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Abstract. Any compact ¥°° manifold with boundary admits a Riemann metric
on its interior taking the form x~*dx? + x~2h’ near the boundary, where x is a
boundary defining function and 4’ is a smooth symmetric 2-cotensor restricting
to be positive-definite, and hence a metric, 4, on the boundary. The scattering
theory associated to the Laplacian for such a ‘scattering metric’ was discussed
by the first author and here it is shown, as conjectured, that the scattering
matrix is a Fourier integral operator which quantizes the geodesic flow on the
boundary, for the metric 4, at time 7. To prove this the Poisson operator, of the
associated generalized boundary problem, is constructed as a Fourier integral
operator associated to a singular Legendre manifold.

Introduction

In this paper the geometric structure of the scattering matrix on certain asymp-
totically Euclidean spaces is considered. We show that the scattering matrix is
a Fourier integral operator which quantizes the geodesic flow on the boundary
(which is metrically at infinity) at time 7.

The notion of an asymptotically Euclidean manifold is formulated in terms
of a class of Riemannian metrics on the interiors of compact manifolds with
boundary. This class, called scattering metrics, was introduced in [10] where
the spectral, and scattering, theory for the corresponding Laplace operators was
examined. As defined there, a scattering metric is a Riemannian metric on the
interior, X°, of the compact manifold with boundary, X, which can be brought
to the form

g= 4, + 5 (0.1)
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near the boundary. Here, x € ¥>°(X) is a defining function for the bound-
ary and 4’ is a smooth symmetric 2-cotensor which restricts to the boundary
to a Riemann metric, 4. These scattering metrics are generalizations of the
Euclidean metric on R” and the associated Laplacian, acting on functions or
forms, has spectral and scattering theoretic properties similar to those of the flat
Laplacian. Indeed one of the purposes of the discussion in [10] was to give a
systematic development of scattering theory without relying on the symmetries
of Euclidean space.

If f € €°(0X) is chosen then, as is shown in [10], for each 0/ € R
there is a unique function u € ¥°°(X°) which satisfies (4 — A>)u = 0 and is
of the form

"= eii/xx”glf/ _’_e—ii/xx";]f// (0.2)
where [/, /" € €°°(X) and f’ ls;x= f. The map
A(Z) 1 €(0X) 3 [+ [" lax€ €7°(0X) (0.3)

is the (absolute) scattering matrix, at frequency 4. The convention here regard-
ing signs is slightly different to that used in [10] (rather is that of [11]) so that
the scattering matrix 4A(4) is the scattering matrix at —4 in the convention of
[10]. In this article we show:

Main theorem. The scattering matrix, A(L), of a scattering metric is, for
0=+=4 € R, a Fourier integral operator on 0X, of order 0, associated to the
canonical diffeomorphism

exp(nH ;) : T*0X\0 — T*0X\0,
given by geodesic flow at distance n for the induced metric on 0X.

The proof of the existence of generalized eigenfunctions of the form (0.2)
given in [10] is essentially non-constructive. To analyse the microlocal structure
of A(Z) we need to proceed much more constructively. To do so we consider
the behaviour of geodesics near the boundary, for a metric (0.1), and thereby
construct a rescaled Legendre submanifold at infinity with which the general-
ized plane wave eigenfunctions for the Laplacian are associated as Lagrangian
distributions, although in a somewhat different sense from the usual context
of singularities. These generalized plane waves give, after normalization, the
Schwartz kernel of the Poisson operator, which in this setting is the map

P(A): 6°(0X) > [ — u € €°(X°) (0.4)

where u is the eigenfunction in (0.2) (0.2). The scattering matrix is, in an
appropriate sense, a boundary value of P(4).

The basic example is given by the Euclidean case. Under the form of
stereographic projection

i 1
SP:R"3>z+— ((1+|z|2)_2,z(1+z|2)_2) €S, ©0.5)

ST ={t= (o, tx) € R™ 519 2 0,]¢] = 1},
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R" is identified with (S’i)o where X = §'| is the compact manifold with
boundary. The Euclidean metric becomes

dx? dwl|? 1 z
|dz|* = dr* + 1 |do)* = . —|—| 2‘ , zl=r= ", o= ",
X x X |z]

where |dw|* is the standard metric on the sphere S"~! = 0S”". This is precisely
a scattering metric of the form (0.1). To compute the absolute scattering matrix
for Euclidean space we follow the argument of the Appendix to [8]; see also
[11]. Thus consider u(x,w) = exp(iiw - 0/x), 0 € S""!. Then (4 —2*)u=0
and, in the sense of distributions in w, as x — 0

(0.6)

n—1

u(x,w) = e (27r)n;l (j) ’ {e?e*m"*l)é(a(w) + e*{felz(”*l)é_g(a))]
(0.7)

which follows from the stationary phase lemma applied in the variable w after
integration against a function in ¥>°(S"~!). Applying the definitions (0.2) and
(0.3) we conclude that

A(/l) . (goo(Snfl) 3 f N l-nflj*f c (g‘oo(Snfl)

0.8
where j:S" '3 0w —we S"L (0.8)

From the microlocal point of view the pull back by the antipodal map is a
quantization of the geodesic flow on the sphere at time 7.

As in the Euclidean case the addition of a short-range perturbation does not
change the geometric structure of the scattering matrix in A+ 0 although it may
add a finite number of L? eigenvalues to the spectrum. In the present setting
of scattering metrics this can be generalized as follows. If V € x2¢°°(X) then
the theorem above remains valid for the scattering matrix for the operator
A+ V; even the symbol of the scattering matrix remains unchanged. Let us also
note the perturbations of Euclidean space which are covered by our analysis
(although this is a very special case indeed). Suppose that g is a smooth metric
on Euclidean space which takes the form

Gy = 0y + 2| hy ( S ) as |z| — oo (0.9)
Izl |zl

where the coefficients /;; are smooth on S"~! % [0,1). Then, under stereco-
graphic compactification (0.5), of R” to S, g defines a scattering metric on
S" . Again this is a short range condition on the perturbation in (0.9). For
a recent discussion of scattering theory for metric perturbations of Euclidean
space see [12]. Our construction of the Poisson operator has much in common
with earlier work on scattering for long-range potentials; see in particular [1].

In Sect. 1 we outline our construction of the Poisson operator in a sim-
ple case, where the boundary is flat and there are no conjugate points for
the geodesic flow, on the boundary, up to time n. The basic components of

‘scattering geometry’ are described in Sect. 2 and this is used to analyse the
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geodesic flow near infinity in Sect. 3. The rescaled Lagrangian, here identi-
fied as a Legendre manifold, with which the Poisson operator is associated
is introduced in Sect. 4 and the parametrization of such Legendre manifolds
is discussed in Sect. 6. The extra complications which arise from the pres-
ence of conic singularities are explained in Sect. 7. The simplest classes of
Legendre distributions, namely oscillating functions, are described in Sect. 8.
In Sect. 9 the Maslov bundle for Legendre manifolds is defined. The symbol
mapping for the ring of scattering pseudodifferential operators on a general
compact manifold with boundary is analysed in Sect. 10. We also note there
that the semi-classical frequency set can be considered as a special case of
the scattering wave front set defined in [10]. The general spaces of Legendre
distributions and their symbolic properties are examined in Sect. 11 and Sect.
12, for a smooth Legendre manifold and for the case of manifolds with conic
points in Sect. 13. A push-forward theorem for Legendre functions is proved
in Sect. 14. These ingredients are combined in Sect. 15 where a parametrix
for the Poisson operator is constructed as a Legendre distribution in this sense.
This leads directly to the proof of the main theorem in Sect. 16, we also
observe that the symbol of the scattering matrix is constant as a function of
A > 0 and we conjecture that the trace formula for perturbations of Euclidean
space, which expresses the regularized trace of the wave group in terms of the
scattering phase (see for example [11] and [13]), should extend to this setting.
As already noted the construction of the parametrix for the Poisson oper-
ator uses a theory of Legendre functions associated to a Legendre manifold
over the boundary. These can be viewed, locally, as Fourier transforms of the
Lagrangian distributions introduced by Hormander. We allow Legendre man-
ifolds with certain conic singularities, so in this sense we also generalize the
notion of a Lagrangian distribution. We make heavy use of the results and
techniques of [5]. This paper also relies on the main results of [10].

1. An example

To orient the reader we begin by outlining our analysis of the scattering matrix
for a simple example and then briefly discuss the modifications required to
handle the general case. Let T"~! = (S')"~! be a large torus, with flat metric,
where by ‘large’ we mean that each point has a neighbourhood isometric to a
ball in R”~! of radius larger than n. This just means that each of the circles
has radius greater than n. Our example is then

X =D xT"2 (1.1)

where ID C R? is the closed disk. On X we take a metric of ‘product type’
near the boundary

d
g= + , nearx=0 (1.2)
X

where x € €°°(ID) is a boundary defining function and |dy|* in the flat metric
on T"~!. The flatness of the boundary and the lack of conjugate points for
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the geodesic flow, on the torus, up to time m make this easy to analyse. In
fact we can do almost all the analysis on the non-compact, but convenient,
model X = (0,00), X ]R’f,_1 with metric (1.2), and then pass to X at the last
stage. )

As already noted, to examine the microlocal structure of the scattering
matrix we construct the Poisson operator, P(/1), defined by (0.4) and then
obtain the scattering matrix as the outgoing boundary value of P(1) in the sense
of (0.3). Constructing P(4) reduces to constructing ‘generalized plane wave
solutions” which have o-functions as their boundary values. In the Euclidean
case this is (0.7).

For the model X, the Laplacian is

A= (X*Dy)* + ix(n — 1)x*Dy + x*|D, | (1.3)

and it is the same near the boundary for X. This operator is homogeneous of
degree 2 under x — sx, s > 0, so it suffices to consider the special cases A =
+1. Complex conjugation reduces the case A = —1 to 1 =1, so we consider
only this value of the frequency. Since the operator is also translation-invariant
in y we only need consider delta data supported at 0. Thus, we wish to find
a generalized plane wave solution satisfying

(4—1u=0 and

limx="2 e [u(e )by = HO) ¥ e sy <. Y
The ‘ansatz’ motivated by the Euclidean case is
u(x,y) = " a(x, y) (1.5)
where @ satisfies the eikonal equation
D +10,0* —1=0, ®(y)~1—c|y]’, y~0, c*0. (1.6)

The solution to (1.6) is @(y) = cos|y|, so ¢ = é in (1.6). As we will see in
Sect. 6 this is a particular example of the general notion of the parametriza-
tion of a scattering Legendrian submanifold. The non-degeneracy in this initial
condition for @ allows, using the principle of stationary phase, the second part
of (1.4) to be arranged for u; of the form (1.5) and some amplitude a, at least
when applied to ¢ supported close to 0.

Consider the Taylor series at the boundary, a(x, y) = ao(y) +xa;(y) + - - -,
of the amplitude in (1.5). Applying 4 — 1 to u; gives transport equations for
the coefficients a;. The first of these, the coefficient of x, takes the form

2 2 n—1
Loao = (ayqb-ay+ , )+ ;|Dy|2¢) ap=0. (L7

The vector field here is invariant under rotations in y and, in terms of r =
|v|, Lo reduces to rg(rZ)jr +r2f(r*) with f and g smooth and g(0) = —1.
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Thus, near 0, (1.7) has a unique solution satisfying ap = 1 + |y|?h(|y|*) with
h smooth. The higher transport equation are of the form

Ljaj =ej, Lj = L() —]Q with e smooth. (18)

They therefore have unique smooth solutions near 0.

The solutions to (1.7) and (1.8) can be continued smoothly until the vector
field degenerates again, which happens precisely at |y| = =, since then 0, =
0. Summing the Taylor series for a using Borel’s Lemma this gives a solution,
modulo terms vanishing to infinite order with x to (1.4) of the form (1.5).

To continue this solution up to, and beyond, the singularity of the transport
equations at |y| = 7 we need a different ‘ansatz’ in place of (1.5). A systematic
discussion of this will be given below in terms of distributions associated to
Legendre manifolds with conic singularities. Explicitly, near |y| = © we look
for u; as an integral

] oo
u(x,y)=x"2 [ & Pxgrp (x,y,s,x> ds, s € R (1.9)
0 S

where b € €2°([0,00) x R"™! x [0,00) x [0,00)) and ¥ is given by

Y(y,s)=—1+ f(y)s — ;sz where cos|y|= -1+ ;f(y)2 as |y| ~ 7.
(1.10)

Thus f(y) ~m —|y|, is a smooth function near |y| = 7. We note that ¥ also
satisfies an eikonal equation

W[ +10,%)” — 1 =0 when 0, = 0. (1.11)

As will be discussed below in Sect. 7, this phase function corresponds to a
parametrization of a Legendre submanifold with conic points, here in the ‘triv-
ial’ case of a Legendrian with boundary. The stationary phase lemma allows
uy, as already defined in |y| <=, of the form (1.5) to be written in the form
(1.9) near |y| =7 —¢, ¢ > 0 small, with smooth amplitude a’.

