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Abstract Given a Hermitian line bundle L — M over a closed, oriented
Riemannian manifold M, we study the asymptotic behavior, as ¢ — 0, of
couples (u¢, Ve) critical for the rescalings

1
Eew V)= [ (1VuP + Q1P + 151 = WPP)
M €

of the self-dual Yang—Mills—Higgs energy, where u is a section of L and V is a
Hermitian connection on L with curvature Fy. Under the natural assumption
limsup,_, o Ec(ue, Ve) < 00, we show that the energy measures converge
subsequentially to (the weight measure p of) a stationary integral (n — 2)-
varifold. Also, we show that the (n — 2)-currents dual to the curvature forms
converge subsequentially to 27T, for an integral (n — 2)-cycle I' with |I"| <
w. Finally, we provide a variational construction of nontrivial critical points
(4, Ve) on arbitrary line bundles, satisfying a uniform energy bound. As a
byproduct, we obtain a PDE proof, in codimension two, of Almgren’s existence
result for (nontrivial) stationary integral (n —2)-varifolds in an arbitrary closed
Riemannian manifold.
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1 Introduction

A level set approach for the variational construction of minimal hypersurfaces
was born from the work of Modica—Mortola [30], Modica [29], and Sternberg
[34]. Starting from a suggestion by De Giorgi [12], they highlighted a deep
connection between minimizers u. : M — R of the Allen—Cahn functional

o 2, L 90
F.(v) = fM (eldvl + (=) )

and two-sided minimal hypersurfaces in M, showing essentially that the func-
tionals F I"-converge to (% times) the perimeter functional on Caccioppoli sets.
Several years later, Hutchinson and Tonegawa [19] initiated the asymptotic
study of critical points ve of Fe with bounded energy, without the energy-
minimality assumption. They showed, in particular, that their energy measures
concentrate along a stationary, integral (n — 1)-varifold, given by the limit of
the level sets v L0).

These developments, together with the deep regularity work by Tonegawa
and Wickramasekera on stable solutions [38], opened the doors to a fruitful
min—max approach to the construction of minimal hypersurfaces, providing a
PDE alternative to the rather involved discretized min—max procedure imple-
mented by Almgren and Pitts [5,31] in the setting of geometric measure
theory. This promising min—max approach based on the Allen—Cahn func-
tionals was recently developed by Guaraco and Gaspar—Guaraco [14,16], and
has been used successfully to attack some profound questions concerning the
structure of min—max minimal hypersurfaces—most notably in Chodosh and
Mantoulidis’s work on the multiplicity one conjecture [11].

The initial motivation for this paper is to find, in a similar vein, a natural
way to construct minimal varieties of codimension two through PDE methods.
Recently, other attempts in this direction have been made by Cheng [10] and
the second-named author [33], based on the study of the Ginzburg—Landau
functionals

1 1
Fe(v) := dv]* + — (1 — |v]»)?
e(v) |log6|/M<| L iy (S U ))

on complex-valued maps v : M — C. While the Ginzburg—Landau approach
can be employed successfully to produce nontrivial stationary rectifiable
(n — 2)-varifolds (building on the analysis of [8,28], and others), and leads to
existence results of independent interest for solutions of the Ginzburg—Landau
equations, it is not yet known whether the varifolds produced in this way are
integral, nor is it known whether the full energies F¢ (v¢) of the min—max crit-
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Minimal submanifolds from the abelian Higgs model 1029

ical points converge to the mass of the limiting minimal variety in the case
by (M) # 0.

While it is possible that these and other technical difficulties may be
overcome with sufficient effort—and establishing integrality in particular
remains a fascinating open problem—they point to the deeper fact that the
Ginzburg-Landau functionals, though intimately related to the (n — 2)-area,
do not provide a straightforward regularization of the codimension-two area
functional. Indeed, we stress that the Ginzburg—Landau energies should be
understood first and foremost as a relaxation of the Dirichlet energy for sin-
gular maps to S', and while the limiting singularities of critical points may
coincide with minimal varieties, the associated variational problems exhibit
substantial qualitative differences at both large and small scales.

In the present paper, we consider instead the self-dual Yang—Mills—Higgs
energy

E(u, V) ::/ (|Vu|2+|Fv|2+W(u)> (1.1)
M

and its rescalings (for € € (0, 1])
E.(u,V) :=/ (|Vu|2+62|Fv|2+6_2W(u)), (1.2)
M

for couples (u, V) consisting of a section u of a given Hermitian line bundle
L — M, and a metric connection V on L. Here, the nonlinear potential
W : L — Ris given by

W) := %(1 — ul?)?, (1.3)

while Fy € Q2(End(L)) denotes the curvature of V.

For the trivial bundle L = C x R? on the plane M = R?, a detailed study
of the functional (1.1) and its critical points can be found in the doctoral work
of Taubes [35,36]. In [36], all finite-energy critical points (x, V) of (1.1) in
the plane are shown to solve the first order system!

1
Vou +iVau =0; xFy = ii(l — |u?) (1.4)

known as the vortex equations—a two-dimensional counterpart of the instan-
ton equations in four-dimensional Yang—Mills theory. In particular, all such

! Here and elsewhere, we implicitly identify Fy with the two-form w given by Fy(X,Y) =
—iw(X,Y).
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1030 A. Pigati, D. Stern

solutions (#, V) minimize energy among pairs (¢, V) with fixed vortex num-
ber

1
= — xFy € Z,
2w R2

and carry energy exactly E(u, V) = 2| N|. In [35], Taubes shows moreover
that there exist solutions of (1.4) with any prescribed zero set

u='0) = {z1,..., 2y} C R?,

which are unique up to gauge equivalence, so that [35,36] together give a
complete classification of finite-energy critical points of (1.1) in the plane.

In [18], Hong, Jost, and Struwe initiate the study of the rescaled functionals
(1.2) in the limit ¢ — O for line bundles L — X over a closed Riemann surface
>.. The main result of [18] shows that, for solutions (u., V.) of the rescaled
vortex equations (given by replacing 5 (1 — [u|?) with 55 (1 — |uc|?) in (1.4)),
the curvature *%Fvé converges as € — 0 to a finite sum of Dirac masses
of total mass | deg(L)|, away from which V. converges to a flat connection
Vo, and u to a unit section ug with Voug = 0, up to change of gauge. While
the authors of [18] focus on the vortex equations over Riemann surfaces, they
suggest that the asymptotic analysis of the rescaled functionals £, may also
yield interesting results in higher dimension, pointing to similarities with the
Allen—Cahn functionals for scalar-valued functions.

In the present paper, we develop the asymptotic analysis as € — 0 for
critical points of E. associated to line bundles L — M over Riemannian
manifolds M" of arbitrary dimension n > 2. The bulk of the paper is devoted
to the proof of the following theorem, which describes the limiting behavior
as € — 0 of the energy measures

1
Me = Eee(ue Ve) vol,

and curvatures [y, for critical points (u., V¢) satisfying a uniform energy
bound.

Theorem 1.1 Let L — M be a Hermitian line bundle over a closed, oriented

Riemannian manifold M" of dimension n > 2, and let (u., V) be a family of
critical points for E¢ satisfying a uniform energy bound

Ec(uc,Ve) < A < 0.
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Minimal submanifolds from the abelian Higgs model 1031

Then, as € — 0, the energy measures

1
Me = Eee(uo Ve) vol,

converge subsequentially, in duality with CO(M), to the weight measure | of
a stationary, integral (n — 2)-varifold V. Also, for all 0 < § < 1,

spt(V) = lim {Juc| < 6}

in the Hausdorff topology. The (n — 2)-currents dual to the curvature forms
%Fv6 converge subsequentially to an integral (n — 2)-cycle T', with |[I"| < u.

As will be clear from the proofs, orientability will be assumed only to show
the statement concerning the current I".

Roughly speaking, Theorem 1.1 says that the energy of the critical points
concentrates near the zero sets u;l(O) of u. as € — 0, which converge to
a (possibly rather singular) minimal submanifold of codimension two. In the
case dim(M) = 3, for instance, it follows from the results above and work of
Allard and Almgren [3] that energy concentrates along a stationary geodesic
network with integer multiplicities. The convergence of the curvature, more-
over, to an integral cycle Poincaré dual to c¢{ (L), with mass bounded above
by lim¢_, o E¢(ue, Ve), provides a higher dimensional analog to the limiting
behavior described in two dimensions by Hong—Jost—Struwe [18].

At first glance, the obvious advantages of Theorem 1.1 over analogous
results for the complex Ginzburg-Landau equations (cf., e.g., [8,28,33]) are
the integrality of the limit varifold V, and the concentration of the full energy
measure to V, independent of the topology of M. Indeed, Theorem 1.1 and
the analysis leading to its proof align much more closely with the work of
Hutchinson and Tonegawa [19] on the Allen—Cahn equations than they do
with related results (e.g. [8,28]) for the complex Ginzburg—Landau equations.
The parallels between the analysis presented here and that of the Allen—Cahn
equations in [19] are in fact quite striking in places—a point to which we will
draw the reader’s attention throughout the paper.

Remark 1.2 We warn the reader, however, that while the qualitative analy-
sis of the Allen—Cahn functionals does not depend on the precise choice
of the double-well potential W, the analysis of the abelian Yang—Mills—
Higgs functionals (1.1)—(1.2) seems to depend quite strongly on the choice
W(u) = }‘(1 — |u|?)2. Indeed, already in two dimensions, replacing W with a
potential W (1) := %(1 — |u|*)? for some A # 1 yields a dramatically differ-
ent qualitative behavior, breaking the symmetry which leads to the first-order
equations (1.4), and introducing interactions between disjoint components of
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1032 A. Pigati, D. Stern

the zero set (see, e.g., [21, Chapters I-111]). This should serve as one indication
that the analysis of the abelian Higgs model is somewhat more delicate than
that of related semilinear scalar equations, in spite of the strong parallels.

To get some idea of the role played by gauge invariance, note that unit
sections of a Hermitian line bundle are indistinguishable up to change of gauge
(when no preferred connection has been selected) and, for a given unit section
u of L, one can always choose locally a connection with respect to which
u appears constant. Thus, while most of the energy of solutions ve to the
complex Ginzburg—Landau equations falls on annular regions—relatively far
from the zero set—where v resembles a harmonic S'-valued map, the energy
ec(ue, Ve) of a critical pair (ue, V) for the abelian Yang—Mills—Higgs energy
instead concentrates near the zero set ugl (0), with |Veue| vanishing rapidly
outside this region.

Of course, the results of Theorem 1.1 would be of limited interest if nontriv-
ial critical points (#¢, V) could be found only in a few special settings. After
completing the proof of Theorem 1.1, we therefore establish the following gen-
eral existence result, showing that nontrivial families satisfying the hypotheses
of Theorem 1.1 arise naturally on any line bundle (including, importantly, the
trivial bundle) over any Riemannian manifold M", from variational construc-
tions.

Theorem 1.3 For any Hermitian line bundle L — M over an arbitrary closed
base manifold M", there exists a family (ue, V) satisfying the hypotheses of
Theorem 1.1, with nonempty zero sets ue_l (0) # @. In particular, the energy
We of these families concentrates (subsequentially) on a nontrivial stationary
integral (n — 2)-varifold V as ¢ — 0.

For nontrivial bundles L. — M, this follows from a fairly simple argument,
showing that the minimizers (u., V¢) of E, satisfy uniform energy bounds
as € — 0. For these energy-minimizing solutions, we expect moreover that
the limiting minimal variety & = 6H"~2 L X, i.e. the weight measure |V|
of V, coincides with the weight measure |I"| of the limiting (n — 2)-cycle
' = lime_ *%Fve, and that I minimizes (n — 2)-area in its homology
class. While we do not take up this question here, we believe that it would be
interesting to study the convergence of the functionals (1.2) to the (n — 2)-area
functional in a I'-convergence framework. Let us mention that an asymptotic
study for minimizers of the Ginzburg—Landau functional, on a domain with
boundary, was successfully carried out by Lin and Riviere [27], who were able
to identify the concentration measure with the weight of an integral current.
(See also [1,22] for related I'-convergence results in that setting.)

Remark 1.4 We remark that a very special class of minimizers for E. are
given by solutions (u., V¢) of the first-order vortex equations in Kdhler mani-
folds (M?", wg) of higher dimension; these generalize the system (1.4) from
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Minimal submanifolds from the abelian Higgs model 1033

the two-dimensional setting by replacing xFy in (1.4) by the inner product
(Fv, wg) with the Kihler form wg, and requiring additionally that Fg’z = 0.
As in the two-dimensional setting, solutions of this first-order system mini-
mize the energy E. in appropriate line bundles on Kéhler manifolds, and it
was shown by Bradlow? [9] that the moduli space of solutions corresponds to
the space of complex subvarieties in M (of complex codimension one) via the
zero locus (u¢, Ve) — u;l 0).

In particular, the zero loci ue_l (0) in this case are already area-minimizing
subvarieties, before passing to the limit € — 0. Note that the analysis of the
vortex equations plays a key role in the study of Seiberg—Witten invariants of
Kihler surfaces [39], and a similar analysis figures crucially into Taubes’s work
relating the Seiberg—Witten and Gromov—Witten invariants of symplectic four-
manifolds [37]. For a concise introduction to the higher-dimensional vortex
equations and connections to Seiberg—Witten theory, we refer the interested
reader to the survey [13] by Garcia—Prada.

For the trivial bundle L = C x M, we prove Theorem 1.3 by applying min—
max methods to the functionals (1.2), to produce nontrivial families (u¢, V)
satisfying a uniform energy bound as ¢ — 0. While we consider only one
min-max construction in the present paper, we remark that many more may
be carried out in principle, due to the rich topology of the space

M:={u,V):0#£u e I'(Cx M), VaHermitian connection}/G,

where G := Maps(M, S!) is the gauge group. Indeed, on a closed oriented
manifold M, one can show that the homotopy groups 77; (M) are given by

T (M) = HI(M; Z), moy(M) = Z, and ; (M) = 0 fori > 3;

it may be of interest to note that these are isomorphic to the homotopy groups
of the space Z,,_»(M; Z) of integral (n — 2)-cycles in M, as computed by
Almgren [4].

As an application of Theorem 1.3, we obtain a new proof of the existence
of stationary integral (n — 2)-varifolds in an arbitrary Riemannian manifold—
a result first proved by Almgren in 1965 [5] using a powerful, but rather
involved geometric measure theory framework. As already mentioned, similar
constructions for the Allen—Cahn equations have been carried out success-
fully by Guaraco [16] and Gaspar—Guaraco [14], yielding new proofs of the
existence of minimal hypersurfaces of optimal regularity, and leading to other
recent breakthroughs in the min—max theory of minimal hypersurfaces (e.g.,

[11]).

