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Abstract. We construct infinitely many two-dimensional Finsler metrics on S? and D?
with non-zero constant flag curvature. They are all not locally projectively flat.

1. Introduction

In Finsler geometry, the flag curvature is an analogue of sectional curvature in
Riemannian geometry. A natural problem is to study and characterize Finsler
metrics of constant flag curvature. There are only three local Riemannian met-
rics of constant sectional curvature, up to a scaling. However there are lots of non-
Riemannian Finsler metrics of constant flag curvature, due to the non-Riemannian
features of general Finsler metrics. The first set of non-Riemannian Finsler metrics
of constant flag curvature are the Hilbert-Klein metric and the Funk metric on a
strongly convex domain. The Funk metric is positively complete and non-revers-
ible with K = —1/4 and the Hilbert-Klein metric is complete and reversible with
K = —1. Both metrics are locally projectively flat [Ok][Sh1]. P. Funk first com-
pletely determined the local structure of two-dimensional projectively flat Finsler
metrics with constant flag curvature [Fk1][Fk2]. R. Bryant has shown that up to
diffeomorphism, there is exactly a 2-parameter family of locally projectively flat
Finsler metrics on S* with K = 1 and the only reversible one is the standard
Riemannian metric [Br1][Br2]. He has also extended his construction to higher
dimensional spheres S” [Br3]. Recently, the author has completely determined the
local structure of projectively flat analytic Finsler metrics of constant flag curvature
in higher dimensions [Sh3]. Our method is different from Funk’s.

The next problem is to classify non-projectively flat Finsler metrics of constant
flag curvature. This problem turns out to be very difficult. The very first step might
be to construct as many examples as possible. In 2000, D. Bao and the author first
constructed a family of non-projectively flat Finsler metrics on S® with K = 1 using
the Lie group structure of S* [BaSh]. Our examples are in the form F = o + B,

where a(y) = ,/a;j(x)y'y/ is a Riemannian metric and B(y) = b;(x)y’ is a
1-form. Finsler metrics in this form are called Randers metrics [Ra]. Recently, the
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author has constructed an incomplete non-projectively flat Randers metric with
K = 0 in each dimension [Sh2].

The main technique in [Sh2] is described as follows. Given a Finsler metric ¢
and a vector field v on a manifold M, define a function F : TM — [0, co) by

y
@(m - evp) =1, yeT,M. (1)

where € is a constant with ®(—€v,) < 1 at any point p € M. It is easy to see that
F is a Finsler metric when € is small. An important relationship between ® and F
is that their (Busemann-Hausdorff) volume forms are equal, dVg = dVF [Sh2].
When @ is a Riemannian metric, then F' = « + f§ is a Randers metric.

The Finsler metric F defined in (1) can also be constructed in the following way.
Let ®* : T*M — [0, co) denote the Finsler metric dual to ® and v* : T*M — R
denote the 1-form dual to v. They are defined by

¥ §(y)
0] = _—
€= 2P a0

ViE) =E(v), &eT,M.
Let
F* := ®* + ev*.
Since ®* is a co-Finsler metric, the function F* : T*M — [0, 00) is a co-Fins-

ler metric when € is small. In this case when F* is a co-Finsler metric, we let
F : TM — [0, 0co) denote the Finsler metric dual to F*, i.e.,

£
F(y) = T,M. 2
2 SES;II;PMF*(%_)’ yeTIp 2)
It is easy to verify that the Finsler metric F' defined in (1) is just the one defined in
(1). In this sense, the formula (1) is dual to the formula (1).

The formula (1) is used by A.B. Katok [Ka] to construct many interesting Ran-
ders metrics on S” with special properties of closed geodesics. See [Zi] for further
discussion. However, the curvature properties are not discussed in their papers.

