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Abstract

We investigate the behavior of the spectrum of the continuous Anderson Hamiltonian
‘Hr,, with white noise potential, on a segment whose size L is sent to infinity. We
zoom around energy levels E either of order 1 (Bulk regime) or of order 1 < £ < L
(Crossover regime). We show that the point process of (appropriately rescaled) eigen-
values and centers of mass converge to a Poisson point process. We also prove expo-
nential localization of the eigenfunctions at an explicit rate. In addition, we show that
the eigenfunctions converge to well-identified limits: in the Crossover regime, these
limits are universal. Combined with the results of our companion paper (Dumaz and
Labbé in Ann. Probab. 51(3):805-839, 2023), this identifies completely the transition
between the localized and delocalized phases of the spectrum of H ;. The two main
technical challenges are the proof of a two-points or Minami estimate, as well as an
estimate on the convergence to equilibrium of a hypoelliptic diffusion, the proof of
which relies on Malliavin calculus and the theory of hypocoercivity.
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1 Introduction

In a celebrated article [4], Anderson proposed the Hamiltonian —A + V on the lattice
Z¢ as a simplified model for electron conduction in a crystal. The so-called disorder
V is a random potential that models the defects of the crystal. The question was
whether those defects can trap the electron i.e. localize the electronic wave function.
He argued that for a large enough disorder V, the spectrum is pure point and the
eigenfunctions exponentially /ocalized — a phenomenon now referred to as Anderson
localization. Mathematically, one can see this model as the interpolation between the
discrete Laplacian —A on the grid Z¢, which has delocalized eigenfunctions and the
multiplication by a potential V on each site, whose eigenfunctions are the coordinate
vectors.

One of the first rigorous results of Anderson localization was obtained by Gold-
sheid, Molchanov and Pastur [15]: it concerned the continuum analogue of the above
model in dimension d = 1, namely the operator —8)% + V on R, for some specific
random potential V. This was followed by a series of major articles [3, 10, 13, 23] to
name but a few, in the discrete or the continuum setting, and for general dimension
d > 1. One can summarize the main results as follows: (1) In dimension d = 1, An-
derson localization holds in the whole spectrum; (2) In dimension d > 2, for a large
enough disorder or at a low enough energy, Anderson localization holds. In dimen-
sion d > 3, it is expected (but not proved) that there is a delocalized phase for V weak
enough while in dimension d = 2, the question remains open. We refer to [6, 20] for
more details.

In the present article, we consider the case where the potential is a white noise £ in
dimension d = 1. This is arandom Gaussian distribution with covariance given by the
Dirac delta: it models physical situations where the disorder is totally uncorrelated.
Due to its universality property (white noise arises as scaling limit of appropriately
rescaled noises with finite variance), this is a natural choice of potential in the con-
tinuum. However, white noise is a highly irregular potential as it is only distribution
valued, and therefore falls out of scope of virtually all general results of the literature.

It is standard to tackle Anderson localization by considering first the Hamiltonian
truncated to a finite box, before passing to the infinite volume limit. In this article we
focus on the truncated Hamiltonian H;, = —8)% + & on (—L/2, L/2) with Dirichlet
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Fig.1 The five regimes of H

b.c., and investigate its entire spectrum in the limit L — co. More precisely, we study
the local statistics of the operator recentered around energy levels E that are either
finite or diverge with L: note that the infinite volume limit only captures energy levels
that do not depend on L. The results of this article, complemented by those presented
in our companion papers [7, 9], reveal a rich variety of behaviors for the eigenval-
ues/eigenfunctions of # according to the energy regime considered: in particular,
delocalized eigenfunctions arise at large enough energies. This is to be compared
with the aforementioned general results of Anderson localization in dimension d = 1
that assert localization in the full spectrum. A proof of Anderson localization for the
infinite volume Hamiltonian with white noise potential was given by Minami [25],
see also [8] for an alternative proof.

Let us now present the main results of the present article, and their connections
with the results already obtained in [7, 9]. We recenter H;, around some energy level
E = E(L) and distinguish five regimes:

(1) Bottom: E ~ —(3 InL)*?,

(2) Bulk: E is fixed with respect to L,
(3) Crossover: 1 K E K L,

(4) Critical: E < L,

(5) Top: E> L.

For each regime, we investigate the local statistics of the eigenvalues A; near E, and
the behavior of the corresponding normalized eigenfunctions ¢;. In [7, 9], we covered
the Bottom, Critical and Top regimes, while in the present article we derive the Bulk
and Crossover regimes. The main results are summarized on Fig. 1.

The transition between Poisson statistics and Picket Fence occurs in the Critical
regime where E < L. In [9], we prove that, in that regime, the eigenvalue statistics
are given by the Sch point process introduced by Kritchevski, Valké and Virag [24].
Actually, we obtain a convergence at the operator level, and show not only that the
eigenvalues converge towards Sch but also that the eigenfunctions converge to a uni-
versal limit given by the exponential of a two-sided Brownian motion plus a negative
linear drift. Note that this limit lives on a finite interval thus making the eigenfunc-
tions delocalized. Our denomination universal is justified by the fact that this shape
already appeared in the work of Rifkind and Virdg [33] who conjectured that it should
arise in various critical models.

In the present article, we show that in the Bulk and Crossover regimes, the local
statistics of the eigenvalues (jointly with the centers of mass of the eigenfunctions)
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converge to a Poisson point process. Moreover, we establish exponential decay of the
eigenfunctions (from their centers of mass) at an explicit rate, which is of order 1 in
the Bulk regime and of order E in the Crossover regime.

Actually we provide much more information about the eigenfunctions. We show
that the eigenfunctions (recentered at their centers of mass and rescaled in space by
1 in the Bulk and by E in the Crossover) converge to explicit limits. In the Bulk
regime, the limits are some well-identified diffusions Y, whose law depend of E.
In the Crossover regime, the limits are given by the same universal shape as in the
Critical regime: namely, the exponential of a two-sided Brownian motion plus a neg-
ative linear drift. However since the space scale is E <« L, the eigenfunctions are
still localized and the limiting shape lives on an infinite interval, in contrast with the
Critical regime. As E 1 L, one formally recovers delocalized states and this justifies
a posteriori the denomination Crossover: this regime of energy interpolates between
the (localized) Bulk regime and the (delocalized) Critical regime and shares features
with both (Poisson statistics with the former and universal shape with the latter).

Finally, in the Bottom regime, investigated in [7], we also obtained Poisson statis-
tics for the eigenvalues (and centers of mass). Furthermore we showed that the eigen-
functions are strongly localized: at space scale 1/(log L)!/? and recentered at their
centers of mass, they converge to the deterministic limit 1/ cosh.

Let us comment on the regime of energies —(% InL)?? « E « —1. In this case,
the eigenvalues (and centers of mass) should still converge to a Poisson point process,
while the eigenfunctions, at space scale 1/+/[E] and recentered at their centers of
mass, should still converge to the deterministic limit 1/cosh. A modification of the
proof presented in [7] should suffice to prove these claims for energies E that go to
—oo fast enough.

Overall, our results provide a transition from strongly localized states to totally
delocalized states and identify explicitly the local statistics of the eigenvalues together
with the asymptotic shapes of the eigenfunctions.

Let us now comment on the technical challenges that these results represent. Since
white noise is out of scope of usual standing assumptions, we do not rely on general
results from Anderson localization literature, so that our article is self-contained. Let
us point out two major difficulties that we encounter. First, the derivation of the two-
points estimate, often called Minami estimate [26], is delicate in the context of the
irregular potential given by the white noise, whereas some general 1-d results [21] are
available for some related models with smoother potential. To prove this estimate, we
rely on a thorough study of a joint diffusion, see Sect. 8. Second, in the Crossover
regime the phase function rotates at an unbounded speed on the unit circle and this
yields many technical challenges. In particular, to obtain quantitative (with respect
to the unbounded parameter E) estimates on the convergence to equilibrium of this
phase, we cannot simply apply Hérmander’s Theory of hypoellipticity in contrast
with the situation in [5, 28]: we obtain these estimates using Malliavin Calculus and
the theory of hypocoercivity, and this constitutes one of the main technical achieve-
ments of the present article, see Sect. 5.
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Localization crossover for the Anderson Hamiltonian 349

Let us relate our results to other studies in the literature. The discrete counterpart
of our model is given by the N x N random tridiagonal matrix —Ay + oy Vy where
Ay is the discrete Laplacian on {1, ..., N}, Vi is a diagonal matrix with i.i.d. entries
of mean 0 and variance 1 and oy a positive parameter, possibly depending on N. If
oy does not depend on the size N of the matrix, then the limit N — oo of the model
falls into the scope of general 1-d Anderson localization results, and the spectrum is
localized. On the other hand, one recovers delocalized states when oy = O(N -l 2),
see [11]. Actually for oy = o N~!/2 with o > 0 the point process of eigenvalues
of the matrix in the bulk converges to the Sch random point process [24] and the
eigenfunctions are delocalized [33].

The aforementioned Russian model of Goldsheid, Molchanov and Pastur
[15] deals with a potential V (x) = F'(By) where F is a smooth bounded function and
(By,x € R) is a stationary Brownian motion taking values in a compact manifold.
Molchanov [27, 28] established for this model Poisson statistics for the appropriately
rescaled eigenvalues in the large volume limit and for energies that correspond to our
Bulk regime; he mentioned that his results should remain true in the white noise case.
The present article confirms this statement. Let us point out that the boundedness of
V provides many a priori estimates on the eigenvalues and eigenfunctions which are
not available anymore in the white noise case.

Let us mention that Minami [26] showed that for Anderson operators in arbitrary
dimension, the local statistics of the eigenvalues converge to Poisson point processes
provided some control on the density of states and the exponential decay of the frac-
tional moments of the Green’s function.

There are also connections with recent investigations in [22, 30, 31] of the afore-
mentioned Russian model of Goldsheid, Molchanov and Pastur [15], in which, as in
the random matrix model, a parameter depending on the size of the system is added
in front of the potential to reduce its influence.

Our description of the local statistics of the eigenvalues/centers of mass is in
the vein of results obtained by Nakano [29], on the local statistics of eigenval-
ues/eigenfunctions for discrete Anderson operators, and more recently by Germinet
and Klopp [14], who proved precise results on the local and global eigenvalue statis-
tics for a large class of Schrodinger operators. On the other hand, we provide a com-
plete and explicit description of the asymptotic shape taken by the eigenfunctions: to
the best of our knowledge, such results are very rare in the literature on Anderson
localization.

2 Main results

Let £ be a Gaussian white noise on R, that is, the derivative of a Brownian motion
B. We consider the truncated Anderson Hamiltonian (sometimes also called Hill’s
operator)

Hp=—0+&, xe(—L/2,L)2), (1)

INote that in our case, due to the scaling property of the white noise, our study covers the case where there
is an additional parameter o7 — 0 in front of the white noise.
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endowed with homogeneous Dirichlet boundary conditions. It was shown in [12] that
this operator is self-adjoint on L?>(—L/2, L/2) with pure point spectrum of multi-
plicity one bounded from below A; < Xy < --- We let (¢x)x be the corresponding
eigenfunctions normalized in L? and satisfying? ¢, (—=L/2) > 0. These r.v. depend
on L, but for notational simplicity we omit writing this dependence.

This operator has a deterministic density of states n(E), see [12, 18]. This is de-
fined as n(E) :=dN(E)/dE where

1
N(E):= lim —#{X;:1; <E}, EeR. 2)

L—oo L
Here the convergence is almost sure and the limit is deterministic. Roughly speaking,
1/(Ln(E)) measures the typical spacing between two consecutive eigenvalues lying
near E for the operator ;. From the explicit integral expression of n(E), see [12],

one deduces that E — n(E) is smooth and that

n(E)~

E — 4+00.

1
27VE '
In the present article, we focus on two regimes of energy:

(1) Bulk regime: the energy E is fixed with respect to L,
(2) Crossover regime: the energy E = E (L) satisfies | K E K L,

and investigate the asymptotic behavior as L — oo of the eigenvalues X; and of
the eigenfunctions, seen as probability measures by considering <pi2 (t)dt. For every

eigenfunction ¢;, a relevant statistics to its localization center is> the center of mass
U, defined through

U; = / 1@} (t)dt .
[-L/2,L/2]

Our first result shows convergence, in both regimes, of the point process of
rescaled eigenvalues and centers of mass.

Theorem 1 (Poisson statistics) In the Bulk and the Crossover regimes, the following
random measure on R x [—1/2,1/2]

ZS(Ln(E)(Ai—E).Ui/L)

i>1

converges in law as L — oo to a Poisson random measure on R x [—1/2,1/2] of
intensity d) @ du.

In this statement, the convergence holds for the vague topology on the set of Radon
measures on R x [—1/2, 1/2], that is, the smallest topology that makes continuous

2The normalized eigenfunctions are unique up to a sign change: by imposing the sign of the derivative at
—L /2, we recover uniqueness.

3Other statistics could be considered without altering the results.
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the maps m — (m, f) with f :R x [—1/2,1/2] — R bounded continuous and com-
pactly supported in its first variable.

Our second result establishes exponential localization of the eigenfunctions from
their centers of mass. In the Bulk regime, the exponential rate is given by (1/2)vg
where

fo uexp( 2Eu — F)du
fo exp( 2Eu — 6)du ’

3)

while in the Crossover regime it is given by 1/(2E). This rate is of course related to
the Lyapunov exponent of the underlying diffusions.

Theorem 2 (Exponential localization) Fix h > 0 and set A :=[E —h/(Ln(E)), E +
h/(Ln(E))]. For every € > 0 small enough, there exist some r.v. ¢; > 0 such that:

(1) for every eigenvalue 1; € A we have in the Bulk regime

(Ve —¢

(@7 +6@) = cep (= V=D —unl), viel-L, Ly,

and in the Crossover regime

o PO\ e (1—¢) |t = Ui
(w2 +*-) sﬁexp(— =

(2) in both regimes, there exists ¢ = q (&) > 0 such that

hmsup]E[ Z ]

L—o0 A EA

), Viel[-L/2,L/2],

Our third result shows that the eigenfunctions (rescaled into probability measures)
converge to a Poisson point process with an explicit intensity. Actually the conver-
gence will be taken jointly with the eigenvalues and the centers of mass, so the result
is a strengthening of Theorem 1.

Let us start with the definition of the probability measures associated with the
eigenfunctions. Given the rate of exponential localization appearing in the previous
result, one needs to recenter the eigenfunctions appropriately to get convergence, so
we define for every eigenvalue A;

i (Ui + 12dt in the Bulk regime,

w; (dt) := 2 . .
E;(U; +tE)“dt in the Crossover regime,
which is an element of the set M = M (R) of all probability measures on R endowed
with the topology of weak convergence.

In the statement below, we rely on a probability measure on M that describes
the law of the limits. In the Crossover regime, this probability measure o, admits a
simple definition: it is the law of the random probability measure

Yoot + Uso)2dt
[ Yoolt + Uso)?dt
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. 1 It B(@) [ Yot
Wlth Yoo(t)—ﬁex <—§+2—ﬁ>, UOO—W,

where B is a two-sided Brownian motion on R.
In the Bulk regime, this probability measure o is the law of the random proba-
bility measure

“

Ye(t + Ug)2dt _ [tYe@)dt

[Yp(+Up?di’ 5 [Yp@?dr ®

where Yg is the concatenation at + = 0 of two processes (Yg(t),t > 0) and
(YE(—1),t = 0) with explicit laws. The precise definition of Y requires some no-
tations and is given in Sect. 9.1.

Theorem 3 (Shape) In the Bulk and the Crossover regimes, the random measure

NL = 8LnE)0i—E).Us/Lown) »

i>1

converges in law as L — oo to a Poisson random measure on R x [—1/2,1/2] x M
of intensity d\ ® du ® o in the Bulk regime and of intensity dA @ du ® oo in the
Crossover regime.

Here N7 is seen as a random element of the set of measures on R x [—1/2, 1/2] x
M that give finite mass to K x [—1/2, 1/2] x M, for any given compact set K C R.
The topology considered in the convergence above is then the smallest topology on
this set of measures that makes continuous the maps m + ( f, m), for every bounded
and continuous function f : R x [—1/2, 1/2] x M — R that is compactly supported
in its first coordinate.

Let us make some comments on the limits of these eigenfunctions. First of all, the
localization length is of order 1 in the Bulk regime and E in the Crossover regime:
this is in line with the exponential decay of Theorem 2. Moreover, this localisation
length increases with the level of energy, and this is coherent with the general fact
that: the lower we look into the spectrum, the more localized the eigenfunctions are.
Second, it suggests that for E of order L the eigenfunctions are no longer localized:
this is rigorously proved in our companion paper [9].

Remark 2.1 Informally, our result shows that in the Crossover regime the eigenfunc-
tion @, , properly rescaled, converges as a probability measure towards Y, (rescaled
by its L2 mass). It is possible to go further. Introduce the distorted polar coordinates

% +ip) = r;.e'% and note that the phase 6, oscillates very fast (as soon as E — 00).
After removing deterministic oscillations from the phase 6, , the arguments presented
in this article can be adapted to show that it converges towards a non-trivial limiting
phase. Moreover, the modulus r;, after a proper rescaling, converges to +/2Y .

We now outline the remaining of this article. We introduce in Sect. 3 the diffusions
associated to our eigenvalue equation as they play a central role in this article. Then
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Localization crossover for the Anderson Hamiltonian 353

we detail in Sect. 4 our strategy of proof: this section presents the main intermediate
results of this paper and contains the proofs of Theorems 1, 2 and 3. The subsequent
sections are then devoted to proving these intermediate results, more details on their
contents and relationships will be given at the end of Sect. 4.

3 The diffusions

The eigenvalue problem associated to the operator H  givesrise to a family y,, A € R
of ODEs, corresponding to the solution of the eigenvalue equation:

=y (O +EUDy () =Ay(1) . te(=L/2,L/2). 6)

Up to fixing two degrees of freedom there is a unique solution to this equation for ev-
ery parameter A € R. If we fix the starting conditions y; (—L/2) =0and y, (—L/2) to
an arbitrary value different from 0, then the map A +— y, (L/2) is continuous. The ze-
ros of this map are the eigenvalues of 7, and the corresponding solutions y; are the
eigenfunctions of H;, (which are defined up to a multiplicative factor corresponding
to y; (—L/2) of course).

It is crucial in our analysis to consider the evolution of both y; and y}, and this is
naturally described by the complex function y; +iy; . It will actually be convenient to
work in polar coordinates (also called Priifer variables): we consider (r;, 6,) where

Vi tiyy= re .

The process 6y, is called the phase of the above ODE. It is instrumental for the study
of the spectrum of H;, as we will see later on. It is also convenient to define

p(t) ==Inr2(t).

In these new coordinates, we have the following coupled stochastic differential equa-
tions:

d; (1) = (14 (A — 1) sin® 6 + sin’ 6; cos 6, )dt — sin® 6,d B(1) , (7
1
dpi(t) = (— (A — 1)sin26; — 3 sin 20, + sin” 6, )dt +sin26,dB(t) . (8)

where dB(t) = &(dt).

The two degrees of freedom given by the initial conditions y,(—L/2) and
y; (—L/2) are transferred to 0 (—L/2) and r;(—L/2) (or equivalently p;(—L/2)).
Note that

w(—L/2)=0 & y{(—L/2) >0
= O(—L/2)=0[27] & ri(—L/2) =y;(—L/2),
while
y(=L/2)=0 & y;(=L/2) <0
& 6,(-L/2)=n[2n] & r(—=L/2)=—y}(=L/2).
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354 L. Dumaz, C. Labbé

For any angle 6 € R, we define
0lr=0/m]e€Z, and {O};:=60—|0]zmel0,m).

Let us point out an important property of the process 6,: at the times ¢ such that
{6,.(1)} = 0, the drift term is strictly positive while the diffusion coefficient vanishes.
Consequently {6, }, cannot hit O from above: this readily implies that t > [0, (t) ] is
non-decreasing. Moreover, the evolution of 6, depends only on {6, }, so that the latter
is a Markov process. We let p; ;(6p, 6) be the density of its transition probability at
time ¢ when it starts from 6y at time 0. When this process starts from 0 at time 0, we
drop the first variable and simply write p;, ;(9).

At some occasions, we will write P, ¢,y for the law of the process 0, starting
from 6 at time ¢y, and we will write P(;, g,)— (1;,6,) to denote the law of the bridge of
diffusion that starts from 6y at time ¢y and is conditioned to reach 8, + 7 Z at time #;.

Most of the time, we will take 6, (—L/2) =0 and ry (—L/2) > 0. In this setting, A
is an eigenvalue of H iff {6, (L/2)}» = 0 and then, the function y, is the associated
eigenfunction. Since A — [0, (L/2)], is non-decreasing, we deduce the so-called
Sturm-Liouville property: almost surely,

#{A A <A}=16.(L/2)]7, forallieR, )

This phase function 6, (-) is a powerful tool to investigate the spectrum of Hp. It
has been used in numerous articles on 1d-Schrédinger operators, sometimes under
the form of the so-called Riccati transform y; /y; which is nothing but cotan 6.

3.1 The distorted coordinates

For large energies, that is, whenever A is of order E for some E = E(L) — oo, the
phase 6, takes a time of order 1/+/ E to make one rotation so that the solutions y;, yi
oscillate very fast. It is then more convenient to use distorted and sped up coordinates.
We set

LJIEE) +inE) = rP e O |t e[-L/QE). L/QE)],

and
E E . E
yWE ) :=rP@ysineP ),

Y0 = P () cosoP (1), 1 €[-L/QE), L/QE)].

Defining the Brownian motion B)(r) = E~V/2B(tE) and setting ,oﬁE) =

In(r{®

)2, the evolution equations take the form
dG)EE) = (E3/2 + \/E(k —F) sin? GA(E) + sin’ QA(E) cos G)EE))dt
—sin? 0P dB P tr)

@ Springer



Localization crossover for the Anderson Hamiltonian 355

1
dpi” = (= VEG.~ E)sin20," — = sin® 20, 1-sin® 0" )dt
+5in20 5 BB (1) .

Let p/(\El) (6o, 0) be the density of the transition probability at time ¢ of the processes
{GA(E)}H starting from 6 at time r = 0. When this process starts from 0 at time 0, we

drop the first variable and simply write pf\ﬁ) (0). The change of variable formula
shows that

E
piﬁ)(e) = p,.+E(arccotan (\/Ecotané)) - VE

_— 10
sin20 + E cos2 60 (19)

Again, we use the notation P, g), resp. P, 60)— (11,6,)» to denote the law of the
diffusion, resp. bridge of diffusion.

3.2 Condensed notation

The distorted coordinates will be used in the Crossover regime, while we will rely
on the original coordinates in the Bulk regime. However most of our arguments apply
indifferently to both cases. Consequently, we will adopt condensed notations as much
as possible. First we introduce

i 1 original coordinates ,
" | E distorted coordinates .

Moreover, when the arguments apply to both sets of coordinates, we will use the

generic notation QEE), ,oiE) to denote 6,, p, in the original coordinates, and Q)EE),

p)(LE) in the distorted coordinates. We will sometimes introduce quantities of interest

such as processes, measures, etc. using the generic notation at once. For instance, we
could have introduced the SDE satisfied by 6,, p) and Q)EE), ,oiE) by simply writing
d@iE) = <E3/2 + «/E(A —E)sin’ GA(E) + sin’ QiE) cos QA(E))dt — sin? GA(E)dB(E) ®,
(11)
1
dp® = (= VE(L —E)sin20™ — 5 sin? 20 + sin? 0\")dr + sin 20V d B® (1) .
(12)

3.3 Invariant measure

The Markov process {Q)EE)}N admits a unique invariant probability measure whose

density u,gE) has a simple integral expression, see Sect. A.4 of the Appendix for more
details. Straightforward computations relying on this expression show the following
estimates:
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Lemma 3.1 (Bounds on the invariant measure) Original coordinates. For any com-
pact interval A C R, there are two constants 0 < ¢ < C such that for all 9 € [0, )
and all A € A we have

c=up(0) <C, 109 112 (O)] < C .