2 The precise form of the energies considered by Bradlow in [9] differs slightly from the
functionals E¢ considered here, but the analysis is essentially the same.
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1034 A. Pigati, D. Stern

In [11,16] (building on results of [38]), the stability properties of the min—
max critical points for the Allen—Cahn functionals play a central role in
controlling the regularity and multiplicity of the limit hypersurface. To obtain
an improved understanding of min—max families (u#., V¢) and the associated
minimal varieties in the abelian Higgs setting, it would likewise be very inter-
esting to refine the conclusions of Theorem 1.1 under the assumption that the
families (u¢, V) satisfy a uniform Morse index bound as € — 0. We hope to
take up this line of investigation in future work.

1.1 Organization of the paper

In Sect. 2 we fix notation and record some basic properties satisfied by critical
pairs (u, V) for the energies E.

In Sect. 3, we record some useful Bochner identities for the gauge-invariant
quantities lu|?, | Fy|?, and |Vu|?, and use them to establish an initial rough

estimate on & := €| Fy| — %le), whose role should be compared to that of
the discrepancy function in the Allen—Cahn setting. Under suitable assump-
tions on the curvature of M, the fact that & < 0 follows quickly from the
aforementioned Bochner identities and the maximum principle. Without the
curvature assumptions, some nontrivial additional work is required to obtain
the pointwise upper bound & < C(M, Ec(u, V)). This estimate is the key
ingredient to obtain the sharp (n — 2)-monotonicity of the energy, and relies
on the specific choice of coupling constants appearing in the self-dual Yang—
Mills-Higgs functionals.

In Sect. 4 we derive the stationarity equation for inner variations, from
which an obvious (n — 4)-monotonicity property of the energy follows rather
immediately. Using our rough initial bounds on & from Sect. 3, we deduce
an intermediate (n — 3)-monotonicity; we use this to reach the pointwise
bound & < C(M, Ec(u, V)), from which we finally infer the sharp (n — 2)-
monotonicity.

In Sect. 5 we show that, similar to the Allen—Cahn setting, the energy density
ec(u, V) decays exponentially away from the set u~!(0)—more precisely,
away from {|u|> > 1 — B4} for some By independent of €.

Section 6, which constitutes the main part of the paper, contains an initial
description of the limiting varifold, showing that it is stationary, (n — 2)-
rectifiable, and has a lower density bound on the support. Then we establish
its integrality with a blow-up analysis, employing the estimates from the pre-
ceding sections to reduce the problem to a statement for entire planar solutions,
already contained in the work of Jaffe and Taubes [21]. We then use this anal-
ysis to show that the level sets ue_l (0) converge to the support of V in the
Hausdorff topology, and conclude the section with a discussion of the asymp-
totics for the curvature forms %Fve.
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Minimal submanifolds from the abelian Higgs model 1035

In Sect. 7, we show that E, satisfies a variant of the Palais—Smale property
on suitable function spaces, allowing us to produce critical points via classical
min—-max methods. We provide a variational construction to get nontrivial
critical points satisfying the assumptions of our main theorem, with energy
bounded from above and below, both for nontrivial and trivial line bundles.

Finally, the “Appendix” addresses the issue of showing regularity of critical
points, as obtained from Sect. 7, when they are read in a local or global Coulomb
gauge.

2 The Yang-Mills-Higgs equations on U (1) bundles
Let M be a closed, oriented Riemannian manifold, and let L — M" be a

complex line bundle over M, endowed with a Hermitian structure (-, -). Denote
by W : L — R the nonlinear potential

W(u) = }1(1 — u»>.

For a Hermitian connection V on L, a section u € I'(L) and a parameter
€ > 0, denote by E¢(u, V) the scaled Yang—Mills—Higgs energy

E.(u, V) ::f (|Vu|2 + 2| Fy|? +6_2W(u)), 2.1)
M

where Fy is the curvature of V. Throughout, we will identify the curvature
Fv with a closed real two-form w via

Fv(X,Y)u =[Vx, Vylu — Vix yju = —iw(X, Y)u. 2.2)

In computing inner products for two-forms, we follow the convention

l n
P = Y ol a) = 3 > wlej. er)? (2.3)

1<j<k<n Jj.k=1

with respect to a local orthonormal basis {e j}’}zl for TM.
Note that E. enjoys the U (1) gauge invariance

Ec(u,V) = Ec(e"u, V — id0),
for any (smooth) 6 : M — R. More generally, we have

Ec(u,V) = Ec(pu,V — ip*(d?9)),
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1036 A. Pigati, D. Stern

forany ¢ : M — S', identifying S' with the unit circle in C.

It is easy to check that the smooth pair (u, V) gives a critical point for the
energy E., with respect to smooth variations, if and only if it satisfies the
system

V*Vu = L(1 — luP)u (2.4)
2¢2 ’ '
Ed*w = (Vu, iu). (2.5)

We denote Ay = dd* + d*d the usual positive definite Hodge Laplacian on
differential forms and note that, in our convention, the adjointtod : Q'(M) —
QX(M) is

(d*w)(er) = = Y _(De,w)(ej, er).
j=l1

Since the curvature form w is closed, taking the exterior derivative of (2.5)
gives

E(Apw)(ej, ex) = (d(Vu,iu))(e;, ex)
= (iVe;ju, Vo u) = (iVeut, Ve u)
+ (iu, Fv(ej, ex)u)

=Y u)(ej, er) — lulPwle), ex);

i.e.,
EAgw = —|ul’o + ¥ @), (2.6)

where
W(u)(ej, ex) ‘= 2<ivej74, Ve, lt).
For future reference, we record the simple bound
W @) < [Vul®. 2.7)
To confirm (2.7), fix x € M and note that the linear map Vu(x) : TyM — L,
has a kernel of dimension at least n — 2. Take an orthonormal basis {e;} of
T M such that e; € ker Vu(x) for j > 2. We compute at x that

W )| = 20(i Ve,ut, Veyu)| < 2|Veyu|[Veyu| < |Veyul? + | Veyul?,

which gives (2.7).
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Minimal submanifolds from the abelian Higgs model 1037

3 Bochner identities and preliminary estimates
From the Egs. (2.6) and (2.4), we apply the standard Bochner—Weitzenbock

formulas to obtain some identities which will play a central role in our analysis.
For the curvature two-form w, it will be useful to record the Bochner identity

l 2 _ 2 —200021,02
A2|w| = [Dol” + e “(lul"lo]” = (Y (1), 0)) + Ra2(w, ®), (3.1)
where D is the Levi—Civita connection and R, denotes the Weitzenbock cur-

vature operator for two-forms on the base Riemannian manifold M. For any
8 > 0 we have

(o + %) 2 A(jw® +6)!2 + [ Dlw|* = A%(W +6%) = A%W.
Since | D|w||* < |Dw|?, (3.1) implies
(lo? + )2 A0 + 817 2 €2 (uP ol — (¥ ), ©)) + Ra(o, o).
Dividing by (|w|*> + 8%)!/? and letting § — 0, we obtain
Alo| = e *(lulP|o] — [Y @) — |R; ||l (3.2)

in the distributional sense (and classically on {|w| > 0}). Note that, by (2.7),
the relation (3.2) also gives us the cruder subequation

Alo| > € [u*lw| — €2 |Vul* — [R5 ||| (3.3)
For the modulus |u|? of the Higgs field u, we record
Alw = |Vul* - i(l — Ju|*)|ul?, (3.4)
2 2¢2

and observe that a simple application of the maximum principle yields the
pointwise bound

|u|2 <1 onM.

For the energy density |Vu/|? of the Higgs field u, we see that

Al|Vu|2 = |V2u)?> — (V(V*Vu), Vu) + (d*o, (iu, Vu))
2 — 9 b 9
— 2w, Y () + R1(Vu, Vu)
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1
= [V2u|? — 2w, ¥ (u)) + i, Vu)|?

1 2 2, 1 2
— — U = |ul)Vu|" + = u, Vu)|* + R1(Vu, Vu)
2¢e2 €?

1
= |V2ul* + 2_62(3'”'2 — D)|Vul* = 2(0, ¥ (u)) + R1(Vu, Vu),

where at p € M welet’ R (Vu, Vu) = Ric(e;, e;)(V,,u, Ve, u) and Vezi’eju =
Ve, (Veju), for any local orthonormal frame {e;}_; with De;(p) = 0.
Next, we introduce the function

1
b= elFyl = (1= Jup?), (3.5)
€
and combine (3.3) with (3.4) to see that

1
(1 — [u)|ul?

Age = e fuPlol — ! IVul — e|Ry o] + €' Vul? = o

-2 2 —
> € “|ul"e — €lR; [l

If R2 > 0, we can actually replace the term —€||R, || |w| with ce|w]|, for
some positive constant ¢ = c¢(M); from a simple application of the maximum
principle, in this case we get & < 0 everywhere on M, and consequently (cf.
[21, Theorem II1.8.1])

W (u)
elFvl? = =

pointwise, provided R> > 0 on M. (3.6)

This balancing of the Yang—Mills and potential terms, which should be com-
pared with Modica’s gradient estimate in the asymptotic analysis of the
Allen—Cahn equations (cf. [19, Proposition 3.3]), will play a key role in our
analysis, allowing us to upgrade the obvious (n — 4)-monotonicity typical
of Yang-Mills—Higgs problems to the much stronger (n — 2)-monotonicity
@[5, ee. V) 2 0.

Remark 3.1 We remark that the analog of the identity A& > e 2|u|?&. —
€|'R, || |w|—and, consequently, the sharp (n — 2)-monotonicity result—
fails for choices of coupling constants other than those corresponding to the
self-dual Yang—Mills—Higgs functionals considered here.

Without the positive curvature assumption, we may still employ the sube-
quation

Jul?
Abe = —3& — C(M)elFyl, (3.7)
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Minimal submanifolds from the abelian Higgs model 1039

to obtain strong estimates for the positive part £ of &. To begin, denote by
G (x, y) the nonnegative Green’s function for the Laplacian on M, unique up

to additive constant, so that A, G (x, y) = W — 8y, and set
he) = [ Gl el el dy = 0 (38)
M
so that !
Ahe(x) = Vol (M) leFvlipr — €lFvl(x). (3.9

Taking C’ to be the constant appearing in (3.7), for the difference & — C'h¢
we then have

2 2
|ul |ul NeFyip
A(ge — C'he) = —(Ec — C'he) + C'—he — C'——=L
€ € vol(M)
) (3.10)
- l/t| (%_ C/h ) C/”EFV”L]
- 2 7t ¢ vol(M)

Observe that the L' norm of & — C’h, is bounded by the energy:

& — C'hellpr < ll&ellpr + C(M) | hell
< ellpr + CM) e Fyl (3.11)
< C(M)E(u, V)2,

(Where the constant C (M) may of course change from line to line.)
Integrating (3.10) against the positive part ¢ := (€. — C’'h¢)™ and bounding
le Fyll,1 < C(M)Ec(u, V)!'/2, we get

2
[ ace = @cz—C(Mwe(u,V)W/ ¢
M M € M

< —C(M)E(u, V)W/ Z.
M

Applying (3.11), this gives ||d¢ |2 < C(M)Ec(u, V).
Thus, applying Moser iteration, namely integrating (3.10) against powers
¢¥ with increasing exponents ¥ > 1, we deduce that

g —C'he <¢ < C(M)Ec(u, V)2, (3.12)
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1040 A. Pigati, D. Stern

As a simple application of (3.12), we note that by definition (3.8) of &, and
the standard estimate (see, e.g., [7, Section 4.2])

G(x,y) < C(M)d(x, y)*™"

ifn>3(orGx,y) < —-C(M)log(d(x,y)) + C(M) if n = 2), we have the
L estimate

lhellLoe = C(M)|l€Fy |l a1

(with 2 replacing n — 1 when n = 2). If n = 2, this inequality and (3.12) give
a pointwise bound

IEF Lo < C(M)||€Fyll 2 4+ C(M)E(u, V)'/? < C(M)E,(u, V)'/2.

In the sequel, we assume n > 3 and aim for a similar pointwise bound. We
have
n—3

lhellLee < CM)|l€Fy|in-1 < CellFyllya 1IIFvlle :

Using this in (3.12), we compute at a maximum point for | Fy| to see that

n—=3 3 | 2
€ Fllzee — —(1 — |ul*) = & < ClleFy|}< Ec(u, V)T 4 CEcu, V)
and, by an application of Young’s inequality, it follows that

1 3—n 1/2
(1= CdlleFvllL= =< 7% +C87 Ec(u, V)
€

forany 8 € (0, 1). Taking 8 = €%/", we arrive at the crude preliminary estimate

1
= 1 — Ce2/n

52—+—(1+E( V)

1
le Fllz (5 +Ceme Ecu, v)'7?)

where a(¢) — 0 ase — 0.
Now, consider the function

1 1 4+ Ec(u, V)2
o elo] - + a(e)( ‘;E (u, V) )(1—|M|2)-

@ Springer



Minimal submanifolds from the abelian Higgs model 1041

By virtue of the preceding estimate for || Fy ||z, we then see that

2

_ Tta(@ + Ec(u, )2

! 2¢

|u]

pointwise. Appealing once again to (3.4) and (3.3), we see that

|ul?
Af z =5 f = CelFyl,

o at a point where f achieves its maximum we have

4l - ceg) < CULT Ee. )17
2 — = .
€

€

On the other hand, we know that |u|> > W f everywhere, so the
€ ’

preceding computations yield an estimate of the form

(max f)? _CM. Ecu.V))
€ - € ’

provided max f > 0, and we deduce that f < C(M, Ec(u, V)) everywhere.
Putting all this together, we arrive at the following lemma.

Lemma 3.2 Let (u, V) solve (2.4) and (2.5) on a line bundle L — M, and
suppose Ec(u, V) < A. Then there exist a constant C(M, A) and a function
a(M, A, €), witha(e) — 0as € — 0, such that

a2
& < a(e)(leﬁ +C. (3.13)

In the next section, we will improve the rough preliminary estimate of
Lemma 3.2 to a uniform pointwise bound of the form & < C(M, A), but this
will require some additional effort.

4 Inner variations and improved monotonicity

In this section, we derive the inner variation equation for solutions of (2.4)—
(2.5), and explore the scaling properties of the energy E.(u., V¢) over balls
of small radius. Under the assumption that the curvature operator R, appear-
ing in (3.3) is positive-definite (so that (3.6) holds), the analysis simplifies
considerably, leading with little effort to the desired monotonicity of the (n—2)-
energy density. Without this curvature assumption, more work is required, first
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1042 A. Pigati, D. Stern

building on the cruder estimates of the preceding section to obtain a uniform
pointwise bound for &,.

