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Abstract A Tai mapping between two rooted labeled trees (trees, for short) is a one-
to-one node correspondence preserving ancestors and siblings (if trees are ordered).
The variations of the Tai mapping are known to provide a hierarchy, called a Tai
mapping hierarchy. In this paper, we characterize the Tai mapping hierarchy as a
common subforest by focusing on the connections of nodes and the arrangements of
subtrees in a common subforest. Then, we fill a gap in the Tai mapping hierarchy by
introducing several new variations. Furthermore, we summarize and investigate the
time complexity of computing the variations of the edit distance as the minimum cost
of the variations of the Tai mapping.

Keywords Tai mapping - Tai mapping hierarchy - Common subforest - Tree edit
distance
1 Introduction

Comparing tree-structured data such as HTML and XML data for web mining or
DNA and glycan data for bioinformatics is one of the important tasks for data mining.
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The most famous distance measure between trees is the edit distance [2, 9, 14]. The
edit distance is formulated as the minimum cost of edit operations, consisting of a
substitution, a deletion and an insertion, applied to transform from a tree to another
tree.

It is known that the edit distance is closely related to the notion of a Tai map-
ping (mapping, for short) [14], which is a one-to-one node correspondence between
trees preserving ancestor (and sibling) relations. Note that the corresponding nodes
with different labels through a mapping are regarded as nodes applied to substitu-
tion and the non-corresponding nodes to deletion in a tree or insertion in another
tree. Then, the minimum cost of possible Tai mappings coincides with the edit
distance [14].

Whereas the edit distance is the standard measure for comparing trees, it is too
general for several applications. Therefore, more structurally sensitive distances of
the edit distance are required for these applications. Such distances are formulated
as the minimum cost of the variations of the Tai mapping such as a fop-down
mapping (ToP) [3, 13], an LCA (least common ancestor) -preserving (or degree-2)
mapping (LCA) [22], an accordant (or Lu’s) mapping (ACC) [9, 11], an isolated-
subtree (or constrained) mapping (ILST) [17, 19, 20], a less-constrained mapping
(LESS) [10], an alignable mapping (ALN) [9], a bottom-up mapping (BOT) [9, 15,
18], a segmental mapping (SG) [7] and a top-down segmental mapping (TOPSG) [7],
respectively.

The above mappings provide a Tai mapping hierarchy illustrated in Fig. 1, which
grows from left to right by adding new variations of the Tai mapping. Here, ISO
denotes an isomorphism and it holds that “ALN=LESS” [9] and “ToP=ToPSG” [7].

The Tai mapping hierarchy in Fig. 1 just represents the inclusion relation of map-
pings but no other properties of mappings and, in particular, the right column in Fig. 1
(left) is sparser than the left column. Then, there arise a question whether or not there
exists a unifying property between the variations of a Tai mapping.

In order to solve the above question, in this paper, we characterize the Tai mapping
hierarchy as a common subforest between two trees consisting of pairs of nodes in
the variations of a Tai mapping. Then, we focus on the connections of nodes and

Fig. 1 Tai mapping hierarchies introduced by Wang and Zhang [17] (left), Kuboyama [9] (center) and
Kan et al. [7] (right)
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the arrangements of subtrees in a common subforest. Note that the largest common
subforest or tree provides another similarity measure between trees [1, 5, 9, 16, 21].1

First, we focus on the following three connections of nodes in a common subfor-
est. A common embedded subforest is a common subforest by connecting nodes in
a mapping according to ancestor-descendant relation. A common induced subforest
is a common subforest induced by a set of nodes. A common complete subforest is
a common induced subforest containing all the descendants of a set of nodes. Then,
we can characterize the mappings in TAI, ALN, ILST, ACC and LCA as common
embedded subforests, the mappings in SG and TOP as common induced subforests
and mappings in BOT as common complete subforests, respectively. The mappings
characterized as common induced subforests require the operational condition that
the deletion and the insertion are allowed to apply just roots or leaves and the map-
pings characterized as common complete subforests require the operational condition
that the deletion and the insertion are allowed to apply just roots.

Next, we focus on the four arrangements of subtrees in a common subforest. A
common subforest is non-twisting if there exists no triple of nodes in a common
subforest such that the LCA of the first and the second nodes is an ancestor of the
LCA of the second and third nodes in a tree iff the LCA of the second and the third
nodes is an ancestor of the LCA of the first and second nodes in another tree. A
common subforest is parallel if, for every triple of nodes in a common subforest,
the LCA of the first and the second nodes is equal to the LCA of the first and the
third nodes in a tree iff the LCA of the first and the second nodes is equal to the
LCA of the first and the third nodes in another tree. A common subforest is a sub-
tree if it is a tree. A common subtree is root-preserving if the root of the common
subtree is equal to the roots of both trees. Then, we can characterize the mappings in
TAI, SG and BOT as an arbitrary subforest, the mappings in ALN as a non-twisting
subforest, the mappings in ILST and ACC as a parallel subforest, the mappings in
LcA as a subtree and the mappings in TOP and ISO as a root-preserving subtree,
respectively.

As aresult, the Tai mapping hierarchy in Fig. 1 is not complete for the connections
of nodes and the arrangements of subtrees in a common subforest. In order to fill a
gap in the Tai mapping hierarchy in Fig. 1, in this paper, we introduce new mappings
by intersecting SG and BOT in the right column in Fig. 1 with ALN, ILST, AcC and
LcA in the left column in Fig. 1.

As intersecting SG, we introduce a segmental alignable mapping (SGALN), an
isolated-subtree segmental mapping (ILSTSG), an accordant segmental mapping
(AccSG) and an LCA-preserving segmental mapping (LCASG). As intersecting
BoT, we introduce a bottom-up alignable mapping (BOTALN), an isolated-subtree
bottom-up mapping (ILSTBOT), an accordant bottom-up mapping (ACCBOT) and an
LCA-preserving bottom-up mapping (LCABOT). Additionally, we introduce an LCA-
and root-preserving mapping (LCART).

IThe largest common subtree in the standard definition [1, 5, 9, 16, 21] is corresponding to the minimum
cost of the LCA-preserving segmental mapping (LCASG, defined below) which consists of pairs of nodes
with the same label.
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Hence, we provide a new Tai mapping hierarchy illustrated in Fig. 2, where the
previous mappings in Fig. 1 are illustrated as the nodes enclosed by gray lines and
the new mappings are illustrated as the nodes enclosed by black lines. In particular,
we show that “ACCSG=ILSTSG” and “AccBOT=ILSTBOT.”

In the vertical direction in Fig. 2, the mappings in the left column (TAI, ALN, ILST,
Acc, LcaA and LCART), those in the center column (SG, SGALN, ACCSG, LCASG
and TopP) and those in the right column are characterized as common embedded,
induced and complete subforests, respectively. In the horizontal direction in Fig. 2, on
the other hand, the mappings in the top row (TAI, SG and BOT), those in the second
row (ALN, SGALN and BOTALN), those in the third row (ILST, AcC, ACCSG and
AccBoOT), those in the fourth row (LCA, LCASG, LCABOT) and those in the last
row (LCART, TOP and ISO) are characterized as arbitrary subforests, non-twisting
subforests, parallel subforests, subtrees and root-preserving subtrees, respectively.

