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Abstract. It is well known that a microperiodic function that maps the set of reals into
itself and is continuous at a point (Lebesgue measurable, respectively) must be constant
(constant almost everywhere, resp.). We generalize those results in several directions. As a
consequence we obtain conclusions concerning some systems of functional inequalities.

1. Introduction

In what follows N, Z, @Q, and R denote, as usual, the sets of positive integers,
integers, rationals and reals, respectively. Moreover Ny := N U {0}.

We say a function f : R — R is microperiodic provided it has an arbitrarily
small positive period, i.e. the set {a € R : f(x +a) = f(x) forx € R} is dense
in R. (For instance, if f : R — R is biperiodic with periods a, b € R\ {0} (i.e.
f(x+a)= f(x) = f(x+b)forx € R)yandab™! ¢ Q, then f is microperiodic).
It is very easy to prove that a microperiodic function f : R — R that is continuous
at a point must be constant. The case where the function is Lebesgue measurable
is more involved; it seems that it was Lomnicki [10] who first proved that such
a function must be constant almost everywhere. A short proof of it was given by
Semadeni [21] (see also [4]). An analogous result for functions with the Baire prop-
erty has been obtained by Xenikakis [22]. Generalizations of all these are given in
Kuczma [6], where a very abstract approach is assumed, and in Brzdek [3].

Similar results were obtained by Montel [13] (cf. [17] and [7, p. 228]; see also
[11] and [12]), who considered functions f : R — R, continuous at a point and
satisfying the following system of simultaneous inequalities

f(x+a) < fx), f(x+b)<f(x) forxeR (1)

with some a,b € R\ {0}, ab~! & Q, ab < 0. It is easily seen that the set
P :={na+mb :n,m € N} is dense in R and (1) implies

fx+p)<fx) forxeR,peP. 2)
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Therefore the study of system (1) leads us to the problem of description of solutions
of (2). For measurable functions and in more general settings inequalities (1) and
(2) have been studied in Brzdek [3].

We present generalizations of all the mentioned results. In particular, we show
how to unify most of these outcomes into a more general one, from which the
particular cases can be easily derived by specifications of some terms. Thus we
supply an answer to a question of Volkmann, who asked (private communication)
about a unification of the both mentioned above results, concerning microperiodic
measurable functions and microperiodic functions that are continuous at a point.
(The question was motivated by well known such a unification for the Cauchy
equations (see e.g. [1])). We also obtain a unification of the results in Brzdek [3]
(see Remark 3.1 and Theorem 3.1). We achieve that using an abstract property of
measurability with respect to some families of sets satisfying a hypothesis being
an abstract analogue of the Steinhaus Theorem (cf. [6]).

As a consequence we get generalizations of some results of Krassowska [8] and
Matkowski [9], concerning some systems of simultaneous functional inequalities
(see Corollaries 3.6 and 3.7), arising from a characterization of the L” norm (see

[9D.

2. Preliminaries

Let us start with some definitions (some of them are quite well known).

Definition 2.1. A group (G, -), endowed with a topology, is a semitopological group
provided the mappings G 3 x — x-y € Gand G > x — y-x € G are continuous
foreveryy € G (cf. e.g. [5], [6] or [18]).

Definition 2.2. Let X be a nonempty set. Then T C 2% is an ideal (in X ) provided
AUB e T and?2* C T for every A, B € I. If. moreover, T # 2%, then we say T
is proper. Next, we say T is nontrivial provided T # {{}.

Definition 2.3. Let 7 be an ideal in a set X # (. Then T is a o-ideal provided
UneN Ap € 1 for every {Ap}nen C 1.

Definition 2.4. Let (X, -) be a group and T C 2X. Then T is left-translation invari-
ant provided x - A :={x-a:a € A} € T forevery A €T, x € X.

Definition 2.5. Let X be a topological space, T C 2% be an ideal and A C X. If
for every x € A there exists a neighbourhood W,, C X of x such that W, N A € 7,
then we say A is locally in . We write [(Z) :={A C X : A is locally in T}.

We say I is local provided [(Z) C T.