By choosing an appropriate Finsler metric ® and an appropriate vector field v,
one obtains a Finsler metric F' with the same curvature properties as ®. For example,
if ® has constant flag curvature and constant S-curvature, then for an appropriate
vector field v, the Finsler metric F defined in (1) or (1) has the same curvature
properties. This fact was discovered by the author accidently using Maple in [Sh2]
when he was studying the shortest time problem.

In this paper, using (1) we are going to construct a family of Randers metrics
onS? withK =1anda family of Randers metrics on a disk D? (p) withK = —1
or K = —1/4. They are all not locally projectively flat. These examples show that
the classification problem of non-projectively flat Finsler metrics of constant flag
curvature is very difficult.
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Now let us describe our examples. Let ®(y) = /h(y, y) denote the standard
Riemannian metric on the unit sphere S? and v denote the vector field on S? defined
by

Vp=(—y, X, 0) at p=(x, v, Z)€S2, 3)

Define F : TS? — [0, o0) by (1). Then F = « + B is a Randers metric, where
o = a(y) and 8 = B(y) are given by

\/ezh(v, V)2 + h(y, y)(l — 2k, v))

@= 1 —€2h(v,v) - Pi=

€h(v,y)
1 —€e2h(v,v)

“4)

F is defined on the whole sphere for |€| < 1 and it is defined only on the open disks
around the north pole and south pole with radius p = sin~'(1/|¢|) for |e| > 1.
Note that when € = 0, F = & is the standard Riemannian metric on S2.

Theorem 1.1. Let F = « + B be any Finsler metric on S* given in (4). It has the
following properties

(a) K=1;
(b) S =0;
(c) F is not locally projectively flat unless € = 0;

(d) t_he Gauss curvature K gfoz is not a constant unless € = 0, 1. When € = 0,
K=1, Whene = +1, K = —4.

According to Yasuda-Shimada [YaSh], if a Randers metric F = « + 8 is of pos-
itive constant flag curvature, then 8 must be a Killing form of constant length with
respect to «. However, § in (4) is not a Killing form when € # 0. This shows that
the Yasuda-Shimada theorem in the positive constant flag curvature case is wrong.

Similarly, let ®(y) = +/A(y, y) denote the standard Klein metric on the unit
disk D? and v denote the vector field on D? defined by

Vp=(—=y, x) at p=(x,y)€ D?. 5)

Define F : TD? — [0, 00) by (1). Then F = o + f8 is a Randers metric, where
o = a(y) and 8 = B(y) are given by

\/ezh(v, y)2 + h(y, y)(l — €2h(v, v))

* = 1— 2h(v.v) - P

€h(v,y)
1—€2h(v,v)

(6)

F is a Finsler metric defined on the disk D?(p) with radius p = 1 /+/1 + €2. Note
that when € = 0, F' is the Klein metric on the unit disk.

Theorem 1.2. Let F = o + 8 be the Finsler metric on the disk D?(p) given in (6).
It has the following properties

(a)K = —1;
(b)S =0;
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(¢) F is not locally projectively if € # 0; B
(d) the Gauss curvature K of « is not constant unless € = 0. Whene = 0, K = —1.

According to Yasuda-Shimada [YaSh] if a Randers metric F = « + f is of neg-
ative constant flag curvature, then the Riemannian metric « is of negative constant
flag curvature. However, the Randers metric defined in (6) do not have this property
when € # 0. This shows that the Yasuda-Shimada theorem in the negative constant
flag curvature case is wrong.

Besides the Klein metric, the hyperbolic metric can be expressed in many other
forms, such as the Poincare metric and the one arising from the proof of Theorem
1.1. We can use them to construct many non-projectively flat Finsler metrics with
negative constant flag curvature. See Remark 4.1 below.

Finally, let ®(y) = +/A(y, y) + A(u, y) denote the Funk metric on the unit disk
D?, where £ is the Klein metric on D? andu = (1—x2—y?)(x % +ya%) € T(x_,y)]D)2
is a vector field. ®(y),y € TpID)z, is defined by

Y pean? (7

Let v denote the vector field on D? defined by (5). Define F : TD? — [0, 00) by
(), 1ie.,

\/h(%y)—ev, %y)—ev)%—h(u, %y)—ev):l. )

Then F = « + B is a Randers metric on D?(p) where p = 1/+/1 + €2.