Next, we introduce the variations of the edit distance as the minimum cost of all the
possible mappings in SGALN, ACCSG, LCASG, BOTALN, AcCBOT, LCABOT and
LCART, where we call them a segmental alignment distance, an accordant segmental
distance, an LCA-preserving segmental distance, a bottom-up alignment distance, an
accordant bottom-up distance, an LCA-preserving bottom-up distance and an LCA-
and root-preserving distance. Then, we show that no distances characterized as non-
twisting subforests are metrics, whereas the other distances are metrics.

Finally, we summarize and investigate the time complexity of computing the vari-
ations of the edit distance illustrated in Table 1. Here, n is the number of nodes in a
tree, m is the number of nodes in another tree (n > m), D is the maximum degree of
two trees and d is the minimum degree of two trees.

For ordered trees, we can compute the distances characterized as non-twisting
subforests in O (nmD?) time and those as other subforests or subtrees except the
(standard) edit distance and the tree isomorphism in O (nm) time. For unordered

Tal

I \

ALN=LESS Sa

| \

IusT

BOTALN Stibforest (s.f)

non-twisting s.f.

embedded s.f.

Top=ToPSG parallel s.f.

induced s f. Iso T Sibtree (s-t.)

complete s.f. root-preserving s.t.

Fig.2 A new Tai mapping hierarchy consisting of the mappings in Fig. 1 illustrated as the nodes enclosed
by gray lines and the new mappings illustrated as the nodes enclosed by black lines
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Table 1 The metricity of the variations 7a (77, T2) for Ma(T1, T>) in Fig. 2 and time complexity of
computing them

Mapping Ordered tree Unordered tree

Ma(Ty, T,) metric T T (bounded degrees)
TAl yes O (nm?(1 + log o) 4] MAX SNP [21] MAX SNP  [5]
ALN no O(nmD?) [6] MAX SNP [6] polynomial [6]
ILST yes O (nm) [19] O (nmd) [18] O (nm) <«
Acc yes O (nm) [9] O (nmd) [18] O (nm) <«
Lca yes O (nm) [22] O (nmd) [22] O (nm) <«
LCART yes O (nm) Thm4  O(nmd) Thm 4 O (nm) <«

SG yes O (nm) [7] MAX SNP  [18] MAX SNP  [18]
SGALN no O (nmD?) Thm6 MAXSNP Thm 1l polynomial Thm 12
AccSG yes O (mn) Thm 6  O(nmd) Thm 7 O (nm) “«
LcASG yes O (nm) Thm S5  O(nmd) Thm 5 O (nm) <«

Tor yes O (nm) [3,13] O(nmd) [18] O (nm) <«
Bot yes O (nm) [18] MAX SNP  [18] MAX SNP  [18]
BOTALN no O (nmD?) Thm9 MAXSNP Thm 1l polynomial Thm 12
AccBor yes O (nm) Thm9  O(nmd) Thm 10 O (nm) <«
LcABoT yes O (nm) Thm8  O(nm) Thm 8 <«

Iso yes O(n+m) cf. [16] OMm+m) cf [16] <~

Here, n is the number of nodes in a tree, m is the number of nodes in another tree (n > m), D is the
maximum degree of two trees and d is the minimum degree of two trees

trees, it is known that the problem of computing the distances characterized as arbi-
trary subforests is MAX SNP-hard [21] even if trees are binary [5, 18]. On the other
hand, as in the case of alignment distance [6], the problems of computing the dis-
tances characterized as non-twisting subforests are MAX SNP-hard, whereas they
are tractable if the degrees of trees are bounded by some constant. Furthermore, we
can compute the distances characterized as parallel subforests, subtrees and root-
preserving subtrees in O (nmd) time except the LCA-preserving bottom-up distance,
which we can compute in O (nm) time.

2 Edit Distance and Tai Mapping

A tree T is a connected graph (V, E) without cycles, where V is the set of vertices
and E is the set of edges and we denote V and E by V(T) and E(T). The size of T
is | V| and denoted by |T|. We sometime denote v € V(T) by v € T. We denote an
empty tree (4, #) by @J. A rooted tree is a tree with one node r chosen as its root. We
denote the root of a rooted tree T by r(T).
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For each node v in a rooted tree with the root r, let UP,(v) be the unique path
from v to r. The parent of v(# r), which we denote by par(v), is its adjacent node on
UP, (v) and the ancestors of v(# r) are the nodes on UP, (v) — {v}. We denote the set
of all ancestors of v by anc(v). We say that u is a child of v if v is the parent of u and
u is a descendant of v if v is an ancestor of u. A leaf is a node having no children. We
denote the set of all leaves in T by [v(T'). A node neither a leaf nor a root is called an
internal node. The degree of a node v, denoted by d(v), is the number of children of
v. The degree of a rooted tree T', denoted by d(T'), is the maximum number of d(v)
foreveryv e T.

‘We use the ancestor orders < and <, thatis, # < v if vis an ancestor of ¥ and u <
vifu < voru = v. We denote neither u < v nor v < u by u # v. We say that w is the
least common ancestor (LCA, for abbreviation) of u and v, denoted by ullv, if u < w,
v < w and there exists no w’ such that w’ < w, u < w’ and v < w’. A (complete)
subtree of T = (V, E) rooted by v, denoted by T[v], is atree T’ = (V’, E’) such
that r(T") =v,V ={ueV |u<viand E' ={(u,w) € E | u,w € V'}.

For nodes u, v € T, u is to the left of v, denoted by u < v, if pre(u) < pre(v)
for the preorder number pre and post(u) < post(v) for the postorder number post.
We say that a rooted tree is ordered if a left-to-right order among siblings is given;
unordered otherwise. We say that a rooted tree is labeled if each node is assigned a
symbol from a fixed finite alphabet 2. For a node v, we denote the label of v by /(v),
and sometimes identify v with [(v). We call a rooted labeled tree a tree simply.

A forest is a sequence [T1, ..., T,,] of trees. Foratree T and anodei € T, T (i)
is a forest obtained by deleting the root i in 7'[i]. We denote the number of trees in a
forest F by || F||, thatis, ||F|| =n for F = [T}, ..., T,].

In the following sections, we will use two trees 77 and 7> to obtain the distance
between 7| and T,. Then, for nodes i € T} and j € T3, suppose that the children
ofi and j are iy, ..., is and ji, ..., j;, respectively. Also, we sometimes denote the
forests T1 (i) = [T1[i1], ..., T1lis]] and T2(j) = [T2l/1], ..., T2lje ]l by F1(it, is)
and F»(j1, ji), respectively.

Definition 1 (Edit operations [14]) The edit operations of a tree T are defined as
follows. See Fig. 3.

1. Substitution: Change the label of the node v in T.
Deletion:% Delete a node v in T with parent v, making the children of v become
the children of v’. The children are inserted in the place of v as a subsequence
in the left-to-right order (for ordered trees) or a subset (for unordered trees) of
the children of v'. In particular, if v is the root in T, then the result applying the
deletion is a forest consisting of the children of the root.

3. Insertion: The complement of deletion. Insert a node v as a child of v/ in T
making v the parent of a consecutive subsequence (for ordered trees) or a subset
(for unordered trees) of the children of v'.