In writing down the transport equations we use the ‘blown up’ coordinates s
and X = x/s. Putting 5(X, y,s) = s?b(X, y,s,Xs) the condition on the amplitude
so that (4 — 1)u; = f with £ of the same form but with amplitude vanishing
faster than any power of X is

(L} + XL} )b(X, y,s) = 0 mod X >

~ 1.12
b(X, y,5) [s== a'(X, p,5) =, mod X (12

Here 5
=, (1.13)

with W and L) respectively first and second order differential operators in 0y,
50 and X0y, and the initial condition a’ comes from matching with the solution
for |y| < m obtained using (1.5). By writing 5 and @' in power series in X
with coefficients depending on y and s, (1.13) can be solved iteratively. The
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constant term (n — 2)/2 determines the structure of the solution and in fact
b = s"=22p with

(Lh 4 sXL})s"=22p(X, y,s) = 0 mod s"/>X°°, (1.14)

Thus p = ;(n —2)in (1.9).

These arguments show the existence of u; of the form (1.5) for |y| < =
and (1.9) for |y| ~ , satisfying the incoming boundary condition in (1.4) (the
incoming data is the coefficient of exp(i/x)) near 0 and (4 — 1)u; = f, where
rf1 = 0(x>) for y € €°(X) supported away from |y| = n. Near |y| ==

1 oo n
F1y)=x"2 [P0Dygcy (x,y,s) ds, (1.15)
0 s

where o € X*°%°°([0,00) x R"~! x [0,00)). From this it follows that
f1 € x"2em g ([0,00) x R").

So far, this construction has all been on the non-compact model X,,.. How-
ever, u; can be taken to have support in |y| < n+ ¢ and x < ¢ for any ¢ > 0.
Choosing ¢ > 0 small enough this allows u; to be transferred to the compact
manifold X in (1.1). Then, by an iterative argument (see Sect. 12 of [10] and
Lemma 16 below), u; can be perturbed to an exact eigenfunction by adding a
term of the form

vy € x"D2 exp(—i/x)E7(X)

such that (4 — 1)v; = —f.

Hence the solution to (1.4) is given by # = u; + v; and to study the singular
part of the outgoing boundary data of u (the coefficient of exp(—i/x)) we
only need to consider the u; term. Since @ in (1.5) is non-degenerate for
0 < |y| < =, the outgoing boundary value comes from the term of the form
(1.9). For ¢ € >°(IR"~") supported near |y| = =, using (1.10)

limesx~ "2 [ wCe»)d(y)dy

= Rr—1

. i _a— 1 & (=14 ()s— lsz)/x n—2 X
=limex” 2x 2 [ [e T b( ,y,s) P(y)dsdy
x—0 Ri—1 0 s

- T ifom—iyaf 52y (1
=lim [ [eé" 22 b n,y,xﬂ o(y)dndy

x—0 R*—1 0

oo n—2 1
= [ [/ b(n,y,O) d(y)dndy

R 0

where T € I°(R"™! x R"~!,%") is a Fourier integral operator of order zero
associated to the canonical transformation

Gy 2 (y,m) — (¥ +mn/|nl,n). (1.17)
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In fact, with a different amplitude, its kernel is given, up to a smooth term, by
- , n— 1

[er=l=mny "5 p ( X — y,O) dn. (1.18)
n

This demonstrates the theorem in this simple case.

In the general case of a compact manifold with scattering metric we proceed
to construct the generalized plane wave by very much the same method. Indeed
the construction near the ‘initial” point is essentially the same, except that it is
more convenient to construct all the plane waves at once, i.e. to work on X X
0X rather than X with a selected boundary point. The transport equation is then
related to geodesic flow on the boundary and so will in general have conjugate
points before parameter time 7. We therefore need to replace the simple ansatz
(1.5) by a superposition of such functions. To do so we develop the theory
of such ‘Legendre’ distributions in close analogy with Hérmander’s theory of
Lagrangian distributions. We also develop a similar theory of superpositions of
functions of the form (1.9) which are associated to Legendre manifolds with
conic points.

2. Scattering bundle

Let X be a compact manifold with boundary. A metric of the form (0.1) is
associated to a rescaled tangent bundle on X. Namely, the space of smooth
vector fields on X of bounded length with respect to the metric is the Lie
algebra

VX)) =x74(X) = {V € 6(X:TX), V =W,

W € €°°(X;TX)is tangent to the boundary}.

(2.1)
As discussed in [10], Sect. 2, there is a natural vector bundle 7, over X, such
that 7 ¢(X) = €°°(X;*TX). Near a boundary point *TX is spanned by x>0,
and the x0, where x is a local boundary defining function and yi,..., y,—1 are
tangential coordinates. Restriction to the interior extends to define a smooth
bundle map 1 : TX — TX which is an isomorphism over the interior of X
and vanishes identically over 0.X.

A scattering metric, (0.1), defines a non-degenerate fibre metric on 57X, If
SCT*X is the dual bundle to °TX then the metric determines, and is determined
by, the square of the length g € ¥>°(**T*X). Since this function is also the
joint symbol (see [10] and Sect. 10 below) of the Laplacian

J4)=yg (2.2)

we are especially interested in the behaviour of its associated Hamiltonian
vector field, that is, in the rescaled symplectic geometry of *7T*X. To give
a uniform discussion of this rescaling near the boundary of X and the usual
rescaling near infinity on the fibres of the cotangent bundle we consider the
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{po =0} =*5*X <S35 X

{ps = 0}

0 section

Fig. 1. The ‘microlocal’ space SCT"X.

compactified scattering cotangent bundle 7T *X as our basic ‘microlocal’ space.
This is the compact manifold with corners obtained by stereographic compact-
ification of the fibres of T X.

As a compact manifold with corners Y =T X has a natural ‘scattering
structure’ analogous to (2.1) and reducing to it away from the corner. Namely,
if p € €°°(Y) is the product of boundary defining functions for the boundary
hypersurfaces of Y (a ‘total boundary defining function’) then

V(Y)=pVu(Y)={V € €°(Y;TY); V = pW where
W € €°°(Y;TY) is tangent to all boundary faces}. (2.3)

Here p = p,p; where {p; =0} =T X is the part of the bundle over
the boundary and {p, = 0} =*S*X is the boundary added to compactify
ST*X. Again 7V ' (Y) = €°>°(Y;%TY) for a natural vector bundle over Y.
The reason for introducing (2.3) is its relationship to the contact
structure.

Lemma 1. The canonical 1-form on T*X extends from the interior to a
smooth section of the bundle SCT*(SCT*X), that is, *T*Y for Y = T X,

Proof. Let x € €°°(X) be a local boundary defining function and let yy,...,
vu—1 be additional coordinates near a boundary point. The tautological 1-form
is

a=Cdx+n-dy 24)
where &,1y,...,n,—1 are the canonically dual coordinates in the fibres of
T*X. Now dx/x* and dy;/x, for j=1,...,n— 1 give a local basis for T*X.
The induced canonical coordinates on **7*X are then x,yi,...,y,—1,7 and
Ui,..., Up—1 Where a general point of **7T*X is

dx d
T T (2.5)
x x
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In terms of these coordinates the map 1*: 7*X — *T*X, dual to 1:
STX — TX, is (x,7) — (x?&,xn7) = (1, ). Thus the 1-form o lifts to
d d
=1 e D e @O T X)), (2.6)
X x
This proves the stated smoothness of *o over the interior over Y except near
the sphere bundle ‘at infinity’.
Stereographic compactification of the fibres gives coordinates in 7T X

(1,7, 1)

= n_ 7 — 1 n+l. g~ _
(seappy ESH=E=GZERTZ 20211} 7)

1
Since Zy = (14 >+ |u[*) * is a defining function for the boundary, (2.6)
becomes

d d
SCOC:ZI X +ZI y

GO(Y*°T*Y), Y =*T X 2.8
Zox? Zox € 6™(Y; ), (2.8)

Now,
dx dZy dZ' dy

b b b 2.9
Zox? Z2x" Zox’ Zyx (29)
is a basis for *T*Y so this proves the lemma.

Let *A*Y be the k-fold exterior power of *T*Y, so in particular *A'Y =
¢T*Y. The exterior derivative gives a map

d: (Y ;%A YY) — @=(Y;*A*Y). (2.10)

However, for the canonical 1-form on Y =T *X, d¥o € ZyxE>(Y;*°A%Y)
since

d d d d
d¥a=dt A ;C—l—d,u/\ y+u- YA
x x x x
dZ, dx dZy dx dZ" dy
= Zyx X A — A
0 <XZ() x220 lzgx Z()x + XZO XZ()
dZy , dy ,  du dx
— NZ"- z"- A , 2.11
Z3x xZy + Zox  x2Z, 210

where 72" = (Z,,...,Z,). Thus, as a scattering form, d*« vanishes at both
boundaries of Y =T "X. Furthermore, as is clear from (2.11), d*u /Zox is
a non-degenerate smooth section of *AY. Contraction with d*« therefore de-
fines an isomorphism

1
T =, P elY) = G “Ah). (2.12)
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In fact consider the space p;”’pé(gw(Y ), where p, and p; are defining

functions for the two boundaries of Y = T X, {ps = 0} being the sphere
bundle of infinity. Exterior differentiation gives

d:p;"ps 6 (Y) — p, " i e (Y;%A'Y) (2.13)
and hence, composing with the inverse of (2.12), gives the Hamilton map
P "PEE(Y) D pr—*H, € p; " piT (Y. (2.14)
In view of the extra vanishing factors here we define
SHpt = (pp o) ¥H, € 7(Y) for p € p,"pk6>(Y)  (2.15)

the rescaled scattering Hamilton vector field. Note that this definition depends
on the choice of p, and p,.

We refer the reader to [10] for a discussion of the more elementary con-
structions and properties of ‘scattering geometry.” For example the scattering
density bundle °Q2 and more importantly the corresponding half-density bundle

1
¢Q2. Note however that for a manifold with boundary and boundary defining
function x

(gOO(X’SCQ;) — x*é(dimX)(gw(X; Qé) _ x*é(dimX+l)(gOO(X; Qé) (216)

3. Boundary bicharacteristics

If g € p;2%6°°(*T "X ) is the metric function and f = \/g € p; ' €>°(*T "X \0),
then *H; € pa¥V (T X \0) is the generator of geodesic flow. Thus, analyz-
ing the integral curves of f, or g, amounts to examining the geodesic flow.
Here we are interested in the behaviour of the geodesics near the boundary of
X, rather than in the interior. Necessarily, in a product decomposition of the
manifold near the boundary, with boundary defining function for which (0.1)
holds,

g =1+ h(y, 1) +xg’ near ST X (3.1)

where A(y,p) is the metric function on 70X transferred to T3, X using the
defining function of the boundary, x, i.e. using the isomorphism

d
- xy - dy. (3.2)

Lemma 2. For 01 € R the integral curves of *H }-’0 = )lc Hy on the char-
acteristic variety
S ={+h =2 CTHX (3.3)

are the points on the two connected components of the radial sub-variety,
the incoming and outgoing parts, being respectively G*(J.) and G*(—J) where
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Fig. 2. The extended integral curves of *H 1/?0 in t and p coordinates.

GH(=IAD)

GH(IAD

(see Fig. 2)
G'A)={r=-Au=0,x=0} (3.4)

and the curves of the form
T = || cos(s + s0)

p = |4] sin(s + s0)A (3.5)
(¥, ) = exp((s + So)H;h)(y’,/l')

where sy € [0,7], 5 € (—s0,7 — 50), (', @)y eTox, h(y, ') =1 and ds/dt =
slul = 3h(r 2.

Proof. The integral curves of JICSCH_ s are the same as those of )lcscHg near X(1),
A#0. At 0X the rescaled Hamilton vector field is

CHM = 21x0, — 200, + 2t - 0, + Hy(, ). (3.6)

Introducing polar coordinates with respect to the radial variable in u:

A _ 1 1
A= h(y,u)"2p, || = h(y,pn)> (3.7)
gives

d. . d .,
g = Gl v = (s DIk (3.8)

In terms of the new parameter s, satisfying ds/dt = ;| | along the integral
curves, this reduces to

d . ., ..d 1,

ds‘u - 2 y(ya.u)’ dSy - 2h,7(ya/l) (39)
dt d
go = el and -l = (3.10)

Together, (3.9), (3.10) and the definition of s give (3.5).
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These uniform equations for the geodesics near the boundary permit a
straightforward analysis of their global behaviour. For example the follow-
ing result is the original motivation for the result conjectured in [10] which is
the main theorem of this paper. Since it is not explicitly used below, we only
sketch a proof.

Proposition 1. If a sequence of maximally extended geodesics in X°, for a
scattering metric, approaches the boundary uniformly then it has a subse-
quence converging to a geodesic in 0X of length n. Conversely any such
geodesic segment is the limit of such a sequence of geodesics in the interior.

