhedra � which satisfy P(�, ∂�) = 0
(i.e. with faces transversal to ∂�, see Proposition 15). Equivalently,

lim
δ→0

P(�,�+
δ ∪ �−

δ ) = 0,

where

�+
δ := {x ∈ �c | d(x,�) < δ}

�−
δ := {x ∈ � | d(x,�c) < δ}. (16)

In fact, we have:
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Lemma 8. For a polyhedron � ⊂ R
n there holds

lim sup
s↑1

(1 − s)Js(�,�) ≤ �∗
n P(�,�) + 2�∗

n lim
δ→0

P(�,�+
δ ∪ �−

δ ),

where

�∗
n := lim sup

s↑1
(1 − s)J 1

s (H, Q). (17)

Proof. Step 1. We first estimate J 1
s (�,�). For a fixed ε > 0 set

(∂�)ε := {x ∈ � | d(x, ∂�) < ε}, (∂�)−ε := (∂�)ε ∩ �.

We can find Nε disjoint cubes Qε
i ⊂ �, 1 ≤ i ≤ Nε, of side length ε satisfying the

following properties:

(i) if Q̃ε
i denotes the dilation of Qε

i by a factor (1 + ε), then each cube Q̃ε
i

intersects exactly one face � of ∂�, its barycenter belongs to � and each of
its sides is either parallel or orthogonal to �;

(ii) Hn−1
(
((∂�) ∩ �)\⋃Nε

i=1 Qε
i

)
= |P(�,�) − Nεε

n−1| → 0 as ε → 0.

For x ∈ R
n set

Is(x) :=
∫

�c∩�

dy

|x − y|n+s
.

We consider several cases.

Case 1. x ∈ (� ∩ �)\(∂�)−ε . Then for y ∈ �c ∩ � we have |x − y| ≥ ε, hence

Is(x) ≤
∫

(Bε(x))c

1

|x − y|n+s
dy = nωn

∫ ∞

ε

1

ρs+1 dρ = nωn

sεs
,

since nωn = Hn−1(Sn−1). Therefore
∫

(�∩�)\(∂�)−ε
Is(x)dx ≤ nωnLn(� ∩ �)

sεs
. (18)

Case 2. x ∈ (∂�)−ε \ ⋃Nε

i=1 Qε
i . Then

Is(x) ≤
∫

(Bd(x,�c∩�)(x))c

1

|x − y|n+s
dy = nωn

∫ ∞

d(x,�c∩�)

1

ρs−1 dρ

= nωn

s[d(x,�c ∩ �)]s
. (19)

Now write (∂�) ∩ � = ⋃J
j=1 � j , where each � j is the intersection of a face of

∂� with �, and define

(∂�)−ε, j := {x ∈ (∂�)−ε : dist(x,�c ∩ �) = dist(x, � j )}.
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Clearly (∂�)−ε = ⋃J
j=1(∂�)−ε, j . Moreover we have

(∂�)−ε, j ⊂ {x + tν : x ∈ �ε, j , t ∈ (0, ε), ν is the interior unit normal to �ε, j },
and �ε, j is the set of points x belonging to the same hyperplane as � j and with
dist(x, � j ) ≤ ε. Clearly Hn−1(�ε, j ) ≤ Hn−1(� j ) + Cε as ε → 0. Then from
(19) we infer

∫
(∂�)−ε \⋃Nε

i=1 Qε
i

Is(x)dx ≤ nωn

s

J∑
j=1

∫
(∂�)−ε, j \

⋃Nε
i=1 Qε

i

1

[d(x,�c)]s
dx

≤ nωn

s

J∑
j=1

∫
(∂�)−ε, j \

⋃Nε
i=1 Qε

i

1

[d(x, �ε, j )]s
dx

≤ nωn

s

J∑
j=1

∫
(�ε, j )\⋃Nε

i=1 Qε
i

(∫ ε

0

dt

ts

)
dHn−1

= nωnε1−s

s(1 − s)
Hn−1

⎛
⎝
⎛
⎝ J⋃

j=1

�ε, j

⎞
⎠\

Nε⋃
i=1

Qε
i

⎞
⎠= ε1−so(1)

s(1 − s)
,

(20)

with error o(1) → 0 as ε → 0 and independent of s.

Case 3. x ∈ � ∩ ⋃Nε

i=1 Qε
i . In this case we write

Is(x) =
∫

(�c∩�)∩{y:|x−y|≥ε2}
dy

|x − y|n+s
+
∫

(�c∩�)∩{y:|x−y|<ε2}
dy

|x − y|n+s

=: I 1
s (x) + I 2

s (x).

Then, similar to the case 1,

I 1
s (x) ≤ nωn

∫ ∞

ε2

1

ρs+1 dρ = nωn

sε2s
,

hence (since all cubes are contained in �)
∫

�∩⋃Nε
i=1 Qε

i

I 1
s (x)dx ≤ Ln(�)nωn

sε2s
. (21)

As for I 2
s (x) observe that if x ∈ Qε

i and |x − y| ≤ ε2, then y ∈ Q̃ε
i , where Q̃ε

i is
the cube obtained by dilating Qε

i by a factor 1 + ε (hence the side length of Q̃ε
i is

ε + ε2). Then

∫
�∩⋃Nε

i=1 Qε
i

I 2
s (x)dx ≤

Nε∑
i=1

∫
�∩Qε

i

∫
�c∩Q̃ε

i

1

|x − y|n+s
dydx
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≤
Nε∑

i=1

∫
�∩Q̃ε

i

∫
�c∩Q̃ε

i

1

|x − y|n+s
dydx

= NεJ 1
s (H, (ε + ε2)Q)

= Nε(ε + ε2)n−sJ 1
s (H, Q), (22)

where in the last identity we used the scaling property (1). Keeping ε > 0 fixed,
letting s go to 1 and putting (18)–(22) together we infer

lim sup
s↑1

(1 − s)J 1
s (�,�) ≤ o(1) + lim sup

s↑1
(1 − s)J 1

s (H, Q)Nε(ε + ε2)n−1

= o(1) + �∗
n P(�,�),

with error o(1) → 0 as ε → 0 uniformly in s. Since ε > 0 is arbitrary, we conclude

lim sup
s↑1

(1 − s)J 1
s (�,�) ≤ �∗

n P(�,�).

