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1 Introduction

In S. Ramanujan’s last letter to G.H. Hardy, Ramanujan proclaimed, “I
discovered very interesting functions recently which I call ‘Mock’ ¥-
functions.” He then provided a long list of ‘third order,” ‘fifth order,” and
‘seventh order’” mock theta functions together with identities satisfied by
them. The introduction to this letter has evidently been lost; a portion of it
can be found in Ramanujan’s Collected Papers [R1, p. xxxi]. However, the
‘mathematical’ portion of the letter has been completely preserved. Ex-
tracts from it can be found in the Collected Papers [R1, pp. XXxi—Xxxii,
354-355]. The complete mathematical portion is given in G.N. Watson’s
paper [W1], with the publication of Ramanujan’s lost notebook [R2, pp.
127-131] (a photocopy of the original letter), in G.E. Andrews’ survey
paper [A3], and in B.C. Berndt and R.A. Rankin’s book [B4, pp. 220-223].
All of the results on third and fifth order mock theta functions were
proved in two long papers by Watson in 1936 and 1937 [W1], [W2]. Three
seventh order mock theta functions were recorded, but no identities for
them were given.

In 1976, Andrews rediscovered Ramanujan’s lost notebook in the li-
brary of Trinity College, Cambridge. This lost notebook contains many
further results on mock theta functions. In particular, several further re-
sults on fifth order mock theta functions were established by the combined
efforts of Andrews [Al], [A2], Andrews and F.G. Garvan [A4], and
Hickerson [H1]. Ramanujan’s results on seventh order mock theta func-
tions, absent in his letter to Hardy, can be found in the lost notebook, and
these were proved by Andrews [A1] and Hickerson [H2]. Eleven identities
for sixth order mock theta functions are found in the lost notebook; these
were established by Andrews and Hickerson [AS5]. Lastly, the lost note-
book contains eight identities for tenth order mock theta functions which



498 Y.-S. Choi

heretofore have not been proved. It is the purpose of this paper to prove
the first two of Ramanujan’s tenth order mock theta function identities.
Further identities will be proved in subsequent papers.

In [AS, p. 63], we can find a definition of a mock theta function. A
mock theta function is a function f(q) defined by a g-series which con-
verges for |g| < 1 and which satisfies the following two conditions:

(0) For every root of unity {, there is a theta function 0;(g) such that
the difference f(q) — 0:(q) is bounded as ¢ — ( radially.

(1) There is no single theta function which works for all {: i.e., for every
theta function 6(q) there is some root of unity { for which f(g) — 6(gq) is
unbounded as ¢ — { radially.

But, no one has proved that mock theta functions given by Ramanujan
satisfy the definition of a mock theta function.

In [R2, p. 9], Ramanujan gave a list of eight identities involving the
following four mock theta functions:

00 qn(n+l)/2
= —_— 1.1
¢(4) ;(q;qz)m ’ (LD
00 q(n+1)(n+2)/2
= — 1.2
V) ; (@401 12
X(g) =3~ D " 1.3
;(—q;q)zn’ (13)
and
= (—1)" g
= 1.4
%(q) ;( s (1.4)
where
n—1
(a;q), = [[(1 —aq™) -
m=0

Among the eight identities, the first two identities are related to ¢(q) and
V(q). The main purpose of this paper is to prove the following two
identities related to the mock theta functions ¢(q) and ¥(g):

Y(wg'?) — y(w?q'?)

w — w?

7 o(q) -

:_ql/3172q1/3+2q4/372q9/3+... 17q7q4+q7+
1-29+2¢*=2¢° +- (1-q)(1-¢)(1—-¢°)
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and

q_2/3tp(q3) + w¢(wq1/3) - w2¢(w2q1/3)

o — w?
_172q1/3+2q4/372q9/3+”. lfq27q3+q7+~~
1-2¢+2¢* =2¢° +--- (1-q)(1-=¢*)(1 ¢~

where o is a primitive cube root of unity, and |g| < 1. Since Ramanujan’s
identities involve theta functions, we reformulate them by replacing ¢ by
¢°, and using the Jacobi triple product identity. Therefore, we will prove
the two identities above in the forms:

¥ (wg) — Y(w?q)

q2¢(q9) - W — 2
 (49:@ ) (@547)0(0"597) 0 (6754"7) (15)
(4% 9%) o (@%:4°) o (@%4%) '
and
o) 4 ) = 00
w— w?
(@D @) (4%47)(0:0")(4"%54") L6
MCETINCTON ). - (19

We use the following notations:

Definition 1.1 For a complex number q with |q| < 1, |bc| < 1, and an integer

(@9) 1=ﬁ(1—aq’") ;
m=0
o (@g)
(@), " (aqq)y,
and

f(b,c) = i pUHD26G-1/2

j=o
Let R(F;z) denote the residue of F at a pole z.
We can easily verify the following identity
(@*9)s = (06°) (@40 = (-a:9)  (a:9) (@@ ) - (1T)
Note that
> BUHIRIUDR = (—bibe) (—¢; be) (b be) (1.8)

j==o0

is called the Jacobi triple product identity, and
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f(=4,-4") = (@:9) (1.9)
is called Euler’s pentagonal number theorem. In this paper, we will use the
Jacobi triple product identity and Euler’s pentagonal number theorem
many times.

In Section 2, we derive two Hecke type identities for ¢(g) and y(q),
and define a theta function D(q,z) whose coefficients of z and z* are y(q)
and ¢(q), respectively. And then we develop two identities relating D(q, z),
¢(q), ¥(q), and Lambert series. By similar methods, we define a function
h(x,q), a theta function A(z,x,q), and generalized Lambert series, and
derive two identities relating D(q,z), these functions and Lambert series.
From the four identities that we obtain, we can derive two identities which
represent ¢(q) and (q) by theta functions and Lambert series. Then we
prove two theta function identities by using properties of modular form.
In Section 3, we develop several theta function identities and apply the
previous two identities for ¢(q) and ¥(g) to Ramanujan’s first identity.
Then we prove Ramanujan’s first identity. In Section 4, we prove
Ramanujan’s second identity by methods similar to those in Section 3.

The author would like to thank Dean Hickerson for his many helpful
suggestions.

2 Preliminary results
2.1 Proof of a Lemma

In this section, we will prove that
(4" 4") (6% 67) o S (—4*, —4") of (= =)
f(=¢* =41 (=4, —4q'?) ’
(4'%4") o (@ 6™) o f (4", —¢") 2 (g —a)
F=q =) (=gt =g 1T
3
7*(¢"%4")of (=4°, —4")f(=4"°, —¢*°)
(6%°54%) 0 (675¢*) o f (8, ¢°)

In this paper, we will use the next lemma many times.

+

Lemma 2.1

@) fla,b) = f(b,a),
(i) f(l,a) =2f(a,a’),
(iii) f(—1,a) =0,
and, if n is an integer,
(iv) f(a,b) = a""+D2p"0=D12f(a(ab)", b(ab)™).

Proof. See Entry 18 in [B2, p. 34].
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Theorem 2.1 If ab = cd, then
(1) f(avb)f(cad) +f(_a7 _b)f(_cv _d) = 2f(aca bd)f(ad7 bc)

and
(i) f(a,b)f(c,d) — f(—a,—b)f (~¢, ~d) = 2af (&, 5 abed)
x f(2,4abcd).

Proof. See Entry 29 in [B2, p. 45].
Theorem 2.2 For 0 < |g| < 1, x # 0, and y # 0,

Fex'q)f(=y, =y "'q) = f(=x,—x"'g)f v,y 'q)
=2xf (—x 'y, —xy ' q*) f(—xyg, —x "y q)

Proof. Replace a, b, ¢, and d by x, x"'q, —y, and —y~!q, respectively, in
Theorem 2.1 (ii).

Theorem 2.3 For 0 < |g| < 1, x #0, and y # 0,

f(=x,=x7'q)f(=y, —v'q) = fxy, () ') (x " yg, 007 g)
—xf (xyg, (x0) ' g) f (v, xR

Proof. See Theorem 1.1 in [H1, p. 643].

Theorem 2.4 For 0 < |g| < 1, x # 0, and y # 0,

fx ') f(=y, =y q) + f(—x,—x"'q)f(r.y""q)
=2f(—xy, —x "'y ') f(—x g, —xy'g)

Proof. Replace a, b, ¢, and d by x, x"'q, —y, and —y~'g, respectively, in
Theorem 2.1 (i).

Lemma 2.2 Assume that
—ai()af (—4*, —4°) + a2(q*) ¢’ f (—q, ")

@9 (4 4 (4", —4) 51
B (¢2°;4%) . (4% ¢%) . f(¢°, %) ’ @1)

where a\(q) and a>(q) are functions of q. Then,

a(g) = 4(0%50°)(4":4") o f(—4*, —4%)
1 (=4, =4")f(=4* —¢°)
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and
ar(q) = L10)44 )/ (=4 —4")
f(=¢* =) (-4 —4°)
Proof. Assume that (2.1) is given, and replace ¢ by —¢ in (2.1). Then,
a(q*)af (=4 ¢°) + ax(d")d’f (¢, —q")
_(q"54") (@ a) (=" —¢")
(¢%°54°) o (6% ¢°°) o f (=4, —4°)

Now, multiplying (2.1) by f(q,—¢*) and (2.2) by f(—¢,—¢*) and then
subtracting the resulting two equalities, we find that

(2.2)

al(@)q(f (=4, - [ (=¢*, @) + f(=¢*, —a*)f (a,—q"))
f(=q.—¢"4*(q"% 4"/ (@°.4°)f (—4'°, —¢*)
(@;6%°) (4% ¢%)  f (=%, —¢°)
fla, g4 (@' 4" f (—4°, —4"*) f(=q'°, —¢»)
(@%;6%°) (4% ¢*) £ (¢°, 4°)
7(q";4"°) ./ (=4", —¢*)
- (qzo;qz‘);;(q“o;q““)oo

X(f(—q,—q“)f(qs,q”) f(q,—q“)f(—qsv—qls)). (2.3)

f(=4° —4°) (@)

Let Li(q) be the left hand side of (2.3) and R, (q) be the right hand side of
(2.3). By (1.8),

[(=4:=4") = (=4, =) (=", =4°)(*:4"") /(4" 9"
[(=¢*~4) = (& =) (=, —a")(@*:4") o /(6 4")
[=00) = (=", =") (@, (=% 4") /(@' 4")

f(a:=4" = (4", =) f(4,4°) (=% 4"/ (@"%:4") . -

So, we find that

(2.4)

Li(q) = a(q")q(f(—=4,—4") [ (4", @) + f (="~ ) f (¢, —4"))
_ ai(g))q(q":¢%) . f(=¢*, —¢°)f (=¢*, =¢°)
(4" ¢'0)%
x (f(=¢,—-)V(@.q") + fla.4)f (-4, —q")) . (2.5)
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Now, we will consider R;(g). By (1.8),

f(=a,—4*)f(¢°,4")
f(—=4°—4°)
(=4, =) (4", —4°)(q°:4"") .
- (qIO;qIO)OO
(—4%4%) o (=" 4%°) o (6% %°) .
(@°:9")2 (4% ¢").
f(=4.—")f(=4*,—4°) (=4°; 4"°) . (% ¢°°) .

B (¢'%4'%) (@59 (¢"%5¢'0)
f(=a,.-4)f(—q*,—4°)
B (g'%;¢'°)
y (=4°:9") o (=% 4") o (2% 4") o (0" 4") o
(¢%9") (4" 9")

)

f(=4.-)(=q* . —4") [ (&, 4°) (=45 ¢'"°)2
- (¢'%;¢'0)?

and

fla, =4/ (=¢,—4")
5 .45

(@, 4°)
S(=4" =44, 4°) (=4’ 4"") . (@°547°) (4" 07°) (67 6°°) oo

B (4'%:4"%) 1@ q)
_f(=4"—q )f(q,q") (4" 0%) o (@™ 6%)o (4%:9")2%
(4"%:4"). S@4) (g%
_f(=4, q)f(q,q) (q7 )
(%4 (g4 )io( q s
_f(q,q)f(qq)( —¢°)(=4":4")%
(4'%¢' )oo

Therefore, we find that

) f(—4*, —4°)(—4"% ¢"°)2,
) (4" ¢'0)>
Nf(—4.—q"))

20,10, 10\3 0
oSG
x(f(=a,-@) (@, q°) — f(a,q

(4" 4" S (=4", (—q*,—4°)(=4";4'"")%
(@6%°) (%5 9%)
(¢, (@, a°) — fla.)f (=4, —q)) . (2.6)
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From (2.5) and (2.6),

() = Q(q“’;q“’f f( q", q3°)f( —¢*, )( q";¢")2
(@597 (%3 4%) . (4" ¢%) f( -4°)f(—4*,—4¢*)
><(Jf’( q, q)f(qﬂq) f(qq)f( 7—q5)>

(=4, =) (¢ q") + f(q, ) (=4*,—4")]

By (1.8) and  f(—¢", —¢") = (¢"%¢") (7% ¢") . (¢"%:¢™), =
(4" 47) (6" 4%)

N (Cats )i<;(—611°7611°)2
al(q)_(q2 14%0) S (=42, —4%)
(—4,—)(@.q°) — [(4.4°)f (=, —4°)
><<f( ) (¢, q)+.f(q,q9)f(—q3,—q7)> '

Replacing ¢, x and y by ¢'°, ¢° and ¢, respectively, in Theorem 2.2, we find
that

fl=a,-V (@, @) — fa. ) (—4°, —4")
=2¢f(—¢ *, - f(—q",—4"%) , (2.7)

and replacing ¢, x and y by ¢'°, ¢* and ¢, respectively, in Theorem 2.4, we
find that

fl=a,-V (@, q") + fa. ) f (—4°,—4")
=21(—4¢*,—4')f(-4*,—4") . (2.8)

Using (2.7) and (2.8), and applying Lemma 2.1(iv), we find that

() =14 10" (—4": 4" 20°f (—a* —a*)/ (=4*, —4")
(@5 ¢°) o f (=% —¢%)  2f(—q* —4"%)f(—4¢* —4'?)
(4" 9" (6675 (=4, qé)
(@%°;6%°)  f (=% —¢*) f (—4%, —¢"?)
7(4"%4") (@ 7)o f (=4 =4")

(=% —4")f(—4% —¢'?)
Replacing ¢> by ¢, we finally deduce that

a(g) = — 9(4°:0°) (4" ") f (—47, —4°)
1 f(=a.—4*)f(=¢*, —4°) '
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We next consider a»(g). Multiplying (2.1) by f(—¢*,¢°) and (2.2) by
f(—4¢*,—¢*) and then adding the resulting two equations, we find that

a () (f(—4, -V (-@*. @) + f(—a*, —4’) (g, —4"))
(4" q") f(—4", —¢*°)

B (qzo;qz‘])Z(fJ““;q“o)oo
(=) (=4, —q")  f(=¢*,—¢)f (¢, q")

X( &) e ) ) (29)

Let L,(g) be the left hand side of (2.9) and R,(g) be the right hand side of
(2.9). Applying (2.4), we find that

a(q)a*(q";4%) . f(—4*, —4°) [ (=%, —4°)
(4'%¢'0)>,
x(f(=a,-@) (@ a") + f(a,4°) (=4’ —q")) . (2.10)