Distorted coordinates. For any h > O there are two constants ¢, C > 0 such that for
all E>1,all6 €[0,7) and all A € A :=E — gz, E + g ]

cspuPOr<c.  apuPeN<c.

Finally, we have as E — 00

(E) By _ 1
sup sup [dgu;  (0)|— 0, sup sup |uy () | —o0.
reA 0€[0,1) reA 0€[0,1) 44

The last convergence shows that our distorted coordinates are the “right ones” in
the Crossover regime: as E — oo the corresponding invariant measure converges to
a non-degenerate limit given by the uniform measure on the circle.

Remark 3.2 The length of A is of order 1 for the original coordinates and of order
E~'/2 in the distorted coordinates. The parameter L does not play any role in this
setting. This should not be confused with the setting of Theorem 2 (and of many
other estimates/statements of the article) where we consider an interval A on length
1/L < 1 in the Bulk regime and of order E'/?/L « E~'/? in the Crossover regime.

3.4 Rotation time and density of states

Let us introduce the first rotation time of the diffusion Q;E)

(P =inf(t 20:0° (1) =0 (0) + 7} .

Lemma 3.3 The law of ;;F‘) is independent of the initial condition G;E) 0).

Proof Write G)EE) (0) =nm 4+ 0 with 0 € [0, 7[ and n € Z. Introduce H; := inf{r >
0:60%(t) = (n + 1)xr) and H) :=inf{t > 0: 6 (¢ + Hy) =6 (0) + 7). By the
strong Markov property, H, is independent of Hy . Furthermore, Hj, has the same law
as Ty, and Hy has the same law as Ty , where Ty, g, is the first hitting time of 6;
for the diffusion starting from 6.

We thus showed that {A(E) =H;+ Hé has the same law as Ty g + Ty, where Ty
is independent of Ty ¢. But the strong Markov property implies that Ty ¢ + Tp » has
the law of ;;E) when G)EE) (0) =0, thus concluding the proof. 0

As a consequence the expectation of ;;E) does not depend on the initial condition
and we thus set

m® =E®].
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This expectation of the rotation time admits the following integral expression

3
n® YT / = exp(~2hu — ") (13)

In the original coordinates, this expression is established in [2]. On the other hand,
the mere definition of our distorted coordinates implies that g‘)EE) is equal in law to

g,/ E, so that ng) =m, /E and the integral expression follows in this case as well.
Note that m;, is nothing but 1/N (1), that is, the inverse of the integrated density of
states introduced in (2). Indeed, by the law of large numbers, the number of rotations
of 0, on the interval [—L/2, L/2] is of order L/m;, so that the Sturm-Liouville
property recalled above implies that the number of eigenvalues of 7, that lie below
A is of the same order.
From the integral expression, one can check that

my~—, A—>00. (14)

Vi
and this allows to recover the asymptotic of N(A) stated in the introduction. Let us
finally mention that some moment estimates on ;“)EE) are presented in Appendix A.3.

3.5 Forward and backward diffusions

We introduce in this paragraph the so-called forward and backward diffusions as
their concatenation will be instrumental in our study. Let us consider the original
coordinates first.

The eigenproblem is symmetric in law under the map ¢ — —¢ since B’(-) and
B’(—-) have the same law. To take advantage of this symmetry, we consider the solu-

tions (r)hi = e%""ni, 9;'[) of
Ao (1) = (1 + (0 — 1)sin26F + sin® 63* cos ef)dt —sin?0FdBE() | (15)
1
dois (1) = (— (A — 1)sin26;" — 5 sin® 260" + sin” 0} )dt + sin207d B*(1), (16)
fort € [-L/2, L/2] where

BY(t):=B(t), B (t):=B(L/2) — B(—t).

The processes () ,6+) will be called the forward dlffusmns Whlle (r% ,0,) Wlll
be called the backward diffusions. We also introduce (yk ) + zyk = exp(z@ )
Of course the forward diffusions coincide with the original diffusions (r;, 8,).

Take 0;’ (=L/2) =0, (—L/2) =0. We have already seen that A is an eigenvalue
of H if and only if {9;' (L/2)}z = 0. From the symmetry of the eigenvalue problem,
we can also read off the set of eigenvalues out of the backward diffusions: namely, A
is an eigenvalue if and only if {6, (L/2)}; =0.

It will actually be convenient to combine these two criteria in the following way:
one follows the forward diffusion up to some given time u € [—L/2, L/2], and the
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backward diffusion up to time —u. The set of eigenvalues can then be read off using
the following fact (whose proof is postponed below):

Lemma 3.4 Take 6;5(—L/2) = 0. It holds:
M is an eigenvalue of H if and only if {9;(14) +0, (—w}r=0.

It is therefore natural to consider concatenations of the forward and backward
diffusions. For any time u € [—-L/2, L /2], we set:

) =r (—uy=1, (17)
and we define?

r;F @), 6,7 @), te[-L/2,ul,

(F2(1), 62(1)) == (ry (=), kw — 0, (—1)),  te(u,L/2],

(18)

where k := LG;_(M) + 6, (—u)]. Note that 75, 0, depend on u, but for notational
convenience we omit writing explicitly this dependence.
We also define the process 3, by setting

() := 72.(1) sin ;. (1) . (19)

Using the identity (r;°(1)sin6:5 (1)) = ri=(1) cos 6" (1), we deduce that for all 7 €
[—L/2, L/2]\{u}

(32) (1) = F5.(1) cos B (1),

and that this identity remains true at u4 and u_, with possibly a discontinuity there.
When A; is an eigenvalue, denoting || - ||» the L2-norm, we have the identity (valid
forallu e [-L/2, L/2]):

)A/)\.l‘ (t)
35,112

i (t) = te[—L/2,L/2].

ProofofLemma 3.4 If X is an eigenvalue of H,, and provided {9 (=L/2)}; =0, the
functions yk and y, (—-) coincide up to a multiplicative factor (which is related to
the values r; ( L/2)). Consequently if A is an eigenvalue then we must have the
following equality in {—oo} UR

) —e) () (-u+e)
1m7 —lim —+———.
el0 yfu—e €0y, (—u+e)

This is equivalent to cotan (9):|r (u_)) = cotan (r — 6, ((—u)y)), which is itself equiv-
alent to {0, (u_)}z = {m — 6, ((—u)1)}x. Note that {6;" (u_)}r = {6; ()}, and

4One role of the parameter k is to ensure consistency of the sign of the process ¥, in the particular case
where X is an eigenvalue.
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similarly {m — 0, ((—u)4)}r = {7 — 6, (—u)}». We end up with {0+(u)}ﬂ ={r —
0, (mu)}x Wthh is equivalent to {9 (u) +6, (—u)}r =0.

On the other hand, if {0+(u) + 6, (— u)}ﬂ = 0 then the concatenation y; is
continuously differentiable at u (recall that r; (j:u) = 1), satisfies (6) at all points
t € [—L/2, L/2] and satisfies the Dirichlet b.c., consequently A is an eigenvalue. [

With distorted coordinates, all the above quantities find naturally their coun-
terparts. For u € [-L/(2E), L/(2E)], we denote by f}iE), f)EE), GA)EE) the con-
catenation of the respective backward 6, ) and forward diffusions 9; B on
[—L/(QE), L/(2E)]. In particular, $\*’ —ff) sin®, 3y /B3 = 7P cos 6F)

and when {Gi( L/2)}; =0, the link between y( ) and ¢; becomes:

)

~(E
VEI37 12

For both sets of coordinates and for any u € [-L/(2E), L /(2E)] we will denote by
]P(”), the product law ]P’ —1/2B).0—w.0) B P(_L/0E).0)— (—u0r) Under which Qi ®)
are two independent brldges of diffusion between (—L/(2E), 0) and (u, 0 + nZ) for
9; (E), and between (—L/(2E), 0) and (—u, 6’ + 7 Z) for 0, () Then, the processes
fiE), é)EE) and y( ) are defined under IE”( “) o according to (18) and (19) with the original
coordinates, and according to similar equations with distorted coordinates.

pi(t) = ——F——, te[-L/2,L/2].

4 Strategy of proof
4.1 Convergence to equilibrium of the phase

Our proofs rely on the following exponential convergence of the transition probability
of the phase 0( ) toward its equilibrium measure u( ).

Theorem 4 (Exponential convergence to the invariant measure) In the original co-
ordinates, fix a compact set of energies A. Then there exist ¢, C > 0 such that for all
t>1

—Ct

sup sup  |px (6, 0) — ur(0)] < ce
rEA 6y,0€[0,1]

In the distorted coordinates, fix h > 0 and set A = [E — n(g)E, E + n(E)E] There
exist ¢, C > 0 such that uniformly over all E > 1 and for all t > 1

E E —
sup sup  |ps")(00.0) — 1P @) < ce™C"
reA 6y,0€[0,7]

The proof of this estimate is delicate, especially in the distorted coordinates since
the bound is uniform over all E € [1, 0o). The proof relies on tools from Malliavin
calculus and the theory of hypocoercivity, it is an important technical step in our arti-
cle. This result will be crucial for deriving the exponential decay of the eigenfunctions
and evaluating the expectation of the number of eigenvalues in small intervals.
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4.2 Goldscheid-Molchanov-Pastur (GMP) formula

We have seen that the Sturm-Liouville property allows to extract a lot of spectral in-
formation from the phase function. A major observation on which this article relies is
that we can extract even more information through a beautiful formula, originally ob-
tained by Goldscheid, Molchanov and Pastur [15] in a similar but smoother context,
and that we name GMP formula from now on. This formula expresses the intensity
of the point process

Z S(Ais‘ﬂiefp,{)

i>1

in terms of concatenations of the forward and backward diffusions introduced earlier.
Roughly speaking, it shows that in average the eigenfunctions are concatenations of
the forward and backward diffusions at uniform points # € (—L/2, L/2). Below || - ||2
denotes the L2-norm.

Proposition 4.1 (GMP formula) Let D be the Skorohod space of cadlag functions on
[—L/2, L/2]. For any measurable map G from R x D x D into R, with the original
coordinates we have

L
7 bid
E 5 GO, 9, 9)) :/ / / Py L@p, L, (T —0)sin®0
[ i @i 1] u:—% ver Jo—o A Ftu A F—u

i>1

(u)
xEy g

[G(A I O

R )]d@dkdu,
1yl 1 all2

and with the distorted coordinates this becomes

L
2E g
E[> G, ¢i, ¢! =VE]’ /1./ B @)p® (r—6)sin?6
[; ( 4 ) l)] u=7% ver Jo—o A,ﬁ+u k,ﬁ—u

S(E) (. S(E)ys
[G( Y, C/E)  (3;77)(/E)

x EW
’ ~(E ’ ~(E
VEISE 1 E32155,

6,m—0

)]d@dkdu.

To exploit this formula, one needs to analyze both the transition probabilities of
the phase and the concatenation 9)(\]5) for A in the regime of energies under consider-
ation. Regarding the transition probabilities, Theorem 4 allows to replace them, up
to an error that vanishes as L — oo, by the equilibrium measure whose expression
is explicit. On the other hand, the concatenation of the diffusions can be thoroughly
studied since the SDEs at stake are tractable.

Taking G = 1A (A), we will derive a Wegner estimate, that is an estimate on the
number of eigenvalues in small (microscopic) intervals: this will be an important
ingredient for the convergence to a Poisson point process, see Sect. 4.4. Studying
carefully the concatenation ﬁiE), we will prove the exponential decay of the eigen-
functions and we will derive their asymptotic behavior, see the next paragraph.
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4.3 Exponential decay

Until the end of Sect. 4, we are given a function E = E(L) of L that satisfies either

1. Bulk regime: E is fixed with respect to L,
2. Crossover regime: E = E(L) satisfies | K E < L,

and all the forthcoming estimates lie in that settlng

Let us fix again 4 > 0 and let A :=[E — E+ 4 ( E)] Introduce

Ln(E) ’

N {VE Bulk regime , 20)

1 Crossover regime ,

where vg was defined in (3). As we will see in Sect. 7.2, this quantity is related to
the Lyapunov exponent of our diffusions, that is, the rate of linear growth in time of

nr® ()
N .
The main technical step towards the exponential decay is the following result:

Proposition 4.2 (Exponential decay of the eigenfunctions) In the Bulk and Cros-
sover regimes, for any € > 0 small enough, there exists qo(e) > 0 such that for all
q €10, g0(e)]

li E inf  G,(A )’
imsup Z(ue[—?}Z,L/Z] ul i,fﬂi,%)) <00,

L—oo A EA

where

G,(A, @, %)= sup ( @ + v (t))l/ VEe I(UE—E)%_

L L
te —7-,7]

With this result at hand, we can present the proof of the exponential decay of the
eigenfunctions.

Proof of Theorem 2 Fix ¢ > 0 small enough. From the last proposition, we deduce
that for every eigenvalue A; € A there exists U; (depending on &) such that

"(O2\12 G —e)lt = U
((pl(t)2+ gol;:) ) S C—’exp(— (VE 8) | l|
JVE 2 E
where ¢; :=infye(—r/2,0/2) Gu(Ai, @, ‘ﬂi,-)' Recentering the exponential term at U;,
we obtain

), Vi e [—L/2,L)2],

(pl{(t)2)l/2§iexp<—(‘)E_8) |t — Ui
E JE 2 E

with ¢; = ¢; exp (@ @) We need some control on the distance f]i - U;

(<p,~(t)2 + ) . Vie[-L/2,L)2],

to conclude the proof. From the definition of U; and since goiz(t)dt is a probability
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measure, we have
0~ Ui = [@ - ngtaar.

By Jensen’s inequality, we thus have for any a € (0, vg — ¢)

exp (a@) §/exp (a?)@?(t)dt

~2 ~
Ci |Ui_t|
< 5l exp ((a — (vg —¢)) E )dt

~2
&
<2 !

VE—€—a

From the bound of the proposition, we already know that

limsupIE[ Z E?] <00.

L—o0 rEA

Using the previous bound, this remains true with ¢; instead of ¢;, up to decreasing
q. O

The main ideas of the proof of Proposition 4.2 are simple. First of all, we apply
the GMP formula to rephrase our statement on the eigenfunctions in terms of the con-
catenation of the forward/backward processes. Second, we establish precise moment
bounds on the exponential growth of riE). Third, we transfer these estimates to the

concatenation ﬁiE). We refer to Sect. 7 for the details.

4.4 Poisson statistics

Obviously, Theorem 3 implies Theorem 1 so we concentrate on the former statement.
The argument is twofold. First, we introduce an approximation Nz of the random
measure N that possesses more independence, and we prove that it converges to the
Poisson random measure of the statement. Second we show that N7 — A/J. goes to 0.

There are some topological difficulties arising in the spaces at stake, which will be
explained in more details in the proof of Theorem 3, see below. For the time being, we
view the r.v. N, and ./\_/'L as random Radon measures on R x [—1/2,1/2] x M(R),
where M := M (R), the set of probability measures on R endowed with the topology
of weak convergence, and where R is the compactification of R.

Let us present the approximation scheme that leads to the definition of A/z. We
subdivide the interval (—L/2, L/2) into k (microscopic) disjoint boxes (¢;_1,1;)
where t; = —L/2 + jL/k and where k = k(L) is a quantity that goes to 400 at
a sufficiently small speed.’> We consider the Anderson Hamiltonian ”H(Lj) =—-32+¢&

SRestrictions on the speed of k are collected in Sects. 8 and 9.
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()

i

restricted to (¢;—1, ¢;) with Dirichlet b.c., and we denote by )»l(j )

its eigenfunctions, U; () its centers of mass and w,.(j)(dt) = Egol.(j) (U;Y) +E1)2dt the

its eigenvalues, ¢

associated probability measure (after recentering at Ui(j )). We then define
() ._ , . .
N = Z8(Ln(E)(xf“—E),U,.(“/L,wf”) ’
i
as well as

k
Np=Y "N 1)

j=1

Proposition 4.3 In the Bulk and Crossover regimes, provided k — 0o slowly enough,
the random measure N — N converges in law to the null measure as L — oo.

The proof of this proposition is presented in Sect. 9.3 and relies on two inputs:

(1) the eigenfunctions of H; and ’H(L]) are exponentially localized, (2) N7, converges
to a Poisson random measure. Point (1) is the content of the previous proposition
(the exponential localization of the eigenfunctions of H(Lj) holds for exactly the same
reasons). Point (2) is proven below. Given these two inputs, the proof of Proposition
4.3 consists in building a one-to-one correspondence between the atoms of Az and
N1, when these measures are restricted to some arbitrary set [—h, h] x [—1/2,1/2] x
M, and to show that the corresponding pairs of atoms are close in the topology at
stake.

Let us now explain the main steps towards the convergence of N7 to a Poisson
random measure. We fix a constant # > 0 (independent of L) and define the interval
of energies

h h
A= [E " Ln(E)’ B+ Ln(E)] : (22)

For convenience, we set

Np(A) :=#{A; € A} = / 1[_;,,;,]()»)./\/'[1(61)\., dx,dw) , (23)
as well as
NP (8) =# e A} = / 1N (@, dx, dw) . 24)

First, we control the second moments of N I(f ) (A). Note that the N Ej ) (A) arei.id.,
so it suffices to consider j = 1. (We also state a similar estimate on Ny (A) for later
convenience).

Proposition 4.4 In the Bulk and Crossover regimes, provided k — oo slowly enough,
we have

limsup E[NL(A)*] < oo, limsupk E[N{"(A)?] < oc0.

L—o0 L—o0
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Second, we show that, with large probability, every box (¢;_1, ¢;) contains at most
one eigenvalue that lies in the interval of energy A.

Proposition 4.5 (Minami estimate) In the Bulk and Crossover regimes, provided k —
oo slowly enough,

lim kP(N\"(A)>2)=0.
L—oo

Our proof of this two points estimate, which is usually named after Minami [26],
is technically involved and appears as one of the main achievements of this paper.
As mentioned in the introduction, it relies on probabilistic tools, and can be viewed
as an alternative approach to the strategy of proof of Molchanov [28] (in a smoother
context). The proofs of Propositions 4.4 and 4.5 are given in Sect. 8.

Remark 4.6 The arguments presented in the proof are sufficient to prove the stronger
statement: there exists C > 0 such that for all L large enough
L\2
B[N ) (N (8) 1) | = cn(E? () 18P

This is another form of the so-called Minami estimate.

Third, we identify the limit of the intensity measure of N7 . Let o be the measure
o (introduced in (5)) in the Bulk regime, and o, (defined in (4)) in the Crossover
regime. Note that the definition in the Bulk regime will be given in Sect. 9, while the
definition in the Crossover regime was presented above Theorem 3.

Proposition 4.7 (Intensity of N;) In the Bulk and Crossover regimes, provided
k — oo slowly enough, for any compactly supported, continuous function f : R x

[—1/2,1/2] x M — R, we have

im E[/deL]zf  fdr®dx®or.
Lo Rx[— 1.3 1x M

The proof of this proposition is presented in Sect. 9.1: it combines many different
arguments and definitions introduced earlier in the article.

Proofs of Theorems 1 and 3 As already explained, it suffices to concentrate on the
stronger statement given by Theorem 3. Let us now explain the topological difficul-
ties at stake. The space M (R) is not locally compact so that the tightness of (M) >
or (/\7 1)L>1 is not elementary in R x [—1/2, 1/2] x M(R). One option would have
been to prove directly this tightness (using the exponential decay of the eigenfunc-
tions), but we prefer a simpler point of view. Namely, we deal with M := M (R), the
set of probability measures on R endowed with the topology of weak convergence,
where R is the compactification of R. Note that M (R) is compact. We then view the
r.v. N7 and Ny as random Radon measures on R x [—1/2,1/2] x M(R), so that we
are in a more common setting to prove convergences. It can be checked that if the
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convergence of Theorem 3 holds in R x [—1/2, 1/2] x M (R), then it also holds in
R x[-1/2,1/2] x M(R).

Given Proposition 4.3, we only need to show that N, 1, converges to a Poisson
random measure of intensity dX ® dx ® og. By standard criteria, see for instance [19,
Th 16.16], the convergence follows if we can show that for any given compactly
supported, continuous function f : R x [—1/2, 1/2] x M — R we have

E[exp(i/fd/\_/'L>]—>exp(/R iy M(eif—l)d)»®dx®65>.
x[—4,31x

2

We fix such a function and concentrate on the proof of this convergence. From the
independence of the NV, L(j ) we have

k

E[exp (i/fd/\'/L)]zl:[E[exp (i/fdj\/L(n)] 25)

Choose h > 0 large enough such that f(A,-,-) =0 Whenev§:r A & [—h, k], and set
A as in (22). The main observation is that on the event {N éj )(A) = 1}, the random

measure N L(j ) has at most one atom on the support of f and therefore on this event

exp /fd/\f“) /(e’f DN .
We can therefore write
exp /dem Ly iareoy + Lt oz € (i /de(n>
:1+1{N£j)(A)zl}(eXp(i/deL(j)) _ 1)

— ) if _ (J)
_1+1{N£])(A)=1}/(6 1)dNL

+1{N£,-)(A)22}(exp<i/fd/\/’iﬁ) _ 1).

The third term on the r.h.s. is bounded by a constant (independent of j and L) times
1 (V9 (ays2)° SO that by Proposition 4.5 its expectation is negligible compared to 1/ k.
(8=

We write the expectation of the second term
E[I{N<,>(A) ) /(e’f Dany| = /(e’f Dany”|

()
- ]E[l N (a)22) /(elf — DN/ ]
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Set C := ||le// — 1|0 < 00. Using Proposition 4.4 there exists C’ > 0 such that for
all L large enough

E[/(e"f - l)d/\/éj)] < CE[N(n)] < CE[NY(A)?] < % .

Moreover
i () )
‘EI:I{NY)(A)EZ}/(elf - 1)dNL :H < CE[I{NE'/)(A)Z2}NL (A)]
< CP(N (8) =2 PEIN (A)]'2.

By Propositions 4.4 and 4.5, this last term is negligible compared to 1/, uniformly
over all j and L large enough. Putting everything together, we obtain

1nE[exp(i/de£”)] =1n(1+E[/(e"f - l)dJ\/'L(j)] +o(1/k)>

:E[/(e"f - l)dNL(j)] +o(1/k)

uniformly over all j and all L large enough. Plugging this identity into (25), we get
1n]E[exp (i f fd/\'/L)] - ZE[/(eif - l)d/\/'ij)] +o(1)
J

:E[/<eif — DaNL | +o(),

which converges to the desired limit by Proposition 4.7 (note that ¢’/ — 1 is compactly
supported, since f (A, -,-) =0 whenever A ¢ [—h, h]). Il

The remaining sections are organized as follows. In Sect. 5, we prove the conver-
gence to equilibrium stated in Theorem 4. In Sect. 6, we establish the GMP formula
of Proposition 4.1 and collect some corollaries. In Sect. 7 we prove Proposition 4.2
on the exponential decay of the eigenfunctions. In Sect. 8§ we establish the estimates
on N éj )(A) stated in Propositions 4.4 and 4.5. These four sections can be read inde-
pendently of each other.

On the other hand, Sect. 9, where the proofs of Proposition 4.3 and 4.7 are pre-
sented, relies extensively on definitions and intermediate results collected in Sect. 7.

In order not to interrupt the flow of arguments, we have postponed to Appendix A
some technical (but elementary) results used along the article.

