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regular boundary, is equivalent to the solvability of the Dirichlet problem in
Q, with data in L?(0€2) for some p < oo. In this paper, we give a geometric
characterization of the weak-A , property, of harmonic measure, and hence of
solvability of the L? Dirichlet problem for some finite p. This characterization
is obtained under background hypotheses (an interior corkscrew condition,
along with Ahlfors—David regularity of the boundary) that are natural, and in
a certain sense optimal: we provide counter-examples in the absence of either
of them (or even one of the two, upper or lower, Ahlfors—David bounds);
moreover, the examples show that the upper and lower Ahlfors—David bounds
are each quantitatively sharp.
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1 Introduction

A classical criterion of Wiener characterizes the domains in which one can
solve the Dirichlet problem for Laplace’s equation with continuous boundary
data, and with continuity of the solution up to the boundary. In this paper, we
address the analogous issue in the case of singular data. To be more precise,
the present work provides a purely geometric characterization of the open sets
for which L? solvability holds, for some p < oo, and with non-tangential
convergence to the data a.e., thus allowing for singular boundary data. We
establish this characterization in the presence of background hypotheses (an
interior corkscrew condition [see Definition 2.4 below], and Ahlfors—David
regularity of the boundary [Definition 2.1]) that are in the nature of best pos-
sible, in the sense that there are counter-examples in the absence of either
of them (or of even one of the two, upper or lower, Ahlfors—David bounds);
moreover, the examples show that the upper and lower Ahlfors—David bounds
are each quantitatively sharp (see the discussion following Theorem 1.2, as
well as “Appendix A”, for more details).

Solvability of the L? Dirichlet problem is fundamentally tied to quantitative
absolute continuity of harmonic measure with respect to surface measure on
the boundary: indeed, it is equivalent to the so-called “weak-A,” property
of the harmonic measure (see Definitions 2.14 and 2.15). It is through this
connection to quantitative absolute continuity of harmonic measure that we
shall obtain our geometric characterization of L? solvability.

The study of the relationship between the geometry of a domain, and
absolute continuity properties of its harmonic measure, has a long history.
A classical result of F. and M. Riesz [47] states that for a simply connected
domain €2 in the complex plane, rectifiability of €2 implies that harmonic mea-
sure for 2 is absolutely continuous with respect to arclength measure on the
boundary. A quantitative version of this theorem was later proved by Lavren-
tiev [41]. More generally, if only a portion of the boundary is rectifiable, Bishop
and Jones [12] have shown that harmonic measure is absolutely continuous
with respect to arclength on that portion. They also present a counter-example
to show that the result of [47] may fail in the absence of some connectivity
hypothesis (e.g., simple connectedness).

In dimensions greater than 2, a fundamental result of Dahlberg [18] estab-
lishes a quantitative version of absolute continuity, namely that harmonic
measure belongs to the class Ao in an appropriate local sense (see Defini-
tions 2.14 and 2.15 below), with respect to surface measure on the boundary
of a Lipschitz domain.
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The result of Dahlberg was extended to the class of Chord-arc domains
(see Definition 2.7) by David and Jerison [21], and independently by Semmes
[48]. The Chord-arc hypothesis was weakened to that of a two-sided corkscrew
condition (Definition 2.4) by Bennewitz and Lewis [11], who then drew the
conclusion that harmonic measure is weak- A (in an appropriate local sense,
see Definitions 2.14 and 2.15) with respect to surface measure on the boundary;
the latter condition is similar to the A, condition, but without the doubling
property, and is the best conclusion that can be obtained under the weakened
geometric conditions considered in [11]. We note that weak-A, is still a
quantitative, scale invariant version of absolute continuity.

More recently, one of us (Azzam) has given in [6] a geometric characteriza-
tion of the A, property of harmonic measure with respect to surface measure
for domains with n-dimensional Ahlfors—David regular (n-ADR) boundary
(see Definition 2.1). Azzam’s results are related to those of the present paper,
so let us describe them in a bit more detail. Specifically, he shows that for a
domain 2 with n-ADR boundary, harmonic measure is in A, with respect to
surface measure, if and only if 1) 92 is uniformly rectifiable (n-UR)!, and 2) Q
is semi-uniform in the sense of Aikawa and Hirata [1]. The semi-uniform con-
dition is a connectivity condition which states that for some uniform constant
M, every pair of points x € 2 and y € 92 may be connected by a rectifiable
curve y = y(y, x), with y\{y} C Q, withlength £(y) < M|x — y|, and which
satisfies the ““cigar path” condition

min {£(y (v, 2)), £(y (z, )} < Mdist(z, 9Q), Vzey. (1.1)

Semi-uniformity is a weak version of the well known uniform condition, whose
definition is similar, except that it applies to all pairs of points x, y € €. For
example, the unit disk centered at the origin, with the slit {—1/2 < x <
1/2, y = 0} removed, is semi-uniform, but not uniform. It was shown in [1]
that for a domain satisfying a John condition and the Capacity Density Condi-
tion (in particular, for a domain with an n-ADR boundary), semi-uniformity
characterizes the doubling property of harmonic measure. The method of [6]
is, broadly speaking, related to that of [21], and of [11]. In [21], the authors
show that a Chord-arc domain 2 may be approximated in a “Big Pieces” sense
(see [21] or [11] for a precise statement; also cf. Definition 2.12 below) by
Lipschitz subdomains ' C €; this fact allows one to reduce matters to the
result of Dahlberg via the maximum principle (a method which, to the present
authors’ knowledge, first appears in [39] in the context of BM O; domains).
The same strategy, i.e., Big Piece approximation by Lipschitz subdomains, is
employed in [11]. Similarly, in [6], matters are reduced to the result of [21],

! Thisisa quantitative, scale-invariant version of rectifiability, see Definition 2.2 and the ensuing
comments.
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by showing that for a domain €2 with an n-ADR boundary, Q2 is semi-uniform
with a uniformly rectifiable boundary if and only if it has “Very Big Pieces”
of Chord-arc subdomains (see [6] for a precise statement of the latter condi-
tion). As mentioned above, the converse direction is also treated in [6]. In that
case, given an interior corkscrew condition (which holds automatically in the
presence of the doubling property of harmonic measure), and provided that
02 is n-ADR, the A, (or even weak-A ;) property of harmonic measure was
already known to imply uniform rectifiability of the boundary [32] (although
the published version appears in [28]; see also [44] for an alternative proof,
and a somewhat more general result); as in [1], semi-uniformity follows from
the doubling property, although in [6], the author manages to show this while
dispensing with the John domain background assumption (given a harmlessly
strengthened version of the doubling property).

Thus, in [6], the connectivity condition (semi-uniformity), is tied to the
doubling property of harmonic measure, and not to absolute continuity. On
the other hand, in light of the example of [12], and on account of the afore-
mentioned connection to solvability of the Dirichlet problem, it has been an
important open problem to determine the minimal connectivity assumption
which, in conjunction with uniform rectifiability of the boundary, yields quanti-
tative absolute continuity of harmonic measure with respect to surface measure.
In the present work, we present a connectivity condition, significantly milder
than semi-uniformity, which we call the weak local John condition (see Defini-
tion 2.11 below), and which solves this problem. Thus, we obtain a geometric
characterization of the domains for which one has quantitative absolute conti-
nuity of harmonic measure; equivalently, for which one has solvability of the
Dirichlet problem with singular (L?) data (see Theorem 1.1 below). In fact,
we provide two geometric characterizations of such domains, one in terms of
uniform rectifiability combined with the weak local John condition, the other
in terms of approximation of the boundary in a big pieces sense, by boundaries
of Chord-arc subdomains.

Let us now describe the weak local John condition, which says, roughly
speaking, that from each point x € €2, there is local non-tangential access to an
ample portion of a surface ball at a scale on the order of §q(x) := dist(x, 9€2).
Let us make this a bit more precise. A “carrot path” (aka non-tangential path)
joining a point x € €2, and a point y € 92, is a connected rectifiable path
y = y(y, x), with endpoints y and x, such that for some A € (0, 1) and for
all z € y,

My (y.2) < bal). (12)

where ¢ (V (v, z)) denotes the arc-length of the portion of the original path with
endpoints y and z. For x € Q,and N > 2, set

Ay = AY := B(x, Nég(x)) N 9Q.
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We assume that every point x € Q2 may be joined by a carrot path to each
y in a “Big Piece” of Ay, i.e., to each y in a Borel subset ' C A,, with
o(F) = 6o (Ay), where o denotes surface measure on 0€2, and where the
parameters N > 2, A € (0,1), and 8 € (0, 1] are uniformly controlled.
We refer to this condition as a “weak local John condition”, although “weak
local semi-uniformity” would be equally appropriate. See Definitions 2.8, 2.9
and 2.11 for more details. We remark that a strong version of the local John
condition (i.e., with & = 1) has appeared in [37], in connection with boundary
Poincaré inequalities for non-smooth domains.

Let us observe that the weak local John condition is strictly weaker than
semi-uniformity: for example, the unit disk centered a the origin, with either
the cross {—1/2 <x <1/2,y =0} U{-1/2 <y < 1/2,x = 0} removed,
or with the slit {0 < x < 1, y = 0} removed, satisfies the weak local John
condition, although semi-uniformity fails in each case.

The main result in the present work is the following geometric characteri-
zation of quantitative absolute continuity of harmonic measure, and of the L”
solvability of the Dirichlet problem. The terminology used here will be defined
in the sequel.

Theorem 1.1 Let @ C R*! n > 1, be an open set satisfying an interior
corkscrew condition (see Definition 2.4 below), and suppose that 02 is n-
dimensional Ahlfors—David regular (n-ADR; see Definition 2.1 below). Then
the following are equivalent:

(1) 02 is Uniformly Rectifiable (n-UR; see Definition 2.2 below) and Q2 sat-
isfies the weak local John condition (see Definition 2.11 below).

(2) 2 satisfies an Interior Big Pieces of Chord-Arc Domains (IBPCAD) con-
dition (see Definition 2.12 below).

(3) Harmonic measure w is locally in weak-A (see Definition 2.15 below)
with respect to surface measure o on 92.

(4) The LP Dirichlet problem is solvable for some p < oo, i.e., for some
p < 09, there is a constant C such that if g € LP(9S2), then the solution
to the Dirichlet problem with data g, is well defined as u(x) := faQ gdw*
for each x € 2, converges to g non-tangentially, and enjoys the estimate

INcullLroe) < CliglLron), (L.3)

where N,u is a suitable version of the non-tangential maximal function of
u.

Some explanatory comments are in order. The proof has two main new
ingredients: the implication (1) implies (2), and the fact that the weak-A,
property of harmonic measure implies the weak local John condition (this is
the new part of (3) implies (1)). In turn, we split these main new results into
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two theorems: the first implication is the content of Theorem 1.2 below, and the
second is the content of Theorem 1.3. We remark that the interior corkscrew
condition is not needed for (1) implies (2) (nor for (2) implies (3) if and only
if (4)). Rather, it is crucial for (3) implies (1) (see “Appendix A”).

As regards the other implications, the fact that (2) implies (3) follows by a
well-known argument using the maximum principle and the result of [21] and
[48] for Chord-arc domains?, along with the criterion for weak-A 4, obtained
in [11]; the equivalence of (3) and (4) is well known, and we refer the reader
to, e.g., [27, Section 4], and to [26] for details. The implication (3) implies (1)
has two parts. As mentioned above, the fact that weak-A ., implies weak local
John is new, and is the content of Theorem 1.3. The remaining implication,
namely that weak-A, implies n-UR, is the main result of [32]; an alternative
proof, with a more general result, appears in [44], and see also [28] for the
final published version of the results of [32], along with an extension to the
p-harmonic setting.

We note that our background hypotheses (upper and lower n-ADR, and
interior corkscrew) are in the nature of best possible: one may construct a
counter-example in the absence of any one of them, for at least one direction
of this chain of implications, as we shall discuss in “Appendix A”. In addition,
in the case of the n-ADR condition, given any ¢ > 0, the counter-examples for
the upper (respectively, lower) n-ADR property can be constructed in such a
way as to show that no weaker condition of the form H" (B(x, r)NaQ) < r*~¢
(resp., H"(B(x,r) N0R) = r"*¢), with r < 1, may be substituted for a true
n-ADR upper or lower bound. Moreover, the first example shows that one
cannot substitute the Capacity Density Condition (CDC)? in place of the n-
ADR condition: indeed, the example is an NTA domain, in particular, it satisfies
an exterior corkscrew condition, and thus also the CDC.

As regards our assumption of the interior corkscrew condition, we point out
that, as is well known, the n-ADR condition implies that the open set R” 1\
satisfies a corkscrew condition, with constants depending only on n and ADR,
i.e., atevery scale r, and for every point x € 92, there is at least one component
of R"T1\ 92 containing a corkscrew point relative to the ball B(x, ). Our last
example shows that such a component should lie inside €2 itself, for each x
and r; i.e., that 2 should enjoy an interior corkscrew condition.

2 See, e.g., [26, Proposition 13] for the details in this context, but the proof originates in [39].

3 The CDC is a scale invariant potential theoretic “thickness” condition, i.e., a quantitative
version of Weiner regularity; see, e.g., [1].
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As explained above, the main new contributions of the present work are
contained in the following pair of theorems:

Theorem 1.2 Ler Q@ C R™tL n > 1, be an open set, not necessarily con-
nected, with an n-dimensional Ahlfors—David regular (n-ADR) boundary.
Then the following are equivalent:

(1) 0K is uniformly rectifiable (n-UR), and 2 satisfies the weak local John
condition.

(i1) 2 satisfies an Interior Big Pieces of Chord-Arc Domains (IBPCAD) con-
dition.

Only the direction (i) implies (ii) is new. For the converse, the fact that IBP-
CAD implies the weak local John condition is immediate from the definitions.
Moreover, the boundary of a Chord-arc domain is n-UR, and an n-ADR set
with big pieces of n-UR is also n-UR (see [23]). As noted above, that (ii)
implies the weak-A, property follows by well known arguments.

Theorem 1.3 Let @ C R*™ n > 1, be an open set satisfying an interior
corkscrew condition and suppose that 0<2 is n-dimensional Ahlfors—David
regular (n-ADR). If the harmonic measure for 2 satisfies the weak-A, con-
dition, then Q2 satisfies the weak local John condition.

Let us mention that the present paper is a combination of unpublished work
of two different subsets of the present authors: Theorem 1.2 is due to the second
and third authors, and was first posted in the draft manuscript [34]*; Theorem
1.3 is due to the first, fourth and fifth authors, and appeared first in the draft
manuscript [9].

The paper is organized as follows. In the next section, we set notation and
give some definitions. In Part 1 of the paper (Sects. 3-8), we give the proof of
Theorem 1.2. In Part 2 of the paper (Sects. 9—16) we give the proof of Theorem
1.3. Finally, in “Appendix A”, we discuss some counter-examples which show
that our background hypotheses are in the nature of best possible.

We thank the referee for a careful reading of the paper, and for several
helpful suggestions that have led us to clarify certain matters, and to make
improvements in the presentation.

2 Notation and definitions

e Unless otherwise stated, we use the letters ¢, C to denote harmless posi-
tive constants, not necessarily the same at each occurrence, which depend
only on dimension and the constants appearing in the hypotheses of the
theorems (which we refer to as the “allowable parameters”). We shall also

4 An earlier version of this work [33] gave a direct proof of the fact that (1) implies (3) in
Theorem 1.1, without passing through condition (2).
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sometimes write @ < b, a 2 b, and a ~ b to mean, respectively, that
a < Cb,a > cb,and 0 < ¢ < a/b < C, where the constants ¢ and
C are as above, unless explicitly noted to the contrary. In some occasions
we will employ the notation a <; b, a 2, b and a ~, b to emphasize
that the previous implicit constants ¢ and/or C may depend on some rele-
vant parameter A. At times, we shall designate by M a particular constant
whose value will remain unchanged throughout the proof of a given lemma
or proposition, but which may have a different value during the proof of a
different lemma or proposition.

e Our ambient space is R"*!, n > 1.

e Q will always denote an open set in R”*!, not necessarily connected unless
otherwise specified.

e We use the notation y (x, y) to denote a rectifiable path with endpoints x
and y, and its arc-length will be denoted £(y (x, y)). Given such a path,
if z € y(x,y), we use the notation y(z, y) to denote the portion of the
original path with endpoints z and y.

o We llet ej, j =1,2,...,n+ 1, denote the standard unit basis vectors in
R+,

e The open (n + 1)-dimensional Euclidean ball of radius r will be denoted
B(x,r). For x € 0L, a surface ball is denoted A(x, r) := B(x,r) N oS2.

e Given a Euclidean ball B or surface ball A, its radius will be denoted rpg
or ra, respectively.

e Given a Euclidean or surface ball B = B(x,r) or A = A(x, r), its con-
centric dilate by a factor of x > 0 will be denoted kB := B(x, kr) or
KA = A(x, kr).

e Given an open set Q2 C R"HL for x € Q, we set 8q(x) := dist(x, Q).

o We let H" denote n-dimensional Hausdorff measure, and let o := H"
denote the surface measure on 0€2.

e For a Borel set A ¢ R*T! we let x4 denote the usual indicator function
of A,ie. xya(x) =1ifx € A,and x4 (x) =0if x ¢ A.

e For a Borel set A ¢ R"t!, we let int(A) denote the interior of A.

e Given a Borel measure u, and a Borel set A, with positive and finite p
measure, we set f, fdu = w(A)~! [, fdpu.

o We shall use the letter / (and sometimes J) to denote a closed (n + 1)-
dimensional Euclidean dyadic cube with sides parallel to the co-ordinate
axes, and we let £(1) denote the side length of 1. If £(I) = 27k then we
set k; := k. Given an n-ADR set E C R"*!, we use Q (or sometimes P or
R) to denote a dyadic “cube” on E. The latter exist (see [17,22,38]), and
enjoy certain properties which we enumerate in Lemma 2.16 below.

Definition 2.1 (n-ADR) (aka n-Ahlfors—David regular). We say that a set
E c R"t! of Hausdorff dimension n, is n-ADR if it is closed, and if there is
some uniform constant C such that

Loc
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890 J. Azzam et al.

1
o s o(A(x,r)) =Cr", Vre(0,diam(E)), x € E, 2.1

where diam(E) may be infinite. Here, A(x, r) := E N B(x, r) is the surface
ball of radius r, and as above, o := H"| g is the “surface measure” on E.

Definition 2.2 (n-UR) (aka n-uniformly rectifiable). An n-ADR (hence
closed) set E C R"*! is n-UR if and only if it contains “Big Pieces of Lip-
schitz Images” of R" (“BPLI”). This means that there are positive constants
c1 and Cy, such that for each x € E and each r € (0, diam(FE)), there is a
Lipschitz mapping p = p,, : R” — R"*!, with Lipschitz constant no larger
than Cy, such that

H”(Eﬂ B(x,r)Np ({z eR":|z| < r})) > cr'’.

We recall that n-dimensional rectifiable sets are characterized by the prop-
erty that they can be covered, up to a set of H" measure 0, by a countable union
of Lipschitz images of R"; we observe that BPLI is a quantitative version of
this fact.

We remark that, at least among the class of n-ADR sets, the n-UR sets
are precisely those for which all “sufficiently nice” singular integrals are L>-
bounded [22]. In fact, for n-ADR sets in R"t!, the L2 boundedness of certain
special singular integral operators (the “Riesz Transforms”), suffices to char-
acterize uniform rectifiability (see [43] for the case n = 1, and [45] in general).
We further remark that there exist sets that are n-ADR (and that even form the
boundary of a domain satisfying interior corkscrew and Harnack Chain condi-
tions), but that are totally non-rectifiable (e.g., see the construction of Garnett’s
“4-corners Cantor set” in [23, Chapter 1]). Finally, we mention that there are
numerous other characterizations of n-UR sets (many of which remain valid
in higher co-dimensions); cf. [22,23].

Definition 2.3 (“UR character”). Given an n-UR set E C R"t! its “UR char-
acter” is just the pair of constants (c1, C1) involved in the definition of uniform
rectifiability, along with the ADR constant; or equivalently, the quantitative
bounds involved in any particular characterization of uniform rectifiability.

Definition 2.4 (Corkscrew condition). Following [39], we say that an open set
Q c R"*!satisfies the corkscrew condition if for some uniform constant ¢ > 0
and for every surface ball A := A(x, r), withx € 0Qand0 < r < diam(9€?),
there is a ball B(xa,cr) C B(x,r) N Q. The point xo C K is called a
corkscrew point relative to A. We note that we may allow r < C diam(9€2)
for any fixed C, simply by adjusting the constant c. In order to emphasize
that B(xa, cr) C €2, we shall sometimes refer to this property as the interior
corkscrew condition.
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Definition 2.5 (Harnack Chains, and the Harnack Chain condition [39]).
Given two points x, x’ € €2, and a pair of numbers M, N > 1, an (M, N)-
Harnack Chain connecting x to x', is a chain of open balls By, ..., By C €,
withx € By, x' € By, BxN Byy1 # ¥and M~! diam(By) < dist(By, Q) <
M diam(By). We say that Q satisfies the Harnack Chain condition if there
is a uniform constant M such that for any two points x, x € €, there is an
(M, N)-Harnack Chain connecting them, with N depending only on M and
the ratio [x — x|/ (min (8q(x), 8o (x)).

Definition 2.6 (NTA). Again following [39], we say that a domain ¢ R"*!
is NTA (Non-tangentially accessible) if it satisfies the Harnack Chain condi-
tion, and if both  and Qey := R"H! \ Q2 satisfy the corkscrew condition.

Definition 2.7 (CAD). We say that a connected open set Q C R"*! is a CAD
(Chord-arc domain), if it is NTA, and if 02 is n-ADR.

Definition 2.8 (Carrot path). Let @ C R"*! be an open set. Given a point
x € 2, and a point y € 9€2, we say that a connected rectifiable path y =
v (y, x), with endpoints y and x, is a carrot path (more precisely, a A-carrot
path) connecting y to x, if y\{y} C €, and if for some A € (0, 1) and for all
ey,

My (v, 2) = 8. 22)

With a slight abuse of terminology, we shall sometimes refer to such a path as
a A-carrot path in €2, although of course the endpoint y lies on 0€2.

A carrot path is sometimes referred to as a non-tangential path.

Definition 2.9 ((0, A, N)-weak local John point). Letx € €2, and for constants
0 e(,1],L€(0,1),and N > 2, set

Ay =AY = B(x, Nég(x)) N 9S2.

We say that a point x € Q is a (6, A, N)-weak local John point if there is a
Borel set F' C Afcv, with o (F) > GU(AQ/), such that for every y € F, there is
a A-carrot path connecting y to x.

Thus, a weak local John point is non-tangentially connected to an ample
portion of the boundary, locally. We observe that one can always choose N
smaller, for possibly different values of 6 and A, by moving from x to a point
x’ on a line segment joining x to the boundary.

Remark 2.10 We observe that it is a slight abuse of notation to write A,
since the latter is not centered on 02, and thus it is not a true surface ball;
on the other hand, there are true surface balls, A’ := A(X, (N — 1)dq(x))
and A7 := A(X, (N + 1)8q(x)), centered at a “touching point” x € 92 with
3q(x) = |x — x|, which, respectively, are contained in, and contain, A.
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Definition 2.11 (Weak local John condition). We say that 2 satisfies a weak
local John condition if there are constants A € (0,1),60 € (0,1],and N > 2,
such that every x € Q is a (8, A, N)-weak local John point.

Definition 2.12 (IBPCAD). We say that a connected open set @ C R"*! has
Interior Big Pieces of Chord-Arc Domains (IBPCAD) if there exist positive
constants n and C, and N > 2, such that for every x € 2, with dqo(x) <
diam(9€2), there is a Chord-arc domain €2, C €2 satisfying

x € Q.

dist(x, 0Q2y) > ndq(x).

diam(£2,) < Cdq(x).

o (@2, N AY) = no(Al) ~y nsa)".

The Chord-arc constants of the domains €2, are uniform in x.

Remark 2.13 In the presence of an interior corkscrew condition, Definition
2.12 is easily seen to be essentially equivalent to the following more standard
“Big Pieces” condition: there are positive constants 1 and C (perhaps slightly
different to that in Definition 2.12), such that for each surface ball A :=
A(x,r) = B(x,r)N o, x € dQ and r < diam(d€2), and for any corkscrew
point x A relative to A there is a Chord-arc domain Q2 satisfying

XA € QA

dist(xa, 0Q2A) > nr.

QA C B(x,Cr)N Q.

0(0R2a NA(x,Cr)) > no(A(x, Cr)) = nr".

The Chord-arc constants of the domains 25 are uniform in A.

Definition 2.14 (A, weak-Ax, and weak-R H,). Given an n-ADR set E C
R+ and a surface ball Ay := By N E centered on E, we say that a Borel
measure u defined on E belongs to Ax(Ag) if there are positive constants C
and s such that for each surface ball A = BN E centered on E, with B C B,
we have

o(A)

)
w(A), for every Borel set A C A. (2.3)
o(A)

n(A) = C(

Similarly, we say that 4 € weak-A,(Ao) if for each surface ball A = BN E
centered on E, with 2B C By,

o(A)

S
HwQ2A), for every Borel set A C A. 2.4)
o(A)

n(A) §C<

We recall that, as is well known, the condition i € weak-A(Ag) is equivalent
to the property that © <« o in Ag, and that for some ¢ > 1, the Radon—
Nikodym derivative k := du/do satisfies the weak reverse Holder estimate
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1/q 2A

(][ k‘fda> 5][ kdo ~ Y2 yA ZBAE. with 2B C B,
A 24 o(A)

(2.5)

with B centered on E. We shall refer to the inequality in (2.5) as a “weak-RH,”
estimate, and we shall say that k € weak-RH,(Ay) if k satisfies (2.5).

Definition 2.15 (Local A and local weak-A ). We say that harmonic mea-
sure w is locally in A (resp., locally in weak-A ;) on 92, if there are uniform
positive constants C and s such that for every ball B = B(x, r) centered on
0€2, with radius r < diam(9€2)/4, and associated surface ball A = B N 92,

wP(A) < C (%)‘ wP(A), VpeQ\4B, YBorel AC A, (2.6)

or, respectively, that

p a(A\ :
W) =C(T55) @A), VpeQWB, VBorlACA; 7)

equivalently, if for every ball B and surface ball A = B N 92 as above, and
for each point p € Q\4B, w” € Ax(A) (resp., wP € weak-Ay(A)) with
uniformly controlled Ay (resp., weak-Ao) constants.

