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1 Introduction

Let p be a prime. Let Ok be a complete discrete valuation ring of mixed
characteristic (0, p) with perfect residue field k and fraction field K. Let F
be the fraction field of the ring\ of Witt vectors Or = W (k) of k. Let K be an

algebraic closure of K, C = K its p-adic completion and ¥ = Gal(K /K).

1.1 The p-adic étale cohomology of Drinfeld half-spaces
This paper reports on some results of our research project that aims at under-

standing the p-adic (pro-)étale cohomology of p-adic symmetric spaces. The
main question of interest being: does this cohomology realize the hoped for

@ Springer



Cohomology of p-adic Stein spaces 875

p-adic local Langlands correspondence in analogy with the ¢-adic situation?
When we started this project we did not know what to expect and local compu-
tations were rather discouraging: geometric p-adic étale cohomology groups
of affinoids and their interiors are huge and not invariant by base change to a
bigger complete algebraically closed field. However there was one computa-
tion done long ago by Drinfeld [23] that stood out. Let us recall it.

Assume that [K : Q,] < oco and let Hg = PL\P!(K) be the Drinfeld
half-plane, thought of as a rigid analytic space. It admits a natural action of
G :=GLy(K). We set H¢c := Hg c.

Fact 1.1 (Drinfeld) If £ is a prime number (including ¢ = p!), there exists a
natural isomorphism of G X 9 -representations

H) (Hc, Qe(1)) = Sp™™(Qp)*,

where Sp®™(Qy) = € P (K), Qr)/Qy is the continuous Steinberg repre-
sentation of G with coefficients in Qg equipped with a trivial action of 9x and
(—)* denotes the weak topological dual.

The proofis very simple: it uses Kummer theory and vanishing of the Picard
groups (of the standard Stein covering of Hg ) [27], [17, § 1.4]. This result was
encouraging because it showed that the p-adic étale cohomology was maybe
not as pathological as one could fear.

Drinfeld’s result was generalized by Schneider—Stuhler [71], for £ # p, to
higher dimensions. Let d > 1 and let H‘Il( be the Drinfeld half-space [24] of
dimension d, i.e.,

HY =P\ | H.
Hex

where .7 denotes the set of K -rational hyperplanes. We set G := GL441(K).
If 1 <r <d,andif ¢ is a prime number, denote by Sp, (Q,) and SpS°™(Qy)
the generalized locally constant and continuous Steinberg Q,-representations
of G (see Sect. 5.2.1), respectively, equipped with a trivial action of ¥x.

Theorem 1.2 (Schneider—Stuhler) Let r > 0 and let £ # p. There are natural
G X Yk -equivariant isomorphisms

HG(HE, Qe(r) = Spi™™(Qo)*,  HJ o (HE, Qe(r) == Sp, (Qo)*.

The computations of Schneider—Stuhler work for any cohomology theory
that satisfies certain axioms, the most important being the homotopy property
with respect to the open unit ball, which fails rather dramatically for the p-adic
(pro-)étale cohomology since the p-adic étale cohomology of the unit ball is
huge. Nevertheless, we prove the following result.
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Theorem 1.3 Letr > 0.
1. Thereis a natural isomorphism of G X Yk -locally convex topological vector
spaces (over Q).

HL (HE, Q,(r) == SpE™(Q)*.

These spaces are weak duals of Banach spaces.
2. There is a strictly exact sequence of G X Yk -Fréchet spaces

0—= QI (HE)/ kerd —= Hy i (HE, Qp(r) — Sp, (Q,)* —0.

3. The natural map Hért(Hd ,Qp(r) — H;mét(Hd , Q) (r)) identifies étale

cohomology with the space of G-bounded vectors' in the pro-étale coho-
mology.

Hence, the p-adic étale cohomology is given by the same dual of a Steinberg
representation as its £-adic counterpart. However, the p-adic pro-étale coho-
mology is a nontrivial extension of the same dual of a Steinberg representation
that describes its £-adic counterpart by a huge space.

Remark 1.4 (i) In [17] we have generalized the above computation of Drin-
feld in a different direction, namely, to the Drinfeld tower [24] in
dimension 1. We have shown that, if K = Q,, the p-adic local Lang-
lands correspondence (see [16,19]) for de Rham Galois representations
of dimension 2 (of Hodge—Tate weights 0 and 1 and not trianguline) can
be realized inside the p-adic étale cohomology of the Drinfeld tower (see
[17, Th.0.2] for a precise statement). The two important cohomological
inputs were:

1. a p-adic comparison theorem that allows us to recover the p-adic pro-
étale cohomology from the de Rham complex and the Hyodo—Kato
cohomology; the latter being compared to the £-adic étale cohomology
computed, in turn, by non-abelian Lubin-Tate theory,

2. the fact that the p-adic étale cohomology is equal to the space of
G-bounded vectors in the p-adic pro-étale cohomology.

In contrast, here we obtain the third part of Theorem 1.3 only after proving
the two previous parts. In fact, for a general rigid analytic variety, we
do know that the natural map from p-adic étale cohomology to p-adic
pro-étale cohomology does not have to be injective: this is the case, for
example, for a unit open ball over a field that is not spherically complete.

1 Recall that a subset X of a locally convex vector space over Q) is called bounded if p" x, +— 0
for all sequences {x;}, n € N, of elements of X. In the above, x is called a G-bounded vector
if its G-orbit is a bounded set.
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(i) There are now two other proofs [11,64] of point 2 of the Theorem.

Remark 1.5 The proof of Theorem 1.3 establishes a number of other isomor-
phisms (see Theorem 6.28) refining results of [22,44,71].

Remark 1.6 (i) Forr > d + 1, all spaces in Theorem 1.3 are O.

(i) For 1 < r < d, the spaces on the left and on the right in the exact
sequence in Theorem 1.3 describing the pro-étale cohomology of HZ,
despite being huge spaces, have some finiteness properties: they are both
duals of admissible locally analytic representations of G (over C on the
left and Q,, on the right), of finite length [on the left, this is due to Orlik
and Strauch ( [62] combined with [66])].

Remark 1.7 For small Tate twists (r < p — 1), the Fontaine—Messing period
map, which is an essential input in the proof of Theorem 1.3, is an isomorphism
“on the nose”. It is possible then that our proof of Theorem 1.3, with a better
control of the constants, could give the integral p-adic étale cohomology of the
Drinfeld half-space for small Tate twists, that is, a topological isomorphism

HG (HE, Fp(r)) = Sp,(F))*.

By combining the results of Chapter 6 of this paper with the integral p-adic
Hodge Theory of Bhatt—Morrow—Scholze [5,6] and Cesnavic¢ius—Koshikawa
[12] one can actually prove such a result for all twists [18].

1.2 A comparison theorem for p-adic pro-étale cohomology

The proof of Theorem 1.3 uses the result below, which is the main theorem of
this paper and generalizes the above mentioned comparison theorem to rigid
analytic Stein spaces” over K with a semistable reduction. Let the field K be
as stated at the beginning of the introduction.

Theorem 1.8 Letr > 0. Let X be a semistable Stein weak formal scheme? over
Ok . There exists a commutative Gk -equivariant diagram of Fréchet spaces

0~ Q" '(Xc)/ kerd> H' . (Xc, Qp(r)> (Hiy (X )@pBH)N=0¢=r"> 0

proét
H % e

0~ Q! (Xc)/ kerd —= @7 (X )= ——— HI (Xc) 0

2 Recall that a rigid analytic space Y is Stein if it has an admissible affinoid covering
Y = U;eNU; such that U; € Ujgg, ie., the inclusion U; C U;yq factors over the adic
compactification of U;. The key property we need is the acyclicity of cohomology of coherent
sheaves.

3 See Sect. 3.1.1 for the definition.
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The rows are strictly exact and the maps E and t1gg ® 0 are strict (and have
closed images). Moreover,

r—1

ker(B) ~ ker(igk ® 0) ~ (Hijx (Xp)@rBH)N=0¢=r

Here Hfjg (Xx) is the overconvergent Hyodo—Kato cohomology of Grosse-
Klonne [32],

K ¢ Hi (Xp) ®F K = Hlg(Xc)

is the Hyodo—Kato isomorphism, B} is the semistable ring of periods defined
by Fontaine, and 9 : B;t — C is Fontaine’s projection.

Example 1.9 In the case the Hyodo—Kato cohomology vanishes we obtain a
particularly simple formula. Take, for example, the rigid affine space Ad For
r > 1, we have H R(A‘}() = 0 and, by the Hyodo—Kato 1somorphlsm also
Hx (A ) = 0. Hence the above theorem yields an isomorphism

H e (AL Qp(r) < Q71 (AD)/ kerd.

This was our first proof of this fact but there is a more direct argument in
[21]. Another approach, using relative fundamental exact sequences in pro-
étale topology and their pushforwards to étale topology, can be found in [51].

Remark 1.10 (1) We think of the above theorem as a one-way comparison
theorem, i.e., the pro-€étale cohomology H' . (Xc¢, Q,(r))isthe pullback
of the diagram

proet

(Hig (X0 @BV =09=r" 80, o (X )@k € £ Q7 (X¢)?=

built from the Hyodo—Kato cohomology and a piece of the de Rham
complex.

(ii) When we started doing computations of pro-étale cohomology groups
(for the affine line), we could not understand why the p-adic pro-étale
cohomology seemed to be so big while the Hyodo—Kato cohomology was
so small (actually O in that case): this was against what the proper case
was teaching us. If X is proper, Q" ~!(X )/ kerd = 0 (since the Hodge—
de Rham spectral sequence degenerates) and the upper line of the above
diagram becomes

0— H, roet(XC’ Qp(r)) — (HﬁK(Xk)®FB+)N:0s‘P=Pr
— (Hig(Xx)®kBJR)/Fil" — 0.
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Hence the huge term on the left disappears, and an extra term on the
right shows up. This seemed to indicate that there was no real hope of
computing p-adic étale and pro-étale cohomologies of big spaces. It was
learning about Drinfeld’s result that convinced us to look further.*

1.3 Proof of Theorem 1.8

The starting point of computations of pro-étale and étale cohomologies in
these theorems is the same: the classical comparison theorem between p-adic
nearby cycles and syntomic sheaves [20,79]. When applied to the Stein spaces
we consider here it yields:

Proposition 1.11 Let X be a semistable Stein formal scheme® over Ok . Then
the Fontaine—Messing period morphisms

OlFM : Rrsyn(Xﬁca Qp(r)) - Rrproét(XC» Qp(r)),
o™ : RTyn(X g, Zp(r))q, = RTa(Xc, Qp(r))

are strict quasi-isomorphisms after truncation T<,.

Here the crystalline geometric syntomic cohomology is that defined by
Fontaine—Messing (see Sect. 3.3.1 for the details)

RFsyn(Xﬁc» Zp(r)) = [chr(Xﬁc)(p:pr - chr(Xﬁc)/Fr]»
F'RTer(X ) i=RTer (X, 71,

where the crystalline cohomology is absolute, i.e., over W (k), and [A — B]
denotes the mapping fiber. The syntomic cohomology RIsyn (X4, Qp(r))
is defined by taking Rsyn(—, Z) (r)q, on quasi-compact pieces and then
gluing.

The next step is to transform the Fontaine—-Messing type syntomic coho-
mology (that works very well for defining period maps from syntomic
cohomology to étale cohomology but is not terribly useful for computations)
into Bloch—Kato type syntomic cohomology (whose definition is motivated
by the Bloch—Kato’s definition of Selmer groups; it involves much more con-
crete objects). This can be done in the case of the pro-étale topology® but only
partially in the case of the étale topology.

4 Actually, as was pointed out to us by Grosse-Klonne and Berkovich, the proof of Drinfeld,
in the case ¢ = p, is flawed, but one can find a correct proof in [27].

5 See Sect. 3.1.1 for the definition.
6 Atleast when X is associated to a weak formal scheme.
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1.3.1 Pro-étale cohomology

For the pro-étale topology, we define a Bloch—Kato syntomic cohomol-
ogy (denoted by RF?YIIE(X ¢, Qp(r))) using overconvergent differential forms
which, due to imposed overconvergence, behaves reasonably well locally. Then
we construct a map from Fontaine—Messing to Bloch—Kato syntomic coho-
mology as shown in the top part of the following commutative diagram, where

the rows are distinguished triangles

Rl (X g, Qp(r) — = Rl (X g, F)¥=P —— = R[(X g, F)/F"

V V V

—~ 0 r HK® —~
RIEX (X, Qp(r) — RIuk (X )@ rBHN=0¢=F" —— RI'r(Xx)®kBR)/F"

syn
l/(') l/@t}.u( \LF)

Q=" (Xk)®C Q(Xg)®C — Q1 (Xx)®« C.

Here RI'¢; (X g, F) and its filtration are defined by the same procedure as
Rl syn(X g, Qp(r)) (starting from rational absolute crystalline cohomology).
The horizontal triangles are distinguished (the top two by definition). The con-
struction of the top vertical maps and the proof that they are isomorphisms is
nontrivial and constitutes the technical heart of this paper. These maps are
basically Kiinneth maps, that use the interpretation of period rings as crys-
talline cohomology of certain “base” rings (for example, Ay >~ RI'+(O¢)),
coupled with a rigidity of g-eigenspaces of crystalline chomology, and fol-
lowed by a change of topology (from crystalline to overconvergent) that can
be done because Xk is Stein (hence Xy has proper and smooth irreducible
components). To control the topology we work in the derived category of
locally convex topological vector spaces over Q,, which, since Q,, is spheri-
cally complete, is reasonably well-behaved.

The bottom vertical maps are induced by the projection 6 : B(J{R — C and
use the fact that, since Xg is Stein, we have RI'qr (Xg) =~ Q°(Xg). The
diagram in Theorem 1.8 follows by applying H" to the above diagram.

1.4 Proof of Theorem 1.3

To prove the pro-étale part of Theorem 1.3, by Theorem 1.8, it suffices to show
that

(Hix (X)®pBHN=0¢=F" ~ Sp (Q,)*. (1.12)

But we know from Schneider—Stuhler [71] that there is a natural isomorphism
Hip (Xg) =~ Sp,(K)* of G-representations. Moreover, we know that both
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sides are generated by standard symbols, i.e., cup products of symbols of K-
rational hyperplanes thought of as invertible functions on X g (this is because
Sp,(K)* is so by definition, and Iovita—Spiess prove that so is Hj, (X))
and that this isomorphism is compatible with symbols [44, Th.4.5]. Coupled
with the Hyodo—Kato isomorphism and the irreducibility of the representation
Sp, (K)* this yields a natural isomorphism Hyy (Xi) >~ Sp, (F)*. This isomor-
phism is unique once we impose that it should be compatible with the standard
symbols. It follows that we have a natural isomorphism H{IK(Xk)‘/’:Pr ~

Sp,(Q,)*, which implies Hj; (Xi) = F ®q, Hjj (X0)*="" and (1.12).
1.4.1 Etale cohomology

The situation is more complicated for étale cohomology. Let X be a semistable
Stein formal scheme over 0. An analogous computation to the one above
yields the following strict quasi-isomorphism of distinguished triangles (see
Sect. 6.4)

Rrsyn(Xﬁca Zp(r))Qp — Rrsyn(Xﬁc» Zp(r))Qp

i l

=p" ~ oyl N=0, =p"
Rl (Xoc)g,” — RTa(Xe/0R)®0rAw)g, * "

| ) |

chr(Xﬁc)Q,/Fr (RFdR(X)®ﬁKAcr,K)/FV’
)’

where ﬁg denotes O equipped with the log-structure induced by 1 — 0 and
Agi, Acr, x are certain period rings. But, in general, the map ypx is difficult to
identify. In the case of the Drinfeld half-space though its domain and target
simplify significantly by the acyclicity of the sheaves of differentials proved by
Grosse-Klonne [33,35]. This makes it possible to describe it and, as a result,
to compute the étale syntomic cohomology.

Let X be the standard formal model of H‘Ii( [32, 6.1]. Set

~ =0,p=p"
HK, = (chr(Xk/ﬁg)®ﬁFASt)gp o )

We show that there are natural G x ¥k -equivariant strict (quasi-)isomorphisms
(see Lemma 6.37, Proposition 6.23)

H'HK, ~ Hj(Xz, WS,

fo2)Q,. H T'HK, ~ (H) (Xp, W N84, A%,

log
(RTaR (X) B0y Ac, )/ F" =~ @r_12i20(H (X, Q)® 0 Acr )/ F ' [—i1,  (1.13)

@ Springer



882 P. Colmez et al.

where WQfog is the sheaf of logarithmic de Rham—Witt differentials. They
follow from the isomorphisms (see Proposition 6.23)

HY (X, W) 82, W(E) = HL(Xg/ W RO,

K : H (X3 /0% @y K ~ Hip(X) @0y K. (1.14)

The second one is just the original Hyodo—Kato isomorphism from [38]. The
first one follows from the acyclicity of the sheaves Qfx (see Lemma 6.20)
and the fact that Xy is pro-ordinary (see Corollary 6.18), which, in turn and
morally speaking, follows from the fact that Xy is a normal crossing scheme
whose closed strata are classically ordinary (being products of blow-ups of
projective spaces). Now, the acyclicity of the sheaves 52;( again and the fact
that the differential is trivial on their global sections (both facts proved by
Grosse-Klonne [33,35]) imply (1.13).
Hence, we obtain the long exact sequence

1 = Y
(H) (Xg, W, h®z,A5 N, =

) e (H'(X. Y80, Oc)a,

Hn(Xoe, Zp(r)q, —= Hy(Xg, Wi,

)Qp — 0

We check that the map yyj is surjective (see Corollary 6.42): (a bit surpris-
ingly) the Hyodo—Kato isomorphism (g above holds already integrally and
VﬁK = gk ® 0, where 6 : AY™? — O is the canonical projection. This
yields the isomorphism

Hl (X0, Zp(1)q, = HY(Xp, W,)q,-

A careful study of the topology allows to conclude that this isomorphism is
topological. Hence it remains to show that there exists a natural topological
isomorphism

HY (X5 W), =~ Spi™™(Q))*. (1.15)

We do that (see Theorem 6.45) by showing that we can replace k by k and
using the maps

! _
H (X, WQi,,) ®z, K = Hig (Xg)9™™

~ (Sp, (K)") ™™ < Spe™(Q))* ®q, K.
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Here, the second isomorphism is that of Schneider—Stuhler [71]. The map f (a
composition of natural maps with the Hyodo—Kato isomorphism) is injective

by pro-ordinarity of Y. It is surjective because H f?t(Xk, WSZng) is compact

and nontrivial and Sp{°®(Z,)/p =~ Sp,(F)) is irreducible—a nontrivial fact
proved by Grosse-Klonne [36, Cor.4.3]. This yields an isomorphism (1.15).

Part (3) of Theorem 1.3 follows now easily from the two previous (compat-
ible) parts and the fact that

(Sp,(K)") ™ =~ Spi™(Q,)* ®q, K., Hig(Xx)° ™™ ~ Hjp(X) ®g, K

(the latter isomorphism uses the fact that X can be covered by G-translates of
an open subscheme U such that Uy is an affinoid).

1.4.2 Notation and conventions

Let Ok be a complete discrete valuation ring with fraction field K of char-
acteristic 0 and with perfect residue field k£ of characteristic p. Let @ be a
uniformizer of Ok that we fix in this paper. Let K be an algebraic closure of
K and let 0% denote the integral closure of Ok in K. Let W (k) be the ring
of Witt vectors of k with fraction field F (i.e, W (k) = OF); let e be the ram-
ification index of K over F. Set ¥x = Gal(f/ K), and let o be the absolute
Frobenius on W (k).

We will denote by Ok, & ;é, and ﬁ?{, depending on the context, the scheme
Spec(Ok) or the formal scheme Spf (k) with the trivial, the canonical (i.e.,
associated to the closed point), and the induced by N — Ok, 1 — 0, log-
structure, respectively.

Unless otherwise stated all formal schemes are p-adic, locally of finite type,
and equidimensional. For a (p-adic formal) scheme X over O, let X( denote
the special fiber of X; let X, denote its reduction modulo p”,ifn > 1.

We will denote by A, BgLr, B;'[, B:R the crystalline, semistable, and de
Rham period rings of Fontaine. We have B:[ = Bjr[u] and(u) = pu, N(u) =
—1. The embedding ¢ = i, : Bl — B:fR is defined by u +— Uy =
log([e "]/ ) and the Galois action on B; is induced from the one on B(J{R via
this embedding.

Unless otherwise stated, we work in the derived (stable) co-category Z(A)
of left-bounded complexes of a quasi-abelian category A (the latter will be
clear from the context). Many of our constructions will involve (pre)sheaves
of objects from Z(A). The reader may consult the notes of Illusie [43] and
Zheng [85] for a brief introduction to how to work with such (pre)sheaves and
[53,54] for a thorough treatment.
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We will use a shorthand for certain homotopy limits: if f : C — C’isa
map in the derived co-category of a quasi-abelian category, we set

[C*f>C’]:=holim(C—>C'<—0).

2 Review of p-adic functional analysis

We gather here some basic facts from p-adic functional analysis that we use
in the paper. The reader is advised, on the first reading, to ignore this chapter
and topological issues in ensuing computations.

2.1 The category of locally convex K-vector spaces

We start with the rational case, where we work in the category of locally convex
K -vector spaces. Our main references are [25,68,72].

2.1.1 Derived category of locally convex Kvector spaces

A topological K -vector space’ is called locally convex (convex for short) if
there exists a neighbourhood basis of the origin consisting of &'x-modules.
Since K is spherically complete, the theory of such spaces resembles the
theory of locally convex topological vector spaces over R or C (with some
simplifications).

We denote by Ck the category of convex K-vector spaces. It is a quasi-
abelian category8 [68, 2.1.11]. Kernels, cokernels, images, and coimages are
taken in the category of vector spaces and equipped with the induced topology
[68,2.1.8]. Amorphism f : E — F is strictif and only if it is relatively open,
i.e., for any neighbourhood V of 0 in E there is a neighbourhood V' of 0 in F
such that (V) D V' N f(E) [68, 2.1.9].

Our convex K vector spaces are not assumed to be separated. We often use
the following simple observation: if F is separated and we have an injective
morphism [ : E — F then E is separated as well; if, moreover, F is finite
dimensional and f is bijective then f is an isomorphism in Cg.

The category Ck has a natural exact category structure: the admissible
monomorphisms are embeddings, the admissible epimorphisms are open sur-
jections. A complex E € C(Ck) is called strict if its differentials are strict.

7 For us, a K -topological vector space is a K -vector space with a linear topology.

8 An additive category with kernels and cokernels is called quasi-abelian if every pullback of
a strict epimorphism is a strict epimorphism and every pushout of a strict monomorphism is a
strict monomorphism. Equivalently, an additive category with kernels and cokernels is called
quasi-abelian if Ext(—, —) is bifunctorial.
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There are truncation functors on C(Cg):

T Ei=--— E"? 5 E" ! S ker(dy) > 0 — - -

>yE:=---—0---— coim(d,—;) > E" — EMtl
with cohomology objects
H"(E) := 1<y T=n(E) = (coim (dy_1) — ker(d,)).

We note that here coim (d,—1) and ker(d,) are equipped naturally with the
quotient and subspace topology, respectively. The cohomology H*(E) taken
in the category of K-vector spaces we will call algebraic and, if necessary, we
will always equip it with the sub-quotient topology.

We will denote the left-bounded derived oco-category of Cx by Z(Ck). A
morphism of complexes that is a quasi-isomorphism in Z(Ck), i.e., its cone
is strictly exact, will be called a strict quasi-isomorphism. We will denote by
D(Ck) the homotopy category of Z(Ck) [68, 1.1.5].

Forn € Z, let D<,(Ck) (resp. D>,(Ck)) denote the full subcategory of
D(Ck) of complexes that are strictly exact in degrees k > n (resp. k < n).?
The above truncation maps extend to truncations functors 7<, : D(Cg) —
D<,(Cg) and 1>, : D(Cg) — D>,(Ck). The pair (D<,(Ck), D>,(Ck))
defines a z-structure on D(Ck) by [73]. The (left) heart D(C %)Y is an abelian
category L H(Cg): every object of L H(C) is represented (up to equivalence)
by a monomorphism f : E — F, where F is in degree O; if f is strict
this object is also represented by the cokernel of f (the whole point of this
construction is to keep track of the two possibly different topologies on E: the
given one and the one inherited by the inclusion into F').

We have an embedding I : Cx — LH(Cg), E — (0 — E), that
induces an equivalence D(Cg) = D(LH(Cg)) which is compatible with
the 7-structures. These ¢-structures pull back to ¢-structures on the derived dg
categories Z(Ck), Z(LH(Ck)) and so does the above equivalence. There is
a functor (the classical part) C : LH(Cg) — Cg that sends the monomor-
phism f : E — F tocoker f. Wehave CI = Id¢, and a natural epimorphism
e . IdLH(CK) — IC. -

We will denote by H" : Z(Ck) — Z(LH(Ck)) the associated cohomo-
logical functors. Note that CH" = H" and we have a natural epimorphism
H" — [ H".1f, evaluated on E, this epimorphism is an isomorphism we will
say that the cohomology H" (E) is classical.

9 Recall [73, 1.1.4] that a sequence A 5B i) C such that fe = 0 is called strictly exact if
the morphism e is strict and the natural map im ¢ — ker f is an isomorphism.
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We will often use the following simple facts ([73, Prop. 1.2.28, Cor. 1.2.27]):

1. If, in the following short exact sequence in L H(Cg), both A| and A, are
in the essential image of / then so is A:

00— A — A— Ay — 0.

2. A complex E € C(Ckg) is strictly exact in a specific degree if and only if
2(1)(E) is exact in the same degree.

All the above has a dual version: we have a notion of a costrict morphism, a
right abelian envelope I : Cx — RH(Ck), and the cohomology objects H" :
2(Ck) > P(RH(Ck)), H" := (coker (d,_1) — im (dn))Nin degrees 0 and
1 (which we will, if necessary, write as RH"). We have CH" = H", where
C : RH(Ck) — Cg sends the epimorphism f : E — F to ker f. There is a
natural monomorphism I H" — H . if, evaluated on E, this monomorphism
is an isomorphism we will say that the cohomology H" (E) is classical.

2.1.2 Open mapping theorem

Let f : X — Y be a continuous surjective map of locally convex K -vector
spaces. We will need a well-known version of the Open Mapping Theorem that
says that f is open if both X and Y are L F-spaces, i.e., countable inductive
limits of Fréchet spaces. !’

If E, F are Fréchet, f : E — F is strict if and only if f(E) is closed in
F (the “if” part follows from the Open Mapping Theorem, the “only if”” part
from the fact that a Fréchet space is a metric space and a complete subspace
of a metric space is closed). The following lemma is a simple consequence of
this observation but we spell it out because we will use all the time.

Lemma 2.1 1. Let E be a complex of Banach or Fréchet spaces. If E has
trivial algebraic cohomology then it is strictly acyclic.

2. A morphism E; — E» of complexes of Banach or Fréchet spaces that is
an (algebraic) quasi-isomorphism is a strict quasi-isomorphism.