Remark 2.1. Clearly, for every ideal Z C 2X T c I(Z), whence Z = I(Z) if and
only if Z is local. There exist left-translation invariant ideals that are not local.
For instance let Z be the o-ideal of the left-Haar measure zero subsets of a locally
compact topological group. Then /(7) is the o-ideal of subsets of the group that
are locally of the left-Haar measure zero and, in some locally compact topological
groups, Z # 1(Z).
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It is also easily seen that in a topological group (G, -), with the discrete topol-
ogy, for every nontrivial left-translation invariant ideal Z C 29 we have G € [(2);
but on the other hand G € 7 if and only if Z = 26.

Proposition 2.1. Let (G, d) be a separable metric space. Then every o-ideal T C
26 is local.

Proof. Let P be a dense countable subset of G and Z C 2¢ be a o-ideal. Write
Bx,r) ={ye G:dx,y) <r}forx € G,r > 0. Take A € [(Z). Then, for
every x € A, there is r, € QT (positive rationals) with B(x,2r,) N A € Z. Let
P, := B(x,ry)NP forx € A.lItiseasily seen that B(x, ry) C Uyer B(y, ry) and
B(y,ryx)NA C B(x,2ry)NA e€Iforeveryx € A,y € P,.NextL :={B(y,ry) :
xeA,yeP)C{B(yr):yeP,reQt}, whence L is countable. Since
A C Uyea Bx,ry) CUpgep Band DN A eI forD e L, weobtain AeZ. O

Remark 2.2. Tt seems to be an open question whether the converse is true, i.e.
whether in a metric space that is not separable there exist o-ideals that are not
local.

Let (G, -) be a group endowed with a topology. For D, E C G anda € G we
writta - E:=f{a-y:yeE}, D' :={x"':xeD})andD -E:={x-y:xe
D,y € E}. In the sequel we need the following hypothesis.

(M) M c 2 and there exist o-ideals Z, S C 29 such that
int(D-CY#¢ and int(C-D Y #@ forDe M\Z,Ce29\8.

We have the following two well known examples of families M satisfying
hypothesis (M).

Example 2.1. M is the family of Haar measurable subsets of a locally compact
topological group and S = 7 is the o-ideal of all locally of Haar measure zero
subsets of the group (see [2]).

Example 2.2. (G, -) is a semitopological group such that the mapping G > x —
x~! € G is continuous, M is the family of all subsets of G with the Baire property
and S = T is the o-ideal of all subsets of G of the first category (see e.g. [5, 18,
19)).

Next two examples of families M satisfying hypothesis (M) are supplied in
Remark 3.2 and in the subsequent Proposition 2.2. (Proposition 2.2 and Lemma 2.1
correspond to the abstract generalization of the Baire property introduced in [14]
and [15] and to the results generalizing the Piccard Theorem in Sander [18-20] and
Kominek and Kuczma [5]). For the proof of Proposition 2.2 we need the following
lemma.

Lemma 2.1. Let (G, ) be a group endowed with a topology such that the mapping
G € y — z -y is continuous for every z € G. Let Ty C 2C be a left-translation
invariant local ideal, B € 2° \ Ty, T € To, and U C G be open and nonempty.
Then there is y € B with

U-y'cw\7T)-B™" and y-U'cB-(U\T)"". (3)
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Proof. B & IpandZjislocal, whencethereisy € B with (y-W)NB & I forevery
neighbourhood W of the neutral element in G. Take x € U. Then Uy := x~' - U
is a neighbourhood of the neutral element and consequently (y - Up) N B ¢ 1.
Hence (x~'-U)N(y~!'- B) ¢ Ty. Since x ™' - T € 7y and

D= w\)no "B =" U)ne ! -B\x"-T,

we have D # ). Take t € D. Clearly xt € U \ T and yt € B, whence x - y~! =
x-t-(y-)y 'eW\T)-Blandy-x'=y.t-(x-0)" ' eB-(U\T)".
Thus we have shown (3). |

Proposition 2.2. Let (G, -) be a semitopological group such that the mapping G €
y — y~ ' € G is continuous and Ty C 2C be a left-translation invariant local
o-ideal. Then the family

M:={({U\C)UD:U C Gisopen, C, D € Iy}
satisfies hypothesis M) with S = 1 := 1.

