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Abstract. Given a lattice polytope Q@ C R”", we define an affine scheme .75
that reflects the possibilities of splitting @ into a Minkowski sum. Denoting by
Y the toric Gorenstein singularity induced by Q, we construct a flat family over
A with Y as special fiber. In case Y has an isolated singularity, this family is
versal.

1 Introduction

(1.1) The whole deformation theory of an isolated singularity is encoded in
its so-called versal deformation. For complete intersection singularities this is a
family over a smooth base space obtained by certain perturbations of the defining
equations.

As soon as we leave this class of singularities, the structure of the family,
and sometimes even the base space, will be more complicated. It is well known
that the base space may consist of several components or may be non-reduced.
In (9.2) we will present a (three-dimensional) example of a singularity admitting
a fat point as base space of its versal deformation.

For two-dimensional cyclic quotient singularities (coinciding with the two-
dimensional affine toric varieties), the computations of Arndt, Christophersen,
Kollar/ Shepherd-Barron, Riemenschneider, and Stevens provide a description of
the versal family - in particular, the number and dimension of the components
of the reduced base (these components are smooth) are computed.

Christophersen observed that the total spaces over these components are toric
varieties again (cf. [Ch]). This suggests that the entire deformation theory of affine
toric varieties might remain inside this category. It should be a challenge to find
the versal deformation, its base space, or the total spaces over the components
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by purely combinatorial methods.

(1.2) Affine toric varieties are constructed from rational, polyhedral cones o C
R**!: One takes the dual cone

0¥ = {r e @) | (a, r) >0 for each a € 5},

and Y, is defined as the spectrum of the semigroup algebra C[o¥ N (Z"*1)*).
In particular, equations of Y, are induced from affine relations between lattice
points of ¥ C (R™*!)*. In the following we will no longer differentiate between
R™' and its dual space; however, for vectors, we will try to use parentheses
and brackets for primal and dual ones, respectively. See [Ke] or [Od] for an
introduction into the subject of toric varieties.

For investigating versal deformation spaces, Gorenstein singularities could
serve as the first class to study beyond complete intersections. Ishida gave a
nice description of this class inside toric varieties (cf. [Ish], Theorem 7.7): Y, is
Gorenstein if and only if o equals the cone over some lattice polytope Q C R”
(i.e. its vertices are lattice points) embedded into height one.

Therefore, our point of view will be the following: Given a lattice polytope
Q0 C R", we want to study the deformation theory of the affine, toric variety
Y, with ¢ := Cone(Q) C R™*!. Exaniples of these singularities are Del Pezzo
surfaces of degree > 6 (cf. (9.1)).

(1.3) The main tool to describe our results is the notion of Minkowski sums:

Definition. For two polytopes P, P’ C R" we define their Minkowski sum as the
polytope P +P' .= {p+p’|p € P,p’ € P'}. Obviously, this notion also makes
sense for translation classes of polytopes.

R R B

(See (9.3) for another illustration of this notion.) Each Minkowski summand of
a given polytope Q C R” (or some multiple of Q) contains, up to the length, the
same edges as Q itself. This fact enables us to handle the “moduli space” C(Q)
of Minkowski summands which is a polyhedral cone (cf. (2.2)).

Attaching each Minkowski summand at the point that represents it in C(Q)
yields the so-called tautological cone C(Q) together with a projection onto C(Q).
Its construction is very similar to that of a universal bundle, and indeed, apply-
ing the functor that makes toric varieties from cones will provide the main step
toward constructing the versal base space of Y, (cf. Sect. 4).

(1.4) For a given lattice polytope @ C R" with primitive edges, i.e. they do
not contain any interior lattice points, we begin in Sect. 2 with describing an
affine scheme . which seems to be interesting independently from the toric or
deformation context. It describes the possibilities of splitting Q into Minkowski
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summands. The underlying reduced space is an arrangement of planes corre-
sponding to those Minkowski decompositions involving summands that are lattice
polytopes themselves. Since all the proofs are based on quite the same method,
we have collected them in a separate section. Each theorem of Sect. 2 can be
transiated into an easier language and corresponds to a certain lemma of Sect. 3.

In Sect. 4 we study the tautological cone C(Q). This leads in Sect. 5 to the
construction of a flat family over .#Z4 with Y, (o = Cone(Q)) as special fiber.
Note that for Y,, the assumption of Q having primitive edges means smoothness
in codimension two. Computing the Kodaira-Spencer map (in Sect. 6) as well as
the obstruction map (in Sect. 7) shows that for isolated singularities the family is
versal (nevertheless trivial for dim Q > 3, cf. (6.3)). Its components are described
in Sect. 8.

In the general case, the Kodaira-Spencer map is an isomorphism onto the
homogeneous part of T3 with the most interesting multidegree (cf. Theorem
(6.2)), and the obstruction map is still injective (cf. Theorem (7.2)).

Throughout the paper, an example accompanies the general theory. Further
examples can be found in Sect. 9.

(1.5) Acknowledgements: I am very grateful to Duco van Straten and Theo de
Jong for constant encouragement and valuable hints.

This paper was written during a one-year stay at MIT. I would like to thank
Richard Stanley and all the other people who made it possible for me to work
at this very interesting and stimulating place.

2 The Minkowski scheme of a lattice polytope

(2.1) Let Q C IR" be a lattice polytope, i.e. the vertices are contained in Z". We
will always assume that the edges do not contain any interior lattice points. Hence,

after choosing orientations they are given by primitive vectors d',...,d"N € 7"
Definition. For every 2-face £ < Q we define its sign vector ¢ = (€1,...,Ex) €
{0, £1}" by

+1 ifd' isanedge of ¢
g = .
0  otherwise

such that the oriented edges &; - d' fit into a cycle along the boundary of €. This
determines £ up to sign, and we choose one of both possibilities. In particular,
Zi €;d i=0.

Example. Let us introduce the following example, which will be continued
throughout the paper: For O we take the hexagon

Qs := Conv {(0,0),(1,0),(2,1),(2,2),(1,2),(0, 1)} C R*.
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(1,2 2,2)

0,1
@2.1) hexagon Qs

0,00 (1,0

Starting with d' := (0,0)(1,0), the anticlockwise oriented edges are denoted by
dl,...,dS. As vectors they equal

d'=(1,0); d*=(1,1); d> = (0, 1);
d*=(-1,0); d° =(=1,-1); d°=(0,-1).

Qs is 2-dimensional, hence, it is its own unique 2-face € = Q. For Q we take

Q=(,...,1.
(2.2) We define the vector space V C R" by

V= V) ={(t1,- .., )] Zt,- g;d' =0 for every 2-face ¢ < Q}.

Then, C(Q) := V NRY, is obviously a rational, polyhedral cone in V.
>0

Lemma. The points of C(Q) correspond to the Minkowski summands of positive
multiples of Q.

Proof. For an element (1,...,tv) € C(Q), the corresponding summand Q; is
built by the edges #; -d* (i = 1,...,N) as follows: Assume that 0 € R* coincides
with some vertex of the lattice polytope Q. Then, each vertex a of Q can be
reached from O by some walk along the edges of 0. We obtain

N
a=2/\idi for some A=(Aq,..., ), \; € Z.

i=1

Now, given an element ¢t € C(Q), we may define the corresponding vertex a, by

N
a; = Zti Ai dt.
i=1

The linear equations defining V = span C(Q) ensure that this definition does
not depend on the particular path from 0 to a through the 1-skeleton of @. The
polytope Q, is defined as the convex hull of all the g,. Finally, it is clear that all
Minkowski summands arise in this way. [m]
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For a particular Minkowski summand Q' we will denote the corresponding point
in the cone by o(Q’) € C(Q).

Example. 1) Applying g, the two splittings of Q¢ drawn in (1.3) become

1,151,151 = (1,0,1,0,1,0)+(0,1,0,1,0, 1)
1,0,0,1,0,0)+(0,0,1,0,0,1)+ (0, 1,0,0,1,0)..

2) In any case we have o(t- Q) =(¢,...,t) € C(Q) C V CRV.

(2.3) For each 2-face ¢ < Q and for each integer & > 1 we define the (vector
valued) polynomial

N
ges®) =) the;d .

i=1
Using coordinates of R", the g, «(¢) become regular polynomials; for each pair
(g,k) we will get two linearly independent ones. We obtain an ideal

7 =(gexle<Q, k21) CCln,..., 1]
which defines an affine closed subscheme
Ab = SpecC[L]/y CVeccCh.
Example. For our hexagon Qg introduced in (2.1) we obtain
F=(f+tf —ts -tk f+tf —tk k| k> 1).

Of course, finitely many polynomials are sufficient to generate the ideal & - but
we can even give an effective criterion to see which equations may be dropped:

Proposition. Let ¢ < Q be a 2-face. Then € is contained in a two-dimensional
subspace of R", and this vector space comes with a natural lattice (the restriction
of the big lattice 7" ).

If € is contained in two different strips defined by pairs of parallel lines of
lattice-distance < ko each, then the equations g. , (k > ko) are contained in the
ideal generated by g. 1, . - ., e k-

Proof. cf. (3.3).

Example. Obviously, (¢ is contained in at least three different strips of thickness
2. Hence, Z is generated by polynomials of degree < 2:

F=(ti+h—ta—ts, htty—ts—ts, 1E+15—t5 —12, 348 — 17 —17).

