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Abstract In this paper, we explicitly compute the semisimplifications of all
Jacquet modules of irreducible representations with generic L-parameters of
p-adic split odd special orthogonal groups or symplectic groups. Our com-
putation represents them in terms of linear combinations of standard modules
with rational coefficients. The main ingredient of this computation is to apply
Meeglin’s explicit construction of local A-packets to tempered L-packets.
Finally, we study the derivatives introduced by Minguez.
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1 Introduction

When G is a p-adic reductive group and P = M N is a parabolic subgroup,
there is the normalized parabolic induction functor

Ind% : Rep(M) — Rep(G),
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where Rep(G) is the category of smooth admissible representations of G. The
(normalized) Jacquet functor

Jacp: Rep(G) — Rep(M)

is the left adjoint functor of Indg. For r € Rep(G), the object Jacp () €
Rep(M) is called the Jacquet module of = with respect to P. In the repre-
sentation theory of p-adic reductive groups, the parabolic induction functors
and the Jacquet functors are ones of the most basic and important terminolo-
gies. One of the reasons why they are so important is that they are both exact
functors.

The Jacquet modules have many applications. For example:

e Looking at the Jacquet modules of irreducible representation = of G, one
can take a parabolic subgroup P = M N and an irreducible supercuspidal
representation pps of M such that 71 — Indg (par)- Such a pyy is called
the cuspidal support of 7.

e Casselman’s criterion says that the growth of matrix coefficients of an
irreducible representation 7 is determined by exponents of the Jacquet
modules of 7.

e Moeeglin explicitly constructed the local A-packets, which are the “local
factors of Arthur’s global classification”, by taking Jacquet functors intel-
ligently.

In this paper, we shall give an explicit description of the semisimplifica-
tions of Jacquet modules of tempered representations of split odd special
orthogonal groups SO»,41(F) or symplectic groups Sp,,, (), where F'is a
non-archimedean local field of characteristic zero. To do this, it is necessary to
have some sort of classification of irreducible representations of these groups.
We use the local Langlands correspondence established by Arthur [1] for such
a classification.

The local Langlands correspondence attaches each irreducible representa-
tion 7 of G = SO2,41(F) (resp. G = Sp,,,(F)) to its L-parameter (¢, 1),
where

é: Wp x SLo(C) — G

is a homomorphism from the Weil-Deligne group Wr x SL(C) of F to the
Langlands dual group G = Sp,, (C) (resp. G = SO2,41(C)) of G, and

n € lrr(Ayp)

is an irreducible character of the component group Ay = 7o (/(\Jenté /glm(qﬁ)))
associated to ¢ which is trivial on the image of the center Z(G) of G.
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Jacquet modules and local Langlands correspondence 833

The Jacquet modules will be computed by two main theorems (Theorems 4.2
and 4.3) and Tadi¢’s formula (Theorem 2.8) together with Lemma 2.7. Fix
an irreducible unitary supercuspidal representation p of GL;(F). By abuse of
notation, we denote by the same notation p the irreducible representation of Wr
corresponding to p by the local Langlands correspondence. Let Py = My Ny be
the standard parabolic subgroup of G with Levi subgroup My = GL;(F) x G
for some classical group G of the same type as G. When k = d, for an
irreducible representation 7 of G, if the semisimplification of Jacp, () is of
the form

s.s.Jacp, () = @ 7; Xy

iel

with 7; (resp. ;) being an irreducible representation of GL4(F) (resp. Go),
we define a partial Jacquet module Jac, .« (r) for x € R by

Jac,jx () = EB ;.
iel
T =pl*
Here, |-|: Wr — R* is the norm map normalized so that |Frob| = ¢!, where
Frob € Wr is a fixed (geometric) Frobenius element, and ¢ is the cardinality
of the residual field of F. The first main theorem is the description of the partial
Jacquet module Jac,,. ;< (7r) for tempered 7 (Theorem 4.2).

For discrete series w, Theorem 4.2 has been proven by Xu [16, Lemma
7.3] to describe the cuspidal support of 7 in terms of its L-parameter. As
related works, Aubert—-Moussaoui—Solleveld [2—4] defined the “cuspidality”
of L-parameters (¢, n) by a geometric way, and compared this notion with
the cuspidal supports or the Bernstein components of corresponding 7. The-
orem 4.2 gives us more information for & than its cuspidal support. The main
ingredient for the proof of Theorem 4.2 is Mceglin’s explicit construction of
tempered L-packets (Theorem 3.5).

The second main theorem (Theorem 4.3) is a reduction of the computation
of the Jacquet module s.s.Jacp, (7r) with respect to any maximal parabolic
subgroup Py to the ones of partial Jacquet modules Jac,.;x (;r). Using Theo-
rems 4.2 and 4.3 (together with Lemma 2.7), we can explicitly compute the
semisimplifications of all Jacquet modules of irreducible tempered represen-
tations 7. In fact, using a generalization of the standard module conjecture by
Meeglin—Waldspurger (Theorem 3.4) and Tadi¢’s formula (Theorem 2.8), we
can apply this explicit computation to any irreducible representation 7 with
generic L-parameter (¢, 1).
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834 H. Atobe

This paper is organized as follows. In Sect. 2, we review some basic results
on parabolically induced representations and Jacquet modules for classical
groups. In particular, Tadi¢’s formula, which computes the Jacquet modules
of parabolically induced representations, is stated in Sect. 2.2. In Sect. 3,
we explain the local Langlands correspondence and Mceglin’s explicit con-
struction of tempered L-packets. In Sect. 4, we state the main theorems
(Theorems 4.2 and 4.3) and give some examples. Finally, we prove the main
theorems in Sect. 5. Some complements are in Sect. 6. In Sect. 6.1, we give
an irreducibility condition for standard modules. In Sect. 6.2, we study deriva-
tives of irreducible tempered representations introduced by Minguez. It was a
key notion for the proof of the Howe duality conjecture by Gan—Takeda [7].

Notation

Let F be a non-archimedean local field of characteristic zero. We denote by
W the Weil group of F. The normmap |- |: Wr — R* is normalized so that
|Frob| = q_l, where Frob € Wp is a fixed (geometric) Frobenius element,
and g = g is the cardinality of the residual field of F.

Each irreducible supercuspidal unitary representation p of GL4(F) is iden-
tified with the irreducible bounded representation of Wr of dimension d via the
local Langlands correspondence for GL,4(F'). Through this paper, we fix such
a p. For each positive integer a, the unique irreducible algebraic representation
of SL,(C) of dimension a is denoted by S,,.

For a p-adic group G, we denote by Rep(G) (resp. Irr (G)) the set of equiv-
alence classes of smooth admissible (resp. irreducible) representations of G.
For IT € Rep(G), we write s.s.(IT) for the semisimplification of IT.

2 Induced representations and Jacquet modules

In this section, we recall some results on parabolically induced representations
and Jacquet modules.

2.1 Representations of GL (F)

Let P = MN be a standard parabolic subgroup of GL(F), i.e., P contains
the Borel subgroup consisting of upper half triangular matrices. Then the Levi
subgroup M is isomorphic to GLg, (F) x --- x GLg, (F) with k; + -+ +
k, = k. For smooth representations 71, ..., 7, of GL, (F), ..., GLg, (F),
respectively, we denote the normalized parabolically induced representation
by
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Jacquet modules and local Langlands correspondence 835

T X+« X Tp 1= Indng(F)(tl X Kr,).