Lemma 2.16 (Existence and properties of the “dyadic grid”) [17,22,23].
Suppose that E C R"T! is an n-ADR set. Then there exist constants ag >
0, s > 0and Cy < oo, depending only on n and the ADR constant, such that
for each k € Z, there is a collection of Borel sets (“cubes’)

Dy :=1{QY CE:jenl

where Ty denotes some (possibly finite) index set depending on k, satisfying

(i) E = UjQ];.foreachk e 7.

(ii) If m > k then either Q' C Q% or Q7' N Q% = .

(iii) Foreach (j, k) and each m < k, there is a unique i such that Qlj‘. c o7

(iv) diam(Q’;.) < C27k

(v) Each Q’; contains some “surface ball” A(xj?, a02_k) = B(xj?, a02_k) N
E.

(vi) H"({x € Q% : dist(x, E\Q%) <9 27%}) < C\9* H"(QY), for all k, j
and for all v € (0, ap).

A few remarks are in order concerning this lemma.
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e In the setting of a general space of homogeneous type, this lemma has
been proved by Christ [17] (see also [38]), with the dyadic parameter 1/2
replaced by some constant § € (0, 1). In fact, one may always take § = 1/2
(see [36, Proof of Proposition 2.12]). In the presence of the Ahlfors—David
property (2.1), the result already appears in [22,23]. Some predecessors of
this construction have appeared in [19] and [20].

e For our purposes, we may ignore those k € Z such that 27% > diam(E),
in the case that the latter is finite.

e We shall denote by D = D(FE) the collection of all relevant Q’j‘., ie.,

D := U Dy,
where, if diam(E) is finite, the union runs over those k such that 2% <
diam(E).
e Properties (iv) and (v) imply that for each cube Q € D, there is a point

xp € E, a Euclidean ball B(xg, rg) and a surface ball A(xg,rg) =
B(xg,rg) N E such that rg ~ 27k~ diam(Q) and

A(xg,rg) C Q C A(xg, Crg), (2.8)
for some uniform constant C. We shall refer to the point x ¢ as the “center”
of Q.

e For a dyadic cube Q € Dy, we shall set £(Q) = 27k, and we shall refer

to this quantity as the “length” of Q. Evidently, by adjusting if necessary
some parameters, we can assume that

diam(Q) < £(Q) < diam(Q).
We shall denote
Bg := B(xg,4£(Q)), Ag = Alxg,4L(Q)). (2.9)
Notice that Q C Ag C By.
e For a dyadic cube QO € D, we let k(Q) denote the dyadic generation to
which Q belongs, i.e., we set k = k(Q) if Q € Dy; thus, £(Q) = 27K(D),
e Given R € D, we set

D(R):={Q eD:QCR}. (2.10)

For j > 1, we also let

D;(R) = {Q e D(R): £(Q) =27/ Z(R)} . @2.11)
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e For a pair of cubes Q’, Q € D, if Q" is adyadic child of Q,i.e.,if Q' C Q,
and £(Q) = 2£(Q’), then we write Q' <1 Q.
e For A > 1, we write

A0 ={xe€E:dist(x, Q) < (A — DD}

With the dyadic cubes in hand, we may now define the notion of a corkscrew
point relative to a cube Q.

Definition 2.17 (Corkscrew point relative to Q). Let Q satisfy the corkscrew
condition (Definition 2.4), suppose that 92 is n-ADR, and let Q € D(9).
A corkscrew point relative to Q is simply a corkscrew point relative to the
surface ball A(xg, rp) defined in (2.8).

Definition 2.18 (Coherency and Semi-coherency). [23]. Let E C R"*t! be
an n-ADR set. Let T C D(E). We say that T is coherent if the following
conditions hold:

(a) T contains a unique maximal element Q(T) which contains all other ele-
ments of T as subsets. N N

(b) If Q belongsto T,andif Q C Q C Q(T),then Q € T.

(c) Givenacube Q € T, either all of its children belong to T, or none of them
do.

We say that T is semi-coherent if conditions (a) and (b) hold. We shall refer
to a coherent or semi-coherent collection T as a tree.

Part 1: Proof of Theorem 1.2
3 Preliminaries for the Proof of Theorem 1.2

We begin by recalling a bilateral version of the David-Semmes “Corona
decomposition” of an n-UR set. We refer the reader to [35] for the proof.

Lemma 3.1 ([35, Lemma 2.2]) Let E C R"™! be an n-UR set. Then given
any positive constants 1 < 1 and K > 1, there is a disjoint decomposition
D(E) = G U B, satisfying the following properties.

(1) The “Good” collection G is further subdivided into disjoint trees, such
that each such tree T is coherent (Definition 2.18).

(2) The “Bad” cubes, as well as the maximal cubes Q(T), T C G, satisfy a
Carleson packing condition:

Yo e@)+ D o(QM) = Cuxo(Q). YO eDE).
Q'cQ, Q'eB TcGg:.0(McO
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(3) Foreach T C G, there is a Lipschitz graph ', with Lipschitz constant at
most n, such that, for every Q € T,

sup dist(x, ') + sup dist(y, E) < n£(Q), (3.1
XGA*Q yeBEﬂFT

where B"é = B(xg, K£(Q)) and A}, = BE NE, and x g is the “center”
of Q asin (2.8)—(2.9).

We remark that in [35], the trees T were denoted by S, and were called
“stopping time regimes” rather than trees.

We mention that David and Semmes, in [22], had previously proved a uni-
lateral version of Lemma 3.1, in which the bilateral estimate (3.1) is replaced
by the unilateral bound

sup dist(x, I't) < n€(Q), VO eT. 3.2)

%
xeAQ

Next, we make a standard Whitney decomposition of Qf := R"+!\ E, for
a given n-UR set E (in particular, Qg is open, since n-UR sets are closed by
definition). Let WW = W(2E) denote a collection of (closed) dyadic Whitney
cubes of L2, so that the cubes in V' form a pairwise non-overlapping covering
of Q g, which satisfy

4diam(/) < dist(41, E) < dist(/, E) < 40diam(/), vieWw (33)

(just dyadically divide the standard Whitney cubes, as constructed in [49,
Chapter VI], into cubes with side length 1/8 as large) and also

}Tdiam(ll) < diam(/l») < 4diam(/;),

whenever I and I, touch.
We fix a small parameter 7o > 0, so that forany / € W, and any t € (0, 7o],
the concentric dilate
I() =10+ 1) (3.4)

still satisfies the Whitney property
diam / ~ diam I*(7) ~ dist (I*(), E) ~ dist(I, E), 0<7t <7. (3.5)
Moreover, for T < 19 small enough, and for any I, J € WV, we have that I*(t)

meets J*(7) if and only if 7 and J have a boundary point in common, and
that, if I # J, then I*(t) misses (3/4)J.
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Pick two parameters n < 1 and K > 1 (eventually, we shall take K =
n=3/4). For Q € D(E), define

W =11 e W: n"*(Q) < e() < K'7¢(Q). dist(I, Q) < K'2(Q)} .
(3.6)

Remark 3.2 We note that W% is non-empty, provided that we choose 7 small
enough, and K large enough, depending only on dimension and ADR, since
the n-ADR condition implies that Qg satisfies a corkscrew condition. In the
sequel, we shall always assume that n and K have been so chosen.

Next, we recall a construction in [35, Section 3], leading up to and including
in particular [35, Lemma 3.24]. We summarize this construction as follows.

Lemma 3.3 Let E C R"! be n-UR, and set Qp := R" I\ E. Given positive
constants 1 < 1 and K > 1, as in (3.6) and Remark 3.2, let D(E) = G U B,
be the corresponding bilateral Corona decomposition of Lemma 3.1. Then
for each T C G, and for each Q € T, the collection Wg in (3.6) has an
augmentation WZ C W satisfying the following properties.

1 WOQ C WZ = WZ’+ U WZ’_, where (after a suitable rotation of coor-
dinates) each I € WZ’JF lies above the Lipschitz graph I't of Lemma
3.1, each I € WZ’_ lies below I't. Moreover, if Q' is a child of Q, also
belonging to T, then WZ’JF (resp. WZ’_ ) belongs to the same connected
component of Qf as does WZ’,JF (resp. WZ’/_ ) and WZ’,+ N WZ’+ # 0
(resp., ng N ng # ).

(2) There are uniform constants ¢ and C such that
en'?0(Q) < eI) < CK'20(Q), VI e Wy,
dist(I, Q) < CK'?¢(Q), VI € W, (3.7)
en'20(Q) < dist(I* (1), I'7), VI € W§, VT € (0, 1l

Moreover, given T € (0, 19], set

Uy =Us.= |J int(I*(0). Ug:=Ufuuy, (3.8)
IGWBi

and given T, a semi-coherent subtree of T, define

Qr =Qn(n):= J Uj. (3.9)
QeT’

@ Springer



898 J. Azzam et al.

Fig.1 The domains Q-Ij-:,

Then each of Q-li-/ is a CAD, with Chord-arc constants depending only on
n, t,n, K, and the ADR/UR constants for 02 (see Fig. 1).

Remark 3.4 In particular, for each T C G, if Q" and Q belong to T, and if
Q' is a dyadic child of Q, then U U U 1 is Harnack Chain connected, and

every pair of points x, y € U 5 uu 5 may be connected by a Harnack Chain
in Qg of length at most C = C(n, 7, n, K, ADR/UR). The same is true for
U oY Ug,.

Remark 3.5 Let 0 < t < 10/2. leen any T C G, and any semi- coherent
subtree T" C T, define Qi QT,(r) as in (3.9), and similarly set QT, =

Q% (27). Then by construction, for any x € QT,,

dist(x, E) ~ dist(x, E)Q 1),

where of course the implicit constants depend on 7.
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As in [35], it will be useful for us to extend the definition of the Whitney
region Ug to the case that Q € B, the “bad” collection of Lemma 3.1. Let
WZ be the augmentation of W% as constructed in Lemma 3.3, and set

Wp, Q€g,

Wo = .
7wy, oen

(3.10)

For O € G we shall henceforth simply write Wg in place of ng. For
arbitrary Q € D(E), good or bad, we may then define

Ug=Ug.:= [ int(I*()). (3.11)
IeWyp

Let us note that for Q € G, the latter definition agrees with that in (3.8). Note
that by construction

Ug C {y € Qg : dist(y, E) > cn'/2£(Q)} N B(xg, CK'%¢(Q)), (3.12)

for some uniform constants C > 1 and 0 < ¢ < 1 (see (3.3), (3.6), and (3.7)).
In particular, for every Q € D if follows that

|J Ugo c Bg. K£(Q)) =: B, (3.13)
0'eD(Q)

where we recall that D(Q) is defined in (2.10).

For future reference, we introduce dyadic sawtooth regions as follows. Given
a family JF of disjoint cubes {Q;} C D, we define the global discretized
sawtooth relative to F by

Dy =D\ U D(Q)), (3.14)

Qj eF
i.e., D is the collection of all Q € D that are not contained in any Q; € F.

We may allow F to be empty, in which case Dr = D. Given some fixed cube
0, we also define the local discretized sawtooth relative to F by

Dr(Q) =D\ |J P(Q)) =DrND(Q). (3.15)

Qj€.7:

Note that with this convention, D(Q) = Dyg(Q) (i.e., if one takes F =  in
(3.15)).
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4 Step 1: the set-up

In the proof of Theorem 1.2, we shall employ a two-parameter induction argu-
ment, which is a refinement of the method of “extrapolation” of Carleson
measures. The latter is a bootstrapping scheme for lifting the Carleson measure
constant, developed by J. L. Lewis [42], and based on the corona construction
of Carleson [15] and Carleson and Garnett [16] (see also [4,5,29-31,35]).

4.1 Reduction to a dyadic setting

To set the stage for the induction procedure, let us begin by making a prelim-
inary reduction. It will be convenient to work with a certain dyadic version
of Definition 2.12. To this end, let x € 2, with §q(x) < diam(0€2), and set
Ay = Afcv = B(x, Néq(x)) N o<, for some fixed N > 2 as in Definition 2.9.

Let ¥ € 9 be a touching point for x, i.e., [x — X| = 8o (x). Choose x|
on the line segment joining x to X, with dq(x1) = 8o(x)/2, and set Ay, =
B(x1, Néq(x)/2) N 0K2. Note that B(x|, Néq(x)/2) C B(x, Nég(x)), and
furthermore,

N —1

dist (B(xl, Nsa(x)/2), dB(x, N(SQ(X)) > Sa(x) > %59@).

We may therefore cover Ay, by a disjoint collection {Q,-}f.‘i1 C D), of
equal length £(Q;) ~ 8q(x), such that each Q; C A,, and such that the
implicit constants depend only on n and ADR, and thus the cardinality M
of the collection depends on n, ADR, and N. With £ = 02, we make the
Whitney decomposition of the set Q¢ = R"TI\E as in Sect. 3 (thus, Q C
QE). Moreover, for sufficiently small 1 and sufficiently large K in (3.6), we
then have that x € Ug, foreachi = 1,2, ..., M. By hypothesis, there are
constants 6y € (0, 1], 19 € (0, 1), and N > 2 as above, such that every z € Q
is a (fp, Ao, N)-weak local John point (Definition 2.9). In particular, this is
true for x;, hence there is a Borel set ¥ C Ay, with o (F) > 6po(Ay,),
such that every y € F may be connected to xj via a Ag-carrot path. By n-
ADR, 0 (Ay)) & Zf‘i 1 0(Q;) and thus by pigeon-holing, there is at least one
Q; =: Q such that o (F N Q) > 010(Q), with 6; depending only on 6y, n
and ADR. Moreover, the Ag-carrot path connecting each y € F to x| may be
extended to a Aq-carrot path connecting y to x, where A; depends only on Ag.

We have thus reduced matters to the following dyadic scenario: let Q €
D(0L2), let Ug = Ug, be the associated Whitney region as in (3.11), with
T < 10/2 fixed, and suppose that Up meets 2 (recall that by construction
Ug C Qg = ]R”“\E, with E = 02). For x € Up N €2, and for a constant
A€ (0,1),let
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Fear(x, Q) = Fear(x, Q, 1) “4.1)

denote the set of y € Q which may be joined to x by a A-carrot path y (y, x),
and for 6 € (0, 1], set

To=Tp®, 1) :={x €eUgNQ: o(Fear(x, 0, 1)) = 00(Q)}. (4.2)

Remark 4.1 Our goal is to prove that, given A € (0, 1) and 0 € (0, 1], there are
positive constants n and C, depending on 6, A, and the allowable parameters,
such that for each Q € D(92), and foreachx € Tp(0, 1), there is a Chord-arc
domain €2, with uniformly controlled Chord-arc constants, constructed as a
union Uy [} of fattened Whitney boxes /;*, such that

Up C Q C QN B(x, Ca(x)),

where U ’Q is the particular connected component of Uy containing x, and

0 (32 N Q) = no (Q). (4.3)

For some Q € D(d2), it may be that Ty is empty. On the other hand, by the
preceding discussion, each x € 2 belongs to Tp (61, A1) for suitable Q, 61 and
A1, so that (4.3) (with & = 0y, A = A1) implies

002y NAy) = no(Ay),

with n1 & n, where Q is the particular Q; selected in the previous paragraph.
Moreover, since x € Tg C Ug, we can modify €2, if necessary, by adjoining
to it one or more fattened Whitney boxes I'* with £(I) ~ £(Q), to ensure that
for the modified €2y, it holds in addition that dist(x, 9€2,) = £(Q) =~ Sq(x),
and therefore 2, verifies all the conditions in Definition 2.12.

The rest of this section is therefore devoted to proving that there exists,
for a given Q and for each x € Ty(0, A), a Chord-arc domain 2, satisfying
the stated properties (when the set T (6, 1) is not vacuous). To this end, we
let A € (0,1) (by Remark 4.1, any fixed A < A will suffice). We also fix
positive numbers K > A~4 and n <K —4/3 « 24, and for these values of
n and K, we make the bilateral Corona decomposition of Lemma 3.1, so that
D(0R2) = G U B. We also construct the Whitney collections W(é in (3.6), and
Wa of Lemma 3.3 for this same choice of  and K.

Given a cube Q € D(9Q2), we set

Du(Q):={0 C Q: UQ)/4 < UQ) =)} (4.4)
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Thus, D, (Q) consists of the cube Q itself, along with its dyadic children and
grandchildren. Let

M :={0(M}rcg

denote the collection of cubes which are the maximal elements of the trees T
in G. We define

o(Q), if (MUB)ND(Q) #9,
ap = ] 4.5)
0, otherwise.

Given any collection D" C D(92), we set

m(D) = Y ag. (4.6)

QeD’

Then m is a discrete Carleson measure, i.e., recalling that D(R) is the discrete
Carleson region relative to R defined in (2.10), we claim that there is a uniform
constant C such that

m(D(R)) = Z ag < Co(R), VR € D(02). 4.7)
QCR

Indeed, note that for any Q' € D, there are at most 3 cubes Q such that Q' €
D.(Q) (namely, Q' itself, its dyadic parent, and its dyadic grandparent), and
that by n-ADR, 0 (Q) ~ o (Q’),if Q' € D4(Q). Thus, givenany R € D(0S2),

mDR) = > wp = Y. ) I(0)
QCR Q'eMUB QCR: Q'eD4(Q)
S ) a(@) = CoR),

Q'e MUB: Q'CR

by Lemma 3.1 part (2). Here, and throughout the remainder of this section,
a generic constant C, and implicit constants, are allowed to depend upon the
choice of the parameters n and K that we have fixed, along with the usual
allowable parameters.

With (4.7) in hand, we therefore have

m(D(Q)) _

My = <
oep() ©°(Q)

C < 0. (4.8)
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4.2 Induction hypothesis and outline of proof

As mentioned above, our proof will be based on a two parameter induction
scheme. Given A € (0, A1]fixed as above, we recall that the set F,,, (x, O, 1) is
defined in (4.1). The induction hypothesis, which we formulate for any a > 0,
and any 6 € (0, 1] is as follows:

There is a positive constant ¢, = c,(0) < 1 such that for
any given Q € D(0R2), if

m(D(Q)) = ao(Q), (4.10)

and if there is a subset Vo C Ug N Q for which

o| U Fear(x, 0,0 | = 00(0), @4.11)

Hla, 0] xeVo

then there is a subset Vé C Vo, such that for each con-
nected component U ’Q of Ug which meets V},, there is a

Chord-arc domain Q' which is the interior of the union of a
collection of fattened Whitney cubes I*, and whose Chord-
arc constants depend only on dimension, X\, a, 0, and the
ADR constants for Q2. Moreover, UiQ C Q’Q C BE N =

B(xg, K£(Q)) N Q, and ZiO’(aQiQ N Q) = cuo(Q),
where the sum runs over those i such that U lQ meets Vé.

Let us briefly sketch the strategy of the proof. We first fix 6 = 1, and
by induction on a, establish H[Mj, 1]. We then show that there is a fixed
¢ € (0,1) such that H[My, 6] implies H[My, ¢6], for every 68 € (0, 1].
Iterating, we then obtain H[My, 61] for any 8; € (0, 1]. Now, by (4.8), we
have (4.10) with a = My, for every Q € D(9S2). Thus, H[ My, 61] may be
applied in every cube Q such that T (01, 1) (see (4.2)) is non-empty, with
Vo = {x},forany x € Tp(01, A). For A < Ay, and an appropriate choice of 61,
by Remark 4.1, we obtain the existence of a Chord-arc domain €2, verifying
the conditions of Definition 2.12, and thus that Theorem 1.2 holds, as desired.

5 Some geometric observations
We begin with some preliminary observations. In what follows we have fixed

A € (0, A1] and two positive numbers K > 24, and n<KkK —4/3 « 24, for
which the bilateral Corona decomposition of D(9€2) in Lemma 3.1 is applied.
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We now fix kg € N, kg > 4, such that
27k < % < 2kt (5.1)

Lemma 5.1 Let Q € D(9R2), and suppose that Q' C Q, with £(Q) <
2= k0p(Q). Suppose that there are points x € Ug N Q and y € Q', that are
connected by a A-carrot path y = y(y, x) in Q. Then y meets Ug N Q.

Proof By construction (see (3.6), Lemma 3.3, (3.10) and (3.11)), x € Up
implies that

n'20(0) < sa(x) < K'V20(Q).

Since 27k « n, and £(Q") < 27k0¢(Q), we then have that x €

Q\B(y,2¢(Q"), so ¥ (y, x) meets B(y, 2¢0(Q"))\B(y, £(Q"), say at a point
z. Since y (y, x) is a A-carrot path, and since we have previously specified that
n < A4,

80(2) = 1(y(y,2)) = Aly — z| = 2£(Q") > n'/*e(0").
On the other hand
8a(z) < dist(z, Q') < |z — y| < 2¢(Q") < K'2¢(0").

In particular then, the Whitney box / containing z must belong to WOQ/ (see
(3.6)), s0 z € Ugpr. Note that z € 2 since y C Q. O

We shall also require the following. We recall that by Lemma 3.3, for Q €
T C G, the Whitney region U has the splitting Up = U 5 UUg,, with U 5
(resp. U 0 ) lying above (resp., below) the Lipschitz graph I't of Lemma 3.1.

Lemma 5.2 Let Q' C Q, and suppose that Q' and Q both belong to G, and
moreover that both Q' and Q belong to the same tree T C G. Suppose that
y € Q" and x € Ug N Q are connected via a A-carrot path y (y, x) in 2, and
assume that there is a point z € y(y,x) N Ug N Q (by Lemma 5.1 we know
that such a z exists provided £(Q') < 27k0¢(Q)). Then x € U‘é if and only if
z €Uy (thus, x € Uy ifand only if z € U),

Proof We suppose for the sake of contradiction that, e.g., x € U/}, and that

Z € Ué,. Thus, in traveling from y to z and then to x along the path y (y, x),
one must cross the Lipschitz graph 't at least once between z and x. Let y;
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be the first point on ¥ (y, x) N 't that one encounters after z, when traveling
toward x. By Lemma 3.3,

K'20(0) Z 8a(x) = 1(y(y.x)) > K~ (y (y. 1)),

where we recall that we have fixed K > A~*. Consequently, E(y (y, x)) <
K3/*¢(Q), so in particular, y (y, x) C B} = B(xg, K¢(Q)), as in Lemma
3.1. On the other hand, y; ¢ BE/. Indeed, y; € I't, s0if y; € BE/, then by
(3.1), 8a(y1) < nt(Q"). However,

Sa(1) = M(y (v, y)) = M(y (v, 2)) = Aly — 2z = adist(z, Q") = An'/2e(Q)),

where in the last step we have used Lemma 3.3. This contradicts our choice
of n « A%,
We now form a chain of consecutive dyadic cubes { P;} C D(Q), connecting

Q'to Q,ie.,
Q/:P()<]P1<]P2<~--<1PM<PM+1:Q,

where the introduced notation P; < P;41 means that P; is the dyadic child of
P4y, thatis, P; C Piypand €(P;41) = 2¢(P;).Let P := Py, 1 < io <M+1,
be the smallest of the cubes P; such that y; € B* Setting P’ io—1, WE
then have that y; € B}, and y; ¢ B3,. By the coherency of T, it follows that
P € T,soby (3.1),

da(y1) < nl(P). (5.2)

On the other hand,
dist(yy, P') = KL(P') ~ K{(P),
and therefore, since y € Q' C P/,
Sa(y) = M(y (v, y1)) = Aly — y1] = Adist(yi, P) 2 AKL(P).  (5.3)

Combining (5.2) and (5.3), we see that A < n/K, which contradicts that we
have fixed n < A%, and K > A ™%, O

Lemma 5.3 Fix A € (0, 1). Given Q € D(02) and a non-empty set Vg C
Up N2, such that each x € Vg may be connected by a A-carrot path to some

y € Q, set
Fo = Fear(x. Q. 1), (5.4)

x€Vop
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where we recall that F,r(x, Q, \) is the set of y € Q that are connected via a
A-carrot path to x (see (4.1)). Let Q' C Q be such that £(Q") < 27%0¢(Q) and
Fo N Q" # . Then, there exists a non-empty set Vo C Ug' N Q such that if
we define For as in (5.4) with Q' replacing Q, then Fo N Q" C Fg'. Moreover,
for every 'y € Vy, there exist x € Vo, y € Q' (indeedy € Fo N Q') and a
A-carrot path y = y(y, x) such that y € y.

Proof For every y € Fg N Q’, by definition of Fg, there exist x € V¢ and
a A-carrot path y = y(y, x). By Lemma 5.1, there is a point y' = y'(y) €
y N Ug N L (there can be more than one y’, but we just pick one). Note that
the sub-path y(y, y’) C y(y, x) is also a A-carrot path, for the same constant
A. All the conclusions in the lemma follow easily from the construction by

letting Vo = UyeFQnQ/ Y (). o

Remark 5.4 1t follows easily from the previous proof that under the same
assumptions, if one further assumes that £(Q’) < P £(Q), we can then
repeat the argument with both Q' and (Q’)* (the dyadic parent of Q') to
obtain respectively Vr and V| o/)+. Moreover, this can be done in such a way
that every point in Vi (resp. V(o)) belongs to a A-carrot path which also
meets Vo« (resp. V), connecting Ug and Q'

Given a family F := {Q;} C D(32) of pairwise disjoint cubes, we recall
that the “discrete sawtooth” D is the collection of all cubes in D(0€2) that
are not contained in any Q; € F (see (3.14)), and we define the restriction of
m (cf. (4.5), (4.6)) to the sawtooth Dr by

mz(D') := m(D' N Dy) = > ap. (5.5)
0eD\(Ug, e D(Q)))

We then set

mz]| = sup M
Flc(Q) - oco o(Q) :

Let us note that we may allow JF to be empty, in which case Dr = D and
my is simply m. We note that the following claim, and others in the sequel,
remain true when F is empty; sometimes trivially so, and sometimes with
some straightforward changes that are left to the interested reader.

Claim 5.5 Given Q € D(3R2), and a family F = Fo :={Q;} C D(Q)\{Q}
of pairwise disjoint sub-cubes of Q, if |mzlco) < 1/2, then each Q' €
DrND(Q), each Q € F, and every dyadic child Q/j ofany Qj € F, belong
to the good collection G, and moreover, every such cube belongs to the same
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tree T C G. In particular, T := Dx N D(Q) is a semi-coherent subtree of T,
and so is T := (Dx U F U F') N D(Q), where F' denotes the collection of
all dyadic children of cubes in F.

Indeed, if any Q' € Dx N D(Q) were in M U B (recall that M :=
{Q(T)}1cg is the collection of cubes which are the maximal elements of the
trees T in G), then by construction o = o (Q") for that cube (see (4.5)), so
by definition of m and m £, we would have

| _ @) mx(D(Q)
o(Q) " o(Q)

1
< lmgllee) < >

a contradiction. Similarly, if some Q; € F (respectively, Q’j € F’) were in
M U B, then its dyadic parent (respectively, dyadic grandparent) Q}f would
belong to D N D(Q), and by definition agr = U(Q;), so again we reach a

contradiction. Consequently, 7 U F' U (D N D(Q)) does not meet M U B,
and the claim follows.