(2.4) Denote by £ the canonical projection
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. cV -
e —*Jeia,. = /C'Q(Q)'

On the level of regular functions this corresponds to the inclusion C[r; —# | 1 <
ivj S N] Q (C[t],...,tN],

Theorem. (See also Remark (4.4))

(1) Z is generated by polynomials from C[t; — t;], i.e. A6 = 0=Y(_25) for some
affine closed subscheme 6 C Ve C-oQ) € (CN/(-C - o(Q) - A is defined
by the ideal Z N Clt; — 41

(2) Z C Clty,...,ty] is the smallest ideal that meets property (1) and, on the
other hand, contains the “toric” equations

d € ZN Nspan {|{e1d,c), ..., {end" ,c)]| € < Q 2-face, c € R"}. (For an
integer h we denote

e {h #RZO {0 ifh20
1 0 otherwise "~} —h otherwise

Proof. cf. (3.4).

Example. Toric equations for Qg are for instance ;& — 415, 13 — t5tg, and
hitle —Its3ly.

(2.5) We want to describe the structure of the underlying reduced spaces of
Ab or M. Let Q =Ry +...+R, be a decomposition of Q into a Minkowski
sum of m + 1 lattice polytopes. Then, the N -tuples g(Ryp), - . . , o(R.») have entries
0 and 1 only, and they sum up to (1,...,1). In particular, the (m + 1)-plane
C-0oR)+...+C - o(Ry) C CV is contained in .. It is given by the linear
equations t; — t; = 0 if d*,d’ belong to a common summand R,

Refinements of Minkowski decompositions (they form a partially ordered set)
correspond to inclusions of the associated planes.

Theorem. .Z.q equals the union of those flats corresponding to maximal
Minkowski decompositions of Q into lattice summands. .#byeq consists of their
images via £.

Proof. cf. (3.5).

Example. 76(Qs) and %(Q¢) are reduced schemes (for non-reduced examples
cf. Sect. 9). Let us study them directly:
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- The linear equations allow the following substitution:

tHh =t
t = n th = t—5—353
51 = h—8 3 = -3
§2 = I4— b 4 = t—5
§3 = h— U ts = t—5
e = t—58 —3S83.

— The two quadratic equations transform into s; s3 = 5253 =0.

In particular, .#5 is the union of a line and a 2-plane - corresponding to the
Minkowski decompositions

3
Os

already mentioned in (2.2) and depicted in (1.3).

Conv {(0,0),(1,0),(1,1)} + Conv {(0,0), 0, 1), (1, 1)} and
Conv {(0,0), (1,0)} + Conv {(0,0), (0, 1)} + Conv {(0, 0), (1, 1)}

(2.6) A2 (ot &6 = L™\ (_¥b)) reflects the possibilities of Minkowski decompo-
sitions of Q:
— The underlying reduced space encodes the decompositions of Q into lattice
summands.
~ Extremal decompositions into rational summands are hidden in the scheme
structure of Z4.
Its tangent space in O (the smallest affine space containing .#4) equals
VC/(C o) - it is the vector space arising from the cone C(Q) of Minkowski
summands by killing the summands homothetic to Q.

Therefore, we will call ./ the (affine) Minkowski scheme of Q.

3 Proofs of the statements of Sect. 2

(3.1) Using vectors ¢ € Z" (or certain ¢ € RY) we can evaluate the edges
d!,...,d" to get integers

dy = (e1d',c),...,dy := (end" ,c)

for every given 2-face ¢ < Q. Doing so, the statements of Sect. 2 can be reduced
to much simpler lemmas which will be presented here. Then, all these lemmas
are proved using the following recipe:

(i) Assume d; = £1 - then the lemmas reduce to well known facts concerning
symmetric functions.
(ii) Move to the general case by specialization of variables.
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(3.2) For the whole Sect. 3 we use the following notation:

Let d,,...,dy € Z such that di,...,dy >0, dysi,...,dy <0, and Y d; =
0.

gax@® = TN ditk,

k()
(D) p4(®) R L AU

Denote by o and s; the k-th elementary symmetric polynomial and the sum of
the k-th powers of a given set of variables, respectively.

’

Remark. For 1 <i,j <M orM +1<i,j <N, identifying the two variables
and ¢ (i.e. switching from C[¢] to (Cm/ - tj) yields the following situation:

- t;,t are replaced by a common new variable 7 (i.e. N is replaced by N — 1),
- d;,d; are replaced by d :=d; +d;, but
- gr(1), p(¢) keep their shapes in the new set up.

In particular, the general situation can always be obtained via factorization from
the special case d| = ... =dy = 1; dys1 = ... =dy = —1 (and N = 2M).
Renaming #; = x;, ty+i =y; (I £ M) it looks like

gy = (THxt) - (SHf) = 0@ - 2,
px,y) - xm) =01 ym) = o () — om ().

1]

(3.3) Lemma, Ifk; := Zf‘:l di=— ZiV:M +1 @i, then the polynomials gy (k > kg)
are C[t]-linear combinations of g1, ..., g,,- (This implies Proposition (2.3).)

Proof. As previously discussed, we may regard the special case d; = +1. In
particular, k9 = M. Now, for an arbittary & (> M), the expression s;:{x) is a
polynomial in 5,(x), ..., sy (x), say

sk(x) = Pr(s1(x), ..., s () -
Then,
Gie(x,y) = 50 = 5 () = P (1), - 50 () — Pr (5105 -+ s ()

and for each monomial s;' s;* ... s,y occurring in Py, we have

SIS ()™ — SIQ_)" . 'SMQ’_)'M =

M r,
=D 5@ = 5o - 1@ -5y (O s ()

v=l i=l

ST Sy ) s ()™

M ry
=3 gy (D@ st s @
v=1 i

i1

S0 7 S @ s O™ ),
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proving the lemma. O

(3.4) Lemma. (implying Theorem (2.4))

(1) The ideal Z = (gx | k > 1) C Clt4,...,tn] is generated by polynomials in
t—n({i=2,...,N)only.

(2) Z is the smallest ideal generated by polynomials in t; —t,, which additionally
contains p.

Proof. (1) Replacing #; by t; — #; as arguments in g yields

N N k
Gt =ty —n) = Y diti—n)=) d- (Z(“l)vﬁv tik—v)
i=] i=1 v=0
k N k
= ) (DU (Zd.- r,-"‘“) =3 (-1 gy (®).
v=0 i=1 v=0

In particular, (g«(t)| k > 1) and (gi(z — #1)| k > 1) are the same ideals in C[z].
(2) Each polynomial g(¢) can be written uniquely as

q(_t_):qu(tz—tl,...,tN —-n)-tf.

v20

If J C C[¢] is an ideal generated by polynomials in ¢ — ¢, only, then for each
q(t) € J the components g, are automatically contained in J, too. Hence, we
should look for the components of the polynomial p. In the polynomial ring
ClX,Y,T] we know that

pT+X,T+Y)=T+X) ... T+Xp)—T+Y)-...-(T+Yy)

has ¢4(X) — ox(Y) as coefficient of TM~* (k = 1,...,M). On the other hand,
there is a polynomial P, and a non-vanishing rational number ¢, (not depending
on M) such that

ox(X) = Pr(51(X); - -+, k-1 (X)) + ¢ - s (X).

As in the proof of the previous lemma we obtain

o1 (X) — o (1D

Pr(s1X), - -+ sk—1(XD) = Pe(s1(D), - - -y si—1 (1))
+eg - si(X) — ¢ - sk ()
k-1
= Y &V 9,X D +e aX,Y)
v=1
for some coefficients q,. Specialization (first by T + x(, X; +— x; — x1, ¥; +—
y; — x1, then followed by the usual one) shows that the ideal generated by the
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components p,(t — t;) of p equals Z. O

(3.5) Lemma. Let ¢ = (¢|,...,cy) € CV be a point such that gi(c) = 0 for
each k > 1. Then, for every fixed ¢ € C, we have Zc,—:c d; = 0. (This implies
Theorem (2.5).)

Proof. The equations va:l d; ¢¥ = 0 present O as a linear combination of the vec-
tors (c¢;, c,?, c,.3, ...). On the other hand, the Vandermonde tells us that this linear
combination has to be a trivial one, i.e. the sum of the coefficients d; belonging

to equal variables vanishes. O

4 The tautological cone over C({J)

(4.1) In (2.2) we have introduced the cone C(Q) of Minkowski summands of
R>p - Q. For an element (z1,...,tv) € C(Q) the corresponding summand Q,
was built by the edges #; -d' (i = 1,...,N). Now, we paste the summands at the
points they are assigned to:

Definition. The tautological cone C(Q) C R* x V C R™ is defined as
C@):={@ DlteC@)ac}
It comes with a natural projection C(Q) — C(Q).
C(Q) is (as C(Q)) a rational, polyhedral cone. It is generated by the pairs
(a}, ¥) with
e g’ avertex of Q and
o ¢/ a fundamental generator of C(Q).

