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Abstract. In this paper we study certain properties of Fourier coefficients of cuspidal rep-
resentations on symplectic groups. We prove that every cuspidal representation has a non-
trivial Fourier coefficient with respect to a certain type of unipotent class.

0. Introduction

An important problem in the theory of automorphic representations is to determine
the Fourier coefficients that a representation has. This knowledge is a basic tool in
many applications such as constructions of Rankin-Selberg integrals or studying
liftings by using automorphic representations as kernel functions.

The most well known Fourier coefficient is the so-called Whittaker Fourier
coefficient and it is known that every cuspidal representation on GL,, (A) has such
a Fourier coefficient. However for other classical groups this is not the case. That
is, there are cuspidal representations which have no nontrivial Whittaker Fourier
coefficients.

Maybe the most convenient way to parameterize Fourier coefficients is by using
the parameterization of unipotent orbits. For basic properties of unipotent orbits
we refer the reader to [C] or [C-M]. In Section 2 we show how to associate to each
unipotent orbit a set of Fourier coefficients on a given automorphic representation
of the group Sp,,, or its double cover. In [M-W] this kind of association is done for
representations of classical groups over p-adic fields.

As explained in [C] and [C-M] the set of unipotent orbits admits a partial
ordering. Given an automorphic representation 7 of G = Sp,, (A) or on its double
cover we define Og (77) to be the set of all unipotent orbits of G with the following
property. O € Og () if 7 has a nontrivial Fourier coefficient corresponding to
O and for all O > O (relative to the above partial ordering) 7 has no nontrivial
Fourier coefficients corresponding to O.

For example, if 7w has a Whittaker Fourier coefficient then Og () = ((2n)). If
6 denotes the minimal representation on S~p2,, then Og () = (212"~2).
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In [M] it is proven (for any classical group) that if 7 is a representation over
a local p-adic field and if O € Og () then O must be special (See [C-M] for
definition.). It follows from [M-W] that if 7 is supercuspidal and u is a unipotent
element associated with O € Og () then u cannot be conjugated into a Levi part
of the group G. (As before this is true for any classical group). In this paper we
prove part of these two results for automorphic representations w of G.

In Section 2 (Theorem 2.1) we show that if 77 is an automorphic representation
of Sp,,,(A) and if O € Og (r) then O is special. The proof is somewhat similar to
the local case as done in [M].

In case 7 is cuspidal, the result we prove is weaker than the one in the local
p-adic case. Before stating it let us emphasize that since we are working over the
rational points, then for a given unipotent class one can possibly associate infinitely
many nonconjugate Fourier coefficients. Hence it can happen that over the rational
points some unipotent elements # in O could be conjugated into a Levi part and
some may not. We did not prove it but we believe that if u belongs to O which
contains an odd number (see [C] or [C-M]) then u can be conjugated into a Levi part
of G. Motivated by the local results of [M-W] we conjecture that if O € Og ()
and 7 is cuspidal then O is even i.e. a partition which consists of even numbers.

In this paper we prove (Theorem 2.7) that there is an even unipotent orbit
O € Og (). We do however expect that every O € Og () will be even.

Finally, we mention the conjecture stated in [M1] p. 259 (and the references
cited there) that Og (7r) consists of a unique unipotent class. We do expect this to
happen also over global fields but we have no evidence of that.

1. Fourier coefficients and unipotent classes

In this section we shall show how to associate to a given unipotent class a set of
Fourier coefficients of a given automorphic form. In [M-W] a similar construction
is defined over p-adic fields.

The basic references for the classification of unipotent classes can be found in
[C] or [C-M]. We recall that unipotent classes of classical groups are parameterized
by partitions. For G = Sp,,, unipotent classes are parameterizes by all partitions
of 2n where odd numbers occur with even multiplicity. To each partition O we
associate a one-dimensional torus 2 (¢) as explained in [C] or [C-M] page 80. We
shall always choose k¢ (t) to be written in decreasing order of the exponents of ¢.
For example if O = (322) in Spg then ho (1) = diag(t?, 2,1, 1, 1,71, 172, t72).

. . . . J,
In terms of matrices, Sp,,, is defined with respect to the matrix ") where

—J,
1

J, = o . The torus acts on each one parameter subgroup x () associated

1
with any root « as

hoOxe(Nho ()" = xa('r).
By our choice if x,(r) is upper unipotent then i > 0. Let V{(O) be the group
generated by all x,(r) such that i > 1. Then V{(O) is a unipotent radical of a



On Fourier coefficients of automorphic forms of symplectic groups 3

parabolic subgroup P(QO) = M(O)Vi(O) of G. We denote by V»>(O) the group
generated by all x,(r) such that i > 2. Clearly V»(O) C Vi(O). The group
V2(0)/[V2(O), V2(O)] can be identified with an abelian matrix group and it is
well known that over the closure M (QO) acts on this quotient with an open orbit. If
MY is the stabilizer of this open orbit then M? is reductive.