We consider Ry(q). By (1.8),

Ly(q) =

[ ) (-4, —4")
f(q5 7)
A 8)f( 4)(=4%4") (@347 (0" 67) o (6% 47)
(q" ) ACRTS)
(4= (@) (45 6%) (6747 (4%59")20
(q“’ 7' /@, q°) (6% ¢')%,

==V (P d) [, —4)

B (¢"%54"%) (4" ¢%)2 ("% 1) .
S =P ) (=4 —4°)(—q'% 4"
B (qlo;qIO)io

and
f(=* =) f (4, 4")
f(=¢°—4°)
S (=2 —a) (%4
(61'0;61‘0)
20 (207507 (67 47)o
(4% 9'0)>% (q 19" e
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S =) (=4 =d) (-4754") (4% 47)
(4'%4'%) (2°:9") (4" ¢')
S = (=4 —d)
(‘1103‘110)00
2
y (_qS;ql(])oo(_qS;qIO)OO(qS;qIO)OO(qlo;qlo)oo(_qlo; qIO)OC
(0°:9") (4% 9")
2
f(=a* =) f (=, —af (@, 4°)(—q"% "),
2
(ql(];qm)oo

We find that

7(q"54") . (=4, =) (—=4*. —¢*)(—=4"%: ¢"*)2,
(%°54%) (4% ¢*)
<(f(@.d)f(~a’, )+ f(=a,—a) [ (@, ) . (2.11)

From (2.10), (2.11), and f(—¢"%, —¢*°) = (¢"°;¢*°).(¢*; ¢"°) .. we find
that

Ry(q) =

az(qz) _ (qlo,qlo);(fqm;qlo)io
(@%:¢%) o f (—¢*, —4°)
y <f(q3,q7)f(—q5,—q )+ (=4, —4")f (4, q )>
f=4,=) (¢, q") + f(g,q )f(—q —q") )

We need two identities to complete the proof. In Theorem 2.4, replacing ¢,
x and y by ¢'°, ¢° and ¢°, respectively, we find that

1@V (=4~ + (4’ .~V (@, 4°) =2/ (—4", —¢"*)" .

and in Theorem 2.4, replacing ¢, x and y by ¢'°, ¢ and ¢, respectively, we
also have that

fl=a,-V (@, q") + fa. ) f (-4, —4")
=2f(—4*,—4'")f(-¢*,—4") .

Therefore,
() = (4" 9'")% (—q )2 2f( 5 - '2)2
(4% ¢* )ocf( q%) 2 (=¢* —q')f (4%, —q"?)
_(@"%4") (674 ) f(= q,—q”)
f(=4* —4°)f(—q* —4'%)
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Replacing ¢> by ¢, we conclude that

() = (@°:4°)s(9":4") o S (=0*, —4°)
’ [ (=& =) f(=¢* —4")

This completes the proof.

2.2 Hecke type identities for ¢(q) and y(q)

In this section, we will develop two Hecke type identities for ¢(q) and
W(q). This idea was developed by G. Andrews [Al]. To develop Hecke
type identities, we need Bailey’s Lemma [B1] and two more lemmas [A1].

Definition 2.1 For an integer s,

1, if s>0,
sq(s) = { ~1, ifs<0

Lemma 2.3 (Bailey’s Lemma) If for n > 0 the sequences {o,} and {f,} are
related by

n

=3 o ,

= (4:9),-,(a4;9) ..,

then for n > 0,

n /

" o
— r 7 2.12
b = (4:9),-,(a9:9) .., &2
where
g, = :
" (aq/p1;9),(aq/p2;q),
y Z (p13:9),(p2:9);(aq/p1p23 ), ;(aq/ p1p2) B;
= U ’
and

o — P (P23 4),(ag/p1pa)
(aq/py;9),.(aq/p2; q),

r

for any given number p, and p,.
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Lemma 2.4 Let

1
(anrl ; q)n-H

3n’+n - 3n+2n 2_j
o (T 2 )

ljl<n

ﬁn =

)

and

1 _
o —— - <2q3n +4n+1 Zq ——j + q3n +5n+2 Z q i ) )

q =0 jl<n

Then (o, B,) form a Bailey pair.

Proof. See Lemma 12 in [Al, p. 131].

Lemma 2.5 Let

1
B, = " ) if n>0
(q":9),
ﬁO =0 )
and
n—1 R
Oy = 2q3n 72/1(1 q4n) qu —J ,
=0
et =" (1— ") g
jl<n

Then (o, B,) form a Bailey pair.
Proof. See Lemma 12 in [Al, p. 131].

We are ready to prove the next theorem.

Theorem 2.5 With sg(s) defined as above,

1 o0

2
i = sg(r —1 r+s (r+s) +rs+r+s 7
0 ¢la) f(=4,-q) Zoo (=1
sg(r)=sg(s)
and
(ii) lﬁ(q) _f(l) Z Sg(r)(_1)r+s+1q(r+s)2+rs+3(r+s)+2 .
—4 —49) ri=—x

sg(r)=sg(s)
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Let L, be the left hand side of (2.12) and Rj, be the right hand side of
(2.12).

Proof of (i). By (1.1),
n(n+1)/2

N

(@) = (@9,

n(n+1)/2

In Bailey’s Lemma, relpace p,, p,, and a by —p,, —¢, and g, respectively,
and let n and p, tend to co. Now, applying Bailey’s Lemma to ¢(g), we
find that

L, = qn (n+1 /2 nﬁn , 2.13

(=4:9) oon; 4) 213)
and

Ry=——"—— gV 2.14

(459 )oo ; (2149

Applying (2.13), (2.14) and Lemma 2.4, we find that

1 l
qn}’l / ) ( 1; ) ] 00 qnn

n=0 qqoonO

n(2n+1) (2n+1)(n+1)
q" Oﬂz + q szn 1
(q q) (Z Z +>
1 - q o n(2n+1) 1
= q _—
f(—q,—q),; 1—

q

n—1
v <q3n2+n Z qf_/z + 2q3n2+2n qu‘j>

lil<n J=0

l—q > ont 1 (n —1
Zq2+1 (n+1)
9 n:O —4q

« <2q3n2+4n+1 quzfj + q3n2+5n+2 quz> )
J

=0 lil<n

N

Replacing n by n + 1, we find that

>

n=0 j

—_

n— n

o0
q5n2+3n—j2—j _ Z q5n2+13n+87j27j .

n=0 j=0

Il
S
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Thus,
¢(q XOO:Z 5n?4+2n—j? q6n+3>
=0 [j|<n
f . ZD_O(; - n+7n+2—j —,(1 _q6n+6) . (2.15)
We need to show that

1 ! 2
_ 1)t (r+8) +rs+r+s )
#(a) f(=4,—9) Zoc )=

sg(r)=sg(s)

Let R(g) denote the right hand side of (2.15). First, assume that N and J

are even. Replacing n and j by N/2 and J/2, respectively, in the first sum
of R(g), we find that this sum equals

oo
2 n
Z Z gV +N—I )/4(1 PV

N=0 V<N
N=0(mod 2) y=0(mod 2)

Second, assume that N and J are odd. Replacing n and j by (
J

N —1)/2and
(J — 1)/2, respectively, in the second sum of R(g), we find that the second
sum equals

0 N2 J-1 Z,J;l
N
N=0 V<N

N=1(mod 2) y=](mod 2)

o0
2 _7n2
Z Z GOV A (] N3y
N=0 <N

N=1(mod 2) j=](mod 2)

since 2377 g = = q~/"~I. Therefore, we find that

1 - (SN?+4N—J%) /4
O e o> ¢ (1

_ q3N+3)
N=0 <N
N=0(mod 2) j=0(mod 2)
1 - 2 2
(SN?+4N—J2) /4 3N+3
- q (I1-¢"7)
f(=q,-q) NZ:O Z;v
N=1(mod 2) j=1(mod 2)
1 = SN2 HAN—J?) /4 3N+3
e DD SN C IR RIS
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i Z (— 1)Nq(5N2+4N7J2)/4

9, N=0 |J|<N
J=N(mod 2)

ZDO: Z (_I)Nq(5N2+16N+12—J2)/4.

9, N=0 |JIKN
J=N(mod 2)

Replacing N by r + s and J by r — s in the first sum, and replacing N by
—r—s—2 and J by r — s in the second sum, we find that

1 2
(9) =7 (1) gl
f(=4,—9) ,.};20
S (—1)r+sq<’+S)2+rs+r+S>
r<—1, s<—1
: f) (r) (1) gl e
=— sg(r)(— q :
f(_q7 _q) 7,8§=—00
sg(r)=sg(s)

Proof of (ii). The proof of (ii) is similar to the proof of (i). By (1.2),

R e

n=1 n=1

n (n+1)/ n(n+1)/2

7

In Bailey’s Lemma, replace p,, p,, and a by —1, —p,, and 1, respectively,
and let n and p, tend to co. Now, applying Bailey’s Lemma to y(g), we
find that

2 o0
Ly=——Y (~q:q),,¢V VB, (2.16
(=4:9)o(4:9) oc; g )

and
) o _n(n+1)/2 .
Ry = 7 (2.17)
(qv q)oo n=0 1+ q
Using (2.16), (2.17) and Lemma 2.5, we find that
—q oo _n(n+1)/2
9:9) q Xp
Y(gq) = ( : ) T
(9 = 1+4q

1 iqn(2n+l) ( ) 3’[272”(1 4n) n—1 /2/>
= P 4 -9 q-° -
f=4,—9) iz 1+ ¢ =

) q2n+l (n+1) 3 2 tnin o
S (e oy )

)= ljl<n
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Replacing n by n + 1, we find that

n nfn] -J — (1_qn+)qn+n =
n=0 1:0 n=0 j=0
So,
l//(q) _ 5n +4n+1—j? q2n+1)
f(=4,—q) ,; ,Z:,,
ZZ ZqSH +9n+4—2—j 1 q2n+2) ) (218)
n=0 j=0
We need to show that
1 - r 1 2 3 2
lﬁ(CI) - Z sg(r)(—l) +s+ q(r+s) +rs+3(r+s)+ )
f(_CIa _Q) r.§=—00
sg(r)=sg(s)

Let R(g) denote the right hand side of (2.18). First, let us assume that N
and J are even. Replacing n and j by N/2 and J/2, respectively, in the first
sum of R(g), we find that the first sum of R(q) equals

= 2 _n
Z Z q(SN +8N+4-J )/4(1 _ qN+1) )
N=

I[N
N=0(mo d 2) J=0(mod 2)

Second, assume that N and J are odd. Replacing n and j by (N — 1)/2 and
(J — 1)/2, respectively, in the second sum of R(g), we find that the second
sum of R(g) equals

00 5(u)2+9(u)+47(ﬂ)2*ﬂ N+1
SRR SR R
N=0 [JI<N

N=1l(mod 2) y=](mod 2)

_ Z Z gUENTERNHASI)A () _ Ny

N=0 V=Y
N=1(mod 2) j=](mod 2)

since 27 0q T = =>4 ==/, Hence, from (2.18),
1 &

— (5N?+8N+4-J2)/4 1 - gVt
O a— NZ) JZ(N q (1-¢""")

N=0(mod 2) j= 0(mod 2)

1 >0 2 2
(SN2+8N-+4—J2)/4 N+1
- q (1-¢"")
f(=4,—q) NZ:;) AZ:N
(o]

d 2) J=1(mod 2)
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_ 1 i Z (_I)Nq(5N2+8N+47J2)/4(1 . qNH)

N=0 |J|<N

Replacing N by —r — s — 2 and J by r — s in the first sum, and replacing N
by r + s, and J by r — s in the second sum, we find that
1 2
lﬁ(C]) — (_ 1 )r+sq(r+s) +rs+3(r+s)+2
f(_qv _q) r<—1, s<—1
1 2
_ (_ 1 )r+sq(r+s) +rs+3(r+s)+2
f(_q7 _q) VZ;ZO
1 0 2
_ Sg(l") (_ 1 )r+s+lq(r+x) +rs+3(r+s)+2 )

f(_qa _q) r,s=—00
sg(r)=sg(s)

2.3 Mock theta functions ¢(q) and Yy(q) as coefficients

In this section, we will define a theta function D(q,z), and develop its
relation with ¢(g) and y(q).

Definition 2.2 For |q| < 1 and z neither zero nor an integral power of q, let

_ @S P (a2 )
(@42 f (—2,—27'q)°

By (1.8) and (1.7), we find that

D(q,z) :=D(z) :

(2.19)

D(g,2)

_ 2(g; q)icf(—zz, —229)f (—z, -z '¢?)
(4:¢%) o f(—2,—27'q)°

249100 (200 (507 (7071 47) o (4718
(¢:4%) oo (2:9)% (7 03 0)%
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2 _ _
2(459) (05975 (—20) oo (271 45:9) . (P4 ) o (2203 47) o

(:9%) (26 %) o (27143 4%) . (6% %) o

25 f (2270 (=g, —2 %)
(0:9%) o f (—2q,—27"q)

)

and clearly D(z) is meromorphic for z # 0 with simple poles at z =g

for each integer k.

Lemma 2.6 D(z) satisfies the following functional equations
(i) DY =2z7D(z) ,

and
(i) D(zq*) = —z7°D(z) .

Proof (1). Applying the three identities
f(—z2-29) = %9 .09 (4:9)
o 1
=(-z 2)(2 ZQ;Q)OCW(ZZMI)OC(‘I;‘])OC
= _Zizf(_zza _27261) 5

[z =2¢") = (27 47) (205 07) (654 )
1

= (1= ) T (5000

= _Z_l (_Za _Z—qu) )

and

S(=27" =2q) = (279) 0 (54 9) o (45 9) o
= (1 —Z”)(Z’lq;q)ooi(z Doc (49 o
=—zf(-z,-z""q) ,

we find that

7 2g;q)ef(—272, —2q)f (—27", —z¢%)
(@) f(—27", —2q)°

D(zfl) =

UG @) (2f (P =222 D f (—z -2

B (43672 2f (—2,—z"'q)
=z7D(2) .

Y.-S. Choi

(2.20)

2k+1

(2.21)

(2.22)

(2.23)
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(i1)) Applying the three identities

[(=2¢", —27¢7) = (4% 9) o (2770 59) o (4:9)
_ 1 2,
ST -2 -2 -2
x(1=z72¢ ) (1 =224 (1 =227 (1 = 272)(7¢9) 0 (4:9) s
=q %28 (-2,—2%) , (2.24)

f(—zqz, _Z_l) = Z_lf(_za _Z—qu) ) (225)

and

flzg*,—z'q7") = (2¢%0) o (2 7'07 "1 0) o (0:9)

1
(l—z(l—zq)( 9o
x(1=z7¢ N1 =249 (459
=q° sz( —z,—Z q) (2.26)
we find that
Dleg?) = 2 (4050 (724", —z 24 *)f (=2*, —z ")

(4:9%) o f(—24%, —z7'q7 1)’
4209020 7 (=2, =2 2q) (== )f (=2, —= ')
(4:4%) g 2274f (—2,—2"1q)’

= —z7D(z) .