This follows from the simple rule (a4, t + t") = (as, V) + (ay, t') for vertices
a € Q and t,¢’ € C(Q). Defining o := Cone(Q) C R**! by putting Q into
the hyperplane (¢ = 1), we obtain a fiber product diagram of rational polyhedral
cones:

C@Q)C R x V] 2% [C(Q) C V]

pr,
[0 € R —— Ryo

N
RY,

(The horizontal maps are projections onto the V and the (n+1)-th component,
respectively. The inclusion i is given by (f - a; )~ (¢ -a; t,...,1))

(4.2) Assigning toric varieties to polyhedral cones is functonal, i.e. we can
proceed so with the whole diagram. We obtain affine toric vaneties Y, X, and
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S with coordinate rings A(Y) = Clo¥ N Z"*], AX) = C[C(Q)" N (Z" x VOl
and A(S) = CIC(Q)" N V], respectively. (Recall that ¥ = Y, is the toric
Gorenstein singularity we want to deform.) The varieties are arranged in the
following commutative diagram:

3

Xé(q) —— Sc@) —— @V oV, 1)

e ]

Y, aC {0}

In (4.4) and (4.7) we will see that Y — X is the pull back of the closed
embedding C < S. Notice that p : S — CV defines functions ¢,,...,y on S.

(4.3) To study the toric varieties ¥, X, and S it is important to understand the
dual cones of o, C(Q), and C(Q), respectively. Beginning with the dual cone of
o, to each non-trivial ¢ € Z" we associate a vertex a(c) of Q and a non-negative
integer 7jp(c) meeting the properties

(@, —¢) <molc) and  (a(c), —c) = no(c).

With respect to Q, ¢ # 0 is the inner normal vector of the affine supporting
hyperplane (e, —¢} = m(c) through a(c). In particular, no(c) is uniquely deter-
mined, while a(c) is not. For ¢ = 0 we define a(0) := 0 € R” and 70(0) :=0 € Z.
Recall that the dual cone of o is defined as ¢V = {r € R"*!| (a,r) > 0}. Hence,
by the definition of 7y, we have

Oo¥ NZ™* = {[c,mo(c)]| c € Z"} .

Moreover, if ¢!,...,c% € Z" \ O are those elements producing irreducible pairs
[c,mo(c)] (i.e. not allowing any non-trivial lattice decomposition [c,no{c)] =
¢/, mo(c”)] + [¢”, malc™)]), then the elements

le', no(eh], - - -, [e®, mole™)], [0, 1]

form the minimal generator set for 0¥ N Z"*! as a semigroup. Among them are
all pairs [c, mo(c)] corresponding to facets (i.e. top dimensional faces) of Q. We
obtain a closed embedding ¥ <+ C¥*!. The coordinate functions of C¥*! will
be denoted by z1, . . ., Zw, ¢ corresponding to [c!, no(c!)], ..., [c¥, no(c™)], [0, 1],
respectively.

Example. We continue our example Os from Sect. 2. Here, the facets of Qg equal
its edges d!,...,dS, and they are sufficient for producing all irreducible pairs
[e!, mo(eh], - -, [c®, mo(c®)]. We have

' =10,1], 2 =[-1,1], S =[-1,0], ¢*=1[0, -1}, ¢ =(1,~1], ¢® =[1,0].

The corresponding vertices are (for instance)
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a(c® =a(c") =(0,0), a(D=al)=@2,1, alch=al’)=(1,2),
and we obtain

no(c!) = 0, no(c?) = 1, no(c®) =2, nole®) =2, no(c®) = 1, Mo(c®) = 0.

(4.4) Thinking of C(Q) as a cone in RY instead of V allows dualizing the
equation C(Q) = RY, NV to get C(Q)” = RY, + V. Hence, for C(Q) as a
cone in V we obtain

N £
cy =Rt/ | =immY, — vl

(As with R*, we do not use different notation for RN and its dual space. Let
ey,...,ey be the canonical basis of the latter one.) The surjection ]R’;O —
— C(Q)" induces a map NV — C(Q)¥ N Vy, which does not need to be
surjective at all. This leads to the following definition:

Definition. On V; we introduce a partial ordering “>"” by

n=n << n-7emN' - V;1CCQ)nVy.

On the geometric level, the non-saturated semigroup im [NV — V1€ Cc@eyvn
V; corresponds to the scheme theoretical image S of p: S — CV, and § — §
is its normalization (cf. (5.2)). The equations of § C CV are collected in the
kemel of

Cln,--., vl = CINV] 2 CIC(Q) NV, C ClVy),

and it is easy to see that

N N
kerp = (Ht;i"—-Ht;i" QEZNFIVJ'> with
i=1 i=1
vt = span{[(e1d',c),...,(end",c)]| € < Q is a 2-face, c € R"}.

Remark. Using our new notation, we can reformulate Theorem (2.4) as: .# C
CV is the largest closed subscheme that is contained in § and, additionally, comes
from C¥ /o(Q) via £71.

On the other hand, dualizing the embedding R>¢ — C(Q) yields

coyYnNv, — N
n — E:ini

at the level of semigroups. This map is surjective, even after restricting to the
subset im [N — V1 All vectors e; corresponding to the functions #; map onto



The versal deformation of an isolated toric Gorenstein singularity 455

1 € N. Geometrically this means that both maps C — S and C — S are closed
embeddings, and the corresponding ideals are

(xﬂ—xﬂ' | n,0 € C(Q)N Vg with 3, n; =Z,~n£) and (s — 4] 1 < i,j <
N), respectively. In particular, we have made a first step towards proving the
claims made in (4.2).

(4.5) In the next two sections we take a closer look at the dualized cone C(Q)".

Definition. For ¢ € Z" let X* = (X{,...,)\}) € ZVN describe some path from
0 € Q to a(c) € Q through the 1-skeleton of Q (similar to that in (2.2)). Then,

n(e) = [=X{{d",e),..., =G @, c)] e Z¥

defines an element 1(c) € Vj not depending on the choice of the particular path
A%

(Let X be a different path from 0 to a(c). It will differ from A° by some
linear combination ), <09:€£ Y- € Z for 2-faces € < Q) only. In particular,

Xe(d e) ~ Xe(d ¢) = D<o 9elei d’, c), and we obtain n(c)5 — n(c)x EMV-L.)

Lemma. (i) n(0)=0 € Vy.

(ii) For all c € Z" we have 1(c) = O (in the sense of Definition (4.4)).
(iii) 7 is convex: >y Gu n(c?) = ﬂ(zv gv cV) for natural numbers g, € N.
(iv) Zf;l n;(¢) = no(c) for arbitrary ¢ € 7.

Proof. (ii) a(c) is a vertex of Q providing the minimal value of the linear function
(e, c). In particular, we can choose a path A° from 0 € Q to a(c) such that this
function decreases in each step, i.e. A’{(d’,c) <0 (i =1,...,N).

(iii) We define the following paths through the 1-skeleton of Q:

~ A:=pathfrom0e Q toa(}_, gvc¥) €0,
- p¥ :=path from a(}_, g, ¢¥) € Q to a(c”) € Q such that pl{d', c?) <0 for
eachi=1,...,N.

Then, \Y := A+ is a path from 0 € Q to a(c®), and fori = 1,..., N we obtain

Zv Gumi(c?) — i ( Zv v c”)

=, 9o i + u?) (d, c?)
+A <di, > w v c”>
= =3, g4 (d'c?) 20.
(iv) By definition of \° we have Zﬁl X d' = a(c). In particular,

N

N
D mle)==> (X d', c) = —{alc), ¢) = mo(c).
i=1

i=1
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O

Example. In our hexagon Qg we choose the following paths from (0,0) to the
vertices a(ct), ..., a(c®), respectively:

A =Al=0, M=X:=[1,1,0,0,0,0], X=X :=[1,1,1,1,0,0].

They provide

n(c = 10,0,0,0,0,0], n(c» = [1,0,0,0,0,0],
nc® = [1,1,0,0,0,0], n(c* = 1[0,1,1,0,0,0],
Q(CS) = [_1707 17 1707 0] ’ Q(CG) = [Oa 07 070,07 O] .

Since [1,0,—1,~1,0,1] = [(d},[L,—11),...,(d%, [1,~1])] € Vi, the vector
n(c®) can be transformed into [0,0,0,0,0,1].

Remark. The definitions of a(c),mo(c), and 7n(c) also make sense for general
¢ € R". However, no(c) € R and n(c) € V* no longer need to be contained in
the lattices. The previous lemma will remain valid (even for g, € Rx¢ in (iii)),
if the relation “> 0” is replaced by the weaker version “c C(Q)"".

(4.6) Proposition. (1) C(0) = {[c,n] e R" x V*| n—n(c) € C(Q)"}

(2) In particular, [c,y_(c)] € C'(Q)V, and moreover, it is the only preimage of
[c,mo(c)] € o via the surjection iV : C(Q)" —» oV.

(3) [c‘,_q(cl)], s [€¥,(e™)] together with C(Q)Y NV (embedded as
[0, C(Q)"])) generate the semigroup C(Q)¥ N (Z" x V). (For the definition
ofct,...,c”, cf (4.3).)

Proof. (1) Let [c,m] € R" x V™ be given; if some representative of 7 in RN
is needed, then it will be denoted by the same name. We have the following
equivalences:

[e,nl € C(Q) <> (@1, lc,n]) >0 foreachte C(Q)
<= (O, c)+(t,n) >0 foreacht e C(Q)
<> (alc), c)+(t,n) >0 foreachr e C(Q).