Proof The second point follows from the first one by applying the latter to the
cone of the morphism. For the first point, note that the kernel of a differential is
a closed subspace of a Fréchet space hence a Fréchet space and we can evoke
the observation above the lemma. O

2.1.3 Tensor products

Let V., W be two convex K -vector spaces. The abstract tensor product V ®@x W
can be equipped with several natural topologies among them the projective and

10" If the spaces involved are actually Banach, we will sometimes use the notation L B instead
of LF.
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injective tensor product topologies: V ® x » W and V @k . W. Recall that the
projective tensor product topology is universal for jointly continuous bilinear
maps V x W — U the injective tensor product topology, on the other hand, is
defined by cross seminorms that satisfy a product formula and is the “weakest”
topology with such property. There is anaturalmap V @k » W — V @k . W.
We denote by V® K.aW,a = m, ¢, the Hausdorff completion of V @k o W
with respect to the topology «.
Recall the following facts.

1. The projective tensor product functor (—) ® x » W preserves strict epimor-
phisms; the injective tensor product functor (—) @ . W preserves strict
monomorphisms.

2. The natural map V ®x » W — V ®g . W is an isomorphism'! [67,
Th.10.2.7]. In what follows we will often just write V @ W for both
products.

3. From (1), (2), and the exactness properties of Hausdorff completion [80,
Cor. 1.4], it follows that the tensor product functor (=) ®xkW : Cx — Ck
is left exact, i.e., it carries strictly exact sequences

O0=>Vi=>V,—>V3—->0
to strictly exact sequences
0— ViQxkW — Vo@x W — V3Qx W.

Moreover, the image of the last map above is dense [80, p.45]. It follows
that this map is surjective if its image is complete as happens, for example,
in the case when the spaces V., W are Fréchet [80, Cor. 1.7].

4. For V = limn Vi, where each V), is a Fréchet space, and for a Fréchet
space W, there is a natural isomorphism

VOk W = (im V)« W = Lim(V, @k » W).

n n

For products this is proved in [70, Prop.9, p.192] and the general case
follows from the fact that tensor product is exact on sequences of Fréchet
spaces.

1T Here we used the fact that our field K is spherically complete.
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5. Let {V,,}, n € N, be a regular'? inductive system of Fréchet spaces with
injective nuclear'? transition maps. Then, for any Banach space W, we
have an isomorphism [55, Th. 1.3]

(lim V)@ W < Lim(V,®x W).

n n

2.1.4 Acyclic inductive systems

If {V,}n, n € N is an inductive system of locally convex K -vector spaces then
it is called acyclic if L'hocolim ,V,, = 0. We will find useful the following
criterium of acyclicity [83, Th.1.1].

Proposition 2.2 An inductive system {V,},,n € N, of Fréchet spaces with
injective transition maps is acyclic if and only if in every space V,, there is a
convex neighbourhood Uy, of 0 such that

1. U, CUpy1,n €N, and
2. For every n € N there is m > n such that all topologies of the spaces Vi,
k > m, coincide on U,

2.1.5 Derived tensor products

The category Ck has enough injectives hence we have the right derived functor
V®§ W of the tensor functor V®x W. We will need to know the conditions
under which it is strictly quasi-isomorphic to the tensor functor.

Lemma 2.3 The natural map
VRxW > VRRkw

is a quasi-isomorphism when

1. both V and W are Fréchet spaces,
2.V = li_n)ln Vi, for an acyclic inductive system {V,},n € N, of Banach
spaces, and W is a Banach space.

12 Tnductive system {V,}, n > 0, with injective transition maps is called regular if for each
bounded set Bin V = h_H)ln V,, there exists an n such that B C Vj, and B is bounded in V,.

13 A map f : V — W between two convex K-vector spaces is called nuclear if it can be

factored f : V — V] A W1 — W, where the map f] is a compact map between Banach
spaces.
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Proof In the first case, take an injective resolution W — I°* of W by Fréchet
spaces I', i > 0. This means that the map W — I* is a strict quasi-
isomorphism. Such a resolution exists by [68, Prop.2.1.12]. Tensoring this
resolution with V we get a sequence

0—> VW - vaIl’ > verl' — ... (2.4)

By Sect. 2.1.3, this sequence is strictly exact, as wanted.

In the second case, we take an injective resolution W — [° of W by Banach
spaces I, i > 0. Such a resolution exists by loc. cit. Tensoring this resolution
with V we get a sequence (2.4) as above. Since V = 11_n>1n V., by Sect. 2.1.3,
this sequence is an inductive limit of sequences

0— V,®W — V,81° > vV,1' — ...

which are strictly exact by Sect. 2.1.3. Hence, by Sect. 2.1.4, the sequence
(2.4) is strictly exact, as wanted. O

2.2 The category of pro-discrete ' -modules

For integral topological questions we have found it convenient to work in the
category P Dk of pro-discrete 'k -modules. For details see [9, §2], [84, § 1],
[45], [46].

2.2.1 The category of pro-discrete Ogmodules and its ind-completion

Objects in the category P D are topological Ox-modules that are count-
able inverse limits, as topological &x-modules, of discrete @’k -modules M’
i € N. It is a quasi-abelian category. It has countable filtered projective limits.
Countable product is exact.

Objects in P Dk are not necessarily separated for the p-adic topology: for
example Banach spaces are objects of P Dk (if B is a Banach with unit ball By,
then B = 1<£n B/ p" Bp), hence also countable products or projective limits of
Banach spaces (i.e. Fréchet spaces) are objects of P Dg.

Inside PDg we distinguish the category PCg of pseudocompact Ok -
modules, i.e., pro-discrete modules M =~ l(ln M; such that each M; is of

1
finite length (we note that if K is a finite extension of Q, this is equivalent to
M being profinite). It is an abelian category. It has countable exact products
as well as exact countable filtered projective limits.
Let Ind(P Dg) be the ind-completion of PDg. That is, PDg is a full
subcategory of Ind(P Dk ) and Ind(P D) has the universal property that any
functor F' : PDg — C into a category with filtered inductive limits extends
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uniquely to a functor F : Ind(PDg) — C which preserves filtered inductive
limits. In particular, any functor ' : P Dx — C induces a compatible functor
F: Ind(PDg) — Ind(C) and if C has filtered inductive limits then the
inclusion C — Ind(C) has a canonical left inverse Ind(C) — C.

The category Ind(P Dg) is also quasi-abelian [45, Th. 1.3.1]. The natural
functor P Dg — Ind(P D) is exact. The category Ind(P D) admits filtered
inductive limits and projective limits. The Lgl functor is left exact. For any
functor F' : PDg — C to a quasi-abelian category, the functor F is left, resp.
right, exact if and only if so is the functor F'.

2.2.2 Tensor product
For M, N € P D we define the completed tensor product

M®g N = lim  M/U®q N/V,
UeUy,VeUn

where %y, % denote the inductive system of open submodules of M, N
and M/U ®¢, N/V is given the discrete topology. It is a pro-discrete Ok -
module. It satisfies the usual universal property with respect to pro-discrete
O’k -modules [84, Prop. 6.1]. In general, the completed tensor product is neither
right nor left exact. It is however right exact when restricted to PCk [84,
Prop. 1.10]. It commutes also with filtered limits {N;}; such that N = l(iLl’li N;
surjects onto N;, i € I [84, Prop. 1.7]; in particular, it commutes with products
of pro-discrete &'x-modules and with filtered limits of pseudocompact O -
modules.

2.2.3 The functor to convex spaces

Since K >~ lim(Ok =z Ok =z Ok =z --+), the algebraic tensor product
M ®4y K is an inductive limit:

w w

M®()7KK:H_1’)H(ME>M—)M—)-..)‘

We equip it with the induced inductive limit topology. This defines a tensor
product functor

(-)®K : PDx — Cg, M+— M Qg K.
Since Cg admits filtered inductive limits, the functor (—)®K extends to a

functor (—)®K : Ind(PDg) — Ckg.
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Remark 2.5 Recall that K belongs to PDg: K =~ l(iLn(K/ﬁK Z K/Ok Z
---). The above tensor functor should be distinguished from the functor
(—=)®K : PDx — PDg discussed above which is always 0 and which
we will never use.

The functor (—)®K is right exact but not, in general, left exact.'* For
example, the short strict exact sequence

0—[[r'z,—=[]z,—~[[2/r" =0

i>0 i=0 i=0

tensored with Q), is not costrict exact on the left (note that (nizo Z,/ pi)®Q »
is not Hausdorff). We will consider its (compatible) left derived functors

(—)®"K : 27 (PDg) — Pro(2™ (Ck)),
(-)®LK : 2~ (nd(PDg)) — Pro(2~(Ck)).

The following fact is probably well-known but we could not find a reference
(see however [9, Prop. 3.9, Cor. 3.13] for the case of profinite modules).

Proposition 2.6 If E is a complex of torsion free and p-adically complete
(i.e., E ~ 1(&11" E/p") modules from P Dk then the natural map

EQLK — E®QK

is a strict quasi-isomorphism.

Proof By [48, Lemma 14.1] our proposition is implied by the following lemma
that shows that the terms of the complex E are F-acyclic for the functor
F =(—)®K. O

Lemma 2.7 If0 - A — B L C — 0is a strict exact sequence of pro-
discrete Ok -modules and C is torsion free and p-adically complete then
7w : B — C admits a Ok-linear continuous section and B ~ A & C as
a topological Ok -module.

Proof The strict exact sequence 0 - A — B — C — 0 is a limit of exact
sequences 0 — A’ — B’ — C' — 0, where all the terms are discrete and
At 5 Al g surjective (idem for B and C) [9, Rem.2.9]. Let A; be the
kernel of A — A’ (idem for B and C). Now, if X = A, B, C, the X; form a

14 We will call a functor F right exact if it transfers strict exact sequences 0 - A — B —
C — 0 to costrict exact sequences F(A) — F(B) — F(C) — 0; functor RR in the language
of Schneiders [72, § 1.1].
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decreasing filtration and a series ) _ x,,, x, € X, converges in X if and only if,
for all i € N, there exists n(i) such that x,, € X; for all n > n(i). Moreover,
the sequence 0 — A; — B; — C; — 0 is exact for all i (since A’ — B' is
injective).

Let C = C/w and let C; be the image of C; in C. The C;, i € N, form a
decreasing filtration of C and C;/C;1 is a discrete k-module (it is a quotient
of C;/Ci41 C C'*1). Choose a basis (¢; ;) jecs, of Ci/Cit1 over k, a lifting
¢ jofe; jin C;, a lifting e; j of ¢; j in C;, and a lifting ¢; ; of ¢; j in B; (it
exists because B; — C; is surjective).

LetY = [[icn OO(J,, Ok), where ¢9 s (Ji, Ok) is the space of sequences
(i, j) jes; with values in Ok, going to 0 at infinity. If y = ((;,j) jes;)ier €Y,
the double series ) ; (N(D_ e, Vijeij) and Y, oN(D_ i, Vi, j€i,j) convergein
C and B respectively: the series corresponding to a fixed i converges because
vi,j — Owhen j — oo andits sum belongs to C; or B; and hence the series > i
converges as well. We denote by ¢ (y) and ¢p(y) the sums of these series. The
maptx : ¥ — X, X = B, C, is a continuous injection (to check injectivity, it
suffices to argue modulo @, where it is clear). Moreover, we have motp = (.

To finish the proof of the lemma it suffices to show that (¢ is a topological
isomorphism (because then s = (g o LEI gives the desired continuous section

and we have a topological isomorphism A @ C > B sending (a, c) toa+s(c)
with the inverse given by b — (b — s(7w (b)), m(b))).

Let us proving it first modulo @ . For ¢ € C, one constructs an element of
Y using the following algorithm. Set ¢9 = ¢ and Cp = C. The image of cq
in Co / C can be written, uniquely, in the form ) . je 7o Y0,j €0, (and there is
only a finite number of nonzero yo,;’s). Hence c1 = ¢ — 3~ o,j€0,; €

C;. The image of ¢y in Ci /62 can be written, in a unique way, in the form
> jes Yi,je1,j (and there is only a finite number of nonzero yj,;’s). Hence
c) =c| — Zjejl yi,j€l,j € C,. We continue in this way and get in the end
an element y. = ((yi,j) jeJ;iel of Y whose image by i(ciscandc — y.isa
continuous inverse of (¢ (modulo zr ): itis an inverse since we have uniqueness
at every stage.

Leta : C — Y be the inverse of (¢ constructed above. Write [ ]: Y — Y
for the map sending ((yt,‘/)jeJ,-)tel to (([yl,‘/])./eji)lela where [ ] : k — Ok
is the Teichmiiller lift; it is a continuous map. The inverse & : C — Y of (¢
is given by the following algorithm: for ¢ € C, set co = ¢, c; = %(co —
tc([@(cp)])) (we write cg for the image of ¢y modulo @ and we can divide by
w since C has no torsion). Then set ¢c; = %(cl —tc([a@(c1)])), etc. Finally,
seta(c) = ) ,-q@"[a(cy)]. We have ic(a(c)) = ), @ ic([a(cn)]) =

ano(w”cn — "¢, 1) = co = c. Hence o = LEI, as wanted. O
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3 Syntomic cohomologies

The period map of Fontaine—-Messing (see Sect. 3.3.2) gives a descrip-
tion of (pro-)étale cohomology in terms of the syntomic cohomology of
Fontaine—Messing. This syntomic cohomology can be made more concrete
(see Sect. 3.3.3) by mimicking the construction of Selmer groups by Bloch and
Kato [8]: syntomic cohomology is described as derived filtered eigenspaces of
Frobenius acting on the geometric Hyodo—Kato cohomology [38]. Now, the
geometric Hyodo—Kato cohomology behaves very badly locally (as does the
de Rham cohomology) and the standard way to fix this problem is to do every-
thing in an overconvergent way. So we define (see Sect. 3.2.2) overconvergent
syntomic cohomology a la Bloch—Kato, replacing the usual Hyodo—Kato coho-
mology by the overconvergent Hyodo—Kato cohomology of Grosse-Klonne
[32] which we review in Sect. 3.1. In the next chapter, we will show (The-
orem 4.1) that these two syntomic cohomologies coincide for Stein spaces.
This definition a la Bloch—Kato makes it easy to show (Proposition 3.36) that
the overconvergent syntomic cohomology sits in a “fundamental diagram”
involving the de Rham complex and overconvergent Hydo—Kato cohomology.
It follows that so does pro-étale cohomology and this “fundamental diagram”
will become our main tool for computations of the latter later on in the paper.

3.1 Overconvergent Hyodo—Kato cohomology

We will review in this section the definition of the overconvergent Hyodo—
Kato cohomology and the overconvergent Hyodo—Kato isomorphism due to
Grosse-Klonne [32]. We will pay particular attention to topological issues.

3.1.1 Dagger spaces and weak formal schemes

We will review, very briefly, basic facts concerning dagger spaces and weak
formal schemes. Our main references are [29,56,81], where the interested
reader can find a detailed exposition.

Let, for a moment, K denote the usual K or C. We start with dagger spaces.
For § € RT, set

T,8) = K{87'Xy,...,67'X,}

={Y ayX" € K[[X1..... X,]] | lim |a,s" = 0}.
" |v]—o00

Here [v| = >/, vi, v = (vi,...,v,) € N'. We have T, := K{X1, ..., Xp}
=T,(1).Ifs € pQ, this is an affinoid K -algebra; the associated Banach norm
lols : T,(8) — R, | > a,XV|s = max, |a,|8/’|. We set
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KXy, ..., X, = U Tn(8)=UTn(5)

8>1,8€pQ 5>1

It is a Hausdorff L F-space.

A dagger algebra A is a topological K -algebra isomorphic to a quotient of
the overconvergent Tate algebra K[ X1, ..., X d]f. Itis canonically a Hausdorff
L F-algebra [1, Cor.3.2.4]. It defines a sheaf of topological K-algebras 7
on SpA, A being the p-adic completion of A, which s called a dagger structure
on SpA The pair Sp(A) = (|SpA| ﬁ*) is called a dagger affinoid.

A dagger space'® X is a pair (X 0") where X isa a rigid analytic space
over K and 0" is a sheaf of topological K'-algebras on X such that, for some
affinoid open covering {U, - X }, there are dagger structures U; on U; such
that & T|Ul o~ 6";}[. The set of global sections I'(X, &) has a structure of a

convex K -vector space given by the projective limit lim_ I'(Y, &7|Y), where
Y runs over all affinoid subsets of X. In the case of dagger affinoids this agrees
with the previous definition.

Let X = Sp(A) — Y = Sp(B) be a morphism of affinoid dagger spaces
and let U C X be an affinoid subdomain. We write U €y X if there exists
a surjection 7 : B[Xi,...,X,]T > Aand § € pQ,S > 1, such that U C
Sp(A[8~'t(X1), ..., 8 '2(X,)]"). A morphism f : X — Y of dagger (or
rigid) spaces is called partially proper if f is separated and if there exist
admissible coverings ¥ = [JY; and f~ 1(Y ) = U Xij, all i, such that for
every X;; there exists an affinoid subset X,J C f- L(y;) with Xij €y X,J
A partially proper dagger space that is quasi-compact is called proper. This
notion is compatible with the one for rigid spaces. In fact, the category of
partially proper dagger spaces is equivalent to the category of partially proper
rigid spaces [29, Th.2.27]. In particular, the rigid analytification of a finite
type scheme over K is partially proper.

A dagger (orrigid) space X is called Stein if it admits an admissible affinoid
covering X = UieN U; such that U; 7 Ui for all i; we call the covering
Qi, i €N,a Steir/z\ covering. Here the notation U; ct U;+1 means that the map
U; = Sp(C) C Uj+1 = Sp(D) is an open immersion of affinoid rigid spaces
induced by amap D ~ T,,(8)/I — C ~ T, /IT, for some [ and § > 1. Stein
spaces are partially proper.

We pass now to weakly formal schemes; the relation between dagger spaces
and weak formal schemes parallels [50] the one between rigid spaces and
formal schemes due to Raynaud. A weakly complete Ok-algebra AT (with
respect to (w)) is an Ok -algebra which is w-adically separated and which
satisfies the following condition: for any power series f € Og{X1,..., X,.},
f =) a,X", suchthat there exists a constant ¢ for which c(v,, (a,)+1) > |v],

15 Sometimes called rigid analytic space with overconvergent structure sheaf.
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all v, and for any n-tuple xq, ..., x, € AT, the series f(x1, ..., x,) converges
to an element of AT. The weak completion of an Uk -algebra A is the smallest
weakly complete subalgebra AT of A containing the image of A.

A weak formal scheme is a locally ringed space (X, ©) that is locally iso-
morphic to an affine weak formal scheme. An affine weak formal scheme is
a locally ringed space (X, @) such that X = Spec(AT/w) for some weakly
complete finitely generated 'k -algebra AT and the sheaf ¢ is given on the
standard basis of open sets by F(X7, 0) = (AJ})T, f € AT. We say that
X = Spwf(A"), the weak formal spectrum of A'. For a weak formal scheme
X, flat over Ok, the associated dagger space X ¢ is partially proper if and only
if all irreducible closed subsets Z of X are proper over Ok [39, Rem. 1.3.18].

We come back now to K being a discrete valuation field. A weak formal
scheme over Ok is called semistable if, locally for the Zariski topology, it
admits étale maps to the weak formal spectrum

Spwf(Ok[X1,.... Xal' /(X1 X, —w)), 1<r<n.

We equip it with the log-structure coming from the special fiber. We have a
similar definition for formal schemes. A (weak) formal scheme X is called Stein
if its generic fiber X ¢ is Stein. It is called Stein with a semistable reduction if
it has a semistable reduction over Ok (and then the irreducible components of
Y := X are proper and smooth) and there exist closed (resp. open) subschemes
Ys, s € N, (resp. Us, s € N) of Y such that

1. each Y is a finite union of irreducible components,

2. Yy C Us C Yg41 and their union is Y,

3. the tubes {]U[x}, s € N, form a Stein covering of Xk

We will call the covering {Us}, s € N, a Stein covering of Y. The schemes
Us, Y inherit their log-structure from Y (which is canonically a log-scheme
log-smooth over k°). The log-schemes Y; are not log-smooth (over k") but
they are ideally log-smooth, i.e., they have a canonical idealized log-scheme
structure and are ideally log-smooth for this structure.'®

3.1.2 Overconvergent Hyodo—Kato cohomology
Let X be a semistable weak formal scheme over Ok . We would like to define

the overconvergent Hyodo—Kato cohomology as the rational overconvergent
rigid cohomology of X over ﬁg:

16 Recall [61] that an idealized log-scheme is a log-scheme together with an ideal in its log-
structure that maps to zero in the structure sheaf. There is a notion of log-smooth morphism
of idealized log-schemes. Log-smooth idealized log-schemes behave like classical log-smooth
log-schemes. One can extend the definitions of log-crystalline, log-convergent, and log-rigid
cohomology, as well as that of de Rham—Witt complexes to idealized log-schemes. In what
follows we will often skip the word “idealized” if understood.
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RTuK (X0) := RTyig(Xo/O%).

The foundations of log-rigid cohomology missing!” this has to be done by
hand [32, § 1].

Let Y be a fine k*-log-scheme. Choose an open covering ¥ = U;¢;Y; and,
for every i € I, an exact closed immersion ¥; < Z; into a log-smooth weak
formal ﬁ%—log—seheme Z;. For each nonempty finite subset J C I choose
(perhaps after refining the covering) an exactification'® [49, Prop.4.10]

s
Yy =0iesYi > Zj > H(Zi)iej
o

of the diagonal embedding Y; — [] o (Zi)icy. Let Q¢ be the de Rham

Z,/0%
complex of the weak formal log-scheme Z; over 6’0. This is a complex of
sheaves on Z j; tensoring it with /" we obtain a complex of sheaves €2°, 7, 5O the
F-dagger space Z r.By[32,Lemmal.2], the tube Y, [z, and the restriction
Q.Y,[Z] = QY iz, of Q% to 1Yz, depend only on the embedding

system {Y; < Z;}; not on the chosen exactification (¢, f). Equip the de Rham
complex I'(]Y [z, , €2*) with the topology induced from the structure sheaf of
the dagger space Y[z, .

For J1 C J,onehas natural restriction maps 4, , s, :1Y, [ZJ2 —1Yy [ZJI and

8 J117 5 Qijl (2, — Qinz [z, - Well-ordering I, we get a simplicial dagger space

1Y.[z, and a sheaf QTY.[z. on ]Y,[z,. Consider the complex RI'(JY,[z,, £2°).
We equip it with the topology induced from the product topology on every
cosimplicial level. In the classical derived category of F-vector spaces this
complex is independent of choices made but we will make everything inde-
pendent of choices by simply taking limit over all the possible choices. We
define a complex in Z(CF)

RTyig(Y/0%) := hocolim T (1Y.[z,, ), (3.1)

where the limit is over the category of hypercovers built from the data that we
have described above.!” Note that the data corresponding to affine coverings

17 See however [77].

18 Recall that an exactification is an operation that turns closed immersions of log-schemes
into exact closed immersions.

19 Note that the category of hypercovers, up to a simplicial homotopy, is filtered. Indeed, since
we have fiber products, the issue here is just with equalizers but those exists, up to a simplicial
homotopy, by the very general fact [78, Tag 01GS]. Moreover, they induce a homotopy on the
corresponding complexes.
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form a cofinal system. We set

Al (Y/60%) .= H'RTyig(Y/0%), HL,(Y/O%) := H'RDyig(Y/6Y).

ng r1g

The complex RIMig (Y/ ﬁ%) is equipped with a Frobenius endomorphism ¢
defined by lifting Frobenius to the schemes Z; in the above construction. In
the case Y is log-smooth over k® we also have a monodromy endomorphism?°
N = Res(\/(dlog0)) defined by the logarithmic connection satisfying pp N =
No.

Proposition 3.2 Let Y be a semistable scheme over k with the induced log-
structure [32, 2.1].

1. If Y is quasi-compact then rlg(Y/ﬁlop) is a finite dimensional F-vector
space with its unique locally convex Hausdorff topology.
2. The endomorphism @ on rlg(Y/ ﬁ?,) is a homeomorphism.

3. If k is finite then H e
of the linearized Frobenius ¢/, where |k| = p!, are Weil numbers.

*Y/0 O) is a mixed F-isocrystal, i.e., the eigenvalues

Proof All algebraic statements concerning the cohomology are proved in [32,
Th.5.3]. They follow immediately from the following weight spectral sequence
[32,5.2,5.3] that reduces the statements to the analogous ones for (classically)
smooth schemes over k

ENY = @[] HR T NSI0p) = Hi(xY /0. (33)

J=0,j>—k S€O2j1i+1

Here ®; denotes the set of all intersections S of j different irreducible com-
ponents of Y that are equipped with trivial log-structure. By assumptions, the
intersections S are smooth over k.

Let us pass to topology. Recall the following fact (that we will repeatedly
use in the paper)

Lemma 3.4 ([29, Lemma4.7], [30, Cor.3.2]) Let X be a smooth Steg'n space
or a smooth affinoid dagger space. All de Rham differentials d; : Q'(X) —
QItY(X) are strict and have closed images.

Remark 3.5 The above lemma holds also for log-smooth Stein spaces with the
log-structure given by a normal crossing divisor. The proof in [30, Cor.3.2]
goes through using the fact that for such quasi-compact log-smooth spaces the
rigid de Rham cohomology is isomorphic to the rigid de Rham cohomology of

20 The formula that follows, while entirely informal, should give the reader an idea about the
definition of the monodromy. The formal definition can be found in [59, formula (37)].
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the open locus where the log-structure is trivial (hence it is finite dimensional
and equipped with the canonical Hausdorff topology).

We claim that, in the notation used above, if Y is affine, then the complex
I'dYslz,, %) =RTAY,[z,, Q%)

has finite dimensional algebraic cohomology H* whose topology is Hausdorf.
Moreover, its cohomology H* is classical. Indeed, note that, using the con-
tracting homotopy of the Poincaré Lemma for an open ball, we may assume
that the tube Y[z, is the generic fiber of a weak formal scheme lifting Y,
to ﬁ%. Now, write H' = ker d; /im d;_1 with the induced quotient topology.
By the above lemma, the natural map coimd;_; — imd;_; is an isomor-
phism and im d;_1 is closed in ker d;. Hence H' is classical and H' = H' is
Hausdorff, as wanted.

Note that, by the above, a map between two de Rham complexes asso-
ciated to two (different) embeddings of Y7 is a strict quasi-isomorphism.
This implies that, if Y is affine, all the arrows in the system (3.1) are strict
quasi-isomorphisms and the cohomology of RI'g(Y/ ﬁ%) is isomorphic to
the cohomology of I"'(]Y,[z,, 2°) for any embedding data.

This proves claim (1) of our proposition for affine schemes; the case of
a general quasi-compact scheme can be treated in the same way (choose a
covering by a finite number of affine schemes). Claim (2) follows easily from
claim (1). O

Remark 3.6 In an analogous way to RI'e (Y / 6’%) we define complexes

RI(Y/O%) € 2(Ck).