Lemma 2.7 For |q| < |x| < 1 and |q| < |y| < 1,

= s (@@l f(=xy,—x"1y"1g)
Z@o 9(q" " = f=x, =x71g)f (=y,—y71q)

sg(r)=sg(s)

Proof. This Lemma is a special case of Entry 17 in [B3, p. 152]. Replace
ab, n and a by ¢, —1/x and z, respectively, in Entry. Also see Theorem 1.5
in [H1, p. 646].

Theorem 2.6 In the annulus |q| < |z| < 1,

(i) ¢(q) is the coefficient of z* in D(z),
and

(i) ¥(q) is the coefficient of z in D(z).
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Proof. From the definition of f(b,¢),

00

Sz -2 ') = 30 (—1)q

I=—00

and from Lemma 2.7 with x and y replaced by z

3 2 ) oo
4:9)sf (=27, —z27°q -
( ) ( S ) _ Z sg(r)q sZr+s )
f(=z,—z1q) rE
sg(r)=sg(s)

By (1.8), the two previous equalities, and (2.19), we easily find that

f(=4,—9)D(z) = (4:9) . (4:6°) 1 D(2)

_ @9 S (P ) (2~ )
f(=z,—z"q)
222 Z rs r+5 Z t tt 1 ) (227>
sgr(f-;s;? ) =

Using Theorem 2.5(i), we see that ¢(q) is the coefficient of z* in the
Laurent expansion of D(z). This proves (i). Similarly, using Theorem
2.5(ii), we find that the coefficient of z in this Laurent expansion is ¥(g),
and so the proof of (ii) is complete.

2.4 The Lambert series L(z) and M (z)

In this section, we will define Lambert series L(z) and M (z), and develop
the connections of D(z) with ¢(q), ¥(q), L(z), and M(z).

Definition 2.3 Let g be fixed. Define

0 (_ 1>nq5n(n+l)+125n+5

L(z) := Z T ) (2.28)
0 (—1)'gn(nt)+1,=5n
ME) =3 ( 11)_qq2n+121 , (2.29)
and
V(z):=D(z) + L(z) + M(z) . (2.30)

Clearly, L and M are meromorphic for z # 0, and L and M have simple
poles at z = ¢**! for each integer k.
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Theorem 2.7 Let g be fixed, 0 < |q| < 1. Let a, b, and m be fixed integers
with b # 0 and m > 1. Define

1

Fla) = f(=2bq®, —zPqm=)

Then F is meromorphic for z # 0, with simple poles at all points zy such that

zb = g"= for some integer k. The residue of F(z) at such a point zy is

(_1)k+1qu(k—l)/220

b(g™;qm)>,

Proof. See Theorem 1.3 in [H1, p. 644].

Theorem 2.8 Suppose that

F(z) = f: EZ

r=—00

for all z # 0 and that F (z) satisfies F(zq) = Cz "F(z), where 0 < |g| < 1 and
C+0.
(a) Then

n—1
F(z) =) FZf(C'2¢",C"q")
0

(b) 1f, in addition, n is odd, C = 1, and F(z) satisfies

Fz\Y=—-Cz"F(z) ,

F) = Y RES(C/q,CTl2g" ™) = C 7/ f (G, C ')

r=1

Proof. See Theorem 1.8 in [HI1, p. 647].

Lemma 2.8 Let g be fixed. Then,

(i) R(D(z); q) =-24*,
(ii) R(L(z) + M(2);q) =24*,
and

(i) D(z) + L(z) + M(z) is analytic at z =¢q .
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Proof of (i). By (2.20), Theorem 2.7 and (1.8),
AP S @ V(=6 =g (=1)q
R(D(e);4) = (60 (%42
_ ¢S Df (=4’ ="
(4:9%) (4% 422

= —2q2 .

Proof of (ii). The residue of L(z) at z = ¢ is ¢* and the residue of M(z) at
z=q is ¢ since (“1)g/(1~¢"'2)=¢"/(z—¢) and ¢/(1—gz"") =
q+4q°/(z—q). So, R(L(z) + M(z);9) = 24"

Proof of (iii). Since D(z) and —(L (Z) + M(z)) have a simple pole at z = g,
and have same residue at z = g, D(z) + L(z) + M(z) is analytic at z = q.

Lemma 2.9 The function V(z) is analytic at z = q and satisfies the following
two functional equations

Vi =z7V(2), and V(izg*) = -2V (2) .

Proof. The function V(z) is analytic at z = g by Lemma 2.8 (iii). Replacing
z by z7lin L(z) and M(z), we find that

nSn(nt1)+1,-5n-5

L") = i (_l)qu2n+1z1 =z2°M(2) ,

n=—0oQ

and
00 (_1)'1 5n(n+1)+125n

MEY =Y

_ -5
2 s =z "L(z) .

So, we find that L(z™') + M(z7!) = z73(L(z) + M(z)). Next, replacing z by
zq* and then replacing n by n — 1 in L(z), we find that

o0 (_l)n Sn(n+1)+1 10n+1025n+5

L(Zqz) — Z q q

1 — q2n+3Z
0 (_1)"—1 Sn(n=1)+1,10n5n

:Z q q

_ 2n+1
el I — g>tlz

= fzst(z) .

Replacing z by ¢’z and then n by n + 1 in M(z), we find that
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n_Sn(n+1)+1

M(Zqz) _ i (_1) q q

1_q2n—lz—l

710n275n

o0 (_ 1 )”an(nfl)+1275n

-3

n=—00

1 — q2n71271
ZOO: (_1)n+1q5n(n+1)+1z—5n—5

— a1
= l—gq z

=—zM(2) .

Since we already know that D(z) satisfies the given functional equations
in Lemma 2.6, V(z) satisfies the same functional equations.

By Lemma 2.8(iii) and Lemma 2.9, V(z) is analytic at z = ¢***! for each
integer k. So V(z) is analytic for z # 0. Thus ¥V (z) has a Laurent expansion
which is valid for all z # 0.

Lemma 2.10 Suppose that V(z) = > - ___ V,z" for all z# 0. Then

V(z) = Nizf (—2¢* —2¢%) + 2 f(-2°¢*, —z°¢%)]
+ K2f(-2q", —z¢") + 2 f(—2¢°, —z¢*)].

Proof. In Theorem 2.8 (b), replace ¢, C, and n by ¢*>, —1, and 5.
We complete the proof of Lemma 2.10.

Lemma 2.11

" =y(q), and Vh=dlq) .

Proof. Assume |g| < |z| < 1. Then |¢*"*!z| < 1 if and only if n > 0, and by
(2.28).

0 (_1)"q511(n+1)+125n+5

1 — q2n+lz

_ Z (_l)nan(n+1)+125n+5Sg(n) Z <q2n+1z)m

n=—00 m=—o0
sg(m)=sg(n)

— Sg(n)(_l)nan(n+l)+1+(2n+1)m25n+m+5 )

n,m=—00

sq(n)=sg(m)

If sg(n) = sg(m), then Sn+m+ 5 > 5, or < —1. Thus, the coefficients of z
and z? in L(z) are 0. Similarly, the coefficients of z and z? in M(z) are 0. In
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Theorem 2.6, we proved that y(g) is the coefficient of z in D(z), and ¢(q) is
the coeflicient of 2% in D(z). And f(—2°¢*, —z73¢%) and f(—2°¢*, —z73¢%)
have only powers of 5 in z variable, and the constant term in
f(=2°¢*, —z73¢%) and f(—2°¢*,—z73¢%) is 1. Then by (2.30) and Lemma
2.10, Lemma 2.11 is proved.

By (2.30), Lemma 2.10, and Lemma 2.11, we can easily verify the next
theorem.

Theorem 2.9 If 0 < |q| < 1 and z is neither zero nor an integral power of g,
then

D(z) =¥(q)zf (—2°¢*, —z°¢") + 2 (—2°¢*, —z°¢%)]
+ ()2 f(-2¢*, —27¢°) + 2 f (=2¢°, =z ¢")]
—L(z) —M(z) .

2.5 Another formulation of D(z)
We easily verify that

1 1 i :
— i (2n+1)i
[ — gy 1 — qlomes;s ;Zq

and

1 __ = g5
= Zg=r e
T— gz 11— gloniszs 2 q

By (2.28), (2.29), and Theorem 2.9, we find that

O (—1)'g"BntT)+2,50+5
DE) = W@l (¢, ) —z< L

n=-—00

00 -1 n_n(5n+13)+5,—5n—5
+ Z (=1)"q z

1 — gl0n5-5

1 — gl0nt555

n=—00

00 (_l)nqn(5n+9)+325n+5

+20(q)f (¢, —z¢°) = 2 < >

— 10n+5,5
= l—g z

. (—1)" n(5n+11)+4275n75
+ Z (-1)"¢

1 — gl0n55

n=—00



Tenth order mock theta functions in Ramanujan’s Lost Notebook 521

> (=1)" n(Sn-+11)+4 5n+5

PG (4, ) _Zs< S ('

_ l0n+5.5
n=—0o0 1 q z

e (5n+9) —5n—5
T Z 10n+SZ 5

> (—1)”qn(5n+13)+525n+5

1 — gl0nt555

( l)nq”(5n+7)+2275n—5

+ Z 1 — g'0nt5;3

n=—0o0
B io: (_1)nq5n(n+l)+125n+5 i i (_1)nq5n(n+1)+1275n75
= 1-— q10n+525 £ 1 — q10n+52_5 .

Define

DAE) = W=~y = Yy CN
1z ) = q zq,—z ¢ 1_q10n+525

n=-—00

” 5n +13n+5 515

a Z 1 — ql0n+5,-5 ) (2.31)

n=—o0o

Diy(2°) = ¢(q)f (—2°¢*, —2z7%¢%) — i (—1)"gm ont35n+3
2 - q q, q 11— q]0”+525

n=—00

i’l 5” +lln+4 —5n—5

B Z 1 — ql0n+5,-5 ) (2.32)

n=—o0o

n_sp2 n n
Ds(z%) = ¢(q)f (—2°¢°, —z75¢*) — i": (—1)g 7 +1In4 505
3 - q). q, q 11— q10H+525

n=—00

= (—1)" Sn2+9n-+3 ,—5n—5

_Z q

_ 410n+5,-5 )
n=—00 l—g¢g z

o0 n nz n n
D (25) _ xp( )f(—zs 8 _ -5 z) _ Z (_1) q5 +13n+5 5n+5
4 - q). q, q 1— q10n+525

n=—00

X (=1)" S+ Tn+2 ,—5n—>5

_Z q

_ 410n+5,-5 ’
n=—00 l—g¢g z
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00 <_1)nq5n(n+l)+125n+5

1 — q10n+525

00 1\, Sn(n+1)+1_,-51n—5
=D (—=1)"q z
[ — gl0nt5,-5

n=—00

By the previous six equalities, we rewrite

Now, we will define 4(z,x,q), h(x,q), and O(z), and show that

A(z,x,q) = f(—x*z, —x 27 '¢*)h(x,q) + O(2) .

Definition 2.4 Let |q| < 1, and let x be neither zero nor an integral power of

q. Define
- . (‘];Q)icf(fzx, —z ) f(—z, —z 1 g?)
A( ,X,Q) = f(—q, —Q)f(—x, —xflq)f(—z, —Zﬁlq) y (233)
. 1 X (—1)"g"D
hed) = = — n;@ el (2.34)
and

0 (_l)ﬂqn(n+l)x2n+lzn+1

£ 1 — q2n+]Z
1 & (_1)nqn(n+3)+1x72nflzfn71
_ in:,oc T ) (2.35)
By (1.8) and (1.7),
N2 20 2\2 11
Az, q) = (4:9)5,(97 7)o/ (=2%, =2 %" q) (236)

f(=4,=q)f (=x, —x7'q)f(—zq,—z7'q) ~

the functions 4(z,x,q) and Q(z) are clearly meromorphic for z # 0 with
simple poles at z = ¢! for each integer k.

Lemma 2.12 Let q and x be fixed where 0 <|q| <1, and suppose
that x is neither zero nor an integral power of q. Then h(x, q) is the coefficient
of 2° in the Laurent series expansion of A(z,x,q) in the annulus |q| < |z| < 1.

Proof. By (2.33), (2.34) and Lemma 2.7,
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h(x,q) = the coefficient of z° in

00

Z 11— qux Z (_1)qu<s+l)zi

nffoo §=—00

= the coefficient of z° in

(4:9)2f (—2zx, —z'x7'q)
S(=a, =) f (—x, —x71q)f (—z,—z"q)

= the coefficient of z° in 4(z,x,q) .

f(_Zv _Zilqz)

Lemma 2.13 The function Q(z) satisfies the functional equation
0(z¢%) = —x?27'0(2) |
and R(Q(z);q) = —x"q.

Proof. By (2.35), we find that

’l nn+1)+2(n+1) x2ntlntl

00
Z 1 — q2n+32

n(n-H)-H 2(nt1) y—2n—1,—n—1

o0

I\J |

Replacing n by n — 1 in the first sum, and replacing n by n+ 1 in the
second sum, we find that

1 00 (_l)nflqn2+nx2nflzn
2y
Q(zq)——§<z =gz

n—=——00
e I I
sy S
e I =gtz
_x—ZZ—l 00 ( l)nqn(n+l) 2n+1 n+1
) n;oc 1 — g2r+lz
O (1) g n+3)+1=2n—1,—n—1
vy E
1 — q n+lz 1
n=—oo
= —x2271'0(@) .

And R(Q(z);q) = —x"'q, by (2.35) and the equalities
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1 (—1)_1x_1+qx_lz_l 1 x‘lq+x_1q  xlg
2\ 1—¢'z 1—-¢gz')]  2\z—-¢q z—-¢q) z—¢q

Lemma 2.14 The function A(z,x,q) satisfies the functional equation

A(zq*,x,q) = —x "z '4(z,x,q) ,
and R(A(z,x,q);q) = —x"'q.
Proof. By (2.22), (2.26), (2.33), and (1.8),
3 2 —1,—1_ -1 2 —1
(2 _ (@39S (==q”, —z"x g )f(=2q", —=")
(4%, 4) f(=q,—q)f (—x, —x71q)f (—z¢*, —z"'q7")

(¢;9)0q7 7222 (—zx, =z % q) (=2 ) f (2, —2 1 ¢?)
f(=4:=@)f (=%, =x"1q)q~ 1272 (=2, —z"1q)

= —z 'x24(z,x,q) .

By Theorem 2.7,
(¢:9)2f (—xq,—xV)f(~q.—q) ¢

R(A(z);9) = f(=4,-0)f(—x,—x7'q)  (q:9) .
_af(xg, )
f(=x,=x"1q)
= —xilq .