A segment is a symbol [x, y], where x, y e Rwithx —y € Zand x > y.
We identify [x, y] with the set {x,x — 1, ..., y}sothat#[x, y]=x — y + 1.
Then the normalized parabolically induced representation

pl-1" x - xp|-|
of GLg(x—y+1)(F) has a unique irreducible subrepresentation, which is
denoted by

(ix,...,y).
If y = —x <0, this is called a Steinberg representation and is denoted by
St(p72x+1) = <I0;x7"'9_-x>’

which is a discrete series representation of GLgox41)(F). In general,

(p; x,...,y) is the twist | - |%St(p, x — y + 1). We say that two segments
[x, y] and [x/, y'] are linked if [x, y] & [x/, )], [x', Y] & [x, y] as sets,
and [x, y] U [x, y'] is also a segment. The linked-ness gives an irreducibility
criterion for parabolically induced representations.

Theorem 2.1 (Zelevinsky [18, Theorem 9.7]) Let [x, y] and [x', y'] be seg-
ments, and let p and p’ be irreducible unitary supercuspidal representations
of GL4(F) and GLy (F), respectively. Then the parabolically induced repre-
sentation

/ /

(psx, ..,y x (psx', oY)
is irreducible unless [x, y] are [x', y'] are linked, and p = p’.

Let Irr,(GLg, (F)) be the subset of Irr(GLy,, (F)) consisting of T with
cuspidal support of the form p| - |[*! x --- x p| - |', i.e.,

T pl- [T xop] T

for some xi, ..., x, € R. We understand that 1y (r) € Irr,(GLo(F)). It is
easy to see that

e for pairwise distinct irreducible unitary supercuspidal representations
Pl pr, if T € Irrp, (GLg,p, (F)) fori =1, ..., r, then the paraboli-
cally induced representation t1 X - - - X T, is irreducible;
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836 H. Atobe

e any irreducible representation of GL;(F) is of the above form for some
7; € Irrp, (GLg; 1, (F)).

Lemma 2.2 Let Q,, be the subset of R™ consisting of elements

{Z(x19x1_17"'7y17x29x2_19'-'9y29"'7xf1x[_17-"7y[)

x1—y1+1 x2—y2+1 Xr—yi+1

such that

e x; >yiandx; —y; € Zforl <i <t

® X] X2 = S X

® Vi1 = yilfxi—1 = x;.
Let Aj = (p; xj,x; — 1,..., ;) be the essentially discrete series represen-
tation of GLg(x;—y;+1)(F) corresponding to the segment (x;, y;|. Then the
parabolically induced representation Ay = Ay X --- X A; has a unique
irreducible subrepresentation t,. The map x > T, gives a bijection

Qy — Irr, (GLgy (F)).

Proof This follows from the Langlands classification and Theorem 2.1, See
also [18, Proposition 9.6]. |

For a partition (ki, ..., k,) of k, we denote by Jac, ... k) the normalized
Jacquet functor on Rep(GLg (F)) with respect to the standard parabolic sub-
group P = M N with M = GLy, (F) X --- x GLg, (F). The Jacquet module
of (p; x, ..., y) with respect to a maximal parabolic subgroup is computed by
Zelevinsky.

Proposition 2.3 ([18, Proposition 9.5]) Suppose that x # y and set k =
d(x —y + 1). Then Jac, ik, ({p; x,...,y)) = 0 unless ky = O mod d. If
ki =dmwithl <m < x —y, we have

Jac( iy ({5 x, .o, y) =(osx, ..., x —(m = 1)) X (p;x —m,...,y).

If

s.sJacg k—a)(t) = @ 7 KT,

iel
for x € R, we define a partial Jacquet module Jac,|.;x(7) by

Jac,.x (1) = @ T/

iel .
T =p|
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Jacquet modules and local Langlands correspondence 837

For x = (x1,...,x,) € R", we also set
Jacy|.jx = Jacy|.jxr 0 -+ -0 Jacy).x.
This is a functor
Jac,|.jx : Rep(GLi(F)) — Rep(GLi—_g,(F)).

In particular, when t € Rep(GLgy,(F)) is of finite length, for x =
(x1,...,x,) € R™, the partial Jacquet module Jac,.;x(7) is a representation
of the trivial group GLy(F') of finite length so that it is a finite dimensional
C-vector space.

Lemma 24 Let x = (X1, ..., Y1y -vvs Xty -nny V) € Qpy such that xj—1 < x;
forl < i <t, and yi—1 < y; if xi—1 = x; as in Lemma 2.2. For (x,y) €
{(—xi’ yi)}i! lfWe set m(x,y) = #{l | (-xi’ yl) = (-x’ }’)}» thel’lforz € Qm: we
have

[T men! ify==x

dimc Jacp|,‘;(A£) = 3 (el
0

<
|~<

<

I

Here, we regard R™ as a totally ordered set with respect to the lexicographical
order.

Proof Fix z € R. We note that Jac,|.-(A,) # Oifandonlyifz € {x1,..., x:}.
Let x{,...,x; € S,_1 be the elements obtained by removing z from a
com;%nent of x, and rearranging it (so that [ = #{i | x; = z}). Then
Jac, |2 (Ay) = Zf’:l Axlg. Using this, we obtain the lemma by induction on
m. O

When Y > x, one can also compute dimc Jac o1 (A,) inductively.

Let Ry be the Grothendieck group of the category of smooth representations
of GLy (F) of finite length. By the semisimplification, we identify the objects
in this category with elements in Ry. Elements in Irr(GLg (F)) form a Z-basis
of Ri. Set R = @>0R«. The parabolic induction functor gives a product

m:RIR—>R, 11 1 s.8.(1] X ).

This product makes R an associative commutative ring. On the other hand,
the Jacquet functor gives a coproduct

m* :R—->ROR
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838 H. Atobe

which is defined by the Z-linear extension of

k

Irr(GLi(F)) > T +—~ Z s.s.Jac(k, k—kp) (7).
k1=0

Then m and m* make R a graded Hopf algebra, i.e., m*: R - R ® Ris a
ring homomorphism.

2.2 Representations of SOz,+1(F) and Sp,,, (F)

We set G to be split SO2,,41(F) or Sp,,,(F), i.e., G is the group of F-points
of the split algebraic group of type B, or C,. Fix a Borel subgroup of G, and
let P = M N be a standard parabolic subgroup of G. Then the Levi part M
is of the form GLy, (F) x --- x GLyg, (F) x Go with Gg = SO2,+1(F) or
Gy = szno(F ) such that k; + - - - + k, +ng = n. For a smooth representation
11X ... X 1. Xmy of M, we denote the normalized parabolically induced
representation by

T X -+« X Tp xzrozlndg(tl&-‘-ﬁrr&no).
The functor Indg : Rep(M) — Rep(G) is exact.