Fixing notation, with respect to a local orthonormal basis {e;} for T M,
define the (0, 2)-tensors Vu*Vu and w*w by

(Vu*Vu)(e;, ej) i= (Veu, Ve,u), 4.1)
w*w(e, ej) = Za)(ei,ek)a)(ej,ek). 4.2)
k=1

Note that tr(Vu*Vu) = |Vu|? and tr(w*w) = 2|w|?. Denote by e, (u, V) the
energy integrand

W(u)

ec(u, V) := [Vul* + €| Fyl* + ==

The fact that dw = 0 reads

Dw(ej, ej) = De,w (-, €j) + De,w(ei, -,
where D is the Levi—Civita connection of M. Using this identity, it is straight-
forward to check that

W(u)
62
+ 20w (iu, Vu)*, ) + 22 div(w*w) — 220 ((d*w)*, ).

dec(u, V) = 2div(Vu*Vu) 4+ 2(Vu, V*Vu) + d

In particular, defining the stress-energy tensor T (u, V) by
T.(u, V) = ec(u, V)g — 2Vu*Vu — 2*w* w, (4.3)
for (u, V) solving (2.4) and (2.5) it follows that
div(Te(u, V)) =0, 4.4)

meaning that ) . (D,, T¢)(e;, -) = 0. Integrating (4.4) against a vector field X
on some domain 2 € M, we arrive at the usual inner-variation equation

/(Tg(u,V),DX) :/ Te(u, V)(X,v), 4.5)
Q 082

where we identify T, (#, V) with a (1, 1)-tensor and denote by v the outer unit
normal to Q2. Taking 2 = B, (p) to be a small geodesic ball of radius r about
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Minimal submanifolds from the abelian Higgs model 1043

apoint p € M, and taking X = grad(%dl%), where d, is the distance function
to p, (4.5) gives

r/ (ec(u, V) = 2|Vyul* = 2€2|1,0/%)
3B (p)
:/ (Tc(u, V), DX)
B (p)
=/ (Te(u)sg>+/ <Te(u)sDX_g>
Br(p) Br(p)
=/ (nee(u, V) — 21Vul® — 42| Fy )
By (p)

—i—/ (Te(u), DX — g).
B, (p)

Now, by the Hessian comparison theorem, we know that
IDX — g| < C(M)dy;

applying this in the relations above, we see that

r/ e€<u,V>zzr/ (IVoul* + €0l
3B, (p) 9B, (p)

+f ((”_2)|V”|2+(n—4)62|FvI2+nW(zu))
B (p) -

— C'(M)r? / ec(u, V).

B (p)

Setting
fp,ry = e f eeu, V), (4.6)
B, (p)
it follows from the computations above (temporarily throwing out the addi-
tional nonnegative boundary terms) that

2
0 eC'r
of |

or — r

W(”)>. 4.7)

/ ((n —2)|Vul + (n — HX| Fyl? + n—;
B (p) €
At this point, one easily observes that the right-hand side of (4.7) is bounded
below by n—4 f(p, r), to obtain the monotonicity of the (n —4)-energy density

r

9 4—n
5,0 ) = 0.
r
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For general Yang—Mills and Yang—Mills—Higgs problems, this codimension-
four energy growth is well known to be sharp (cf., e.g., [32,40]). For solutions
of (2.4) and (2.5) on Hermitian line bundles, however, we show now that this
can be improved to (near-) monotonicity of the (n — 2)-density p2n f(p,r)
on small balls, which constitutes a key technical ingredient in the proof of
Theorem 1.1.

To begin, we rearrange (4.7), to see that

) n—2 2eC/r2 W(u
—fZ f(r)+ / < (2) —€2|FV|2)
or r r B (p) €

2
n—2 2eC"T

_ _ L
=" =2 [ s(erre e g0 ),

recalling the notation & := €|Fy| — i(l — |u|?). Now, by Lemma 3.2,
assuming E.(u, V) < A, we have the pointwise bound

1 — Jul?

b (1ol + 520 = ) £ 2(C + a1 Yectw, 9)2
< Cec(u, V)!2 + Ca(e)ec(u, V).

Applying this in our preceding computation for %, we deduce that

C'r?

1/2 €
> Cec(u, V)= —a(e) Cec(u, V)
or r B,(p) FJB.(p)

_2_¢C c'r? 1/2
n a(E)f(l") _ e Crn/2<f ee(u, V))
r r B (p)

n—2—C"a(e)

y>n—2 ec/’2

fr) —

f(l’) _ C//rn/Z—lf(r)l/Z

for some constant C”(M, A) and 0 < r < ¢(M). Taking € sufficiently small,
we arrive next at the following coarse estimate for the (n — 3)-energy density,
which we will then use to establish an improved bound for &..

Lemma 4.1 Fore < €, (M, A) sufficiently small, we have a uniform bound

sup 3" / ec(u, V) < C(M, A). (4.8)
O<r<inj(M) B, (p)
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Proof The statement is trivial if n = 2, 3, so assume n > 4. In the preceding
computation, take € < €,,(M, A) sufficiently small that C"a(¢) < % Then
the estimate gives

2-1/2

F/r) = =) = " )2,

from which it follows that, for 0 < r < ¢(M),

L) =T+ G )
= 2 (0= 2) 1) = CPPFO 4 G- )
> r2‘"(%f(r) —Cr '),

If 3" £ (r) has amaximumn (0, c(M)), it follows that f(r) < Cr*/? f(r)!/?
there, and therefore 3" f(ry<=<cC < C. Obviously the desired estimate
holds at r = 0 and r = ¢(M), so (4.8) follows. O

With Lemma 4.1 in hand, we can now improve the bounds of Lemma 3.2
to a uniform pointwise estimate, as follows.

Proposition 4.2 Let (u, V) solve (2.4)—(2.5) on a line bundle L — M, with
the energybound Ec(u, V) < Aande < €. Thenthereisaconstant C(M, A)
such that

1
fe =€l Fy| = (1 = lul?) < C(M, A). (4.9)

Proof We can assume n > 3, as we already obtained the claim for n = 2 in
Sect. 3. Recall from that section the function

he () = /M G(x, y)el Fy|(y) dy.

where G is the nonnegative Green’s function on M. As discussed in Sect. 3,
we can deduce from (3.7) a pointwise estimate of the form

£ < C(M)he + C(M)Ec(u, V)'/2. (4.10)
Thus, to arrive at the desired bound (4.9), it will suffice to establish a pointwise
bound of the same form for /..

To this end, recall again that G(x, y) < C(M)d(x, y)z_”, so that by defi-
nition we have
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1046 A. Pigati, D. Stern

he(x) < C fM d(x, vV el Fel(y) dy
<c f dr, vV e, V)2 (v) dy
M

<C / d(x, )"V pd(x, )T e (u, V)) dy,
M

where the last line is a simple application of Young’s inequality. Since the
integral [;, d(x, y)™"*1/2 dy is finite, it follows that

r3_”+1/2(/ eg(u,V)> dr
9B (x)
inj(M) g
—C(M, M) + C(M)/ d—(r_"+7/2/ e (i, V)) dr
0 r By (x)
r3_”_1/2(/ ec(u, V)) dr
By (x)

inj(M)
r3_”_1/2(/ ec(u, V)) dr.
B, (x)

On the other hand, by Lemma 4.1, we know that p3n f B, (x) €€ (u, V) <
C(M, A) for every r, so we see finally that

inj(M)
he(x) <CM)+C(M))A + C(M)/
0

inj(M)
+(n— 7/2)C(M)/
0

<CM, A)+C(M)/
0

inj(M)
he(x) < C(M, A) + C(M, A)f r~Y2dr < C(M, M),
0

as desired. O

Applying (4.9) in our original computation for f’(r), we see now that

1.2
of n—2 26C7 1
e ORI I A CL R SRy
r r r B (p) 2e
—2 20€"
Sy T / C(M. Nyee(u, V)2
r r Br(p)

v

nr;zf(r) — M, M F )V

In fact, bringing in the extra boundary terms that we have been neglecting, and

applying Young’s inequality to the term I F(r)'/2, we see that
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8 7.2
o > 26" f (IVyul* + €)1, Fy|?)
ar 3B, (p)

n—2 n—2
+——f) = Cr '
> 25" f (Voul® + €0, Fy )
3B (p)
n—2
+——f() = Cfr) - cr' 2.

With this differential inequality in place, a straightforward computation leads
us finally to one of our key technical theorems, the monotonicity formula for
the (n — 2)-density.

Theorem 4.3 Let (1, V) solve (2.4)—(2.5) on a Hermitian line bundle L — M,
with an energy bound E.(u,V) < A. Then there exist positive constants
€n(M, N) and Cy,(M, A) such that the normalized energy density

E.(x,r) = ec"‘rrz_”/ ec(u, V) 4.11)
By (x)
satisfies
EL(r) zzﬂ—"f (IVoul* + €|ty Fy|?) — Cp, (4.12)
3B, (x)

for0 <r <inj(M) and € < €.

As a simple corollary of the monotonicity result (together with a pointwise
bound for |Vu| derived in the following section), we deduce that (u#, V) must
have positive (n — 2)-energy density wherever |u| is bounded away from 1.

Corollary 4.4 (clearing-out) Let (u, V) solve (2.4)—(2.5) on a line bundle
L — M, with Ec(u,V) < Aande < €,. Given0 <§ < 1, if

rz_"/ ecu,V) <n(M,A,S)
By (x)

withx € M and € < r < inj(M), then we must have |u(x)| > 1 — 4.

Proof For € < ¢, Theorem 4.3 gives
" / ec(u,V) < C(M,AN)n+ C(M, A)r.
Be(x)

The gradient bound (5.3) in Proposition 5.1 of the following section gives
|d|u|| < Ce~'. Hence, if [u(x)| < 1 — & then |u(y)| < 1 — % on Bes/oc)(x),
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so that I — [u(y)[> > 1 — [u(y)| > 3. We deduce that

2

)
O vol(Besjoey ) < | W) <€ / ec(t, V) < Ce"(p + 7).
16 Be(x) Be(x)

Since vol(Bes/2c)(x)) is bounded below by ¢(M, A, §)e", we can choose

n(M, A, §) < inj(M) so small that we get a contradiction if r, n < 7. On the
other hand, if » > 7 then

N inj(M)\n—2
772_”/ e, V) < (DY,
By (x) n

n—2
Hence, setting n := (mJ(LMJ 17 < 7, we can reduce to the previous case
(replacing r with 7)), reaching again a contradiction. |

5 Decay away from the zero set

Again, let (#, V) solve (2.4)—(2.5) on a line bundle L — M, with the energy
bound Ec(u, V) < A. In the preceding section, we obtained the pointwise
estimate

1 1
Pyl < 5501 = u|?) + SO, ) (5.1)

when € < ¢,,. As a first step toward establishing strong decay of the energy

away from the zero set of u, we show in the following proposition that the full

energy density e (u, V) is controlled by the potential We(z")

Proposition 5.1 For (u, V) as above, we have the pointwise estimates

W(u)

€|Fy|> < C(M, A)—5— + C(M, A)e (5.2)
€
and W
Val = o, M 2g 4 con, e, 53)

provided € < €4, for some €5 = €5(M, A).

Proof To begin, let C; = C{(M, A) be the constant from (5.1), and consider
the function

1+2Cqe

U ul?) = & — C1 + C1ul.
€

[ =¢€|lFy| —
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Similar to the proof of Lemma 3.2, observe that Cy|u|> > f pointwise, by
(5.1), while the computations from Sect. 3 give

2
Af = 0 - CelFl

By (5.1) we have |Fy| < ﬁ + %, s0 at a positive maximum for f it follows
that

2 2 C(M,A
0>uf CeIFI_CJ:GZ— (e ),
so that
(maxf)nge
1/2

(provided max f > 0), and consequently f < Ce'/= everywhere. As a con-
sequence, at any point, we have either f < 0, in which case

) W(u)

2| Fyl> < (1+2Ce)

or f > 0, in which case

W
E|Fv? <22 +2(1 +2C€)? (”)

< Ce+2(1 4+2Ce)? (“)

In either scenario, we obtain a bound of the desired form (5.2).
To bound |Vu|?, recall from Sect. 3 the identity

oo w22, b 20 2 _
A2|Vu| = |V7ul +262(3|u| DIVul® = 2(w, ¥ (u)) + R1(Vu, Vu).

(5.4)
In view of the estimate (5.1) for |Fv| = |w| and (2.7), we can estimate the
term 2(w, ¥ (1)) from above by

1 C
2F9lIVul? < (1 = u)Vul? + = Vul?,
to obtain the existence of Co(M, A) such that

)

1 1
A=|Vul?> > [V2ul> + — 5lul> = 3)|Vul> — ==|Vul?.
2 2¢2 €

@ Springer



1050 A. Pigati, D. Stern

For A|Vu], this then gives
1 C
AlVu| > —=Slul* = 3)|Vu| — —2|Vul. (5.5)
2¢2 €
Recalling once again the Eq. (3.4) for A% |u|?, we define
1 2
w = |Vul = =(1 = |ul”),
€
and observe that

Aw > —(S|ul|” = 3)|Vu| — —|Vu|
2¢2 €

2 1
+ ZIVul? = S ulP(1 = |uf?)
€ €

|u|? LY |<2|V | 3(1—|u?) Cz)
= —w ull -|Vu| — - ———— —
€2 € 2 €2 €
|u? |Vul 1 2
- w+ <2w+—(1—|u| )—cz).
€ € 2e
We then have
lu|? 1 1 ) 1 )
Awz Zrwt—(w - =) 2w+ (1= uP) - C). (56)
€ € € 2e

If w has a positive maximum, it follows that
1 2
2w+ — (1 —|u|®) < Cy
2¢
at this maximum point; in particular, we deduce then that
lul> > 1—2Cse
at this point, and see from (5.6) that here

> 1—2C26 1

1
0 . w——<w+—(1—|u|2)>C22
€ € €

1 —3Cae C3
— W
€2 €

If e < e€4(M, A) is small enough, it follows that max w < Ce; as a conse-
quence, we check that

w
vup = e 4 ce,
€
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completing the proof of (5.3). O

As a simple consequence of the estimates in Proposition 5.1, we obtain the
following corollary.

Corollary 5.2 There exist constants 0 < Bg(M, A) < 1 and C(M, A) such
that, for (u, V) as above, we have

AL =) = L1 = up) = ce? 5.7)
2 ~ 42

on the set Zg,(u) := {|ul*> > 1 — B4}.
Proof By the formula (3.4) for A% lu|?, we know that

1 1
A= ul?) = FW(I — [ul?) — |Vul*.

Combining this with the estimate (5.3) for |[Vu |2, we then deduce the existence
of a constant C = C(M, A) such that

_pl—?

22 Cée?
€

1 2 2 1 2
A= {ul®) Z Ju"5=7 (1 = [ul")
By taking By = Ba(M, A) > O sufficiently small, we can arrange that

~ ~ 1
> = C —|u>) =1 —B4—CBa > 3

on{lul*>1-— Ba}, from which the claimed estimate follows. ]

Next, we employ the result of Corollary 5.2 to show that the quantity (1 —
|u |2) vanishes rapidly away from Zg, (u) (compare [21, Sections III.7-111.8]).

