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1 Introduction

In S. Ramanujan's last letter to G.H. Hardy, Ramanujan proclaimed, ``I
discovered very interesting functions recently which I call `Mock' #-
functions.'' He then provided a long list of `third order,' `®fth order,' and
`seventh order' mock theta functions together with identities satis®ed by
them. The introduction to this letter has evidently been lost; a portion of it
can be found in Ramanujan's Collected Papers [R1, p. xxxi]. However, the
`mathematical' portion of the letter has been completely preserved. Ex-
tracts from it can be found in the Collected Papers [R1, pp. xxxi±xxxii,
354±355]. The complete mathematical portion is given in G.N. Watson's
paper [W1], with the publication of Ramanujan's lost notebook [R2, pp.
127±131] (a photocopy of the original letter), in G.E. Andrews' survey
paper [A3], and in B.C. Berndt and R.A. Rankin's book [B4, pp. 220±223].
All of the results on third and ®fth order mock theta functions were
proved in two long papers by Watson in 1936 and 1937 [W1], [W2]. Three
seventh order mock theta functions were recorded, but no identities for
them were given.

In 1976, Andrews rediscovered Ramanujan's lost notebook in the li-
brary of Trinity College, Cambridge. This lost notebook contains many
further results on mock theta functions. In particular, several further re-
sults on ®fth order mock theta functions were established by the combined
e�orts of Andrews [A1], [A2], Andrews and F.G. Garvan [A4], and
Hickerson [H1]. Ramanujan's results on seventh order mock theta func-
tions, absent in his letter to Hardy, can be found in the lost notebook, and
these were proved by Andrews [A1] and Hickerson [H2]. Eleven identities
for sixth order mock theta functions are found in the lost notebook; these
were established by Andrews and Hickerson [A5]. Lastly, the lost note-
book contains eight identities for tenth order mock theta functions which
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heretofore have not been proved. It is the purpose of this paper to prove
the ®rst two of Ramanujan's tenth order mock theta function identities.
Further identities will be proved in subsequent papers.

In [A5, p. 63], we can ®nd a de®nition of a mock theta function. A
mock theta function is a function f �q� de®ned by a q-series which con-
verges for jqj < 1 and which satis®es the following two conditions:

(0) For every root of unity f, there is a theta function hf�q� such that
the di�erence f �q� ÿ hf�q� is bounded as q ! f radially.

(1) There is no single theta function which works for all f: i.e., for every
theta function h�q� there is some root of unity f for which f �q� ÿ h�q� is
unbounded as q ! f radially.

But, no one has proved that mock theta functions given by Ramanujan
satisfy the de®nition of a mock theta function.

In [R2, p. 9], Ramanujan gave a list of eight identities involving the
following four mock theta functions:

/�q� :�
X1
n�0

qn�n�1�=2

�q; q2�n�1
; �1:1�

w�q� :�
X1
n�0

q�n�1��n�2�=2

�q; q2�n�1
; �1:2�

X �q� :�X1
n�0

�ÿ1�nqn2

�ÿq; q�2n
; �1:3�

and

v�q� :�
X1
n�0

�ÿ1�nq�n�1�
2

�ÿq; q�2n�1
; �1:4�

where

�a; q�n :�
Ynÿ1
m�0
�1ÿ aqm� :

Among the eight identities, the ®rst two identities are related to /�q� and
w�q�. The main purpose of this paper is to prove the following two
identities related to the mock theta functions /�q� and w�q�:

q2=3/�q3� ÿ w�xq1=3� ÿ w�x2q1=3�
xÿ x2

� ÿq1=3
1ÿ 2q1=3 � 2q4=3 ÿ 2q9=3 � � � �

1ÿ 2q� 2q4 ÿ 2q9 � � � �
1ÿ qÿ q4 � q7 � � � �

�1ÿ q��1ÿ q3��1ÿ q5� � � �
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and

qÿ2=3w�q3� � x/�xq1=3� ÿ x2/�x2q1=3�
xÿ x2

� 1ÿ 2q1=3 � 2q4=3 ÿ 2q9=3 � � � �
1ÿ 2q� 2q4 ÿ 2q9 � � � �

1ÿ q2 ÿ q3 � q7 � � � �
�1ÿ q��1ÿ q3��1ÿ q5� � � � ;

where x is a primitive cube root of unity, and jqj < 1. Since Ramanujan's
identities involve theta functions, we reformulate them by replacing q by
q3, and using the Jacobi triple product identity. Therefore, we will prove
the two identities above in the forms:

q2/�q9� ÿ w�xq� ÿ w�x2q�
xÿ x2

� ÿq
�q; q�1�q; q2�1
�q3; q3�1�q3; q6�1

�q3; q15�1�q12; q15�1�q15; q15�1
�q3; q6�1

�1:5�

and

qÿ2w�q9� � x/�xq� ÿ x2/�x2q�
xÿ x2

� �q; q�1�q; q2�1
�q3; q3�1�q3; q6�1

�q6; q15�1�q9; q15�1�q15; q15�1
�q3; q6�1

: �1:6�

We use the following notations:

De®nition 1.1 For a complex number q with jqj < 1, jbcj < 1, and an integer
n,

�a; q�1 :�
Y1
m�0
�1ÿ aqm� ;

�a; q�n :� �a; q�1
�aqn; q�1

;

and

f �b; c� :�
X1

j�ÿ1
bj�j�1�=2cj�jÿ1�=2 :

Let R�F ; z� denote the residue of F at a pole z.

We can easily verify the following identity

�a2; q�1 � �a2; q2�1�a2q; q2�1 � �ÿa; q�1�a; q�1�a2q; q2�1 : �1:7�
Note that X1

j�ÿ1
bj�j�1�=2cj�jÿ1�=2 � �ÿb; bc�1�ÿc; bc�1�bc; bc�1 �1:8�

is called the Jacobi triple product identity, and
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f �ÿq;ÿq2� � �q; q�1 �1:9�
is called Euler's pentagonal number theorem. In this paper, we will use the
Jacobi triple product identity and Euler's pentagonal number theorem
many times.

In Section 2, we derive two Hecke type identities for /�q� and w�q�,
and de®ne a theta function D�q; z� whose coe�cients of z and z2 are w�q�
and /�q�, respectively. And then we develop two identities relating D�q; z�,
/�q�, w�q�, and Lambert series. By similar methods, we de®ne a function
h�x; q�, a theta function A�z; x; q�, and generalized Lambert series, and
derive two identities relating D�q; z�, these functions and Lambert series.
From the four identities that we obtain, we can derive two identities which
represent /�q� and w�q� by theta functions and Lambert series. Then we
prove two theta function identities by using properties of modular form.
In Section 3, we develop several theta function identities and apply the
previous two identities for /�q� and w�q� to Ramanujan's ®rst identity.
Then we prove Ramanujan's ®rst identity. In Section 4, we prove
Ramanujan's second identity by methods similar to those in Section 3.

The author would like to thank Dean Hickerson for his many helpful
suggestions.

2 Preliminary results

2.1 Proof of a Lemma

In this section, we will prove that

q2�q10; q10�1�q20; q20�1 f �ÿq4;ÿq16�
f �ÿq2;ÿq8�f �ÿq8;ÿq12� qf �ÿq2;ÿq3�

� �q
10; q10�1�q20; q20�1 f �ÿq8;ÿq12�

f �ÿq4;ÿq6�f �ÿq4;ÿq16� q2f �ÿq;ÿq4�

� q2�q10; q10�31f �ÿq5;ÿq15�f �ÿq10;ÿq30�
�q20; q20�1�q40; q40�1 f �q5; q5� :

In this paper, we will use the next lemma many times.

Lemma 2.1

(i) f �a; b� � f �b; a�;
(ii) f �1; a� � 2f �a; a3�;
(iii) f �ÿ1; a� � 0;

and, if n is an integer,
�iv� f �a; b� � an�n�1�=2bn�nÿ1�=2f �a�ab�n; b�ab�ÿn�:

Proof. See Entry 18 in [B2, p. 34].
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Theorem 2.1 If ab � cd, then
�i� f �a; b�f �c; d� � f �ÿa;ÿb�f �ÿc;ÿd� � 2f �ac; bd�f �ad; bc�

and

�ii� f �a; b�f �c; d� ÿ f �ÿa;ÿb�f �ÿc;ÿd� � 2af b
c ;

c
b abcd

ÿ �
� f b

d ;
d
b abcd

ÿ �
:

Proof. See Entry 29 in [B2, p. 45].

Theorem 2.2 For 0 < jqj < 1; x 6� 0, and y 6� 0,

f �x; xÿ1q�f �ÿy;ÿyÿ1q� ÿ f �ÿx;ÿxÿ1q�f �y; yÿ1q�
� 2xf �ÿxÿ1y;ÿxyÿ1q2�f �ÿxyq;ÿxÿ1yÿ1q� :

Proof. Replace a, b, c, and d by x, xÿ1q, ÿy, and ÿyÿ1q, respectively, in
Theorem 2.1 (ii).

Theorem 2.3 For 0 < jqj < 1, x 6� 0, and y 6� 0,

f �ÿx;ÿxÿ1q�f �ÿy;ÿyÿ1q� � f �xy; �xy�ÿ1q2�f �xÿ1yq; xyÿ1q�
ÿ xf �xyq; �xy�ÿ1q�f �xÿ1y; xyÿ1q2� :

Proof. See Theorem 1.1 in [H1, p. 643].

Theorem 2.4 For 0 < jqj < 1; x 6� 0, and y 6� 0,

f �x; xÿ1q�f �ÿy;ÿyÿ1q� � f �ÿx;ÿxÿ1q�f �y; yÿ1q�
� 2f �ÿxy;ÿxÿ1yÿ1q2�f �ÿxÿ1yq;ÿxyÿ1q� :

Proof. Replace a, b, c, and d by x, xÿ1q, ÿy, and ÿyÿ1q, respectively, in
Theorem 2.1 (i).

Lemma 2.2 Assume that

ÿa1�q2�qf �ÿq2;ÿq3� � a2�q2�q2f �ÿq;ÿq4�

� q2�q10; q10�31f �ÿq5;ÿq15�f �ÿq10;ÿq30�
�q20; q20�1�q40; q40�1 f �q5; q5� ; �2:1�

where a1�q� and a2�q� are functions of q. Then,

a1�q� � ÿ q�q5; q5�1�q10; q10�1 f �ÿq2;ÿq8�
f �ÿq;ÿq4�f �ÿq4;ÿq6�
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and

a2�q� � �q
5; q5�1�q10; q10�1 f �ÿq4;ÿq6�

f �ÿq2;ÿq3�f �ÿq2;ÿq8� :

Proof. Assume that (2.1) is given, and replace q by ÿq in (2.1). Then,

a1�q2�qf �ÿq2; q3� � a2�q2�q2f �q;ÿq4�

� q2�q10; q10�31f �q5; q15�f �ÿq10;ÿq30�
�q20; q20�1�q40; q40�1 f �ÿq5;ÿq5� : �2:2�

Now, multiplying (2.1) by f �q;ÿq4� and (2.2) by f �ÿq;ÿq4� and then
subtracting the resulting two equalities, we ®nd that

a1�q2�q�f �ÿq;ÿq4�f �ÿq2; q3� � f �ÿq2;ÿq3�f �q;ÿq4��

� f �ÿq;ÿq4�q2�q10; q10�31f �q5; q15�f �ÿq10;ÿq30�
�q20; q20�1�q40; q40�1 f �ÿq5;ÿq5�

ÿ f �q;ÿq4�q2�q10; q10�31f �ÿq5;ÿq15�f �ÿq10;ÿq30�
�q20; q20�1�q40; q40�1 f �q5; q5�

� q2�q10; q10�31f �ÿq10;ÿq30�
�q20; q20�1�q40; q40�1

� f �ÿq;ÿq4�f �q5; q15�
f �ÿq5;ÿq5� ÿ f �q;ÿq4�f �ÿq5;ÿq15�

f �q5; q5�
� �

: �2:3�

Let L1�q� be the left hand side of (2.3) and R1�q� be the right hand side of
(2.3). By (1.8),

f �ÿq;ÿq4� � f �ÿq;ÿq9�f �ÿq4;ÿq6��q5; q10�1=�q10; q10�1
f �ÿq2;ÿq3� � f �ÿq2;ÿq8�f �ÿq3;ÿq7��q5; q10�1=�q10; q10�1

f �ÿq2; q3� � f �ÿq2;ÿq8�f �q3; q7��ÿq5; q10�1=�q10; q10�1
f �q;ÿq4� � f �ÿq4;ÿq6�f �q; q9��ÿq5; q10�1=�q10; q10�1 :

9>>>>>>>=>>>>>>>;
�2:4�

So, we ®nd that

L1�q� � a1�q2�q f �ÿq;ÿq4�f �ÿq2; q3� � f �ÿq2;ÿq3�f �q;ÿq4�ÿ �
� a1�q2�q�q10; q20�1 f �ÿq4;ÿq6�f �ÿq2;ÿq8�

�q10; q10�21
� f �ÿq;ÿq9�f �q3; q7� � f �q; q9�f �ÿq3;ÿq7�ÿ �

: �2:5�
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Now, we will consider R1�q�. By (1.8),

f �ÿq;ÿq4�f �q5; q15�
f �ÿq5;ÿq5�
� f �ÿq;ÿq9�f �ÿq4;ÿq6��q5; q10�1

�q10; q10�1
� �ÿq5; q20�1�ÿq15; q20�1�q20; q20�1

�q5; q10�21�q10; q10�1
� f �ÿq;ÿq9�f �ÿq4;ÿq6�

�q10; q10�1
�ÿq5; q10�1�q20; q20�1
�q5; q10�1�q10; q10�1

� f �ÿq;ÿq9�f �ÿq4;ÿq6�
�q10; q10�1

� �ÿq5; q10�1�ÿq5; q10�1�q5; q10�1�q10; q10�1
�q5; q10�1�q10; q10�1

� f �ÿq;ÿq9�f �ÿq4;ÿq6�f �q5; q5��ÿq10; q10�21
�q10; q10�21

;

and

f �q;ÿq4�f �ÿq5;ÿq15�
f �q5; q5�

� f �ÿq4;ÿq6�f �q; q9��ÿq5; q10�1
�q10; q10�1

�q5; q20�1�q15; q20�1�q20; q20�1
f �q5; q5�

� f �ÿq4;ÿq6�f �q; q9�
�q10; q10�1

�q10; q20�1�q20; q20�1
f �q5; q5�

�q5; q10�21
�q5; q10�21

� f �ÿq4;ÿq6�f �q; q9�
�q10; q10�1

f �ÿq5;ÿq5�
�q10; q20�21�q10; q10�1

� f �ÿq4;ÿq6�f �q; q9�f �ÿq5;ÿq5��ÿq10; q10�21
�q10; q10�21

:

Therefore, we ®nd that

R1�q� � q2�q10; q10�31f �ÿq10;ÿq30�
�q20; q20�1�q40; q40�1

f �ÿq4;ÿq6��ÿq10; q10�21
�q10; q10�21

� f �ÿq;ÿq9�f �q5; q5� ÿ f �q; q9�f �ÿq5;ÿq5�ÿ �
� q2�q10; q10�1 f �ÿq10;ÿq30�f �ÿq4;ÿq6��ÿq10; q10�21

�q20; q20�1�q40; q40�1
� f �ÿq;ÿq9�f �q5; q5� ÿ f �q; q9�f �ÿq5;ÿq5�ÿ �

: �2:6�
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From (2.5) and (2.6),

a1�q2� � q�q10; q10�31f �ÿq10;ÿq30�f �ÿq4;ÿq6��ÿq10; q10�21
�q20; q20�1�q40; q40�1�q10; q20�1 f �ÿq4;ÿq6�f �ÿq2;ÿq8�

� f �ÿq;ÿq9�f �q5; q5� ÿ f �q; q9�f �ÿq5;ÿq5�
f �ÿq;ÿq9�f �q3; q7� � f �q; q9�f �ÿq3;ÿq7�
� �

:

By (1.8) and f �ÿq10;ÿq30� � �q10; q40�1�q30; q40�1�q40; q40�1 �
�q10; q20�1�q40; q40�1,

a1�q2� � q�q10; q10�31�ÿq10; q10�21
�q20; q20�1 f �ÿq2;ÿq8�

� f �ÿq;ÿq9�f �q5; q5� ÿ f �q; q9�f �ÿq5;ÿq5�
f �ÿq;ÿq9�f �q3; q7� � f �q; q9�f �ÿq3;ÿq7�
� �

:

Replacing q, x and y by q10, q5 and q, respectively, in Theorem 2.2, we ®nd
that

f �ÿq;ÿq9�f �q5; q5� ÿ f �q; q9�f �ÿq5;ÿq5�
� 2q5f �ÿqÿ4;ÿq24�f �ÿq4;ÿq16� ; �2:7�

and replacing q, x and y by q10, q3 and q, respectively, in Theorem 2.4, we
®nd that

f �ÿq;ÿq9�f �q3; q7� � f �q; q9�f �ÿq3;ÿq7�
� 2f �ÿq4;ÿq16�f �ÿq8;ÿq12� : �2:8�

Using (2.7) and (2.8), and applying Lemma 2.1(iv), we ®nd that

a1�q2� � q�q10; q10�31�ÿq10; q10�21
�q20; q20�1 f �ÿq2;ÿq8�

2q5f �ÿqÿ4;ÿq24�f �ÿq4;ÿq16�
2f �ÿq4;ÿq16�f �ÿq8;ÿq12�

� ÿ q2�q10; q10�1�q20; q20�21f �ÿq4;ÿq16�
�q20; q20�1 f �ÿq2;ÿq8�f �ÿq8;ÿq12�

� ÿ q2�q10; q10�1�q20; q20�1 f �ÿq4;ÿq16�
f �ÿq2;ÿq8�f �ÿq8;ÿq12� :

Replacing q2 by q, we ®nally deduce that

a1�q� � ÿ q�q5; q5�1�q10; q10�1 f �ÿq2;ÿq8�
f �ÿq;ÿq4�f �ÿq4;ÿq6� :
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We next consider a2�q�. Multiplying (2.1) by f �ÿq2; q3� and (2.2) by
f �ÿq2;ÿq3� and then adding the resulting two equations, we ®nd that

a2�q2�q2 f �ÿq;ÿq4�f �ÿq2; q3� � f �ÿq2;ÿq3�f �q;ÿq4�ÿ �
� q2�q10; q10�31f �ÿq10;ÿq30�

�q20; q20�1�q40; q40�1

� f �ÿq2; q3�f �ÿq5;ÿq15�
f �q5; q5� � f �ÿq2;ÿq3�f �q5; q15�

f �ÿq5;ÿq5�
� �

: �2:9�

Let L2�q� be the left hand side of (2.9) and R2�q� be the right hand side of
(2.9). Applying (2.4), we ®nd that

L2�q� � a2�q2�q2�q10; q20�1 f �ÿq4;ÿq6�f �ÿq2;ÿq8�
�q10; q10�21

� f �ÿq;ÿq9�f �q3; q7� � f �q; q9�f �ÿq3;ÿq7�ÿ �
: �2:10�

We consider R2�q�. By (1.8),

f �ÿq2; q3�f �ÿq5;ÿq15�
f �q5; q5�

� f �ÿq2;ÿq8�f �q3; q7��ÿq5; q10�1
�q10; q10�1

�q5; q20�1�q15; q20�1�q20; q20�1
f �q5; q5�

� f �ÿq2;ÿq8�f �q3; q7�
�q10; q10�1

�q10; q20�1�q20; q20�1
f �q5; q5�

�q5; q10�21
�q5; q10�21

� f �ÿq2;ÿq8�f �q3; q7�
�q10; q10�1

f �ÿq5;ÿq5�
�q10; q20�21�q10; q10�1

� f �ÿq2;ÿq8�f �q3; q7�f �ÿq5;ÿq5��ÿq10; q10�21
�q10; q10�21

;

and

f �ÿq2;ÿq3�f �q5; q15�
f �ÿq5;ÿq5�

� f �ÿq2;ÿq8�f �ÿq3;ÿq7��q5; q10�1
�q10; q10�1

� �ÿq5; q20�1�ÿq15; q20�1�q20; q20�1
�q5; q10�21�q10; q10�1
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� f �ÿq2;ÿq8�f �ÿq3;ÿq7�
�q10; q10�1

�ÿq5; q10�1�q20; q20�1
�q5; q10�1�q10; q10�1

� f �ÿq2;ÿq8�f �ÿq3;ÿq7�
�q10; q10�1

� �ÿq5; q10�1�ÿq5; q10�1�q5; q10�1�q10; q10�1�ÿq10; q10�21
�q5; q10�1�q10; q10�1

� f �ÿq2;ÿq8�f �ÿq3;ÿq7�f �q5; q5��ÿq10; q10�21
�q10; q10�21

:

We ®nd that

R2�q� � q2�q10; q10�1 f �ÿq10;ÿq30�f �ÿq2;ÿq8��ÿq10; q10�21
�q20; q20�1�q40; q40�1

� f �q3; q7�f �ÿq5;ÿq5� � f �ÿq3;ÿq7�f �q5; q5�ÿ �
: �2:11�

From (2.10), (2.11), and f �ÿq10;ÿq30� � �q10; q20�1�q40; q40�1, we ®nd
that

a2�q2� � �q
10; q10�31�ÿq10; q10�21
�q20; q20�1 f �ÿq4;ÿq6�

� f �q3; q7�f �ÿq5;ÿq5� � f �ÿq3;ÿq7�f �q5; q5�
f �ÿq;ÿq9�f �q3; q7� � f �q; q9�f �ÿq3;ÿq7�

� �
:

We need two identities to complete the proof. In Theorem 2.4, replacing q,
x and y by q10, q5 and q3, respectively, we ®nd that

f �q3; q7�f �ÿq5;ÿq5� � f �ÿq3;ÿq7�f �q5; q5� � 2f �ÿq8;ÿq12�2 ;

and in Theorem 2.4, replacing q, x and y by q10, q3 and q, respectively, we
also have that

f �ÿq;ÿq9�f �q3; q7� � f �q; q9�f �ÿq3;ÿq7�
� 2f �ÿq4;ÿq16�f �ÿq8;ÿq12� :

Therefore,

a2�q2� � �q
10; q10�31�ÿq10; q10�21
�q20; q20�1 f �ÿq4;ÿq6�

2f �ÿq8;ÿq12�2
2f �ÿq4;ÿq16�f �ÿq8;ÿq12�

� �q
10; q10�1�q20; q20�1 f �ÿq8;ÿq12�

f �ÿq4;ÿq6�f �ÿq4;ÿq16� :
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Replacing q2 by q, we conclude that

a2�q� � �q
5; q5�1�q10; q10�1 f �ÿq4;ÿq6�

f �ÿq2;ÿq3�f �ÿq2;ÿq8� :

This completes the proof.