Theorem 2.10 Let |g| < 1, and suppose that x is neither zero nor an integral
power of q. Then

A(z,x,q) = f(=x*z, —x 2z '¢»)h(x,q) + O(2) . (2.37)

Proof. Let g and x be fixed. Define
E(z) = A(z,x%,9) — 0(2) - (2.38)

Note that A(z,x,q) and Q(z) have a simple for at z = g**! for each integer
k. By Lemma 2.13 and Lemma 2.14, E(z) satisfies the functional equation

E(¢’z) = —x %27 'E(2) ,

and E(z) is analytic at z = ¢. By the functional equation, E(z) is analytic at
z # 0. Thus we can say that E(z) must have a Laurent expansion valid for
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all z#0. Let E(z) =)_° _ E,z" be a Laurent expansion valid for all

z # 0. Applying Theorem 2.8(a) with n = 1, C = —x 2, and ¢ replaced by
g, we find that

E(z) = Eof (—x*z, —xz7'¢%) . (2.39)

For |q| < |z| < 1, the coefficient of z° in 4(z,x, q) is A(x,q) by Lemma 2.12.
Also,

Z n n(n+1) (2n+1)mx2n+lzn+m+1
nm=—00
g(n)=sg(m)
1 o0
_ E sg(n)(— 1)nqn(n+3)+l+(2n+l)mx72n7127n7m71 )
sq(n)=sg(m)

If sg(n) = sg(m), then n + m + 1 is either <—1 or >1. So the coefficient of
2% in Q(z) is 0. Thus, equating coefficients of z° in the definition (2.38) of
E(z) and using (2.39), we deduce that Ey = h(x,q) + 0. Hence, (2.37) fol-
lows.

We will define Gy (z,q) and H,(z,q), and develop some properties of
Gn(z,q) and H,(z,q).

Definition 2.5 Let |g| < 1 and 1 < m < 4. Define

Gu(z,q) = Gu(2) := an(q)2"f(—22¢™", —z¢"07>™)

where
ity — @50 (6"%4") (=47, =)
ailg) = alq) = S(=4,—4")f(—4*, —4°)
and
— () = (@5 4°) (@5 4"0) o f(—4*, —4°)
@) =ala) = [ =) (= —4*) (2:40)

Furthermore, define
H,(z,q) = Hy(z) :=2q2"A(2°, q", ¢°) (2.41)

and

H0(27Q) = H (Z)
4. f<zq =) (2 2 )
( PP e e )
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By (2.33),

w (@582 (=237, —2735¢° ) (=2, 561'0)
S (=&, =) (—=q", —¢>~)f (- ZS, —z73¢°)

Lemma 2.15 Let |q| < 1. Then G,(z), 1 < m < 4, satisfies the functional
equations

Gu(zq?) = —z73Gu(z), and Gu(z™") =273Gs_n(z) .

Proof. By (1.8),

Gm(zqz) =a, ( ) me( 5 2m+10 _275q72m)

(q)zmq2m( 5q2m+10,q ) ( Sq—2m;CIIO)OO(QIO;CIIO)00

N o T S a5 10-2m
= an(q)z 7 W(I_Z 7 )z ¢" ? ;qlo)oo
x (4" 4"
— _am(q>zm275f‘(_25q2m7 _275q1072m)
= —27Gu(2)

and
Gn(z7™") = an(q)z"f (—23¢™", —22¢""")
= ap(q)z " f (=G5 | 7541025 -m)
=27Gs_n(2) .

Lemma 2.16 Let |q| < 1. Then H,(z), 0 < m < 4, satisfies the functional
equations

H,(zq*) = —z Hy(2), and H,(z') =z Hs_,(2) .
Proof. By (2.23), Lemma 2.14, and (2.41), for 1 <m < 4,
H ( ) _ Zqu2m+1A( 5 IO’qm,qS)

= _2qZM75A(257 qm) q5)

= —zH, (2) ,



Tenth order mock theta functions in Ramanujan’s Lost Notebook 527

and
H,(z™"
:2q2””(q5;q5)icf( 2" 2 (=2, —2q")
f(=@, =) (=q", =" f (== —qu5)
_ 522 @) S (2 ) (2 ) (=2, 2 ")
(

S (=4, =) f(=q", =) (—z7°) [ (=2°, —z7°¢°)

:z_5H5,m(z) )
Replacing ¢ by ¢° and z by —z°¢° in (2.26), we find that
45,2247 = ¢ (¢, 27¢)
and replacing ¢ by ¢° and z by z° in (2.26), we find that

f(=2¢"°, =277 = ¢z (-2, 27¢) .

Form =0,
5. 5\3 515 -5 -5 10 20 —10
; OOfZ z f(—z —Z
Ho(zq) = _q((i]]m.qq?o) ((qq7q20):f()_(q107q_z qS))
_ 4d(@e) (q (@0, 2 (=2 ) (=", =z %)
(@'%4'9) o (6 ¢%°) (7327 19) f (=2°, —273¢%)
= —Z 5H()( ) s
and
Hy(=) = (@S P 2P (210, =)
‘ (4'%9') (% ¢°)  f (=273, —2°¢°)

9(0%0°) S (B¢, 23¢°) (—2 710 f (=20, =z 1%¢%)
(494" (¢%5¢%°)  (—273)f (—=2°, =z 73¢°)

where > =1 and { # 1.

Proof. For 1 <m < 4, by Theorem 2.7, (2.41), and (1.8),
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R(Hn(2):L9) = 29(00)" (4714 )%

f(=(a)q",—(La) ") f (—(Lg)’, —(lg)°¢") g
f(=4°,—q )f(—q’”,—q5 ™) 5(¢%4%),

X

2Cm+1 m+2f( S5+m _qu)
5f(=q", —¢°™™)

_ ety

5

and for m = 0, by (2.42) and (1.8),

R(Ho(2): £q) — (@’ 92 S (L0)d, (La) ) (—(La)", —(Lg) "¢™)
(Halz)itq) = (4%4") .0 (6% ¢®)
. :
5(4°9°)%
21g°
5
Lemma 2.18 If |q| < | and k is an arbitrary integer, then

iHm(—qk) =0 . (2.43)

Proof. For 1 <m <4, by (2.41),

242" @) S (2" —2 ") (=2, =2 ¢")
Hsn@) (=4’ =) (=", =" (=2, —=°¢")

Hoz)  202"(¢% ¢°)2f (2", 25" f (=2, ~¢"0)
f@ =V (=", = ") (=2, =2 ¢)

Zﬁ—mf _ZSqS—m’ _Z—Sqm
( ) . (2.44)

me( ZS m _275q57m)

Replacing a by —z3¢™, b by —2°¢°™™, and n by 2k in Lemma 2.1(iv), we
deduce that

f(=z7q",—2¢"™")
2% 10K —Sk+2mk — _ m .
(1) lOR Sk 2k 10k £ =S 10k m S Seme10K) (9 45)

)
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For z = —¢, by (2.45),

f(=2q",—z7¢" ’")
f( -5 10k+m 5 5 10k—m

)
:<—1>2"<q5> s (g") (2 )

-z q,—z¢q
:q—10k2+5k—2km+10k f(—z q —z q5 )
:qsk—2kmf(_zf5q 7_25615 )
= —ZSisz(_Zi5q 7_qu5 m) N (2.46)
By (2.44) and (2.46),
Hsn(2) =—1 ifz=—4".
Hy(2)

The equality (2.43) now easily follows.
Now, we will show that

4 4
= ZGm(Z7‘]) =+ ZHm(Zv Q) .
m=0

m=1

Recall that the definition of D(z) is (2.19).

Definition 2.6 Let |q| < 1. Define
4 4
W(z,q) = W) :=D(2) = > Gulz,9) = Y Hulz,q) (2.47)
m=1 m=0

for z# 0 and z # {¢F where k is an integer and { is a fifth root of unity.

Theorem 2.11 Let g and C be complex numbers with 0 < |gq| < 1 and C # 0
and let n be a nonnegative integer. Suppose that F(z) is analytic for z # 0
and satisfies a functional equation F(qz) = Cz"F(z). Then either F(z) has
exactly n zeros in the annulus |q| < |z] < 1 or F(z) = 0.

Proof. See Theorem 1.7 in [H1, p. 647].

Theorem 2.12 If n is a positive integer, 0 < |q| < 1, and x # 0, then,

n—1

f(=x,—x7"q) = (=1)fgDI2xk

k=0
« f-((_1)nann(nf1)/2+kn7 (_l)nxfnqn(nqtl)/kan) )

Proof. See Theorem 1.2 in [AS, p. 67].
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In Lemma 2.6, Lemma 2.15 and Lemma 2.16, we showed that D(z),

Zizl Gn(z), and 231:0 H,(z) satisfy the two same functional equations.
So, we clearly see that W (z) satisfies these functional equations

W(zqg*) = —zW(z), and Wz ) =z"W() . (2.48)

Also, in Lemma 2.17, we showed that the residues of H,,(z), 0 < m < 4, at
z=1{q, where (> = 1 and { # 1, are —2{""'¢?/5. Since

4 2wm+lq2
5

:0,

m=0
it follows that W (z) is analytic at z = {g***! for each integer &, since D(z)
and G,,(z), 1 < m < 4, are analytic at z = {g**! for each integer k. We will
prove that W(z) has 6 zeros in the annulus |¢?| < |z| < 1. This implies

that W(z) =0 by Theorem 2.11. We will show that W(z) =0 at
z=—1, —q, £¢'?, +4°/.

Lemma 2.19
wW(-1)=0.
Proof. By (2.19), (2.42), and Lemma 2.1(iii),
D(—=1)=0 and Hy(-1)=0 . (2.49)

By Lemma 2.18 with £k =0,

24:11,,,(—1) =0 . (2.50)

By (2.47), (2.49), (2.50), and (2.51), W(—1) = 0.
Lemma 2.20

W(-q)=0.
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Proof. By (2.19), (2.42), Lemma 2.1(iii) and (iv),
D(—g)=0 and Hy(—¢g)=0 . (2.52)
By Lemma 2.18 with k =1,
4
> Hu(—q)=0 . (2.53)
m=1

By (2.40) and Lemma 2.1(iv),

4 4

> Gul=a) = _(~q)"an(@)f (4" .4" ")

m=1 m=
= —qa1(9)f (¢°,4") + ¢°a2(9)f (q.4")
—¢a3(9)f(¢",q") + g as(9)f (g7, 4")

(—ai(q) + as(9)af (a°,q") + (a2(q) — as(q))a*f (4, 4°)
—0. (2.54)

By (2.47), (2.52), (2.53), and (2.54), W(—q) = 0.
By (2.48), it follows that W (£¢*?) = —W(%¢'/?). Thus, we only need
to show that W (+q'/?) = 0.

Lemma 2.21
W(£q'?) =0 .

Proof. We will show that W(—gq,¢*) = 0 instead of W (—¢'/?,¢) = 0.
By (2.19) and Lemma 2.1(iii),

D(-4,4%) =0 . (2.55)
By (2.41),

HS—m(Z> _ZS—mf(iquS—m’ 7Z—Sqm)
Hoe) 2/ (-25q" 5 ™)

Replacing z and g by —¢ and ¢, respectively, we find that by Lemma
2.1(iv)
Hs w(=q.9°) _ =" (@ """ )
Hyu(—q,9%) S(@m3,q°72m)
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It follows that
> Hu(-q.4°) =0 . (2.56)
By (2.47), (2.55), and (2.56),

4
= =3 Gul~4,4") — Hol—4.4") - (2.57)

m=1

We need Theorem 2.12 to finish the proof of Lemma 2.21.
By (2.40),

s
> Gu(=4,4) = —qal(d)f (¢’ q") + ¢’ax(d)f(d ¢’ )
" —q3a3(q2)f (4", q”) +qa()f (a7 q*)
= —qai(@)(f (¢’ 4") =4’ f (g, ))
+q ax(q”) (f ( ) af (¢, q' ))

For the first term, replace n, ¢, and x by 2, ¢°, and ¢?, respectively,
in Theorem 2.12, and for the second term, replace #, ¢, and x by 2, ¢°, and
q*, respectively, in Theorem 2.12. Applying Lemma 2.1(iv), we have

4
> Gu(=4.4) = —qa () (-¢*,—4*) + ¢*ax(¢*)f (—4,—q") .

By Lemma 2.2, the equality above, (2.42) and (1.8),

iG _q z)_qz(q'o;q‘o);f(—q5,—q'S)f(—q'O,—q”)

yq
= ( (@%54%) o (6% 4%) . (4%, 4°)
= —Ho(~4.q") -
It follows from (2.57) that
W(-4.4°) =0 .
Replacing ¢ by ¢'/2, we find that
W(-4'"%4q)=0.

Also, replacing ¢ by —g'/2, we find that

w(g'?q) =0 .
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In conclusion, we have shown that W(z) has zeros —1, —¢q, +¢'/, and
+4¢*/? in the annulus |¢?| < |z| < 1. We are ready to prove the next theo-
rem.

Theorem 2.13 Let z # 0 and z # {q" where k is an integer and { is a fifth root
of unity. Then,

4 4
DE) =Y Gulzoq) + 3 Halzq)

=1 m=0

Proof. We showed that W(z) has 6 zeros in the annulus |¢?| < |z| < 1.
Thus, by Theorem 2.11, W(z) = 0. Hence, by (2.47), the proof is complete.
By (2.31) and (2.39),
D\() = ¥(@f (¢, —¢") + 240, q.4°) . (2.58)
By Theorem 2.13, (2.40), and (2.41),

Di(2°) =z (Gi(2) + Hi(2))
= al(q)f(fzsqrz7 fz_sqg) + ZqA(zs,q,qS) . (2.59)

Thus, by (2.58) and (2.59),

V) f(—2¢°,—27¢") = a1(9)f (-7, =z °¢")
+294(°,q,4°) —290(°,q.4°)  (2.60)

and by Theorem 2.10,
V() = ai(q) + 29h(q,4°) -
By (2.32) and (2.39),
Dy(2°) = $()f (2’4", —2°¢°) + 2902, ¢, ). (2.61)
By Theorem 2.13, (2.40), and (2.41),

Dy(2°) = z7%(Ga(2) + Ha(2))
=a(q)f (-2¢*, —z¢%) + 294(2, ¢*. ¢°) . (2.62)

Thus, by (2.61) and (2.62),

@)/ (24", —27¢°) = ax(q)f (—2°q", —2¢")
+294(2, 4% ") — 290z, ¢*.4°)  (2.63)
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and by Theorem 2.10,
¢(q) = ax(q) +29h(¢*,4°) -

In [A5], [H1], and [H2], it was shown that the 5th, 6th, and 7th order mock
theta functions can be expressed in terms of the function g(x, g), where

1 00 (_l)nq3n(n+1)/2

g(x,q) = >

(@9 ,~—~, 1-q'x

We have shown that the 10th order mock theta functions y(q) and ¢(q)
can be expressed in terms of A(x, ¢), which is an analogue of ¢(x, q).

2.6 Proof of two theta function identities

In this section, we will prove two eta-function identities. Then we
will derive two theta function identities from these 2 eta-function identi-
ties.

We need the definitions in [KM].

Definition (the Dedekind eta-function) Let H = {z: Im z > 0}. Forz€ H
and q = €™, define

By (1.9),

Definition 2.8 (the modular group) The modular group is the set of linear

fractional transformations T, T(z) = Zj_ts, where a, b, c, and d are rational

integers such that ad — bc = 1. The modular group is denoted by T'(1). Let
I['o(N), where N is a positive integer, be the set of linear factional trans-
Sformations U, U(z) = Zﬁig, where a, b, ¢, and d are rational integers such

that ad — bc = 1 and ¢ = 0(mod N).
Clearly, I'o(N) is a subgroup of T'(1).