For a quasi-compact Y, their cohomology groups are classical; they are finite
K -vector spaces with their canonical Hausdorff topology.

3.1.3 Overconvergent Hyodo—Kato isomorphism

Set rt := k[T, r" := Op[T]" with the log-structure associated to 7. Let X
be a log-scheme over r* := k[T] (in particular, we allow log-schemes over
kY). Assume that there exists an open ~covering X = Ujer X; and, for every
i, an exact closed immersion X; < X; into a log-scheme log-smooth over
7 := Op|T]. For each nonempty finite subset J C I, choose an exactification
(product is taken over 7)

.~ f ~
XJ ::ﬂ,-GJXi<—>XJ—>1_[X,-
iel

of the diagonal embedding as in Sect. 3.1.2.
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Let 27 be the weak completion of X ;. Define the de Rham complex Q:g, It
as the weak completion of the de Rham complex Q'ij /i The tube | X ;[ 4, with
the complex (£2°,

Zy/
(¢, f).Forvarying J one has natural transition maps, hence a simplicial dagger

space ] X.[#, and a complex

(2%, )+ ® Qlix.ly, (3.7)

4 ® Q) lix,r 7, is independent of the chosen factorization

One shows that, in the derived category of vector spaces over Q,,

RI(IX.L2. 2., © Qlixay,)

is independent of choices. We make it though functorial as a complex by going
to limit over all the choices and define a complex in Z(Cr)

RTyig(X/r") := hocolim ' (1X.[ 2, (% )+ @ Qlix.r,)-

where the index set runs over the data described above.

Cohomology RIig(X/ rT) is equipped with a Frobenius endomorphism ¢
defined by lifting mod p Frobenius to the schemes X, in the above construction
in a manner compatible with the Frobenius on ' induced by T+ T7. If
X is log-smooth over k°, we also have a monodromy endomorphism N =
Res(\/(dlogT)) defined by the logarithmic connection satisfying ppN = Ng.
The map pyg : RFrig(X/rT) — RFrig(X/ﬁ%) induced by 7'+ 0is compatible
with Frobenius and monodromy.

For a general (simplicial) log-scheme with boundary (X, X) over rt
satisfying certain mild condition?' the definition of rigid cohomology
RI‘rig((Y, X)/ rf) is analogous. For details of the construction we refer the
reader to [32, 1.10] and for the definition of log-schemes with boundary to
[31].

Let Xo be a semistable scheme over k with the induced log-structure [32,
2.1]. Let {X;}ic; be the irreducible components of Xg with induced log-
structure. Denote by M, the nerve of the covering [ [;.; X; — Xo. We define
the complex RFrig(M./ﬁ?,) € 2(Ck) in an analogous way to RFrig(Xo/ﬁ?:)
using the embedding data described in [32, 1.5].

Lemma 3.8 Let & denote ﬁ% or O%. The natural map
RIig(Xo/6) — RTyig(M./6)

is a strict quasi-isomorphism.

21 The interested reader can find a description of this condition in [32, 1.10]. It will be always
satisfied by the log-schemes we work with in this paper.

@ Springer



900 P. Colmez et al.

Proof 1t suffices to argue locally, so we may assume that there exists an exact
embedding of X into a weak formal scheme X that is log-smooth over &

Let us first prove that the above map is a quasi-isomorphism. The com-
plex RI'yig(M,/0) can be computed by de Rham complexes on the tubes
1M [ x, where, for a nonempty subset J C I, we set M; = Njc;X; with
the induced log-structure. To compute RIig(Xo/0), recall that, for a weak
formal scheme X and a closed subscheme Z of its special fiber, if Z = U;¢1Z;
is a finite covering by closed subschemes of Z, then the dagger space cov-
ering ]Z[x= UjerlZi[x is admissible open [32, 3.3]. Hence RI'}ig(Xo/O)
can be computed as the de Rham cohomology of the nerve of the covering
Xx = Ujer]M;[x. Since the two above mentioned simplicial de Rham com-
plexes are equal, we are done.

Now, strictness of the above quasi-isomorphism follows from the fact that
the cohomology groups of the left complex are finite dimensional vector spaces
(over F or K) with their canonical Hausdorff topology and so are the coho-
mology groups of the right complex (basically by the same argument using
the quasi-isomorphism Ry (M;/0) = RI‘rig(MtJr/ﬁ) [32, Lemma4.4],
where Mjr denotes the open set of M, where the horizontal log-structure is
trivial.) O

Let J C I and M = M; = NjeysX;. Grosse-Klonne [32, 2.2] attaches
to M finitely many log-schemes with boundary (P;, ' VA{I/), g J cJ.
We think of (P} /, VA{I/) as the vector bundle VA{I/ on M (built from the log-

structure corresponding to J') that is compactified by PA{,/—a direct sum of
projective space bundles. It is a log-scheme with boundary over ™ which,
in particular, means that VA{I/ is a genuine log-scheme over r* (however this
is not the case for P,g). This construction of Grosse-Klonne corresponds to
defining the Hyodo—Kato isomorphism using not the deformation space rng
as in the classical constructions but its compactification (a projective space).
The key advantage being that the cohomology of the structure sheaf of the new
deformation space is now trivial.
The following proposition is the main result of [32].

Proposition 3.9 Let ) # J' C J C I and let Op(0) = OV, O (w) = 0.
The map

Ry (P, Vi) /rT) ®F F(a) = RTyg(M/OF(a)), a =0, w,

/
defined by restricting to the zero section M = Mj — PA{[ and sending T — a,
is a strict quasi-isomorphism.

Proof The algebraic quasi-isomorphism was proved in [32, Th.3.1]. To show
that this quasi-isomorphism is strict we can argue locally, for X affine. Then
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the cohomology of the complex on the right is a finite rank vector space over
F (a) with its natural locally convex and Hausdorff topology. Algebraic quasi-
isomorphism and continuity of the restriction map imply that the cohomology
of the complex on the left is Hausdorff as well. Since it is a locally convex
space the map has to be an isomorphism in Cr (), as wanted. O

Example 3.10 We have found that the best way to understand the above propo-
sition is through an example supplied by Grosse-Klonne himself in [32]. Let
X be of dimension 1 and let M be the intersection of two irreducible com-
ponents. Hence the underlying scheme of M is equal to Speck. Let U be the
2-dimensional open unit disk over K with coordinates xy, x», viewed as a dag-
ger space. Consider its two closed subspaces: U defined by x1x, = 0 and
U® defined by x1x; = w.

Let ?Zz] be the de Rham complex of U with log-poles along the divisor U;
let 27, be its quotient by its sub-Oy -algebra generated by dlog(x1x2). Denote
by 27,y and Q7 its restriction to U Oand U™, respectively. We note that U™
is (classically) smooth and that 27,,, is its (classical) de Rham complex. We
view the k’-log-scheme M as an exact closed log-subscheme of the formal
log-scheme Spf (& r[[x1, x2]1/(x1x2)) that is log-smooth over ﬁg or of the
formal log-scheme Spf(Ok[[x1, x2]]1/(x1x2 — @)) that is log-smooth over
0% . The corresponding tubes are U Oand U™ . We have

RUyio(M/0Y) ®F K = RT(U°, Q*), RTye(M/OF) =RI(U”, Q).
(3.11)

We easily see that H*(U, Q*) ~ H*(U™, Q*);in particular, H' (U, Q0) =
H'(U™,Q*) is a one dimensional K -vector space generated by dlogx.

The quasi-isomorphism between the cohomologies in (3.11) is constructed
via the following deformation space (P, V):

P = (Pk x PL)™ = ((Spec(K[x1]) U {oo}) x (Spec(K [x2]) U {oo})™,
V := (Spec(K [x1, x2]))™".

Let 5}) be the de Rham complex of P with log-poles along the divisor

({0} x Px) U (Pk x {0}) U ({00} x Pk) U (Pk x {oo}).
The section dlog(x;x2) € Q b(U ) = Q }D(U ) extends canonically to a section
dlog(x1x2) € Q}D(P). Let Q% be the quotient of Q9 by its sub-&'p-algebra

generated by dlog(xx2). The natural restriction maps

RI(UY, Q) < RI(P,Q°) —» R[(U”,Q°), 0« T,T+— w,

@ Springer



902 P. Colmez et al.

are quasi-isomorphisms. This is because we have killed one differential of
Qp and the logarithmic differentials of IP’(lﬁK are isomorphic to the structure
sheaf hence have cohomology which is 1-dimensional in degree 0 and trivial
otherwise.

Varying the index set J’ in a coherent way one glues the log-schemes
(P ,, VA{I/) into a simplicial 7 *-log-scheme (P,, V,) with boundary. Set

RTyig(Xo/r") := RTyig((P., V) /1 ).

We have the corresponding simplicial log-scheme M over k. There is a natural
map M, — M (that induces a strict quasi-isomorphism RT;s(M]/ ﬁ%) =
RTyig(M,/ ﬁ%)) and a natural map M. — (P,, V,). The following proposition
is an immediate corollary of Proposition 3.9 and Lemma 3.8.

Proposition 3.12 ([32, Th.3.4]) Let a = 0, w. The natural maps
RTyig(X0/OF(a)) — RTvig(M]/OF(a)) < RTyig(Xo/r") ®F F(a)

are strict quasi-isomorphisms.

Let X be a semistable weak formal scheme over O . We define the over-
convergent Hyodo—Kato cohomology of X as RI'yk (Xo) := RIyjg(Xo/ ﬁ%).
Recall that the Hyodo—Kato map

tgK : RTuk (X0) = RTGr (X&)

is defined as the zigzag (using the maps from the above proposition)

RIk (Xo) = Rlyig(Xo/ @) <—— RIyig(Xo/r")
RTsig(Xo/r") ®F K — RTig(Xo/Og) = RI4r(Xk)
It yields the (overconvergent) Hyodo—Kato strict quasi-isomorphism

K : RTCHK (X0) ® F K — RTgr(X k).

Remark 3.13 The overconvergent Hyodo—Kato map, as its classical counter-
part, depends on the choice of the uniformizer @ . This dependence takes the
usual form [79, Prop.4.4.17].
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3.2 Overconvergent syntomic cohomology

In this section we will define syntomic cohomology (a la Bloch—Kato) using
overconvergent Hyodo—Kato and de Rham cohomologies of Grosse-Klonne
and discuss the fundamental diagram that it fits into. We call this definition
“a la Bloch—Kato” because it is inspired by Bloch—Kato’s definition of local
Selmer groups [8].

3.2.1 Period rings B Acr x

str

We will recall the definition of the rings of periods ﬁ;’[ and A, x that we will

need. We denote by rz’; the algebra Or[[T]] with the log-structure associated

toT. Sending T to @ induces a surjective morphism rd — O¢. We denote

by r D the p-adic divided power envelope of r;t 5 with respect to the kernel of

this morphlsrn Frobenius is defined by T — TP monodrorny byT — T.
We start with the definition of the ring of periods B . [79, p.253]. Let

o~ o~

Agn = HY(OF,/rPP), Ay Am, B = Ayll/pl.

We note that §+ is a Banach space over F' (which makes it easier to handle
topologically than B ). The ring Agt » has anatural action of %K, Frobenius ¢,
and a monodromy operator N. We have a morphrsm Agn — Agt » induced
by the map Hg,(ﬁcyn/ﬁp,n) — (ﬁé n/r ). Both it and the natural map

z];Dn — Kst, » are compatible with all the structures (Frobenius, monodromy,

and Galois action). Moreover, we have the exact sequence

0 = Acen — Agn > A — 0. (3.14)
We can view Kst,n as the ring of the PD-envelope of the closed immersion
Specd,, = Spec(AlL, ®cr., Ier.n)

defined by the maps 6 : A¢; , — Oc , and rJr — Ok .n, T +— w.Here Ag "
is A¢r,n equipped with the unlque log- structure extending the one on ﬁcx
This makes Specﬁ’ — SpecAst n into a PD-thickening in the crystalline

site of ﬁ’% e follows [47, §3.9] that

Asn = RTe(OF,/TEP). (3.15)

There is [47, Th.3.7] a canonical B -linear isomorphism BJr > BJr N=nilp

compatible with the action of ¥, ¢, and N.
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We will now pass to the definition of the ring of periods A¢r x [79, §4.6].
Let

. 0 . .
Acr,K,n = Hcr(ﬁén/ﬁ])é’”)’ Acr,K = LinAcr,K,n-

n

The ring A¢r k. 1s a flat Z/p"-module and A¢r x n+1 @ Z/p" = Acr ko0
moreover, it has a natural action of ¥k . These properties generalize, for r € Z,
to Hco(ﬁgn/ﬁ; 2 ZN), and we have HL.(OF /0% . 7)) =0,i > 1,

T

r e Z. Set

F'Act kn o= Hg(OF ,/OF o IUD, F'Acrk = 1im F"Acr k-

n

We have

F'Act.kn = RCe(OF /0% . 7).
FrACI‘,K,n/FS ~ chr(ﬁg,n/ﬁ;’n’ j[r]//[é])’ r <s.

The natural map gr'izAcrn — gr'pAcr k,n is @ p“-quasi-isomorphism for a
constant a depending on K, a ~ v, (dg/F), [79, Lemma4.6.2]. We set

B;,K = A k[1/p].
There is a natural ¥k -equivariant map ¢ : ﬁ;{ — BS“R induced by the maps

pw:B;t—>B+

Sk BE/F = B JFT < BL/F",

cr, K
where p denotes the map induced by sending 7 +— @ . The composition
BB 5 B, is the map : = ¢, from Sect. 1.4.2.

3.2.2 Overconvergent geometric syntomic cohomology

Let X be a semistable weak formal scheme over Ok . Take r > 0. We define
the overconvergent geometric syntomic cohomology of X g by the following
mapping fiber (taken in Z(Cq,,))

Rl gy (Xc, Q,(r)) =

A~ RS _ o %
[[RTHK (Xo)@ pB |V =00=p" KL,

(RTCr(Xg)®KBJR)/FT]-

This is an overconvergent analog of the algebraic geometric syntomic coho-
mology studied in [59]. Here, we wrote [RI'gk (Xo)®§B$]N:0"/’:pr for the
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homotopy limit of the commutative diagram?>

Rk (X0)® pBJ; LA RFHK(XO)(X)FB

v v

RTix (X0) KB “~% Ry (X0) OB
The filtration on RI'g4r (X K)@chJ{R is defined by the formula
F"(RTr (X x)@KBy) 1= hocolim ;4 j>, FRTr (X )&k F/BJ.
Set

HK(Xc, r) := [RTuk (X0)@ p BN =0¢=F"
DR(X¢, ) := (RTr(Xx)®FBlp)/F'.

Hence
RTsyn(Xc, Qp(r)) = [HK(Xc, P —22L,DR(Xc, P,
Example 3.16 Assume X to be quasi-compact. We claim that then the complex

RTuk (X0)®FBY

has classical cohomology isomorphic to HﬁK(XO)@) FBst, a finite rank free
module over BJr To show this, consider the distinguished triangle

Hyjk (X0) — RIuk (X0) = 7=1RTHK (Xo).
Tensoring it with ﬁ;ﬁ we obtain the distinguished triangle
Hij (X0)® B — Rk (X0)®FBY, — (7=/RThk (X0))® 7By,  (3.17)

Note that, since HSIK(XO) is a finite rank vector space over F, we have the
natural strict quasi-isomorphism

Hx (X0)®rBE S HY (Xo)®FBY. (3.18)

22 1y general, in what follows we will use the brackets [ ] to denote derived eigenspaces and
the brackets () or nothing to denote the non-derived ones.
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Since H%((=1RT'Hk (X0))®FB) = 0, this implies that

H (X0)®rBY 5> HO(RTuk (X0)@FBY),
H'(RTuk (X0)®FBY) > H ((t=1RTHk (X0)®FBE), i > 1.

Repeating now, for (rleFHK(Xo))®§§:[, (rzzRFHK(XO))®§ﬁ§, etc, the
above computation, we get that

H'(RTuk (X0)®FBY) ~ Hix (X0)®rBY, i>0, (3.19)

as wanted.

Lemma 3.20 Let X be quasi-compact. The above isomorphism induces a nat-
ural isomorphism

H (HK(X¢, r) ~ (Hix (X0)®@BHN=0¢=r" i >0,

of Banach spaces (so Hi HK (X, r)) is classical).

Proof The argument here is similar to the one given in [59, Cor.3.26] for
the Beilinson—Hyodo—Kato cohomology but requires a little bit more care. We
note that HI"{K (Xo) is afinite dimensional (¢, N)-module (by Proposition 3.2).
For a finite (¢, N)-module M, we have the following short exact sequences

0—)M®FB;;—’B>M®F§:;E>M®F§:{—>O,

0—>(MQrBH™"" - MerB:—5Mer B — 0. (3.21)

The first one follows, by induction on m such that N = 0 on M, from the

fundamental exact sequence, i.e., the same sequence for M = F. The map
is the (Frobenius equivariant) trivialization map defined as follows

B:MOBLS (M@BHV=", m @b exp(Nu)ym®@b.  (3.22)
We note here that it is not Galois equivariant; however this will not be a problem

in this proof. The second exact sequence follows from [20, Rem. 2.30].
We will first show that

H'(RTuk (X))@ BHY =) = (Hjx X0 ®rBHY".  (3.23)
Set HK := RI'gk (X o)@?ﬁ:{. We have the long exact sequence
X AYHK) —» B (HKIY=) » HY(HK) S F/(HK) — B (HK]V=0) —
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By the isomorphism (3.19) and the exact sequence (3.21), it splits into the
short exact sequences

0 — H (HKIY=") — Hiy(Xo) ®r B & Hiy (Xo) @ BL — 0
The isomorphism (3.23) follows. By (3.21), we also have
H'([HKIV=%) ~ H{y (Xo) ®F B
Now, set D := [HK]V=". We have the long exact sequence
L FN D) - B (D) - H/(D)EH (D) » B (D) -

Since H' (D) ~ HIi{K(XO) ®r B, the sequence (3.21) implies that the above

cro
long exact sequence splits into the short exact sequences

0 — H'(IDI*="") - Hiy(Xo) ®r BEXD Hi (Xo) ©F B — 0
Our lemma follows from the sequence in (3.21). O

Assume now that X is Stein and let {U, }, n € N, be a Stein covering. We
claim that we have a natural strict quasi-isomorphism

RTuk (X0)@KBE > holim ,(RTuk (U 0) @5 BY). (3.24)

To show this we will compute the cohomology of both sides. Since, by
Lemma 2.3, the natural map

Hiy (X0)®rBE — Hip (X0)@FBE, i >0,

is a strict quasi-isomorphism, the argument in Example 3.16 goes through and
we get that

H RTug (X0)®KBE) ~ Hiy (X0)@FBE, i > 0.

Similarly, applying holim to the analogs of the distinguished triangle (3.17),
we get the distinguished triangles

holim , (Hy (Un.0)® fBL) — holim ,, (RTuk (Un.0)® ~B)
|

holim , (TleFHK(Un,O))®§§;D'
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We have
HCholim , (Hj (Un,0)®FBY) ~ lim (Hijy (U 0)& FBY).
n

H'holim ,(H3x (U, 0)®5BE) ~ H'holim ,, (H3 (Un.0)®FrBL) =0, i > 1.

(3.25)

The vanishing in the second line can be seen by evoking the Mittag—Leffler
criterium in the category of convex vector spaces [68, Cor.2.2.12]: the projec-
tive system {HI(—)IK(U”»O)® pB;{ } is Mittag—Leffler because so is the projective
system {HgK (Uy.0)}. Now, the argument in Example 3.16 can be repeated and
it will yield that

H' (holim , (RTuk (Un) ®3B)) ~ im(Hjye (Uy 0)®FBY), i > 0.
n

The computations of cohomology of both sides of (3.24) being compatible,
to prove that they are strictly quasi-isomorphic, it remains to show that the
natural map

(im Hiy (U 0)®rBY — lim (Hiyy (U 0)® FBY)
n n

is an isomorphism. But this follows from the fact that each HﬁK(Un,o) is a
finite rank vector space (see Sect. 2.1.3).
To sum up the above discussion:

Lemma 3.26 The cohomology of RI'yk (X 0)@?3%\; is classical and we have

H' Rk (X0)®7BY) = Hiy (X0)®rBY = lim(Hizy (U, 0)@ #BY).
n

(3.27)

Lemma 3.28 The cohomology Hi ([RTk (X 0)®§/B\;]N =0.9=p"y s classical
and we have natural isomorphisms

H'(IRTk (X0)® FBE1V=00=F") ~ (Hipy (X0)® BN 00—,

In particular, the space Hi([RFHK(X0)®§/B\;{]N:O"/’:1{) is Fréchet. More-
over,

H'(IRTuk (X0)®FBFIV=0) ~ (Hiix (X0)@rBHN=" ~ Hl (X0)®FBL,

where the last isomorphism is not, in general, Galois equivariant.
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Proof For the first claim, we argue as in the proof of Lemma 3.20 using analogs
of the exact sequences (3.21) (for M = Hj; (Xo)):

0 —>HHK(X0)®FB —> HHK(XO)(}Z)FBst X HHK(XO)(XU::Bst — 0,

0 = (Hiy (X0)®rBH*=" - Hi (X0)®rBt 2% Hiy (X0)® Bl — 0.
(3.29)

These sequences are limits of sequences (3.21) applied to H]fIK(Un,O), n € N.
We wrote = 1<1r_nn B, and used the isomorphism (3.27) (and its analog

for BY) as well as the vanishings
HYholim , (Hig (Un0)®FBE) = 0. H'holim , (Hig (Un,0)®FBL#="") = 0,

for j > 1. The vanishing of the first cohomology follows from the fact that
the projective system {HﬁK(Un,O)} is Mittag—Leffler. The vanishing of the
second cohomology is a little subtler. Note that the system of Banach spaces
{(Hi(Un,o)®FBC+r)‘ﬂ:pr} can be lifted to a system of finite dimensional BC
spaces with Dimensions (d;, h;), d;i, hi > 0 [14, Prop.10.6]. The images
of the terms in the system in a fixed BC space form a chain with decreasing
dimensions D (in lexicographical order). Since the height /2 of any BC subspace
of these spaces is also > 0 [15, Lemma2.6], they stabilize. Hence the original
system satisfies the Mittag—Leffler criterium from [68, Cor. 2.2.12] and, hence,
it is acyclic.

The last claim of the lemma was proved while proving the first claim. O

Example 3.30 Assume that X is affine or Stein. In that case /(X k)isan LB-
space or a Fréchet space, respectively. The de Rham cohomology HdR(X K)is
classical; it is a finite dimensional K -vector space with its natural Hausdorff
topology or a Fréchet space, respectively.

e Assume first that X is Stein. We claim that (in Z(Cg))

F'(RIGR(Xg)®REB) =~ F/ (" (X))@ BJg)
= (OXg)®k F'BjR > Q' (X)® F' "Bl — )
DR(X¢.r) = (RTR(Xg)®KBR)/F =~ (9'<XK>®KB R

= (0(XKp)®kBr — Q' (X)®kB,—| — - — Q' (Xg)®kB),
(3.31)

where B; = B /F’
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In low degrees we have

DR(X¢,0) =0, DR(Xc,1) ~ 0(Xg)®kC,
DR(X¢,2) =~ (0(Xg)®k (Bl /F?) — Q' (Xx)®kO).

To prove the first strict quasi-isomorphism in (3.31), it suffices to show that
the natural map

Q' (Xx)®kBjr — ' (Xx)®KBix
is a strict quasi-isomorphism. Or that so is the map
Qf (XI()(X)KBJr - Q (XK)®KBdR, i>0. (3.32)

But this follows from Lemma 2.3 since both Q/(Xk) and B:{R are Fréchet
spaces.

To prove the second strict quasi-isomorphism above, i.e., the natural strict
quasi-isomorphism

F (' (Xk)®kBj) — hocolim ;4 j=, (F'Q* (X ) @K F/BL).

since the inductive limit is, in fact, finite, it suffices to show that the natural
map

FIQ (Xg)®x F/Bj — FIQ (Xx) @K F/B

is astrict quasi-isomorphism and this follows from the strict quasi-isomorphism
(3.32).

Recall that the de Rham complex is built from Fréchet spaces and it has
strict differentials. The complex DR(X¢, r) is a complex of Fréchet spaces as
well. Its differentials are also strict: write the i "th differential as a composition

Id®can ®Id

. dl
Ql(XK)®KB /Fr i QI(XK)®KB /Fr i—1 QHLI(X]()@KB /Fr i— 1

(3.33)

Since Q' (X ) is a Fréchet space and B R/ F ! is a Banach space the first map

is surjective and strict (we use here pomt (3) from Sect. 2.1.3)). The second
map is induced from the differential d; : Q' (Xg) — Q1 (Xk), which is
strict, hence it is strict since everything in sight is Fréchet. It follows that the
cohomology H'DR (X, r) is classical and Fréchet as well.
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e Assume now that X is affine. Then the computation is a bit more
complicated because Qi (Xg) and B:{R (an L B-space and a Fréchet space,
respectively) do not interact well with tensor products. We claim that
(in Z(Ck))

F'(RTar(Xg)BR B /F") ~ F' (2 (Xg)®k Bp/F))
= (0(Xg) @k F'By — Q' (X))@ F' !B, — ---)
DR(Xc,r) = RTGR(Xg)BRBIR)/F" = (" (Xx)@k Bg/F")/F"
= (0(X)®kBr — Q' (X)BkB,_1) > -+ > Q1 (X)BB).

where B; = Bgr/F".

The first and the second strict quasi-isomorphisms we can prove just as in
the Stein case. We can again invoke Lemma 2.3 here because F’ B:{R JFI B(J{R
is a Banach space and ©/ (X ) can be represented by an inductive limit of an
acyclic inductive system of Banach spaces. It remains to prove the third strict
quasi-isomorphism, i.e., that the natural map

(Q(Xx)BEBLR)/F = ((Xk)®F Bl /F))/F"

is a strict quasi-isomorphism. But this easily follows from the distinguished
triangle

Q" (Xx)®F F' Bl — F (' (Xk)®FBir) = F (2 (Xx)® ) Bl /F).

Concerning cohomology, we claim that the cohomology H ‘DR(Xc, ) is
classical and that it is an L B-space; fori > r, HiDR(XC, r) = 0. Recall that
the de Rham complex is built from L B-spaces and that it has strict differentials.
The complex DR(X ¢, r) is a complex of L B-spaces as well (use Sect. 2.1.3,
point (5)). Its differentials are also strict. Indeed, write the i’th differential as
a composition (3.33). The first map in this composition is a strict surjection:
the surjection Bjp /F" =1 — B, /F" " has a continuous K -linear section
since both spaces are K-Banach. The second map factors as

; ~ i 1.d;®Id, ~ i ; ~ i
Q(XBk Bl /FT " HT=imd,®x Bl /F7 1) — QT (X )&k B /F7 7).

Here, the first map is strict. Since a composition of a strict map and a strict
injection is strict the i’th differential in DR(X ¢, r) is strict. It follows that the
cohomology H'DR(X¢, r) is classical, as wanted. The claimed vanishing is
now clear.