Step 2. It now remains to estimate J 2
s . Let us start by considering the term

∫
�∩�

∫
�c∩�c

1

|x − y|n+s
dydx .

Case 1. x ∈ � ∩ (�\�−
δ ). Then for y ∈ �c ∩ �c we have |x − y| ≥ δ, whence

I (x) :=
∫

�c∩�c

dy

|x − y|n+s
≤ nωn

∫ ∞

δ

dρ

ρ1+s
= nωn

sδs
.

Case 2. x ∈ � ∩ �−
δ . In this case, using the same argument of case 1 for y ∈

�c ∩ (�c\�+
δ ), we have

I (x) =
∫

�c∩�+
δ

dy

|x − y|n+s
+
∫

�c∩(�c\�+
δ )

dy

|x − y|n+s

≤
∫

�c∩�+
δ

dy

|x − y|n+s
+ nωn

sδs
.

Therefore∫
�∩�

∫
�c∩�c

dydx

|x − y|n+s
≤ 2nωn|�|

sδs
+
∫

�∩�−
δ

∫
�c∩�+

δ

dydx

|x − y|n+s

≤ 2nωn|�|
sδs

+
∫

�∩(�−
δ ∪�+

δ )

∫
�c∩(�−

δ ∪�+
δ )

dydx

|x − y|n+s
.

An obvious similar estimate can be obtained by swapping � and �c , finally yielding

J 2
s (�,�) ≤ 4nωn|�|

sδs
+ 2

∫
�∩(�−

δ ∪�+
δ )

∫
�c∩(�−

δ ∪�+
δ )

dydx

|x − y|n+s

= 4nωn|�|
sδs

+ 2J 1
s (�,�−

δ ∪ �+
δ ).
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Using the result of step 1 we get

lim sup
s↑1

(1 − s)J 2
s (�,�) ≤ 2�∗

n P(�,�−
δ ∪ �+

δ ).

Since δ > 0 is arbitrary, letting δ go to zero we conclude the proof of the lemma.
��

Lemma 9. (Characterization of �∗
n ) The limsup in (17) is a limit and �∗

n = ωn−1.

Proof. The proof is inspired from [4, Lemma 11]. We shall actually prove a slightly
stronger statement. Set for a > 0

Qa := {x : |xi | ≤ 1/2 for 1 ≤ i ≤ n − 1, |xn| ≤ a}.
Then we show that

lim
s↑1

(1 − s)J 1
s (H, Qa) = ωn−1, ∀a > 0.

Let us first consider the case n ≥ 2. Fix x ∈ Qa ∩H and write as usual x = (x ′, xn),
y = (y′, yn). We consider

Is(x) :=
∫

Qa∩Hc

1

|x − y|n+s
dy =

∫ a

0

∫
Qa∩∂ H

1

|x − y|n+s
dy′dyn .

With the change of variable z′ = (y′ − x ′)/|yn − xn| and setting

�(x, yn) :=
{

z′ ∈ R
n−1 :

∣∣∣∣z′
i + x ′

i

|xn − yn|
∣∣∣∣ ≤ 1

2|xn − yn| for 1 ≤ i ≤ n − 1

}
,

we get

Is(x) =
∫ a

0

∫
�(x,yn)

1

|xn − yn|s+1(1 + |z′|2)(n+s)/2
dz′dyn

≤
∫ a

0

1

|xn − yn|s+1 dyn ·
∫

Rn−1

1

(1 + |z′|2)(n+s)/2
dz′

= (−xn)−s − (a − xn)−s

s
· (n − 1)ωn−1

∫ ∞

0

ρn−2

(1 + ρ2)(n+s)/2
dρ.

(23)

Now integrating I with respect to x , observing that Hn−1(Qa ∩ ∂ H) = 1 and that
by dominated convergence one has

lim
s↑1

∫ ∞

0

ρn−2

(1 + ρ2)(n+s)/2
dρ =

∫ ∞

0

ρn−2

(1 + ρ2)(n+1)/2
dρ

=
[

ρn−1

(n − 1)(1 + ρ2)(n−1)/2

]∞

0
= 1

n − 1
, (24)
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we get
∫

H∩Qa

Is(x)dx ≤ Hn−1(Qa ∩ ∂ H) sup
x ′∈Qa∩∂ H

∫ 0

−a
Is(x ′, xn)dxn

≤ ωn−1(1 + o(1))

∫ 0

−a

(−xn)−s − (a − xn)−s

s
dxn

= ωn−1(1 + o(1))a1−s(2 − 21−s)

s(1 − s)
,

with error o(1) → 0 as s ↑ 1 dependent only on s. Therefore

lim sup
s↑1

(1 − s)J 1
s (H, Qa) = lim sup

s↑1
(1 − s)

∫
H∩Qa

Is(x)dx ≤ ωn−1. (25)

Now observing that for ε small enough

|xn| ≤ ε2, |yn| ≤ ε2, |xi | ≤ 1

2
− ε for 1 ≤ i ≤ n − 1 (26)

implies that B1/(2ε)(0) ⊂ �(x, yn), similar to (23) we estimate

Is(x) ≥
∫ ε2

0

∫
Q∩∂ H

1

|x − y|n+s
dy′dyn

≥
∫ ε2

0

∫
B1/(2ε)(0)

1

|xn − yn|s+1(1 + |z′|2)(n+s)/2
dz′dyn

= (−xn)−s − (ε2 − xn)−s

s
· (n − 1)ωn−1

∫ 1
2ε

0

ρn−2

(1 + ρ2)(n+s)/2
dρ,

whenever x is as in (26). Integrating with respect to x satisfying (26) one has
∫

H∩Qa

Is(x)dx ≥ (1 − 2ε)n−1
∫ 0

−ε2

(−xn)−s − (ε2 − xn)−s

s
dxn

×(n − 1)ωn−1

∫ 1
2ε

0

ρn−2

(1 + ρ2)(n+s)/2
dρ

= (n − 1)ωn−1(1 − 2ε)n−1ε2(1−s)(2 − 21−s)

s(1 − s)

∫ 1
2ε

0

ρn−2

(1 + ρ2)(n+s)/2
dρ.