Proof. Let U C G be open and nonempty, T € Zp and B € 2° \ Zy. Then,
according to Lemma 2.1, condition (3) holds with some y € G, which means
int(U\T)-B™Y) #0andint(B- (U \T)™") #0. O

3. The main results

We need the following three definitions.

Definition 3.1. Let (X, d) be a metric space. We say R C X2 has intersection prop-
erty provided BiNBy # () for everytwo balls By, By C X suchthat RN(B1 X By) #
@ and R N (By x By) # 0.

Remark 3.1. Clearly R = {(x,x) : x € X} has intersection property for every
metric space (X, d). This is also the case if R = {(x, y) € R2:x < v} (with the
usual metric in X = R).

Definition 3.2. Let Y be a nonempty set, Z C Y and I C 2. We say a property
p(x)(x € Z) holds T-almost everywhere in a set E C Z (abbreviated in the sequel
to T-a.e. in E) provided there exists a set A € T such that p(x) holds for every
x € E\ A

Definition 3.3. Let G be a nonempty set, M C 26, and X be a topological space.
We say f : G — X is M-measurable onaset D C G provided f~'(U)ND € M
for every open set U C X.

Remark 3.2. Let X be a topological space, (G, -) be a semitopological group with
the mapping G > x — x~! € G continuous, f : G — X be continuous at a point
x0 € G,and M :={U C G : xg € intU orxg ¢ U}. Then f is M-measurable
on G and hypothesis (M) holds with S = {#}and Z = {U C G : xg ¢ U}.

Now we are in a position to prove the following theorem.
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Theorem 3.1. Let (X, d) be a separable metric space, (G, -) be a semitopological
group, P C G be dense in G, E C G, M) hold, and <C X2 have intersection
property. Suppose w : E — X is M-measurable on a set D € 2F \ T and satisfies

w(p-x) <wkx) forx e E,pe P withp-x€E. @
Then w is constant S-a.e. in E.
Proof. Let Q = {q; : i € N}beadense subsetof X and Bl.” ={x e X:d(gi,x) <
1/n} fori,n € N. For every n € N we have

Dcw '(X)= U w=(BM).
ieN

Thus, for each n € N, there exists i (n) € N with

Dy =w" (B, ) NDeM\T,

because w is M-measurable on D and D ¢ 7.
Since X is separable, for every n € N there exists a countable family 5(n) of
balls in X such that

X\dBj, = |J B
BeBn)

Suppose there exist k € N and By € B(k) with By := w™!(Bg) ¢ S. Then,
on account of (M), there are p;, p» € P such that p; € int (B - D,:l) and py €
int (Dk-B,;]),whichmeansthatm-d1 =bi1 e By CEandpy-by =dr € D CD
with some by, by € By and d;, dy € Dy. Hence

Bo > w(b)) = w(pi-di) 2 w(d) € By, (5)
and

Bt{((k) 3> w(dy) = w(pz - br) < w(by) € By,

whence < N(By x Bl.k(k)) # () and < O(Bl.k(k) X Bg) # @. This is a contradiction,
because < has intersection property and By N Bik(k) =0.
Thus we have proved that w~Y(B) € S for every k € N, B € B(k). Let
- k
L= ﬂ cl B; -
keN

Clearly L has at most one element,

Ar=w '\(X\L)=w"! (U (X \cl B{‘(k)))
keN
- Jw! (X\clBik(k)) Ul U v'®)|es
keN keN \ BeB(k)

and w(x) € Lforx € E\ A. O
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Remark 3.3. Note that if <= {(x, x) : x € X}, then condition (5) is not necessary
to obtain a contradiction in the proof of Theorem 3.1. Hence, in that case, (4) may
be replaced by the following weaker condition

wp-x)=wkx) forx e E,pe P withp-xe D, 6)

and hypothesis (M) by the weaker one

(M) M C 29 and there exist o-ideals Z, S C 29 such that
int(D-C™ "y #£¢ forDe M\Z,Ce2°\8.

Thus we have the subsequent two generalizations of some well known results con-
cerning microperiodic functions (cf. [3, 4, 6, 10, 21, 22]).

Corollary 3.1. Let X, G, E, P be as in Theorem 3.1 and (M) hold. Suppose w :
E — X is M-measurable on a set D € 2F \ T and satisfies (6). Then w is constant
S-a.e. in E.