5 Convergence to equilibrium

The goal of this section is to prove Theorem 4. This result is delicate for three reasons.
First we stated L°° bounds on the density thus requiring much finer control than the
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more usual total-variation bounds. Second, the (generator of the) diffusion that we
are considering is not uniformly elliptic, but simply hypoelliptic, thus making both
regularization and convergence estimates delicate. Third for £ — oo, the drift term
of the diffusion GA(E) is unbounded and makes the process rotate very fast on the
circle: it is then a priori unclear whether one can obtain bounds on the density that
are uniform over E > 1.

The proof consists of two distinct steps. First, we show quantitative regularization
estimates on the density of the diffusion. The existence and the smoothness of the
density at any time ¢t > 0 is due to the hypoellipticity of the associated generator
and follows from Hormander’s Theorem [16]. However this result does not provide
any quantitative estimate on this density: this is problematic in particular in the case
where E — 0o0. We establish a quantitative estimate using Malliavin calculus (which
was originally introduced to give a probabilistic proof of Hormander’s Theorem).

Second, we show exponential convergence to equilibrium in H!: by Sobolev em-
bedding, this readily implies exponential convergence in L°°. From the first step, we
know that at a time of order 1, the H'-norm of the density is itself of order 1. To
establish an exponential convergence to equilibrium, one would use coercivity in H!
of the (adjoint in Lz(uf\E)) of the) generator of the diffusion: however the lack of
ellipticity prevents one from getting this coercivity. We thus rely on hypocoercivity
techniques following Villani’s monograph [35]: we identify a “twisted” H'-norm,
equivalent to the original one, in which the (adjoint in LZ(M;E)) of the) generator of
the diffusion is coercive. In particular, when working with distorted coordinates, we
obtain a control on the coercivity constant which is uniform over £ > 1.

From now on, all the functions are defined on the circle R/ Z and take values in
R. We will denote by C* the space of k-times continuously differentiable functions
on the circle. Furthermore “uniformly over all parameters” will mean uniformly over
all A € A when working with the original coordinates and uniformly over all E > 1
and A € A with the distorted coordinates.

Remark 5.1 Let us mention that the result of Theorem 4 controls the exponential
decay in L while a control in L? would have sufficed for our purpose, however the
proof would have been only marginally simpler if we had worked in L? instead of
L.

5.1 Hypoellipticity - regularization step

We apply Malliavin calculus to the diffusion G)EE) following Norris [32] and
Hairer [17]. We drop the superscript (E) but we argue simultaneously in both sets
of coordinates. We also drop the subscript 1. We let P, denote the law of the diffu-
sion starting from 6y at time 0 and p; (6, -) the density of this diffusion. The goal of
this step is to show the following estimate: for any k > 1, there exists Cy > 0 such
that uniformly over all parameters

sup || p1 (6o, )lcr < C - (26)
o
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We write
do(r) = Vo(0(1))dr + Vi(0(2))dB(1) ,
with
Vo(x) = E? + «/E()» —E) sin® x + sin> x cos x , Vilx)=-— sin x .

Remark 5.2 The diffusion is not elliptic since V| vanishes at x = 0. However, it sat-
isfies the so-called Hormander’s Bracket Condition which can be stated as follows.
Let us associate to any function F an operator defined through F f (x) := F(x) f/(x).
Introduce the Lie bracket [A, B] := AB — B A for any two operators A, B. The con-
dition then reads: there exists k > 0 (here k = 2 works) such that

inf max |F|(x) >0,
x€[0,m) FeVy

where Vg := {V1} and V1 := {[F, Vol,[F, Vi]: F € V,} UV, where Vo = Vo +
(1/2)V{Vy.

We rely on the process Jo; which is the derivative of the flow associated to the
SDE satisfied by 6:

dJo; =0 Vo(0())Jo, dt + 0, V1(0())Jo,dB(t), Joo=1.

We will also need the inverse Jo, tl that satisfies

2
O —_
—_

dJgt = _<ax Vo0 (1)) — (9, V4 (9(;))2) o dt = ViO) g, dB() .

We also set Js ; 1= Jo,,Jo_sl.

Lemma 5.3 Fix ¢ > 0. For every p > 1, there exists ¢, > 0 such that uniformly over
all parameters

» —p 1/p
supay | sup [Jo,sl” v 1o, 7] <.
7/

0 s€[0,t]

Proof The proof is virtually the same for J and J~'. If we let U be the logarithm of
either of these processes, then it solves

dU(t) =a(t)dt + B(t)dB(1) ,

where o and § are adapted processes. The crucial observation is that |« (¢)| and | 8(¢)|
are bounded by some deterministic constant C > 0 uniformly over all parameters:
indeed, the unbounded term E3/? that appears in Vo (when working with the distorted
coordinates) is “killed” upon differentiation. Lemma A.2 then suffices to conclude.

O
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Define the so-called Malliavin covariance matrix (which is a scalar here since our
diffusion is one-dimensional):

t
G ;=/ Jo2VvEi@O(s)ds, t=0.
, o

The following is a standard result of Malliavin calculus: the only specificity is
that our estimates are uniform over all parameters (in particular, w.r.t. E > 1 in the
distorted coordinates) and this requires some extra care in the proof.

Proposition 5.4 Fix t > 0. Assume that for every p > 1 there exists K, > 0 such that

supy, Eg[C, 1<K p- Then for every k > 1 there exists cx > 0 such that uniformly
over all parameters

sup | p (B, ek < ck -
o

Proof Assume that for every k > 1 there exists Cx > 0 such that for all C* function
G there exists a r.v. Z; such that

oo [0 G (0(1))] =gy [GO 1)) Zi] . 27
and such that uniformly over all parameters

sup Egy[1Zr]] < Ck . (28)
6o

Then, we deduce that for all C* function G uniformly over all parameters

supEg, [0 G (0(1))] < Ck |G loo »

0o

so that standard functional analysis arguments, see for instance [32, Th. 0.1], ensure
that the bound of the statement holds.

To establish (27) and (28) we rely on the notion of Malliavin derivative that we
do not recall, see for instance [17, Sect. 3 and 5]. Let Y be a Malliavin differentiable
r.v. and denote by D, Y the Malliavin derivative at time s of Y. We recall the following
properties of the Malliavin derivative [17, Sect. 3]:

Dy fX) = (X)DX, D(XY)=XD;Y +YDX. (29)

The key tool in Malliavin Calculus is the so-called integration by parts formula
which writes

t
B (0,040 20,0 ] =Fa[Q [ w(o)B(5)]

for any (regular enough) adapted process u. In the sequel all derivatives will be taken
in direction u where u(s) := J(; S] V1(0(s)), s € [0, t]. For convenience, we use the
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notation D, Q := (D.Q, u())12(0.,)- We also introduce the successive derivatives
in direction u by setting recursively :D;k) 0:=9D, (:D,Sk_l) 0).
Let us state a general result on the Malliavin derivative of the solution of an SDE.
Assume that X = (X)1<j<q € R? solves the autonomous SDE
dX(s)=A(X(s))dt + C(X(s))dB(s), (30)

where A and C are smooth maps from R? to R?. Then the d-dimensional process
Y = (Y;)1<j<a whose j-th coordinate is Y (s) := (D. X (s), ”(')>L2([O,s]) solves

dY (s) = VAX (5)Y (s)ds + VC(X ()Y (s)dB(s) + C(X (s))u(s)ds, Y(0)=0.

In this last equation, VA(x) is the d x d matrix whose (i, j)-entry equals 3x_,-Ai (x),
and similarly for VC(x). This result can be established as follows. First of all if
JX (r, s) stands for the d x d Jacobian matrix associated to the SDE X then for any
0<r<s

dJ*(r,s) =VAX () IX(r,s)ds + VC(X (s))JX(r,s)dB(s), JX(r,r)=1,

see for instance [17, Eq. (5.2)]. By [17, Eq. (5.6)], D/ X;(s) =
(J X(r,5)C(X (r))) ~and consequently the following identity holds in R?
j

Y(s)= /S JX(r, )C(X(r)u(r)dr ,
0

from which we derive the above SDE.
In the particular case where X = 6, we find

Dsb(1) = Js,: VI(O(5)) = Jo,iu(s) .
We observe that
DB(1) = (D.O@), u) 120,17y = o (0,4 20,7y = Jo.1Cr = N .
Combined with the chain rule (29), we deduce that for any integer k > 1,
ﬂ)qu_k — _th—(k+1)£L[M _ —kJ\f,_(kH)j),ﬁz)e(t) '

Let us set R(t) := fé u(s)dB(s). For every smooth function G and any Malliavin

differentiable r.v. Z, we apply the integration by parts formulato Q = G (6 (t))d\ft_l V4
and get

Eg[G'(0(1))Z]1 =Eg [G(O (1) Z],
where Z is given by

Z= N (ZR(I) _ :DMZ> +ZN2DP0(r) .

@ Springer



Localization crossover for the Anderson Hamiltonian 371

Starting with Zy = 1 and applying iteratively this identity we obtain for some r.v. Z;
gy [0 G (0(1))] = Eg [GO) Zi] .

thus proving (27). It remains to establish the bound (28).

First, observe that Z; is a polynomial in Nfl, in D,0(t), 1)52)00), ... and in
R(@®), D,R(1), ﬂ),ﬁz)R(t), .... Indeed, the class of all such polynomials contains Zj,
is stable under the action of £,, and thus, remains stable under the map that leads
from Z to Z.

The assumption of the statement together with Lemma 5.3 allow to bound the
moments of eNt_l uniformly over all parameters. In addition, the Burkholder-Davis-
Gundy inequality combined with Lemma 5.3 allows to bound the moments of R(¢)
uniformly over all parameters. We are left with bounding the moments of D, 6(t),
DP0), ... and D,R1), DPR®), . ...

Consider the triplet X (s) = (6(s), Jojsl, R(s)) € R>. This is the solution of an
autonomous SDE of the form (30) with®

A (x) = (Vo(x1), xa(V{(x1)* = V§(x1)),0)
COx) = (Vi(x1), —x2V](x1), x2 Vi (x1)) .

We can thus apply the general result stated above and let Y (@ e R be the process of
the Malliavin derivative of X© in direction u. Note that the only problematic term
is the first component of A which contains the factor E3/2. However, the function
cO, together with the functions VA (x) and VCO (x) that appear in the evolution
equation of Y@ are bounded uniformly over all parameters. This remains true for
any higher order derivatives of these functions and this will suffice for our purpose.

We then consider the process X (D := (X© y©) ¢ RO. It is straightforward that
XM solves an autonomous SDE of the form (30). We can thus iterate the arguments
and build recursively some processes X ™ and Y. The functions VA®™ (x) and
VC™ (x) that appear in the evolution equation of ¥ ™ are bounded uniformly over
all parameters.

Since the r.v. D,0(t), :DLEZ)Q(I), ...and D, R(), JD;”R(I), ... eventually appear
in the entries of the sequence Y ™) n > 0, it suffices to bound the moments of |Y " (¢)]
for any given n > 0.

We write Y for a generic element among the sequence ¥, n > 0. Recall that it
solves

dY (s) = VA(X(5)Y (s)ds + VC (X (s)Y (s)dB(s) + C(X (s))u(s)ds

where C(x), VA(x), VC(x) are bounded uniformly over all parameters. Applying
It6’s formula, one can check that the process U (s) := In(1 + |Y (s)|?) satisfies

r &L 27 (5)C (X (s)) d f
U(t):/o ;Wu(s)ds+/(; oz(s)ds—i—/o B(s)dB(s)

6y = (x1, x2,x3) and x| corresponds to 6(s), xo to J(;vl and x3 to R(s).
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where |« (s)| and |B(s)| are adapted processes that are bounded by some determinis-
tic constant K > 0O uniformly over all parameters and all s > 0. Lemma A.2 allows
to obtain bounds on the p-th moments of fot a(s)ds + f(; B(s)dB(s). In addition,
the moments of the first term on the r.h.s. can be bounded since there exists some
deterministic constant K’ > 0 such that

2Y;(5)C; (X (s)) /o1
| u(s)| = K'1Jo s Vi (s)l -
Z 14|Y(s )|2 0,5 V1 0

It remains to check the assumption of Proposition 5.4 at time ¢ = 1 (this is arbi-
trary). In the classical proof of Héormander’s Theorem with Malliavin Calculus, this
is where one uses the so-called Héormander’s Bracket Condition (see Remark 5.2) via
repeated applications of Itd’s formula involving the process C;, see for instance [17,
Proof of Theorem 6.3]. This would work with the original coordinates, but with the
distorted coordinates this does not seem to work out (easily). We proceed differently
and write

Bate; =B [( [ sz rs) ]

<Ea( /0 1v1(e(s»zds)*z"]I/QIEQO[ v

1€[0,1]

Lemma 5.3 allows to bound the second term. To bound the first term, we need some
control on the time spent near 7w Z by the diffusion 6: this is provided by Lemma A.6,
that relies on a comparison of 8 with the solution of the deterministic part of its SDE.
This completes the proof of (26).

5.2 Hypocoercivity - convergence step

In this subsection, we argue simultaneously in the two sets of coordinates. We abbre-

viate u; and /L( ) to . All the L? spaces will be taken w.r.t. the measure w (and not
the Lebesgue measure). We write || - || and (-, -) for the L? norm and inner product
W.I.t. (L.

By Lemma 3.1, uniformly over all parameters the measure p is equivalent to
Lebesgue measure. This implies that the corresponding L? norms are equivalent.
In addition, we have the following Poincaré inequality

|7 = [ ran] <152, G1)
uniformly over all parameters. Indeed,
7= [ raul =3 [[rer- rontu@nna.
and

2
() —f(y))2=( [ f’(u)du)

x,y]
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d T
5/ (x — yIf () —= <|x—y|/ |/ du
[x,y] 0

lx =y~

so that
2 ™
7= [ sau]” <5 [[[ 1= stuasman |5 wfae< Sire.

For some constant ¢ > 0 (to be adjusted later on) we define the following H I norm
(wrt. )

LAz = 1A+l f11P
Let £ be the generator of our diffusion
Lf=af"+bf,
where
sin® x
o= 75
b=E'?+ VEO —E)sin®x + sin® x cosx= E>? + V2VE(. —E)o + 00’ .

Let £* be its adjoint in L?. The unique decomposition of —L* into a symmetric
(actually self-adjoint) and an anti-symmetric part is given by —L* = A*A + B where

/
Af=of', Bf=bf, b:=b—200" -2,
n

and A* is the adjoint in L? of A

A f = _loun)"
7

It is a standard fact that the centered density g; = (p;/u — 1) w.r.t. the invariant
measure of a diffusion satisfies the PDE

0rqr = E*% .

In the previous section we dealt with regularity issues and showed that p; (and there-
fore gy since p is bounded from above and below) is smooth: more precisely, its
C'-norm is bounded uniformly over all parameters. Our goal is to prove an expo-
nential decay of the L norm of p,. By Sobolev embedding it suffices to prove an
exponential decay in H!.

The natural route to such an estimate is to prove some coercivity: unfortunately
this fails. Indeed, we have

(f. L5 ) =—IAfI?,
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and since o vanishes at 0, ||Af|| is not equivalent to || /|| and so we cannot use
Poincaré inequality to get a bound in terms of || f||. Actually it is possible to check
that the operator A*A does not have spectral gap so that one cannot get exponential
decay of the L?-norm of ¢; from the previous computation. In H! the situation is
similar. Generally speaking, if we work with “standard” norms then we do not have
enough control on the derivative(s) of the function at stake near 0.

These computations do not take advantage of the anti-symmetric part B of £*. The
general idea of hypocoercivity [35] consists in exploiting the successive Lie brackets
between A and B to recover some coercivity. One can check that [A, B]f := ABf —
BAf contains the term —E3/?¢’ f” and [[A, B], B]f contains the term E3c” f': since
0" does not vanish anymore at x = 0, these terms should offer the required control
on the derivative at 0. To implement this idea, one constructs a twisted H I norm,
denoted $3!, that contains some successive Lie brackets of A and B, see below for
the precise expression, and that satisfies the following properties.

Proposition 5.5 There exists a norm || - || g1, derived from an inner product (-, -) g1
such that:

(1) There exists k > 0 such that uniformly over all parameters we have

1Al =1 fllgr =A+ONf g -

(2) There exists K > 0 such that uniformly over all parameters we have
(f. L g < =KIf'I7

With this proposition at hand, we can easily conclude the proof of the main result
of this section.

Proof of Theorem 4 In the previous subsection, we showed that there exists C; > 0
such that uniformly over all parameters

sup || p1(6o, )ller < Cy . (32)

o

Set g; := % — 1 and recall that 9;q; = L£*g,. The second property of the proposition
then yields

dillgilsy < —2Klig/I> .

Since f qidp = 0, Poincaré inequality (31) together with the first property of the
proposition show that for some constant K’ > 0

illgilgy < —K'lg:l%: -

Applying the first property again, we deduce that uniformly over all the parameters,
forallr > 1,

—C'(t—1
lgell g1 < ¢ llgill e €D,
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for some constants ¢/, C’ > 0. Combining this bound with (32), applying the Sobolev
embedding H'(dx) C L™ (dx) and the fact that u is equivalent to the Lebesgue
measure, we obtain the desired result. O

The rest of this subsection is devoted to the proof of Proposition 5.5. We start by
introducing successive Lie brackets: actually we identify within the successive Lie
brackets between A and B the terms E3/2Cy, that will allow us to gain coercivity and
we denote the remainder Ry. Introduce Cy f := Af, and recursively fork =1,2

Cef ==(=Dfa® ' Rif:=[Ci1. BIf —EPCrf
and finally
C3f:=0, R3f:=[C2,B]f.

We now introduce a family of coefficients indexed by 8 € (0, 1/4). Set b_; :=§
and for every k > 0

ay = Sﬁizkbk_l , by = 85721{61]( .
One can check that forall 0 <k <2
by <day. ap <8bp_y. ap==08bi_1by. bj==5arai1. (33)

We then introduce

2

10 = £+ E3/2Z<ak||ckf|| +264(Chf. Crnr )

as well as (f, g) g1 = (f, &) g1 + [Lf, g]l where

H|H

2
Lf: 81 = 5375 O (@ (Chf, Chg) +be((Ch . Cirg) + (Crgs Cur ) -
k=0

This norm depends on two parameters, ¢ and §, that will be adjusted later on.
As b,% = dayai+1, we have

[26(Cu . Chst )] = VBaNCh f1P + VBars [ Cur /12

Note that for every k € {0, 1,2, 3}, we have ||Cr f1| < 2| f']l. Since E > 1, we easily
deduce that 0 < [[f, f1 < || f’|| for some constant ¥ > 0 independent of all parame-
ters, and the first property of Proposition 5.5 follows.

The proof of the second property is carried out in two steps. First, we show that
there exists a constant C > 0 such that uniformly over all parameters,

(fl L py<clf?. (34)
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Second we show that there exists § € (0, 1/4) and K’ > 0 such that uniformly over
all parameters

LY+ A f ==K 17 (35)

With these two bounds at hand, we get
(LD =L L)+l f L OV + [ Lf <cC— KO

It suffices to set ¢ := K'(2C)~! and K = K’/2 in order to deduce the second property
of the proposition.

Remark 5.6 Our proof is close to [35, Proof of Theorem 24] and would be essentially
the same if we had taken ¢ = 0, that is, if we had taken ||f||% instead of || f ||12L11 in the
definition of the $; norm. Actually, with the original coordinates, the proof would
carry through with ¢ = 0. With the distorted coordinates however, the first property
of Proposition 5.5 would fail with ¢ = 0.

We proceed with the proof of (34). For convenience, we define the operator Df =
f’. We then have

(f'.(L*f)) =—(Df, DA*Af) — (Df. DBf) .

Since B is anti-symmetric we find (Df, DBf) = (Df,[D, B]f). Note that
[D,Blf = (b — 200" — o“ﬁ)’f’. The key point here is that the only unbounded

factor (E3/? which appears in b) is killed upon differentiation. A simple computation
shows that there exists C; such that

|(Df,[D, B1f)| < C1IDf|*. (36)
On the other hand, we have
(Df. DA*Af) = —(D*f, A*Af) — (Df., = A% Af)
"

(02w
nw

= (o D*f,a D*f) + (D*f,

Df) — (Df. %A*Aﬂ .

Recall the bounds on u stated in Lemma 3.1. Recall that Young’s inequality yields
XY < eX? + %Yz for all € > 0. There exists C, > 0 such that

CaN
"

1
D*f, D C2llo D* FINIDF < Co( ——llo D> £1I* + C2 | DF|I?)
(D% f f) < Callo D* FIIDS 1< 2(4c2”" fI2+CalIDfI?)

and

|(Df, %A*Aﬂl < C(lloDfIlo D f1l + IDFI?)
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1 2 412 2
< Col == llo D" fII”+(C2+ DIDSI7).
4Cy
We deduce that there exists C3 > 0 such that
* 202 1 2 212 2
(Df, DA*Af) = lo D" f||” — C2 —2C2”GD fIF+QC2+DIDSI

1
> E||szf||2 — G3|IDfII* . (37)

Combining (36) and (37) we obtain (34).

We turn to the proof of (35), which is very close to [35, Proof of Theorem 24]. The
main difference lies in the unboundedness of the coefficients of the operator at stake,
namely the term E 3/2 in B in the distorted coordinates, that requires some additional
care.

First of all, we say that an operator Q is bounded relatively to some operators
{E;};if

1OFI> S IE; £17,
J

uniformly over all parameters.

Lemmab5.7 (i) Forevery 0 <k <2,[A, Cy] is bounded relatively to {C}o<j<k,
(ii) Forevery 0 <k <2,[Cy, A*] is bounded relatively to {1} U {C;}o<j<k,

(iii) Forevery 1 <k <2, Ry is bounded relatively to {C}o<j<k—1,

(iv) Rj3 is bounded relatively to {E3/2C1} U {E3/2C2}.

Proof Let us first point out that, apart from E3/2, all the terms appearing in o, b
and b are bounded uniformly over all parameters. In particular, as already noticed,
VE () — E) remains of order 1.

A computation shows that [A, C¢]f = (—D¥(co®+D — 0’0 ®) f'. For k = 0,
this vanishes. For k = 1,2, we observe that ||[A, Ck1f 1% < lof'I7 + llo’ f/II> =
ICo £1I2 + |IC1 f1I2. This proves (i). Regarding (ii), a computation yields [Cy, A*] =
(—l)k“a(k)((”T“),)/f +[A, Cx]f. Using the bounds stated in Lemma 3.1, we de-
duce that the first term can be controlled by || /||, while the second term was al-

ready controlled at point (i). We turn to (iii). For k € {1, 2}, we compute Ry f =
(=D o ®=Vp — o ® (b — E32)) f'. For k = 1, we find

/
ob —o'(b— E*?) =O’5/+UO'/(O'/+GM— —\/EVE()L— E)),
n

so that the L2-norm of R f can be controlled by the L? norm of Cy f. For k =2, we
find

/
o'b —o"(b—E¥*)=0'b + 00" (0 +ol oy E(A—E)).
U
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Consequently

/
IR f11? <2ll0’b £'1I> +2lloo” (0" + o% —V2VEG. - ENfI1?