2In contrast to the standard definition of deletion and insertion [9, 14], this paper allows the deletion of
a root, in order to characterize the bottom-up distance explicitly. Then, this paper also allows that the
resulting tree applying to the deletion becomes a forest.
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Substitution (v — w) A s /@k

Deletion (v + €) l v/ 7 /\

Insertion (g — v) ZQA =
A A

Fig. 3 Edit operations for trees

Let ¢ ¢ ¥ denote a special blank symbol and define £, = ¥ U {¢}. Then, we
represent each edit operation by (/1 > [Ip), where (I, 1) € (2 x Zz; — {(¢, ¢)}).
The operation is a substitution if /1 # ¢ and [, # ¢, a deletion if [, = ¢, and an
insertion if /; = ¢. For nodes v and w, we also denote (/(v) — I(w)) by (v — w).
We define a cost function y : (X, x Zs — {(e,8)}) — R on pairs of labels. We
often constrain a cost function y to be a metric, that is, y(l1,12) > 0, y(l1,12) =0
iff [y =b,yy,1) =yp, 1) and y (11, 13) <y, ) + vy, [3). We call the cost
function that y ({1, o) = 1 if [y # [» a unit cost function.

Definition 2 (Edit distance [14]) For a cost function y, the cost of an edit operation
e =11 — [ is given by y(e) = y (1, 12). The cost of a sequence E = ey, ..., e, of
edit operations is given by y(E) = Zf‘: 1 7 (e;). Then, an edit distance tta(T1, T2)
between trees 71 and 75 is defined as follows:

rrar(T1, T2) = min {V(E) transforming 77 to 7>

E is a sequence of edit operations }

Definition 3 (Tai mapping [14]) Let 7; and T, be trees. We say that a triple
(M, Ty, T») is an ordered Tai mapping between T1 and T, if M C V(T7) x V(T»)
and every pair (11, v1) and (u2, v2) in M satisfies that (1) u; = u» iff vi = v, (one-
to-one condition), (2) u; < u, iff vi < vy (ancestor condition) and (3) u; < uy iff
v] < vp (sibling condition). Also we say that a triple (M, T1, T) is an unordered
Tai mapping if M C V(T1) x V(T») and every pair (11, v1) and (42, v2) in M sat-
isfies (1) one-to-one condition and (2) ancestor condition. The set of all possible Tai
mappings between 77 and 75 is denoted by M, (71, T>). We will use M instead of
(M, Ty, T>) when there is no confusion, call both an ordered and an unordered Tai
mapping a mapping.

In particular, we say that a mapping M is an inclusion mapping from T to T if,
for every node v € T, there exists a node w € T» such that (v, w) € M. In this case,
we denote w by M (v).
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Let M be a mapping between 77 and T,. Let Ij; and Jy; be the sets of nodes in
T1 and 75 but not in M, thatis, Iyy = {u € T | (u,v) € M}and Jyy = {v € T» |
(u, v) & M}. Then, the cost y (M) of M is given as follows.

y(M)= Y ywwv)+ Y ywe)+ Y y(v).

(u,v)eM uely vely
Theorem 1 (Tai [14]) t74((T1, T2) = min{y (M) | M € Mrx(T1, T2)}.

Finally, we introduce the notion of a subforest, a common subforest and their
arrangement of subtrees illustrated in Fig. 2. Note that we ignore labels of
nodes.

Definition 4 (Subforest, common subforest) Let 7 = (V, E) be a tree.

1. We say that F = (V/, E’) is an embedded subforest in T if V' C V and, for
every u,v € V/, (u,v) € E' if u < v and there exists no w € V’ such that
u<wandw < v.

2. Wesay that F = (V’, E') is an induced subforest in T if V' C V and, for every
u,veV,(u,v) € E'if (u,v) € E.

3. We say that F = (V', E’) is a complete subforest in T if F is an induced
subforest in T and, for every v € V’, all the descendants of v is in V’.

Furthermore, for trees 77 and 7>, we say that F is a common embedded (resp.,
induced, complete) subforest between T and T; if F is an embedded (resp., induced,
complete) subforest in both 77 and 7>. We call the above three common subforests a
common subforest if it is not necessary to distinguish them.

Definition 5 (Arrangement of subtrees in a common subforest) Let F' be a common
subforest between T and T,. Foranode v € F,wedenotev € T)/NF andv € ThoNF
by v! and v?, respectively.

1. We say that F is twisting if there exist u, v, w € F such that ul uv! < vl uw!
in 77 and v? U w? < u? LU v? in T». Otherwise F is non-twisting.

2. We say that F is parallel if, for every u, v, w € F, ulvuo! = ul uw!in Ty iff

wWuvl=uw?uw?in .

We say that F is a subtree if F is a tree, that is, ||F|| = 1.

4. We say that F is a root-preserving subtree if F is a tree T such that r(T) =

r(Ty) = r(1y).

bt

Example 1 Consider trees T1 and 75 in Fig. 4. Then, Fj, F, and F3 illustrated in
the rightmost column in Fig. 4 are the common embedded subforest, the common
induced subforest and the common complete subforest between 77 and 7>, respec-
tively. Here, every v! in T (resp., v? in Tp) foranode v € F; i = 1,2,3) is
illustrated as gray nodes. Also Fj is a root-preserving subtree and F> and F3 are
parallel subforests.
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T1 T2

(@ (@
I

Fig.4 The common embedded subforest F, the common induced subforest F, and the common complete

subforest F3 between T} and T

3 Tai Mapping Hierarchy

In this section, we introduce the variations of a Tai mapping.

Definition 6 (Variations of mapping) Let 77 and 75 be trees and M € M, (71, T»).

We define M~ as M — {(r(T}), r(T»))}.

1. We say that M is a less-constrained mapping [10], denoted by M €
Muess(T1, T»), if M satisfies the following condition.

V(ui, v1), (u2, v2), (u3,v3) € M (uy Uupy < uy Uuz = vy Uvz =v; Uvs).

2. We say that M is an isolated-subtree mapping [17] (or a constrained mapping
[19]), denoted by M € My s1(T1, T»), if M satisfies the following condition.

Y(ui, v1), (u2, v2), (u3,v3) € M (u3 <ujUuy < vz <viUv).
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3. We say that M is an accordant mapping [9] (or a Lu’s mapping [11]), denoted
by M € Macc(Ty, T»), if M satisfies the following condition.
V(ur, vr), (w2, v2), (U3, v3) € M (uy Uup = up Uuz < viUvy =vUv3).
4. We say that M is an LCA-preserving mapping (or a degree-2 mapping [22]),
denoted by M € My ca(T1, T»), if M satisfies the following condition.
V(uy, vi), (u2,v2) € M~ ((uy Uuz, v Uvz) € M).
5. We say that M is an LCA- and root-preserving mapping, denoted by M €
Mureart(Th, T2), if M € Myca(Th, T2) and (r(T1), r(T2)) € M.
6. We say that M is a fop-down mapping [3, 13] (or a degree-1 mapping), denoted
by M € Mrop(Ty, Tn), if M satisfies the following condition.
Y(u,v) € M~ ((par(u), par(v)) € M) .
7. We say that M is a bottom-up mapping [9, 15, 18], denoted by M €
Mpor (T, T), if M satisfies the following condition.
Yu' € Ti[u]Iv € T>[v] ((u/, V) € M)
Y, v) e M (mw’ € Ta[v]3u’ € Ti[ul (W', v') € M) )
8. We say that M is a segmental mapping [7], denoted by M € Mss(T1, T»), if
M satisfies the following condition.
/ / / /
V(. v) € M~ ', V') € M((u € anc(u)) A (v € anc(v)))
= ((par(u), par(v)) € M)
9. We say that M is a top-down segmental mapping [7], denoted by M €
Mropsc(T1, T»), if M is a segmental mapping such that (r(T), r(12)) € M.
10. We say that a mapping M is an alignable mapping [9], denoted by M €
Man(Ty, Tp), if there exist a forest F, an inclusion mapping M; from T} to F
and an inclusion mapping M» from 75 to F satisfying that M1 (u) = M3 (v) for
every (u,v) € M
11. Map(T1,T2) = Ma(T1, ) N Mp(T,T;) for mappings A and B.