Proof. 1t is an immediate consequence of Theorem 3.1 and Remark 3.3. O

Corollary 3.2. Let X, G, E, P be as in Theorem 3.1. Suppose w : E — X is
continuous at a point xo € D := int E and (6) holds. Then w is constant.

Proof. Let M :={U C G : xg € intU or xg ¢ U}. Then w is M-measurable on
D and hypothesis (M”) holds with S = {#} and Z = {U C G : xo ¢ U}. Hence
Corollary 3.1 yields the statement. O

For the next corollary we need the following definition.
Definition 3.4. Let Y be a real linear space and v € Y. Then we write
Lyi={(x,y) € Y?: y—x =av withsomea € R,a > 0}.

Corollary 3.3. Let G, P, E be as in Theorem 3.1, X be a real linear separable
normed space, v € X, h : G — X, and w : E — X. Suppose h(x - y) =
h(x) + h(y) forx,y € G and

w(p-x) <Ky wx)+h(p) forx e E,pe P withp-x € E. @)

Then the following two conditions hold.

1. If M) holds and the functionw — h : E — X, (w — h)(x) := w(x) — h(x) for
x € E, is M-measurable on a set D € 2F \ T, then there exists zo € X such
that w(x) = zo + h(x) S-a.e. in E.

2. If the mapping G € y — y~ ! € G is continuous and the function w — h is con-

tinuous at a point xo € int E, then there exists 7o € X such that w(x) = zo+h(x)
forx € E.
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Proof. Takeballs By, B C X suchthat (B x By)N <, # @and (By X B))N <y
# (). Then there exist x;, y; € B; fori = 1, 2 such that x| <, x2 and y; <, yi.
This means that ajv, apv € B; — B for some a1, ay € R, ajar < 0. Since the
balls are convex sets, so is the set B — B and consequently O € B} — B;, which
means By N By # .

Thus we have shown <, has the intersection property. Next, by (7),

(w—=h)(p-x) Ky wx) + h(p) = h(p) = h(x) = (w —h)(x)

forevery x € E, p € P with p - x € E. Hence Theorem 3.1 yields statement (1).
Next, arguing as in the proof of Corollary 3.2, from (1) we derive statement (2). O

Remark 3.4. Note that, in the case X = Rand v = 1, we have <, = {(x, y) € R? :
x < y}. Thus Corollary 3.3 generalizes the results in Brzdek [3].

In the case where (4) is postulated only almost everywhere we have for instance
the subsequent two corollaries.

Corollary 3.4. Let G, P, X, < be as in Theorem 3.1, (M) be valid, J € {S, I},
B\TeM forBe M, T €J, (3)

Eo C G, P be countable, w : Eg — X be M-measurable on a set Do C Eq and,
for each p € P, the condition

if p-x € Ep, thenw(p-x) < w(x) 9

hold J-a.e. in Eqy. Then the following two conditions are satisfied.

1LIfT=8Sand Dy & Jo :={T UV : T €1,V €S}, then w is constant S-a.e.
in Ey.

2.If J =7 and Dy & L, then w is constant Jy-a.e. in E.

Proof. For every p € P there exists a set A, € J such that (9) holds for every
x € Eg\ Ap. Write

A=A,

peP

Then A € J and (4) is valid for E := Ey \ A. Moreover, according to (8), w is
M-measurable on D := Dy \ A ¢ 7. Hence, by Theorem 3.1, w is constant S-a.e.
in E, which yields the statement. O

Corollary 3.5. Let G, P, X, < be as in Theorem 3.1, Ey C G, and J C 26 pe
a left-translation invariant o -ideal. Suppose the topology in G is metrizable, the
mapping G € y — y~' € G is continuous, P C G is countable, w : Eg — X is
continuous at every point x € int Eg # () and, for each p € P, condition (9) holds
J-a.e.in Ey. Then w is constant [J -a.e. in E.
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Proof. The case J = 2C is trivial, so suppose 7 is proper. This means int 7 #
for every T € J (because P is dense and countable). Next, from Proposition 2.1
we derive J is local. Define A as in the proof of Corollary 3.4. Then A € J and
(4) is valid for E := E( \ A. Clearly (int Eg) \ A ¢ J. Take xo € int Eg \ A. Itis
easily seen w is M-measurable on E with

