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Abstract. Let Y be a smooth, connected, projective complex curve. In this paper, we study
the Hurwitz spaces which parameterize branched coverings of ¥ whose monodromy group
is a Weyl group of type D, and whose local monodromies are all reflections except one. We
prove the irreducibility of these spaces when Y =~ P! and successively we extend the result
to curves of genus g > 1.

0. Introduction

Let X, X" and Y be smooth, connected, projective complex curves of genus > 0 and
let Hy »(Y) be the Hurwitz spaces which parameterize degree d simple coverings
of Y with n branch points. The irreducibility of the Hurwitz spaces Hy , (P) was
proved by Hurwitz in [9] using a result of Clebsch and Liiroth. Severi’s proof of
the irreducibility of the moduli of curves of genus g was obtained by combining
the Hurwitz’s result with the fact that if d > g + 1 each curve of genus g may be
represented as a degree d simple covering of P! (see [18]). Coverings of P! simply
branched in all but one point of the discriminant were studied by Natanzon and
Kluitmann, who proved the irreducibility of the corresponding Hurwitz spaces (see
[16,14]). Natanzon’s work was inspired by applications to the theory of comple-
tely integrable Hamiltonian systems. The Hurwitz spaces Hj , (Y) parameterizing
coverings with full monodromy group S, of curves of genus > 1 were studied by
Graber et al. [8]. They proved in [8] the irreducibility of these spaces for n > 2d.
Kanev in [12] sharpened this result and moreover he extended it to coverings which
are simply branched in all but one point of the discriminant. Fixing the branching
data of special point, i.e, a partition e = (ey, ..., e;) of d wheree; > --- > ¢,, he
obtained the Hurwitz spaces Hj , ,(Y) parametrizing coverings with monodromy
group Sy, simply branched in » points and ramified with multiplicities ey, ..., e,
over one addition point. Kanev proved that they are irreducible if n > 2d — 2. The
author sharpened the latter result proving in [19] the irreducibility of H:;, (Y) for
n+ le| > 2d where le] = >/ (e; — 1).

We notice that the results above concern Hurwitz spaces of coverings whose
monodromy group is the symmetric group Sy. It is natural to ask what happens
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if one replaces S; with another Weyl group. Coverings with monodromy group a
Weyl group are interesting because they appear in the study of spectral curves and
of Prym-Tyurin varieties (see [5,10,11]). Branched coverings with monodromy
group a Weyl group were studied by Biggers and Fried in [1], by Kanev in [13] and
by the author in [20,21]. Biggers and Fried proved the irreducibility of Hurwitz
spaces that parameterize coverings of P!, with monodromy group a Weyl group
of type Dy, whose local monodromies are all reflections. Kanev generalized the
result to Hurwitz spaces parameterizing Galois coverings of P! whose Galois group
is an arbitrary Weyl group. We in [20] were interesting in coverings of ¥ whose
monodromy group is a Weyl group of type B; and whose local monodromies
are all reflections except one. We verified the irreducibility of the corresponding
Hurwitz spaces when ¥ ~ P!, We proved that, in the case in which among the local
monodromies there are both reflections with respect to long roots and reflections
with respect to short roots, the result can be generalized to curves of genus > 1
under the hypothesis 71+ |¢| > 2d, where 7 is the number of the local monodromies
that are reflections with respect to long roots. We completed the study of coverings
with monodromy group W (By) in [21] showing that, in the case of one special fiber
and all other local monodromies being reflections with respect to long roots, the
Hurwitz spaces are not irreducible and furthermore we showed that if 71 + |e| > 2d
they have 22¢ — 1 connected components where g = g(¥).

In this paper, we study branched coverings X Ix Ly , whose monodromy
group is a Weyl group of type Dy, satistying the following: 7 is a degree 2 étale
covering and f is a degree d > 3 covering, with monodromy group S, branched in
n + 1 points, n > 0 of which are points of simple branching while one is a special
point whose local monodromy has cycle type e. We first prove the irreducibility of
corresponding Hurwitz spaces when ¥ =~ P! (cf. Theorem 1) and then we extended
the result to curves of genus > 1 (cf. Theorem 2). In order to generalize the result
obtained for P! to curves of genus > 1, we make use of the Theorem 1 of [19]
that states the irreducibility of the Hurwitz spaces Hyj , ,(Y) under the hypothesis
n+ |e| > 2d. Because of this the Theorem 2 is verified under the same hypothesis.
Our result generalizes the one of Biggers and Fried, namely we allow one special
fiber.

Conventions. Here the natural action of S; on {1, ..., d} is on the right and we
write i fori € {1,...,d}and o € §;.

1. Preliminaries

In this section, we recall some notions on the Weyl groups of type By and D; and
on the braid moves. Moreover, we introduce the Hurwitz spaces that will be object
of our study. The references for the material on the Weyl groups are [3,4]. One can
look [2,6,9,17] and [12] for the material on the braid moves.