Proof. Suppose 7;(s) is a sequence of maximally extended geodesics in the
interior of X such that supx(y;(s)) — 0 as i — co. These are integral curves
of the renormalized Hamilton vector field *H2° € #4,(Y), ¥ = *T"X. Since ¥
is compact any subsequence must have a subsequence converging to a union
of integral curves of SCng'O which, by assumption, must lie in the boundary.
As noted in Lemma (2), these are points in G*(£4) or geodesics seqments of
length 7 over the boundary. From (3.6), T is a monotone decreasing function
if h=0. The assumption that the curves in X° are maximally extended means
that there must be limit points at which T = £, so the limit cannot consist of
a single point in G*(41). The converse is similarly straightforward.

4. Rescaled Lagrangian

The ‘Lagrangian’ with which a generalized plane wave is associated turns out
to be, in the general case, a pair of submanifolds of *77, X. For fixed y € 0X
and 0+ € R the main part of it is obtained as the union of the integral
curves of *H)! with limit point on G*(4) above y :

Gy(A) ={(V 1) €XTHX: T + |ul> = 22, p=+0,
Jlim exp(sgn(D)Hy (.0 = (1, -240)} (4.1)
where { = (7, 1).

Proposition 2. For each y € 0X and 01 € R, G,(A) C*T;.X is a smooth
submanifold with closure

Gy(4) = G U A{(y, =4,0)} U Fr(y, 4) (4.2)
which is smooth near (y,—2,0) and has at most a conic singularity in u at

(4.3)
Fﬂ(yyi) = {(y//: )‘30) eschXX;
3 a geodesic of length n linking y and 3" in 0X}.
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Proof. From Lemma (2), s T w as t — oo (if we normalize sy to be 0). Hence,
putting r = © — s we see that G,(4), 4 > 0 (the case of 2 < 0 is analogous), is
the union of curves ' = Asinrf’, v = —Jicosr, (V/,)') = exp(—rH;h)(y’,ﬁ),
|i| = 1. Since sinr is odd in 7 it follows that G,(4) is smooth near (7, y, —1).

Similarly it follows directly from (3.5) that Gy(4) is smooth, near the other
end, s | 0, of these curves when expressed in u polar coordinates.

The boundary hypersurface, T} X, of *°T*X carries a natural contact struc-
ture. It arises in essentially the same way that the contact structure arises on
the sphere bundle at infinity of the cotangent bundle in the boundaryless case.
Thus, the canonical form is such that

d%0 =d </ ) (4.4)
X

where 57 is a smooth 1-form on *7*X near the boundary. Indeed, in canonical

coordinates x, y, T, U

dx dy
“=7T , +p:
X X

SC,
(4.5)
ST =dt+ u-dy.

Moreover, given the choice of defining function x, the pull-back *y of *j to
T*X is uniquely determined. This fixes the contact structure on 75, X. If a
general boundary defining function is used in place of x then the resulting form
is a positive multiple of *°y, so the (oriented) contact line bundle is completely
natural.

Lemma 3. The manifold G,(.) is Legendre for the contact structure on
T3 X, that is, a submanifold of maximal dimension (= dimX — 1) on which
¢y vanishes identically.

Proof. At the ‘initial point’ (y,—4,0), dv = 0 on the tangent space to G, (/)
so it is clearly Legendre. In 7*0X any submanifold, A, of the form

(y’ /2) = exp(sH%h)(y’,/i/), ‘/I‘ = f(S),

where f is a smooth function and )’ is fixed but s and A vary with
h(y',i") = const, is Lagrangian. In fact, since A, is Lagrangian we only need
to check that ). dy; A wds =0 on A, that is that - dy Ads = 0. For a fixed
s =30, A1 N{s =sp} is contained in exp(soH1,)(T},0X) which is a homo-
geneous Lagrangian submanifold. Hence u - dy vanishes there and consequently
it is proportional to ds on A;.

Thus, from (3.5), the 2-form ), u; Ady; vanishes on G,(A). Hence *y
is necessarily closed on G,(4). Therefore there is, near (y,—4,0), a unique
smooth function g with *y = dg on G,(4) and g(y,—4,0) = 0. The vector
field *H 12;0 is Legendrian in the sense that

SCX(SCH]%’O lv—0) = (dT+ - dy,—2hd, + h‘/uaﬁ =-2h+u-h =0,
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where we have used (3.6) and the homogeneity of 4 in p. Thus g must be
constant on G,(/4) which must in consequence be Legendrian near (y,—4,0)
and hence everywhere.

5. Intersecting pairs of Legendre submanifolds with conic points

When the Legendre manifold G,(A) is singular at F, as is often the case,
a second Legendre manifold passing through F, is needed to carry off the
singularities of a generalized plane wave. This is the section, G*(—/) of T, X
defined in (3.4) The union of these two surfaces is a singular Legendre variety

Gy(2) = Gy(2) U GH(—2). (5.1)

Note that G,(4) also meets G*(), at the initial point (0, y,—/). At this
intersection Gy,(4) is smooth so, in the construction of P(.), no singularities
will propagate onto G*(1). Although, particularly in view of the push-forward
result in Proposition 16, it would be quite natural to include G*(1) as part of
the Legendre variety we shall not do so.

In fact, we shall consider a somewhat wider class of Legendre manifolds
with conic points obtained by abstraction of these conditions. Thus suppose
that _

G=GUG" C*T4X (5.2)
is a closed set with G* C T}, X a finite union of global sections determined
by one defining function:

G¥ = U G*(1)), G*(J;) = graph{—zj;lf} C ST X (5.3)
J

In the decomposition (5.2) we suppose that G is a smooth Legendrian
submanifold with closure G and that

G\GcSp{if},(G\G)msp{if}chG’ (5.4)

is the site of an at most conic singularity of G. That is, we assume that G is
the image in *T;,X of a smooth manifold, G, in u-polar coordinates. In the
local coordinates y,t, 1t this means

where the n functions gi,..., g, are such that d(, 3g;, j = 1,...,n are indepen-
dent at the base point (7, ft). In particular this means that || has non-vanishing
differential on G, where locally

G={(nnrh); r=0la =1, t=TAr), g(nar)=0}  (56)

Notice that we do not exclude the possibility, as indeed occurs in the some
examples here (for instance Euclidean space), that G may be smooth at some
points of intersection with G*.
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Definition 1. By an intersecting pair of Legendre submanifolds with conic
points we shall mean a pair G= (G,G*%) satisfying the conditions (5.2) —
(5.6).

The description of conic singularities can be given a direct global interpre-
tation in terms of blow up along the submanifold

SP{L;C} ={x=u=0}

in *T*X. As remarked above, over the boundary sp{dx/x*} is determined by
the choice of defining function x up to constant multiple and quadratic terms,
and hence by G*. It is a ‘scattering conormal bundle’ to X, since it consists
of the multiples of dx/x* = —d( )lc ). The description in terms of blow up also
reveals the relationship between *°T3,.X and T*0X.

First recall (see for instance [9]) that if G C Y is a closed embedded
submanifold of a ¥ manifold Y then the blow up of Y along G, [YV;G], is
defined as follows. As a set it is the disjoint union

[Y;G] = (Y \ G)LSNG.

Here, SNG is the spherical normal bundle to G in Y; thus if NG = T¢Y/TG
is the normal bundle to G then SNG = (NG \ 0)/IR with IR, acting on the
fibres. The blow-down map, f:[Y;G] — Y is defined to be the identity on
Y \ G and the projection to the base on SNG. The ¥ structure, €*°([Y; G]),
on [Y;G] is obtained by adjoining to the lift of ¥°°(Y) the lifts of p and
functions of the form f/p; here

p= (Z g?) | (5.7)

where the g; € ¥°°(Y) collectively define G and f € €°°(Y) vanishes on G.
Since ¥>°([Y; G]) includes the lifts of all ¥°° functions on Y, the blow down
map f§ is smooth. When Y is a manifold with boundary and G is a closed
embedded submanifold of the boundary then [V;G] = (Y \ G) USN TG where
SNTG is the (closed) inward-pointing part of the spherical normal bundle. In
either case the set ~!(Y) by which Y is replaced in the blow up is a boundary
hypersurface, which is sometimes called the front face and denoted [Y; G]; the
lift of p is a defining function for this new boundary hypersurface. The reader
is reminded that this is simply a uniform, and invariant, way of introducing
polar coordinates in Y around G. Using this notation we introduce the blown
up manifold

B T*X = |*T*X, sp{ i);}] — T*X. (5.8)

Under this blow up the boundary hypersurface T, X lifts to one of the bound-
ary hypersurfaces which is just the blown up manifold:

P [ d
o : ¥ToxX = |*TipX, Sp{xf H — YT X. (5.9)
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When no confusion is likely to arise the same notation will be used for these
two blow down maps, f.

The conditions (5.5) and (5.6) can now be rephrased in terms of the blown
up manifold and the lift of G to SC?UTXX. Namely

G = p:G = clﬁgl(G \ G%) in Sc?g}(X is an embedded submanifold
with boundary, intersecting G(SCTS‘XX ) transversally. (5.10)

There is a further observation concerning this blow up which will be useful
later. Given a choice of boundary defining function x, the front face of 7*X
fibres over the variable 7, which is the coefficient of dx/x?, and each of the
fibres is naturally isomorphic to the compactification, 70X, of the cotangent
bundle to the boundary. Since the components of G* are by assumption t-fibres
the inverse images B! G*(4;) (which we denote as the lifts f*G*(/4;)) of these
components are each naturally isomorphic, with isomorphism 7y, to T ToX. If
§*0X = 0T "0X is the sphere bundle (at infinity) it follows that

y: BiGH (k) = A(B*GP(4)) — S*OX. (5.11)

In fact, the isomorphism (5.11) can be seen from the analogous discussion
for the restricted blow-up SC?;XX where the boundary of Scf”;XX fibres over 1
with each fibre isomorphic to S*0X. See the proof of Lemma 12 for the local
coordinate form of the maps.

Proposition 3. If G is an intersecting pair of Legendre submanifolds with
conic points then for each component G*(2;) of G*

BTG N BTG () C S*oX

is a Legendrian submanifold with respect to the standard contact struc-
ture. Consequently there is a unique homogeneous Lagrangian submanifold,
A(G, 2;) C T*0X such that

A(G 7)) N S*3X = 9(B*G N B*G* (). (5.12)

Proof. Consider the boundary Go= 0G of the blown up form of G. By the
assumption (5.4) each component of it lies in a fixed t fibre of the front face of
Scfé*XX and has dimension dimX — 2 = dim dX — 1. Since G is Legendre the
scattering contact form ) = dt + u - dy in (4.5) vanishes on it. On blowing
up, 7= u/|ul, T, y and p = |u| give local coordinates so

dt = pn-dy (5.13)

must vanish on Gy, which is defined by p =0 in G. Differentiating (5.13) it
follows that dp A7 - dy = 0 at Gy on G and hence that 7 - dy = 0 on Gy which
is therefore a Legendre submanifold of S*dX.
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_Notice that A((~;, /) is a Lagrangian associated to any value of A at which
GN G*())=*0 provided G satisfies the conditions of a conic Lengendre variety
nearby. This includes the case of smooth points. These conic Lagrangian man-
ifolds can be thought of as providing ‘boundary conditions’ for the Legendre
manifold G

The Legendre manifold G,(4) corresponds to a single plane wave, ema-
nating from the point y on the boundary. The carrier of the singularities of
the kernel of the Poisson operator is the Legendre manifold which consists
of the whole family of the G,(4). Thus we consider the compact manifold
with boundary X x 0X. The lift of the function x € ¢°°(X) is still a defining
function for the boundary so, abusing notation slightly, we write

d
G' ) = graph{i f} C T ap (X % 0X) (5.14)
X
which is Legendre. For the definition of the scattering symbol map, j, used in
the next proposition see [10] or Sect. 10 below.

Proposition 4. For each 0=+ € R there exists a unique intersecting pair of
Legendre submanifolds with conic points G(J.) = (G(1),G*(—=1)) in *Tixxax)
(X x 0X) such that
i(4 — 22 »=0 and
Jf A ) (5.15)
A(G(A),2) =N*A C T*(0X x 0X).
This pair satisfies

A(G(A), 7)) = {(m,m') € T*0X x T*0X;m = exp(nt (m)},  (5.16)
2

where A C 0X x 0X is the diagonal, and (y,n;y',n') = (y,n; ¥, —n").

Proof. The discussion of Sect. 3 can be applied in this product case. It should
be noted however that even though the new symbol ¢’ = j(4y) is still given
by (3.1) in product coordinates x, y, y’, 1, i, i/, the rescaled Hamilton vector
field is not as in (3.6) because of the implicit x dependence in p'. Rather it is

2tx0y — 2h0; + 2t - Oy + 214’ - O, + Hi( 3, ). (5.17)
Thus u’ simply scales under the flow. Consider the submanifold
{030 o33 (3. ) = exp(sH )Y, (). T = Acoss, (5.18)
p=Asinsf, )’ = —isinsf'} C * Ty yax) (X x 0X).

The same argument as in the proof of Lemma 3 shows that this submanifold
is Legendrian and satisfies the two conditions in (5.15). Clearly it also satisfies
(5.16).

Conversely (5.15) implies that

(G N ' (X x {¥})) = G,(L), Vy € 0X,
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where 7 T3y ox)(X X 0X) — T3 X is the left projection. Hence (5.15)

determines 6().) uniquely.