6 Construction of chord-arc subdomains

For future reference, we now prove the following. Recall that for Q € G, Ugp
has precisely two connected components U g in R"*1\aQ.

Lemma 6.1 Let Q € D(0S2), let ki be such that 2k 5 2ko s 100K, see
(5.1), and suppose that there is a family F = Fg = {Q;} C D(Q)\{Q} of
pairwise disjoint sub-cubes of Q, with |lmg|lco) < 1/2 (hence by Claim 5.5,
there is some T C Gwith T D (D UF UF') ND(Q)), and a non-empty
subcollection F* C F, such that:

(i) £(Q)) < 27ki0(Q), for each cube QjeF*;

(ii) the collection of balls {KBZj = B(ij, KKK(Qj)) : 0 € .7-"*} is
pairwise disjoint, where k > K* is a sufficiently large positive constant;
and

(iii) F* has a disjoint decomposition F* = F{UF*, where foreach Q ; € FZ,
there is a Chord-arc subdomain QjQEj C 2, consisting of a union of fattened
Whitney cubes I*, with U:Qtj C QﬂQEj C B}, = B(xg,, KU(Q))), and with
uniform control of the Chord-arc constants.

Define a semi-coherent subtree T* C T by
T"={0 e D(Q): Q; C Q' forsome Q; € F*},
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and for each choice of £ for which F7 is non-empty, set

+ ._ o* +
Qf = of, U e, ©6.1)
Qje}'i

Then for « large enough, depending only on allowable parameters, QT isa
Chord-arc domain, with chord arc constants depending only on the uniformly
controlled Chord-arc constants of sz and on the other allowable parameters.
Moreover, Qz C BZ NQ = B(xg, K£(Q))N, and QZ is a union of fattened
Whitney cubes.

Remark 6.2 Note that we define QﬂQE if and only if F7} is non-empty. It may
be that one of F7, F* is empty, but 77 and F* cannot both be empty, since
F* is non-empty by assumption.

Proof of Lemma 6.1 Without loss of generality we may assume that Qféj is
not contained in Q% for all Q; € F* (otherwise we can drop those cubes
from F*). On the other hand, we notice that QZ is a union of (open) fattened
Whitney cubes (assuming that it is non-empty): each Qa has this property by
assumption, as does Q-lj-t* by construction.

We next observe that if QE (resp. £2) is non-empty, then it is contained
in 2. Indeed, by construction, QE is non-empty if and only if F7 is non-
empty. In turn, 77 is non-empty if and only if there is some Q; € F* such
that U —ij C QE_,- C 2, and moreover, the latter is true for every Q; € F7,
by definition. But each such Q; belongs to T*, hence U 'ij C Q.Jlf* again by

construction (see (3.9)). Thus, Q1Jf* meets €2, and since Q{f* C R"+1\BQ,
therefore Q1+'* C Q. Combining these observations, we see that Qg C Q. 0Of
course, the same reasoning applies to Qé, provided it is non-empty.

In addition, since T* < T, and since K > K2, by Lemma 3.3
we have Qr. C B}y = B(xg. K(Q)). Furthermore, Qgi C By, =

B(xg;, K£(Q))),andsince £(Q;) < 27%1£(Q) < (100K)~'£(Q), we obtain
dist(Qa_, 0) + diam(QjQEj) <3K0(Q;) <3K27M¢e(0) <« €(Q).

Thus, in particular, QjQ:j C B}, and therefore also Qfé C BE.

It therefore remains to establish the Chord-arc properties. It is straightfor-
ward to prove the interior corkscrew condition and the upper n-ADR bound,
and we omit the details. Thus, we must verify the Harnack Chain condition,
the lower n-ADR bound, and the exterior corkscrew condition.
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6.1 Harnack Chains

Suppose, without loss of generality, that QZ is non-empty, and let x, y € QF,
with |[x — y| = r. If x and y both lie in Q.I“f*, or in the same ng, then we can

connect x and y by a suitable Harnack path, since each of these domains is
Chord-arc. Thus, we may suppose either that 1) x € Q and y lies in some

§2+j, or that 2) x and y lie in two distinct Q+j and Q+j . We may reduce the
1 2
latter case to the former case: by the separation property (ii) in Lemma 6.1,
we must have r 2 k max (diam(QJr ) diam(QJr )) so given case 1), we
can connect x € Q+, to the center zl of some I* C UJr ,and y € Q“L] to
2

the center z> of some Iz C UQ , where Q1, 0, € T*, w1th Q;, C0;Co,

and £(Q;) ~ r,i = 1, 2. Finally, we can connect z; and z, using that QT* is
Chord-arc.

Hence, we need only construct a suitable Harnack Chain in Case 1). We
note that by assumption and construction, U 5 C S2+ N S2+

Suppose first that
lx =yl =r < ceQ)), (6.2)

where ¢’ < 1 is a sufficiently small positive constant to be chosen. Since
NS QE C B} o we then have that x € ZB* , S0 by the construction of Q

and the separatlon property (ii), it follows that da(x) = cl(Q;), where cis a
uniform constant depending only on the allowable parameters (in particular,
this fact is true for all x € Q}F* N ZB”éj, so it does not depend on the choice

of ¢/ < 1). Now choosing ¢’ < ¢/2 (eventually, it may be even smaller),
we find that do(y) > (¢/2)€(Q ). Moreover, y € ng C BZ,‘ implies that

da(y) < K£(Qj). Also, since x € 2B* we have that éq(x) < 2K£4(Q)).

Since Q+ and Q+ are each the interior of a union of fattened Whitney cubes,
it follows that there are Whitney cubes [ and J, with x € I'*, y € J*, and

€I =~ £(J) = £(Q)),

where the implicit constants depend on K . For ¢’ small enough in (6.2), depend-
ing on the implicit constants in the last display, and on the parameter t in (3.4),
this can happen only if /* and J* overlap (recall that we have fixed v small
enough that 7* and J* overlap if and only if I and J have a boundary point
in common), in which case we may trivially connect x and y by a suitable
Harnack Chain.

On the other hand, suppose that

Ix =yl =r=cQ).
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Letz € UJr C §2+ OQE , with dist(z, 9Q} ) 2 £(Q;) (we may find suchaz,

since U + 1s a union of fattened Whitney cubes all of length £(I*) ~ £(Q );

just take z to be the center of such an 7*). We may then construct an appropriate
Harnack Chain from y to x by connecting y to z via a Harnack Chain in the
Chord-arc domain QJQFi, and z to x via a Harnack Chain in the Chord-arc

domain Q%’,ﬁ

6.2 Lower n-ADR and exterior corkscrews

We will establish these two properties essentially simultaneously. Again sup-
pose that, e.g., QE is non-empty. Let x € 8525, and consider B(x, r), with

r < diam QE ~k £(Q).Our main goal at this stage is to prove the following:

B, \Qp| = er", (6.3)

with ¢ a uniform positive constant depending only upon allowable parameters
(including «). Indeed, momentarily taking this estimate for granted, we may
combine (6.3) with the interior corkscrew condition to deduce the lower n-
ADR bound via the relative isoperimetric inequality [24, p. 190]. In turn, with
both the lower and upper n-ADR bounds in hand, (6.3) implies the existence
of exterior corkscrews (see, e.g., [31, Lemma 5.7]).
Thus, it is enough to prove (6.3). We consider the following cases.

Case 1: B(x, r/2) does not meet 852+ for any Q; € F7. In this case, the

exterior corkscrew for QT* associated w1th B(x, r/2) easily implies (6.3).

Case 2: B(x, r/2) meets 89+j foratleastone Q; € F7,andr < KI/ZK(QJO),
where Q j; is chosen to have the largest length £(Q j,) among those Q; such
that o QJQ“], meets B(x, r/2). We now further split the present case into subcases.
Subcase 2a: B(x, r/2) meets 8Q+ 05 at a point z with §q(z) < (M 1/2)—1

£(Q j,), where M is a large number to be chosen. Then B(z, (M) =1p) ¢
B(x,r), for M large enough In addition, we claim that B(z (M5 =1p)
misses QF, U (Ujxj, @ j). The fact that B(z, (Mx'/?)~1r) misses every
other QE j # jo, follows immediately from the restriction r < «x1/2¢(Q o)
and the separation property (ii). To see that B(z, (M /2=l
note that if |z — y| < (M«x'/?)~1r, then

r) misses QT*,

8a(y) < 8a(2) + M) < (MM + M) Q) < £(Q)y),
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for M large. On the other hand,
Sa(0) 2 €(Qj). Yy € QfNB(z.k?L(Q))),

by the construction of Q‘IT* and the separation property (ii). Thus, the claim

follows, for a sufficiently large (fixed) choice of M. Since B(z, (M 271
misses Q-lJf* and all other QJer, we inherit an exterior corkscrew point in the

present case (depending on M and k) from the Chord-arc domain ng . Again
0

(6.3) follows.
Subcase 2b: 8q(z) > (Mk!/2)710(Q},), for every z € B(x,r/2) N aszgjo

(hence éq(z) ~ k €(Qj,), since QE}O C BZ],O). We claim that consequently,

x € dI*, for some I with £(I) ~ £(Qj)) 2 r, such that intI* C QE To

see this, observe that it is clear if x € 8951, (just take z = x). Otherwise, by
0

the separation property (ii), the remaining possibility in the present scenario
is that x € 8U'§, N BQIF*, for some Q" € T* with Q, C Q’, in which case

Sa(x) = £(Q") = £(Qj,). Since also §q(x) < |x — z| + 8a(z) S,k £(Qjy)s
forany z € B(x,r/2) N BQ+]_ , the claim follows.
0

On the other hand, since x € 895, thereis a J € W with £(J) ~ £(Q j,),

such that J* is not contained in €. We then have an exterior corkscrew point

in J* N B(x, r), and (6.3) follows in this case.

Case 3: B(x, r/2) meets 895}, foratleastone Q; € Fy,andr > KI/ZZ(QJO),

where as above Q j, has the largest length £(Q j,) among those Q; such that

8QJQFJ meets B(x, r/2). In particular then, r >> 2K{(Qj,) = diam(B*éj ) >
0

diam(QJéiO), since we assume k > K*4.

We next claim that B(x, r/4) contains some x| € HQ-F* N 895. This is
clearif x € 89% by taking x; = x. Otherwise, x € BQJéj forsome Q; € F*.
Note that Ugj C B(xg,. K£(Q})) C B(x,2K¢(Q;)). Also, Ugj C Qf., by
construction. On the other hand we note thatif z € U ch we have by (3.12)

2 —xg,| = 8a(x) 2 n'/20(0) = n'?2M¢(Q)) > K0(Q))
by our choice of k1. By this fact, and the definition of Q1+, we have

Uy C QF\B(x, 3KL(Q))).

Using then that Q% is connected, we see that a path within Q#-E* join-

ing Uécj with U:Qt must meet dB(x,3K£(Q;)). Hence we can find yjE €
Q-?* NAJB(x,3K4(Q;)). By Lemma 3.3, Q-Jlf* and Q-F* are disjoint (they live
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respectively above and below the graph I't), so a path joining y* and y~

within 9 B (x, 3K£(Qj)) meets some x| € 882 NAdB(x,3KL(Q;)). On the
other hand, x| ¢ QQ , since QE/, C BQ C B(x,3K¢(Q})). Furthermore,
X1 € 0B(x, 3K€(Qj)) C KBQ , S0 by assumption (ii), we necessarily have

that x; ¢ ng for k # j. Thus, x| € 9+, and moreover, since B(x,r/2)
meets BQJQFj (at x) we have £(Q;) < £(Qj,). Therefore, x; is the claimed

point, since in the current case 3K£(Q ;) < 3K{(Qj,) <.
With the point x1 in hand, we note that

B(x1,r/4) C B(x,r/2) and B(xy,7/2) C B(x,r). (6.4)

By the exterior corkscrew condition for Q{f*,

|BCxr, r/40\QF, ntl (6.5)

for some constant c¢; depending only on n and the ADR/UR constants for 952,
by Lemma 3.3. Also, for each QJQFJ_ whose boundary meets B(xy, r/4)\§2j|-'>k
(and thus meets B(x, r/2)),

. . 2Kr
!/ diam(Bgy ) < !/ diam(Bgy ) < 2Kk 1HU(Q)y) = p <1y (6.6)
in the present scenario. Consequently,lcl/“Baj C B(x1,r/2),forall such Q;.

We now make the following claim.

Claim 6.3 On has -
|B(x1, r/D\QG | = car™, (6.7)

for some c» > 0 depending only on allowable parameters.

Observe that by the second containment in (6.4), we obtain (6.3) as an
immediate consequence of (6.7), and thus the proof will be complete once we
have established Claim 6.3.

Proof of Claim 6.3 To prove the claim, we suppose first that
ot
Z ‘B EJ \Sre

where the sum runs over those j such that B*Qj meets B(xp, r /4)\521’5*, and ¢

is the constant in (6.5). In that case, (6.7) holds with ¢; = ¢1/2 (and even with
B(x1, r/4)), by definition of QE (see (6.1)), and the fact that ¢, C Baj. On

< 62—1 el (6.8)
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the other hand, if (6.8) fails, then summing over the same subset of indices j,

we have | _
CKY o= By, \ Q.

We now make a second claim:

= 5 6.9)

Claim 6.4 For j appearing in the previous sum, we have

D (6.10)

1/4 +
| (<78, \By, ) \ 2.
for some uniform ¢ > 0.

Taking the latter claim for granted momentarily, we insert estimate (6.10)
into (6.9) and sum, to obtain

SoI (M By \BY, ) \9F | 2

By the separation property (ii), the balls !/ 4B*Q], are pairwise disjoint, and

> pntl (6.11)

by assumption §2+ C B* Thus, for any given ji, k 1/4B>‘< \B misses

U; Q Moreover as noted above (see (6.6) and the ensuing comment)

1/ 4351 C B(xy, r/2) for each j under consideration in (6.8)—(6.11). Claim
6.3 now follows. O

Proof of Claim 6.4 There are two cases: if lK1/4B*Q‘ C R”“\QT*, then
(6.10) 1s trivial, since k¥ >> 1. Otherwise, 2/<1/4B* contains a point z € 89%'*

In the latter case, by the exterior corkscrew condltlon for Q.Jlf*
- ot +1
|B(z, 27 ' KL pN\QE | 2 k"D (Ke0))"T > 1B, .

since k >> 1. On the other hand, B(z,27'«/4K¢(Q;)) C K1/4B’éj, and
(6.10) follows, finishing the proof of Claim 6.4. O

Next, (6.4) and (6.7) yield (6.3) in the present case and hence the proof of
Lemma 6.1 is complete. O

7 Step 2: Proof of H[ M, 1]

We shall deduce H[My, 1] (see Sect. 4.2) from the following pair of claims.

Claim 7.1 H|O, 0] holds for every 6 € (0, 1].
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Proof of Claim 7.1 1f a = 0 in (4.10), then [|m||¢(p) = 0, whence it follows
by Claim 5.5, with F = @, that there is atree T C G, with D(Q) C T. Hence
T’ := D(Q) is a coherent subtree of T, so by Lemma 3.3, each of Q-Ii-, isa
CAD, containing U 3, respectively, with Q% C B”é by (3.13). Moreover, by
[35, Proposition A.14]

+
0 C 8Q% N AL,

sothat o (Q) < 0(89%[, N a€2). Thus, H[O, #] holds trivially. |

Claim 7.2 There is a uniform constant b > 0 such that Hla, 1] =— Hla +
b, 1], for all a € [0, My).

Combining Claims 7.1 and 7.2, we find that H[Mj, 1] holds.
To prove Claim 7.2, we shall require the following.

Lemma 7.3 [31, Lemma 7.2] Suppose that E is an n-ADR set, and let m be a
discrete Carleson measure, as in (4.6)—(4.8) above. Fix Q € D(E). Leta > 0
and b > 0, and suppose that m(D(Q)) < (a+b)c(Q). Then there is a family
F ={0Q;} C D(Q) of pairwise disjoint cubes, and a constant C depending
only on n and the ADR constant such that

lmzlc) < Cb, (7.1)
o(UQ-)<a+b o(Q) (7.2)
bt )= a+2b ’ '

where Fpaq = {Qj € F : m(D(Qj)\{Qj}) > ao(Q;)}.

We refer the reader to [31, Lemma 7.2] for the proof. We remark that the
lemmais stated in [31] in the case that E is the boundary of a connected domain,
but the proof actually requires only that £ have a dyadic cube structure, and
that o be a non-negative, dyadically doubling Borel measure on E. In our case,
we shall of course apply the lemma with £ = 92, where €2 is open, but not
necessarily connected.

Proof of Claim 7.2 We assume that H[a, 1] holds, for some a € [0, Myp).
Let us set b = 1/(2C), where C is the constant in (7.1). Consider a cube
0 € D) with m(D(Q)) < (a + b)a(Q). Suppose that there is a set
Vo C Ug N L such that (4.11) holds with 6 = 1. We fix k1 > k¢ (see (5.1))
large enough so that 281 > 100K .
Case 1: There exists Q' € Dy, (Q) (see (2.11)) with m(D(Q/)) <ao(Q).
In the present scenario & = 1, that is, 0 (Fg) = o(Q) (see (4.11) and
(5.4)), which implies o (Fp N Q') = o(Q’). We apply Lemma 5.3 to obtain
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Vo C Ugr N Q2 and the corresponding Fpr which satisfies o (Fp) = o (0.
That is, (4.11) holds for Q’, with & = 1. Consequently, we may apply the
induction hypothesis to Q’, to find V5, C Vy, such that for each U}, meeting

Vé/, there is a Chord-arc domain QiQ, DU é/ formed by a union of fattened
Whitney cubes with Q,, C B(xy, K€(Q") N, and

D 09N Q) = co(Q). (7.3)
i:Ué, meets VE,
By Lemma 5.3, and since k; > kg, each y € Vé, lies on a A-carrot path

connecting some y € Q' to some x € Vo, let Vé* denote the set of all such x,
and let U’E“ (respectively, U*Q,) denote the collection of connected components

of Ug (resp., of Ugy/) which meet Vé* (resp., Vé,). By construction, each
component U b, € U*Q, may be joined to some corresponding component in
U*Q*, via one of the carrot paths. After possible renumbering, we designate
this component as U},, we let x;, y; denote the points in Vé* nU ’Q and in

Vé nuU iQ,, respectively, that are joined by this carrot path, and we let y; be
the portion of the carrot path joining x; to y; (if there is more than one such
path or component, we just pick one). We also let V5 = {x;}; be the collection
of all of the selected points x;. We let JV; be the collection of Whitney cubes
meeting y;, and we then define

Qb:QbUm%LJF>UU6
IeW;

By the definition of a A-carrot path, since £(Q") ~, £(Q), and since QiQ, isa

CAD, one may readily verify that Q’Q is also a CAD consisting of a union Uy I/
of fattened Whitney cubes /;". We omit the details. Moreover, by construction,

IQ, N0 DI, NQ,
so that the analogue of (7.3) holds with Q' replaced by Q, and with ¢, replaced
by ¢k, ¢q. '
It remains to verify that Q’Q C BZ = B(xg, K{(Q)). By the induction
hypothesis, and our choice of kp, since £(Q’) = 27k1¢(Q) we have

Q, C B) N Q= B(xg. KLQ))NQCByNQ.
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Moreover, Ug C BE, by (3.13). We therefore need only to consider 7* with
I € W;. For such an I, by definition there is a pointz; € I Ny; and y; € Q’,
so that z; € y(y;, x;) and thus,

8a(zi) < lzi — yil < L(yirzi) < (i, xi) < A~ 18q(x;)
<27 xi —xol < 27'CK 200,

where in the last inequality we have used (3.12) and the fact that x; € Ug.
Hence, for every z € I* by (3.3)

|z —xgl < diam(27) + |z; — yi| + [yi — xgl = Clzi — yil

by our choice of the parameters K and A.

We then obtain the conclusion of H[a + b, 1] in the present case.
Case 2: m(D(Q")) > ao (Q') for every Q' € Dy, (Q).

In this case, we apply Lemma 7.3 to obtain a pairwise disjoint family F =
{Q;} C D(Q) such that (7.1) and (7.2) hold. In particular, by our choice of
b=1/Q20),

Imzllco) < 1/2, (7.4)
so that the conclusions of Claim 5.5 hold.
We set
Fo:= Q\(U Q,->, (7.5)
f
define

Feood = F\Fraa = {Qj € F: m(D(QH\(Q}}) < ac(Q))}, (7.6)

and let
G() = U Qj.
fgood
Then by (7.2)
o(FoUGo) = po(Q), (7.7)

where p € (0, 1) is defined by

a+b Mo+ b
< —1—pe,1. 78
a+2b = Mo+ 2b pe @D (7.8)

We claim that
0Q) <27MeQ),  YQ; € Feooa- (7.9)
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Indeed, if this were not true for some Q;, then by definition of Fg,,s and
pigeon-holing there will be Q’j € D(Q;) with E(Q/j) = 271 ¢(Q) such that
m(D(Q/j)) <a O’(Q/j). This contradicts the assumptions of the current case.

Note also that Q ¢ Fgpoa by (7.9) and O ¢ Fpaa by (7.2), hence F C
D(Q)\{Q}. By (7.4) and Claim 5.5, there is some tree T C G so that T” =
(DrUFUF)ND(Q) is a semi-coherent subtree of T, where F’ denotes the
collection of all dyadic children of cubes in F.

Case 2a: o (Fp) > %,oo(Q).

In this case, Q has an ample overlap with the boundary of a Chord-arc
domain with controlled Chord-arc constants. Indeed, let T" = Dz N D(Q)
which, by (7.4) and Claim 5.5, is a semi-coherent subtree of some T C §.
Hence, by Lemma 3.3, each of Q-ljf, is a CAD with constants depending on
the allowable parameters, formed by the union of fattened Whitney boxes,
which satisfies Q-ljf/ C BZ N (see (3.8), (3.9), and (3.13)). Moreover, by [35,
Proposition A.14] and [31, Proposition 6.3] and our current assumptions,

0(QN39T) = 0(Fo) = Z0(Q).

Recall that in establishing H[a + b, 1], we assume that there is a set Vg C
Up N @ for which (4.11) holds with & = 1. Pick then x € Vj and set
V5 = {x} C Vp. Note that since Ug = U'é UU,, itfollows that x belongs to

either U 5 N&orU, NQ. For the sake of specificity assume that x € U 5 N

hence, in particular, U 5 C Q%r, C . Note also that U 5 is the only component
of Ugp meeting Vé. All these together give at once that the conclusion of
Hla + b, 1] holds in the present case.
Case 2b: o (Fp) < % po (Q).

In this case by (7.7)

5 (Go) > ga(Q)- (7.10)

In addition, by the definition of Fg0q (7.6), and pigeon-holing, every Q; €
Fgoo0a has a dyadic child Q/j (there could be more children satisfying this, but
we just pick one) so that

m(D(Q))) < ao(Q)). (7.11)

Under the present assumptions 6 = 1, thatis, o (Fp) = o (Q) (see (4.11) and
(5.4)), hence o (Fp N Q’j) = o*(Q/j). We apply Lemma 5.3 (recall (7.9)) to
obtain V,y C U,y N Q and F, which satisfies o (F,) = o(Q’.). That is,
Q; Qj Q; Qj J
(4.11) holds for Q/j, with @ = 1. Consequently, recalling that Q’j e T CG(see
Claim 5.5), and applying the induction hypothesis to Q/j, we find Vé, c Vo,
i J
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such that for each U :Qt,‘ meeting Vg/_, there is a Chord-arc domain Qz/. U :Qt(
J J J J
formed by a union of fattened Whitney cubes with Qi( C B* N Q2. Moreover,

since in particular, the cubes in F along with all of Jtheir ch]ildren belong to

the same tree T (see Claim 5.5), the connected component U :Qtj overlaps with

the corresponding component U :Qt, for its child, so we may augment Qz, by
j j
adjoining to it the appropriate component U ij , to form a chord arc domain

+ . ot +
QQj = QQ}UUQj. (7.12)
Moreover, since K > 1, and since Q//- C Qj, we have that Ba C B*j,hence
: j
Qféj C sz by construction.

By a covering lemma argument, for a sufficiently large constant « >> K 4
we may extract a subcollection .7: vod C Fgood so that {k By 0, }Qje F o
pairwise disjoint family, and

U Q;C U 5cB,.

Qj ej:gaad Qj guod

In particular, by (7.10),

Z Q) Zek Y, 0(Q)=0(Go) 2 ps(Q),  (7.13)

Qj guvd Qj 6~7:g(md

where the implicit constants depend on ADR, K, and the dilation factor «.
By the induction hypothesis, and by construction (7.12) and n-ADR,

o(Q;NdRY;) 2 a(Q)) 2 (0}, (7.14)

where QQ is equal either to Q+ or to Qéj (if (7.14) holds for both choices,

we arbitrarily set Qg = Q+ )
Combining (7.14) with (7 13) we obtain

Z 0(QjNIRg;) 2 o(Q). (7.15)

QJ 500(1

We now assign each Q; € Fy, , either to F} or to 7*, depending on
whether we chose €2¢; satlsfymg (7.14) to be Q+ - or £, . We note that at
least one of the sub-collections F7} is non-empty, smce for each Jj, there was at
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(T3]

least one choice of “+’ or “-”” such that (7.14) holds for the corresponding choice

of Qg ;. Moreover, the two collections are disjoint, since we have arbitrarily

designated Q29 = QE/, in the case that there were two choices for a particular

0.

To proceed, as in Lemma 6.1 we set

T = {Q/ e D(Q): Q; C Q' for some Q; e]—";ood}

which is semi-coherent by construction.
For 7% non-empty, we now define

+ +
Q5 = f, ( U QQJ.). (7.16)
QjeFL

Observe that by the induction hypothesis, and our construction (see (7.12) and
the ensuing comment), for an appropriate choice of +, U Bch C Qg C B E

and since £(Q;) < 2*kIZ(Q), by (7.15) and Lemma 6.1, with F* = ‘F;ood’

each (non-empty) choice of Qfé defines a Chord-arc domain with the requisite
properties.

Thus, we have proved Claim 7.2 and therefore, as noted above, it follows
that H[ My, 1] holds. O

8 Step 3: Bootstrapping

In this last step, we shall prove that there is a uniform constant { € (0, 1) such

that for each 6 € (0, 1], H[My, 0] = H[My, ¢0]. Since we have already

established H[My, 1], we then conclude that H[Mj, 61] holds for any given

61 € (0, 1]. As noted above, it then follows that Theorem 1.2 holds, as desired.
In turn, it will be enough to verify the following.