1.1. Weyl groups of type By and Dy

Let{eq, ..., g4} bethe standard base of R? and let R be theroot system {+ ¢;, +¢;+
gj 1 1 <, j < d}. The generators of the Weyl group of type By, that we denote
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by W(By), are the reflections with respect to the shortroots ¢;,i = 1,...,d, and
to long roots &; —¢;,1 <i < j < d. The Weyl group of type Dy is the subgroup
of W(B,) generated by the reflections with respect to the long roots €1 — &; and
€1 +¢&i, 2 <i < d.We denote it by W(Dy). The reflection s, interchanges ¢;
and —e¢; while unchanging each ¢, with 2 7 i. The reflection s, —; interchanges
¢ and ¢, —¢; and —¢;, leaving unchanged ¢ for each 4 # i, j. Consequently,
the elements of the Weyl group W (By) operate on {+£ €1, ..., & g4} permuting the
elements. If we identify {+ &1, ..., £ g4} with {£ 1, ..., = d} by the map that
transforms =+ ¢; into £ i and if we ignore the sign-changes, we see that each element
w € W(By) determines a permutation of the indexes 1, ..., d. This permutation
can be expressed in the usual way as a product of disjoint cycles. Let (i1iy ... 1.) be a
such cycle. Then w sends {—l—s,-j, —s,-j} to {+s,-j+] »—Eijy b, j=1,...,e—1, and
{+ei,, —¢i,} to {+&;,, —¢i, }. Thecycle (i .. . i.) is called positive if w®(e;,) = &,
and negative if w®(e;;) = —¢&;,. The lengths of these disjoint cycles together with
their signs give a set of positive or negative integers called the signed cycle-type of
w. It is well known that two elements of W (B) are conjugate if and only if they
have the same signed cycle-type.

Definition 1. We call positive cycle of the form (i . . . i) each element w € W(By)
satisfying the following: w sends {+ Eijs —sij} to {+ Eijyrs —Eijy Li=1,...,e
where i1 := i1, leaving unchanged ¢j for each h ¢ {i1,...,i.},1 < h < d,
and moreover w’(g;;) = ¢&;,. The integer e is called the length of the cycle w.
Two positive cycles in W(By) of the form (i; ...i,) and (hj...h;) are disjoint if
(i1...i.) and (hy...h;) are disjoint cycles of S,.

The actionof W(By) on {£¢; :i =1,...,d}allowsus also to define an injec-
tive homomorphism 7 from W (By) into Sy that sends s, —; to (i j)(—i — j),
Sg; to (i —i) and Seite; = Se;SejSe;—e; 1O (i — j)(—i j). A positive cycle
of the form (iy . ..i,) corresponds in Sy4 to a product of two disjoint e-cycles, ss’,

which move the indexes {=iy, ..., &i.} and are such that if s sends i; to i 41 (i;
to —i;11) then s” sends —ij to —ijyq (resp. —i; toi;11), where &i, 1 := =+i;.
Let (Z>)? be the set of the functions from {1, ..., d} to Z» equipped with the

sum operation. We write z;; for the function of (Z>)? defined as
zij(i) = z;j(j) =z and z;j(h) =0 foreachh #i,jand z € Z»

and write 1; j for the function of (Zz)d which sends to 1 only the indexes i . . . k.
Let @ be the homomorphism from Sy in Aut ((Z>)?) which assigns to ¢t € Sy
@ (1) € Aut ((Z)?) where

(D) 2] (j) := 7 (') foreachz € (Z)".

Let (Z,)¢ x° S, be the semidirect product of (Zz)d and S, through the homomor-
phism @. Given (2; 1), (z; 12) € (Z)¢ x* Sy we let

(@51 (@5 n) =+ 2@’ nn).

It is easy to check that it is possible to define an isomorphism W from W(Bg)
to (Z)4 x* S; which sends Sgi—g; 1O (0; (i j)), s to (1;;id) and Sei+e; 1O
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1; i3 (i j)). In particular, the isomorphism W sends a positive cycle of the form
(i1iz...i.) to an element of type (1;, . (i1iz2...i.)) where {iy, ..., ix} C
{i1, iz, ...,1.} and iy, ..., i} is either even or equal to 0.

It follows from what we have said that W (Dy) is isomorphic to the subgroup
of (Z»)? x* S, generated by the elements (0; (1)) and (11;; (1)), 2 <i <d.
Therefore elements of type (1; _p:id), where g{i, ..., h} is odd, do not belong to
W (D,), while positive cycles and products of positive cycles belong to W(Dy).

Definition 2. Let ¢ = (ey, ..., e;) be a partition of d where ej > -+ > ¢, > 1.
We denote by C the conjugate class of (Z»)¢ x* Sy containing elements of type
(zij; (ij)) and by C, the conjugate class of (Z2)4 x5 S; = W(By) containing
elements that are product of r disjoint positive cycles whose lengths are given by
the elements of the partition e.

From now on we will use (a; £) to denote an element in C,. Note that & is the
permutation that (a; &) determines on the indexes 1, ..., d and & has cycle type e.

Observation 1. Let (a;§) € C, andlet & =& ---&. where the &; are disjoint
cycles an_d & is a ej-cycle. Let ikt ke i%i be the indexes moved by &; that a
sends to 1 and let

& = ( kvl pkemke ko Rl k= ks ) .
If we conjugate (a; §) with (Iik(xi,l)ﬂm ks =1 ks 3 id) we obtain

(lik(si*”“... =1 gy T @+ Lk 15 é)

where a’' = 1ik(xi,1)+1m i1k Tat lik(si,l) kg is a function which sends

to 1 the same indexes sent to 1 by a except i ki and i*¢i-D, Hence, if we conjugate
(a’; &) with

(1,"‘@1'*3)“ OIS ld) (lik(si,S)Jrl M= ks ld)
. (1l~k1+1 k-l ks id)

we obtain a new element (b; &) belonging to C, such that b is a function which
sends to 0 all indexes of &;. If we proceed in this way for each i = 1,...,r we
obtain the element (0; &).

Note that the preceding argument is a check of the fact that (a; &) and (0; &)
belong to the same conjugate class and moreover it shows that if s is a permutation
of 4 with cycle type e then (0; s) belong to C,.