Letting first s ↑ 1 and then ε → 0 and using (24) again we conclude

lim inf
s↑1

(1 − s)J 1
s (H, Qa) ≥ ωn−1,

which together with (25) completes the proof when n ≥ 2.
When n = 1 one computes explicitly

J 1
s (H, Qa) =

∫ 0

−a

∫ a

0

1

|x − y|1+s
dydx =

∫ 0

−a

(−x)−s − (a − x)−s

s
dx

= a1−s(2 − 21−s)

s(1 − s)
,
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hence

lim
s↑1

(1 − s)J 1
s (H, Qa) = 1 = ω0. ��

3.3. Gluing construction and characterization of the geometric constants

A key observation in [15], which we shall need, is that F satisfies a generalized
coarea formula, namely Fs(u,�) = ∫ 1

0 Fs(χ{u>t},�) dt ; we reproduce here the
simple proof of this fact and we state the result in terms of Js .

Lemma 10. (Coarea formula) For every measurable function u : � → [0, 1] we
have

1

2
Fs(u,�) =

∫ 1

0
J 1

s ({u > t},�)dt.

Proof. Given x, y ∈ �, the function t �→ χ{u>t}(x) − χ{u>t}(y) takes its values
in {−1, 0, 1} and it is nonzero precisely in the interval having u(x) and u(y) as
extreme points, hence

|u(x) − u(y)| =
∫ 1

0
|χ{u>t}(x) − χ{u>t}(y)|dt.

Substituting into (5), using Fubini’s theorem and observing that

|χ{u>t}(x) − χ{u>t}(y)| = χ{u>t}(x)χ�\{u>t}(y) + χ�\{u>t}(x)χ{u>t}(y),

we infer

Fs(u,�) =
∫

�

∫
�

∫ 1

0

|χ{u>t}(x) − χ{u>t}(y)|
|x − y|n+s

dtdxdy

= 2
∫ 1

0

∫
{u>t}

∫
�\{u>t}

1

|x − y|n+s
dxdydt

= 2
∫ 1

0
J 1

s ({u > t},�)dt.

��
Proposition 11. (Gluing) Given s ∈ (0, 1), measurable sets E1, E2 in R

n with
J 1

s (Ei ,�) < ∞ for i = 1, 2 and given δ1 > δ2 > 0 we can find a measurable set
F such that

(a) ‖χF − χE1‖L1(�) ≤ ‖χE1 − χE2‖L1(�),
(b) F ∩ (� \ �δ1) = E1 ∩ (� \ �δ1), F ∩ �δ2 = E2 ∩ �δ2 , where

�δ := {x ∈ � : d(x,�c) ≤ δ} for δ > 0,
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(c) for all ε > 0 we have

J 1
s (F,�) ≤ J 1

s (E1,�) + J 1
s (E2,�δ1+ε) + C

εn+s

+C(�, δ1, δ2)

[‖χE1 −χE2‖L1(�δ1\�δ2 )

(1−s)
+‖χE1 −χE2‖L1(�)

]
.

Proof. Consider a function ϕ ∈ C∞(Rn) such that 0 ≤ ϕ ≤ 1 in �, ϕ ≡ 0 in �δ2 ,
ϕ ≡ 1 in � \ �δ1 , and |∇ϕ| ≤ 2/(δ1 − δ2).

Given two measurable functions u, v : � → [0, 1] such that Fs(u,�) < ∞,
Fs(v,�) < ∞, define w : � → [0, 1] as w := ϕu + (1 − ϕ)v. For x, y ∈ � we
can write

w(x) − w(y) = (ϕ(x) − ϕ(y))u(y) + ϕ(x)(u(x) − u(y))

+(1 − ϕ(x))(v(x) − v(y)) − v(y)(ϕ(x) − ϕ(y))

= (ϕ(x) − ϕ(y))(u(y) − v(y)) + ϕ(x)(u(x) − u(y))

+(1 − ϕ(x))(v(x) − v(y)),

and infer

|w(x) − w(y)| ≤ |ϕ(x) − ϕ(y)||u(y) − v(y)|
+χ{ϕ �=0}(x)|u(x) − u(y)| + χ{ϕ �=1}(x)|v(x) − v(y)|.

Observing that {ϕ �= 0} ⊂ � \ �δ2 and {ϕ �= 1} ⊂ �δ1 we get

Fs(w,�) ≤
∫

�

|u(y) − v(y)|
∫

�

|ϕ(x) − ϕ(y)|
|x − y|n+s

dxdy

+
∫

�\�δ2

∫
�

|u(x) − u(y)|
|x − y|n+s

dxdy +
∫

�δ1

∫
�

|v(x) − v(y)|
|x − y|n+s

dxdy

=: I1 + I2 + I3.

From

|ϕ(x) − ϕ(y)| ≤ |∇ϕ(y)||x − y| + 1

2
‖∇2ϕ‖∞|x − y|2

and the inequalities
∫
�

|x − y|−(n+s−α)dx ≤ C(�)/(α − s) (with α = 1, α = 2)
we have

I1 ≤
∫

�

|u(y) − v(y)|
∫

�

( |∇ϕ(y)|
|x − y|n+s−1 + ‖∇2ϕ‖∞

2|x − y|n+s−2

)
dxdy

≤ C(�, δ1, δ2)

(‖u − v‖L1(�δ1\�δ2 )

1 − s
+ ‖u − v‖L1(�)

(2 − s)

)
.