Slof' 12+ lo’ f1I* = ICo fIP + IC1 £
Finally
IR f1I2 = I(c"B —a®b) f'1I* SE | /)17

and this last expression is bounded from above, up to a multiplicative constant, by
IEY2Cy f11? + [E2Ca f . O

Recall that —£* = A*A + B. We have
1 2
L~ l= g > (ak[a)i + D41+ bl (D% + (H)%]) . (3®)
k=0

where
(DK = (Crf, CLA*Af), (DY = (Crf, CiBS),
and

(IDYy = (C f, Crp1 A*Af) + (CLA*AS, Cip1 f)
(I = (Cx f, Ck41Bf) + (CkBf, Cry1 f); -

Linear algebra manipulations and the Cauchy-Schwarz inequality yield (see [35,
Proof of Theorem 24, pp.25-26] for details, one simply needs to take Ay = Ay = E3/2
therein):

(D% = ICLAL I = ICKAFIIILA, Celf 1| = IICe fINILCk, A*TAL,
g = =B I Cks1 £l = ICk f I Res1 £
(D4 = — ICk £ INI[Chr1, A*TAL N = ICRAFINIChr1 AF Il — I Char AF LA, Cil £
— ICkAF I Cisr AF | = ICKAFIITA, Cor 11l = I Cagt FINIICrs A¥IAS
D =B Crp1 11 = [IChs1 fI| Risr £ = B2 Cr £l Crsa f 1
—IC f I Risa 1 -
At this point, the proof differs from [35, Proof of Theorem 24, pp.26]: indeed therein

the parameters Ar, Ak are of order 1, while in our case they are taken equal to E3/2
and therefore need extra care.
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Take € = +/5. By Young’s inequality we have XY < e X2 + (4¢)~'Y2. We thus
get7 for any k € {0, 1, 2}

a[(DX + &1+ b [DK + Dk ]

> a || CkAf I + brEY 2| Crepr 112 (39)
2
a
— B b1 |Ci f1I> — B —E || Chyr £ (40)
deby
2 a;? 2
— b ICefI? = 5 I Ri41 £ (41)
€bi_1
[2773
— eai || CrAfII* — 214, CelfI? (42)
2 a% 2
— b ICefI? = 5 I[Ck. A*JAF]| (43)
€bi_1
2 by 2
= ebil|Cist 17 = - IRkt £ (44)
b2
— B b1 |Ci f1I> — B —5 || Chya £ (45)
4ebi_
2 bl% 2
— b ICefI? = 5 I Ri42 f | (46)
€bi_1
2 bl% 2
— b ICefI? = 3 I[Chr1, A*1AF]| (47)
€bi_1
b2
— eai || CrAfII* — 4—k||ck+1Af||2 (48)
€ay
2 bl% 2
= earp1 [ Cop AP = S ——II[A, G f | (49)
€dk+1
b2
— eai || CrAfII*> — 4—k||ck+1Af||2 (50)
€ay
by
—eak||ckAf||2—4—||[A,ck+1]f||2 (51)
€ay
b
— eb | Crpr I — L AYASf?, (52)

with the further condition that (44) to (52), as well as (40), are not present for k = 2.
The inequalities (33) combined with Lemma 5.7 ensure that for § small enough
(uniformly over all parameters) the sum over k of all the terms from (40) to (52),

7The terms at Equations (40) and (41) come from (I)lfg, those at Equations (42) and (43) come from (I)IA,
those at Equations (44) to (46) come from (H)IE,, and those at Equations (47) to (52) come from (H)]fq'
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except the first terms of (40) and (45) for k = 0, is larger than

2
1 1
—1AFI2 = 5 3 (awl CuAf 1P + BE [ Cus /1)
k=0

For more details see [35, Proof of Theorem 24, pp.27]. We now control the contribu-
tion to (38) of the first terms of (40) and (45) for k = 0. This contribution is given by
(recall that § < 1/4):

1
—2eb_ 1B Af > = 283 PE3 | Af)? > —ZE3/2||Af|I2 :

Consequently

1 1
[f = (1= = 0+ gplAfI?

2
1
+ 7 2 (kI CRASIP 4+ BE 2 Cs £12)
k=0

On the other hand, (f, —L£* f) = || Af||%. Putting everything together, we thus showed
that

(fi =L +[1f-Lf]
2

(@I CeAS I + BB Cit £12)
=0

1
2E3/2
k

> ] IAfI?+
-2

1
1 1
= SIAS IR+ 5 bell Cerr £12
k=0

l . 4 ) 2 1rN2
> I (sm x + bgsin”“(2x) + 4bj cos (2x))f () u(x)dx
[0,7)
> KIf1%,

for some K only depending on §. This completes the proof.

6 GMP formula

In this section, we prove the GMP formula stated in Proposition 4.1 and we deduce
some simple facts from it. Actually, we will prove a slightly stronger statement for
later convenience:
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Proposition 6.1 Fix u € (—L/(2E), L/(2E)) and a,b € R. For any bounded and
measurable map G from R x D x D into Ry, we have

E[Z (agi (Bu)® +b 9] (Bu)*) G (i, ¢, w{)}

i>1

(E) (E) - 2 2
(9)p (mr —0)(asin“6 + bEcos“0)
\/— /)LGR/O\ 0 —

(u)
]E9 T—0

A(E) ~(E)\/
(/B) G (/E)
G(n, 2 s ]d@dk
[ ( VEIFP I E2)5 “”n)

Given this proposition, the proof of the GMP formula is simple.

Proof of Proposition 4.1 Recall that the eigenfunctions ¢; are normalized in L?. It suf-
fices to take a = 1, b = 0 in the previous proposition, to integrate w.r.t. # and to apply
Fubini’s Theorem. g

Before we proceed to the proof of Proposition 6.1, note that A G(E) is differen-

tiable and let us introduce z(E) = 819(E)

9)5 ). It satisfies the SDE

the derivative with respect to A of the angle

(E)(t)—«/_sm Q(E)dt ziE)[ (E)(t) ( (E)>t].

We thus obtain the following integral expression for ZRE) :
Py = f E sin? 0% (s)(r® (5))2ds . (53)
(F‘) (t)? )=

Proof of Proposition 6.1 1t suffices to prove the statement with the original coordi-
nates, since the statement with the distorted coordinates follows from (10) and
the change of variable 6 — arccotan(ﬁcotan@) whose Jacobian is given by
(VE(sin?6 + & cos?6)) .

By the monotone convergence theorem, we can assume that G is a continuous
map from R x D x D into Ry such that G(A, ¢, ) = 0 whenever A ¢ [—A, A] or
lellpe > A or ||{||pe > A, for some given A > 0. Fix u € (—L/2, L/2). Recall
from Lemma 3.4 that the set of eigenvalues (1;);>1 coincides with the set of A € R
such that

05 )+ 6, (—w)}, =

and the eigenfunction @, associated to the eigenvalue A coincides with 3, /|| vx .
Therefore,

> GO, i 9] (@ 9i () + b g (w)?)

i>1
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_ P Gy aGr@)? + b w))?
= X (* )

A A 135117
I {9{(u)+0;<—u)}ﬂ:0

From the positivity of z)jf, we deduce that almost surely the map A — 0;‘ (u) +
0, (—u) is a diffeomorphism from R to R. We denote its inverse by 6 > A(0). We
can rewrite the last sum as:

> G(k(e) I(0) (ﬁw))/) G109 @) + (3}, )*
== , = — )
P I¥a@) Il 1Yr@) |35l

Set for any ¢ € (0, )

1 IS 5 /
Gelw) i= o / G (o), 220 Uro))
2¢ Joenzt(—e.e] Iyao I 1 Yr@)l
a(Fre) @)? + b3} 5, ) »
I 35.0) 117

(54)

Almost surely G (u) is bounded by [|G lloo(|a| + |b]) A (#{A; € [~ A, Al}+2). From
Lemma A.4 in the Appendix, this r.v. has a finite expectation. Furthermore, by conti-
nuity G.(u) converges a.s. as € |, 0 to

Y G, 0i 9] (a0i () + (g w))?) .
i>1
By the Dominated Convergence Theorem, we deduce that,

E[ Y- G0 i 9} (ai(w)® +bo]@)?)| = IimE[ G w)].

i>1

We now compute the expectation of G.(u#). Note that 9 (0){F ) + 0, (—u)) =
z;r (u) + z, (—u). Using (53) and given the boundary condition imposed on rf, this
equals || 9, [|>. We then apply the change of variable # — (0) and obtain

Vi (ﬁx)/)
A
x (asin®6;" () + beos? 0 (u))da .

1
Ge(u) = EA 1{nZ+[—a,£]}(9;—(U) + 9}\_(_14))G<)L
€R

We then take expectation, use Fubini’s Theorem, and integrate with respect to the
value of the forward diffusion at time u:

1 m & .
E[Ge ()] = - A /9 ; / Pau (@) pa,r—u(w — 6 +6')(asin®6 + beos® )
€R JO= '=—¢

[0 (22, S0 ) apraar.

x EW o,
Iyl Nyl

0,m—60—-06'
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By the Dominated Convergence Theorem, the boundedness of the transition proba-
bilities and the continuity w.r.t. #’, we can permute the integrals with respect to A, 0
and the limit as ¢ | O to find

T
11mE[G ()] = / Do) P L —u (T — 0)(asin® 6 + bcos? )
AeR JO=0
N AN/
xE o[ G (= @)] dody.,

’ Iyl 11y
thus concluding the proof. 0
As a first application of the GMP formula, one can derive an expression of the
density of states in terms of the stationary measure of the process {6, }. There is an-

other (actually simpler) formula for this density of states given by n(A) = 9, (1/m;)
where m;,_ is introduced in Sect. A.3, see [12].

Corollary 6.2 The density of states satisfies

T
n(,\):/ pa(@)pr(r —0)sin0do, reR.
0

We also have for any E > 1
(E) (E) 2
n(A) = _/ @), "(r —0)sin“0do, AreR.

Proof Fix some interval A C R and set Ny (A) := #{A; : &; € A}. By the uniform
integrability stated in Lemma A 4, [ A 1(A)dA is not only the a.s. limit of N (A)/L
but also its limit in L!. The GMP formula allows to compute E[Ny (A)] by simply
choosing G(A) = 1a(1). By Theorem 4 one can then replace the product of the den-
sities of the forward/backward diffusions Py L D) Pty (m — 0) by the product of

the densities of the invariant measure ) (6) A(JT 0), and derive the first expression
of the statement. The formula involving distorted coordinates follows from a change
of variables. O

Recall the r.v. defined in (23) and (24).

Proposition 6.3 (Wegner estimates) Fix h > 0 and set A :=[E — h/(Ln(E)), E +
h/(Ln(E))]. In the Bulk and the Crossover regimes, we have as L — o0:

(1) E[NL(A)]=2h(1+0(1)),
) BN (M) =201 4 0(1)).

Proof By Proposition 4.1, we have:

E[N.(A)]=VE / / / ® (G)p(E) (r — 0) sin®0d0drdu
—5 Jaea Jo= —u

0 121‘+u
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If one replaces the transition probabilities by the equilibrium densities, then one gets

L f /” B, (E) )
— Wy @)y (r — 0)sin” 0dOd A ,
VE Jiea Jo—o™ &

which goes to 2h by Corollary 6.2. The error made upon this replacement is of order
E/L by Theorem 4 and Lemma 3.1 and therefore vanishes in the limit L — oo.

Consequently we get the first estimate.
The second estimate is derived from the same argument, one simply replaces the
interval [—L/E, L/E] by an interval of length L/(Ek) and uses that L/(Ek) > 1.
d

7 Exponential decay

The goal of this section is to prove the exponential decay of the eigenfunctions stated
in Proposition 4.2. We first introduce in Sect. 7.1 the adjoint diffusions as they will
naturally arise in the proof of the estimate of the exponential decay, then we compute
the Lyapunov exponent associated to the diffusions in Sect. 7.2. Finally in Sect. 7.3
we present the proof of Proposition 4.2. Until the middle of Sect. 7.2, we investigate
some properties of the diffusions for any parameter A, that is, we do not work in
the specific Bulk and Crossover regimes. From the middle of Sect. 7.2, we restrict
ourselves to the Bulk and Crossover regimes, and we establish asymptotic estimates
in L.

7.1 Adjoint diffusions

We introduce the process O_A(E) as the solution of the following SDE driven by a Brow-
nian motion B®

d6® (1) = (= EY? = VE(. — B)sin? 8" 4 35in> (0™) cos (@)

(E) 5(E)

D g

+sin* §® "’f&—fé)))m (55)
My (9)L )

—sin?6PadB® (1) .

By coherence with previous notations, we denote by IF’(S,(;O) the law of the process
é)EE) starting from 6y at time s, and by ED(S’QO)%(LQI) the law of the bridge from (s, 8)
to (¢, 01).

The process éiE) is the adjoint diffusion of QiE) with respect to the invariant mea-
sure MEE). In other words, its generator is the operator £* which is the adjoint in
Lz(,u,(AE)) of the generator £ of QA(E), see the beginning of Sect. 5.2 for more de-
tails on the generators involved. Let us recall that this adjunction implies that the

law of the process G)EE) starting from the invariant measure is the same as the law of
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the process é)EE), read backward-in-time, and starting from the invariant measure. In
mathematical terms: for any measurable set A C C([0, 7], R), we have

s m _ _
/ OM§E>(90)P<O,90><A)deo = / 1B (61)P .6,y (A)d6)
Op= 61=0

where A := {f : f(t —-) € A} is the image of A upon reversing time. Disintegrating
this last expression, we further get

E E E ~(E T A
157 (00) P (B0, 01)P0,60) 1.01) (A) = 1™ O1) B2 (01 00)P (0,01 = (1.00) (A) .
(56)
We would like to introduce the counterpart of the process ,o)(LE) at the level of the

adjoint diffusion. We introduce the process ﬁiE) as the solution of
1 _ _
dp® = (f (. — E)sin26® + 3 sin? 26® 4 sin26®

E) ;(E)
_ _ 0,
— 8sin? Q)EE) cos? Q)EE) 2sin Q(E) cos Q(E)L())dt (57
(E) (G(E))

+5in20dB® (1) .
Our next result shows that this is the “right” object.

Lemma?7.1 Under P ) the process (p(E) (s) — ,oiE) 0), s € [0, t]) has the same law
as the process (pk )(t —$) — Py )(t), s € [0, t]) under EDM(E)'
A

Proof We give a sketch of proof. First of all, we show that the process ,o)(\ , Tesp. p)(\E) ,

is measurable w.r.t. the process OEE), resp. é)EE). Indeed, the drift term of the evolution
equation only depends on G)EE) , resp. é)SE), while the martingale term can be expressed
formally® using It6’s formula applied to In sin HiE) (1), resp. Insin éA(E) ®)

t 1
f sin26% (s)d B® (s) = 2<ln sin6™ (0) — Insin ¥ (t)) + / FO® (5))ds ,
0 0

with
F(6) =2cotan 0 (E*? + VE(A — E)sin? 6 + sin® 6 cos ) —sin’ 6 ,

respectively

t t
/ sin29_iE)(s)dB<E)(s)=2<lnsin9_iE)(0)—lnsinéiE)(t)>+ / FE® (5))ds ,
0 0

8A rigorous version of these identities can be obtained by introducing stopping times at the hitting times
of wZ. Since these hitting times are isolated points in R4, this does not raise any issue with the subsequent
arguments.
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with

g ><9))

F(6) =2cotan 6 ( — E?2 — VE(. —E)sin?6 + 3sin> 0 cosd + sin* 6 (E)
)

—sin%6 .

AS a consequence,
t
E 1)y — p®0) = 2(ln sin6 ™ (0) — Insin ¥ (t)) + / F©O® (5))ds
0

t
+ f DO™ (5))ds ,
0

with
D®)=—VE( — E)sm29— sin® 260 + sin’ 6 .

The adjunction relation ensures that the law of p(E) ) — ,oiE) (0) under PM(E), coin-
cides with the law of g

t t
2(1n sind ™ (1) — Insin g (0)) + / FO® (1 - 5))ds + / DO™ (¢t —s))ds ,
0 0
under I@M<E). A simple computation then shows that this last quantity coincides with
A

—(E —(E
A0 =57 ).
This can be generalized to any finite dimensional marginals of the process. U

Finally, let us introduce the first rotation time E{E) of the diffusion é)SE)
¢ =inflr >0:0% ) =6 (0) + 7} .

By the same argument as in Sect. 3.4, the law of this r.v. is independent of 5§E> 0).

Consequently, its law can be computed when starting from the invariant measure.

7 (E)

Using the adjunction relation above, we thus deduce that £, and ng) have the same

law, and therefore
E(5"1=Elg”1=m® .
7.2 Lyapunov exponent and the main growth estimate

Recall the definition of the SDEs (11) and (12). Take o (0) := 0. The Lyapunov
exponent is usually defined as the almost sure limit of

Inr® nrP@
t
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This deterministic quantity is intimately related to the rate of exponential decay of
the eigenfunctions. For technical convenience, we manipulate the almost sure limit
of

zlnr(E) " o ®

t t
that we denote by viE). In other words, viE) is twice the Lyapunov exponent.

Our next proposition gives an explicit expression of this exponent. It also shows

that the Lyapunov exponent associated with ,5)(\E) is the opposite of viE).

— 00,

Proposition 7.2 (Lyapunov exponent) The random variables {k(E), §(E) and
E) (C)EE)) (E)(g‘)fE)) are integrable, and we have
RO () IV S (Fe0)
N - _
Elz,"] E[g"]
Moreover for any A € R
+00 u?
uexp(—2iu — “=)du
viE):EfO Viexp( e . (58)

I exp( —2u — 63 Ydu

We have a remarkably simple expression for the quantity viE), from which we can
deduce important properties. In particular, a crucial point for our proof is that this
expression is positive for all A and E. The proof of this proposition follows from
elementary (but not straightforward) computations on the SDEs, and is deferred to
the Appendix A.4.2.

Fix h > 0andset A :=[FE — n(E)L, E+ 2 (E) L] until the end of the section. Recall
that in the Bulk regime, E € R is fixed while in the Crossover regime E = E(L) —
0o as L — oo.

It is easy to check that in both regimes, uniformly over all A € A we have as
L — o0

)/U(E)

Moreover in the Crossover regime we have

v‘(EE)—>1, as E — 00.

As a consequence, we can safely approximate v, by vg in the Bulk regime, and viE)
by 1 in the Crossover regime. A posteriori, this explains the definition of vg in (20).
Finally, let us mention that uniformly over all A € A and all L > 1

A (59)

€) _ 1 in the Bulk regime ,
E~3/2  in the Crossover regime .
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The main estimate needed for the proof of Proposition 4.2 is presented in the fol-
lowing lemma. From now on, we work simultaneously in the Bulk and the Crossover
regimes.

Lemma 7.3 (Linear growth/decay of the diffusions piE) and ﬁ&E) ) Set ZiE) () :=

piE) (t) — v)(LE)t and Z)(LE) (t) = ,5§E)(t) + v)(LE)t. For any ¢ > 0, there exists g > 0 such

that

: ® .\
limsup sup sup ]E(o,e)[supe‘ﬂzx "l qle] <00,
L—oo LeA0O€[0,m) >0

and

: = SE) .\ _
limsup sup sup E(o,g)[supemzx Ol, qte] <0,
L—oo AeAbel0,m) >0

Proof We present the proof in details for Z )(LE), then we make a comment on how to
treat Z )(LE). Letn:=|E¥?|. Let0=: Ty < T; < - - - be the stopping times defined by

T :=inf{r > Ti_1 : 60 (0) =60 (T, _1) + n) .

The r.v. T} is equal in law to the sum of kn i.i.d. r.v. distributed as ;')EE). We then
define the i.i.d. r.v.

Gii=ZP(T) — 2, (T-1) . k=1,

Decomposing Z;E)(Tk) — ZiE)(Tk_l) into the sum of the increments of Z )(LE) in

between the successive hitting times of wZ by the phase OiE), we see that E[G] =0
by Proposition 7.2. Introduce also

E E
o= sup [ZP0)—-z® @, k>1.
te[Ti—1,Tk]

We have for any ¢ > 0
qZ(E)(t) —qte q(Gi1++Gk) ,qYk+1 ,—qTxe
sup e~ e 52@ el ke
>0 k>0

(E)
Supe—qZk ) p—qte < E e~ 4(G1+4Gh) pqVir1 ,—qThe

t>0 >0

We aim at bounding the expectations of the two r.v. on the left hand side. By sym-
metry of the arguments, we only present the details on the bound of the first term.
Using the Cauchy-Schwarz inequality twice and the fact that the Y;’s, the Gi’s and
the (Ty — Tx—1)’s are i.i.d., we have for every k > 0

E[eQ(G|+~--+Gk)equ+1e—quS] < E[e4qG1]k/4E[e—4qT1£]k/4E[e2qY|]1/2 . (60)
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Assume that there exist Cyp > 0 and gg > 0 such that for all L > 1, all A € A and all
g € [—q0, q0] we have

Ele?M] < Cy, Ele?T]<Cy.

Note that |G| < Y7 almost surely. Note also that E[77] = nm&E) and recall E[G{] =
0. By Lemma A.1 we deduce that there exist C1, g1 > 0 such that the r.h.s. of (60) is
bounded by

(1+16C1gHM4(1 — 4qenm® 4+ 16C14%>) /4 C,/?

for all g € (0, g1). Recall from (59) that m;E) = E3/2 50 that nmiE) is bounded
from below by a positive constant uniformly over all parameters. Recall also that ¢ is
fixed. We deduce that by choosing ¢ small enough, the last term is bounded by Cn*
for some constants C > 0 and 1 € (0, 1). Summing this term over k > 0, we get the
desired upper bound.

It remains to prove the exponential bounds on the non-negative r.v. Y| and Tj.
Regarding 77, we use Lemma A.3 to deduce that for g > 0 small enough we have

]E[equ] ZE[qu(E)]n < ( 1 )n — e—nlog(l—qmiE)) )
1— qm;E)
Since nm&E) is of order 1, this suffices to conclude. We turn to Y;. For any x, T > 0
we have

P(Y) > x) <P(Ty > T)+P( sup |2 )] > x).
t€l0,7T]

The first term on the r.h.s decays exponentially in 7 by the exponential bound already
obtained. The second term decays exponentially in x2/T by Lemma A.2 as soon as
x is large enough. Adjusting 7 and x, we easily obtain an exponential decay in x
uniformly over all parameters, thus concluding the proof.

These arguments apply verbatim to Z)(LE). The only specific points are the last
bounds on the exponential moments. Regarding 77 the argument is exactly the same
since El\(E) has the same law as {){F‘). Regarding Y1, the only ingredient used for the
exponential bound is the uniform boundedness of the coefficients of the SDE solved
by Zf\E), and this remains true for Zf\E). O

7.3 Proof of Proposition 4.2

By analogy with G, let us introduce the observable:

2 1/2
Hy(h, @, ¥) = v (t)) 2 A0® o)l—ul

1 2

——————  sup ((p ®)+ ——
2 /2 3

([ @*(s)ds)!/ rel—k L] E

2E
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Set H = inf, e[ L L H,. By the GMP formula given in Proposition 4.1, it suf-
2E’ 2E
fices to bound

2E
f/ AA/G . ;E;+L(0)p(E) _(r—0)sin®0
M—*ﬁ S

< B [(H( 3P, 6))" | dodrdu

<\/— (E) (% (E) 7 —0)sin%0
/ ——/;GA/Q =0 AHLE( )p ”( )

U==—7g

S (AR (A(E))))q]déd)»du.