Let ¢ be a nontrivial additive character of F\ A, where F is a number field and
A is its ring of adeles. The group M (O)(F) acts on the group of all characters of
V2(0)/[V2(0), V2(O)] with points in F\A. Let ¥y, (o) be such a character whose
stabilizer in M(O)(F) is of type M°. The choice of ¥y, (@) is not unique and in
fact there could be infinitely many such characters which are not conjugate under
M(O)(F).

Let ¢(g) be an automorphic function on G. To the unipotent class O we asso-
ciate the set of Fourier coefficients given by

filg) = f (W) Ys(0y (V) (L1)
V2 (OY(F)\V2(O)(A)

where g € G(A).

Example. Let G = Sp, and O = (2%). Then ho(t) = diag(t,,t~",¢t!), and

1 xy
M(O) = GL,. V1(0) = V»,(0) = ! i o . In this case the set of Fourier
1
coefficients associated with O is given by
I xy
/ 0] ! ix g | ¥(ay + Bz)dxdydz
(F\A)3 1

where o, 8 € (F *)2\F *. Indeed the stabilizer in M (O)(F) of each such character
is a one dimensional torus. O

If V1(O)/[V2(0), V2(O)] is a generalized Heisenberg group then we can write
this quotient as X @ Y @ Z where Z = V,(0)/[V2(0), V2(O)] and X and Y are
maximal abelian subgroups of Vi(Q)/V,(O). There is always a choice of such
a polarization so that X and Y are subgroups of V(O) that preserve ¥y, ) and
hence we can define

falg) = / / oYV Wdvdy.  (1.2)
Y(F)\Y(A) V2(O)(F)\V2(0)(A)

Notice that fj(g) defines an automorphic function on MO(F)\M°(A) whereas
f2(g) does not. To fix it we define a third integral as follows. Since V;(O)/
[V2(O), V2(O)]is a generalized Heisenberg group we can find ahomomorphismo :
Vi(O)(A) — Hypy1(A) where Hopy4 1 is the Heisenberg group with 2m + 1 vari-
ables. Thus every element in Hp,,+1(A) can be written as (x|y|z) where x, y € A"
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and z € A isthe center of Ho,,+1(A). We can choose o so thatit maps Vi (O)/ V> (O)
onto the set (x|y]0). Also if x4 (r) is in V2(O) such that vy, @) (x4 () is nontrivial
and o = B1+ B2 where xg, (r1) and xg, (r2) are in V1 (O)/ V2(O) then o maps x4 (r)
onto the center of Ha, 1. All this means that M can be embedded in Sp,,, in such
a way that its action on Ha,, 41 is compatible with its action on Vi (O)/ V,(O).

Let 5;’ © denote a theta function on S~p2m (A). Here yr¢ is chosen to be compat-
ible with Y,(0). That is 8,°(0(2)8) = Yv,0)(2)8,° (g) where z € V2(0)

is mapped to (0[0]) under o. Recall that the theta function is a function on
H2p4+1(A)Sp,,,, (A). Thus we can define the integral

fah) = / 03 (0 Mg h) Yy, (kero()dv — (1.3)
Vi(O)Y(F)\VI(O)(A)

where h € MO(F )\1\71 0(A) ie. it is automorphic function on the inverse image of
M%in SNpZm (A). Here ker (v) denotes the projection of von V2 (0) /[ V2(O), V2(O)].
Note that fg need not be a genuine function. If ¢ € = we denote the space of func-
tions generated by ]"5 by Do (). Thus Do () is an automorphic representation
of MO(F)\M°(A). We have,

Lemma 1.1. Ifone of the integrals (1.1), (1.2) or (1.3), is zero for all choice of data
then the other two are also zero for all choice of data.

Proof. We may assume g = h = e. Starting with integral (1.1) and given a polar-
ization X @ Y of V{(O)/ V>(O) we write a Fourier expansion along Y (F)\Y (A).
Thus (1.1) equals

> / / PV Yy 0) W)Y (y - E)dvdy
EEF™ y (FNY (&) Va(O)(P)\Va(O(A)

where y - £ is the standard bilinear product of y with £ when we identify Y (A) with
A™ . Let& € X(F).Since ¢ is automorphic it is left invariant under &;. Conjugating
&1 across v and y, the above integral equals

> / 1, VYEDYv,0) ()Y (y - §)dudy

SEF”I

where (§1, y) is the matrix obtained from the conjugation of &; across y. Here v and
y are integrated as before. Clearly (&1, y) lies in V2(O) modulo [V,(O), V2(O)]
and we can choose &1 such that the change of variables v — v(&y, y)’1 will give

Yy, o) (v, = sz(O)(U)W(y -£). Thus we may conclude that (1.1) equals

> / f (VY& Vy,(0) (V)dvdy
SEF™ Y (FNY(A) Va(O)(F)\Va(O)(A)
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where &1 depends on &. From this it follows that (1.1) is zero for all choice of data
if and only if (1.2) is zero for all choice of data. Next we start with (1.3). It equals

02/ (o (v2)0 (11))@(v201)
V2(O)(A) Vi (O)(F)\VI(O)(A) V2(O)(F)\V2(O)(A)
X Yy, o) ker o (v2))dvadvy