2.2 Hecke type identities for /�q� and w�q�

In this section, we will develop two Hecke type identities for /�q� and
w�q�. This idea was developed by G. Andrews [A1]. To develop Hecke
type identities, we need Bailey's Lemma [B1] and two more lemmas [A1].

De®nition 2.1 For an integer s,

sg�s� :� 1; if s � 0,
ÿ1; if s < 0 .

�

Lemma 2.3 (Bailey's Lemma) If for n � 0 the sequences fang and fbng are
related by

bn �
Xn

r�0

ar

�q; q�nÿr�aq; q�n�r
;

then for n � 0,

b0n �
Xn

r�0

a0r
�q; q�nÿr�aq; q�n�r

; �2:12�

where

b0n �
1

�aq=q1; q�n�aq=q2; q�n
�
Xn

j�0

�q1; q�j�q2; q�j�aq=q1q2; q�nÿj�aq=q1q2�jbj

�q; q�nÿj
;

and

a0r �
�q1; q�r�q2; q�r�aq=q1q2�rar

�aq=q1; q�r�aq=q2; q�r
for any given number q1 and q2.
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Lemma 2.4 Let

bn �
1

�qn�1; q�n�1
;

a2n � 1

1ÿ q

 
q3n2�n

X
jjj�n

qÿj2 � 2q3n2�2n
Xnÿ1
j�0

qÿj2ÿj

!
;

and

a2n�1 �ÿ 1

1ÿ q

 
2q3n2�4n�1Xn

j�0
qÿj2ÿj � q3n2�5n�2X

jjj�n

qÿj2

!
:

Then �an; bn� form a Bailey pair.

Proof. See Lemma 12 in [A1, p. 131].

Lemma 2.5 Let

bn �
1

�qn; q�n
; if n > 0 ;

b0 � 0 ;

and

a2n � ÿ2q3n2ÿ2n�1ÿ q4n�
Xnÿ1
j�0

qÿj2ÿj ;

a2n�1 � q3n2�n�1ÿ q4n�2�
X
jjj�n

qÿj2 :

Then �an; bn� form a Bailey pair.

Proof. See Lemma 12 in [A1, p. 131].

We are ready to prove the next theorem.

Theorem 2.5 With sg�s� de®ned as above,

�i� /�q� � 1

f �ÿq;ÿq�
X1

r;s�ÿ1
sg�r��sg�s�

sg�r��ÿ1�r�sq�r�s�2�rs�r�s ;

and

�ii� w�q� � 1

f �ÿq;ÿq�
X1

r;s�ÿ1
sg�r��sg�s�

sg�r��ÿ1�r�s�1q�r�s�2�rs�3�r�s��2 :

508 Y.-S. Choi



Let Lb be the left hand side of (2.12) and Rb be the right hand side of
(2.12).

Proof of (i). By (1.1),

/�q� �
X1
n�0

qn�n�1�=2

�q; q2�n�1
�
X1
n�0

�ÿq; q�nqn�n�1�=2

�qn�1; q�n�1
:

In Bailey's Lemma, relpace q1, q2, and a by ÿq1, ÿq, and q, respectively,
and let n and q1 tend to 1. Now, applying Bailey's Lemma to /�q�, we
®nd that

Lb � 1

�ÿq; q�1�q; q�1
X1
n�0

qn�n�1�=2�ÿq; q�nbn ; �2:13�

and

Rb � 1

�q; q�1�q2; q�1
X1
n�0

qn�n�1�=2an : �2:14�

Applying (2.13), (2.14) and Lemma 2.4, we ®nd that

/�q� �
X1
n�0

qn�n�1�=2�ÿq; q�n
1

�qn�1; q�n�1
� �ÿq; q�1
�q2; q�1

X1
n�0

qn�n�1�=2an

� 1

�q2; q�1�q; q2�1
X1
n�0

qn�2n�1�a2n �
X1
n�0

q�2n�1��n�1�a2n�1

 !

� 1ÿ q
f �ÿq;ÿq�

X1
n�0

qn�2n�1� 1

1ÿ q

�
 

q3n2�n
X
jjj�n

qÿj2 � 2q3n2�2n
Xnÿ1
j�0

qÿj2ÿj

!

� 1ÿ q
f �ÿq;ÿq�

X1
n�0

q�2n�1��n�1� ÿ1
1ÿ q

�
 
2q3n2�4n�1Xn

j�0
qÿj2ÿj � q3n2�5n�2X

jjj�n

qÿj2

!
:

Replacing n by n� 1, we ®nd that

X1
n�0

Xnÿ1
j�0

q5n2�3nÿj2ÿj �
X1
n�0

Xn

j�0
q5n2�13n�8ÿj2ÿj :
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Thus,

/�q� � 1

f �ÿq;ÿq�
X1
n�0

X
jjj�n

q5n2�2nÿj2 1ÿ q6n�3ÿ �
ÿ 1

f �ÿq;ÿq� 2
X1
n�0

Xn

j�0
q5n2�7n�2ÿj2ÿj 1ÿ q6n�6ÿ �

: �2:15�

We need to show that

/�q� � 1

f �ÿq;ÿq�
X1

r;s�ÿ1
sg�r��sg�s�

sg�r��ÿ1�r�sq�r�s�2�rs�r�s :

Let R�q� denote the right hand side of (2.15). First, assume that N and J
are even. Replacing n and j by N=2 and J=2, respectively, in the ®rst sum
of R�q�, we ®nd that this sum equalsX1

N�0
N�0�mod 2�

X
jJ j�N

J�0�mod 2�

q�5N2�4NÿJ2�=4�1ÿ q3N�3� :

Second, assume that N and J are odd. Replacing n and j by �N ÿ 1�=2 and
�J ÿ 1�=2, respectively, in the second sum of R�q�, we ®nd that the second
sum equals X1

N�0
N�1�mod 2�

X
jJ j�N

J�1�mod 2�

q5
Nÿ1
2� �2�7 Nÿ1

2� ��2ÿ Jÿ1
2� �2ÿJÿ1

2 �1ÿ q3N�3�

�
X1
N�0

N�1�mod 2�

X
jJ j�N

J�1�mod 2�

q�5N2�4NÿJ2�=4�1ÿ q3N�3� ;

since 2
Pn

j�0 qÿj2ÿj �Pn
j�ÿnÿ1 qÿj2ÿj. Therefore, we ®nd that

/�q� � 1

f �ÿq;ÿq�
X1
N�0

N�0�mod 2�

X
jJ j�N

J�0�mod 2�

q�5N2�4NÿJ 2�=4�1ÿ q3N�3�

ÿ 1

f �ÿq;ÿq�
X1
N�0

N�1�mod 2�

X
jJ j�N

J�1�mod 2�

q�5N2�4NÿJ 2�=4�1ÿ q3N�3�

� 1

f �ÿq;ÿq�
X1
N�0

X
jJ j�N

J�N�mod 2�

�ÿ1�N q�5N2�4NÿJ2�=4�1ÿ q3N�3�
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� 1

f �ÿq;ÿq�
X1
N�0

X
jJ j�N

J�N�mod 2�

�ÿ1�N q�5N 2�4NÿJ 2�=4

ÿ 1

f �ÿq;ÿq�
X1
N�0

X
jJ j�N

J�N�mod 2�

�ÿ1�N q�5N 2�16N�12ÿJ 2�=4 :

Replacing N by r � s and J by r ÿ s in the ®rst sum, and replacing N by
ÿr ÿ sÿ 2 and J by r ÿ s in the second sum, we ®nd that

/�q� � 1

f �ÿq;ÿq�
X

r�0; s�0
�ÿ1�r�sq�r�s�2�rs�r�s

 

ÿ
X

r�ÿ1; s�ÿ1
�ÿ1�r�sq�r�s�2�rs�r�s

!

� 1

f �ÿq;ÿq�
X1

r;s�ÿ1
sg�r��sg�s�

sg�r��ÿ1�r�sq�r�s�2�rs�r�s :

Proof of (ii). The proof of (ii) is similar to the proof of (i). By (1.2),

w�q� �
X1
n�1

qn�n�1�=2

�q; q2�n
�
X1
n�1

�ÿq; q�nÿ1qn�n�1�=2

�qn; q�n
:

In Bailey's Lemma, replace q1, q2, and a by ÿ1, ÿq2, and 1, respectively,
and let n and q2 tend to 1. Now, applying Bailey's Lemma to w�q�, we
®nd that

Lb � 2

�ÿq; q�1�q; q�1
X1
j�0
�ÿq; q�jÿ1qj�j�1�=2bj ; �2:16�

and

Rb � 2

�q; q�21
X1
n�0

qn�n�1�=2an

1� qn : �2:17�

Using (2.16), (2.17) and Lemma 2.5, we ®nd that

w�q� � �ÿq; q�1
�q; q�1

X1
n�0

qn�n�1�=2an

1� qn

� 1

f �ÿq;ÿq�
X1
n�0

qn�2n�1�

1� q2n ÿ2q3n2ÿ2n�1ÿ q4n�
Xnÿ1
j�0

qÿj2ÿj

 !

� 1

f �ÿq;ÿq�
X1
n�0

q�2n�1��n�1�

1� q2n�1

 
q3n2�n�1ÿ q4n�2�

X
jjj�n

qÿj2

!
:
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Replacing n by n� 1, we ®nd that

X1
n�0

Xnÿ1
j�0
�1ÿ q2n�q5n2ÿnÿj2ÿj �

X1
n�0

Xn

j�0
�1ÿ q2n�2�q5n2�9n�4ÿj2ÿj :

So,

w�q� � 1

f �ÿq;ÿq�
X1
n�0

X
jjj�n

q5n2�4n�1ÿj2 1ÿ q2n�1ÿ �
ÿ 1

f �ÿq;ÿq� 2
X1
n�0

Xn

j�0
q5n2�9n�4ÿj2ÿj 1ÿ q2n�2ÿ �

: �2:18�

We need to show that

w�q� � 1

f �ÿq;ÿq�
X1

r;s�ÿ1
sg�r��sg�s�

sg�r��ÿ1�r�s�1q�r�s�2�rs�3�r�s��2 :

Let R�q� denote the right hand side of (2.18). First, let us assume that N
and J are even. Replacing n and j by N=2 and J=2, respectively, in the ®rst
sum of R�q�, we ®nd that the ®rst sum of R�q� equalsX1

N�0
N�0�mod 2�

X
jJ j�N

J�0�mod 2�

q�5N2�8N�4ÿJ 2�=4�1ÿ qN�1� :

Second, assume that N and J are odd. Replacing n and j by �N ÿ 1�=2 and
�J ÿ 1�=2, respectively, in the second sum of R�q�, we ®nd that the second
sum of R�q� equalsX1

N�0
N�1�mod 2�

X
jJ j�N

J�1�mod 2�

q5 Nÿ1
2� �2�9 Nÿ1

2� ��4ÿ Jÿ1
2� �2ÿJÿ1

2 �1ÿ qN�1�

�
X1
N�0

N�1�mod 2�

X
jJ j�N

J�1�mod 2�

q�5N2�8N�4ÿJ 2�=4�1ÿ qN�1� ;

since 2
Pn

j�0 qÿj2ÿj �Pn
j�ÿnÿ1 qÿj2ÿj. Hence, from (2.18),

w�q� � 1

f �ÿq;ÿq�
X1
N�0

N�0�mod 2�

X
jJ j�N

J�0�mod 2�

q�5N2�8N�4ÿJ 2�=4�1ÿ qN�1�

ÿ 1

f �ÿq;ÿq�
X1
N�0

N�1�mod 2�

X
jJ j�N

J�1�mod 2�

q�5N2�8N�4ÿJ 2�=4�1ÿ qN�1�
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� 1

f �ÿq;ÿq�
X1
N�0

X
jJ j�N

J�N�mod 2�

�ÿ1�N q�5N2�8N�4ÿJ 2�=4�1ÿ qN�1�

� 1

f �ÿq;ÿq�
X1
N�0

X
jJ j�N

J�N�mod 2�

�ÿ1�N q�5N2�8N�4ÿJ 2�=4

ÿ 1

f �ÿq;ÿq�
X1
N�0

X
jJ j�N

J�N�mod 2�

�ÿ1�N q�5N2�12N�8ÿJ 2�=4 :

Replacing N by ÿr ÿ sÿ 2 and J by r ÿ s in the ®rst sum, and replacing N
by r � s, and J by r ÿ s in the second sum, we ®nd that

w�q� � 1

f �ÿq;ÿq�
X

r�ÿ1; s�ÿ1
�ÿ1�r�sq�r�s�2�rs�3�r�s��2

ÿ 1

f �ÿq;ÿq�
X

r�0; s�0
�ÿ1�r�sq�r�s�2�rs�3�r�s��2

� 1

f �ÿq;ÿq�
X1

r;s�ÿ1
sg�r��sg�s�

sg�r��ÿ1�r�s�1q�r�s�2�rs�3�r�s��2 :

2.3 Mock theta functions /�q� and w�q� as coe�cients

In this section, we will de®ne a theta function D�q; z�, and develop its
relation with /�q� and w�q�.

De®nition 2.2 For jqj < 1 and z neither zero nor an integral power of q, let

D�q; z� :� D�z� :� z2�q; q�21f �ÿz2;ÿzÿ2q�f �ÿz;ÿzÿ1q2�
�q; q2�1 f �ÿz;ÿzÿ1q�2 : �2:19�

By (1.8) and (1.7), we ®nd that

D�q; z�

� z2�q; q�21f �ÿz2;ÿzÿ2q�f �ÿz;ÿzÿ1q2�
�q; q2�1 f �ÿz;ÿzÿ1q�2

� z2�q; q�1�z2; q�1�zÿ2q; q�1�z; q2�1�zÿ1q2; q2�1�q2; q2�1
�q; q2�1�z; q�21�zÿ1q; q�21
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� z2�q; q�1�q2; q2�21�ÿz; q�1�ÿzÿ1q; q�1�z2q; q2�1�zÿ2q; q2�1
�q; q2�1�zq; q2�1�zÿ1q; q2�1�q2; q2�1

� z2�q2; q2�1 f �z; zÿ1q�f �ÿz2q;ÿzÿ2q�
�q; q2�1 f �ÿzq;ÿzÿ1q� ; �2:20�

and clearly D�z� is meromorphic for z 6� 0 with simple poles at z � q2k�1

for each integer k.

Lemma 2.6 D�z� satis®es the following functional equations
�i� D�zÿ1� � zÿ5D�z� ;

and
�ii� D�zq2� � ÿzÿ5D�z� :

Proof (i). Applying the three identities

f �ÿzÿ2;ÿz2q� � �zÿ2; q�1�z2q; q�1�q; q�1
� �1ÿ zÿ2��zÿ2q; q�1

1

1ÿ z2
�z2; q�1�q; q�1

� ÿzÿ2f �ÿz2;ÿzÿ2q� ; �2:21�
f �ÿzÿ1;ÿzq2� � �zÿ1; q2�1�zq2; q2�1�q2; q2�1

� �1ÿ zÿ1��zÿ1q2; q2�1
1

1ÿ z
�z; q2�1�q2; q2�1

� ÿzÿ1f �ÿz;ÿzÿ1q2� ; �2:22�

and

f �ÿzÿ1;ÿzq� � �zÿ1; q�1�zq; q�1�q; q�1
� �1ÿ zÿ1��zÿ1q; q�1

1

1ÿ z
�z; q�1�q; q�1

� ÿzÿ1f �ÿz;ÿzÿ1q� ; �2:23�

we ®nd that

D�zÿ1� � zÿ2�q; q�21f �ÿzÿ2;ÿz2q�f �ÿzÿ1;ÿzq2�
�q; q2�1 f �ÿzÿ1;ÿzq�2

� zÿ2�q; q�21�ÿzÿ2�f �ÿz2;ÿzÿ2q��ÿzÿ1�f �ÿz;ÿzÿ1q2�
�q; q2�1zÿ2f �ÿz;ÿzÿ1q�2

� zÿ5D�z� :
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(ii) Applying the three identities

f �ÿz2q4;ÿzÿ2qÿ3� � �z2q4; q�1�zÿ2qÿ3; q�1�q; q�1
� 1

�1ÿ z2��1ÿ z2q��1ÿ z2q2��1ÿ z2q3� �z
2; q�1

��1ÿ zÿ2qÿ3��1ÿ zÿ2qÿ2��1ÿ zÿ2qÿ1��1ÿ zÿ2��zÿ2q; q�1�q; q�1
� qÿ6zÿ8f �ÿz2;ÿzÿ2q� ; �2:24�

f �ÿzq2;ÿzÿ1� � ÿ zÿ1f �ÿz;ÿzÿ1q2� ; �2:25�

and

f �ÿzq2;ÿzÿ1qÿ1� � �zq2; q�1�zÿ1qÿ1; q�1�q; q�1
� 1

�1ÿ z��1ÿ zq� �z; q�1
��1ÿ zÿ1qÿ1��1ÿ zÿ1��zÿ1q; q�1�q; q�1
� qÿ1zÿ2f �ÿz;ÿzÿ1q� ; �2:26�

we ®nd that

D�zq2� � q4z2�q; q�21f �ÿz2q4;ÿzÿ2qÿ3�f �ÿzq2;ÿzÿ1�
�q; q2�1 f �ÿzq2;ÿzÿ1qÿ1�2

� q4z2�q; q�21qÿ6zÿ8f �ÿz2;ÿzÿ2q��ÿzÿ1�f �ÿz;ÿzÿ1q2�
�q; q2�1qÿ2zÿ4f �ÿz;ÿzÿ1q�2

� ÿzÿ5D�z� :

Lemma 2.7 For jqj < jxj < 1 and jqj < jyj < 1,

X1
r;s�ÿ1

sg�r��sg�s�

sg�r�qrsxrys � �q; q�31f �ÿxy;ÿxÿ1yÿ1q�
f �ÿx;ÿxÿ1q�f �ÿy;ÿyÿ1q� :

Proof. This Lemma is a special case of Entry 17 in [B3, p. 152]. Replace
ab, n and a by q, ÿ1=x and z, respectively, in Entry. Also see Theorem 1.5
in [H1, p. 646].