1.2. The Hurwitz spaces Hw (py), n, ¢ (Y)

We assume throughout what follows that d is an integer greater or equal to 3 and n
is a positive integer.
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Definition 3. An ordered sequence (f1,...,%;; A1, (1, ..., Aq, ig) Of elements
of (Zz)d x% S4 >~ W(By) such that r; # (0;id) foreach i = 1,...,n
and ft1---t, = [Ar, m1]---[Ag, pg] is called a Hurwitz system with values in
(Zz)d x* S4. The subgroup of (Zz)d x* Sg generated by #;, Ar, ur with
i=1,...,n and k = 1,..., g is called the monodromy group of the Hurwitz
system. Note that if ¢ = 0 the Hurwitz systems (t1, ..., t;; A1, 41, - .., Ag, tg)
are of the form (#1,...,t,) and t;---1, = (0; id).

Definition 4. Two Hurwitz systems with values in (Z2)? x5 S; ~ W(By),
(F1y oo I A (L ooy Ag, i) and (71, ..., In; A, [, ..,Xg, fLg), are called
equivalent if there exists s € (Zz)d x* Sz such that ;; = s~ #; s, ik =s s
and [ = s ur s foreachi =1,...,n, k =1,..., g. The equivalence class
containing (#1, ..., ug) is denoted by [t1, ..., ug].

Let X, X’ and Y be smooth, connected, projective complex curves of genus > 0.
In this paper, we work with branched coverings f of Y such that f = f o where
7 : X — X' is a degree 2 unramified covering and f : X’ — Y is a degree d
branched covering.

Definition 5. Two coverings X1 > X Ly and X, 25X 5 "2, ¥ are called equiva-
lent if there exist two biholomorphic maps p : X; — X and
p': X] — X} suchthat p’omy = mop and fr 0 p' = fi. The equiva-
lence class containing the covering X —X’ L,y is denoted by [X 55X/ f—>Y].

Let e = (e, ..., e;) be a partition of d where ey > --- > ¢, > 1. We write
Hwp,), n, e (Y) for the Hurwitz space that parameterizes equivalence classes of

coverings X — X' Ly , whose monodromy group is W (D), satisfying the
following:

7 is a degree 2 unramified covering and f is a degree d covering, with monodromy
group Sy, branched in n+ 1 points, n of which are points of simple branching while
one is a special point whose local monodromy has cycle type e.

Let by € Y and let g be the genus of Y. From now on we will denote by D and
by m : (Y — D, by) — Saq respectively the branch locus and the monodromy
homomorphism associated to the covering f o . The image via the monodromy
homomorphism m of a standard generating system for 7{(Y — D, by) determines
an equivalence class [t1, ..., 41 A1, (1, ..., Ag, ig] of Hurwitz systems with
values in (Zg)d x* Sq and monodromy group W(Dg) such that n among the t;
belong to C and one belongs to C.. We denote by Awp,), u, e, ¢ the set of all
the equivalence classes, [f1,..., tyq1; AL, U1, ..., Ag, Ugl, of Hurwitz systems
as above. Note that when g = 0 we write Aw (p,).n, ¢ fOr Aw(Dy).n, e, 0-

Let Y+ be the (n + 1)-fold symmetric product of Y and let A be the codi-
mension 1 locus of Y1 consisting of non simple divisors. We write 8 to denote
the map Hw(p,), n, e (Y) — YD — A which assigns to each equivalence
class [X 5 X’ EN Y] the branch locus D of X 5 X’ Loy It is well known,

there is a unique topology on Hw (p,), n, ¢ (¥Y) such that§ is a topological cove-
ring map (see [7]). By Riemann’s existence theorem we can identify the fiber of
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8 over D with Aw(p,), n, e, g- Therefore the braid group (Y®tD — A D) acts
on Aw(py), n, e, g- 1f this action is transitive the Hurwitz space Hw (p,), n, ¢ (¥) is
connected.

1.3. Braid moves

Let Y be a smooth, projective complex curve of genus > 1. The generators of the
braid group m(Y(’”‘l) — A, D) are the elementary braids o; with j=1,...,n
and the braids pji, Tix with 1 <i <n+4+1land1 <k < g (see [2,6,17]). To each
generator 6, pjk, Tik is associated a pair of braid moves: aj’. and al’.’ = (o;)’],
ply and pl} = (,o[k)’l, t/, and 1/} = (rl.’k)’l, respectively (see [9,12]). The
moves o, and o are called elementary moves while p/,, pj;, /., T/, are simply
called braid moves.

Theelementarymoveaj/. transforms (see [9)) [t1, ..., ¢j—1,%;, jt1, ..., tns A,

//le--~a)\g»ﬂg] to

[ll,...,lj_l,tjlj+1tj ,lj,...,tn,)»l,ﬂl,...,)»g,pLg:I
and then a]/.’ transforms [f1, ..., Lj—1,0j, Ejq1s ooy tns ALy [y ooy Ag, gl O
_1 .
(10 et Fjp s L Tt s T AL A s Ags Mgl

The action of braid moves p, and 7} is described by the following proposition.
Proposition 1. ([12], Corollary 1.9) Let (ty, ..., ty; A1, 41, ..., Ag, ig) be a Hur-
witz system. Let uy = [Ay, 1] - [Mk, uxl fork =1, ..., g and let ug = id. The

following formulae hold:
() For p;:

Pl ik = mg = (b7 17 b

where by = up_1 ik
(ii) For t{}:

"o " -1 ,—1
Ty s Ak = A = (up_ 1) uk—1)Ag.
In particular,

"o -1

2. Irreducibility of Hw (p,), n,e (Y)

In this section, we prove the irreducibility of Hyw p,). n. e (Y) when ¥ =~ P!
and successively we extend the result to curves of genus > 1 under the hypothesis
n+lel = 2d where le|] =>_ (e; — D).
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Definition 6. We call two Hurwitz systems with values in (Z,)¢ x* Sy ~ W(By)
braid-equivalent if one is obtained from the other by a finite sequence of braid moves
a]/., Pirs T a]’./, Pl Tpwherel < j <n—1,1<i<nandl <k < g. Wesay
braid-equivalent two ordered n-tuples (or sequences) of elements in (Zz)d x5 Sy,
(t1,...,ty) and (f1, ..., 1), if (fl, ..., 1,) is obtained from (¢1, . . ., t,) by a finite
sequence of braid moves of type o o . We denote the braid equwalence by ~.