M:={U\A:UCG andeither xo € intU or xg &€ U}

and, on account of Lemma 2.1, hypothesis (M) holds with S = J and Z := {U C
G : xo ¢ U}. Consequently Theorem 3.1 implies the statement. O

It seems that, with the same method as in the proof of Corollary 3.5, we cannot
derive from Theorem 3.1 an analogous corollary under the weaker assumption of
continuity of w at least at one point, because it may happen that the only point of
continuity of w, say xo, belongs to A and then E € 7, which means we cannot
apply Theorem 3.1. However we can show such a result using a more direct method
of proof. Namely we have the following theorem.

Theorem 3.2. Let (X, d) be a metric space, <C X? have the intersection property,
(G, ) be a semitopological group, Eog C G, J C 29 bea left-translation invariant
local o-ideal, and H € J. Suppose P C G is dense and countable, w : Eq — X
is continuous at a point xo € int Ey and, for each p € P, the condition

if p-xe Eg\ H, thenw(p-x) < w(x) (10)

holds [J-a.e. in Ey. Moreover assume one of the following two conditions:

1. x={(x,x) : x € X},
2. X is separable and the mapping G € y — y~! € G is continuous.

Then w(x) = w(xg) J-a.e. in Ey.

Proof. Assume J is proper (otherwise the statement trivially holds). Thenint T =
@ for T € J. Foreach p € P thereis A, € J such that (10) holds for every
x e Eg\ Ap. Let

A=HU|]JA,eJ.
peP

Clearly £ := Eg \ A ¢ J and (4) is valid. For each n € N write B, :={x € X :
d(w(xg), x) < 1/n}, X, := X\ Bn, Dy := w ' (B,)\ Aand E,, := w1 (X,) \ A.
Note

D,eM:={U\A:UCG andxgeintU} forn e N.

In the remaining part we repeat in many fragments some arguments from the
proof of Theorem 3.1. However, for convenience of a reader we present them here
as well.

First consider the case of (1). Suppose Ex ¢ J for some k € N. Then, by
Lemma 2.1, int (Dy, - E,:l) # (), whence p - e =d € Dy C E withsome p € P,
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e € Ex and d € Dy. Hence By > w(d) = w(p -e) = w(e) € Xg. This is a
contradiction, because By N X = @.

Thus we have proved that w™!(X,) € J forevery n € N. Let L := MNuen Bn-
Clearly L = {w(x0)}, T := w I (X\L) = Unen w™ ' (X,) e Jand w(x) € L
for x € Ep \ T. This completes the proof in the case where (1) holds.

Now assume (2). For each n € N there is a countable family B(n) C 2% of
balls with X \ cl B, = UBeB(n) B. Suppose there are k € N and By € B(k) with

Cy = w’l(Bo) \ A ¢ J. Then, on account of Lemma 2.1, there are py, p» € P
such that p; € int (Cy - D,:l) and py € int (Dy - C,:l), whence p; -d; = ¢ €
Cy C Eand py - ¢o = dy € Dy C E with some c1,c> € Cy and dy,dr € Dy.
Hence By > w(c1) = w(py -d1) <X w(di) € By and By > w(dz) = w(pz - ¢2) =X
w(cy) € By, which means < N(By X By) # ¥ and < N(Br x By) # @. Thisis a
contradiction, because < has intersection property and By N By = ¢.

In this way we have shown w1 (B) € J for every k € N, B € B(k).
Let L := (Yyencl Bk and V := w= (X \ L). Clearly L = {w(xo)}, V =

w! (UkeN (X \cl Bk)) = Uken (UBeB(k) w_l(B)) € J,and w(x) € L for
x € Eg\V. |

Remark 3.5. In the case J = {{}, the assumption of countability of P in Theorem
3.2 is superfluous; then in the proof we simply take A = H.

The next corollary is a generalization of the result of Montel [13] (cf. [7], pp.
227-229, and [3]).

Corollary 3.6. Let a1, a3 € R, a1 < 0 < ay, alczz_1 € Q, and I be a real infinite
interval. Then the following two conditions are valid.