Definition 2.9 (a fundamental region) Let T be a subgroup of T'(1). A
fundamental region for T is an open subset R of H such that (a) for any
distinct points z\, zy in R, there isno T € T such that T(z|) = z3, and (b) for
any point z in H, there is some point z3 in the closure of R such that for some
T eTl, T/(z) = z3.
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Definition 2.10 (a standard fundamental region) Let " be a subgroup of
(1) with cosets A1, Ay, ..., A, in the sense that T(1) = UL, T4;. Then R is
called a standard fundamental region for T.

Definition 2.11 (a cusp) Let R be a fundamental region of I'. A parabolic
cusp of I in R is any real point q, or ¢ = 0o, such that q € R, the closure of R
in the topology of the Riemann sphere.

Definition 2.12 (a modular form of weight ) Let r be a real number. A
function F(z), defined and meromorphic in H, is said to be a modular form of
weight r with respect to I , with multiplier system v, if

(a) F(z) satisfies

F(Mz) = v(M)(cz+d)"F(z)

foranyz € Hand M €T,

(b) there exists a standard fundamental region R such that F(z) has at
most finitely many poles in R N H,
and

(¢) F(z) is meromorphic at q;, for each cusp q; in R.

The multiplier system v =v(M) for the group T, is a complex-valued
function of absolute value 1, satisfying the equation

v(MiM>)(c3z + ds)" = v(My)v(Ma)(ciMaz + dy) (crz + da)"

for My, My €T where M(z) =% My(z) =22 and M;(z) =

(MyMy) (7) = 22t i o
c3z+ds”

Let {T",r,v} denote the space of modular forms of weight » and mul-
tiplier system v on I', where I' is a subgroup of I'(1) of finite index.

Let ord(f’;z) denote the invariant order of a modular form f at z. Let
Ordr(f;z) denote the order of f with respect to I, defined by
Ordr(f;z) := +ord(f;z), where £ is the order of f at z as a fixed point of T".

Theorem 2.14 The Dedekind eta-function y(z) is a modular form of weight 1/
2 on the full modular group T'(1).

Proof. See Theorem 10 in [KM, p. 43].

Theorem 2.15 The multiplier system v, of the modular form y(z) is given by

the following formula: for each M = (Z Z) er(l),
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() Ggtmeretard e, if ¢ is odd ,

(ﬁ)C;i“idz)w(bic)ﬁ(dﬂ), if d is odd and either ¢ > 0
ord >0,

— () GO if i odd ¢ < 0, d <0

vy (M) =

where (54 is a 24th root of unity.

Proof. See Theorem 2 in [KM, p. 51].

Theorem 2.16 If f € {I',r,v} and f # 0, then
> Ordr(fiz) = pr

zER
where R is any fundamental region for T, and p:= 5 [(1) : T].

This theorem is called the valence formula.

Proof. See Theorem 4.1.4 in [R3].

Theorem 2.17 If 6., denotes the number of inequivalent cusps of To(N), then
Oc0 = Z (p((d,N/d)) )
AN
where ¢ denotes Euler’s o-function and (a,b) denotes the greatest common
divisor of a and b.
Proof. See page 102 in [SB].

Theorem 2.22 If my,my, ..., mg are positive integers, (m;,4) =2, 1 <i <4,
(m;,4) =1, 5<i <8, and the least common multiple of my,my, ..., mg is
90, then, for z € H,

n(miz)n(mz) - --n(msz) € {To(90),4,v} ,

where for M = <c € T'9(90) and a 24th root of unity (o ,

d

8
- c/mi ac(1—d*)/mi+d(mib—c/m;)+3(d—1)

Proof. Let
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Then d is odd since ad — bc = 1 and c is even. Then for z € H,
_ 12
n(dz) = vy(d)(cz+d)""n(z) ,

and for m | 90,

R e R G [T

Let 0(z) = n(miz)n(myz) - - - n(mgz). Then
8(Az) = v(d)(cz + d)*d(2) ,

where

_ a mb a myb
A_U”<c/m1 d )v”(c/mz d ) o

For 1 <i <8, by Theorem 2.15,

a mib\
O c/mi d )

H(C C;Zl —d?) /mi+d(mb—c/m;)+3(d—1)
d| '

i=1

(ofos ™)

C/Mi\ Lac(1—d?)jm+d(mb—c/m)+3(d-1)
O :

|d|

Hence,

Theorem 2.18 For z € H,

n(22)n(3z)°n(52)n(182)n(30z)5(452)n(90z)
= n(2)n(62)’n(182)n(302)5(45z)°
+n(2)n(62)n(92)*n(302)*n(452)5(902)
+n(2)n(62)n(92)n(152)*n(182)n(90z)° (2.64)
and

n(z)*n(62)n(9z)n(182)n(30z)*y(45z)

= n(22)n(62)n(92)’n(30z)*n(45z)
—n(22)n(3z)*n(182)°n(30z)n(45z)°
—(22)n(62)n(92)*n(152)*y(182)5(90z) . (2.65)
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Proof. Each of the 8 products in (2.64) and (2.65) has 8 eta-functions.
From Lemma 2.22, by a straightforward calculation, each term of (2.64) is
a modular form of weight 4 on I'¢(90) with the multiplier system v;, where

“ ") eroo),

for 4 = (C /
L1, (a— ad?—d)+4bd+3(d—1
Ul ( 4) <| |> C‘)O ) ( ) .

And from Lemma 2.22, by a straightforward calculation, each term of
(2.65) is a modular form of weight 4 on I'((90) with the multiplier system

v, where for 4 = (Z Z) € T(90),

Zc(a—ad®—d)+20bd+3(d—1

From [R3, p. 26], [['(1) : Ty(n)] = n[],,(1 —4—}7), where the product is over
all primes p dividing n. It follows that [I'(1): I'¢(90)] = 216. Let Fi(q)
denote the difference of the left and right sides of (2.64). Similarly, define
F>(g). By Theorem 2.17, the number of inequivalent cusps of I'4(90) is 16,
and by [NM, p. 337], a complete set of inequivalent cusps are 0, co, and
A/90 where |A] < 90/2 = 45 and (A,90) > 1. From [BS5, p. 282],if r,s € Z,
(r,s) = 1, then for any pair of positive integers m, n

2
r mn, s
ord (”(mnz); E) - (24m72

So, we can say that

(mn, s)* 1

-
d —) = P —
or <17(mnz),s> 24mn  ~ 24mn

for r,s € Z and (r,s) = 1. Applying Theorem 2.16 (the valence formula),
for a fundamental region R for I'j(90) with a set of inequivalent cusps

ci,...,c15,00, we deduce that for F = Fj or F,
4.216
Z Ordro(go) (F;Z) = T =72
zER

s
> ord(F;00) + Z ord(F;c;)
i=1
1

>
ord(F;o00) + 1524 %0

1
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Using Mathematica, we calculated the Taylor series of F; and F, about
g = 0 (or about the cusp x = oo) and found that F; = O(¢”?) = F>. Unless
each of F; and F; is a constant, we have contradictions to (2.66). We have
thus completed the proof of Theorem 2.18.

Now, we will derive two theta function identities from (2.64) and
(2.65).

Theorem 2.19 If |g| < 1, then

(@) (@50 (65002 f(=4%, —¢")

O (4% 4%)

2
1@ 4°) 0 (a":4") o (67 6%°) .
(@ 4%) s f(=4%,—¢")
2
*(q"%:4") (q"%:9')2, f(—4",—¢")
(% 4%) (@60, f(—=4*,—4"%)

—+

+

Proof. Dividing both sides of (2.64) by n(z)n(Sz)zn(l82)17(302)11(452)
1(90z), we have

nQ2)n(52) _ n(62)°n(452)° | n(62)n(92)*n(30)
n(z) n(32)*5(90z) n(32)*n(18z)

n(62)n(92)n(152)"n(90z)
n(32)*n(302)n(452)

B

Replacing #(nz) by ¢*(q";q")., and multiplying by g4, we find that

45; q45)

(@%@ 0% (4%4°)%(q
(43 9) (%5 4%)%

- (@ ¢)
(%4 (0% )2 (@5 %) o
2
(q3’ q3)oo( 18; q18)0c
2
2 (0%4%) o (0°:9°) o (4"%:9") 5 (7% 67°) o,
] .
(q37 qS)oo( 30; q30)oo(q45; q45)00

2
00
00

+q

+4q

Since

f(_”_” _M 2.67
q9,—4 ) - (q2n;q2n)oo ( : )
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and
n. n n. n 2
f(_qn _ Sn) _ (q ' q )oo(q6 7q6 )oc
) (an;an)oo(an;qM)oo

(2.68)

for each positive integer n, we finally have

(7307005 47)oe _ (4595 (=0 —4*)
(4:9) (@632
1@ 9°) o (a"%:4") . (6% 6%°) .
(@ 4% f(=4%,—¢")
(49" (6"%¢")% fF(—4,—47)
(% 4%) (@ 0°°) ., f(—=4*,—4¢"%)

which complete the proof.
Theorem 2.20 If |g| < 1, then
4% 4% S (=4, ) (=¢*, —4")
(@ 0) 0 f(=4*.—4)
(g4 S(=4"%—4") (¢7:7) 5
B f(=¢°,—¢*) (@ 9)
(4% (=47 4" (@%5°) (@)
f(=¢°,—q*") 9@ @) (=4, —q")
*(4":9") . S(=4"%,=4") (4"%;4") . (¢"%:4'") . [(=4",—47)
f(=4°,—q*") (@%:4%) 00 (@:6°) o [ (=4, —q")
Proof. This proof is similar to the proof of Theorem 2.19. Dividing both
sides of (2.65) by 1(22)n(32)*1(92)7(182)*1(302)5(45z), we find that

n(2)*n(62)n(302) _ n(62)n(92)*n(30z) _ n(452)
n(22)n(32)*n(18z)  n(32)*n(182)* n(9z)
n(62)n(92)n(152)*n(90z)

n(3z) n(182)n(302)n(45z)

+

Replacing n(nz) by ¢(q";¢"),. and multiplying both sides by —q72, we
find that

(@925 4% (64
(0% 6% (@35 %) (9'8:9'8)
(0% 9%) o (6%:0°)2 (6% 0" . (6%50%)
@) gb g @)
(4°:9°) 5 (4%19°) (0% 9")2 (61 6™ .
(@562 (0" 9') (6% 0%) (4% 4%)
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By (1.8),

=, ==, —¢*")  (¢*¢*)(*%¢) .

Multiplying both sides by ¢(¢'*;¢'*), f(—¢"%, —¢"*)/f(—¢", —¢’"), and
using (2.67), (2.68), and (2.69), we finally find that

f(—q",—q"*) (4% 4°) o (2.69)

4(d%4%) o f(—a, ) f (=4, —¢")
(%5 8) o f (=4 —4*)
_9(q"™:4"™) (=4 —4") 9(¢”:47) .

f(=¢°,—4¢*) (@°14°) s
Cq(q"%:9"™) (4" =4") (¢°:4°) (@)
f(=¢°,—q*") (@ @) f(—¢*, —q")
+q(q‘3;q18)oof(—q12,—q‘g)q(q”;qls)m(qlg;qlg)wf(—q‘s,—q75)
f(=4°,—¢*) (0% 4%) (@ 6°°) o f (=43, —¢"%)

which completes the proof.

3 Proof of the first identity

We will use (2.60) and (2.63) and need several further theorems to prove

(1.5).

Theorem 3.1 If 0 < |g| < 1 and x is neither zero nor an integral power of q,
then

(¢;9) oo f (—x%, —x2q)
f(_xv _x_lq)

f(=xX*q, —x7¢) + xf(—°¢*, —x3q) =

Proof. See Theorem 1.0 in [HI1, p. 643].
Theorem 3.2 For 0 < |g| < 1, x#0, y #0, and z # 0,
f(=x,=x"'q)’f (=7, =02) " @)f (=t =y 'zq)
= (=, =y q)f (—xz, = (x2) " @)f (—xz7" —xzq)

— 2 (=2, =2 ') f (—xy, — () @) (! —x )

Proof. See Theorem 1.0 in [H2, p. 663].
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Theorem 3.3 If'|q| < 1, then

(@ 0)oef 2.~z ') (227" ) _
(459
fl=zq, -2 ') f (¢, —z°¢°) = 2f (—z¢’, =z 'q) (-2’ , -z *q) .

Proof. This can be proved using a functional equation. Define

(0% @)oo (=2, —2 ') (2.27'7)

F) = (4:9)
—f(=2q,—z'¢)f(-Zq, -2 7*q)
+2f(—z¢’, —z 'q)f(-2¢°,—z%q) . (3.1)

By (1.8),

fl=2z°,—z"'a N f(zg°,z "¢ )
= (24 0") o ' T4 ) (@730 ) oo (—24% 0 o
x (—27'q7¢%) o (075 47)

(74" o
Q —Z)(l —Zqz)(l —zq*)

x(1=z7'¢ (1 =z71¢) (1 =2 )% ) (6% 0 ) s

% (_Z;q )oc
(1+2)(1 +z¢%)

(I+z'g )1+ (2" )
x(0%¢°)
= _275q79f(_27 _Zilqz)f(zazilq3) ) (32)
fl=zq", =z "¢ " f(=2¢",—z%q77)
= (2414 (z'a7"14%) (4% ¢%) o (24" %) o
% (z2247714%) (% 4°)

za- 6
= (1 e )l
ZZ .0
T (1 -
x (4%4%)

=—2°¢f(—2q,—27 ') f(-Fq,—z ) |, (3.3)
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and
f(=z¢",—z"'q)f(-2¢", —z2¢7")
= (2¢":47)(7'0714%) (6% 4%) o (F4" 1 ¢%)
X (27271490 (6%4%) o
(2% 4°) 1 sy
Zm(l—z '47)(= 1‘1;616)00(616;616)oo
(22‘]5;‘]6)00 -2 _—11 —2 5N/ -2 . 6
X 1 — 1-— ;
=24 _qun)( z7q )1 =z27¢7)z7q:9")
x (q%4%) s
=2 f(—2¢’, —= ' f (74’ —= %q) - (3.4)

From (3.1), we see that F(z) is analytic for all z # 0, and from (3.2), (3.3)

and (3.4), we conclude that F(z) satisfies the functional equation

F(zq%) = —z73¢7°F(2) .

By Theorem 2.11, either F(z) has exactly 5 zeros in the annulus
1g°| < |z] <1 or F(z) = 0. We shall prove that in this annulus F(z) has
zeros at 1, —1, g, ¢%, ¢*, and ¢°. It’s clear from (3.1) and Lemma 2.1(iii)
that 1 and —1 are zeros of F(z). By (1.8), (1.9), Lemma 2.1(iii) and (iv),

2.2 o 2
F(q) — (q ' q )ocf((q7Z)7 q)f(qaq ) _f(_q27_q4)f(_q37_q3)
= (79 f (0, 6) — (750 f(—4*, —4°)
3

_ 3.3
=(4:9)(—q q3)w(—q2;q3)m(q3;q3)m%

— (50 (d%4°)2(¢% 4% .
-0,
F(@) = =f(=¢", =) (=0, —¢") + 4" f(—=¢" =4 (=4, —¢")
= —f(=¢",—¢")f (=4, —4")
+4' (=g "V (=0, —¢")(=a ) (-4, =)
-0,
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and

(%6 of (=47, =) (q7%,4°)
(4 9) 0

+4"°f(—¢*=4")f (=4, —¢")

(@) S (0. =) (4, 4°)
(4 9) s

—qf (=", =V (-, —¢)
-0 .