This paper deals with Mscain(T1, T2), Mistsc(T1, T2), Macess(T1, T2),
MLCASG(Tlv T2), MBOTALN(Tls 1), MILSTBOT(Tlv T2)s MACCBOT(Tlv Tz)
and My caBor(T1, T2).

Example 2 Figure 5 illustrates mappings M; (1 < i < 8) [7, 9] such that
My € Mrop(Ti, T2) but My & Mpor(Ti, T2); M2 € Myca(Ti, T2) but My ¢
Mrop(Ti, Ta); M3 € Mpace(Ti, To) but M3 & Myca(Th, T2); Ma € Mist(Th, T2)

3Whereas Valiente [15] has introduced a bottom-up mapping that requires an isolated-subtree mapping,
his algorithm computes a bottom-up distance that is not an isolated-subtree distance. Hence, we adopt the
revised definition here not to be an isolated-subtree mapping. See [9, 18].

4In the definition of an alignable mapping [9], F is not a forest but a tree, because we can assume that the
alignable mapping always contains the pair of the roots of two trees, corresponding to the alignment tree
[6]. On the other hand, since the intersection of the alignable mapping to other mappings does not always
contain the pair of the roots of two trees, we use a forest F in the definition of an alignable mapping.
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Fig. 5 Mappings M; (1 < i < 8) in Example 2

but My & Macc(Ti, T2); Ms € Man(T1, ) but Ms ¢ Myse(Th, Tn);
Me € Mrta(T1, T2) but Mg ¢ Man(T1, T2); M7 € Mso(Th, T2) but M7 ¢
Mrop(T1, Tr) and M7 ¢ Mpor(T1, T2); Mg € Msgor(T1, To) but Mg ¢
MALN(TI s TZ)-

In particular, for a segmental mapping M € Mgsg(T1, T2), the formula in Defini-
tion 6.8 claims that, for (, v), (', v") € M such that u’ € anc(u) and v’ € anc(v),
there exist nodes u1,...,u; € Ty and vy, ..., v € To such that u; = u, uy = u’,
v = v, i =V, uiy1 = par(u;), viy1 = par(v;) (1 <i <k —1)and (u;, v;) € M
(1<i<k).

The following lemma has been shown in [7, 9, 17] or holds from Definition 6.

Lemma 1 The following statements hold.

L. Mio(T1, T2) C Mrep(T1, T2) C Mrea(Th, T2) C Macc(T1, T2) C
Miust(Th, 12) C Man(T1, T2) C Mrar(T1, T2) [9, 17].

2. Miso(T1, T2) C Maor(Th, T2) C Msc(Th, T2) C Mra(Th, 12) [7].

Maps(Ty, Tr) € Mau(T), Tz) for mappings B and B.

4. If Me(Th, Tr) € Mc(Th, Tz), then Mps(T1, T2) € Mac(Th, T2) for mappings
A, BandC.

et

Theorem 2 The hierarchy illustrated in Fig. 2 holds, where the mapping Mxu(T1, T>)
is denoted by its subscript B. In particular, the following statements hold. Here, S # S’
denotes that neither S C S' nor S’ C S for two sets S and S'.

@ Springer



770 Theory Comput Syst (2017) 60:759-783

L. Macese(T1, T2) = Mustse(T1, T2)  and  Macepor(T1, T2) =
MILSTBOT(TI, TZ)

2. Mureasc(T1, To) # Mycart(T1, T2), Mtop(T1, T2) C Mrease(T1, T2) C
Murea(Ty, To) and Mrop(Th, T2) C Mycart(T1, T2) C Mrca(Th, T2)

3. Murease(T1, T2) C Maceso(Th, T2), Maccso(Th, T2) C Macc(Th, T2) and

Maccesa(T1, T2) € Msgan(T1, T2).

Murca(Ty, To) # Maccsa(T1, T2).

Mscan(T1, T2) C Mse(T1, T2) and Mporax(T1, T2) C Mpor(T1, T2).

Mioran(T1, T2) C Msean(T1, 12).

MurcaBor(T1, T2) C MaccBor(Th, T2) C Mporaws (T1, T2) € Mgpor(T1, T2).

Nk

Proof 1. We just show that Maccsg(T1, T2) = Miistse(T1, Tz). We can show that
Maccpor(T1, Tz) = MiistBor(T1, T») in the similar way. Since Lemma 1 implies
that Maces(T1, T2) € Mists(T1, Tz), we just show the converse direction that
Mustse (T1, To) € Macesa(Th, T2).

Suppose that M € Mysrsg(T1, T») and let (uy, vy), (uz, v2), (U3, v3) € M.
Then, it holds that u3 < uy Uuy <= wv3 < vy U vy. Also suppose that M ¢
Macesa(T1, Tz). Consider the case that there exist (11, v1), (42, v2), (u3, v3) € M
such that u; U uy = w1 Uusz but vy U vy # vy Uvs.

Suppose that u1 # uy, up # uz and uz # u;. Since M is a mapping, it holds that
v # vo, vo # v3 and v3 # v1. Since vy U vy # vy U w3 and T3 is a tree, it holds that
either (1) v; U vy < vy Uz or (2) vy U vz < vy Uy in T». (See Fig. 6).

For the case (1), it holds that v3 # v; U vp, which is a contradiction that uz <
U1 Uuy <= v3 < vy Uvy. For the case (2), it holds that v» # v; U v3, which is a
contradiction that uy < u; Uuz <= vy < vy U vs. (Note that this discussion holds
for a non-segmental mapping).

Suppose that u; # us, u1 < uz and up < wu3. Since u| U uy = u U usz, it holds
that u; U up = u3 in 7. On the other hand, since v| U vy # vy U v3, it holds that
v] U v < vy Uvs = v3in T». (See the case (3) in Fig. 6).

Since M is a segmental mapping, there exists a node u’ € Tj such that (u’, v U
v2) € M. Since v; U vy < v3, it holds that ¥’ < u3 = u; U uy. On the other hand,

v U wvs U1 U s uz3 = uq Uus U3
v1 U ve U3 v Uws V9 wy u3 v U wo
U1 U2 U1 U3 U1 V2
Ip) T, T T,

(1) 2) 3)

Fig. 6 The cases (1), (2) and (3)
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since v < vy U vy and v2 < v U vy, it holds that u; < u’ and up < u’, that is,
u3 = u1 Uuy < u', which is a contradiction. The above discussion also holds for the
case that there exist (u1, v1), (u2, v2), (43, v3) € M such that vy LU vy, = v| U v3 but
up duys ;éul Llus.

Hence, for every (u1, v1), (u2, v2), (u3,v3) € M, it holds that u; Ll ur = uj U
u3 <= v| Uvy = vy Uws, which implies that M € Maccss(T1, T2).

In order to show the other statements, it is necessary to show the inclusion and the
properness.

For the inclusion, by Lemma 1, it is sufficient to show that Mtop(T1, T2) <
Murcarr(T1, T2) and Mrop(Th, T2) S Muicasc(T1, T2). Since (r(Th), r(T2)) € M
forevery M € Mtop(Ty, T2) and Mtop(T1, T2) C Myca(T, T), it holds that M €
Meart(T1, T2). Since Mrop(T1, T2) = Mropsc(T1, T2) [7] and Mrop(T1, T2) €
Mca(Th, T2), it holds that M1op(T1, T2) € Mycasc(T1, T2) by Lemma 1.4,

On the other hand, we show the properness by using the mappings M; (1 <i <9)
in Fig. 7.