Theorem 2.6 In the annulus jqj < jzj < 1,
�i� /�q� is the coefficient of z2 in D�z�;

and
�ii� w�q� is the coefficient of z in D�z�:
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Proof. From the de®nition of f �b; c�,

f �ÿz;ÿzÿ1q2� �
X1

t�ÿ1
�ÿ1�tqt�tÿ1�zt ;

and from Lemma 2.7 with x and y replaced by z

�q; q�31f �ÿz2;ÿzÿ2q�
f �ÿz;ÿzÿ1q�2 �

X1
r;s�ÿ1

sg�r��sg�s�

sg�r�qrszr�s :

By (1.8), the two previous equalities, and (2.19), we easily ®nd that

f �ÿq;ÿq�D�z� � �q; q�1�q; q2�1D�z�

� z2�q; q�31f �ÿz2;ÿzÿ2q�f �ÿz;ÿzÿ1q2�
f �ÿz;ÿzÿ1q�2

� z2
X1

r;s�ÿ1
sg�r��sg�s�

sg�r�qrszr�s
X1

t�ÿ1
�ÿ1�tqt�tÿ1�zt : �2:27�

Using Theorem 2.5(i), we see that /�q� is the coe�cient of z2 in the
Laurent expansion of D�z�. This proves (i). Similarly, using Theorem
2.5(ii), we ®nd that the coe�cient of z in this Laurent expansion is w�q�,
and so the proof of (ii) is complete.

2.4 The Lambert series L�z� and M�z�

In this section, we will de®ne Lambert series L�z� and M�z�, and develop
the connections of D�z� with /�q�, w�q�, L�z�, and M�z�.

De®nition 2.3 Let q be ®xed. De®ne

L�z� :�
X1

n�ÿ1

�ÿ1�nq5n�n�1��1z5n�5

1ÿ q2n�1z
; �2:28�

M�z� :�
X1

n�ÿ1

�ÿ1�nq5n�n�1��1zÿ5n

1ÿ q2n�1zÿ1
; �2:29�

and

V �z� :�D�z� � L�z� �M�z� : �2:30�

Clearly, L and M are meromorphic for z 6� 0, and L and M have simple
poles at z � q2k�1 for each integer k.
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Theorem 2.7 Let q be ®xed, 0 < jqj < 1. Let a, b, and m be ®xed integers
with b 6� 0 and m � 1. De®ne

F �z� � 1

f �ÿzbqa;ÿzÿbqmÿa� :

Then F is meromorphic for z 6� 0, with simple poles at all points z0 such that
zb
0 � qkmÿa for some integer k. The residue of F �z� at such a point z0 is

�ÿ1�k�1qmk�kÿ1�=2z0
b�qm; qm�31

:

Proof. See Theorem 1.3 in [H1, p. 644].

Theorem 2.8 Suppose that

F �z� �
X1

r�ÿ1
Frzr

for all z 6� 0 and that F �z� satis®es F �zq� � CzÿnF �z�, where 0 < jqj < 1 and
C 6� 0.

(a) Then

F �z� �
Xnÿ1
r�0

Frzrf �Cÿ1znqr;Czÿnqnÿr� :

(b) If, in addition, n is odd, C � �1, and F �z� satis®es

F �zÿ1� � ÿ CzÿnF �z� ;

then

F �z� �
Xnÿ12
r�1

Fr�zrf �Cznqr;Cÿ1zÿnqnÿr� ÿ Cznÿrf �Cznqnÿr;Cÿ1zÿnqr�� :

Proof. See Theorem 1.8 in [H1, p. 647].

Lemma 2.8 Let q be ®xed. Then,

(i) R�D�z�; q� � ÿ2q2 ;
(ii) R�L�z� �M�z�; q� � 2q2 ;

and
�iii� D�z� � L�z� �M�z� is analytic at z � q :
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Proof of (i). By (2.20), Theorem 2.7 and (1.8),

R�D�z�; q� � q2�q2; q2�1 f �q; 1�f �ÿq3;ÿqÿ1�
�q; q2�1

�ÿ1�2q
�q2; q2�31

� q3f �q; 1�f �ÿq3;ÿqÿ1�
�q; q2�1�q2; q2�21

� ÿ2q2 :

Proof of (ii). The residue of L�z� at z � q is q2 and the residue of M�z� at
z � q is q2 since �ÿ1�q=�1ÿ qÿ1z� � q2=�zÿ q� and q=�1ÿ qzÿ1� �
q� q2=�zÿ q�. So, R�L�z� �M�z�; q� � 2q2.

Proof of (iii). Since D�z� and ÿ�L�z� �M�z�� have a simple pole at z � q,
and have same residue at z � q, D�z� � L�z� �M�z� is analytic at z � q.

Lemma 2.9 The function V �z� is analytic at z � q and satis®es the following
two functional equations

V �zÿ1� � zÿ5V �z�; and V �zq2� � ÿzÿ5V �z� :

Proof. The function V �z� is analytic at z � q by Lemma 2.8 (iii). Replacing
z by zÿ1 in L�z� and M�z�, we ®nd that

L�zÿ1� �
X1

n�ÿ1

�ÿ1�nq5n�n�1��1zÿ5nÿ5

1ÿ q2n�1zÿ1
� zÿ5M�z� ;

and

M�zÿ1� �
X1

n�ÿ1

�ÿ1�nq5n�n�1��1z5n

1ÿ q2n�1z
� zÿ5L�z� :

So, we ®nd that L�zÿ1� �M�zÿ1� � zÿ5�L�z� �M�z��. Next, replacing z by
zq2 and then replacing n by nÿ 1 in L�z�, we ®nd that

L�zq2� �
X1

n�ÿ1

�ÿ1�nq5n�n�1��1q10n�10z5n�5

1ÿ q2n�3z

�
X1

n�ÿ1

�ÿ1�nÿ1q5n�nÿ1��1q10nz5n

1ÿ q2n�1z

� ÿzÿ5L�z� :

Replacing z by q2z and then n by n� 1 in M�z�, we ®nd that
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M�zq2� �
X1

n�ÿ1

�ÿ1�nq5n�n�1��1qÿ10nzÿ5n

1ÿ q2nÿ1zÿ1

�
X1

n�ÿ1

�ÿ1�nq5n�nÿ1��1zÿ5n

1ÿ q2nÿ1zÿ1

�
X1

n�ÿ1

�ÿ1�n�1q5n�n�1��1zÿ5nÿ5

1ÿ q2n�1zÿ1

� ÿzÿ5M�z� :

Since we already know that D�z� satis®es the given functional equations
in Lemma 2.6, V �z� satis®es the same functional equations.

By Lemma 2.8(iii) and Lemma 2.9, V �z� is analytic at z � q2k�1 for each
integer k. So V �z� is analytic for z 6� 0. Thus V �z� has a Laurent expansion
which is valid for all z 6� 0.

Lemma 2.10 Suppose that V �z� �P1r�ÿ1 Vrzr for all z 6� 0. Then

V �z� � V1�zf �ÿz5q2;ÿzÿ5q8� � z4f �ÿz5q8;ÿzÿ5q2��
� V2�z2f �ÿz5q4;ÿzÿ5q6� � z3f �ÿz5q6;ÿzÿ5q4��:

Proof. In Theorem 2.8 (b), replace q, C, and n by q2, ÿ1, and 5.
We complete the proof of Lemma 2.10.

Lemma 2.11

V1 � w�q�; and V2 � /�q� :

Proof. Assume jqj < jzj < 1. Then jq2n�1zj < 1 if and only if n � 0, and by
(2.28),

L�z� �
X1

n�ÿ1

�ÿ1�nq5n�n�1��1z5n�5

1ÿ q2n�1z

�
X1

n�ÿ1
�ÿ1�nq5n�n�1��1z5n�5sg�n�

X1
m�ÿ1

sg�m��sg�n�

�q2n�1z�m

�
X1

n;m�ÿ1
sg�n��sg�m�

sg�n��ÿ1�nq5n�n�1��1��2n�1�mz5n�m�5 :

If sg�n� � sg�m�, then 5n� m� 5 � 5, or � ÿ1. Thus, the coe�cients of z
and z2 in L�z� are 0. Similarly, the coe�cients of z and z2 in M�z� are 0. In

Tenth order mock theta functions in Ramanujan's Lost Notebook 519



Theorem 2.6, we proved that w�q� is the coe�cient of z in D�z�, and /�q� is
the coe�cient of z2 in D�z�. And f �ÿz5q2;ÿzÿ5q8� and f �ÿz5q4;ÿzÿ5q6�
have only powers of 5 in z variable, and the constant term in
f �ÿz5q2;ÿzÿ5q8� and f �ÿz5q4;ÿzÿ5q6� is 1. Then by (2.30) and Lemma
2.10, Lemma 2.11 is proved.

By (2.30), Lemma 2.10, and Lemma 2.11, we can easily verify the next
theorem.

Theorem 2.9 If 0 < jqj < 1 and z is neither zero nor an integral power of q,
then

D�z� � w�q��zf �ÿz5q2;ÿzÿ5q8� � z4f �ÿz5q8;ÿzÿ5q2��
� /�q��z2f �ÿz5q4;ÿzÿ5q6� � z3f �ÿz5q6;ÿzÿ5q4��
ÿ L�z� ÿM�z� :

2.5 Another formulation of D�z�

We easily verify that

1

1ÿ q2n�1z
� 1

1ÿ q10n�5z5
X4
i�0

ziq�2n�1�i

and

1

1ÿ q2n�1zÿ1
� zÿ5

1ÿ q10n�5zÿ5
X5
i�1

ziq�2n�1��5ÿi� :

By (2.28), (2.29), and Theorem 2.9, we ®nd that

D�z� � zw�q�f �ÿz5q2;ÿzÿ5q8� ÿ z

 X1
n�ÿ1

�ÿ1�nqn�5n�7��2z5n�5

1ÿ q10n�5z5

�
X1

n�ÿ1

�ÿ1�nqn�5n�13��5zÿ5nÿ5

1ÿ q10n�5zÿ5

!

� z2/�q�f �ÿz5q4;ÿzÿ5q6� ÿ z2
 X1

n�ÿ1

�ÿ1�nqn�5n�9��3z5n�5

1ÿ q10n�5z5

�
X1

n�ÿ1

�ÿ1�nqn�5n�11��4zÿ5nÿ5

1ÿ q10n�5zÿ5

!
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� z3/�q�f �ÿz5q6;ÿzÿ5q4� ÿ z3
 X1

n�ÿ1

�ÿ1�nqn�5n�11��4z5n�5

1ÿ q10n�5z5

�
X1

n�ÿ1

�ÿ1�nqn�5n�9��3zÿ5nÿ5

1ÿ q10n�5zÿ5

!

� z4w�q�f �ÿz5q8;ÿzÿ5q2� ÿ z4
 X1

n�ÿ1

�ÿ1�nqn�5n�13��5z5n�5

1ÿ q10n�5z5

�
X1

n�ÿ1

�ÿ1�nqn�5n�7��2zÿ5nÿ5

1ÿ q10n�5zÿ5

!

ÿ
 X1

n�ÿ1

�ÿ1�nq5n�n�1��1z5n�5

1ÿ q10n�5z5
� z5

X1
n�ÿ1

�ÿ1�nq5n�n�1��1zÿ5nÿ5

1ÿ q10n�5zÿ5

!
:

De®ne

D1�z5� � w�q�f �ÿz5q2;ÿzÿ5q8� ÿ
X1

n�ÿ1

�ÿ1�nq5n2�7n�2z5n�5

1ÿ q10n�5z5

ÿ
X1

n�ÿ1

�ÿ1�nq5n2�13n�5zÿ5nÿ5

1ÿ q10n�5zÿ5
; �2:31�

D2�z5� � /�q�f �ÿz5q4;ÿzÿ5q6� ÿ
X1

n�ÿ1

�ÿ1�nq5n2�9n�3z5n�5

1ÿ q10n�5z5

ÿ
X1

n�ÿ1

�ÿ1�nq5n2�11n�4zÿ5nÿ5

1ÿ q10n�5zÿ5
; �2:32�

D3�z5� � /�q�f �ÿz5q6;ÿzÿ5q4� ÿ
X1

n�ÿ1

�ÿ1�nq5n2�11n�4z5n�5

1ÿ q10n�5z5

ÿ
X1

n�ÿ1

�ÿ1�nq5n2�9n�3zÿ5nÿ5

1ÿ q10n�5zÿ5
;

D4�z5� � w�q�f �ÿz5q8;ÿzÿ5q2� ÿ
X1

n�ÿ1

�ÿ1�nq5n2�13n�5z5n�5

1ÿ q10n�5z5

ÿ
X1

n�ÿ1

�ÿ1�nq5n2�7n�2zÿ5nÿ5

1ÿ q10n�5zÿ5
;
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and

D0�z5� � ÿ
X1

n�ÿ1

�ÿ1�nq5n�n�1��1z5n�5

1ÿ q10n�5z5

ÿz5
X1

n�ÿ1

�ÿ1�nq5n�n�1��1zÿ5nÿ5

1ÿ q10n�5zÿ5
:

By the previous six equalities, we rewrite

D�z� �
X4
i�0

ziDi�z5� :

Now, we will de®ne A�z; x; q�, h�x; q�, and Q�z�, and show that

A�z; x; q� � f �ÿx2z;ÿxÿ2zÿ1q2�h�x; q� � Q�z� :

De®nition 2.4 Let jqj < 1, and let x be neither zero nor an integral power of
q. De®ne

A�z; x; q� :� �q; q�31f �ÿzx;ÿzÿ1xÿ1q�f �ÿz;ÿzÿ1q2�
f �ÿq;ÿq�f �ÿx;ÿxÿ1q�f �ÿz;ÿzÿ1q� ; �2:33�

h�x; q� :� 1

f �ÿq;ÿq�
X1

n�ÿ1

�ÿ1�nqn�n�1�

1ÿ qnx
; �2:34�

and

Q�z; x; q� :� Q�z� :

� ÿ 1

2

X1
n�ÿ1

�ÿ1�nqn�n�1�x2n�1zn�1

1ÿ q2n�1z

ÿ 1

2

X1
n�ÿ1

�ÿ1�nqn�n�3��1xÿ2nÿ1zÿnÿ1

1ÿ q2n�1zÿ1
: �2:35�

By (1.8) and (1.7),

A�z; x; q� � �q; q�21�q2; q2�21f �ÿzx;ÿzÿ1xÿ1q�
f �ÿq;ÿq�f �ÿx;ÿxÿ1q�f �ÿzq;ÿzÿ1q� : �2:36�

the functions A�z; x; q� and Q�z� are clearly meromorphic for z 6� 0 with
simple poles at z � q2k�1 for each integer k.

Lemma 2.12 Let q and x be ®xed where 0 < jqj < 1, and suppose
that x is neither zero nor an integral power of q. Then h�x; q� is the coe�cient
of z0 in the Laurent series expansion of A�z; x; q� in the annulus jqj < jzj < 1.

Proof. By (2.33), (2.34) and Lemma 2.7,
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h�x; q� � the coefficient of z0 in

1

f �ÿq;ÿq�
X1

n�ÿ1

zn

1ÿ qnx

X1
s�ÿ1

�ÿ1�sqs�s�1�zÿs

� the coefficient of z0 in

�q; q�31f �ÿzx;ÿzÿ1xÿ1q�
f �ÿq;ÿq�f �ÿx;ÿxÿ1q�f �ÿz;ÿzÿ1q� f �ÿz;ÿzÿ1q2�

� the coefficient of z0 in A�z; x; q� :

Lemma 2.13 The function Q�z� satis®es the functional equation

Q�zq2� � ÿxÿ2zÿ1Q�z� ;

and R�Q�z�; q� � ÿxÿ1q.

Proof. By (2.35), we ®nd that

Q�zq2� � ÿ 1

2

X1
n�ÿ1

�ÿ1�nqn�n�1��2�n�1�x2n�1zn�1

1ÿ q2n�3z

ÿ 1

2

X1
n�ÿ1

�ÿ1�nqn�n�3��1ÿ2�n�1�xÿ2nÿ1zÿnÿ1

1ÿ q2nÿ1zÿ1
:

Replacing n by nÿ 1 in the ®rst sum, and replacing n by n� 1 in the
second sum, we ®nd that

Q�zq2� � ÿ 1

2

X1
n�ÿ1

�ÿ1�nÿ1qn2�nx2nÿ1zn

1ÿ q2n�1z

 

�
X1

n�ÿ1

�ÿ1�n�1qn2�3n�1xÿ2nÿ3zÿnÿ2

1ÿ q2n�1zÿ1

!

� xÿ2zÿ1

2

X1
n�ÿ1

�ÿ1�nqn�n�1�x2n�1zn�1

1ÿ q2n�1z

 

�
X1

n�ÿ1

�ÿ1�nqn�n�3��1xÿ2nÿ1zÿnÿ1

1ÿ q2n�1zÿ1

�
� ÿxÿ2zÿ1Q�z� :

And R�Q�z�; q� � ÿxÿ1q, by (2.35) and the equalities
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ÿ 1

2

�ÿ1�ÿ1xÿ1
1ÿ qÿ1z

� qxÿ1zÿ1

1ÿ qzÿ1

 !
� ÿ 1

2

xÿ1q
zÿ q

� xÿ1q
zÿ q

� �
� ÿ xÿ1q

zÿ q
:

Lemma 2.14 The function A�z; x; q� satis®es the functional equation

A�zq2; x; q� � ÿxÿ2zÿ1A�z; x; q� ;

and R�A�z; x; q�; q� � ÿxÿ1q.

Proof. By (2.22), (2.26), (2.33), and (1.8),

A�zq2; x; q� � �q; q�31f �ÿzxq2;ÿzÿ1xÿ1qÿ1�f �ÿzq2;ÿzÿ1�
f �ÿq;ÿq�f �ÿx;ÿxÿ1q�f �ÿzq2;ÿzÿ1qÿ1�

� �q; q�31qÿ1zÿ2xÿ2f �ÿzx;ÿzÿ1xÿ1q��ÿzÿ1�f �ÿz;ÿzÿ1q2�
f �ÿq;ÿq�f �ÿx;ÿxÿ1q�qÿ1zÿ2f �ÿz;ÿzÿ1q�

� ÿzÿ1xÿ2A�z; x; q� :

By Theorem 2.7,

R�A�z�; q� � �q; q�31f �ÿxq;ÿxÿ1�f �ÿq;ÿq�
f �ÿq;ÿq�f �ÿx;ÿxÿ1q�

q

�q; q�31
� qf �ÿxq;ÿxÿ1�

f �ÿx;ÿxÿ1q�
� ÿxÿ1q :

Theorem 2.10 Let jqj < 1, and suppose that x is neither zero nor an integral
power of q. Then

A�z; x; q� � f �ÿx2z;ÿxÿ2zÿ1q2�h�x; q� � Q�z� : �2:37�

Proof. Let q and x be ®xed. De®ne

E�z� :� A�z; x; q� ÿ Q�z� : �2:38�

Note that A�z; x; q� and Q�z� have a simple for at z � q2k�1 for each integer
k. By Lemma 2.13 and Lemma 2.14, E�z� satis®es the functional equation

E�q2z� � ÿxÿ2zÿ1E�z� ;

and E�z� is analytic at z � q. By the functional equation, E�z� is analytic at
z 6� 0. Thus we can say that E�z� must have a Laurent expansion valid for
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all z 6� 0. Let E�z� �P1n�ÿ1 Enzn be a Laurent expansion valid for all
z 6� 0. Applying Theorem 2.8(a) with n � 1, C � ÿxÿ2, and q replaced by
q2, we ®nd that

E�z� � E0f �ÿx2z;ÿxÿ2zÿ1q2� : �2:39�

For jqj < jzj < 1, the coe�cient of z0 in A�z; x; q� is h�x; q� by Lemma 2.12.
Also,

Q�z� � ÿ 1

2

X1
n;m�ÿ1

sg�n��sg�m�

sg�n��ÿ1�nqn�n�1���2n�1�mx2n�1zn�m�1

ÿ 1

2

X1
n;m�ÿ1

sg�n��sg�m�

sg�n��ÿ1�nqn�n�3��1��2n�1�mxÿ2nÿ1zÿnÿmÿ1 :

If sg�n� � sg�m�, then n� m� 1 is either �ÿ1 or �1. So the coe�cient of
z0 in Q�z� is 0. Thus, equating coe�cients of z0 in the de®nition (2.38) of
E�z� and using (2.39), we deduce that E0 � h�x; q� � 0. Hence, (2.37) fol-
lows.