Identifying V2(O)(A) Vi (O)(F)\V1(O)(A) with X @ Y where X, Y are identified
with (F\A)™ we can write the above integral as

/ 67;,”‘9 (0 (12)a (y)o (X))@ (v2yx)Yrv,0) (ker o (v2))dvrdydx

where x is integrated over X (F)\X(A), y over Y(F)\Y(A) and v, as before.
Unfolding the theta function we have

0y° (@(W)T(MT() = Y @y (@) ()0 ()P ()
EeFm

= Z Wy, (0 (E)o (v2)o (¥)o (x))$(0)

EeFm

Here we identify X (F') with F™", and view & accordingly. Since ¢ is automorphic
it is left invariant under £. Conjugating in the above integral £ and o (§) across,
changing variables and collapsing summation with integration we obtain

/ / Wy (0 (V2)0 (¥)0 ()@ (D)@ (v2yX) Yy, () (ker o (v2))dvadydx
X(A)

where y and v, are integrated as before. Using the Weil representation action we
conclude that (1.3) equals

/ o (x) f / P (V2yX) Yy, (@) (V2)dvadydx
XA Y(FO\Y(A) V2(O)(F)\V2(O)(A)

Thus if (1.2) is zero for all choice of data sois (1.3). Since ¢ € S(A™) is an arbitrary
Schwartz function, the vanishing of (1.3) for all choice of data implies that (1.2) is
zero for all choice of data. 0O

Let G be areductive group and let 7w be an automorphic representation of G (A).
It is clear that 7 has a nontrivial Fourier coefficient which corresponds to the min-
imal unipotent class. Since there is a partial order on the set of unipotent classes
corresponding to G, it is natural to ask which are the largest unipotent classes such
that 7 has a nontrivial Fourier coefficient corresponding to these classes. More
precisely,
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Definition. Let G be a reductive group and w an automorphic representation of .
We shall denote by Og () the set of all unipotent classes such that w has a non-
trivial Fourier coefficient corresponding to these classes, and if O is any unipotent
class which is larger than some member in Og (1) then integral (1.1) vanishes for
all choice of data for this unipotent class O. O

Example. Let G = S~p4 (double cover of Sp,). Let v be the theta function on G.
Then Og () = (212). O

It will be convenient to use the following terminology. Given a unipotent class
O of a group G and an automorphic representation 7= of G(A) we will say that
7 supports O if there is a choice of data such that the Fourier coefficient of &
corresponding to O as defined in (1.1), is not zero. Similarly, we say that = van-
ishes on O if integral (1.1) which corresponds to O is zero for all choice of data.
It is important to realize that this nonvanishing or vanishing might depend on the
additive character in question. In other words, it is possible that = will vanish on
O for a certain character and will not vanish on O for another character.

Let f be a unipotent class corresponding to G. If Vi (f) # V,(f) then integral
(1.3), which corresponds to f defines an automorphic function (genuine or not) on
the group MO(F)\M0 (A). If g is a unipotent class of the group M° we let f o g
denote the Fourier coefficient corresponding to the integration of (1.3) composed
with the Fourier coefficient corresponding to the unipotent class g. Let Uj,0 be the
maximal unipotent subgroup of M°. With a certain choice of Y integral (1.2) is
a function defined over U0 (F)\Uy0(A). One can check following the proof of
Lemma 1.1 that

LYy dv
V(F)\V(A)

is zero for all choice of data if and only if

Sy (v)dv (1.4)
VIF)\V(A)

is zero for all choice of data. Here V is a unipotent subgroup of Uy and ¢y
any additive character on V (F)\V (A). Hence, as far as vanishing or nonvanishing
properties, f o g can be studied by either (1.2) or (1.3). However this is not the case
with integral (1.1) which is also a function on U0 (F)\U,0 (A). All we can say is
that if

fiyy (w)dv
VF)\V(4)

is zero for all choice of data then (1.4) is zero for all choice of data. But the converse
need not be true.
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2. Fourier coefficients on symplectic groups

Let G denote the group Spoy or the double cover of the symplectic group. We shall
now describe and make a certain choice of subgroups of G in order to describe
integrals (1.1)—(1.3). Let O be a unipotent class of G given by

o= (120“—"2)2"’1—’"232<"2—"3> (k= 1) (2k)mk) 2.1)

where n; > n;y1 andm; > m ;1. With these notations we have M (O) = Sp2nl X
k k

[TGLy, x J1 GLGj where GL( means the identity group. We also have

i=1 j=2

Vi(0)/ V2(0) = (é Moo, ) €D (é Mo, )
i=1 =2

and

k k
V2(0)/1V2(O), Va(O) = My, D (€D Manin ) €D (€D Muym 1 )-
i=2 j=2

Here My, x¢, is the group of all £1 x £, matrices and M,, ,,,, = {€ € My xm, :
Jm £ — €' Jy, = 0}. The action of M(O) on V2(0)/[V2(O), V2(O)] is given as
follows. The group Spyp, acton Moy, xon, as x —> xg_l. The group GL,,, acts on
My, my © Minysom, as g (x,y) — (gxg”, yg~!) where g* = Jg'J.Fori > 1,
GL;;; and GLyy,; acts on My, xm;_; © My xm; and Mop; xon;,_; © Moy, x2n
respectively as g : (x, y) = (gx, yg™h).