On the other hand, for a smooth representation 7 of G, we denote the
normalized Jacquet module with respect to P by

Jacp (),

and its semisimplification by s.s.Jacp(w). The functor Jacp: Rep(G) —
Rep(M) is exact. The Frobenius reciprocity asserts that

Homg (77, Ind% (0)) = Homy (Jacp (1), o)

for m € Rep(G) and 0 € Rep(M).
The maximal standard parabolic subgroup with Levi GLi(F) x Gg is
denoted by Py = My Ny for 0 < k < n.

Definition 2.5 Let 7 be a smooth representation of G. Consider s.s.Jacp, ()
(and a fixed irreducible supercuspidal unitary representation p of GL;(F)). If

s.sJacp, () = @ 7; X 7

iel
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Jacquet modules and local Langlands correspondence 839

with 7; (resp. ;) being an irreducible representation of GLy(F) (resp. Go),
for x € R, we define a partial Jacquet module Jac,.;x () by

Jan|.|x(7'[)= @ TT;.
i€l
5 =p| ¥

This is a representation of G, which is SOy, —g)+1(F) or SPZ(n—d)(F)-

Also, for x = (x1,...,x,) € R", we set
Jan|.|£(JT) = Jacp‘,|x1’m7p|.|m- (TL’) = Jan|.|x,~ 0:-+0 Jan|.|X1 (7‘[)

We recall some properties of Jac,|.jx1, .| -

Lemma 2.6 ([16, Lemmas 5.3, 5.6]) Let & be an irreducible representation
of G.

(1) Suppose that Jac,|.jx1 ... p|.jx (7) is nonzero. Then there exists an irre-
ducible constituent o of Jac,|.jx1 .. p|. ] (7) such that we have an inclusion

.....

T pl- "M x---xp|l- |7 %o

(2) If |x — y| # 1, then Jac,|.;x p. ;v (7w) = Jacy|.y p|.jx (7).
(3) If p 2 p/, then Jacp.jx o Jac | v = Jac , v o Jacy|.x for any x, x" € R.

Let R, (G) be the Grothendieck group of the category of smooth represen-
tations of G of finite length, where n = rank(G), i.e., G = SO,4+1(F) or
G = Sp,,(F). Set R(G) = @,>0R»(G). The parabolic induction defines a
module structure

X:RR(G) > R(G), TRm > s.s.(t X m),
and the Jacquet functor defines a comodule structure

w*: R(G) — R ® R(G)

by
rank(G)
Irr(G) > — Z s.sJacp, ().
k=0
When
pwr(m) = Zfi ® 7,
iel
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840 H. Atobe

we define ,u:‘) () by
py () = Z T Q 7j.
iel
t;€lrr, (GLgy, (F))

Lemma 2.7 If we define 1: R(G) - R ® R(G) by m + 1gLyr) ® 7, we
have

u* =o, ((m®id) o (id ® ujﬁ)) oL,
where p runs over all irreducible unitary supercuspidal representations of
GL4(F) for d > 0. Namely, for t € Itt(G), if {p1, ..., p:} is the finite set

of irreducible unitary supercuspidal representations p of some GL;(F) such
that 3, () # 0, then

p ) = (m®id) o (d @ u})) oo ((m®id) o (id ® ) (loLo(r) ® 7).

Proof Fix an irreducible representation w of G. First, we note that there are
only finitely many p such that w7 (r) # 0. Second, we claim that

(m @id) o (id ® 1)) o 113() = (m @ id) o (id @ ) o 1% ()

for distinct p and p’. In fact, this is the sum of subrepresentations appearing
w* () of the form

tx1t)®m =1 x1)® n,

where 7 € Irr,(GLg,, (F)) and t” € Irry (GLgrpy (F)) for various m and m’.
By the same argument, we have

w () = o, ((m ®id) o (id ® u3)) o t(m),
as desired. O

Tadi¢ established a formula to compute u* for parabolically induced rep-
resentations. The contragredient functor T + t" defines an automorphism
V: R — Rinanatural way. Lets: R® R — R ® R be the homomorphism
definedby >, 7, @ 7/ = >, T/ ® 7;.

Theorem 2.8 (Tadi¢ [15]) Consider the composition

M*=m®id)o(V@mHosom™ : R > RQR.
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Jacquet modules and local Langlands correspondence 841

Then for the maximal parabolic subgroup Py = My Ny of G and for an admis-
sible representation T X  of My, we have

Wit x ) = M*(t) x pu* ().
In particular, we have the following.
Corollary 2.9 For a segment [x, y], we have

wrpix, ..., y) xm) = Z

k,[>0
k+l<x—y+1

<,0v;—y,--.,—y—k+l>x<p;x,...,x—l+1>
[ S —)
k l

Q(psx — 1, ...,y +k) > u*(m).

3 Local Langlands correspondence

In this section, we review the local Langlands correspondence for split
SO2,41(F) or Sp,, (F).

3.1 L-parameters
A homomorphism
¢: Wr x SLp(C) - GLt(C)

is called a representation of the Weil-Deligne group Wr x SL,(C) if

e ¢(Frob) € GL;(C) is semisimple;
e ¢|Wr is smooth, i.e., has an open kernel;
e ¢|SL,(C) is algebraic.

We say that a representation ¢ of Wr x SLy(C) is tempered if ¢ (W) is
bounded. The local Langlands correspondence for GL (F) asserts that there
is a canonical bijection

Irr(GLi (F)) «<— {¢: Wr x SL2(C) — GL (C)}/ =,
which preserves the tempered-ness.

We say that a representation ¢: Wr x SLy(C) — GLk(C) is symplectic
or of symplectic type (resp. orthogonal or of orthogonal type) if the image
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842 H. Atobe

of ¢ is in Sp;(C) (so that k is even) (resp. in Ox(C)). An L-parameter for
SO,,+1(F) is a 2n-dimensional symplectic representation

¢: Wr x SLo(C) — Sp,, (C).

Similarly, an L-parameter for Sp,, (F') is a (2n 4 1)-dimensional orthogonal
representation

¢: Wi x SLa(C) = SO2,41(C)

with trivial determinant. For G = SOy,,41(F) or G = Sp,,(F), we let &(G)
be the set of equivalence classes of L-parameters for G. We say that

e ¢ € ®(G)isdiscrete if ¢ is a multiplicity-free sum of irreducible self-dual
representations of the same type as ¢;

e ¢ € O(G) is of good parity if ¢ is a sum of irreducible self-dual repre-
sentations of the same type as ¢;

e ¢ € O(G) is tempered if ¢ (W) is bounded;

e ¢ € O(G) is generic if the adjoint L-function L(s, ¢, Ad) is regular at
s = 1. Here, L(s, ¢, Ad) = L(s, Ad o ¢) is the L-function associated
to the composition of ¢ and the adjoint representation Ad: Sp,,(C) —
GL(Lie(Sp,,,(C))) or Ad: SO2,+1(C) — GL(Lie(SO2,+1(C))).