Note that at the second line, we have bounded H by H, where u is the concatenation
time.
Under Pé"ﬂ o we have

A 5 ~ Lo,® oy
tel— . 7]

The Lebesgue measure of A is 2h/(n(E)L) x \/ITZ/ L. Consequently, it suffices to
show that

s y q
/9 P OP (= 0)sin® B o[ (Fu (32, 6)) ] a0 62

is bounded by some constant uniformly over all u € [-L/(2E), L/2E] and all A € A.
By the Cauchy-Schwarz inequality and the bound /x < 1 + x for any x > 0, we
have

E(“)

o (0357 6]

< (1 +Eé‘f;79[ sup fA(E)(;)M exp (q(viE) —8)|t — ul)])

[E[ ZF’ZF]
E u | ~(E —2q

By Theorem 4, for all L large enough the term

T
(E) (E) .2
[;ZOPAHL(@)P _, = 0)sin"0do

is bounded by some constant uniformly over all parameters. To conclude, it therefore
suffices to prove that for all L large enough (for a different choice of ¢)

(E) (E) _ )
/0 A+L()p (rr 0) sin” 6

@ Springer



Localization crossover for the Anderson Hamiltonian 391

x]Egj;_g[ sup fﬁ“(;)qexp(%(vf)—e)|t—u|)]d0, (63)
rel—g. 7]
and
sup g 195157 ] (64)

are bounded by some constant uniformly over all # and X.
We aim at applying the estimates of Lemma 7.3. The difficulty is twofold. First,

the estimates in the lemma concern unconditioned processes while in (63) we have

(a concatenation of) conditioned processes. Second, in (63) the process fiE) is set to

1 at u so we have to be careful with this normalisation in the bounds.
To deal with conditioned processes, we use our estimates on the convergence to
equilibrium of the diffusions to prove the following.

Lemma 7.4 (Absolute continuity of the bridges) There exists ty > 1, a constant C >
0 and Lo > 1 such that for all L > Lg, for all . € A, t >0, 8 € [0, ) and for all
events A that depend on Q)EE) (s),s €0, t] we have

SUpP0,0)— (1415,0/) (A) < CP(0,6)(A) ,
6/

and

SUpP 0.0y (110,01 (A) < C P00y (A) .
0/

In addition, as tg — oo we have

P0,6)— (1410,6) (A) = (1 +0(1))P 9,0y (A) ,
P0.6) (410,00 (A) = (1 + 0(1) P09y (A) ,

uniformly over all 0,0 € [0, ], all A € A and all events A as above.

Proof The proof is identical for G)EE) and é)EE) so we restrict to the former. For any

given ¢ > 0 and for any event A that only depends on the trajectory of G;E) (s) for
s € [0, t], by the Markov property we have

: E(O"”[IAP(O,HA(E)O))@E) (1) €16/ — 8,6 +8])]
P0,0)— (11,6 (A) = lim .
o P0,0)(0; " (t +10) €[0" — 38,6 +8])

O (t0)elo’~5.0"+8)—u® @)

Foo®
E(O,G)[IA(I +— ey )]
—1i w09
=m ®) Y ®
510 (1 + P0,6) (05 (t+10)€[0'—8,6"+8])—pu;, (9))
®
1P
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By Theorem 4 and Lemma 3.1 the quantity

(E) (E)
|p;.7 (6o, 0) — ;" (0)]
sup  sup ) (65)
rEA 69,0€[0,7] M )
is finite for all #o > 1 and converges to 0 as #9 — oo. This suffices to conclude. O

Let us now bound (64). By symmetry, we restrict to u € [—
enough, we have u + 1 < L/(2E) and thus

/2
Ew>guw“%bq]<Eg;ﬁ[(/’ (y@%ofdQ .

This expression only involves the backward diffusion. Using (56) this last term equals

2E’ 0]. For all L large

(E) (E)
S (= 9)p u(n —-0,0) © Nl
Emﬂ_mq<<ﬁo) @ <o>dt ],

Y Op, gan—m

with r(E) (0) =1 (recall that f)EE) (u) = 1). By Theorem 4 and Lemma 3.1, the pref-
actor is bounded by a constant uniformly over all parameters. By Lemma 7.4 the
expectation can be bounded by a constant times

o [(t Ei[r(l)fl]f(E)(t)>_2q:|1/2 I_En_g[( /0 i é)EE)(t)dt>_q]l/2 .

To bound the first term we apply Lemma 7.3. To bound the second term we use
Lemma A.6.

We turn to (63), which is more involved. Let us denote by i :=u + L/(2E) the
distance of u to the left boundary of the interval and v := —u + L/(2E) the distance
to the right boundary. By symmetry, it suffices to bound

/ P @) pr — 0)sin?6
0

I q
B o[ sup i 0exp (Lo — el —u))]ao

L
t€[—5f.ul

This expression only involves the forward diffusion. By shifting time appropriately,
it rewrites

/ 2O — 6)sin? 0
0

(E)

®) E -

X ]E(o,o)ﬁ(a,a)[ sup ( (E) ) ( (v( )—s)|t —u|)] dao ,
ref0,a] (n)

with riE) (0) = 1. Let us take 7o from Lemma 7.4. We distinguish two cases according
to the relative values of i and 3.
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Assume i < 3fy. Theorem 4 and Lemma 3.1 allow to bound Px )(n 0) by a con-

stant. Bounding sin® @ by one, and integrating in 6, we see that it suffices to bound:

E(o,o)[ sup ( () ys ) exp (%(viE) —e)|t — IZI)] ,

te[0,i) (E)(u)

which is itself bounded thanks to Lemma 7.3.
Assume i > 3ty. It suffices to bound (uniformly over all the parameters):

'O ya® o

E0,00— @,0) [ZES[O[L (T(u) A )q] . (66)

Indeed, either v > 3¢y and then we bound p(E) 0) p(E) (r — 0) using Theorem 4 and
Lemma 3.1; or v < 37y and then we apply the same arguments to bound p;_;(6) while
we integrate over 6 the term p; ;(7 — 6). To bound (66), we split the supremum into
two parts:

e For the supremum over ¢ € [2tg, i], we use the adjoint diffusion and the identity
(56) so that it suffices to bound

B 1 ®) q
E(O,G)»(ﬁ,O)[ sup (f)(LE)(t)ej(V;L —a)t) ]
t€[0,u—2t]

with r(E) (0) = 1. Using Lemma 7.4, the latter is bounded from above by a constant
times

_ ) q
E(o,e)[ sup (fiE)(l)ef(v‘ 78)’) ]
tel0,u—2tp]

and we can then apply Lemma 7.3.
e For the supremum over ¢ € [0, 2#], we write

®
@) 0P i _ 3@®0-20 @oy-e@in-) 322 i)~z @) -ei-210))

><u)

Using the Cauchy-Schwarz inequality we thus find

A0 %(V§E)—s)lt—ﬁ)q}
@)

z® (1)-z® (2T0)*8(210*l))i| 12

E©0,00—@,0) [ sup (
t€[0,219]

SE(O,O)—>(IZ,0)|: sup e?
t€l0,219]

X E0,0)-(@.6) [eq(zﬁE)(2’0>—Z§E)<ﬁ)—s(ﬁ—2to))] 12 '
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The second expectation on the r.h.s. can be bounded using the adjoint diffusion as
above. By Lemma 7.4, the first expectation is bounded by a constant times

E 0)[ sup eq(ZiE)<t>—Z£E)<2to>—s<2zo—r>>] ,
"L re10,210]

which is itself bounded by a constant by Lemma 7.3.

This concludes the proof of Proposition 4.2.

8 Fine estimates on the diffusion

Set A:=[E —h/(Ln(E)), E + h/(Ln(E))]. In this section, we concentrate on the
r.v. Nr(A) and Néj )(A) and establish Propositions 4.4 and 4.5. To simplify the no-
tation, we work on the interval [0, L/E] instead of [-L/(2E), L/(2E)] since our
arguments will only rely on diffusions going forward in time. As a consequence, in

this whole section, the diffusion GiE) starts from O or sometimes some value 6y at
time O and live on the interval of time [0, L/E].

Recall that k = k(L) is the number of disjoint boxes (¢;_1,¢;) into which the
interval (—L/2, L/2) is subdivided. All the results of this section hold true provided
k — oo slowly enough: within the proofs, various constraints will arise on this speed.

8.1 A thorough study of a joint diffusion

The whole discussion revolves around a thorough study of the joint diffusion
(OEE), G,SE)) where [A, u] := A. Actually, it is more convenient to deal with (G)fE), o)
where

a(t) =080 -0 @), 1>0.
Let us collect a few facts about this pair of processes.

Lemma 8.1 ({a}y, {0).}r) is a Markov process. In addition, the process t — |o(t) ]
is non-decreasing.

Proof Recall that ({9,(};)}”, {OA(E)}H) is a Markov process. Since ({a}, {0x}r) is the
image of the latter through a bijection, we deduce the first property. For the second
property, suppose that «(¢) = k. Then O,SE) (1) = OA(E) (t) + kmr and from the SDEs
(11) we deduce that da(t) = d(6 — 6% (1) > 0. O

Let us take 6% (0) = 6 (0) = 0. Since we shifted the interval [—L/(2E),
L/(2E)] to [0, L /E], the number of eigenvalues of / in the interval [A, 1] is given
by Np(A) = L@&E)(L JE)|x — LOA(E)(L /E)] . As this quantity is not very tractable,
we instead look at |« (L/E) ], but we need to argue that it is a faithful approximation
of the former.
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Since x = | x|, 7 + {x}, we have the identity
a(L/E) = NL(A)7 + {0 (L/B)}r — {0," (L/E)}x . (67)
from which one deduces the following simple inequalities
NL(A) =1 =< |a(L/E)|x = NL(A). (68)
We define the length of the successive excursions of {G)EE)},, as
t©@:=0, ¢D:=inflr=0:60¢D 4+ 4 ¢V 4y =in)fori=1. (69)
We introduce the analogous stopping times for «, namely
@ =0, ® =inf{r >0: a(t(l) 4D ty=im}fori >1.

At this point, let us observe that the ¢ are typically of order E~3/2 since their

expectation equals m&E). On the other hand, the ) should typically be of order

L /E since the number of eigenvalues in A is of order 1. This illustrates that the two
processes HA(E) and o do not evolve at all on the same time-scale. It is also important
to note that the s are not i.i.d. since they are coupled by the values of the diffusion
6 at the times 23';11 W),

To circumvent this difficulty, we show that the 7()’s are stochastically larger than
a sequence of i.i.d. r.v. whose law is almost the law of (1): this is the content of the
next lemma, on which the rest of our arguments rely.

Lemma 8.2 (Stochastic lower bound of the hitting times t®) Ler (79, £);~ be
a sequence of i.i.d. r.v. such that each (FO, E(i)) has the law of(t(l), C(l)). Then the
sequence (r(i))izl is stochastically larger than the sequence (5O — f(i))+)i21, that
is, for any n > 1 and any bounded and non-decreasing function f : R" — R, we have

ELf @, e Ef (G =Dy G =201
Proof Define Xo =0 and for every i > 1
Xi =0 @V 4. D)),
The strong Markov property implies that the conditional law of ¥ given

Fry.yei-n is vx, |, where vy is the law of A given (G;E)(O),a(O)) = (x,0).
For any bounded and non-decreasing function f : R* — R we thus have

]E[f(f(l)a ey T(n)) |-Fr(l)+..4+r(nfl)] = F(T(l), ey T(n_l), Xn,]) ,

where

F(v1,-..,vn_1,xn_1)=/f(v1,.-.,vn_l,y)vxn,l(dy)-
y
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Fig.2  Coupling of (0, &) and

©3.8) ; ;
" ! M

Driving ' B B( _ ST)

Brownian motion:

Let ¥ be the law of (7)) — (D), . We claim that for every x € [0, 7), v, is larger’
than v. We deduce that

F(i, ..., vn—1,X0-1) =2 G(v1, ..., Un—1) :=/f(v1, e Un—1, Y)V(AY) -
y
Note that G is bounded and non-decreasing so that a simple recursion yields

E[f(r“’,...,r<">)]z/f(yl,...,ynmdyl)...ﬁ(dyn)
=ElA(GED =D, @Y ="l

To prove the claim, we fix x € [0, 7) and we consider the process (O)EE), o) starting
from (x, 0) and driven by the Brownian motion B: the law of the associated r.v. 7!
is therefore v,. We consider an independent Brownian motion B and we build a
diffusion (6;, &) starting from L (0, 0) as follows: up to the stopping time Sy := inf{z >
0:06, (t) = x}, the diffusion (9;“ @) is driven by B at any time ¢t > S, the diffusion
is driven by B(# — S,). Consequently 6, (Sx +1) = O)EE) (t) for all + > 0. We claim
that for all # > 0, &(t + Sy) > a(¢). Indeed @ + Sy) + 6, (1) and a(r) + 6" (1)
follow the same SDE (namely: the SDE satisfied by GP(LE)) but start from ordered initial
conditions and therefore remain ordered.
Thus we have almost surely

@V =8 <@V -8, <.

Since Sy =D, we deduce that (7 — M), is stochastically lower than (1 (see
Fig. 2 for an illustration of this coupling). This concludes the proof. g

We can now provide the proof of Proposition 4.4.

Proof of Proposition 4.4 We start with the bound of Ny (A)2. Without loss of gener-
ality, we can assume that % is small. Indeed, since Ny (AU A’) = Np(A) + Np(A')

9We say v is larger than s if for any non-decreasing and bounded function f we have [ fdv > [ fdu.
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Localization crossover for the Anderson Hamiltonian 397

for any two disjoint intervals A and A’, the bound of the second moment for a small
interval propagates to larger intervals.
By (68), it suffices to prove that

limsupE[ |a(L/E)J2] < o0

L—o0
By Lemma 8.2, we have
n ) )
PO+ 1™ <L/E) <P()_ GV -7P)y < L/E)
i=1

<P(@V-¢M); <L/E)"

< PGV <2L/E)+ PP > L/E))" .
Observe that

PGEY <2L/E) =P(la2L/E) |z > 1) <P(N2(A) > 1) <E[Na21(A)],

which, by Proposition 6.3 and provided that £ is small enough, is smaller than 1/4
for all L large enough. Furthermore, recall that m&E) = E~3/2, and by Markov’s in-
equality

~ E
PV > L/E) <mi®
which is also smaller than 1/4 for all L large enough. As a consequence

E[le(L/E))2]=) @n—DP(ti +- +1, < L/E),

n>1

is bounded uniformly over all L large enough.
Regarding the bound of N g) (A)2, letusset L =L /(KE). One needs to show that

sup kIE[Lot(L/)Jf,] <00.
L>1

Repeating the same steps, we see that
PGEY <2L') <EIN;/ (A)],

which, by Proposition 6.3 and provided that % is small enough, is bounded by 1/(4k)
for all L large enough. Moreover

PCO > L) <mP /L,

which is smaller than 1/(4k) provided'® k% « L+/E. This suffices to conclude. [

10This is a restriction on the speed at which k can go to oco.
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Before we present the proof of Proposition 4.5, we need a last estimate whose
proof is involved and therefore postponed to the next subsection.

Lemma 8.3 (Key bound on « and 0) Set L’ = L/(kE). Provided k — oo slowly
enough, we have kP({a(L')}; + {65 (L)}z > ) = 0as L — oo.

Proof of Proposition 4.5 Identities (67) and (68) remain true upon replacing Ny (A) by

N IEI)(A) and the time L/E, at which the processes are evaluated, by L’ := L/(kE).
Inequalities (68) imply that N\"(A) = |a(L)]» or NV (A) = [a(L) ], + 1.

Therefore, if Ng) (A) > 2, then necessarily one of the two events {|a(L")], > 2}

or {N él)(A) # |a(L") |} must be satisfied. We will control the probabilities of the
two events. For the last event, note that (67) implies:

NP (A) = la(@)]r 6 10 (L)) — 105 (L)) 2 0.
Since we have

O (L)) — (6P (L) if (6 (L)} — 10,7 (L)) 2 0,

@) = 7+ 0P AN =10 W S W) — 6P (L)) <0.

we deduce that
(1 _ ’ / E) 4/
Ny (D) = la(L) ]z < {a(L)}r +{0, (L)}r <7
Consequently

KP(ND(A) > 2) < kP(la(L') |7 > 2) + kPa (L)} + (6L}, = 7).

By Lemma 8.3 the second term on the r.h.s. goes to 0 as L — oo. Regarding the first
term, by Lemma 8.2 we have

P(la()r 22) =P +7@ < 1) < PGP = D)4 + @@ -1, < 1)
< PV - ¢ <1)?
<@®EV <2 +PEW = 1)*.
Applying the same arguments as in the previous proof, we get

(E)

m S5h\2
KB(la(L))r 2 2) <k(=2-+2)
which goes to 0 since m; =< E~3/? and provided'! k* « L’E. d

UThis is another restriction on the speed at which k can go to oco.
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Fig.3 Effective potential in
which R evolves

8.2 Proof of Lemma 8.3

Recall that L' := L /(kE). The proof relies on a small parameter (whose precise value
is relatively arbitrary):

Inlnln L’

{ 1 in the Bulk regime ,
&L =

m in the Crossover regime .

We also define u;, :=1In 521.
From the estimates on the invariant measure stated in Lemma 3.1 and the conver-
gence of the densities of Theorem 4, there exist two constant ¢, C > 0 such that

P{6™ ), (L) > 7w —3ep) <clep +¢ €L,

for all L large enough and therefore kIP’({Q;E)}n (L") > m—3er) goesto 0 as L — oo,
provided k goes to co slowly enough. To establish the lemma it suffices to show that

5
lim kP({a(L)}; > =€) =0. (70)
L—o00 2
Recall that ({GiE)}ﬂ, {o}) is markovian. If we can show that for some C > 0

lim k  sup P({a(ClnL/)}jT>§EL|9A(0)=90,01(0)=010)=0, (71)

L—00 gy,a0€[0,7)

then the Markov property applied at time L’ — C In L’ yields (70). The order of mag-
nitude In L’ will be justified by the discussion below.
The proof of this convergence relies on a thorough study of the process

R :=logtan({a}; /2) € [-00, 00) ,

which happens to behave very much like a diffusion in R within a potential repre-
sented on Fig. 3 (note that this potential is similar to the one studied in [1] for the
small B limit of the Sineg process). The main features of this potential are: —oo is
an entrance point while 400 is an exit point; the potential admits a well centered at
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—1In L’ and an unstable equilibrium point near 0; the drift generated by this potential
is (roughly) a negative constant, resp. a positive constant, on (—InL’, 0), resp. on
(0,InL").

Actually, the process {a}, (and therefore the process R) is not markovian as its
evolution depends on the Markov process 6, : however, 8, evolves at a smaller time-
scale than R so that after “averaging” over the evolution of 6, , the process R can be
seen as a diffusion. One difficulty in our proofs will then consist in controlling the
error made upon this replacement.

To alleviate the notation, we write Py, g, for the law of (65, R) starting from
(6o, Ro) at time 0. The convergence (71) is implied by

lim k sup Poy,ro(R(CInL') > —Ine; ') =0. (72)

L—00 gye[0,7), Rye[—00,00)

Recall u7 :=1n eL_l. We divide the proof of (72) according to the initial position of
R. The first lemma shows that if R starts in the interval [—oco, —2uy ], that is, within
the well of the potential of Fig. 3, then it typically remains in [—oo, —u ) up to time
ClnlL'.

Lemma 8.4 (Small initial values) For any constant C > 0, provided k — oo slowly
enough, we have

lim & sup Pgy,Ro( sup R>—u;)=0.
L—00 gy€[0,7), Rye[—00,—2ur ] [0.CInL"]

The second lemma shows that if R starts in the interval [—2u , 2uy ], that is, near
the unstable equilibrium point of the potential of Fig. 3, then it typically escapes this
interval by time 2In L’.

Lemma 8.5 (Intermediate initial values) Provided k — oo slowly enough, we have

lim k sup Pay.r, (| R| does not hit 2uy, by time 2InL") =0.

L—00  gye[0,7), Roe[~2u,2u; ]

Finally we show that if R starts in the interval [2u[ , 00), that is, near the exit point
+o00 of the potential of Fig. 3, then it typically explodes to +o0o within a time of order
InL’. As R restarts from —oo when it hits +00, we are then back to the regime of the
first lemma.

Lemma 8.6 (Large initial values) Provided k — oo slowly enough, there exists a con-
stant C > 0 such that

lim & sup Pgy.r, (R does not hit + 0o by time CInL') =0.

L—00 gye[0,7), Rye[2u,00)

It is straightforward to deduce (72) from the three lemmas and the Markov prop-
erty.

Before we proceed with the proofs of these three lemmas, let us compute the SDE
solved by R.
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Lemma 8.7

dR = (VE(u—2)sin*@ + 6 cosh R + VEG. — B) sin(oc +26()

1
+ 5 cos(o + 2607)

tanh R

t

(1 + cosa + 49{E))))dt —sin(a +20)d B® (1) .

Note that we intentionally left some occurrences of the process « in this expres-
sion. Depending on the range of values « (or equivalently, R) at which our analysis
focuses, we will neglect some terms of this SDE.

Proof Trigonometric identities yield
sin? GL(LE) — sin? QA(E) = sino sin(o + ZQ)EE)) )

1
sin’ QI(LE) cos Gl(tE) — sin’ G)EE) cos O)EE) =3 sin o cos(a + ZG)EE))

1. (E)
—3 sino cosa cos(2a +46,7) .
Starting from (11) and applying these identities, we can write the SDE solved by «
do = (JE(M —nsin?(a +6®) + VE( — E) sinasin(a + 20)
L 20®)
+ 3 sina cos(a + 260,)

1
—3 sino cosa cos(La + 49§E)))dt — sina sin(o + ZGEE))dB(E)(t) .
If f(x)=logtan(x/2), then f'(x) = 1/sinx and f”(x) = —cos(x)/sin’(x). Let us

assume that «(0) € [0, 7). Then « remains non-negative, and until its first hitting
time of = we obtain by It6’s formula

1 coso
dR = ——do — sin®(a +20")dz .
sino
Using the identities sina = 1/ cosh R and coso@ = — tanh R, the asserted expression

for the SDE follows, at least until the first hitting time of 7 by «. Now if & € [n7, (n+
1)), then it is not difficult to check that {«},, until its next hitting time of 7, satisfies
the same SDE as «. Consequently, we can again apply 1t6’s formula and derive the
desired SDE for R. Patching together the successive excursions of «, we derive the
lemma. O

Proof of Lemma 8.4 By monotonicity, it suffices to consider the case Ry = —2uy . Let
S:=inf{t >0: R(¢) € {—3/4)InL’, —uy}}. We are going to prove that there exist
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¢, ¢ > 0 such that for all L large enough

inf Py ry(R(S)=—=@B/HInL’;S>c'InL’)>1—¢€f . (73)
00€l0,7)

From this estimate and the Markov property, one deduces the statement of the lemma
provided'? k < €, .

Let us write d R(1) = A(t)dt +d M (t) where M (t) := [} —sin(a+20"")d B®) (1)
is the martingale part of the SDE. One can check that for all ¢+ < §, the drift term
satisfies

A(t) =C (1) +Oer + (L)1,

where
1 1
C(t) =vVE( —E)sin20®) + 5 cos(20®)) — 70+ cos(40®))) .

Note that the first term in C (¢) is of order O (E/L) while the two others are of order
(E)
O (1) but it is more convenient to keep this term. By (92) we have E[ 0{'” C(s)ds] =

—v)(\E)miE). Recall that the expectation of {;E) is miE). Therefore for ¢ large enough

and as long as r < S, the process R(f) — Ro roughly behaves like —viE)t + M (1),

(E)
A

where v, is of order O(1), so that it has a negligible probability to reach large

values. Note that —vﬁE), the value of the approximate drift, is consistent with the
effective potential of Fig. 3.

To put that on firm ground, introduce dﬁ(t) = C(t)dt +dM((t) with Ié(O) = Rp.
For any € > 0 there exists g > 0 such that

. R(1)— ® _
lim sup sup Eg,_ g, [sup e? RO—Ro+v 7l p=a€r) o og
L—oo 6 >0

Indeed for the integral f(; C(s)ds, it follows from the very same arguments as in
Lemma 7.3 and we can deal with the martingale part using Lemma A.2.