Clearly I2 ≤ Fs(u,�). As for I3, choosing ε > 0 we get

I3 ≤
∫

�δ1

∫
�δ1+ε

|v(x) − v(y)|
|x − y|n+s

dxdy +
∫

�δ1

∫
�\�δ1+ε

|v(x) − v(y)|
|x − y|n+s

dxdy

≤ Fs(v,�δ1+ε) + 2Ln(�δ1)Ln(� \ �δ1+ε)

εn+s
.



Gamma-convergence of nonlocal perimeter functionals 393

Summing up we obtain

Fs(w,�) ≤ Fs(u,�) + Fs(v,�δ1+ε) + C(�, δ1, δ2)
‖u − v‖L1(�δ1\�δ2 )

1 − s

+C(�, δ1, δ2)‖u − v‖L1(�) + C(�)

εn+s
. (27)

We now apply this with u = χE1 , v = χE2 , so that (27) reads as

Fs(w,�) ≤ 2J 1
s (E1,�) + 2J 1

s (E2,�δ1+ε)

+C(�, δ1, δ2)
‖χE1 − χE2‖L1(�δ1\�δ2 )

1 − s

+C(�, δ1, δ2)‖χE1 − χE2‖L1(�) + C(�)

εn+s
, (28)

and by Lemma 10 there exists t ∈ (0, 1) such that F := {w > t} satisfies

2J 1
s (F,�) ≤ Fs(w,�).

By construction we see that F satisfies conditions (a) and (b), and by (28) it follows
that also condition (c) is satisfied. ��

The following corollary is an immediate consequence of Proposition 11.

Corollary 12. Given measurable sets Es ⊂ R
n for s ∈ (0, 1), with χEs → χE in

L1(�) as s ↑ 1 and with J 1
s (Es,�) < ∞, J 1

s (E,�) < ∞, and given δ1 > δ2 > 0
we can find measurable sets Fs ⊂ R

n such that

(a) χFs → χE in L1(�) as i → ∞,
(b) Fs ∩ (�\�δ1) = Es ∩ (�\�δ1), Fs ∩ �δ2 = E ∩ �δ2 ,
(c) for all ε > 0 we have

lim inf
s↑1

(1 − s)J 1
s (Fs,�) ≤ lim inf

s↑1
(1 − s)J 1

s (Es,�)

+ lim sup
s↑1

(1 − s)J 1
s (E,�δ1+ε).

We devote the rest of the section to the proof of the equality of the consants �n

and �∗
n appearing in the proof of the �-liminf and �-limsup respectively (we already

proved that �∗
n = ωn−1). We shall introduce an intermediate quantity �̃n ∈ [�n, �

∗
n ]

and prove in two steps that �̃n = �n (by the gluing Proposition 11) and then use
the local minimality of hyperplanes to show that �̃n = �∗

n .

Lemma 13. We have �n = �̃n, where

�̃n := inf

{
lim inf

s↑1
(1 − s)J 1

s (Es, Q)

}
,

with the infimum taken over all families of measurable sets (Es)0<s<1 with the prop-
erty that χEs → χH in L1(Q) as s↑1 and, for some δ > 0, Es ∩ Qδ = H ∩ Qδ

for all s ∈ (0, 1), where Qδ = {x ∈ Q : d(x, Qc) < δ}.
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Proof. Clearly �̃n ≥ �n . In order to prove the converse consider sets Es ⊂ R
n

for s ∈ (0, 1) with χEs → χH in L1(Q) as s ↑ 1. Without loss of generality we
can assume that J 1

s (Es,�) < ∞ for all s∈(0, 1). Then according to Corollary 12
for any given δ > 0 we can find a family of measurable sets (Fs)0<s<1 such that
χFs → χH in L1(Q) as s↑1, Fs ∩ Qδ = H ∩ Qδ and

�̃n ≤ lim inf
s↑1

(1 − s)J 1
s (Fs,�)≤ lim inf

s↑1
(1 − s)J 1

s (Es, Q)+�∗
n inf

ε>0
P(H, Qδ+ε),

where we also used Lemma 8. Since δ > 0 is arbitrary and P(H, Qδ) → 0 as
δ → 0 we infer

�̃n ≤ lim inf
s↑1

(1 − s)J 1
s (Es, Q)

and, since (Es)0<s<1 is arbitrary, this proves that �̃n ≤ �n . ��
Lemma 14. We have �̃n = �∗

n .

Proof. Clearly �̃n ≤ �∗
n . In order to prove the converse we consider sets (Es)0<s<1

with χEs → χH in L1(Q) as s ↑ 1 and with Es ∩ Qδ = H ∩ Qδ for some δ > 0
(here Qδ is defined as in Lemma 13). Since our goal is to estimate J 1

s (Es, Q) from
below, possibly modifying Es outside Q we may assume that

Es ∩ (Rn \Q) = H ∩ (Rn \Q). (29)

This implies, according to Proposition 17 in Sect. 4, that Js(H, Q) ≤ Js(Es, Q)

for s ∈ (0, 1). Then, in order to prove that

lim
s↑1

(1 − s)J 1
s (H, Q) ≤ lim inf

s→1− (1 − s)J 1
s (Es, Q), (30)

it is enough to show that

lim
s↑1

(1 − s)(J 2
s (H, Q) − J 2

s (Es, Q)) = 0. (31)

One immediately sees that (29) imples

|J 2
s (H, Q) − J 2

s (Es, Q)| ≤
∫

(Es�H)∩Q

∫
Hc∩Qc

1

|x − y|n+s
dxdy

+
∫

(Ec
s �Hc)∩Q

∫
H∩Qc

1

|x − y|n+s
dxdy =: I + I I.