We will de®ne Gm�z; q� and Hm�z; q�, and develop some properties of
Gm�z; q� and Hm�z; q�.

De®nition 2.5 Let jqj < 1 and 1 � m � 4. De®ne

Gm�z; q� :� Gm�z� :� am�q�zmf �ÿz5q2m;ÿzÿ5q10ÿ2m�

where

a1�q� � a4�q� � ÿ q�q5; q5�1�q10; q10�1 f �ÿq2;ÿq8�
f �ÿq;ÿq4�f �ÿq4;ÿq6�

and

a2�q� � a3�q� � �q
5; q5�1�q10; q10�1 f �ÿq4;ÿq6�

f �ÿq2;ÿq3�f �ÿq2;ÿq8� : �2:40�

Furthermore, de®ne

Hm�z; q� :� Hm�z� :� 2qzmA�z5; qm; q5� �2:41�

and

H0�z; q� :� H0�z�

:� ÿ q�q5; q5�31f �z5q5; zÿ5q5�f �ÿz10;ÿzÿ10q20�
�q10; q10�1�q20; q20�1 f �ÿz5;ÿzÿ5q5� : �2:42�
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By (2.33),

Hm�z� � 2qzm �q5; q5�31f �ÿz5qm;ÿzÿ5q5ÿm�f �ÿz5;ÿzÿ5q10�
f �ÿq5;ÿq5�f �ÿqm;ÿq5ÿm�f �ÿz5;ÿzÿ5q5� :

Lemma 2.15 Let jqj < 1. Then Gm�z�; 1 � m � 4, satis®es the functional
equations

Gm�zq2� � ÿzÿ5Gm�z�; and Gm�zÿ1� � zÿ5G5ÿm�z� :

Proof. By (1.8),

Gm�zq2� � am�q�zmq2mf �ÿz5q2m�10;ÿzÿ5qÿ2m�
� am�q�zmq2m�z5q2m�10; q10�1�zÿ5qÿ2m; q10�1�q10; q10�1

� am�q�zmq2m �z5q2m; q10�1
1ÿ z5q2m �1ÿ zÿ5qÿ2m��zÿ5q10ÿ2m; q10�1

� �q10; q10�1
� ÿam�q�zmzÿ5f �ÿz5q2m;ÿzÿ5q10ÿ2m�
� ÿzÿ5Gm�z�

and

Gm�zÿ1� � am�q�zÿmf �ÿzÿ5q2m;ÿz5q10ÿ2m�
� am�q�zÿmf �ÿz5q2�5ÿm�;ÿzÿ5q10ÿ2�5ÿm��
� zÿ5G5ÿm�z� :

Lemma 2.16 Let jqj < 1. Then Hm�z�; 0 � m � 4, satis®es the functional
equations

Hm�zq2� � ÿzÿ5Hm�z�; and Hm�zÿ1� � zÿ5H5ÿm�z� :

Proof. By (2.23), Lemma 2.14, and (2.41), for 1 � m � 4,

Hm�zq2� � 2zmq2m�1A�z5q10; qm; q5�
� ÿ2qzmÿ5A�z5; qm; q5�
� ÿzÿ5Hm�z� ;
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and

Hm�zÿ1�

� 2qzÿm�q5; q5�31f �ÿzÿ5qm;ÿz5q5ÿm�f �ÿzÿ5;ÿz5q10�
f �ÿq5;ÿq5�f �ÿqm;ÿq5ÿm�f �ÿzÿ5;ÿz5q5�

� zÿ5
2qz5ÿm�q5; q5�31f �ÿz5q5ÿm;ÿzÿ5qm��ÿzÿ5�f �ÿz5;ÿzÿ5q10�

f �ÿq5;ÿq5�f �ÿqm;ÿq5ÿm��ÿzÿ5�f �ÿz5;ÿzÿ5q5�
� zÿ5H5ÿm�z� :

Replacing q by q5 and z by ÿz5q5 in (2.26), we ®nd that

f �z5q15; zÿ5qÿ5� � qÿ5zÿ5f �z5q5; zÿ5q5� ;

and replacing q by q5 and z by z5 in (2.26), we ®nd that

f �ÿz5q10;ÿzÿ5qÿ5� � qÿ5zÿ10f �ÿz5; zÿ5q5� :

For m � 0,

H0�zq2� � ÿ q�q5; q5�31f �z5q15; zÿ5qÿ5�f �ÿz10q20;ÿzÿ10�
�q10; q10�1�q20; q20�1 f �ÿz5q10;ÿzÿ5qÿ5�

� ÿ q�q5; q5�31�qÿ5zÿ5�f �z5q5; zÿ5q5��ÿzÿ10�f �ÿz10;ÿzÿ10q20�
�q10; q10�1�q20; q20�1�qÿ5zÿ10�f �ÿz5;ÿzÿ5q5�

� ÿzÿ5H0�z� ;

and

H0�zÿ1� � ÿ q�q5; q5�31f �zÿ5q5; z5q5�f �ÿzÿ10;ÿz10q20�
�q10; q10�1�q20; q20�1 f �ÿzÿ5;ÿz5q5�

� ÿ q�q5; q5�31f �z5q5; zÿ5q5��ÿzÿ10�f �ÿz10;ÿzÿ10q20�
�q10; q10�1�q20; q20�1�ÿzÿ5�f �ÿz5;ÿzÿ5q5�

� zÿ5H0�z� :

Lemma 2.17 For 0 � m � 4,

R�Hm�z�; fq� � ÿ 2fm�1q2

5
;

where f5 � 1 and f 6� 1.

Proof. For 1 � m � 4, by Theorem 2.7, (2.41), and (1.8),
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R�Hm�z�; fq� � 2q�fq�m�q5; q5�31

� f �ÿ�fq�5qm;ÿ�fq�ÿ5q5ÿm�f �ÿ�fq�5;ÿ�fq�ÿ5q10�
f �ÿq5;ÿq5�f �ÿqm;ÿq5ÿm�

fq

5�q5; q5�31

� 2fm�1qm�2f �ÿq5�m;ÿqÿm�
5f �ÿqm;ÿq5ÿm�

� ÿ 2fm�1q2

5
;

and for m � 0, by (2.42) and (1.8),

R�H0�z�; fq� � ÿ q�q5; q5�31f ��fq�5q5; �fq�ÿ5q5�f �ÿ�fq�10;ÿ�fq�ÿ10q20�
�q10; q10�1�q20; q20�1

� fq

5�q5; q5�31
� ÿ 2fq2

5
:

Lemma 2.18 If jqj < 1 and k is an arbitrary integer, then

X4
m�1

Hm�ÿqk� � 0 : �2:43�

Proof. For 1 � m � 4, by (2.41),

H5ÿm�z�
Hm�z�

�

2qz5ÿm�q5; q5�31f �ÿz5q5ÿm;ÿzÿ5qm�f �ÿz5;ÿzÿ5q10�
f �ÿq5;ÿq5�f �ÿq5ÿm;ÿqm�f �ÿz5;ÿzÿ5q5�

2qzm�q5; q5�31f �ÿz5qm;ÿzÿ5q5ÿm�f �ÿz5;ÿzÿ5q10�
f �ÿq5;ÿq5�f �ÿqm;ÿq5ÿm�f �ÿz5;ÿzÿ5q5�

�
z5ÿmf �ÿz5q5ÿm;ÿzÿ5qm�
zmf �ÿz5qm;ÿzÿ5q5ÿm�

: �2:44�

Replacing a by ÿzÿ5qm, b by ÿz5q5ÿm, and n by 2k in Lemma 2.1(iv), we
deduce that

f �ÿzÿ5qm;ÿz5q5ÿm�
� �ÿ1�2kq10k2ÿ5k�2mkzÿ10kf �ÿzÿ5q10k�m;ÿz5q5ÿmÿ10k� : �2:45�
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For z � ÿqk, by (2.45),

f �ÿz5qm;ÿzÿ5q5ÿm�
� f �ÿzÿ5q10k�m;ÿz5q5ÿ10kÿm�
� �ÿ1�2k�q5�ÿ2k�2kÿ1�=2�qmzÿ5�ÿ2kf �ÿzÿ5qm;ÿz5q5ÿm�
� qÿ10k2�5kÿ2km�10k2f �ÿzÿ5qm;ÿz5q5ÿm�
� q5kÿ2kmf �ÿzÿ5qm;ÿz5q5ÿm�
� ÿz5ÿ2mf �ÿzÿ5qm;ÿz5q5ÿm� : �2:46�

By (2.44) and (2.46),

H5ÿm�z�
Hm�z� � ÿ1 if z � ÿqk :

The equality (2.43) now easily follows.
Now, we will show that

D�z� �
X4
m�1

Gm�z; q� �
X4
m�0

Hm�z; q� :

Recall that the de®nition of D�z� is (2.19).

De®nition 2.6 Let jqj < 1. De®ne

W �z; q� :� W �z� :� D�z� ÿ
X4
m�1

Gm�z; q� ÿ
X4
m�0

Hm�z; q� �2:47�

for z 6� 0 and z 6� fqk where k is an integer and f is a ®fth root of unity.

Theorem 2.11 Let q and C be complex numbers with 0 < jqj < 1 and C 6� 0
and let n be a nonnegative integer. Suppose that F �z� is analytic for z 6� 0
and satis®es a functional equation F �qz� � CzÿnF �z�. Then either F �z� has
exactly n zeros in the annulus jqj < jzj � 1 or F �z� � 0.

Proof. See Theorem 1.7 in [H1, p. 647].

Theorem 2.12 If n is a positive integer, 0 < jqj < 1, and x 6� 0, then,

f �ÿx;ÿxÿ1q� �
Xnÿ1
k�0
�ÿ1�kqk�kÿ1�=2xk

� f ��ÿ1�nxnqn�nÿ1�=2�kn; �ÿ1�nxÿnqn�n�1�=2ÿkn� :

Proof. See Theorem 1.2 in [A5, p. 67].
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In Lemma 2.6, Lemma 2.15 and Lemma 2.16, we showed that D�z�,P4
m�1 Gm�z�, and

P4
m�0 Hm�z� satisfy the two same functional equations.

So, we clearly see that W �z� satis®es these functional equations

W �zq2� � ÿzÿ5W �z�; and W �zÿ1� � zÿ5W �z� : �2:48�

Also, in Lemma 2.17, we showed that the residues of Hm�z�; 0 � m � 4, at
z � fq, where f5 � 1 and f 6� 1, are ÿ2fm�1q2=5. Since

X4
m�0

2xm�1q2

5
� 0 ;

it follows that W �z� is analytic at z � fq2k�1 for each integer k, since D�z�
and Gm�z�, 1 � m � 4, are analytic at z � fq2k�1 for each integer k. We will
prove that W �z� has 6 zeros in the annulus jq2j < jzj � 1. This implies
that W �z� � 0 by Theorem 2.11. We will show that W �z� � 0 at
z � ÿ1; ÿq; �q1=2; �q3=2.

Lemma 2.19

W �ÿ1� � 0 :

Proof. By (2.19), (2.42), and Lemma 2.1(iii),

D�ÿ1� � 0 and H0�ÿ1� � 0 : �2:49�

By Lemma 2.18 with k � 0,

X4
m�1

Hm�ÿ1� � 0 : �2:50�

By (2.40),

X4
m�1

Gm�ÿ1� �
X4
m�1
�ÿ1�mam�q�f �q2m; q10ÿ2m�

� �ÿa1�q� � a4�q��f �q2; q8� � �a2�q� ÿ a3�q��f �q4; q6�
� 0 : �2:51�

By (2.47), (2.49), (2.50), and (2.51), W �ÿ1� � 0.

Lemma 2.20

W �ÿq� � 0 :
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Proof. By (2.19), (2.42), Lemma 2.1(iii) and (iv),

D�ÿq� � 0 and H0�ÿq� � 0 : �2:52�

By Lemma 2.18 with k � 1,

X4
m�1

Hm�ÿq� � 0 : �2:53�

By (2.40) and Lemma 2.1(iv),

X4
m�1

Gm�ÿq� �
X4
m�1
�ÿq�mam�q�f �q2m�5; q5ÿ2m�

� ÿqa1�q�f �q3; q7� � q2a2�q�f �q; q9�
ÿq3a3�q�f �qÿ1; q11� � q4a4�q�f �qÿ3; q13�

� �ÿa1�q� � a4�q��qf �q3; q7� � �a2�q� ÿ a3�q��q2f �q; q9�
� 0 : �2:54�

By (2.47), (2.52), (2.53), and (2.54), W �ÿq� � 0.
By (2.48), it follows that W ��q3=2� � ÿW ��q1=2�. Thus, we only need

to show that W ��q1=2� � 0.

Lemma 2.21

W ��q1=2� � 0 :

Proof. We will show that W �ÿq; q2� � 0 instead of W �ÿq1=2; q� � 0.

By (2.19) and Lemma 2.1(iii),

D�ÿq; q2� �0 : �2:55�

By (2.41),

H5ÿm�z�
Hm�z� �

z5ÿmf �ÿz5q5ÿm;ÿzÿ5qm�
zmf �ÿz5qm;ÿzÿ5q5ÿm� :

Replacing z and q by ÿq and q2, respectively, we ®nd that by Lemma
2.1(iv)

H5ÿm�ÿq; q2�
Hm�ÿq; q2� �

ÿq5ÿ2mf �q15ÿ2m; q2mÿ5�
f �q2m�5; q5ÿ2m� � ÿ1 :
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It follows that X4
m�1

Hm�ÿq; q2� � 0 : �2:56�

By (2.47), (2.55), and (2.56),

W �ÿq; q2� � ÿ
X4
m�1

Gm�ÿq; q2� ÿ H0�ÿq; q2� : �2:57�

We need Theorem 2.12 to ®nish the proof of Lemma 2.21.
By (2.40),

X4
m�1

Gm�ÿq; q2� � ÿqa1�q2�f �q9; q11� � q2a2�q2�f �q7; q13�
ÿq3a3�q2�f �q3; q17� � q4a4�q2�f �qÿ1; q21�
� ÿqa1�q2� f �q9; q11� ÿ q3f �qÿ1; q21�ÿ �
�q2a2�q2� f �q7; q13� ÿ qf �q3; q17�ÿ �

:

For the ®rst term, replace n, q, and x by 2, q5, and q2, respectively,
in Theorem 2.12, and for the second term, replace n, q, and x by 2, q5, and
q4, respectively, in Theorem 2.12. Applying Lemma 2.1(iv), we haveX4

m�1
Gm�ÿq; q2� � ÿqa1�q2�f �ÿq2;ÿq3� � q2a2�q2�f �ÿq;ÿq4� :

By Lemma 2.2, the equality above, (2.42) and (1.8),

X4
m�1

Gm�ÿq; q2� � q2�q10; q10�31f �ÿq5;ÿq15�f �ÿq10;ÿq30�
�q20; q20�1�q40; q40�1 f �q5; q5�

� ÿH0�ÿq; q2� :

It follows from (2.57) that

W �ÿq; q2� � 0 :

Replacing q by q1=2, we ®nd that

W �ÿq1=2; q� � 0 :

Also, replacing q by ÿq1=2, we ®nd that

W �q1=2; q� � 0 :
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In conclusion, we have shown that W �z� has zeros ÿ1, ÿq, �q1=2, and
�q3=2 in the annulus jq2j < jzj � 1. We are ready to prove the next theo-
rem.

Theorem 2.13 Let z 6� 0 and z 6� fqk where k is an integer and f is a ®fth root
of unity. Then,

D�z� �
X4
m�1

Gm�z; q� �
X4
m�0

Hm�z; q�

Proof. We showed that W �z� has 6 zeros in the annulus jq2j < jzj � 1.
Thus, by Theorem 2.11, W �z� � 0. Hence, by (2.47), the proof is complete.

By (2.31) and (2.35),

D1�z5� � w�q�f �ÿz5q2;ÿzÿ5q8� � 2qQ�z5; q; q5� : �2:58�

By Theorem 2.13, (2.40), and (2.41),

D1�z5� � zÿ1 G1�z� � H1�z�� �
� a1�q�f �ÿz5q2;ÿzÿ5q8� � 2qA�z5; q; q5� : �2:59�

Thus, by (2.58) and (2.59),

w�q�f �ÿz5q2;ÿzÿ5q8� � a1�q�f �ÿz5q2;ÿzÿ5q8�
� 2qA�z5; q; q5� ÿ 2qQ�z5; q; q5� �2:60�

and by Theorem 2.10,

w�q� � a1�q� � 2qh�q; q5� :

By (2.32) and (2.35),

D2�z5� � /�q�f �ÿz5q4;ÿzÿ5q6� � 2qQ�z5; q2; q5�: �2:61�

By Theorem 2.13, (2.40), and (2.41),

D2�z5� � zÿ2 G2�z� � H2�z�� �
� a2�q�f �ÿz5q4;ÿzÿ5q6� � 2qA�z5; q2; q5� : �2:62�

Thus, by (2.61) and (2.62),

/�q�f �ÿz5q4;ÿzÿ5q6� � a2�q�f �ÿz5q4;ÿzÿ5q6�
� 2qA�z5; q2; q5� ÿ 2qQ�z5; q2; q5� �2:63�
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and by Theorem 2.10,

/�q� � a2�q� � 2qh�q2; q5� :

In [A5], [H1], and [H2], it was shown that the 5th, 6th, and 7th order mock
theta functions can be expressed in terms of the function g�x; q�, where

g�x; q� � 1

�q; q�1
X1

n�ÿ1

�ÿ1�nq3n�n�1�=2

1ÿ qnx
:

We have shown that the 10th order mock theta functions w�q� and /�q�
can be expressed in terms of h�x; q�, which is an analogue of g�x; q�.

2.6 Proof of two theta function identities

In this section, we will prove two eta-function identities. Then we
will derive two theta function identities from these 2 eta-function identi-
ties.

We need the de®nitions in [KM].

De®nition (the Dedekind eta-function) Let H � fz : Im z > 0g. For z 2 H
and q � e2piz, de®ne

g�z� :� e
piz
12

Y1
m�1
�1ÿ e2pimz� � q

1
24�q; q�1 :

By (1.9),

g�z� � q
1
24f �ÿq;ÿq2� :

De®nition 2.8 (the modular group) The modular group is the set of linear
fractional transformations T , T �z� � az�b

cz�d, where a; b; c; and d are rational
integers such that ad ÿ bc � 1. The modular group is denoted by C�1�. Let
C0�N�, where N is a positive integer, be the set of linear factional trans-
formations U , U�z� � az�b

cz�d, where a; b; c; and d are rational integers such
that ad ÿ bc � 1 and c � 0�modN�.

Clearly, C0�N� is a subgroup of C�1�.

De®nition 2.9 (a fundamental region) Let C be a subgroup of C�1�. A
fundamental region for C is an open subset R of H such that (a) for any
distinct points z1, z2 in R, there is no T 2 C such that T �z1� � z2, and (b) for
any point z in H , there is some point z3 in the closure of R such that for some
T
0 2 C, T

0 �z� � z3.
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De®nition 2.10 (a standard fundamental region) Let C be a subgroup of
C�1� with cosets A1;A2; . . . ;Al in the sense that C�1� � [l

i�1CAi. Then R is
called a standard fundamental region for C.

De®nition 2.11 (a cusp) Let R be a fundamental region of C. A parabolic
cusp of C in R is any real point q, or q � 1, such that q 2 �R, the closure of R
in the topology of the Riemann sphere.

De®nition 2.12 (a modular form of weight r) Let r be a real number. A
function F �z�, de®ned and meromorphic in H, is said to be a modular form of
weight r with respect to C , with multiplier system v, if

(a) F �z� satis®es

F �Mz� � v�M��cz� d�rF �z�

for any z 2 H and M 2 C,
(b) there exists a standard fundamental region R such that F �z� has at

most ®nitely many poles in �R \ H,
and

(c) F �z� is meromorphic at qj, for each cusp qj in �R.