F(q) =

=9

Thus, by Theorem 2.11, F(z) = 0, which completes the proof.

Theorem 3.4 If |g| < 1, then

(%990’ 0) o (¢ ) f(=4",—¢")
(4:9) ( 7*")
4(%547)(¢"% ¢ )oc(q 1) S (=4°, —4")
f(=q,—g")f(=4*,—4°)
P A A G et VA G A ’fld’,q%)
)

30

q (=4, —q")
(49) (9" 9"°) o f (—=¢°, —¢*")
L1466 (8 ~a)f (=7, 7)1 (¢%q")
(@9) (4% 4"°)  f(=4°, —¢*") '

Proof. By Theorem 3.1 with ¢ replaced by ¢'* and x by ¢* and Lemma
2.1(v).

4@ 2o (@0 (0" 4") o S (=47, —4°)
f(=q,—¢*) f(=q* —4°)

5.5 30. 30
- ,J?()O;(qq;;] S (=g -®) ~ 1) . (35)

By Theorem 3.3 with ¢ replaced by ¢° and z by ¢’, (1.8), and Lemma
2.1(iv),

(@) f (-7 e (=4, —4") 1 (d,q")
(4:9) 5 (g"° )oof( 9 —q*")
+q3(q5;qs) (¢ )oof( —q*)

( —4%)



Tenth order mock theta functions in Ramanujan’s Lost Notebook 545
_ (@967 ((qlo;qm)oof(—rf,—q7)f(q7,q8)
f(=a,=4")f(=4°,—¢*') (°9°)
+af (=4, (=4, —q2‘)>

5.,.5 30. 30
:f((_qq’ijf;}q(_;qg 2221)f(—q1‘,—q‘9)f(—q12,—q“‘) : (3.6)

By Theorem 3.3 with ¢ replaced by ¢° and z by ¢'3, and Lemma 2.1(iv),

9(¢;¢%) f(—q, ¢*)f(—q ,—q7) *f(¢%,q")
(4:9)0(4"54") o f (—¢°, —¢*')
4@ 0°) (6 47°) o f (=45, q”)
f( 4, —q*)
_ 4% 4) (%47 ((qm;qw)oof(—rf,—q7)f(q2,q”)
f(=4,—a" (=4’ —¢*") (2% 4°) o
—f(—qg,—q”)f(—qg,—q”))

_f(qu ;_qql?f(?_;g _);‘;I)qu(—q, —4”)f(—¢", —¢") . (3.7)

Adding (3.5), (3.6), (3.7), and applying Theorem 3.1 again with ¢ replaced
by ¢'* and x by ¢°, and using Lemma 2.1(iv) and (1.8), we find that

q
f(=4,—g")f(—q*, —4¢°
+(q3°;q3°)ocf(—q27—q8)f -, -4")1(d,q%)

4(0%9°)(4":4") o (0% 67°) o S (=47 —4°)
)
(¢’ —q
(494" ¢") o S (=4, —¢*")

L9007 (=0 =)/ (=4, —q")’f(4*.4")
(4 9)5(4"%5¢") o S (—=¢°, —¢°")
(@50 (6°:4) S (=4, —4")
S (=4, =" (=4’ —¢*")
< (f(=q",—4") + ¢’ (=4, —4"))
_(@9)x (6130;6130) f( q‘27 —4") (4"54") s/ (=4",—4°)
f(=4,=a)f(=¢°, —¢*) f(=4*,—4")
_ () ( 5)oo( ) f(=4",—4")
(,q) ( —¢*) '

This completes the proof of Theorem 3.4.

Theorem 3.5 [ 0 < |q| < 1 and a, b, ¢, and d are nonzero complex num-
bers, then
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-1 b a
0 = af (~ab, —(ab) q>f<—, —q)
d
xf(—cd,—(cdﬂq)f(—g —;q)

+bf (—be, —(be) "' q)f

/l_\
| o
|
| S
Q9

~_

x f(—ad,—(ad)"'q)f

/T\

+¢f (—ac,—(ac)"'q)f

/I\

U ol NI o
|

S I QI o
&)

(b~ o (- 5.~ 5a). (3.8
Proof. First assume that a, b, ¢, and ¢ are fixed complex numbers with
lg| < la| <1, |g| <|b| <1, and |q| < |c| <1, and that a, b, and c are
distinct. Let g(d) be the right side of (3.8). Then it is easy to verify that
g(d) is analytic for d # 0 and satisfies g(dg) = ¢~'d2g(d) by Lemma
2.1(iv). By Theorem 2.11, either g(d) has exactly 2 zeros in the annulus
lgl < |d] <1 or g(d) =0 for all d #0. Applying Lemma 2.1(iii) three
times, we can show that g(d) has 3 zeros at d = a, b, and ¢. Hence (3.8) is
true for all nonzero d in this case. Now we can apply the same argument
to each one of a, b, and c¢. So by analytic continuation, (3.8) holds for all
nonzero values of a, b, ¢, and d.

Theorem 3.6 If |g| < 1, then

(4"%:9") (% 47°) o (4% 4%) o S (4", —4"®)
(@°:9°) o f (—=4°s —4*")
_(@%0)(d%:4%) . (@67 f (=%, —¢*)
S(=4"%,—¢*)f(—q", —q™)
90; q90)

_|_

7°(¢*;d%)2 (¢ >
S (=%, —q®)f(=q", —¢*")

_ 12 _ 33 34
X(f(_;lw, q°) | f(=q,—q )) ' (3.9)

f(=4%,—¢*") +f(—q2‘,—q69)

Proof. In Theorem 3.5, replacing g by ¢°°, a by ¢*3, b by ¢°, ¢ by ¢**, and d
by ¢'° and applying Lemma 2.1(iv), we find that

0=q"1 (=4 - (=4, -4V (=¢*, - ) f (=4’ —¢"")
+ 71 (=47, —4) (="' =) f (=4, —4*)f (—4"*, —4")
+7*f(—q®, - (—4’, =" ) f (=", =) f (—q 2, —¢'™)
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=—q3f(—q3",—q (=4, =) (¢, =) [ (- q,—q h
+ 01 (=", —4") (=4, =" ) f (=4*, =) f(—4"*, —47)
—4"f(=¢", =) (=4, qs‘)f(—qlga—qn)f(—q ,—qm).
This implies that
ST, =) (=¢"" =4V [ (=", —4") (=4, —47)
= (=, = (=4, =4V (=¢”, ") f (=4’ —¢"")
+ (=", =N (=4’ =" ) (—4",—4") [ (—4"*, —4"*) .

)

(3.10)

In Theorem 3.2, replacing g by ¢°°, x by ¢'%, y by ¢*', and z by ¢°, and
applying Lemma 2.1(iv), we find that

f(=4"=a" 1 (=", —qéo)f(—q”, -q")
= /(=4 =¢"V 1 (=4, =4")f (=¢", —¢"")
+q9f(—q9, "/ (=¢*, - (-, =4") . (3.11)
Then, by (3.10), (3.11), and (1.8), the right hand side of (3.9) equals

54)

(@:4%) o (4%:4%) . (¢”; ¢° ) f(=4*,—q
f(=4',—=¢*")f(=q"%, =)
°°;q ) (—4",

N q9(q45;q45)2 q 2 —q®)
f(=a%,—=¢¥)f (4", ") f (—4%, —¢*")

N 7 (q%:9%)2. (4™ q )iof(—q3,—q42)
f(=q%,=g®)f (4", —¢*)f (—¢*', —4%)

:(q”;q”)oo(q ¢’ )oof(—q % —¢*)

f(=q7,—q%)f (—¢', —¢)

N @) f (="~ (4>, —4")
f(=q"%,=q") f(=¢*, —4¢)f(—4*, —¢°")

N q9(q 7*)% (4% %)} f( 7, —q%)
f(=4%,—4%)f(—q ‘8 —*)f(—=¢*, —4%)

(4”542,
F(=¢°, =) f (=48, —¢)* f(—¢7 —q (= q”, —4*)
X (f(=4 = (¢, —¢*)f (—q (=4, —4"")
+¢ (=07, =NV (=", =" (4", —4")f (=4, —¢™))
q9(q45; q45>io ,
f(=q%,=¢¥)f

—q’
—-q

+

(¢*;4°)2 S (-4 *q“z)
(—=q"%, =’ f (=¢*', —¢%)
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3
_ (@54

F(=¢% =) (—=q'"%, =) f (=¥, =4 (—¢*¥, —¢))

N (@) f (¢~ f(—¢*, —¢*)
T4~ T~ -, %)
(@ ¢%)]
(= = (=g, — ) f (¥, —45) [ (¥, —7))
4 48
X ;E_Zﬂ’ 3693 (=", —a*)f (=", —4®)f (-4’ —¢*")

(@ 0°) o f (—4*, —q")
S, =) (=@, =) f(—4"8, =" [ (—4*7, —¢%)

X f(=4"%, —a™f (=4, —¢®)f (—¢"*, —¢"%)

(q18; q18)oo<q30;q30)00(q45;q45)00f(_q12’ _q18) -
(qg;qg)oo (_q97_q21)

We are now ready to prove the main identity.

Theorem 3.7 (First 10th Order Mock Theta Function Identity) For |¢| < 1,

2oy Wog) —Y(0?q)  q(¢% 4% f (=4, —)f (=4’ —¢")
7o) w-—w (6% @)oo f (4%, =) '

Proof. First we will examine ¢(q).
Observe that

(_ 1 )"q5n2+15n+7zfn71 ~10n-9,, (_1)"+1q5n2+5n7227n

4 —
1 — gl g=10n-9, — 1 — g 109

Fy =

Then replacing n by —n — 1, we find that

(_ 1 )”q5n2+5n72zn+1

1 — qIOn-HZ

F,a=
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So, by (2.39),

-20(z47*,¢*,q°)

20 n(n n _ 1
o Z (—l)nqs ( +1)q2(2 +1)(Zq 4)n+
- n=—00 1 - q5(2”+1)zq*4

n_Sn(n o CA—n_1
. i (-1)"g° ( +3)+5q2( 2 1>(zq 4)

[P——, 1 — q5(2n+1)(zq_4)71

00 (—])”q5”2+5”722”+1 0 (—1)”q5”2+15”+72ﬂ1*1
= Z 1— q10n+lZ 4 1 — qlolzhu)Z,]

> ” 5" +5n— 2Zn+1

=2 Z lOn-HZ : (3.12)

Replacing z°¢* by z in (2.63) and using (3.12), we find that

n Sn +5n—1 n+l

¢(61)f( —Z,7Z 1q10 =2 Z 1_q10n+1

n=—00

+ax(q)f(—z,—z'¢") + 294(zg *, 4", ). (3.13)

Replacing ¢ and z by ¢° and ¢, respectively, in (3.13), multiplying both
sides of (3.13) by ¢?, and using (1.9), we find that

2 a0 0 s %) (_l)nq45n2+45n—9q30n+30
(a7 q )oc¢(‘1 ) =2q Z 1 — ¢o0n+39

n=—00

+7a () (@ 0°) . + 24" (a7, 4", 4"). (3.14)

Replacing ¢ and z by ¢° and ¢, respectively, in (3.13), multiplying both
sides of (3.13) by ¢?, and using (1.9), we find that

2 % a0 0 , (=) q45nl+45n—9q60n+60
g9 (g q )oc¢(q ) =2q Z 1 — go0n+69

n=—00

+ 70 (0) (@ 0°) + 29" 467, 4", q7) . (3.15)

Adding (3.14) and (3.15), dividing by 2, and applying (2.36), (2.40), and
Theorem 3.6, we find that

(@) </’>(q9)
"’ 45n +75n+23 00 (_ 1 )nq45n2+105n+53
- Z 00+ + | — 006

n=—0oQ n=—0Q

+q az(qg)(q %4 + 4" (4(g7%q",¢%) + 4(¢*, 4", "))
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n 45n +75n4-23 00 n 451> +105n453
(=D"q

- Z PR + Z 1 — %069

n=—0oo n=—00

7 (@4%) . (4%54%) (6" 6”) o S (=, =)
f(=q"%,—¢*")f(—q'8,—q")

7" (4%:4%)2 (4% 4°)2 (J;(—q —q*) f(—q3,—q42)>
(=%, —g®)f(=4'%, —¢*") \f (=¢*°, —¢°")

_|_

o ( 1)n 45n>+75n+23 > (—1)" 45n>+105n+53

- Z _1_qq90n+39 + Z !

— 290n+69
e = l—q

18. 18 30. 30 45, 45 _ 12 18
2(@%50°) (@ 07) o (@P50) o (=47, —q"°) . (3.16)

T (@:4°) o f(=0°, —¢*")

Now, consider /(q).
First, observe that

(_ 1 )nq5n2+15n+6zfn71 q710n77z (_ 1 )n+1q5n2+5n7127n

I N A Y

G, =

and replacing n by —n — 1, we find that

(_1)"q5n2+5n712n+1

l—¢q

G ,1=
n 10n+3,

Thus, by (2.35), we find that

B 00 1 an(n+1)+2n+1 q72 n+1
_ZQ(Zq 27%45): Z ( ) 1 — ( 2 )

- (2n+1)2q7
n nn n— —2\—n—1
N Z 5 +3)+5-2 1( zq 2)
_o\—1
B 2n+1)( zq 2)
(_1)"q5n2+5n—lzn+l 0 (_1)”q5n2+15n+62—n—1
- Z 1 — glons3; + | — glons75-1

n=-—00

0 (_l)nq5n2+5n712n+1
=2 Z 1 — gl0n+3; : (3.17)
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Replacing z3¢? by z in (2.60) and using (3.17), we find that

. 10 ” Sn +5n n-H
V() f(—z,-zq") = 2n;wW
+ai(@)f (=2,—27'¢") +294(z4 %, 4,4°) . (3.18)

If w is a primitive cube root of unity, then
[(=0,-0¢") = (0;¢") (w2q1°7 7"")0(9"%4")
=(1-0)(q";¢")
So, replacing z by w in (3.18), and applying (2.36) and (2.40), we find that

(@4 ¥ (q)

2 e ( 1) COn-%-lqﬁn +5n
- > 1 — wglon+3

2q _
+a1(9) (7 0°) + 1= —A(og 2.4,9°)

1
2 e ( 1) n+1,,5n%+5n
71_60}1;00 l_waoqn+3
4@ (qm;qm) (¢ ) (—¢* —4%)
f(=4,=a*f ( q°)
2w-1) (g% C])z( ) f(-0’q, —og*)
- > . 3.19
SRt o) O
In Theorem 3.1, replacing ¢ by ¢° and x by —w?q, we find that
167,69 - wPaf (g = O COT0) ()

f(e?q, 0q*)
We examine the last expression in (3.19). By (3.19), (3.20), and (1.8),