Lemma 1. Ler (t1,...,t;,tiy1,...,1,) be asequence of elements in (Zz)d x5 Sy
such that tiy; = tl._l. Then, acting with elementary moves o', and their inverses,
we can move to the left and to the right the pair (t;, ti+1) leaving unchanged the
other elements of the sequence.

Proof. The lemma follows from the braid equivalences (¢, #;, t;+1) ~ (¢, tl._l tt,
-1
tig1) ~ (i, tig1, 1) and (t, tiy1, 1) ~ (G, tiat 4, 1) ~ (8, 8y Big1). m

We now enunciate two results that we will use late on.

Lemma 2. ([12], Main Lemma 2.1) Let (11, ..., ty; A1, 41, ..., Ag, Ug) be a Hurwitz
system with values in (Z2)4 x5 S; >~ W(By). Suppose that tltl+1 ;id). LetH
be the subgroup of(Zz)d x* Sq generated by {t|, ..., t;—1,tit2, ooy Iy, A, U1y en)
Ag, lg). Then for every h € H the given Hurwitz system is braid equivalent to

-1 —1
(t19"'5tl'717h tl hah tl+1 h7ti+2’"'7tn;)"17l‘l/17"‘7)"g7 ,u/g)‘

From now on we associate to the partition e = (ey, ..., e;), where ey > --- >
e > 1, the following element in Sy

(12...ep)e1+1...e1+e)---((e1+---+e—1)+1...d). (1

Following [15] we also denote the permutation (1) by

= (11 21...(enD)(T222...(e2)2) - (15 2 ... (&r)y).

We write g; forthecycle (1;2;...(e;);), Z; for the sequence ((1;2;), (1;3;), ...,
(1;(e;)i)) and Z for the concatenation Z; Z; . . . Z,. Moreover, we use |e| to denote

Z?:l(ei - D.

Proposition 2. ([14] or [15] pp- 369-370) Let (t{, ..., 1) be a sequence of trans-
positions such that t1 t =eand < tl, e, t,; > Is transitive. Then (tl, e, ”)
is braid equivalent to

"

(Z,tyogs--n )
wheren — N = 0 (mod 2) and

@) Ifr=1 1t/=(1121) foreach i>N+1,
@) Ifr > 1 then

(N1 - 6 =((1112), (1112), (11 13), (11 13), oy (T 1), ooy (11 1))
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where each (11 1;) appears twice if 2 <i <r — 1 and (11 1,) appears an even
number of times.

In what follows, we use Z, i = 1 , I, todenote the sequence ((0 (1;2; ))
(0; (1;34)), ..., (0; (1;(ei)i))) and Z to denote the concatenation 2122 Z

Proposition 3. Let [t ] = [t1, .. ., ty+1] be an equivalence class of Hurwitz systems
with values in (Z>)? x5 Sy ~ W (By) such that n among the tj belong to C, one
belongs to C, and moreover iftj = (z'; 1’ ) j=1,...,n+1, the group generated

by the permutations t isall Sg. Then [t ] is brald-eqmvalent to a class of the form:

G if r>1
[t =[Z. ©: (1112, ©: (1112)), o (0 (L), (05 (1))
(&1, (1), s s (1), 07D

where each (0; (11 1;)), 2 <i <r — 1, appears twice, the 7" are elements of
Zo and s is an even positive integer,

i) if r=1
(1= Z1 @l (0200 @ (120), 07D
where the 7" are elements of Zy and s is an even positive integer.

Proof. Let (a; &) be the element of ¢ that belongs to C.. With elementary moves
ai’ we move (a; &) to the place n + 1. Because (0; e~ and (a; &) belong to the
same conjugate class of (Z2)? x5 Sy (see Observation 1), there exists one element
(Z:5) € (Zn)4 x* S4 so that (Z; 5)"'(a, £)(Z; s) = (0; e"). Hence conjugating
each element of our Hurwitz system by (Zz; s) we obtain a class braid-equivalent to
[t]oftheform [f], ..., 7, (0; e~1)]. Let i =(x t”) From the equality 71 - - -1, =
(0; €) it follows that 1] ---1;/ =€ andso (1],....1,) = S4.
At this point we discuss one at a time the cases: » > 1 andr = 1.

Case r > 1. By Proposition 2 [f1, ..., f,, (0; e Dlis braid-equivalent to a class
of the form

(5 1= (afs (120) s (b33 13D) - (e, (hiten)
(@f 25 (1:20) s (B3, (1130) s (€], (@) (1, (112)).
(13 M1 (205 ilmn) s (@D, (i),
(), A1) (@05 (1) O]

where a', b',..., e, 7/, (z7), (z)" belongto Z, and s is an even positive
integer.
From the equality

(@l 2,5 1020) -+ (€] 0,3 (€)@ 1y (12 (@, (111,) = (Os€)
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one deduces that: ¢ = b' = .- = ¢ =0, foreachi = 1,...,r, while
7/ +(z/) =0 (mod 2), foreach j =2,...,r — 1 and thus z/ = (z/)'.