Next we describe Yy, ). We start with the groups M2y, x2p;_, . Define for a
given matrix £ € Map, xon;

Yy, o)) = Y11+t Loy + o120 1—ni+1
+£n[+2,2ni_1—n,-+2 +--+ 82}’1,‘,2",‘_1)

With this definition the stabilizer in GL2n, x Sp,,, is isomorphic to szAnz X
SP2(n,—n,) and the stabilizer in GLy,; X GLop,; | fori > 2is szAni X SPan;_1—ny)
where szAn,- is the diagonal embedding. Continuing this process for all i we
obtain that the stabilizer in M(O) of ¥y, ) restricted to @f:z Moy x2on; 1S

miyxmi

k
I1 szA(n. |_np) 8S given in [C-M]. Next, for £ € M/, we define
i=2 e

Yy, o)) = V(erlim + -+ €mlmy1)

where ¢; € F*. For/ € My xcm;_, we define Yy, 0)(€) = Y (L1 1+ +Lmjm;)-

A

k
The stabilizer of Yy, o) in M(O) for this partis [] 02(mj,1—mj)’ again as given
j=2

in [C-M]. Finally, we describe the group Y which is contained in V{(O)/V»(O).
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In My, x2n; We choose all matrices of the form (0£) where £ € M, «,; and in

M2n/-><m/-_1 we choose all matrices of the form where ¢ € Mn/.xm/_l. This

L

0

choice of group Y preserves ¥y, () and if we let U 0 be the maximal unipotent sub-
0 . . . . .

group of M"” which consists of upper unipotent matrices then U0 normalizes Y and

hence integrals (1.1)—(1.3) are well defined for any subgroup of U0 (F)\U 0 (A).

(Of course for some O, U0 may be trivial). The following Theorem is the global

version of Theorem 1.4 in [M].

Theorem 2.1. Let w be an irreducible automorphic representation of G = Spy; (A).
Then Og () consists of unipotent classes which are special.

Proof. We sketch the idea. For definition of a special unipotent class see [C-M].
Suppose that O in Og (;r) which is not special is given by (2.1). Let (2r — 1) be
the largest integer such that 2(n, — n,41) is nonzero and the number of even num-
bers, in the partition, which are larger than 2r — 1 is odd. Such a 2r — 1 exists by
definition of special partitions. As explained in [M] (see also [N]) it follows that
the representation given by Do () as defined by (1.3) is a genuine representation
of §i32(nr—n,+ ) (A) which is a subgroup of M 0. Let x4 (¢) denote the one parameter
unipotent subgroup of Spy(, _,,, .,y corresponding to the highest weight root vector
in this group. Since Do (7r) is genuine there is a € F* such that

/ F3(xa ()Y (ab)dl 2.2)

F\A

is nonzero for some choice of data. Let O be the unipotent class obtained from O by
replacing (2r — 1) by (2r —2)(2r). Thus O > O and applying Fourier expansions
one can check that the nonvanishing of (2.2) is equivalent to the nonvanishing of
(1.3), for some choice of data, where the Fourier coefficient corresponds to the
unipotent class O. This contradicts the maximality of O. O

Remark. With the appropriate definition of special representations, a similar The-
orem is valid also for automorphic representations on the group Sp,; (A).

We now assume that 7 is a cusp form on the group G = Sp,;(A) or on its
double cover. To prove our main theorem we start with a few lemmas. Let U,, for
r < k be the unipotent radical of the parabolic subgroup of G whose Levi part
is GL| X Spy(_,. We define a character ¥y, of U, as follows. If u € U, then
Yu, () =¥ @2+ +ur—1,). We start with:

Lemma 2.2. Let ¢ € . If the integral

p(ug)yu, w)du (2.3)
Ur (F)\U; (&)
is nonzero for some choice of data and for r < k, then there exists a number

k > m > r such that & has a nontrivial Fourier coefficient corresponding to the
unipotent class ((2m)12k=m),
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Proof. Define the matrix xo (£) = Io; +{€eyy1 21— Where e; j is the 2k x 2k matrix
with one at the (7, j) position and zero otherwise. Thus x, () is the one-dimensional
unipotent subgroup which corresponds to the highest weight root vector in Spy ;)
(embedded in Spyx). Thus we can expand (2.3) with respect to x,(¢) where £ is
in F\A. Since (2.3) is nonzero for some choice of data it follows that there is an
a € F such that the integral

puxe ()g)yu, W)y (al)dude
F\A Uy (F)\Ur (A)

is nonzero for some choice of data. If a # 0 then the lemma follows withm = r+1.