The multiplier system v � v�M� for the group C, is a complex-valued
function of absolute value 1, satisfying the equation

v�M1M2��c3z� d3�r � v�M1�v�M2��c1M2z� d1�r�c2z� d2�r

for M1; M2 2 C where M1�z� � a1z�b1
c1z�d1

, M2�z� � a2z�b2
c2z�d2

, and M3�z� �
�M1M2��z� � a3z�b3

c3z�d3
.

Let fC; r; vg denote the space of modular forms of weight r and mul-
tiplier system v on C, where C is a subgroup of C�1� of ®nite index.

Let ord�f ; z� denote the invariant order of a modular form f at z. Let
OrdC�f ; z� denote the order of f with respect to C, de®ned by
OrdC�f ; z� :� 1

` ord�f ; z�, where ` is the order of f at z as a ®xed point of C.

Theorem 2.14 The Dedekind eta-function g�z� is a modular form of weight 1/
2 on the full modular group C�1�.

Proof. See Theorem 10 in [KM, p. 43].

Theorem 2.15 The multiplier system tg of the modular form g�z� is given by

the following formula: for each M �
� a b

c d

�
2 C�1�,
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tg�M� �

ÿ
d
jcj
�
fbd�1ÿc2��c�a�d�ÿ3c
24 ; if c is odd ,ÿ

c
jdj
�
fac�1ÿd2��d�bÿc��3�dÿ1�
24 ; if d is odd and either c � 0

or d � 0;

ÿÿ c
jdj
�
fac�1ÿd2��d�bÿc��3�dÿ1�
24 ; if d is odd c < 0; d < 0 ;

8>>>>><>>>>>:
where f24 is a 24th root of unity.

Proof. See Theorem 2 in [KM, p. 51].

Theorem 2.16 If f 2 fC; r; mg and f 6� 0, thenX
z2R

OrdC�f ; z� � lr ;

where R is any fundamental region for C, and l :� 1
12
�C�1� : C�.

This theorem is called the valence formula.

Proof. See Theorem 4.1.4 in [R3].

Theorem 2.17 If r1 denotes the number of inequivalent cusps of C0�N�, then
r1 �

X
djN

u��d;N=d�� ;

where u denotes Euler's u-function and �a; b� denotes the greatest common
divisor of a and b.

Proof. See page 102 in [SB].

Theorem 2.22 If m1;m2; . . . ;m8 are positive integers, �mi; 4� � 2; 1 � i � 4,
�mi; 4� � 1; 5 � i � 8, and the least common multiple of m1;m2; . . . ;m8 is
90, then, for z 2 H,

g�m1z�g�m2z� � � � g�m8z� 2 fC0�90�; 4; vg ;

where for M �
� a b

c d

�
2 C0�90� and a 24th root of unity f24 ,

v�M� �
Y8
i�1

c=mi

jdj
� �

fac�1ÿd2�=mi�d�mibÿc=mi��3�dÿ1�
24 :

Proof. Let

A � a b
c d

� �
2 C0�90� :
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Then d is odd since ad ÿ bc � 1 and c is even. Then for z 2 H,

g�Az� � vg�A��cz� d�1=2g�z� ;

and for m j 90,

g�mAz� � g
a�mz� � mb
c
m �mz� � d

� �
� vg

a mb
c=m d

� �
�cz� d�1=2g�mz� :

Let d�z� � g�m1z�g�m2z� � � � g�m8z�. Then

d�Az� � v�A��cz� d�4d�z� ;

where

A � vg
a m1b

c=m1 d

� �
vg

a m2b
c=m2 d

� �
� � � vg

a m8b
c=m8 d

� �
:

For 1 � i � 8, by Theorem 2.15,

vg
a mib

c=mi d

� �
� � c=mi

jdj
� �

fac�1ÿd2�=mi�d�mibÿc=mi��3�dÿ1�
24 :

Hence,

v�A� �
Y8
i�1

c=mi

jdj
� �

fac�1ÿd2�=mi�d�mibÿc=mi��3�dÿ1�
24 :

Theorem 2.18 For z 2 H,

g�2z�g�3z�2g�5z�g�18z�g�30z�g�45z�g�90z�
� g�z�g�6z�2g�18z�g�30z�g�45z�3

� g�z�g�6z�g�9z�2g�30z�2g�45z�g�90z�
� g�z�g�6z�g�9z�g�15z�2g�18z�g�90z�2 �2:64�

and

g�z�2g�6z�g�9z�g�18z�g�30z�2g�45z�
� g�2z�g�6z�g�9z�3g�30z�2g�45z�
ÿg�2z�g�3z�2g�18z�2g�30z�g�45z�2

ÿg�2z�g�6z�g�9z�2g�15z�2g�18z�g�90z� : �2:65�
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Proof. Each of the 8 products in (2.64) and (2.65) has 8 eta-functions.
From Lemma 2.22, by a straightforward calculation, each term of (2.64) is
a modular form of weight 4 on C0�90� with the multiplier system v1, where

for A �
� a b

c d

�
2 C0�90�,

v1�A� � 3

jdj
� �

f
14
90c�aÿad2ÿd��4bd�3�dÿ1�
24 :

And from Lemma 2.22, by a straightforward calculation, each term of
(2.65) is a modular form of weight 4 on C0�90� with the multiplier system

v2 where for A �
� a b

c d

�
2 C0�90�,

v2�A� � 6

jdj
� �

f
2
90c�aÿad2ÿd��20bd�3�dÿ1�
24 :

From [R3, p. 26], �C�1� : C0�n�� � n
Q

pjn�1� 1
p�, where the product is over

all primes p dividing n. It follows that �C�1� : C0�90�� � 216. Let F1�q�
denote the di�erence of the left and right sides of (2.64). Similarly, de®ne
F2�q�. By Theorem 2.17, the number of inequivalent cusps of C0�90� is 16,
and by [NM, p. 337], a complete set of inequivalent cusps are 0, 1, and
D=90 where jDj � 90=2 � 45 and �D; 90� > 1. From [B5, p. 282], if r; s 2 Z,
�r; s� � 1, then for any pair of positive integers m, n

ord g�mnz�; r
s

� �
� �mn; s�2

24mn
:

So, we can say that

ord g�mnz�; r
s

� �
� �mn; s�2

24mn
� 1

24mn

for r; s 2 Z and �r; s� � 1. Applying Theorem 2.16 (the valence formula),
for a fundamental region R for C0�90� with a set of inequivalent cusps
c1; . . . ; c15;1, we deduce that for F � F1 or F2,X

z2R

OrdC0�90��F ; z� � 4 � 216
12

� 72

� ord�F ;1� �
X15
i�1

ord�F ; ci�

� ord�F ;1� � 15
1

24 � 90
� ord�F ;1� � 1

144
: �2:66�
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Using Mathematica, we calculated the Taylor series of F1 and F2 about
q � 0 (or about the cusp x � 1) and found that F1 � O�q73� � F2. Unless
each of F1 and F2 is a constant, we have contradictions to (2.66). We have
thus completed the proof of Theorem 2.18.

Now, we will derive two theta function identities from (2.64) and
(2.65).

Theorem 2.19 If jqj < 1, then

�q2; q2�1�q5; q5�1
�q; q�1

� �q
6; q6�21 f �ÿq45;ÿq45�

�q3; q3�21

� q�q9; q9�1�q18; q18�1�q30; q30�1
�q3; q3�1 f �ÿq3;ÿq15�

� q2�q15; q15�1�q18; q18�21 f �ÿq15;ÿq75�
�q3; q3�1�q90; q90�1 f �ÿq3;ÿq15� :

Proof. Dividing both sides of (2.64) by g�z�g�3z�2g�18z�g�30z�g�45z�
g�90z�, we have

g�2z�g�5z�
g�z� � g�6z�2g�45z�2

g�3z�2g�90z� �
g�6z�g�9z�2g�30z�

g�3z�2g�18z�

� g�6z�g�9z�g�15z�2g�90z�
g�3z�2g�30z�g�45z� :

Replacing g�nz� by q
n
24�qn; qn�1 and multiplying by qÿ

1
4, we ®nd that

�q2; q2�1�q5; q5�1
�q; q�1

� �q
6; q6�21�q45; q45�21
�q3; q3�21�q90; q90�1

� q
�q6; q6�1�q9; q9�21�q30; q30�1
�q3; q3�21�q18; q18�1

� q2 �q6; q6�1�q9; q9�1�q15; q15�21�q90; q90�1
�q3; q3�21�q30; q30�1�q45; q45�1

:

Since

f �ÿqn;ÿqn� � �q
n; qn�21

�q2n; q2n�1
�2:67�
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and

f �ÿqn;ÿq5n� � �q
n; qn�1�q6n; q6n�21

�q2n; q2n�1�q3n; q3n�1
�2:68�

for each positive integer n, we ®nally have

�q2; q2�1�q5; q5�1
�q; q�1

� �q
6; q6�21 f �ÿq45;ÿq45�

�q3; q3�21
� q�q9; q9�1�q18; q18�1�q30; q30�1

�q3; q3�1 f �ÿq3;ÿq15�
� q2�q15; q15�1�q18; q18�21 f �ÿq15;ÿq75�
�q3; q3�1�q90; q90�1 f �ÿq3;ÿq15� ;

which complete the proof.

Theorem 2.20 If jqj < 1, then

ÿ q�q6; q6�1 f �ÿq;ÿq�f �ÿq3;ÿq12�
�q3; q3�1 f �ÿq3;ÿq3�

� q2�q18; q18�1 f �ÿq12;ÿq18�
f �ÿq9;ÿq21�

�q45; q45�1
�q9; q9�1

ÿ q2�q18; q18�1 f �ÿq12;ÿq18�
f �ÿq9;ÿq21�

�q9; q9�1�q30; q30�1
q�q3; q3�1 f �ÿq3;ÿq15�

� q2�q18; q18�1 f �ÿq12;ÿq18�
f �ÿq9;ÿq21�

�q15; q15�1�q18; q18�1 f �ÿq15;ÿq75�
�q3; q3�1�q90; q90�1 f �ÿq3;ÿq15� :

Proof. This proof is similar to the proof of Theorem 2.19. Dividing both
sides of (2.65) by g�2z�g�3z�2g�9z�g�18z�2g�30z�g�45z�, we ®nd that

g�z�2g�6z�g�30z�
g�2z�g�3z�2g�18z� �

g�6z�g�9z�2g�30z�
g�3z�2g�18z�2 ÿ g�45z�

g�9z�

ÿ g�6z�g�9z�g�15z�2g�90z�
g�3z�2g�18z�g�30z�g�45z� :

Replacing g�nz� by q
n
24�qn; qn�1 and multiplying both sides by ÿqÿ

1
2, we

®nd that

ÿ �q; q�21�q6; q6�1�q30; q30�1
�q2; q2�1�q3; q3�21�q18; q18�1
� ÿ �q

6; q6�1�q9; q9�21�q30; q30�1
�q3; q3�21�q18; q18�21

� q
�q45; q45�1
�q9; q9�1

� q
�q6; q6�1�q9; q9�1�q15; q15�21�q90; q90�1
�q3; q3�21�q18; q18�1�q30; q30�1�q45; q45�1

:

540 Y.-S. Choi



By (1.8),

f �ÿq12;ÿq18�
f �ÿq3;ÿq12�f �ÿq9;ÿq21� �

�q6; q6�1
�q3; q3�1�q30; q30�1

: �2:69�

Multiplying both sides by q�q18; q18�1 f �ÿq12;ÿq18�=f �ÿq9;ÿq21�, and
using (2.67), (2.68), and (2.69), we ®nally ®nd that

ÿ q�q6; q6�1 f �ÿq;ÿq�f �ÿq3;ÿq12�
�q3; q3�1 f �ÿq3;ÿq3�

� q�q18; q18�1 f �ÿq12;ÿq18�
f �ÿq9;ÿq21�

q�q45; q45�1
�q9; q9�1

ÿ q�q18; q18�1 f �ÿq12;ÿq18�
f �ÿq9;ÿq21�

�q9; q9�1�q30; q30�1
�q3; q3�1 f �ÿq3;ÿq15�

� q�q18; q18�1 f �ÿq12;ÿq18�
f �ÿq9;ÿq21�

q�q15; q15�1�q18; q18�1 f �ÿq15;ÿq75�
�q3; q3�1�q90; q90�1 f �ÿq3;ÿq15� ;

which completes the proof.

3 Proof of the ®rst identity

We will use (2.60) and (2.63) and need several further theorems to prove
(1.5).

Theorem 3.1 If 0 < jqj < 1 and x is neither zero nor an integral power of q,
then

f �ÿx3q;ÿxÿ3q2� � xf �ÿx3q2;ÿxÿ3q� � �q; q�1 f �ÿx2;ÿxÿ2q�
f �ÿx;ÿxÿ1q� :

Proof. See Theorem 1.0 in [H1, p. 643].

Theorem 3.2 For 0 < jqj < 1; x 6� 0; y 6� 0, and z 6� 0,

f �ÿx;ÿxÿ1q�2f �ÿyz;ÿ�yz�ÿ1q�f �ÿyzÿ1;ÿyÿ1zq�

� f �ÿy;ÿyÿ1q�2f �ÿxz;ÿ�xz�ÿ1q�f �ÿxzÿ1;ÿxÿ1zq�

ÿ yzÿ1f �ÿz;ÿzÿ1q�2f �ÿxy;ÿ�xy�ÿ1q�f �ÿxyÿ1;ÿxÿ1yq� :

Proof. See Theorem 1.0 in [H2, p. 663].
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Theorem 3.3 If jqj < 1, then

�q2; q2�1 f �ÿz;ÿzÿ1q2�f �z; zÿ1q3�
�q; q�1

�

f �ÿzq;ÿzÿ1q5�f �ÿz2q;ÿzÿ2q5� ÿ z2f �ÿzq5;ÿzÿ1q�f �ÿz2q5;ÿzÿ2q� :

Proof. This can be proved using a functional equation. De®ne

F �z� :� �q
2; q2�1 f �ÿz;ÿzÿ1q2�f �z; zÿ1q3�

�q; q�1
ÿ f �ÿzq;ÿzÿ1q5�f �ÿz2q;ÿzÿ2q5�
� z2f �ÿzq5;ÿzÿ1q�f �ÿz2q5;ÿzÿ2q� : �3:1�

By (1.8),

f �ÿzq6;ÿzÿ1qÿ4�f �zq6; zÿ1qÿ3�
� �zq6; q2�1�zÿ1qÿ4; q2�1�q2; q2�1�ÿzq6; q3�1
� �ÿzÿ1qÿ3; q3�1�q3; q3�1

� �z; q2�1
�1ÿ z��1ÿ zq2��1ÿ zq4�
� �1ÿ zÿ1qÿ4��1ÿ zÿ1qÿ2��1ÿ zÿ1��zÿ1q2; q2�1�q2; q2�1

� �ÿz; q3�1
�1� z��1� zq3� �1� zÿ1qÿ3��1� zÿ1��ÿzÿ1qÿ3; q3�1

� �q3; q3�1
� ÿzÿ5qÿ9f �ÿz;ÿzÿ1q2�f �z; zÿ1q3� ; �3:2�

f �ÿzq7;ÿzÿ1qÿ1�f �ÿz2q13;ÿzÿ2qÿ7�
� �zq7; q6�1�zÿ1qÿ1; q6�1�q6; q6�1�z2q13; q6�1
� �zÿ2qÿ7; q6�1�q6; q6�1

� �zq; q6�1
�1ÿ zq� �1ÿ zÿ1qÿ1��zÿ1q5; q6�1�q6; q6�1

� �z2q; q6�1
�1ÿ z2q��1ÿ z2q7� �1ÿ zÿ2qÿ7��1ÿ zÿ2qÿ1��zÿ2q5; q6�1

� �q6; q6�1
� ÿzÿ5qÿ9f �ÿzq;ÿzÿ1q5�f �ÿz2q;ÿzÿ2q5� ; �3:3�
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and

f �ÿzq11;ÿzÿ1qÿ5�f �ÿz2q17;ÿzÿ2qÿ11�
� �zq11; q6�1�zÿ1qÿ5; q6�1�q6; q6�1�z2q17; q6�1
� �zÿ2qÿ11; q6�1�q6; q6�1

� �zq5; q6�1
�1ÿ zq5� �1ÿ zÿ1qÿ5��zÿ1q; q6�1�q6; q6�1

� �z2q5; q6�1
�1ÿ z2q5��1ÿ z2q11� �1ÿ zÿ2qÿ11��1ÿ zÿ2qÿ5��zÿ2q; q6�1

� �q6; q6�1
� ÿzÿ5qÿ21f �ÿzq5;ÿzÿ1q�f �ÿz2q5;ÿzÿ2q� : �3:4�

From (3.1), we see that F �z� is analytic for all z 6� 0, and from (3.2), (3.3)
and (3.4), we conclude that F �z� satis®es the functional equation

F �zq6� � ÿzÿ5qÿ9F �z� :
By Theorem 2.11, either F �z� has exactly 5 zeros in the annulus
jq6j < jzj � 1 or F �z� � 0. We shall prove that in this annulus F �z� has
zeros at 1, ÿ1, q, q2, q4, and q5. It's clear from (3.1) and Lemma 2.1(iii)
that 1 and ÿ1 are zeros of F �z�. By (1.8), (1.9), Lemma 2.1(iii) and (iv),

F �q� � �q
2; q2�1 f �ÿq;ÿq�f �q; q2�

�q; q�1
ÿ f �ÿq2;ÿq4�f �ÿq3;ÿq3�

� �q; q�1 f �q; q2� ÿ �q2; q2�1 f �ÿq3;ÿq3�

� �q; q�1�ÿq; q3�1�ÿq2; q3�1�q3; q3�1
�ÿq3; q3�1
�ÿq3; q3�1

ÿ �q2; q2�1�q3; q6�21�q6; q6�1
� 0 ;

F �q2� � ÿf �ÿq3;ÿq3�f �ÿq;ÿq5� � q4f �ÿqÿ1;ÿq7�f �ÿqÿ3;ÿq9�
� ÿf �ÿq3;ÿq3�f �ÿq;ÿq5�
� q4�ÿqÿ1�f �ÿq;ÿq5��ÿqÿ3�f �ÿq3;ÿq3�
� 0 ;

F �q4� � ÿf �ÿq;ÿq5�f �ÿqÿ3;ÿq9� � q8f �ÿqÿ3;ÿq9�f �ÿqÿ7;ÿq13�
� ÿf �ÿq;ÿq5�f �ÿqÿ3;ÿq9� � q8f �ÿqÿ3;ÿq9�qÿ8f �ÿq;ÿq5�
� 0 ;
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and

F �q5� � �q
2; q2�1 f �ÿqÿ3;ÿq5�f �qÿ2; q5�

�q; q�1
� q10f �ÿqÿ4;ÿq10�f �ÿqÿ9;ÿq15�

� qÿ6
�q2; q2�1 f �ÿq;ÿq�f �q; q2�

�q; q�1
ÿ qÿ6f �ÿq2;ÿq4�f �ÿq3;ÿq3�
� 0 :

Thus, by Theorem 2.11, F �z� � 0, which completes the proof.