Using some path \° we obtain:

N
[e,n1eC@) <= Z X{d', ¢) +(t,n) >0 for each £ € C(Q)

N

= Zt, d',c)+m) >0 foreach t € C(Q)
i=1

= L Em, Ay @Y o) +av] € @)
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(2) By part (1) we know that for each [c,77] € C(0)" it is possible to choose
RV -representatives of n,1(c) such that 7; > m;(c) for i = 1,...,N. On the other
hand, the two equalities ), 7;(c) = mo(c) (cf. (iv) of the previous lemma) and
> m =molc) (corresponding to the fact [c,n] — [c, no(c)]) imply 1 =n(c).

(3 Letic,nl € C(Q)". Then, [c,no(c)] is representable as a non-negative linear
combination [c,ny(c)] = Zfﬂpv [c”, n0(c”)] (py € N if ¢ € Z™). Since both
elements [c,7(c)] and 3", polc?,n(c”)] are preimages of [c,mo(c)] via iV, they
must be equa_l by (2), and we obtain

e, 1) = e, p(@] + 10,7~ (@] = Y _ py [c¥, (™)} + 10,7 — ()]
v |

(4.7) Finally, we will take a short look at the geometrical situation reached at
this point. The linear map

COVN(@ xVvy;) — o'nz!
[C7 _Tl] i [C7 Zi 77:]

is surjective ([c,n(c)] — [c,m0(c)]; [0,€] — [0, 11). Since xten xlenl =

x[en@] (0m=me)] _ 0.1 =1()]y the kernel of the corresponding homomorphism
between the semigroup algebras equals the ideal

(x[O,Q] —x[O’Q/] ' = 7]{).
lZ {2 IZ i

In particular, ¥ < X is a closed embedding. Moreover, looking at the similar
statement concerning C(Q) and N at the end of (4.4), we see that this map
equals the pull back of C — § as claimed in (4.2).

The elements [c!,n(c")], ..., [c*,7(c*)] € C(Q) induce some regular func-
tions Zj,...,Z, on X.~They define a closed embedding X — C™ x § lifting the
embedding ¥ — C¥*! of (4.3).

X — C¥xS§

T T
Y — C¥xC

Moreover, for i =1,...,N, Z; is the only monomial function lifting z; from Y
to X.

5 A flat family over ./

(5.1) Theorem. Denote by X and S the scheme theoretical images of X and S
inC* x CVN and CV, respectively. Then,

(1) X > X and S — § are the normalization maps.
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(2) m:X — S induces amap @ : X — 8, and 7 can be recovered from 7 via
base change S — §.

(3) Restricting to #6 C S and composing with £ turns 7 into a family X xg
s W5 e It is flat in 0 € 26 C TN\, and the special fiber
equals Y.

The proof of this theorem will fill Sect. 5.

(5.2) The ring of regular functions A(S) is given as the image of the map
Clt,...,ty] — A(S). Since Z¥ —» Vy is surjective, the rings AS) CA@S) C
C[V;] have the same field of fractions. On the other hand, while f-monomials
with negative exponents might be involved in A(S), the surjectivity of RY, —»
C(Q)" tells us that sufficiently high powers of these monomials always come
from A(S). In particular, A(S) is normal over A(S).

A(X) is given as the image A(X) = im(C[Z|,...,Zy,t,...,tv] — AX)).
Since A(X) is generated by Z;,...,Z, over its subring A(S) (cf. Proposition
(4.6)(3)), the same arguments as for § and S apply. Hence, Part (1) of the pre-
vious theorem is proved.

(5.3) Recalling that zy,...,24, t € A(Y) stand for the monomials with expo-
nents [c‘,'qo(c‘)], cos[e®, mo(e®)], [0, 1] € oV Nz, respectively, we obtain the
following equations describing ¥ as a subset of C¥*!:

w w

. v b‘U

fapapzt) = t° HZL' —1? sz
v=1 v=1

with a,beN¥: Y ay,c?=3, b,c’ and
a,BEN: Y aymc?)+a=),, bync?)+ 8.

Defining ¢ := 3, a,¢” = 3, by c” we can lift fig,p,0,6) to the following ele-
ment of A(S)(Z,...,Z,] (described via the map C[Z,,...,Zy, t1,..., 5] —>
A(S)[Zla R 7Zw]):

Fiap a0 = fiapam@ h) = ZE2 . (1020, @1

—Lﬂe”’zu buQ(C”)> )

Remark. (1) The symbol Z©7! means HL‘;I ZPv with natural numbers p, € N
such that [c, 7{c)] = 3_, py [c¥, 7(c”)] or equivalently
le,mo(e)] = 3, Pulc¥,mo(c”)]. This condition does not determine the coeffi-
cients p, uniquely. Any choice satisfying the equation will do. Choosing other
coefficients g, with the same property yields Z}* - ... - ZPv — Z{" . .. . Zdw =
Fp.0,000Z, D) =fip,q,00(Z, 1), anyway.

(2) By part (iii) of Lemma (4.5), we have an(c?), > byn(c”) = n(c).
In particular, representatives of the n’s can be chosen such that all s-exponents
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occurring in monomials of F are non-negative, i.e. F indeed defines an element
of AS)[Zy,...,Zy)

Lemma. The polynomials_F(a b.o,3) generate ker (AGH[Z] — A(X)), i.e. they can
be used as equations for X C C¥ x §.

Proof. Recall first that the map from A(S)[Z] to A(X) = Die,n Cxm | where
[c,n] runs through all elements of CQ)Y N@" x Vz), sends Z,, — x1ehme™l

and 7; — x!%¢1 Hence,
F(a b = (;lﬁ H A, GO tcxe;+zu ayn(e”)=n(e)) _
30,0, v Y = =
_ (tlﬁ I1, 2t — ziene) £ﬁe.+zv bvg(c”>—g(c>)
. col0.el+d S aule®ne) _  lem@ral0ely ] ay0ne”)~0n@)} _
_ (xmo,emzv bule®n(e™] _ len@B0els) b,,[o,g(c")l—[o,g@)])
= 0 — 0 = 0
On the other hand, ker (A(5)[Z] — A(X)) is obviously generated by the binomials
(178 78w —tEZP .. Z8v such that
Y, aule?, (e +10,7] = 3, bylc?, n(c®)] + [0, pl,

ie. o ci=) a,c’=3 byc?
o YL aune)+n =3 by nc?) +p.

However,

(178 _ i 7b . (H Zaw _ ZIen@l 30, @)= _
T ~ = v v < 1A
k. (H Zbv _ zlem@l )2, bq(t”)—g(t))
1A vy = z
= 12 Fapom — 2 Fop0p
with p € N¥ such that ) p,{c?, 7(c")] = {c, 7)), & = 37, aymo(c?) — mole),
and 3 =3 bymolc?) — nolc). O

(5.4) Using exponents 7, u € Z" (instead of NV), the binomials t22¢ — £ 2"
generate the kernel of the map

AS)IZ] = ABS)IZ) 45y AGS) — AXR) ®acs) AS) — AX) .

Since Z° ®£E—Zb Rk = Z[C,Q(C)]® (EZ“ ayn(e”)—nle)+n _ LZ" b@(C”)-Q(C%g) =0

in AX) ® () A(S), this implies that the surjection A(X) ®,) AS) —» AX) is
injective, too. In particular, part (2) of our theorem is proved.

(5.5) We are going to use the following well known criterion of flatness:
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Theorem. ([Ma], (20.C), Theorem 49) Let 7 : X «— C¥*! x 44 —» 4 be
a map with special fiber Y = #71(0); in particular, Y C C¥*! is defined by the
restrictions of the equations defining X C C¥*' x 44 t0 0 € 7. Then, % is flat
if and only if each linear relation between the (restricted) equations for Y lifts to
some linear relation between the original equations for X.

For our special situation take X := X x5 .# (and .4 = 46, Y = Y); in
(5.3) we have seen how the equations defining ¥ < C"* x C can be lifted to
those defining X < C¥ x S, hence X x5 M6 — C¥ x A6 = C¥ x C x M.
In particular, to show (3) of Theorem (5.1), we just have to determine the linear
relations between the fi; » o 3)’s and lift them to relations between the Fi; 5 o )’s.
There are three types of relations between the fiz » o.3)’s:

@  faram by =faboen
with e Y a,c’=3, rc’ =3 byc” and

o Y (e +a=3 rmo(e®) +y =32, byno(c¥) + 6.
For this relation, the same equation between the F’s is true.

(D)t flab,0.0 =fiabar,gey s 10 11 Fapa8) = Fapasl,p+)-
(iil) 2" fia,b,2,8) = fiatr bir,a,B)-
With ¢ := 3" ayc? =3, byc?, Ti=c+),, ryc’ we obtain

z - Fabap — Flasr bir,a,8) =
= Z[E,Q(E)] . L“”'Zu aun(e®)+y | rome®) _ Lﬁeﬂ-zv bun(e¥) Y rumie®)

™0 _ _glenol gr (taewzuavg(c‘") _ tﬁel+zvbuﬂ(c")) )

- ( £ae|+zv ayn(c®)—n(e) _ Lﬂewzu byn(e”)~n(©)Y

(tg(mzu ron(e”)=n(@) 7 (&,n@) _ Z[c,g(c)lzr) _
Now, the inequalities

> ane®), Y bon(e?) = n(e) and n(e)+ Y ryn(c?) ~ @) = 0

imply that
— the first factor is contained in the ideal defining 0 € .#4, and
— the second factor is an equation of X C C¥ x § (called Fj pir ¢,0) in
(7.4)).