Proposition 5.3 Let (u, V) be as before, with € < €4, and define the set
Zg, =1{x € M ju()’ <1 - B},

where Bg(M, A) is the constant provided by Corollary 5.2. Definingr : M —
[0, 00) by

r(p) = dist(p, Zp),
we have an estimate of the form
(1= lu?)(p) < Ce™ %P 4 Cet (5.8)

for some C = C(M, A) and ag = ag(M) > 0.
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Proof Fix a point p € M, and let r = r(p) = dist(p, Zg) as above. We
can clearly assume r(p) < %inj (M). On the ball B,(p), for some constant
a = ay > 0 to be chosen later, consider the function

p(x) = e(“/f)(dp(x)2+€2)l/2,

where d, (x) := dist(p, x). A straightforward computation then gives

a, (a/e)d; d3
Ap = 2+ €2 N (d2 + €2)3/2

a Ad;
26 (af2 + 62)1/2
a? a Adl%
¢ —
€2 26 (d2 + 62)1/2
a’+Cia

=S¢
62

| /\

for some C; = C{(M). Now, fix some constant ¢ > 0 to be chosen later, and
let

_11 2
f= 5( — [ul*) — c29.

Combining the preceding computation with (5.7), we see that, on B, (p),

1 24 C
Af = —(1—lu®) — M, Ay — LTy
4€2 €2
1—2a>-2Cia :
= 2—Ezf+ 262 Cz(p—C(M, A)€ .

Choosing a = ay(M) > 0 sufficiently small, we can arrange that 2a” +
2C1a < 1, so that the above computation gives

Af > % — Cé2. (5.9)

On the boundary of the ball d B, (p), it follows from definition of r = r(p)
that [u]? > 1 — Ba, and therefore

fx) = % —p < 'B—Zd — 26"/ on 9B, (p).
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Taking 5 := Bge~%"/¢, it then follows that f < 0 on 8 B, (p), so we can apply
the maximum principle with (5.9) to deduce that

f < Ce* inB(p).

Evaluating at p, this gives

1
Ce* > f(p) = ;1= u|*)(p) — Bae " PV/€e,
so that
(1 — [u]?)(p) < C(M, Ae™ " PV/e L C(M, A)e*,

as desired. O

Combining these estimates with those of Proposition 5.1, we arrive imme-
diately at the following decay estimate for the energy integrand e, (u, V).

Corollary 5.4 Defining Zg, and r(p) = dist(p, Zg,) as in Proposition 5.3,
there exist ag(M) > 0 and Cy(M, A) such that

e—r(p)/e
ec(u, V)(p) = Co— 73— + Cue. (5.10)

6 The energy-concentration varifold

This section is devoted to the proof of the main result of the paper, which we
recall now.

Theorem 6.1 Let (u., V) be a family of solutions to (2.4)—(2.5) satisfying a
uniform energy bound E¢(ue, Ve) < A ase — 0. Then, as € — 0, the energy
measures

1
Me = Eee(ue Ve) VOlg

converge subsequentially, in duality with C°(M), to the weight measure of a
stationary, integral (n — 2)-varifold V. Also, forall 0 < § < 1,

spt(V) = lim{juc| < 3}

in the Hausdorff topology. The (n — 2)-currents dual to the curvature forms
%a)g converge subsequentially to an integral (n — 2)-cycle I', with |T’| < .
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6.1 Convergence to a stationary rectifiable varifold

Let (u¢, Ve) be as in Theorem 6.1, and pass to a subsequence €; — 0 such
that the energy measures jic; converge weakly-* to a limiting measure u, in

duality with CO(M).
Note that, for 0 < r < R < inj(M), Theorem 4.3 yields

e“RR>" 1 (Br(x)) + CR > limsup e R R>* " 1 (Br(x)) + CR

e—>0

> liminf e r> ™" e (By(x)) + Cr

e—0

> ¢“"r* " (B, (x) + Cr
with C = Cy,, so approximating R with smaller radii we deduce
e“RR*"W(BR(x)) + CR 2 ' r* " u(B,(x) + Cr,  (6.1)
and in particular the (n — 2)-density
On—a(pt, x) 1= lim (@, or" ")~ (B, (x))

is defined. As a first step toward the proof of Theorem 6.1, we show that this
density is bounded from above and below on the support spt(yt).

Proposition 6.2 There exists a constant 0 < C = C(M, A) < 00 such that
c'< rz_”M(Br(x)) < C forx espt(n), 0 <r < inj(M), (6.2)

and thus C~1 < On_2(u, x) < C forall x € spt(p).

Proof The upper bound follows from (6.1), which gives (when R = inj(M))

P2 By (x)) < S P27 (B, (x)) + Cr
<CM,Nu(M)+ C(M, A)inj(M)
<C(M,NA\).

To see the lower bound, let ; = B4(M, A) € (0, 1) be the constant given
by Corollary 5.4, and again set

Zp(ue) i=1{x € M : Jue(x)|* < 1 - B}.

@ Springer



Minimal submanifolds from the abelian Higgs model 1055

Let ¥ be the set of all limits x = lim¢ x¢, with xe € Zg, (u); that is, take

=) U Zs o

n>0 O<e<n

We then claim that
Spt(p) C % 6.3)

and
w(By(x)) = c(M, A)r"_2 forx € ¥, 0 <r < inj(M). (6.4)

Once both (6.3) and (6.4) are established, the lower bound in (6.2) follows
immediately.

To establish (6.3), fix some p € M\ X; by definition of X, there must exist
8 = 6(p) > 0 such that

dist(p. Zp, (ue)) = 28

for all e sufficiently small. Applying Corollary 5.4 for all x € Bs(p), we
deduce that

1

5 ec(ue, Ve)
7 JBs(p)

u(Bs(p)) < liminf
e—0

< lim (Ce™2e™ /¢ 4 Ce)
€=>0JBs(p)
=0.
In particular, p € M\ spt(u), confirming (6.3).

To see (6.4), let x € X. Note that, by definition of X, there exist points
Xe € Zg,(ue) with xe — x as € — 0 (along a subsequence). We then see that

Jue(x)” < 1~ B
and Corollary 4.4 gives c(M, A) such that
pe(Br(xe)) = (M, A)yr" ™2

for e < r < inj(M). Sincgfor any § > 0 we have B,(x¢) C §,+5(x)
eventually, it follows that w(B,4+5(x)) > cr"2, hence

(B, (x)) = cr" 2

for 0 < r < inj(M), which is (6.4). |
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1056 A. Pigati, D. Stern

With Proposition 6.2 in place, we will invoke a result by Ambrosio and
Soner [6] to conclude that the limiting measure y = lim¢_, g e coincides
with the weight measure of a stationary, rectifiable (n — 2)-varifold. Recall
from Sect. 4 the stress-energy tensors

Te = ec(uc, Ve)g — 2VeulVeue — 26> Fy Fy,.

We record first the following lemma; in its statement, we canonically identify
(and pair with each other) tensors of rank (2, 0), (1, 1), and (0, 2), using the
underlying metric g.

Lemma 6.3 As ¢ — 0, the tensors T, converge (subsequentially) as
Sym(T M)-valued measures, in duality with cOm, Sym(T M)), to a limit
T satisfying

(T, DX) =0 forallvector fields X € C! (M, TM), (6.5)

%(T, 9g) > (n —2){(1u, ) forevery0 < ¢ € CO(M), (6.6)

and

1
—/ IX?du < —(T, X ® X) 5/ |X1?du forall X € CO(M, TM).

M 2w M
(6.7)

Proof For each € > 0, note that, by definition of 7¢, for every continuous
vector field X € CO(M, T M) we have

/<Te,X®X>=/ e€<ue,ve>|X|2—/ 2|(ve>xue|2—/ 262 |ix Fy, |,
M M M M

Evaluating (2.3) in an orthonormal basis such that X is a multiple of e, we
see that |ty Fy, |> < | Fy, || X |?, while [(Ve) xue|? < |Veue|?| X |?. We deduce
that

—/ |X|2ee<ue,ve>§/ <T6,X®X>5/ eclue, VOIXP.  (68)
M M M

As an immediate consequence, we see that the uniform energy bound
Ec(ue, Ve) < A gives a uniform bound on || 7¢|| oy« as € — 0, so we can
indeed extract a weak-* subsequential limit 7 € c'm, Sym(T M))*, for
which (6.7) follows from (6.8).
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The stationarity condition (6.5) for the limit 7 follows from (4.5). It remains
to establish the trace inequality (6.6). For this, we simply compute, for non-
negative ¢ € CO(M),

/(Ts,wg>=/ plnecue. Vo) — 2Veuc P — 4€|Fy, |2)
M M

= [ n-vpecuevo vz [ o(V52 - ir )
M M €

(1- |ue|2))+.

> 20 = Dlpees ) = 47 [ pectue, Vo P (elFe 1 -
M 2e

Recalling from Proposition 4.2 that

1 — 2
€|Fy,| —% = CM, A7),

we then see that

(T, pg) = hm/ (Te, g) zzn<n—2><u,<p>—01im/ pec(ue, Vo)'2.
e—0 M e—0 M

In particular, (6.6) will follow once we show that lim._, ¢ f v €e(Ue, Ve) 172 .
But this is straightforward: from Proposition 6.2 we know that for 0 < § <
inj(M) we have
w(Bs(x)) = ¢(M, A)§" % forx € £ = spt(u).

Since vol(Bss(x)) < C(M)é&", asimple Vitali covering argument then implies
that the §-neighborhood Bs(X) of X satisfies a volume bound

vol(Bs (X)) < C(M, A)S>.

With this estimate in hand, we then see that

/ ec(ue, ve)l/z = / ec(lte, Ve)l/z +/ ec(Ue, ve)l/z
M B;s(Z) M\Bs(%)

< vol(Bs(Z)2AY2 4 C(M) e (M\Bs (%)) /2.

Fixing § and taking the limit as ¢ — 0, we have ue (M\Bs(X)) — 0. Since
vol(Bs(%)) < C8?, we find that

limsup/ ec(ue, Vol < csA'2.
M

e—>0
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1058 A. Pigati, D. Stern

Finally, taking § — 0, we conclude that [}, ec(uc, Ve)!/> — 0 ase — 0,

completing the proof. O

Estimate (6.7) says that |T| is absolutely continuous with respect to x, so
by the Radon—-Nikodym theorem we can write the limiting Sym (7 M )-valued
measure 7 from Lemma 6.3 as

1

2—<T, S) =/ (P(x), S(x))dp(x) (6.9)
T M

for some L (with respect to ) section P : M — Sym(T M). Moreover, it
follows from (6.6) and (6.7) that —g < P(x) < g and tr(P(x)) > n — 2 at -
a.e.x € M, so that % T defines in a natural way a generalized (n — 2)-varifold
in the sense of Ambrosio and Soner, namely a Radon measure on the bundle

Apna(M) :={S €Sym(TM) : —ng < S <g, w(S) =n—2}. (6.10)

We refer the reader to [6, Section 3]. Note that in [6] the authors work in the
Euclidean space and require the trace to be equal to n — 2 in (6.10); however,
the main result on generalized varifolds, namely [6, Theorem 3.8], still holds
in our setting. Indeed, in the proof of part (a) of that theorem, the condition
S 4% = m that the authors obtain becomes Y7 A; > m in our setting
(withm = n —2), and the constraint ; < 1 still ensures the conclusion A; > 0
for all ;. Similarly, for part (b), the condition ) ;- ; A; = m has to be replaced
by >~ A = m, and this still implies »; = 1 foralli =1, ..., m.

Hence, in view of the stationarity condition (6.5) and the density bounds of
Proposition 6.2, we can apply [6, Theorem 3.8(c)] to conclude that % T canbe
identified with a stationary, rectifiable (n — 2)-varifold with weight measure
W (so, in particular, spt(u) is (n — 2)-rectifiable), and that P(x) is given pu-a.e.
by the orthogonal projection onto the (n — 2)-subspace Ty spt(un) C Ty M. We
collect this information in the following statement.

Proposition 6.4 For a family (u., V¢) satisfying the hypotheses of Theo-
rem 6.1, after passing to a subsequence, there exists a stationary, rectifiable
(n — 2)-varifold V. = v(X" 2, 0) such that

lim i/ (Te(ue, Ve), S) =/ 0x) (T, %, S(x))dH"_2 (6.11)
e—0 271 M >

for every continuous section S € CO(M,Sym(T M)). The energy measure
w is given by p = OH" 2 _ 2. Also, we can choose ¥ := spt(n) and
0(x) := Op—2(i, X).
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6.2 Integrality of the limit varifold and convergence of level sets

We now show that the varifold V is integer rectifiable. Given x € spt(u) and
s > 0, we define M, ; to be the ball of radius 571 inj(M) in the Euclidean
space (TxM, g,) and define ty s : My s — M by 1, (y) := exp,(sy). We
endow My ¢ with the smooth metric g, s 1= S_ZL; +&> which converges locally
smoothly to the Euclidean metric g, as s — O.

By rectifiability, for p-a.e. x the dilated varifolds Vi := (t;ls)*(V _
Binjm)(x)) in M, ¢ satisty

Vx,s - U(szs ®n—2(x)) (612)

as s — 0, in duality with C.(T, M). Fix x € spt(u) such that (6.12) holds.
The integrality of V will follow once we prove that ® = ©,_»>(u, x) is an
integer.

We can identify (7 M, g,) with R" by a linear isometry such that 7, ¥ =
{0} x R”=2. We also call Wy .s the mass measure of V, ; equivalently,

Iy = 57" (0 )« (1 L Binjoar) (x)).

With a diagonal selection, changing our sequence ¢ — 0 accordingly, we
can find scales s — 0 such that we have the convergence of Radon measures

lim I, = lim p, ; = OH" 2T, 3,
e—0 s—0

where (7., V) is the pullback of (us,e, Vi.c) by means of ¢y s, and i is the
associated energy measure. Note that (u¢, V) is stationary for E, in the line
bundle (§ ; L, with respect to the base metric gy s, . We introduce the notation

n
el @, Vo) =) (1(Vo)atel” + €ty Fg 7).
i=3

Balls will be denoted by B,(y) or B}!(y), depending on whether they are
with respect to gy 5. or gr», respectively. The volume |E| of a set E will be
always understood with respect to the Euclidean metric.

The next proposition, which exploits quantitatively the monotonicity for-
mula, is similar to an estimate in the proof of [26, Lemma 2.1].