Theorem 3.4 If jqj < 1, then

�q2; q2�1�q5; q5�1�q30; q30�1 f �ÿq12;ÿq18�
�q; q�1 f �ÿq9;ÿq21�

� ÿ q�q5; q5�1�q10; q10�1�q30; q30�1 f �ÿq2;ÿq8�
f �ÿq;ÿq4�f �ÿq4;ÿq6�

� �q
30; q30�1 f �ÿq2;ÿq8�f �ÿq3;ÿq7�2f �q7; q8�

�q; q�1�q10; q10�1 f �ÿq9;ÿq21�

� q�q30; q30�1 f �ÿq2;ÿq8�f �ÿq3;ÿq7�2f �q2; q13�
�q; q�1�q10; q10�1 f �ÿq9;ÿq21� :

Proof. By Theorem 3.1 with q replaced by q10 and x by q4, and Lemma
2.1(iv),

ÿ q�q5; q5�1�q30; q30�1
f �ÿq;ÿq4�

�q10; q10�1 f �ÿq2;ÿq8�
f �ÿq4;ÿq6�

� ÿ q�q5; q5�1�q30; q30�1
f �ÿq;ÿq4� �f �ÿq8;ÿq22� ÿ q2f �ÿq2;ÿq28�� : �3:5�

By Theorem 3.3 with q replaced by q5 and z by q7, (1.8), and Lemma
2.1(iv),

�q30; q30�1 f �ÿq2;ÿq8�f �ÿq3;ÿq7�2f �q7; q8�
�q; q�1�q10; q10�1 f �ÿq9;ÿq21�

� q3�q5; q5�1�q30; q30�1 f �ÿq2;ÿq28�
f �ÿq;ÿq4�
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� �q5; q5�1�q30; q30�1
f �ÿq;ÿq4�f �ÿq9;ÿq21�

� �q10; q10�1 f �ÿq3;ÿq7�f �q7; q8�
�q5; q5�1

� q3f �ÿq2;ÿq28�f �ÿq9;ÿq21�
�

� �q5; q5�1�q30; q30�1
f �ÿq;ÿq4�f �ÿq9;ÿq21� f �ÿq11;ÿq19�f �ÿq12;ÿq18� : �3:6�

By Theorem 3.3 with q replaced by q5 and z by q13, and Lemma 2.1(iv),

q�q30; q30�1 f �ÿq2;ÿq8�f �ÿq3;ÿq7�2f �q2; q13�
�q; q�1�q10; q10�1 f �ÿq9;ÿq21�

ÿ q�q5; q5�1�q30; q30�1 f �ÿq8;ÿq22�
f �ÿq;ÿq4�

� q�q5; q5�1�q30; q30�1
f �ÿq;ÿq4�f �ÿq9;ÿq21�

� �q10; q10�1 f �ÿq3;ÿq7�f �q2; q13�
�q5; q5�1

ÿ f �ÿq8;ÿq22�f �ÿq9;ÿq21�
�

� q�q5; q5�1�q30; q30�1
f �ÿq;ÿq4�f �ÿq9;ÿq21� q

2f �ÿq;ÿq29�f �ÿq12;ÿq18� : �3:7�

Adding (3.5), (3.6), (3.7), and applying Theorem 3.1 again with q replaced
by q10 and x by q3, and using Lemma 2.1(iv) and (1.8), we ®nd that

ÿ q�q5; q5�1�q10; q10�1�q30; q30�1 f �ÿq2;ÿq8�
f �ÿq;ÿq4�f �ÿq4;ÿq6�

� �q
30; q30�1 f �ÿq2;ÿq8�f �ÿq3;ÿq7�2f �q7; q8�

�q; q�1�q10; q10�1 f �ÿq9;ÿq21�

� q�q30; q30�1 f �ÿq2;ÿq8�f �ÿq3;ÿq7�2f �q2; q13�
�q; q�1�q10; q10�1 f �ÿq9;ÿq21�

� �q
5; q5�1�q30; q30�1 f �ÿq12;ÿq18�

f �ÿq;ÿq4�f �ÿq9;ÿq21�
� �f �ÿq11;ÿq19� � q3f �ÿq;ÿq29��
� �q

5; q5�1�q30; q30�1 f �ÿq12;ÿq18�
f �ÿq;ÿq4�f �ÿq9;ÿq21�

�q10; q10�1 f �ÿq4;ÿq6�
f �ÿq3;ÿq7�

� �q
2; q2�1�q5; q5�1�q30; q30�1 f �ÿq12;ÿq18�

�q; q�1 f �ÿq9;ÿq21� :

This completes the proof of Theorem 3.4.

Theorem 3.5 If 0 < jqj < 1 and a; b; c; and d are nonzero complex num-
bers, then
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0 � af �ÿab;ÿ�ab�ÿ1q�f ÿ b
a
;ÿ a

b
q

� �
� f �ÿcd;ÿ�cd�ÿ1q�f ÿ c

d
;ÿ d

c
q

� �
� bf �ÿbc;ÿ�bc�ÿ1q�f ÿ c

b
;ÿ b

c
q

� �
� f �ÿad;ÿ�ad�ÿ1q�f ÿ a

d
;ÿ d

a
q

� �
� cf �ÿac;ÿ�ac�ÿ1q�f ÿ a

c
;ÿ c

a
q

� �
� f �ÿbd;ÿ�bd�ÿ1q�f ÿ b

d
;ÿ d

b
q

� �
: �3:8�

Proof. First assume that a; b; c; and q are ®xed complex numbers with
jqj < jaj � 1, jqj < jbj � 1, and jqj < jcj � 1, and that a; b; and c are
distinct. Let g�d� be the right side of (3.8). Then it is easy to verify that
g�d� is analytic for d 6� 0 and satis®es g�dq� � qÿ1dÿ2g�d� by Lemma
2.1(iv). By Theorem 2.11, either g�d� has exactly 2 zeros in the annulus
jqj < jdj � 1 or g�d� � 0 for all d 6� 0. Applying Lemma 2.1(iii) three
times, we can show that g�d� has 3 zeros at d � a; b, and c. Hence (3.8) is
true for all nonzero d in this case. Now we can apply the same argument
to each one of a; b, and c. So by analytic continuation, (3.8) holds for all
nonzero values of a; b; c, and d.

Theorem 3.6 If jqj < 1, then

�q18; q18�1�q30; q30�1�q45; q45�1 f �ÿq12;ÿq18�
�q9; q9�1 f �ÿq9;ÿq21�

� �q
30; q30�1�q45; q45�1�q90; q90�1 f �ÿq36;ÿq54�

f �ÿq18;ÿq27�f �ÿq18;ÿq72�

� q9�q45; q45�21�q90; q90�21
f �ÿq45;ÿq45�f �ÿq18;ÿq27�

� f �ÿq12;ÿq33�
f �ÿq39;ÿq51� �

f �ÿq3;ÿq42�
f �ÿq21;ÿq69�

� �
: �3:9�

Proof. In Theorem 3.5, replacing q by q90, a by q33, b by q3, c by q24, and d
by q15 and applying Lemma 2.1(iv), we ®nd that

0 � q33f �ÿq36;ÿq54�f �ÿqÿ30;ÿq120�f �ÿq39;ÿq51�f �ÿq9;ÿq81�
� q3f �ÿq27;ÿq63�f �ÿq21;ÿq69�f �ÿq48;ÿq42�f �ÿq18;ÿq72�
� q24f �ÿq33;ÿq57�f �ÿq9;ÿq81�f �ÿq18;ÿq72�f �ÿqÿ12;ÿq102�
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� ÿq3f �ÿq36;ÿq54�f �ÿq30;ÿq60�f �ÿq39;ÿq51�f �ÿq9;ÿq81�
� q3f �ÿq27;ÿq63�f �ÿq21;ÿq69�f �ÿq48;ÿq42�f �ÿq18;ÿq72�
ÿq12f �ÿq33;ÿq57�f �ÿq9;ÿq81�f �ÿq18;ÿq72�f �ÿq12;ÿq78� :

This implies that

f �ÿq27;ÿq63�f �ÿq21;ÿq69�f �ÿq48;ÿq42�f �ÿq18;ÿq72�
� f �ÿq36;ÿq54�f �ÿq30;ÿq60�f �ÿq39;ÿq51�f �ÿq9;ÿq81�
� q9f �ÿq33;ÿq57�f �ÿq9;ÿq81�f �ÿq18;ÿq72�f �ÿq12;ÿq78� :

�3:10�
In Theorem 3.2, replacing q by q90, x by q18, y by q21, and z by q9, and
applying Lemma 2.1(iv), we ®nd that

f �ÿq18;ÿq72�2f �ÿq30;ÿq60�f �ÿq12;ÿq78�
� f �ÿq21;ÿq69�2f �ÿq27;ÿq63�f �ÿq9;ÿq81�
� q9f �ÿq9;ÿq81�2f �ÿq39;ÿq51�f �ÿq3;ÿq87� : �3:11�

Then, by (3.10), (3.11), and (1.8), the right hand side of (3.9) equals

�q30; q30�1�q45; q45�1�q90; q90�1 f �ÿq36;ÿq54�
f �ÿq18;ÿq27�f �ÿq18;ÿq72�

� q9�q45; q45�21�q90; q90�21f �ÿq12;ÿq33�
f �ÿq45;ÿq45�f �ÿq18;ÿq27�f �ÿq39;ÿq51�

� q9�q45; q45�21�q90; q90�21f �ÿq3;ÿq42�
f �ÿq45;ÿq45�f �ÿq18;ÿq27�f �ÿq21;ÿq69�

� �q
30; q30�1�q90; q90�31 f �ÿq36;ÿq54�

f �ÿq27;ÿq63�f �ÿq18;ÿq72�2

� q9�q90; q90�31f �ÿq12;ÿq78�f �ÿq33;ÿq57�
f �ÿq18;ÿq72�f �ÿq27;ÿq63�f �ÿq39;ÿq51�

� q9�q45; q45�21�q90; q90�21f �ÿq3;ÿq42�
f �ÿq45;ÿq45�f �ÿq18;ÿq27�f �ÿq21;ÿq69�

� �q90; q90�31
f �ÿq9;ÿq81�f �ÿq18;ÿq72�2f �ÿq27;ÿq63�f �ÿq39;ÿq51�
� �f �ÿq36;ÿq54�f �ÿq30;ÿq60�f �ÿq39;ÿq51�f �ÿq9;ÿq81�
� q9f �ÿq33;ÿq57�f �ÿq9;ÿq81�f �ÿq18;ÿq72�f �ÿq12;ÿq78��

� q9�q45; q45�21�q90; q90�21f �ÿq3;ÿq42�
f �ÿq45;ÿq45�f �ÿq18;ÿq27�f �ÿq21;ÿq69�
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� �q90; q90�31
f �ÿq9;ÿq81�f �ÿq18;ÿq72�2f �ÿq27;ÿq63�f �ÿq39;ÿq51�

� f �ÿq27;ÿq63�f �ÿq21;ÿq69�f �ÿq48;ÿq42�f �ÿq18;ÿq72�

� q9�q90; q90�31f �ÿq3;ÿq87�f �ÿq42;ÿq48�
f �ÿq18;ÿq72�f �ÿq27;ÿq63�f �ÿq21;ÿq69�

� �q90; q90�31
f �ÿq9;ÿq81�2f �ÿq18;ÿq72�f �ÿq27;ÿq63�f �ÿq39;ÿq51�

� f �ÿq42;ÿq48�
f �ÿq21;ÿq69� �f �ÿq21;ÿq69�2f �ÿq27;ÿq63�f �ÿq9;ÿq81�

� q9f �ÿq9;ÿq81�2f �ÿq39;ÿq51�f �ÿq3;ÿq87��

� �q30; q30�1 f �ÿq42;ÿq48�
f �ÿq9;ÿq21�f �ÿq9;ÿq81�f �ÿq18;ÿq72�f �ÿq27;ÿq63�

� f �ÿq18;ÿq72�2f �ÿq30;ÿq60�f �ÿq12;ÿq78�

� �q
18; q18�1�q30; q30�1�q45; q45�1 f �ÿq12;ÿq18�

�q9; q9�1 f �ÿq9;ÿq21� :

We are now ready to prove the main identity.

Theorem 3.7 (First 10th Order Mock Theta Function Identity) For jqj < 1,

q2/�q9� ÿ w�xq� ÿ w�x2q�
xÿ x2

� ÿ q�q6; q6�1 f �ÿq;ÿq�f �ÿq3;ÿq12�
�q3; q3�1 f �ÿq3;ÿq3� :

Proof. First we will examine /�q�.
Observe that

Fn :� �ÿ1�
nq5n2�15n�7zÿnÿ1

1ÿ q10n�9zÿ1
qÿ10nÿ9z
qÿ10nÿ9z

� �ÿ1�
n�1q5n2�5nÿ2zÿn

1ÿ qÿ10nÿ9z
:

Then replacing n by ÿnÿ 1, we ®nd that

Fÿnÿ1 � �ÿ1�
nq5n2�5nÿ2zn�1

1ÿ q10n�1z
:
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So, by (2.35),

ÿ2Q�zqÿ4; q2; q5�
�
X1

n�ÿ1

�ÿ1�nq5n�n�1�q2�2n�1��zqÿ4�n�1
1ÿ q5�2n�1�zqÿ4

�
X1

n�ÿ1

�ÿ1�nq5n�n�3��5q2�ÿ2nÿ1��zqÿ4�ÿnÿ1

1ÿ q5�2n�1��zqÿ4�ÿ1

�
X1

n�ÿ1

�ÿ1�nq5n2�5nÿ2zn�1

1ÿ q10n�1z
�
X1

n�ÿ1

�ÿ1�nq5n2�15n�7zÿnÿ1

1ÿ q10n�9zÿ1

� 2
X1

n�ÿ1

�ÿ1�nq5n2�5nÿ2zn�1

1ÿ q10n�1z
: �3:12�

Replacing z5q4 by z in (2.63) and using (3.12), we ®nd that

/�q�f �ÿz;ÿzÿ1q10� � 2
X1

n�ÿ1

�ÿ1�nq5n2�5nÿ1zn�1

1ÿ q10n�1z
� a2�q�f �ÿz;ÿzÿ1q10� � 2qA�zqÿ4; q2; q5�: �3:13�

Replacing q and z by q9 and q30, respectively, in (3.13), multiplying both
sides of (3.13) by q2, and using (1.9), we ®nd that

q2�q30; q30�1/�q9� � 2q2
X1

n�ÿ1

�ÿ1�nq45n2�45nÿ9q30n�30

1ÿ q90n�39

� q2a2�q9��q30; q30�1 � 2q11A�qÿ6; q18; q45�: �3:14�

Replacing q and z by q9 and q60, respectively, in (3.13), multiplying both
sides of (3.13) by q2, and using (1.9), we ®nd that

q2�q30; q30�1/�q9� � 2q2
X1

n�ÿ1

�ÿ1�nq45n2�45nÿ9q60n�60

1ÿ q90n�69

� q2a2�q9��q30; q30�1 � 2q11A�q24; q18; q45� : �3:15�

Adding (3.14) and (3.15), dividing by 2, and applying (2.36), (2.40), and
Theorem 3.6, we ®nd that

q2�q30; q30�1/�q9�

�
X1

n�ÿ1

�ÿ1�nq45n2�75n�23

1ÿ q90n�39 �
X1

n�ÿ1

�ÿ1�nq45n2�105n�53

1ÿ q90n�69

� q2a2�q9��q30; q30�1 � q11 A�qÿ6; q18; q45� � A�q24; q18; q45�ÿ �
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�
X1

n�ÿ1

�ÿ1�nq45n2�75n�23

1ÿ q90n�39 �
X1

n�ÿ1

�ÿ1�nq45n2�105n�53

1ÿ q90n�69

� q2�q30; q30�1�q45; q45�1�q90; q90�1 f �ÿq36;ÿq54�
f �ÿq18;ÿq27�f �ÿq18;ÿq72�

� q11�q45; q45�21�q90; q90�21
f �ÿq45;ÿq45�f �ÿq18;ÿq27�

f �ÿq12;ÿq33�
f �ÿq39;ÿq51� �

f �ÿq3;ÿq42�
f �ÿq21;ÿq69�

� �

�
X1

n�ÿ1

�ÿ1�nq45n2�75n�23

1ÿ q90n�39 �
X1

n�ÿ1

�ÿ1�nq45n2�105n�53

1ÿ q90n�69

� q2
�q18; q18�1�q30; q30�1�q45; q45�1 f �ÿq12;ÿq18�

�q9; q9�1 f �ÿq9;ÿq21� : �3:16�

Now, consider w�q�.
First, observe that

Gn :� �ÿ1�
nq5n2�15n�6zÿnÿ1

1ÿ q10n�7zÿ1
qÿ10nÿ7z
qÿ10nÿ7z

� �ÿ1�
n�1q5n2�5nÿ1zÿn

1ÿ qÿ10nÿ7z

and replacing n by ÿnÿ 1, we ®nd that

Gÿnÿ1 � �ÿ1�
nq5n2�5nÿ1zn�1

1ÿ q10n�3z
:

Thus, by (2.35), we ®nd that

ÿ2Q�zqÿ2; q; q5� �
X1

n�ÿ1

�ÿ1�nq5n�n�1��2n�1�zqÿ2�n�1
1ÿ q5�2n�1�zqÿ2

�
X1

n�ÿ1

�ÿ1�nq5n�n�3��5ÿ2nÿ1�zqÿ2�ÿnÿ1

1ÿ q5�2n�1��zqÿ2�ÿ1

�
X1

n�ÿ1

�ÿ1�nq5n2�5nÿ1zn�1

1ÿ q10n�3z
�
X1

n�ÿ1

�ÿ1�nq5n2�15n�6zÿnÿ1

1ÿ q10n�7zÿ1

� 2
X1

n�ÿ1

�ÿ1�nq5n2�5nÿ1zn�1

1ÿ q10n�3z
: �3:17�
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Replacing z5q2 by z in (2.60) and using (3.17), we ®nd that

w�q�f �ÿz;ÿzÿ1q10� � 2
X1

n�ÿ1

�ÿ1�nq5n2�5nzn�1

1ÿ q10n�3z

� a1�q�f �ÿz;ÿzÿ1q10� � 2qA�zqÿ2; q; q5� : �3:18�

If x is a primitive cube root of unity, then

f �ÿx;ÿx2q10� � �x; q10�1�x2q10; q10�1�q10; q10�1
� �1ÿ x��q30; q30�1 :

So, replacing z by x in (3.18), and applying (2.36) and (2.40), we ®nd that

�q30; q30�1w�q�

� 2

1ÿ x

X1
n�ÿ1

�ÿ1�nxn�1q5n2�5n

1ÿ xq10n�3

� a1�q��q30; q30�1 �
2q

1ÿ x
A�xqÿ2; q; q5�

� 2

1ÿ x

X1
n�ÿ1

�ÿ1�nxn�1q5n2�5n

1ÿ xq10n�3

ÿ q�q5; q5�1�q10; q10�1�q30; q30�1 f �ÿq2;ÿq8�
f �ÿq;ÿq4�f �ÿq4;ÿq6�

ÿ 2�xÿ 1�
3

�q5; q5�21�q10; q10�21f �ÿx2q;ÿxq4�
f �ÿq5;ÿq5�f �ÿq;ÿq4�f �ÿxq3;ÿx2q7� : �3:19�

In Theorem 3.1, replacing q by q5 and x by ÿx2q, we ®nd that

f �q7; q8� ÿ x2qf �q2; q13� � �q
5; q5�1 f �ÿxq2;ÿx2q3�

f �x2q;xq4� : �3:20�

We examine the last expression in (3.19). By (3.19), (3.20), and (1.8),

2�xÿ 1�
3

�q5; q5�21�q10; q10�21 f �ÿx2q;ÿxq4�
f �ÿq5;ÿq5�f �ÿq;ÿq4�f �ÿxq3;ÿx2q7�

� 2�xÿ 1�
3

�q10; q10�31 f �ÿx2q;ÿxq4�
f �ÿq;ÿq4�f �ÿxq3;ÿx2q7�

f �ÿx2q3;ÿxq7�
f �ÿx2q3;ÿxq7�

� 2�xÿ 1�
3

�q30; q30�1 f �ÿq3;ÿq7�f �ÿx2q;ÿxq4�f �ÿx2q3;ÿxq7�
f �ÿq;ÿq4�f �ÿq9;ÿq21�
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� 2�xÿ 1�
3

�q30; q30�1 f �ÿq3;ÿq7�f �ÿx2q;ÿxq4�f �ÿx2q3;ÿxq7�
f �ÿq;ÿq4�f �ÿq9;ÿq21�

� f �x2q;xq4�
f �x2q;xq4�

� 2�xÿ 1�
3

�q30; q30�1 f �ÿq2;ÿq8�f �ÿq3;ÿq7�2
�q; q�1�q10; q10�1 f �ÿq9;ÿq21�

� �q
5; q5�1 f �ÿxq2;ÿx2q3�

f �x2q;xq4�

� 2�xÿ 1�
3

�q30; q30�1 f �ÿq2;ÿq8�f �ÿq3;ÿq7�2
�q; q�1�q10; q10�1 f �ÿq9;ÿq21�

� f �q7; q8� ÿ x2qf �q2; q13�ÿ �
� �q

30; q30�1 f �ÿq2;ÿq8�f �ÿq3;ÿq7�2
3�q; q�1�q10; q10�1 f �ÿq9;ÿq21�
� 2�xÿ 1�f �q7; q8� ÿ �4� 2x�qf �q2; q13�ÿ �

: �3:21�

By (3.19) and (3.21),

�q30; q30�1w�q�

� 2

1ÿ x

X1
n�ÿ1

�ÿ1�nxn�1q5n2�5n

1ÿ xq10n�3

ÿ q�q5; q5�1�q10; q10�1�q30; q30�1 f �ÿq2;ÿq8�
f �ÿq;ÿq4�f �ÿq4;ÿq6�

ÿ �q
30; q30�1 f �ÿq2;ÿq8�f �ÿq3;ÿq7�2
3�q; q�1�q10; q10�1 f �ÿq9;ÿq21�

� 2�xÿ 1�f �q7; q8� ÿ �4� 2x�qf �q2; q13�ÿ �
: �3:22�

If we repalce x by x2 in (3.22), we also ®nd that

�q30; q30�1w�q�

� 2

1ÿ x2

X1
n�ÿ1

�ÿ1�nx2�n�1�q5n2�5n

1ÿ x2q10n�3

ÿ q�q5; q5�1�q10; q10�1�q30; q30�1 f �ÿq2;ÿq8�
f �ÿq;ÿq4�f �ÿq4;ÿq6�

ÿ �q
30; q30�1 f �ÿq2;ÿq8�f �ÿq3;ÿq7�2
3�q; q�1�q10; q10�1 f �ÿq9;ÿq21�

� 2�x2 ÿ 1�f �q7; q8� ÿ �4� 2x2�qf �q2; q13�ÿ �
: �3:23�
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Separating terms in (3.22) and (3.23) according to the residue classes n � 0
(mod 3), n � 1 (mod 3), and n � 2 (mod 3), we ®nd that

X1
n�ÿ1

�ÿ1�nxn�1q5n2�5n

1ÿ xq10n�3 �
X1

n�ÿ1

�ÿ1�nxq45n2�15n

1ÿ xq30n�3

ÿ
X1

n�ÿ1

�ÿ1�nx2q45n2�45n�10

1ÿ xq30n�13

�
X1

n�ÿ1

�ÿ1�nq45n2�75n�30

1ÿ xq30n�23

and

X1
n�ÿ1

�ÿ1�nx2n�2q5n2�5n

1ÿ x2q10n�3 �
X1

n�ÿ1

�ÿ1�nx2q45n2�15n

1ÿ x2q30n�3

ÿ
X1

n�ÿ1

�ÿ1�nxq45n2�45n�10

1ÿ x2q30n�13

�
X1

n�ÿ1

�ÿ1�nq45n2�75n�30

1ÿ x2q30n�23 :

Next,

1

1ÿ x

X1
n�ÿ1

�ÿ1�nxq45n2�15n

1ÿ xq30n�3 � 1

1ÿ x2

X1
n�ÿ1

�ÿ1�nx2q45n2�15n

1ÿ x2q30n�3

� 1

1ÿ x2

X1
n�ÿ1

�ÿ1�nq45n2�15n ÿ1
1ÿ xq30n�3 �

x2

1ÿ x2q30n�3

� �

� 1

1ÿ x2

X1
n�ÿ1

�ÿ1�nq45n2�15n �ÿ1� x2��1� q30n�3�
�1ÿ xq30n�3��1ÿ x2q30n�3�

� ÿ
X1

n�ÿ1
�ÿ1�nq45n2�15n 1ÿ q60n�6

1ÿ q90n�9 ;

1

1ÿ x

X1
n�ÿ1

�ÿ1�nx2q45n2�45n�10

1ÿ xq30n�13 � 1

1ÿ x2

X1
n�ÿ1

�ÿ1�nxq45n2�45n�10

1ÿ x2q30n�13

� 1

1ÿ x2

X1
n�ÿ1

�ÿ1�nq45n2�45n�10 ÿx
1ÿ xq30n�13 �

x
1ÿ x2q30n�13

� �
� 1

1ÿ x2

X1
n�ÿ1

�ÿ1�nq45n2�45n�10 �1ÿ x2�q30n�13

�1ÿ xq30n�13��1ÿ x2q30n�13�

�
X1

n�ÿ1
�ÿ1�nq45n2�75n�23 1ÿ q30n�13

1ÿ q90n�39 ;
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and

1

1ÿ x

X1
n�ÿ1

�ÿ1�nq45n2�75n�30

1ÿ xq30n�23 � 1

1ÿ x2

X1
n�ÿ1

�ÿ1�nq45n2�75n�30

1ÿ x2q30n�23

� 1

1ÿ x2

X1
n�ÿ1

�ÿ1�nq45n2�75n�30 1� x
1ÿ xq30n�23 �

1

1ÿ x2q30n�23

� �
� 1

1ÿ x2

X1
n�ÿ1

�ÿ1�nq45n2�75n�30 1ÿ x2

�1ÿ xq30n�23��1ÿ x2q30n�23�

�
X1

n�ÿ1
�ÿ1�nq45n2�75n�30 1ÿ q30n�23

1ÿ q90n�69 :

Adding (3.22) and (3.23), dividing by 2, and using the three identities
above, we can easily verify that

�q30; q30�1w�q� � ÿ
X1

n�ÿ1
�ÿ1�nq45n2�15n 1ÿ q60n�6

1ÿ q90n�9

ÿ
X1

n�ÿ1
�ÿ1�nq45n2�75n�23 1ÿ q30n�13

1ÿ q90n�39

�
X1

n�ÿ1
�ÿ1�nq45n2�75n�30 1ÿ q30n�23

1ÿ q90n�69

ÿ q�q5; q5�1�q10; q10�1�q30; q30�1 f �ÿq2;ÿq8�
f �ÿq;ÿq4�f �ÿq4;ÿq6�

ÿ �q
30; q30�1 f �ÿq2;ÿq8�f �ÿq3;ÿq7�2
3�q; q�1�q10; q10�1 f �ÿq9;ÿq21�

� �xÿ 1�f �q7; q8� ÿ �2� x�qf �q2; q13�ÿ �
ÿ �q

30; q30�1 f �ÿq2;ÿq8�f �ÿq3;ÿq7�2
3�q; q�1�q10; q10�1 f �ÿq9;ÿq21�

� �x2 ÿ 1�f �q7; q8� ÿ �2� x2�qf �q2; q13�ÿ �
� ÿ

X1
n�ÿ1

�ÿ1�nq45n2�15n 1ÿ q60n�6

1ÿ q90n�9

ÿ
X1

n�ÿ1
�ÿ1�nq45n2�75n�23 1ÿ q30n�13

1ÿ q90n�39

�
X1

n�ÿ1
�ÿ1�nq45n2�75n�30 1ÿ q30n�23

1ÿ q90n�69

ÿ q�q5; q5�1�q10; q10�1�q30; q30�1 f �ÿq2;ÿq8�
f �ÿq;ÿq4�f �ÿq4;ÿq6�
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� �q
30; q30�1 f �ÿq2;ÿq8�f �ÿq3;ÿq7�2f �q7; q8�

�q; q�1�q10; q10�1 f �ÿq9;ÿq21�

� q�q30; q30�1 f �ÿq2;ÿq8�f �ÿq3;ÿq7�2f �q2; q13�
�q; q�1�q10; q10�1 f �ÿq9;ÿq21� : �3:24�

Applying Theorem 2.19 and Theorem 3.4 to (3.24), we ®nd that

�q30; q30�1w�q�

� ÿ
X1

n�ÿ1
�ÿ1�nq45n2�15n 1ÿ q60n�6

1ÿ q90n�9

ÿ
X1

n�ÿ1
�ÿ1�nq45n2�75n�23 1ÿ q30n�13

1ÿ q90n�39

�
X1

n�ÿ1
�ÿ1�nq45n2�75n�30 1ÿ q30n�23

1ÿ q90n�69

� �q
2; q2�1�q5; q5�1�q30; q30�1 f �ÿq12;ÿq18�

�q; q�1 f �ÿq9;ÿq21�

� ÿ
X1

n�ÿ1
�ÿ1�nq45n2�15n 1ÿ q60n�6

1ÿ q90n�9

ÿ
X1

n�ÿ1
�ÿ1�nq45n2�75n�23 1ÿ q30n�13

1ÿ q90n�39

�
X1

n�ÿ1
�ÿ1�nq45n2�75n�30 1ÿ q30n�23

1ÿ q90n�69

� �q
30; q30�1 f �ÿq12;ÿq18�

f �ÿq9;ÿq21�
�q6; q6�21f �ÿq45;ÿq45�

�q3; q3�21

� �q
30; q30�1 f �ÿq12;ÿq18�

f �ÿq9;ÿq21�
q�q9; q9�1�q18; q18�1�q30; q30�1
�q3; q3�1 f �ÿq3;ÿq15�

� �q
30; q30�1 f �ÿq12;ÿq18�

f �ÿq9;ÿq21�

� q2�q15; q15�1�q18; q18�21f �ÿq15;ÿq75�
�q3; q3�1�q90; q90�1 f �ÿq3;ÿq15� : �3:25�
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Using the identity (3.25) twice, we ®nd that

�q30; q30�1
w�xq� ÿ w�x2q�

xÿ x2

� ÿ 1

xÿ x2

X1
n�ÿ1

�ÿ1�nq45n2�75n�23 x2 ÿ q30n�13

1ÿ q90n�39

� 1

xÿ x2

X1
n�ÿ1

�ÿ1�nq45n2�75n�23 xÿ q30n�13

1ÿ q90n�39

� 1

xÿ x2

X1
n�ÿ1

�ÿ1�nq45n2�75n�30 1ÿ x2q30n�23

1ÿ q90n�69

ÿ 1

xÿ x2

X1
n�ÿ1

�ÿ1�nq45n2�75n�30 1ÿ xq30n�23

1ÿ q90n�69

� �q
30; q30�1 f �ÿq12;ÿq18�

f �ÿq9;ÿq21�
� q�q9; q9�1�q18; q18�1�q30; q30�1

�q3; q3�1 f �ÿq3;ÿq15�
�
ÿ q2�q15; q15�1�q18; q18�21f �ÿq15;ÿq75�
�q3; q3�1�q90; q90�1 f �ÿq3;ÿq15�

!

�
X1

n�ÿ1

�ÿ1�nq45n2�75n�23

1ÿ q90n�39 �
X1

n�ÿ1

�ÿ1�nq45n2�105n�53

1ÿ q90n�69

� q�q18; q18�1�q30; q30�1 f �ÿq12;ÿq18�
�q3; q3�1 f �ÿq3;ÿq15�f �ÿq9;ÿq21�

�
 
�q9; q9�1�q30; q30�1 ÿ

q�q15; q15�1�q18; q18�1 f �ÿq15;ÿq75�
�q90; q90�1

!
:

�3:26�
By (3.16), (3.26) and Theorem 2.20, we ®nd that

�q30; q30�1 q2/�q9� ÿ w�xq� ÿ w�x2q�
xÿ x2

� �
� q2 �q18; q18�1�q30; q30�1�q45; q45�1 f �ÿq12;ÿq18�

�q9; q9�1 f �ÿq9;ÿq21�

ÿ q�q18; q18�1�q30; q30�1 f �ÿq12;ÿq18�
�q3; q3�1 f �ÿq3;ÿq15�f �ÿq9;ÿq21�

� �q9; q9�1�q30; q30�1 ÿ
q�q15; q15�1�q18; q18�1 f �ÿq15;ÿq75�

�q90; q90�1

� �
� ÿ q�q6; q6�1�q30; q30�1 f �ÿq;ÿq�f �ÿq3;ÿq12�

�q3; q3�1 f �ÿq3;ÿq3� : �3:27�
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Dividing both sides of (3.27) by �q30; q30�1, we complete the proof
of Theorem 3.7.

4 Proof of the second Identity

We will use (2.60) and (2.63) and need several further theorems to prove
(1.6).

Theorem 4.1 If jqj < 1, then

�q2; q2�1�q5; q5�1�q30; q30�1 f �ÿq6;ÿq24�
q�q; q�1 f �ÿq3;ÿq27�

� �q
5; q5�1�q10; q10�1�q30; q30�1 f �ÿq4;ÿq6�

f �ÿq2;ÿq3�f �ÿq2;ÿq8�
� �q

30; q30�1 f �ÿq4;ÿq6�f �ÿq;ÿq9�2f �q4; q11�
q�q; q�1�q10; q10�1 f �ÿq3;ÿq27�

� �q
30; q30�1 f �ÿq4;ÿq6�f �ÿq;ÿq9�2f �q; q14�
�q; q�1�q10; q10�1 f �ÿq3;ÿq27� :

Proof. By Theorem 3.1 with q replaced by q10 and x by q2,

�q5; q5�1�q30; q30�1
f �ÿq2;ÿq3�

�q10; q10�1 f �ÿq4;ÿq6�
f �ÿq2;ÿq8�

� �q
5; q5�1�q30; q30�1

f �ÿq2;ÿq3� �f �ÿq14;ÿq16� � q2f �ÿq4;ÿq26�� : �4:1�

By Lemma 2.1(iv), (1.8), and Theorem 3.3 with q replaced by q5 and z by
q11, we ®nd that

�q30; q30�1 f �ÿq4;ÿq6�f �ÿq;ÿq9�2f �q4; q11�
q�q; q�1�q10; q10�1 f �ÿq3;ÿq27�

� �q
5; q5�1�q30; q30�1 f �ÿq14;ÿq16�

f �ÿq2;ÿq3�

� �q5; q5�1�q30; q30�1
qf �ÿq2;ÿq3�f �ÿq3;ÿq27�

� �q10; q10�1 f �ÿq;ÿq9�f �q4; q11�
�q5; q5�1

� qf �ÿq14;ÿq16�f �ÿq3;ÿq27�
�

� �q5; q5�1�q30; q30�1
qf �ÿq2;ÿq3�f �ÿq3;ÿq27� f �ÿq6;ÿq24�f �ÿq13;ÿq17� : �4:2�
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By Lemma 2.1(iv), (1.8), and Theorem 3.3 with q replaced by q5 and z by q,

�q30; q30�1 f �ÿq4;ÿq6�f �ÿq;ÿq9�2f �q; q14�
�q; q�1�q10; q10�1 f �ÿq3;ÿq27�

� q2�q5; q5�1�q30; q30�1 f �ÿq4;ÿq26�
f �ÿq2;ÿq3�

� �q5; q5�1�q30; q30�1
f �ÿq2;ÿq3�f �ÿq3;ÿq27�

� �q10; q10�1 f �ÿq;ÿq9�f �q; q14�
�q5; q5�1

� q2f �ÿq4;ÿq26�f �ÿq3;ÿq27�
�

� �q5; q5�1�q30; q30�1
f �ÿq2;ÿq3�f �ÿq3;ÿq27� f �ÿq6;ÿq24�f �ÿq7;ÿq23� : �4:3�

Adding (4.1), (4.2) and (4.3), and using (1.8) and Theorem 3.1 again with q
replaced by q10 and x by q, we ®nd that

�q5; q5�1�q10; q10�1�q30; q30�1 f �ÿq4;ÿq6�
f �ÿq2;ÿq3�f �ÿq2;ÿq8�

� �q
30; q30�1 f �ÿq4;ÿq6�f �ÿq;ÿq9�2f �q4; q11�

q�q; q�1�q10; q10�1 f �ÿq3;ÿq27�

� �q
30; q30�1 f �ÿq4;ÿq6�f �ÿq;ÿq9�2f �q; q14�
�q; q�1�q10; q10�1 f �ÿq3;ÿq27�

� �q
5; q5�1�q30; q30�1 f �ÿq6;ÿq24�
qf �ÿq2;ÿq3�f �ÿq3;ÿq27�

� f �ÿq13;ÿq17� � qf �ÿq7;ÿq23�ÿ �
� �q

5; q5�1�q30; q30�1 f �ÿq6;ÿq24�
qf �ÿq2;ÿq3�f �ÿq3;ÿq27�

�q10; q10�1 f �ÿq2;ÿq8�
f �ÿq;ÿq9�

� �q
2; q2�1�q5; q5�1�q30; q30�1 f �ÿq6;ÿq24�

q�q; q�1 f �ÿq3;ÿq27� :

We thus have completed the proof of Theorem 4.1.

Theorem 4.2 If jqj < 1, then

q�q18; q18�1�q30; q30�1�q45; q45�1 f �ÿq6;ÿq24�
�q9; q9�1 f �ÿq3;ÿq27�

� q7�q30; q30�1�q45; q45�1�q90; q90�1 f �ÿq18;ÿq72�
f �ÿq9;ÿq36�f �ÿq36;ÿq54�
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ÿ q7�q45; q45�21�q90; q90�21
f �ÿq45;ÿq45�f �ÿq9;ÿq36�

� f �ÿq21;ÿq24�
f �ÿq33;ÿq57� ÿ

f �ÿq6;ÿq39�
q6f �ÿq3;ÿq87�

� �
: �4:4�

Proof. In Theorem 3.5, replacing q by q90, a by q51, b by q21, c by q48, and
d by q15, we ®nd that

0 � q51f �ÿq18;ÿq72�f �ÿqÿ30;ÿq120�f �ÿq27;ÿq63�f �ÿq33;ÿq57�
� q21f �ÿq21;ÿq69�f �ÿq27;ÿq63�f �ÿq24;ÿq66�f �ÿq36;ÿq54�
� q48f �ÿqÿ9;ÿq99�f �ÿq3;ÿq87�f �ÿq36;ÿq54�f �ÿq6;ÿq84�
� ÿq21f �ÿq18;ÿq72�f �ÿq30;ÿq60�f �ÿq27;ÿq63�f �ÿq33;ÿq57�
� q21f �ÿq21;ÿq69�f �ÿq27;ÿq63�f �ÿq24;ÿq66�f �ÿq36;ÿq54�
ÿ q39f �ÿq9;ÿq81�f �ÿq3;ÿq87�f �ÿq36;ÿq54�f �ÿq6;ÿq84� :

This implies that

q25f �ÿq9;ÿq81�f �ÿq3;ÿq87�f �ÿq36;ÿq54�f �ÿq6;ÿq84�
� ÿq7f �ÿq18;ÿq72�f �ÿq30;ÿq60�f �ÿq27;ÿq63�f �ÿq33;ÿq57�
� q7f �ÿq21;ÿq69�f �ÿq27;ÿq63�f �ÿq24;ÿq66�f �ÿq36;ÿq54� :

�4:5�
Replacing q by q90, x by q36, y by q3, and z by q27 in Theorem 3.2,
and applying Lemma 2.1(iv), we ®nd that

ÿqf �ÿq36;ÿq54�2f �ÿq30;ÿq60�f �ÿq24;ÿq66�
� q25f �ÿq3;ÿq87�2f �ÿq27;ÿq63�f �ÿq9;ÿq81�
ÿ qf �ÿq27;ÿq63�2f �ÿq39;ÿq51�f �ÿq33;ÿq57� : �4:6�

Let R�q� denote the right side of (4.4). Then, by (1.8), (1.9), (4.5) and (4.6),

R�q� � q7�q30; q30�1�q45; q45�1�q90; q90�1 f �ÿq18;ÿq72�
f �ÿq9;ÿq36�f �ÿq36;ÿq54�

ÿ q7�q45; q45�21�q90; q90�21f �ÿq21;ÿq24�
f �ÿq45;ÿq45�f �ÿq9;ÿq36�f �ÿq33;ÿq57�

� q�q45; q45�21�q90; q90�21f �ÿq6;ÿq39�
f �ÿq45;ÿq45�f �ÿq9;ÿq36�f �ÿq3;ÿq87�
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� q7�q30; q30�1�q90; q90�31f �ÿq18;ÿq72�
f �ÿq9;ÿq81�f �ÿq36;ÿq54�2

ÿ q7�q90; q90�31f �ÿq21;ÿq69�f �ÿq24;ÿq66�
f �ÿq9;ÿq81�f �ÿq36;ÿq54�f �ÿq33;ÿq57�

� q�q45; q45�21�q90; q90�21f �ÿq6;ÿq39�
f �ÿq45;ÿq45�f �ÿq9;ÿq36�f �ÿq3;ÿq87�

� �q90; q90�31
f �ÿq9;ÿq81�f �ÿq36;ÿq54�2f �ÿq33;ÿq57�f �ÿq27;ÿq63�
��q7f �ÿq18;ÿq72�f �ÿq30;ÿq60�f �ÿq27;ÿq63�f �ÿq33;ÿq57�
ÿ q7f �ÿq21;ÿq69�f �ÿq27;ÿq63�f �ÿq24;ÿq66�f �ÿq36;ÿq54��

� q�q45; q45�21�q90; q90�21f �ÿq6;ÿq39�
f �ÿq45;ÿq45�f �ÿq9;ÿq36�f �ÿq3;ÿq87�

� ÿ �q90; q90�31
f �ÿq9;ÿq81�f �ÿq36;ÿq54�2f �ÿq33;ÿq57�f �ÿq27;ÿq63�

� q25f �ÿq9;ÿq81�f �ÿq3;ÿq87�f �ÿq36;ÿq54�f �ÿq6;ÿq84�

� q�q90; q90�31f �ÿq6;ÿq84�f �ÿq39;ÿq51�
f �ÿq9;ÿq81�f �ÿq36;ÿq54�f �ÿq3;ÿq87�

� ÿ �q90; q90�31
f �ÿq9;ÿq81�f �ÿq36;ÿq54�f �ÿq33;ÿq57�f �ÿq27;ÿq63�2

� f �ÿq6;ÿq84�
f �ÿq3;ÿq87� �q

25f �ÿq3;ÿq87�2f �ÿq27;ÿq63�f �ÿq9;ÿq81�

ÿ qf �ÿq27;ÿq63�2f �ÿq39;ÿq51�f �ÿq33;ÿq57��

� �q30; q30�1 f �ÿq6;ÿq84�
f �ÿq9;ÿq21�f �ÿq9;ÿq81�f �ÿq36;ÿq54�f �ÿq27;ÿq63�
� �qf �ÿq36;ÿq54�2f �ÿq30;ÿq60�f �ÿq24;ÿq66��

� q�q18; q18�1�q30; q30�1�q45; q45�1 f �ÿq6;ÿq24�
�q9; q9�1 f �ÿq3;ÿq27� :

We are ready to prove the main theorem.