Theorem 1.3. Let F = « + B be the Randers metric on D*(p) defined in (8). It
has the following properties:

(a) K=—-1/4;

(b)S=3F;

(c) F is not locally projectively flat unless € = 0;

(d) the Gauss curvature K of « is not a constant unless € = 0. When ¢ = 0,
K=-1

Again Theorem 1.3 is inconsistent with Yasuda-Shimada’s result in dimension
two, since « does not have constant sectional curvature when € # 0.

In a recent paper by Bao-Robles [BaRo], they characterize Randers metrics
with constant flag curvature by three equations, giving a correct version of the the-
orem in [YaSh]. Bao-Robles show that the Yasuda-Shimada theorem is still true for
Randers metrics under an additional condition. Moreover, they use the technique
in [Sh2] to construct two-dimensional Randers metrics with the Gauss curvature
K = K(x) independent of the directions, a three-dimensional Randers metric on
S3 with K = 1 and a three-dimensional Randers metric on B> with K = —1. We
should point out that their example on S> is not equivalent to that in [BaSh]. With
the examples in [BaSh][BaRo][Sh2], now we have non-projectively flat Randers
metrics with constant flag curvature of any sign in higher dimensions. Recently, the
author learns that Matsumoto-Shimada have written a joint paper [MaSh], giving
a correct version of the result in [YaSh].
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2. Preliminaries

Let F be a Finsler metric on a manifold M. In a standard local coordinate system
x',¥y)inTM, F = F(x, y) is a function of (x*, y*). Let

1 2
8ij = E[F lyiyi
and (gV) = (g j)_l. The geodesics of F are characterized locally by

d%xi . dx
ar 2G’( ,—) —0,
dr? + *

where

il ik, 98pk 08
i _ ik pk 2P | \,p\q
G T4 [zaxq dxk ]y e

The coefficients of the Riemann curvature Ry = R kdxk ® % are given by

9G! j 92G! j G! G 9G/
ax ax7dy dyJdy dyl dy

R, = ©)

F is said to be of constant flag curvature K = 1, if

Rl = 2| P2 - P,

When F = ,/a;j(x)y'y/ is a Riemannian metric, Rik = Rjikl(x)yjyl, where
R ji «1(x) denote the coefficients of the usual Riemannian curvature tensor. Thus the
quantity Ry in Finsler geometry is still called the Riemann curvature.

There are many interesting non-Riemannian quantities in Finsler geometry. In
this paper, we will only discuss the S-curvature [Sh1]. Express the (Busemann-
Hausdorff) volume form of F by

dVe = o (x)dx" - dx".
The S-curvature is defined by
i yi

0G do
S(y) := B_yi(x’ y) — mﬁ(x)- (10)

See [Sh1] for a related discussion on the S-curvature.

Randers metrics are among the simplest non-Riemannian Finsler metrics, so
that many well-known geometric quantities are computable.

Let F = « + B be a Randers metric on a manifold M, where

a(y) = Jai;(x)yiyl,  B) = bi(x)y'

with [| 8[|y := supyer, p B(y)/a(y) < 1. Define b;|; by

b,‘|j9j = db,' — bj@ij,



354 Z. Shen

where 6 := dx! and 0; J= f‘l.jkdxk denote the Levi-Civita connection forms of .
Let

rij 1= %(bilj +bj|i)7 Sij i= %(biu - bjli)’

i ._ ih R A e - g
s i=asp, s) .—b,sj, ejj :=rij +bisj+bjs;.