Moreover, we easily compute that we have a strict exact sequence
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0 — Q'(X¢)/imdi—; — H'DR(X¢,r) — HdR(XK)®K(B JF1 50

Since Qi(Xc)/imdl | is Hausdorff so is H'DR(Xc, r). Since, by [25,
Th. 1.1.17], a Hausdorff quotient of a Hausdorff L B-space is an L B-space, to
show that H'DR(X¢, r) is an L B-space it suffices to show that so is ker d;,
for

di 1 Q' (X)®k Bir/F'™) — Q' (Xx)®k Bir/F' ™'
But we easily compute that there is a strict exact sequence
0— Q (Xg)®k (g "'Bly) — kerd; — kerdi®x Bz /F" 1) — 0

that is, in fact, split because the surjection B R/F'™ -l B R/F " has a
continuous K -linear section. It follows that, since ker d; is a space of compact
type (this follows from [25, Prop. 1.1.41] and the fact that Qi (Xg)isa space
of compact type) the space ker d,-@K(BIR/F’_"_I) is LB (use Sect. 2.1.3,

point (5)) and, finally, so is ker c?,-, as wanted.

Let X be affine or Stein. We can conclude from the above that our syntomic
cohomology fits into the long exact sequence

— HZIDR(Xe,r) —— Hiy(Xe, Qp(r)

y
(Hiy (X Bk BHN=00= BEL HipR (X ) — -

where all the terms but the syntomic one were shown to be classical and LB
or Fréchet, respectively. We will show later that the syntomic cohomology has
these properties as well (see Proposition 3.36).

Example 3.34 Assume that X is affine or Stein and geometrically irreducible.
For r = 0, from the above computations, we obtain the isomorphism

HY,\(Xc,Qp) = (Hix (X0)®rBY)=r V=0 ~ BL¥=! = Q,,.

Hence H? (Xc, Qp) is classical.

syn
For r = 1, we obtain the following exact sequence

LHK ®!

HHK(Xc, D™5 0(X )&k C — HL, (Xc. Qp(1) > (Hi (X0)®rBH)#=rN=0 — 0

Since HYy (Xo) = F, we have H'HK (X ¢, 1) = Bor#~7 and the map 1k ® ¢
from H'HK (X, 1) to 0(Xk)®kC is induced by B, — Bl — B /F'.
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Since we have the fundamental sequence
0— Q,(1) > BL¥=" - BL/F' -0

we get the exact sequence

0> C— 0(Xc)—— !

syn

(Xc, Qp(1) = (Hix (X0)®rBHP=P V=0 5 ¢

Hence H! (Xc,Qp(1)) is classical.

syn
3.2.3 Fundamental diagram

We will construct the fundamental diagram that syntomic cohomology fits
into. We start with an example.

Example 3.35 Fundamental diagram; the case of r = 1.
Assume that X is affine or Stein and geometrically irreducible. We claim
that we have the following commutative diagram with strictly exact rows.

d ~ _ —
0 —> 6(X0)/C — Hlp(Xc, Qp(1) —= (Hi (X0)®pBE)P=P-N=0 0

H lﬁ \LLHK®0

0—> 0(Xe)/C —L =l (X) =0 — = Bl (Xg)BC ——>0
The top row is the strictly exact sequence from the Example 3.2.2. The bottom

row is induced by the natural exact sequence defining H(}R (Xk).BySect.2.1.3,
it is isomorphic to the sequence

0— O0(Xe)/C S Q' (Xe)=" — HL(Xe) — 0.

Hence it is strictly exact by Lemma 3.4. The map gk ® 6 is induced by the
composition

~ = ® ~ 9 ~
Rk (X0)® rBE —*——>RIwR (Xx)® kB = RIw(Xx)®k C.
The map g is induced by the composition

R syn (X ¢, Qp(1))
v
FIRT@R(X)®RB) 2= (0 > QU(Xx)®kC — Q2(Xg)®kC — ---).
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(The fact that the first map lands in F! is immediate from the definition of
Rl gyn(Xc, Qp(1)).) Clearly they make the right square in the above diagram
commute. To see that the left square commutes as well it is best to consider
the following diagram of maps of distinguished triangles

B ~ 0 ~
RIsyn(Xc, Qp(1)) > FIRIgr (X )@k BlR) —= Q=1 (X )@k C[-1]

i i l

~ A _ . ® _~ 0 —~
[RTHk (X0)® B 1= V=0 2 Rpgp (X )@k Bl ——— Q*(Xk)®k C
itHK@L i l
~ ~ 2] ~
(RTGR(Xg)®kBJR)/F! == RT@r(Xg)®kBJR)/F! ——— O(Xx)®kC

The map B is the map on mapping fibers induced by the commutative bot-

tom left square. We have g = 6 B. It remains to check that the induced map
oX K)@ kC — QI(X K)@ k C from the right column of the above diagram
is equal to d, but this is easy.

And here is the general case.

Proposition 3.36 Let X be an affine or a Stein weak formal scheme. Letr > 0.
There is a natural map of strictly exact sequences

_ d ~ 0 T
0— Q" 1(Xc)/kerd = Hly,(Xc, Qp(r)) —> (Hfy (X0)® pBHN=0¢=r" — 0

H iﬁ lu—m@t"?

0— @ 1(Xe)/kerd — > Q" (X)4=0 ——— > HI (XK C —> 0

Moreover, ker(tk ® 6) = (Hly (X))@ rBHN=00=P"" HI (Xc,Q,(r)
is LB or Fréchet, respectively, and the maps B, tuk ® 6 are strict and have
closed images.

Proof To deal easier with topological issues, we start with changing the period
ring in the proposition from B:{ to B;'[. That is, we will show that the natural
map Ly : B;t — B$ induces a commutative diagram (in Cq,)
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(HI (X0)@ pBI)N=00=r" KE g (X )@ C (3.37)

Z\L1®tst H

o~ A~ . . [ o~
(Hf (X))@ pBHN=0v=r" M5 g1 (X )&k C.

The commutativity is clear since the composition B;'{ = ﬁ:{ = Bj’R is just
the original map ¢ : B$ — Bj{R. To see that 1 ® ¢ is a strict isomorphism it
suffices to look at the diagram

(H (X0)®FrBH)N=0

)

~ B DI
Hi (X0)®FBf, —— (Hfy (X0)® BN =0,

where B\is the trivialization from (3.22). The map B\is well-defined because N
is nilpotent on Hyjy (Xo) and factorizes through the map g yielding the map
and making the above diagram commute. The map g is a strict isomorphism. It
follows that both 8 and ¢ are algebraic isomorphisms and this easily implies
that (g is a strict isomorphism, as wanted. O

We will now prove our proposition with B;'[ replaced by ﬁ;: The following
map of exact sequences (where Qf, HéR and HlilK stand for Q' (X ), HéR (Xk)
and HIi{K(Xo), respectively) is constructed in an analogous way to the case of
r = 1 treated in the above example

—] = =“ g B 8 ~ > - _ .,
(Hig @ rBHN=00=0" > @r =1 ja Q=22 H, (X, Q)= (Hiy ®FBHN=00=" - 0

J{tm{@@ H ¢ﬁ imx@é

0— Hp'®xC —= @ 1/dor—2 —Ls qrd=0 T HR®KC — 0

(3.38)

To prove the first claim of the proposition it suffices to show that the map
tgxk ® 0 in degree r — 1 is surjective. For that we will need the following
lemma.

Lemma 3.39 Let M be an effective® finite (¢, N)-module over F. The
sequence

0—> (M®F ﬁ;t)w:pj’N:O 5 (M & §$)w:pj+l’N:0—>l®9 MQ®rFC

23 We call a (¢, N)-module M effective if all the slopes of the Fobenius are > 0.
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is exact. Moreover, the right arrow is a surjection if the slopes of Frobenius
are < j.
Proof Using the trivialization (3.22) and the fact that 6(u) = 0, we get the

following commutative diagram

0—= (M ®p BH#=P N=0 L (\ @p Bhye=r""' V=019 pr o, ¢

o), | o nl

0—— (M ®p BL)#="' M @r B~ 2 e

Hence it suffices to prove the analog of our lemma for the bottom sequence.
First we will show that the following sequence

0 — (M F B:;)‘p:pj _l‘) (M F B(—;)(p pJ+1 1®60

—M®Fr C (3.40)
is exact. Multiplication by ¢ is clearly injective. To show exactness in the
middle it suffices to show that

pj+l pj+l

(M ®F F'BLH)=P" = (M ®F tB})*=

where F'B, i= BY, 0 F'Bj Or that (F'BL)»=""™ = amgy=r"™.
But this follows from the fact that

(F'BH)?=P"""™" « (x e BLIA (¢ (1)) = 0, ¥k > 0} = 1B

It remains to show that if the Frobenius slopes of M are < j then the last
arrow in the sequence (3.40) is a surjection. To see this, we note that all the
terms in the sequence are C-points of finite dimensional BC spaces** and
the maps can be lifted to maps of such spaces. It follows that the cokernel of
multiplication by ¢ is a finite dimensional BC space. We compute its Dimension
[20, 5.2.2]:

Dim(M(X)F]3c+r)(p=””l — Dim(M ®F Bjr)‘/’=l’j
Yo GHl=r =Y G —rD
ri<j+l1 ri<j
= ((j+1DdimgM —ty(M),dimg M)
— (jdimg M — ty(M), dimp M)
= (dimg M, 0).

24 Which are called finite dimensional Banach Spaces in [14] and Banach—Colmez spaces in
most of the literature.
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Here r;’s are the slopes of Frobenius repeated with multiplicity, ¢ty (M) =
vp(det @), and the second equality follows from the fact that the slopes of
Frobenius are < j. Since this Dimension is the same as the Dimension of the
BC space corresponding to M ® r C, we get the surjection we wanted.

Let us come back to the proof of Proposition 3.36.
e Assume first that X is quasi-compact. By the above lemma, to prove that
the map (gx ® O is surjective in degree » — 1 and that its kernel in degree
r is isomorphic to (H{IK(Xo)®F§:{)¢=I’H’N=O it suffices to show that the
slopes of Frobenius on HIfIK(Xo) are < i.For that we use the weight spectral
sequence (3.3) to reduce to showing that, for a smooth scheme Y over k, the
slopes of Frobenius on the (classical) rigid cohomology Hrjig(Y/ F)are < j.
But this is well-known [13, Th. 3.1.2].

We have shown that syntomic cohomology fits into an exact sequence

0— @' (Xe)/kerd —> Hiy, (Xe. Qp(r) — (Hiy (X0)BrBH == 0

syn

Hence, since it is an extension of two classical objects, it is classical. Since
Hlr (Xg) is a finite dimensional vector space over K the surjective map 7
in the diagram (3.38) has a section. Since the syntomic cohomology is the
equalizer of the maps (gx ® 6 and 7 this section lifts to a section of the
surjection 1 above. Hence HS’yn(Xc, Q,(r)) is an L B-space. Since the map
tgr ® 6 lifts to a map of finite Dimensional BC spaces it is strict and has a
closed image. It follows that so does the pullback map S.

o Assume now that X is Stein with a Stein covering {U;},i € N. Since the
map (tgk ® 6 is the projective limit of the maps

(K ® 0); : (Hiy (UNRFBHN=09=r" s H* (Ui [x)®k C

the computation above yields the statement on the kernel in degree r. For
the surjectivity in degree r — 1, we use the vanishing, shown in the proof of
Lemma 3.28, of H 'holim ; (Hl; (U)® pBE)N=0¢=r""

Since the maps (tgx ® €); are strict and have closed images and we have
vanishing of H'holim ; (Hl; (UN® pBE)V=04=F"" it follows that the pro-
jective limit map gk ®6 inherits these properties and then so does the pullback
map B. Finally, since the syntomic cohomology is the equalizer of the maps
tgx ® 6 and 7 of Fréchet spaces it is Fréchet. O

Remark 3.41 Assume that X is affine. The image of the map gk ® 6 in degree
r in the fundamental diagram is the C-points of a finite dimensional BC space
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that is the cokernel of the map:
— _ =1 t _ —_
(Hi (X0) @ BDV=09=""" = (Hjy (Xo) ©F BHV="¢=

Its Dimension is equal to

Yr—ry= > (r—l-rD= Y LO+ Y (r—r.l.

ri<r ri<r—I1 ri<r—1 r—l<ri<r

3.3 Crystalline syntomic cohomology

The classical crystalline syntomic cohomology of Fontaine—Messing and the
related period map to étale cohomology generalize easily to formal schemes.
We define them and then modify this syntomic cohomology in the spirit of
Bloch—Kato to make it more computable.

3.3.1 Definition a la Fontaine—Messing

Let X be a semistable p-adic formal scheme over &k . This means that, locally
for the Zariski topology, X = Spf(R), where R is the p-adic completion of an
algebra étale over Ok {T, ..., T,}/(T; --- T, — w). That is, we do not allow
self-intersections. We equip X with the log-structure induced by the special
fiber.

Set X := X oc- Forr > 0, we have the geometric syntomic cohomology of
Fontaine—Messing [26]

Ry (X, Z/p" (r)) := [F'RTer(X,)) Y25 RT o (X0)1
F'RTe(X,) := RT(X,, #1)
R4y (X, Z,(r)) := holim ,RTsyn (X, Z/p" (r)).

Crystalline cohomology used here is the absolute one, i.e., over O , and _# [r]
is the r’th level of the crystalline Hodge filtration sheaf. We have

RTgyn(X, Z, (1), = [F'RT:(X)g, ~>RTe(X)q, ]
= [Rl«(X)g,” — RTa(X)q,/F'] (3.42)
and similarly with Z, and Z/p" coefficients.
The above geometric syntomic cohomology is related, via period mor-

phisms, to the étale cohomology of the rigid space X (see below) and hence
allows to describe the latter using differential forms. To achieve the same for
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pro-étale cohomology, we need to modify the definition of syntomic cohomol-
ogy abit. Consider the complexes of sheaves on X associated to the presheaves
(U is an affine Zariski openin X and U := Ug,.)

Her 1= (U > (holim ,RTc+(Un))q,)-

F' e := (U > (holim , F" RTe:(Un))q,):
F(r) :== (U > RTgn(U, Zp(r))q,)-

We have
L(r) = [F" Sools or) = (AL — e/ F').
We define

RI(X, Q) := RT(X, ), F'RI«(X,Q,) :=RI(X, F o),
R4y (X, Q,(r)) := RI'(X, L (r)).

Hence

RTyn(X. Q,(r) = [F'RTer(X. Q) L2 RTer(X, Q)]
= [R[(X, Q)" — RIw(X,Q,)/F'].  (3.43)

There is a natural map
RFsyn(Y7 Zp(r))Q,, - Rrsyn(Y, Qp (r)). (3.44)

It is a quasi-isomorphism in the case X is of finite type but not in general
(since in the case of Z,(r) we do all computations on U’s as above integrally
and invert p at the very end and in the case of Q,(r) we invert p already on
each U).

By proceeding just as in the case of overconvergent syntomic cohomology
(and using crystalline embedding systems instead of dagger ones) we can
equip both complexes in (3.44) with a natural topology for which they become
complexes of Banach spaces over Q,, in the case X is quasi-compact.”> We
used here the simple fact that an exact sequence of Fréchet spaces is strictly
exact.

The defining mapping fibers (3.42) and (3.44) are taken in Z(Cq p).
Moreover, the change of topology map in (3.44) is continuous (and a strict
quasi-isomorphism if X is of finite type).

25 We note that Ok being syntomic over O, all the integral complexes in sight are in fact
p-torsion free.
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3.3.2 Period map

We are interested in syntomic cohomology a la Fontaine—Messing because of
the following comparison [20,79].

Proposition 3.45 Let X be a semistable finite type formal scheme over Ok.
The Fontaine—Messing period map*® [26]

OFM Rrsyn(yv Q,(r) = Rl (Xc, Qp(r))

is a quasi-isomorphism after truncation T<,.

We equip the pro-étale and étale cohomologies RI™,0¢ (X ¢, Qp(r)), and
RT¢ (X, Qp(r)) with a natural topology by proceeding as in the case of over-
convergent rigid cohomology by using as local data compatible complexes of
free Z/ p"-modules .>” If X is quasi-compact, we obtain in this way complexes
of Banach spaces over Q.

Corollary 3.46 Let X be a semistable formal scheme over Ok. There is a
natural Fontaine—Messing period map

OFM - RFsyn(Y7 Qp(r)) g RFproét(XCv Qp(r)) (3.47)
that is a strict quasi-isomorphism after truncation t<,.

Proof Cover X with quasi-compact formal schemes and invoke Proposi-
tion 3.45; we obtain a quasi-isomorphism

OFM - TErRFsyn(Y’ Q,(r)) = 1< Rl (Xc, Qp(r)).

To see that it is strict, it suffices to note that, locally, the period map is a zigzag
between complexes of Banach spaces and invoke Lemma 2.1.
It remains to show that, for a quasi-compact X, the natural map

RI¢(Xc, Qp(r)) = RIpros (X, Qp(r))

is a (strict) quasi-isomorphism. From [74, Cor.3.17] we know that this is
true with Z/ p"-coefficients. This implies that we have a sequence of quasi-
isomorphisms

26 We take the version of the Fontaine—-Messing period map that is compatible with Chern
classes.

27 Such complexes can be found, for example, by taking the system of étale hypercovers.
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RI¢ (X ¢, Zp(r)) = holim ,RI¢ (X, Z/p" (r)) =~ holim nRFproét Xc,Z/p" (1))
~ RI o (X ¢, holim , Z/ p™ (1))
~ Rrpmét(XC, LillZ/pn (r)) = Rl“proét(Xc, Zp(r)),
n

where the third quasi-isomorphism follows from the fact that RI" and holim
commute and the fourth one follows from [74, Prop. 8.2].
It remains to show that

RT proct (X ¢y Zp (1) ® Q) — RTprost (X, Qp(1)).

But, since | X ¢| is quasi-compact, the site X ¢ ro¢; 18 coherent [74, Prop. 3.12].
Hence its cohomology commutes with colimits of abelian sheaves, yielding
the above quasi-isomorphism. O

3.3.3 Definition a la Bloch—Kato

Crystalline geometric syntomic cohomology a la Fontaine—Messing can be
often described in a very simple way using filtered de Rham complexes and
Hyodo—Kato cohomology (if the latter can be defined) and the period rings
B:t', B+ .This was done for proper algebraic and analytic varieties in [20,59].
In thls section we adapt the arguments from loc. cit. to the case of some non-
quasi-compact rigid varieties. The de Rham term is the same, the Hyodo—Kato
term is more complicated, and the role of the period ring B is played by B

Let r > 0. For a semistable formal scheme X over ﬁK, we define the
crystalline geometric syntomic cohomology a la Bloch—Kato (as an object
in 7(Cq,))

r§y‘§<xac Q, (1)
= [[RTer(X/rEP, Qp>® b B+]N 00=p" P78 REgr(Xk)BRBL)/F'].

Here RI'. (X / PP Q p) is defined in an analogous way to RI"¢; (X, Q) (hence
itis rational; the corresponding integral cohomology we w111 denote 31mply by

chr(X/rPD)) The completed tensor product RI'¢; (X/r Qp)® P[) Bgt is

defined in the following way (note that rw Q, is not a field hence we can not
use the tensor product in the category of convex vector spaces): if X is of finite
type, we set

RO (X /P Qp>® . B = (RLer(X/rEP)®,mA)®"Q,,
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where the integral objects are in the category D(Ind(P Dq,)); for a general
X, we lift the above definition from formal schemes of finite type via the étale
cohomological descent.

Proposition 3.48 There exists a functorial quasi-isomorphism in 7(Cq,)

tBK : RCgn (X g, Qp(r) = RTgn(X g, Qp(1).

Proof The comparison map (gg will be induced by a pair of maps (tlng, L%K),
basically Kiinneth cup product maps, that make the following diagram com-
mute (in Z(Cq,)).

o~ -~ . o QL ~
[REer (X /PP, Qp>®prQ B V=0 7% (RIar (X )@ KB/ F
@,Qp

1 2
b ZLLBK

Rl (X, Q)) RI(X,Qp)/F"

(1) Construction of the map tlng. We may argue locally and assume that X is
quasi-compact. Consider the following maps in Z(Cr)

o~ ~ ]
RUe (X /rEP, Qp>®prQ B = Rlu(X4./rPP,Q,) < Rl (X o, Q).
@.Qp
(3.49)

We claim that the cup product map is a quasi-isomorphism: indeed, the
proof of an analogous result in the case of schemes [79, Prop.4.5.4] goes
through in our setting. Recall the key points. By (3.15) and the fact that
Ag , 1s flat over rg]?n, it suffices to prove that the Kiinneth morphism

Ui REa(Xa/ri) ®fp REa(OX /rid) = RTa(Xogn/ri,)
(3.50)

is a quasi-isomorphism. By unwinding both sides one finds a Kiinneth mor-
phism for certain de Rham complexes. It is a quasi-isomorphism because
these complexes are “flat enough” which follows from the fact that the
map X O, = o ;é , 18 log-syntomic. This finishes the argument.

Both maps in (3.49) are compatible with the monodromy operator N.
Moreover, we have the distinguished triangle [47, Lemma4.2]

N
Rle(Xog ,/OFn) = Rla(X o, /PP S RI (X Oe /PP,
(3.51)
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It follows that the last map in (3.49) is a quasi-isomorphism after taking
the (derived) N = 0 part. Hence applying N = 0 to the terms in (3.49)
we obtain a functorial quasi-isomorphism in Z(Cr) (for strictness, note
that, rationally, we worked only with complexes of Banach spaces)

thi ¢ [RTer(X/rEP Q,,>® ) B V=05 RO (X, Q). (3.52)

(i1) Construction of the map L%K. We may argue locally and assume that X is
quasi-compact. Consider the maps

U
(RTer(Xa/ O )®5, RTe(OX 6% )/ FT == RTe(Xo, /0% )/ F

f

chr(Xfizn)/Fr
(3.53)
The cup product map is a Kiinneth map and it is a quasi-isomorphism for
the same reason as the map (3.50). The second map—the change of base

map from O to 0 g —is a quasi-isomorphism (up to a universal constant)
by [59, Cor.2.4]. Rationally, the above maps induce a map

Gk : RTR(XK)BKBJR)/F" = Rle(X g, Qp)/F'.
Since BJFR is a Fréchet space, the natural map

(RTCgr (Xg)®KBJR)/F" — (RTar(Xx)®KB)/F"
is a strict quasi-isomorphism, hence so is the map tBK.

Compatibility of the maps Llng, L%K can be inferred from the natural commu-
tative diagram

(RTe(X/ O, Qp)®KRI(0F /6%)q,)/ FT <—— RTaR(Xk) K BiR)/F’

P ®Pw

[RTer(X/rgP Qp)® ", B/ V=0

[

_ Po
Wk [ROa(Xoe /rEP, QN0 ————= RT(X o/ 0%, Q) F"

z zr

chr(Xﬁc,Qp) chr(Xﬁc7Qp)/Fr~

O
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4 Comparison of syntomic cohomologies

We have defined two geometric syntomic cohomologies: the crystalline one
and the overconvergent one. We will show now (Theorem 4.1) that they are
naturally isomorphic for Stein spaces and that, as a result, the p-adic pro-étale
cohomology fits into a fundamental diagram (Theorem 4.12). We use this
result to describe the pro-étale cohomology of affine spaces, tori, and curves
(see Sect. 4.3).

4.1 Comparison morphism

Let X be a semistable weak formal scheme over Ok . Let X be the associated
formal scheme. The purpose of this section is to prove that the change of
convergence map from overconvergent syntomic cohomology to crystalline
syntomic cohomology is a strict quasi-isomorphism assuming that X is Stein.

Theorem 4.1 Let r > 0. There is a functorial map in 2(Cq,,)

lrig - RFsyn(XC’ Qp(r)) - RFsyn (Xﬁcv Qp(r))
It is a quasi-isomorphism if X is Stein.

Proof We will induce the comparison map (e in our theorem by a pair of
maps (Lng, rlg) defined below that make the following diagram commute (in

P(Cq,))

[R[yig (Xo/O0RRBL19=r 2 R 4r (Xx)®KBL)/F"

1 2
\Ltrig llrig

R (X/ri. Q) &o B e=r" 278 REr (X)) BRBL) /P

The map L; L is compatible with monodromy. Both maps Lng, erlg are quasi-
isomorphisms if X is Stein. O

(1) Deﬁmtlon of maps Lrlg and ‘ng

(%) Map t5,- The map Ln , the easier of the two maps, is just the map from
de Rham cohomology of a weak formal scheme to de Rham cohomology of
its completion; in the case X is Stein, it is an isomorphism induced by the
canonical identification of coherent cohomology of a partially proper dagger
space and its rigid analytic avatar [29, Th.2.26].
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1
rig’

(*x) Map Lrlig. To define the map ¢ _, consider first the change of convergence
map

RTig(X0/ OO FBY — RT(X0/ 0%, F)SFBY. (4.2)

It is compatible with Frobenius and monodromy. We claim that if X is Stein it
is a strict quasi-isomorphism. It suffices to show this for the change of topology
map

RTyig(X0/O0%) — RT(Xo/ O, F). (4.3)

But before we proceed to do that, a small digression about convergent coho-
mology that we will use.

Remark 4.4 (Review of convergent cohomology).

Contrary to the case of rigid cohomology, the theory of (relative) convergent
cohomology is well developed [60,75,76]. Recall the key points. The set up is
the following: the base Z is a p-adic formal log-scheme over OF, B := #y;
we look at convergent cohomology of X over %, where X is a log-scheme
over B and ¢ is a p-adic formal log-scheme over .A.

1. There exist a convergent site defined in analogy with the crystalline site,
where the role of PD-thickenings (analytically, objects akin to closed discs
of a specific radius < 1) is played by enlargements ( p-adic formal schemes;
analytically, closed discs of any radius < 1). Convergent cohomology is
defined as the cohomology of the rational structure sheaf on this site.

2. Invariance under infinitesimal thickenings. If i : X — X’ is a homeo-
morphic exact closed immersion then the pullback functor i* induces a
quasi-isomorphism on convergent cohomology [60, 0.6.1], [76, Prop. 3.1].

3. Poincaré Lemma. It states that, locally, convergent cohomology can be
computed by de Rham complexes of convergent tubes in p-adic formal
log-schemes log-smooth over the base (playing the role of PD-envelopes)
[76, Th.2.29]. Analytically, this means that the fixed closed discs used in
the crystalline theory are replaced by open discs.

4. There is a natural map from convergent cohomology to crystalline coho-
mology. It is a quasi-isomorphism for log-schemes log-smooth over #;
[76, Th.2.36]. In particular,® for a semistable scheme X over k°, there is
a natural quasi-isomorphism

RTcony (X0/O0%) = RT(Xo/O%, F).

28 This can be easily seen by looking locally at the de Rham complexes computing both sides.
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Proposition 4.5 ([32, Th.5.3]) Let X be a semistable weak formal scheme
over Ok. Assume that all irreducible components of X are proper. Then
the natural morphism (induced by mapping weak formal log-schemes to their
completions)

RTig(Xo/ ) = RTcon(X0/ )
is a quasi-isomorphism.