Observing that (Es�H) ∩ Qδ = ∅ we can estimate for y ∈ (Es�H) ∩ Q∫
Hc∩Qc

1

|x − y|n+s
dx ≤

∫
Rn\Bδ(y)

1

|x − y|n+s
dx = nωn

sδs
,

hence I ≤ nωn/(sδs). One can bound from above I I in the same way. Now (31)
follows at once upon multiplying by 1 − s and letting s ↑ 1. This shows (30),
and taking the infimum in (30) over all families (Es)0<s<1 as above shows that
�∗

n ≤ �̃n . ��
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4. Proof of Theorem 3

In order to prove (3) define �δ as in Proposition 11 for some small δ > 0 and set
Fi := Ei ∩ (�c ∪ �δ). By the minimality of Ei we then have

lim sup
i→∞

(1 − si )Jsi (Ei ,�\�δ) ≤ lim sup
i→∞

(1 − si )
(
Jsi (Ei ,�) − J 1

si
(Ei ,�δ)

)

≤ lim sup
i→∞

(1 − si )
(
Jsi (Fi ,�) − J 1

si
(Ei ,�δ)

)

= lim sup
i→∞

(1 − si )
[(

J 1
si
(Fi ,�) − J 1

si
(Fi ,�δ)

)

+J 2
si
(Fi ,�)

]
.

Since Fi ∩ (�\�δ) = ∅ we have, using Proposition 16 in Sect. 4,

lim sup
i→∞

(1 − si )
(
J 1

si
(Fi ,�) − J 1

si
(Fi ,�δ)

)
≤ lim sup

i→∞
(1 − si )J 1

si
(�\�δ,�)

= lim sup
i→∞

(1 − si )
Fsi (χ�\�δ ,�)

2

≤ nωn P(�\�δ, R
n)

2
.

Again using Proposition 16 in Sect. 4 we get

lim sup
i→∞

(1 − si )J 2
si
(Fi ,�) ≤ lim sup

i→∞
(1 − si )J 1

si
(�, R

n) ≤ nωn P(�, R
n)

2
,

whence (3) follows for �′ ⊂ �\�δ , hence for every �′ � �.
For the sake of simplicity we first consider perturbations in compactly supported

balls. The general case will require only minor modifications.
Consider the monotone set function αi (A) := (1−si )J 1

si
(Ei , A) for every open

set F ⊂ � (see Sect. 4 for the definition and some basic properties of monotone
set functions), extended to

αi (F) := inf{αi (A) : F ⊂ A ⊂ �, A open}
for every F ⊂ �. Clearly αi is regular. Thanks to (3) and Theorem 21, up to
extracting a subsequence, αi weakly converges to a regular monotone set function
α, which is regular and super-additive on disjoint open sets. We shall now prove
that if BR(x) � � and α(∂ BR(x)) = 0, then E is a local minimum of the functional
P(·, BR(x)), and

lim
i→∞(1 − si )Jsi (Ei , BR(x)) = P(E, BR(x)).

Indeed consider a Borel set F ⊂ � such that E�F � BR (here and in the following
x is fixed and Br := Br (x) for any r > 0). Then we can find r < R such that
E�F ⊂ Br . By Theorem 2 there exist sets Fi such that

lim
i→∞ |(Fi�F) ∩ BR | = 0, lim

i→∞(1 − si )Jsi (Fi , BR) = ωn−1 P(F, BR).
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According to Proposition 11, given ρ and t with r < ρ < t < R, we can find sets
Gi such that

Gi = Ei in R
n \Bt , Gi = Fi in Bρ,

and for all ε > 0 there holds

J 1
si
(Gi , BR) ≤ J 1

si
(Fi , BR) + J 1

si
(Ei , BR \Bρ−ε) + C

εn+si

+C |(Ei�Fi ) ∩ (Bt \Bρ)|
(1 − si )

+ C |(Fi�Ei ) ∩ BR |.

By the local minimality of Ei we infer

Jsi (Ei , BR) ≤ Jsi (Gi , BR).

We shall now estimate

J 2
si
(Gi , BR) =

∫
Gi ∩BR

∫
Gc

i ∩Bc
R

dxdy

|x − y|n+si
+
∫

Gc
i ∩BR

∫
Gi ∩Bc

R

dxdy

|x − y|n+si

=: I + I I

We have

I =
∫

Gi ∩BR

∫
Ec

i ∩Bc
R

dxdy

|x − y|n+si
=
∫

Gi ∩Bt

∫
Ec

i ∩Bc
R

dxdy

|x − y|n+si

+
∫

Ei ∩(BR\Bt )

∫
Ec

i ∩Bc
R

dxdy

|x − y|n+si

≤ C |Gi ∩ Bt |
si (R − t)si

+
∫

Ei ∩(BR\Bt )

∫
Ec

i ∩(BR′\BR)

dxdy

|x − y|n+si

+
∫

Ei ∩(BR\Bt )

∫
Ec

i ∩Bc
R′

dxdy

|x − y|n+si

≤ J 1
si
(Ei , BR′ \Bt ) + C

si

(
1

(R − t)si
+ 1

(R′ − R)si

)
,

for any R′ ∈ (R, dist(x, ∂�)). Since I I can be estimated in a similar way, we infer

J 2
si
(Gi , BR) ≤ 2J 1

si
(Ei , BR′ \Bt ) + C

si

(
1

(R − t)si
+ 1

(R′ − R)si

)
,

hence,

lim sup
i→∞

(1 − si )J 2
si
(Gi , BR) ≤ 2 lim sup

i→∞
(1 − si )J 1

si
(Ei , BR′ \Bt ).
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Finally

ωn−1 P(E, BR) ≤ lim inf
i→∞ (1 − si )J 1

si
(Ei , BR) ≤ lim inf

i→∞ (1 − si )Jsi (Ei , BR)

≤ lim inf
i→∞ (1 − si )Jsi (Gi , BR)

≤ lim inf
i→∞ (1 − si )J 1

si
(Gi , BR) + lim sup

i→∞
(1 − si )J 2

si
(Gi , BR)