Then G' are given by

€00

G =G
taor

¥ —soy’ + as’y, (11)

where e := eijyiyj, S0 = siyi, sio = sijyj and G denote the geodesic coeffi-
cients of . See [AIM].
According to Lemma 3.1 in [ChSh],
S=cin+ 1)F < e =2c(a’®— B). (12)

where ¢ = c(x) is a scalar function. See also Proposition 5.1 in [Sh2] in the case
when ¢ = 0.
Assume that S = ¢(n + 1) F for some constant ¢. Then

G' =G +c(a— By —soy' +as. (13)

By a direct computation, one obtains a formula for the Riemann curvature is given
by

Rik = Iéik +3¢2 (oz28,i — yiyk> - czﬂ(ﬂﬁi - bkyi)
+<SO|08;{ - Soucyl) + S0<S05}; — Skyi) + (Sk|0 - S0|k)yi
—( zsijsj}c — yksijs{)) + 6cskoyi + 3sk0sio
—{(cz,B + 2¢s0 + SjS]6)<a25]i - ykyi) + czozz(,BS}; - bkyi)
+2ca? (so(S,i — skyi) — (azsi()lk — yksi0|0)
+a? (sjs]68,i — sjsj}cy’) + a2<sik|0 — sio‘k) }a_l. (14)

Taking the trace of Rik, we obtain a formula for the Ricci curvature Ric of
F which is expressed in terms of the Ricci curvature Ric of o and the covariant
derivatives of 8 with respect to «.
Ric = Ric + (n — 1)[02(012 + ,32) + 202(a2 — /32) =+ soj0 + soso}
+2skosk0 — azskjsjk

+{2sky = 00 = D (4eso + 2555 + 262 . (15)
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3. Proof of Theorem 1.1

The Finsler metric in Theorem 1.1 is constructed by solving the equation (1), i.e.,

@(%y) — ev) = \/h(Fi’y) — €V, ny) — ev) =1. (16)

Let ¥ : R? — S% by

R a L)
x’y := b 9 .
VI+x24+y2 JT+x2+y2 142242

With this map, the standard Riemannian metric ® on S? can be expressed on R? by

V@ +v?) + (v — yu)?

®
W 12212

El

where y = u% + v% € Tx,y)R?. The Finsler metric defined by (16) is a Randers
metric ' = o + B, where « = «(y) and B = B(y) are given by

\/<1 + (1 —eHx2+ y2)>(u2 +0v2) 4+ (1 +e2+x2+ yz)(xv — yu)?

(141 =2+ ) T2+
_ €(xv — yu)
1+ (1—e)xZ+y2)

o=

pi=
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Note that when |¢| > 1, F is defined only on the open disk D?(r) of radius
r = 1/4/€% — 1. The corresponding domain on S? is a metric disk B(p) around the
north pole with radius p = sin™!'(1/|€).

To compute the curvatures of F, we express it in a polar coordinate system,
x = rcos(9), y = rsin(9). Fory = /L% + v%, o = a(y) and 8 = B(y) are
given by

\/<1 + (1 — 62)r2>,u2 + r2<1 + r2)2v2

o =
(1 +(1 —62)r2)\/1+—r2
_ 6r2v
P="Tra-an

Express o = v/a11 12 4+ ajppuv + azivie + axpv? and B = by 4 byv, where

_ 1 Co0- i+
T A+DA+ Ay MBTUTer =g oy

ail

er?

bi=0, by———
! 2 14+ (1 —e€?)r?

The geodesic coefficients G and G2 of « are given by

i (14 a—ea+22)r . A+ (1422 = (1= Ar?)r
21 +r2)(1 e —62)7‘2) 2<1 L _62)r2)2
a2 | +2r2 — (1 —€Hr?

A (1)

13y

We immediately obtain the Gauss curvature K of o,

1 —5e2+ (1 —eHr?

K=
14+ (1 —€)r?