Now we show that [ 7, ] is the required class. This is obvious if 7/ = 0 for each
j=2,...,r—1. If instead z/ = 1 for some j €{2,...,r—1}, we observe that
in 7, in addition to the pair ((11,1,: (111;)), (11,1;; (111;))) andto (0; e~ ') there
are elements of type (zq g; (o B)) where the indexes «, B are moved both either
by g; or by a cycle different from ¢;. So it is sufficient to conjugate any element
of 7, with (11;...cej);5 id), where 1y, (;; is the function which sends to 1 only
the indexes moved by g, to replace the pair ((11,1;: (111;)). (11,1,: (111;))) by
((0; (111})), (0; (111)))) leaving unchanged each other element of £~1~ In fact

(ilj...(ej)j; ld) (illlj; (11 1])) (ilj.‘.(ej)j; ld)
= (le...(ej)j + Tl]lj + Tllzj'...(e]')j; (lllj))
= (0; (11 1)),

while
(U1 id) 0 €7 (14 e, 5 id)
= (1tepy; + P D1, €7D
= (1tep); Fliep;o2;1;0€ =06,
Analogously one checks that

(1.3 id) o gi (@ B)) (I1.ep);: id) = (2o g3 (a B)).

So reasoning for each j € {2,...,r — 1} such that z/ = 1 we obtain a Hurwitz
system belonging to [ 7, ] that is of same type of 7.
Case r = 1. By Proposition 2 [f], ..., 1, (0; e 1)] is braid-equivalent to
[7y1=1(a] 5,: (1120). (] 5,5 (113D). . (€] oy, (L1 e D))
(2h 0,3 (1200), - (&, (120), (O3 €]
where al, b!, ..., e!, 7! belong to Z, and s is an even positive integer.
From the equality

(@f,2,: (1120) - (€] ey, (11D ) (21,2, (1120) -+ (2], (1121)) = (0; €)

one deduces that: a! = b! == el and a'+z' 4+ -4+ 7z =0 (mod 2).
Ifa' =b!' = ... = e! =0 the equivalence class of Hurwitz systems so obtai-
ned is one required. Then we suppose that a' = b' = ... = ¢! = 1. The relation

a' +z' + .- +z° = 0 (mod 2) assures that the z* equal to 1 are odd in number.

Because of this and since s is even, we know that in 7, among the elements of type

(1?121; (1121)) there is at least one pair of the form ((11,2,; (1121)), (0, (1121))).

Because it is not restrictive suppose that the elements of this pair occupy the places

e1 and e + 1, to obtain a class as required it is sufficient to use the elementary
4 1 1 VA 1 "

MOVES O,y 15 T(o)» Tep)y =20 Ty =10+ 292 03 and then Lemma 1. m|

Theorem 1. The Hurwitz space Hw(py), n, e (PYY is irreducible.
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Proof. Since the Hurwitz space Hw(p,), n, ¢ (P1) is smooth in order to prove its
irreducibility it suffices to show that it is connected and then that the braid group
71 (YD — A| D) acts transitively on Aw(Dy),n, - To do this it is enough to show
that, acting by elementary moves o', and their inverses, it is possible to replace any
equivalence class in Ay (p,) », ¢ With the normal form:

@ if r>1

[Ti] = [Z, (0; (1112)), (0; (1112)),. .., (0; (111,-1)), (0; (111,—1)), (11,15 (111,)),
0; (111,)), (T1y1,5 (1)), (05 (1411,)), (03 (111,)), ..., (05 (111,)), (05 €]

where each (0; (11 1;)), 2 <i <r — 1, and (11]1,; (111,)) appear twice while
(0; (111,)) appears an even number of times,
@) if r=1

[T2)=[Z1, (11,2,; (1121)), (11,2,5 (1121)), (0; (1121)),. ., (0; (1121)), (0; € 1]

where (11121; (1121)) appears twice while (0; (1;21)) appears an even number of
times.

The equivalence classes belonging to Aw p,),», . satisfy all the hypothesis of
Proposition 3 and therefore each class in Aw (p,).n, ¢ is braid-equivalent to a class
of the form either [ £, ] or [ £, ] depending on whether » > 1 orr = 1. Recall thatin
Aw(Dy).n, e there are equivalence classes of Hurwitz systems whose monodromy
group is W(D,;) and moreover the conjugation with elements of W(By) and the
action of elementary moves leave unchanged the monodromy group. Then we can
affirm that each class in Aw(p,)n, ¢ i braid-equivalent, depending on whether
r > 1 or r =1, to a class of the form either [ ¢, ] where among the elements of
t, there is a pair of type ((11I 1,5 (111,)), (0; (111,))) or [ ¢, | where certainly one

Z"isequal to 1.

In factif z! = --- = z° = 0 the monodromy group of ¢ 1 and t, is contained
properly in W(Dg). The same thing one can say on the monodromy group of
t, if z! = ... =z = 1. In fact it is enough conjugate each element of t, by

(Il,‘..(_er)ﬁ id) (see proof of Proposition 3) to reduce us to the case d=...=
77 =0.

At this point we analyze separately the cases: r > 1 and r = 1.
Case r > 1. By the preceding argument we know that each class of Aw(p,),n, ¢ 1S
braid-equivalent to a class of type [Z, 0; (1112)), (0; (1112)), ..., (0; (111,-1)),
©; (111,-1), (21,15 (111)), ..o, &Y,y 5 (111,)), (05 €] where there are both
(imr; (17 1,)) and (O; (17 1,)). From the equality

Z (0; (1112)) -+ 0; (1 L,—)) (&}, s (1) -+ (2, s (1h1,)) = (05 )

we deduce that z' + --- 4+ z° = 0 (mod 2) and so the number of z" = 1 is
even and greater or equal to 2. Let 2m + 2 be the number of the elements of type
(11, 1,; (11 1)) in ¢;. With elementary moves we can replace these elements as
following

[y (0 (1y 1,21)), (Tny1,s (1)), ey (T (10 1)), (Tyy1, (1 1,)),
0; (111,)), (T1,1,5 (111,)), (05 (11 1)), (05 (111,)),. ., (0; (111,)), (0; €)1,
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: / / /
Hence using the moves OS5 itr—4 O(S, ertr—dyal 0 (S, erbr—dy+2m—1

a£1d Lemma 1 we can replace the sequence ((0; (11 1,—-1)), (imr; (11 1)), ...,
(111,35 (11 1)), gy, (11 1)), (0; (14 1,))) by

(©; (13 L—p), (Ty, 1,5 (g 1005 ey (Tn, 1,5 (Li—y 1)),
(T1,1,5 (11 1)), (05 (17 1,))).