In particular, we have found a lift for the third relation, too.
The proof of Theorem (5.1) is complete.
(5.6) Example. The singularity Y induced by the hexagon Qg equals the cone

over the Del Pezzo surface of degree 6 obtained by blowing up three points of
(P?, @(3)). As a closed subset of C7, it is given by the following 9 equations:
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Jerester, 1,00 T2~ 2622, fler,erves,1,0) =221 — 21 23,
Sier,erren 1,0y T3 — 222, flegeries,1,0) = 4! — 2325,
ﬁes,e4+es,l,0) =25t — 24 26, f(es,e5+e1,l,0) =26t — 2521,
2
ﬁ(_),e.+e4,2,0) =t"—14, f(g,ez+e5,2,0) =t - 2225,
_ 2
Jo,erves2,00 =" — 232 -

Then, the construction described in (5.3) yields the liftings

Flejester 1y = @ty —ZsZp) — Zi(t — t1)

= Ity ~ZsZ,

Fereton = (Gt —Z12Z3)— 2@ — )]
= Ity — 2,2,

Flyerresno) = (Zati—ZrZy) — Za(tit — i o)1 "1y
= 33—,

Flperres0) = (Zati~Z3Zs) ~Zattiats — tatstg) 215!
= Zyty — 23 Zs,

Flesesves 10y = (Zsty — ZaZg) — Zs(t 16 ~ 12 13) fs_l
= Zsts — 24 Zs,

Flegester,1,00 = (Zety —ZsZy) — Zg(ty — t6)
= Zgte — ZsZy,

Foeres200 = (= Zy) -t —tat)=tats—Z1 Zs
= tstg — Z1 Za,

Foepeszn = (7 —22Z5)— (1} —13ts)
= Nty ~ 2 7Zs,

Foerves2,00 = (7 —Z3Zs) — (1} — 11 1)
= Wt —237Zg.

Together with the four equations mentioned at the end of (2.3), they describe a

r,
family contained in C® x C® L CG/C (1. 1)

6 The Kodaira-Spencer map

(6.1) Denote by E C 0¥ N Z"*! the minimal generating set

E = {[c',mo(chH), ..., [c¥, mo(c™)], [0, 11}

mentioned in (4.3). To each vertex @/ € Q (or identically named fundamental
generator @’ := (a/,1) € o) and each element R € Z™*' we associate the subset

ER=ER = {r € E|(d,r) < (,R)}.

Theorem. (cf. [Al 1]) The vector space T} of infinitesimal deformations of Y is
7™ graded, and in degree —R it equals

TRy = (Lo (UE) / S LeEM)
J
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where L(...) denotes the vector space of linear relations.

(6.2) There is a special degree R* = [0, 1] € Z™*! corresponding to the affine
hyperplane containing Q. The associated subsets of E equal

EF = En@)*t = {ic¥,mc")| (&, —c¥) = no(c™)} .

In (4.5), for each ¢ € Z", we have defined the linear form 7{c) € V5. Restricted
to the cone C(Q), it maps ¢ to Max{Q,, —c) = (a(c);, —c). This induces the
following bilinear map:
d: VZ/(I,...,I) X Lz(EﬂaO'V) — 7
t y q — Zv,i ti gy mi(c").
(Indeed, for ¢t := 1 we obtain Zv’i Guni(c?) = >, gumo(c?) = 0 since g €

Lz (E N da™).) Moreover, if ¢ comes from one of the submodules LZ(EjR') -
Lz (E N doV), we obtain

B(t,q) = Y gy -Max(Q,—c)= g, (a,—c")

(a{,—Zq,m”):O.

Theorem. The Kodaira-Spencer map of the family X x5 M6 — A6 of Sect. 5
equals the map

Tt =Vef,. 1y — (HENOS L)) = ThRY
j
induced by the previous pairing. Moreover, this map is an isomorphism.

Proof. Using the same symbol Z for the ideal Z C C[ry,...,tn] and the
intersection Z NC[t; — | 1 <i,j < NJ (cf. (2.4)), our family corresponds to
the flat C[; — #1/ y—module Clz,t/ (Z,Fo(Z, D) Now, we fix a non-trivial

tangent vector t° € Vg. Via t; — ¢ +10 ¢ it induces the infinitesimal family given
by the flat C[] /Ez-module

- Clz,t,€]
Ap = T / (%, Fulz, t +1%&))"

To obtain the associated A(Y)-linear map I/ ;2 A(Y), where I = (fo(z,2))

denotes the ideal of Y in C¥*!, we have to compute the images of f,(z,) in
€A(Y) C Ay and divide them by : Using the notation of (5.3), in Ap

0 = F(a,b,a,ﬁ)(;»t+£05)

fab,a,d@:t + t? €)—
—glenn ((r +10 &-)aewEv ave”) =€) _ (4 4 40 g)ﬁe”‘}:u burc )—g(c)) '
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The relation ¢2 = 0 yields

0 —_ _
fapoap @t +1€) = fabam@z, ) +e - (at* 2% ~ 3P0 2,

and similarly we can expand the other terms. Eventually, we obtain

fapop@t) = —etd (a7l z8 — BrP1zb) 4 £70)
v Y)— -1
ta+ZUa no(c”)—no(c) . [t? (a _ ,3) + Zi tiO (Zv(av _ bu)"]i(cv))]

= ¢ .va av(c”,no(c”)l-i-[O)a—I]‘(Zi t’Q (zv(a’u _ bv)ni(cv))) .

(In € A(Y) we were able to replace the variables ¢ and z; by x!® and x[¢” ("),
respectively.)

On the other hand, we use Theorem (3.4) of [Al 3]: Fixing R* € Z™*!, the
element of Lo(E N 0o¥)* given by g — 3, , t? gy mi(c?) corresponds to the
infinitesimal deformation of T} (~R*) defined by the map

1/ — am
=8 o (D, 1 @ — bm(e?)) - x 2 RO
O

(6.3) To discuss the meaning of the homogeneous part T}.(—R*) inside the
whole vector space Ty, we have to look at the results of [Al 2], (6.5): If dim T} <
oo {for instance, if ¥ has an isolated singularity), then

(1) T} = TH(—R*), but
(2) T4 =0 for dimY > 4.

In particular, the interesting cases arise from 2-dimensional lattice polygons Q
with primitive edges only. The corresponding 3-dimensional toric varieties ¥
have an isolated singularity, and the Kodaira-Spencer map To.% — T} is an
isomorphism.

If T} has infinite dimension, then this comes from the existence of infinitely
many non-trivial homogeneous pieces Ty (—R). Whenever (a/,R) < 1 holds for
all vertices a/ € Q, we have

TH(—R) = Ve(conv{d’ | (a’,R) = 1}),
i.e. T} (—R) equals the vector space of Minkowski summands of some face of Q,

whereas T1(—R) = 0 for all other R € Z™*'. In particular, TL(—R*) is a typical,
but nevertheless extremal and perhaps the most interesting part of T}.
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7 The obstruction map

(7.1) Dealing with obstructions in the deformation theory of Y involves the
A(Y)-module T3. Usually, it is defined in the following way:

Letm = {([a, 0], [b, B]) € N**' x N**'| Y "a,c?

va c?;
v

> bymo(c?) + B}

Z a, (¢ + a
v

denote the set parametrizing the equations f; 5 o 5) generating the ideal /7 C
Clz,t] of Y. Then,
B =ker (Clz, 11" — I)

is the module of linear relations between these equations; it contains the sub-
module .72y of the so-called Koszul relations.

2
. __ Hom(“%/ g ,A(Y))
Definition. T} := o / Hom (Clz, 1", A(Y)) -

Now, we have a similar theorem for T7 as we had in (6.1) for T}; in par-
ticular, we use the notation introduced there.

Theorem. (cf. [Al 3]) The vector space T% is Z"*'-graded, and in degree —R it
equals

- ker (@ Le(ER) — Le(E)) )
y(—R)=1{ - R R R
im (B wy<gLe(Ef NE®) — @iLg(E))

(7.2) In this section we build up the so-called obstruction map. It detects all
possible infinitesimal extensions of our family over .Z4 to a flat family over
some larger base space. We follow the explanation given in Sect. 4 of [JS]. As
before,

Z  =Gept-m)]e<Q,k>1)
=(gaxt—1)|deVinzY k> 1) CClt — 4]

denotes the homogeneous ideal of the base space 4. Let

Z=ti—t); Z+Z-Clti —41CCl — 4| 1 <ij <NT.

Z

Then, W := F / j is a finite-dimensional, Z-graded vector space (W =

®r>2 Wi, and W, is generated by the polynomials gz (¢ — 11)). It is the ker-
nel of the exact sequence
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w . Cl =51/ . ., Clu —4] N
0—W 1/? z/; 0.

Identifying t with t; and z with Z, the tensor product with Clz, ¢] (over C) yields
the important, exact sequence

Z
0= Wt — &I/ 5 o) — /5 o7 g0

Now, let s be any relation with coefficients in C[z,¢] between the equations
fap,0,0- 1.6
Zs(a,b,a,mf(a,b,a,ﬂ) =0 inClg,¢].