Notice that 5(2) is essentially the union of the Er‘y(i) except for the be-
haviour of the variables y'.

6. Parametrization and equivalence

The local parametrization of smooth Legendre submanifolds of *°T7,.X is com-
pletely analogous to, in fact is equivalent to, the parametrization of conic La-
grangian submanifolds (i.e. Legendre submanifolds of the cosphere bundle) in
the boundaryless case. The only formal difference is the relation of the ‘radial
vector field” to the base; this results in parametrizations requiring between 0
and dim X — | parameters rather than between 1 and dim X parameters as in
the conic case.

To make the analogy as clear as possible we shall extend the given Leg-
endre submanifold, G C **T}.X, to a Lagrangian submanifold of T*X, near 0.X,
which is x-translation-invariant as a submanifold of **7*X. This can be accom-
plished by the choice of a product decomposition near the boundary and then
taking

A = {0, . E ) ET*X;0 < x < &, (y,x*Exn) € G (6.1)

Note that Ag is Lagrangian if and only if G is Legendre, since the tangency
of 0, (as a vector field in the coordinates x, y, 1, u) to Ag implies that 7 = 0
on Ag.

By a parametrization of G (or Ag) near some point (7, y, i) € G, we
mean a function ¢(y,u), defined and > near (7,i) € 0X x R¥, satistying
the normalization and non-degneracy conditions

dp . . - - 3
d”’“)au-” = 1,...k are independent at (y,u) (6.2.11)

and parametrizing the submanifold in the sense that

Co = {(yu);dup(y,u) =0} > (y,u) —
{(y,—(p(y,u), dy(/’(%“)) = (y’ ‘C,,LL)}

. . . i . (6.2.1i1)
is a diffeomorphism from a neighbourhood of (y, i)
to a neighbourhood of (y,7, i) in G.
Notice that the true ‘phase function’ parametrizing Ag is
D(x, y,u) = ¢ 1) (6.3)
X
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which is homogeneous of degree —1 in x. The parametrization condition
(6.2.ii1) then becomes more transparent:

d d d d
dd=—¢° + 7 =D 40 Vit dp =0, (6.4)
X x X X

Two parametrizations ¢(y,u) and @,(y,u’) are equivalent near the base
points (7,it) and (§,’) if there is a family of local diffeomorphism of IR¥,

depending smoothly on y as a parameter, for y near jy,
U,: RF — RF, Up(i) =i (6.5)

such that @2(y,U,(u)) = @((y,u) near y,u.
The local equivalence of parametrizations is very much as in the standard
case, see especially Theorems 3.1.3 and 3.1.6 of [5].

Proposition 5. Any Legendre submanifold, G, of T}.X, has a local parametri
zation near each point with any number

k é kmin - dim(T(f,T_,ﬂ)G N {dy = 0}) (66)

of parameters and with Hessian 0*>¢(7,it) having exactly p positive eigenval-
ues for any 0 £ p < k — kyin- Two such parametrizations based at (3,7, 1)
are equivalent if and only if they have the same number of parameters and
2¢ has the same signature at the base point.

Proof. For a given base point (3,7, i) € G we construct a minimal parametriza-
tion, one with k = ki, in (6.6). By a linear change of y variables it can be
arranged that

T2 G N {dy =0} = {(0;0, 1, ..., 145, 0,...,0)} (6.7)
where, by definition, k = ky;,. Since dt+ 1 -dy =0 on G,
YduiANdy; =0 (6.8)

there and thus the differentials dyi,...,dy; vanish on T(z;;G. It follows that
w = (..., ) and ¥y = (yei1,..., ya_1) together give local coordinates on
G near (7, y, i), which is therefore of the form

G={r=T0" 1)y =Y'0" )" =" " 1)} (6.9)
Consider
ey )=y - =TO" 1) =Y ") - i (6.10)
This parametrizes G, since dT = —u-dY' — . Thus 0y =0<= ) =
Y'(y",1') and then u' =d, ¢, i’ =d, . Relabelling the u’ variables as
u and reverting to the original coordinates gives a minimal parametrization of
(T, ¥, ). A general parametrization, as in the statement of the proposition, can
be obtained by adding to ¢ a non-degenerate quadractic form in additional u
variables.
Equivalence of parametrizations can be shown essentially as in [5], The-
orem 3.1.6. Since the only difference is the absence of homogeneity in the
parameters, the details are omitted.
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7. Conic pairs and their parametrization

We also need to produce similar parametrizations for Legendre submanifolds
with conic singularities.

By a parametrization of G near a singular point (7,7,0, 1) € 60 =0G we
mean a ¥ function ¢(y,s,u) defined near (#,0,0) in X x [0,00) x R*~!
of the form

o(y,s,u)=—7+s (y,s,u), T=const (7.1)

such that
0 . . _
dowy and  d,. ou j=1,...,k are independent at (,0,0) (7.2)
J

and for which the map

37 0 d,p
C = 9y 5 :03 :Oa 20 s 9d ) g .
0 {(ysu) 2 ou s = }H(y @, ldyol dy(p|>

(7.3)
is a diffeomorphism onto a neighbourhood of (7,7,0, fi) into G.

Proposition 6. Every intersecting pair of Legendre submanifolds with conic
points, in *T3.X, in the sense of (52) — (5.6) admits a parametrization at

each point of Go.

Proof. By making a linear change of coordinates in y, and by scaling x, it can
be assumed that ji = (0,...,0,1) at the base point. Thus the projective variables
n; = Wi/tn—1, j =1,...,n — 2, are smooth on G near the base point. By making
a further linear change of variables it can be ensured that d,,...,df;,_,, du,—

are independent, on 6‘, at the base point, with dji,...,dfi, , vanishing there.

As shown in the proof of Lemma 3, djiAdy’ =0 on (A;o which implies that
dyi,...,dyr—1 = 0 at the base point. Hence

[2/ = (ﬁla"':ﬁk_])a )/H = (J/k:'u’J’ku) and ﬂnfl (74)

give local coordinates on G near the base point.
A parametrizing function is now given by

(p(yasau) = Sy/ i T(J/H’S: y) - SY/(}//:S:u) cu+ Yn—18 — Ynfl(y/lasnu)s

where a:{‘[: T(ylla .un—la.ﬁl)a yl = Yl(y//’ Mfl—l’ﬂ/)’ /2/, :M”(y”’ :un—lﬂa/)}'
(1.5)
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Since T =17 on Go= {py_1 = 0}, T(Y",s,u) =7+ sT'(y",s,u), s0 ¢ in (7.5)
is of the form (7.1). Furthermore,

or 0
do= <y/ cu— as aS(SY/ “u)+ Yuo1 — as(YnlS)) ds

45 (V' = 0uT = 0u(Y'u) — 0(Y,—1)) - du
tsu-dy +sdy,_1 —M"-dy"’ (7.6)

where M" = 0,vT +su -0, Y + 50,/ Y,_,. The independence condition (7.2)
is then clear and (7.3) follows readily from the fact that G is Legendre.

The parametrization given in_Proposition 6 also gives a parametrization of
the Lagrangian submanifolds A(G, 1) given by Proposition 3. In fact, in a conic
neighbourhood of (3, i), A(G, 1) is parametrized by

$(,0) = 019(2,0,0'/01), (01,0") € I' C R¥,

(7.7)
I' a conic neighbourhood of (1,0,---,0) € R¥*!,

We also need to consider the equivalence of such parametrizations. This
follows essentially as in the standard case. Two parametrizations ¢;(y,s,u) and
@2(y,s',u’) are said to be equivalent near the base point (7,0,0) if there is a
family of local diffeomorphims, U,, of R, x R¥~!, mapping {0} x R*~! to
itself, depending smoothly on y € 0X as a parameter and such that, U3(0,0) =
(0,0) and near (3,0,0),

(PZ(y; Uy(S> u)) = (PI(J’» S, M)

Proposition 7. Two parametrizations of a conic Legendre pair, ¢ and ¢,
based at (3,7, i), are equivalent if and only if they have the same number of
parameters and

sgn 05y (»,0,0) = sgn 0y (1,0,0), (7.8)
where @;(y,s,u) =—T+s i(y,s,u), for i =1,2.

Proof. As already noted this result can be deduced by following the proof of
Theorem 3.1.6 of [5]. We shall therefore only indicate the points at which the
argument is slightly different. Consider the two parametrizations ¢; and ¢, of
A(G, 1) obtained from ¢, and ¢, as in (7.7). Since they parametrize the same
Lagrangian and

2 o= — 0 0
OGd)z(ys 150) - ( 0 aﬁlpl()—}’ 070)
Theorem 3.1.6 of [5] shows them to be equivalent. Thus we can assume that

lﬁl (ya 07 u) = lpZ(ya 09 u)
Proceeding as in the first step of the proof in [5] we can also assume that
@1 and ¢, are equal to second order on the set C,,, where C,, is defined by
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(7.3). The independence of d, )1 and d(y,,,)(lp{u, ), for j=1,---,k—1, and
Taylor’s formula give

@2(y,8,u) = @1 (y,5,u) + doo(y,u, )1 +5 {,)
k—1 k—1
Z:l aoi(y,s,u)(hr +s {S)qu,» + Z d,:,(y,s,u)tﬁ{u[lﬁ{uj(.7.9)

i,j=1

Since Y1 =y at s =0 and ¢; = —T+s ;, it can be arranged that a;; = sa;;
with the a;; smooth. Hence the analogue of B in (3.18) of [5] is small for s
small and thus the second step of the proof there can be applied. This yields
the desired parameter change U,,.

8. Oscillating functions

The simplest type of Legendre submanifold of **T3,.X is a section, G, given by
the graph of the differential of ¢/x, ¢ € €°°(0X). Then exp(ip/x) € €~>°(X)
is a typical Legendre distribution associated to G. In particularly with the notion
of wave front set defined in [10] (this is briefly recalled in Sect. 10 below)

SWE(") = G. (8.1)
In this case we define
IM(X,G;%Q7) = "X . ®(X;%Q2), n=dimX (8.2)

The normalization here is arranged, as is discussed below, to conform to the
convention of Hormander in [5] for the order of a Lagrangian distribution.

One of the most fundamental examples of such an oscillating function is
the kernel of the Fourier transform. Since we need to consider coordinate-
invariance below, consider the invariant Fourier transform from half-densities
on a vector space V to half-density on the dual V*

F(uldv|*) = (f eI () |dv|> ldv*|3. (8.3)
The Schwartz kernel
e d| 2 |dvt |2 € G (V x VHeQR) (8.4)

is completely well-defined, where V' is the stereographic compactification of V.
We are most interested in points in the interior of /'* and near the boundary
of V' so we shall just consider V' x V*, a manifold with boundary. Applying
the definition, (8.2), we find

Lemma 4. For any real vector space V
e 1) |qu| dv* |2 € IS(V x V*, £;%00) (8.5)

where & = graph{—d(v,v*)} C SCT*WW*(V x V*) is the Legendre relation.
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1 1 g
Proof. Notice that the order is 0 since |dv|2|dv*|2 € x2 9™V gV x V*;
|
SCQz).

To justify calling this the Legendre relation consider linear coordinates #
in ¥ and dual coordinates y in V'*. If n = 0/x, x = 1/|5], then 0V ~ S"~! with
coordinates 0. Let x, 0, y, 7, i/, i’ be the corresponding coordinates in S*7*(V x
V*). Thus

0

0- dx d 0
Y0y —--00- = "dy  (86)
X X X

—d{v,v*) = —d .

so . is the submanifold

t=y-0, ) =—y+(y 0)0, p" =-0. (8.7)
The two projections (0, y, 7,1/, 1) — (0,7,1') and (0, y, 7,1/, 1) — (v, ")
are the coordinate forms of invariantly defined projections

SCT;VXV*(V x V)

ivd NP (88)
TV T V™.

We also introduce S*V* = 0T “V*, the cosphere bundle of V'*, thought of as
the sphere at infinity. Directly from (8.7) we find

Lemma 5. Under the two projections (8.8), & defines the ‘Legendre diffeo-
morphism’

L:¥T3V — SV,

L(O; 7, 1) = (n ") = (0, y; -7, , 0" € &, L(O,7, 1) = (& — 10,—0).
(8.9)

The Legendre transformation, L in (8.9), is a contact diffeomorphism of
T ;V V onto S*V*. It is therefore natural to expect the Fourier transform to act
as a (local) Fourier integral operator transforming the Legendre distributions
associated to G C *T7X to Lagrangian distributions in the ordinary sense.
Indeed we shall ruthlessly exploit this transformation.

9. Maslov bundle

The Maslov bundle is defined over any conic Lagrangian submanifold A C
T*Y\0, for any manifold Y. For / € A, a conic Lagrangian, let G; be the part
of the Grassmanian of Lagrange planes in 7;(7*Y) consisting of the planes
transversal to both T;4 and the fibre T (TyY) = Ty Y. The fibre, M, of the
Maslov bundle consists of the locally constant functions on Gy, with values in
C, satisfying the transition condition between components

SCpry = "SI £ ph) (9.1)
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where m( p;, p;;T A, T;(Z)Y ) € Z is the Maslov index, defined for any four
Lagrange planes with the first two transversal to the second two.