Claim 8.1 There is a uniform constant § € (0, 1) such that for every a €
[0, My), 6 € (0,1], & € (0, 1), and b = 1/(2C) as in Step 2/Proof of Claim
7.2, if H[My, 6] holds, then

Hla, (1 —9)0] = Hla+b, (1 —98)6].

Let us momentarily take Claim 8.1 for granted. Recall that by Claim 7.1,
HIO0, 6] holds for all & € (0, 1]. In particular, given 8 € (0, 1] fixed, for
which H[My, 6] holds, we have that H[0, 6/2] holds. Combining the latter
fact with Claim 8.1, and iterating, we obtain that H [kb, (1 — 27! 8¥)6] holds.
We eventually reach H[ My, (1 — 2_1,8”)9], with v & M(/b. The conclusion
of Step 3 now follows, with ¢ := 1 — 2718V,
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Proof of Claim 8.1 The proof will be a refinement of that of Claim 7.2. We
are given some 6 € (0, 1] such that H[My, 6] holds, and we assume that
Hla, (1 —9)0] holds, for some a € [0, Mp) and ¢ € (0, 1). Setb = 1/(2C),
where as before C is the constant in (7.1). Consider a cube Q € D(IQ)
with m(D(Q)) < (a + b)o(Q). Suppose that there is a set Vo C Upg N Q2
such that (4.11) holds with 6 replaced by (1 — ¥8)6, for some g € (0, 1) to
be determined. Our goal is to show that for a sufficiently small, but uniform
choice of 8, we may deduce the conclusion of the induction hypothesis, with
Ca+b, Catp in place of Cq, c,.

By assumption, and recalling the definition of Fp in (5.4), we have that
(4.11) holds with constant (1 — 98)6, i.e.,

o(Fg) =z (1 =9p)0a(Q). (8.1)

As in the proof of Claim 7.2, we fix k1 > ko (see (5.1)) large enough so that
2%1 > 100K . There are two principal cases. The first is as follows.

Case 1: There exists Q" € Dy, (Q) (see (2.11)) with m(D(Q")) < ao (Q)).

We split Case 1 into two subcases.

Casela:o(FpN Q') > (1 —9)0o(Q).

In this case, we follow the Case 1 argument for & = 1 in Sect. 7 mutatis
mutandis, so we merely sketch the proof. By Lemma 5.3, we may construct
Vo and Fg so that Fp N Q" = Fp and hence o (Fg/) > (1 — 9)00(Q").
We may then apply the induction hypothesis H[a, (1 — ©#)6] in Q’, and then
proceed exactly as in Case 1 in Section 7 to construct a subset Vé C Vp and
a family of Chord-arc domains Q’Q satisfying the various desired properties,
and such that

Y 0@Q,N0) = cao(Q) 2k cat (Q).

Srri *
z.UQ meets VQ

The conclusion of H[a + b, (1 — ¥ 8)0] then holds in the present scenario.
Caselb: o (FpN Q') < (1 —1)0c(Q").
By (8.1)

(1-9B)0o(Q) < 0(Fp) = o(FpnN Q")+ Z o(FonQ").
Q€D (O\Q'}
In the scenario of Case 1b, this leads to
(1—-9B)0c(Q") + (1 —9p)0 Z o(Q") = (1 —-v9B)bo(Q)
Q"D (D\{Q'}

< (A=90s(Q)+ > o(FpnQ"),
Q"eDy (D\{Q'}
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that is,

(1-pWoo(Q)+(1—-vp8 > o(Q)
Q"eDy (D\Q'}

< > o(Fon Q). (8.2)
Q"eDy, (Q\Q')

Note that we have the dyadic doubling estimate

Y 0@ =0(Q) < Mio(Q),
Q"eDy, (D\{Q'}

where M| = M (ky, n, ADR). Combining this estimate with (8.2), we obtain

1 v 1—9 0 "
=P+ =B A2
Q"eDy (O\{Q'}

< > a(FonQ").
Q"eDi, (QO\(Q')

We now choose B < 1/(M; + 1), so that (1 — 8)/M; > B, and therefore the
expression in square brackets is at least 1. Consequently, by pigeon-holing,
there exists a particular Qg € Dy, (Q)\{Q'} such that

00(Qf) < 0 (Fg N Qf). (8.3)

By Lemma 5.3, we can find VQg such that Fp N Qg = FQS’ where the latter
is defined as in (5.4), with Qg in place of Q. By assumption, H[ My, 6] holds,
so combining (8.3) with the fact that (4.10) holds with a = My for every
Q € D(0R), we find that there exists a subset V&), C VQ/Or, along with a
family of Chord-arc domains {Qng}i enjoying all the appropriate properties
relative to Qg . Using that E(Qg ~r, £(Q), we may now proceed exactly as in
Case 1a above, and also Case 1 in Section 7, to construct Vé and { QiQ} ; such
that the conclusion of H[a + b, (1 — ©¥#8)6] holds in the present case also.
Case 2: m(D(Q")) > ao (Q) for every Q' € Dy, (Q).

In this case, we apply Lemma 7.3 to obtain a pairwise disjoint family F =
{Q;} C D(Q) such that (7.1) and (7.2) hold. In particular, by our choice of
b=1/Q2C), lmglc) < 1/2.

Recall that Fg is defined in (5.4), and satisfies (8.1). We define Fy =
O\(Ux Q) as in (7.5), and Fgpoa = F\Fpaa as in (7.6). Let Gy =
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Ufgm, Q. Then as above (see (7.7)),

o(FoUGo) = po(Q), (8.4)

where again p = p(Mp, b) € (0, 1) is defined as in (7.8). Just as in Case 2
for & = 1 in Sect. 7, we have that

€Q) <271 Q). YO, € Feooa, and  FCDQNQ} (B5)

(see (7.9)). Hence, the conclusions of Claim 5.5 hold.

We first observe that if o (Fy) > eo(Q), for some ¢ > 0 to be cho-
sen (depending on allowable parameters), then the desired conclusion holds.
Indeed, in this case, we may proceed exactly as in the analogous scenario in
Case 2a in Sect. 7: the promised Chord-arc domain is again simply one of
S21i-,, since at least one of these contains a point in V¢ and hence in particular
is a subdomain of 2. The constant c,4p in our conclusion will depend on &,
but in the end this will be harmless, since ¢ will be chosen to depend only on
allowable parameters.

We may therefore suppose that

o(Fpy) < eo(Q). (8.6)

Next, we refine the decomposition F = Fgoq U Fpaa. With p as in (7.8) and
(8.4), we choose < p/4. Set

Fiona = {Qj € Feooa : 0(Fo N Q)) = (1—40pp~")00 (0}

and define F = Foood\F, ;)

good " ood* Let

Fhan = 10Qj € Fraa : 6(FoN Q)) = 65(2))},

and define ]—'lg?d = fbad\flgalz)w

We split the remaining part of Case 2 into two subcases. The first of these
will be easy, based on our previous arguments.

Case 2a: There is Q; € F,.), such that £(Q;) > 27%1 £(Q).

By definition of fg:l)d, one has o (Fp N Q) > 6o (Q ). By pigeon-holing,
Q; has a descendant Q" with £(Q’) = 27%10(Q), such that o (Fp N Q') >
0o (Q'). We may then apply H[M,, 6] in Q’, and proceed exactly as we did in
Case 1b above with the cube Q(j, which enjoyed precisely the same properties
as does our current Q. Thus, we draw the desired conclusion in the present
case.
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The main case is the following.
Case 2b: Every Q; € F,!) satisfies £(Q ) < 2751 £(Q).
Observe that by definition,

o(FoN Q) < (1—49pp )00 (Q)). YQj€Fu, (8.7)

and also )

o (FoN Q) <00(0)), VYQj€Fm, (8.8)
Set Fy. :=F \.7-"(;?0 - For future reference, we shall derive a certain ample-
ness estimate for the cubes in F,. By (8.1),

(1=9B)0o(Q) < 0(Fg) < o(Fo)+ Y a(Q))+ Y _ o(FonQ))

z o
< e0(Q)+ Y 0(Q)+(1—49pp~")00(Q),
F
(8.9)
where in the last step have used (8.6) and (8.7). Observe that
— (4p~! -1
(1—98)0 = (4p~ — 1) 0B6 + (1 —40Bp ") 6. (8.10)
Using (8.9) and (8.10), for ¢ « (4,0_1 — 1)19,39, we obtain
27 (47 = 1) 9O (Q) < D 0(Q))
F
and thus
o(Q) < C@,p,B,0) ZU(Q;)- (8.11)
F
We now make the following claim. O

Claim 8.2 For ¢ chosen sufficiently small,

max Z a(Q)), ZG(Qj) > €0 (Q).

(1)
fbud
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Proof of Claim 8.2 1If ) FO 0(Q;) = €0 (Q), then we are done. Therefore,
good

suppose that
Y 0(0)) <0 (Q). (8.12)

We have made the decomposition

2)

(1) ( (1) )
F = Fgood U fgood U "Tbad U fbad‘ (8.13)

Consequently

]_—(2) Fbad

where we have used (8.6), and (8.12) to estimate the contributions of Fj, and

of F\,) - tespectively. This, (8.1), (8.7), and (8.8) yield

A=0B)0 | > 0 (@p+ Y 0(@)| < 1-08)00(Q) < o(Fp)

Foona Foms
< (1-49p7")0 ) 0@+ ) 0(Q))
Fomna Fhu
+0 Y 0(Q) + 0 (e (Q)).

2
Fhad
In turn, applying (8.10) in the latter estimate, and rearranging terms, we obtain

p~' = 12pe Y 0 (Q)=9p8 Y 0(Q) = Y () +0 (0(Q)).

2 o o
(8.14)
Recalling that Go = Ug,,,, Q j, and that Fgpoq = T, éi)o 4 YT g)o 4> we further

note that by (8.4), choosing ¢ < p, and using (8.6) and (8.12), we find in
particular that

> 0(0) = So(0). (8.15)

(2)
Jréoad
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Applying (8.15) and the trivial estimate Zf@ 0(Q;) <0o(Q)in (8.14), we
bad
then have

960 [1 - g] o(0) = [(4,0—1 — 1)%0% - we} o(0)
< (471 = 1)9p0 Y 0(Q)) — 0P8 Y 0(Q))

Frbud

<) 0(Q)+0((Q).

(1)
]:bad

Since p < 1, we conclude, for ¢ < (4C)*115‘,39, that

B0 < Y 0(0)).

Foan
and Claim 8.2 follows.

With Claim 8.2 in hand, let us return to the proof of Case 2b of Claim 8.1.
We begin by noting that by definition of flglll)d, and Lemma 5.3, we can apply

H[My,0] to any Q; € .7-";21, hence for each such Q; there is a family of
Chord-arc domains {QiQi }i satisfying the desired properties.

Now consider Q; € .7-"8(,:)1)(1. Since .7-"8(,2”1 C Fgood» by pigeon-holing Q ;

has a dyadic child Q’j satisfying

m(D(Q)) < ao(Q)), (8.16)

(there may be more than one such child, but we just pick one). Our immediate
goal is to find a child Q’Jf of Q j, which may or may not equal Q’j, for which we

may construct a family of Chord-arc domains {Q"Q,{},- satisfying the desired
J

properties. To this end, we assume first that Q’j satisfies

o(FoN Q) = (1—-1)8a(Q). (8.17)
In this case, we set Q7 := Q’;, and using Lemma 5.3, by the induction hypoth-

esis Hla, (1 — ©)0], we obtain the desired family of Chord-arc domains.
We therefore consider the case

o(FoN Q%) < (1 —9)80(Q). (8.18)
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In this case, we shall select Q’j/ # Q’j. Recall that we use the notation Q" <1 Q

to mean that Q" is a dyadic child of Q. Set
Fi={oja0;: 0f#0}}.
Note that we have the dyadic doubling estimate

Y 0(Q) <0(Q)) < Mia(Q)),

0jer;
where M| = M{(n, ADR). We also note that
(1—49pp™ "0 = (1 —4pp~ "0 + (1 — ®)6.

By definition of 7).

(1-49Bp")00(Q)) < 0(FuNQ)) = 0(FoN Q)
+ Y o(Fen ).
Q/jfe]-'}/

By (8.18), it follows that

(1—40Bp~")00(Q)) + (1 —498p~ )0 > o(Q)

QeF]
= (1 —49Bp )00 (Q))
< (=900 + > o(Fpn Q).

Q’j’ e]—']’f
In turn, using (8.20), we obtain

(1—4Bp™ 000 (Q)) + (1 —40pp™ )0 Y (0

" 1!
Qje]-‘j

< Y o(Fgn Q).

" 1/
Qje7;
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By the dyadic doubling estimate (8.19), this leads to

(1= 4o~ oM + (1= 4907 |0 3 o(Q)

" /!
Qj efj

< Z o(FoN Q).

" 1/
QjeF;

Choosing 8 < p/(4(M1 + 1)), we find that the expression in square brackets
is at least 1, and therefore, by pigeon holing, we can pick Q’/./ eF ;f satisfying

o(FgpnN Q/j{) > OG(Q_';). (8.21)

Hence, using Lemma 5.3, we see that the induction hypothesis H[Mj, 6]
holds for Q/Jf eF ;f , and once again we obtain the desired family of Chord-arc
domains.

Recall that we have constructed our packing measure m in such a way that
each Q; € F,aswell as all of its children, along with the cubes in D ND(Q),
belong to the same tree T; see Claim 5.5. This means in particular that for each
such @, the Whitney region Ug; has exactly two components U Bch c QI
and the analogous statement is true for each child of Q. This fact has the
following consequences:

Remark 8.3 Foreach Q; € .7-",521, and for the selected child Q/j/ ofeach Q; €

)]
fgood ’

. + + + + . i
arc domains QQj D UQ,- (resp. QQ’]-’ D UQ,]_,), which we enumerate as QQ

the conclusion of the induction hypothesis produces at most two Chord-

J
i

1"
e
, respectively.

(resp. ' ,),i = 1,2, withi = 1 corresponding “+”, and i = 2 corresponding

[T3R2]

to

+

Remark 8.4 For each Q; € F, () the connected component U 0 overlaps

good’

with the corresponding component U 3,( for its child, so we may augment Q’Q/{
J J

by adjoining to it the appropriate component U 5}' , to form a chord arc domain

i ol i

By the induction hypothesis, for each Q; € ]:1521 urd 4 (and by n-ADR,

goo
in the case of F, ;i)o 4)» the Chord-arc domains Qin that we have constructed
satisfy
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Y 0(0; N3y 20 (Q)),

where the sum has either one or two terms, and where the implicit constant
depends either on M and 6, or on a and (1 — ¢)6, depending on which part of
the induction hypothesis we have used. In particular, for each such Q ;, there

i

is at least one choice of index i such that 2 o, = S0, satisfies

5(Q;NdR,) Z 0(Q)) (8.22)

(if the latter is true for both choices i = 1, 2, we arbitrarily choosei = 1, which
we recall corresponds to “+”). Combining the latter bound with Claim 8.2, and
recalling that ¢ has now been fixed depending only on allowable parameters,
we see that

Y 0(QiNQg) 2 0(Q)

(1) (1)
Qj € }-had U ‘Fgood

*

as above set BQ_,- = B(xg;, K{(Q;)).Byacovering

lemma argument, we may extract a subfamily F* C F, lg;)d U F g(lo)o 4 such that

1 1
ForQ; e féa)d U F;O)Od,

{r BZJ}Q jer* 1s pairwise disjoint, where again ¥ > K 4 is a large dilation
factor, and such that

Y. 0(Q;N3R0;) 2k 0(Q) (8.23)

Q;eF

Let us now build (at most two) Chord-arc domains Q’Q satisfying the desired
properties. Recall that foreach Q ; € F*, we defined the corresponding Chord-
arc domain Q¢ j = Qin’ where the choice of index i (if there was a choice),
was made so that (8.22) holds. We then assign each Q ; € F* either to 77 or to
JFZ*, depending on whether we chose Q2 ; satisfying (8.22) to be QIQj = QE/,
or Qsz = Qéj. We note that at least one of the sub-collections 7 is non-
empty, since for each j, ther¢ was at least one choice of index i such that
(8.22) holds with Q¢ j = Qle. Moreover, the two collections are disjoint,
since we have arbitrarily designated Qg;, = Qle (corresponding to “+”) in
the case that there were two choices for a particular Q ;. We further note that
. _ ot +
if Qj € Fx,then QQj = QQj D) UQj'

We are now in position to apply Lemma 6.1. Set

T"={0Q0' e D(Q): Q; C Q forsome Q; € F*},
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which is a semi-coherent subtree of T, with maximal cube Q. Without loss of
generality, we may suppose that 77 is non-empty, and we then define

+._ ot
Q) = af. U <0
QjeFy
and similarly with “+” replaced by “—”, provided that F* is also non-empty.

Observe that by the induction hypothesis, and our construction (see Remarks
8.3 and 8.4, and Lemma 3.3), for an appropriate choice of “+£”, U:Qtj CQg, C
BZ}_, and since £(Q;) < 27100, by (8.23) and Lemma 6.1, each (non-
empty) choice defines a Chord-arc domain with the requisite properties. This
completes the proof of Case 2b of Claim 8.1 and hence that of Theorem 1.2.

O

Part 2: Proof of Theorem 1.3
9 Preliminaries for the Proof of Theorem 1.3
9.1 Uniform rectifiability

Recall the definition of n-uniform rectifiable (n-UR) sets in Definition 2.2.
Given a ball B ¢ R"*!, we denote

1
bﬂE(B)zinf—( sup dist(y, L) + sup dist(y,E)), ©9.1)
L r(B) \yeena yeLNB

where the infimum is taken over all the affine n-planes that intersect B. The
following result is due to David and Semmes:

Theorem 9.1 Let E C R"*! be n-ADR. Denote 0 = H"| g and let D be the
associated dyadic lattice. Then, E is n-UR if and only if, for any ¢ > 0,

Z o(Q) <C(e)o(R) forallR € D.

QeD:QCR,
bB(3Bgp)>¢

For the proof, see [23, Theorem 2.4, p.32] (this provides a slight variant
of Theorem 9.1, and it is straightforward to check that both formulations are
equivalent). Remark that the constant 3 multiplying B in the estimate above
can be replaced by any number larger than 1.

Recall also the following result (see [28] or [44]).
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Theorem 9.2 Let Q@ C R"t n > 1, be an open set satisfying an interior
corkscrew condition, with n-ADR boundary, such that the harmonic measure
in Q belongs to weak-A . Then 92 is n-UR.

9.2 Harmonic measure

From now on we assume that Q@ C R"*! is an open set with n-ADR boundary
such that the harmonic measure in 2 belongs to weak-A.,. We denote by o
the surface measure in 92, that is, 0 = H"| 3. We also consider the dyadic
lattice D associated with ¢ as in Lemma 2.16. The AD-regularity constant of
02 is denoted by Cy.

We denote by w? the harmonic measure with pole at p of €2, and by g(-, -)
the Green function. Much as before we write §q(x) = dist(x, 92).

The following well known result is sometimes called “Bourgain’s estimate”:

Lemma 9.3 [13]. Let @ C R"*! be open with n-ADR boundary, x € 3%, and
0 <r < diam(02)/2. Then

o’ (B(x,2r))>c¢ >0, forally e QN B(x,r) 9.2)

where ¢ depends on n and the n-ADRity constant of 0€2.

The following is also well known.

Lemma 9.4 Let @ C R™*! be open with n-ADR boundary. Let p, q € Q be
such |p — q| > 46q(q). Then,

o (B(q, 45a(q)))
Sa(g)"!

We remark that the previous lemmais also valid in the case n > 1 without the
n-ADR assumption. In the case n = 1 this holds under the 1-ADR assumption,
and also in the more general situation where 2 satisfies the CDC. This follows
easily from [1, Lemmas 3.4 and 3.5]. Notice that n-ADR implies the CDC in
R+ (for any n), by standard arguments.

The following lemma is also known. See [28, Lemma 3.14], for example.

gp,q) =C

Lemma 9.5 Ler Q C R be open with n-ADR boundary and let p € Q. Let
B be a ball centered at 02 such that p ¢ 8B. Then

w?(4B)

]ig(p,x)dx < CW

Lemma 9.6 Ler Q@ C R™*1 be open with n-ADR boundary. Let x € 92 and
0 < r < diam(S2). Let u be a non-negative harmonic function in B(x, 4r) N2
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and continuous in B(x, 4r) ﬂ_§ such that u = 0 in 02 N B(x, 4r). Then
extending u by 0 in B(x, 4r)\S2, there exists a constant « > 0 such that, for
ally,z € B(x, r),

o o
lu(y) —u(@)| = C (Iy Zl) sup u <C <|y Z') ][ u,
r B(x.2r) r Blx.dr)

where C and o depend on n and the AD-regularity of 0S2. In particular,

5 o 5 o
u(y) < C ( Q(y)> sup u < C ( Q(y)> ][ ;
r B(x,2r) r B(x,4r)

The next result provides a partial converse to Lemma 9.4.

Lemma 9.7 Let Q@ C R"*! be open with n-ADR boundary. Let p € Q and let
Q € D be such that p ¢ 2Bg. Suppose that o (Q) ~ w?(2Q). Then there
exists some q € Q2 such that

£(Q) S dalg) =~ dist(g, Q) < 4diam(Q)
and

wl(20)

o1 =cg(p.q).

Proof For a given ky > 2 to be fixed below, we can pick P € D(Q) with
€(P) = 27%¢(Q) such that

a)p(P) %k() wp(Q)
Let ¢p be a C* function supported in Bp, ¢p = 1 on P, and such that

IVoplloo < 1/£(P). Then, choosing ko small enough so that p ¢ 50Bp, say,
and applying Caccioppoli’s inequality,

o’ (2Q) = o’ (Q) ~, o (P) < /qﬂp do? = —/Vyg(p, ¥) Vop(y)dy

1 1/2
S — IVyg(p, y)ldy S €(P)" (][ IVyg(p, y)lzdy>

~UP) Jpp Bp

1/2
S,aP)"—l(]iB |g(p,y)|2dy) <Pyt ]fB g(p,y)dy.
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Applying now Lemmas 9.6 and 9.5 and taking ko small enough so that 24 Bp N
0Q C 20, forany a € (0, 1) we get

g(p,y)dy < a* ][ g(p,y)dy

]iewp:amy)sae(m 6By
_ L @P(24Bp) _ , 0P (20)

a a .
~0 ey T ey

From the estimates above we infer that

o 20) iy £(P)"! f ¢(p.y) dy +a® 0P 20).
y€3Bp:Sa(y)=al(P)

Hence, for a small enough, we derive

WP (20) <py €(PY"! f ¢(p. ) dv,
ye3Bp:Sq(y)=al(P)

which implies the existence of the point g required in the lemma. O

9.3 Harnack chains and carrots

It will be more convenient for us to work with Harnack chains instead of
curves. The existence of a carrot curve is equivalent to having what we call a
good chain between points.

Let x € Q, y € Q be such that §q(y) < 8q(x), and let C > 1. A C-good
chain (or C-good Harnack chain) from x to y is a sequence of balls By, By, ...
(finite or infinite) contained in 2 such that x € B; and either

o lim; ,dist(y, B;) =0if y € 982, or
e y € By ify € Q, where N is the number of elements of the sequence if
this is finite,

and moreover the following hold:

B;jNBjy # @ forall j,

c! dist(B;, 0R2) < r(Bj) < C dist(B;, 9R2) for all j,

r(Bj) <Cr(By)if j > i,

for each ¢ > 0 there are at most C balls B; such that r < r(B;) < 2t.

Abusing language, sometimes we will omit the constant C and we will just
say “good chain” or “good Harnack chain”.

Observe that in the definitions of carrot curves and good chains, the order
of x and y is important: having a carrot curve from x to y is not equivalent to
having one from y to x, and similarly with good chains.
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Lemma 9.8 There is a carrot curve from x € Q to y € Q if and only if there
is a good Harnack chain from x to y.

Proof Let y be a carrot curve from x to y. We can assume y € €2, since if
y € 3£2, we can obtain this case by taking a limit of points y; € €2 converging to
y. Let {B.,-}Il.\':1 be a Vitali subcovering of the family {B(z, 6q(z)/10) : z € y}
and let I'B; stand for the radius and x B; for the center of Bj. So the balls B;
are disjoint and 5B; cover y. Note that forz > 0, if t < rp; < 2t,

|XBj - y| = Hl(y(-xBj’ )’)) 5 SQ(XBI‘) ~ I"Bj = 2t.

In particular, since the B;’s are disjoint, by volume considerations, there can
only be boundedly many B; of radius between /2 and t, say. Moreover, we
may order the balls B; so that x € 5By and Bj; is a ball By such that
5By N 5B; # @ and 5By contains the point from y N Uh:SBmSBﬂérz 5B
which is maximal in the natural order induced by y (so that x is the minimal
point in y). Then for j > i,

rp, ~ 8a(xp,) < |xg, —xp,| + 8a(xp) < H' (v (xp,, ) + da(xp) < ra.

This implies 5B, 5B», ... is a C-good chain for a sufficiently big C.

Now suppose that we can find a good chain from x to y, callit By, ..., By.
Let y be the path obtained by connecting their centers in order. Let z € y.
Then thereisa j such thatz € [xBj, XBjy ], the segment joining XB; and xg
Since {B;}; is a good chain,

Jj+1°

N
H' (v, y) < lz—xp, |+ H (r(xp;,, 9) <rp,y + )2, Srp; = 80(2).
i=j

We would like to note that the implicit constants do not depend on N. Indeed,
from the properties of the good chain it easily follows that

N 00

'=' rB.
=J ikl < <ok

J

Thus, y is a carrot curve from x to y. O

10 The main lemma for the Proof of Theorem 1.3

Because of the absence of doubling conditions on harmonic measure under the
weak- A o, assumption, to prove Theorem 1.3 we cannot use arguments similar
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to the ones in [1] or [6]. Instead, we prove a local result which involves only
one pole and one ball which has its own interest. This is the Main Lemma 10.2
below.