By flatness of our family (cf. (5.5)), the components of s can be lifted to C[Z,¢]
obtaining an § such that

As) = Zg(a,b,a,ﬁ) F(a,b,a,ﬂ) — 0 in C[Z’t—]/y -CIZ,1] -

In particular, each relation s € .72 induces some element A(s) € W ®¢ Clgz, ¢],
which is well defined after the additional projection to W ®¢ A(Y). This pro-
cedure describes a certain element A € T? ®¢ W = Hom(W*,T?) called the
obstruction map.

Theorem. The obstruction map A : W* — T3 is injective.

Corollary. If dimT} < oo, our family equals the versal deformation of Y. In
general, we could say that it is “versal in degree —R™”.

Proof. In (6.2) we have proved that the Kodaira-Spencer map is an isomorphism
(at least onto the homogeneous piece Ty (—R*)). By a criterion also described in
[JS], this fact combined with injectivity of the obstruction map implies versality.

|

The remaining part of Sect. 7 contains the proof of the previous theorem.

(7.3) We have to improve the notation of Sects. 4 and 5. Since .#% C § € CV,
we were able to use the toric equations (cf. (2.4)) during computations modulo
Z. In particular, the exponents 1 € ZN of ¢t only needed to be known modulo
V<L it was enough to define Q(c) as elements of V; . However, to compute the
obstruction map, we have to deal with the smaller ideal & C Z. Let us start
by refining the definitions of (4.5):

(i) For each vertex a € Q we choose the following paths through the 1-skeleton
of O:
e Ma)=pathfromO0e Qtoac Q.
e 1%(a) ;= path from a € Q to a(c?) € Q such that p¥(a)(d’,c?) <0 for
eachi=1,...,N.
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e \(a) = Aa)+p¥(a) is then a path from 0 € @ to a(c?), which depends
on a.
(it) For each ¢ € Z" we use the vertex a(c) to define

7°(c) = [=Ailae)(d’,e), ..., = dn(a(e)(d" ,c)] e ZV
and
n°(c®) = [=AV(a(e)d", c¥), ..., = Ay @()dV , c")] € ZV .

(iii) For each ¢ € Z" we fix a representation ¢ = ) pSc? (p5 € N) such that
no(c) = Y, PS5 mo(c?). (That means, ¢ is represented only by those generators
¢¥ that define faces of Q containing the face defined by c itself.)

Remark. Let a € N¥. Denoting ¢ := ), a,c” we obtain ) a, 7°(c”) —n(c) €
NV by arguments as in Lemma (4.5). Moreover, for the special representation
c =y, p5c’, the equation ) psn°(c?) = n°(c) is true.

Now, we improve the definition of the polynomials Fo(Z,1) given in (5.3).
Leta,b € N¥ «, 3 € N such that

c=) ayc’=Y byc’ and 7Zavno(c”)+a=zbvno(6")+ﬁ-
v v v v
Then,

FlapatfZoD) = fiapap@st) — 27 (150" 2 @T €10

P O bvg‘(cu)—g‘(C)) .

(7.4) We have to discuss the same three types of relations as we did in (5.5).
Since there is only one single element ¢ € Z" involved in the relations (i) and
(ii), calculating modulo Z instead of & makes no difference in these cases -
we always obtain A(s) = 0.

Let us regard the relation s = [2” - fa p,a.8) = faasrper,ap =0] (r € N¥). We
will use the following notation:

_ = Zvavcv=zvbvcv; E_;:BC; ﬂ:=Qc§ ) .
= Zu(au +ry)e’ = Zv(bv +ry)c’ = Zv(Pv+rv) ¥ p :=E.C; n=1

- &= (.0 +ro)ii(c™) = (@) = 3, @o + ro)io(c®) — mo@) -
Using the same lifting of s to § as in (5.5) yields

o0

As) = Z7- Fap,0.8 = Farpira,s —
— (1o, e n€NHD) _ P IO e

= —ZP. <£aex+zv(av*pu)g(cv) _ LBL’HZ"(bu—pu)Q(C”)) +

+2P . (Laewzu(tlw"u-ﬁu)ﬁ(cv) _ Lﬁen‘zu(bwrv—ﬁu)_ﬁ_(cv)) _
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_ (tae1+zv(au —p)m(e®) _ tﬁe1+Zv(bu—pu)g(C”))
) (Z_ﬁ 120, Burro=PAET) pr)
= z7. (Laewzv(awu—ﬁv)g(c”) _ £a€1+zu(pv+fu-ﬁu)ﬁ(C”HZv(au—Pu)Q(Cv))
~z7. (Lﬁewzv(bwv ~Pu)A”) _ Lﬁeﬁzv(ﬂwru—ﬁu)ﬁ(cvﬁzv(bu—Pv)g(cv))

As in (5.5)(iii), we can see that A(s) vanishes modulo & (or even in A(S))
merely by identifying 7 and 7.

(7.5) 1In (7.2) we have already mentioned the isomorphism

L) . (C[Z_yL] ~
W e Clz) = 7 /ﬁ-cz,t.l

obtained by identifying ¢t with #; and z with Z. Now, with A(s), we have obtained
an element of the right hand side, which has to be interpreted as an element of
W @¢ Clz, t].

Lemma. Let A,B € N" such thatd = A—-B € V% ie t" -t% ¢ 7.
CIZ,t]. Then, via the previously mentioned isomorphism, t* — t® corresponds to
the element

S gart—1)- 19 € W ¢ Clz, 11,
E>1

where kg = Z,. A;, and cy are the constants occurred in (3.4). In particular, the
coefficients from Wy vanish for k > k.

Proof. First, we remark that we may assume that A=d*, B =d",ie. t* —t8 =
pa(@) (cf. (3.2)). Otherwise we could write this binomial as

=€ (i -) (c en™,

and since

2.

tC=n+t—nud =" (mod (1 — 1)),

we would obtain

C,' + —_ ~
tA—LthIZ‘ -(gi —12 ) (mod 7).
In (3.4) we have seen that

ko k—1
pa® = 17 (Z Guilt —11) - gaw(t — 1) + i - gault — tl))
k=1

v=1

with ko := 3, di". Since g, x(t — 11) € (t; — t;) - C[t; — t;], this implies
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ko
P =D 17 o gare— 1) (mod F).
k=1

On the other hand, for k& > ko, Lemma (3.3) tells us that g4« (¢ —#1) is a Clt; — 4 ]-
linear combination of the elements g4,1(¢ — 1), . - -, ga k(¢ — t1). Then, the degree
k part of the corresponding equation shows g4 (¢ —#;) € y‘ . O

Corollary. Transferred to W @¢ Clz,t], the element \(s) equals

Dok gart—n)-2P 07 with d = 3 (@ — by) - (i) - 1))
k1 ko a+3 0 (ay +ry)mo(c?) — mo (@) .

The coefficients vanish for k > ko.

Proof. We apply the previous lemma to both summands of the A(s)-formula of
(7.4). For the first one we obtain

a [ae1 +Y @y +ry - ﬁu)ﬂ(cv)]

—[aer+ Y @+ = BITCE)+ Y (@0 — P ()]

]

> (ay —py)- (fic) —m(c”))  and

Z (ae, + Z(av +ry — Py) ﬁ(c“))'_

"

ko

13

"

a+ Y (@y+ry = Py)mo(c”)

I

o+ Z(“” + ry) o(c”) — no(8) .

ko has the same value for both the a- and b-summand, and

d=d°—d’* = ) (@ —p.)- (ii(c”) = n(c"))
= by — pu) - (7i(c”) — nc™))
= > (@ —by)- (c”) - (cY) - O
(7.6) Now, we try to approach the obstruction map A from the opposite direction.

Using the description of T} given in (7.1), we construct an element of T3 @¢ W
that afterwards will turn out to equal A

For a path g € ZV along the edges of Q, we denote by

i(g! C) = [(gl dl: C>, LR <QN dN7 C)] S ZN
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the vector measuring the behavior of ¢ € Z" passing each particular edge. If,
moreover, p comes from a closed path, d(p,c) is also contained in V+. On
the other hand, for each k > 1, we can use the d’s from V< to get elements
94x(t — t1) € W, generating this vector space. Composing both procedures we
obtain, for each closed path ¢ € Z", a map

B9 B — VI — W,
c — Fd(o.c) kL — 1) -

Lemma. (1) Taking the sum over all 2-faces we get a surjective map

Z gP(, 0) 1 BecoCt —» Wy
e<Q
(2) Letc € 7" (having integer coordinates is very important here). If 9, o> € ZV
are two paths each connecting vertices a,b € Q such that
o [{a,c) —(b,c)] <k—1 and
e ¢ is monotone along both paths, i.e. (o} d’,c); (o?d',c) > O fori =
1,...,N,
then o' — o* € ZN will be a closed path yielding g% (p' — 0%, ¢) =0 in W;.