Proposition 6.5 As € — 0 we have

. T~ &
lim e (e, Ve) = 0.
e—0 B%XB&HZ
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1060 A. Pigati, D. Stern

Proof Let C,, be the constant in Theorem 4.3. We first note that, given y €
{0} x R"2,

lim e (B (y) = Ow,_2r"%;

indeed, for any n > 0, B/, (y) € B:(y) S B/;,(y) eventually. Setting
Ve = lx 5. (¥) € M, we deduce that

lim (5" (5¢r)* ™" fsce (Bsor (ye) + Cinser)
= lim (eC»M 20 (Br(y)) 4 Cuser) (6.13)
= @wn_g.
Pick 3 <i <nand fix R > 0. Choosing y := —2Re;, we can apply (4.12)

between the radii s¢ R and 3s. R to obtain that

2— 2 2.2 2
/ dpi n(|vl)R,iuS€6| + SEG |LVRJ'FVSE€| )
B35 R(Pi)\Bsc R(Pi)

< (PR Bs RV g e (Bas, r(Pi)) + Cn(35c R))
— (€ R (5 RY " s (Bs, R(pi)) + Cin (s R)),

where p; := 155, (—=2Re;) and vg ; := gradd),. Now (6.13) and the compa-
rability of gy ;. with grn give

lim (|VUR,’/‘E| +€ |LvR,Fv| ) =0,
€0/ B3r(—2Re;)\Br(—2Re;)

where Vg ; is the gradient of the distance function d_,,,, both with respect
to the metric g, 4. Since eventually B3 (—2Re;)\Br(—2Re;) includes B% X

B) ~2 for R big enough, we get

lim (Vg Tl |* + €3, Fo, ) = 0. (6.14)

€>0JB2xBy?

By monotonicity, as € — 0 we have

lim supf ee(ﬁe, .) <lim sups2 "/ es.e(Us e, Vs.e)
e—0 B22><B£‘72 e—0 Bs;, (x) (6.15)

<C(M, A).
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The smooth convergence g, 5, —> grr gives Vg (y) — Ygi(y) := &Egzl
uniformly on B% x Bj ~2_ Hence, the bound (6.15) and (6.14) give
lim (IVyg,el* + €|y, Fg 1) = 0. (6.16)

€—>0JB2xBy?

Now Yr; — ¢; = 9; as R — oo, and the statement follows from (6.16) and
the uniform bound (6.15). O

We now state the main technical result of the section, which will be shown
later. Fix a cut-off function x € CX*° (B%) with x(z) = 1 for |z|] < % and
0 < x <1, andlet x(z,1) := x(2).

Proposition 6.6 There exists F. C BI’_Z with |F,| > %IB{' ~2| such that

sup dist (/ X Qe e, Vo) (z 1), an) 50 ase— 0. (6.17)
R2x {1}

teFe

Before giving the proof, let us see how this implies the integrality of V.

Proof of Theorem 6.1 As ¢ — 0, we have both (6.17) and

1 ~
lim —— / Zeo (. ) = lim AR = w20, (6.18)
e—02m ]RZXBI’_2 e—0 RZXBI’_Z
/ ld¥| djic < Clie((B3\B}) x Bl™%) — 0, (6.19)
IR2><B£’72

as fle = OH" 2 {0} x R" 2.

In view of (6.15) and (6.19), for any vector field (Y3,...,Y" €
CE?O(B;_Z, R"~2) we can integrate (4.4) against X, Y'9;) and obtain,
in the Euclidean metric,

[ R V0. Y )] < 2¥ s + 1DV )
szBg_z

for some sequence A — 0, thanks to the smooth convergence g, ;. — gr.
Invoking Proposition 6.5 and noting that ||Y ||z < 2||DY ||z, we can con-
clude that the nonnegative function fe(7) := % fRZX ) Yee(Ue, Ve) satisfies

[ fedivn)| < A DY
B
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1062 A. Pigati, D. Stern

for a possibly different sequence A — 0. Applying the Hahn—Banach theorem
to the subspace {DY | Y € C?O(Bg_z, R"2)} C CO(Bg_z, R"2 @ R"2)
(Co denoting the closure of C.), we can find real measures (vé)i. such that

n
djfe=) d(v); forallj=3,....n
i=3

as distributions and |(v6)3. | (Bg’ _2) — 0. Allard’s strong constancy lemma [2,
Theorem 1.(4)] gives then

1
‘ fé - / ) fe|
Wn—2 JB]~

Since the sets F¢ of Proposition 6.6 have positive measure, there clearly
exists t. € F, such that

L na — 0.
LB}

1 1 1
te) — < -
fewo-—— | =l o / s
Recalling (6.17), we deduce that
dist( ., 271N) 0.
wn—2 J B2

Hence, by (6.18), we get dist(®, N) = 0, which concludes the proof that V is
integral. O

Proof of Proposition 6.6 Taking into account Proposition 6.5, the classical
Hardy-Littlewood weak-(1,1) maximal estimate (applied to the function
t fBsz{t} el (i, Vo)) gives

1

Fn—2

/ el (@, V) < C(n) L,V — 0 (620)
BIx B! (1) 2

BIxBy~

forall t € By \ES and 0 < r < 1, where Ef is a Borel set with |E| <
%lB{’_ZL Similarly, (6.15) and (6.19) give

[P 2 n—2
S lle(BY x B2 (1)) < C(M. A). (6.21)
1

e ((BI\B) x BI2(1) < CN((BI\BY) x BY %) = 0

(6.22)
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fort € B "*\(E5 U ES) and 0 < r < 1, with |ES|, |E§| < 1B} 2.
Pick any € € Bi“_z\(Ef U ES U ES) and, for 0 < r < 1, define

VE(r) :={z € B} : dist((z, 1), Zp,2(lie)) < r}

(with the Euclidean distance), where Zg, /2 (1) = {lte]> < 1 — B4/2). In
other words, V¢ is the ¢¢-slice of the neighborhood B/ (Zg, 2 (o).
We claim that, for 0 < r < %, V€ (r) satisfies a uniform area bound

V()| < C(M, A)r?, (6.23)

provided € < r and € is small enough. Indeed, V¢(r) x {t€} is covered by
the balls B*(y) with y € (1332/2 x BI'2(t€)) N Zg, 2 (te). Vitali’s covering
lemma gives a disjoint collection {B}'(y;) | j € J} such that V*(r) x {t} C
U j Bg’r (yj)- By Corollary 4.4, we have a bound on the cardinality |J|:

(B3 x By 2() = Y [e(Bl(3j) = Y le(Brp(v))) = (M, A)r"2|J |
jeJ jeJ

(since % 8r" < gx.5. < 4gr» for € sufficiently small). Using also (6.21), we
get|J| < C(M, A). Hence, writing y; = (z;, t;), we obtain

V()| <D IB3(z))l <257 |J|r? < C(M, A)r?,
jeJ

confirming (6.23).

Given R > 0, let {z§, ..., ziv(R’E)} be a maximal subset of V¢ (Re¢) with
2§ — 25| > 2e. Since |J, (B N B2(z)) € VE((R + 1e) and the balls
BZ (zx) are disjoint, (6.23) gives a uniform bound on N (R, €) independent of
€ (eventually), so up to subsequences we can assume that N(R) = N(R, €) is
constant and that € ! |z, — z{| has a limit r¢¢ as € — 0, for each k, /.

We say that k ~ £ if ryg < o0; this is evidently an equivalence relation (as
rem < r're + rem), SO We can pick a set of representatives {ky, ..., kp} of the
distinct equivalence classes [k1], ..., [kp] and conclude that

P
V<(Re) < B_%e(z,ij)
j=1

eventually, for any fixed S > So(R) := max{zee[ki] rkjg+2 |j=1,...,P}.
Fix such an S which is also bigger than the constants C in (6.21) and
a;, Cy4 in Corollary 5.4. For any fixed § > 0, (6.20) and (6.21) show that,
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for € sufficiently small, Proposition 6.7 below applies to i, (z,ii +e,tc+e€)

(with B := B4). Writing K = K (84,6, S) > S, note that the balls BIZ(€ (zx;)
are eventually disjoint and included in {x = 1}. Hence, Proposition 6.7 and
(6.22) give

dist(/ iee(ﬁeﬁe),an) < P8+f ee (e, Vo) (-, 1)
R2 x {€) BA\UI_, B

e(zli])

=< P5+/ ee(ﬁe, /V\e)(',te)
B3\V¢(Re)

<P+ 1)8 +/ e (e, V) (. 1)
BA\V¢(Re)

(for € sufficiently small). Choosing § = §(R) < m, we arrive at the
estimate

- o~ 1 o~
diSt(/ Xee(ueve),zﬂN) =< _+/ ee(tle, Ve) (-, 19).
R2x (1€} R Jp2\ve(re)
To conclude the proof, it suffices to show that

lim lim sup f ec(lie, Vo) (-, t6) = 0. (6.24)
R=>0 ¢0 JB2\V¢(Re)

Once we have this, we infer that

lim inf dist ( f Fee (e, V), 2nN) —0
e—0 R2 x {1€}

for the original sequence (¢€). Noting that the choice of 1€ in F, := Bf_z\E HY,
E5 U Ef was arbitrary, we get

lim inf sup dist ( / Tee (e, Vo), 2nN) — 0.
R2x{r}

e—>0 teF.,

Since the argument applies to an arbitrary subsequence € ; — 0, the proposition
then follows.

To show (6.24), note that for z € 312 the distance of ¢, 5 ((z, 1)) to the set
Zg,2(us.e) is (eventually) bounded below by 376 min{1, r¢(z)}, where r.(z2)
is the (Euclidean) distance of (z,1¢) to Zg,» (#t¢)). Since Zg,2(hsee) 2
Zg,(us ), for any R > 1 Corollary 5.4 gives

/ ec(iie, Vo) < Ce’Z/ e e @/Q€) | 0247/ 2€) | Cy e
B2\V<(Re) BI\V¢(Re)
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o0
=Ce3 / / 4 y=aar/e) g, dz + Ce2e7%/2) 4 Cy e
BAVE(Re) Jre(z) 2

o0
= Ce3 / %e*“ﬂ/@f) [VE(r) | dr + Ce 2e™%/CO) 4 Csee
R

€

o0
< Ce_3/ e~/ 2 gp 4 Ce
Re

o0
= C/ e~ 2¢ gt + Ce,
R

where we used Fubini’s theorem in the second equality. The statement follows.
0

The following key technical proposition, used in the proof of Proposition 6.6,
relies ultimately on the quantization phenomenon for the energy of entire solu-
tions in the plane, presented in [21, Chapter III]. For the reader’s convenience,

we give a self-contained proof, including the relevant arguments from [21].

Proposition 6.7 Given 0 < 8,8 < % and S > 1, there exist K(f,5,S5) > S
and 0 < k(B,6,S8,n) < K~ such that the following is true. Assume (u, V)
is smooth and solves (2.4) and (2.5), with \u| < 1 and € = 1, on a line bundle
L over a cylinder (Q, g), with Q = Bf,l X B,':,_F. If we have

—2
Zpa(u) N (BZ x {0}) € B x {0}, (6.25)
the energy bounds

e1(u, V) <8, (6.26)

n

E /2 ) 2(|Vaiu|2 + |L3iFv|2) <kr"? forall0 <r <k~ !,
, B2 xB!™
i=3 —1 r

(6.27)

as well as the decay

e1(u, V)(p) < Se=S7'r +« whenever B.(p) CC Q\Zg, (6.28)

and ||g — grn|lc2 =< k, then

[ ew vy -2mip| <5,
B2 x{0}

where p is the degree of ﬁ(S -, 0), as a map from the circle to itself.
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Proof To begin with, fix a real number K (8, §, §) > § so big that

o0
/ Qr)Se=S" =9 < 5. (6.29)
K

Arguing by contradiction, assume there exists a sequence x; — 0 such that
the statement admits a counterexample (u , V) (for k = « ;) for a (necessarily
trivial) line bundle L j over Q; = BZ_l X B”_1 , withrespectto ametric g = g;
satisfying ||lg — grrllc2 < k. lemjg a tr1v1a11zat10n of L; over Q;, we can
write V; = d — i A; for some real one-form A ;.

By Virtue of the uniform pointwise estimate (6.28) for ej(u;, V;) >
|d|u j||2, we see that the functions |u ;| are locally equi-Lipschitz. In partic-
ular, we can apply the Arzela—Ascoli theorem to extract a subsequence |u |
converging in CIOC to a continuous function p : R” — R.

Since [Oklu || < [(V})y.u ;| for all k, (6.27) implies that po, depends only
on the first two variables. Moreover, (6.25) gives ,ogo >1-— g > 1 — B outside

Z x R"~2, In particular, setting

2 n—2 1
R; ._max{r</< : (B \BS)XB C{|uj|>§}},

. ce M . 1
we have R; — oo. Letw; := Ty On {lujl > 5}

The degree p; is uniformly bounded as, forr > S and ¢ € R"2,

2np; 2/ w?(d@) = / dA; —l—/ (w;f(dé’) —Aj)
IB2x (1) B2x({t} IB2x {1}

for j sufficiently large, so averaging over S <r <2Sandt € BT’_Z we get

2r|pj| < C(S) ,1dA;I+C(S) 2Iw;f(d@)—z“ljl
B2SXBI (Bzzs\Bg)XBiP

172
< C(p. S)(f e1<uj,A,-)) ,
Bzzstf*2

as |u‘,-||w’J'f(a’0) — Aj| < |Vjujl|. Thus, up to subsequences we can assume
pj = p is constant.

We now claim that, up to change of gauge, (u;, A; ) — (U0, Axo) Subse-
quentially in Clo R? x Bi~ 2). Let uj = e’glu] and A] = Aj +d0; be the
section and the connection in the Coulomb gauge on the domain (35 52 &)
with A j(v) = 0 on the boundary (as described in the “Appendix™). Note
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that Bg’S includes the cylinder Q' := BA%S X B?_z, and observe that, on
Q" = (BA%S\Bg) X B?_z, u j has the form

djre' 1) = |u;|eP!tivi

for a unique real function ¥; with 0 < v/;(2S,0) < 2.

Hence, u; = |uj|ei(1’9+””f_9f) on Q" and we can extend wj - 6 uniquely
to a functiono; : (BIZQJ« \Bg) X B?_z — Rsothatu; = |u; |e!P?+19] holds true
on all the domain of o;. Finally, we replace (u;, A;) with (e'%'u, A; +dt;),
where

0; —x(zD¥; lz| <4S

Ti(z, 1) =
fen=3_- 2] > 38

for a fixed smooth function x : [0, co) — [0, 1] such that x = 0 on [0, 25]
and x = 1 on [3S, c0). Observe that, in the cylinder Q' = st X B;l_z, the
new couple equals

(e Vi A — d(x(1zD ¥ ).

The function v/; obeys uniform local W24 bounds, on (the interior of) Q”,
for all 1 < g < oo, thanks to the Coulomb gauge specification (per Propo-
sition A.1 in the “Appendix”). Hence, the new couple (u, A ;) has uniform
local W24 bounds on Q.

. . . . 2 52 n—2
Moreover, in the exterior annular region A; = (B Rj\B3 s) X B 77, we

have that u ; (re'?, 1) = |u j |eP’ and we can obtain local W24 bounds noting
that

pdo — A = |u;| "> (Vjuj, iu;).