Note that for € = %1, o has negative constant Gauss curvature,

K = —4.
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Now we are going to find the geodesic coefficients G' and G? of F. By (11),
we first compute r;;, s' f and s;, etc. A direct computation yields that

rm=0 = rp
637'3
re = 5 = i
A +)(1+ (1= e2)r2)
su=0 = 52
€r
S12 = 7 = =821
(1 +(1 - 62),,2)
sh=0 = 5%
R 6r(1+r2)
2T+ (1 — €2
2 _ €
T+
627'
S1 =
A+ (14 (1= e)r?)
s2 = 0.

We obtain that
€ij = rij +biSj + bjsi =0

This is equivalent to that S = 0. By (13) and the above identities, we obtain

G'l=G' - < w8 +rj) s av
a+ r2)(1 +(1 - 62),,2) 1+ —¢€e)r
Gz ) 62}’ €

T U+ +a-e) T ra Ot

Plugging them into (9), we obtain

R —FZ[S"—E "] (17)
k= k Fy .

We conclude that the Gauss curvature K = 1.
We can also use (15) and the above identities to verify that K = 1. To do so, it
suffices to compute so|0 and sk0| ¢ They are given by

62(12— (1-ert) L e2r2(1+1+ ez)rj) E
(1+72) (1+a-er) (1+a—er?)

P e(l — eHri(l +r2)v
Sok = — 2
(1 +(1 —62)r2>

S0|0 =
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Plugging them into (15) gives
Ric = F2.
We conclude that K = Ric/F? = 1.

Remark 3.1. Express the spherical metric in a radial form

®(y) = /u? + sin?(r)v2,

wherey = uL + v € T(,0)((0, 00) x S'). Take v = & € T{.6)((0, 00) x S1)
and define F by (1). We obtain

\/(1 —e2 sin2(r)>u2 + sin?(r)v? — e sin?(r)v

1 — e2sin(r)

F= (18)

F satisfies that K = 1 and S = 0, but it is not locally projectively flat.

4. Proof of Theorem 1.2

The Finsler metric in Theorem 1.2 is also constructed by solving the equation (1),
ie.,

d)(%y) — ev) = \/h(Fi,y) —ev, F’(yy) — ev) —1. (19)

'(_y9x)

The Klein metric ® on D? is given by

V2 +v?) — (v — yu)?
B 1— (2 +)2)

k]

(y)
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where y = (u,v) € T(x,y)Rz. The Finsler metric defined by (19) is a Randers
metric F = o 4+ 8, where ¢ = «(y) and 8 = B(y) are given by

\/<1 —(1+e)(x2+ yz))(u2 +02) — (1 —e2 - (x2+ yz))(xv — yu)?
(1 — (1 + e+ y2)>\/1 S R

B €(xv — yu)
=+ 4y

o=

Bi=

To compute the curvatures of F, we take a polar coordinate system, x =
rcos(f),y = rsin(f). For a vector y = M% + v%, o = a(y) and 8 = B(y)
are given by

\/(1 — A+ )2+ 21— r2)2v2

o =
(1-a+er)Vi=r
_ 6}‘21)
== avear

Express o = /a1 12 4+ ajpuv + azivie + azv? and B = by 4 byv, where

1 rr(1—r?)
an = anp=0=az, an= 5
(1-a+er)a-r) (1-a+er)
2
E€r
b1=0, bhy=—— .
' TS 0+ e

The geodesic coefficients G' and G2 of « are given by

- (14 a+eya-22)r . (1-22+ (1 + ) =y
2(1 —r2)<1 —a +e2)r2) 2<1 _a +€z)r2)2
~2 1—2r2+ (1 +e)r?

— w

- r2)<1 — 1+ 62)}’2)}’

1)2

The Gauss curvature K of « is given by

—1 =524+ (1 —e*r?

K=
1—(1+e)r?

(20)

We see that K is not a constant unless € = 0.
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Now we are going to find the geodesic coefficients G'and G of F = o + B.