≤ lim inf
i→∞ (1 − si )J 1

si
(Fi , BR)

+3 lim sup
i→∞

(1 − si )J 1
si
(Ei , BR′ \Bρ−ε)

+C lim
i→∞ |(Ei�Fi ) ∩ (Bt \Bρ)|. (32)

The last term is zero, since E = F in Bt \ Bρ and |(Ei�E) ∩ BR | → 0,
|(Fi�F) ∩ BR | → 0 as i → ∞. Using Proposition 22 from Sect. 4, and recalling
that α(∂ BR) = 0, we infer

lim
R′↓R, ρ↑R, ε↓0

lim sup
i→∞

(1 − si )J 1
si
(Ei , BR′ \Bρ−ε)

= lim
δ→0

lim sup
i→∞

αi (BR+δ\B R−δ) = 0,

and (32) finally yields

ωn−1 P(E, BR) ≤ lim
i→∞(1 − si )Jsi (Fi , BR) = ωn−1 P(F, BR),

so E is a local minimizer of P(·, BR). Choosing F = E the chain of inequalities
in (32) gives

lim
i→∞(1 − si )Jsi (Ei , BR) = lim

i→∞(1 − si )J 1
si
(Ei , BR) = ωn−1 P(E, BR), (33)

as wished. In order to complete the proof we first remark that the above arguments
applies to any open set �′ � � with Lipschitz boundary and α(∂�′) = 0, upon
replacing BR(x) by �′, BR+δ by Nδ(�

′) and BR−δ by N−δ(�
′), where

Nδ(�
′) := {x ∈ � : d(x,�′) < δ}, N−δ(�

′) := {x ∈ �′ : d(x, ∂�′) > δ}
for δ > 0 small.

In particular α(�′) = P(E,�′) for every open set �′ � � with Lipschitz boundary
and α(∂�′) = 0. Since for every �′ � � and ε > 0 small enough the set

{δ ∈ (−ε, ε) : α(∂ Nδ(�
′)) > 0}

is at most countable (remember that α is super-additive and locally finite), and since
both α and P(E, ·) are regular monotone set functions on �, it is not difficult to
show that α = P(E, ·), and the proof is complete. ��
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Appendix: some useful results

We list here some results which we used in the previous sections.

Proposition 15. Let E ⊂ R
n be a set with finite perimeter in �. Then for every

ε > 0 there exists a polyhedral set � ⊂ R
n such that

(i) |(E��) ∩ �| < ε,

(ii) |P(E,�) − P(�,�)| < ε,

(iii) P(�, ∂�) = 0.

Proof. Classical theorems (see for example [1,7]) imply that there exists a polyhe-
dral set �′ satisfying (i) and (ii). In order to get (iii) first notice that

P(�′, ∂�) > 0 if and only if Hn−1(∂�′ ∩ ∂�) > 0,

and that the latter condition can be satisfied only if ∂� contains a piece � with
Hn−1(�) > 0 contained in a hyperplane and ν� = ±ν�′ = const on � (here ν�

and ν�′ denote the interior unit normal to ∂� and ∂�′ respectively). Since the set

{
ν ∈ Sn−1 : Hn−1({x ∈ ∂� : ν�(x) = ν}) > 0

}

is at most countable, it is easy to see that there exists a rotation R ∈ SO(n) close
enough to the identity so that the polyhedron � := R(�′) satisfies (i), (ii) and (iii).

��

Proposition 16. Let u ∈ BV (�) and let �′ � � be open. Then we have

lim sup
s↑1

(1 − s)Fs(u,�′) ≤ nωn lim sup
|h|→0

∫
�′

|u(x + h) − u(x)|
|h| dx

≤ nωn|Du|(�). (34)

Proof. For h ∈ R
n let us define

g(h) =
∫

�′
|u(x + h) − u(x)|

|h| dx

and fix L > lim sup|h|→0 g(h). Then there exists δL > 0 such that �′ + h ⊂ �

for all h ∈ BδL and L ≥ g(h) for 0 < |h| ≤ δL . Multiplying by |h|−n−s+1 and
integrating with respect to h on BδL we obtain

nωnδ1−s
L L

1 − s
≥
∫

BδL

g(h)

|h|n+s−1 dh =
∫

BδL

∫
�′

|u(x + h) − u(x)|
|h|n+s

dxdh. (35)
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Now notice that∫
�′

∫
�′

|u(x) − u(y)|
|x − y|n+s

dxdy

=
∫

(�′×�′)∩{|x−y|≤δL }
|u(x) − u(y)|
|x − y|n+s

dxdy

+
∫

(�′×�′)∩{|x−y|≥δL }
|u(x) − u(y)|
|x − y|n+s

dxdy

≤
∫

BδL

∫
�′

|u(x + h) − u(x)|
|h|n+s

dxdh +
∫

Bc
δL

∫
�′

|u(x + h) − u(x)|
|h|n+s

dxdh

≤
∫

BδL

∫
�′

|u(x + h) − u(x)|
|h|n+s

dx + 2nωn

sδs
L

‖u‖L1(�). (36)

Putting together (35) and (36) we obtain

nωn L ≥ lim sup
s↑1

(1 − s)
∫

�′

∫
�′

|u(x) − u(y)|
|x − y|n+s

dxdy,

and for L → lim sup
|h|→0

g(h) the first inequality in (34). The second one is well-known.

��

Minimality of H

Proposition 17. For every s ∈ (0, 1), H is the unique minimizer of Js(·, Q), in the
sense that Js(H, Q) ≤ Js(F, Q) for every set F ⊂ R

n with F ∩ Qc = H ∩ Qc,
with strict inequality if F �= H.

The proof of Proposition 17 easily follows from a couple of results of [5], which
we give here for the sake of completeness.