Indeed, since the right-hand side is bounded by 2e;(u;, V j)l/ 2 <2892 and
pd# is a fixed smooth one-form, we immediately obtain uniform L° bounds
for A; locally in A;. Next, note that the identity (3.4) applies to give us an
estimate

|Aluj*| < Cei(u;,V;)+C <CS
in A;, from which it follows that the modulus |u | satisfies uniform w2
bounds for every ¢ € (1, oo) locally in A;. Multiplying (2.4) by e~ 7% and

taking the imaginary part gives

ujld*(pd6 — A;) = 2(d|u;|, pdf — Aj),
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from which it follows that d* A satisfies uniform L°° bounds locally in A;
as well; together with the obv10us pointwise bound |dA | < ej(u;, V; )1/ 2
S1/2  this in particular yields uniform bounds on the full derivative || DA ||Lq
for every g € (1, 0o) on fixed compact subsets of A; (this follows, e.g., from
[20, Lemma 4.7] and a cut-off argument).

Finally, writing (2.5) as

ApgAj =dd*Aj + |uj|*(pdo — A)),

the preceding chain of identities and estimates give a uniform L7 bound on the
right-hand side over any fixed compact subset of A, for any ¢ € (1, 00); in
particular, this gives us the desired uniform local W4 bounds for A j (while
we already have the desired W24 bounds for uj =lu; lePi?).

Thanks to the compact embedding W>9 <> C! on bounded regular
domains (for ¢ > n), we obtain a limit couple (#so, Aco) ON R? x B?_z,
as claimed, which solves (2.4) and (2.5) with respect to the flat metric. Also,
o] = poo and

(Voo)ilioo =0, g, dAcy =0 fork=3,.... n. (6.30)

The second part of (6.30) implies that we can find a function & € C'(R? x
B” 2) with a(z, 0) = 0 and drar = (Aso)k, for all z € R? and all k > 3. Set
Uoo := e %y and Aoo = Ay — da, so that

(Ac)k =0, F(Aco)e = dh(Aco)e — B = dp(Aco — da) =0

forallk =3,...,nand £ =1, ..., n [using again the second part of (6.30)].
The first part gives instead dxlicc = O for k = 3, ..., n. Hence, (l~o, Aco)
depends only on the first two variables and therefore corresponds to a planar
solution of (2.4) and (2.5).

Also, from (6.28) we deduce that

€1(oo, Ano) (2.1) = €1 (oo, Aco) (2. 1) = lim ey (uj, Az, 1) < Se™5 =9 (6.31)
J—> 00

for |z| > S, as eventually F\nz|—s(zv HNZguj) =49.
Integrating (4.4) on R? = R? x {0} against the position vector field we get

[ 147 = [ Wi,
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Thanks to the decay of e (U o, Zoo), we can repeat the proof of (3.6): starting
from

VIR ~ 1=l

Aboo = |Uoo| "800, With oo 1= [dAcc| — —

and applying the maximum principle, we deduce that the decaying function
EOONis nonpositive. We then obtain |[dAs| < /W (Uoo), SO we must have
|dAco]l = v/ W (Uoo) everywhere (cf. [21, Section II1.10]).

Observe that, by (3.4) and the strong maximum principle, || < 1 (unless
|iioo| = 1 everywhere, in which case [d Ax| = /W (loo) = 0 and |Volino| =
0by (3.4),thuse; (oo, Axo) = 0and p = 0;sothe statement of the proposition
holds eventually, contradiction). As a consequence, | x dAx| = W (i) > 0
and we get either % = *d Ao everywhere or % = — % dAx
everywhere. Thus, integrating by parts and using (2.4), as well as the decay of
|pd6 — Accl,

/ €1 (@i, Ano) = / (Vooliool? + 2W (o0))
R2 R2

= 2(<%:ﬁooﬁoo,ﬁoo>+2vv(ﬁoo))
R

1 — |l l? ~ ~
:/ ﬂ:i/ dAs =+ lim Ao
R2 R2

2 r—>00 Jyp2

— &+ lim pdf = £27p.

r—00 Jyp2

Hence, the energy of the two-dimensional solution (i, ;foo) is 2| p|. Our
choice of K, namely (6.29), together with (6.31), then ensures that

dist(/ e1 (oo, Aoo),ZJTN> <.
B2 x{0}

As a consequence, this must hold eventually also for (u;, Aj), giving the
desired contradiction. O

Remark 6.8 As a consequence, one also finds that

/ et(u,V) <é
B2 x{0}

if |[u| > O everywhere on the cylinder Q. Indeed, if |#| > 0 everywhere, then
the degree p in the statement of Proposition 6.7 clearly must vanish.
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We are now able to address the statement on the convergence of level sets.

Proposition 6.9 For any 0 < § < 1 we have spt(n) = lime_of|ue| < 6}, in
the Hausdorff topology.

Proof If x = lim¢_,0 x¢, for points x¢ € {|ue| < &} defined along a subse-
quence, then the same argument used in the proof of Proposition 6.2 shows
that x € spt(u). Hence, for all > 0, eventually {|u.| < &} is included in the
n-neighborhood of spt(w).

To conclude the proof, it suffices to show that the converse inclusion
spt(un) € By({ue = 0}) holds eventually. Arguing by contradiction, assume
that there are points p. € spt(u) whose distance from {u. = 0} is at least
n, along some subsequence (not relabeled). Up to further subsequences, let
Pe = Po € spt(u).

Since p is (n — 2)-rectifiable, there exists a point ¢ € spt(u) with
dist(po, q) < %, and such that  blows up to ®,_»(u, ¢)H" > ;% at
q. Observe that eventually we have

dM@JW:Ong. (6.32)

Now, repeating all the preceding blow-up analysis at g, in view of Remark 6.8
we can improve (6.17) to the uniform convergence

/ K (Dec(ie, V)2 1) — 0
R2 x {7}

for t € F¢, which implies that ®,_»(u, g) = 0. However, since g € spt(u),
this is impossible, by Proposition 6.2. O

6.3 Limiting behavior of the curvature

As before, we identify the curvature Fy, with a closed two-form w. by
Fy (X,Y) = —iw(X,Y). Recall that the cohomology class [%wé] rep-
resents the (rational) first Chern class ¢ (L) € H*(M; R) of the complex line
bundle L — M.

Theorem 6.10 Let (u., V) be a family as in Theorem 6.1. The curvature
forms ﬁa)€ can be identified with (n — 2)-currents that converge (weakly), as
€ — 0, to an integer rectifiable cycle I which is Poincaré dual to c¢1(L), and
whose mass measure |I'| satisfies |I'| < .

Proof Recall from Sect. 2 that

d(Veue,iue) = ¥(ue) — |uel*we,
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where ¥ (ue) = (2iVue, Veue) is a two-form satisfying | (ue)| < |Veue|?
pointwise. In particular, denoting by J (u., V) the two-form

J (e, Ve) 1= Y (ue) + (1 = uelP)oe,
we can rewrite this identity as
J(ue, Ve) — we = d{(Veue, iue), (6.33)
and observe that

1
| (tte, Vo) < |Veuel* + € |we ] + iU ue|?)? = ec(ue, Vo). (6.34)

The dual (n — 2)-currents given by
1
(Fe, §) :=2_ J(ue, Ve) N C,
T JMm

for any (n — 2)-form ¢ € Q"~%(M), are thus bounded in mass by %A.

(Here we compute the mass with the £2 norm on exterior algebras; for the
limit current, by rectifiability this will coincide with the usual mass, dual to
the comass.) Up to subsequences, we can take a weak limit I". The bound
IT¢| < e implies that also |[I'| < w.

From (6.33) and integration by parts we get

/ we N & :/ J(ue, Vo) N C _/ (Veue, iue) Ndg.
M M M
Since (as discussed in the proof of Proposition 6.2)
/ (Veue, iue)| < f eclite, Vo)''* — 0
M M
as € — 0, it follows that

1 1
(') = — lim J(We, Vo) N = — lim We N ¢ (6.35)
27T €—0 M 27 €e—0 M

for every smooth (n — 2)-form ¢ € Q"2(M).
Since the two-forms w, are closed, for any & € Q"3(M) we have

1 1
(oI', &) =(I', d§) = — lim a)e/\d’g‘:—lim/ d(we N§) =0,
27 =0 J 2w e—0 Jy
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so I" is a cycle. Since u is (n — 2)-rectifiable, I must be a rectifiable (n — 2)-
current: this can be seen by blow-up, applying [25, Proposition 7.3.5]. By
(6.35), I' is Poincaré dual to ¢ (L).

To complete the proof, it remains to show that I" has integer multiplicity. By
means of a diagonal selection of a subsequence, as in the previous subsection,
we can deduce integrality at those points p € spt(u) where p and I blow up
respectively to ®,_2(u, p)H”_2 L 7, X and a multiple of [T}, X], using the
following lemma. Note that its hypotheses are verified thanks to Corollary 5.4
and the fact that Zg, (1) necessarily converges to a subset of 7}, X in the local
Hausdorff topology, after rescaling (see the proof of Proposition 6.2).

Since p is (n — 2)-rectifiable, we deduce that the limiting current I" has
integer multiplicity " ~2-a.e. on its support, as claimed. O

Lemma 6.11 On the Euclidean ball By, let (u¢, Ve) be a sequence of sections
and connections in a trivial line bundle L — B} (not necessarily satisfying
any equation) for which Ec(ue, Ve) < A, ec(ue, Ve) — 0in cY (Bf\P) and

loc

*xwe —> 01[P]in Dy,_2(B)), where P = {0} x R"2. Then 0, € 2nZ.

Proof To begin, fix a test function ¢ € C(}(Bl2 X B{’_z) of the form
e, X =, X3, L x), withy (x!, x2) = 1for|(x!, x?)| <
%. In the sequel, we shall omit the domain of integration when it equals R”.
By assumption, we then have

91/ ndx3/\~--/\dx"=limfwweAdx3A---Adx”.
P e—0

Fixing trivializations of L over By, we write V. = d —i A, for some one-forms
A, so that w = d A, and the right-hand term in the preceding limit becomes

/we/\(wdx3/\~--/\dx"):/d(ger/\dx3/\---/\dx”)
+/Ae/\dg0/\dx3/\---/\dx”
=/n|ue|2Ae/\d1ﬂ/\dx3/\---/\dx”
+/77(1—|u€|2)Ae/\d1ﬁ/\dx3/\---/\dx".

On BE’ we can choose our trivializations so that d*A = 0, and A.(v) =0
on d Bj (see the “Appendix”). We then have the L? control

/ |Acl? < C/ ldA > < Ce2A (6.36)
Bl B

n
2
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(see, e.g., [20, Theorem 4.8]), and consequently

‘/n(l — el Ae AdY AdxP A Adx"| < CIT = Juel?llcosprinay | Ael L sy

< CAY e (1 = lue Ml cogsprnayy)

1/2
< CA P llectue, VO an

—0
as € — 0, where we have used the factthatdx/f(xl, x2) = Ofor |(x1, x2)| < %,

and the assumption that e, (4, V) — 0 in C&C(BS\P).
Combining our computations thus far, we have arrived at the identity

91/ ndx3/\---/\dx"=lim/n|u€|2A€/\dl,ﬁ/\dx3/\---/\dx”.
P e—>0

Noting next that
||”e|2Ae —(due, iue)| = [(Veue, iue)| < ec(ue, Ve)1/2,

and using again the hypothesis that e (1, V¢) — 0 uniformly on spt(ndyr),
the preceding identity yields

e—0

91/ ndx3 Ao Andx™ = lim | pldue, ine) Ady Adx> A Adx"
P
= lirrlofnluelz(uf/\ufl)*(dG)AdWAdx3A~~-Adx"
€—>

= 11%/ nue/|ue)*dO) Adyr Adx> A -+ Adx".
€—

Finally, since the one-form (i /|uc|)*(d6) is closed on {u. # 0} and dn A
dx® A --- Adx"™ = 0, integrating by parts on (RZ\BIZ/Z) x R"2 we see that

/ n(ue/luc)*(dO) Ady Adx3 A Adx"

_ f n(0) / (e /lue))* (d6) di
Rr-2 B}, x {1}

=27 deg(ue,P)/ n,
P

where deg(u., P) stands for the degree of (u./ |u5|)(%ei9, 0). The statement
follows. O
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7 Examples from variational constructions

The goal of this section is to show that, for every closed manifold M and every
line bundle L — M endowed with a Hermitian metric, there exist critical
couples (u¢, V¢) for the Yang—Mills—Higgs functional E¢, for € small enough,
in such a way that

0 < lim i(l)lf Ec(ue, Ve) < limsup E¢(ue, Ve) < 00. (7.1)
€e—

e—>0

This will be easier when the line bundle is nontrivial, as in this case we can
just take (u¢, Ve) to be a global minimizer for E. The upper and lower bounds
in (7.1) have the following immediate consequence—proved previously by
Almgren [5] using GMT methods.

Corollary 7.1 Every closed Riemannian manifold (M", g) supports a non-
trivial stationary, integral (n — 2)-varifold.

Proof We can always equip M with the trivial line bundle L := C x M.
As shown in the next subsection, there exists a sequence of critical couples
(ue, Ve) satisfying (7.1). The statement now follows from Theorem 6.1. O

7.1 Min-max families for the trivial line bundle

In this section we will show how min—max methods may be applied to the
functionals E, to produce nontrivial critical points in the trivial bundle L =
C x M on an arbitrary closed manifold M of dimension n > 2. The min—
max construction that we consider here is based on two-parameter families
parametrized by the unit disk, similar to the constructions employed in [10,33]
for the Ginzburg—Landau functionals—with several technical adjustments to
account for the gauge-invariance and other features particular to the Yang—
Mills—-Higgs energies.

One can show that the families we consider induce a nontrivial class in
72 (M) for the quotient

M :={u,V)|0z#ueI'(L), VaHermitian connection}/{gauge transformations},

and the analysis that follows can be reformulated in terms of min—max methods
applied directly to M, which can be given the structure of a Banach manifold.

Without loss of generality, we assume henceforth that M is connected. In
some proofs we will also implicitly assume that n = dim(M) > 3, leaving
the obvious changes for n = 2 to the reader.
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Definition 7.2 Fix n = dim(M) < p < co. In what follows, X will denote
the Banach space of couples (u, A), whereu € LP(M,C)and A € Ql(M, R),
both of class W12, with the norm

G, A = NullLr + lduliz2 + | All L2 4 | DAl 2.

Denote by X := {(u, A) € X :d*A = 0} the subspace consisting of those
couples for which the connection form A is co-closed.

Note that, for (1, A) € X, the full covariant derivative f I |DA|2 is bounded
by C(M) [,,(IA]* + |dA|*): see, e.g., [20, Theorem 4.8] for a proof.
Definition 7.3 Given a form A € Q!'(M, R) in L?, we denote by h(A) the
harmonic part of its Hodge decomposition, or equivalently the orthogonal

projection of A onto the (finite-dimensional) space H' (M) of harmonic one-
forms.