Using sup, ., |R(s) — R(s)| < O(er, + (L)% x ¢ for all < S, we therefore
deduce that there exists Ly > 1 such that

- €, _
sup sup gy, g,[ sup eIRO=Ro+v;™1] p=2g€t] oy
L>Lgy 6o t€[0,S]

Call K the expression on the 1.h.s. Provided 2¢ < v)(\E)

enough

we deduce that for all L large

supPg, g, (R(S) = —up) < Ke "L .
2

12This is a further constraint on k.
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In addition, taking ¢’ > 0 small enough we observe that there exists C’ > 0 such that
for all L large enough

R(S)=—@/4)InL'; S<c'InL' = sup |R(t)— Ro+v"t|—2et>C'InL’,
t€[0,S]

and consequently for all L large enough

SUPPGO,RO(R(S) =—-@3/4)InL’"; S<c lnL’) < Ke—C'InL’
)

This concludes the proof of (73). Il

For our next proof, recall the definitions of the hitting times (69) and set Ty =
W4 4™ We set n = |E3?]|, 1 := Ty for every k > 1 and 79 = 0. The
sequence 7 should not be confused with the sequence ¥ introduced in Sect. 8.1.

Proof of Lemma 8.5 1t suffices to prove the statement of the lemma with 6y = 0 and

with 21n L’ replaced by In L’. Indeed, if 6y # 0, then by Lemma A.3 there exists ¢ > 0

—cInL'E3?

such that with probability at least 1 — e the process {G)EE)},, hits 0 by time

In L’. Therefore, we now assume that 8y = 0.
Introduce the stopping time

S:=inf{t >0: R(t) ¢ [—2ur,2url}.

We claim that on any excursion of the diffusion Q)EE) from njm ton(j + )7, R has
a small chance to escape from [—2ur,2ur]i.e.

inf Pg,— S >8;, &L= _eT33y 74
RUE[—IZI}AL,ZML] 60=0.Ro (S < T1) = 91 L exp( €L ) (74)

We postpone the proof of the claim and proceed with the proof of the lemma. By the
strong Markov property, we have for all Ry € [—2uy,2ur] and N > 1,

Pgy=0,R (S = ™) = Poy=0,r, (S = v |S = tv—1) Pgy=0,r, (S = Ty —1)

=< sup Poy=0,r; (S = Tv) Pay=0,ro (S = Tn 1) ,
R(’)e[—2uL,2uL]

which gives with (74):
Pgy=0.8o (S = t3) < (1 = 81)" .

Set N :=« In L’ and define the event B := {ty < InL’}. If x > 0 is small enough
then by Lemma A.3 there exists ¢ > 0 such that for all L large enough we have

IP)(BC) < 67CE3/2 In L/ .
Therefore uniformly over all Ry € [—2up,2uy]

Poy—0.ky (S <InL') > Pgo—o.r, BN S < Ta}) = Poy—o.ry (S < Tv) — P(BY)
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> 1 _ (1 _ SL)N _ e—cE3/21nL’
so that
kPgy—o.7o (S > InL') < ke ¥!™LSL 4 jp=cEYInL’

Since eL_l <InlnInL’, we have InL'§; — +o00. Provided k does not go too fast to
+o0 (for instance provided k <« InL’), we deduce that kPg,—0,r,(S > InL’) goes to
0 uniformly over all Ry € [—2ur,2ur].

We now prove (74). Let us write dR(t) = A(t)dt + d M (t) where

t
M) = / —sin(a +26")dB® (s) .
0

Set S :=inf{t > 0: R(t) ¢ [—10uy, 10u]}. Set at := 2 arctan eT1%L and introduce
the martingale

t
N(t) = — / sin(a— Va Aay +20)dB®(s)
0

which coincides with M (¢) for all time ¢ < S’. There exists C > 0 such that whenever
t < &', the drift satisfies |A(z)| < C almost surely, and therefore

—Ct+ Ny <R(t) — R(0) <Ct+ Ny . (75)
Recall that n = |E3/2] so that nm&E) is of order 1. We then note that
P(S<t)>P@Et <t AS N, >Ct+4dur)
>P@Er < QemP) AT A S Ny = 5ur)

>P@Ar < (2nm§E)) AT AS isupN =5uy , [ionf]N >—uy).
[0,2] i

Note that, if at some time ¢t < (2nm§E)) AT) we have supjp. N = Suy andinfjp ) N >
—uy, then by the inequalities (75) we have ¢ < S’. Consequently

P(S < 11) = P@r < @nm”) Aty ssup N =5up,, inf N > —up).
[0,7] !

Let g, :==inf{s > 0: (N); > r}, and define B, := N, . By Dubins-Schwarz’s The-
orem, S is a Brownian motion. We thus get for any » > 0

P(S <) = P(B = Sups inf f= —uriq, < Cnm{P) A 1))
T

(76)
= P(; = Sur; inf p= —ur) —Plg = CnmP)y A1)

We now set r := eiz. By symmetry

P(B, > 5ur; inf B> —up) =P(sup B <ur; B, <—Sur)
(0.r] [0,r]
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Localization crossover for the Anderson Hamiltonian 405

=P(Br < —Sur) —P(sup B >ur; Br < —Sur).
[0.r]

By the Reflection Principle [34, Exercise II1.3.14], this last term coincides with
P(B, < —7ur). Therefore, by symmetry again

P(B, > Suy; [%)Hf]ﬁ > —up) =PB < —Sur) —P(Br < —Tur)

=P(—Tur < Br < —5uyr)
=POur < B <Tur).

Since u%/r — 00 as L — oo, there exists ¢ > 0 such that for all L large enough

1 Tup 2 2ur 49u3 uz
PGBuy < By <Tuy) = NerTs e Zdx > \/Z—E_T >e ‘7. )
r Jsuy Tr

To bound from above P(g, > (2nm§E)) A 11), we distinguish the Bulk and the
Crossover regimes.
We start with the Crossover regime. We have

P(g, > @nm ") A1) = P((N) <r) <P(r; > 20mE) + P(N),, < 7).

(2nm§LE))/\r1

From Lemma A.3, forall @ € [0, 1)

P(t; > 2nm§LE)) < E[ea{;E)/m;E)]ne—2na — en(ln ﬁ—Za) ‘

Consequently there exists ¢’ > 0 such that
/E3/Z

P(r; > 2nm§E)) <e ¢

Regarding the second term, we claim that

oo (E) 1 g [™
(N)rlzfo sin“(a— Va Aoy + 20, )dszgeL/O 1{{0iE)(x)}ﬂ§ei‘}ds'

To prove the claim, note that arctanx ~ x as x — 0 and arctanx ~ % — % as x —

+o00. Consequently for all L large enough

10 10
€ Sa_VUAN0; ST —€ .

Fix k € (0, 1). If {G)EE)(S)},, < eil , then provided L is large enough we find
(1 —i)ef? <{a_ Vals) Aay +207 ()} <7 — (1 —K)e)?,

and therefore, picking an appropriate value x, we find sin’(a¢_ Vv a(s) A ay +
26{F(s)) = 10,
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We now bound from above ]P(%e%o fon 1{{9(E)(S) <6”}ds < r). Note that the inte-
A T=%L

}
gral that appears in this r.v. is a sum of z i.i.d. r.v. X} with

(E)

19}
X1 :/(; 1{|9~A(E)(S)|§€il}ds .

Introduce o :=inf{r > 0 : Q)EE)(t) = eil}. Note that X1 > o. Consider the process

Q)EE) (- A o). Since n is of order E3/2its drift term is bounded by nC(’x, where C(’x isa
given constant independent of L, and the square of its diffusion coefficient is bounded
by Cg = 6?‘4. By Lemma A.2 there exists § > 0 such that for all L large enough

8¢y Sep! () 11
PX;>—)>P(oc>—=)=P( sup 6, (sAo)<e)>
n n 11
sel0, 5L

| =

Putting the previous arguments together, the computation boils down to an estimate
on the Binomial distribution:

n

5
P((N)r, <r) <P(D>_ —€'l 1 <r) <P(Bin(n,1/2) <
=2 T x>k

2ney,

).

Let us point out that § is independent of L, so that €7 /§ goes to 0 as L — oo and
therefore 2”% is much smaller than the mean of the Binomial distribution at stake. A
multiplicative Chernoff bound gives for some constant ¢’ > 0:

P(Bin(n, 1/2) < 2”5L) < o~ 3((—4er [8)+(4e /) In(4e /8)) — ,—c"EY
b f— 5 — f— M

We henceforth obtain (recalling that #; =1In eL_l)

m2e; !

—C—737 _ 32 _ 32
PS<t)>e L —e ¢F7 e @E",

Since ezl <In E, we obtain (74).
Let us now consider the Bulk regime, for which n = 1 and 71 = ¢;,. We have

Plgr = @nmy) A t) =PUN)@myyng =1) -

Then we introduce o :=inf{t > 0: 0, (¢t) = eil}, which is smaller than ¢;, and we
write

@mng. ) 1 5
(N)em)nc, =/ sin“(o— Va Aoy +20,)ds > 561‘ (o A (ZmA)) .
0
Since m,, is of order 1, we thus have

PUN)amyng, <7) <P(o A (2my) <2€}*) =P(0 <2¢}%) .

@ Springer



Localization crossover for the Anderson Hamiltonian 407

To bound this last term, we consider the process 6, (- A o). Its drift term is bounded
by some constant C, > 0 (which is of order 1) and the quadratic variation of its
martingale term is bounded by Cg = et L . By Lemma A.2, we thus get

1 734
P(o <2612)<]P’( sup Qx(s/\a)>—6 )<2e 6_4
5€[0,2€}2]

Consequently

2 —1
]n € _
_ L 34

PS<t)>e G —2 fa >, 0

We turn to the case where the initial value is “large”.

Proof of Lemma 8.6 By monotonicity, it suffices to consider the case Ry = 2up.
Whenever R(t) € [ur, 00),

dR(t) = — («/E(x _E)sin20®) + cos(29§E>) - l(1 + cos(49§E>)))dz

h? R
+ VE(u — 2 sin20® mhRdt — sin(a +20)d B (1)

+O(er + (L) Har

The proof consists of two steps. First, we apply essentially the same arguments as in
the proof of Lemma 8.4 to show that with large probability R hits 101n L’ before u,
within a time C’In L’. Second, we consider the process R starting from 101n L" and
we show that with large probability, R is bounded from below by the solution of an
ODE which explodes within a time smaller than In L’.

We start with the first step. Recall that Rp = 2uy. Let S :=inf{r > 0: R(¢) €
{ur,101In L'}}. We claim that there exist ¢, C’ > 0 such that for all L large enough

. 1{1f Pgy R, (R(S)=10InL"; S < C’ 1nL)>1—eL (78)
0€

Since vE(u — A)sin Q(E) Sc‘gl‘h 1’; > 0 up to time S, it suffices to show the desired

estimate but for the process

= ! inh? R
Ry =R~ [ VB 2sin 0,
0 cosh R

ds ,

and the stopping time S:=inf{t > 0: R(r) € {ur, 10InL'}}. Fix € > 0. The same
arguments as in the proof of Lemma 8.4 show that there exist ¢ > 0 and Ly > 1 such
that

sup supEgo,Ro[ sup o4 R(O)—Ro— VB —2qet] -0,
L>Lo fo 1€[0.3]
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Call K the expression on the L.h.s. Provided 2¢ < U;E)

enough

we deduce that for all L large

~ o~ By _ E) s _ K _
supIP’,go,RO(R(S) = uL) < supIP’go,Ro(equ(s) Ro—v, 781, —2q€8 > eq”L) < Ke %L |
0o o

In addition, taking ¢’ > 0 large enough we observe that there exists C’ > 0 such that
for all L large enough

RG)=10InL' &5 >c'InL'= sup |R(t)— Ro—v\Pt| —2et>C'InL’,
1€[0,5]

and consequently for all L large enough

supPg g, (R(S) =10InL’; §> 'InL’) < Ke 9C' L,
0o

This proves (78) for R, and by monotononicity, for R as well.

We turn to the second step. We now take Ry = 10In L’ and we set 8" :=inf{t > 0:
R(t) € {2InL’, +00}}. Take € > 0 such that 2¢ < viE). The same arguments as in the
first step show that there exist ¢ > 0 and Lo > 1 such that
()

|R(t)—Ro—v, 1] p—2qet

sup supEegy,g,[ sup ¢ J<oo,

L>Lo 6o 1€[0,5]

where 8’ :=inf{t > 0: R(r) € {2InL’, 400}}. Call K the expression on the 1.h.s.
Note that for any r > 0

R(t) <5InL' = |R(t) — Ry — v{"t| — 2t > 5In L’ .
We deduce that with a probability at least 1 — Ke™9° InL" " we have for all € [0, §']
R(t) >5InL’.
Call G this event. On G, if §' < oo then necessarily R(S") = +o0 and then, S’ < §
and R(S") = +o0.
Note that there exists a constant ¢ > 0 such that for all ¢ € [0, 5]

)
sinh” R(¢) - ﬁ

> —sin? 0 (1)eRO
cosh R (1) L

VE(u — 1) sin? 6 (1)
On the event G, for all ¢ € [0, S'] we thus have

ds

sinh? R
0S

cosh R

t
R(t):lé(t)+f VE(u — ) sin? 6,
0

E [! .
>5InL' + %/ sin? G)EE)(s)eR(A)ds .
0
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Set for any r > 0, ¢, := inf{t > 0 : fé sinzeiE)(s)ds > r}. Whenever ¢, < §', a
change-of-variable yields

E r
R(g;)>5InL + Cf/ eRa gy .
0

Now the solution to the differential equation
E
£ = %eﬂ’) . f(O)=5IL’,

is explicitly given by f(r) = —In(e=/© — %r) which explodes at time

L k
"0 RS © T cpA

Let us require k < cL’*. Then f explodes by time 1. By comparison, on the event G
we also deduce that » — R(g,) explodes before time 1. To conclude, we also need to
estimate

InL’
supPg, (g1 > InL') = sup ]P’go(/ sin? O)EE) (s)ds < 1) .
2 6o 0

Given 6y, recall Ty = inf{r > 0: GI{E)(t) =06y + km} for any k > 1. Set p := L ln(L,;)J.

2m X
‘We have

InL’
supIP’go(/ sin’ Q)EE)(s)ds < 1) < supPy, (T, >InL")
6o 0 o

TP
+ sup]P’go</ sin? QA(E)(s)ds < 1) .
6o 0

From Lemma A.3, there exists ¢; > 0 such that

supP(T), >InL") <e InL'EY?
o
T, . .. .
Now observe that fo ? sin? QA(E) (s)ds has the same law as a sum of p ii.d.r.v. X; with

i
X1 ::/ sin’ G)EE) (s)ds .
0

From Lemma A.2 (and similarly as we did in the previous proof), there exists § > 0
such that

8 1
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Therefore

T, . 32
supIP’g()(/ sin? 0 (s)ds < 1) < F(Bin(p. 1/2) < ).
6o 0

Note that there exists ¢ > 0 such that p = Lzln—f;;)J > ¢E*21nL’. Using again a mul-
my
tiplicative Chernov bound, we get for some ¢, > 0,

E3/2 .
P(Bin(p, 1/2) < ——) < ¢ InL'EY?

Putting everything together, in this second step we have shown that for Ry = 101In L’

. . . _ _ 'g3/2
1(51f]P’90‘R0 (R does not hit + co by time InL’) < Ke gL’ | ,—ciInL’E
o

4 e—C2ln L'E3?

Combining the two steps, we conclude provided kK — oo slowly enough. 0

9 Poisson statistics

The goal of this section is to prove Propositions 4.7 and 4.3. The former provides the
intensity of the random measure N, 1., which was defined in (21): this result, combined
with the arguments presented in Sect. 4.4, establishes the convergence of N7 towards
a Poisson random measure. Subsequently, Proposition 4.3 shows that N7 — N goes
to 0 as L — 00, and therefore concludes the proof of the main theorems.

The proof of Proposition 4.7 is presented in Sects. 9.1 and 9.2, while Sect. 9.3 is
devoted to the proof of Proposition 4.3.

9.1 The limiting intensity

Let us start by defining the two random processes Yg and Y, introduced before the
statement of Theorem 3.
In the Crossover regime, we have defined for some two-sided Brownian motion 5,

o 1l B

In the Bulk regime, the definition of Yz requires more notations. Consider two
independent adjoint diffusions (6?1;r (1), ,673r (t);t>0) and (05 (1), o5 (t); t > 0), satis-
fying the SDEs (55) and (57), and starting from

00 =60, O (0)=n—60, pp0)=7p0)=0.
In other words, we work under the product measure If”?(')’ 0 ® H_D(_o, 7—0) with the addi-

tional convention that ff 0)=1. We let yf (1) := e%ﬁz‘: ) gin G_Ei(t). We define their
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Localization crossover for the Anderson Hamiltonian 411

concatenation!?

Jp()  if1=0,

VE(t) ==
Ye®) yE(=t) ift=<0.

‘We then consider a mixture of these concatenations over different values of 6: under
the probability measure

pE©@)E(r —0)sin’ 0 5,
n(E) 0,6

) ® ]Py(_o’ﬂ_g) ()de )

we define the process
YE():=YE(), 1€R.

One can now provide the definition of the limiting probability measure o g, which
is a unified notation for the probability measures og in the Bulk regime and o in
the Crossover regime that appear in the statement of Theorem 3. Let us denote by Yg
the process Yg in the Bulk regime, and the process Y, in the Crossover regime. In
both regimes, o is the law of the random element in M defined as

Yg(t + Ug)2dt

wEWD =y ordi

where Ug is the associated center of mass

_ [1YE@)?dr

Ve =y arar -

The rest of this subsection is devoted to the proof of Proposition 4.7. From now
on, let us fix some function f as in Proposition 4.7, and we let 2 > 0 be such
that f(A,-,-) = 0 whenever A ¢ [—h, h]. We also set A :=[E — h/(Ln(E)), E +
h/(Ln(E))].

Recall the notations for the concatenation of the diffusions from Sect. 3.5. For u €

L L :
[—5%g> 7%l let us consider the product law PT—L/(ZkE),O)—)(u,G) ®
P

(—L/(KE).0)—> (—u.71—0)" With a slight abuse of notation, we still denote this prod-

uct law by ng;_e (originally, this notation was for the time interval [—L/(2E),

L/(2E)]). Then, we define under this product law the probability measure on R built

from the concatenation process &;E):

~(E
5 (1)2dr
~(E °
[3® )2t

13We follow 77~ on [0, 00) and y1(—-) on (—o0, 0] in order to be consistent with the definition of the
concatenation of Sect. 3.5.
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412 L. Dumaz, C. Labbé

The support of this measure is [—ﬁ, ﬁ]. We let lA]A /E be the center of mass of
this measure

Oy _J150 0P (79)
E = [:® 2,
[ 35 (0)?dt

We then recenter the probability measure by defining:

~(E ~
o8 ry i S Cr/E+ 01
15380 /E + 1)2dt

We introduce the measure

()= PO r —6)sin20 By _,()d6 .

VEn() /9:0 a

By Corollary 6.2, this is a probability measure. We now proceed with the proof of
Proposition 4.7.

Proof of Proposition 4.7 Step 1. For any j € {1, ..., k} we have

/fdj\/’ij) =3 fLnE - E). U /L w?).

i>1

Note that the operator at stake here is H(L]) on (tj—1,tj). Let a; be the midpoint
of (tj—1,t;). By the GMP formula of Proposition 4.1, using forward/backward pro-
cesses on the interval [—L/(2kE), L/(2kE)] and then shifting the evaluations by a;,
we find (recall that A :=[E — h/(Ln(E)), E 4+ h/(Ln(E))] and that f(u,-,-) =0
whenever u ¢ [—h, h])

1 =E[ Y f(LaB ¢ - B), 0P /L, ul)]

i>1

- n
—JVE / - / / P, ©)p®, (x—0)sin’6 (80)
u reA Jo=0 —

L L
__ L Ay o tu A SER
== 2kE 2kE

x B[ £(Ln(E)Y0.~ B), (0 +ap/L, ) | d6 didu

Step 2. We now show that

1-—E/ﬁ_& / n(A)Q(”)[f(Ln(E)(A—E) (a; +uE)/L Lb(E))] dodu
I u LEA & ' ! T

__ L
== TIL

+o(l/k),

where o(1/k) is a negligible term compared to 1/k uniformly over all j.
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To that end, let us first observe that there exists a constant C > 0 such that for all
L large enough, for all u € [—ﬁ, ﬁ] and L € A

A opg tu

T
/ ™, (e)p‘E) (r —0)d <C. (81)
=0 2kE U

Indeed, at least one of the two densities that appear in this expression satisfies the
conditions of Theorem 4, while the other can be integrated over 8: consequently,
the integral over 6 of the product of the densities can be bounded by some constant
independent of all L large enough.

Note that |l7,\/L| < 1/(2k) and |uE/L| < 1/(2k) so that they vanish as L — oo.
Since f is uniformly continuous, we can replace the expectation term in (80) by

E(guy)r e[f(Ln(E)()» E),(aj +uE)/L, 0 A(E) ]

Indeed, denoting by « 7 (-) the modulus of continuity of f and using (81), the error
made upon this replacement is bounded by

wf

<CvE—
kE Ln(E )
_ C2h kp(1/k)
k' VEn(E)
Since the modulus of continuity vanishes at 0, this term is negligible compared to
1/k.
Let ¢7 be such that In(L/E) <« t;, < L/(kE). In (80), the integral over u € J :=
[—ﬁ, —ﬁ +1t]U [ﬁ —1tr, ﬁ] can be bounded by

fE/ / /ﬂ ™, ()p‘E) (r —0)dOdidu X | flloo.  (82)
uel Jren Jo=0 2kE 4

)L,m“r

f / P L OP _ (r = 6)sin’ Dicr(1/ k)6 didu
u=— sk Jrea Jo=0 Pa g +u 2kE U

wp(1/k)

Using (81), this last quantity is bounded by a term of order

which is negligible compared to 1/k as required.
In the remaining integral, Theorem 4 allows to replace both of the densities by the
invariant measure, up to some negligible term o(1/k). We are left with

el ®) (9),, ) 2
«/_/ / / O (r — ) sin® 6
*f+t1‘ AeA JOH= 0

U=—2E

X B[ FLnEYG~ B, @ +uB)/L, ) | d6 di.du
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=k [T [ [0 B, By ] ddu
= ) ) P TA '
u +t; JAEA

L
2kE
where we used Corollary 6.2 at the second line. This completes Step 2.
Step 3. Summing over j the quantities above, we have shown that

} oHE 1L
E[/ deL]=EZ/ /A R
j u S

—_ L
=—nEtiL

x Q[ F(Ln(E)0— B), (aj +uB)/L, )] didu +o(1)

set Dy i=U; (17— f. ¢ +uf1n(-1/2.1/21).
Applying the change of variables ;4 = Ln(E)(A — E) and v = (a; + uE)/L, this

rewrites
- n(A(u))
El / FdNL] = / / Lign
vel=1/2,1/21 J pel—h,n]  N(E) oL

x QU £ e v, 0] didv+o(1),

where A(n) and u(v) are the reciprocals of the change of variables. Note that
n(A)/n(E) — 1 uniformly over all A € A. Consequently we only have to show that
as L — oo

~(E
/ / 1U¢DLQ§LLZI(LU))) I:f(,b(*’ v, w)(h('li))il dﬂdv s
ve[—1/2,1/2] J pe[—h,h]

converges to

/ / / _ fu,v,w)dpdvog(dw) .
vel—1/2,1/2]J pel—h,h] JweM

To that end, it suffices to show that for any sequence Ly — oo, there exists a subse-
quence along which the convergence holds. Fix some sequence Ly — 00, and extract
a subsequence Ly, in such a way that the Lebesgue measure of

D :=limsup DLk,. ,

i—00

vanishes. As w — f(u, v, w) is a bounded continuous function, using the Dominated
Convergence Theorem, it suffices to show that along the subsequence Ly; and for any
vé D

~ (E
@Yifff)[f(% v, wf\(;))] - /M fu,v,w)og(dw) .
It is the object of Lemma 9.1 stated below. 0
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Lemma 9.1 We use the notations of the previous proof. For every v € [—1/2,1/2]\D
and for every u € [—h, h], the law of 121%1) under Qyz/(f))) converges weakly, along
the subsequence Ly, , to 6 on M.