Letrij, sij, s';, sj and e;; as above. A direct computation yields that
rm=0 = r»
373
ra = 5 = T
=) (1= +e)
si=0 = s
er
S12 = 5 = 821
(1 — +62)r2>
SI] =0 = S22
1 er(l—r?)
S)=—"""5—
2T - (14 e
2 _ €
1= 1 —-rr
er
51 =
(1- r2)(1 — 1+ 62)1‘2)
sp = 0.

We immediately see that
€jj \=rij —{-biSj + bjSi =0.

Thus the S-curvature vanishes, S = 0. By (13) and the above identities, we obtain

Gl — ¢ €’r 2, _er= r?)
— 0l av
A=) (1-a+) " T T+ )2
2
G*=G*— er € .

==+ W a=ry

Plugging them into (9), we immediately obtain
Rl = ={ P2} - FFu). @1)

Thus the Gauss curvature K = —1.
We can also use (15) and the above identities to verify that K = —1. To do so,
it suffices to compute 590 and sko‘ - They are given by

e(1- (1 +edrt) L er(1-a-er?)
S0|0 = 7 M+

(1 —r2>2<1 —a +€2)}’2> (1 —a +e2)r2>3
e(1+e>H)rX(1—r?) )
(1 —a —‘,—62)1’2)2
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Plugging them into (15), we obtain
Ric = —F~.
Again, we conclude that K = Ric/F? = —1.

Remark 4.1. Express the Klein metric in the radial form,

@ (y) = \/u? + sinh?(r)v2,

where y = “s% + v% € T(+,6)((0, 00) x S). Take v = % € TR x S!) and
define F by (1). We obtain

\/ (1 _e2 sinh2(r)>u2 + sinh?(r)v? — € sinh?(r)v
F =

, 22
1 — €2 sinh2(r) 22)

wherey = u% + v% € T(,0)((0, 00) x SY). F satisfies K = —1 and S = 0, but
it is not locally projectively flat.
The Poincare metric on the disk D? is given by

2V/u? 02
D(y) = m , (23)

where y = u% + v% € Ty, y)]D)2. The Poincare metric has negative constant

sectional curvature K = —1. Take v = — y% + x% € T(x,)D? and define F by
(1). We obtain

\/ez(xv — yu)? + u? + v2)<‘—11(1 —x2—y)2 —2(x2 4+ y2)> — e(xv — yu)

F =
F(1 =22 =y —(x2 +y?)
(24)
F satisfies K = —1 and S = 0, but it is not locally projectively flat.
The Riemannian metric o from Theorem 1.1 is given by
u? +v% 4+ (xv — yu)?
[ = — 2’
) \/ o, e
where y = u% + v% € Tx.y)R%. @ has constant sectional curvature K = —4.

Take v, = —y% + x% at p = (x, y) and define F by (1). We obtain a Randers
metric ' = o + B, where o« = «(y) and B = B(y) are given by
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o Vi + 02+ 2+ x2 4+ y2)(xv — yu)? — €2(xu + yv)2(1 + x2 + y2)
I+ + y2(1 22+ y) (1 + 22+ y2)>

e(1+x2 4+ y?)(xv — yu)
1—e2(x2 4+ y) (1 +x2+y?)

Bi=

F satisfies K = —4 and S = 0, but it is not locally projectively flat when € # 0.

5. Proof of Theorem 1.3

Let ® denote the Funk metric on D?. It is given by

V@? +v2) — (xv — yu)? 4 xu + yv
1—x2—y2 ’

D(y) =

where y = u% + v% € T(x,y)D?. The Finsler metric in Theorem 1.3 is defined
by (8). Solving the equation (8), we obtain

2
\/uz + 02 — (e(xu + yv) + (xv — yu)) + (xu + yv) — €(xv — yu)

Fi= = (1 +e)a2+y2)

(25)

where y = u% + v% S T(x,y)Rz. F = o + B is a Randers metric on the disk

D?(p) with p = 1/+/1 + €2, where « and 8 are given by

2
\/uz + 02— <e(xu + yv) + (xv — yu))