Let B C R"*! be aball centered at 92 and let p € Q. We restate Definition
2.15 in the following form: w” satisfies the weak-Ao condition in B if for
every &g € (0, 1) there exists §o € (0, 1) such that the following holds: for any
subset E C BN JL2,

0(E) <800 (BNIQ) — wP(E)<eyw’(2B). (10.1)

In the next sections we will prove the following.
Main Theorem 10.2 Let  C R"*! have n-uniformly rectifiable boundary.
Let Ry € D and let p € Q\4Bg, be a point such that

¢ £(Ro) < dist(p, 0R) < dist(p, Ro) < ¢~ €(Ro)

and w”(Rp) > ¢’ > 0. Suppose that w” satisfies the weak-A., condition
in Bg,. Then there exists a subset Con(Rp) C Ro and a constant ¢’ > 0
with o (Con(Rp)) > ¢” o (Rp) such that each point x € Con(Rp) can be
joined to p by a carrot curve. The constant ¢’ and the constants involved in
the carrot condition only depend on ¢, ¢, n, the weak-A condition, and the
n-UR character of 9<2.

The notation Con(-) stands for “connectable”.

It is easy to check that Theorem 1.3 follows from this result. First notice
that the assumptions of the theorem imply that 0<2 is n-uniformly rectifiable
by Theorem 9.2. Consider now any x € €2 and take a point £ € 9<2 such that
|x —&| = dq(x). Then we consider the point p in the segment [x, £] such that
|p — £| = 1¢ 8a(x). By Lemma 9.3, we have

o (B(E, §8a(x)) 2 1,

because p € %B(S, %(SQ(X)). Hence, by covering B(&, %89()@) N 02 with
cubes R € D contained in B(§, %Sg(x)) M 0<2 with side length comparable to
3o (x) we deduce that at least one these cubes, call it Ry, satisfies w? (Rp) 2 1.
Further, by taking the side length small enough, we may also assume that p ¢
4Bg,. Since w” satisfies the weak-A, property in Bg, (by the assumptions
in Theorem 1.3), we can apply the Main Lemma 10.2 above and infer that
there exists a subset F := Con(Ry) C Ry with o (F) > ¢’ 0 (Rp) = S (x)"
such that all y € F can be joined to x by a carrot curve, which proves that 2
satisfies the weak local John condition and concludes the proof of Theorem
1.3.
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Two essential ingredients of the proof of the Main Lemma 10.2 are a corona
type decomposition (whose existence is ensured by the n-uniform rectifiability
of the boundary) and the Alt—Caffarelli-Friedman monotonicity formula [3].
This formula is used in some of the connectivity arguments below. This allows
to connect by carrot curves corkscrew points where the Green function is not
too small to other corkscrew points at a larger distance from the boundary
where the Green function is still not too small (see Lemma 11.6 for the precise
statement). The use of the Alt—Caffarelli-Friedman formula is not new to
problems involving harmonic measure and connectivity (see, for example,
[7]). However, the way it is applied here is new, as far as we know.

Two important steps of the proof of the Main Lemma 10.2 (and so of Theo-
rem 1.3) are the Geometric Lemma 14.3 and the Key Lemma 15.1. An essential
idea consists of distinguishing cubes with “two well separated big corkscrews”
(see Sect. 13.4 for the precise definition). In the Geometric Lemma 10.2 we
construct two disjoint open sets satisfying a John condition associated to trees
involving this type of cubes, so that the boundaries of the open sets are located
in places where the Green function is very small. This construction is only pos-
sible because the associated tree involves only cubes with two well separated
big corkscrews. The existence of these cubes is an obstacle for the construc-
tion of carrot curves. However, in a sense, in the Key Lemma 15.1 we take
advantage of their existence to obtain some delicate estimates for the Green
function on some corkscrew points.

We claim now that to prove he Main Lemma 10.2 we can assume that
Q = R 1\9Q. To check this, let Q, p, and Ry satisfy the assumptions in
the Main Lemma. Consider the open set V = R"*1\3Q. Then the harmonic
measure w? in 2 coincides with the harmonic measure w€ in V (the fact that V
is not connected does not disturb us). Thus V, p, and Ry satisfy the assumptions
in the Main Lemma, and moreover V = R"t1\3Q = R"*1\dV. Assuming
the Main Lemma to be valid in this particular case, we deduce that there exists
a subset Con(Rg) C Rg and a constant ¢”” > 0 with o (Con(Rg)) > ¢” o (Rp)
such that each point x € Con(Rp) can be joined to p by a carrot curve in
V. Now just observe that if y is one of this carrot curves and it joints p and
x € Con(Rg) C 0V = 9%, then y is contained in V except for its end-point
x. By connectivity, since p € 2Ny, y must be contained in €2, except for the
end-point x. Hence, y is a carrot curve with respect to 2.

Sections 11-16 are devoted to the proof of Main Lemma 10.2. To this end,
we will assume that @ = R*t1\9Q.

@ Springer



936 J. Azzam et al.

11 The Alt-Caffarelli-Friedman formula and the existence of short
paths

11.1 The Alt-Caffarelli-Friedman formula

Recall the following well known result of Alt—Caffarelli-Friedman (see [14,
Theorems 12.1 and 12.3]):

Theorem 11.1 Let B(x, R) C R"*! and let uy,us € W-2(B(x, R)) N
C(B(x, R)) be nonnegative subharmonic functions. Suppose that uy(x) =
uz(x) = 0 and that uy - up = 0. Set

1 Vu; (y)|?
Jix,r) = —2/ OIE 4y,
= JB(x,r) ly — x|"

and
Jx,r)=Ji(x,r) Jh(x,r). (11.1)
Then J (x, r) is a non-decreasing function of r € (0, R) and J (x,r) < oo for
allr € (0, R). That is,
Jx,r) <J(x,m) <o for 0<r; <r <R. (11.2)

Further,
1
T, 1) S =5 il g oy (11.3)

In the case of equality we have the following result (see [46, Theorem 2.9]).

Theorem 11.2 Let B(x, R) and uy, up be as in Theorem 11.1. Suppose that
J(x,ry) = J(x,rp) for some 0 < r, < rp < R. Then either one or the other
of the following holds:

(@) uy =0in B(x,rp) oruy =0in B(x,rp);
(b) there exists a unit vector e and constants k1, ky > 0 such that

() =ki(y—x)-e", w@ =k ((y—x)-e)~, inBx,r).

We will also need the following auxiliary lemma.

Lemma 11.3 Let B(x, R) C R""! and let {u;};=1 € W"“2(B(x, R)) N
C(B(x, R)) a sequence of functions which are nonnegative, subharmonic,
such that each u; is harmonic in {y € B(x, R) : u;(y) > 0} and u; (x) = 0.
Suppose also that

1_
luilloo.Bx.r) < C1 R and |uilLip*,Bx,r) < C1 R
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foralli > 1. Then, for every 0 < r < R there exists a subsequence {u;, }r>1
which converges uniformly in B(x, r) and weakly in WL2(B(x, r)) to some
functionu € WL2(B(x, r)) N C(B(x, r)), and moreover,

lim

dy. 114
k=00 Jpex.ry |y —x|*1 Y 114

|Vui, ()1 gy / |Vu(y)|?
B

(x,r) |y - xln—l

Proof The existence of a subsequence {u; }i>1 converging weakly in
WL2(B(x, r)) and uniformly in B(x, r) to some functionu € WLZ(B(x, r)N
C(B(x,r)) is an immediate consequence of the Arzela—Ascoli and the
Banach—Alaoglu theorems. The identity (11.4) is clear when n = 1, and quite
likely, for n > 1 this is also well known. However, for completeness, we will
show the details (for n > 1).

Consider a non-negative subharmonic function v € W!"?(B(x, R)) N
C(B(x, R)) which is harmonic in {y € B(x, R) : v(y) > 0} so that v(x) = 0.
ForO <r < Rand 0 < § < R —r, let ¢ be a radial C* function such that
XB(x,r) < @ < XB(x,r+5)- Let E(y) = c;l |y|'~" be the fundamental solution
of the Laplacian. For ¢ > 0, denote v, = max(v, ¢) — €. Then we have

/ |'V”8(|yn)'21 () dy = cn/ws(y) V(EX — ) ve @) () dy
~ e [ V)6 = )0 Vo dy
— e [ Vi) VEG - ) 0 90V dy = ol — 1o~ I
Using the fact that v, is harmonic in {v, > 0} and that £(x — v, ¢ €
W&’z({vg > 0} N B(x, R)) since ¢ is compactly supported in B(x, R), ve =0

on d{v, > 0}, and x is far away from {v, > 0}, it follows easily that I} = 0.
On the other hand, we have

215 = / V2 9) () VyE(x — y)dy - / 0 () VyEx — ¥) V() dy
= —v.(x)> — /1),3(y)2 VyE(x —y) Vo(y)dy.
Thus,
/ ”yvf—fj)'_zl o) dy = —cy / Vo (9) EGx — ¥) v () Vo) dy

+ %” / V(1) VyE(x — y) Vo (y) dy.
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Taking into account that supp V¢ is far away from x, letting ¢ — 0, we obtain

v(y)|2
| a1 e dy = —cu [ V() E(x —y)v(y) Vo(y) dy
¢
+ 3" / v(»)? VyE(x — y) Vo(y) dy.
Using the preceding identity, it follows easily that

2 2
tim [ Y4 o(y) dy /|IV u(y)l ) dy.

(o0 ) Ty =T xp?

Indeed, limy_, oo u;, (x)? = u(x)?. Also, it is clear that
Jim [ 07 9,60 ) Yoy = [u? 9,60 ) Vo dy.
Further,
/ Vi, () ECx = ) 3, () V() dy
_ / Vui, () Ex = Y u(y) Vo) dy
4 / Viti, (v) (¢ = ¥) (i (v) — (y)) Voo () dy

k— oo

Vu(y) E(x — y)u(y) Ve(y) dy,

by the weak convergence of u;, in W 1.2(B(x, R)) and the uniform convergence
in B(x,r + ), since supp Vo is far away from x.

Let  be a radial C* function such that xp( ,—s) < ¥ =< XB(x,r). The
same argument as above shows that

2 2
im [ VH zk(Y)I U dy /|IV u(y)l e

k— 00 | |n Ty — y|n—1
Consequently,
Vi, (y)[? Vi, (y)[?
lim sup/ Mdy < lim M@()’) dy
koo JBxry |y — x| k—oo ) |y —x|n—!

P
/|y <1 #) 4
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and also

Yu: 2 2
lim inf / —' ui ()] / tiy (¥ )ll v (y)dy
B k—>00 ly — x|

k— 00 (x,r) ly —x|"~ 1
|Vu(y)?
—— ¥ (y)dy.
ly — x[n=1
Since § > 0 can be taken arbitrarily small, (11.4) follows. m|

Lemma 11.4 Let B(x,2R) C R"!, and let uy,uy € W“(B(x,2R)) N
C(B(x, 2R)) be nonnegative subharmonic functions such that each u; is har-
monic in {y € B(x,2R) : u;(y) > 0}. Suppose that ui(x) = uz(x) = 0 and
that uy - up = 0. Assume also that

luilloo, Bx28) < C1 R and  |luillLip*. px2ry < C1 R'™  fori =1,2.
For any ¢ > 0, there exists some § > 0 such that if
J@x, R) < (1+8) J(x, 5R),

with J(-,-) defined in (11.1), then either one or the other of the following
holds:

(@) llutlloo,Bx,R) < € Ror |luzlloo,Bx,r) < € R;
(b) there exists a unit vector e and constants ki, ky > 0 such that

luy — k1 (- = x) - ) oo, B, R) < € R,
luz — ko ((- —x) - €) " |loo,B(x,R) < € R.

The constant § depends only onn, o, C1, €.

Proof Suppose that the conclusion of the lemma fails. Then, by replacing
u;(y) by %ui(Ry + x), we can assume that x = QO and R = 1. Let ¢ > 0,
and for each § = 1/k and i = 1, 2, consider functions u; ; satisfying the
assumptions of the lemma and such that neither (a) nor (b) holds for them.
By Lemma 11.3, there exist subsequences (which we still denote by {u; x }x)
which converge uniformly in B(0, %) and weakly in W'2(B(0, %)) to some
functions u; € W12(B(0, %)) N C(B(0, %)), and moreover,

lim

|Vui,k(y)|2d _/ |Vu; (y)?
k=00 Jpo.ry Iyl B(0,r)

|yt

both for r = 1 and r = 1/2. Clearly, the functions u; are non-negative,
subharmonic, and u - u» = 0. Hence, by Theorem 11.2, one of the following
holds:
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(@) uy =01in B(0, 1) or up = 01in B(0, 1);
(b’) there exists a unit vector e and constants k1, ko > O such that

u() =k (y-e)t,  uw(y)=k(y-e)”, inB(0,1).

However, the fact that neither (a) nor (b) holds for any pair u; x, u2 x, together
with the uniform convergence of {u; }«, implies that neither (a’) nor (b’) can
hold, and thus we get a contradiction. O

11.2 Existence of short paths

Let p € Qand A > 1. For x € 9%, we write x € WA(p, A) if for all
0 <r <da(p),

L _0BEN) e, 0Ba)
o (B(x,8a(p) ~ 7T o (B sa(p)

We will see in Sect. 12 that, under the assumptions of the Main Lemma 10.2,
for some A big enough,

o (WA(p, A) N Ry) = o(Ro). (11.5)
Lemma 11.5 Let p € 2, xg € WA(p, A), and r € (0, 5q(p)). Then there

exists g € B(xq, r) such that, for some constant k € (0, 1/10),
(@) da(q) = kr, and
(b)

. P (B(xg, r)) _1 wP(B(xo, r))'

s <g(p.q) <« e

The constant k depends only on A, n, and Cy, the AD-regularity constant of
0Q2.

Proof This follows easily from Lemmas 9.4 and 9.7. O

Lemma 11.6 (Short paths). Let p € Q, xo € WA(p, A), and for 0 < ry <
da(p)/4,0 < 19, Ao < 1, let g € Q2 be such that

5a(q)
Sa(p)"

q € B(xo,r0), da(g) =10r0, &(p,q) = o (11.6)
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Then there exist constants Ay > 1 and 0 < ay, A1 < 1 such that for every
r € (ro, 8a(p)/2), there exists some point q' € Q such that

a(q")
Sa(p)"’

(11.7)
(with k as in Lemma 11.5) and such that g and q' can be joined by a curve y
such that

q' € B(xo, Air), 8a(q) =«klxo—4q'| =kr, g(p.q") > i

y C {y € B(xg, A1r) : dist(y, 02) > aj ro}.

The parameters L1, A1, a; depend only on Cy, A, Ly, T9 and the ratio r/ry.

Proof Allthe parameters in the lemma will be fixed along the proof. We assume
that A; > «~!' > 1. First note that we may assume that r < 2A1_1|x0 - pl.
Otherwise, we just take a point ¢’ € Q such that |p — ¢’| = 8q(p)/2, which
clearly satisfies the properties in (11.7). Further, both ¢ and ¢’ belong to the
open connected set

U:={xeQ:g(p,x)>crroda(p)™"}

for a sufficiently small ¢, > 0. The fact that U is connected is well known.
This follows from the fact that, for any A > 0, any connected component of
{g(p,-) > A} should contain p. Otherwise there would be a connected com-
ponent where g(p, -) — A is positive and harmonic with zero boundary values.
So, by maximum principle, g(p, -) — A should equal A in the whole component,
which is a contradiction. So there is only one connected component.

We just let y be a curve contained in U. Note that

1
dist(U, 9) > cr& 8a(p)' =@ > ar,
for a sufficiently small a > 0 because, by boundary Holder continuity,

Sa(x) )a 1
sa(p)) Sa(p)i!

g(p.x) < (

ifdist(x, 02) < 8q(p)/2. Further, the fact that g(p, x) < c|x —pll_” ensures
that U C B(p, Céq(p)), for a sufficiently big constant C depending on r/rg.

So from now on we assume that r < 2A1_1 |xo — p|. By Lemma 11.5 we
know there exists some point ¢ € €2 such that

G € B(xo, k7 'r), 8@ =71 >«l|x0—q|>Kkda@) >«
3a(q)
Sa(p)r’

8(p.q) =c (11.8)
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with ¢ depending on k and A.

Assume that ¢ and g cannot be joined by a curve y as in the statement of the
lemma. Otherwise, we choose ¢’ = ¢ and we are done. For ¢ > 0, consider
the open set

V' ={x € B(xo, 3A1r) : g(p, x) > tro8a(p) ™"}
We fix ¢ > 0 small enough such that ¢, § € V* C V'. Such t exists by (11.6)
and (11.8), and it may depend on A, A, r/ro.
Let V; and V5 be the respective components of V! to which ¢ and g belong.
We have
Vinv, =g,

because otherwise there is a curve contained in V! C B(xo, }‘Alr) which
connects ¢ and ¢, and further this is far away from 9. Indeed, we claim that

dist(V', 92) Z4,. A, /r T0- (11.9)

To see this, note that by the Holder continuity of g(p, -) in B(xp, %Alr), for
all x € V!, we have

t

89(36))“

<glp.x)S sup g(p.y) ( A

Sa(p)" veB(xo, 1 A7)

Sa(x)\“*
5][ \ g(p,y)dy(A )
B(xo,7A1r) 1r

Arr Sa(x)\“
SAl A n )
sa(p) Arr
where in the last inequality we used Lemma 9.5 and that xo € WA(p, A). This

yields our claim.
Next we wish to apply the Alt—Caffarelli-Friedman formula with

ur(x) = xv, 6a(p)" g(p,x) —tro)™,
uz(x) = xv, Ba(p)" g(p,x) —tro)".

It is clear that both satisfy the hypotheses of Theorem 11.1. Fori = 1, 2 and
0 <s < Ar, we denote

1 Vi ()]
Ji(xo,8) = —2/ —————dy,
$= JB(xg,s) ly — xo]

@ Springer



Harmonic measure and quantitative connectivity 943

so that J (xq, s) = J1(xg, s) J2(xp, s). We claim that:

(i) Ji(xo,5) Sa lfori=1,2and0 <s < 3A;r.
(i) Ji (x0,2) Zapr/r Lfori =1,2.

The condition (i) follows from (11.3) and the fact that
s

sa(p)"

which holds by Lemma 9.5 and subharmonicity, since xo € WA(p, A). Con-
cerning (ii), note first that

g(p.y) < for all y € B(xo, s), (11.10)

g(p,y)
3o (y)

0

\Y <38 "
Vi (0| < da(p) 5P

Sro da(p)" =1 forally € B(g, toro/2),

where we first used Cauchy estimates and then the pointwise bounds of
g(-,-) in (11.10) with s =~ 8q(y). Thus, using also that g € V3, we
infer that u1(y) > tro/2 in some ball B(g, ctrg) with ¢ possibly depend-
ing on A, A, r/rg. Analogously, we deduce that u»(y) > trg/2 in some ball
B(q, ctrg). Let B be the largest open ball centered at ¢ not intersecting 9V
and let yp € dV1 N dB. Then, by considering the convex hull H C B of
B(q, ctrp) and yg and integrating in spherical coordinates (with the origin in
y0), one can check that

[ ity 0o
H
An analogous estimate holds for u3, and then it easily follows that
Ji(x0,2r0) Z¢ 1,
which implies (ii). We leave the details for the reader.
From the conditions (i) and (ii) and the fact that J(x, r) is non-decreasing

we infer that

J(x0,8) R | for2r <s < TAr

and also
Ji(x0,8) RA gl fori=1,2and2r <s < %Alr. (11.11)
Assume that A%Al = 2" for some big m > 1. Since J(xp,s) is non-

decreasing we infer that there exists some # € [1, m — 1] such that

J(x0, 2"y < C(AL &, r/ro) ™ T (x0, 2" ),
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because otherwise, by iterating the reverse inequality, we get a contradiction.
Now from Lemma 11.4 we deduce that, given any ¢ > 0, for m big enough,
there are constant k; X4 ; r/r, 1 and a unit vector e such that

lur—k1 (C=x0)€) "l oo B(xg. 20 + 12—k (- =X0)€) " llog. B(rg.2hry < €2" 7.
(11.12)
As a matter of fact, ||ul-||00’B(xO72h+1,) RN hr/ro 2y by (11.3), (11.11), and

(11.10); ||u; ||Lipa,B(x0,2h+1r) S/ (Qhpyl—e by Lemma 9.6; and the option
(a) in Lemma 11.4 cannot hold (since we have [|u; [l oo p(xy,2%r) FA.0.1/r0 2mp).

In particular, for ¢ small, (11.12) implies that if ¢’ := xo + 2"=lre, then
one has u1(q") ~a x.r/r, 2h=1} and also that

w1 (y) Aasrir 2" r >0 forally € Bg',2"%r).

Thus B(q’, 2"7r) C Q and so ¢’ is at a distance at least 2”2 from 9<2, and
also

ui(q) 2"y
~ALA, -~ -
Sa(p) I Sa(p)

g(p.q) =

Further, since g and ¢’ are both in V| by definition, there is a curve y which
joins ¢ and ¢’ contained in V; satisfying

dist(y, 02) Za,,A.t1,r/r0 10

by (11.9). So ¢’ satisfies all the required properties in the lemma and we are
done. O

12 Types of cubes

From now on we fix Ry € D and p € 2 and we assume that we are under the
assumptions of the Main Lemma 10.2.

We need now to define two families HD and LD of high density and low
density cubes, respectively. Let A >> 1 be some fixed constant. We denote by
HD (high density) the family of maximal cubes Q € D which are contained
in Rp and satisfy

0’(2Q) _  o"(2Ry)
c20) =" Ry’
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We also denote by LD (low density) the family of maximal cubes Q € D
which are contained in Ry and satisfy

0"(Q) _ 1 @ (R)
o(@ ~ " o(Ry)

(notice that w?” (Ry) &~ w” (2Rp) ~ 1 by assumption). Observe that the defini-
tion of the family HD involves the density of 2(Q, while the one of LD involves
the density of Q.

We denote

By = U QO and B; = U 0.
QeHD QelD

Lemma 12.1 We have
1 1
o(Bu) S ZU(RO) and P(Br) < 1 o’ (Ro).

Proof By Vitali’s covering theorem, there exists a subfamily / C HD so that
the cubes 20, Q € I, are pairwise disjoint and

L 20c |60
QeHD Qel

Then, since o is doubling, we obtain

1 o?(20) 1
o(By) S ) 00) < QZI o Ry C 2R S 7 o (Ro).

Qel

Next we turn our attention to the low density cubes. Since the cubes from
LD are pairwise disjoint, we have

1 (Q) 1
o’ (B)= ) o’ (@) <— ) ®”(Ro) < — o (Ro).
QelD A QelD o (Ro) A

O

From the above estimates and the fact that the harmonic measure belongs
to weak-A (cf. (10.1)), we infer that if A is chosen big enough, then

1
wP(Bp) < go w” (2Bg,) < pr(Ro)
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and thus

1 1 1
wP(Bg UBL) < 1 P (Ro) + 1 wP(Rop) < > P (Ry).

As a consequence, denoting Gg = Rp\(By U Bpr)), we deduce that
W (Go) 2 5 P (Ro) ~ o (2B,
which implies that
0(Go) Z 0(2Bgy) ~ a(Ry),
again using the fact that w” belongs to weak-A~ in Bg,. So we have:
Lemma 12.2 Assuming A big enough, the set Go := Ro\(By U Bp)) satisfies
wP(Go) ~ 1 and o(Goy) ~ o(Ro),

with the implicit constants depending on Cqy and the weak-A~ condition in
Bg,.

We denote by G the family of those cubes Q € D(Rp) which are not
contained in | p ypup P In particular, such cubes Q € G do not belong to
HD U LD and

19T (R) _0(Q) _ 0P2Q) _ , o"(2Ry)
o(Ry) ~ 0(Q) ¥ 020 ~ " 0QRy)

(12.1)

From this fact, it follows easily that G is contained in the set WA(p, A)
defined in Sect. 11.2, assuming A big enough, and so Lemma 12.2 ensures
that (11.5) holds.

The following lemma is an immediate consequence of Lemma 11.5.

Lemma 12.3 For every cube Q € G there exists some point zg9 € 2Bg N Q
such that 5q(z9) > ko £(Q) and

Q)
o(Ro)’

g(p,z0) >3 (12.2)

for some kg, c3 > 0, which depend on A and on the weak-A~ constants in
Bg,.
0
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If zp € 2Bp N Q and 8q(zg) > ko £(Q), we say that z¢ is ko-corkscrew
for Q. If (12.2) holds, we say that z¢ is a c3-good corkscrew for Q. Abusing
notation, quite often we will not write “for Q.

We will need the following auxiliary result:

Lemma 12.4 Let Q € D and let z9 be a A-good c4-corkscrew, for some
A,cq > 0. Suppose that £(Q) > c54€(Ro). Then there exists some C-good
Harnack chain that joins zg and p, with C depending on A, cs.

Proof Consider the openset U = {x € Q2 : g(p,x) > AL(Q)/o(Rp)}. This
is connected and thus there exists a curve y C U that connects zp and p. By
Holder continuity, any point x € 2 such that §q(x) < 8q(p)/2, satisfies

(SQ(x))“ 1

R ) s

Since g(p, x) > AL(Q)/0o(Ro) Zesa ¢(Ro)! " forallx € U, we then deduce
that dist(U, 0€2) > ¢ £(Rp) for some cg > 0 depending on A and cs5. Thus,

dist(y, 9€2) > c6 £(Ryp).

From the fact that g(p, x) < |p — x|'7" for all x € €, we infer that any
x € U satisfies

, L9 1

<g(p.x) £ —.
o (Ro) lp— x|

Therefore,

o(Ro) \ /"7
— <
p x|<(M(Q)) Sesur L(Ro).

SoU C B(p, C2 £(Ryp)) for some C, depending on A and c5. Next we consider
a Besicovitch covering of y with balls B; of radius c¢f(Rp)/2. By volume
considerations, it easily follows that the number of balls B; is bounded above
by some constant C3 depending on A and cs, and thus this is a C-good Harnack
chain, with C = C(X, cs). |

Lemma 12.5 There exists some constant k1 with 0 < k1 < ko such that the
following holds for all » > 0. Let Q € G, Q # Ro, and let zg be a A-good
Kk1-corkscrew. Then there exists some cube R € G with Q C R C Ry and
L(R) < CL(Q) and a )'-good k1-corkscrew zg such that zg and zg can be
joined by a C'(L)-good Harnack chain, with \' > 0 and C depending on A.
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The proof below yields a constant A’ < A. On the other hand, the lemma
ensures that zg is still a x1-corkscrew, which will be important for the argu-
ments to come.

Proof This follows easily from Lemma 11.6. For completeness we will show
the details.