2. It holds that M; € Mypcasc(T1, Tr) but My ¢ Mrtop(Ty, T2) and M,
¢ Murcart(T1, T2); My € Mycare(Th, T2) but My & Mrop(T1, T2) and My ¢
Murcasc(Th, T2); M3 € Myca(Th, T2) but M3 & Micasg(Ti, T2) and M3 ¢
Muyrcarr (T, T2).

3. It holds that My € Maccesg(T1, Tr) but My ¢ Mycasc(T1, Tz); Ms
Macc(Th, T2) but Ms & Macese(Th, T2); Mg € Msgaun(Th, T2) but Mg
Macesa(Th, Tn).

4. It holds that M3 € Mypca(T1,Th) but Mz & Maccse(T1, Tr); My
Macese(T1, T2) but My & Myca(Ty, T2).

5. It holds that M7 € Mgsg(T1, Tz) but M7 & Msgain(T1, T2). Also it holds that
M7 € Mpor(Th, T2) but M7 & Mporan(T1, T2).

6. It holds that Mg € Msgain(T1, T2) but Mg € Mporain(T1, T2).

7. It holds that Mg € Maccpor(T1, T2) but My & Mycapor(T1, T2); Mg €
MBaorain(T1, ) but Mg & Maccpor(T1, T2); M7 € Mpor(T1, T2) but M7 ¢
MBOTALN(Tla 13). O

M

m

Remark 1 We can characterize a common subforest between 77 and 7> by using a
mapping M. Recall that Ij; and Jy, are the sets of nodes in 77 and 7> but not in
M. Then, for Ty = (V1, E1) and T, = (V,, E»), M induces a common subforest
F = (V’, E") between T} and T» such that V' = V| — I}y = V5 — Jy. We call such
a common subforest a common subforest through M.

Since the segmental mapping requires to preserve the parent-children relationship
as possible, a common subforest through the segmental mapping and its sub-
mappings, that is, SG, SGALN, ACCSG, LCASG and ToP, is an induced subforest.
These mappings require the operational condition that the deletion and the insertion
are allowed to apply just leaves or roots. In particular, the mappings in TOP require
the operational condition that the deletion and the insertion are allowed to apply just
leaves.

Since the bottom-up mapping requires to preserve the complete subtrees, a com-
mon subforest through the bottom-up mapping and its sub-mappings, that is, BOT,
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Fig. 7 Mappings M; (1 <i <9) in the proof of Theorem 2

BOTALN, AccBoT, LcABOT and IS0, is a complete subforest. These mappings
require the operational condition that the deletion and the insertion are allowed to
apply just roots.

Remark 2 Since the LCA-preserving mapping provides the root as an LCA of all the
nodes in a common subforest, the common subforest through the LCA-preserving
mapping and its sub-mappings, that is, LCA, LCASG, LcABoOT, LCART, TOP and
IS0, is a subtree. In particular, the LCA- and root-preserving mapping contains a pair
of roots in given trees, the common subforest through the LCA- and root-preserving
mapping and its sub-mappings, that is, LCART, TOP and IS0, is a root-preserving
subtree.

Since the definition of the accordant mapping is same as a parallel common forest,
the common subforest through the accordant mapping and its sub-mappings, that is,
Acc, AccSG and AccBoOT, is parallel.

As similar as a twisting common subforest, we say that a mapping M between
trees 71 and 7> has a twist if there exist pairs (uy, vy), (42, v2), (U3, v3) € M
satisfying the following condition.

(U1 Uuy < upUuz) A(vp Uz < vy Uwr).
We call such pairs (u1, v1), (42, v2) and (43, v3) a twist of M.

Since (vi Uvy, < v Uwvy) = (v Uvy = vy Uwy) and —(vy U v3 <
viUvy) = (v Uvy < vy U w3) for every tree T and vy, vp,v3 € T, we can
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Fig. 8 Trees T and 7> and mappings M and M, in Example 3

transform the formula representing the nonexistence of twists in M logically as
follows.

=3(u1, v1) (U2, v2) (U3, v3) € M (w1 Uup < uz Uuz) A (v2Uvz < vy Uv2))
= V(uy, v1)(u2, v2)(u3, v3) € M— (w1 Uuz < up Uuz) A (v2U vz < vy Uva))
= V(u1, v1)(u2, v2) (U3, v3) € M (—(ug Uuy < up Uuz) VvV —(v2Uvs < v LUvy))
= V(u1, v1) (U2, v2) (U3, v3) € M (w1 Uuy < up Uuz) = —(vaUv3 < v1 Uv2))
= V(u1, v1)(u2, v2) (U3, v3) € M (w1 Uuz < up Uuz) = (v1 Uvy < vz LUv3))
= V(u1, v)(u2, v2)(u3, v3) € M ((uy Uuz < upUuz) = (v Uvz =v2Uv3)).

Hence, a mapping M is less-constrained if and only if M has no twists. As a result,
the common subforest through the alignable mapping and its sub-mappings, that is,
ALN, SGALN and BOTALN, is non-twisting.

Definition 7 (Variations of edit distance) For every M (71, T>) in a mapping hier-
archy in Fig. 2, the variation ta(77, T2) of the edit distance tTa; is defined as the
minimum cost of mappings in Mxa (71, T5):

(11, T2) = min{y (M) | M € Ma(T1, T2)}.

Remark 3 If the cost function is a metric, then it holds that 1y carr(T1, T0) =
TLea(T1, T2) = tacc(T1, T2) [9]. On the other hand, consider the trees 7 and 7>
in Fig. 8. Then, we obtain the minimum cost mapping M| € Maccsc(T1, T2) and
the minimum cost mapping M2 € Mpcasc(71, T2) under the unit cost function y in
Fig. 8. Hence, it holds that taccsg(T1, T2) = Yy (M1) =4 < 6 = trcasc(T1, T2) =
v (M3).

It is known that Trar, Tist, Trca(= Tacc), TTop, TSg, and Tgor are met-
rics, whereas ta n is not [7, 9]. In the remainder of this section, we investi-
gate whether or not ta is a metric for the newly introduced mappings A €
{SGALN, AccSG, LcASG, BOTALN, AccBoT, LCABOT, LCART}.
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Let M; € Ma(T;, Ti+1) for i = 1,2. Then, we define the composition M| o M,
of mappings M; and M; as follows.

Mo M, — (u, w) Jv e V(Tp)
POM2=0 cv(m) x V(T3) | st (u,v) € My and (v, w) € My [

Lemma 2 ([7,9]) Let M; € Mu(T;, Tjy1) fori = 1,2, where:
A € {TAr1, ILST, Acc, Lca, Top, SG, BoT}.
Then, the following statements hold.

1. Mo My e Mu(Ty, T3).
2. Fora cost function y that is a metric, it holds that y (M1o0M3) < y(My)+y (M>).

Lemma 3 If both My and My satisfy the statements in Lemma 2, then so does
Mag.