1— (14 €e)(x2+y?)
_ (xu + yv) — e(xv — yu)
b= 1— (14 €e)(x2+y?)

o =

To compute the curvatures of F' = o + 8, we express the Randers metric in a polar
coordinate system x = r cosf, y = r sin 6. For a vectory = /L% + v%, o =o(y)
and = B(y) are given by

2
\/Mz +r2v2 — rz(rv + eu)

1—(1+€e2)r?
rpu —ery

T I—(+ e

o =

B
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Express o = \/almz +apuv +axvu + axpv? and B = by + byv, where

1 — €22
ap = 3
(1-a+e)
er’
ap = — 5 = au,
(1-a+er)
r2(1—r?)
an = 5

(1 — 1+ 62)r2>

r Er2

b= — =
Tt T IS+

The geodesic coefficients G! and G of « are given by

. (62 —5e%r2 — M2 42 — 2r2)r 5 e(l —r2 4+ €222
G = 3 o+ 5 MV
2(1 — 1+ e2)r2) (1 — +62)r2)

(1=r2+e2)a -y
— V

2(1 —(+ 62)7‘2)2

) e(—3+r2+362r2) , —62r2)(1 —r2+62r2>

G = 7 M+ 3 j7aY;
2(1- (1 +e)r?) (1-a+enr)r
6(1 —r2 4 62,.2),,2

2(1 — 4+ e2)r2)2

The Gauss curvature K of « is given by

—1 =52+ (1 —eHr?
1—(1+4€>)r?

K= (26)

We see that K is not a constant unless € = 0.
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Now we are going to find the geodesic coefficients G' and G2 of F = o + B.

Letrij, sij, s';, sj and e;; as above. A direct computation yields that

1 —r2 =322
2
(1-a+e?)

rn =

e(l —e?)r3
re =-— 5 = i
(1-a+er)
( —r? +e r ) 2
rp = 3
( — (14 €22 )
s1t=0 = s»
er
S12 = 5 = 81
(1-a+e?)
2.2
311:_ 6r22=_S22
1—(+4ed)r
1 er(l —r2)
§Hh = ——
2T -1+ e
) e(l — €2r?)
1= 0,2
1—-—QA4+e)r>)r
_ €r
R PG P v
er?
M=
T Io(+ )
We immediately see that
ejj = rij+biSj+bjsi=aij—bibj. @7

By Lemma 3.1 in [ChSh], (27) is equivalent to that
S=-F.

By (13) and the above identities, we obtain

| - 1 er(eu—i—rv) er(eru—v+r2v>
G =G —(a — — —
A By T i v iy By i
B 1 er(eu—{—rv) e(,u—ezrzu—er%)
G2=G2+§(a—,3)v— v — o

11—+ 62)7‘2 r<1 —(1+ 62)7'2)
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Plugging them into (9), we immediately obtain
i Lo i
R, = —Z{F 5 — FFuy'].

Thus the Gauss curvature K = —1/4.
We can also use (15) to verify that K = —1/4. To do so, it suffices to compute
soj0 and sk0| ¢ They are given by

62(1 +r2 - 62r2) 2 4e3r3 62r2(1 —r2 4 62}’2)
s0j0 = 3 M= 3 MY+ 3

(1-a+en?) (1-a+en?) (1-a+er)
. (1 +eHr’ e(l+e>r*(1 —r?)

Sok =

2 2
(1-a+er) (1-a+e?)
Plugging ¢ = 1/2 and the above identities into (15) gives

. [
Ric = ——F~.
4

We conclude that K = Ric/F2 = —1/4.

Remark 5.1. Below is a byproduct. Let

2
\/uz + 02— <E(xu + yv) + (xv — yu))
- =+ 1))
\/(1 —(1+ )2+ yz))(u2 +v2) — (1 —e2 —(x2+ y2)>(xv — yu)?
(1 —q +62)(x2+y2))\/1 R '

o=

« and & are two Riemannian metrics on D?(p) with radius p = 1 /A1 + €2, Ac-
cording to (20) and (26), THE Gauss curvatures of o and & are equal and given
by

—1 =524+ (1 —eH (% +y?)