This bundle is completely natural under coordinate transformations, i.e. if
F*: T*Y, — T*Y; is the pull-back map of a (local) diffeomorphism F :
Yy — Y, then for any conic Lagrangian A; C T*Y,;\0 the Maslov bundle
M(Ay) over Ay = (F*)~'(Ay) is canonically identified with (F*)*M(A;), the
pull-back of the Maslov bundle over A;.

This naturality allows us to define the Maslov bundle on a Legendre sub-
manifold I' C T}, X by local identification with the conic Lagrangian case.
Thus, near any point on 0X, X can be locally identified with V', the compact-
ification of a vector space of the same dimension. The map (8.9) identifies
I', locally, with a Legendre submanifold of S*V*. The Maslov bundle over
the associated conic Lagrangian submanifold of 7*7*\0 is induced by its re-
striction to the Legendre manifold at infinity. This identification therefore fixes
the fibres of the Maslov bundle over I' near the chosen base point. However,
two local coordinate identifications of X with V', and V', induce Legendre
transformation L; and L, such that L;L; ! is the lift of a coordinate transfor-
mation from V5 to V. The naturality of the Maslov bundle under coordinate
transformations means that the Maslov bundle M over I' is well-defined, with
the properties

M(I') = L* My (L(I')) ~ locally. (9.2)

It is also possible to define the Maslov bundle intrinsically on I', but we
do not have to do so.

In the case of a pair of Legendre submanifolds with conic points, notice
that the tangent planes to G, even at points of Gy, are Legendre planes in
the tangent space to *°77.X. Thus the construction about extends to define the

Maslov bundle over G, and hence over the whole of G

10. Pseudodifferential operators and symbols

The algebra of scattering pseudodifferential operators on a general compact
manifold with boundary is defined, in [10], by reference to the model space,
§', thought of as the stereographic compactification of R”. To give maxi-
mal invariance properties to the symbol we consider operators on sections of
the bundle Q2. Under stereographic projection, SP : R” — S’ , the Lebesgue
half-density |dz|5 becomes a non-vanishing smooth section of Q2.

Thus, in the model case, 4 € Tg’é’k(Si;ch%) if and only if 4’ = SP* - 4 -
(SP™1)* is of the form

A'(u(2)|dz]2) = @r)™" [ e a3, Ou(z)dz'd(|dz|

(10.1)
with a(z,{) = SPid’, d' € p;"pk&>(S").
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Here SP, = SP x SP: R? x R} — S X S}, p, € (S, x §}) is a defin-
ing function for §" x §"~! and py € ¥°°(S". x $") is a defining function for
S x S”. In fact the definition in [10] was in terms of left quantization, not
Weyl quantization as in (10.1), but these are completely equivalent. (See [6]
or Sect. 18.5 of [7]).

The manifold S”, x S}, together with its identification with R? x R} =
T*R” in the interior, is canonically isomorphic to T *S’i. The joint symbol
of A, as defined in [10], is the equivalence class of

= pa—mpg(goc(scT*Sljr)

. . (10.2)
mod p;mp/;+l(go<>(scT Szlr) + p;m+lpé’(gOO(scT Sﬁlr)’
and as such is independent of coordinates.
Since the operators in 'I’;’z’k(Si,SCQQ) act on half-densities, much more is
true:

Lemma 6. For any compact manifold with boundary the joint symbol of A €
pmkx; 2 ), j(A), is well-defined as an element of

p; kG (T X) mod p, "2 pk 2G> (*T"X) (10.3)

by @ in (10.1) in any local identification of *T X with sCT*Sf'F resulting
from a local identification of X and S'|.

Proof. This follows from the definition and the coordinate transformation prop-
erties of the Weyl symbol (see [6] or Sects. 18.2 and 18.5 of [7]).

The R™ action on the fibres of *7*X is independent of coordinates. This
allows the joint symbol to be identified near the boundary, o(*T X°), of
the compactified fibres over the interior as the sum of homogeneous func-
tions

J(A) = op(A) + o [ (4) near O(FT X°). (10.4)

m—1

Thus the subprincipal symbol becomes a function on 7*X°\0 which is ho-
mogeneous of degree m — 1. The part of the symbol we are most inter-
ested in is that near "7}, X, where there is no natural transversal IR™ ac-
tion. Then there is no natural splitting analogous to (10.4). However the
choice of a boundary defining function, x, for X and of a product decom-
position of X near 0X does give a splitting. Near, but not at, the bound-

ary
ST*X = °T*(0,e) x x ' T*0X with *T*(0,¢) = (0,¢), x R, (10.5)

where the basis element dx/x> of *T*(0,¢) is used to define the coordinate .
1
This means that, for 4 € P7k(X;*Q2),

JA) =X pr + X prits pro i € €°(R, x T*0X). (10.6)
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This decomposition will be used in computations below. In particular the
rescaled Hamiltion vector field of j(4) can be written

“H oty = 0 pr(x0s + Ry) — (Ry pic + kpi)oe+ Hy, +xW, W € 7y near “Ti X
(10.7)

where H,, is the Hamilton vector field of p; as a function on 70X, R, is
the radial vector field in the tangential directions, p; = x and the rescaling at
ps = 0 has been dropped.

It is very convenient below to reduce microlocal questions near *°T73,.X to
‘conventional’ microlocal analysis near T “IR”. This is accomplished by the
Fourier transform.

Proposition 8. For any vector space V the intrinsic Fourier transform (8.5)
defines, by comjugation, an isomorphism

Cr: Wik (V;%Q2) — W Fm(y ;%2 (10.8)

such that if LTV 2V x V* — V* x V 2T V* s the map L(5,w) =
(w, SP(—=SP~Y(%))) then
J(Crd) =L j(A). (10.9)

Proof. The intrinsic Fourier transform, (8.3), is defined by conjugation with
stereographic projection ¥ <— V. Thus (10.8) reduces to the covariance of the
Weyl calculus under Fourier transformation. Namely if 4’ is given by (10.1),
with 4 = SP* - 4 - (SP™')* then Cp(4) = SP* - 4” - (SP™!)* where

A//U(‘E) =(2n)™" f eierri(zfz')ﬁfiz'w’a(z-ﬁ‘—rz’ , C)U(T/)d‘fldzldz d¢
o , (10.10)
=Q2n)™" [T 2g(Z,— " (' )d T dz.

This gives (10.9).

We remark that the Legendre diffeomorphism L defined in Lemma 5 is the
boundary value of L:
L=1L rscT*EVV . SCT UVV i S*V
It is instructive to obtain the somewhat non-obvious (from this point of view)
coordinate expression (8.9) from the definition of L.
The Laplacian on a Riemann manifold acts naturally on the sections of the
half-density bundle since the Riemannian density gives a trivalizing section.

Lemma 7. For the Laplacian A € Diff%(X;*Q2) C Y20(X;%Q2) of a scat-
tering metric the joint symbol, including subprincipal terms, is the equivalence
class of the metric function g € p;z(é‘”(SCT*X).

Proof. This follows directly from Lemma 3 in [10].
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We also note the form, for scattering pseudodifferential operators, of the
‘oscillatory testing’ definition of the symbol.

Lemma 8. If ¢ € €°°(X) has d(¢ [sx)+0 or ¢ lox +£0 on the support of
1

v E BX(X;%Q2) and x € €°°(X) is a boundary defining function then
A(ePy) = el?xky! |y € §°(X;%Q2) (10.11)

KV = J(A) Parapnaey ¥ € XFHEX(X;2Q2) '

for any A € '{’g’é’k(X;Q;). Moreover if A is microlocally of order k = 400

near a point of graph(d(¢/x)) over the boundary then v' and all its derivatives

vanish rapidly with x near the projection of that point in 0X.

This can be proved directly from the definitions. A proof based on the
conjugation properties of the Fourier transform is given in Sect. 11.

For completeness we note, without proof, the relationship between the scat-
tering wave front set, WF, and the better known frequency set of semi-
classical analysis, FS, (see [4]). Recall from [10] the definition of WF(u) for
any element u € 4~°°(X)

“WE(u) = ) {{j(A) — 044 € POX), Aue %“(X)} C T X
(10.12)

Proposition 9. Let X be a compact manifold with boundary and suppose that
u € €7°(X) is smooth in the interior. If F :[0,e) X 0X — X is a product
decomposition of X near the boundary then interpreting F*u = u(h, y) as a
Sfunction of y € 0X depending on the ‘semi-classical parameter’ h € (0,¢)

FS(B*u) = n*° WHF(u),

where m:*T5 X — T*0X, n(y;t, 1) = (y, 1), is the map determined by the
choice of the defining function x = h and product decomposition.

In this sense the scattering wavefront set is a refinement of the frequency
set which unifies it with the standard wavefront set in the interior.

11. Legendre distributions

Let G C *T}, X be a smooth (not necessarily closed) scattering Legendre
submanifold. Near each point p € G we have shown that there exist local
parametrizations of G, ¢ € (U x U’) where n(p) € U C 0X and U’ C RF
is open in the parameter space. The Legendre distributions of order m, defined
with respect to this local parametrization, are the functions with compound
asymptotics

U(x> y) = (27'[)7 : 7,5 f ei(/’(}%u)/xa(x’ ¥, M)Xmi,;+g du,

‘ (11.1)
a € €([0,6) x U x U").
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Definition 2. For a smooth Legendre submanifold
G C T X, ucl’(X,G;%Q2) C 6~ °(X;%Q2) (11.2)

if, for any W € €°(X),
J
Yu=uy+ Y -, (11.3)
j=1

where uy € %OO(X; SCQ;), Vi € €°(X; SCQ;) and the v; are, for j=1,...,J,
Sfunctions of the form (11.1) for parametrizations of G.

It is easy to see the coordinate invariance of these spaces of Legendre
distributions. Namely if f : X — X is a diffeomorphism and

SCf* :SCT*X_>SCT*X (114)
is the induced isomorphism then
FHIX Gy Q) — (X G Q) (11.5)

is an isomorphism. To see this it suffices to show that if v is of the form (11.1)
for a parametrization of G then f*v is of the same form for a parametrization
of *f*G. Let f(x',y") = (x,y) be the induced change of local coordinates, so
x=x"fo(x',y"), y=Y(',y") with fo > 0. Then

Sro= [0 G (e du (11.6)

where
@'(Y u) = (Y (0,y"),u)/f0(0, ") (11.7)

and

a/(x/,y/,u) _ a(x’fo(x', y/), Y(x', y/),u)exp <i oY (x', yl),”) . l.(/)/(y',u)>
X folx', ') v

(11.8)

is smooth up to x’ = 0. Since ¢’()’,u)/x" is clearly a parametrization of *f/*G
the coordinate invariance, (11.5), follows.

In fact, if ¢; for j = 1,..., N, give local parametrizations of G covering an
open subset of X then any element of /™(X, Q; ch;) with support in that
subset has a decomposition (11.3) for those parametrizations. It is quite
straightforward to prove this and to develop the symbol calculus of these
Legendre distributions by analogy with the usual case of the Lagrangian
distributions of Hormander. Rather than do so we shall use the (local)
Fourier transform to reduce the discussion to this case. As already noted
this reduction is based on the following result for the Fourier
transform.
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Proposition 10. If' V is the stereographic compactificiation of a vector space
and G C T3,V is a Legendre submanifold then (compactified) Fourier trans-
formation gives an isomorphism

ST INV,GEQ) — [TV, A, Q)N E(V; Q)+ S(V;Q2),  (11.9)
where A is the unique homogeneous Lagrangian such that ANS*V = L(G).

Proof. By the coordinate invariance, (11.5), of these spaces it suffices to take
V =8'. Let 0 =z/|z|, x = 1/|z| be inverted polar coordinates. In these coor-
dinates v, in (11.1), has Fourier transform

dxd0

xn+1

n N ko on 1
SFu() = (2m) 472 [em e EHO0N g (x 0" i du - ldZ|2. (11.10)

Written in terms of the linear coordinates z = 0/x this is of the form

e Fu(() = 2n) i & AN,z U)dz dU L2 (111

where U = |z|u and

b(C,z,U)za(l ‘ U>z—m—§—3. (11.12)

2l |21 I2]

Clearly b is a 1-step polyhomogeneous symbol. Moreover,

1//(C,Z,U):—Z-£+QD(Z,U)|Z| (11.13)
|z|” |z|

parametrizes A. Thus, directly from the definition of Lagrangian distributions,
SFvel"™V, 4, Q: ). Necessarily its singular support is compact and the map-
ping property (11.9) easily follows.

This argument can be reversed, showing that (11.9) is an isomorphism.

We now briefly outline the proof of Lemma 8 from the previous sec-
tion. Since the statement is local we can assume that X = V. By Proposition
(10), *Z (") is a Lagrangian distribution associated to A5 C T*V* \ 0. In
terms of projective variables it is parametrized by z; '¢(z'/z1) — ({,z) where
z1 = 1/x,z/ = y/x and { = ({;,{’) are the corresponding dual variables. The
statement (10.11) then follows from the standard formula for the application of
a pseudodifferential operator to a Lagrangian distribution (see Theorem 25.2.4
in [7], though in this case it is particularly simple) and from the proof of
Proposition 10.