By choosing A = A(A) > 0 big enough, Go N Q € WA(p, A) and thus
there exists some xg € Q NWA(p, A). We let

K1 = min (K(), K),

where kg is defined in Lemma 12.3 and « in Lemma 11.5 (and thus it depends
only on A and Cy). We apply Lemma 11.6 to x¢, ¢ = zp, with rg = 3r(Bg),
Ao = A, and r = 4r(By). To this end, note that

1 1
ba(q) Z k1 £(Q) = w1 7 £(r(B)) = K1 17 10

Hence there exists ¢’ € B(xg, Ar) such that

a(q")
Salg) = klxo—q'l=kr,  gp,q)=n - (12.3)
sa(p)
and such that ¢ and ¢’ can be joined by a curve y such that
y C{y € B(xp, A1r) : dist(y, 02) > aj ro}, (12.4)

with A1, Ay, a1 depending on Cyp, A, A, k1. Now let R € D be the cube con-
taining xo such that

1
EF(BR) < |xo —¢'| <r(Bg).

Observe that

r(BR) = Ix0 —¢'| =r =4r(Bg) and r(Bg) <2lxo—¢'| <2A1r S £Q).
Also, we may assume that £(R) < £(Rp) because otherwise we have £(Q) =
A1 8q(p) and then the statement in the lemma follows from Lemma 12.4. So

we have Q0 C R C Ryp.
From (12.3) we get

1
8a(q") = Kk lxo — ¢l = EK”(BR) =2k €(R) > k1 £(R)
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and

2k L(R)

o (Ro)
Hence, ¢’ is a A/-good k-corkscrew, for A" = cA12«.

From (12.4) and arguing as in the end of the proof of Lemma 12.4 we infer
that zp = ¢ and zg = ¢’ can be joined by a C(1)-good Harnack chain. O

g(p.q) =ch

From now on we will assume that all corkscrew points for cubes Q € G are
k1-corkscrews, unless otherwise stated.

13 The corona decomposition and the Key Lemma
13.1 The corona decomposition

Recall that the b8 coefficient of a ball was defined in (9.1). For each Q € D,
we denote

bB(Q) = bBya(100By).

Now we fix a constant 0 < ¢ < min(1, «1). Given R € D(Ry), we denote
by Stop(R) the maximal family of cubes Q € D(R)\{R} satisfying that either
0 ¢ Gor bﬁ(@) > &, where Q is the parent of Q. Recall that the family
G was defined in (12.1). Note that, by maximality, Stop(R) is a family of
pairwise disjoint cubes.

We define

T(R) :={Q € D(R) : # S e Stop(R) suchthat Q C S}.

In particular, note that Stop(R) ¢ T(R).
We now define the family of the top cubes with respect to Ry as follows:
first we define the families Top, for k > 1 inductively. We set

Top; = {R € D(Ry) NG : £(R) =270 (Rp)}.

Assuming that Top,, has been defined, we set

Top, = | J (Stop(R) NG,

ReTopy,
and then we define
Top = | Top,.
k>1
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Notice that the family of cubes QO € D(Rp) with £(Q) < 2-10¢(Ry) which
are not contained in any cube P € HD U LD is contained in (_J ReTop T(R),
and this union is disjoint. Also, all the cubes in that union belong to G.

The following lemma is an easy consequence of our construction. Its proof
is left for the reader.

Lemma 13.1 We have

Top C G.
Also, for each R € Top,

T(R) c G.
Further, for all Q € T(R) U Stop(R),

o(Q)
o(Ro)’

Remark that the last inequality holds for any cube Q € Stop(R) because
its parent Q belongs to T(R) and so Q is not contained in any cube from HD,

which implies that ©”(2Q) < »”(20) < A g(RQ(f) A "(Q)
Using that 92 is n-UR (by the assumption in the Mam Lemma 10.2), it is
easy to prove that the cubes from Top satisfy a Carleson packing condition.

This is shown in the next lemma.

Lemma 13.2 We have

w?’(20)=CA

Y o(R) < M(e) o (Ro).

ReTop

Proof For each Q € Top we have

Q= Y o+ Y G(P)—i-G(Q\ U P).

PeStop(Q)NG PeStop(Q)\G PeStop(Q)
Then we get
2 o@= ), ) o
QeTop QeTop PeStop(Q)NG
£ ¥ e+ X o(on U r)
QeTop PeStop(Q)\G QeTop PeStop(Q)
(13.1)
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Note now that, because of the stopping conditions, for all Q € Top, if P €
Stop(Q) N G, then the parent P of P satisfies bBya(100B5) > ¢. Hence, by
Theorems 9.1 and 9.2,

> ) aPs= > o(P) < C(e) o (Ro)-

QeTop PeStop(Q)NG PeD(R0):bBya(100Bp)>e

On the other hand, the cubes P € Stop(Q)\G with Q € Top do not contain
any cube from Top, by construction. Hence, they are disjoint and thus

Y. Y. o(P)<oa(Ry.

QeTop PeStop(Q)\G
By an analogous reason,
> o(Q\ U P) < o (R).
QeTop PeStop(Q)
Using (13.1) and the estimates above, the lemma follows. |

Given a constant K > 1, next we define

GK = {x €Go: Y Xxr(x) =< K}, (13.2)
ReTop

By Chebyshev and the preceding lemma, we have

0(G0\G§) ok\GE) = ¢ [ ¥ ando = L otk
K Ro ReTop K

Therefore, if K is chosen big enough (depending on M (¢) and the constants
on the weak-A , condition), by Lemma 12.2 we get

1
o (Go\G§) < 50 (Go),
and thus
K 1
0(Gg) = 59(Go) Z o (Ro).

We distinguish now two types of cubes from Top. We denote by Top, the
family of cubes R € Top suchthat T(R) = {R}, and we set Top,, = Top\Top,.
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Notice that, by construction, if R € Top,, then b8(R) < ¢. On the other hand,
this estimate may fail if R € Top,,.

13.2 The truncated corona decomposition

For technical reasons, we need now to define a truncated version of the previous
corona decomposition. We fix abig natural number N > 1. Then we let Top(N )
be the family of the cubes from Top with side length larger than 2~V ¢(R).
Given R € Top™ we let TY)(R) be the subfamily of the cubes from T(R)
with side length larger than 27N¢(Rp), and we let Stop(N )(R) be a maximal
subfamily from Stop(R) U Dn(Ryp), where Dy (Rp) is the subfamily of the
cubes from D(Rp) with side length 2=Ne(Rp). We also denote TopéN ) =
Top™) N Top, and Top") = Top™ N Top,,.

Observe that, since Top™) c Top, we also have

Z XR(X) =< Z xr(x) < K forallx € G¥.
ReTop™ ReTop

13.3 The key lemma

The main ingredient for the proof of the Main Lemma 10.2 is the following
result.

Lemma 13.3 (Key Lemma). Given n € (0, 1) and 1 € (0, c3] (with c3 as in
(12.2)), there exists an exceptional family EX(R) C Stop(R) N G satisfying

Y. o(P)<no(R)

PeEX(R)

such that, for every Q € Stop(R) N G\EX(R), any A-good corkscrew for Q
can be joined to some \'-good corkscrew for R by a C (A, n)-good Harnack
chain, with A" depending on A, 1.

This lemma will be proved in the next Sects. 14 and 15. Using this result,
in Sect. 16 we will build the required carrot curves for the Main Lemma 10.2,
which join the pole p to points from a suitable big piece of Ry. If the reader
prefers to see how this is applied before its long proof, they may go directly
to Sect. 16. A crucial point in the Key Lemma is that the constant ¢ in the
definition of the stopping cubes of the corona decomposition does not depend
on the constants A or n above.

To prove the Key Lemma 13.3 we will need first to introduce the notion
of “cubes with well separated big corkscrews” and we will split T®™)(R) into
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subtrees by introducing an additional stopping condition involving this type
of cubes. Later on, in Sect. 14 we will prove the “Geometric Lemma”, which
relies on a geometric construction which plays a fundamental role in the proof
of the Key Lemma.

13.4 The cubes with well separated big corkscrews

Let QO € D be a cube such that b8(Q) < Cse. For example, Q might be a
cube from Q € TV (R)U Stop(N )(R), with R € Top,(jN) (which in particular
implies that bB(R) < ¢). We denote by L a best approximating n-plane
for bB(Q), and we choose le and z2Q to be two fixed points in By such that
dist(ziQ, L) = r(Bg)/2 and lie in different components of R7+1 \Lg.So ZIQ
and ZZQ are corkscrews for Q. We will call them “big corkscrews”.

Since any corkscrew x for Q satisfies 6 (x) > k1 £(Q) and we have chosen
& < K1, 1t turns out that

1
dist(x. Lo) = 5 k1 £(Q) > £ £(Q).

As a consequence, x can be joined either to ZIQ or to z2, by a C-good Harnack
chain, with C depending only onn, Cy, k1, and thus only onn, Cy and the weak-
A constants in Bg,. The following lemma follows by the same reasoning:

Lemma 13.4 Let Q, Q' € D be cubes such that bp(Q), bp(Q') < C4e and
Q' is the parent of Q. Let z’Q, z’Q,, fori = 1,2, be big corkscrews for Q and

Q' respectively. Then, after relabeling the corkscrews if necessary, ziQ can be

Jjoined to ziQ, by a C-good Harnack chain, with C depending only onn, Co, k1.

Given I' > 0, we will write Q € WSBC(I") (or just @ € WSBC, which
stands for “well separated big corkscrews”) if b)f(Q) < Cse and the big
corkscrews ZlQ, ZZQ can not be joined by any I'-good Harnack chain. The

parameter I' will be chosen below. For the moment, let us say that ' ! « ¢.
The reader should think that in spite of b8(Q) < Cse, the possible existence
of “holes of size C ¢£(Q) in d2” makes possible the connection of the big
corkscrews by means of I"'-Harnack chains passing through these holes. Note
that if bB(Q) < C4e and Q ¢ WSBC(I"), then any pair of corkscrews for Q
can be connected by a C (I")-good Harnack chain, since any of these corkscrews
can be joined by a good chain to one of the big corkscrews for Q, as mentioned
above.
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13.5 The tree of cubes of type WSBC and the subtrees

Given R € Top,gN), denote by Stopyspc (R) the maximal subfamily of cubes

QO € D(R) which satisfy that either

e O ¢ WSBC(I'), or
e O ¢ TM(R).

Also, denote by Tywspc (R) the cubes from D(R) which are not contained in
any cube from Stopyggc(R). So this tree is empty if R ¢ WSBC(I"). Notice

also that StopWSBC(R) z TWSBC(R).
Observe that if Q € Stopygpc(R), it may happen that 0 ¢ WSBC(I').

However, unless Q = R, it holds that Q € WSBC(I""), with I’ > T" depend-
ing only on I and C¢ (because the parent of Q belongs to WSBC(I')).
For each Q € Stop\yspc(R)\Stop(R), we denote

SubTree(Q) = D(Q) N TN (R),  SubStop(Q) = Stop(R) N D(Q).
So we have

TM(R) = Twsac(R) U U SubTree(Q),
QeStopwsac (R)

and the union is disjoint. Observe also that we have the partition

Stop(R) = (Stopyspc(R)NStop(R))U U SubStop(Q).

QeStopyspc(R)\Stop(R)
(13.3)

14 The geometric lemma
14.1 The geometric lemma for the tree of cubes of type WSBC

Let R € TOpI(JN) and suppose that Tyyggc(R) # @. We need now to define
a family End(R) of cubes from D, which in a sense can be considered as a
regularized version of Stop\yggc (R). The first step consists of introducing the
following auxiliary function:

dr(x):= _inf  (£(Q)+dist(x, Q)), forx e R"T!
QeTwsac(R)

Observe that dg is 1-Lipschitz.
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For each x € 0Q2 we take the largest cube O, € D such that x € Q, and

1.
Q) = 300 ylenéx dr(y). (14.1)

We consider the collection of the different cubes Q,, x € 92, and we denote
it by End(R).

Lemma 14.1 Given R € ToplgN), the cubes from ENd(R) are pairwise disjoint

and satisfy the following properties:

(@) If P € End(R) and x € 50Bp, then 100 £(P) < dr(x) < 900 £(P).

(b) There exists some absolute constant C such that if P, P’ € End(R) and
50Bp N50Bp # @, then C~1U(P) < £(P") < C £(P).

(¢) For each P € End(R), there at most N cubes P’ € End(R) such that
50Bp N50Bpr # @, where N is some absolute constant.

(d) If P € End(R) and dist(P, R) < 20£(R), then there exists some Q €
Twsec(R) such that P C 22Q and £(Q) < 2000 £(P).

Proof The proof is a routine task. For the reader’s convenience we show the
details. To show (a), consider x € 50Bp. Since dg(-) is 1-Lipschitz and, by
definition, dgr(xp) > 300 £(P), we have

dr(x) > dr(xp) — |x — xp| > dr(xp) — 507 (Bp)
>300£4(P) —200£(P) =100£(P).

To prove the converse inequality, by the definition of End(R), there exists
some 7' € P, the parent of P, such that

dr(z') < 300£(P) =600 £(P).
Also, we have
Ix = 2| < |x —xp|+ |xp — 2| <507(Bp) + 2L(P) < 300£(P).
Thus,
dr(x) < dg(z) + [x — 2’| < (600 + 300) £(P).

The statement (b) is an immediate consequence of (a), and (c) follows easily
from (b). To show (d), observe that, for any S € Tywsgc(R),

dr(xp) - £(S) + dist(xp, S) - L(P) + £(S) + dist(P, S)

(P) = <
300 300 300
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Thus,

£(S) 4 dist(P, S)

L(P) <
(P) = 299

In particular, choosing S = R, we deduce

L(R dist(P, R 21
(R) +dist(P. R) _ 21, gy < cm),
299 299

and thus, using again that dist(P, R) < 20£(R), it follows that P C 22R. Let
So € Twsec(R) be such that dg(xp) = £(So) + dist(xp, Sp), and let Q € D
be the smallest cube such that So C Q and P C 22Q. Since Sy C R and
P C 22R, we deduce that S C Q C R, implying that Q € Twsgc(R).

So it just remains to check that £(Q) < 2000 £(P). To this end, consider a
cube Q D Sy such that

L(P) <

£(P) + €(S0) + dist(P, So) < £(0) < 2(E(P) + £(Sp) + dist(P, 5p)).

From the first inequality, it is clear that P C 20 and then, by the definition
of O, we infer that Q C Q. This inclusion and the second inequality above
imply that

€(Q) < £(Q) < 2(£(P) + £(Sp) + dist(xp, Sop)) = 4£(P) + 2dr(xp).

By (a) we know that dgr(xp) < 900£(P), and so we derive £(Q)
<2000 £(P). O

Lemma 14.2 Given R € Top}"), if Q € End(R) and dist(P, R) < 20 £(R),
then bB(Q) < C e and Q € WSBC(I"), with "' = ¢ T, for some absolute
constants C, cg > 0.

Proof This immediate from the fact that, by (d) in the previous lemma, there
exists some cube Q' € Twspc(R) such that Q C 22Q’ and £(Q') <
2000 £(Q), so that bB(Q’) < ¢ and Q" € WSBC(I). O

As in Sect. 3, we make a standard Whitney decomposition of the open set
Q. With a harmless abuse of notation we let YW = W(Q2) denote a collection
of (closed) dyadic Whitney cubes of €2, so that the cubes in VV form a pairwise
non-overlapping covering of €2, which satisfy for some My > 20 and Dy > 1

(i) 101 C Q;

(i) Mol N R #

(iii) there are at most Dy cubes I’ € W such that 10/ N 10/" # &. Further,
for such cubes I’, we have £(1’) ~ £(I), where £(I’) stands for the side
length of 1’
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From the properties (i) and (ii) it is clear that dist(/, 0€2) ~ £(/). We assume
that the Whitney cubes are small enough so that

1
i 1 —— dist(Z, 0R2). 14.2
diam(/) < 00 dist(Z, 992) (14.2)

To construct this Whitney decomposition one just needs to replace each cube
I € W, as in [49, Chapter VI], by its descendants I’ € Dy (1), for some fixed
k> 1.

Foreach I € W, asmuchasin Lemma9.4, we denote by B! aball concentric
with [ and radius Cs€(1), where Cs is a universal constant big enough so that

wP (B!
<

for all x € 41,

and whenever p ¢ 5I. Obviously, the ball B intersects <2, and the family
{B'} ey does not have finite overlapping.

Given a bounded measurable set F  R**! with |F| > 0, and a function
f € LIIOC(R”“), we denote by mp f the mean of f in F' with respect to
Lebesgue measure. That is,

mpfszfdx.

To state the Geometric Lemma we need some additional notation. Given
a cube R’ € Tywsgc(R), we denote by Tysgc(R') the family of cubes from
D with side length at most £(R’) which are contained /Hll 00Bg’ and are not
contained in any cube from End(R). We also denote by End(R’) the subfamily
of the cubes from End(R) which are contained in some cube from Tysgc (R”).
Note that Twsgc(R’) is not a tree, in general, but a union of trees. Further,
from Lemma 14.1(a), it follows easily that

Twssc(R) U Stopwsac(R) C Twsec(R) N D(R).

Lemma 14.3 (Geometric Lemma). Let 0 < y < 1, and assume that the
constant ' = T (y) in the definition of WSBC is big enough. Let R € TOpZN) N
WSBC(') and let R’ € Twsac(R) be such that £(R) = 2750¢(R), with
ko = ko(y) > 1 big enough. Then there are two open sets Vi, Vo C CBrr N2
with disjoint closures which satisfy the following properties:

(a) There are subfamilies W; C W such that V; = UIeW; 1.1int([1).
(b) Each V; contains a ball B; with r(B;) ~ £(R'), and each corkscrew point
for R’ contained in 2Bg N V; can be joined to the center z; of B; by a good
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Harnack chain contained in V;. Further, any point x € V; can be joined to
zi by a good Harnack chain (not necessarily contained in V; ).
(c) For each Q € (Twssc(R) U Stopywspc(R)) N D(R') there are big

corkscrews z]Q € ViN2Bgp and ZZQ € Vo N 2By, and if @ is an ancestor
of Q which also belongs to Tywsgc(R) N D(R’), then ziQ can be joined to
zia by a good Harnack chain, for eachi =1, 2.

(d) (V1 UaVr)N10Bg C UPeEﬁE(R’) 2Bp.

(e) Foreach P € End(R’) such that 2Bp N 10Bg: # @, let Wp be the family

of Whitney cubes I C Vi U V; such that 1.11 N I(ViuWV)N2Bp # &,
so that

3V N2Bp C U 1.17.

1eWp

Then

(1)
£(P)

marg(p,) <y ——— foreachl € Wp,
o (Ro)
and
(ii)

D" Py and Y wP(B") S wP(CBp),

1eWp 1eWp

for some universal constant C > 1.

The constants involved in the Harnack chain and corkscrew conditions may
depend on ¢, I, and y.5

14.2 Proof of the geometric Lemma 14.3

In this whole subsection we fix R € Top(N) and we assume Twspc(R) # 9,
as in Lemma 14.3. We let R” € Twsgc(R) be such that £(R") = 27X0¢(R),
with ko = ko(y) > 1 big enough, asir in Lemma 14.3, and we consider the

associated families TWSBC(R ) and End(R ).

Remark 14.4 By arguments analogous to the ones in Lemma 14.2, it fol-
lows easily that if Q € Twsgc(R'), for R” € Twsgc(R) such that £(R) =

5 To guarantee the existence of the sets V; and the fact that they are contained in  we use the
assumption that = R*t1\ Q.
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2-kog(R), then there exists some cube S € Twspc(R) such that Q0 C 228
and £(S) < 2000£(Q). This implies that b)8(Q) < C ¢ and Q € WSBC(ceI')
too.

In order to define the open sets Vi, V; described in the lemma, first we need to
associate some open sets U1 (Q), U>(Q) to each Q € Tysgc(R') UENd(R').
We distinguish two cases:

e For Q € -T-WSBC(R/), we let 7; (Q) be the family of Whitney cubes I € W
which intersect

{y € 20Bg : dist(y, Lg) > €'/ £(Q)}

and are contained in the same connected component of R”“\LQ as ziQ,
and then we set

i) = J ttin).
1€J:(Q)

e For O € End(R’) the definition of U;(Q) is more elaborated. First we
(ig)nsider an auxiliary ball By, concentric with Bg, such that 19Bg C
Bp C 20B¢ and having thin boundaries for w”. This means that, for some
absolute constant C,

P ({x € 2By : dist(x, 3Bg) <1r(Bg)}) < CtwP(2Bg) forallt > 0.
~ (14.3)

The existence of such ball By follows by well known arguments (see for
example [50, p.370]).
Next we denote by J(Q) the family of Whitney cubes I € ¥V which
intersect Bg and satisfy £(/) > 6 £(Q) for 6 € (0, 1) depending on y (the
reader should think that # < ¢ and that @ = 27/! for some j; > 1), and
we set

UuQ) = U 1.1int(7). (14.4)

I1eJ(Q)

For a fixedi = 1 or 2, let {Dj(Q)} j>0 be the connected components of

U (Q) which satisfy one of the following properties:
— either z’Q € D;(Q) (recall that z’Q is a big corkscrew for Q), or

— there exists some y € D;(Q) such that g(p,y) > )/E(Q)U(Ro)_1

and there is a Cg(y, 0)-good Harnack chain that joins y to ziQ, for some
constant Cg(y, 6) to be chosen below.
Then we let U;(Q) = U j D’/.(Q). After reordering the sequence, we
assume that ziQ € D6(Q). We let J;(Q) be the subfamily of cubes from
J (Q) contained in U; (Q).
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In the case Q € TWSBC (R'), from the definitions, it is clear that the sets
U; (Q) are open and connected and

U1(Q)NU(Q) = @. (14.5)

In the case Q € EHJ(R’ ), the sets U; (Q) may fail to be connected. However,
(14.5) still holds if I" is chosen big enough (which will be the case). Indeed,
if some component Dl can be joined by C¢(y, 6)-good Harnack chains both

to 71 0 and z2 0 then there is a C(y, 6)-good Harnack chain that joins le to z2 0
and thus Q does not belong to WSBC(ceI') if I is taken big enough, which
cannot happen by Lemma 14.2. Note also that the two components of

{y € Bg : dist(y, Lg) > /2 £(Q)}

are contained in Dé (Q)u D(Z)(Q), because bB(Q) < Ceandwe assume f K e.
The following is immediate:

Lemma 14.5 Assume that we relabel approprlately the sets U;(P) and
corkscrews zP for P € TWSBC(R) U End(R) Then for all Q, Q €

TWSBC(R )u End(R ) such that Q is the parent of Q we have
(20 25] C U@ NUIQ) and [z, 25] C U2(Q) NU2(Q). (14.6)
Further,
dist([z. 23], 99Q) = c€(Q) fori =12

where ¢ depends at most on n and Cy.

The labeling above can be chosen inductively. First we fix the sets U;(T')
and corkscrews xT for every maximal cube 7' from TWSBC (R) (contained in
100Bg’ and with side length equal to £(R’)). Further we assume that, for any
maximal cube T, the corkscrew x7. is at the same side of L g as 2 &> for each
i = 1, 2 (this property will be used below). Later we label the sons of each T
so that (14.6) holds for any son Q of T'. Then we proceed with the grandsons
of T, and so on. We leave the details for the reader.

The following result will be used later to prove the property (e)(i).

Lemma 14.6 Suppose that the constant ko(y) in Lemma 14.3 is big enough.
Let Q € /E?IH(R’) and assume 6 small enough and Ce(y, 0) big enough in
the definition of U; (Q). If y € Bg satisfies g(p,y) > y £(Q) o (Ry)~, then
y € Ui1(Q) U U2(0Q).
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Recall EQ is the ball with thin boundary appearing in (14.3).

Proof By the deﬁnition of U;(Q), it suffices to show that y belongs to some
component D;. (Q) and that there is a C¢(y, 8)-good Harnack chain that joins

yto ziQ. To this end, observe that by the boundary Holder continuity of g(p, -),

? )
S <glp,y)=C (;g;

y SQ(y))a Q)
o(Ro) —

) m3OBQg(p")§C (E(Q) U(R()),

where in the last inequality we used Lemma 9.5. Thus,

Sa(y) = cy'/e(Q),

and if @ is small enough, then y belongs to some connected component of the set
U(Q) in (14.4). By Lemma 14.1(d) there is a cube Q' € Twsgc(R) such that
Q C22Q" and £(Q’) ~ £(Q). In particular, WA(p, A)YN Q' D GoN Q' # &
and thus, by applying Lemma 11.6 with ¢ = y and ro = Cr(Bp) (for a
suitable C > 1), it follows that there exists a xj-corkscrew y’ € C(y) By,
with C(y) > 20 say, such that y can be joined to y’ by a C'(y)-good Harnack
chain. Assuming that the constant ko (y ) in Lemma 14.3 is big enough, it turns
out that y' € 2B¢» for some Q" € Twspc(R) such that 22Q” O Q. Since
all the cubes S such that Q C S C 22Q" satisfy bB(S) < C ¢, by applying
Lemma 13.4 repeatedly, it follows that y” can be joined either to le or zzQ by
a C"(y)-good Harnack chain. Then, joining both Harnack chains, it follows
that y can be joined either to le or Z2Q by a C"”'(y)-good Harnack chain. So y

belongs to one of the components D;, assuming Ce(y, 6) big enough. O

From now on we assume 6 small enough and Cg(y, 6) big enough so that
the preceding lemma holds. Also, we assume 6 < &*. We define

V) = U Ui(Q), Vo= U U2(Q).

0eTwspc (RHUENA(R) 0eTwspc(R)UENA(R)
Next we will show that
Vinv, =g.
Since the number of cubes O € TWSBC(R/ ) U EF\E(R/ ) is finite (because

of the truncation in the corona decomposition), this is a consequence of the
following:
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Lemma 14.7 Suppose T is big enough in the definition of WSBC (depending
on0). Forall P, Q € Twsgc(R) UENd(R"), we have

U(P)NU»(Q) =

Proof Wesupposethat£(Q) > £(P) Wealsoassumethat U (P)NU>(Q) # &
and then we will get a contradiction. Notice first that if £(P) = £(Q) =
27/ ¢(R’) for some j > 0, then the corkscrews z’ "> and z| o are at the same side
of L foreachi = 1, 2. This follows easily by induction on j.

Case 1. Suppose first that P, Q € TWSBC (R'). Since the cubes from J>(Q)
have side length at least ¢ el/4¢(Q), it follows that at least one of the cubes
from 7;(P) has side length at least ¢’ gl/4 £(Q), which implies that £(P) >
¢ e1/44(Q), by the construction of Uy (P).

Since U1(P) N Uy(Q) # O, there exists some curve y = y(z}[,, Z2Q) that
joins z), and z2Q such that dist(y, Q) > ce!/?£(Q) because all the cubes
from J>(Q) have side length at least ¢ e!/4¢(Q), and the ones from 7, (P)
have side length > ce!/* £(P) > c&'/2£(Q).