We denote by ®gisc(G) (resp. Pgp(G), Premp(G), and Pgen (G)) the subset of
@ (G) consisting of discrete L-parameters (resp. L-parameters of good parity,
tempered L-parameters, and generic L-parameters). Then we have inclusions

q)disc(G) C (Dgp(G) C q)temp(G) C q)gen(G) C CD(G),
For ¢ € ®(G), we can decompose

p=mip1 D - Dmd, D (P DY),

where ¢1, . .., ¢, are distinct irreducible self-dual representations of the same
type as ¢, m; > 1 is the multiplicity of ¢; in ¢, and ¢’ is a sum of irreducible
representations which are not self-dual or self-dual of the opposite type to ¢.
We define the component group A of ¢ by

Ay = P @/2T)ey, = (2/22)".
i=1
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Namely, Ay is a free Z/27Z-module of rank r and {ay,, ..., o, } is a basis of
Ay with oy, associated to ¢;. We set

r
ip = Zmia(j,i € A¢

i=1

and we call z4 the central element in Ay.

We shall introduce an enhanced component group Ay associated to ¢ €
O (G). Write ¢ = ¢op ® (¢' @ @), where ¢gp is the sum of irreducible self-
dual subrepresentations of the same type as ¢, and ¢’ is a sum of irreducible
representations which are not of the same type as ¢. We decompose

d)gp = @ ¢i
iel
into the sum of irreducible representations.

Definition 3.1 With the notation above, we define the enhanced component
group Ay associated to ¢ by

Ay = P @/2Z)a;.
iel
Namely, Ay is a free Z/27Z-module whose rank is equal to the length of ¢yp.

By abuse of notation, we put zy = Y ;.; & € Ay and call it the central
element in Ay. There is a canonical surjection

A¢ —» A¢, oj = g, .

This map preserves the central elements. The kernel of this map is generated
by a; + a; such that ¢; = ¢;. In particular, if ¢ is discrete, then this map is
an isomorphism.

Remark 3.2 For the definition of this enhanced component group, we rely on
the shape of ¢. A similar definition will work for SO, (F) and unitary groups
as well, but we do not know a uniform definition for general (connected)
reductive groups, nor whether this notion makes sense.

3.2 Local Langlands correspondence
We denote by Irrgisc(G) (resp. Irremp(G)) the set of equivalence classes of

irreducible discrete series (resp. tempered) representations of G. The local
Langlands correspondence established by Arthur is as follows:
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844 H. Atobe

Theorem 3.3 ([1, Theorem 2.2.1]) Let G be a split SOz,1(F) or Sp,,, (F).

(1) There exists a canonical surjection
Irr(G) — ®(G).

For ¢ € ®(G), we denote by Ty the inverse image of ¢ under this map,
and call T1y the L-packet associated to ¢.
(2) There exists an injection

My — Ag,

which satisfies certain endoscopic character identities. Here, ;\; is the
Pontryagin dual of Ay. The image of this map is

{neAylnizy) =1).

When 7t € Tly corresponds to n € /’1; we write 1 = (¢, n).
(3) For x € {disc, temp},

I (G) = | | .

¢e®+(G)

(4) Assume that ¢ = ¢+ ® ¢po D ¢; € Piemp(G), where
® ¢ € Piemp(Go) with a classical group Gy of the same type as G;
e ¢ is a tempered representation of Wg x SLy(C) of dimension k.
Let T be the irreducible tempered representation of GLi (F') corresponding
to ¢r. Then for my € Iy, the induced representation T X o decomposes
into a direct sum of irreducible tempered representations of G. The L-
packet Iy is given by

My ={r|m Ctxm, m € Mg}.

Moreover there is a canonical inclusion Ay, — Ag. If w(¢p, n) is a direct
summand of T X 1wy with o = 1 (o, No), then no = n|Ag,.
(5) Assume that

d=¢11- "D @ T DI DS || D DY,

where

o @9 € Oemp(Go) with a classical group G of the same type as G;

e ¢; is a tempered representation of Wr x SL;(C) of dimension k; for
1<i<r;

e s; is a real number such that sy > --- > s, > 0.
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Jacquet modules and local Langlands correspondence 845

Let t; be the irreducible tempered representation of GLy, (F) correspond-
ing to ¢;. Thenthe L-packet I1y consists of the unique irreducible quotients
7 of the standard modules
Tl x| - X,

where 1 runs over Ilg,. Moreover, there is a canonical inclusion Ay, —
Ay, which is in fact bijective. If w (¢, 1) is the unique irreducible quotient
of the above standard module with 7y = 7 (¢o, no), then ny = n|Ag,. In
this case, we denote this standard module by I (¢, n).

The injection ITy — ;\T{, is not canonical when G = Sp,, (F). To specify
this, we implicitly fix an F*2-orbit of non-trivial additive characters of F
through this paper. Remark that our main results (Theorems 4.2 and 4.3 below)
are independent of such a choice.

We have the following irreducibility criterion for standard modules.

Theorem 3.4 (Generalized standard module conjecture) For ¢ € ®(G), the
standard module I (¢, 1) attached to 7 (¢, 1) is irreducible if and only if ¢ is
generic. Moreover, if ¢ is generic, then all standard modules I (¢, ), where
ne Z; with n(z¢) = 1, are irreducible.

Proof The first assertion is the usual standard module conjecture proven in
[5,8,9,14]. The second assertion was proven by Meeglin—Waldspurger [13,
Corollaire 2.14] for special orthogonal groups and symplectic groups. Heier-
mann [10] also proved the second assertion in a more general setting. Note
that their definition of generic L-parameters might look different from ours.
The equivalence of two definitions is called a conjecture of Gross—Prasad and
Rallis, which was proven by Gan-Ichino [6, Proposition B.1]. O

However, even if ¢ is not generic, there might exist an irreducible stan-
dard module / (¢, ). An example of such standard modules will be given by
Corollary 6.1 and Example 6.2 below.

3.3 Extension to enhanced component groups

To describe Jacquet modules of (¢, n) for ¢ € Pgp(G), itis useful to extend
(¢, n) to the case where 7 is a character of the enhanced component group
Ay as follows. Recall that there exists a canonical surjection Ay — Ay so that
we have an injection A¢ > A¢ Forn e A¢,, set

w(p,n)  ifne Ay, n(zp) =1,
0 otherwise.

(¢, m) =
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In particular, 7 (¢, n) is irreducible or zero for any 1 € ;l;

More precisely, if ¢ = @;ecr¢; is the irreducible decomposition so that
Ay = ®ie1(Z/2Z)a;, then 7 (¢, n) is nonzero if and only if n(zg) = 1 and
n(a;) = n(a;) whenever ¢; = ¢;.

3.4 Meeglin’s construction of tempered L-packets

The L-packets are used for a local classification. On the other hand, Arthur [1,
Theorem 2.2.1] introduced the notion of A-packets for a global classification.
Meeglin constructed the local A-packets in her consecutive works (e.g., [11,
12], etc.). For a detailed why Moeglin’s local A-packets agree with Arthur’s,
one can see Xu’s paper [17] in addition to the original papers of Mceglin.
Since the tempered A-packets are the same notion as the tempered L-packets,
Moeeglin’s construction can be applied to the tempered L-packets.
We explain Meeglin’s construction of Iy for ¢ € ®gp(G). Assume that

t
¢ = (@pma,.>@¢e

i=1

witha; <--- <g;and p X S, ¢ ¢, for any a > 0. (In particular, p must be
self-dual if + > 1.) Take a new L-parameter

t
b = (EBP X Sa;> ® ¢

i=l

for a bigger group G’ of the same type as G such that

o ay <---<ay;
e a; > g; and a; = a; mod 2 for any i;

Then we can identify Ay with Ag canonically, i.e., Ay, = Apandif Ay >
o > aprs, € Ag,, then Ap 5 o — aps, € Ay. Let ns, € Ay, be the

character corresponding to 7 € ;l;,, ie.,ns =nvia Ay, = As.