2w—-1) (¢%¢)2(q"%q"°) f(—?q, —oq)
3 (=& =) (—=q,—4*)f (—og*, —0q7)
2(w-1) (¢'%¢")) f(~?q, —0q*) f(—0’¢, —wq)
3 f(_q7 _q4)f(_wq37 —6026]7)f(—(,02q37 —606]7)

_ 20 -1)(@"%") S (=4’ —4")f (—0’q, —0g*) [ (—0’q’, —q)
3 (=4, =" )f(=¢’, —¢*")
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_ 20 - 1) (@) f (=4, ~¢") [ (~0’q, —~0g*) f(~0’¢’, —wq)

3 f(=q,—¢*)f(—=¢°, —¢*")
f(w?q, wq%)
f(w?q, vq*)
_2(0 -1 (@6 ) i 61, -¢*)f(-¢*,—¢")’
3 (:9) (9" 9") o f (=4°, —¢*")
) S (—0g?, — 2q3)
f(0?q, wg*)
20 -1)(¢"¢"), f(*qzrqg)f(*qﬁff)z
3 (4:9) (4" 4"°) o f (=4°, —¢*")

x (f(q',4%) — @*qf (4%, 4"))
_(@¢") S~ —d" ) (-4, —4")
3(¢:9) 50 (4" ') o f (—=¢°, —¢°")
X (2w —=1)1(q",4") — (4 +2w)qf (¢°.4")) . (3.21)

By (3.19) and (3.21),

(q30, 30)

ConJrl an +5n

1 _ wq10n+3

(615,615)00( 10, 10)(,0(613%3") f(=4*,—4")
f(=q,—q*)f(—q* —¢°)
(@ ¢) o f(~4*, ") (—¢*. —q7)’
3(4:9) (4" ¢'0) o f (=47, —¢°")
X (2w —=1)1(q",4") — (4 +20)qf (¢°.4")) . (3.22)

i /—\
8M8 S

If we repalce w by ®? in (3.22), we also find that

(q3°,q3°) W(q)
” 2(n+1) 5n%+5n

q
—1_ wz Z — w2ql0nt3

4@ ) (q“%q“)) (q3°7q“°) f(=¢*—4"
f(=q4,—a")f(—q* —4°)
(%) f(—q ,—6178)f(—613,—q7)2
3(4:9) 0 (@' 6"0) o f (=45 —¢*")
x (2 = 1)f(q",q%) — (4+207)qf(¢*,4"7)) . (3.23)
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Separating terms in (3.22) and (3.23) according to the residue classes n = 0
(mod 3), n =1 (mod 3), and n = 2 (mod 3), we find that

o) (_1) w”“qS” +5n e (_1)’lwq45n2+15n
Z — o 0nt3 — 30013
= 1—oq = 1—og
o0 2 45n +45n+10
- Z — 1 30n+13
P 1 og-
o0 ”l 45n +75n+30
+ E: wq30n+23
n=-—00
and
e (_1)”w2n+2q5n2+5n s ( 1)’1w2q45n +15n
Z — 2 lnt3 — 230013
= l—wyq L 1—wXq
o0 45n +45n+10
N Z l_wz 30n+13
n=—00
o) 'l 45n +75n+30
+ Z a)2 301423
n=—00
Next,
2
1 e (_1)”wq45n +15n N 1 0 (_1)”w2q45n +15n
1—w Z: 1 — wgdon+3 1 — o2 ; : 1 — w2gionts
n=—0o0 n=—0o0
2
Z % 45n +15n -1 + w
—1_ a)2 . 1 — g3 T 1 = 2g30nt3

_ Z )’ 45n s (F1+ o)1+
wz (1 — g0 3) (1 — w2q?0m3)

n=—00
60n+6

__Z n45n+15n1_q
- 1 — g%

n=—00
1 o0 ( 1)'1 2 45n% +45n+10 45n +45n+10

l—wz o

R Y T wz Z 1 _ wz 30n+13

)" 45n +45n4+10 -0 T w
—1_ wz § : 1 — wgd0n 3 T T = 2g30m 13

n=—0o0

) 45n +45n+10 (1 — w?)g?0nt13
a)2 (1 — g3 +13) (1 — 2g30n+13)

n=—0oQ

1 — g30n+13
_ ( 1)n 4502 +75n+23 q
= E: q 1 — 9039 >

n=-—0o0 q
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and
1 o) (_1)nq45n2+75n+30 n 45n +75n+30
1 — wnZOO 1 — wg?on+23 1 _ wz Z w2 30n423
Z ) 45n 751430 l+o " 1
1 _ w2 = 1 — wg?n+23 T 1 — 2gR0n+23
2
Z n 45n +75n+30 l—o
1 _ w2 = (1 — wg+23)(1 — w2 +23)
30n+23
_ Z ( 1)" 45n2 +75n+301 —q "
o q 1 — g%0n+69 -
n=-—00

Adding (3.22) and (3.23), dividing by 2, and using the three identities
above, we can easily verify that

( 30. 30) lp( )_ - i (_l)n 45n2+15n1_q—60n+6
939 )c¥W\q) = q 1_q90n+9
n=-—00
_ i (—1)"g*" +75"+23ﬂ
n=—00
) 45n%+75n+30 1-— q30n+23
s n
n=—00
4% 4) (44" (61 ¢) o f (—4. —4°)
(¢, ") (=¢* —¢%)
AT ( 7 R N/ (=g, —q)
3100 (624 ] ()
(0 =1)f(q’ ) 2+ w)qf (¢ q"))
(@9, ( q,—q)f(—q,_q)
3(61,61)00( ) _f(~¢°, —¢)
((a)2 l)f( ) (2+a))qf(q g ))
L g =
=T 1 —_ q90n+9
- i( Dk 45"2+75n+231L30nJr13
! 1 — g%0m+39
n=—00 q
+ Z )" 45n +75n+}01L30n+23
- 1 —q90n+69

4005 9)0(4"% ") (6% ¢7°) S (=47 —4°)
f(=q,—4*)f(—q* —4°)
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(@ q

) oS (=4 B N (—a*, ") f(q,4%)
(954" ¢") o f (—=4°, —¢*")
q(;¢°) . f (=4*, —4")f (—q
(4:9)5(¢"%5¢"%) o f (—¢°,

+ 37 _37)2f(q27q13) ) (324)

7*")
Applying Theorem 2.19 and Theorem 3.4 to (3.24), we find that

(@ 0°) W (q)

e 1 60n+6
_ Z (_1)” asn?+1sn L — 4
T2 q [ — om0
_ i (-1)" 4524750423 1 — gt
q [ — 00n+39
n=—o0 q
00 4524750430 1— q30n+23
n n-+75n+
+ Z (=1)q 1 — o0+

(0% 0%) oo (@75 0°) o (@ 67°) oo S (—4"%, —q"*)
(@ D) f (=%, —4*")

— Z (_l)n 45n%+15n 1- q60n+6
= q 1 — go0n+o

n=—0Q

_ Z (-1)" asn247sne23 L — gt
q [ — g+

n=—00

30n+23

l—g¢
n 45n +75n+30
+ Z 1 — q90n+69

N (q3o;q30)ocf<_q12’ _qIS) (q6;q6)iof(_q457 —q45)
)

(=", =) (@ ¢%)2
(@6 (4%, —4") 4(®; 8°) . (0"
f(=¢°,—¢*") (@ 4)
(@ ¢%) S (=4, —¢")
f(=4°,—¢*)
2(g'5: ') (q"%; 18)?>cf —g'5, —g7s
: 83;;)00(@’%;q9%)00f(£q§1, —q‘sq) . (3-25)

10" (%5 47°)
- (

)
—q*,—q")

+
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Using the identity (3.25) twice, we find that

30 30) ‘P(WQ)—lﬁ(wZQ)

@0 ) o o
300413
_ )" 7 +75n+23w —q
T o wz 1 — g%+
n=—0o0
30n+13
)" 4 2475n423 P — 4
a) wz 1 — g0t
n=-—0o0
00 2 30n+23
i 1 (—1)" 454750430 | — @07°¢q
@ — 02 q [ — go0m+e
n=—oo
00 30n+23
_ 1 (1) asn?+75n430 L — @
o — o2 q | — o060
n=-—00
30. 30 12 _ 18
(@q") oS (=a " —q")
+ 9 _ 21
f(=¢°,—q*")

y (q(q";qg)oo(q‘g;q‘x)oo(q”;q”)oo
(@ @) S (—¢°, —q")
2
7*(4";4")..(q qlg)oof(—q”,—q”))
3

(@ 4°) (@ ¢°°) o f (=4, —q"%)
B 200: Vl 45n +75n+23 N XOO: (_1)"q45n2+105n+53
9011+39 1 — q90n+69
n=—00 n=—00

q(¢'%; 4" )oo(q”;q”)oof(—q”,—qlg)
(@) f (=4, —4")f (—4°, —¢*")
15. 15 18. 18 15 75
X<<q9;q9)w(q30;q30)004(q 34 )oo(‘gqgvof;]qu)o)co{( q9-—9 )) )

(3.26)
By (3.16), (3.26) and Theorem 2.20, we find that
Y (og) — !P(w2Q)>

(@ ¢%) <q2¢(q9) -
PR URt ) M CRT O N T 0 NG A )

(@°:9°) o f (=4, —4*")
q(4'%9") (7)o f (=", —q"*)
(%6 f (=%, —4) [ (=¢°, —¢*")

9(¢"%:4%) . (4"%59") S (=", —47)

(@”:90") (047 @)
(g% 4% ( )oof( )f(—q37—q12) . (3.27)
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Dividing both sides of (3.27) by (¢*°;¢%)
of Theorem 3.7.

we complete the proof

00°

4 Proof of the second Identity

We will use (2.60) and (2.63) and need several further theorems to prove

(1.6).
Theorem 4.1 If |g| < 1, then

(7507 (@:4°) 5 (@5 4°) o f (—4°, —¢**)
(4 9) S (=4 —4*7)
_ (0%4)(0"4") . (67:4%) o [ (=4, —¢°)
S (4%~ f(—4* —4®)
@500 f(=a' =) (=g, —¢°)’f(q*.4")
(49 5(9"%9"°) o f (—4°, —¢*7)
(@ ¢) o f (=", —4°)f (4. —4°)*f (q.9")
(49) (4" 9'°) o f (=%, —*") '

+

Proof. By Theorem 3.1 with ¢ replaced by ¢'° and x by ¢?,

(@:0°) o (@%:4%) . (4"°54"0) o f(—4*, —4%)

f(=¢*—4*) f(=¢* —q*)
5.,5 30. 30
_l ’Ji’()_?gf’_;;) L (1(=g",~q) + F (' ~) . (@)

By Lemma 2.1(iv), (1.8), and Theorem 3.3 with ¢ replaced by ¢° and z by
g'', we find that

(@ ¢") o f (=", =4 (0. —¢°)’f (¢*.4")
9(4:9)5(9'% 9" o f (—4*, —¢*7)
(0 0)5 (@ 67°) o f (4", —¢"°)
f(=4*—4)
_ (@50) (64 )s ((qlo;qlo)wf(—%—qg)f(q“,q“)
af (=¢* =) f (=4*, —4*7) (2%:9°)

+

+af (4", —q")f (¢, —q27))

5..5 30. ,30
= qf((jlqﬁq_);gjv@; >i°q27)f(q6, ¢/ (=4",—4") . (4.2)
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By Lemma 2.1(iv), (1.8), and Theorem 3.3 with ¢ replaced by ¢° and z by ¢,

(@%¢°). f(=q*,—a)f (=4, -¢°)*f (4,4'*)
(:9)5(4"%4") o f (=%, —¢*7)
7 (0%:9°) o (@4%°) o f(—4*, =)
f(=¢*—¢*)
__ (£34°). (a4 ((qlo;qlo)ocf(—q,—q")f(q,q”)
f(=¢* @) f(—¢* —¢*7) (@5 4)

+

+ ¢ f(—q¢*, ) f (¢, —q27>>

_ (@59)a @56 6 v 73
_f(_qz’_q3>f(_q3,_q27)f( q,—4 )f( q,—4 ) (43)

Adding (4.1), (4.2) and (4.3), and using (1.8) and Theorem 3.1 again with ¢
replaced by ¢'° and x by ¢, we find that

(@:0°)(4"%9") (6 6°) oo S (—¢*, —4°)
f(=¢*—*)f(—4* —4*)
(@ ¢) o f(=q", —a°)f(=q. ")’ f(¢*,q
9(4:9)5 ("% ¢"0) o f (=4, —¢°7)
N (@ ¢) o f(—4*, =4V (—=q.—4°)’ [ (q.4")
(q'q) (q‘o;q“’)oof(—q3,—q27)
$0°) o ( 7)o /(=% —¢**)
f( ) f(—4* —4¢*7)
x(f(—4",—4") +af(=q’,—4*))
(@ q)oc( ) o S (=4 =) (6" ¢") o S (4% —¢°)
qf
 q

11)

_ (@

—q’

(-4 — ) (—q —4°7) f(=4,—4°)

)o@0°) (@ 67°) o f (=4°, —4*)
q(q,q)xf( 7, —q*) '

We thus have completed the proof of Theorem 4.1.

_ (¢

Theorem 4.2 If |q| < 1, then

7(q":4") (@ 47°) . (6 47) o f (—4°, —¢**)

(@%:0°) o (=4*, =¢*")
_ 29 (6%147) (67 6) o/ (=4, —q
F(=¢, =) [ (=4, —¢**)

72)
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"(¢* ) (4°%¢°)2
g® q )f(—q9,—6136)
f(=¢"",—¢*) f(—q(’,—q”)>
(—q fJ) (=, —4"))

q
S

(4.4)

Proof. In Theorem 3.5, replacing ¢ by ¢°°, a by ¢°', b by ¢*!, ¢ by ¢*, and
d by ¢'3, we find that

_qSIf( 72)f(_q730 _q120)f(_ 27 _q63

This implies that

7°f(—q )f( 7, -4 )f( 7% - (—4° —¢*)
:—q7f( = (=4, =) f (=¥, =P f (=4, —q")
+q' f(—a"", =4V (=", =4OV f (=™ =) f (—4°%, —4™) .