Proof Suppose that M; € Map(T;, T;4+1) for i = 1,2. By the definition that
Mag(Ti, Tip1) = Ma(T;, Trg1) N Ma(Ti, Tip1), it holds that M; € Ma(T;, Tr41)
and M; € Mg(T;, T;+1). By Lemma 2.1 for Mp and Msj, it holds that
My o My € Ma(T),T3) and My o My, € Mg(Ti, T3). Hence, it is obvi-
ous that My o My € Mar(Ty, T3), so Lemma 2.1 holds for Mpg. Since the
proof of Lemma 2.2 just depends on Lemma 2.1, Lemma 2.2 also holds for
MAB- O

Theorem 3 (Metricity) If a cost function is a metric, then so are TaccSG, TLCASG»
TACCBOT, TLcaBotr aid Ty cart- On the other hand, neither TsgarN NOT TBoTALN IS @
metric even if a cost function is a metric.

Proof First, we show that taccsg 1S @ metric. To do this, it is sufficient to show
that tacese(T1, 12) = 0, tacesa(T1, T2) = 0iff Ty = Tp, tacese(T1, T2) =
Tacesa (T2, T1) and taceso(T1, T3) < tacese(T1, T2) + tacess(T2, T3). The first
three statements follow from the definition of M accsg(T1, T»). Let M; be the min-
imum cost accordant segmental mapping between 7; and T;11 (i = 1,2). By
Lemma 2 and 3, it holds that taccsc(T1, T3) < y(M1 0o Mp) < y(My) + vy (M3) =
tacese(T1, T2) + tacesc (T2, T3). By using the same proof, we can show that 71.casg,
TaccBor and Tr capor are metrics. Also it is obvious that 7 csrt 1S @ metric, because
TLca 1S @ metric.

On the other hand, in order to show that neither tsgan NOr TRoTALN 1S @ Met-
ric, consider the trees 77, 7> and 73 in Fig. 9 and suppose that y is a unit cost
function. Then, we obtain the minimum cost mapping M2 € Mporan(71, 12),
M3 € Mporan(T1, T3) and Mp3 € Mporan(T2, T3) under y, respectively, in
Fig. 9.

Hence, it holds that 8 = y(M12) = tBoran(T1,T2) > tBoTALN(T1, T3) +
BotaLn (T2, T3) = v (M13) + y(M23) = 3 + 3 = 6. Since this statement holds
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Fig. 9 Trees T1, T» and T3 and mappings M2, M3 and M3 in the proof of Theorem 3

for TsgALN, Neither TsgaLn NOT TRotALN Satisfies the triangle inequality, neither is a
metric. O

4 Time Complexity of Computing Distances

In this section, we investigate the time complexity of computing the variations of the
edit distance for both ordered and unordered trees. Here, we identify a node with
its postorder number. In the remainder of this paper, let n = |T1|, m = |Tz|, D =
max{d(T1),d(T>2)} and d = min{d(T1), d(T>)}. For a mapping A, we denote the
distance between ordered and unordered trees by 7 and tj, respectively, whereas
the distance between ordered and unordered forests by 8% and %, respectively.

4.1 Tractable Cases

In this section, we investigate the tractable cases of computing the variations of the
edit distance.

Remark 4 According to [7], forevery pair (i, j) e i x T (1 <i <n,1 < j <m),
we can compute the top-down distance 7, (71[i], T2[j]) between T1[i] and T[] in
O (nm) time [7].

On the other hand, we can compute t%OP(Tl [i1, T»[j]) by using the recurrences
in Fig. 10 [18]. Here, BM is the maximum weighted bipartite matching with weight
o in a complete bipartite graph Gy = (X, Y, E) such that X and Y are the sets

Ttop (11, T2[5]) = 63 p (T1(2), T2(5)) + (4, 5),
6top(T1(8), T2(5))

= 3 S Ao+ X S-S el i)

TeTy (i)' €T TeTs(5)j'€T (¢/,5')€BM

Fig. 10 The recurrences of computing 1, (71, 72) for unordered trees
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of children of i in 77 and j in 7> and the weight of an edge (i’, j') € E is set to
Trop(T11], 9) + t10p D, T2[j']) — T10p (T[], T2[j']) [18, 22]. Hence, we can store
r%OP(Tl [i], Ta[j]) for every (i, j) € T1 x T in O (nmd) time.

Theorem 4 We can compute t ., p(T1, T2) in O(nm) time and t{' .,z (T1, T2) in
O (nmd) time.

Proof We can design the recurrences of computing 7 cart by adding

tLecart(T1[r1], Ta[r2]) = drca(T1(r1), Ta(r2)) + v (r1, 12)

to the recurrences of computing 7 ca [18, 22] (for both ordered and unordered trees),
where r; is the root of T; (i = 1, 2). Hence, we can compute 7., g (71, T2) in O (nm)
time and 7', g (71, T2) in O (nmd) time. O

Theorem 5 We can compute 1,5, (T1, T2) in O(nm) time and t{'.,s;(T1, T2) in
O (nmd) time.

Proof For every pair (i, j) € T1 x T», we define the distance d(T1, i, T2, j) between
T) and T, based on T¥OP(T1 [i], T»[j]) as follows.

d(Tv,i, Ty, j) = o, (TiliL. LD+ Y v o+ > v i)
i'eTi—Tyli] j'€eh—"lj]

By Remark 4, it holds that
Wease(T1, T2) = min{d(T1,i, T, j) | 1 <i <n,1<j<m}

which we can compute in O(nm) time. Also, by Remark 4, we can replace
Trop(T1li], T2[j]) in d(T1, i, T2, j) with =1, (T1[i], T2[j]) for computing 7}’ ., ;-
which runs in O (nmd) time. O

Theorem 6 We can compute 3 ..g(T1, T2) in O(nm) time and tg, 5, ((T1, T2) in
O (nmD?) time.

Proof Consider the recurrences of computing 74 ..g; and g s, v in Fig. 11. The dif-
ference between the recurrences of computing 73 .., and those of 7. [9] is the
first two formulas in IXCCSG’ and the difference between the recurrences of com-
puting g, and those of 7, . [6] is the first formula in 7g,, . respectively.
The first formula in 73 g and g, ,, , computes the distance for segmentations of
(i, j) € T1 x T,. In the second formula in g .q;. We replace y (i, j) in T3 .. with
y(i,e) + y(e, j). Since we can compute them in constant time (after computing
r{iOP(T] [i]1, T»[j]) in advance according to Remark 4) and by the same discussion of
[9] and [6], the statement holds. O

Theorem 7 We can compute ty..q.(T1, T2) in O (nmd) time.
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TRoese (T [, T2[])
T%op(T1[i], T2[4]) - - - use the value computed in advance,
8% cosq (T1(8), T2(4)) + (i, €) + (e, 4),
=min ¢ TReoge (T, 0) + . gljjln(i){TXCCSG(T, Tolj]) — TReese (10}, ¢,

TXCCSG ((2)7 TQ [j]) + Ténjj;zj){TZCcSG(Tl [2]7 T) - TXC(‘,SG(Qa T)}

0% cose (F1(i1,ds), Fa(j1, 5t))
8% cosa (F1 (it is—1), F2(j17jt))+TACCsG(T1[is} 0),
=min ¢ 63 coge(F1(11,45), F2 (31, 5e—1)) + T8 ogq (0s T2ldt)),
0% cosa (P11, is—1), F2 (1, je—1)) + 78 cogq (11 [4s], T2[d¢])
T8aarn (L1l T2[5])
T9op(T11i], T2[5]) - - - use the value computed in advance,
SGALI\(Tl( ) TZ(])) +’Y(Za])7