If the above integral is nonzero only when a = 0 define z(€y, ... , Lo(k—r—1)) =
Li+eie, o+ +k—r—1)€ o, Here €§j = €jj — €k—j+12k—i+1-
We now expand the above integral, with a = 0, along z(£1, ... , £ok—r—1)) With
points in F\ A. The group sz(k7,71> acts on the characters of z(€1, ... , £o(k—r—1))

with two orbits. The trivial orbit will contribute zero by cuspidality whereas the
nontrivial orbit will give the nonvanishing of the integral

eug)Yu,,, wdu.
Ur 41 (F)\Ur41(8)
Continuing by induction the result follows. O
Next we prove:

Lemma 2.3. Let © = ((2r)12K=) for r < k. Let V be any unipotent radical

subgroup of a maximal parabolic subgroup of  Spyy_p. If the integral
I fr(vg)dv (where f> is defined in (1.2) corresponding to O) is nonze-

VFO\V(A)

ro for some choice of data then there exists k > m > r such that ((2m)12k—m)y

SUppOTLS TT.

Proof. This follows as in the proof of Theorem 8 in [G-R-S1]. O

Lemma 2.4. Let O = (2r + 1)2ds . ..dy) with2r + 1 > d; forall i, and suppose
that O supports . Then there exists a number m such that 2m > 2r + 1 and that
((2m)12tk=m)y SUppOTLS TT.

Proof. From the structure of O we deduce that
ho(r) = diag(t?, ¥, ... 127V @D T ),
There is a Weyl group element w which conjugates 7 (¢) to the torus
h(t) = diag(t?", 1272, ... 1~ &r=D 72 gl D) g2 R

Consider the integral (1.2) corresponding to the unipotent class O. Conjugating it
by the above Weyl element we deduce that the integral

uy £y £y I 00

/90 0 up €] q I O | Yy, (u)Vu,m2)du;dlidg, (2.4)
0 0 uj g q7 1
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is nonzero for some choice of data. We now describe the domain of integration. To
determine it we conjugate the above variables by A (#). Since, in (1.2), we integrate
over upper unipotent matrices generated by all positive roots, for which 2 (¢) acts
with powers ¢/ for i > 2 and by half the numbers of all roots for which o (t)
acts with a power of ¢, the same will be true when we conjugate the variables in
(2.4) by h(t). We can choose the Weyl element so that the following happens. First
notice that 4 (¢) acts on u1 with powers of #' with i > 2. This means that u is inte-
grated over all upper unipotent matrices in GLo, ;1. Moreover, if u1 = (u;;) then
h(t) acts on u,-,,-+1~with power of 2. Thus, we may choose w so that ¥y, (u1) =
¥ (Zuiit1). Let O = (dy---dy). We have hg(1) = diagt@~!, ... =@~
and hence u; is integrated over the subgroup of Vl((5) corresponding to O and
Yu,(u2) = sz(a) (u2). From the action of h(z) we also deduce that €, g, €

0 0 _ / . — () ifs .
MG, 1yx@re1y Where Mo,y o1y =16 € Mg, 1) 041 -‘Eu =0ifi = j}.
Indeed A(t) acts on matrices in M ?2r DX+ with powers of ' with i > 2. Next,
we consider the variables ¢; and ¢. Let h(¢) = diag(t?",t* =2, ... ,t=%"). For

eij € Mr41)x(dy++d;,) We let p be the integer defined by hl(t)eijh@(t)_1 =
Peij. Set My, 1y (dyiotay = (&= (ij) € M@rit)ysdptsdy * Lij = 0 if
p < 0}. In these notations the above matrix £1 € M (12” 1) % (dybtdy) Similarly, if
eij € Mgy+...+dy)x2r+1) let p be the integer defined by h5(t)e;jh »1= Pe;;.
Set M(2d2+-»-d5)><(2r+l) ={l = ij) € Mgy.qd)xr+1) : £ij = 0if p < 1}. With
the notations the above matrix g € .M (1d2 etbd) X (2r 1) Let us mention that tl?e
difference between these two groups (i.e. the fact that p < Ointhe firstand p < 1 in
the second) is due to fact that we integrate only “half” of the roots in V; (O)/ V»(O),
thatis over Y and not over X. We choose the Weyl element w to conjugate Y to upper
unipotent matrices. In integral (2.4) all variables are integrated in their groups with
points in F'\ A. We will show, using Fourier expansions, that (2.3) is an inner integra-
tion of (2.4) and hence it is nonzero for some choice of data. The lemma will follow
using Lemma 2.2. Forall 1 < j <i < r let z(Z;j) = E;j (€ij + e2r—j42,2r—i42).
Thus z(zgj) is a matrix in M62r+1)x(2r+1) (embedded in the “I;” corner). We let
0y = ®z(¢; j) where the sum runs over 1 < j <i < r. We expand (2.4) along ¢}

where £ ; arein F\A. We obtain

wp 6 &+ 6\ (100

Z/</> 0w ¢ | o 1 0] |y, @vn, v Es;EHdC ) .
Bij 00 MT q2 ‘ZT I

Here B;,j € Fforalll < j <i <r.Next,forl < j <i <r, define the matrix

Z(ql.’j) = qlfj (€eji+1 + €xr—it1,2r—j+2). Denote ¢y = ®z(B; j) where the sum is
1