Proposition 18. (Existence of minimizers) Given E0 ⊂ �c and s ∈ (0, 1) there
exists E ⊂ R

n such that E ∩ �c = E0 and

inf
F∩�c=E0

Js(F,�) = Js(E,�). (37)

Proof. This follows immediately from the lower semicontinuity of Js with respect
to the L1

loc convergence (a simple consequence of Fatou’s lemma) and the coercivity
estimate of Proposition 4. ��
In general a set E satisfying (37) will be called a minimizer of Js(·,�). Follow-
ing the notation of [5], we set L(A, B) := ∫

A

∫
B |x − y|−n−sdxdy for s ∈ (0, 1)

and A, B ⊂ R
n measurable. Notice that L(A ∪ B, C) = L(A, C) + L(B, C) if

|A ∩ B| = 0 and L(A, B) = L(B, A). Now we can write

Js(E,�) = L(E ∩ �, Ec) + L(E ∩ �c, Ec ∩ �).



400 L. Ambrosio et al.

It is easy to check that a minimizer E of Js(·,�) satisfies

L(A, E) ≤ L(A, Ec\ A) for A ⊂ Ec ∩ � (38)

L(A, Ec) ≤ L(A, E \ A) for A ⊂ E ∩ �. (39)

It suffices indeed to compare E with E \ A and with E ∪ A.

Proposition 19. (Comparison principle I) Let E satisfy (38) with � = Q and as-
sume that H ∩Qc ⊂ E. Then H ⊂ E up to a set of measure zero (i.e. |H ∩Ec| = 0).

Proof. Let T (x ′, xn) := (x ′,−xn) denote the reflection across ∂ H and set A− :=
H ∩ Ec, A+ := T (A−) ∩ Ec, A := A− ∪ A+ ⊂ Ec ∩ Q, A1 := A+ ∪ T (A+),
A2 = A− \T (A+) and F := T (Ec \ A) ⊂ H . Then, observing that L(B, C) =
L(T (B), T (C)), from (38) we infer

0 ≥ L(A, E) − L(A, Ec\ A) = L(A, E) − L(T (A), F)

= L(A, E) − L(A1, F) − L(T (A2), F)

= L(A, E) − L(A, F) + L(A2, F) − L(T (A2), F)

= L(A, E \F) + L(A2, F) − L(T (A2), F)

= L(A1, E \F) + L(A2, E \F) + (L(A2, F) − L(T (A2), F)).

The first two terms on the right-hand side are clearly positive. We also have
L(A2, F) > L(T (A2), F) unless |A2| = 0, since for y ∈ F and x ∈ A2 \∂ H
one has |x − y| < |T (x)− y|. Therefore the right-hand side must be zero, |A2| = 0
and either |A1| = 0 (and the proof is complete), or |E \F | = 0. In the latter case
consider for a small ε > 0 the translated set Eε := E + (0, . . . , 0, ε), which satis-
fies (38) in Qε := Q + (0, . . . , 0, ε), hence also in Q̃ε := Qε ∩ T (Qε). Repeating
the above procedure for Eε in Q̃ε we get |A2,ε| = 0 (A−

ε , A+
ε , etc. are defined as

above with respect to the set Eε in the domain Q̃ε, still reflecting across ∂ H ; we
use also the fact since H ⊂ Hε := H + (0, . . . , 0, ε), we have H ∩ Q̃c

ε ⊂ Eε)
and, since |Eε \ Fε| = ∞, |A1,ε| = 0. This implies at once that |A−

ε | = 0 and
|H\Eε| = 0. Since this is true for every small ε > 0, it follows that H ⊂ E (up to
a set of measure 0). ��

By a similar argument, the proposition above also holds replacing H by Hc. Also,
it is easy to see that if E satisfies (39), then Ec satisfies (38), hence by applying
Proposition 19 to Ec and Hc one has the following corollary.

Proposition 20. (Comparison principle II) Let E satisfy (39) with � = Q and as-
sume that E ∩Qc ⊂ H. Then E ⊂ H up to a set of measure zero (i.e. |Hc∩E | = 0).

Proof of Proposition 17. According to Proposition 18 a minimizer E of Js(·, Q)

with E ∩ Qc = H ∩ Qc exists. Then E satisfies both (38) and (39), hence by
Propositions 19 and 20 we have H ⊂ E and E ⊂ H (up to sets of measure 0), i.e.
E = H . ��
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Monotone set functions

We report some of the main results of [8], see also [6, Chapter 16] for more general
and related results. In the sequel for an open set � ⊂ R

n , we denote by P(�)

the set of subsets of � and by A(�), K(�) ⊂ P(�), the collection of open and
compact subset of � respectively. We also define

C(�) :=
{

M⋃
i=1

Qi : Qi ∈ Q, M ∈ N

}
,

where Q is countable the set of open cubes Qr (x) := x +r Q � � with x ∈ Q
n and

0 < r ∈ Q. The collections A(�), K(�) and C(�) satisfy the following property

A ∈ A(�), K ∈ K(�), K ⊂ A ⇒ there exists C ∈ C(�) with K ⊂ C � A.

(40)

We say that a set function α : P(�) → [0,∞] is monotone if

α(E) ≤ α(F) wherever E ⊂ F,

and that a monotone set function is regular if the following two conditions hold

α(A) = sup{α(K ) : K⊂A, K ∈ K(�)} for any A ∈ A(�), (41)

α(E) = inf{α(A) : E⊂A, A ∈ A(�)} for any E ∈ P(�). (42)

Thanks to (40) it is clear that (41) is equivalent to

α(A) = sup{α(V ) : V � A, V ∈ A(�)} = sup{α(C) : C � A, C ∈ C(�)}.
(43)

We also say that a monotone set function α is super-additive if

α(E ∪ F) ≥ α(E) + α(F), wherever E, F ∈ P(�), E ∩ F = ∅.