Proof. (1) is a consequence of the fact that the elements d(e,c) (¢ < @ 2-
face; ¢ € Z") generate V * as a vector space. For the proof of (2), we look at
d = d(o' — 0%, ¢). Since d; = (o} d’, c) — (g?d', c) is the difference of two
non-negative integers, we obtain d} < (p! d’, c). Hence,

> dr<d (old, c)=(b,c) —(a,c) <k -1,
i i
and as in (7.5) we obtain gy :(t — t1) € j by Lemma (3.3). |

(7.7) Using the notation introduced in (6.1) we obtain for R :=k R*, k > 2
ER = {[c",mo(c™)]] (@, c¥) +mo(c”) Sk — 1} U{R"} S 0¥ NZ™.
Then, we can define the following linear maps :

P LER) — Wi . '
g Y, qe - g% (A@) + pt(a@d) — Ma(c?)), ¢v) .

(The g-coordinate corresponding to R* € Ej"R' is not used in the definition of

2

Lemma. Let (a’,a’) < Q be an edge of the polyhedron Q. Then, on L(E®™ N
Ej"R') = LEX®R" ) n L(Eij'), the maps v® and wj(-k) coincide. In particular (cf.

l

Theorem (7.1)), the w}k) s induce a linear map p™® : T%(—kR*)* — Wq.
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Proof. Let g € L(EMR™ N EX"), and denote by ¢¥ € Z" the path consisting of
the single edge running from a’ to a’. Then,

v - = T, 40 9% (Ma)+ (@) — Mal) - p(@), c*)
g0 (M) = Ma) +6%, 30, guc?) +

+ 3, qv - g® (@) — p¥(a@) ~ o, ¢¥)
and both summands vanish for several reasons. The first one is killed simply by
the equality >, g, c” = 0. For the second one we can use (2) of the previous
lemma: If g, # 0, then the assumption about g implies the inequalities

Il

0 < (a',c¥) - (a(c?),c?); (@,c¥) — (a(c?),c?) <k —1.

Hence, assuming w.l.o.g. {a’,c”) > {a/,c?), we can take g!

= —p¥(a) — o
and ¢* := —p¥(a’) to see that g® (p*(@) — p¥(@) ~ o7, c¥) = 0. |

(7.8) Proposition. Y, ck ¥® equals X*, the adjoint of the obstruction map.

Proof. In Theorem (3.5) of [Al 3] we gave a dictionary between the two T>-
formulas mentioned in (7.1). Using this result we can find an element of

Hom('%/ Gy Wi ® A(Y)) representing p® € T2 @ Wy. It sends relations of
type (i) (cf. (5.5)) to O and deals with relations of type (ii) and (iii) in the
following way:

[lr 7 'f(a,b,a,B) _.f(a+r,b+r,a+'y,ﬁ+'y) =0]
&y _ 1y, L, @urr)le” mole )+ (aty =R ™
= (a —b) xZ

if
(Q,1), D (@ +r) [, mo(c)] + (a+7 —k)R*) > 0

and j is such that

(@, 1), aylc?, mo(c)] + (@ — kR™) < 0

otherwise the relation is sent to O (in particular, if there is not any j meeting the
desired property).

On Q, the linear forms ¢ :== Y, a,c? and & = Y, (a,+7y,)c” admit their minimal
values at the vertices a(c) and a(¢), respectively. Hence, we can transform the
previous formula into

(2"t 'ﬁa,b,a,ﬁ) "ﬁa+r,b+r,a+'y,/3+'y) =0]

k wtry)le mole ™)+ a+y—k)R™
— 9% (a —b) 3 2y @t (e oy

if D (@ +r)m(e®) — (@) + (a+y - k) =

v
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= <(a<5>, D, S (@, + 1) [, mo(c®)] + (@ +v — k)R*> >0,

D avmle®) = mo(e) + (@ — k) =

= <(a(c), 1, > ay [e?, mo(e®)] + (o k)R*> <0

(or mapping to O otherwise). Adding the coboundary 2 € Hom (C[z, t}", W; ®
A(Y))

(0 = ) xSl e

ha,0),6,8) = for 3, ay no(c¥) —mo(c) +a > k ,
0 otherwise

does not change the class in TZ(—kR*), which still represents *’, but it does

improve the representative from Hom(‘%A Ry Wi ® A(Y)). It still maps type-
(i)-relations to 0, and moreover

277 'ﬁa,b,a,,@‘) _ﬂa+r,b+r,a+'7,ﬁ+'y) =0] —

(vm)(a —b)—p® (g — b)) g 2y @orleY ol ety —kOR”

ae 2@
= for ko +v > k
0 otherwise
with ko = ar+ Y, (@y +7r,) 0(c”) — no(Z). By definition of »\*’ and g®’ we obtain
Vaw(@ —b) —vala—b) =
= (@ = by) - ¢® (AMa(e) + p"(a(c)) — Ma(@) — p*@(@), )
=Y (ay = by)- ¥ (A"(a(e) = X¥(a(@)), )
= QZ, Kt — 1)
with d =) (a,—b,)-d(A(a(c) - X(a@), ¢*)
=Y (@ — by) - (Ac®) = n(c?)) ,

and this completes our proof. Indeed,

- for relations of type (i) (i.e. r = 0; v = 1) we know ¢ = &, hence, these
relations map onto 0;
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- for relations of type (iii) (i.e. v = 0) we compare the previous formula with the
result obtained in Corollary (7.5) - the coefficients coincide, and the monomial

2? =¥ ¢ C[z, {] maps onto 2 @utr)e? ol (et y~kIR " € A(Y). 5

(7.9) It remains to show that the summands p*> of \* are indeed surjective maps
from T2(—kR*)* to W,. We will do so by composing them with auxiliary sur-
jective maps p* : @.<oC" —» TZ(—kR*)* yielding p® o p* = PRy L A
Then, the result follows from the first part of Lemma (7.6).

In Sect. 6 of [Al 3] we used a short exact sequence of complexes called
0 — Le(ERYe — (CF")e — spang(ER). — 0

to obtain from Theorem (7.1) an isomorphism

T2(—R) = im [:<gC™"! — Sat 0y <pC"*'] '
Y im [®5<Qspan(} (Nai EEEjR) - ea(a",al‘)<Q<Cn+l]

Since R* =[0,1] € Ej"R' for k > 2, the induced surjective map ®.<oC"*! —
— T(—kR™)* factorizes through ®c<oC™'/x. g = @e<oC" yielding the
auxiliary map p* just mentioned. Taking a closer look at the construction of
[Al 3] Sect. 6, we can give an explicit description of p*; eventually we will be
able to compute p* o p¥.

Let us fix some 2-face € < Q. Assume that d',...,d™ are its counterclockwise
oriented edges, i.e. the sign vector £ looks likee; =1fori =1,...,M and¢; =0
otherwise. Moreover, we denote the vertices of ¢ < Q by a',... ,a¥ such that
d runs from a’ to a’*! (M +1 := 1). Starting with a [c, 0] € C**! (and, as just
mentioned, only the ¢ € C” is essential) we have to proceed as follows:

(i) Fori=1,...,M werepresent [c,no] as a linear combination of elements of
* - R
ER" N EX", which corresponds to the lifting from spang(E®), to (CE"),.

i+l ?

le,mol = giv ¥, moc®)] +4: [0, 1],

and g;, # 0 implies [c?,mo(c”)] € EX¥* NEX je.

i+l >

(@', c%) +mo(c?) <k —1; (@' "y +mo(c®) <k —1.

(i) We map the result to @ﬁICEfkR* by taking successive differences, corre-
sponding to the application of the differential in the complex (CER).. The
result is automatically contained in ker (&;L(E/®") — L(E)), and its i-th
summand is the linear relation

D @iw = gic10) - [6¥, 0] + (i = gi-1) - [0, 1] = 0.
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(iii) Finally, we apply ) to obtain

i

S @i — gi-1,0) - 9% (A@) = Aa(e?) + p¥ (@), ¢?)
3w 99 (Ad) — Mae?)) + (@), givc?) —

— 20 9% (MA@ — Ma(e™) + p¥(@™h), giwc?)
i 9% (A@) = M@ + p¥(@) ~ p¥@*h), givc?) .

PO ()

Similar to the proof of Lemma (7.7) we introduce the path ¢' consisting of the
single edge d' only. Then, if g;, # 0 and w.l.o.g. (a’,c¥) > (a'*!,c?), the pair
of paths p”(a’) and p¥(a’™') + ¢ meets the assumption of Lemma (7.6)(2) (cf.
(1)). Hence, we can proceed as follows:

pOP ) = 3,99 (M) - Ma™) + ¢, givc?) +

+ Zi,v g(k) (Hv(ai) _ Hv(aiﬂ) _ ,Qi, Giv Cv)

T g% (Ma) - Ma™*) + ¢, T, giv c?)
Y g% (Ma) = Ma™h + ), o)
g® (Zﬁ v C)

g, o).

i

Hence, Theorem (7.2) is proven.

8 The components of the reduced versal family

(8.1) The components of the reduced base space .Z4,, correspond to maxi-
mal decompositions of Q into a Minkowski sum Q = Ry + ... + R, with lattice
polytopes R, C " as summands. Intersections of components are obtained by
the finest Minkowski decompositions of Q that are coarser than all the maximal
ones involved.