Theorem 4.3 (Second 10th Order Mock Theta Function Identity) For
jqj < 1,
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qÿ2w�q9� � x/�xq� ÿ x2/�x2q�
xÿ x2

� f �ÿq;ÿq�f �ÿq6;ÿq9��q3; q3�1
f �ÿq3;ÿq3�2 :

Proof. The proof is similar to that of Theorem 3.7 in the previous chapter.
First we will examine w�q�. Replace q by q9 in (3.18) and multiply both
sides of (3.18) by qÿ2. If z � q30, then, by (1.9),

qÿ2�q30; q30�1w�q9� � 2
X1

n�ÿ1

�ÿ1�nq45n2�75n�28

1ÿ q90n�57

� qÿ2a1�q9��q30; q30�1 � 2q7A�q12; q9; q45� : �4:7�

Replacing q by q9 and z by q60 in (3.18), multiplying both sides by qÿ2, and
using (1.9), we ®nd that

qÿ2�q30; q30�1w�q9� � 2
X1

n�ÿ1

�ÿ1�nq45n2�105n�58

1ÿ q90n�87

� qÿ2a1�q9��q30; q30�1 � 2q7A�q42; q9; q45� : �4:8�

Adding (4.7) and (4.8), dividing by 2, using (2.36), (2.40), and Lemma
2.1(iv), and applying Theorem 4.2, we ®nd that

qÿ2�q30; q30�1w�q9�

�
X1

n�ÿ1

�ÿ1�nq45n2�75n�28

1ÿ q90n�57 �
X1

n�ÿ1

�ÿ1�nq45n2�105n�58

1ÿ q90n�87

� qÿ2a1�q9��q30; q30�1 � q7 A�q12; q9; q45� � A�q42; q9; q45�ÿ �
�
X1

n�ÿ1

�ÿ1�nq45n2�75n�28

1ÿ q90n�57 �
X1

n�ÿ1

�ÿ1�nq45n2�105n�58

1ÿ q90n�87

ÿ q7�q30; q30�1�q45; q45�1�q90; q90�1 f �ÿq18;ÿq72�
f �ÿq9;ÿq36�f �ÿq36;ÿq54�

� q7�q45; q45�21�q90; q90�21
f �ÿq45;ÿq45�f �ÿq9;ÿq36�

� f �ÿq21;ÿq24�
f �ÿq33;ÿq57� ÿ

qÿ6f �ÿq6;ÿq39�
f �ÿq3;ÿq87�

� �
�
X1

n�ÿ1

�ÿ1�nq45n2�75n�28

1ÿ q90n�57 �
X1

n�ÿ1

�ÿ1�nq45n2�105n�58

1ÿ q90n�87

ÿ q�q18; q18�1�q30; q30�1�q45; q45�1 f �ÿq6;ÿq24�
�q9; q9�1 f �ÿq3;ÿq27� : �4:9�
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We now consider /�q�. Replacing z by x in (3.13) and using (2.36), (2.40),
and Lemma 2.1(iv), we ®nd that

�q30; q30�1/�q�

� 2

1ÿ x

X1
n�ÿ1

�ÿ1�nxn�1q5n2�5nÿ1

1ÿ xq10n�1 � a2�q��q30; q30�1

� 2q
1ÿ x

A�xqÿ4; q2; q5�

� 2

1ÿ x

X1
n�ÿ1

�ÿ1�nxn�1q5n2�5nÿ1

1ÿ xq10n�1

� �q
5; q5�1�q10; q10�1�q30; q30�1 f �ÿq4;ÿq6�

f �ÿq2;ÿq3�f �ÿq2;ÿq8�

ÿ 2�xÿ 1�
3q

�q5; q5�21�q10; q10�21f �ÿx2q2;ÿxq3�
f �ÿq5;ÿq5�f �ÿq2;ÿq3�f �ÿxq;ÿx2q9� : �4:10�

In Theorem 3.1, replacing q by q5 and x by ÿx2q2, and using
Lemma 2.1(iv), we have

f �q4; q11� ÿ x2qf �q; q14� � �q
5; q5�1 f �ÿx2q;ÿxq4�

f �x2q2;xq3� :

Let F �q� denote the last expression on the right side of (4.10), then using
(1.8) several times and the formula above, we ®nd that

F �q� � ÿ 2�xÿ 1�
3q

�q10; q10�31
f �ÿq2;ÿq3�

� �q10; q10�1�q5; q5�1 f �ÿx2q;ÿxq4�
f �x2q2;xq3�f �ÿx2q;ÿxq9�f �ÿxq;ÿx2q9�

� ÿ 2�xÿ 1�
3q

�q30; q30�1 f �ÿq4;ÿq6�f �ÿq;ÿq9�2
�q; q�1�q10; q10�1 f �ÿq3;ÿq27�

� �q
5; q5�1 f �ÿx2q;ÿxq4�

f �x2q2;xq3�

� ÿ 2�xÿ 1�
3q

�q30; q30�1 f �ÿq4;ÿq6�f �ÿq;ÿq9�2
�q; q�1�q10; q10�1 f �ÿq3;ÿq27�

� f �q4; q11� ÿ x2qf �q; q14�ÿ �
�ÿ �q

30; q30�1 f �ÿq4;ÿq6�f �ÿq;ÿq9�2
3q�q; q�1�q10; q10�1 f �ÿq3;ÿq27�

� 2�xÿ 1�f �q4; q11� ÿ �4� 2x�qf �q; q14�ÿ �
: �4:11�
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Putting (4.11) in (4.10), we deduce that

�q30; q30�1/�q� � 2

1ÿ x

X1
n�ÿ1

�ÿ1�nxn�1q5n2�5nÿ1

1ÿ xq10n�1

� �q
5; q5�1�q10; q10�1�q30; q30�1 f �ÿq4;ÿq6�

f �ÿq2;ÿq3�f �ÿq2;ÿq8�

ÿ �q
30; q30�1 f �ÿq4;ÿq6�f �ÿq;ÿq9�2
3q�q; q�1�q10; q10�1 f �ÿq3;ÿq27�

� 2�xÿ 1�f �q4; q11� ÿ �4� 2x�qf �q; q14�ÿ �
: �4:12�

If we repalce x by x2 in (4.12), we ®nd that

�q30; q30�1/�q� � 2

1ÿ x2

X1
n�ÿ1

�ÿ1�nx2�n�1�q5n2�5nÿ1

1ÿ x2q10n�1

� �q
5; q5�1�q10; q10�1�q30; q30�1 f �ÿq4;ÿq6�

f �ÿq2;ÿq3�f �ÿq2;ÿq8�

ÿ �q
30; q30�1 f �ÿq4;ÿq6�f �ÿq;ÿq9�2
3q�q; q�1�q10; q10�1 f �ÿq3;ÿq27�

� 2�x2 ÿ 1�f �q4; q11� ÿ �4� 2x2�qf �q; q14�ÿ �
: �4:13�

Splitting each sum in (4.12) and (4.13) into three parts according as n � 0
(mod 3), n � 1 (mod 3), and n � 2 (mod 3), we deduce that

X1
n�ÿ1

�ÿ1�nxn�1q5n2�5nÿ1

1ÿ xq10n�1 �
X1

n�ÿ1

�ÿ1�nxq45n2�15nÿ1

1ÿ xq30n�1

ÿ
X1

n�ÿ1

�ÿ1�nx2q45n2�45n�9

1ÿ xq30n�11

�
X1

n�ÿ1

�ÿ1�nq45n2�75n�29

1ÿ xq30n�21 ; �4:14�

and

X1
n�ÿ1

�ÿ1�nx2n�2q5n2�5nÿ1

1ÿ x2q10n�1 �
X1

n�ÿ1

�ÿ1�nx2q45n2�15nÿ1

1ÿ x2q30n�1

ÿ
X1

n�ÿ1

�ÿ1�nxq45n2�45n�9

1ÿ x2q30n�11

�
X1

n�ÿ1

�ÿ1�nq45n2�75n�29

1ÿ x2q30n�21 : �4:15�
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Next,

1

1ÿ x

X1
n�ÿ1

�ÿ1�nxq45n2�15nÿ1

1ÿ xq30n�1 � 1

1ÿ x2

X1
n�ÿ1

�ÿ1�nx2q45n2�15nÿ1

1ÿ x2q30n�1

� 1

1ÿ x2

X1
n�ÿ1

�ÿ1�nq45n2�15nÿ1 ÿ1
1ÿ xq30n�1 �

x2

1ÿ x2q30n�1

� �

� 1

1ÿ x2

X1
n�ÿ1

�ÿ1�nq45n2�15nÿ1 �ÿ1� x2��1� q30n�1�
�1ÿ xq30n�1��1ÿ x2q30n�1�

� ÿ
X1

n�ÿ1
�ÿ1�nq45n2�15nÿ1 1ÿ q60n�2

1ÿ q90n�3 ;

1

1ÿ x

X1
n�ÿ1

�ÿ1�nx2q45n2�45n�9

1ÿ q30n�11x
� 1

1ÿ x2

X1
n�ÿ1

�ÿ1�nxq45n2�45n�9

1ÿ x2q30n�11

� 1

1ÿ x2

X1
n�ÿ1

�ÿ1�nq45n2�45n�9 ÿx
1ÿ xq30n�11 �

x
1ÿ x2q30n�11

� �

� 1

1ÿ x2

X1
n�ÿ1

�ÿ1�nq45n2�45n�9 �1ÿ x2�q30n�11

�1ÿ xq30n�11��1ÿ x2q30n�11�

�
X1

n�ÿ1
�ÿ1�nq45n2�75n�20 1ÿ q30n�11

1ÿ q90n�33 ;

and

1

1ÿ x

X1
n�ÿ1

�ÿ1�nq45n2�75n�29

1ÿ xq30n�21 � 1

1ÿ x2

X1
n�ÿ1

�ÿ1�nq45n2�75n�29

1ÿ x2q30n�21

� 1

1ÿ x2

X1
n�ÿ1

�ÿ1�nq45n2�75n�29 1� x
1ÿ xq30n�21 �

1

1ÿ x2q30n�21

� �

� 1

1ÿ x2

X1
n�ÿ1

�ÿ1�nq45n2�75n�29 1ÿ x2

�1ÿ xq30n�21��1ÿ x2q30n�21�

�
X1

n�ÿ1
�ÿ1�nq45n2�75n�29 1ÿ q30n�21

1ÿ q90n�63 :

Adding (4.12) and (4.13), dividing by 2, and using (4.14), (4.15), and the
above three identities, we can easily verify that
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�q30; q30�1/�q� � ÿ
X1

n�ÿ1
�ÿ1�nq45n2�15nÿ1 1ÿ q60n�2

1ÿ q90n�3

ÿ
X1

n�ÿ1
�ÿ1�nq45n2�75n�20 1ÿ q30n�11

1ÿ q90n�33

�
X1

n�ÿ1
�ÿ1�nq45n2�75n�29 1ÿ q30n�21

1ÿ q90n�63

� �q
5; q5�1�q10; q10�1�q30; q30�1 f �ÿq4;ÿq6�

f �ÿq2;ÿq3�f �ÿq2;ÿq8�

ÿ �q
30; q30�1 f �ÿq4;ÿq6�f �ÿq;ÿq9�2
3q�q; q�1�q10; q10�1 f �ÿq3;ÿq27�

� �xÿ 1�f �q4; q11� ÿ �2� x�qf �q; q14�ÿ �
ÿ �q

30; q30�1 f �ÿq4;ÿq6�f �ÿq;ÿq9�2
3q�q; q�1�q10; q10�1 f �ÿq3;ÿq27�

� �x2 ÿ 1�f �q4; q11� ÿ �2� x2�qf �q; q14�ÿ �
�ÿ

X1
n�ÿ1

�ÿ1�nq45n2�15nÿ1 1ÿ q60n�2

1ÿ q90n�3

ÿ
X1

n�ÿ1
�ÿ1�nq45n2�75n�20 1ÿ q30n�11

1ÿ q90n�33

�
X1

n�ÿ1
�ÿ1�nq45n2�75n�29 1ÿ q30n�21

1ÿ q90n�63

� �q
5; q5�1�q10; q10�1�q30; q30�1 f �ÿq4;ÿq6�

f �ÿq2;ÿq3�f �ÿq2;ÿq8�

� �q
30; q30�1 f �ÿq4;ÿq6�f �ÿq;ÿq9�2f �q4; q11�

q�q; q�1�q10; q10�1 f �ÿq3;ÿq27�

� �q
30; q30�1 f �ÿq4;ÿq6�f �ÿq;ÿq9�2f �q; q14�
�q; q�1�q10; q10�1 f �ÿq3;ÿq27� : �4:16�

Applying Theorem 2.19 and Theorem 4.1 to (4.16), we ®nd that

�q30; q30�1/�q� � ÿ
X1

n�ÿ1
�ÿ1�nq45n2�15nÿ1 1ÿ q60n�2

1ÿ q90n�3

ÿ
X1

n�ÿ1
�ÿ1�nq45n2�75n�20 1ÿ q30n�11

1ÿ q90n�33
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�
X1

n�ÿ1
�ÿ1�nq45n2�75n�29 1ÿ q30n�21

1ÿ q90n�63

� �q
2; q2�1�q5; q5�1�q30; q30�1 f �ÿq6;ÿq24�

q�q; q�1 f �ÿq3;ÿq27�

� ÿ
X1

n�ÿ1
�ÿ1�nq45n2�15nÿ1 1ÿ q60n�2

1ÿ q90n�3

ÿ
X1

n�ÿ1
�ÿ1�nq45n2�75n�20 1ÿ q30n�11

1ÿ q90n�33

�
X1

n�ÿ1
�ÿ1�nq45n2�75n�29 1ÿ q30n�21

1ÿ q90n�63

� �q
30; q30�1 f �ÿq6;ÿq24�

qf �ÿq3;ÿq27�
�q6; q6�21f �ÿq45;ÿq45�

�q3; q3�21
� �q

30; q30�1 f �ÿq6;ÿq24�
qf �ÿq3;ÿq27�

�
�

q�q9; q9�1�q18; q18�1�q30; q30�1
�q3; q3�1 f �ÿq3;ÿq15�

� q2�q15; q15�1�q18; q18�21f �ÿq15;ÿq75�
�q3; q3�1�q90; q90�1 f �ÿq3;ÿq15�

�
: �4:17�

Using the identity (4.17), we ®nd that

�q30; q30�1
x/�xq� ÿ x2/�x2q�

xÿ x2

� ÿ 1

xÿ x2

X1
n�ÿ1

�ÿ1�nq45n2�15nÿ1 1ÿ x2q60n�2

1ÿ q90n�3

� 1

xÿ x2

X1
n�ÿ1

�ÿ1�nq45n2�15nÿ1 1ÿ xq60n�2

1ÿ q90n�3

ÿ 1

xÿ x2

X1
n�ÿ1

�ÿ1�nq45n2�75n�20 1ÿ x2q30n�11

1ÿ q90n�33

� 1

xÿ x2

X1
n�ÿ1

�ÿ1�nq45n2�75n�20 1ÿ xq30n�11

1ÿ q90n�33

� �q
30; q30�1 f �ÿq6;ÿq24�

f �ÿq3;ÿq27�
�
� �q9; q9�1�q18; q18�1�q30; q30�1

�q3; q3�1 f �ÿq3;ÿq15�
ÿ q�q15; q15�1�q18; q18�21f �ÿq15;ÿq75�
�q3; q3�1�q90; q90�1 f �ÿq3;ÿq15�

�
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�ÿ
X1

n�ÿ1

�ÿ1�nq45n2�75n�1

1ÿ q90n�3 ÿ
X1

n�ÿ1

�ÿ1�nq45n2�105n�31

1ÿ q90n�33

� �q
18; q18�1�q30; q30�1 f �ÿq6;ÿq24�

�q3; q3�1 f �ÿq3;ÿq15�f �ÿq3;ÿq27�

�
�
�q9; q9�1�q30; q30�1

ÿ q�q15; q15�1�q18; q18�1 f �ÿq15;ÿq75�
�q90; q90�1

�
:

In the ®rst sum on the far right side above, multiply the numerator and
denominator by qÿ90nÿ3, and replace n by ÿ�n� 1�. In the second sum-
mation, multiply the numerator and denominator by qÿ90nÿ33, and replace
n by ÿ�n� 1�. Then we ®nd that

�q30; q30�1
x/�xq� ÿ x2/�x2q�

xÿ x2

� ÿ
X1

n�ÿ1

�ÿ1�nq45n2�105n�58

1ÿ q90n�87 ÿ
X1

n�ÿ1

�ÿ1�nq45n2�75n�28

1ÿ q90n�57

� �q
18; q18�1�q30; q30�1 f �ÿq6;ÿq24�

�q3; q3�1 f �ÿq3;ÿq15�f �ÿq3;ÿq27�
�
�
�q9; q9�1�q30; q30�1

ÿ q�q15; q15�1�q18; q18�1 f �ÿq15;ÿq75�
�q90; q90�1

�
: �4:18�

By (4.9), (4.18), and Theorem 2.20,

�q30q30�1 qÿ2w�q9� � x/�xq� ÿ x2/�x2q�
xÿ x2

� �
� ÿ q�q18; q18�1�q30; q30�1�q45; q45�1 f �ÿq6;ÿq24�

�q9; q9�1 f �ÿq3;ÿq27�

� �q
18; q18�1�q30; q30�1 f �ÿq6;ÿq24�

�q3; q3�1 f �ÿq3;ÿq15�f �ÿq3;ÿq27�

� �q9; q9�1�q30; q30�1 ÿ
q�q15; q15�1�q18; q18�1 f �ÿq15;ÿq75�

�q90; q90�1

� �
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� ÿ �q
18; q18�1�q30; q30�1 f �ÿq6;ÿq24�

f �ÿq3;ÿq27�
q�q45; q45�1
�q9; q9�1

� �q
18; q18�1�q30; q30�1 f �ÿq6;ÿq24�

f �ÿq3;ÿq27�
�q9; q9�1�q30; q30�1
�q3; q3�1 f �ÿq3;ÿq15�

ÿ �q
18; q18�1�q30; q30�1 f �ÿq6;ÿq24�

f �ÿq3;ÿq27�

� q�q15; q15�1�q18; q18�1 f �ÿq15;ÿq75�
�q90; q90�1�q3; q3�1 f �ÿq3;ÿq15�

� �q30; q30�1
f �ÿq;ÿq�f �ÿq6;ÿq9��q3; q3�1

f �ÿq3;ÿq3�2 ; �4:19�

after several applications of (1.8). Dividing both sides of (4.19) by
�q30; q30�1, we complete the proof of Theorem 4.3.
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