" 1
S eitr—a42m’ O(F, ei+r—t+2am—1> 2 O3, ei+r—4)+1
obtain that the sequence above is braid-equivalent to

Now applying o we

(0; (11 1,—1), (T, (111)), (05 (111,21)), .., (05 (111,21)), (05 (111,))).

Using the braid moves o(”z. and Lemma 1 we

"
eitr—)+2m+1 " O, eitr—4)+2
replace the our sequence by

((0; (11 1,—1)), (05 (Lr—11,)), .., (05 (11 1,)), (11,1, (111,)), (05 (111,))).

At this point, to complete the proof in the case r > 1, we make use of the braid

/ /
MOVES O 45 -+ O[S o br—a)t2m—1 and of Lemma 1.

Case r = 1. We have already observed that each equivalence class in Ay (p,) n, ¢
is braid-equivalent to a class of the form [Z, (z}1 2 (11 21)), ..., (zsllzl; (1121)),
(0; e_l)] where there is certainly one (11121; (1121)). It follows from the relation

Z1 (21,2, (1120)) -+ (2] 5,3 (1121)) = (05 €)

that the number of elements of type (11,2,; (1121)) is even and greater or equal to 2.
We write 2m+2 for the number of these elements. With suitable elementary moves
we can replace to the right of (0; (11(e1)1)) the elements of type (11,2,; (1121))

/ / /
and then we use Opi—15 Oeps s Oy iom—2 and Lemma 1 so that results

((0; (11(en)), (I1,205 (1120)), .., (1y2,5 (1121)
~ ((0; (11(eN 1))y (Leyy205 (€121)), -+ -5 (Tiepyi2,5 ((€1)121)),
(T1,2,5 (1121)), (11,2, (1421))).

Applying the .elementary moves o, fam-1 .O’e//l fam2s o, and using
Lemma 1 we obtain that the sequence above is braid-equivalence to

((0; (11(en 1), O; (11(e1)1))s- - - (05 (Ti(en) ), (11,25 (1121)), (11,2, (1121))).

By Lemma 1 we can move 2m elements of type (0; (11(e1)1)) to the places
2,...,2m + 1 leaving unchanged the other elements of the Hurwitz system. Now
using the elementary moves al’, e, aém and Lemma 1 we obtain a class braid-
equivalent to ours of type



364 F. Vetro

[Z1, (0; 21(e)1))s - ., (0; 21(en)1))s (11,2,5 (1121)), (11,2,3 (1121)), (0; € D)1

Hence to complete the proof it is sufficient to apply the moves Gél—l’ o*éfl, cees

"e/1+2m—2 and Lemma 1. O
Theorem 2. If n + |e| > 2d the Hurwitz space Hwp,), n, ¢ (Y) is irreducible.

Proof. Since Hw(p,), n, ¢ (Y) is smooth to prove the theorem it is enough to
show that it is connected. To do this it is sufficient to check that 7, (¥ @®tD —
A, D) acts transitively on Aw(p,)n, ¢, ¢ and then it suffices to prove that each

equivalence class [t1, ..., ty41; A1, U1, ..., Ag, ig] belonging to Aw(p,)n, e,g 18
braid-equivalent to the normal form:
G IKr>1

[T1; (0:id), ..., (0;id)],
i) Ifr=1
[T2; (05id), ..., (0;id)],

where T and T3 are the Hurwitz systems which give the normal forms in Theorem 1.
Step 1. Let t; = (x:17), A = (x5 4p) and px = (x5 p), j=1,...,n 41,
k = 1,...,g. By Riemann’s existence theorem the equivalence class of Hur-
witz systems [r{, ..., 1 INE Moo ;L;,] corresponds to an equivalence class of
coverings belonging to Hj, ,(Y). Since n + |e] > 2d the Hurwitz space
Hj’n’ ,(Y) is irreducible (seeTl9], Theorem 1). Therefore it is possible, acting

by braid moves o](, pips T/, and their inverses, to replace [f, ..., ,u;,] with
[t],....1,, e~vid, ... id]. Inthis way [f1,..., 1 15 A1, (1, sy kg, gl Te-
sults braid-equivalent to a class of the form [, ..., 1%, (b'; €™ 1); (ay;id),
(b1;id), ..., (ag; id), (by; id)]. Because (b'; e Vand (0; €1 belong to the same
conjugate class of (Zz)d x% 84, there exists one element (7'; id) € (Zz)d x5Sy such
that (z'; id)(b'; e 1) (Z'; id) = (0; € ') (see Observation 1). Conjugating each ele-
ment of our Hurwitz system with (z; id) we obtain a new system belonging to our
class of type (1, ..., 1, (0; €~ V); (ar;id), (b1;id), ..., (ag;id), (by;id)).
Step 2. Instep 1 we showed that [11, ..., ig] is braid-equivalent to [71, ... , 7,
0;€~Y: (ar;id), (by:id), ..., (ag; id), (bg; id)]. At this point we claim that
it is braid-equivalent to a class of type [f1, ..., f,, (0;€71);(0;id), ..., (0;id)].
Once proved this one observes that [y, ..., Z,, (0; e_l)] is the equivalence class of
Hurwitz systems associated to a class of coverings in Hwy (p,), n, ¢ (]P’l) and so the
proof follows by Theorem 1.