= min ¢ 75 (T1[i], 0) + Tén,liln(i){Té)(;ALN(T7 To[5]) = mSeann (T2 0} ¢

T§GALN(®7 Ty [j]) + TénTizrtj){TéIGALN (Tl [Z]v T) - Té)(;ALN (Q)v T)}
§o

Searn (F1(i1,1s), Fo (i1, i)

88 arn (F1(i1,ds—1), Fa (i1, 4t)) + 78 o n (T [i5], D),

08 A (Fr(insis), Fa(gi, 5e—1)) + 78, o n (0 T2[d¢]),

5SGAL1\(F1(ZMs—16)7F2(j1(}7jt61))+T)é)cﬁL(N,(Tl,[iS]v)?UtDv

= min . . 1(21,25—1 2(J1,Jk—1
V(s e) + &’é‘it{ S8 An (T (i), Faiks o)) }

{5SGALN(F1(“’“€ 1): F2 (g1, je— 1))}
086 arn (F1 (0K, 15), T2 (4¢)))

g min
'Y( 7jt)+ 1<k<s

Fig. 11 The recurrences of computing 73 g, (71, T2) and tg; , (71, T2) for ordered trees

Proof We can compute 7, ..q.(T1, T2) in O(nmd) time by using the recurrences in
Fig. 12 after storing every t1,,(T1(0), T2(j)) (G, j) € T1 x T») in O(nmd) time
according to the recurrences in Fig. 10 of Remark 4. O

Next, we investigate the variations of the bottom-up distance tgor.

Remark 5 We say that two trees T1 and T, are ordered (resp., unordered) label-
free isomorphic, denoted by T1=T, (resp., Ti=}T>), if there exists a mapping M €

T Al(Tl, T») (resp., M € MT A1 (T1, T2)), called a label-free isomorphism, such that
Iy = Jy = 0. Also we define diff’ (T1, T>) (r € {o, u}) as follows, where M is a

Tacose (T, T2lj])
T%OP(Tl [i], T2[5]),
0% cese (T1(0), Ta(5)) + (i, €) + (e, 5),
= min § Txes6 (Tl 0) + énin {mReesa(T T2l — TReese (T 0} ¢
TReese (0 T2li]) + T“}”} ){TAC( sc (T[], T) — Thcese (0, T)}
5XCCSG(T1(Z) T2(5))

0% oose(T1(2),0) + 1<f1,’1< o ){5Accsc(T1(Z ), T2(5)) = 63 cose (T2 (1), 0)},
= min ] SKecsc T2+ _min (3KeosolTi (0, T2(00) ~ Heoso0. 20D
5400 (T1 (1), T2(9))

Fig. 12 The recurrences of computing TKCCSG(T] , T>) for unordered trees
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label-free isomorphism between 77 and 7>.

> vG. ) it =]T>,
. Q. )eM
diff (T, Tr) = . - .
I =S e+ e vie, ) ETIZ T,
ieTy

We can check T1=] T> and compute diff’ (T, T) in O (n + m) time [15].

Theorem 8 We can compute ., 5o (T1, T2) and t{' ., g o1 (T1, T2) in O (nm) time.

Proof Forr € {o, u}, by replacing 1, (T1[i], T2[j]) in d(T1, i, T2, j) in Theorem 5
with diff (T1[i], T2[j]) and by Remark 5, we can compute T capor(T1, T2) in O (nm)
time. O

Theorem 9 We can compute 3 ..o (T1, T2) in O(nm) time and tg5a, «(T1, T2)
in O (nmD?) time.

Proof Remark 5 implies that we can compute T3 . g, and g o4, DY replacing
Trop(T1li], T2[j]) in the recurrences of computing 7§ .., and 7,  in Fig. 11 with

diff’ (T1[i], T»[j]) in O (nm) time and in O (nm D?) time, respectively. ]

Theorem 10 We can compute tj{ .5 (T1, T2) in O (nmd) time.

Proof We extend the function diff* for unordered trees in Remark 5 to a function
fdiff* for forests. Let F; = [S],...,Sk] and F, = [T}, ..., T;] be forests. First,
for X = {l,...,k}and Y = {1,...,1}, we construct a weighted bipartite graph
G = (X, 7, E) such that (i, j) € E if and only if S§;=}'T; and the weight w((i, j)) =
[S;| + T —diff* (S;, Tj). Also, let BM C X x Y be the maximum weighted bipartite
matching of G, BMy = {i € X | (i,j) € BM}and BM, = {j € Y | (i, j) ¢ BM}.
Then, we define fdiff"* (F, F>) as follows.

fiff (Fi, Fy) = Y dift'(S. T+ Y ISil+ Y ITjl.
(i,j)eBM ieBMy JjEeBMy

It is obvious that fdiff* (F|, F») computes the smallest value when selecting pairs
of label-free isomorphic trees in F] and F>, which is 81’iccBOT(F 1, F2). Hence, by
replacing v4,, (71171, Ta[j1) and 8%, (Ti (), Ta(j)) in Fig. 12 with diff" (Ti[i]. Ta[j])
and fdiff* (T} (i), T»(j)), we can compute TKCCBOT(Tl’ T») in O (nmd) time. O]

4.2 Intractable Cases
Suppose that I1; and I, be two optimization problems. Then, we say that T L-

reduces to I, if there exist polynomial-time algorithms f, g and constants «, 8 > 0
satisfying the following statements for an instance I of I1;:

L. opt(f(I)) < a - opt(I).
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2. For a solution of f(I) with weight s,, the algorithm g produces in polynomial
time a solution of I with weight s such that |s; —opt(1)| < B - |s2 —opt(f (I))|.

If [Ty L-reduces I, and I1, can be approximated in polynomial time within a factor
1+¢, then IT; can be approximated within the factor 1 +«fe¢. If 1, has a polynomial
time approximation scheme (PTAS), then so does IT; [12].

A problem is MAX SNP-hard if every problem in MAX SNP can be L-reduced
to it. Since the composition of two L-reductions is also an L-reduction, a problem is
MAX SNP-hard if a MAX SNP-hard problem can be L-reduced it. It is known that
if any MAX SNP-hard problem has a PTAS, then P = NP. Hence, it is very unlikely
for a MAX SNP-hard problem to have a PTAS [12].

Concerned with this paper, Zhang and Jiang [21] have first shown that the problem
of computing r’T‘ A1 (T1, T2) is MAX SNP-hard. Akutsu et al. [1] and Hirata et al. [5]
have shown that this problem is also MAX SNP-hard even if the height of 77 and 7> is
at most 2 and 7T and T, are binary trees, respectively. Furthermore, Yamamoto et al.
[18] have shown that the problem of computing 755, (71, T2) is MAX SNP-hard even
if the degrees of 71 and 73 are binary, which implies the same MAX SNP-hardness
of the problem of computing 75, (71, T2).

Note that we cannot apply this proof to showing that the problems of computing
TSoan (11, T2) and g0 ((T1, T2) are MAX SNP-hard, with preserving alignable
mappings. Hence, in this paper, we give the similar proof of [18] to show that the
problems of computing tg; A, (71, T2) and tg.a, (71, T2) are MAX SNP-hard, by
using L-reduction from MAX 3SC-3:

MAXIMUM BOUNDED COVERING BY 3-SETS (MAX 3SC-3) [8]:
INSTANCE: A finite set S and a collection C of 3-element subsets of S, where
every element of S occurs in at most three of the subsets in C.

SOLUTION: The largest covering of S, where a covering is a collection of
mutually disjoint sets in C.