Before using this local result to discuss the symbolic properties of Legendre
disitributions we shall consider the invariance properties of the local Fourier
transform.
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Proposition 11. Under a local diffeomorphism G : U, p — U’, p where U, U’
C S are open and p, p' € S"~! = 08", the operator

Gr=%F oG oyo*F ! (11.14)

where y € €2°(U"), is a Fourier integral operator of order 0 on R" associated
with the (local) canonical diffeomorphism Lg = LG*L™" of T*R" and having
symbol L*y under the natural trivializations of Maslov and density bundles.

Proof. As an operator on half-densities Gz has kernel

(27'[)” f e—iC~z+G(z)‘C/

éiG‘ 2(2)dz |dg)>. (11.15)
oz

This has the symbolic properties as stated.

12. Symbol calculus

For a Legendre distribution, associated to a smooth Legendre submanifold G C
T3 X, the transformation (11.9) reduces the definition of the symbol to the
standard conic Lagrangian case.

If Y is a manifold without boundary and A C T*Y\0 is a conic Lagrangian
the symbol mapping of Hormander

O I"(Y, A;Q2) — S™Ti(A; Q2 @ M) (12.1)

takes values in the homogeneous sections, of degree m + , of Q@M. If

I' C §*Y is the Legendre manifold associated to A, with S*Y = 0T 'Y the
boundary of the fibrewise stereographic compactification, then (12.1) can be
replaced by

ot (Y, A; Q1) — (I E~™(I))

. i ] (12.2)
where E~"™(I') = [N*0T Y|™" "+ Q My @ Q}.
Notice that M, as a bundle over A, is canonically trivial over the IR lines
and so induces a bundle My over I'. The power of the conormal bundle of
infinity in (12.2) models a section which is homogeneous of degree m + ; and
a smooth half-density on I' defines a unique smooth half-density on A which
is homogeneous of degree 0.
Following Hormander in [5] the symbol in (12.1) is defined as follows.
Any element u € I’"(Y,A;Q;) is (by definition) a locally finite superposition
of distributions defined by oscillatory integrals:

u=2m) 172 [?CDq(L,0)d0]dl|? (12.3)
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where (i,...,{, are local coordinates in Y, a is a polyhomogeneous (that is,
classical) symbol of order m + ; — ];’, there are N phase variables 0,...,0y
and ¢ is a local parametrization of A over the support of a. The parametriza-
tion, ¢, defines a local isomorphism (near the support of a)

Po: Cop ={(L,0); 05 = 0} — {({,dop) € A} (12.4)
and the symbol of u in the sense of (12.1) is then locally on A

_1
D(21s- s 2y @55 P ) |2

—1\* it ;
on(u) = a((, 0)e' dir...,d2,|*
W) =Py (@GO 0y | PRl
(12.5)
where A,...,4, are functions, homogeneous of degree 1, inducing coordinates

on C, and p is an integer, determined by a choice of transversal Lagrangian
to G and the fibres, which fixes the Maslov factor.

Hormander shows that o, is well-defined and extends by linearity to fix
(12.1). To get an explicit form for the symbol as in (12.2), observe that there
is no necessity to take the functions 4,...,4, to be homogeneous of degree 1.
If n— 1 of them are homogeneous of degree 0 and /1, is non-vanishing and
homogeneous of degree 1 the same formula (12.5) holds. In fact 4, can
be taken to be one of the 0 variables, say Oy after renumbering. Setting
©(z,0) = OnY(z,0:/0y,...,0y—1/0y) and u; = 0;/0y from j=1,....N —1 it
follows that (12.5) can be written

1
D(;ul,...,/u,,,l,HN,l,b,:l,..., liN_l,l#—u' u) 2

Om u) :( (71)* elilg
( p/’ D(Cl""’Cn’ul,""uN_l’HN)

0y |d2 ...dledeNH) (12.6)

’ , , ,
:(p(zl)* eig'uaell\;[ D(il,...,/mfl,lpul,..., M,\ul’l//)

1

T2
Al ..ody|?
D(Cla"'aCVl;"ﬁ)‘“a”N—l) ‘ | ! 1‘

In this form we can easily get an explicit version of the symbol for Leg-
endre distributions defined through the Legendre transformation L. This gives
an isomorphism of bundles, locally,

L* : 4°(LG;E™(LG)) —> €™(G;E™(G)) (12.7)

where on the left E” is the corresponding bundle over the Legendre subman-
ifold G

n 1
E™(G) = [N*V "' ® Q% © Mg. (12.8)

Thus, near p € G, if ST DU £, U’ C X is a local identification of a
neighbourhood of 7n(p) € U’ with an open subset of S, then

T Gem(u) = 1) 2T Lo (ST (S ), (12.9)

—1*
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where y € €°(U’) and *f~'" is the lift of f~' to **T*U’ (see 11.4), defines
Ose.m() € €°(G; E"(G)), (12.10)

and does so unambiguously. For a particular choice of a defining function of

0X we will denote a section of E"(G) by a|dx|"~+ where a is a section of
1

.ch; ® Mg.

Proposition 12. The symbol map, given locally by (12.9), is well-defined as
in (12.10), and gives a short exact sequence

0= I (X.G;*Q) — [UX.G;*Q*) — €(GIE") — O;
(12.11)
if uellX, G;SCQ;) is given locally by (11.1) for a parametrization of G
then

O'sc,m(u) =

D(/lla- . -,)"nflaauq))

1

-1 1 )
dAl,...,dJ,—1|? Q|dx|""4

D(yl,""yn_17u]""’uk) | " | | |

a(0, y,u)e'
(12.12)
where the J; are coordinate functions on {0,¢ = 0}.

Using the Fourier transform, as in Proposition 8, to reduce scattering
pseudodifferential operators to pseudodifferential operators in the usual sense
we can deduce the main symbolic properties of Legendre distributions.

Proposition 13. Suppose P € W (X;Qz) has symbol x* py + x*+' pi,1, as
in (10.6) with respect to a product decomposition of X near 0X, and suppose
that G C **T;.X is a smooth Legendre submanifold. Then for any m € R,

PIN(X,G%Q2) — IIH(X, G5 Q2)

. (12.13)
Ose,mik(Pu) = (pk rG)Gsc,m(u) ® |dx| .
Furthermore if py vanishes identically on G then
P ]srg()(, G; SCQ;) N ]smc+k+1()(’ G; sc‘Q;) and
Osc,m+k+1 (Pu) (12.14)
1 1 n\ 0 n
=( (v + (kD +m=") T 4 pite)aw dafm i
i 2 4/ o1

where o (1) = a @ |dx|"~% and V =H?*0 is given by (10.7).

Proof. Both these results are sc-microlocal. We shall derive them from the
corresponding results in the usual setting; see [3] or [7], Theorem 25.2.4. By as-
sumption, *WF(u) € *I;;X so we can assume that P € P ook, Q2 ). The
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localization argument in Proposition 6 and the definition of the symbol map

(12.7)—(12.10) show that it is only necessary to consider the case of a com-
. . . 1 1 1

pactified linear space V. Now if v € I7"(V,A;Q2)NE'(V;Q2)+ L (V;Q2)

1
and Q € Y%(V,Q2). then
Qv el WV, A4;Q:)NE(V; Q)+ F(V;Q2),

(12.15)
0—m—k(QV) = 0_k(Q)0_m(V).
Moreover, if ¢_;(Q) [ 4= 0 then
J—m—k—1 A: Qé 11 _Q; & Q;
v e AN ET50) + S0 and o

T—m—i—1(00) = (1 L, + q14) 0_m(v),

where ¢ is the invariantly defined Weyl symbol of O modulo S~*~2(T*V). In
particular, on A, g is equal to the subprincipal symbol of Q. Here we have used
the standard notation as in (12.1). To translate this to the form (12.2), consider

1 *
€ Y ho(V,Q2) with symbol ¢ defined modulo pf*2p*@>°(**T V). Then
NY y q a o
(12.15) becomes

0% n(O0) = (p*q T ansev) - 0%, (v) @ |dpg|*. (12.17)
1
If u e IX(V;G,*Q2) then by Proposition 10,
v="Fuecl "(V,4,Q:)NE WV, Q)+ S (V,Q2),

where A NS*V = L(G) with L defined in Lemma 5. If P € 'I’S_coo’k(V,SCQé)
then, by Proposition 8, O = %% o Po*Z ! € Y=k(y,*Q2) and the sym-
bol, p, of P, is related to the symbol, ¢, of QO by p = L*q where p and ¢ are

invariantly defined modulo p%™p>°%> and pf+2p2*%>° respectively. Hence

from the definitions (12.9) and (12.17)
Okim(Pu)= L0 _4_n(Qv) = L* (p;*q Tansr) L* 0%, (v) @ L*|dp,|*
= (pk rG) asc,m(u) ® |dx|k

which is (12.13).

To obtain (12.14) we keep the same notation and note that py; [¢=0 is
equivalent to p;%q [ ns-y=0. That is ¢_(Q) [ 4= 0. From (12.16) we get,
by identifying 7,,(4) with p"c%(4)

1
0% 1 (Q0) = (l.qu +q TA) (6%, (0)p™).
Now,

1 1
Ln = L ey + 0 alpg ) Lansey

1
=p" (l. (Lw + 30+ Dpg Wos) +a/p " rmw) (12.18)
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where the reduced Hamilton vector field W = *H, %! is tangent to $*V =
{ps = 0} with the choice of the p, scaling, —1, irrelevant. In the formula
above we have again identified a homogeneous function, f, on A with p” f*,
where f* is a function on AN S*V. The second equality follows from the
general formula for the conformal transformation of the Lie derivative of a
vector field on half-densities:

Liz=fL7+Zf.
Hence
% _
O',k,m,I(QU) -

1 1
(i <$W + Z(k + D)o, ' Wp, fms*v) +q/pt! fAms*v) ot (0) @ |dp|FT.

If %, (v) = b|dp,|""* then the application of the Lie derivative gives
s 1 1 n\ _,
0 m—1(QV)= ; Lyb+ 2(k+1)+m—4 Py Wp,

+q/psT Tsevaa )b ® |dpg|" 4 (12.19)

This gives (12.14) since L,V = W, 0sc jymi1(v) = L 6%, (QV), Gsem(ut) =
aldpo|™="*, a = L*b and |dps| = L*|dp,| (and of course, x = p;).

13. Conic points

In Sects. 11 and 12 the definition and symbolic properties of Legendre distri-
butions associated to a smooth Legendre submanifold of *T75, X are discussed.

As noted in Sect. 4 the Legendre variety (N;y(i), to which the generalized plane
wave with frequency A, emanating from y € 0X, is associated is, in general, an
intersecting pair of Legendre submanifolds with conic points. The parametriza-
tion of such a Legendre manifold has been described in Sect. 7. We extend the
notion of a Legendre distributions, as in Definition 2, from the smooth case
by introducing appropriate singular amplitudes.

Definition 3. For an intersecting pair of Legendre submanifolds with conic
points, in the sense of (5.2)~(5.6), and any m, p € R the space I"(X, G Q2 )
consists of those u € €~ °(X; Q1) of the form

N
u=uo+u;+y u (13.1)

Jj=1
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where uy € 12X, G; Q> ), uy € I2(X, G’;SCQ;) and the u; are given in terms
of local parametrizations, @; of G near Gy, the conic limit, by integrals

n kit O9 : ) n_ k+l n_
wp=Q2u) i [ [ g (X s ux) - ()T ST s duy
0 R¥

(13.2)

1
with a; € €2°([0,00) x R~ x [0,00) x R¥ x [0,00)) and v € €°°(X;*Q2).

Notice that, for x > 0, the integrals in (13.2) are absolutely convergent
due to the compactness of the support of the a; in u, x/s and s. Thus
the integral defines a tempered distributional half-density on X, i.e. an ele-
ment of the dual of #°°(X,*Q:). If a; is supported in {s > 0} then ¢;,
with parameters (s,u), is a parametrization of G, the smooth part of G, and
u; contributes a term to I2(X, G;SCQé). A small modification of Lemma 8

shows that if 4 € Y20(X,Q:) has essential support away from G\ G and
u € IPP(X,G*°Qz) then Au € I"(X, G;Q?).

Lemma 9. For any u € I""(X,G;%Q?),
S WFu) C G (13.3)

and, given any covering of Go by parametrizations, u can be written in the
form (13.1), (13.2) with respect to these parametrizations.

Proof. Since the terms uy and u, in (13.1) clearly satisfy (13.3), it is enough
to consider an oscillatory integral as in (13.2). Applying 4 € P0(X;%Q2)
gives, by Lemma 8, an integral of the same form. Moreover, if 4 is mi-
crolocally of order oo near G then the resulting amplitude o', vanishes
rapidly as x — 0 near both the critical points of ¢ and the surface s =0
(since the latter corresponds to G¥). Integration by parts therefore shows that
u; € 67 (X;%Q2), so (13.3) holds.

The second part of the lemma follows from the equivalence of phase func-
tions, as given by Proposition 7, and the use of stationary phase to change the
number of u parameters near s = 0.