Theorem. Fix such a Minkowski decomposition. Then, the corresponding com-
~ +1

ponent (or intersection of components) .#by is isomorphic to c" C-(1,..., D),

and the restriction Xo — C™ of the versal family can be described as follows:

(i) Defining the cone

& = Cone (O(Rk x {e })) C R
k=0

it contains ¢ = Cone(Q x {1}) C R™! via the diagonal embedding
R R (g, 1) — (a3 1,...,1). The inclusion ¢ C & induces a
closed embedding of the affine toric varieties defined by these cones, giving
Y — Xo.
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ii) The projection R™™*! — R™*! provides m + 1 regular functions on Xy, i.e.
proj P g
we obtain a map Xy — C™*'. Composing this map with

¢ Ccml ——»Cm+1/(C -(1,...,1) yields the family.

The theorem is a straight consequence of knowing the versal deformation.
Hence, we omit the proof here.

(8.2) Example. At the end of (2.5) we presented two decompositions of Qg into
a Minkowski sum of lattice summands. Let us describe now the restrictions of
the versal family to the associated components of .ZZ:

(i) Putting the two triangles Ry, R into two parailel planes contained in R?
yields an octahedron as the convex hull of the whole configuration. Then, & is
the (4-dimensional) cone over this octahedron

& ={(0,0;1,0), (1,0; 1,0), (1,1;1,0), (0,0;0,1), (0,10, 1), (1,10, 1)) .

(i) Looking at the second decomposition, we have to put three line segments
Ro, R, R, on three parallel 2-planes in general position inside the affine space
R*. Taking the convex hull of this configuration yields a 4-dimensional polytope
that is dual to (triangle)x (triangle). Again, & is the (5-dimensional) cone over
this polytope

& = <(0’0;1’070)7 (1’0;17070)’ (070;07170)’
-(0,1;0,1,0), (0,0;0,0,1), (1,1;0,0, 1)) .

The total spaces over the components arise as the toric varieties defined by &.
In our example, they equal the cones over P! x P! x P! and P? x P?, respectively.

9 Further examples

(9.1) Three examples of toric Gorenstein singularities arise as cones over the
Del Pezzo surfaces obtained by blowing up (P?,@(3)) in one, two, or three
points, respectively. They correspond to the following polygons:

Polygon Q4 Polygon Qs Polygon Qs
Let us discuss these three examples:

(iv) The edges equal

d'=(1,0), d* =(1,2), &> =(-2,-1), d* = (0, -1),
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and they imply the following equations of the versal base space as closed sub-

4
schemeofc/(c,(l’l’l’l):
i+t =20, t+t=2, F+t3=22 F+12=217.

Using the two linear equations, only two coordinates ¢ := #y, € := f; — 3 are
sufficient. (We get the t;’s back by t), =¢,tp =t —2e, 3 =t —¢, ty =t — 3¢.)
Then, the two quadratic equations transform into 2¢? = 0, i.e. the versal base
space is a fat point.
On the other hand, Q4 does not allow any splitting into a Minkowski sum involv-
ing lattice summands only. This reflects the triviality of the underlying reduced
space. (Cf. (9.2).)

(v) The polygon Qs allows the decomposition into the sum of a triangle and
a line segment. In particular, the reduced base space of the versal deformation
of Y5 has to be a line. We compute the true base space: d' = (1, 1), d* = (-1, 1),
d*® = (~1,0), d* = (0, —1), d> = (1, —1) yield the equations

th—ts=ty—ts=ty—t; and 1} -2 =82 —t2=12 1.

Witht i=¢t, 5=ty —t3, 2 :=t)—thand t) =t,tp =t —sy, t3 =t —S5, tg = [ +5{,
ts =t — 51 — 52, they tumn into

512 =2515,=0.
(vi) This example was spread throughout the paper.

(9.2) We will use the polygon Q4 := Conv{(0,0), (1,0), (2,2), (0, )} of
(9.1)(iv) for a more detailed demonstration of how the theory works. In par-
ticular, we will describe the versal family of Y4 over Spec C[E]/ 2

(1) The (¢, e)-coordinates of V correspond to the linear rnap‘E

1 0
}j TRV o RE.
1 -3
We obtain
C(Qs) = {(a,b)eR*|a>0,a~2b>0,a—b2>0,a—3b>0}

{(a,b) e R*|a >0, a—3b>0}
<[170]a [17 _3]>V = ((07 _1)7 (3a 1)> g ]Rza

and the map N* - C(Qs)" N Vy sends e;,es,e3,e4 to [1,0], [1,-2], [1,—1],
[1, —3], respectively. In particular, this map is surjective, i.e. S5 = 54 and X, = X4.

(2) To compute the tautological cone C(Q4), we need the Minkowski sum-
mands associated to the two fundamental generators of C(Q,):
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(@)w,-1n
(Qa)a

Hence,

C(Qy) =

1

COI}V{(Oy 0)5 (25 4), (01 3)}7
COHV{(O, 0)1 (3, 0)7 (47 2)} *

((0,0:0,-1); (2,4:0,~1); (0,3;0, -1);
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(0,0:3,1; 3,0:3,1); (4,2:3,1)).

(3) Now, we have all the information needed to obtain the versal family of

Y42

— Restrict the family Spec C[C (Q4)¥ NZ*] — Spec C[C(Q4)* NZ*] S C* to
the subspace C? ~ Vp C C?4, i.e. use the (¢, €)-coordinates instead of (t1, 2, £3, 14).
— Compose the result with the projection C? — C! ((t,€) — ¢). That means
we no longer regard ¢ as a coordinate of the base space.
— Finally, we restrict our family to the closed subscheme defined by the

equation £2 = 0.

(4) To obtain equations, we could either take a closer look to the family
constructed so far, or we can proceed more directly as described in (4.5) and

(5.3):

— Computing the minimal generator set of the semigroup Cone (Q4)¥ Z3,

we get the elements [c7;no(c¥)]:

[ehsmi] = 10,1;00, [ 731 = (=1, 110, [ 3] = (-2, 1;2],
[e*;n3] = [=1,0;2], [5ma] = [0, — 1521, [c%nd] = [1,-2;2],
Tsml=11,-1;1], [c%nd] = [1,0;0].

Together with [0, 0; 1], they induce coordinates zi, ...

23

22 2

Polygon Q;

28

26

,Z8,¢ on Yy, i.e. we have

obtained an embedding ¥; — C°. (The sums of the three components of the
vectors are always 1. In the figure we have drawn the first two coordinates.)

— Y, C € is defined by the following 20 polynomials:

{2 — 7478,
2t — 2124,
25t — 2226,

2
2123 — 4y,

2 — 2125,

3t — 2224,
62 — 2527,
2325 — 22,

tz — 2277,

24t — 2327,
Z7t — 7528,
2426 — 22,

21t — 2228,
ut — 2225,
7t — 2136,
2628 — 27,

22t — 2328,
5t — 227,
Z8f — 2121,
7376 — 244s-
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— Choosing paths from (0,0) € Q4 to the other vertices, we obtain the list

7' =[0,0,0,0}, 7* =[1,0,0,0], 7’ =[2,0,0,0],

n*=1[1,1,0,01=[0,0,2,0], 7°=10,2,0,0]=[0,0,1,1].

7°=10,0,0,2], 7’ =10,0,0,1], 7% =10,0,0,0],
— Now, we can lift our 20 polynomials to the ring C[Z,...,Zg,t1,- .., t):

Wity — Z4Z3, té" —Z\Zs, Wty —2oZq, Ity — ZpZsy, Zoty — Z3Zg,
Doty — 212y, Zsty — Lpda, Zyts — D32y, Zuh —2rZs, Zsts — 2475,
Zsty — InZs, Zsts — Zsdy, ZIqts —ZsZy, Zqty —Z1Zs, Zgtsa — 2177,
D7 — 7}, ZaZs—ZF,  ZaZe—Z2, ZsZs—Z3, ZaZe — ZaZs.

- Finally, we restrict the family to the versal base space by switching to the
(¢,€)-coordinates and obeying the equation €? = 0. Moreover, ¢ is no longer a
coordinate of the base space:

1t —2e) — 78, H{t —4e)— 175, t(t — 3¢) — 2077,
21t — 2223, 2t — 7328, 22t — 2¢) - z1za,
73t —28) —2za, Ut —€) — 377, 7wl — 28) — 22z,
z5(t —€) —mzy, st —28) — 2226, 26t — &) — 2527,
z7(t — &) —z528, z:(t —3€) —z1ze, z8(t — 38) — 2127,
223 — 73, 2325 — 24, 2426 — 23,

26328 — 272, 2326 — 24%5-

(9.3) At last we want to present an example involving more than only quadratic
equations for the versal base space. Let Qg be the “regular” lattice 8-gon; it is
contained in two strips of lattice thickness 3.

Polygon Qs
Qg admits three maximal Minkowski decompositions into a sum of lattice sum-
mands:

(1) Qs

|
/|
N

(1) Og

N
N
/|
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o= N o+ N .+

The decompositions (i), (ii) and (i), (iii) are refinements of the coarser decom-
positions

Os = - +\

wi 0= - RS

respectively. These facts translate directly into the geometry of the reduced base
space of the versal deformation of Qg:

- It is embedded in some affine space C> and equals the union of a 3-plane
with two 2-planes (through 0 € C3).

— The two 2-planes each have a common line with the 3-dimensional compo-
nent. However, they intersect each other in 0 € C° only.

On the other hand, we can write down the equations of the true versal base space

8
(as a closed subscheme of (C/(C a,..., 1)):

b vk =tk vk el = k=123
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