9.2 Proof of Lemma 9.1

We fix some v € [—1/2, 1/2]\ D and some u € [—h, h]. For notational convenience,
we write L instead of Ly,. We also set A =A(u) = E 4+ p/(Ln(E)) and u =u(v) =
(Lv — a;j)/E where a; is the midpoint of the interval (¢;_1, t;) in which Lv falls.
Since v ¢ D, for all L large enough u € [—ﬁ +t7, ﬁ — tr]. Assume that we can
show:

(1) For every compactly supported, continuous function g : R — R the r.v.
A(E
/ g3, (t +wdr
under Q;") converges in law as L — oo to

/ g(OYE(t)*dr .

(2) Control of the mass at infinity. There exists ¢ > 0 such that

lim sup lim sup Qi’”(/ e‘”“”'jz)(hE)(t)zdt > x) =0.

X—>00 L—>o00

Given these two assumptions, we can proceed with the proof of the lemma.

Proof of Lemma 9.1 The control of the mass at infinity (2) allows to lift the conver-
gence in law stated in (1): for every continuous function g : R — R with at most
polynomial growth at infinity, the r.v.

fg(t)&ﬁE)(t +u)?dt,

under Q&”) converges in law to f gM®YE (1)%dt. This convergence remains true for
n-dimensional vectors associated to continuous functions g1, ..., g, with at most
polynomial growth, for any n > 1. In particular

/f}iE)(l+u)2dl:>/YE(t)2dt,

and

A

O,  [t3PG+wde  [1Yp()dr

u= =
E f);iE) (t + u)2dt [ YEg(t)*dt
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In addition, this implies [19, Th 16.16] that the following probability measures con-
verge in law in M

(¢ + u)2dr . Y (t)2dt
(38 ¢ v u2dr ~ [Ye@®?dr

(83)

Using Skorohod’s Representation Theorem, the previous convergences imply that the
following convergence in law in M holds

3Pt + U, /E)2d1 . Ye(t + Ug)2dt
38 ¢+ 0, /B)2dr ~ [YE(+Ug)dt’

as required. g
Let us now prove the two assumptions above.

Proof of Assumption (2) 1t suffices to show

lim sup lim sup sup]P’( “) (/ e‘”’_”ljz)(LE) (t)2dt > x) =0.

X—>00 L—>oo

Recall that Pé"n , stands for P*
quently

(L) k), 00— w,0) D P(_L/kE),0)—> (—u,7—g)» CONSE-

([ e i arar - x)
+ t—u|  (E),+ \2
Sp(fL/(ZkE),O)%(u,G)(‘/t< eIty (1) dr >x/2)
<u

- —ul ,(E),— \2
+P(—L/(ZkE),O)e(—u,n—G)(/ Ay, ()2 dr >x/2>~

t>u

We concentrate on bounding the probability that concerns the forward diffusion, but
the exact same arguments apply to the backward diffusion. Shifting the time parame-

ter by L/(2kE), writing ii = u + L/(2kE) and bounding sin’ G)fE) by 1, it suffices to
show

it (E)(t)2
lim sup lim sup supIP(o 0)— (i, 9)( et fx 20y o x) =0,
x—>00  L—00 (E) (i1)2

with 7™ (0) = 1. Take ¢ < v\® — . We find

i ®) 2 : ®
/" gli- u\’x @) dt</"e(q—viE)+a>|r—mdt sup ( @) %(viE’—am—m)z
0 (u)2 0 1[0, ] (E) ()

(E)
<t sup ( @) %(“iE)—S)““”)z.
- v(E)
A

— & —q t€[0,i] )(u)
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For any ¢’ > 0, set x’ = (x(viE) —&— q))q /% and observe that

u F(E) (l)2
Po,0) (”,9)(/ qli=il 27 >x)
—(u 0 riE) (,;)2

(E)
! (1) 10,® a2
f]P)(0,0)—>(ﬁ,9)( 5] sup ( (E) ez ol u|> >x>
v, " —&—qtel0.4] (n)

( ) ,

@) 1,® .\, -\g

S]P)(O,O)»(,;,g)( sup ( © PRALY o)t ul) >x/>
€[0,u] (u)

! O N TR IR
= —]E(o 0)— (@, 9)[ sup ( ?E) ez &)t u|> ]
d refo.al i (i)

The expectation coincides with (66), which we already proved is bounded uniformly
over all parameters provided ¢’ > 0 is small enough (recall that & > 77 and that 7;, —
oo as L — oo so that #7, > tg). Since x’ — 0o as x — 00, this suffices to conclude.

O

Proof of Assumption (1) The adjunction relation (56) shows that the process 5)}(»13) (t+
u),t € [—u— L/(2kE), —u 4+ L/(2kE)] under Q;") has the same law as the process

B¢ 4 u) =5 (Ol=0+ 57 (=)0, ¢ €[—u— L/QKE), —u+ L/QKkE)],

under the probability measure

1O (r —0)sin® (1 + k1 (u, 0))

1
) x/En()»)

_ _ |
IPJ(Oﬁ)—%quﬁ,O) OF e )~ (shg L 090

where
(E) ®) ﬁk’ﬁﬂ ,0) M,(\E)(JT _o)
E
p};,ﬁ+u(07 9) I’Li )(0) P)L)ﬁiu(o,n—e)
Pk —u (T =6, 0)
E
o)

kp(u,0) =

—1.

This last probability measure can be written as the sum of two measures: one which
is associated with « (u, 8), and another with 1. The total-variation of the former can
be bounded by

1
VEn(1)

/ licr (u, 0)]d6 .
0
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Since u is t7-away from L /(2kE), by Theorem 4 and Lemma 3.1 there exists a
constant ¢’ > 0 such that |k (u, 0)| < c’e~ 'L and this quantity goes to 0 uniformly
overall 8, as L — oo.

We can therefore deal with the law of ):J)SE) (u+1t),te[—u—L/Q2kE), —u +
L/(2kE)] under the probability measure

L ®g, ® NPt -
/9 VEr(L) 1y @)y (o — 0) sin” 6 ]P)(O,G)%(u+ﬁ,0) ®P(o,n79)ﬁ(ﬁ7u,0)(')d6 :
Fix a compactly supported, continuous function g. We can restrict ourselves to the
A (E)

law of y,”" (u +1),t € I where I is a given bounded interval that contains the support
of g. Thus, the last part of Lemma 7.4 ensures that we can disregard the conditioning
of the diffusions and work under

1
VEn(x)

The rest of the proof is presented separately for the Bulk and the Crossover
regimes. In the Bulk regime, we aim at showing that the random variable

Q) =

fe w2 O (r — 0)sin?0 Py, @ P g ()6 .

/R HOICNOR VRS A G LR

under the probability measure Qx () converges as L — oo to the random variable
/R g (75 (O Li=0 + §5 (=01, <0)dt .

under Q g(-). Lemma A.5 shows that, as L — oo and uniformly over all 8 € [0, ]

1 1
mlb\(@)m(ﬂ —0)— EME(Q)ME(T[ —0).

To conclude, it suffices to show that y;(t)21,zo + &;‘(—t)zlko under I@’EB 0) ®
]f”(_o x—g)(*) converges in law as L — oo for the local uniform topology towards

Vg (1)21,20 + )"zg(—t)zlk() under I@?(') 0) ® H—D(_O.n—e)(')’ and that this convergence is
uniform over all 6 € [0, 7r]. This can be achieved through a coupling under which
almost surely the process

R x [0,7] x R> (1, 0,0) > §; ()10 + 5 (=)* 10,

is continuous, and therefore uniformly continuous on A x [0, w] x I, where [ is the
compact set defined above that contains the support of g.

We turn to the Crossover regime. Contrary to the Bulk regime, that the law of the
process Yo i not a mixture over some parameter 6 € [0, 7 ]. It suffices to show that
uniformly over 6 the r.v.

/ e P00+ 37 F (=021, 20)d1
R
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under EDZB,H) ® H_D(_o,n—e)(') converge in law as L — oo to
/ (1) Yoo (1)dt .
R

Note that (Yoo (2),t > 0) and (Yoo (—1),t > 0) are i.i.d. Furthermore, (y;’(E) t),t>
0) and (yj (B (t),t > 0) are independent and distributed according to H_D(()’g) and
I_P)((),ﬂ_g). To prove the convergence, it is thus sufficient to show that for any com-
pactly supported and continuous function £ : [0, c0) — R, uniformly over 9 the r.v.

—(E
/ h3;" @)t
[0,00)
under P 6y converges in law as L — oo towards

/ h(t)Yso (1)2dr .
[0,00)

This is the content of Lemma 9.2 which is stated right below, and whose proof is
based on very similar arguments to those presented in [9, Prop. 3]. 0

Lemma 9.2 Fix h > 0 and set A = E + h/(Ln(E)). In the Crossover regime, uni-
formly over all 6 € [0, i) the process

G0+ E¥, 5P (1), 1 20y, with 620y =6, 5P 0)=0;
converges in law to (®(1), R(t); t > 0) which solves the following SDEs:
dO() = —ldB(t) + Lm(e”@“)ciwu)) >0
2 2\/2 9 —

_ 1 1 L=
dR(t) = —Zdt + ES(eZ’@)(”dW(t)) , t>0,

starting from ©(0) =6, R(0) = 0, where W is a complex Brownian motion'* and B
is an independent real Brownian motion.

As a consequence, for any compactly supported, continuous function h : [0, 00) —
R, the following convergence in law as L — oo holds uniformly over all 6 € [0, )

/ h)3 5 (1)2dr = / h(1) Yoo ()2d1 .

Proof of Lemma 9.2 The proof of the first part is essentially the same as the proof

of [9, Prop. 3] (the proof therein concerns the convergence of the process (H)EE), QiE))

14We mean that the real and imaginary parts are independent, standard Brownian motions.
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in the regime of energy L/E — 7 € (0, 00)) so we only present the main steps. Set
v () = 6_)EE) () + E3/%¢. Introduce the martingale

dWE (1) = 2 cos(—2E3?1)d B'E) (1) + iv/2sin(=2E3*1)d BE) (1) .
One can write the SDEs (55) and (57) solved by these two processes as follows

dv; (1) = —%dB(E)(t) + %mezwk(”dﬁ/@)u)) + E()(t)dt

1 1
dp P (t) = —=dt + —=3( " Oaw B (1)) + £(5 ) (0)dr
Q) I Noh (e M)+ &, (@)

where £(v,)(t) and E(ﬁiE))(t) should be seen as negligible terms

E) 7(E)
(E) O eui )(9)\ )

wP @)

EW) () =—vEGL — E)sin®8\" + sin* 8.

+3sin3 @) cos(@.))

5 3
GO =VEG ~ Bysin28," + S cos4d " (1) - COS%(E)O)

E) 5(E)
N
(E)(G(E))

Note that the pair é)EE) (1) + E3?t, 5§E) (t) isindexed by r > 0 and 6 € [0, ]. Note
also that the putative limit ®(¢), R(¢) is indexed by the same pair.

The proof consists of three steps. First, the tightness of these processes can be de-
rived by estimating the moments of their increments, with the help of the Burkholder-
Davis-Gundy inequality. Second, one shows that the integrals in time of the terms £ (-)
are negligible: the main argument is a quantitative Riemann-Lebesgue Lemma, see [9,
Lemma 4.1], that takes advantage of the rapid oscillations of é;E) (1) = v (t) — E3/?t.
Finally, one identifies the limit of any converging subsequence by a martingale prob-
lem. We refer to [9, Prop 4.2] for more details.

We turn to the last part of the statement. First of all, note that if we set S(¢) :=
fot I(e?P© @MW (s)) then B is a standard Brownian motion. Consequently the process

Lgw _ 15+

has the same law as YOZO(I), t > 0. Fix h : [0, 00) — R a compactly supported con-
tinuous function. By Skorohod’s Representation Theorem, we can assume that the
process

6B 1)+ B, 5P (1);1 = 0;6 €0, 7)
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converges almost surely towards
O@®), R();120;0 €[0,7]).

Then, using that the function sin? is Lipschitz, the term

/ h()5 5 (1)2dt = / h(ne?s O sin? 65 (nydr |
is asymptotically as close as desired to
/ 2RO sin (O(1) — E¥?1)dr = % / g(1)eRD gy
_ %/g(l)ek(” cos (2(0(1) — E1))d .
The second term on the r.h.s. rewrites
% / g(1)eR® (oos (26(1)) cos(2E3/?1) + sin (26(1)) sin(2E3/2t))dt ,

and this goes to 0 as L — oo by a quantitative Riemann-Lebesgue Lemma. O
9.3 Controlling the approximation

We fix h > 0and set A=[E — h/(Ln(E)), E+h/(Ln(E))].
Recall the definition of the points (¢;) ; at the beginning of Sect. 4.4. Let us intro-
duce forn > 1 and j € {0, ..., k}, the following neighborhood of ¢;:

Dj(n) :=It; —nt, B, t; + nt E1N[—L/2, L/2],

where 7, is such that'® In(L/E) < t; <« L/(kE). We also set D(n) := U;D;j(n).
Recall that we have already proven Theorem 2. Fix ¢ > 0 small enough. We intro-
duce the event 3; on which:

(1) forevery A; € A, we have

2
0] )1/2 A Y e

(i + = = ., Viel-L/2,L/2],

(1) for every A; € A, we have U; ¢ D(3),
lo/1\2 (v
(iii) we have fD(z) (Zk,-eA lgi]| + JE) ds < e~ VE=29

Lemma 9.3 We have P(B;) — 1 as L — oo.

15This implicitly forces k to go to oo not too fast.
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Proof The proof requires the following preliminary estimate: there exists ¢ > 0 such
that uniformly over all L large enough we have

Lo Z

This bound easily follows from Proposition 6.1 (witha =1, b = E-land G =1,),
Theorem 4 and Lemma 3.1.
Applying Markov’s inequality in the estimates of Theorem 2, we see that (i) holds
true with a probability that goes to 1 as L — oo. We now work on this event.
Assume that there exists A; € A such that U; € D(3). We find

) P ki E
0 ()2 + T)dv] <o (84)

@5, eA

217
/ 9 (s)ds =1 —/ QF(s)ds > 1 — ——L_=E=e)L
[s—=Ui|<tLE |s=Ui|>tLE VE — €

By assumption {s € [0, L] : |s — U;| < t.E} C D(4). Markov’s inequality applied to
(84) and our assumption ¢, < L/(kE) therefore show that the probability of (ii) goes
to 1.

We now prove (iii). By Cauchy-Schwarz’s inequality we have

ONE '\“’F') = NL(A) Z (1e: 'ji')

rEA

P \2
<2NL(A) Yo+ (=)
rEA l \/E

We deduce that on the event where (i) and (ii) hold we have

fm) ( > leil+ i ) ds <2NL(A) Z/ zds

AiEA AiEA
t? ;
< 2NL(A)2/ Lo=OE=0)E g
seR:|s|>t E E
2
< 4N (A)Z L —(VE—S)IL .
VE — &

Markov’s inequality combined with Proposition 4.4 shows that P(N, (A2 <1) >
1. We thus deduce (iii) (we use a factor ef7 in the exponential term to “kill” the
prefactors). g

We also need estimates on the exponential decay of the <pl.(j ). We let By be the

event on which for every j € {1, ..., k} and for every )ng ) € A, we have

U(J)‘

[ANIAY]
((p-(j)(l‘)2 n (") (@) )1/2 < t_L - F)
1 E \/E

, VYte(tjo1,tj).
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Lemma 9.4 We have P(B1) — 1 as L — oo.

Proof A adaptation of the proof of Proposition 4.2 allows to show the counterpart
) such that for

of Theorem 2 for the operators Hg). Namely, there exist some r.v. c;

every )\Ej) €A

o

. (]) / 2 1/2 (]) |t—
(gpi(J)(t)z + M) / < c’_e—%(vE—a) d o5 , (85)
E VE
and for some g > 0 we have
k .
limsupE[Z Z (cl.(/))q] <00.
L—oo ._ :
I=19en

This being given, the proof of the lemma follows from Markov’s inequality. g

Finally, we need some control on the gaps between the eigenvalues of ’H(Lj) and

on the distance of these eigenvalues to the boundary of A. Take some §; — O as
L — o0. Let G be the event on which for any (i, j) # (i’, j') we have

W) e A= ILn(BYG =2 ) = 81, (86)
and
Vi,j, dist(Ln(E)AY = E), {—h,h}) > 8, .

Since we already know from the arguments in Sect. 4.4 that Az converges to a
Poisson point process, we deduce that

PGL)—1, L—oo.

Note that this convergence holds for any given sequence §; that converges to 0. In
the proof below, we will need to impose some restriction on the speed at which &,
goes to 0.

Let us also state a simple fact of the theory of generalized Sturm-Liouville oper-
ators, see for instance [8, Sect. 3], which is based upon the work of Weidmann [36].
The domain of Hy, is given by

[f e L2([0, L] : f(0)= f(L)=0, f AC., f'—Bf AC.,
and = (f' = BfY = Bf € L*(0, L]}
As a consequence, if one multiplies an element of the domain by some smooth func-
tion, compactly supported in (;_1,¢;), then one gets an element of the domain of

”H(Lj) . We will use this fact in the next proof.
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Finally, let us recall the Lévy-Prokhorov distance on M = M (R) that metrizes
the weak convergence topology:

dpm(w, w') == inf{e > 0:VB € BR), w(B) <w'(B) + € and
w'(B) <w(B°) +€}, (87)

where B¢ is the e-neighborhood of B.

Recall also that we actually work on M = M(R) and that one can define d Y
similarly as above: the only difference is that the e-neighborhoods need to be taken
w.rt. a distance that metrizes R. If one chooses this distance in such a way that the
e-neighborhoods on R always contain the e-neighborhoods on R, then one can check
that for any measures w, w’ € M(R) we have

dyy(w, w') <dp(w, w') .

Consequently, since all the measures that we manipulate are actually elements of M,
in the sequel we will only deal with d 4.

Proof of Proposition 4.3 Fix A :=[E — h/(Ln(E)), E + h/(Ln(E))]. We will show
that, if we restrict ourselves to [—h, h] x [—1/2,1/2] x M, then with large proba-
bility there is a one-to-one correspondence between the atoms of A and of N7, and
that the distance between the corresponding pairs of atoms goes to 0 as L — oo. The
proof consists of two steps.

Step 1. We argue deterministically on the event By N Bz N Gy, introduced above
and for large enough L. Let (&, ¢) be an eigenvalue/eigenfunction of H;, such that
A € A. Let U be its center of mass. From the conditions stated in the event 5, , we
know that there exists j € {1, ..., k} such that

Ue (l‘];] +3ILE,I‘]‘ —311E).
We consider a smooth function x; : [-L/2, L/2] — [0, 1] that equals 1 on [¢;_1 +

211K, 1; —2t,E] and O on (1,1 + 1.E, t; — 1, E)C, and such that

sup | x; (D1 v 1xj (O] < 2
t J J - ILE

We then set

OXj
Vo= —"1
lox;llz

Note that ¥ is a compactly supported function in (¢;_1,¢;) whose L? norm equals
one. Furthermore, by (iii) of B,

Iy — @l <e K| (88)

for some constant K > 0. From now on, the constant K will never depend on L and
Jj, but may change from line to line.
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By construction, ¥ belongs to the domain of H(Lj) and we have

Hy = ny

_ 0 on (tj_1+2[LE,tj—2tLE)
loxjlly" (—x} —2¢'x})  on(tj-1,tj-1 + 20, E1U[t; —21LE, 1)) .

Henceforth by (iii) of By,

. 1 _
(GRS YRSl (89)

On the other hand, we can expand ¥ on the Lz(tj_l, tj)-basis made of the eigen-
functions of "H(L]):

I =32, =D I = 2P gy
i

The r.h.s. is a convex combination of the |)L§j ) A|2. Given the bound (89), there must
exist some £ > 1 such that

|)\'é]) _)\'|2 S le_KtL .
E

Recall that #; >> In(L/E) so that L?n(E)?/E <« eXL/* We thus impose (recall
that the speed at which &7, goes to O can be taken as small as desired):

L*n(E)?
E——

K
o < 8,

and we deduce that Ln(E) |)\2j) A< %\/EE)E_ S <« &8r.. Given the definition of the

event G; we deduce that the integer £ above is unique, that )\y ) € A, and that for all

i #4
()
Ln(E)|A;" — Al >61/2.
‘We thus deduce that

: : hy2 QLN(E))?
D e I L e A
il IRE4 L

; h2 QLn(E))?
S I R
i L
2
< (2Ln(E)) oK < e—K/tL ,
S2E
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for some constant K’ > 0. Therefore (i, <péj))2 >1-— e_K/’L, and thus
Iy — o113 <2e7 K
Together with (88), we find (possibly for a smaller constant K)

o))

2 —Kt
||(,0—(,0£ 15 <e L.

Let w(dt) =E@(U + tE)?dt be the probability measure built from ¢ and recentered
at its center of mass denoted by U. Recall that wéj ) (introduced in Sect. 4.4) is the
corresponding object for <p§j ), By B and Bz, we have some exponential decay of ¢
and goéj ) from their centers of mass. We thus apply Lemma A.7 (note that the constant

¢ in this lemma depends polynomially on 77 and is killed by the exponential decay)
and deduce that

u—-ul?
—t <

= e K gy, ) <e K

These quantities vanish when L — oo.
We have built a map that associates to any eigenvalue A € A of the operator H,

an eigenvalue )szj e Ainsucha way that

G
-1 _

—Kt
, E e "'k

. 1 .
1 = A < e kn dp(w, i) < 7K1,

as well as ||¢ — wéj ) I|§ < e KL This map is necessarily injective: indeed, we cannot

find two orthonormal functions ¢ and ¢ satisfying

(])”% Se—KtL ,

lp — @} D)2 < g=Kn

||¢~’_‘Pe

To conclude the proof, it remains to show that this map is actually bijective, this is
the purpose of the second step.

Step 2. Let F be the event {Z’;Zl N](j) (A) = Np(A)}. By the first step, P(Fr) —
1 as L — oo. Proposition 4.4 ensures uniform integrability of the collection of
r.v. Np(A), L > Lo (for some Ly > 1) so that

lim IE[NL(A)IFC] =0.
L—o0 L
Since

0< E[(NL(A) . ZNQ”(A))lFE] < E[NL(A)IFLE] ,
J

we deduce that the term in the middle vanishes as L — oo. Combining this conver-
gence with (1) and (2) of Proposition 6.3, we deduce that

Jlim E[(ZNQ”(A) - NL(A))IFL] = lim E[ZNZD(A) - NL(A)] =0.
7 7
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Since (Z/’ Néj) (A)—NL(A))1F, is anon-negative r.v. taking values in N, we deduce
that '

k
. )
1 = =1.
1mOO]P’<Z NI (A) NL(A)> 1
j=1
Consequently, the injective map constructed in Step 1 on Bz N BL N G is actually
bijective, possibly on a smaller event, but whose probability still goes to one. Il

Appendix A: Technical results
A.1 Simple estimate on the Laplace transform

The following elementary lemma provides a quantitative estimate on the difference
between the Laplace transform of a r.v. and its Taylor expansion at O (here we only
push the Taylor expansion to the second order).