Proof Recall that we have two compatible weight spectral sequences [32, 5.2,
5.3]

El—k,i+k= @ @ Hrii;j_k(s/m): rlg(Xo/ﬁ)

J20,j2—k S€O2) i1

7kl+k @ @ Hclon%/J k(S/ﬁF): conv(XO/ﬁF)

JZ0,j=—k SEO2j1k+1

Here ®; denotes the set of all intersections § of j different irreducible com-
ponents of X that are equipped with trivial log-structures. By assumptions,
they are smooth and proper over k. It suffices then to prove that the maps
H;ikg(S/ Or) — HE,,(S/O0F) are isomorphisms. Since S is proper this is
classical [2, Prop. 1.9]. O

Hence, RFCOHV(Xo/ﬁg) is a convergent version of RFrig(Xo/ﬁ%), ie., a
version where we use p-adic formal schemes and rigid spaces instead of weak
formal schemes and dagger spaces.

Now, coming back to the change of topology map (4.3), note that it factors
as

RTig(X0/0%) — Rlcony(X0/O%) = RTU(Xo/O%, F).  (4.6)

We topologized the convergent cohomology in the same way we did rigid
cohomology. The second map is quasi-isomorphism because X is semistable
(hence, locally, admitting liftings). By Proposition 4.5, the first map is a quasi-
isomorphism as well. We claim that the composition (4.6) is a strict quasi-
isomorphism. We will reduce checking this to Xy proper where it will be
clear. Take the subschemes {U;}, {Y;},i € N, of X as in Sect. 3.1.1. We have
strict quasi-isomorphisms

RT}ig(X0/60%) = holim ;RTyig(U; /%) = holim ;RTyig(Y;/6%).
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The first one by Example 3.16, the second one trivially. We have similar strict
quasi-isomorphisms for the crystalline cohomology

Rl (Xo/ 0%, F) = holim ;RT(U; /0%, F) = holim ;RT¢(Y; /O, F).

The second one is again trivial. The first one follows from the fact that it is
a quasi-isomorphism of complexes of Fréchet spaces. It remains to show that
the natural map

holim ;RT'yig (Y; /0%) — holim ;RI¢ (Y; /%)
is a strict quasi-isomorphism. Or that, so is the natural map
RUyig(Y;/O0%) — RT(Y; /0%, F).
We factor this map as
Ryig(Yi/O)) = RTcony(Y;/OF) — RUe(Y;/ O, F).

Since the idealized log-scheme Y; is ideally log-smooth over k° the second
map is a quasi-isomorphism. Since Y; is also proper, so is the first map. This
finishes the proof that the map (4.3) is a strict quasi-isomorphism.

We will define now the following functorial quasi-isomorphism in Z(Cq,)

her : [RTer(X/rp?, Qp)®prQ B 19=" > [RTe(X0/0%, F)®FBL=r"
@.Qp
4.7)

We may assume that X is quasi-compact. Let J be the kernel of the map

po i PP — Op, T + 0. The map po is compatible with Frobenius and

monodromy (“log 7' + log 0”). Consider the exact sequence

PD

Po
oo —> ﬁp,n — 0.

0—>J,—>r
Tensoring it with /A\SL”, we get the following exact sequence

0— Jy, ®rgDn Ast,n - Ast,n — ﬁF,n ®rg])” Ast,n -0

We used here the fact that /A\st, n 1s flat over rgl?n. Going to limit with n, we get
the exact sequence

0— J&mwAy — Ay 5 Or&,mAq — 0 (4.8)
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Set E = J@,,Z[L;D/A\st.
Tensoring the last sequence with RT¢r(X,/ro>,) and RIcr(Xo/ ﬁgﬂ),
respectively, we obtain the following distinguished triangles

En ®fpp RTer(Xun/riD,) ——= Asun ®p RTer(Xa/750,)
| Po

ﬁF,n®rgl?nKst,n ®erD chr(Xn/rgPU],)n)

E, ®%, RUu(Xo/0%,) —Aqn®h, Rla(Xo/0),)
\LP()
ﬁFvﬂ(X)rgl?nAst,n ®%Fﬂ chr(XO/ﬁ?:’n)

The last terms in these triangles are quasi-isomorphic. Indeed, by direct local
computations we see that the natural map

RTer(Xn/re2) ®ng” Opn — Rle(Xo/O},)

is a quasi-isomorphism. Hence

Orn®yp Asn ®fpp RUax(Xn /i) = Asin ®lpp RTar(Xo/O7,)

~ Kst,n ®fg})ﬂ OF . ®15F<” chr(XO/ﬁ%n)-

The complexes

[Eq, &b RTa(X/ri2, Q1" [EqQ,®FRTe(Xo/ O, I
@.Qp
4.9)

are strictly acyclic:>? this is an immediate consequence of the fact that Frobe-
nius ¢ is highly topologically nilpotent on J (hence p” — ¢ is rationally
invertible). This implies that the following maps

o~ = S D -~ e —
[RTer (X/152, Q)80 BYIP=P L [RTw(Xo/ 6%, FY®FBY/EQ)19=" (4.10)
1®P0¢
[RTer(Xo/ 0%, F)®FB19=""

29 In fact, they are both isomorphic to the trivial complex.
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are strict quasi-isomorphisms. We define the map A, to be equal to the above
zigzag. It is compatible with the monodromy operator (for the first map in
the zigzag use the fact that the monodromy operator is defined by compatible
residue maps).

We define a map in Z(Cq,)

th © [Rrig (Xo/ ODBEBI = — RTe(X/15, Q)& BL1P=
4.11)

as the composition of the maps in (4.2) and (4.7). Both maps being compatible

. . 1
with the monodromy operator so is ¢ o

ii) Compatibility of the maps Lii o L;‘} o Letr > 0. The compatibility of the maps
Lig» Lrig AN be shown by the commutative diagram
P~ - — ® o~
[RTyig(Xo/ 6 @EBE =P K (RT4R (X ) BE B )/ F"

W y

R
[RTyig (Xo/r@FBL19=P

I

F)@?ﬁ:{](p:]ﬂ. [Rrrig(XO/rT)ééf‘ﬁ:E](p:pr

hig P @t

lrig

2
f2

P QL ~ ~
(RTGR(Xg)®KBIR)/F".

[RPer (X/rEP, Q)&% BIIP=7

@,Qp

Here the map f> is the change of convergence map defined by the composition

f2 i Ryig(Xo/r") = RTcony(X0/F) <= Rlcony(X1/7) — RI(X/rEP, Q,),

where 7 := OF{T}. The quasi-isomorphism is actually a natural isomorphism
by the invariance under infinitesimal thickenings. The map f> is clearly com-
patible with the projection p, and the map eri o The map hyjg is defined in the
same way as the map h;: we just replace cr by rig and rEP by 7. It is clear
that the maps A, are compatible.

The map f] is induced by the composition
RTvig(Xo/r") = RTvig((P., V.)/r") —= RTrig(M(/r") —= RTuig(M./r")

b

RFrig(XO/rT)-
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The fact that the last quasi-isomorphism is strict needs a justification. We
may assume that X is affine and take a log-smooth lifting ¥ of Xq to rT.
Since the sheaf of differentials of Y is free we are reduced to showing strict
acyclicity of the Cech complex of overconvergent functions for the covering
corresponding to {M;}, i € I.Using a dagger presentation of Y, this complex
can be written as an inductive limit of Cech complexes for analogous coverings
of rigid analytic affinoids. The latter complexes being strictly acyclic (because
they are acyclic and we have the Open Mapping Theorem for Banach spaces)
and the inductive system being acyclic, the former complex is acyclic as well.
For the above diagram we need strictness of the last quasi-isomorphism with
terms tensored with BJr but this is automatic since we have taken derived tensor
products. Finally, it is easy to check (do it first without the period ring B )
that the map f; makes the two small adjacent triangles in the above dlagram
commute. O

4.2 Fundamental diagram

Having the comparison theorem proved above, we can now deduce a funda-
mental diagram for pro-étale cohomology from the one for overconvergent
syntomic cohomology.

Theorem 4.12 Let X be a Stein semistable weak formal scheme over Ok . Let
r > 0. There is a natural map of strictly exact sequences of Fréchet spaces

0— Q' (Xc)/kerd —= HI . (Xc, Qp(r) — (Hiyg (Xo)@FrBHN=0¢="" — 0

| ! e
d

0— Q' (Xc)/kerd Q(X) —————————= Hx(Xc) — 0

Moreover; ker B ~ (HﬁK(X0)®FB;)N:0’¢:pM, and the vertical maps have
closed images.

Proof We define 8 := p~" ﬂtr_igIL};II(O[F_I\}[’ using Corollary 3.46, Proposi-
tion 3.48, and Theorem 4.1; the twist by p~" being added to make this map
compatible with symbols. The theorem follows immediately from Proposi-
tion 3.36. O

Remark 4.13 The above diagram can be thought of as a one-way comparison
theorem, i.e., the pro-étale cohomology H' . (Xc, Q,(r)) is the pullback of

the diagram

proet

rIHK ®0 can
SN

(Hix (X0)®pBL)N=00=p Hzx(Xc) <= Q" (Xc)=°
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built from the Hyodo—Kato cohomology and a piece of the de Rham complex.
For a striking comparison, recall that if X is a proper semistable formal scheme
over Ok then the Semistable Comparison Theorem from [20] shows that we
have the exact sequence

0— H" —)tHK@[

Foc(XC. Qp(r) — (Hiyg (X0)® BV =0¢="" (Hip (X)) @k BiR)/F',

(4.14)

i.e., the pro-étale cohomology H I: ot (X Qp(r)) is the pullback of the dia-
gram

o~ _ o ®6
(Hjy (X0)® pBH)N=09=p" 1,

(Hir(Xx)®kBlR)/F"«—O0.

Of course, in this case the étale and the pro-étale cohomologies agree. The
sequence (4.14) is obtained in an analogous way to the top sequence in the
fundamental diagram above. With the degeneration of the Hodge—de Rham
spectral sequence and the theory of finite dimensional BC spaces forcing the
injectivity on the left.

Remark 4.15 The following commutative diagram illustrates the relationship
between syntomic cohomology of Q,(r) and Q,(r — 1)

.= Syn’~2 > HK/~2 > DR’-2 L syn’~! > HK/ !

[ T A A A

= Syn’? = HK’~? = DR/"2 L Syn’~! = HK’~! = DR/~! % Syn’ = HK’ =0

r

Here we wrote HK’., DR’ and Syn!. for the i’th cohomology of the complexes
HK(X¢, r), DR(X¢, r) and RTsyn (X, Q,(r)), and Hly := H, (Xc).

We claim that the rows of the above diagram are strictly exact. Indeed,
the two top rows arise from the definition of RIsy,(Xc, Qp(r — 1)),
Rl gyn(Xc, Qp(r)); the map between them is the multiplication by ¢ €
BH&=PNF 'B4r. These rows are clearly strictly exact. It suffices now to
show that the columns form short strictly exact sequences (with zeros at the
ends). Indeed, fori < r — 1, multiplication by ¢ induces an isomorphism (using
comparison with pro-étale cohomology)

Syn, =1 Syn,_,
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as well as the following strictly exact sequences

0 >DR._, > DR! — Hiy(Xg)®kC — 0, r>i+2,
0 »>HK!_, > HK. — Hiy (Xg)®xC — 0. (4.16)

The second one from Lemma 3.39; the first strictly exact sequence follows
from the strictly exact sequence

0= g BBk (2 (Xk)/dQ ™ (Xk)) = DR = Bl /'~ @k Hig (Xx) > 0

4.3 Examples

We will now illustrate Theorem 4.12 with some simple examples.
4.3.1 Affine space

Letd > 1. Let A‘;< be the d-dimensional rigid analytic affine space over K.
Recall that Hgt(Ad ,Qp) = O0forr > 1[2, Th.7.3.2]. On the other hand, as

the following proposition shows, the pro-étale cohomology of Afé is highly
nontrivial in nonzero degrees.

Proposition 4.17 Let r > 1. There is a Yk -equivariant isomorphism in Cq,
(of Fréchet spaces)

QAL kerd > H (AL, Qp(r).

Remark 4.18 A simpler and more direct proof of this result (but still using syn-
tomic cohomology) has been given in [21]. See [51] for another proof working
directly with the fundamental exact sequence in the pro-étale topology.

Proof Let <7? denote a semistable weak formal scheme over ¢k such that
;2%1‘(1 ~ A‘}Q. We will explain below how such a model .74 can be constructed.
By Theorem 4.12, we have a ¥k -equivariant exact sequence (in Cq,,)

0— Q1(AL)/kerd — H’

proét

(A%, Qp(r) — (Hiy (FAH@FBHN=09=r" — 0
Recall that H R(AK) = 0. Since, by the Hyodo—Kato isomorphism
HIfIK(;z%d) QrF K ~ H(;R(A‘[i(), we have Hlf[K(sszd) = 0. Our proposition

follows from the above exact sequence.
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It remains to show that we can construct a semistable weak formal scheme
/¢ over Ok whose generic fiber is A‘Il(. For d = 1, we can define a model
! using Theorem 4.9.1 of [27]. That theorem describes a construction of a
formal semistable model for any analytic subspace Pg \.£*, where .Z is an
infinite compact subset of K -rational points of the projective line Px and .£*
is the set of its limit points. The proof of the theorem can be easily modified
to yield a weak formal model. To define the model 27! we want we apply this
theorem with .2 = {oo} U {@"|n € Z,n < 0}. We note that the special fiber
of 7! is a half line of projective lines.

To construct a model 7? for d > 1, first we consider the d-fold product
Y of the logarithmic weak formal scheme associated to .7 !. Product is taken
over . It is not a semistable scheme but it is log-smooth over ¢z . Hence
its singularities can be resolved using combinatorics of monoids describing
the log-structure. In fact, using Lemma 1.9 of [69], one can define a canonical
ideal sheaf of Y that needs to be blown-up to obtain a semistable model .«7¢
we want. O

4.3.2 Torus

Letd > 1. Let Gi x be the d-dimensional rigid analytic torus over K. Let
%4 denote a semistable weak formal scheme over Ok such that Z¢ ~ an K-

Such a model Z? exists. Ford = 1, we can define a model %! using Theorem
4.9.1 of [27]; just as in the case of A}( above. More specifically, to define the
model Z'! we want we apply this theorem with .Z = {00, 0} U {w"|n € Z)}.
We note that the special fiber of %! is a line of projective lines. To construct
amodel ¢ for d > 1, we use products as above.

To compute the pro-étale cohomology, we will use Theorem 4.12. To make
it explicit, we need to compute (Hyx (%%@FB@N:O"/’:pr. Ford =1, we
have

K ifr =0,
Hig Gn.x) = {R@K  ifr =1,
0 ifr > 1.

Here z is a coordinate of the torus and c‘liR (z) is its de Rham Chern class, i.e.
dz/z (see Chapter 7). For d > 1, we can use the Kiinneth formula to compute

that Hjp (Gfln, k) 1s a K-vector space of dimension (f) generated by the tuples
c‘liR (ziy) - c‘l1R (zi,). Similarly, HﬁK(%d) is an F-vector space of dimension
(‘rl) generated by the tuples cII{K (ziy) -+~ cII{K (zi,). By Lemma 7.8, the Hyodo—
Kato and the de Rham symbols are compatible under the Hyodo—Kato map

LHK -
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Since ¢(c}®(z;;)) = pci®(z;;) and N (cf®(z;,)) = 0, we get that
(Hi (@ BNV = Hiy ()= = N'Q;
and that it is a Q-vector space of dimension (‘ri) generated by the tuples

cll{K (ziy) -+~ cIIJK (zi,). Hence, Theorem 4.12 gives us a map of ¥ -equivariant
exact sequences (in Cq, )

0— QG o)/ kerd —H! (G . Qp(r) —= N Q) —0

R

0—Q (G, o)/ kerd Q' (G4 ) —— A C?T—0

Recall, for comparison, that H é’t (Gi’ o Qp(r)) = A" Q4,aQ p-vector space
generated by the tuples c?t (ziy) -+~ c‘lét (zi,)-

4.3.3 Curves

Let X be a Stein curve over K with a semistable model 2~ over 0. The
diagram from Theorem 4.12 takes the following form>°

exp ~ — —
0— ™0 — 0(Xc) — Hy  (Xc, Qp(1) — (Hyg (20)@FBH#="N=0 — 0

H H J/dlog l/lHK®0

0— ™Y o(Xe) —4 > Q' (Xe) ——— Hip (X)®C — 0

5 Pro-étale cohomology of Drinfeld half-spaces

We will use the fundamental diagram of Theorem 4.12 to compute the p-adic
pro-étale cohomology of Drinfeld half-spaces (Theorem 5.13). This boils down
to understanding the Hyodo—Kato cohomology groups as (¢, N)-modules
and as representations of GLy441(K). The latter can be done by using the
comparison with de Rham cohomology and results of Schneider—Stuhler (see
Theorem 5.8); the computation of ¢ and N uses an explicit description a la
Tovita—Spiess (see Theorem 5.10 and Lemma 5.11) of Hyodo—Kato cohomol-
ogy of Drinfeld half-spaces in terms of symbols of rational hyperplanes.

30 We note here that the conditions of that theorem are always satisfied for curves.
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5.1 Drinfeld half-spaces and their standard formal models

Let K be a finite extension of Q. Let H‘}(, d > 1, be the d-dimensional
Drinfeld half-space over K: the K -rigid space that is the complement in ]P"[l<
of all K -rational hyperplanes. If .2# = P((K9t1)*) = P?(K) is the space of
K -rational hyperplanes in K?*! (this is a profinite set), we have

H = Pi\ Uner H.

The group G := GL44+1(K) acts on it. We will drop the subscript K if there
is no danger of confusion.

]HI‘I]{ is arigid analytic Stein space hence also a dagger analytic NStein space.
It has a (standard) G-equivariant semistable weak formal model ]HI’}{ [32, 6.1]
(that is Stein). Recall that the set of vertices of the Bruhat—Tits building BT of
PGL,+1(K) is the set of homothety classes of lattices in K d+1 Tt corresponds
to the set of irreducible components of Y := H‘IIQO. For s > 0, let BT, denote
the Bruhat-Tits building truncated at s, i.e., the simplicial subcomplex of BT
supported on the vertices v such that the combinatorial distance d (v, vg) < s,
vy = [6"?’1]. Here, for a lattice L, [L] denotes the homothety class of L.
Let Y denote the union of the irreducible components corresponding to the
vertices of BT;. It is a closed subscheme of Y that we equip with the induced
log-structure. We will sometimes write Y, for the whole special fiber Y. We
denote by Y := Y \(¥; N (Y\Yy)), where the bar denotes closure. We have
immersions Y;_1 C Y C Y, where the first one is closed and the second one
is open.

5.2 Generalized Steinberg representations

We will briefly review the definitions and basic properties of the generalized
Steinberg representations that we will need.

5.2.1 Locally constant special representations

Let B be the upper triangular Borel subgroup of G and A = {1,2,...,d}.
We identify the Weyl group W of G with the group of permutations of
{1,2,...,d + 1} and with the subgroup of permutation matrices in G. Then
W is generated by the elements s; = (i,i + 1) fori € A.

For each subset J of A we let:

e W, be the subgroup of W generated by the s; withi € J.
e P; = BWj B, the parabolic subgroup of G generated by B and W;.
e X; = G/Py, acompact topological space.
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If A is an abelian group and J C A, let

LC(Xy, A)
ZieA\J LC(Xugiy, A) ’

Sp,(A) =

where LC means locally constant functions with values in A (automatically
with compact support since the X ;’s are compact). This is a smooth G-module
over A and we have a natural isomorphism Sp ; (A) = Sp,;(Z)® A.For J = {
we obtain the usual Steinberg representation with coefficients in A, while for
J = A we have Sp;(A) = A (since X is a point). Forr € {0, 1,...,d} we
use the simpler notation

Sp,(A) = Spy12..a—r)(A).

.....

For r > d, we set Sp,.(A) = 0.

Proposition 5.1 If A is a field of characteristic O or p then the Sp;(A)’s (for
varying J) are the irreducible constituents of LC(G/B, A), each occurring
with multiplicity 1.

Proof This is due to Casselman in characteristic 0 (see [10, X, Th.4.11]) and
to Grosse-Klonne [36, Cor. 4.3] in characteristic p. O

Remark 5.2 The proposition does not hold for A afield of characteristic £ # p,
see [82, III, Th.2.8].

The rigidity in characteristic p given by the previous theorem has conse-
quences in characteristic 0 that will be very useful to us later on.

Corollary 5.3 If J is a subset of A, then Sp ;(Ok) is, up to a K*-homothety,
the unique G-stable O -lattice in Sp ; (K).

Proof This follows easily from Proposition 5.1 and the fact that Sp;(Ok) is
finitely generated over Ok [G], see [36, Cor.4.5] for the details. O

5.2.2 Topology

If A is a topological ring, then Sp;(A) has a natural topology: the space
X j being profinite, we can write X; = 1<iLn,1 Xy, for finite sets X, y and
then LC(X, A) = 11)11” LC(X,, s, A), each LC(X,, s, A) being a finite free
A-module endowed with the natural topology. In particular, if A is a finite
extension of Q,, this exhibits Sp;(A) as an inductive limit of finite dimen-
sional A-vector spaces, and the corresponding topology is the strongest locally
convex topology on the A-vector space Sp;(A), which is an LF-space.
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If M is a topological A-module, let M* := Homcon (M, A) equipped
with the weak topology. Then LC(X;, A)* is naturally isomorphic to
l(iiln LC(X,.s, A)*, i.e., a countable inverse limit of finite free A-modules.
In particular, if L is a finite extension of Q,, then Sp;(L)* is a nuclear Fréchet
space (in fact a countable product of Banach spaces) and Sp;(&)* is a com-
pact 1 -module, which is torsion free. Therefore Sp;('1)* ® L has a natural
structure of a weak dual of an L-Banach space.

5.2.3 Continuous special representations

Consider now the corresponding continuous special representation

(X, \)
ZaeA\J C (XU} N) '

SpS™ (A) =

Arguing as above, we see that, for any finite extension L of Q,, the space
Sp$™(L) has a natural structure of an L-Banach space, with the unit ball
given by Sp°™ (&1). The action of G on all these spaces is continuous and
we can recover Sp; (L) from SpcjOnt (L) as the space of smooth vectors (for the
action of G).

The rigidity in characteristic p given by Proposition 5.1 and Corollary 5.3

yields:

Corollary 5.4 Let J be a subset of A and L a finite extension of Q.

cont

a) The universal unitary completion of Sp ;(L) is Sp7™ (L).
b) The space of G-bounded vectors in Sp;(L)* is Spcjom(L)*.

Proof a) Follows from Corollary 5.3 and the fact that StCJOnt (O) is the p-adic
completion of Sp; (&) (which in turn uses that Sp;(A) = Sp;(Z) ® A
for all A, and this is a free A-module).

b) Follows by duality from a). O

Remark 5.5 One can also define a locally analytic generalized Steinberg rep-
resentation Sp%'(L) for any finite extension L or Q,, (or any closed subfield
of complex numbers). It is naturally a space of compact type, whose dual is
a nuclear Fréchet space. It contains Sp; (L) as a closed subspace (it is closed
because it is the space of vectors killed by the Lie algebra of G). The dual of
Sp¥(L) surjects onto the dual of Sp; (L) and contains the dual of Spcjom(L) as
a dense subspace. The big difference is that Sp%" (L) is topologically reducible
as a G-module. Its Jordan—Holder constituents are described in [65].
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5.3 Results of Schneider—Stuhler

We recall the cohomological interpretation of the representations Sp,.(Z), fol-
lowing [71]. Recall that .77 is the space of K -rational hyperplanes in K41,
Forr € {1,2, ..., d} we define simplicial profinite sets Y"), .7.(") as follows:

o ¥ is the closed subset of 5+ of tuples (Hy, ..., Hy) € 5+ with

S
dimg (Y " Ktp) <r,
i=0

where £, € (K?*1)* is any equation of H;.

o 7,") is the set of flags Wy C ... C W; in (K9T1)* for which dimg W; €
{1,...,r} for all i. This set has a natural profinite topology.

In both cases the face/degeneracy maps are the obvious ones, i.e.
omit/double one hyperplane in a tuple, resp. a vector subspace in a flag. With
the topology forgotten, .7,9) is the Tits>' (not Bruhat-Tits!) building of G.

The following result is due to Schneider and Stuhler:

Proposigon 5.6 For all r € {1,2,...,d} we have natural isomorphisms
(where H denotes reduced cohomology)

H Y70, 2) ~ H (Y|, Z) ~ Sp,(Z).

Proof. The isomorphism H"~'(|.7,""|,Z) ~ H"~'(|Y"|, Z) is proved in
[71, Ch. 3, Prop. 5]. To identify these objects with Sp,. (Z), assuming for sim-
plicity » > 1 from now on, consider the clopen subset 4.7 c T of
ﬂs(r) consisting of flags Wy C ... C W; for which all inclusions are strict.

Using the obvious isomorphism H'~1(|.# 7|, Z) ~ H"='(|.Z,")|, Z) the
result follows from the exact sequence’?

LC(A T, 2) - Loy 7, 2) - H ' (¥ TP, Z) - 0

and the identifications

Wﬂﬁr_)]:X{Lz ..... d—r}s JV?Y_)ZZ ]_[ X{1,..d—riy O
i=d—r+1

31 For instance, for d = 1 this is the set of ends of the tree.

32 Recall that if S, is any simplicial profinite set, then H*(|S,|, Z) = H*(LC(S,, Z)), where
|S.| is the geometric realisation of S, and LC(S,, Z) is the complex (LC(Ss, Z));, the differen-
tials being given by the alternating sum of the maps induced by face maps in S.
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Remark 5.7 Forallr € {1,2,...,d}and all g there are natural isomorphisms
HI(/ TP, 2) ~ HY (T, 2) =~ HI(Y"], Z)

and these spaces are nonzero only for ¢ = 0, — 1, with H? being given by
Z forr > 1 and by LC(P((K?*t1)*), Z) for r = 1. See [71, Ch.3, Prop. 6] for
the details.

The following theorem is one of the main results of [71]. See also [63] for a
different argument (at least for a) and the compactly supported analogue of b)).

Theorem 5.8 (Schneider—Stuhler) Letr > 0.

a) For a prime £ # p, there are natural isomorphisms of G X 9k -modules
Hi(HE, Qe(r) = Sp,(Ze)* ® Qe,  H s (HE, Qe(r) = Sp,(Qo)*.
b) There is a natural isomorphism of G-modules
Hig (H) ~ Sp, (K)*.