Recall that (ay; id) and (by; id) are elements of W (D). Therefore if a; and
by are functions different from 0, they send to 1 an even number of indexes.
Suppose that a; is a function different from 0. Let i and j be two indexes sent
to 1 by aj. Observe that if, acting by braid moves of type o,0/,1 <1 <
n — 1, we can obtain a class braid-equivalent to ours in which there are both
(1; 73 (ij)) and (0; (ij)) then our class is braid-equivalent to a class of the form
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[F1, ...\, (0 €YY (@13 id), (b3 id), ..., (ag; id), (bg; id)] where @ is a func-
tion which sends to 1 the same indexes sent to 1 by a; except i and j. In
fact, using elementary moves o,” we can bring to the first place one of two ele-
ments of type (z;;; (ij)) and then we apply the move 7| that transforms (a;; id)
in (z;; (ij))(ay; id). Now we move to the first place the other element of type
(z};3 (i), where 2/ = lifz =0andz = 0if z = I and we again act by /.
In this way we replace (z;;; (ij))(ai; id) with (z;; (i) (zij: (i) (ar:id) =
(T,-j; id) (a1;id) = (Tij +ay;id) where a; = Tij + aj is a function which sends
i and j to 0.

We start showing that [f1, ..., 7%, (0; €~ 1); (ar;id), (b id), ..., (ag; id),
(bg: id)] is braid-equivalent to a class of the form [71, ..., Iy, (O: e_l); (ar;id),
(b1;id), ..., (ag;id), (bg;id)].

The relation

[(a1;id), (b1:id)]---[(ag; id), (by:id)] = (0; id),

implies that 71 - - -7, = (0; €) and then the group generated by the transpositions
corresponding to the 7; is all S;. Hence [71, ..., %, (0; €~")] satisfies all the
hypothesis of Proposition 3 and thus it is braid-equivalent to a class of the form
[ £; 1or[t, ] depending wether r > 1 or r = 1. Note that by transforming
{1, ... 1y, (0; e_l)) to t; or t, we leave unchanged the elements (ay;id) and
(by; id) (see proof of Proposition 3). Because of this we can affirm that our class is
braid-equivalenttoaclass of the form [z ; (a1; id), (b1;id), ..., (ag;id), (be; id)]
or [ty; (ar; id), (b1;id), ..., (ag;id), (bg; id)] depending wether v > 1 orr = 1.
We discuss separately the cases: ¥ > 1 and r = 1.

Case r > 1. Note that is not restrictive to suppose that in ¢, there are at least
two (illlr; (111,)) and two (0; (111,)). In fact the hypothesis n + |e|] > 2d
assures that in ¢, there are at least four elements of type (x; (111,)). Hence if
zl = ... = z* and we cancel two among the (x; (111,)) the group generated
by the remaining elements in (¢; (a1; id), (b1; id), ..., (ag; id), (bg; id)) is still
W (Dg). Because of this we can by Lemma 2 to replace the pair ((z{I " (111,)),
(Z}llré (111,))) with ((z1,1,; (111,)), (z1,1,; (111,))) where z+z' =1 (mod 2),
it is sufficient to choose & = (11121; id). We discuss at first the case i = 1| and
Jj # 1, (in a similar manner one affronts the case i = 1, and j # 11). If j is
an index moved by the cycle ¢, in ¢ there is the element (0; (1,j)). We move
(0; (1, 7)) to the left of one pair of type ((11]1,4; (111,)), (O; (111,))). If the ele-
ments of this pair occupy the places i, h + 1, we use o,g_ 1 O';l to obtain a new
class in which there is the pair ((illj; (11)), (0; (117))). If j is an index moved
by g1 in ¢, there is already (0; (1;)). We move it to the left of one sequence of
type ((0; (111,)), (0; (111,)), (1111,,; (111,))). If the elements of these sequence
occupy the places , h + 1, h +2 weuse 0;_,, o} and Lemma 1 to have

((0; (11)), (0; (111,)), (0; (111,)), (T1,1,5 (111,)))
~ ((0; (11))s (05 (1)), (05 (1)), (1115 (111,))

and then it is sufficient to apply o}, 41 to obtain a sequence in which there is the
pair ((0; (11))), (111]-; (11))). In the end if j is an index moved by a cycle ¢g,,
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with @ # 1,7, in t| there is the element (0; (1,j)) and there are both the pair
((0; (1411)), (0: (1411))) and the pair ((11,1,; (111,)), (0; (111,))). By Lemma
1, we can move the pair ((0; (1511)), (0; (1411))) to the left of the pair ((11,1,;
(111,)), (0; (111,))) and then with suitable elementary moves we bring (0; (1,7))
to the left of ((0; (1411)), (0; (1511))). If now (0; (1,)) is at the place h, we
apply 0, 04,5, 0.5, 05, toreplace ((0; (1)), (0; (1411)), (0; (1411)),
(11,15 (111,)), (05 (111,))) by

(05 (1170, (0; (1a))s (05 (111,)), (T1y1,5 (Aila)), (05 (1,10))).

At this point to do in way that among the elements of our Hurwitz system there is
the required pair we use 0}, ,, ;. In the end we analyze the case in which i and
Jj are indexes different from 1 and 1,. We distinguish the case in which i and j are
indexes moved by a same cycle g, from one in which i and j are indexes moved by
two different cycles g, and g,. If i and j are indexes moved by a same cycle g, in ¢,
there are the elements (0; (147)), (0; (1,)) and the pairs ((0; (1,11)), (0; (1,11))),
(0 (111,)), 05 (111,)), ((Tiy1,5 (1110, (Thy1,5 (111,))). Suppose i < . Using
suitable elementary moves and Lemma 1 we can replace them as following
[, (0; (ai)), (05 (aj)), (05 (Aal)), (Tiyr,s (i1, (iy,s (1), (0; (1a
11)), ((0; (111,)), (0; (111,)),...]. If now (0; (1,7)) is at the place & we act by
o) e o), 0/2/4_5 to replace the sequence above with

(05 (1114)), (05 (11d)), (0; (117)), (111,53 (A1 1)), (Typ1,5 (11 1)), (05 (111,)),
(0; (141,)), (0; (111,))). (*)

Note that when a = r the pair ((0; (1,11)), (0; (1,11))) coincides with the pair
((0; (111,)), (0; (111,))) and so to obtain the sequence (x) one only uses a,;’H and
o,/. When a = 1 in ¢, there are already both (0; (17)) and (0; (11)) and thus to
obtain the sequence (x) it is sufficient to move (0; (117)) to the left of (0; (1))
and then to use Lemma 1.