The coordinate invariance of these spaces is immediate from the definition.
To extend the invariant symbol map to this larger class of distributions it
suffices to work locally and use continuity.

Recall that G = *G C [T Ly X;sp{ ¥}] is the blown-up version of G; it
is a smooth manifold with corner corresponding to the introduction of p-polar
coordinates around u = 0, with a natural blow-down map

B:G—G. (13.4)

This is an isomorphism of 8\60, (A}o = 6@, onto G, the regular part of G.
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As noted in Sect. 9, the Maslov bundle extends naturally from G to G. Let
S e %OO(G) be a defining function for the boundary, Go of G. Then for any
a € R, and any bundle L,

S6(GL) = €(G; S°0L) = €=(G; IN" 0T Xl © L) (13.5)

defines a ‘rescaled’ bundle S“@L = [N*d(**T% X )% @ L over G. Here we have

used the same notation as in the definition of the symbol map in the previous
section. We now define the symbol bundle over G to be

A, -~ s —m * m7n I~
E ”(G):|N*a(S°T;XX)|§ ® IN*OX "4 @ Q2 (G) © My (13.6)

1~ ~
where €2 (G) is the b-half-density bundle of G. When specific defining func-
tions of the boundaries are chosen (x S, tr1V1ahzmg S4) we will write a section
as u = a|dS|P~"|dx|""4, a € %‘X’(G 92 ® Mz).

Proposition 14. The symbol map (12.11) extends by continuity to define
Geemp 117 (X, G Q1) — 6=(G,E™) (13.7)
which gives a short exact sequence
0 — I"NP(X, G Q) — I™P(X,G¥Q2) — 6(G; ™) — 0. (13.8)

Proof. Consider a half-density of the form (13.2). Microlocally near G this is
a Legendre distribution in the sense of Sect. 11. Its symbol is fixed by (12.5).
The Lagrangian distribution FG*u is of the form (11.10), and (11.11), with
only different notation for the parameters. Thus Gy, , is defined by continuity.
The exactness in (13.8) follows from Lemma 9 and integration by parts.

Proposition 15. Under the hypotheses of Proposition 13, if G is the smooth
part of an intersecting pair of Legendre submanifolds with conic points then

P IMP(X,GQr ) — [mTRrthx G2

(13.9)
with Usc,m+k,p+k(P”) = B*(px TG) : Usc,m,p(”)
and if pr =0 on G then
]mp(XGSCQ ) ‘>Im+k+1p+k+l(XGSCQ ) (1310)

and formula (12.14) extends by continuity to

Ose,mk+1,prk+1(Pu)
1 1 « 0Pk
= . | ZLr+ |, k+1)+m— B +(p—m)S~'Vs
i 2 4 0t
+B*(Pr+1 ro))a ® |dx|" i @ |ds| P (13.11)

where g p(u) =a® |dx|""4 @ |dS|P~™ and V € Vo(G) is determined by
the requirement B,V =H,".
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Proof. Let U and U; be open subsets of T *5XX such that U € U; and
GNU; € G. Then we can find 4 € P%0(X, SC95) such that u; = Au satisfies
SWF(u —uy) C SCT*ng\ U, **WF(u;) C Uy; see the remarks following Def-
inition 2. Hence, u; € IJ(X, G; ch;) and since EA"”(E;) can be identified with
P*E™(G) over compact sets in the interior of G we get

O’:sc,m,p(u) r[f*U: ﬁ* (asc,m(ul) rU) .

Thus using (12.13) we obtain
6sc,r1z+k,p+k(Pu) rﬁ*U: (:B* (pk rG)ésc,m,p(u)) rﬁ*U .

By expanding the open sets U we can replace f~'(U) by G \ 0G and then
the continuity of both sides gives (13.9). We obtain (13.11) similarly from
(12.14).

We also note the structure of the residual spaces for the symbol filtration
(13.8):

~ 1 ~ 1 1
IPPX,GoQ2) = [ I2P(X, G Q2) = IZ(X,G*;*Q2). (13.12)

Iterative use of (13.8) will allow us to construct distributions modulo errors
which are oscillatory functions associated to G*. For use in Sect. 15 we also
note the asymptotic completeness of these spaces.

Lemma 10. Let G be an intersecting pair of Legendre submanifolds with
/. = 1

conic points and suppose u; € IP(X,G*Q2), for j € Ny. Then there exists

u € IP(X,G*°Q2) such that for any N € N

N ~, 1
u— Z u; € [£+N+],p(X:G’SCQ2 )
Jj=0

Proof. This follows as in the standard case by selecting a covering of the
Legendre variety by phase functions and decomposing each of the u; into a sum
of oscillatory integrals with respect to these phase functions using Lemma 9.
Then the standard Borel procedure can be used to asymptotically sum the series
of amplitudes.

As already noted a smooth Legendre manifold may also be considered as
a conic Legendre variety. Thus, suppose G C T}, X is smooth and that for
some boundary defining function x and 4 € R,

GNG*(A)=7Y is a ¥ submanifold around which

G is conic in the sense of (5.10). (13.13)

Notice that 7 is constant on Y which therefore projects diffeomorphically to a
submanifold of 0X, which we also denote simply as Y.
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Lemma 11. If G is a smooth Legendre manifold satisfying (13.13) and Y
has codimension L in 0X then

m,m+;L

IN(X, Gy *Q) C I M (X, G Q) (13.14)
where G= G LI G*(2).

Proof. Tt suffices to consider u € I2(X, G; SCQE) with support near some point
of Y. Thus u can be taken to be of the form (11.1) for a given parametrization
of G. In appropriate coordinates x,y’, y”, i/, u”, v in which ¥ = {y' =0}, G
must be defined by (6.9) where u’ = 0 implies that 7 is constant, y' = 0 and
w” = 0. This gives a parametrization (6.10) where ¢(y,u’) = -1+ y(y, 1)
and Y(»,0) = 0. It follows that the introduction of polar coordinates in the
parameters, u' = su, u = y'/|i’| gives a conic parametrization of G Inserting
this change of variable in (11.1) reduces it to the form (13.2) with k =L — 1
and p=m+ ;L.

14. Push-forward

The elements of /o7 (X, G °Q2) have distributional asymptotic expansions as

x | 0; this indeed is how the scattering matrix arises. For any product decom-
position near the boundary we define the partial pairing

B: & ®°(X;%Q2) x €°°(0X; Q2) — €°°([0,¢),%°Q?)
by B(u,/)=x"" [u(x.y)f(»).

0X

(14.1)

The symbolic map properties of this pairing can be described in terms of
the following map.

Lemma 12. The isomorphism y in (5.11) defines a natural isomorphism be-
tween sections of line bundles
R (S* oxX; N*&T*X|")
SN (aSC?gXX); IN* O TE.X)| ™ ® \N*&X|“) . (14.2)
Proof. If (x, y;t,u) are canonical coordinates in **7*X, such that
G* = Tgraph{dx/x*},

then (y, 1) — (0, y; 7, ft) are coordinates on the front face of the blown-up man-
ifold (B*sp(dx/x*))° = (ff**T*X), where i = pu/x. In these coordinates 7 is the
identity in the interior. Coordinates on 70X near 0T ~0X are (y; |a|~", i/|al),
that is, formally (y;x/|u|, ). A section of €°°(S*0X;|N*0T X |*) can there-
fore be identified with (x/|u|)*@(y, i), where ¢ € €°°(S*0X). On the other

hand the coordinates on 73, X are given by (y,t,|u|,[1) — (0, y;7,|ul, 2),
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u = |p|, and thus on 6(“7"5‘)()() by (y,7,4) — (0, y;7,0, ). It follows that an
element of the right hand side of (14.2) can be written as (x/|u|)*¥(y,4) and
hence it is identified with an element of the left hand side by y*.

Using (14.2) we can now state

Proposition 16. For any intersecting pair of Legendre submanifolds with
conic points G, the partial pairing (14.1) gives a map

~ n—1
B IMP(X,G Q) X 6%(0X; Q) — YL+ ([0.6),G/(5):, Q%) (14.3)
J

where the G'(7;) = {(0,—T;dx/x*)} C *T;[0,¢) are the Legendre submani-
folds (in this case points) corresponding to the components of G* and (14.3)
can be written explicitly as

1

B, )= S e P 0 )| G| (144)
J
with Qz(u, ) € €°°([0,¢)), for each T = t;, satisfying
Qf(uaf) rx:0: <Q‘g(”)7f>s (145)
where
0 -m="7"(0X, A(G 7); Q>
Oz(u) € I” (0X, A(G7);Q22), (14.6)

* % 0 —_ A —p+h
Y (O-pfmf";l (Qf )) - aSC,m,p(u) r/G\Om[;*G:(f) ®|dx‘ P+4>

the Lagrangian A(é T) being given by Proposition 4.

Proof- We can use the local formula (13.2) once we observe that uy and u in
(13.1) do not contribute to the singularities of Q%(u). In fact, the assumption
S*WF(up) N {u =0} = O (implied by 5.4) shows that in a local representation
(11.1) of uy, qb’y#:O on the support of a. Hence there are no stationary points
in the oscillatory integral

(2m) 475 [0 g(x, o) ()" dudy.

It follows that this term is ¥°° in x down to x = 0 where it vanishes to infi-
nite order. The term u, is already locally of the form exp(—iT/x)x”*4a(x, y),
with @ € €°°(X) and hence (14.3)~(14.5) hold for it with Q(y) = a(0, y) €
%°°(0X). Thus the only non-trivial contributions to the singularities of Q%(u)
come from the terms of the form (13.2). These can be rewritten

—it/x + 7 —n_k+l 2 iy (y NERY .
e Tt (A [ () 2
0 RF
1
2

1
k+1 2

o(Gosnr) (1) aua ()

dy

xn—l

dx
2

, (14.7)
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where d)(yauas):_f—'_s (ynuas) and lp(yauss):lpl(ysu)—i_s Z(yyuas)'
Changing variables to 7 = s/x we obtain

oo
— it n _n__k+1 . )
e lf/xxp+4(2n) i ffem 1(vu)+inx 2(yu,xi)
0 IRk
1 1
2 2

dx
2

dy
xnfl

1 e+
¢ (n»y, u,x) n?=" ' dudn (14.8)

When pairing with f € €°°(0X) according to (14.1) the orders of integration
can be freely interchanged for x > 0. It can also be assumed that the support in
s in the original integrand is arbitrarily close to 0, since the contribution from
s > ¢ can be absorbed in the term uy. Hence x# is small in the integrand and
consequently the nonvanishing of d(,, }; shows that the result of integration
in y and u decays rapidly in # independently of x = 0 with all derivatives in
x decaying as well. This gives (14.3)—(14.5) with

n_ k1% . 1 A
02u) = (2my =i~ [ [ e 10y (n,y,ua 0) ne = dudn |yt (14.9)
0 Rk

As in (7.7) we put R 5 0 = (6,,0') = n(1,u) and define ¢(y,0) in a
conic neighbourhood of (1,0) as 01y (y,0'/0,). This parametrizes A(G T) so

e ~ 1

from the standard order convention Q%(u) € I[P~ 41(6X, A(G1);Q22). The
natural symbol identification (14.6) follows from (14.9) and the discussion of
the symbol map in Sect. 12.

Note that the partial pairing (14.1) and the definition of Q?, (14.4) and
(14.5) depend on the choice of the defining function. At the symbol level this
dependence is precisely described by (14.6).

The proof of Proposition 16 gives in fact a little more and the following
will be useful in the construction of the Poisson kernel:

Lemma 13. In the notation of Proposition 16

d i
( dx) Ox(u, 1) Iumo= (QK(w). )

where Ql(u) € I1P=m="3'*2(5X, A(G,7); Q?).

(14.10)

As shown by Lemma 11, Proposition 16 can be applied in the case of a
smooth Legendre manifold satisfying (13.13). The lemma of stationary phase
gives a more precise description of the push-forward.

Proposition 17. If G is a smooth Legendre variety satisfying (13.13) and
u e INX, G;SCQé) then the distributions QL(u) defined using (13.14) and
(14.5) are all differentiated Dirac distributions on Y, i.e. conormal distri-

butions supported on Y, and Q%(u) is a Dirac delta distribution.
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Proof. This follows by a direct stationary phase argument, but can also be
deduced from Proposition 16. Indeed, the absence of any terms associated to
the Legendre manifold G*(1) means, following the proof of that proposition,
that the QL(u) are supported on Y. The order of these distributions is L/2 +
(n — 1)/4, where L is the codimension of Y and this implies the last statement,
since the Delta distributions are the only conormal distributions supported on
the submanifold and of this order.

15. Parametrix construction

The Poisson operator P(A) is defined by (0.4). In this section the symbol
calculus developed above is used to construct a parametrix for P(1). The kernel
of the parametrix is a Legendre distribution on_the manifold with boundary,
X x 0X, associated to the Legendre manifold G(4) given by Proposition 4.
It should be borne in mind that the dimension of this Legendre manifold is
2n — 1 as this affects the formula when results of previous sections are quoted.