Proof Let H* be any of the cohomologies occuring in the theorem. It has the
properties required by Schneider—Stuhler [71, Ch. 2]. The crucial among them
is the homotopy invariance property: if D is the 1-dimensional open unit disk
then, for any smooth affinoid X, the projection X x D — X induces a natural

isomorphism H*(X) — H*(X x D). For de Rham cohomology this is very
simple (see the discussion preceding Prop. 3 in [71, Ch. 2]); for £-adic étale and
pro-étale cohomologies this follows from the “homotopy property” of £-adic
étale cohomology with respect to a closed disk [71, proof of Th. 6.0.2], and the
fact that ¢-adic étale and pro-étale cohomologies are the same on affinoids.
We recall very briefly the key arguments, without going into the rather
involved combinatorics. If H € s and n > 1, let U, (H) be the open poly-
disk in the affine space ]P"Il(\H given by |€4(z)| > |7 |". The open subsets
U, = NgewU,(H) form a Stein covering of ]HI‘IJ< and U, = Npewn, Uy (H),
for a finite subset .77, of 7, in bijection with ]P’d((ﬁ?rl /™)*). Writing
H*(X, U) for the “cohomology with support in X\U” (more precisely, the
derived functors of the functor “sections vanishing on U”), a formal argument
(see the discussion following [71, Ch. 3, Cor.5]) gives a spectral sequence

E = @  H(PL Ui(H)U...UU(H))) = H (P, Uy).

33 We use unimodular representatives for points of projective space and for linear forms giving
equations of H.
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Now, U,(Hp) U ... U U,(Hj) is alocally trivial fibration over a projective
space, whose fibers are open polydisks [71, Ch. 1, Prop. 6]. Using the homotopy
invariance of cohomology, one computes H i (Pd ,Un(Hp)U...UU,(H))),in
particular this is always equal to A = H°(Sp(K)) or 0 (with a simple combi-
natorial recipe allowing to distinguish the two cases). The spectral sequence
simplifies greatly and* letting n — oo gives (using also Proposition 5.6 and
Remark 5.7) a spectral sequence

Ey = HT/(P%, HY),
where
E; " = Homz(H/ (1771, 2), A)
if i € [2,2d] is even and j € {0, % — 1}, and O otherwise. The analysis of

this spectral sequence combined with Proposition 5.6 yields the cohomology
groups H! (P4, Hﬁl’;). The result follows from the exact sequence

o> H(PY) - HI(HE) - HP Y@L, HE) - HT (PL) — - ..

Combining Theorem 5.8 and Corollary 5.4 yields:
Corollary 5.9 The space of G-bounded vectors in HJR(H‘;() is isomorphic
1o SpSo™ (K)*.

5.4 Generalization of Schneider-Stuhler

We will extend the results of Schneider—Stuhler to Hyodo—Kato cohomology.
To do that we will use the description of the isomorphisms in Theorem 5.8 via
symbols.

5.4.1 Results of lovita—Spiess

All the isomorphisms in Theorem 5.8 are rather abstract, but following lovita—
Spiess [44] one can make them quite explicit as follows. Let LCS ("1, Z)
be the space of locally constant functions f : #"+! — Z such that, for all
HO,...,Hr+1 G%,

34 This is allowable as all modules involved are finite over the Artinian ring A.
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and moreover, if £y, are linearly dependent, then f(Hy, ..., H,) =0 (i.e., f

vanishes on Yr(r)). Define analogously €¢ (¢!, Z). It is not difficult to see
that we have a natural isomorphism (see the proof of Proposition 5.6 for the
notation used below)

H (¥ TP, Z) ~ LCC (™, Z)
and, in particular, (using Proposition 5.6) a natural isomorphism
Sp,(Z) ~ LC (", 7).
If S is a profinite set and A an abelian group, let
D(S, A) = Hom(LC(S, Z), A)

be the space of A-valued locally constant distributions on S. If L is a discrete
valuation nonarchimedean field let M (S, L) be the space of L-valued mea-
sures, i.e., bounded L-valued distributions. It has a natural topology that is
finer than the subspace topology induced from D(S, L) [44, Ch.4].

The inclusion LC¢ (" !, Z) ¢ LC(#"+!, Z) gives rise to a continuous
strict surjection

D(#"*!, A) - Hom(Sp,(Z), A).

Define the space D (7 r+l A)deg Of degenerate distributions as the kernel of
this map. Combining this with the previous theorem we obtain surjections:

D K) — HigHY), M, Qp) — HLMHL, Qu(r)),
D, Qo) = H g (HE, Qels)).

These surjections can be made explicit: for each (Ho, ... , H;) € S
eH] ZHr

the invertible functions (on HY %) 7 give rise (elther by taking dlog

and wedge-product or by taklng the correspondlng symbols in étale coho-
mology and then cup-product) to a symbol [Hy, ..., H,] living in HgR(H ),
resp. in Hy (HY., Q¢ (r)), resp. H' (H4, Q¢ (r)). For example, for de Rham

I‘OGt

cohomology [Hy, ..., H]is the class of the closed r-form
Y4
dlogﬂ A -
KH() EH()
in H R(]HI %)
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One shows that the following regulator map is well-defined

rar : DA K) — Hip (HY), MH/WH[HO ..... Hy 1 ju(Ho, ... , Hy).

The problem here is that the map (Hy, ..., H,) — [Hyp, ..., H;] is not
locally constant on H‘Il{; however it is so on U, (see the proof of Theorem 5.8
for the notation), for all n, which makes it possibe to give a meaning to the
integral. The same integral works for £-adic étale and pro-étale cohomologies
yielding the regulator maps

ret M, Qo) — HLHL, Qu(r), oo :

DA, Qo) — H o (HE, Qu(r).

This can be easily seen in the case of étale cohomology. For the pro-étale
cohomology, the key point is that we can write

H} oo (HE, Qe(r) = lim HY o (Un ¢, Qe(r),
n

where H”

proét(Un,c, Q¢(r)) is finite dimensional and the map

AT~ HHEQu(r) = HE o (Un e, Qelr),
(Hy,...,Hy) — [Hy, ..., H],

is locally constant for all n, by arguing as in [44, Lemma4.4]. All these regu-
lators are continuous.

One can show that the above maps induce the isomorphisms in Theorem 5.8
by imitating the arguments in [44].

Theorem 5.10 (Iovita—Spiess, [44, Th.4.5]) The following diagram of Fréchet
G-spaces commutes

0—> D", K)gog —> D"+, K) " Hip (HL) —=0
14

Sp,(K)*

can

and the sequence is strictly exact. Similarly for £-adic étale and pro-étale
cohomologies.
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5.4.2 Generalization of the results of lovita—Spiess

Set X = Hd and Y = H?( .0- The above results of Iovita—Spiess can be
generalized to Hyodo—Kato cohomology

Lemma 5.11 Let r > 0. There are natural isomorphisms of Fréchet spaces
Hii (Y) = Sp,(F)*,  Hfrg(V)*="" = Sp,(Q,)"

that are compatible with the isomorphism Hlp (Xk) >~ Sp,(K)* from Theo-
rem 5.8 and the natural maps Sp,(Q,)* — Sp,(F)* — Sp,(K)*.

Proof We start with Hjy, (Y). Consider the following diagram

D(%r—i-l, K)
can can
T'dR
DA, F) = Hly ()" Hl (Xx) —— Sp,(K)*
A
can f ! can
Sp, (F)*

Here the regulator map ryk is defined in an analogous way to the map rqr
but by using the overconvergent Hyodo—Kato Chern classes c; HK' defined in
Chapter 7. It is continuous. The outer diagram clearly commutes. The small
triangle commutes by Theorem 5.10. The square commutes by Lemma 7.8.
Chasing the diagram we construct the broken arrow f : Sp, (F)* — H{ (Y),
a continuous map that makes the left bottom triangle commute; it is easy to
check that it makes the right bottom triangle commute as well. This implies
that the map f is injective. Since Hjy (Y) is topologically irreducible as a
G-module (use the Hyodo—Kato isomorphism), it is also surjective (use the
fact that Sp,.(F)* is closed in Sp,.(K)™*).

The argument for Hyy, (Y Y#=P" is similar. But first we need to show that the
natural map

HﬁK(Yyﬂ:p’ ®q, F — Hyx(Y) (5.12)

is an injection. We compute

Hix (N)*="" ®q, F = (im Hiy (Y,)*="" ®q, F = (im Hiy (Y,)*="") ®q, F

N A

~ lim(Hfy (Y))*~" ®q, F) = lim Hiy (Ys) = Hyc(¥),

N N
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as wanted. For the injection above we have used the fact that all Hy, (Yy) are
finite dimensional over F.
We look now at the commutative diagram

DT F) e Sp, (F)*

FHK
f

Hige (Y)

can Caﬂj\ can

HﬁK(yy/):P’
FHK ~ ~ -
£~
r1 can o *
D", Q) Sp,(Qp)

~

The key point is that, as shown in Sect. 7.2.1, the map rgk restricted to
D", Q p) factors through Hyj (Y )?=P" . Arguing as above we construct
the continuous map f’. It is clearly injective. It is surjective by (5.12). O

5.5 Pro-étale cohomology

We are now ready to compute the p-adic pro-étale cohomology of H‘é. Let
r > 0. Since the linearized Frobenius on Hy; (Y) is equal to the multiplication
by ¢”, where ¢ = |k|. [32, Cor.6.6] and N¢ = poN [32, Prop.5.5], the
monodromy operator is trivial on H{j, (Y). Hence the first isomorphism below
is Galois equivariant.

(Hix M@ rBHV=00=r" ~ (HL (@ FBL)* " =~ (Hf ()= ®q,BH) ="
~ Hfy (V)?=F @QPB:;JF] ~ Spr(Qp)*@)Q,,B;’;'(p:1 = Spr(Qp)™.

The second isomorphism follows from the proof of Lemma 5.11, the fourth
one—from this lemma itself, and the third one is clear. Using the above iso-
morphismiand Lemma5.11, the map (gg ®0 : (H{IK(Y)®FB;§)N:0"/’:# —
Hip (Xg)®kC can be identified with the natural map Sp,(Q,)* —
Sp,(K)*® C.

Similarly, we compute that

~ — 1 o~ 4
(Hi (NBFBYH =04 = Hiye (1)*=" @0, BL#="" =0.

Combined with Theorem 4.12, these yield the following theorem.
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Theorem 5.13 Let r > 0. There is a natural map of strictly exact sequences
of G x Yk -Fréchet spaces (over Q)

00— Qr_l(Hc({‘)/keI‘d - H];roét(Hd s Qp(r)) - Spr(Ql’)* —0

| Vi =

0 — Q1 (H%)/ ker d —L— Q (HL)=0 Sp, (K)*®xC —=0

where the vertical maps are closed immersions.

6 Etale cohomology of Drinfeld half-spaces

The purpose of this is to compute the p-adic étale cohomology of the Drinfeld
half-space (Theorem 6.45). Using a comparison theorem (see Proposition 6.1
below) this reduces to the computation of the Fontaine-Messing syntomic
cohomology. The latter then is transformed into a syntomic cohomology built
from the crystalline Hyodo—Kato cohomology and the integral de Rham coho-
mology (see Sect. 6.4). These differential cohomologies can be computed
explicitly (Corollary 6.25 and Theorem 6.28) due to the fact that the standard
formal model of the Drinfeld half-space is pro-ordinary and the sheaves of
integral differentials are acyclic (a result of Grosse-Klonne).

Throughout this chapter we work in the category of pro-discrete modules
(see Sect. 2.2 for a quick review and Remark 6.2 for how the topology is
defined on the various cohomology complexes).

6.1 Period isomorphism

Proposition 6.1 Let X be a semistable formal scheme over Uk. Let r > 0,
X := Xg,. There is a natural Fontaine—Messing period map

arm : Ry (X, Z,(r))®"Q, — Rls(Xc, Z,(r)@"Q,
that is a strict quasi-isomorphism (in 2(Cq ) after truncation t<,.

Proof Let Y be a semistable finite type formal scheme over Ok . Fontaine—
Messing in [26, I11.5] have defined an integral period map

@rm : REgyn (Y, Zp(r)) — Rl (Yo, Zy(r)),
where Z,(r) := (p®a))'Z,(r),forr = (p — Da+b,a,b € Z,0 < b <

p — 1. The map t<,&pv is a p" -quasi-isomorphism for a universal constant
N = N(r). This means that its kernel and cokernel on cohomology groups in

@ Springer



946 P. Colmez et al.

degrees 0 < i < r are annihilated by p”. It follows that the cone of &py has
cohomology annihilated by pv, N = N(r), as well.
We define

OFM : Rrsyn(y, Zp(r)) — RI'g(Xc, Zp(r)/)

by cohomological descent from the above apy. The above local argu-
ments imply that (rsr&'FM)@)LQ p 18 a quasi-isomorphism. We set apy =
P (@rm®LQ p)- This twistby p~" is necessary to make the period morphism
compatible with Chern classes.

It remains to show that (t<,&rm)®°Q ) T (@M ®LQ ») and that this
quasi-isomorphism is strict.

Remark 6.2 Before doing that, let us recall how topology is defined on the
domain and target of &pp. Locally, for a quasi-compact étale open U — X,
we get complexes of (topologically free) Z,-modules with p-adic topology.
For a quasi-compact étale hypercovering U, of X, we take the total complex of
the Cech complex of such complexes. Hence in every degree we have a product
of Z ,-modules with p-adic topology. The functor (—)®Q),, from Sect. 2.2, by
Proposition 2.6, associates to these complexes of pro-discrete Z,-modules
complexes of locally convex Q,-vector spaces by tensoring them degree-wise
with Q,, and taking the induced topology. These new complexes represent
the domain and target of arm®LQ p- We note that we have a strict quasi-
isomorphism 7, (@pM®*Q p) (t<rarm)®EQ » (again use Proposition 2.6).

Now, note that the map &ry, being a p” -isomorphism on cohomology,
has a p"-inverse in D(Ind(PDq,)), i, B : t<Rl(Xc,Zp(r)) —
IE,RFSYH(Y, Z,(r)) such that @B = p" and Ba = p" (not the same
N = N(r), of course). It follows that (IS,&FM)@)LQP has an inverse in
D(Cq,), hence it is strict. |

6.2 Cohomology of differentials

We gather in this section computations of various bounded differential coho-
mologies of the Drinfeld half-space. Let

X = ]I?]I”Il(, X = (]ﬁy;'{)/\
be the standard weak formal model, resp. formal model, of the Drinfeld half-

space H‘Ii{. It is equipped with an action of G = GL;41(K) compatible with
the natural action on the generic fiber. Let
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Let FO be the set of irreducible components of the special fiber Y. They are iso-
morphic smooth projective schemes over k that we see as log-schemes with the
log-structure induced from Y. Let 7 be the central irreducible component of Y/,
i.e., the irreducible component with stabilizer K*GL;41(0k). It is obtained
from the projective space ]Pf by first blowing up all k-rational points, then
blowing up the strict transforms of k-rational lines, etc. For 0 < j < d — 1,
let ”f/OJ be the set of all k-rational linear subvarieties Z of IP’i with dim(Z) = j

and let 7 = U;{;(l) ¥y . The set ¥ of all strict transforms in 7 of elements
of ¥ is a set of divisors of T'; together with the canonical log-structure of the
log-point kO, it Jinduces the log-structure on T'.

Let 6, ..., 6, be the standard projective coordinate functions on ]P’d and
onT.Fori,j e {0,...,d} and g € G we call gdlog(9 /9 ) a standard
logarithmic differential 1-form on T; exterior products of such forms we call
standard logarithmic differential forms on T .

6.2.1 Cohomology of differentials on irreducible components

As proved by Grosse-Klonne the sheaves of differentials on 7' are acyclic
and the standard logarithmic differential forms generate the k-vector space of
global differentials.

Proposition 6.3 ([33, Th.2.3, Th.2.8], [35, Prop. 1.1])

1. H(T,Q/)=0,i >0, > 0.

2. The k-vector space H 0(T, QJ ), j =0, is generated by standard logarith-
mic forms. In particular, it is killed by d.

3. Hcir(T/ﬁg) is torsion free and

H(T)0%) @4, k = Hig(T) = HO(T, Q1).

We note here that, the underlying scheme of 7' being smooth, the crystalline
cohomology H/.(T'/ ﬁg) H!(T'/0F), where T’ is the underlying scheme
of T equipped Wrth the log- structure given by the elements of 7.

For0 < j <d,let IL,] be the k-vector subspace onJ (TO) 70 := T\Uyey
V, generated by all j- forms n of the type

n=y" ---y;.njdlogyl A -+ Adlogy;

with m; € Z and y; € ﬁ(TO)* such that y; = 0 /90 for an isomorphism
of k-varieties ]P’g ~ PrOJ(k[Qo, Gd]) By Theorem 6.3, HO(T, Q7) is the

k-vector subspace of IL/ generated by all j-forms n as above with m; = O for
all0 <i <.
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J
Let Ly,

H(T, Qj%). For a non-empty subset S of ¥ such that E = Ny¢gV is non-
empty, define the subsheaf IL% of QJT ® O as the image of the composite

resp. LJT’O, be the constant sheaf on 7" with values LJT, resp.

]L]T—>QJT—> Q%@ﬁE.
Proposition 6.4 ([35, Th.1.2]) The canonical maps
J.0 J J J J
Ly" — Ly — Qp, Lp— Qr® 0k
induce isomorphisms on Zariski cohomology groups.

6.2.2 Cohomology of differentials on X and truncations of Y

We quote an important result of Grosse-Klénne proving acyclicity of the
sheaves of differentials on X and vanishing of the differential on their global
sections.

Proposition 6.5 ([33, Th.4.5], [35, Prop.4.5]) Let j > 0.

1. We have topological isomorphisms™>

H'(X,Q))=0 and H'(X,Q} ®p, k) =0, i>0,
HY(X, Q%) @0y k =~ H (X, Q% ®¢y k).

2.d=00n H'(X, Q}).

Corollary 6.6 We have topological isomorphisms H({R(X) < HO(X, Q&),
forall j = 0. In particular, these groups are torsion-free.

The above theorem can be generalized to the idealized log-schemes Y,
s € N, defined in Sect. 5.1 in the following way.

Proposition 6.7 Let j > 0, s € N.

1. H (Y, /) =0fori > 0.
2. d =0o0n H(Y,, Q7).

35 Here and below, cohomology H* without a subscript denotes Zariski cohomology. All the
groups are profinite. This is because they are limits of cohomologies of the truncated log-schemes
Y described below that are ideally log-smooth and proper.
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Proof For the first claim, the argument is analogous to the one of Grosse-

Klonne for s = co. We will sketch it briefly. Take s % oo. Since Q{,s is locally
free over Oy,, we have the Mayer—Vietoris exact sequence

0~ > Dojeo— Pofeos—
ZeF? ZeF)]

where F] is the set of non-empty intersections of (r 4 1) pairwise distinct
irreducible components of Y and is a finite set (which is also the set of r-

simplices of BTy). By [33, Cor. 1.6], H'(Z, Q) ® 07) =0, i > 0, for every
Z € F;. Hence to show that Hi(Y, Q{,s) =0, i > 0, we need to prove that
H! (BT, .#) = 0,fori > 0, where .Z is the coefficient system on BT defined

by .Z(Z) = H(Y, Q{,Y ® Oz),for Z € F]. We will use for that an analog of
Grosse-Klonne’s acyclicity condition. For a lattice chain in BT,

oL, CL G- CL,

we call the ordered r-tuple ([L1], ..., [L;]), a pointed (r — 1)-simplex (with
underlying (r — 1)-simplex the unordered set {[L1], ..., [L,]}). Denote it by
7 and consider the set

Ni={Ll|@L, CLCLy.

We note that N5 is a subset of vertices of BTy. A subset My of N7 is called
stable if, for all L, L’ € My, the intersection L N L’ also lies in M. O

Lemma 6.8 Let .7 be a cohomological coefficient system on BT;. Let 1 <
r < d. Suppose that for any pointed (r — 1)-simplex ] € BT with underlying
(r —1)-simplex n and for any stable subset M of N7 the following subquotient
complex of the cochain complex C (BT, %) with values in .F is exact

Fm) - [ #daun - [ Zdzyum.

zeMo 2.2/€Mp.{z,7'}€F!

Then the r-th cohomology group H* (BT, %) of C(BTy, %) vanishes.

Proof For BT this is the main theorem of [34]. The argument used in its proof
[34, Th. 1.2] carries over to our case: when applied to a cocycle from BT, the
recursive procedure of producing a coboundary in the proof of Theorem 1.2
in loc. cit. “does not leave” BT. O

Hence it suffices to check that the above condition is satisfied for our .%.
But this was checked in [33, Cor. 1.6].
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The second claim of the proposition follows from Proposition 6.3 and the
injection

HOY,. @)) > @y po HUZ. Q) ® 07) ©
6.2.3 Ordinary log-schemes

A quick review of basic facts concerning ordinary log-schemes.

Let W, 2}, denotes the de Rham—Witt complex of ¥/ kY [37]. Recall first [40,
Prop.11.2.1] that if T is a log-smooth and proper log-scheme over k°, for a per-
fect field k of positive characterstic p, then H éit(T, W, 27) is of finite length and
we have R (T, W2/) = holim ,RT¢ (T, W, /) for W/ := lim W, Q.
It follows that H}, (T, WQ/) = 1im H[ (T, W,Q/). The module M; ; of p-
torsion of this group is annihilated by a power of p and Hét(T, W/ M;, j
is a free &'r-module of finite type [40, Th.11.2.13]. However, Hé?t(T, 11497))
is itself a free &F-module of finite type [40, Cor.11.2.17 ]. On the other
hand, the complex RI'¢, (T, W2*) is perfect and RI'¢, (T, WQ*) ®2F OFp >~
RTg (T, W, 2°) [40, Th.11.2.7].

Let V be a fine (idealized) log-scheme over k° that is of Cartier type. We

have the subsheaves of boundaries and cocycles of Q{, (thought of as sheaves
on Vi)

Bl :=im@: Q)" > Ql), 7z =kerd: ] - .

Assume now that V is proper and log-smooth. Recall that it is called ordinary
if forall i, j > 0, H, (V, B/) = 0 (see [7], [41]).

We write W, Q2" log for the de Rham-Witt sheaf of logarithmic forms.
Proposition 6.9 ([52, Th.4.1]) The following conditions are equivalent (we
write V for Vg).

1. V/k° is ordinary.

2. Fori, j > 0, the inclusion Q. C QL induces a canonical isomorphism
J V.log \% p

of k-vector spaces
Hi (V. Qog) ®F, k = Hi (V. @),
3. Fori, j,n > 0, the canonical maps

H (V. W) @20 Wa ) — HE (V. W, 20),
HL (V. W) ®z, W) — HL(V. WQ)),
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o - . .
where WQlog = Llnn W, Qlog, are isomorphisms.

4. Fori, j = 0, the de Rham—Witt Frobenius
F:H, (V,WQ)) — H.(V, WQ/)
is an isomorphism.

Example 6.10 The above result implies that, by the Projective Space Theorem,
projective spaces are ordinary, and, more generally, so are projectivizations
of vector bundles [42, Prop. 1.4]. This implies, by the blow-up diagram, the
following:

Proposition 6.11 ([42, Prop.1.6]) Let X be a proper smooth scheme over k.
Let Y C X be a smooth closed subscheme, X the blow-up of Y in X. Then X
and Y are ordinary if and only if X is ordinary.

And this, in turn, by the weight spectral sequence, implies the following:

Proposition 6.12 ([42, Prop. 1.10]) Assume that k = k. Let Y be a semistable
scheme over k. Assume that it is a union of irreducible components Y;, 1 <i <
r such that forall I C {1, --- ,r}, the intersection Yy is smooth and ordinary.
Then 'Y, as a log-scheme over kO, is ordinary.

Proof As suggested by Illusie in [42, Rem.2.8], this can be proved using the
weight spectral sequence

—kii+k i—s—J —Jj—= i i—
ET = @ H (e, W (-] — ) = B (W),
J=0,j=—k

Here Y; denotes the intersection of ¢ different irreducible components of Y
that are equipped with the trivial log-structure. Such spectral sequences were
constructed in [57, 3.23], [58, 4.1.1]. They are Frobenius equivariant (the Tate
twist (—j — k) refers to the twist of Frobenius by pl +K) [58, Th.9.9]; hence,
without the Twist twist, compatible with the de Rham—Witt Frobenius F.

Now, by assumptions, all the schemes Y; are smooth and ordinary. It follows,

by Proposition 6.9, that the Frobenius F induces an isomorphism on E l_k’i+k.

Hence also on the abutment H e’t_ S(Y, WQy}), as wanted. O

We drop now the assumption that V is proper. Recall that we have the Cartier
isomorphism

C:Z//BI 5 QJ, xPdlogy A ... A dlogy; — xdlogy; A ... Adlogy;.
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Lemma 6.13 Assume that Hé[(V, Q) = 0and thatd = 0 on Hé)t(V, Qj)for
allj > 1 qndj > 0. Then V is ordinary [52, §4], i.e., fori, j > 0, we have
Hét(V, B’) =0.

Proof Consider the exact sequences

0B > 27215 Qi 50 052/ >l > Bt 50, (6.14)

where the map f is the composition Z/ — Z//B/ :>' Q/ of the natural
projection and the Cartier isomorphism. Since H; (V, /) = 0,i > 0, the
first exact sequence yields the isomorphisms

Hi(V,B)) > HL(V,Z7), i>2. (6.15)

It also yields the long exact sequence

0— HOAV, BH—HA(V, Z)—HO(V,2)) 5> HA (v, B> HL(V, 27) > 0.
(6.16)

Since d = 0 on HéOt(V, Q/) and hence the natural map H{?[(V, zZy —
H f?t(V, Q/) is an isomorphism, the second exact sequence from (6.14) yields
the isomorphisms (since we assumed Hét(V, Q) =0fori > 0)

HL(V, B/ S HITY (v, 2)), i=o. 6.17)

To prove the lemma, we will argue by increasing induction on j; the case of
j = Obeing trivial since B = 0. Assume thus that our lemma is true for j and
all i > 0. We will show that this implies that it is true for j + 1 and all i > 0.
Since H élt( V, B/) = 0 by assumption, the exact sequence (6.16) implies that
H;(V,Z’) = 0. And this implies, by (6.15), that H. (V,Z") = 0,i > L.
This, in turn, yields, by (6.17), that H (V, B/™1) = 0,i > 0. This concludes
the proof of the lemma. O

6.2.4 Hg as a pro-ordinary log-scheme

It follows from Lemma 6.13 and Proposition 6.7 that:
Corollary 6.18 The idealized log-schemes Y, s € N U {00}, are ordinary.

Remark 6.19 Proposition 6.12 and Proposition 6.11 show that the underlying
scheme of Yy, for s < o0, is (classically) ordinary by using the weight spectral
sequence. One should be able to prove Corollary 6.18 in an analogous way.
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Lemma 6.20 Fori > 1, j > 0, we have

I H(Z, W, Q) =0, forZ=Y.T,
2.d=00n H)(T, W, Q).
3. For V. =7Y,7, the following sequence is strictly exact>®

0— H(V. Q) & HOV, Wo1 @) — HOV, W,27) — 0,
Proof For claim (1), we start with Z = Y. We have subsheaves
0O=BjcBlc...cz]czj=9)]

such that Blj = Bj Zj Q{,, Z{ = Z'{} and for all n we have inverse Cartier
isomorphisms

c':Bl 5 B/

J —1 J J J
n+1/B, C:Z; —>Zn+1/Bl.