By Lemma 1 we move the pair ((11 1,5 (1), (11 11,5 (111,))) to the right of
(0; (111)), after we actby o}, |, 0} ,,, 0, 4 and again we use Lemma 1 to obtain
that (%) is braid-equivalent to ((0; (1,11)), (0; (117)), (1;1,5 (i1,)), (1;1,; (i1,)),
(03 (1)), (0: (1)), (0: (11,)). (0: (111,))). Acting by 6, 5. 07,5 0}, and
using Lemma 1 we can replace the sequence above with

((0; (1a11)), (05 (1)), (Lijs (@), (Lijs @), (05 (E11)), (05 (11/)),
(0; (1a1)), (0; (111,))).

Now one obtains a sequence braid-equivalent contained the pair ((0; (ij)),
1; i3 (i7))) acting with a;l L4 Observe that the case in which i and j are indexes
moved by two different cycles g, and g, can be reduced at the case just analy-
zed. In fact if i is an index moved by g, and j by ¢, in ¢, there are the ele-
ments (0; (14i)), (05 (15/)) and the pairs ((0; (1114)), (05 (1114))), ((0; (111p)),
(0; (111p))). By Lemma 1 we can move to the right of (0; (1,17)) the pair ((0; (111,)),
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(0; (111,))) and to the right of (0; (15)) the pair ((0; (111p)), (0; (111p))). If
(0; (14i)) and (0; (1p7)) occupy respectively the places i and k, we use a,/l and 0’,2
and so we return to the case in which i and j are indexes moved by a same cycle
gq Witha = 1.

Case r = 1. We already observed that our class is braid-equivalent to a class
of type [t,; (a1;id), (b1;id), ..., (ag; id), (bg; id)]. Note that is not restrictive
to suppose that in ¢, there is the pair ((11,2,; (1121)), (11,2;; (1121))). In fact the
hypothesis n + |e|] > 2d assures that in t, there are at least two elements of type
a2y Ifd == = (_)ingz there are three elements of type (0; (1121)),
so if we cancel two of these the group generated by the remaining elements of
(ty; (ar;id), (by;id), ..., (ag;id), (bg;id)) is still W(Dy). Then by Lemma 2
we can replace ((0; (1121)), (0; (1121))) with ((11,2,5 (1121)), (11,25 (1121))), it
is sufficient to choose i = (11,3,; id) (recall thatd > 3). Now we check that acting
by elementary moves it is possible to obtain a sequence braid-equivalent to 7, in
which there is the pair ((Lj; (@j)), (0; (ij))).If i is equal either to 11 or to 2| while
j & (11,21} int, there is (0; (11/)) and there is ((T1,2,: (1121)), (11,25 (1121))).
We move (0; (11/)) to the second place and then use Lemma 1 to move the pair
(11,25 (1121)), (11,2,; (1121))) to its right. Now to obtain the required pair it
is sufficient to act either with o}, o or with o3, of, o3, o), o] depending
if 7 is equal to 1y or to 2;. If instead the indexes i, j ¢ {11,2;}, in ¢, there
are (0; (117)), (0; (117)) and the pair ((11,2,; (1121)), (11,2,5 (1121))). Suppose
i < j.Wemove (0; (117)) and (0; (17 7)) respectively to the second and to the third
place and after we use Lemma 1 to bring the pair ((11 205 (14121)), (Il 205 (1421)))
to the right of (0; (1 )). Applying of’, o3, o, and using Lemma 1 we have that
the sequence ((0; (1121)), (0; (118)), (05 (117)), (11,2, (1121)), (11,245 (1121)))
is braid-equivalent to

(05 (114)), (05 210)), (0; (11j)), (12,5 G20, (12,5 (G20)))-

Now we obtain the required pair using the elementary moves o}, o3, 0.

Till now we proved that both » > 1 and r = 1 theclass [f], ..., 7, (0; e 1);
(ay;id), (br:id), ..., (ag;id), (bg; id)] is braid-equivalent to a class of the form
[F1, ... by (0; €7V Gy id), (br;id), ..., (ag;id), (bg; id)] where ay is afunc-
tion which sends to 1 the same indexes sentto 1 by a; excepti and j.

We note that [7], ..., %, (0;e )] is still a class that satisfies the hypothesis
of Proposition 3, so one can proceed for each pair of indexes which a; sends to
1 as one made by the pair (i, j). In this way, after a finite number of steps, we
are able to replace (71, ..., T, (O: e_l); (ar;id), (by;id), ..., (ag;id), (bg; id)]
with a class of the form [7], ..., fnz, (0; e_l); 0;id), (by;id), ..., (ag;id),
(bg: id)1.

Now if by is a function different from O to replace (by; id) with (0; id) one
proceeds in the same way but using the braid move p{,. Analogously one reasons
when a; is different from O and a;, b; are equal to O for each / < k — 1, but
one uses the braid move tl”k In the end if by, is different from O and «;, b;, ay,
| < k — 1, are equal to 0, to replace (by; id) with (0; id) one applies the braid
moves pj,.

This completes the proof of the theorem. O
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