overl < j <i <r.Thus qé IS M?2r+])x(2r+l).The matrix / 1 is a rational
q 1

matrix and hence ¢ is left invariant by this matrix. Conjugating this matrix from

left to right in the above integral, changing variables and collapsing summation



On Fourier coefficients of automorphic forms of symplectic groups 11

with integration we obtain

I 00

uy £ 22
/fﬂ 0 up £} q1 1 0| | Yu, (u) vy, (u2)d(...)
0 0 u} g 47 1

Here ¢ is in M(//2r+l)><(2r+l) ={l ¢ M(/2r+1)><(2r+1) :4;j=0ifr+1 <iand
Jj < r + 1} with points in F\A. Also g, € M?Zr F1)x@2r41) where some variables

are integrated over F\ A and some over A. Since it will not matter to us we shall
not be more explicit. Next we proceed as above with the matrix £1. More precise-
ly, suppose that for £; = (£;;) we have ¢; ; = 0 where i < r. This means that
hy (t)e,»jh@(t)_1 = t Pe;; with p > 0. If we expand the above integral along
l = E,’je,'j where E,’j € F\A we obtain

u1271+€122 I 00

Yool[0 w x| [ 1 O] | vu @)V, @)v Bt ..)
Bij 0 0 * g2 97 1

where B;; € F. From the condition on (i, j) and p we obtain that h5(f)e; i1
~1 _ 02, Thi et i g2

hi(t) = tP éij. This means that g1 = €ej,i+118 ama.tnx in M(d2+~-+ds)x(2r_+1)

where € is any variable. Setting € = f; ;, conjugating this matrix from left to right

and repeating this process for all i, j with i < r we obtain

0
0] | Yo, (w) vy, (u2)d(. ..).
1

where now £ is integrated over all first » rows of M@r41)x(dy+--+dy) With points
in F\A. Combining the relevant integrations of u| £ and £, we obtain the integral
over U, (F)\U,(A) as inner integration. The lemma now follows from Lemma 2.2.

O

Lemma 2.5. Let ny > ny and suppose that the representation w has a nonzero
Fourier coefficient with respect to the unipotent class ((2n1)12*="0) o ((2n2)
12k=n1=n2)) " ( The notation o was defined at the end of section one). Then there

exists a unipotent class (d1da . . .ds) with d; > d;1 which supports m and where
d] > 2n1.

Proof. Let
h(t) = diag(t® =, oo 2T 1, e L @Dy

where we have 2(k — n; — ny) ones. We start with integral (1.2) corresponding to
(see the end of section one) ((2n1)12*—"D) o ((2n2)12&k—m11=12)y T et w be the
minimal Weyl element of Sp,, which conjugates /(¢) to the torus

hi(1)

= diag(t® ', 2 P A L eme )y
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Applying wq to integral (1.2) we obtain

ut q
/(p v € | wy | Y1z, v, £)d(. . .) (2.5)

u*
where the variables are integrated over points in '\ A of the following groups. First
q € M(’n1 1y —2) % (1412 —2) The variable u is integrated over all upper unipotent
matrices in GL,, 4,,—2. The variable v is integrated over the unipotent group cor-
responding to the partition @y = (2212="1-72)) of the group SP2(k—n—ny+2)-
Finally, ¢ is integrated over {€ € M, +n,—2)x2(k—n1—ny+2) : €i,1 = 0fori > ny}.
The character vy is defined as follows. On u = (u;;) we let Y1 (u) = ¥ (U2 +
s Up —3.0,—1 F Unyng+1 0 F Un4no—3.0,4n,—2). On v the character ¥y (v)
agrees with vy, o,) for the unipotent class O;. Finally, for £ = (¢;;) we have

V1) = Y (ln—1,1 + Lny+ny—2.2)-
In (2.5) we expand along F'\ A over the missing variables of £ i.e. over £; | with
i > nj.Using the ny — 1 row in u as was done in Lemma 2.3, the nonvanishing of

(2.5) implies the nonvanishing of

ut q

/go Ov e* Y1 (z(u, v, £)d(...) (2.6)
00u*

where now u is integrated over all upper unipotent matrices of GL,;;4,,—2 such
up,—1,; = 0for j > ny. Also £ is integrated over all M, 11,—2)x2(k—n|—na+2)-
The character v is not changed. Next let w, be the minimal Weyl element which
conjugates h1(t) to

ho(r) = diag(® =", ..o 2, 2 8 R e, 1)
Applying this Weyl element to (2.6) we deduce that the integral

ult g

fgo 0v e* Yo (z(u, £,v))d(...)
00 u*

is nonzero for some choice of data. Here u is integrated over all upper unipotent
matrices in GL,;, +,,—4 and v is integrated over the unipotent group corresponding
to the partition 0O = (4212(="11=72)) of the group SP2(k—nj—ny+4)- The variable
¢ is integrated over {£ € My, 4ny—4)x2(k—n1—na+4) : €ij1 = 0fori > ny — 1}
The character v, is defined as follows. On u = (u;;), ¥o(u) = Y (w12 +--- +
Uny—3.n—2FUn;—1,n; + -+ Un 4ny—5n,+n,—4) and v is the character ¥, (v) which
agrees with Yy, (0,). On £ = ({;;) we have ¥2(€) = ¥ (€, 2,1 + £nyyny—4,2). All
variables are integrated over F'\ A. Continuing this process n; — 1 times we obtain
the nonvanishing of the integral