Theorem 3.5 (Mxeglin) With the notation above, we have

JT((p, 77) = Jac cz;;l ar+1 o---olJac a/l—l aj+1 (7T(¢>>, 77>>))-
pll 2 ,.pl 2 pll~ 2 ..ol 2

For a proof, one can specialize [17, Corollary 8.10], which treats all local
A-packets. Using this theorem repeatedly, we can construct the L-packets Iy
for ¢ € Py, (G) from the L-packets associated to discrete L-parameters for
bigger groups.
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Example 3.6 We construct Ily for ¢ = S, @ S4 & Ss & S¢ ® S¢ €
®gp(SO23(F)). Note that Ay = (Z/2Z)as, @ (Z/2L)as, & (Z/2ZL)as, with
26 = as,. Let n € Ay, We write n(as,,) = 14 € {£1}. If n(z4) = 1, then
n = +1.

Now we take new L-parameters

bs =D S S6 D Sg D S10 € Puisc(SO31(F)),
P =SB S4DS4D S P Si0 € Puisc(SO29(F)),
¢ =SD S4B Ss D Se D S10 € Putisc(SO27(F)),

and we consider ns, € X,; n e Z; and n” EXJ given by

o s (asy) = n'(as,) = n"(asy) = m = +1;
o s (as,) = ns(as) = n'(asy) = n"(as,) = m2;
L 77>>(“Sg) = 77>>(0[S1()) = n/(aSg) = T/(“S]()) = 77//(01&,) = 77//(01S10) = n3.

Then Theorem 3.5 says that
Jac 5@ (@s.15)) =m(@ 1),
Jacl i (@' ")) =m(" 0",

Tac g 1(@(@".n") =m(@.m).

4 Description of Jacquet modules

In this section, we state the main theorems, which compute the semisimplifi-
cations of the Jacquet modules of 7 (¢, 1) for ¢ € Pgp(G).

4.1 Statements

Note that:

Lemma 4.1 For ¢ € ®gp(G) andx € R, ifJacy|.x () # 0 for some w € Iy,
then x is a non-negative half-integer and p X S»,11 C ¢.

Proof When ¢ € ®gisc(G), it follows from [16, Lemma 7.3]. We may assume
that ¢ € ®gp(G) \ Pyisc(G). Then there exists an irreducible representation
o' X S, which ¢ contains at least multiplicity two. By Theorem 3.3 (4), we
have

7 < St(p’, a) x m
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for some g € g, with g = ¢ — (p' X S,)®2. Then by Corollary 2.9, we
have

Jac, () = (1 ® St(p’, a)) x Jac,|.jx (7o)
2(p;%x,...,—(x=1D)xmy ifp =p,a=2x+1,
+ .
0 otherwise.

Hence if Jac,|.|x (r) # 0, then Jac,|.;x (r9) #Z 0 or p K Soy1 = p' K S, C ¢.
By induction, we conclude that p X S>,11 C ¢ as desired. O

The following is the first main theorem, which is a description of
Jacp .t (7w (¢, m).

Theorem 4.2 Let ¢ € $gy(G) and n € .Zl; such that w(¢,n) # 0. Fix a
non-negative half-integer x € (1/2)Z. Write

¢ =0 ® (p X Spup)®"

with p X Syx41 & ¢g and m > 0.
(1) Assume that m > 3. Take 6 € {1, 2} such that 5§ = m mod 2. Then

Jacy|.|x (r (¢, 1))

= (m—S)-<p;x,x— Lo, —(x— 1)> 31 (¢ — (o B Saxr )2, 1)
2x
+St(p, 2x + 1) x -+ x St(p, 2x + 1) xJac,.px (7 (¢o ® (p B o), 1)) .
(m—8)/2

Here, we canonically identify the (usual) component groups of ¢ — (p X
Szx+1)€92 and ¢g @ (p X Sszrl)EB‘S with Ay, so that we regard n as a
character of these groups.

(2) Assume that x > 0 and m = 1. Set

¢ =¢— (PN Sri1) ® (oK Sr_1).

There is a canonical inclusion Ay — Ag, which is in fact bijective if

x > 1/2. Letn/ € j;be the character corresponding to n € .Z;, ie.,
n' = n|Agy. Then

Jacpp.px (7w (¢, m) = (@, ).

In particular, Jac,|.;x (7w (¢, 1)) is irreducible or zero.
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(3) Assume that x > 0 and m = 2. Set n4 = n, and take the unique character
n— € Ay so that n—|Ag, = n+1Agy, 1-(2¢) = n4(z¢) = 1 but n— #
N+. For ¢' as in (2) and for € € {£}, let 0. € J/4¢\/be the character
corresponding to n¢ € ;l; via the canonical inclusion Ay ~— Ag. Then

Jac, . x(m(d, M) = (p;x,x — 1, ..., —=(x — 1)) x 7w (o, n|Ag,)
+ (¢ 0 —m(d' nl).

(4) Assume that x = 0. If m = 1, then Jac,(n (¢, n)) = 0. If m = 2, then
Jac, (m (¢, m) = (o, nlAg)

When ¢ € Dgisc(G), Theorem 4.2 has been already proven by Xu ([16,
Lemma 7.3]). In (2) (resp. (3)), we note that 7 (¢p’, n’) (resp. 7 (¢’, 1)) can be
zero even if w (¢, n) # 0. In (3), the character n_ is characterized so that

(P, n4) @ (@, n-) = St(p, 2x + 1) X 7 (o, nlAg,).

The second main theorem concerns ;ﬁ/; ().

Theorem 4.3 Let ¢ € @y, (G), and write

t
¢ = (@pmﬂ)@cﬁe

i=1

witha, < -+ <a,and pX S, ¢ ¢, for any a > 0. Set x; = % For
0 <m < (2d)~! - dim(¢), we denote by Kém) the set of tuples of integers

k = (ky, ..., k) such that

e 0<k; <ajforanyi;
o ki—1 > ki ifai—1 = ai;
e ki+---+k =m.

Fork € K™ set

xtk) = (1, ..., x1—k1+1,...,x, ..., xr — ke + 1) € Q.
k1 k¢

Fork,l e K;m), we set
my,; = dimg¢ JanHi@ (Ax@y)s

@ Springer



850 H. Atobe

p . . .
and define (mkl)@,LeK;m) to be the inverse matrix of (mk*l)k,leK;m)’ ie.,

, Loifk=1,
2 M=o e

(m)
ﬂeKd)
Then for w € Iy, we have

2d)~ ! dim(¢)

ppm = Y D0 mig Ay ®Jacy o (7).
m=0 " kleky"

When we formally regard (Ai(@)keK;”’) and (®Jacp|,|£@ (”));eK;’"’ as col-

umn vectors, we have

Do Mg A ®Jac, o (1) = (Axw) - (me) ™ - (®acy ko (1))
kleKy"”

By Lemma 2.4, (my;) is a “triangular matrix”, which can be computed

(m)
k.leK,

inductively. Here, we regard Kq(bm) as a totally ordered set with respect to
the lexicographical order. The diagonal entries my ; are given in Lemma 2.4
explicitly.