Remark 7.4 Selection of a Coulomb gauge gives a continuous retraction R :
X — X: namely, given a couple (1, A) € X, consider the unique solution
0 € W22(M,R) to the equation

AO = d*A,
with [,, 0 = 0, and set
R((u, A)) := ('%u, A + do).

Note that the continuity of (u, A) — d(e!%u) = ¢! (du + iud9), from X to
L2, follows from the fact that L? - L C L2, where 2* = ,12Tn2
Throughout this section, W (u) = f(|u]) will be a smooth radial function
252
given by W (u) = Y= for |u| < 3/2, and satisfying W (u), W' (u)[u] > 0
for all |u| > 1. For technical reasons, we also find it convenient to require that

W) = [u]” for |u] =2, (€)

which evidently gives the additional estimates |u|f'(Ju]) + |[u|>f"(ju]) <
Clu|? for |u] > 2, for some constant C. For future use, observe also that the
potential W (u) then satisfies a simple bound of the form

(1= |up? < CW ). (7.2)
Proposition 7.5 The functional E. is of class C' on X. Moreover, a couple

(u, A) is critical in X\for Ec if and only if R((u, A)) is critical in X. Critical
points are smooth up to change of gauge.
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Proof Given a point (u, A) € X and a pair (v, B) € X with (v, B)llg <1,
direct computation gives

Ec(u+v,A+ B)=E.(u, A) +2/ (du —iuA,dv —ivA —iuB)
M

+262/ (dA.dB) +e—2/ W @]+ 0(l (. B)[3).
M M

where we are using the fact that X.-X cL". L C L? to see that

lvAl7: + luBl7, + [vBI72 + Ec(u, A |vB] 2 = Ol (v, B)[3).

and we invoke our assumptions on the structure of W to see that
/ W +v) — W) = / W ()[v]+ O(|l(v, B)IIZ;()
M M

for fixed (u, A) € X. It follows immediately that E. is C! on X, with differ-
ential

dE.(u, A)[v, B] = / (2(du — iuA,dv — ivA — iuB) +2¢%(dA, dB)
M
+e W (w)[v]).

To confirm the second statement, assume without loss of generality that v
and B are smooth, and observe that

R(u +tv, A+1tB) = (Vi + 1TV, A+ 1B +tdy),

where (i, Z) = R((u, A)) = (¢'?u, A+ db) and Y solves Ay = d*B. This
easily gives

R((u +tv, A+1B)) = R((u, A) + 1 (v + iy, B+dy)+o() inX
and, using the gauge invariance £, = E. o R, we deduce that

dEc(u, A)[v, B] = dE(ii, A)[e"v + ivil, B + dy]. (7.3)
I/t\follows that if (i, Z) is critical for E, in X then (u, A) is critical for E, in
X, as claimed. The converse is similar.

Finally, if (u, A) is critical for E¢ (in either XorX ), then applying the above
formula for the differential with v = (Ju| — 1)Tu/|u| € W2 and B = 0 we
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get
0:/ 2((d—iA)u,(d—iA)v)+62/ W' (u)[v]
M M
> 6—2/ ™ (Jul = P W)L,
M

where we used the fact that (u®d ((Ju|—1)*/|u]), Vu) equals |u| =" |d|u||> > 0O
a.e.on {|u| > 1} and vanishes elsewhere. Since W/(u)[u] > Oon {|u| > 1} by
our assumption on W, we deduce that |u| < 1. Together with Proposition A.1
and Remark A.3 in the “Appendix”, this implies that (u, A) is smooth in an
appropriate (Coulomb) gauge. m|

We next show that the functionals E satisfy a suitable variant of the Palais—
Smale condition on X, giving compactness of critical sequences for E. after an
appropriate change of gauge. (Cf. [23] for similar results in the Seiberg—Witten
setting.)

Proposition 7.6 The functional E. satisfies the following form of the Palais—
Smale condition: every sequence (uj, A;) in X with bounded energy and
dEc(uj, Aj) — 0in X* admits a subsequence converging strongly in X to a
critical couple (oo, Axo), up to possibly replacing (uj, A ;) with

vj-(uj, Aj) = (vjuj, Aj + v}‘-‘(d@))

for suitable smooth harmonic functions vj : M — S L

Proof First, we show that the boundedness of E¢(u, A;) implies the bound-
edness of the sequence in X, up to a change of gauge as in the statement. The
assumption (G) on the potential W gives

/Iuj|p§C+/ W) <C+ Ec(uj,Aj) <C, (7.4)
M M

that is, u ; is uniformly bounded in L?.
Denote by A C H!(M) the lattice in the space of harmonic one-forms given
by

A= {-vid0) |v;: M — S! harmonic}

= {h € HI(M) : / h € 2n7Z for every y € Cl(Sl, M)},
Y

andlet A; € A be a closest integral harmonic one-form to /(A ;) (with respect
to the L? norm, say, on H'(M)). Then A ji= —vj (d0) for a suitable harmonic
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mapv; : M — st and
12 = (A2 = C(M).
Replacing (u;, A ;) with the change of gauge (vju;, A; —A;) € X, we can

then assume that (A ;) is bounded.
By standard Hodge theory we can write

Aj =h(Aj)+d*§j

for some closed &; € w22 satisfying Agé; = dA; and ||[d*j|ly12 <
C(M)||dAj| ;2. Thus, given the energy bound E¢(uj, A;) < C, we see that

1A 11312 < C+2[1d*E[13,1. < C+ ClldAjl7, < C,

whereby A ; is bounded in W12 and, consequently, in L¥ Asa consequence,
we see next that

du ||, < 2/ du; —iujAj* +2/ lujA;*
M M
< C+Clluj 7ol Aj 13
< C+Clluj|? ,;
taking into account (7.4), we infer then that ||du || ;> is also bounded as j —
0.
We have therefore shown that (u#;, A;) is uniformly bounded in X as
J — 00, so passing to subsequences we can assume that (4, A;) converges

pointwise a.e. and weakly (in X) to a limiting couple (¢, Aco)-
In particular, defining r by

where n < g < p is an arbitrary fixed exponent, it follows from the compact-
ness of the embedding W'? < L’ that

Aj = A stronglyin L.

Moreover, the boundedness of # j in L” and the pointwise convergence to oo
give

Uj — U strongly in L7, (7.5)
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By definition of r, this implies in particular that

'11<im ujAp = oo Ao strongly in L.
J,K—>00

Next, compute

dEc(uj, Aj)uj —up, Aj — Ag]

:/ 2(d —iAjuj, (d—iA)uj—ug) —iuj(Aj — Ap))
M

+/ QX (dA;,d(Aj — Ap)) + € 2W upluj — ur),
M

and observe that, due to the L2 convergence uj Ay — UooAco, the right-hand
side equals

/M(2((d —iAjuj, d(uj — ug)) +2€2<dAj,d(Aj — Ag)) +6_2W'(uj)[uj —ur]) +o(1)

as j, k — oo. For the difference

Djr:=dEc(uj, Apluj —ux, Aj — Ar] —dEc(ui, Ap)luj —ug, Aj — Agl,
we then see that

R . 2 2 . 2
Dy = f @l — w2 +262d (A — Ay
M
e (W uy) — W)l — ukl) + o(1)

as j, k — oo.

Now, by our assumption (G) on the structure of W (u), it is not difficult to
check (see, e.g.,[17, Corollary 1]) that the zeroth order term in our computation
for D ; satisfies a lower bound

(W' () — W @)luj —ur] > C Muj — ugl? — Cluj — ugl

for some constant C > 0. In particular, it follows now from the preceding
computations and the L! convergence u j = Uco that

Djx z/ Qld(u; — u)|* +2€*d(A; — AP + C e 2 |u; — ug”) + o(1)
M
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as j, k — oco. On the other hand, since dEc(uj, Aj) — Oand (u; —ug, A; —
Ay) is bounded in X, we know also that

Djr— 0 asj, k— oo,

and it then follows that (u;, A;) is Cauchy in X. In particular, (u;, A;) con-
verges strongly to (4«0, Axo), Which necessarily satisfies

dE (oo, Aoo) = lim dEc(uj, Aj) = 0.
j—oo
O

Having confirmed that the energies E. satisfy a Palais—Smale condition, we
now argue in roughly the same spirit as [10,33] to produce nontrivial critical
points via min—max methods. To begin, note that the space X splitsas C® Y,
where C is identified with the set of constant couples («, 0) and

Y::{(u,A)eX:/Mu=O}.

Definition 7.7 Let I' denote the set of continuous families of couples F' :
D — X parametrized by the closed unit disk D, with

F(eié)) — (eie’ O)

for all & € R. Equivalently, under the above identification C C X, we require
F|3p = id. We denote by w (M) the “width” of I" with respect to the energy
E., namely

we(M) = Ilpléf max Ec(F(y)).
ye

Thanks to Proposition 7.6, we can apply classical min—max theory for C'
functionals on Banach spaces (see e.g. [15, Theorem 3.2]) to conclude that w,
is achieved as the energy of a smooth critical couple (u¢, A¢). In the following
proposition, we show that . (M) is positive, so that the corresponding critical
couples (u¢, A¢) are nontrivial.

Proposition 7.8 We have w.(M) > O.
Proof We argue by contradiction, though the proof could be made quantitative.

Since we are proving only the positivity we(M) > 0 at this stage—making
no reference to the dependence on e—in what follows we take ¢ = 1 for
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convenience. Assume that we have a family F € I" with max, E(F(y)) <
8, with § very small. Writing F'(y) = (u, A), this implies that

IA — h(A)llyi2 < ClldAl2 < C8Y2, |IDA| 2 < C'2 + |h(A)).
(7.6)

When b (M) # 0, some additional work is required to deduce that the
harmonic part #(A) of A must also be small for all couples (¢, A) = F(y) in
the family. In particular, we will need to employ the following lemma, showing
that 2(A) lies close to the integral lattice A C H'(M) when E(u, A) < 6.

Lemma 7.9 There exists C(M) < oo such that if (u, A) € X satisfies
E(u, A) < 6, with § small enough, then

dist(h(A), A) < C§'/2.

Proof As in [33], it is convenient to define a box-type norm | - |; on the space
H'(M) of harmonic one-forms as follows. Fix a collection Visooos Voy(M) €
C>®(S', M) of embedded loops generating H;(M; Q) and, for h € H' (M),
set

h|p = max (/ h‘. 1.7)

I<i<by(M) 1 J,,
Since H' (M) is finite-dimensional, this is of course equivalent to any other
norm on H'(M). Assuming for simplicity that M is orientable, we may fix
a collection of diffeomorphisms &; : B{’_l(O) x S — T(y;) onto tubular
neighborhoods 7' (y;) of y;, such that ®;(0, 6) = y;(0). For every t € Bi’_l,
set y/ (0) 1= @;(z, 0).
Suppose now that (#, A) € X satisfies the energy bound

E(u, A) = / (Idu — iuA® + |dA> + W(u)) < 8. (7.8)
M

1/2

As a consequence of the curvature bound || dA||;2 < §'/“ and the definition

of X, it follows that

IA=h(A)3, < C8
as well. As in the proof of Proposition 7.6, applying a gauge transformation
¢ - (u, A) by an appropriate choice of harmonic map ¢ : M — S!, we may
assume moreover that

|h(A)|p = distp(h(A), A) <7,
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which together with the energy bound (7.8) and the definition of X leads us to
the estimate

fM |A]? < C(M). (7.9)

(Note that making a harmonic change of gauge preserves not only the energy
E(u, A), but also the distance dist, (h(A), A), so it indeed suffices to establish
the desired estimate in this gauge.)

Combining these estimates with a simple Fubini argument, we see that there
exists a nonempty set S of r € BY ~! for which

(|du — iuAl> + |dA)? + W(u)) < C8, (7.10)
V,‘t
A — h(A))? < C8, (7.11)
V,‘t
and
/ A> < C. (7.12)
vl

1

Recalling the pointwise bound (7.2) for W (u), observe next that
(1 — u)? = 2(1 — |u|d|u]| < CW(u) + |du — iuA]?,
so that, along a curve yi’ satisfying (7.10), it follows that
1L = lu)?llco < UL = )|y < C8. (7.13)

Now, choose § < §1(M) sufficiently small that (7.13) gives

1
1—u <n< -
1 —lulllco =n 5

on yl.’, so that ¢ := u/|u| defines there an S'-valued map ¢ : yl.’ — S!, whose

degree is given by

27 deg(¢p) = / lu| 2 (du, iu).

Vi

When (7.10)—(7.12) hold, we observe next that

/, lul?|A = |u| " (iu, du)| = i, iuA —du)| < cs'/.
Yi Vi
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Since |u| > % on y/, it follows that
27 deg(¢) — /y A| < /y |A — |u| ™2 (iu, du)| < C8'/? (7.14)
as well. Combining this with (7.11), we then deduce that
‘27r deg(¢) — / h(A)‘ < s, (7.15)

Vi

On the other hand, we already made a gauge transformation so that

‘/ h(A)‘:‘/th(A)‘gn.
Vi %

So, for & chosen sufficiently small that C8'/2 < 7, it follows that the degree
deg(¢) = 0. In particular, we can now conclude that

(A5 =m.ax\/ h(A>| < Cs'/2,
! Vi

giving the desired estimate. O

Remark 7.10 If M 1is not orientable, we have the weaker conclusion
dist(h(A), %A) < €87 (still sufficient for the sequel): indeed, whenever
y; reverses the orientation, we can still parametrize a double cover of T (y;) in
the same way, with yi’ homotopic to y; traveled twice; in this case, the bound
(7.15) implies that 2 f)/i h(A) = fVi[ h(A) has distance to 27 Z bounded by

C8'/2, from which the claim follows.

Returning to the proof of Proposition 7.8, suppose again that we have a
family D 5 y — F(y) € X in " with

max E(F(y)) < 6.
yeD

For § < §&1(M) sufficiently small, it follows from the lemma that
disty(h(A), A) < m for every couple (#, A) = F(y) in the family. In
particular, since the assignment (u, A) — h(A) gives a continuous map
X — HY(M), and since h(A) = A = 0 for y € 9D, it follows that 0 is
the nearest point in the lattice A to #(A) for every y € D, and the estimate
therefore becomes

Ih(A)|| < C8'/>.

@ Springer



1084 A. Pigati, D. Stern

In particular, combining this with (7.6), we see now that
IAlly12 < C8'/2 (7.16)

for every couple (#, A) = F(y) in the family.
Now, for (1, A) = F(y), our structural assumption (G) on W (u) gives

lull?, < C+ E, A) < C+3,
which together with the smallness
Al 2+ < CllAlly12 < C8Y/2

of Ain L% (recalling that p > n) gives

f luAl> < Cs.
M

Combining this with the fact that [,, |du — iuA|* < E(u, A) < § by assump-

tion, we then deduce that
/ ldu|*> < Cs
M
as well.