Lemma A.1 Let X be a real-valued r.v. Assume that there exist Co > 0 and qp > 0
such that E[e?'X] < Cy for all g < qo. Then, for any q\ < qq there exist a constant
C1 > 0, that only depends on Cy, qo and q1, which is such that for all g € [—q1, q1]

[E[e*] — 1 — gE[X]| < Ciq”.

Proof The map ¢ — E[e9%] is real-analytic on (—qo, go) and therefore for any such
q we have

E[X*]
!

E[e"]—1—gBIX]=) q“—

k>2

k
By assumption supy..., q(’)C ”E[,ff Il < Cy so that for any |g| < go we have

(q/90)*
1—q/q0

and the bound of the statement follows. Il

|E[e?*] - 1 — ¢E[X]| < Co

bl

A.2 Elementary deviation estimate for general SDEs

Lemma A.2 Let X be the solution of dX (t) = a(t)dt + B(t)d B(t) with X (0) = 0.
Assume that a, B are adapted processes and that there exist C1, Cy > 0 such that
almost surely for all t > 0

() <Cr, 1BMOIP<Cy.

Then for all x > 2Ct we have

2
X
P( sup |X(s)] >x) <2exp(——).
s€[0,1] 8Cyt
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Proof Let M(t) := fé B(s)dB(s). Given the bound on the drift, it suffices to show
that for all y > C¢t

2
Y
P(sup [M(s)] > y) <2exp(—=5=—).
5€[0,1] 20t
This is precisely the exponential martingale inequality of [34, p.153-154]. 0
A.3 Moments estimates

LemmaA.3 Forevery o €0, 1)

o (E) 1
sup E[exp(—; )] < .
A€ER mgLE) * l -«

Proof Since CA(E) / ng) is equal in law to ¢, /m,,, it suffices to work with the original
coordinates. It is shown in [2, Appendix A] that for all « < 0 we have

Bl =1+a+ Y (m%)"v(n, ),

n>2

for some 0 < v(n, ) < mY. The function on the r.h.s. is analytic in « on {z € C:
|z| < 1} so that a standard analytic continuation argument allows to deduce that the
identity actually holds for all @ € (—o0, 1). The bound of the statement then follows
easily. d

Next, we obtain a bound on the exponential moment of the number of eigenvalues
of H1 below some energy E. Therein, we work in the original coordinates exclu-
sively.

Lemma A.4 (Uniform bound of Laplace transform of the number of eigenvalues)
There exists q > 0, such that for every E € R
meg 1
sup E[exp (q(— A —)#{A,- A< E})] <00.
L>1 L 2

In particular, for any given E € R the collection of rv. #A; : A < E}/L)r>1 is
uniformly integrable.

Proof Set X :=#{A; : A; < E}. We need exponential tails on the probability that X >
k. Let 6 start from 6 (0) = 0 and denote by ¢ 1(5k)’ k > 1 the i.i.d. r.v. which are such

that Zf: s ,(5' ) is the hitting time of krr by 6. By the Sturm-Liouville and the strong
Markov properties, we have for all g > 0,

k k
POX =0 =P(Y ¢l <L) =P(q ) (1 =& /mp) = gk —qL/mk)
i=1 i=1

< Elexp(qg(1 — ¢g/mp) ¥ exp(—gk +gL/mE).
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By Lemma A.1 and A.3, there exists a constant C; (independent of E) such that for
all g > 0 small enough,

P(X > k) < (1 + Ci1g>)* exp(—gk +qL/mp).

Taking go > 0 small enough, we deduce that there exists C > 0 such that for all for
all g €[0,qo] and all u >0

2 L
P(X>u)<1ACexp(—qg-u+g—).
3 meg

Note that
meg 1 meg 1\ ¢ (mTE A%)u
]E[e ((—/\—)X)]:l / (—/\—) P(X > u)du .
xpla(7 "3 +u20qL 2)¢ (X = w)du
Using the estimate on the tail of X, one can bound separately the contributions to the
integral coming from u < %mLE and u > %mL—E, and conclude. O

A.4 Integral formulas

In this paragraph, we gather useful integral formulas about the invariant measure of
the phase function.

A.4.1 Invariant measure

The phase function {BiE)}ﬂ can be mapped to a simple additive SDE via the function
cotan, namely X )(\E) 1= cotan {G)EE)}ﬂ satisfies the SDE:

3
dx® = —(vPyx®dar +aB® ),  with v\ (x) := Av/Ex +E3/2% :

and where X)(LE) immediately restarts from +oco when it blows up to —oo. The dif-

fusion XﬁE) admits a unique invariant measure whose density writes f,\(E) (x)/ m,(\E)

where:

fx(E) (x) = 2072 /x eZV*(E)(y)dy , xeR,
—0Q

(see [2, 7] for more details). Note that f fooo f)fE) (x)dx coincides with miE), which is
defined as the expectation of {A(E).

Therefore, the unique invariant measure u&E) of the Markov process {Q)EE) }xz is the
image of fA(E) (x)dx/ m(AE) through the map x +— arccotan x. Its density writes

(E)
cotan 6
1P 0) = L8N ® cotangy, b ef0,m).

) (E)
sin” 6 m;

where g)(\E) x)=(+ xz)fA(E) (x)/m(AE).
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Proof of Lemma 3.1 We concentrate on the distorted coordinates: indeed, since the
bounds need to be taken uniformly over the unbounded parameter E > 1, this is the
most involved setting. For simplicity, we make the further assumption that FE is large:
that is, for fixed 4 > 0 we will assume that £ > E((h) for some quantity Eg(h) > 1
to be defined below. The complementary case follows by adapting the arguments (and
is actually simpler).

Let us abbreviate V;E) by V) to ease the notations. Pick Eg(k) > 1 such that for
some constant K > 1 and for all £ > Eg(h) and all A € A

h _E -1 —1 _ 32, (E)
<2 K <n(EWE<K, K'<E¥m® <k. (90

Since V; (x) = ME + E32x2, the first bound implies that for all E > Eg(h), all
AeAandall x eR, V/(x) > 0.

We claim that there exists C > 0 such that for all £ > Eg(h), all A € A and all
0 €0, ]

C
30115” O)] < 75 -

Assume that the claim holds. Up to increasing E(h), we can assume that for all
E > Eo(h), % — % > 0. Since ,uvgtE) integrates to 1 on [0, 7], this is enough to
deduce that there exist 0 < ¢/ < C’ such that for all E > Eg(h), all > € A and all
0 €10, ]

<Py <c’, 0917 (0) < C”,

and that sup; ¢ x SUpPye(o, ) IM;E) ©) — %l — 0 as E — oo. We are left with proving
the claim.

Observe that ( fA(E) Y =2-2 fA(E) V. Consequently dg /L;E)(G) = qiE) (cotan9)
where

By - (4322 B yy X B
a (x)—W(—zwﬁ WV~ 5 A7)

To prove the claim, it suffices to show that for all E > Eg(h),all A € A and all x e R

E
|%(L )(x)| = R

Applying successive integrations by parts we obtain

1 v/ (x)
Vi) o 2(Vi(x))?

B0 =

. x 3V 52 = VI )V ()
2V (x) 2V (y) A A A
e /_of ( 207, (0)° )iy
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A computation yields

, 2
(—2+2£2 @V - 75 457 0) = 1@ + B

1
with
2 V) (x)
o O~ BV - 2t
1(x) = ,
V) (x)?
and
1 2 " /
L(x) = (2Vx/(x) _ )e—ZV)L(x) /x ezvk(y)<3(Vx o™ -V (y)VA(y))d
1+x2 —c0 2(V{(yn*

Recall from (90) that m;E)

that |I;(x)| and |I>(x)| are bounded from above by a term of order

is of order E~3/2. To prove the claim, it suffices to check
Fre Ui
formly over all E > Eo(h), all A € A and all x € R. Regarding the first term, using
(90), note that | E3/2 — A//E| < K so that there exists a constant C; > 0 such that

2E3/2x2
ME + B3/

E32(1 +x%)
(WE + E32x2)°
E32(1 + x?)

E¥2(1+ x| (x)| =

)2x(E3/2 Wi

(Ix| + 1)

so that the desired bound follows. Regarding I>(x), assume that there exists C > 0
such that for all E > Eg(h),all L € A andall x e R

1
2V (yn* )y‘f E2(1 423 o1

—0o0

Since there exists C’ > 0 such that uniformly over the same set of parameters we

have |2V (x) — 1i§z| < C'E3%(1 + x?), we deduce the desired bound. Let us now

prove (91). First of all there exists ¢ > 0 such that uniformly over all £ > Ey(h), all
AeAandallx eR

MWQW—WMWﬂw_Isﬁﬁ_ﬁA’< ¢
Z(V)i(x))“ - ()“/E_{_ E3/2x2)4 - E3(1 +x2)3 ’

and such that the following rough bound holds

‘aqu—w%mwm .
4(V] (x))5 -

Consequently there exists C” > 0 such that

‘e—zv,\(x) /x 82VA(y)<3(VA//(Y))2 —/ Vx///i)’)vx/()’))d ‘
x—1 2(VA(Y))
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!/
< 6—2VA(X)/ Mﬁvﬂwd sup ’;;2;
x—1 ZV)\(y) yelx—1,x] E- (1 + y )\
< e_2V;L(x) (ezvx(x) _ e2V~A(x—1)> sup + sup ﬁ
yelx—1,x] 2V, () velr—1a] E (1 +y%)-

1
<C— .
- E9/2(1 +x2)4

In addition

’e—2VA(x) /Xl ezvx(y)(3(V;{/(y))2 - V;x//:(ty)V;\/(Y)>d ’
—00 2V, ()

_ -l 3V ()2 = V() V] ()
_ 2V (x) / 2V (y) A A A
= /,oo O (T )]

x—1
gce*ZVM)/ 2] (12 Dy

o0

< ce V2= ce~PVE-2E (=5 +13) ,
and this suffices to conclude. O

Let us state an additional regularity result on the invariant measure and the density
of states, which is used in Sect. 9.

Lemma A.5 The map A — (. (0),0 € [0, ]) is continuous from R into the set of
continuous functions on [0, w]. As a consequence, . — n(}) is continuous.

Proof The second part of the lemma is a consequence of the first part and of the
integral formula for the density of states stated in Corollary 6.2. To prove the first
part of the lemma, it suffices to check that A +— supy |92 (0)] is locally bounded.
Recall that @, (0) = gx(cotanf) where g, (x) = (1 + xz)fk(x)/mk for all x € R.
The desired property can then be deduced from direct computations on the integral
formula for f; (x) and m;,_. O

A.4.2 Expression of the Lyapunov exponent

Proof of Proposition 7.2 We already saw that gA(E) is integrable. Assume that

sup ®)) |p£E) (#)| is integrable. Decomposing the trajectory of piE) into i.i.d. ex-

[0,
cursions in between the successive hitting times of 7Z by HA(E), one deduces from the
law of large numbers that almost surely

o (1) R Elp™ (™)
t E[¢ ™)

This deterministic limit is denoted v)(LE).
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Before we check the integrability assumption and compute vk ®) , let us deal with
the adjoint diffusion. Arguments based on the strong Markov property show that the
ratio of expectations that we obtained in the previous limit remains unchanged if we
start the diffusion from its invariant measure, and the same holds with the adjoint
diffusions. Applying the adjunction relations of Sect. 7.1, we deduce that

(E),,(E E) ;(E E E
Elpy” (¢ =—EIp7 @1, Bl 1=E5™1,
so that the Lyapunov exponent of the adjoint diffusion is the opposite of viE).
Let us check the integrability assumption. The drift and diffusions coefficients

of the (additive) SDE satisfied by piE) are bounded. Standard stochastic calculus
arguments suffice to conclude and allow to show that

{(E) 1
ELp® ¢ ®)] = [/0 g (_ VE(. — E)sin20® — 5 sin® 26 + sin? G}EE)>dt:| :

92)

We now compute Vx E) Recall that m(E) ]E[;;E)] admits the explicit integral expres-

sion (13). To complete the proof, it sufﬁces to show that

Ep® c®)] = \/_/ Jaexp(— 2xu——)du

By the standard characterization of the invariant probability measure of positive re-
current Markov processes, we have

” 1
ELp® )] = /0 (— VE(\ —E)sin26 — 5 sin? 20 + sin? e)ugE’ ©)mFdo .

Applying the change of variable x = cotanf, we get

AVEE 1)  1—x
]E[p(E)(Q(F‘))]:/( X\/l—iﬂ )+(1 2)2>fx(E)(x)dx ©3)

We compute the r.h.s. of (93). By the Dominated Convergence Theorem, we have

®) () =2\ ®
E[p® )] = hm/ f(E A)1+ . (1+x2)2) ) (e)dx

Fix A > 0. We have (from now on, we abbreviate f/\ (E) in f, V)

2x

/
1+ x2 )

2
VEE — ) —2 —2xE3? -
14+x2

Using the identity f; (x) = =2V (x) fi.(x) + 2, an integration by parts yields

A

A 2 X ,
[A T 2Vx(x)fx(x)dx—fAH—)ﬂ(fx(x)—Z)dx

@ Springer



434 L. Dumaz, C. Labbé

2
=[hw] / T @

/ A 2x
_al+x 2
The last term vanishes by symmetry. We deduce from the previous computation that

VE 1—x? 4 3/2
f ( EE — A)1+ . (1+x2)2)fx(x)dx=/_A2xE f(0)dx

+ [ﬁfm]:

The second term vanishes as A — oo. Indeed Lemma 3.1 ensures that f(x) <
Cm(AE) /(1 + x?). Regarding the first term, we have

A A X
/ 2xf(x)dx :/ 4xe72Vk(x)/ 2V Ddydx .
—A —A —00

We then apply the change of variables (u, v) := (x — y, x + y) and get
E3/2 o

E3/2 -
/ 2xfi(x)dx = / Vsver—2a papue” V5w o= 5 gy gy
— ue(0,00) JveR

_ _E2 5 B2 0
+/ / 1{u+ve[72A,2A]}U€ 2)V/Eu c We 4 dudu .
ue(0,00) JveR

It is straightforward to check that the second term on the r.h.s. goes to 0 as A — oo.
By the Dominated Convergence Theorem, the first term converges as A — oo to

+00 3/2 +00 £3/2
—Z)L\/Eu—E— 3 ——uu -2 u—
/0 ue (/ e dv)ydu = — 2 / Jue ,

—00

as required. 0
A.5 Control of the time spent near 7 Z

In the previous sections, we needed a moment bound on the r.v.

(/01 F(QA(E)(,))dt)_l and (/01 F(éim(,))dz)_l ,

where F is either F(x) = sin?(x) or F(x) = sin*(x). To prove such a bound, one
needs to show that QA(E) does not spend too much time near 7 Z (since the function F
vanishes there).

In both cases, F : R — Ry is a w-periodic smooth function that satisfies, for some
k> 1and somec >0

F(x)>cd(x,7Z)*, xeR, (94)
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where d is the Euclidean distance. Our proof will only rely on this property, and
therefore applies to a large class of functions F'.

Lemma A.6 (Control of the time spent near 7Z by the phase function) Original
coordinates. For any compact interval A C R, there exists a constant g > 0 such that

1 1
sup sup E(o,g)[exp (q(/ F(QA(t))dt)_m)] <00.
reA 0el0,7) 0

Distorted coordinates. Fix h > 0 and set A :==[E — h/(n(E)E), E + h/(n(E)E)].
There exists a constant q > 0 such that

1 1
sup sup sup E(O’e)[exp (q(/ F(9A<E>(;))dt)*m)] <00.
E>11eA0€[0,7) 0

The same holds with 9, G)SE) replaced by 0, é)EE), the adjoint diffusions defined in
(55).

Proof From now on, “all the parameters” will refer to A and & when working with
the original coordinates, and E, A, & when working with the distorted coordinates.

We only need to prove that there exists a constant ¢’ > 0 such that for all ¢ > 0
small enough, and for all the parameters

1

1
P(O,(;)(fo FO® (0))dr < e) <exp(—c e F). (95)

The idea of the proof is to consider the solution y, of the ODE corresponding
to the deterministic part of our diffusion, to estimate the integral of F(y)) on some
interval [0, T'], with T < 1, and to control the probability that y; and GEE) differ on
[0, T].

Let y; be the solution of

dy,(t) = <E3/2 + \/E(A —E) sin’ Yy + sin’® ¥ COS y,\)dt ,

starting from y, (0) = OiE) (0) = 8. We would like to bound from below the time spent
by y, near 7Z on the time interval [0, T'].
Let us introduce a := sup, ¢ 714 (Y2 (t), 7Z). We claim that:

e The distance « is not too small i.e. there exists a constant ¢y € (0, 1) independent
of all the parameters and of T such that

a>comin(TE*?,1) > ¢T . (96)

e The function y, spends some time above a/2: There exists a constant ¢; > 0 inde-
pendent of all the parameters and of T such that

T
/ L), nzy>a/ydt = 1T . 97)
0
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Given these two claims, we now control the difference between O)SE) and y,. By
Gronwall’s Lemma there exists a constant C > 0 such that for all T € [0, 1],

E
sup 167 (1) — 5. ()| < C sup [M(1)],
te[0,T] t€(0,T]

where M () := — [ sin> 0" d B(s). Let 7 := inf{r > 0: |0 (t) — y,.(1)| = a/4}. We
deduce that

a
P <B( swp M0z ).

Recall that a = sup, [ 71d(ya (1), 7Z). There exists a constant C’ > 0 such that

forallt <T AT, 0,({M), < C'a*. Consequently Lemma A.2 yields the existence of
Co > 0 such that

So
P(r<T)<2e T.

Combining (94), (96) and (97), we deduce that on the event {r > T'} we have

T T
/0 FO® (1))di = fo Fn() + 6% (1) = y5.(1)dt = crc Tajd = exTH

for some constant ¢; > 0 independent of all parameters and of 7. For any ¢ € (0, c3],
one can choose 7 € [0, 1] such that ¢ = ¢, T¥*!. Then we have

P(/OT FO® (1)dr < s) <P(r <T) <2exp ( _ CO(CS—Z)ﬁ) ,

as required. It remains to prove the two claims stated above.

For the first point, there exists a constant ¢’ > 0 such that uniformly over the
parameters the derivative of y;, is larger than ¢/E3/% whenever y;, lies in some fixed
neighborhood of 7Z, say [—§, 8] + nZ with § < 7 /2. Set ¢g := min(c’/4,8). We
now distinguish two cases. If d(9, wZ) is larger than min((c’ JA)TE32,§) then

a>d®,7Z) > min((c' /4)TE>?,8) > comin(TE>?, 1) .

If d(0, Z) is smaller than min((c’/4)TE3/?, 8), then until y; reaches § mod [r], its
derivative is larger than ¢/E3/2. Therefore by time T, the distance of y;, to 7Z passes
above min((¢’/2)TE/?, 8), and this yields a > c¢omin(TE3/2, 1). Finally, since T €
[0, 1] and E > 1, the bound ¢ min(TE3/2, 1) > ¢oT is immediate.

For the second point, the absolute value of the derivative of y; is bounded from
above by KE*? for some K > 0. Consequently (the distance to 7Z of) y; takes a
time at least a/(2KE>?) to go from a/2 to a (or from a to a/2). With the original
coordinates, using (96) we thus get a/(2K) > coT/(2K) as required.

Let us now consider the distorted coordinates: for convenience, we work under the
further assumption that E > Ey(h) where Eg(h) > 1 is a constant that depends only
on h; the complementary case follows from an easy adaptation. Then the derivative
of y; is larger than E3/2/2 everywhere. First assume that 7 E3/? < 47, Then by
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(96) we have a > coT E3/?/(4r) and thus we find a/(2K E3/?) > ¢oT /(87 K) as
required. We now assume that T E 3/2 > 47 . The function y, makes a number of
rotations over the circle which is at least |7 E3/2/(27)| > 2. Necessarily a = /2.
On each rotation, it spends a time at least a/(2K E3/?) in the favorable region. We
easily conclude to the second point of our claim. g

A.6 A bound on the centers of mass

Let f, g be two functions with L%(R)-norm equal to one such that f [t f 2(n)dr < oo
and [ |t|g?(t)dt < co. Let Vs, V, be their centers of mass, that is, V := [tf2(t)dt
and V, := [tg?(t)dt, and let wy, w, be the associated probability measures on R
recentered at Vy, V,, thatis, w(dt) = f2(Vy + t)dt and w,(dt) = g*(V, + t)dt.

Lemma A.7 Assume that there exist some constants q,c > 0 and some § € (0, 1/10)
such that

/If(t) —g(nPdr <57,
andforallt R, |f@)| <ce Vil g@t) <ce Vel
Then, there exists a function C := C(q, ¢) > 0 depending only on q and c, and which

grows at most polynomially in c, such that |Vy — V| < C8'2 and dpy (wr,wg) <
C8'2, where d ‘M s the Lévy-Prokhorov distance introduced in (87).

Proof Let X, Y be two r.v. with densities f2 and g? respectively. Note that Vi=
E[X] and V, = E[Y]. By assumption, we have for any A > 0

2 2
P(X —E[X]| > A) < —e~204 | P(Y —E[Y]| > A) < —¢ 24 |
q q

Furthermore
|P(IX —E[Y]| < A) —P(|Y —E[Y]| < A)|

- | / (f20) — L
[E[Y]—A,E[Y]+A]

= ( / £ (1) — g0)Pdr)*( / £ + g Pdr) '
<265.

Choose A > 0 such that (it can be chosen in such a way that it grows logarithmically
in ¢)

C2 2gA C2 2gA 1
2—e I 425 <2—e 12— < 1.
q q 10
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Assume that |E[X] — E[Y]| > 2A. Then

2
P(X —E[Y]| < A) <P(X —E[X]| > A) < —e 24
q

while

2
P(Y —E[Y]|<A)>1— —e14
q

so that

2
[P(X —E[Y]| < A) —B(Y —E[Y]| < A)| > 1 -2 ¢4 > 25,
q

thus raising a contradiction. Consequently, |E[X] — E[Y]] < 2A.

This being given, take A" > 0 and define the interval I := [min(E[X], E[Y]) —
A’, max(E[X], E[Y]) + A’], and let m be its midpoint. We have

E[X] — /(l—m)f (t)dt+f (t—m)f (Hdt ,

E[Y]—m= /(r —m)g>(t)dt +/ (t —m)g>(t)dt .
I R\/
Since the length of I is smaller than 2(A + A’), we deduce that

| [a=maar- [@-mgaa| =@+ [ 170 2o
I I R
<2(A+ADS.

Moreover,

‘/ (t—m)fz(t)dt‘ 5/ (|t—E[X]|+A)c2g—2q“—1E[X]l
R\/ R\[E[X]—A",E[X]+A])

+:5+

(A’ 1 A>2_2qA,
2q2 '

The same bound holds for | fR\, (t— m)gz(t)dt ‘ This ensures that

A1 A ,
|[E[X] - E[Y]] 52(A+A’)5+2( t3t s =)ete

Choosing A’ = §~1/2, we get the desired bound on [V — Vgl Let w’f be the proba-

bility measure associated with f2 recentered at Vg, that is, u)’f(dt) = fz(Vg + t)dt.
Then, it is easy to check that ’

duttwgw)) = [ 177 = e <2([ 17 = gl 2.
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Furthermore for any Borel set B C R, note that for any € > |V — V,| we have Vy +
B CVy+ B and Vy + B C Vy + B so that

wiB) = [ Pwdrs [ padi= @),
Vi+B V+Be :

wi B = [ Pods | ad=ws.
: Ve+B

Vi+Be

so that dpq(wy, w}) < |Vy — V|, thus concluding the proof. O
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