1. Suppose (M) holds with (G, ) = R, +), T € Z,

T +nay +may € T forn,m € Ny, (11)
A\ U (7 +nai +may) | e M for A e M, (12)
m,neNy

E:=I\T,w:E — Ris M-measurable on a set D € 2F \ T and satisfies
the subsequent two conditional inequalities

ifay +x € E, thenw(a; +x) < w(x), (13)

ifa+x € E, thenw(az +x) < w(x). (14)
Then w is constant S-a.e. in E.
2. Suppose J C 2R s a proper o -ideal with
y+AeJ forAeJ,yeR,

VeJd, E:=1I\V,w:I— Riscontinuous at a point xo € int I and satisfies
conditions (13) and (14) J-a.e. in I. Then w(x) = w(xg) J-a.e. in I.
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Proof. 1. Let

H:= U (T + nay +may) € I, (15)

m,neNy

and F := I \ H. Then w is M-measurable on D\ H ¢ T and, forevery x € F,
w(x +na; + may) < w(x) form,n € Nwith x + na; + mar € F. (16)

Since the set P := {na; + ma : m,n € N} is dense in R, Corollary 3.3 (1)
(with 7 = 0) completes the proof.

2. Thereisaset T € J suchthat V C T and conditions (13), (14) hold for every
x € I\ T. Analogously as in the proof of (1) (with Z = J) we obtain (16) for
every x € F:=1\ H C E, where H is given by (15). Consequently Theorem
3.2 (with Eoy = I) and Proposition 2.1 complete the proof.

O

Our last corollary corresponds to some recent results of Krassowska and Matkowski
(cf. [8] and [9]).

Corollary 3.7. Let a1, ar, oy, 00 € R, a; <0 < a, a1a2_1 € Q,

o] o2
Cl::—>—:

)
ai ap

and 1 be a real infinite interval. Then the subsequent two conditions are valid.
1. Suppose (M) holds with (G,-) = R, +),T € Z, E := I \ T, conditions (11),
(12) are valid, and
card (E\ A)>1 forAeS. 17)

If w: E — R satisfies the following two conditional inequalities

if ay +x € E, thenw(a; +x) < w(x) + o, (18)

if ap+x € E, thenw(ay +x) < w(x) + oy, (19)

and the functions g1, g2 : E = R, gi(x) = w(x) — ¢;x for i=1,2, are M-mea-
surable on a set D € 2E \ Z, then a1ar = aray and there is d € R with

wx) = Z—lx +d S-ae.inE. (20)
1
Moreover, if ajaz = azay, w: E — R and (20) holds with some d € R, then
w satisfies (18) and (19) S-a.e. in E.
2. Let J and E be as in Corollary 3.6 (2). Then a function w : I — R, continuous
at a point xo € int I, satisfies conditions (18) and (19) [J-a.e. in I if and only
if ayar = aa; and

w(x) = Z—ll(x —x0) + w(xg) J-a.e.inl. (1)
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Proof. 1. Foreveryi, j € {1, 2}, we have a; < c;a; and consequently
gilx +aj) =wkx+a;)—ci(x+aj) =wkx)+a; —cx —ca; < gix)

forx € Ewithx+a; € E.Nextgy, g2 are M-measurable on D. Hence, accord-
ing to Corollary 3.6(1), there exist d; € R and A; € S such that g; (x) = d; for
x € ENAj,i =1,2.8Sincecix+d; = w(x) =cox+doforx € E\ (A1 UA»),
by (17) we have c; = ¢ and d] = dp =: d.

The converse statement is easy to check. This ends the proof of (1).

2. Assume w : I — R is continuous at a point xo € int / and satisfies (18) and
(19) J-a.e.in I. Arguing analogously as in the proof of (1) and using Corollary
3.6 (2) we obtain cix — c1xg + w(xg) = w(x) = c2x — cx0 + w(xg) for
x € I\ (A1 U A»), with some Ay, Ay € J. Since J is proper and x + A €
J for A e J,x € R, we have int A = (J for A € J and consequently
card (1 \ (A1 U Ap)) > 2, which yields «ja; = apa; and (21).

Since it is easy to check that, in the case «¢ja> = wpay, the functionw : E — R,
givenby: w(x) = oy /ajx +d for x € I satisfies (18) and (19) withevery E C [
and d € R, this completes the proof.