By Tadi¢’s formula (Theorem 2.8), Lemma 2.7, and Theorems 4.2, 4.3, we
can deduce the following corollary.

Corollary 4.4 We can compute u* () explicitly for any m € Ily with ¢ €
Dgen(G).

4.2 Examples

We shall give some examples.

Example 4.5 Fix two positive integers a, b suchthata = b mod 2anda < b,
and consider

¢ =p XSy D Sp) € Pisc(SOd(a+b)+1(F)),

where p is symplectic (resp. orthogonal) if a = 1 mod 2 (resp. if a = 0 mod
2). Then Ily = {n4(a, b), m_(a, b)} with generic 7 (a, b) and non-generic
w_(a, b). Note thatboth 7 (a, b) and r_(a, b) are discrete series. We compute
w* (e (a, b)) for € € {£}.
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Note that K" = {(k1.k2) € Z2 |0 < ky <a, 0 < ky < b, ki +ky = m}.

For (ki, ky) € Ké)m), since x; = % and x, = ’%1,

a—1 a+1 b—1 b+1
Ax(kl,kz)=<,0§ ) —k1>x<p;T,...,T—k2>.

This induced representation is irreducible unless (¢ +3) /2 —k; < (b+1)/2—
ky < (@a+1)/2,ie., (b—a)/2 <k < (b—a)/2+ k; — 1. Moreover, one
can easy to see that for (/1, /) € K ém), the virtual representation

m’ - A
(k1,k2),(11,12) x(k1,k2)
(ki kp)eK ;"

is the unique irreducible subrepresentation Ty, 1) of Ay, .1,) (cf. see [18,

Proposition 4.6]).
Note that
me(a — 2ky, b) ifk; <a/2,
J a— a 5 b - .
ac/OI-ITl ..... Pl T H (7e(@. b)) { 0 otherwise.

Here, when k; = a/2, we understand that 7 (0, b) is the unique element in
yxs,,and 7_(0, b) = 0. Moreover, for (k1, k2) € Kém), when k; < a/2 and
ko < (b —a)/2 + ki, we have

Jan|,|1(k1sk2)(7Te(a, b)) = me(a — 2ky, b — 2k3).
When k| <a/2and (b —a)/2+ k1 +1 < ky < b/2, we have

a—1 b—1
Jac | e &y (e (a, b)) = <,0; — ke +k2> X 1so,(F)

+ (b —2ky,a —2k)) —mw_e(b — 2ky, a — 2ky).
When ky < a/2and b/2 < ky < (a + b)/2 — k1, we have

a—1 b—1
Jac | x k) (e (a, b)) =<,0; — - ki, ..., 5 + k2> X 150, (F)-

In particular, if k; 4+ k» = (a + b)/2, then JanHg(kl,kz) (me(a, b)) = 1s0,(F)-
Hence s.s.Jac Pitat))2 (¢ (a, b)) contains the irreducible representation

a—1 a-+1 b—1 a—1
; —k — ., = —k 1
<,0, 5 3 1>><<,0, 5 ) < 5 1)>® SO (F)
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with multiplicity one if k; < a/2,orif k; =a/2 and € = +1.
Example 4.6 Consider the L-parameter ¢ = S> @ S4 @ S4 € Pgp(SO11(F)).

Then Iy hastwoelements 7 (2, 4, 4) and 7w (2, 4, 4) with generic 7 (2, 4, 4)
and non-generic 7_(2, 4, 4). Then

Kg"):{(kl, ka,k3) € Z3 10 < ki <2, 0<kz<ko<4, ki + ko + k3 = m}

for 0 < m < 5. Write Hi(k) = Jacp|.|£®(7fe(2’ 4,4)) for € € {£}, and
Sty = St(1gL, (F), a). We denote by det, the determinant character of GL, (F).

(1) When m = 1, we have K"’ = {(1,0,0) > (0, 1, 0)}. Since

1 3
(Ax1.00 As010) = (112 1-13).

we have

Moreover

TS 1.0.0) _ ( 1 me(4,4) )
M5 0.1,0) |- 12St3 X 4 (2) + € - 42,2, 4)
Hence
s.sJacp (e (2,4,4)) = |- |% ® 7 (4, 4)

+|w%®0-ﬁ&3xmmm+f-mmzz4ﬂ.

(2) When m = 2, we have Ky = {(2,0,0) > (1,1,0) > (0,2,0) >
(0,1, 1)}. Since

(Ax2.0.0) Ax(1.1,0) Ax(0.2,0) Ax(0.1.1))
_ 1 3 3 :
=Sta |- ]2 x[-[2]-]'Sta |- ]2 x[-]2),

[ST[o%)

we have
1 00 0\ ' /1 0 0
()_1_0100_0100
Mk = 1o 1 1 0 “lo -1 1 0
00 0 2 0 0 0 3
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Moreover
I-[2(2,0,0) 1 0
1.0 [+ 128t 2 150 (1) + 7e(2,4) = 7 (2,4)
H;(OyQy()) = | : |ISt2 X 77]—{-(2) + | . |§St3 X ISOI(F)
+e (I 2 X (d) + 72, 4))
€
Mo (46 74(2.2,2)
Hence

1
ssJacp, (12, 4,4) = ldeta]' @ (11356 % Isoyr) + 72, 4) = 702, 4))
1
11"t ® (1118t % 7. (2) + | 128t % 150,

T (RERERNEENCNY

; 1
+<|.|% x|-|%)®%~n+(2,2,2).

(3) When m = 3, we have K;¥ = {(2,1,0) > (1,2,0) > (1,1,1) >
0,3,0) > (0,2, 1)}. Since

(Ax2,1,00 Ax1,2,0) Ax(1,1,1) Ax(0,3,0) Ax02,1))

_ 3 1 1 1 3 3 1 1 3
=(Stax [ 12 |2 x| 'Stp [ ]2 x [-]2x|-[2[-]2St3 |- ['Sta X [-|2)+

we have
100 0 0\ 1 0 0 0 0
01 0 00 0 1 0 00
(mg,g);i/z 00200 =10 o % 0 0
|1 00 10 10 0 1 0
00201 0 0 —1 0 1
Moreover
M 2.1.0) 1 0
Ma.2.0 |- 1Sty Nzlsom;) ;r €1 (4)
e | = G
. |2 .
I 0.3.0) | l| XNy (2) +€-m(4)
Mon)  \0+O (10 m@ 4 702.2) +7-2.2)
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Hence

s.s.Jacp, (e (2,4, 4))
1
= (1-17 x1-1"st2) @ (I+1'St2 % X0, (r) + € - 71.(4))
1 3
+ (1detal x 1-17) @ 7e(2.2)
1 3
11386 @ (|- 12 x @) + e m @)

+ (1S x [ 13) @ (A +0l - 17 x4 2) + 72,2 + e 7e(2,2)).