Let P be the ancestor of P such that £(P) = £(Q). From the fact that
Ui(P)NUx(Q) # @, we deduce that 20Bp N 20Bp # <& and thus 20B5 N
20Bp # @, and so 2OBP C 60Bg. This implies that ZL is in the same
connected component as z! 0 and also that dlst([zQ, z4], 02) 2 > £(Q), because
bB(100Bgp) < ¢ < 1 and they are at the same side of Lo.

Consider now the chain P = Py C P, C --- C P, = P, sothat Py is
the parent of P;. Form the curve y' = y’ (z}»,;, Z },) with endpoints z}a and z};

by joining the segments [z},i, Z}"m ]. Since these segments satisfy
dist([zp,. 2p,, 1. 0Q) = c&(P) = c £(P) = ce'* ().

it is clear that dist(y’, 92) > ce'/* £(Q).

Next we form a curve y” = U(Zb, ZZQ) which joins ZIQ to 22Q by joining

[ZQ, A] ' (zk P2 L), and y(zh, z Q) It follows easily that this is contained
in 9OBQ and that dist(y”, Q) > ¢ e!/2 £(Q). However, this is not possible
because le and z2Q are in different connected components of R”*+! \Lo and
bB(Q) <e K ¢1/2 (since we assume ¢ < 1).
Case 2. Suppose now that Q € End(R’). The arguments are quite similar to
the ones above. In this case, the cubes from J>(Q) have side length at least
0 £(Q) and thus at least one of the cubes from J1(P) has side length at least
c 0 £(Q), which implies that £(P) > ¢’ 0 £(Q).
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Now there exists a curve y = y(z};, Z%Z) that joints z}; and z2Q such that

dist(y, 0Q2) > ¢ 62 £(Q) because all the cubes from 7> (Q) have side length at
least 6 £(Q), and the ones from 71 (P) have side length 6 £(P) > ¢ 6> £(Q).

We consider again cubes Pand Py, ..., P, defined exactly as above. By
the same reasoning as above, dist([le, z%], 02) = £(Q). We also define the
curve y' = y'(zk, z}D) which joins z lﬁ to z }D in the same way. In the present
case we have

dist(y’, 9Q) > €(P) > c0£(Q).

Again construct a curve y” = y” (le, ZZQ) which joins le to z2Q by gathering
[ZIQ, Zlﬁ], )//(Z%, Z}D), and y(z}), zzQ). This is contained in CBg (for some
C > 1 possibly depending on y) and satisfies dist(y”, dQ) > ¢ 6% £(Q). From
this fact we deduce that le and ZZQ can be joined by C(6)-good Harnack chain.
Taking I" big enough (depending on C (6)), this implies that the big corkscrews
for Q can be joined by a (cg1")-good Harnack chain, which contradicts Lemma
14.2.

Case 3. Finally suppose that P € End(R ). We consider the same auxiliary
cube P and the same curve y = y(zP, ZQ) satisfying dist(y, 02) > c 6 £(P).

By joining the segments [ZPi, ZPM], we construct a curve y; = ¥, (ZP, ZP)
analogous to y' = y’(z}g, z};) from the case 2, so that this joins zzﬁ to z%; and
satisfies dist(y;, 92) 2 £(P).

We construct a curve y”” that joins z, to z3 by joining y (z}, ZZQ), [ZZQ, z%],
and y} (zzﬁ, z%). Again this is contained in C By and it holds dist(y"”, 9Q) >
c 0 £(P). This implies that z}, and z%, can be joined by C(0)-good Harnack
chain. Taking I" big enough, we deduce the big corkscrews for P can be joined
by a (c6I")-good Harnack chain, which is a contradiction. O

By the definition of V| and V5 it is clear that the properties (a), (b) and (c)
in Lemma 14.3 hold. So to complete the proof of the lemma it just remains to
prove (d) and (e).

Proof of Lemma 14.3(d) Let x € (V1 U dV,) N 10Bg/. We have to show that

there exists some S € End(R’) such that x € 2Bg. To this end we consider
y € dQ2such that |x — y| = dq(x). Since xpr € 912, it follows that y € 20Bp.

Let S € End(R’) be such that y € S. Observe that

£(S) = 7—=dr(y) =

81
= 300 = 300 (€(R) +20r(Bg)) = (R < 3 Z(R)

300
(14.7)
We claim that x € 2Bg. Indeed, if x ¢ 2By, taking also into account (14.7),
there exists some ancestor Q of S contained in 100 B/ such that x € 2B and
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da(x) = |x —y| = £(Q). From the fact that § C Q C 100Bg’ we deduce that
0 € Twsac(R'). By the construction of the sets U;(Q), it is immediate to
check that the condition that 8 (x) &~ £(Q) implies that x € U1(Q) U Uz(Q).
Thus x € ViU Va andso x ¢ d(Vy U V,) = 0V U dV, (for this identity we
use that dist(Vy, V) > 0), which is a contradiction. O

To show (e), first we need to prove the next result:

Lemma 14.8 For eachi =1, 2, we have

aVin10Bp ¢ | ) 0Ui(Q).
0cEnd(R")

Proof Clearly, we have

avin10Bg c | aupyu | aUi(Q).
PeTwspc(R): Q<cEnd(R)):
PNI10By #0 ON10B g #2
So it suffices to show that
U U;(P)NA3V; N10Br = 2. (14.8)

PeTwspc(R):
PN10Bg #£0

Letx € oU;(P) N dV; N 10Bg/, with P € 'NI'WSBC(R/), PN10Bg # 2.
From the definition of U; (P), it follows easily that

sa(x) = e (P). (14.9)
On the other hand, by Lemma 14.3(d), there exists some Q € /EBH(R/ ) such
that x € 2B(. By the definition of U;(Q), since 6 K ¢, it also follows easily
that
{y €2Bg :8a(y) > e'/20(Q)} Cc ViU V.
Hence, dist(dV; N 2Bg, Q) < &!/2¢(Q), and so
Sa(x) < &'?e(0). (14.10)

We claim that £(Q) < £(P). Indeed, from the fact that x € dU;(P) C
30Bp, we infer that

30Bp N2Bg # <.
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Suppose that £(Q) > £(P). This implies that Bp C 33B(. Consider now a

cube S C P belonging to EF]H(R’). Since Bs N 33Bg # &, by Lemma 14.1
(b) we have

Q) = L(S) = £(P),
which proves our claim. Together with (14.9) and (14.10), this yields
e/ (P) S e S e u0) S up),

which is a contradiction for ¢ small enough. So there does not exist any x €
aU;(P) N aV; N 10Bg/, which proves (14.8). O

Proof of Lemma 14.3(e) Let P € End(R’) be such that 2Bp N 10Bg # &.
The statement (i) is an immediate consequence of Lemma 14.6. In fact, this
lemma implies that any y € 2Bp such that g(p,y) > y £(P)o(Ry)~! is
containedin U1 (P)UU,(P) and thusin ViU V;. Inparticular, y ¢ d(VIUV;) =
oV UaV,. Thus,if y € 2Bp N adV;, then

L(P)

gp,y) <v o(Ro)’

Itis easy to check that this implies the statement (i) in Lemma 14.3(e) (possibly
after replacing y by Cy).
Next we turn our attention to (ii). To this end, denote by Jp the subfamily

of the cubes Q € End(R’) such that 30By N 2Bp # @. By Lemma 14.8,

av;n2Bp C | J 8U:;(Q)N2Bp. (14.11)
QelJp

We will show that

D" <Pyt and ) o”(B') Sl (CBp), (14.12)
IeWp 1eWp

where Wp is the family of Whitney cubes / C ViU V5 such that 1.17 0d(V; U
V) N 2Bp # &. To this end, observe that, by (14.11) and the construction
of U;(Q), for each I € Wp there exists some Q € Jp such that I C 30B¢
and either £(1) ~ 0€(Q) or 1.11 N 8§Q # . Using the n-ADRity of o, it is
immediate to check that for each Q € Jp,

Yo" S Q)"
1C30Bgp:
UI)=0L(Q)
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Also,

Y s > H'QIN3Bg) < H"(3Bg) S Q)"
Tew: _Iew
1.1IN3Bo#92 1.1IN3Bo#92

Since the number of cubes Q € Jp is uniformly bounded (by Lemma 14.1(b))
and £(Q) ~ £(P), the above inequalities yield the first estimate in (14.12).
To prove the second one we also distinguish among the two types of cubes
I € Jp above. First, by the bounded overlap of the balls B such that £(1) =
0 £(Q), we get
> wf(B") S P (CBp), (14.13)
1C30By
UDH=~0L(Q)

since the balls B! in the sum are contained CBp for a sultable universal
constant C > 1. To deal with the cubes I € )V such that 1. 17n BBQ # T we
intend to use the thin boundary property of BQ in (14.3). To this end, we write

Yoo wPBH=Y Y wPB) Y 0 Uyt giamig)@B))-
Iew: k>0 TeW: k>0
L1TN3Bp#2 1.1TN3Bo#2

n=27"6(Q)
where U;(A) stands for the d-neighborhood of A. By (14.3) it follows that
of Uy-k40)(3Bg)) £ 27*wP(C'By),
and thus

> (B Sw”(C'Bg) S’ (CBp),

_Teyy:
1.1INdBo#@

for a suitable C > 1. Together with (14.13), this yields the second inequality
in (14.12), which completes the proof of Lemma 14.3(e). O

15 Proof of the key lemma

We fix Rp € D and a corkscrew point p € 2 as in the preceding sections. We
consider R € Top,(jN) and we assume Tywsgc(R) # @, as in Lemma 14.3. We
let R € Twsec(R) be such that £(R") = 27k0¢(R), with kg = ko(y) > 1 big
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enough. Given A > Oand i = 1, 2, we set

Hi(R") = {Q & Stopwsac(R)ND(R)NG : g(p, 2y) > A E(Q) o (R) ™'},

(15.1)
so that by Lemma 12.3, Stopyyggc(R) ND(R')NG = H{(R") UH2(R'). Here
we are assuming that the corkscrews ziQ belong to the set V; from Lemma 14.3,
that X is small enough, and we are taking into account that, by the arguments
in Sect. 13.4, any corkscrew for Q can be joined to one of the big corkscrews
z 1Q by some C-good Harnack chain.

Lemma 15.1 (Baby Key Lemma). Let p, Ry, R, R’ be as above. Given ). > 0,
define also H; (R") as above. For a given t > 0, suppose that

a( U Q)zro(R’).
QeH; (R))

If y is small enough in the definition of V; in Lemma 14.3 (depending on t
and ).), then

£(R))
o(Ro)’

g(pa ZiRl) Z C()"a t)

Remark that I" depends on y (see Lemma 14.3), and thus the families
WSBC(I"), Stopyyspc(R), Hi (R’) also depend on y . The reader should thing
thatI' - coasy — 0.

A key fact in this lemma is that the constants A, 7 can be taken arbitrarily
small, without requiring ¢ — 0 as At — 0. Instead, the lemma requires
y — 0, which does not affect the packing condition in Lemma 13.2.

We denote

Bdy(R") = U We,
PE€ENd(R"):2BpN10B £
with Wp as in the Lemma 14.3. That is, WWp is the family of Whitney cubes
I C ViUVysuchthat 1.17 Na(Vy U V) N2Bp # &. So the family Bdy(R")
contains Whitney cubes which intersect the boundaries of V; or V, and are
close to 10Bg:.

Let us introduce some extra piece of notation. Given ¢ € R**! and 0 <
r <s welet

A(g.,r,s) = B(q,s)\B(q,r).

To prove Lemma 15.1, first we need the following auxiliary result.
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Lemma 15.2 Let p, Ry, R, R be as above and, fori = 10r2, let Q € H;(R').
Let V; be as in Lemma 14.3 and let g € Q2 be a corkscrew point for Q which
belongs to V;. Denote r = 2¢(R’) and for § € (0, 1/100) set

Al ={x € A(g.r.2r)NQ: 8q(x) > 87}

r =

Then we have

1 ’
g(p.q) T — sup $p.y)

g(q, x)dx
yeAiny; da(y) Al

80{/2
bom [ ewds [ sqnds
r A(q,r,2r) A(q,r,2r)

Z ! } YV _v ) )|d
i ﬁ/yg(p,x 8(q,x) —Vg(p,x)g(g,x)|dx.

IeBdy(R’)

Let us note that the fact that g is a corkscrew for Q contained in V; implies
that dist(g, 0V;) = £(Q), by the construction of the sets V; in Lemma 14.3.

Proof We fix i = 1, for definiteness. Recall that V| = (J Iew 1.11int(/). For
each I € W), consider a smooth function n; such that xp9;7 < 17 < x1.091
with [|[ V17 lleo < €)™ and

~

ni= Y m=1 onVinloBg\ | J 2I
Iew, IeBdy(R")

It follows that suppn C V1 and so suppn N V, = &, and also

supp(Vn) N 10Bg C U 21.
1€Bdy(R")

Let ¢o be a smooth function such that xg.1.2r) < @0 < XB(g,1.8r), With
IVgolloo < 1/r. Then we set

¢ = neo-

So ¢ is smooth, and it satisfies

supp Vo C (A(g.r.2rynvi)u ) 2L
IeBdy(R")

Observe that, in a sense, ¢ is a smooth version of the function x g, )Ny, -
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Since g(p,q) = g(p,q) ¢(q) and g(p, -) ¢ is a continuous function from
1,2
Wy~ (€2), we have

2(p.q) = / V(£(p. ) 9)(x) Vg(g, x) dx
Q
= / g(p,x)Vo(x) Vg(q, x)dx +/ o(x) Vg(p,x)Vg(g,x)dx
Q Q
=51 + b.
First we estimate I. For ¢ with 0 < ¢ < 1/10, we consider a smooth

function @ such that (. esa(q) < e < XB(g.2¢80(q)> With [[V@elloo <
1/(e6a(q)). Since ¢, ¢ = ¢., we have

I = /Q 02 (x) Vg(p. ) Vg(q. x) dx

+/Q<P(x)(1 — ¢e(x)) Vg(p, x) Vg(q, x) dx

= IZ,a + 12,b~

To deal with I , we use the fact that for x € B(q, 2¢dq(q)) we have

1 g(p.q)
Ve(g, )| S — and [Vg(p,x)| S =——-.
lx —¢| 5a(q)
Then we get
g(p,q) 1 gp,q)
o) < 21 dx < 2 e s0(q) = e g(p.q).

3a(q) JB(g. 2650 1X —ql" T Salq)

Let us turn our attention to I ;. We denote ¥ = ¢(1 — ¢, ). Integrating by
parts, we get

Iy = / Ve(p.x) V(Y g(q. )(x) dx — / Ve(px) VU (x) g(q,x)dx.

Observe now that the first integral vanishes because ¥ g(q, -) € WOI’Z(Q) N
C () and vanishes at 32 and at p. Hence, since Vi = Vg — Vg,, we derive

by = —/Vg(p,X)V(p(X) g(q,X)dX+/Vg(p,X)V<pe(X) 8(g,x)dx = I3+ 4.
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To estimate /4 we take into account that Ve, | S Xa(q,50(¢),2¢52(¢)/ (€82(9)),
and then we derive

[14] S

IVg(p, x) g(gq, x)dx.
£82(q) J aq.e50(¢).2650(@)

Using now that, for x in the domain of integration,

1 g(p.q)
(q.x) S ————— and |Vg(p.x)| < &L
84 (€ 8(q)" ! 8P 52()
we obtain
1 1 (p. q)
1] < 8D (¢ 50(g)" < eg(p.q).

~ e8a(q) (e8a(@) 1 Salq)
From the above estimates we infer that
gp,q) =L+ Il +ceg(p,q).

Since neither /1 nor I3 depend on ¢, letting ¢ — 0 we get

gp,q) < I + I3]

/g(p,X) Vo(x) Vg(g, x)dx —/Vg(p,X) Vo(x) g(g, x)dx

=

f/lvw(x)lig(p,X) Vg(g.x) — Vg(p.x) g(q. x)| dx.

We denote

F = U 21,

IeBdy(R)
A =[x € A(q, 1.2r, 1.8r) N VI\F : 8q(x) > 87},

r =
and
Ars =[x € Ag, 1.2, 1.8r) N VI\F : 8q(x) < 8r}.
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Next we split the last integral as follows:
¢p.0) = [ 190001 [e(p.x) Velg. ) = Ve(p. ) glq.0)| d
A
+ /~ V000l |2(p, x) V&g, x) — V(p, x) 8(q, )| dx
Ar,(S

+ /ﬁ Vo)l |g(p,x) Vg(g. x) — Vg(p,x) g(q, x)|dx

=N+ N+ J3 (15.2)

Concerning Ji, we have

g(p,x) and Ivg(q,x)lﬁg(q,zd

forall x € Xf
dq(x) da(x)

IVe(p,x)| <
Thus, using also that [Vg| < 1/r outside F,

1 ,
n<l oqp 82N /g(q,x)dx. (15.3)
" yeasny, 0a(x) A

Regarding J;, using Cauchy—Schwarz, we get

1
S S ;/Z |g(p.x) Vg(q.x) — Vg(p.x)g(q,x)|dx
ré

1 1/2 1/2
< - (/~ g(P,x)zdx> (/~ |Vg(q,x)|2dx>
4 Ars Ars
X 12 12
41 (/N |Vg<p,x)|2dx> (/ g(q,x)de> . (154)
r Aps Ars

To estimate the integral f A g(p, x)* dx, we take into account that, for all

X € Ar,(S,

g(p,x) S &% ][ g(p,y)dy.
A(q,r,2r)

Then we deduce

2 8% ?
/~ g(p,x) dx < | </ g(p,x) dx) .
Ars r A(q,r,2r)
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Next we estimate the integral |’ A, |Vg(q, x)|*dx. By covering K,,,g by a
finite family of balls of radius /100 and applying Caccioppoli’s inequality to
each one, it follows that

1
/, V(g x)dx < — g(q.x)* dx.
Ars r A(q,1.1r,1.9r)

Since
g(g,x) < ][ g(qg,y)dy forallx € A(g, 1.1r,1.97),
A(q,r,2r)

we get

1
/N IVe(g.x)*dx < — g(q,x)* dx
Ars r= JA(g,1.1r,1.9r)

1 2
<
S g(q,x) dx) .
i3 (/A(q,r,Zr)

So we obtain

12
(/N g(p,x>2dx) (/N |Vg<q,x>|2dx>
Ar,S Ar,é

80{/2
S n+2/ g(p,x)dx / g(q, x)dx.
r A(q,r,2r) A(q,r,2r)

By interchanging, p and ¢, it is immediate to check that an analogous estimate
holds for the second summand on the right hand side of (15.4). Thus we get

1/2

S n+3/ g(p,x)dx/ g(q, x)dx. (15.5)
r A(q,r,2r) A(q,r,2r)

Concerning J3, we just take into account that |[Vg| < 1/€(1) in 21, and
then we obtain

1
B3 S Z D / |g(p.x) Vg(q,x) — Vg(p.x)g(q,x)|dx.
1eBdy(R) 21
Together with (15.2), (15.3), and (15.5), this yields the lemma. O
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Proof of Lemma 15.1 We fix i = 1, for definiteness. By a Vitali type cover-
ing theorem, there exists a subfamily H;(R’) C H;(R’) such that the balls
{8BQ}Q€|7|1(R/) are disjoint and

Y @S Y, o).

QeH(R) et (R)

By Lemma 15.2, for each Q € ﬁl(R/) we have

1 g(p,y)
g(p,zQ)‘< - sup 5 g(zp. x)dx
I ye2Bpnvisemzser) 920 Jach.rn

80!/2 |
bom [ epwdx [ g
r A(z}2 r,2r) A(ZlQ r,2r)

> (1)/‘“” ) Vg(zg.x) = Vg(p,x) g(zp, )| dx

1eBdy(R")

=:11(Q) + L(Q) + I5(0),

with r = 2£(R’). Since g(p, z)) > 1+ £(Q)/0 (Ro), we derive

MoRYSK Y (@S Y, &p.zp) Q)" o (Ro)

QeH; (R") 0efi (R)

3
<3S Y L@ U o(Ro). (15.6)
J=1 geH,(R")

Estimate of 3, .\, g 11(Q) £( Q)"

We have

> h@uo!
QeH (R
1 g(p,y)
- sup
T ye2BpNVi:ba(y)=st(R) 92(Y)

< / gz, ) dx £(Q)" .
0c H (R") A(ZQ r,2r)
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Note now that

> / g(zlg,x)dxz(Q)"—l,ﬁ/ Y 0'(4Q)dx
A(ZQ,r,Zr)

QeH (R 2B o cFiy (R

5/ ldx < e(R)Y™H,
2By

where we used the fact that the cubes 40, with Q € ﬁl(R/ ), are pairwise
disjoint. Since r ~ £(R’), we derive

Y n@eor s sup 8P gy,

R VE2B V80 (n=60(R) 02(Y)

Estimate of Y i, (&) 12(Q) £(Q)" !

First we estimate fA(ZIQ r2r) g(p, x) dx by applying Lemma 9.5:

| 0P (8Bg)
Z(R/)”_l

, 0(R) rit2
o(Ry) o(Ro)

/ g(p,x)dx < / g(p.x)dx SLR)'T
A(le r,2r) 2Bpr

S AR

So we have
n—1 5o/ 1 n—1
2. hQUOTIS s ) gz x) dx £(Q)
QeHI(R) O et ry T A0
505/2
< w*(40)dx
r o (Ro) /ZBR/ Z
QeH | (R)
/2 /2 1
L Lax < X2 ®)
ro(Ro) Japy o (Ro)
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Estimate of Y i, (&) 13(Q) €(Q)"

Note first that, foreach I € Bdy(R’), since le ¢ 41, using the subharmonicity
of g(p, ) and g(le, -) in 41, and Caccioppoli’s inequality,

1 / ) 1 1
L[ e(r v Va(zh, ) dx < —— sup g(p,x>/ Ve(h, )] dx
L) 21| Q | L) xe2r 27 Q

S marg(p.) margzg. ).
By very similar estimates, we also get

1

m/zl’vg(”’”g(zb’x)‘dx S e marg(p.) marg(zh. .

Recall now that, by Lemma 14.3(e)(i),

£(P)

marg(p,-) <y o(Ro)

for each I € Wp, with P € End(R’) such that 2Bp N 10Bg # &.

We distinguish two types of Whitney cubes I € Bdy(R’). We write [ € T}
if £(1) > yl/ZE(P) for some P such that I € Wp and 2Bp N 10Bg # 9,
and we write I € T, otherwise (there may exist more than one P such that
I € Wp,butif Wp N Wpr # &, then £(P) ~ £(P’)). So we split

Yo o B@ue " < Y T )"  magg(p, ) magglzy, ) Q)"

0eH (R 0eH, (rR") 1€Bdy(R")
= Z Z-I— Z Z...22S1+SQ. (15.7)
oeH (R €T QeH (R €T

Concerning the sum S| we have

(P
Sisy Y, > > Le(l)"‘—1m41g<zlg,-)6<Q>"“

< = o (Ro)
QeHI(R) PpcEnd(r): 1€WVrNTh
2BpN10B g #2

0% .
1/2 I n—1
Sy ooy o (Rey 4180 ) Q)

QeH|(R") PecEnd(R): 1€Wr
2BpN10By £
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Next we take into account that

00)" " ' masg(zp. ) S @ (40Q),

where x; stands for the center of / and C > 1 is some absolute constant.
This follows from Lemma 9.5 if x; is far from Q, and it can be deduced from
Lemma 9.3 when x; is close to Q (in this case, w*! (4Q) ~ 1). Then we derive
CRTACED SEEED DI DRAICI P

~ o (Ro)

QeH(R") PecEnd(R): 1€Wr
2BpN10B g #2

Since Y5,z @ (4Q) < 1 foreach I, we get

s <yl 2l

Sk 2 2ok
PcEnd(R'): 1€Wr
2BpN10B g1 #2

By Lemma 14.3(e)(ii), we have Z,eWP L()" < £(P)", and so we deduce

sepn y 2 pe®)

~ = o(Ro) ™~ o (Ro)
PecEnd(R'):
2BpNI0B g #2

Next we turn our attention to the sum S5 in (15.7). Recall that

=Y D> e mag(p.) marg(zly. ) €@,

QeH(R)) 1€

Lgt/us remark that we assume the condition that / € WWp for some 2P €
End(R’) such that 2Bp N 10Bg: # & to be part of the definition of I € T>.
Using the estimate m47g(p, -) < w?(BY) (1)1, we derive

AY)

N

Yo > P (B marg(zy, ) L(Q)" !

QeH (R I€T2

= Z Z St Z Z ...=: A+ B.

QEHI (R") 1€T»:20IN20Bp #2 QEHI (R") 1€T>:20IN20Bp=92

To estimate the term A we take into account that if 20/ N 20Bp # & and
I € Wp, then £(P) < £(Q) and thus £(1) < y/?2£(Q) because I € T>. Asa
consequence, I C 21Bg and also, by the Holder continuity of g(zlg, -), if we
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let B be a ball concentric with B! with radius comparable to £(Q) and such
that dist(zy,, B) ~ €(Q), we obtain

r(B")
r(B)

o
mZBIg(Zle ) 5 ( > mBg(Zle ) S ya/z

L
(o1

where o > 0 is the exponent of Holder continuity. Hence,

Ay Y 3 Y wP(B)).

QeHI(R))  peEnd(R): 1€WrNT2
2BpN10B g #2
ZOBPQZOBQ#Q

By Lemma 14.3(e)(ii), we have Z,ewp w?(B') < wP(CBp), and using also
that, for P as above, CBp C C’ B for some absolute constant C ', we obtain

o (Q) Lo (R))
A<y o”(C'Bg) S y*? I ey
Z ¢ Z o (Ro) o (Ro)
QeH(R)) QeH(R)

Finally, we turn our attention to the term B. We have

B= Y Yo @’ BHmagzy ) e

0ch, (R 1€T2:20I1N20Bg=2

= > w’(B") ][ > 8(zp. x) £(Q)" " dx

41~
IeT, QeH| (R"):201M20Bp=2

<Y wh(B) f > " (8Bg) dx.

41~
IeT Q€H(R"):20IN20By =0

We claim now that, in the last sum, if one assumes that 20/ N 20Bp = &,

then dist(I, 8B¢) > ¢ y~'/2£(I). To check this, take P € End(R’) such that
I € Wp. Then note that

1 1
UP) = 355 dR(P) = 355 (dist(xp, Q) + £(Q))

< ﬁ (dist(xp, 1) + diam(J) + dist(/, 8Bg) + C£(Q)).