O

Remark 3.6. Let T C 2% be the o-ideal of sets of first category and S c 2F be
the o -ideal of sets of the Lebesgue measure zero. Then for every set E C R there
are A € S, B € T with E = AU B (see e.g. [16], Corollary 1.7). Therefore it
seems that without condition (17) in Corollary 3.7 (1) we cannot obtain the equality
ay/ay = az/a.

References

[1] Aczél, J., Dhombres, J.: Functional equations in several variables. Ecyclopedia of
Mathematics and its Applications, vol. 31. Cambridge University Press, Cambridge
(1989)

[2] Beck, A., Corson, H.H., Simon, A.B.: The interior points of the product of two sets of
a locally compact group. Proc. Am. Math. Soc. 9, 648-652 (1958)

[3] Brzdgk, J.: On functions satisfying some inequalities. Abh. Math. Semin. Univ. Hamb.
63,277-281 (1993)

[4] Ger, R., Kominek, Z., Sablik, M.: Generalized Smital’s lemma and a theorem of Stein-
haus. Rad. Mat. 1, 101-119 (1985)

[5] Kominek, Z., Kuczma, M.: Theorems of Bernstein-Doetsch, Piccard and Mehdi, and
semilinear topology. Arch. Math. 52, 595-602 (1989)

[6] Kuczma, M.: Note on microperiodic functions. Rad. Mat. 5, 127-140 (1989)

[7] Kuczma, M.: Functional Equations in a Single Variable. PWN-Polish Scientific Pub-
lishers, Warsaw (1968)

[8] Krassowska, D.: On a simultaneous pair of linear functional inequalities. Aequationes
Math. 65, 297 (2003)

[9] Krassowska, D., Matkowski, J. : A pair of functional inequalities of iterative type
related to a Cauchy functional equation. In: Functional Equations, Inequalities and
Applications (pp. 73-89). Kluwer, Dordrecht (2003)



276

J. Brzdek

(10]

(1]

[12]
[13]

[14]
[15]

[16]
(171
(18]
[19]

[20]
[21]

[22]

Lomnicki, A.: Sur les fonctions multipériodiques uniformes d’une variable réelle
(Polish: French summary). Sprawozdania Towarzystwa Naukowego Warszawskiego
(Comptes Rendus des Séances de la Société des Sciences de Varsovie) 11(6), 808—846
(1918)

Matkowski, J.: Cauchy functional equation on arestricted domain and commuting func-
tions. In: Iteration Theory and its Functional Equations (Lochau, 1984), pp. 101-106,
Lect. Notes Math., vol. 1163, Springer, Berlin Heidelberg New York (1985)
Matkowski, J., Sablik, M.: On a problem of Alsina again. J. Math. Anal. Appl. 254,
627-635 (2001)

Montel, P.: Sur les priopriétés périodiques des fonctions. C. R. Math. Acad. Sci. Paris
251, 2111-2112 (1960)

Morgan, J.C., II: The absolute Baire property. Pac. J. Math. 65, 421-436 (1976)
Morgan, J.C., II: Baire category from an abstract view-point. Fundam. Math. 94, 13-23
1977)

Oxtoby, J.C.: Measure and category. Graduate Texts in Mathematics. Springer, Berlin
Heidelberg New York (1971)

Popoviciu, T.: Remarques sur la définition fonctionnelle d’un polynéme d’une variable
réelle. Mathematica 12, 5-12 (1936)

Sander, W.: Verallgemeinerungen eines Satzes von S. Piccard. Manuscr. Math. 16,
11-25 (1975)

Sander, W.: A generalization of a theorem of S. Piccard. Proc. Am. Math. Soc. 73,
281-282 (1979)

Sander, W.: Ein Beitrag zur Baire-Kategorie-Theorie. Manuscr. Math. 34, 71-83 (1981)
Semadeni, Z.: Periods of measurable functions and the Stone-Cech compactification.
Am. Math. Mon. 71, 891-893 (1964)

Xenikakis, P.J.: Some results on similarities in R". J. Math. Anal. Appl. 131, 554-564
(1988)




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents suitable for reliable viewing and printing of business documents.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