By Proposition 6.5 and Lemma 6.13, we have H’ (Y, Bj) = H’ (¥, Zj) =0
for i > 0, thus the same holds with B] and Z; j replaced by B] and Z;,. 7. On the
other hand, define R by the exact sequence

0—Rj— B, ®7z ' - B >0, 6.21)

the last map being (C", dC"~1). By the previous discussion, Hét(Y, R,j,.) =0
fori > 0. Hyodo and Kato prove [38, Th.4.4] that we have an exact sequence

Qe Q! _ .
0— — Wyr1Q/ — W,Q/ — 0. (6.22)
R;

o . . o
Note that % does not have higher cohomology since each of Q/, /1,

R}, has this property (use Proposition 6.5). Using the previous exact sequence,
the result follows by induction on n (using that W, Q/ ~ Q/).

In the case of Z = T we argue in a similar way using Proposition 6.3 instead
of Proposition 6.5.

For claim (2), since g (T, W,Q/) — e (T, W, Q2/), we can pass to Tt
But then, by ordinarity of 7%, we have (see Proposition 6.9)

HY)(T;, W, Q) >~ H) (T, Wy, Q{Og) ®z/pn W (k)

36 Do not confuse V with the Verschiebung in V.
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and the latter group clearly has a trivial differential.

To prove claim (3), we note first that Lemma 6.13 applies to both ¥ and Y.
For Y this follows from Proposition 6.5. For Y, we use Corollary 6.18 to write
down a sequence of quasi-isomorphisms

RI(Y, Q/) ~ holim (RI'(Y,, /) ~ holim (RI' (Y, /)
~ holim ;H(Y,, /) ~ lim HO(Y,, Q7).

N

It follows that H (Y, /) = 0 fori > 0. To see thatd = 0 on HO(Y, /) we
use the embedding H°(Y, Q/) < [[ccpo H(C, /) and Proposition 6.3.

Now, set V = Y, Y. By Lemma 6.13, we have H(V,B/)) = 01i,j > 0.
Note that, by (6.22), we have the exact sequence

HY(V.QheHg (V.7 (V".dv")

0— :
HY(V,R;)

HO(V, Wy1Q)) — HY(V, W, Q) - 0.

It remains to show that the natural map from H 6,?t(V, Q/) to the leftmost term
is an isomorphism, or that, the natural map Hgt(V, R} — Hgt(V, Qi1
is an isomorphism. The exact sequence (6.21) yields that the natural map
Hé)t(V, R,{) — Hgt(V, Z,j,._l) is an isomorphism. It remains thus to show that
so is the natural map Hé)t(V, Z,{_l) — HéOt(V, Q/—h.

For that it suffices to show that the natural maps Hg(V, Zi;l ) —
H é)t(V, Z,J;_l), n > 0, are isomorphisms. We will argue by inductiononn > 0.
Since d = 0 on Hé)t(V, Q/~1) this is clear for n = 0. Assume now that this is
true for n — 1. We will show it for n itself. Consider the commutative diagram

0 =1y _¢C 0 j—1
Hét(va Zn+1) —< Hét(V, Zn )

can \L can \L 14

0 j—1, _C 0 j—1
Hét(va Zy ) —— Hét(V, Zn—l)

The right vertical map is an isomorphism by the inductive assumption. The
top and bottom isomorphisms follow from the isomorphisms C~! : Zij >
Zi] 41/ B, for i > 0. We get that the left vertical map is an isomorphism, as
wanted.

Finally, to see that the exact sequence in claim (3) is strictly exact note that
for Y this follows from compactness of HO(Y, Q/) and HO(Y, Wn+1Qj) and
for Y this follows from the case of Y by étale base change. O
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6.2.5 Cohomology of differentials 11

We will need a generalization of the above results and a more careful discussion
of topological issues.

Proposition 6.23 Let j > 0. Let S be a topological Ok -module and let R be
a topological W (k)- or W (k)-module. Assume that S and R are topologically
orthonormalizable.

1. Thefollowing natural maps are strict quasi-isomorphisms (in Z (Ind(P D»)),
with? =K, F,Q))
HO(X, ) )®0y S0 = RT(X, 2% )®0y., Sn.
HY(Y, Wa2)®,, Ry — RT(Y, W, 2))®0, , Ry,
R4 (Y, W,,Q{;)g)ééz/pn R, = RT&(Y, W, Q) ®y, i Rn,
HS(Y . WaS,) 82/ Rn — RT(Y, W], )82/ R

2. d =0on H)(X, 2} )80y, Su and on H) (Y, W2} &2, Ry
3. The following natural map is a strict quasi-isomorphism

P H X, @ ,)[—jl > F'RCr(X,). r > 0.

j=r

Remark 6.24 The completed tensor products for the above complexes of pro-
discrete modules can be made more explicit using a Stein covering {U;}, i € N
of Y. For example:

RE(Y/ O V@0, Agn = holim ; (RT e (U /O )@, Asi.n)-

Note that Kst’ » has discrete topology.

Proof Note that the last claim follows from the previous two claims.

In the rest of the proof, to lighten the notation, we will write simply
RI'(Z, ;) :=RI'(Z, Q'Z’n) for the de Rham cohomology of the log-scheme
Z,. We have the spectral sequence

EZ" = Hnolim ,(H' (Y8, )®py , Sn) = HIY RI (X, Q) By, Sn)-
Since the pro-systems

(H (Y2, QD) @0 ,Sudys =0, {H Yy, Q) ®0y ,Sn}s s = 0,
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are equivalent (and H (Ys, Q{;) is classical and of finite type since ¥; is ideally
log-smooth and proper over k¥), they both have trivial H%holim, ¢ > 0.
Hence the spectral sequence degenerates and we have

H'RT(X, @80y, S2) ~ Um(H' (Y7, @) @0y, Sn) = Hm(H' (¥;, %) ®sy, Sh)-
S N

In particular, it is classical.
Moreover, using a basis {e  }, A € I, of S,, over Ok ,,, we get an embedding

im (A7 (Y2, @D @0y, Sn) = [| H (X, 2er
s rel

Since the latter groups are trivial for i > 0, by Proposition 6.5, the vanishing
of ﬁi(RF(X, Qﬁ)@@an S,) follows. This embedding also shows that d = 0
on HY in part (2) of the proposition.

The proof for the second map in part (1) of the proposition is analogous
with Lemma 6.20 replacing Proposition 6.5.

For the proof for the third map in part (1) of the proposition, consider now
the sequence of strict quasi-isomorphisms

RFét(?» W, 2 )®Z/p” Ry, = hOhms(RFet(Y 10g)®Z/p” Ry)

log

>~ holim (Rrét(YSs Wy Q{Qg)@)Z/p” Ry) _> holim (Rrét(y‘w Wy Qj)@wn@) Ry)

~ holim {(RF¢ (Y, Wy Q) ®y, i Ra) = R (Y, Wy Q) ¢ R

The second and the fourth strict quasi-isomorphisms are clear. The third
strict quasi-isomorphism follows from the fact that, by Corollary 6.18, the
log-scheme Y is ordinary and we have Proposition 6.9.

For the fourth strict quasi-isomorphism in part (1) of the proposition, use
the second and the third one to reduce to showing that we have a natural
topological isomorphism

(Y W Q )®Z/p”Ri’l ~ H(?t(Y’ WHQJ)®W,,(?)R”

log

But, by Proposition 6.9, we have topological isomorphisms
HE (Y, WS ) 820 Ry = lim(HY (Y, W, Q4 @270 Ry)
s

= Hm(H{ (Vs WaS) @2/ Ru) = im(HY Vs, WaQ))®y, 1) Ra)
s s

= hm( (Yw WnQ/)®W (k)R ) = 3(77 Wan)®W"(E)Rn

S
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It remains to show thatd = O on HéOt(Y , W,/ )@m,” Ry, First assume R to be
a W (k)-module. Arguing as above we obtain an embedding (notation as above)

HY(Y, Wa @0y, Ry —> Hy (Y, Wo Q) )82/ Ry = [ [ HG (Y, Wa L, es.
rel

d = 0 follows. If R is only a W (k)-module, we write

HG (Y Wa @0y, Rn > HG (Y. Wa@D @0y, (Wa () @0y, Ra)

to obtain d = 0 in this case as well. O

Corollary 6.25 1. For j > 0, we have a canonical topological isomor-
phism®’

HQ(Y, Q)8 k > HY(Y, Q).

2. For j,n > 0, the canonical maps

HQ (Y, Wa Q) @z Wa (k) — HG (Y, W, Q7),

HY (Y, W) ®z,W (k) — H(Y, WQ/)
are topological isomorphisms.>8 In higher degrees all the above cohomol-
ogy groups are trivial. _ _ .

3. The cohomologies H' (X, Qﬁf) and deR(X) are classical, H (X, Qé() =0
fori >0, and Hjp(X) ~ H(X, Q).

Proof The first two quasi-isomorphisms are actually included in the above
proposition. For the third quasi-isomorphism, both sides are nontrivial only in
degree zero: by Lemma 6.20 and the second isomorphism of this corollary, the
projective systems {Hgt(?, WnQ{Og)®Z/p" W, (k)}, and {HéOt(Y, W, 7))}, are
Mittag—Leffler. In degree zero we pass, as usual, to the limit over the truncated
subschemes of the special fiber and there, since these subschemes are ordinary,
we have a term-wise isomorphism, as wanted.

For the cohomology Hi(X, Q&), the fact that it is classical follows from
the fact that the cohomology H (X,, /) is classical and nontrivial only for
i = 0, which was proved in Proposition 6.23, and the fact that the natural
maps H%(X,41, /) — HY(X,, Q/) are surjective: a direct consequence,
via Proposition 6.23, of Lemma 6.20.

3T of projective limits of k-vector spaces of finite dimension.
38 of projective limits of W»(k)-modules, free and of finite rank.
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For the cohomology ﬁ({R(X), we have ﬁ({ﬁ(Xn) < HO(X,, Q') by Propo-
sition 6.23. It follpws, since the maps HO(Xn+1, Q) — HO(Xn, QJ) are
surjective, taht HJR(X ) is classical (by a Mittag—Leffler argument). O

Remark 6.26 There is an alternative argument which proves Proposition 6.23

and which does not use ordinarity of the truncated log-scheme Y. It starts with
proving the above corollary. We present it in the Appendix.

6.2.6 de Rham cohomologies of the model and the generic fiber
Proposition 6.27 below will be crucial in understanding the de Rham coho-

mology of the model and its variants. Define the map

ty T HL (Y, W) ~ HL.(Y/00) — HL(Y/6F, F) < HE

L (Y/00) =5 Hi (Y 0F).

rig

Proposition 6.27 1. The above map induces an injection

H, (Y, WQ")®p, K < H,(Y/OF).

2. The canonical map
Hig (X)®0x K — Hig(Xk)
is injective.

Proof For the first claim, it suffices to show that we have a commutative
diagram

H (Y, W) < [jen H (Cj. W)
lty Jﬂ-lc-
rlg(Y/ﬁ;;) - H]EN rlg(c /ﬁ;é)

where Cj, j € N, is the set of irreducible components of ¥ and the map ¢c; is
defined in an analogous way to the map ty but by replacing the Hyodo—Kato
map by the composition
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Hi (Cj/0%) S Hi (CY) 005 Hi(CO0%) < Hi,(Ci/07%).

Since the Hyodo—Kato map is compatible with Zariski localization the above
diagram commutes.
We claim that we have natural isomorphisms

HY(Y, WQ') = HL (Y, W), HJ(C;, W) = HL(C;, WQ).

Indeed, set Z = Y, C;. We have HJ(Z, WQ') = lim H{(Z, W,"). Since,
by Proposition 6.23 and Lemma 6.20,

RT4(Z, Wa Q') = @, HA(Z, W, 2)[—j]1,
this implies that

H.(Z, WQ®) ~ lim H.(Z, W, Q") ~ lim H)(Z, W, "),
n

n

as wanted. In particular, there is no torsion.

It follows that the maps c; in the above diagram are injections: they are
isomorphisms after tensoring the domains with K and the domains are torsion-
free. The map « is an injection because so is, by definition, the map &’ in the
commutative diagram

Hg(Y, WQi) o anN Héf)t(cj’ WQi) - - l_[jeN Hf?t(C?’ WQi)

1
Cl/

HY (Y, W),

where Y; denotes the nonsingular locus of Y.

We note that the above computation shows also that the natural map
H.(Y/0%)®p, F — H.(Y/0Y, F) is an injection. This will be useful in
proving the second claim of the proposition. Using the diagram (7.7) we can
form a commutative diagram

can

Hix(X)®0 K Hig (Xk)

LHKTz lHKTl

HL(Y /O ®pp K — HL(Y/O), F) @ K <— Hj (Y/O)) ®F K

Here the first map tgk is the bounded Hyodo—Kato isomorphism described
in Chapter 7. Since the first bottom map is an injection so is the top map, as
wanted. O
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6.3 Relation to Steinberg representations

We proved in the previous section that, for all i > 0, the spaces H Eﬁ:t(Y , WQ)

and H ét 7, Werog) vanish. The purpose of this section is to prove the following
result describing the corresponding spaces for i = 0 in terms of generalized
Steinberg representations.

Theorem 6.28 Let r > 0.

1. We have natural isomorphisms of locally convex topological Qp-vector
spaces (more precisely, weak duals of Banach spaces)
(a) HO(Y, WQ"®g, F ~ H" (Y, WQ)®g, F =~ Sp*°"(F)*,
(b) HY(Y, WRi,,)®Q, = Spi™™(Qp)*,
(©) HO(X, Q)®px K ~ Hip (X)®py K = Spi™ (K)*,
(d) HY(Y, Wi )®Q) = Spi™™(Q,)*.
They are compatible with the canonical maps between Steinberg represen-
tations and with the isomorphisms

Higr(Xk) >~ Sp,(K)*, Hjx(X) = Sp,(F)*

from Theorem 5.10 and Lemma 5.11.
2. We have natural isomorphisms of pro-discrete Z,-modules
() HY(Y,WQ') ~ H[(Y,WQ®) ~ Sp™™(OF)* and HO(Y, Q") ~
Sp, (k)*,
(b) HO(Y, W) == Spi™ (Z)* and HY)(Y, Qf,g) = Sp, (Fp)*,
(0) H(X, Q") = Hip(X) = Sp{™" (0k)*,
(d) H(Y, W) == Spi™"(Z)* and H)(Y, Q) = Sp, (Fp)*.
They are compatible with the canonical maps between Steinberg represen-
tations and with the above isomorphisms.

Proof Consider the following diagram

HL (Y, W)~ Hlpp (V) (6.29)
7

7
v

s
D, Op) = DA F)
e

Ve
cani Y can
Ve

Sp?om(ﬁp)*(L Spr(F)*

'HK 'HK

~

The bottom square clearly commutes. The first (continuous) regulator rgg is
defined by integrating the crystalline Hyodo—Kato Chern classes cIIJK defined
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in Chapter 7. By Sect. 7.2.1 it makes the top square commute. The right triangle
commutes by Lemma 5.11. It follows that there exists a broken arrow (we will
callit rgx as well) that makes the left triangle commute. This map is continuous
and also clearly makes the adjacent square commute. Hence it is an injection.
We will prove that it is an isomorphism after inverting p.

The above combined with Proposition 6.27 and Theorem 5.11 gives the
embeddings

r f r
SPEM (OF)* @pp F <5 HA(Y, WR)®p, F <> Hiy(Y) = Sp, (F)*.

Their composite is the canonical embedding. The image of the map f must
be in the subspace of G-bounded vectors of Sp, (K)*, since Hé)t(Y , WQh)
is compact (it is naturally an inverse limit of finite free &' r-modules). That
subspace is identified with Sp¢°™ (F)* =~ Sp¢°™(0r)*® ¢, F by Corollary 5.9.
It follows that the map rgx is an isomorphism.

In fact, the above map rgx is already an integral isomorphism (as stated in
part (2a)). To see this, consider the commutative diagram

SpEM(OF)* - HY (Y, W)

| |

"HK 0 r
Speont (k) HOY, @)

Hﬁg(Y, W) is a G-equivariant lattice in HéOt(Y, WQq, =~ Spo™(F)*
hence, by Corollary 5.3, it is homothetic to Spf®™(&'r)*. It follows that
HéOt(Y , Q") >~ Spto™(k)* is irreducible. Moreover, the bottom map ryg is
nonzero: by construction of the top map ryk, the symbol dlogz; A - - - Adlogz,
for coordinates zp, ..., z, of IP% is in the image. It follows that it is an isomor-
phism hence so is the top map rgk as well. Moreover, the latter is a topological
isomorphism since the domain is compact and the target is Hausdorff. It follows
that its rational version is a topological isomorphism as well, which proves
part (1a) of the theorem.

The proof of part (1b) is very similar to the proof of part (1a), so we will be
rather brief. Consider the commutative diagram
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Hgt(Y’ WQl.og) ‘

AN Tlog THK
N
N

AN r+1
o \\D(%” . Z,)
N

N cani

N

Spgont (Zp)*

HL (Y, WQ)¥=F" (6.30)

~

Here the (continuous) regulator rig is defined by integrating the crystalline

logarithmic de Rham—Witt Chern classes cllOg defined in Chapter 7. Arguing
as above we can construct the broken arrow, which is again a continuous map,
making the whole diagram commute. It easily follows that both maps f and
I'og are isomorphisms. Now, to prove that they are topological isomorphisms
we argue first integrally, as for part (2b), and then rationally as for part (2a).

For part (1c) one repeats the argument starting with the following commu-
tative diagram

Hlp(X) —= HiL (Xk) (6.31)
FdR 7 raR

Ve
Ve

DA, O0x) 2= D K)

7 TdR

e
e
can y can
e

Sp, (Ok)* —— Sp, (K)*,

~

where the continuous (bounded) regulator rgr is defined by integrating the
integral de Rham Chern classes C?R defined in Chapter 7, and using the fact
that, by Proposition 6.27, we have

Hip (X)®p, K <> Hjp(X) ~ Sp,(K)*

and, by Proposition 6.23, we have Hj, (X) ~ H 0(X, Q"). The integral part
(2¢) follows as above.

Parts (1d) and (2d) follow from parts (1b) and (2b) and the following lemma.

O

Lemma 6.32 Forn > 1, we have canonical topological isomorphisms

0 ~ 0,v 0 ~ 0,v
HY(Y, Wo Q) > HY(Y . Wa,,). HL(Y. W) > HY (Y, W)
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Proof 1t suffices to prove the first isomorphism and, since both sides satisfy

r

p-adic devissage, it suffices to do it for n = 1. We have Hé)t(?, Qlog) =

H f,?t (Y, Q")¢=1. On the other hand, by étale base change, we have a topological
isomorphism H éot Y, Q") ~ HéOt(Y , Q")Qrk. And parts (2a) and (2b) of the
theorem show that the natural map HéOt(Y , Q{Og)®ppk — HéOt(Y, Q") is a
topological isomorphism. Hence, since C = 1 on HéOt(Y , 2
topological isomorphisms

r

10g), we obtain

HY (Y, Qi) < Ho(Y, Q)= < (HY(Y, @)@, k) =" < HY(Y, Q).
as wanted. O
Remark 6.33 Consider the commutative diagram

HE (Y, W) =" = HIp (X)

rdR

D", OF) D", Ok)

cani cani

SpeOnt (O p)* " Spont (g )*

~

The dashed arrow is defined to make the diagram commute. It is continuous. It
can be thought of as an integral Hyodo—Kato map. Compatibilities used in the
proof of Theorem 6.28 ensure that it is compatible with the bounded and the
overconvergent Hyodo—Kato maps. Because the natural map SpS°™ (0r)* Qg

Ox — Spee™(Ok)* is an isomorphism, we get the integral Hyodo-Kato
(topological) isomorphism

K HL (Y, W) ®g, Ok — Hp(X).

6.4 Computation of syntomic cohomology

We will prove in this section that the geometric syntomic cohomology of X can
be computed using the logarithmic de Rham—Witt cohomology. To simplify
the notation we will write (—)q,, for (—)®*Q,,.

6.4.1 Simplification of syntomic cohomology

Let X now be a semistable Stein formal scheme over Ok .
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Lemma 6.34 Let r > 0. There exist natural and compatible strict quasi-
isomorphisms

fer - [RFCT(Y)Qp]wzpr - [(chr(XO/ﬁ?«")(gﬁFKst)Qp]N:Ow:pr,
ber - [chr(X)Qp](p:pr - [chr(XO/ﬁg)Qp]Nzo’(o:pr.

Proof By (3.49), (3.50), we have a natural strict quasi-isomorphism
g+ R (X0 /10 )0 Ast ] =0 = RTer(X,0).

To check the strictness one can look locally and there everything is discrete.
We can also adapt the proof of Theorem 4.1 (and proceed as in the proof of
Proposition 6.1: note that both crystalline cohomology complexes are in the
bounded derived category) to construct a natural strict quasi-isomorphism

hcr : [(chr(X/FgD)érgDKst)Qp]‘/’:pr :) [(chr(Xo/ﬁ%)gﬁngt)Qp]fﬂzpr.

In fact, it suffices to note that the complexes (4.9) used in that proof have
cohomology annihilated by p?, for a constant N = N(d, r), d = dim Xj.
Define the first map in the lemma by ¢y := hcrtgé- The definition of the
second map ¢ is analogous (but easier: there is no need for the zigzag in the
definition of A¢;). 0O

Let »r > 0. From the maps in (3.53) we induce a natural strict quasi-
isomorphism

Bkt RTR(X) @0y Acr. k), /F" — Rl(X)q, /F" (6.35)

Set yuk = (L]23K)_ltc_r1 . The above discussion yields the following strict quasi-

isomorphism

RFsyn(Y7 Zp(r))Qp

S [[RT(Xo/ 0D B0, An)g, IN=0=F AL (RTCar (X)) @0y Acr. k), /F'] -
(6.36)

By construction, it is compatible with its pro-analog (3.43), i.e., we have a
natural continuous map of distinguished triangles, where all the horizontal
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maps are the canonical maps

RFsyn(Y’ Zp(r))Qp Rrsyn(Ya Qp (r)

l i

[(RTer(Xo/ 0N B0, A)q, IV=0¢=F" —= [RT(Xo/ 0%, F)&FBLIN=00=r"

| [

(RTaR (X)® 0y Acr.x)q,/F" (RTaR(XK)® K BR)/F”

6.4.2 Computation of the Hyodo—Kato part

We come back now to the Drinfeld half-space.

Lemma 6.37 The cohomology of [(RFcr(Y/ﬁ%)@,ﬁFKst)Qp]Nﬂaw:p’ is
classical and we have the natural topological isomorphisms

H' ([(RTe(Y /0080, A, 1N =¢="") ~ HY (Y. WQI,)®Q,.
H ™ ((RTe(Y/02)8 0, Aa)o, 1V =09=F") = (HY(Y, Wi, 82,A5)@Q,.
(6.38)

Proof By Proposition 6.23, we have strict quasi-isomorphisms>’

RE(Y/00) @0, Ay = RT4 (Y, WQ)®p, Ay < HY(Y, W), Ax
<~ @ HGY. WHBs, Aul—il = P HYT. WQOHByy g Aul—il.

i>0 i>0

The first claim of the lemma follows. B
Let M be a finite type free (¢, N)-module over W (k). Note that N is nilpo-
tent. We claim that we have a short exact sequence

~ N ~
00— M w Ay — M Qw Ag — M Qw @) Ay — 0.
Indeed, if N = 0, this is clear from the short exact sequence (3.14). For a

general M, we argue by induction on m such that N = 0 using the short
exact sequence

0— My — M > M| — 0,

39 Strictly speaking, the quasi-isomorphisms in that proposition are modulo p” but it is easy
to get the p-adic result by going to the limit, using Mittag—Leffler as in Corollary 6.25.
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where My = ker N, M| = im N. My, M are finite type free (¢, N)-modules
such that N"~! = 0. It follows that we have strict quasi-isomorphisms (reduce
to the truncated log-schemes Y; and pass to the limit)

[RTe(Y/ 0080, A1V =0 ~ EDIHY (Y, WR)B 1y AV =[]

i>0
~ P HLY. W)y i Acrl—i] = D HY(Y. W) &z, Acr[—i]
i>0 i>0

We will show now that we have natural strict quasi-isomorphisms

[HO(Y, WQlog)®szcr]Q ="~ HO(Y, WQi0)q,
[HY(V, Wi )8z, Aaly” =~ (H(Y, Wi .H®2,A% g, (6.39)

Fori > 0, set C; := HO(Y W
classical eigenspace

log)®ZpAcr- We claim that, for j > i, the

Cr = (Y, Wi, 82,4577 (6.40)

1

To see that,. write, using the_ notatiqn from the proof of Proposition 6.23,
HG(Y, W) = lim HG(Ys, WS,,) or, to simplify the notation, A’ :=
A = lim Ajg. Note that Aj is a finite type free Z,-module. Replace A; with
Hs . p . .

By := Ny~sim (Ay — Ag). Then the maps Bs41 — B are surjective and
A= hm B;. Choose basis of By, s > 1, compatible with the projections, i.e.,
the chosen basis of B4 1 includes a lift of the chosen basis of Bs. Using this
basis we can write

AN XZD X 2D x| ARz, Aa ~ Al x AZ x AL x -+ . (6.41)

Since the Frobenius on A’ = H é)t (Y, WQ{Og) is equal to the multiplication by
p' we obtain the equality we wanted.
Consider now the following exact sequences

r r

=p" ¢—p =p" $—p
0—> ™! - c,—5C,, 0— Cf_lp — Cr1——C,_q.

Since the map ACIHACD i >0,is pi—surjective, the maps ¢ — p” above
are ra_tionally surjective (use the basis (6.4_1) and the fact that the Frobenius
on A’ is equal to the multiplication by p'). Hence, rationally, the derived

. —nl . . = "
eigenspaces [C;]9=F ,i = r,r — 1, are equal to the classical ones lep P

@ Springer



Cohomology of p-adic Stein spaces 967

i =r,r—1.Since, by (6.40), we have Cf =" = H)(Y, W, ) and C*=/" =

H éot Y, Wero_gl)®ZpAfr:p , the strict quasi-isomorphisms in (6.39) follow.
It remains to show that the natural maps
HY (Y, W), — HL(Y, WQ,)®Q,,

(HY(Y, W H82,A87 g, — (HYY . W N8z,A%7)®Q,.

are strict quasi-isomorphisms but this follows from Proposition 2.6. O

6.4.3 Computation of syntomic cohomology

Corollary 6.42 Let r > 0. The r-th cohomology of RT" Syn(Y, Zy(r)q, is
classical and there exists a natural topological isomorphism

H"(RTgyn(X. Z)(r)q,) ~ HG (Y, WQ,,)®Q,.