(4) When m = 4, we have Kg‘) = {2,2,0) > 2,1,1) > (1,3,0) >
(1,2,1) > (0,4,0) > (0,3, 1) > (0,2, 2)}. Since

A Sty x | - |'Stp
x(2,2,0) 3 3
A£(2,1,1) StZ Xl | . |2 X1| |2
Ax(1,3,0) |- 12 x |- |2St3
Axazn | = |-|%><|-|ISt2><|o|% ,
Ax(0,4,0) St
fx03.1) |- 158t x | - |3
£202.2 -1'St2 x |- 'St/
we have
100000 0\
0200000
1 01 00 0 0
(mgi)ipy=10 0 0 1 0 0 0
= o 0o 0 01 0 0
0200010
000 3 00 2
1 0O 0 0 0 0 0
O 4+ 0 0 000
-1 0 1 0 0 0 0
=lo o 0o 1 00 0
O 0 0 0 1 0 0
0O —-10 0 01 0
\0 0 o0 -3 00 %)
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Moreover
5020 0
1_[;(2,1,1) 3 0
5.0 [-12 % 1s0,(F)
Mo | = 12 % Iso,(r) +€ - 74(2)
H§(0,4,0) m4+(2)
M5 0.3.1) . (d+e)-mi(2)
M02) \G+26)-12 %150, + (142€) - 71.(2)

Hence

s.s.Jacp, (7 (2,4, 4))
1 1 3
= (117 x 1 1386) @ | 13 x 1s0,p)
1 1 3
+(1-1'St2 x Ideta]') @ (I 12 x 1s0,r) + € - 74 2)
+ Sty @ T4 (2)
1 3
+ (ISt x -1 ) @+ o) 7@

1 14+e€
+(-1'St x |- |'St2) ® ((1 +E)- 12 x 10,0+ —— n+(2)>.

(5) When m = 5, we have Ky = {(2,3,0) > (2.2,1) > (1,4,0) >
(1,3, 1) > (1,2,2) > (0,4, 1) > (0,3,2)}. Since

1

A Sty x |- ]2St3

x(2,3,0) 1 3

. )
A£(2,2,1) Sty x | l Sty x | - |
A£(1’4,0) 1 |- |2 1X Sty X
Axasn | =] [-12x]-|2St3 x|-|2 |,
1

Ax1.22) |12 x |- 'Sty x |- |'St
Ax0.4.1) Sty x |- |3
Ax(0,3,2) |

- |-12St3 x | - 'Sty
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we have
1 00 000O0 "' /1 0 0 0 000
0O 1 0 0 0 0 O o 1 0O O 0 0 o
001 000 0 0 0 1 0 0 00
me)eb=10 1.0 1.0 0 0] =]0 =1 0 1 0 0 0
oo oo 20 0 00 0 0 1 oo
00 000 1 0 0 0 0 0 0 1 0
0201 0 0 1 0 -1 0 -1 0 0 1
Moreover
HZ(z,z,O)\ 0
HE
2.2 0
1_I§(1,4,0) 1s0,(r)
Masn | = 1s0,(F)
120 (I+¢€)-1s0,(F)
M 0.41) 0
e 1+¢)-1 F
M50 ( ) - 1so,(F)
Hence
s.s.Jacp, (me(2,4,4)) = (|- |2><St4)®1501(p)
+ (I 25t3><|det2|1>®1501(F)

(-
(
(11 1St x 1 1150) ® 1 150,
(1

[ - 25t3 x| -] Stz) ® (1 +¢€)-1s0,(r)-

Remark 4.7 In Theorem 4.3, one can replace A,y) with its unique irre-
ducible subrepresentation 7, k). Then one should consider the matrix (M ;) =
(dimc Jac BRG (tx(1)))- One might seem that (M ;) is easier than (my ;). For
instance, 1f ¢ is in Example 4.5, all (M ;) are the identity matrix, but not so
is some (my,;). However, in general, (M ;) is not always diagonal. In Exam-
ple 4.6 (3) and (4), such non-diagonal (M} ;) would appear.

5 Proof of the main theorems

In this section, we prove the main theorems (Theorems 4.2 and 4.3).

@ Springer



Jacquet modules and local Langlands correspondence 857

5.1 The case of higher multiplicity

We prove Theorem 4.2 (1) in this subsection. It immediately follows from
Tadi¢’s formula (Corollary 2.9).

Proof of Theorem 4.2 (1) We prove the assertion by induction on m. Since

w(p, 1) = St(p, 2x + 1) x 7w(p — (0 ¥ S+ 1)®%, 1)

with St(p, 2x + 1) = (p; x, ..., —x), by Corollary 2.9, s.s.Jacp, (7w (¢, n)) is
equal to
PV 1" ® (s x, ..., —(x — D)) x (gLer) @ (e — (o B S2041)%%, 7))
+ (ol *®(pix —1,....—x)) x (AaLer) @ (¢ — (p B S 1)®2, 1))

+ (gLe(r) ® St(p, 2x + 1)) x s.s.Jacp, (1(¢ — (0 B S241) 2, ).

Note that s.s.({p; x — 1, ..., —x) X 1) = s.s.((pv; X, .., —(x— 1)) X TT0)
for any representation 7¢. Since p* = p, we have

Jacp. (@, m) =2 (p;x, ..., —(x = D) x 7 (¢ — (0 X S 41)®2, 1)
+St(p, 2x + 1) % Jac,p.1r (7 (¢ — (p R Sas1)®%, ).

This proves the assertion when m = 3 or m = 4. When m > 5, since

St(p, 2x + 1) x (o5 x, ..o, —(x = D) 37 (¢ — (0 B S20.0)%, 1)
= (pix, . —(x = 1) X Stp, 20 + 1) 1 7 (¢ = (p B S2), )
= (pix, ... —(x = 1)) @7 (¢ — (p B S )® 1),

we obtain the assertion by the induction hypothesis. O

5.2 The case of multiplicity one

Next, we proze\Theorem 422).Letp = oD (o X Sox+1) with pX So11 &
¢o0, and n € Ay. Set

® =¢ — (p X Soq1) ® (p B Sa—1).

Proof of Theorem 4.2 (2) First, we assume that x > 1/2 and 7 (¢’, n’) # 0.
We apply Meeglin’s construction to Iy . Write

t
¢ = (@msa,-) ® 9,

i=1
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witha; <--- <a,and p X S, ¢ ¢, for any a > 0. Set
to=max{i € {1,...,t} |a; =2x — 1}.

Take a new L-parameter

t
¢ = (@p X sa;> D9,

i=1
such that
/.
a S < a;

e a <

e a > g; and a; = a; mod 2 for any i;
/

° t)Z

L
a 2x + 1.

(

We can identify A, with Ay canonically. Let nly, € A, be the character
¢>> o ¢ > ¢>>
corresponding to " € Ag. Then Theorem 3.5 says that

m(¢',n) =Jac qe1 O7trodac apn (M@, 1)),

.....

= Jac,|.|x o Jac a1
P2 s Pl

0} arg +1
2

Since ¢ does not contain p X Sy, 1, fori > 9 and a; < 2x" + 1 < a; with
2x" +1 = a; mod 2, we have x" — x > 1. By Lemma 2.6 (2), we see that
(¢, n') is the image of

/ /
Jac a1 w4l OO Jac a1 w3 OO Jac -1 a4 (T (95, 1))
oI Z s ol 2 Pl T2 pll T2 ol 2 Pl 2

under Jac,.;x. However, by applying Theorem 3.5 again, we see that this rep-
resentation is isomorphic to 7 (¢, n). Therefore (¢, ') = Jac,.;x (w (¢, n)),
as desired.