Recall that the scattering metric fixes the defining function of 0X, x, up to
an additive term in x>@°°(X). This provides a trivilization of the line bundle
|[N*0X|% which will play a rdle in the symbolic computations below. Let us
in fact fix the defining function x and a product decomposition of X near 0.X.
The choice of boundary defining function determines an operator

Ax € Diff2,(X x 0X,°Q2(X x 0X)) by

Ay (u 2) =4 <”(’s)/) 2)

where (x,y;)')€X x 0X and 4 € Diffi(X, SCQé(X )) is the Laplace operator
acting on scattering half-densities as in Lemma 7.

As discussed in Proposition 4, G(4) is the unique Legendre pair which is
characteristic for Ay — A2 and satisfies

1 1 1 1
2 2 2 2

dx
2

dy

xnfl

dy'

xnfl

dy

xnfl

dy'

dx
X2 xnfl

X

A(G(2),2) = N*A. (15.1)

Thus, Proposition 17 applies and shows that for K associated to 6(/1) the
operator with the kernel given by QS(K ) is necessarily multiplication by a
smooth function.

Proposition 18. For any 0% € R there exists K € I"P(X x 0X,G(1);*Q2)
such that, with the notation of Proposition 16,

(Ay — DK € ¢7(X x 0X;*Q>) and Q%K) = 1d. (15.2)
Here, m and p € R are determined by (14.6) so that the order of the Legren-
dre distribution is 0, namely

2n —1

1
p=-, and m = — 4
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As a preliminary step towards the construction of K we compute the sub-
principal symbol of the extended Laplacian Ay.

Lemma 14. Let p= py+xp; € p;z(g“(SCT*(X x 0X)) be the expansion,
(10.6), of the symbol of Ay — i* € Diff2.(X x 0X,*Q:(X x 0X)). Then the
lift of p1 from G extends smoothly to a function on G which satisfies

B*(p1 16) Lg= —i(n — D"z, (153)

Proof. Let p’ denote the symbol of 4 as an element of P20(X, SCQé). By
Lemma 7, p’ = 1> + h(x, y,u). At u =0, which is well defined for a fixed
defining function x, A vanishes quadratically and hence for any y € 0X,
Po/X [ {;=01nG,(»)= 0. Thus the only contribution to (15.3) comes from the ac-

tion of Ay on the additional half-density factor |dy’/x"~!|2 in *Q2(X x 0X).
Again, because the defining function x is fixed, the projection

mL S THX X 0X) — ST*X
is well defined and the symbol of Ay acting on *Q:(X x 0X) is
nZ(j(x_("_1)/2Ax(n_l)/2)).

At ;=0 the new contribution comes from the (¥2D,)> term in 4 and it is
equal to 77 (j(—ix(n — 1)x*D, + O(x?))). Thus the symbol of Ay at u =0 is

i po — ix(n — 1)t

which gives (15.3).

Proof of Proposition 18. We now proceed to the construction of the parametrix
a1 1
for the Poisson kernel. First we seek a Legendre distribution K’ € I; * ™ *

~ 1
(X x 0X,G(1);%¢Q2) satisfying

(Ay — )K" = I3(X x X, G*(=2);*Q}) and

(15.4)

0Y(K?) =1d.

We shall construct K’ as an asymptotic sum

b o) _2n—l+jj_l ~ s 1
K’"~3%K;, K; el * Y(X X 0X,G(1);%Q2) (15.5)
j=0
in the sense of Lemma 10. Thus K, should satisfy
_m=1493 ~ 1

(Ay — DKy €I * 77X x 0X,G(4);*Q2) and (15.6)

a0 (0)(Ko)) = a0 (1d),
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and then the higher order terms should successively satisfy

J

—1 _2l g _ 1
(Ax — DK+ (Ax — %) K| €l * 7TTNX x 0X,G(1);%°Q2). (15.7)
=0

=

Near G N G*(A), that is where G is smooth and satisfies (13.13), we can
construct K; as Legendrian distributions associated to the smooth G and of
order j —(2n — 1)/4. Lemma 11 and Proposition 17 show that the second
condition in (15.6) alone guarantees the second condition in (15.4). In fact,
it is convenient to construct the K; rather explicitly (sc-microlocally) near
the ‘initial surface’ G*(1). The Legendre variety G is smooth and is a graph
over 0X x 0X near the diagonal. Hence, as follows from Proposition 4, it
is parametrized by the function A¢(y,y’) where ¢(y,y’) = cosd(y, ')y with
d(y,y’) being the local distance in 0X, with respect to the induced metric.
Then, just as in Sect. 1, the kernels K; takes the form of oscillatory functions

K; = xje"”l‘b(y’y/)/xaj(x, ¥V A, a; € €F°(X x 0X). (15.8)

To see that (15.6) and (15.7) have (unique) solutions of this form we regard
y' as a parameter and introduce Riemannian normal coordinates in y, centered
at y' (with respect to the metric 2 on 0X). Just as in Hadamard’s parametrix
construction the transport equation for a} =a; | (x = 0) takes the form

(v- 0, +))d; + b = ¢; € GX(X x 0X) (15.9)

near y = 0, where ¢ = 0 and b; vanishes quadratically at y = 0. The equation
for ay therefore has a unique smooth solution with ay(y, y) € €°°(0X) speci-
fied and the equations for the a}, J = 1, have unique smooth solutions. Thus
the K; exist sc-microlocally near G*(A).

To continue these K; globally we use the symbolic filtration in Proposition
14. Thus we look for K as in (15.5), satisfying (15.6) and (15.7) and restrict-
ing to the distributions just defined microlocally. The first of the condition in
(15.6) and the condition (15.7) can be stated symbolically as

Gomt 413 (Ax = 22)Ko) = 0,

j—1
G2t 3 (Ax = IHK;) = — Gyt ((AX — ;?)( l;}m)).
(15.10)

By (13.11) in Proposition 15, these become first order equations along the
integral curves of the rescaled Hamilton vector field on G. Away from the
initial surface G*(1) (which is not part of G) and 0G = Gy, V in (13.11) is
a nonvanishing smooth vector field. Thus, by continuing the solutions to these
equations provided by (15.8) near G*()) we can construct solutions through-
out the smooth part of G It only remains to discuss the solvability of these
equations near G*(—A).
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From (5.19) we see that, near (A}o, G can be parameterized by

(VS = (VS ), S = [(w 1)
The computation of the rescaled Hamilton vector field (3.6) and (5.17) shows
that on G near Go = {S = 0}
V =21S0s + SV, V € 7(G). (15.11)

Using Lemma 14 it follows that

1 2n—1 N 2n—=1Y\ . 1y;00
(2*( 4 ﬂ) 4 )ﬂ (x7HZ P x = 0)

1 2n — 1 =
+z’<_4+ "4 )SlVSHﬂ*pl—iSf,fe%W(G).

(15.12)

The left hand side of (13.11) therefore becomes

1S ((zws YT+ f+ g) d) ve x|~ e lds|’T, d e (G),

1 ~
where v is some trivializing section of €} near 0G and both f and g are in

fgw(@). The transport equations in (15.6) and (15.7) therefore have smooth
solutions on the whole of G, up to the boundary G,.

Summing the K; asymptotically this gives the desired solution X ? to (15.4).
It remains to improve this to a parametrix K as in (15.2). To do this we need
to improve the remainder term in (15.4). In fact it is already a little better
than indicated.

Lemma 15. If K’ € Is;‘l‘(znfl)’f‘l‘(X x 0X,G(1);*Q2) satisfies (15.4) then
(Ay — K’ € IA(X x X, GFH(2); Q). (15.13)

Proof. Set H = (Ay — A2)K’. If f € €°°(0X x 0X, Q;) then by assumption
(15.4)
BH, f) =x""20_(H, f)(x)e (15.14)
where Q_,;(H, ) € €>°(X x 0X, Q2 ). We need to show that Q_,(H, )(0) =
1
0 for all f € €°°(0X x 0X,Q2) since this is precisely (15.13).
Now, recall 3.12 of [10] (see also the proof of Proposition 12 there)
A =x[(Q)x + G, 1(Q) = (xD, ) + inxDy — (n — 1) + 4. (15.15)

Here G € xzDiﬂ%(X ) ﬂxDiffﬁc(X ), and Ay is an extension of the Laplacian on
0X to X; Diﬂfc(X ) is the set of scattering differential operators (generated by
x*D, and xD,,) and Diff %(X ) is the set of cusp operators (generated by x?D,
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and D,,). Then writing B(K”, /) = Bo(K”, f)|dx/x*|,
Bo(H, f)= <(xsz)2 +ix(n — 1)x*Dy — ,12>BO(KK )

+B(K’, 40 f) +x*Bo(GoK”. f)
where G = x2G, with G, € Diff (X ). From Proposition 16 it follows that
Bo(K’. f). Bo(K’, 40 f), Bo(Go, f) €
xR G ([0,6)) + x T 2e TG ([0, ).
(15.16)

Since
((xsz Y + ix(n — 1)x*D, —Xz)xp exp(+il/x)

= (£id(2p — n+ DxPt! + p>xPT?) exp(Lil/x)
(15.17)
we conclude that
Bo(H, [) € x" V2261500 ([0, ) 4 x=1/242p= ik ([0, 5)),
giving the desired result.

To remove the improved error we will use:

Lemma 16. For 01 € R and b € €°°(X x 0X, SCQé) there exists a € €
1 4

(X x 0X,%Q2) such that U = x"~D2e%%g satisfies
(Ay — A2YU — x" 220y € %X x 0X,%Q2).

Proof. This is essential Proposition 12 of [10]. The proof proceeds by iteration
based on the following consequence of (15.15) and (15.17)

(A4 — 22)xP exp(—ii/x)b = xP T exp(—il/x)g, g = —iA2p —n+ 1)b+ O(x).

This allows the Taylor series of a to be constructed. Summing this series using
Borel’s lemma gives U.

Applying Lemma 16 to the error term in (15.13) allows the kernel K’ to
be corrected to give a parametrix K in the sense of (15.2) and hence completes
the proof of Proposition 18.
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16. Proof of main theorem

The action on half-densities, which simplifies the symbolic properties, can now
be dropped and the results of the previous sections give

Proposition 19. For any 01 € R and any scattering metric on a compact
manifold with boundary the Poisson operator P(1), defined by (0.4), has
Schwartz kernel given by a scattering Legendre distribution

POY ETa *THX x X, G(L)). (16.1)

Proof. Starting from the parametrix K given by Proposition 18 we first re-
move the error term in (15.2). To do so we use Proposition 14 of [10] which
shows that, given F € ¢ (X x 0X) there exists U’ € x("=12eitlxgoo(x x
0X) such that (4y — A>)U’ = F'. This actually involves a slight extension
of the construction there in which the data, and hence the solution, depend
smoothly on parameters but this follows as usual from the uniqueness of the
solution. _

Thus it only remains to show that a kernel K € IrP(X x 0X,G(2);Q2)
satifying the exact form of (15.2)

(4 —/*)K =0 and QYK)=1d (16.2)

is actually the kernel of the Poisson operator defined by (0.4). Thus it is only
necessary to check that for g € €°°(0X, Q2)

n—1 n—1 i it
2 Koy =x" (e e ), (163)
(¢

where f7, f" € °°(X,*Q2). Formally, Proposition 16 gives (16.3) with f/ =
0.(K,0e ®g) and f” = Q_(K,ds ® g) where for y € 0X, 9, € ‘6”(6Xy,9§
® €~°(0X, Q> )) is the pullback of the kernel of the identity on ¥°°(0X, SCQ§)
by 3’ + (3,)"). On the other hand, by Lemma 13, (d/dx)' O+ (K, e ® g) l+—0
are given by the push-forward of Lagrangian distributions with the rela-
tions given by Proposition 4. The standard calculus of wave front sets for
push-forwards (see Theorem 8.2.12 in [7]) then shows that Q4 (K,de ® g) €

1 1
%°°(0X,22). Hence, approximating J, by a family ¢} € ¢°°(0X,, Q22 @ ¢
1
(0X,Q2)) gives the desired smoothness of f ..

The main theorem as stated in the introduction is now a consequence of
Propositions 16 and (4), which together show that the scattering matrix, which
is given by the boundary value in the sense of (0.3), has as kernel a Lagrangian
distribution associated to geodesic flow at time 7 on the boundary; from (14.6)
it is of order 0.

The smooth dependence of the scattering operator, as a function of 041 €
R follows from these constructions. The canonical relation with which it is
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associated is independent of /. The approximate R™ invariance of the problem
shows that

Lemma 17. The scattering matrix of a scattering metric is such that 0,A(1)
is of order —1, i.e. the symbol of A(A) is (locally) independent of A.

Even more than this can be seen in the ‘product case’ in which the metric
takes the form

(16.4)

in some product decomposition near the boundary with / a fixed metric on the
boundary, i.e. independent of x. Then 0,4(1) is a smoothing operator. In this
case the scattering phase can be defined as having derivative

ds(2) _,dA(Y)
gy = (A(),) o ) (16.5)

As in the perturbed Euclidean case, see [11], [12], it is to be expected that
this function should be the Fourier transform of the appropriately regularized
trace of the wave group.
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