ut g

/90 Ov £~ Yy —1(z(u, £,v))d(...) 2.7)
00u*
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where u is integrated over the upper unipotent subgroup of GL,,—,, and v is
integrated over the unipotent group corresponding to the partition O, —1 = ((2n; )2
12("’”""2)). The variable £ is integrated over {£ € M, —n;)x2(%k+n;—ny) : €i,1 =0
for all i}. The character v/,,, 1 is defined on u = (u;;) as ¥,,—1(w) = YU 2 +
<o+ Uny—n;—1,ny—n,) and on v, Y, 1 is defined as 1//\/2((9,1171). On{ = (¢;;) we
have ¥, —1(€) = ¥ (£y,—n,,2). Next we expand (2.7) along the variables ¢; 1 for
1 < i < ny — n;. However, because of the u integration we need to do it one
variable at the time starting from i{ = 1. Thus the nonvanishing of (2.7) implies
that at least one of the integrals

u
Jel(:
0

is nonzero where 1 < m < ny —nj. Here £, = (¢; j) suchthat{; ; =0ifi > m
andifi # np—nj thena,, € F*.Ifm = np—n; thena € F.,,_ isdefined on ¢,,
by restricting it to the variable £ as defined in integral (2.7). Let us first treat the case
when m = ny —ny. For some «,, (2.8) will represent integral (1.2) for the partition
((2n2)(2n1)12%k=n1-m2)y However, depending also on the character v,,, _1 restrict-

L q
O | | Yy —1 @@, Ly V)Y (@l DA ) (2.8)
u

*

v
0

U1 P1 41

ed to v, this integral might be different. To explain this writevasv = | 0 I pf
0 0 v}

I x
I x2
where v| = is amatrix of size 2n x2n1and x; € M»>y5.The
Iy xp -1
Ip)

matrix p1 = (pij) € Moy, x2(k—n;—ny) Such that p;; = 0ifi = 2ny — 1, 2n; and
Jj < k—ny—ny.Also, I is the identity matrix of size 2(k —n| —n3). The character
wVZ(Onl—l) restricted to vy is given by ¥ (¢tr (x; 4 - - - +x,,—1)) and when restricted
to g1 we have Yy, 0, _)(q1) = ¥ (€191(2n1 —1,2) + €241 (2ny, 1)). Here g1 (i, j)
is the (i, j) — th entry of the matrix g;. If e1e; = —,32 for some B8 € F* and o, is
chosen suitably then there is a rational matrix which when conjugating (2.8) by it
we obtain

ut q

/go 0v & | | Yuy—1(z(u, £, v))d(...) (2.9)
00 u*

where now £ € M(nzv—rzl)x2(k—n1—nz) and ¥, is defined on £ = (¢;;) as ¥, —1(£)

= Y (€ny—n;,1) and ¥, g restricted to g = (g;;) (as defined in the above matrix for

v) is given by J,,, —1(g) = ¥ (q2n,-1,1)- In this case one can find a Weyl element to

conjugate (2.9) and that after a suitable Fourier expansion (similar to the one done

in lemma 2.3) we shall obtain f (,o(u)lpyn2 (u)du as inner integration.
Uny (F)\Un, (A)

Applying Lemma 2.2 our result follows.
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. . . . ,
Ifin (2.8) m < np — n1 we consider the rational matrix I + € i1 py—py+1

in Sp,;. Conjugating by this matrix and changing variables we obtain the integral

ulm q
/(p 0 v £ Y (Z(u, Ly, v)d(. )
00 u*

where all groups are as in (2.8) and v, is defined as follows. On v we integrate as
before, on u = (u;;) we have ¥, (u) = ¥ (ui, 1+ +m—1,m +Umtim +- -+
Uny—ni—1,ny—n;) and on £,, = (£ij) we have Y (£y) = Y (otmlm,1 + Lny—n; 2)-
Thus we get exactly an integral of the type (2.6). Continuing by induction we will
either get that (2(na — i)2(n1 + i)12*=1772)) supports 7 for suitable values of 7,
or we will get as inner integration on integral over Up; with the character y; for
some i > nj. In either case our result follows. O

Lemma 2.6. Let O = ((2n)ds - - - dy) where 2n > d;, foralli and dy + - - - + ds +
2n = 2k. Then for compatible characters, the unipotent class O supports 1 if and
only if (2n)12k=at4ds)y o (d, - . - dy) supports 7.