We say that a sequence of regular monotone set functions αi weakly converges to
a monotone set function α if the following two conditions hold:

lim inf
i→∞ αi (A) ≥ α(A) for every A∈A(�), (44)

lim sup
i→∞

αi (K ) ≤ α(K ) for every K∈K(�). (45)

The limit need not be unique, but it is easy to see that a sequence of regular monotone
set functions admits at most one regular limit.

Theorem 21. (De Giorgi-Letta) Let (αi ) be a sequence of regular monotone set
functions such that

lim sup
i→∞

αi (�
′) < ∞ for every open set �′ � �.

Then there exists a subsequence (αi ′) weakly converging to a regular monotone set
function α. Moreover if each αi is super-additive on disjoint open sets1 (and hence
on disjoint compact sets), then so is α.

1 This means that αi (A ∪ B) ≥ αi (A) + αi (B) wherever A, B ∈ A(�) are disjoint.
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Proof. Since the proof is standard we only sketch it.

Step 1. Being C(�) countable, we can easily extract a diagonal subsequence, still
denoted by (αi ) such that,

β(C) := lim
i→∞ αi (C) < ∞ for any C ∈ C(�).

Step 2. We define

α(A) := sup {β(C) : C � A, C ∈ C(�)} for every A ∈ A(�),

α(E) := inf {α(A) : A ⊃ E, A ∈ A(�)} for every E ∈ P(�).

Clearly for C ∈ C(�) we have α(C) ≤ β(C).

Step 3. The set function α is clearly monotone, and if every αi is super-additive on
disjoint open sets, then so is α. It is also easy to see that (44) is satisfied. As for
(45), it is an easy consequence of the identity

α(K ) = inf{β(C) : C ⊃ K , C ∈ C(�)}.
which follows from (40). Then αi converges weakly to α.

Step 4. It remains to prove the regularity of α. Identity (42) follows by the defi-
nition of α. In order to prove (41) fix any A ∈ A(�). Then for C ∈ C(�) with
C � A, we have

β(C) = lim
i→∞ αi (C) ≤ lim sup

i→∞
αi (C) ≤ α(C) ≤ α(C ′) ≤ β(C ′).

From this and the definition of α(A), (43) follows at once, hence also (41). ��
Proposition 22. Let (αi ) be a sequence of regular monotone set functions weakly
converging to a regular monotone set function α, and let K j↓K be a decreasing
sequence of compact sets such that α(K ) = 0. Then

lim
j→∞ lim sup

i→∞
αi (K j ) = 0

Proof. We have

0 = α(K ) = lim
j→∞ α(K j ) ≥ lim

j→∞ lim sup
i→∞

αi (K j ),

where the second equality follows from the regularity of α. Indeed for A ∈ A(�)

with A ⊃ K , we have by compactness A ⊃ K j for j large enough, hence

α(A) ≥ lim
j→∞ α(K j ) ≥ α(K ) = 0,

and the claim follows by taking the infimum over all A ∈ A(�) with A ⊃ K . ��



Gamma-convergence of nonlocal perimeter functionals 403

References

[1] Ambrosio, L., Fusco, N., Pallara, D.: Functions of Bounded Variation and Free Discon-
tinuity Problems. Oxford Mathematical Monographs. The Clarendon Press, Oxford
University Press, New York (2000)

[2] Bourgain, J., Brézis, H., Mironescu, P.: Another look at Sobolev spaces. In: Menaldi,
J.L., Rofman, E., Sulem, A. (eds.) Optimal Control and Partial Differential Equations,
pp. 439–455. IOS Press (2001)

[3] Brézis, H.: How to recognize constant functions. A connection with Sobolev spaces,
Uspekhi Mat. Nauk, 57, 59–74 (2002), transl. in Russian Math. Surveys 57, 693–708
(2002)

[4] Caffarelli, L., Valdinoci, E.: Uniform estimates and limiting arguments for nonlocal
minimal surfaces, preprint (2009)

[5] Caffarelli, L., Roquejoffre, J.-M., Savin, O.: Non-local minimal surfaces, preprint
(2009)

[6] Dal Maso, G.: An Introduction to �-Convergence. Birkhäuser, Basel (1993)
[7] De Giorgi, E.: Nuovi teoremi relativi alle misure (r − 1)-dimensionali in uno spazio

a r dimensioni. Ricerche Mat. 4, 95–113 (1955)
[8] De Giorgi, E., Letta, E.: Une notion générale de convergence faible pour des fonctions

croissantes d’ensemble. Ann. Scuola Norm. Sup. Pisa 4, 61–99 (1977)
[9] Fonseca, I., Müller, S.: Quasi-convex integrands and lower semicontinuity in

L1. SIAM J. Math. Anal. 23, 1081–1098 (1992)
[10] Giusti, E.: Minimal Surfaces and Functions of Bounded Variation. Monographs In

Mathematics. Brickhauser, Basel (1984)
[11] Maz’ya, V., Shaposhnikova, T.: Erratum to: On the Bourgain, Brezis, and Mironescu

theorem concerning limiting embeddings of fractional Sobolev spaces. J. Funct. Anal.
201, 298–300 (2003)

[12] Morse, A.P.: Perfect blankets. Trans. Am. Math. Soc. 61, 418–422 (1947)
[13] Nguyen, H.-M.: Further characterizations of Sobolev spaces. J. Eur. Math.

Soc. 10, 191–229 (2008)
[14] Nguyen, H.-M.: �-convergence, Sobolev norms and BV functions, preprint (2009)
[15] Visintin, A.: Generalized coarea formula and fractal sets. Jpn. J. Indust. Appl.

Math. 8, 175–201 (1991)


	Gamma-convergence of nonlocal perimeter functionals
	Abstract.
	1 Introduction
	2 Proof of Theorem 1
	3 Proof of Theorem 2
	3.1 The Γ-liminf inequality
	3.2 The Γ-limsup inequality
	3.3 Gluing construction and characterization of the geometric constants

	4 Proof of Theorem 3
	Acknowledgments.
	Appendix: some useful results
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