Using that 1 N 2Bp # @, diam(/) < Cy'/2¢(P) <« £(P), and £(Q) <
dist(/, 8Bg), we get
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[P _ 12
UP) < 2 (dist(1. 8B) +3r(Bp) + CL(Q)) = C dist(1.8Bg) + 3.+ L(P).

which implies that

eI < ey ep) < € y'? dist(1, 8By),

and yields our claim.
Taking into account that the balls {8 B¢} 0chi, (R Are disjoint and the Holder

continuity of ) (32\cy ~/2I), for all x € 41 we get

> 0" (8Bg) S 0  (3Q\cy ~V21) <y
QeH; (R"):201M20Bp=2

Thus,

BSy*? Yy o’B) <y Y Y wl(Bh).

IeD PE/E—EE(R/): IewpnTy
2BpN10Bpr #2

Recalling again that )~y @” (B') S w?(CBp), we deduce

BSy? Y oPCBp Sy Y —j((lfo))swﬂ—;’((ﬁo)).

PcERd(R'): PEERd(R'):
2BpN10B g £0 2BpN10B g £0

Remark that for the second inequality we took into account that P is contained
in a cube of the form 22P" with P’ € Twsgc(R) and £(P’) ~ £(P), by
Lemma 14.1. This implies that w” (CBp) < w?(C'Bp’) < o(P)o(Ry) ™! <
o(P)o(Ry)~ "

Gathering the estimates above and recalling (15.6), we deduce

ao(R) S sup 8P (R o (Ro) + 52 0 (R + y*/2 o (R).

YE2B R NVy:80()=8L(R") 82 (Y)
So, if § and y are small enough (depending on A, t), we infer that

rto(R) < sup 8 Y) Ry (Ry).

YE2BpNVisa (>8R 02(Y)
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That is, there exists some yg € 2B’ N V| with 8q(yg) > 8 £(R’) such that

g(p, yo) S M
sa(y) "~ o(Rg)’

with § depending on A, 7. Since z}e, and yg can be joined by a C-good Harnack
chain (for some C depending on § and y, and thus on A, t), we deduce that

g(p.zp) _ cO, )
LR) "~ o(Ry)’

as wished. O

Lemma 15.3 Let n € (0, 1) and . > 0. Choose y = y (X, t) small enough
as in Lemma 15.1 with t = n/2. Assume that the family WSBC(T") is defined

by choosing T" big enough depending on y (and thus on ) and n) as in Lemma

143. Let R € TOpZN) and suppose that Twsgc(R) # . Then, there exists an

exceptional family Exwspc(R) C Stopyspc(R) N G satisfying

Y. o(P)<no(R)

PeExwspc(R)
such that, for every Q € Stopyspc(R) N G\Exwsec(R), any A-good

corkscrew for Q can be joined to some \'-good corkscrew for R by a C (X, n)-
good Harnack chain, with )" depending on A, 1.

Proof Forany R" € Dy, (R) N Twsec(R), with kg = ko(y), we define H; (R")
asin (15.1), so that

StOpWSBc(R) NGN D(R/) = Hl(R/) U Hz(R/).

For each R/, we set
2
Exwsec(R) = {Q € Hi(R) : X per,r) 0 (P) = ra(R/)}.
i=1

That is, for fixedi = 1 or 2, if ZPeH,«(R/) o(P) < 1o (R), then all the cubes
from H; (R’) belong to Exywsgc(R’). In this way, it is clear that

Y o(P)<2ta(R) =no(R). (15.8)
PeExwspc(R')
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We claim that the A-good corkscrews of cubes from Stopyggc(R) NG N
D(R )\Exwsgc(R’) can be Joined to some - -good corkscrew for R by a
C- -good Harnack chain, with x depending on A, n, and c dependmg on I’
and thus on A, 1 too. Indeed, if QO € H;(R )\EXWSBC(R ) and zQ is A-good
corkscrew belonging to V; (we use the notation of Lemma 15.1 and 14.3),
then ) peH;(r)O(P) > T o (R’) by the definition above and thus Lemma

15.1 ensures that g(p, z’k,) > c(A, T) fgg;)). So z‘k/ is a I—good corkscrew,

which by Lemma 14.3(c) can be joined to ziQ by a C -good Harnack chain. In
turn, this A-good corkscrew for R’ can be joined to some A’-good corkscrew
for R by a C’-good Harnack chain, by applying Lemma 13.4 k( times, with
C’ depending on k( and thus on A and 7.

On the other hand, the cubes Q € Stopysggc(R) N G which are not con-
tained in any cube R’ € Dy, (R) N Twsac(R) satisfy £(Q) > 27%0¢(R),
and then, arguing as above, their associated A-good corkscrews can be joined
to some A’-good corkscrew for R by a C’-good Harnack chain, by applying
Lemma 13.4 at most kg times. Hence, if we define

Exwsec(R) = | ] Exwssc(R).
R'€Dyy (R)

taking into account (15.8), the lemma follows. O

Proof of the Key Lemma 13.3 We choose I' = I'(A, n) as in Lemma 15.3 and
we consider the associated family WSBC(T"). In case that Tyysgc(R) = &,
we set EX(R) = @. Otherwise, we consider the family Exysgc(R) from
Lemma 15.3, and we define

Ex(R) = (Exwssc(R) N Stop(R)) U U (SubStop(Q) N G).
QeExwspc(R)\Stop(R)

It may be useful for the reader to compare the definition above with the partition
of Stop(R) in (13.3). By Lemma 15.3 we have

Yo ey Y. a(P)<no(R).

PeEX(R) QeExwspc(R)

Next we show that for every P € Stop(R) N G\EX(R), any A-good
corkscrew for P can be joined to some A’-good corkscrew for R by a C (A, n)-
good Harnack chain. In fact, if P € Stopyggc(R), then P € Stopyspc(R)N
G\Exwsgc(R) since such cube P cannot belong to SubStop(Q) for any
Q € Stopyspc(R)\Stop(R) (recall the partition (13.3)), and thus the
existence of such Harnack chain is ensured by Lemma 15.3. On the other
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hand, if P ¢ Stopyspc(R), then P is contained in some cube Q(P) €
Stopywsec(R)\WSBC(T"). Consider the chain P = S C S C -+ C Sy =
Q(P), so that each S; is the parent of S;_1. For 1 <i < m, choose inductively
a big corkscrew x; for S; in such a way that x; is at the same side of L p as the
good A corkscrew zp for P, and x; is at the same side of Lg, as x; for each
i. Using that bB(S;) < Ce < 1 for all i, it easy to check that the line obtained
by joining the segments [zp, x1], [x1, X2],-..,[Xm—1, Xm] 1S @ good carrot curve
and so gives rise to a good Harnack chain that joins zp to x,,. It may happen
that x,, is not a A-good corkscrew. However, since Q(P) ¢ WSBC(T"), it turns
out that x,, can be joined to some c¢3-good corkscrew z(p) for Q(P) by some
C(I")-good Harnack chain, with c3 given by (12.2) (and thus independent of
A and n), because Q(P) € G. Note that since A < c3, zg(p) is also a A-good
corkscrew. In turn, since Q(P) ¢ Exwssc(R), Zg(p) can be joined to some
A’-good corkscrew for R by another C’(1, n7)-good Harnack chain. Altogether,
this shows that zp can be connected to some A'-good corkscrew for R by a
C” (X, n)-good Harnack chain, which completes the proof of the lemma. O

Below we will write EX(R, X, 1) instead of EX(R) to keep track of the
dependence of this family on the parameters A and 7.

16 Proof of the main Lemma 10.2
16.1 Notation
Recall that by the definition of Gé{ in (13.2), > ReTop X r(x) < K for all

X € G(I)( . For such x, let Q be the smallest cube from Top that contains x, and
4(Ro)

denote ng(x) = log, 70 50 that Q € Dy x)(Ro). Next let Ng € Z be such
that
o({x € G§ : no(x) < No — 1}) > %G(G{){),
and denote
G ={x € G§ i no(x) < No—1}.
Fix
N =Ny—1,
and set

T/ = Dn(Ro) U Top{™,

a
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and also
T, = Topy\ D (Ro)
(N)

(recall that Top,"’ and TopzN) were defined in Section 13.2). So if R €

T/\Dn(Ro), then Stop™ (R) coincides the family of sons of R, and it R € T,
this will not be the case, in general. Next we denote by T, and T), the respective
subfamilies of cubes from T/, and T} which intersect G .

For j > 0, we set

Ti:{ReTb: Z XszonR}.
QeT,:0DR

We also denote

siz{QeD:QeStopN(R)forsomeReTi}, szusj’
J

and we_let Té be the subfamily of cubes R € T, such that there exists some
Qe Sljj_1 such that Q D R and R is not contained in any cube from S’lj with
k> j.

16.2 Two auxiliary lemmas

Lemma 16.1 The following properties hold for the family T}y:

(a) The cubes from T}) are pairwise disjoint and cover 56( , assuming No big
enough.

(b) If R € T}, then £(R) ~g £(Ryp).

(c) Given R € D(Rg) with£(R) > c £(Ro) (for example, R € Tllj) and > 0, if
ZR isa A-good corkscrew point for R, then there is a C (A, c)-good Harnack
chain that joins zg to p.

Proof Concerning the statement (a), the cubes from Tll7 are pairwise disjoint
by construction. Suppose that x € 56( is not contained in any cube from T}y.
By the definition of the family Top”, this implies that all the cubes Q C Rq
with 27N 2(Rg) < £(Q) < 2719¢(Ry) containing x belong to T,. However,
there are at most K cubes Q of this type, which is not possible if N is taken
big enough. So the cubes from Tllj cover Gé{ .

The proof of (b) is analogous. Given R € T}), all the cubes Q which contain
R and have side length smaller or equal that 2~'9¢(Ry) belong to T,. Hence
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there at most K — 1 cubes Q of this type, because 55 N R # &. Thus,
2(R) = 2= K=10¢(Ry).
The statement (c) is an immediate consequence of (b) and Lemma 12.4. O

Lemma 16.2 Let Q € T, U Ti for some j > 2 and let zp be a A-good
corkscrew for Q, with ). > 0. There exists some constant yy(A, K) > 0 such if
2(Q) < yo(h, K) £(Ry), then there exists some cube R € Sy such that R D Q
with a A'-good corkscrew zg for R such that zg can be joined to zg by a
C (X, K)-good Harnack chain, with )" depending on )\ and K.

Proof We assume yp(A, K) > 0 small enough. Then we can apply Lemma
12.5 K + 1 times to get cubes Ry, ..., Rx1 satisfying:

e QCRICRC - C Rigqrand ((Rg41) < 27'0U(Ry),

e cach R; has an associated 1'-good corkscrew zg, (with A" depending on
A, K) and there exists a C(A, K)-good Harnack chain joining zp and
ZRy» -+ s ZRg41-

Since Q N 55 # @, at least one of the cubes Ry, ..., Rgy1, say R, does
not belong to Top. This implies that R; € TM(R) for some R € T. Let
R € Stop(N )(E) be the stopping cube that contains Q. Then Lemma 14.3
ensures that there is a good Harnack chain that connects zg; to some corkscrew
zg for R. Notice that £(R;) ~; g £(Q) =, k £(R) because 0 C R C R;.
This implies that g(p, zr) ~k,» 8(p, 2r;) Xk » (P, 20). Further, gathering
the Harnack chain that joins z¢ to zz and the one that joins zg; to zg, we
obtain the good Harnack chain required by the lemma. O

16.3 The algorithm to construct good Harnack chains

We will construct good Harnack chains that join good corkscrews from “most”
cubes from Dy (Rp) that intersect G(I)( to good corkscrews from cubes belong-
ing to R € T}, and then we will join these latter good corkscrews to p using
the fact that £(R) ~ £(Rg). To this end we choose 1 > 0 such that

1 o(GK)
e :
2K o (Ro)

and we denote

m = max »  xr(x)

x€Gy ReTy,

(so that m < K) and we apply the following algorithm: we set a,,+1 = ¢3, SO
that (12.2) ensures that foreach Q € T,UT), there exists some good a,,+1-good
corkscrew zg. For j =m,m—1, ..., 1, we perform the following procedure:
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(1) Join aj11-good corkscrews of cubes Q from Té“ U TZH such
that £(Q) < c;. £(Rp) to a;. -good corkscrews of cubes R(Q) from

SjuU...U Si by C’.-good Harnack chains, with a;. < ajt1,so that
R(Q) is an ancestor of Q. This step can be performed because of

Lemma 16.2, with c’j = yo(aj+1, K) in the lemma. The constants
/ /
AL

(2) Set

a and C} depend on a4 and K.

NC; = U EX(R,a;-,n),

ReTl{

and join a;. -good corkscrews for all cubes Q € S{; \NC; toa-good

corkscrews for cubes R(Q) € T,J? by C;-good Harnack chains, with
a;j < a’,sothat R(Q) is an ancestor of Q. To this end, one applies
Lemma 13.3, which ensures the existence of such Harnack chains
connecting a;. -good corkscrew points for cubes from SZ/; \NC; to

aj-good corkscrew points for cubes from TZ. The constants a; and
Cj depend on a; and K.

After iterating the procedure above for j = m, m—1..., 1 and joining some
Harnack chains arisen in the different iterations, we will have constructed C-
good Harnack chains that join a,,1-good corkscrew points for all cubes Q €
T, not contained in U_T:] Up eng; Ptoar -good corkscrews of some ancestors

R(Q) belonging either T; or, more generally, such that £(R(Q)) = £(Rp). The
constants ¢, a’,, a j» Cj worsen at each step j. However, this is not harmful
because the number of iterations of the procedure is at most m, and m < K.
Denote by Iy the cubes from Dy (Rp) which intersect Gg and are not
contained in any cube from {P € NC; : j = 1, - - - m}. By the algorithm above
we have constructed good Harnack chains that join a,,+1-good corkscrew
points for all cubes Q € Iy to some aj-good corkscrew for cubes R(Q) €
D(Rp) with £(R(Q)) =~ £(Rp). Also, by applying Lemma 16.1 (c) we can
connect the aj-good corkscrew for R(Q) to p by a good Harnack chain.
Consider now an arbitrary point x € G(I)( N Q, with QO € Iy. By the
definition of 5(1)( and the choice N = Ny, all the cubes P € D containing x
with side length smaller or equal than £(Q) satisfy b8(P) < e. Then, by an
easy geometric argument (see the proof of Lemma 13.3 for a related one) it is
easy to check that there is a good Harnack chain joining any good corkscrew
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for Q to x. Hence, for all the points x € J oery @ N 55 there is a good
Harnack chain that joins x to p.
Finally, observe that, for each j, by Lemma 13.3,

Yoo)y=> Y  o(P)<n ) o(R) <no(Ro)

PeNC; ReTi PeEx(R,a;,n) ReTi
1 ~
K
< —0(Gy).
=5z (Gy)

Therefore,

Z Z a(Go><—o<GO>
j=1PeNC

and thus

> 0@z 0@ -2 Y 0Pz 50GH) <o),

Qely Jj=1PeNC;

This finishes the proof of the Main Lemma 10.2. O

Appendix A: Some counter-examples

We shall discuss some counter-examples which show that our background
hypotheses in Theorem 1.1 (namely, n-ADR and interior corkscrew condi-
tion) are natural, and in some sense in the nature of best possible. In the first
two examples, 2 is a domain satisfying an interior corkscrew condition, such
that 0€2 satisfies exactly one (but not both) of the upper or the lower n-ADR
bounds, and for which harmonic measure w fails to be weak-A , with respect
to surface measure o on 9€2. In this setting, in which full n-ADR fails, there
is no established notion of uniform rectifiability, but in each case, the domain
will enjoy some substitute property which would imply uniform rectifiability
of the boundary in the presence of full n-ADR. Moreover, these examples may
be constructed in such a way that the failure of the condition (either upper or
lower n-ADR) can be expressed quantitatively, with a bound that may be taken
arbitrarily close to a true n-ADR bound; see (A.3) and (A.6) below.

In the last example, we construct an open set 2 with n-ADR boundary, and
for which w € weak-A., with respect to surface measure, but for which the
interior corkscrew condition fails, and €2 is not n-UR.
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Example 1 Failure of the upper n-ADR bound. In [8], the authors construct
an example of a Reifenberg flat domain Q C R"*! for which surface measure
o = H"| yq is locally finite on 9€2, but for which the upper n-ADR bound

o(A(x,r)) <Cr" (A.1)

fails, and for which harmonic measure w is not absolutely continuous with
respect to o. Note that the hypothesis of Reifenberg flatness implies in par-
ticular that Q and Q,,; := R"t! \5 are both NTA domains, hence both enjoy
the corkscrew condition, so by the relative isoperimetric inequality, the lower
n-ADR bound

o(A(x,r)) >cr" (A2)

holds. Thus, it is the failure of (A.1) which causes the failure of absolute
continuity: in the presence of (A.1), the results of [21] apply, and one has that
w € Ax(0), and that 02 satisfies a “big pieces of Lipschitz graphs” condition
(see [21] for a precise statement), and hence is n-UR. We note that by a result
of Badger [10], a version of the Lipschitz approximation result of [21] still
holds for NTA domains with locally finite surface measure, even in the absence
of the upper n-ADR condition.

In addition, given any ¢ > 0, the construction in [8] can be made in such a
way that (A.1) fails “within £”, i.e., so that

o(A(x,r) <Cr"%, VYxedQ,r<l. (A.3)

Let us sketch an argument to explain why this is so; we refer the interested
reader to [8] for more details.

The domain €2 in [8] is obtained by enlarging a Wolff snowflake, that we
will denote here by D. Both 2 and D are é-Reifenberg flat, with § as small
as wished in the construction (recall that Wolff snowflakes can be taken §-
Reifenberg flat, with 6 as small as wished).

It is shown in [8, Theorem 3.1] that forall x € 9Q and r < 1,

H"(B(x,r)NaR) < max(r, r* u(B(x, Cr))) < max(r", u(B(x, Cr)))
(A4)
where p is some measure supported on d D satisfying u(B(x, r)) 2 r"~¢ for
all x in some compactset £ C 92N d D, and some @ > 0. In the construction
in [8], the authors take u = wp, the harmonic measure for D. Further, from
results of Kenig and Toro it follows that harmonic measure in a §-Reifenberg
flat domain D satisfies

wp(B(x,r)) Sr'"fwp(B(x,1)), Vxe€edD,r <1,
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with e — 0as§ — 0 (see [40, Theorem 4.1]). As a consequence, the measure
| satisfies

w(Bx,r) <r"f VxeR"™ r <1,
with ¢ as small as wished depending on §. From (A.4), it follows that
H"(B(x,r)N o) Smax(r", r" %) <r"™*, VxedQ,r <1.

Example 2 Failure of the lower n-ADR bound. In [2, Example 5.5], the authors
give an example of a domain satisfying the interior corkscrew condition, whose
boundary is rectifiable (indeed, it is contained in a countable union of hyper-
planes), and satisfies the upper n-ADR condition (A.1), but not the lower
n-ADR condition (A.2), but for which surface measure o fails to be abso-
lutely continuous with respect to harmonic measure, and in fact, for which the
non-degeneracy condition

A C Ay:=B(x,1080(x))N3Q, o(A)=(1-no(Ay) — o' (A)>c,

(AS)
fails to hold uniformly for x € €2, for any fixed positive n and c, and therefore
w cannot be weak-A », with respect to o. We note that in the presence of the full
n-ADR condition, if €2 were contained in a countable union of hyperplanes (as
it is in the example), then in particular it would satisfy the “BAUP” condition
of [23], and thus would be n-UR [23, Theorem 1.2.18, p. 36].

Moreover, given any ¢ > 0, the parameters in the example of [2] can be
chosen in such a way that the lower ADR bound fails “within €7, i.e., so that

H"(A(x,r)) 2 min(r"¢ "), Vx € 9Q. (A.6)

To see this, we proceed as follows. We follow closely the construction in [2,
Example 5.5], with some modification of the parameters. Fix ¢ > 0, and set

= o—k(n+e)
Fork > 1,and n > 2, set

o= {0 e RE 1 =27F x e A0, 27k ¢y) + e 2",

where for x € R", A(x,r) :={y € R" : |x — y| < r} is the usual n-disk of
radius r centered at x. Define

Q=R (U2, %), Q=R
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each of which is clearly open and connected. Notice that €2 satisfies the inte-
rior Corkscrew condition (since the sets Xy are located at heights which are
sufficently separated). Moreover, it is easy to see that d€2 satisfies the upper
ADR condition and that R"” x {0} C 0€2.

On the other hand, the lower ADR bound fails. To see this, let X = (x, 0) €
02, and choose my , € Z" and Xy = (cx my x, 2_") € X C 0% such that
X; — X.Set By = B(Xy, 27%72), and observe that H" (B; N 9Q)/(27*") ~
27kne s (0 as k — oo, or equivalently

H"(By N 3Q) ~ rite,

where By has radius r, ~ 27X, and ¢/ = ne. We shall show that this behavior
is in fact typical, and that (A.6) holds, with &” in place of &.

Let ) := wg) and a),(c') = a)gz)k denote harmonic measure for the domains
Q and €2 respectively.

Claim o) (F) = 0, with F := R” x {0}. Thus, in particular (A.5) fails.

It remains to verify (A.6), and the claim. As regards the former, note that
for X = (x,0) € F, we have the trivial standard lower n-ADR bound
H"(A(X,r)) 2 r", whereas for X = (x, 27%) € Tk, we have

r’, r <2 ¢,

2*](”8(:,’(’, 2 ke <r < ¢y
2—kn8rn’ ck<r < 2—k+1

r, ro> 2 k+l

H"[yo(B(X,r) = H" [yo,(B(X, 1)) =

(A7)
The first and fourth of these estimates are of course the standard lower n-ADR
bound. For r < ¢, the second estimate is bounded below by 27¢;" and
in turn, with » < 27K, the second and third estimates are therefore bounded
below by

g—kne,n > ntne _ rn+e/
which yields (A.6) with ¢’ = ne in place of &.
Let us now prove the claim. We first recall some definitions. Given an open

set O C R"*! and acompactset K C O, we define the capacity of K relative
to O as

cap(K, O) = inf {// IVo|?dY : ¢ € C(0), ¢ > 1in K}.
o
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Also, the inhomogeneous capacity of K is defined as

Cap(K) = inf {// 1 (11> + 1Vo*)dY : ¢ € CCR), ¢ > 1in K} .
Rn+

Combining [25, Theorem 2.38], [1, Theorem 2.2.7] and [1, Theorem 4.5.2] we
have that if K is a compact subset of B, where B is a ball with radius smaller
than 1, then
cap(K, 2B) 2 Cap(K) Z sup j(K) (A.8)
N

where the implicit constants depend only on #n, the sup runs over all Radon
positive measures p supported on K, for which

LuBX.0) di_

pro X 1, VX € supp .

W (X) = /
0

Fix k > 2, and set

B =Pk = 2k(n—1)ck — pk(n=Dy—k(nte) _ 2—k(1+s),
by definition of ck. Our next goal is to show that

cap(B(Xo, $)NZk, B(X0,25)) 25", Xo:=(x0,27 ") e Ty, p<s < 1.

(A.9)
For a fixed X and s, write K = B(Xo, s) N &, set u = 2k¢s~1 H"| ¢, and
note that for X € K, similarly to (A.7), we have

r’, r <2 %¢,
—kne .n —ck
kne —1 ) 2 Cr> 27% ¢ <1 <
B(X,r)) = 2"°s A.10
M( ( )) 2—kn8rn, ck<r<s ( )
p—knegn o g

To compute W () (X) for X € K write

1 B(X Z_Ekck Ck s 1
woooo = [ HEEDE - [T [Ty ]
0 t t 0 2-¢key Cr K

= I +I11+1I1+1V.
Then, since s > g = 2K(t=D¢, = p—k(1+e)

00
I+11 5 pkne —1 (2—skck +2—kn£c]r<l/ ﬂ) § zsk(n—l)cks—l S, 1.
2

—skck t
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Furthermore, the last two estimates in (A.10) easily imply that 711 +1V <1
and hence W(u)(X) < 1 forevery X € K. This, (A.8), and (A.10) imply as
desired (A.9):

cap(B(Xo, 5) N g, B(Xo,25)) 2 w(K) = 5" L.
Set
P = {<X,2_k —,3> € R’fl i x € R”},
and observe that for X € P,
B < 8k (X) :=dist(X, 0Q) = dist(X, ) < 28.
Recall that F = R" x {0}, and define
w(X) = wp (F), X €.

Observe that u € W12(Q) N C(Qy) since 9 is ADR (constants depend
on k but we just use this qualitatively) and yx is a Lipschitz function on 9 2.
Fix Zy € Py and let Z) € % be such that |Zg — Z;| = dist(Zp, Q%) < 28.
Let Qz, = QN B(Z(’), %2_"), which is an open connected bounded set. We
can now apply the usual capacitary estimates (see, e.g., [25, Theorem 6.18])
to find a constant « = «a(n) > 0 such that

2—k—2

u(Zo) < exp (—a/ ﬁ) ~ (2K)* = 27k,
3 S

where we have used (A.9), the definition of 8, and the fact that # = 0 on
Q2 N B(Z), 2~ k=1, Note that the last estimate holds for any Zo € P and
therefore, by the maximum principle,

u,t) <279 (e e @y, t>2K—B.

Inparticular, if we set Xg := (0,...,0,1) € R'ﬁl, then by another application
of the maximum principle,

0XO(F) < o °(F) = u(Xg) <27k 0,

as k — oo, and the claim is established.

Example 3 Failure of the interior corkscrew condition. The example is based
on the construction of Garnett’s 4-corners Cantor set C C R? (see, e.g., [23,
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Chapter 1]). Let Iy be a unit square positioned with lower left corner at the
origin in the plane, and in general for each k = 0, 1, 2, ..., we let I be the
unit square positioned with lower left corner at the point (2k, 0) on the x-axis.
Set ¢ := Ip. Let 21 be the first stage of the 4-corners construction, i.e., a
union of four squares of side length 1/4, positioned in the corners of the unit
square Iy, and similarly, for each k, let 2 be the k-th stage of the 4-corners
construction, positioned inside ;. Note that dist(Q2k, Q2x+1) = 1 for every
k. Set Q2 := UrQ. It is easy to check that 0€2 is n-ADR, and that the non-
degeneracy condition (A.5) holds in €2 for some uniform positive n and ¢, and
thus by the criterion of [11], w € weak-A (o). On the other hand, the interior
corkscrew condition clearly fails to hold in €2 (it holds only for decreasingly
small scales as k increases), and certainly 02 cannot be n-UR: indeed, if it
were, then 9€2; would be n-UR, with uniform constants, for each &, and this
would imply that C itself was n-UR, whereas in fact, as is well known, it is
totally non-rectifiable. One can produce a similar setin 3 dimensions by simply
taking the cylinder ' = Q x [0, 1]. Details are left to the interested reader.
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