Proof. The idea is similar to the proof of Lemma 2.4. Let
ho(r) = diag(e?=, ... 12t 0 @@= @Dy

Since the number 2n appears in O at least once then in 2o (t) we have the following
powers 2=l 42n=3 4 at least once. Let w be the Weyl element of minimal
length which conjugates h () to the torus

h(t) = diag(@® =, 2773, oo 12T D Gy

Consider integral (1.2) corresponding to the unipotent class O. Conjugating the
integral by w we obtain the integral

ul x 1

/go Ove* q I Y1(z(u, v, x))d(...) (2.10)
00u* 0g*1

Here u is integrated over the upper unipotent matrices in GL,,, v is integrated as in
integral (1.2) corresponding to the partition O = (d> . . . dy) inside the group Spy,
where k; = da+- - - +d; and x is integrated over M, . Finally ¢ is integrated over

Mr}x2k1 as defined in the proof of lemma 2.4 and g is integrated over M22k1 «n as also
defined in the proof of that Lemma. All variables are integrated over F'\ A. The char-
acter v is defined as follows. Foru = (u;;) weletyr (u) = ¥ (w1 2+ -+up—_1,,).
For x = (x;;) we let ¥r1(x) = ¥ (exp,1) f0r~some € € F* and for v we let | be
the character 1//V2((5) as defined by (1.2) for O. Using similar Fourier expansion as

in Lemma 2.4, (2.10) equals

uft x 1

/go Ove* q 1 Y1(z(u, v, x)d(...) 2.11)
00u* 0g*1



On Fourier coefficients of automorphic forms of symplectic groups 15

where now £ € M, such that £, ; = 0for 1 < j < k; and the integration over
q is over points in A. Using the ideas as in Lemma 1 in [G-R-S2] p. 895 we can
“get rid” of the adelic integration and show that (2.11) is nonzero for some choice
of data if and only if

ul x

/go Ov e* Y1 (z(u, v, x))d(...)
00 u*

is nonzero for some choice of data. But this last integral is exactly ((2n)12*—%1) o
(da .. .dy) where the ¥ which is used to define ((2n)12*—*1) is compatible with

Vv O
We now prove our main result,

Theorem 2.7. Let  be a cusp form on G = Sp,; (A) or on its double cover. Then
there exists a unipotent class O in Og(xw) such that O = ((2n1)(2n2)...(2n,))
andn; > nj41.

Proof. 1tis easy to see that every automorphic representation has a nonzero Fourier
coefficient corresponding to the unipotent class (212~1). Since we may assume
that 7 is not generic then there exists a unipotent class ((2n1)12(k’”1)) which sup-
ports 7 such that n; < k and that = vanishes on any unipotent class of the form
(2m)12%=m)y with m > n;. Every nonzero Fourier coefficient corresponding to
the unipotent class above gives, using (1.3), an automorphic representation which
by Lemma 2.3 using the maximality of ny, is a cuspidal representation on the
group Spy_p,)(A) or on its double cover. The point is that to the unipotent class
((2n1) 12— there may correspond many nonzero Fourier coefficients depending
on the additive character. Let n, be the number such that at least one of these auto-
morphic cuspidal representations is supported by ((2n7) 12(k—=n1=n2)y and such that
all the automorphic cuspidal representations above vanish on ((2m)12k=m—m)y jf
m > ny. In other words ns is defined so that ((2n1) 12K o ((2n5)12k—n1-12))
supports 77 and if m > ny then ((2n1)12*="0) o ((2m) 12*="1=™) vanishes on 7.
We claim that n; > nj;. Indeed, if n, > n1, then by Lemma 2.5 there is a unipotent
class (d; ...ds) which supports 7 such that d > 2ny. If di = 2¢ + 1 is odd,
then by Lemma 2.4 there is a number m such that 2m > 2¢ + 1 and such that
((2m)12tk=m)y supports 7. But this contradicts the maximality of ny. If d| = 2m
with m > n1, then applying Lemma 2.6 we deduce that ((2m)12*~™) supports 7
and once again we derive a contradiction to the maximality of ny. Thus n; > ns.
Continuing this process we obtain a set of numbers n1 > nj - - - > n, such that the
unipotent class

(@np 1257y 0 (n) 1PETMT) 0 0 (2y)

supports 7 and it is maximal at every stage. (Since, by Lemma 2.3, we get a cusp
form at every stage we must eventually obtain a generic cusp form.) The maximality
at every stage means that if m > n; then 7 vanishes on the unipotent class

((2n1)12(k_”1)) 6.0 ((Zni,1)lz(k_(n1+"'+”"’l))) o ((2m)12(k—(n1+-"ﬂi71+m))) )
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Using Lemma 2.6 inductively we deduge that O = ((2n1)(2n3) - - - (2n,)) supports
. To show that O is in Og (), let O = (di .. .ds) be a unipotent class which
supports 77 and that O > O. We will show that O = O. Suppose that d; > 2n;. If
di =20+ 1then O = ((2¢ + D2ds...dy). Using Lemma 2.4 there is a number
m such that 2m > 2¢ + 1 such that ((2m)12¢—m) supports . Since m > nj this
contradicts the maximality of n;. If d; = 2m with m > n; then using Lemma 2.6
we derive a contradiction once again. Thus d; = 2n. Using Lemma 2.6 we deduce
that ((2n1)12%="DY 6 (d5 ... dy) supports 7. Arguing by induction we obtain that
s=randd; =2n; foralli. ThusO=0. 0O
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