K=—"C (1 +€2)(x2 + y2)

Acknowledgements. The author would like to thank the referees for pointing out the link
between Katok’s examples on S” and examples in Theorem 1.1.



366 Z. Shen

References

[AIM] Antonelli, PL., Ingarden, R.S., Matsumoto, M.: The theory of sprays and
Finsler spaces with applications in physics and biology, FTPH 58, Kluwer
Academic Publishers, 1993

[AZ] Akbar-Zadeh, H.: Sur les espaces de Finsler d courbures sectionnelles cons-
tantes, Bull. Acad. Roy. Bel. Cl, Sci, 5e Série — Tome LXXXIV 281-322
(1988)

[BaChSh] Bao,D., Chern, S.S., Shen, Z.: An introduction to Riemann-Finsler geometry,
Springer, 2000

[BaRo] Bao, D., Robles, C.: On Randers metrics of constant curvature, Rep. on Math.
Phys. (to appear)

[BaSh] Bao D., Shen, Z.: Finsler metrics of constant curvature on the Lie group S 3
Journal of Math. London Soc. (to appear)

[Brl] Bryant, R.: Finsler structures on the 2-sphere satisfying K = 1, Finsler

Geometry, Contemporary Mathematics 196, Amer. Math. Soc., Providence,
RI, 2742 (1996)

[Br2] Bryant, R.: Projectively flat Finsler 2-spheres of constant curvature, Selecta
Math., New Series, 3, 161-204 (1997)

[Br3] Bryant, R.: Finsler manifolds with constant curvature, Talk at the 1998
Geometry Festival in Stony Brook

[ChSh] Chen, X., Shen, Z.: Randers metrics with special curvature properties, Osaka
J. of Math. (to appear)

[Fk1] Funk, P.: Uber Geometrien, bei denen die Geraden die Kiirzesten sind, Math.
Annalen 101, 226-237 (1929)

[Fk2] Funk, P.: Uber zweidimensionale Finslersche Riume, insbesondere iiber

solche mit geradlinigen Extremalen und positiver konstanter Kriimmung,
Math. Zeitschr. 40, 86-93 (1936)

[Ka] Katok, A.B.: Ergodic properties of degenerate integrable Hamiltonian sys-
tems, Izv. Akad. Nauk SSSR 37, [Russian]; Math. USSR-Izv. 7, 535-571
(1973)

[Ma] Matsumoto, M.: Randers spaces of constant curvature, Reports on Mathe-
matical Physics, 28, 249-261 (1989)

[MaSh] Matsumoto, M., Shimada, H.: The corrected fundamental theorem on the
Randers spaces of constant curvature, Tensor, N.S. (to appear)

[OKk] Okada, T.: On models of projectively flat Finsler spaces of constant negative
curvature, Tensor, N.S. 40, 117-123 (1983)

[Ra] Randers, G.: On an asymmetric metric in the four-space of general relativity,
Phys. Rev. 59, 195-199 (1941)

[Shi] Shen, Z.: Differential Geometry of Spray and Finsler Spaces, Kluwer Aca-
demic Publishers, Dordrecht, 2001

[Sh2] Shen, Z.: Finsler metrics with K = 0 and S = 0, Canadian J. of Math. (to
appear)

[Sh3] Shen, Z.: Projectively flat Finsler metrics of constant flag curvature, Trans.
of Amer. Math. Soc. (to appear)

[YaSh] Yasuda, H., Shimada, H.: On Randers spaces of scalar curvature, Rep. on
Math. Phys. 11, 347-360 (1977)

[Zi] Ziller, W.: Geometry of the Katok examples, Ergod. Th. Dynam. Sys. 3,

135-157 (1982)