LetS ={s1,...,sm},C={Cq,...,C,}and C; = {s;1, si2, si3} be an instance of
MAX 3SC-3, where s;1, si2, 5i3 € S. Also, let C* be the largest covering of S. We
assume that the cost function y is a unit cost function.

We construct three trees C’i for C; (1 <i <n),§;fors; (1 <j <m)and D
illustrated in Fig. 13 (left), where A is a new label. Then, we construct two trees 7}
and T illustrated in Fig. 13 (right). We call the transformation from an instance of
MAX 3SC-3 totrees 77 and 75 f. Then, we can show the following lemma as same
as [18].

Lemma 4 For A € {SGALN,BOTALN}, let M be the minimum cost mapping in
Ma(Ty, Tz) Then, for every C; in T, M maps (a) all of the three subtree s,flA, sin and
573 in C; to the same three subtrees in T, or (b) C; to some dummy subtree D in T».

Remark 6 Lemma 4 does not hold for a mapping in Mxa(T7, T>) such that A €
{ILsT,AcC,AccSG,AccBoOT}. For i and i/, suppose that C‘i satisfies (a) and (f,-/ sat-
isfies (b) in Lemma 4. Let v;; (resp., w;;) denotes the leaf in T; (resp., 1) labeled by
s§j and w; denotes some leaf in 73 labeled by A.
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n

o C n $1 Sm D D
T T

Fig. 13 Trees é,‘ (I1<i<n)sj(1=<j<m)and D (left) and trees T1 and T5 (right)

Then, M = {(vi1, wi1), (vi2, w;2), (v, wy)} is corresponding to the part of the
mapping between 77 and 7; in Lemma 4. However, it holds that w; < w;1 U w;> but
v;i/1 £ vi1 U v, Hence, M is not an isolated-subtree mapping.

Lemma 5 For A € {SGALN,BOTALN}, 72(T1, T2) = 9n +3m — |C*| + 2.

Proof Let M be the minimum cost mapping in Mxa (71, T2), and k = |C*|.

By Lemma 4, for every C; € C*, M maps the three subtrees §;1, §;2 and §;3 in C;
to the same three subtrees in 7>. Since the cost of a mapping between C;in T} and
Si1, Si2 and §;3 in T» is 4 (which is the number of non-mapped nodes in Ciin Ty)
and |C*| = k, the cost of M concerned with C* is 4k. Also, by Lemma 4, for every
C; € C —C*, M maps C; to some dummy tree D in T». Since the cost of a mapping
between é,- in 77 and D in T, is 9 (which is the number of pairs of nodes labeled by
s;7 (j =1,2,3)in Ty and A in 73) and |C — C*| = n — k, the cost of M concerned
with C — C* is 9(n — k). Since M does not touch m — 3k subtrees §j of s; in 1>,
n — (n — k) = k dummy subtrees D in T and 2 roots labeled by r, the concerned
cost of M is 3(m — 3k) + 13k + 2.

Hence, it holds that 73 (71, T2) = y (M) = 4k+9(n—k)+3(m —3k)+ 13k +2 =
9n +3m —k + 2. O

Theorem 11 For A € {SGALN,BOTALNY}, the problem of computing t;. (T1, T) is
MAX SNP-hard.

Proof Consider the algorithm g to transform from a mapping M € Max(Ty, T»)
between T} and T to a covering C’ of C as follows:

If M maps $;1, S;» and §;3 of C; in T to the same three subtrees in 75, then add
C; to .
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min { BoaA ~ (OB —{Tz[j’]})}
T1[i']€A,T2[5']€ +TSGALN(T1[ ]aTQ[ D ’
u /
min { (SSGALN(A {1}, B-B /) }
T,[i']€A,B'CB +§S(,ALN(T1( i"), B") +~(i', €)
u A
min {5 G %N(A A/’B ‘,{T2[ }}) 3 }
A'CATs[j]€B 08 arn (A T2(57) + (e, 5")

SGALN(A B) = min

Fig. 14 The recurrences of computing 85 ,, , for unordered trees with bounded degrees

It holds that n /7 < opt(I) from the proof of Theorem 7 in [21]. Then, by Lemma 5
and since m < 3n and opt(I) > 1, the following inequalities hold.

opt(f(I)) = 9n+3m —opt(I)+2 < 18n —opt(I) + 2 < 127 - opt(1),
sy —opt(f(1)) = y(M) — w3 (T1, T2)

> 9 +3m—|C'|+2— 9n+3m— opt(I) +2)
= opt(I) — |C'| = opt(I) — s1.
Hence, (f, g) is an L-reduction from MAX 3SC-3 to this problem. O

Whereas the problem of computing 74, \ (71, T2) is MAX-SNP hard, it is tractable
if the degrees of trees are bounded by some constant [6]. As same as 7y, (71, T2)
the following theorem also holds.

“parallel s.f.

Sibtree (s.t.)

Lomplete s.f. root-preserving s.t.

Fig. 15 The time complexity of computing g (71, T2) for Mxa(T1, T»). Here, the nodes enclosed by
black solid lines, black dashed lines, black d()tted lines and gray solid lines illustrate that the problem

of computing 7 (T, T») is Onm%(1 + log :ni)) time, O (nmD?) time, O (nm) time and O (n + m) time,
respectively
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non-twisting s.f.

embedded s.f. .N”-}')'arallel s.f.

" sibtree (s.t.)

induced s.f. Iso

complete s.f. root-preserving s.t.

Fig. 16 The time complexity of computing 7 (71, T>) for Ma (T}, T»). Here, the nodes enclosed by black
solid lines, black dashed lines, black dotted lines, gray solid lines and gray dashed lines illustrate that
the problem of computing 75 (71, T») is MAX SNP-hard even if 77 and 7> are binary, MAX SNP-hard
but tractable if the degrees of 71 and 75 are bounded, O (nmd) time, O (nm) time and O (n + m) time,
respectively

Theorem 12 The problems of computing Ié‘G an(T1, T2) and TgomLN(Tl’ 1) are
tractable if the degrees of T1 and T, are bounded by some constant.

Proof We can design the algorithm to compute g, ,, by replacing T3, in T, «
in Fig. 11 with 7y, in Fig. 10, and by improving the recurrences of computing
83arn in Fig. 11 to the recurrences in Fig. 14, which is same as the improve-
ment of the recurrences from computing 8%, . to computing 8}, with bounded
degrees [6], where A € T1(i) and B € T>(j). Since the degrees of T} and 7, are
bounded by some constant, the number of combinations of A and B are bounded, so
scarn (A, B) can be computed in polynomial time.

Furthermore, by replacing diff” in the recurrences of computing 7§ .,y (¢f., The-

orem 9) with diff* and by using the same discussion as above, we can design the

. . o
recurrences of computing 85 4,  in polynomial time. O

5 Conclusion

In this paper, we have characterized a Tai mapping hierarchy as several common
subforests, that is, as an embedded subforest, an induced subforest and a complete
subforest by focusing on the connections of nodes in a common subforest and as
a non-twisting subforest, a parallel subforest, a subtree and a root-preserving sub-
tree by focusing on the arrangements of subtrees in a common subforest. Then,
we have introduced new mappings into the Tai mapping hierarchy illustrated in
Fig. 2.
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Next, we have investigated the metricity of the variations of the edit distance as the
minimum cost of the above mappings and the time complexity of computing them.
We summarize the results as Table 1 in Section 1. Also Figs. 15 and 16 illustrate the
relationship between the Tai mapping hierarchy and time complexity of computing
ta(T1, Tz) for Mu(Ty, T2) as diagram forms.
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