Proof We note that, by Proposition 6.23, there exist natural strict quasi-
isomorphisms

®i=0H (X, Q)®py F' " "Acr x[—i] = F"(RTr (X)® gy Acr. k)
O 12i>0H (X, Q)@ 0y Acr.k /F " )[—i] = (RCar(X)® gy Acr.x)/F".

This, combined with the strict quasi-isomorphisms (6.38), changes the map
ygk from (6.36) into

Vi : (Hy (Y, W H®2,A%7")0Q, - (H'(X, @ B4y 00)2Q,.

Hence we obtain the long exact sequence

s = Vi
(HY(Y, W, N®z,AL"H®Q), ——

log (HO(X» Qril)@(?K ﬁC)@Qp

-

H"(RTgyn(X, Z,(r)q,) — HY (Y, WQ[,)®Q, ——=0

It suffices to show that yjj is strictly surjective. For that we will need to
trace carefully its definition. Consider thus the following commutative diagram

@ Springer



968 P. Colmez et al.

1o - % o~
(HY(Y, Wi 8z, A5 g, [—r + 11 —=> (H'(X, Q" "&, Oc)q,[—r + 1]

t
[(RT:(Y/ODB 6, A0, 1V=0¢="" — ™~ RIR(X)B 0y Acr.k)Q,/F"

¢can ¢can

AR _ _r YH ~
[RTer (Y/ 60, FY@FBIIV=09=r" T~ RTR(Xx)@KBiR)/F’.

?z tfig?z
[RCuk (V)@ RBEV=0.0=r" s (RCar (Xx)BFBL)/F"
(6.43)

Here, the fact that the bottom square commutes follows from the proofs of
Proposition 3.48 and Theorem 4.1. Taking H"~! of the above diagram we
obtain the outer diagram in the commutative diagram

(HS(Y, Wi H®2, A" @Q, —= Hig (@B~
i,,}f"( lt}m@t

(HO(X, @ N®0, Oc)®Q, — — — = Hig " (Xx)®k C

\

HY(Xg, " H®gC.

Since d = 0 on (H(X, Q’_l)@)ﬁ,( Oc)®Q,, we get the shown factorization
of the slanted map and the commutative square. This square is seen (by a
careful chase of diagram (6.43)) to be compatible with the projections 6 :
AP 5 O, 0 Bct"”:” — C. Using them, we obtain the commutative
diagram

(HS(Y. W 82, 00)8Q, —— (H(X, "8, 00)8Q,

\Lcan ican

_ ~ ® 1,5 =
Hi'(NH®FC RS HR ' (Xg)®kC

and reduce our problem to showing that the induced map y¢ is surjective.
We will, in fact, show that y¢ is an isomorphism. Note that the right ver-
tical map in the above diagram is injective: use the fact that the natural map
HSR_ ! (X) - H gR_ ! (X ) is an injection (in particular the domain is torsion-
fee). By Remark 6.33, the above diagram yields that yc = (tnk ® 1)®Q,.

Since the integral Hyodo—Kato map gk : Hé)t(Y, WQI’O_gl) ®z, Ok =

HO(X, Q1) is a topological isomorphism, so is y¢, as wanted.
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To check that the map y}| is strict, consider the factorization

(HY(Y, Wi, H®z,AL)®Q,

y/
il‘@e \

(HY(Y, W "N®2,00)@Q, —— (H'(X, @80y 60)2Q,

As mentioned above, the map yc is a topological isomorphism. Hence it
suffices to show that the vertical map is strict. But this is clear because the
surjection 6 : AP > OchasaZ p-linear continuous section. O

6.5 Main theorem

Before proving the main theorem of this section let us state the following
corollary. Recall that X, resp. X, is the standard formal, resp. weak formal,
model of the Drinfeld half-space H‘Il(, Y =Xo, Y =Yg

Corollary 6.44 Let r > 0. The cohomology H é’t(X ¢, Qp(r)) is classical and
there is a natural topological isomorphism

H (X, Qp(r) =~ HY(Y, WQi,,)q,-

Itis compatible with the étale and the logarithmic de Rham—Witt Chern classes.

Proof The first claim follows from the comparison between étale and syntomic
cohomologies in Proposition 6.1 and the computation of syntomic cohomology
in Corollary 6.42.

The second claim follows from the compatibility of the €tale, syntomic,
crystalline, ¢}, crystalline Hyodo—Kato, and logarithmic de Rham-Witt Chern
classes discussed in Chapter 7. O

We are now ready to prove the following result.
Theorem 6.45 Letr > 0.

1. There is a natural topological isomorphism of G X Yk -modules

Hg[(XC’ Qp(l’)) = Spiont(Q]))* = Spr(Zp)*®Qp
2. There are natural topological isomorphisms of G-modules

Hig(X)k 2 Sp™(K)*, HL(Y/O%)q, ~ SPP™(F)*,
_|spent@y* ifi =0,

I /v r
Ho (V. W 10000 = ] ifi > 0.
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3. The regulator maps

raR : M K) - Hig Xk, rax : M2 F) — HL(Y/69)q, .
Tog * M(f%ﬂdﬂ» Q) — Héot(?’ WQng)Qp

are strict surjective maps (of weak duals of Banach spaces), G x Yk -

equivariant, compatible with the isomorphisms in (1) and (2), and their

kernels are equal to the space of degenerate measures (defined as the inter-

section of the space of measures with the set of degenerate distributions).
4. The natural map

Hy(Xc,Qp(r) = Hy oo (Xc, Qp(r)

is an injection and identifies H é'[(X c, Qp(r)) with the G-bounded vectors
OfH;rOét(XCv Q[?(r))

Proof Point (2) follows from Theorem 6.28 and Proposition 6.23. Point (1)
follows from Corollary 6.44, Lemma 6.32, and the computation of the loga-
rithmic de Rham—Witt cohomology in Theorem 6.28.

To prove point (4) consider the commutative diagram, where the bottom
sequence is strictly exact:

HI(Xc, Qp(r) > Speo™(Q,)*

& can

0—dQ! (Xc) — ngoét(XCs QP(r)) - Spr(Qp))’< —0

Commutativity can be checked easily by looking at symbols. The change
of topology map ¢ has image in Hgmét(Xc, Qp(r))G_bd (since Spe°™(Z,)*
is compact). We need to show that this image is the whole of H;;roét
(XC,Qp(r))G_bd. To prove that, since (Spr(Qp)*)G_bd ~ Spion(Q,)*,
it is enough to show that (d2" (X))l = 0 or, equivalently, that
(Q’_l (Xc)dZO)G_bd — Hgl{l (X¢) is an injection. It is enough to show that
Q1 (Xp)0bd HSR_ 1(Xc) is injective or that, by an analogous argu-
ment to the one we used in the proof of Proposition 6.23, so is the map
Qr_l(XK)G_bd — HJI;I(XK)

Now, since, the map QF*I(X)@)@(K — Q1 (Xk)9 " is an isomor-
phism (use the fact that X can be covered by G-translates of an open subscheme
U such that Uk is an affinoid), it suffices to show that Q"1 (X )@5,(1( —

Hig '(Xk)is an injection. But this we have done in Proposition 6.27.
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Point (3) follows from the construction and Chapter 7. More precisely,
the fact that the regulator maps rqr, rHK, Fog are compatible with the iso-
morphisms in points (1) and (2) follow from diagrams 6.31, 6.29, 6.30,
respectively.

Finally, the fact that the regulators in point (3) are strict follows from the
fact that so are the corresponding maps M ("1, Z ») = Sp,(Z,)*, etc, as
surjective continuous maps of profinite modules, and tensoring with Q) is
right exact. O

Remark 6.46 We will show in [18] that there is a regulator map
rec: M, Q) — Hi(Xc, Qp(r)

compatible with the étale Chern class maps. Corollary 6.44 then implies that
we have an analog of point (3) of Theorem 6.45 in this setting.

7 Symbols

We gather in this chapter a few basic facts concerning symbol maps and their
compatibilities that we need in this paper. We use the notation from Chapter 6.

7.1 Hyodo-Kato isomorphisms

Let X be a semistable Stein weak formal scheme over Ok. In the first part
of this paper we have used the Hyodo—Kato isomorphism as defined by
Grosse-Klonne in [32], gk : Hfg (Xo) ®F K = Hjr (Xk). But one can
use the original Hyodo—Kato isomorphism defined for quasi-compact formal
schemes in [38]. Doing that we obtain two Hyodo—Kato isomorphisms. One
that, modulo canonical identifications, turns out to be the same as the one
of Grosse-Klonne, the other identifies bounded Hyodo—Kato and de Rham
cohomologies.

Proposition 7.1 We have compatible Hyodo—Kato (topological) isomor-
phisms

K : H(X0/0%, F)®rK = Hip(Xg),

T

K 1 (HL(X0/0%) @0, Ox)QK = Hip(X)QK. (7.2)

Proof As mentioned above they are induced by the original Hyodo—Kato iso-
morphism [38]. We will describe them in more detail.

To start, assume that we have a quasi-compact semistable formal scheme
Y over Ok. We will work in the classical derived category. Recall that the
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Frobenius ¢

rll;]’)n’(p ®VL£an chr(Yl/rZI;I,)n) - RFcr(Yl/"zl;I,)n),

OFnp ®, , RTa(Yo/OF n) = Rl (Yo/ 07 ,)

has a pV-inverse ¥, for N = N(d), d = dim Y. This is proved in [38,
2.24]. O

Lemma 7.3 The projection pg RFcr(Y/rgl?n) — RFcr(Yo/ﬁ%n) has
a functorial (for maps between formal schemes and a change of n) and
Frobenius-equivariant pN‘-section

ton : RO (Yo/OF ) — RTer(Y /10,
i.e., Polg.n = pN‘, N, = N(d, e). Moreover; the resulting map

ton : RTer(Yo/OF ) ®F5, rPP — RTe(Y/rEP)

w,n

is a p"-quasi-isomorphism, N = N(d, e),

Proof This follows easily from the proof of Proposition 4.13 in [38] which
deals with the case K = F; the key point being that the Frobenius on
RT ¢ (Yo/ ﬁ’%’n) is close to a quasi-isomorphism and the Frobenius on the
PD-ideal of rgD is close to zero. Hence, we just need to pass from F to K.

By [38, Prop.4.13], the projection po : RIer(Y/rp5) — Rl (Yo/OF. )
has a functorial (for maps between formal schemes and a change of n) and
Frobenius-equivariant p™V:-section

lpn - chr(YO/ﬁg,n) - chr(Y/rzl;l,)n)’

ie., polpn = le, N, = N(d). To pass from F to K, consider the following
commutative diagram:

Y Yo© Yy

l | i

Spec(Ok 1) — Spec(k) —— Spec(Ok 1)

Spec(rz];]?n) & Spec(rga) — Spec(rg]?n).
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Here the map g is defined by T +— 7' and a +— ¢¢(a),a € Wy(k). The
composites of the horizontal arrows are the p¢ iterations of the Frobenius. Set

lo,n = g*tp,n‘pe-
We have
Polz,n = pOg*tp,nwe = (Pepotp,nlﬁe = (pelﬁele = pM’

for M = M (d, e), as wanted.
It is easy to see that the resulting map

torn i RUa(Yo/OF,) ®,. rory = RTa(Y/rp)

w,n w,n
is a p"-quasi-isomorphism, N = N(d, e): we use the analogous result for F
(see [38, Lemma 5.2]) and the fact that the right square in the above diagram

is cartesian. O

Lemma 7.3 implies that the composite
Poton  RTa(Yo/OF,) ®F, Okn— RU(Y/OF )

is a p"V-quasi-isomorphism, N = N(d, e). Taking holim ,, of the last map we
obtain a map

Pole - RFcr(YO/ﬁ?T) ®15F Ok — RFcr(Y/ﬁ;é), Loy = holim ey,

that is a pY-quasi-isomorphism, N = N(d, ). The twisted Hyodo—Kato map
is defined as Ty = p~! Pwle . We have the commutative diagram

RIG(Y/rEP) —27= R (Y/6) <2~ RTar(Y)

lo ( \L Po THK

RI ¢ (Yo/O%)

We note that the map Ty : RFcr(Yo/ﬁg)@)ﬁF Ox — RIgr(Y)isa p"-quasi-
isomorphism, N = N(d, e¢). Modulo pN ,N = N(d, e), it is independent of
the choices made. The Hyodo—Kato map

K : HL.(Yo/O9)®F — Hix (Y)®K
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isdefined as igyg = p‘N Tak . We have obtained the Hyodo—Kato (topological)
isomorphism

K (HL(Y0/0%) @6, Ox)QK — Hip(Y)®K.

For a Stein semistable weak formal scheme X, we choose a Stein covering
{Us}, s € N, and define the compatible Hyodo—Kato maps

tHK = lim g g, H! (X0/0%, F) — Hix(Xk),

N

ik = p~ N (im Tk v, ®Q)) : Hy(Xo/02)®Q), = Hig(X)®Q,. (7:4)

N

We used here the fact that (topologically)

Hi(Xo/ O, F) = lim Hy(Us /Oy, F),  Hi(Xo/Op) = lim H, (U 07)

S N

Hig(Xx) = lim Hig (Uslz,), Hir(X) ® Q, = (im Hiz (X|u,) ® Q.
N N

(7.5)

The third isomorphism, since X is Stein, is standard. The first two follow
from the vanishing of the derived functors

H'holim s H YU /0%, F), H'holim (H. " (U, /0%,

which, in turn, follow from the fact that the pro-systems (s € N)

(H (U0, FYY = {Hy (Y /0, F)), {HE U/ 0p)) = (HL (Y 0)
are Mittag-Leffler. To show the last i§9morphism in (7.5), it suffices to show
the vanishining of (H Tholim ¢ H(;l; 1(X lu,)) ® Qp. For that, we will use the
fact that the twisted Hyodo—Kato map
Tk : H WUy 0% ®6, Ok — HiZ' (Xu,)
is a p"-isomorphism. Which implies that so is the induced map

H'holim ,(H/ ' (U;/6%) ® 4, Ok) — H'holim {H Iz (X|y,).

But, since the pro-system {Hc"r_l(Us/ﬁg)} = {Hcir_l(Ys/ﬁg)} is Mittag—
Leffler, the first derived limit made rational is trivial, as wanted.
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Now, by definition, the Hyodo—Kato maps from (7.4) are topological iso-
morphisms. O

Corollary 7.6 The Hyodo—Kato isomorphisms from Proposition 7.1 are com-
patible with the Grosse-Klonne Hyodo—Kato isomorphism. That is, we have a
commutative diagram

H}y (Xo/ 09) —= Hig (Xx)

| ]

HI (Xo/ 0%, F) ™~ Hi (Xg)

| |

HE(Xo/0%)q, = HixX)q,

Proof We may argue locally and assume that X is quasi-compact. Then, this
can be checked by the diagram (we use the notation from Sect. 4.1).

H,(Xo/ OF) K Hi (Xk) (1.7)

: S~ _ po %

‘ ~ =~ ~

| Hi (Xo/rT) 4,

I

: I f1

| ) Y

| Hl,(Xo/r")

I -N |

\ B P iv o I 2

_ v o7 Ty » v
Hi(Xo/ O, F) =—5— Hy(X[rgP, Qp) ——= Hig(Xk)
lH
H5(X0/0p) ® Qp <—5— Hy(X[r5?) ® Qp — = Hig(X) ® Q)

LHK

Indeed, we easily reduce to checking that the dotted diagram commutes. Since
all the maps are compatible with Frobenius and Hr"ig (Xo/ ﬁ%) is finite dimen-
sional, this is proved by a standard argument using the fact that Frobenius on T
is highly nilpotent. O
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7.2 Definition of symbols

We define now various symbol maps and show that they are compatible.

Let X be a semistable formal scheme over Ok. Let M be the sheaf of
monoids on X defining the log-structure, M 8P its group completion. This log-
structure is canonical, in the terminology of Berkovich [4, 2.3],i.e., M(U) =
{x e Ox(U)|xk € 6"3‘},( (Uk)}. This is shown in [4, Th.2.3.1], [3, Th.5.3] and
applies also to semistable formal schemes with self-intersections. It follows
that M8P(U) = O(Ugk)*.

7.2.1 Differential symbols

We have the crystalline first Chern class maps of complexes of sheaves on X
[79,2.2.3]

1 1
A MP > M Rs*j}[(n]/r;[,n[l], R VN Rg*/)[(ol/ﬁ% [1].

Here, the map ¢ is the projection from the corresponding crystalline-étale
site to the étale site. These maps are clearly compatible. We get the induced
functorial maps

o H'(Xg, 0%,) — RTa(X/rp?, 71,
i H'(Xk, O%,) = RTa(Xo/Op, 7],

The Hyodo—Kato classes above can be also defined using the de Rham-Witt
complexes. Thatis, one can define (compatible) Hyodo—Kato Chern class maps
[22,2.1]

1 .
co® : H(Xk, 0%,) — RT(Xo, W, 100)[1],

MK HO(X g, 0%,) — RTg(Xo, WQ,I1].
They are compatible with the classical crystalline Hyodo—Kato Chern class
maps above (use [28, 1.5] and replace &* by M*P).
We also have the de Rham first Chern class map

dlog
SRME > MP—SQ (1]
X”/ﬁK,n

It induces the functorial map

cf® : HO(Xk, 0*) - RTgr(X)[1].
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It is evident that, by the canonical map RI'gr (X) — RI'¢qr(X ), this map is
compatible with the rigid analytic class (defined using dlog)

cf® : H'(Xg, 0%) - RTgr(X)[1].

Let now X be a semistable weak formal scheme over Ok . The overconver-
gent classes

MK HO (X, 0%) = RTyg(Xo/00)[1], R . HO(Xk, 6*) — RTar(Xx)[1]

are defined in an analogous way to the crystalline Hyodo—Kato classes and
the rigid analytic de Rham classes (of Xk), respectively. Clearly they are
compatible with those.

Lemma 7.8 Let X be a semistable Stein weak formal scheme over Ok. The
Hyodo—Kato maps

K HA(X0/609) ® Qp — HR(X) ® Qp, thk : HL(X0/0%, F) — HR(Xk),
K Hilg(Xo/O0p) — Hig(Xk)

are compatible with the Chern class maps from HO(S(\K , 0%y and H*(X g, 0™).

Proof For the first two maps, note that we can assume that X is quasi-compact.
This is because in the second map the cohomologies are projective limits
and in the first map this is true up to a universal constant (see the proof of
Proposition 7.1). Now, the proof of an analogous lemma in the algebraic setting
goes through with only small changes [59, Lemma5.1]. We will present it for
the second map (the proof for the first map is similar with a careful bookkeeping
of the appearing constants).

Since tgg = ,o_lpr;_,, U, = p Ny, and the map p,, is compatible
with first Chern classes, it suffices to show the compatibility for the section
U, . Letx € H'(Xk, 6’;’%{(). Since the map ¢/ is a section of the map pg and
the map pg is compatible with first Chern classes, we have that the element
¢ e Hclr(X/rgD) defined as ¢ = (¢ (CII{K(x)) — c?t(x) € ker pg. We will show
that ¢ is zero.

Consider now the linearization of the map ¢/,

B: (Hy(Xo/0p) ® Qp)®rrg, = Ha(X/ri) ©Qp  (7.9)
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It is an isomorphism: this is because we have the p”-quasi-isomorphism,
N = N(, e), (see Lemma 7.3)

lor : RUer(X0/O0)® 6, PP — RT e (Xo/rEP)

and R (Xo/ ﬁg)@)m is p-adically derived complete andr , 1s free over
OF.n. Hence, we can write ¢ = B(¢'), for ¢/ € Hcr(Xo/ﬁg)Qp(X)Frw

Since pop(¢) = 0, we have ¢’ € ker(d ® po) = (H4(Xo/0}) ®
Qp)@)FIo,QP, where we defined the ideals I, of rgD as

I, = { |_z/eJ' hm a; = 0}.

i>p"
Note that we have the exact sequence

0— onQp — rgl?Qp — F = 0.

Since the map ¢ is compatible with Frobenius, (p(cll{K (x)) = pcll{K (%),
@(cft(x)) = pclt(x) and B is an isomorphism, we have ¢"(¢') = p"¢’. Since
@"(Ilp) C I, thisimplies that ¢’ € ()72, (Hcr(Xo/ﬁ’F) ®Qp)®p In,Q,» which
is not possible unless ¢’ is zero. This implies that ¢ = 0, as wanted.

For the last map in the lemma, we use the commutative diagram from Corol-
lary 7.6

H, (Xo/ O) B HIL (Xk)

T

H! (X0/0Y, F) ™~ Hi, (Xk),

the compatibilities from Sect. 7.2.1, and the compatibility of the second map
in this lemma with Chern classes that we have shown above. O
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A Alternative proof of Corollary 6.25

We present in this appendix an alternative proof of Corollary 6.25 (hence
also of Proposition 6.23 which easily follows from it) that does not use the
ordinarity of the truncated log-schemes Y.

Let X/k° be a fine log-scheme of Cartier type. Recall that we have the
subsheaves

Zl = Mu=0Z), Bl =Uy=0B;

of Q) = Qg( /50 (in what follows we will omit the subscripts in differentials

if understood). Via the maps C : Zi b Z,{ (with kernels B,{ ), Zgo is the
sheaf of forms w such that dC"w = O for all n. This sheaf is acted upon by
the Cartier operator C, and we recover

Bl = Up=0(24) =0, @f, = z4)=".
The following result is proved in [40, 2.5.3] for classically smooth schemes.
It holds most likely in much greater generality than the one stated below, but
this will be sufficient for our purposes.

Lemma A.1 Assume that X / kO is semi-stable (with the induced log structure)
and that k is algebraically closed. Then the natural map of étale sheaves

Bl & (2, ®F, k) > ZL

is an isomorphism.

Proof It suffices to show that, for X as above and affine, Béo(X) @

(Q{Og(X) ®F, k) — Z.,(X) is an isomorphism. Take an open dense sub-

set j : U < X which is smooth over k. Then Q’X is a subsheaf of j*Q’b and
SO Zéo,X is a subsheaf of j*ZfX)’U, giving an inclusion Zéo,x(X) C Zéo,U(U)'
By a result of Raynaud [40, Prop.2.5.2], Z éO’U (U) is a union of finite dimen-
sional k-vector spaces stable under C. We deduce that Zéo’ x (X) is also such
a union.

The result follows now from the following basic result of semi-linear algebra
(this is where the hypothesis that & is algebraically closed is crucial): if E is a
finite dimensional k-vector space stable under C, then £ = Epjip @ Ejny, Where
Epilp = U,,Ecnzo, Einy = N, C"(E), and the natural map EC=! ®F,k — Einy
is an isomorphism. O
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Proof of Corollary 6.25 (1) We prove this in several steps. We start with the
case i = O (the most delicate). By Lemma A.1,

H)(Y, ZL) ~ H)(Y, BS) ® H)(Y, Q,, OF, k).

We need the following intermediate result:
Lemma A.2 We have H)(Y, BL,) = 0.

Proof We note that Héot Y, B,{) — Oforall n: because we have B ~ Bj+1 /Blj

this follows from Lemma 6.13. This however does not allow us tondeduce

formally our lemma because B, = U, B; and Y is not quasi-compact. Instead,
we argue as follows: the formation of the sheaves Bgo being functorial, we have
anaturalmapo : H é)t Y, Bgo) —> ]_[C cpo H é)t (C, Bgo). It suffices to prove that
« is injective and that H éot (T, BL) = 0. To prove the injectivity of «, it suffices
to embed both the domain and target of o in H g (Y, /) and [ Hé(i (C, Q)),
and to use the injectivity of the natural map HJ (Y, Q/) — []o H(C, Q).
Next, since T is quasi-compact,

Hg(T, B) = lim Hy (T, By) =0,

n

the second equality being a consequence of Proposition 6.3 and Lemma 6.13
(as above, in the case of V). O

Consider now the sequence of natural maps

HY(Y, @, ®F,k — HY(Y, Q

J N 3 0,5 ~J 0~ .
log t log ®F, k) = Hy(Y, Z50) — Hg (Y, Q).

The first map is clearly a topological isomorphism, the second one is a
topological isomorphism by Lemma A.2. Hence it remains to show that the
last map is a topological isomorphism as well. Or that all the natural maps

H é()t(?, Zh - H éot(?, QN, n > 1, are topological isomorphisms. But this

was done in the proof of Lemma 6.20. This gives the desired result fori = 0.
We prove next the result for i > 0, i.e., that Hét(?, Q7 )@FPE = 0 for

) log
i > 1. We start with showing that H ét (Y, Q{Og) = 0. The exact sequence
. . Sl . ,
0— @, > Q//B|———Q//B; - 0

yield the exact sequence

— ; — . 1—c! — . — :
0— HY(Y, Q) — Hy(Y, Q) ——H{(Y, Q) > HL (Y, Q[,) = 0
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and Hét(Y log) = 0 fori > 1. It suffices therefore to prove that 1 — C™ !
is surjective on HéOt(Y, Q7). For this, write A; = H0 (Y log) As we have
already seen, we have an isomorphism

HS (Y, Q%) ~lim(A, ®r, k) = HY(Y, 1, )8, k.

N

We have C~! = lim (1 ® ¢) (¢ being the absolute Frobenius on k; note that

C—1=0onA ) To conclude that 1 — C~ ! is surjective on H0 (Y QJ), it
suffices to pass to the limit in the exact sequences

N _
0— Ay — Ay ®F, k—> A, ®F, k — 0,

whose exactness is ensured by the Artin-Schreier sequence for k and the fact
that (Ay), is Mittag-Leffler.

This shows that H’ (Y Qlog) = 0 for i > 0. Choosing a basis (e))xer of k
over F,, we obtain an ernbeddlng

(Y Qlog)®sz C l_[ (Y Qlog) =0,
rel

which finishes the proof of (1).
(2) We prove the claim for W,, by induction on n, the case n = 1 being part
(1). We pass from n to n + 1 using the strictly exact sequences

0 H'Y. @) L HOT, W, @) — HOY, W,Q7) — 0,
—yn — PN —
0 — HY(Y. @ )&,k > HYY . Wa 19,871 a1 (k)
— HY (Y, WS, )82/ Wa (k) — 0,
as well as the natural map between them. The first sequence is exact by

Lemma 6.20. To show that the second sequence is exact, consider, as above,
the exact sequences

0— HY(YS, log) v HO(YY, Wair1QL ) — HY (s, Wy Q log) — HA(Y,

log log)

Tensoring over Z by W, (k), we can rewrite them as
0 —o
0— Hét(Y

log) ®F, k— H (Y Wn+1910g) @z pn+1 Wy 1(k)

0
—HY (Y, Wy log) ®z/pm Wa(k) - HL(Y5, log) ®r, k.
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To lighten the notation, write them simply as 0 — A; — By — C; —
D;. Using that (Aj)s, (Cs)s are finite W, (k)-modules and that l(iils Dy =

H élt (Y, Q{;)g)@sz = 0 (as follows from (1)), we obtain the exact sequence

0—limA; — lim By — lim C, — 0,
e e e

which finishes the proof of (2) for W,,, n > 1. Passing to the limit over n gives
us the proof for W. O
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