Finally, by (7.2) and the Poincaré inequality, we have

l = e o o

< c(fM W(u)>]/2+C(/M |du|2>l/2

< Cs1/2,

As a consequence, we find that fM uy is nonzero for all (uy, Ay) = F(y) in
the family. But then the averaging map

Do>C, yr— Juty (7.17)

gives a retraction D — 3D, whose nonexistence is well known. This gives
the desired contradiction. O

Having shown positivity w. (M) > 0 of the min—max energies, we can now
deduce the lower bound in (7.1) from the following simple fact.

@ Springer



Minimal submanifolds from the abelian Higgs model 1085

Proposition 7.11 There exist c((M) > 0 and eg(M) > 0 such that the follow-
ing holds, for € < €. If (u, V) is critical for the functional E., then either
E.(u,V)y>corE.(u,V)=0.

Remark 7.12 For future reference, we make the obvious observation that the
trivial case E¢(u, V) = 0 can only occur when the bundle L is trivial.

Proof By Proposition 7.5, critical points are smooth up to change of gauge.
We claim that, whenever E¢ (1, V) > 0, u has to vanish at some point xg € M.
Once we have this, assume e.g. Ec(u, V) < 1; Corollary 4.4 (with A = 1)
gives a constant ¢y > 0 such that r2"E.(u,V, Br(x0)) has a lower bound
independent of € and r, for any radius € < r < inj(M), provided that € < €.

We show the contrapositive, namely we assume that « is nowhere vanishing
and show that the energy is zero. Note that L must be trivial and we can use
the section %I to identify L isometrically with the trivial line bundle C x M,
equipped with the canonical Hermitian metric. Under this identification, u :
M — C takes values into positive real numbers. Writing V = d — i A and
observing that (Vu, iu) = —|u|?A, (2.5) becomes

e2d*dA + [u)?A =0.

Integrating against A we get fM(62|dA|2 +u?|Al?) = 0,50 A =0and V is
the trivial connection. At a minimum point yg for u, (3.4) gives

LN 2 1 20012 1 2y, 2
0= ZAlul”= |dul —2—62(1—|u| )ul =—p(1—u u”,

which forces u(yp) > 1 and thus u = 1 everywhere, giving E.(u, V) =0. O

Finally, we turn to the uniform upper bound. In the next statement, L — M
is a Hermitian line bundle with a fixed Hermitian reference connection V. We
identify any other Hermitian connection V with the real one-form A such that
Vs = Vps —is ® A for all sections s.

Proposition 7.13 Given a smooth section u : M — L, we can find a smooth
couple (u', A") such that

|
E.u'. A") < Ce2vol ({|u| < 5}) Yo+ 62||v0u||%oo)/ Vou|?
(

M
+0e2/ lwol?
M

for a universal constant C.

(7.18)

@ Springer



1086 A. Pigati, D. Stern

Proof On {u # 0} we let

u
w:=—, w®A:=Vow.

lu|”

Note that the compatibility of Vg with the Hermitian metric on L forces
(Vow, w) = 0, so that A is a real one-form.
We fix a smooth function p : [0, co] — [0, 1] with

p()=0fort <

N =

, p@)=1fort >

Bl

and we set

W', A") := p(lul)(w, A),

where the right-hand side is meant to be zero on {# = 0}.
Writing Fy, = —iwy, observe that (Vo —iA)w = 0, hence

|dA + wo| = |Fal =0 on {u # 0}.

In particular, ec (u’, A’) = 0 on {|u| > %}.
From the estimates |d|u|| < |Vou| and |A| = |[Vow| < 2|u|~!|Voul, it
follows that also

[Vou'| < C|Voul,
|A"] < C|Voul,
ldA"| < 1p'(luhdlul A Al + |wol < C|Voulld|ull + |wol,

and the statement follows immediately. O

Proof of (7.1) The method used in [33, Section 3] gives a continuous map
H:D— Wh2nc%M, C) such that H(y) = y for y € 9D and

IdH (y)||lLe < Ce™ !,
ldH(y)|* < C,
/{|H(y>|§i} (7.19)

vl ([ < 2}) < ce

forall y € D—the full Dirichlet energy having a worse bound [y 1dH (y) > <
Cloge~!, which is the natural one in the setting of Ginzburg-Landau. By
approximation, we can assume that H takes values in C*°(M, C), continuously
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in y, and still satisfies the same uniform bounds (7.19) (possibly increasing C
and replacing % with %).

To each section H (y) of the trivial line bundle, Proposition 7.13 assigns in
a continuous way an element F(y) € X. From the way F(y) is constructed, it
is clear that ' € I". Finally, combining (7.18) with (7.19) gives

we(M) < max Ec(F(y)) < C.
yeD

7.2 Minimizers for nontrivial line bundles

Suppose now that L is a nontrivial line bundle, equipped with a Hermitian
metric. Fix a smooth Hermitian connection V( and identify any other Hermitian
connection V with the real one-form A such that

V=Vy—iA.

We can define X and X as in the previous subsection. With this notation,
observe that the curvature of V is given by

Fy = Fy, — idA.

Hence, writing Iy, = —iwp, we have
Ec(u,V) = / IVou — iu ® A|* + 6_2/ W (u) + 62/ lwo + dA|*.
M M M

Definition 7.14 For a fixedn < p < oo, we define X to be the Banach space
of couples (u, A), where u : M — L is an L” section and A € Q!(M,R),
both of class W2, with the norm

G, AN = llullzr + [ Voull2 + | All 2 + DAl 2.

We let X := {(u, A) € X : d*A = 0O).

The analogous statements to Remark 7.4 and Propositions 7.5 and 7.6 hold,
with identical proofs (replacing du and u A with Vou and u ® A, respectively).

Arguing as in the proof of Proposition 7.6, it is easy to see that a minimizing
sequence for E. in X converges weakly—up to change of gauge—to a global
minimizer (#¢, A¢). We now show that the energy of these minimizers enjoys
uniform upper and lower bounds as € — 0.
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Proof of (7.1) The lower bound in (7.1) follows directly from Proposition 7.11
and Remark 7.12. In order to obtain the upper bound, pick a smooth section
s : M — L transverse to the zero section (see, e.g., [24, Theorem IV.2.1]) and
let N := {s = 0}, which is a smooth embedded (n — 2)-submanifold of M.
Proposition 7.13 applied to € ~'s gives a couple (u., AL) with

|
Ec(u, A') < Ce 2 vol ({|e—1s| < 5}) + CeZ/ lwol.
M

By transversality of s, the set {|s| < %} is contained in a C(s)e-neighborhood
of N, whose volume is bounded by C (s)e2. We infer that

Ec(ute, Ae) < Ec(l, AL) < Ce 2 vol ({|s| < %}) +C<CcC.

Remark 7.15 When M is oriented, N can be oriented in such a way that
[N] € H,_»(M,R) is Poincaré dual to the Euler class e(L) € H*(M,R)
of the line bundle, which equals the first Chern class c¢;(L). The fact that
the energy of our competitors concentrates along N suggests that, given a
sequence of global minimizers (u¢, A¢), up to subsequences the correspond-
ing energy concentration varifold is induced by an integral mass-minimizing
current whose homology class is Poincaré dual to c¢j(L). Theorem 6.10 pro-
vides the natural candidate I', which also satisfies |I'| < u.
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Appendix: Interior regularity in the Coulomb gauge
In this short appendix, we describe the essential ingredients needed to establish
local regularity in the Coulomb gauge for finite-energy critical points (u, A)
of the (e = 1) abelian Higgs energy E (u, A), collecting some estimates which
will be of use elsewhere in the paper.

Consider the manifold with boundary Q" g) given by a smooth, con-
tractible domain Q" CC R” equipped with a C? metric g, and let L = C x Q

be the trivial line bundle over €2, with the standard Hermitian structure. With
respect to the metric g, we then define the Yang—Mills—Higgs energy

E(u, A) ::/ e(u,A):/ ldu —iu ® Al> + |dA|> + W(u)
Q Q

as in the preceding section. By (the first part of) Proposition 7.5, it is easy to
see that a pair (u, A) in W12 with

lul <1 (A1)

is a critical point for E (with respect to smooth perturbations supported in £2)
if and only if the equations

d*dA = (du —iu® A, iu), (A.2)

1
Au = 2{idu, A) + |A|*u — S = lul®)u — i(d*A)u (A.3)

are satisfied distributionally in €2, where all geometric quantities and operators
are defined with respect to the metric g.
Now, given a pair (1, A) in w2 satisfying (A.2)—(A.3) and

E(m,A) <A < oo, (A4)

we can select a local Coulomb gauge adapted to Q2 as follows. Denote by
0 € W22(Q, R) the unique solution of the Neumann problem

00
A9 =d*Ain Q; 5= —A(v) on 92 (A.5)
%
with zero mean |, o 0 = 0. Then the gauge-transformed pair

(i, A) == ('%u, A + db)
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lies in W12 and continues to satisfy (A.2)—(A.3), with
E(@@, A) = E(u, A) < A,
but now with the additional constraints
d*A=00nQ; A()=00ndQ. (A.6)

For the remainder of the section, we will assume that the pair (u«, A) is
already in the Coulomb gauge on €2, so that A satisfies (A.6). Note that (A.2)—
(A.3) then become

1
Au = 2(idu, A) + |A|*u — S0 = lul®)u, (A7)
ApA = {du—iu®A,iu). (A.8)

We now establish the local regularity for critical points (#, A) in the Coulomb
gauge, giving in particular local estimates for (u, A) in W>¢ norms.

Proposition A.1 Let (u, A) solve (A.2)—(A.3) in the Coulomb gauge (A.6) on
(2, g), with |lu| < 1. If
E(u,A; Q) <A (A.9)

and
lglic2 + llg e < A, (A.10)

then for every compactly supported subdomain Q' CC Q and q € (1, 00)
there exists Cq(A, Q, Q') < oo such that

lullw2a(y + 1 Allw2a @y < Cq- (A.11)

Proof To begin, note that (A.8) and standard Bochner—Weitzenbock identities
give the (weak) subequation

1
A=|A> = —(AyA, A) + |DAJ* + Ric(A, A
2| | (Ag )+ |DA| (A, A) (A12)

> —|du — iu ® A||A| + |DA> — C(A)|A)?

for |A|2. On the other hand, as in Sect. 3, we also obtain from (A.3) the relation

1 1
A§|u|2= |du—iu®A|2—5(1— lu)?)|ul?. (A.13)
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Recalling that |#| < 1 and using Young’s inequality, we can combine (A.12)—
(A.13) to find an estimate of the form

%A(|A|2 + |ul?) = a(|DAP + |dul®) — C(a, A)|A]* — C(A),  (A.14)

forany 0 <o < 1.

By standard estimates for one-forms A satisfying (A.6) (see, e.g., [20, The-
orem 4.8]), we have the global L2 bound

IAllwi2@) = C(A, Q)dAl2q) = C(A, ),

hence |u|, |A| are both bounded in W2 in terms of A (and ).

Note that (A.8) gives alocal W22 bound on A, by standard elliptic regularity.
This, together with Sobolev embedding and (A.7), gives

lullw2.r oy + 1AIw220y + 1A wi2qy) < C(A,2,80)  (A.15)

for all Q¢ CC 2 and some 1 < p < 2, depending only on n. We need the
following observation, stated and proved separately for the sake of clarity.

Lemma A.2 Defining f € WH2(Q) by
fi=A+IAP + )2,
we have the subequation
AfP = =C(p, M) fF (A.16)
and, for all Qy CC L,

1P w2 < C(A, 2, Qo).

Proof Sinceu € L*NW'2N Wli’cp and A € WZZD’C2 , a standard approximation
argument shows that lul?, |A|? € leo’j, so that (A.14) holds pointwise a.e.
Likewise, we have f € leo’cl and the chain rule applies, giving

Af = fT'IDAP +|dul® = (A, D*DA) + (u, Au)) — £~ 1dfI?
pointwise. The first term equals £~ A% f2, so recalling (A.14) we obtain

Af = af MDA +|dul*) — Cla, A f — 7 1df 12
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Also, since f € W2 N WIZO’CP , we have the pointwise inequalities

AfP = p(p = DfP21df 1>+ pfP ' Af
> pafP (DA + |dul*) — C(a, A) fP + p(p — 2) fP2df|?
> pla+p—2)fP2df1* — Cla, A) fP.

Choosing o := 2 — p, inequality (A.16) follows. The second claim is an easy
consequence of (A.15) and the fact that |u| < 1. O

Returning to the proof of Proposition A.1, we can now apply Moser iteration
to (A.16), obtaining in particular that

Al Lo @) < C(A, 2, 21) (A.17)

for any 2 CC Q.
Now, fixing some intermediate domain Q' CC Q) CC 2 between Q' and
Q, (A.7) together with the L°°(£2;) estimate for A give pointwise bounds of

the form
[Au| < C(A, 2, 21)(|dul +1) in Q. (A.18)

And since
ldu| < |du —iu ® Al + |A] <e(u,A)+C

in 21, we obtain from the energy bound E(u, A) < A and (A.18) the simple
estimate

lAullp2q,) = C(A, 2, €21),
and consequently
lullw22qy = C

for any Q' CC Qp CC Q1. Returning to the pointwise bound (A.18), we can
now employ a simple iteration argument—combining L9 regularity theory
with the Sobolev embedding W2" < Wi~ —over successive domains
between © and €, to arrive at the desired W24 estimates for u.

Returning finally to (A.8), it therefore follows from the preceding estimates
that

[AllLo@ry + 1AEAl Loy < C(A, 2, 27)
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for some intermediate domain Q' CC Q" CC Q. In particular, this gives us
upper bounds for || AA| zqqr) forevery g € (1, 00), and L regularity theory
therefore gives us the desired estimates for A in W>4(). O

Finally, we remark that higher regularity of # and A in the Coulomb gauge
follows in a standard way—e.g., via Schauder theory—from the W>4 esti-
mates obtained in the preceding proposition.

Remark A.3 With local regularity established, note that it is easy to find a
globally smooth couple (i, V) gauge equivalent to any critical pair (u, V) for
E. on L — M. Indeed, for any critical pair (x, V) with u € W2 N L> and
V = Vo — i A (where Vj is a smooth reference connection and A € W1-?), it
follows from the local regularity results above that the gauge-invariant objects
lu|?> and dA = Fy — Fy,_are smooth globally. Making a change of gauge
(u, V) = (i, V=V —iA) such that

dA=dA and d*A =0,

it follows from the smoothness of d A that the new connection V = Vo — iA
is smooth. And since u satisfies

~~ 1 -
V*VI = it lu|?)a

where both V and |u|? are smooth, standard results for linear elliptic equations
imply that w € ['(L) is a smooth section as well.
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