(4.5)

Replacing ¢ by ¢°°, x by ¢*°, y by ¢, and z by ¢*’ in Theorem 3.2,
and applying Lemma 2.1(iv), we find that

—af (¢, "V (=4, —¢®) f (—*, —¢*°)
= f(-¢ —q87)2f(—q27,—61"3)f(—q9,—q8‘)
—af (=", ="V f(=¢°, -’ ) f (=, —¢"") . (4.6)

Let R(g) denote the right side of (4.4). Then, by (1.8), (1.9), (4.5) and (4.6),

q7(q30;q30)00(q45;6145)00(6190;q90)oof(_q187 _q72)
S (=4, =) f(—=¢*¢, —¢>)

0 (q%;4%)% (@ )2 f (—¢*, —¢*)

(=%, =¥ ) [ (=4°, =) f (=43, —¢"7)

q(q45'q45) (¢” ) f(=4°—4*)

f(=4%,—¢* )f( ) f (— q37 q7)

R(q) =

/

+
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_ 469" (q90,q9°)ocf(*q18,*q72)
f(=¢°,—¢* )f( S, q54>2
7™ ¢)f (—¢*', —4%)f

)f (—¢**, —¢%)
S0, =) (—4*, —4*) [ (—q ” —4°7)
N q(q“,q“s) (9°,q9°)?',o (—4°,—4%)
f(=4%,=4¥)f(=¢°, =) f (— q3,—q ")
(q90’q90)

F(=a% =) (=a%, —¢%)*f (=4%, —¢")f (=4, —¢%)
x(q'f (=", =) f (=4, =) f (=", =) f (=4, —4°T)
' f(=a"", =4 f(=a"7, 4P f(=q**, =) f (—4°°, —¢™*))

q(q®; q45) (4" q”) f(—4% —q*)

+f(—q =) (=@, =) f (4%, —¢%")

(@;¢%)2.
(== (=4, = (=g, =) f (7, —q%)
x> f(—¢", —¢*")f ( N (=4 ) f(—4°, —¢*)
6

N q(q9° q9°)iof( =" (=¢*, —¢"")
S (=@ = (=4, =) f (=4, —4"7)

(q907q90)
S = (0 ) (—4P, —a")f (—g¥T, —¢%)’
Xf(—qﬁ, 84)( 25/’( )f(— 27 63)f(_ 9 _ 81)
f(—q3, 87) q? q q ,—4 q,—4

—qf (=", —4®V [ (=¢*, ") [ (—¢>, —¢"))

_ (q3° q3°) f(=4° —q%)
S (=2, =) (=@ =) f (=4, —¢*") [ (—4*7, —¢)
x (af (=40, =) f (=4, —¢®) f (—¢**, —¢°%))

_ a9 (@0%) (67340 S (=45 —4*)

B (@ 0°) o /(=% —4%")

We are ready to prove the main theorem.

Theorem 4.3 (Second 10th Order Mock Theta Function Identity) For
gl <1,
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wp(wg) — 0*d(?q)  f(—q,—9)f (=4°, =) (@*; ¢°) .
®— o - (=43, —¢3)

qa () +

Proof. The proof is similar to that of Theorem 3.7 in the previous chapter.
First we will examine (g). Replace ¢ by ¢’ in (3.18) and multiply both
sides of (3.18) by ¢ 2. If z = ¢, then, by (1.9),

5 n 45n +75n+28
q (q ’q =2 Z 1 _q90n+57

n=-—00

+q2a1() (7% 7)o +2474(¢"%. 4", q%) . (4.7)

Replacing ¢ by ¢° and z by ¢®° in (3.18), multiplying both sides by ¢~2, and
using (1.9), we find that

1 n 45n +105n+58

-2
q (q MI —2 Z q°0n+87
n=—00
+q %)% ¢ )oc+2q7A(q q.q") . (4.8)

Adding (4.7) and (4.8), dividing by 2, using (2.36), (2.40), and Lemma
2.1(iv), and applying Theorem 4.2, we find that

a2 q7) ¥ (d)
(_ 1 )”q45n2+75n+28 e (_ 1 )nq45n2+105n+58
- Z | — go0n+s7 + | — o087

n=—00 n=—00

+qa1( @)@ 7). +q'(4(a"%. ¢, q%) + 4(¢%. 4", ¢%))
B ic: (—1)” q45n2+75n+28 N o0 (—1)” q45n2+105n+58
- 1 _ q90n+57 1 — q90n+87

n=—00 n=—00

4" (@ 0°) . (4%;4%) . (7 67°) oo f (—=¢"*, —¢"%)

f(=°, =) f (=%, —¢**)
2 2
N 4’ (¢%;:9%) (4" ¢)5
f(=q%, —q45)f(—q9 —q“’)
y (Jf‘(—qz‘,—qz“) B —4° ,—q )
(—4*,—q"") 7, —q%")
00 n 45n +75n+28 00 ( 1 45n +105n+58
- Z o057 + Z | — o087
n=-00 n=-00

_q(q"™;q! )oo(q”;q”)x(q“s;q“s)wf(—qﬂ—q24)

(@°:9°) o f (=% —4*7)
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We now consider ¢(q). Replacing z by w in (3.13) and using (2.36), (2.40),
and Lemma 2.1(iv), we find that

(% 4) . $(q)

2 ) ( 1) wn+]q5n +5n—1
o X g @@

n=—00

2q _
+1—oAlog D
—

2 i ( 1) wn+]q5n +5n—1

“1-o 1 — aglontl

N (0°4°)5(@"4'") (0% ¢°) o S (—=¢*, —4°)
S (=4~ f(=¢* —4®)
2w -1) (¢°¢)2 (@ ¢")f (—0*¢, —0g)
3¢ f(=¢, @) (~¢* ) f(~oq,—0?¢’)

In Theorem 3.1, replacing ¢ by ¢° and x by —w?¢?, and using
Lemma 2.1(iv), we have

(4.10)

: (0% 9°) oS (—0*q, —00g")
flg*q") —o’af (g,4') = (. o) :

Let F(g) denote the last expression on the right side of (4.10), then using
(1.8) several times and the formula above, we find that

C 2w —1) (44"
Fla) = 3¢  f(—¢*—¢°)
(0"6") (0% 4°) o f (—Pq, —0g*)
f(0?q*, 0g®) f(—0?q, —0q®) f(—oq, —»*q°)
20 -1) (%4 S ¢, —4°)f (—¢,—¢’)’
3q (4 9)50(4"%5 ") o f (=%, —4°7)
(@5 0°) o [ (—0?q, —g*)
f(0?q*, wg?)
_ 20— 1D (¢*%¢*) S (—a* —a")f (=4, —¢°)
3q (4:9)5(q"%5¢'°) o f (=43, —¢*7)
x(f(q*,q") — w’af (q.4'"))
@ ¢) o f(—q*,—a)f (~q.—¢°)°
39(4;9) 0 (@' 4'°) o f (=43, —¢%7)
X (2(w = 1f(g* q") — (4+2w)qf(q,4")) . (411)

X
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Putting (4.11) in (4.10), we deduce that

2 e ( 1) wn+1q5n +5n—1
1—w Z 1 — wq10n+l

n=-—00

(@%4°)  b(q) =

N (0°:9°)5e(@"4") (% ¢*°) o f (—q", —4°)
S (= -4 (—4* —4®)
(@4 f(—4*, —4°)/ (—q,—¢°)
39(4:9) 50 (9% 9") o f (—=4°, —¢%7)
x(2(w—1)f(q*q") — (4 +20)qf(q,4')) . (4.12)

If we repalce @ by w? in (4.12), we find that

00 ” 2 (n+1) 5> +5n—1
@ 4) . d(q) = q
g9 a)2 E: ~ p2gion

+(q5;q)oo(q 1q' )oo(q :07°) o f(—=q", —4%)
f(=4* -4 f(—q* —4*)
(@ ¢) o f(—q*,—4°) [ (—q.—¢°)°
39(4:9) (4" 9"0) o f (=43, —¢°T)
X (2(* = 1)f (g% q") — (4+207)qf (¢,4')) . (4.13)

Splitting each sum in (4.12) and (4.13) into three parts according as n = 0
(mod 3), n =1 (mod 3), and n = 2 (mod 3), we deduce that

f: (=1)" @t 1g5n +5n= L i (—1) g +isn1

— g lont1 — g 30nt1
e 1 —wgq = l—oq

o) ( l)n 2 451 +45n+9

_Z “q

1 — g0t

'1 45n +75n+29
+ Z wq30n+2l ’ (414)

and

00 (_1)"w2n+2q5n2+5n—1_ o) ( 1)" 2q45n +15n—1
2 )

1 — w2glontl 1 — w2qi0ntl
n=—00

0 (_ 1 )n W q45n2+45n+9
B Z 1 — w2gdontiT
e (-1 )nq45n2+75n+29
+ Z 1 — 2?02l (4.15)
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” 2 45n>+15n—1

1 i (_l)an45112+15n 1 Z w’q
1 — wz 1 — 2g0n]

30n+1
1 — g™ W

Z )" 45n 1501 -1 N o2
1 — w2 o 1 — a)q30n+1 1 — w2q30n+1

Z )" 45n s (T @?) (1440
T1- wz (1 — g+ 1) (1 — w2g30ntT)

n=-—00

0 60n-+2
_ ﬂ45n+15n11_q
}: 1 — g%mi3

n=—00

& (1) g™ +45n+9 S 459
1—w Z 1 — g3t 1—@2 Z 1—w2 30n+11

n=—00

) 45n +451+9 —w 4 w
1 — wg?0ntil T T — 230+l

2y 30n+11
n 45n +45n+9 (1 —w )q

wz s (1 — g 1)1 — @2g0n+1T)

l—w2 £
n=—0o0

— i (_l)n 45n%+75n+20 1 _q30n+11
- q [ — g0

n=-—0o0

and

1 00 (_1)nq45n2+75n+29 1 e (_ l)"q45n2+75n+29

1—w Zoc 1 — wq30n+21 + 1 — w? Zoc 1 — w2q30n+21

n=—

_ c (= 1) g5 +75n+29 l+o I 1
T2 L q 1 — g2l T T = 2gdmea
_ 1 o (_l)ﬂq45n2+75n+29 1 -0’

= 2o (1 — g0 21Y(1 — g2l
_ i (—1)" 45w +7sn429 1 — g
= q [ — o063 -

n=-—00

Adding (4.12) and (4.13), dividing by 2, and using (4.14), (4.15), and the
above three identities, we can easily verify that
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@54 9q) = - i (=1)" sspisnot L — g

99 )®P9) = g g
n=—00 q

_ i (—1)" 45n2+75n+20ﬂ

- ! 1 - q90n+33

" i (=1)" asiyrsnio L= 2

! 1 — ¢%0n+63
n=—00 q

(@°:9°) (@ 4") o (% 6°°) oo S (—4*, —¢°)

f(=¢* - f(—4* —¢")
(6% f ( 61,—61 f(-4,—-¢")’

3q(q,q)oc( ) f(—¢* —¢?)
“(@=1rdq )— 2+ 0)qf(q,9"))
_( 30)oof( ) ( g, q)2
NN
< ((0® = Df(q*,q") — 2+ oP)af (g.9"))
3 2 1 — 60n+2
- Z: (_1)”q45n +15n71%
_ i (_1)"q45n2+75n+201L30n+11
+ i (=1)" 45”2+75”+29ﬂ
e ! 1— q90n+63

(@°54°) 0 (4"0") (% 67°) o f (—4*, —4°)

- - 2 —")
@0 f (- q“,—qé)f(—q, —°)’f(q*,q")
9(459) ("% ¢'°)  f (=4, —4¢°7)
@0 f (=4 4 f(~q.—4°)f(q,4")

(@ 9) ("% ¢"°)  f (=%, —4¢*7) '

Applying Theorem 2.19 and Theorem 4.1 to (4.16), we find that

( 30, 30) ¢( )_ _ i (_l)n 45n24+15n—1 1 _q60”+2

959 )u®\q) = q 1 — go0nt3
n=—00

30n+11

_ )" 45n trsna20 1 — 4
§ : | — go0n+33

n=—00

565

(4.16)
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30n+21

l1—¢q
n 45 24751429
+ Z e | — go0n+63

n=—00

(@9 oo (@ 0°) o (@5 47°) oo / (—4°, —**)

_|_
(@9 f(—=¢% =7
= _ i (—1)" 45n2+15n,11L60n+2
! - q 1 — q90n+3
_ i (—1)" 45n2+75n+201L30”+”
! 1— q90n+33
n=—00
+ i (—1)n 45n2+75n+291L307’+21
! 1 — q90n+63
n=—00
2
N6 (4 —a*) (4% 4°)o S (24", =)
4/ (~¢*,~¢*") (4% ¢°)2
+ @) f(—¢5, —¢**)
qf (=43, —¢*)

y <q<q9’ q9)oc(q18; qlg)oo(qm;qm)oo
(@4 S (=4, —q")
2/ .15. 15 18. 18\2 ,(_ 15 _ 75
+ 223;‘1%)010(0;9%;‘179%)02?{56]?7 —’q“q) )> ' @17

Using the identity (4.17), we find that

(q30;q30) wd(ng) — w2¢(w2q)

h o @ w2g00n+2
— )" 45n +15n— 1&
T - wz = 1 — g% +3
+ 1 i (71>nq45n2+15n—l 1- wq60n+2
O — 02 . 1 — g%0nt3
_ ! N (71)nq45n2+75n+201 O
o — 2 . 1 — ¢o0n+33
1 c (_1)nq45n2+75n+20 1 — g
o — 2 = 1 — go0n+33
L (a5q™) f(—q6, —4*)
S 8. 13 30. 30
><((q 14 oo (61 iq )oo(q 10) s
( 3 q )oo (7 ) 7‘]15)

2
9(¢"%;9") . (¢"%4"™)of (4", —4") >
(@ 4) (@ 6°°) o f (=4, —q")
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n_45n>+75n41 o) (_1)n 45n%4+105n+31

>, (-1

— 490n+33
n=-—00 n=-—00 1 q

(@"%:9") (% %) o S (—4°, —4**)
(@ @) S (=4, —q") [ (=%, —¢*")

x ((q9;q9)oc(q3°;q3°)oc

7(¢";4") . (@'%¢") . £ (4", —q7) )
(q90; q90)oc

+

In the first sum on the far right side above, multiply the numerator and
denominator by ¢~%""=3, and replace n by —(n+ 1). In the second sum-
mation, multiply the numerator and denominator by ¢~**~33, and replace
n by —(n+ 1). Then we find that

30 30) w¢(wq)—w2¢(w2q)

(@4 ) o o
o n_45n2 41051458 00 n 4502 +75n+28
.S (=1"q 3 (=1)"q
- _ 90n+87 _ 90n+57
e 14 e 14

(@"%:90") (% °°) o f(—4°, —4**)
(@ @) f (=4, —4")f (=43, —¢%)

x (((19;(479)oo(q3°;q30)oo

UL ) e

+

By (4.9), (4.18), and Theorem 2.20,

_ ¢ — w*Pp(w?
@) (i) + S )
99" 9") o (@ 07°) 0 (¥5¢7) o S (=% —¢*)

(@°:4°) o f (=4 —4*")
(@"%:0") (%% 4°°) o f(—4°, —4**)
(@%¢) o f (4% =) [ (—4°, —¢*7)

15. 15 18. 18 15 75

x<(q9;q9)oc(q3o;q3o)oo_‘ﬂq 4 )oo(q(qu)(.]qu)csof( 9 ,-4 ))

+
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(q"%:0") (% ) o f (=4, —a**) a(d®:4") .
)

(=4, -4 (@°:4°)
+(q18;q18)m(q3°;q3°)oo (4%, —¢*") (@;0°) (@ 07°)
f(=4* —4¢*") (@ @) f (=4, —q")
(@"%:4") (6% ¢°°) o S (—4°, —**)

(
f(_q37 _q27)
L 9097:4") (6"%9") oS (=4, —47)

(@6%) (@5 ) o f (=%, —4")
30) f(_qa _q>f(_q67 _qg)(q3aq3)oo (4 19)
> f(=¢% 43 ’ '

— (q30.

)

after several applications of (1.8). Dividing both sides of (4.19) by
(4% ¢%).., we complete the proof of Theorem 4.3.
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