Next, we consider the case where x = 1/2 and 7/ (¢’, ") # 0. We reduce
this case to the case where ¢ is discrete ( [16, Lemma 7.3]) using Theorem 3.5
repeatedly. The argument is similar to the first case so that we omit the detail.

Finally, we assume that 7 (¢', ") = 0. We claim that Jac,.;x ( (¢, )) = 0.
When ¢ € ®gisc(G), this was provenin [16, Lemma 7.3]. When ¢ € ®gp(G)\
Dgisc (G), there exists an irreducible representation ¢ which is contained in
¢ with multiplicity at least two. Then 7 (¢, n) is a subrepresentation of 77 x
T(p— d)?ﬂ, 1), where 11 is the irreducible tempered representation of GLy (F)
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corresponding to ¢1. Since p X S>,41 is contained in ¢ with multiplicity one,
we have ¢1 22 p X Syx41. This implies that

Jac,).j+ (z1  w(p — ¢P2, m)) = 11 % Jac,. 1+ (7w (@ — ¢P2, ).

By the induction hypothesis, Jac,.jx (7w (¢ — d)?z, 1)) = 0 unless ¢; = p X
S2x—1 and ¢ contains it with multiplicity exactly two. In this case, one can
take n_ € Ay such that (¢, n—) # 0 and

(¢ m) ® (¢, ) = St(p, 2x — 1) 31 7w(¢p — P2, ).

Then by the first case, we see that Jac,|.;x (7w (¢, n—)) # 0and St(p, 2x — 1) x

Jac,).x (7 (¢ — ¢f92, 1)) is irreducible. Hence Jac,.|x (7w (¢, n)) must be zero.
This completes the proof of Theorem 4.2 (2). O

By the same argument as the last part, one can prove that Jac, (7 (¢, 1)) =0
whenx =0andm = 1.

5.3 Description of small standard modules

Before proving Theorem 4.2 (3), we describe the structures of some standard
modules.

Lemma 5.1 Let ¢ € CIJdis’c\(G). Suppose that x > 0, and ¢ O p X Sy but
¢ 2 p X Soxt1. Let n € Ay such that w(p, n) # 0. We set

o I1 =p|-|¥ xm(p,n) to be a standard module;

e o to be the unique irreducible quotient of T1;

o ¢ =¢—(pXSr_1) D (0o X Sry11) so that there is a canonical injection
Ay — Ay, which is bijection unless x = 1/2;

e ' € Ay to be the character satisfying n'| Ay = n (and w(¢', ') # 0 if
x=1/2).

Then there exists an exact sequence

0 —— m(¢’,n) I o 0.

In particular, T1 has length two.

Proof We note that (¢, ') is an irreducible subrepresentation of IT by The-
orem 4.2 (2) and Lemma 2.6 (1).

If o’ is an irreducible subquotient of IT which is non-tempered, by Tadié’s
formula and Casselman’s criterion, there exists a maximal parabolic subgroup
Py of G such that s.s.Jacp, (o) contains an irreducible representation of the
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form (p| - |~* x ) X 0. In particular, we have Jac,|.-x(c") # 0. However,
since Jac,.|-x (IT) = 7 (¢, n) is irreducible, we see that ¢’ = o, i.e., IT has
only one irreducible non-tempered subquotient.

Let IT%"® be the maximal proper subrepresentation of IT, i.e., [T/IT5"" = .
By the above argument, all irreducible subquotients of IT"® must be tempered.
Since they have the same cuspidal support, they share the same Plancherel
measure. This implies that all irreducible subquotients of TT" belong to the
same L-packet [y (see [6, Lemma A.6]), so that they are all discrete series.
Hence IT%'P is semisimple. In particular, any irreducible subquotient 7’ of
150 s a subrepresentation of IT, so that Jac,.x(7) # 0. However, since
Jac,).;x(IT) = (¢, n) is irreducible, IT has only one irreducible subrepresen-
tation. Therefore IT"® = 7(¢’, 1’). This completes the proof. |

We describe the standard module appearing in Theorem 4.2 (3). When x =
1/2, the standard module was described in Lemma 5.1. Hence we assume
x> 1/2.

Proposition 5.2 Let ¢ € Ogp(G). Suppose that x > 1/2 and ¢ 2 p X Sox 1.
Let n € Ay such that (¢, n) # 0. We set

e ll={(p;x,x—1,...,—(x — 1)) x7(¢, n) to be a standard module;

o to be the unique irreducible quotient of T1;

i ¢/:d)@(pgSfol)@(pgSZerl); -

', and n’_ to be the two distinct characters of Ay such that n'y|Ag =1
and 0y (z¢) = 1.

Then there exists an exact sequence

0 —— 7@, n) @m(@, n) I o 0.

In particular, T1 has length 2 or 3 according to ¢ O p X So_1 or not.

Proof First, we show that there is an inclusion 7 (¢’, n.) < I for each € €
{£}. To do this, we may assume that 77 (¢’, ) # 0. Note that ¢’ contains p X
S2x+1 with multiplicity one. By Theorem 4.2 (2), we see that Jac,|.jx (77 (¢, 1))
is nonzero and is an irreducible subrepresentation of St(p, 2x — 1) x (¢, n).
By Lemma 2.6 (1), we have an inclusion

(¢, n.) = pl- | x St(p, 2x — 1) x 7w(¢, ).
Since IT is a subrepresentation of p| - |* x St(p, 2x — 1) x (¢, n) such that
Jac,).x (pl - ¥ x St(p, 2x — 1) x 7(¢, ) = Jac,.+ (TD),

the above inclusion factors through 7 (¢’, ) < II.
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If s.s.Jacp, (IT) contains an irreducible representation T X 77 such that the
central character of t is of the form x| - |* with x unitary and s < 0, by Tadi¢’s

formula (Theorem 2.8) and Casselman’s criterion, T = | - |_%St(p, 2x) x
(x7_,7i), where 7; is a discrete series representation of GLyg, (F) such that
the corresponding irreducible representation ¢; of Wr x SL,(C) is contained
in ¢ with multiplicity at least two, and w9 = m(¢o, n9) with ¢9 = ¢ —
(@®;_ lq[)i)@z and o = n|Ag,. Since such an irreducible representation T X g
is also contained in s.s.Jacp, (o), we see that o is the unique irreducible non-
tempered subquotient of IT. Namely, if we let IT%"Y be the maximal proper
subrepresentation of I, i.e., [T/ [1%P = &, then all irreducible subquotients of
I1%"> must be tempered. Moreover since these irreducible subquotients have
the same cuspidal support so that they share the same Plancherel measure, they
belong to the same L-packet [Ty (see [6, Lemma A.6]).

Now we show that IT*"® is isomorphic to 7 (¢', 1, )7 (¢', n"_). We separate
the cases as follows:

e ¢ is discrete and p X Sox—1 Z ¢;
e ¢ isdiscrete and p X Sy 1 C ¢;
e ¢ is in general.

When ¢ is discrete and p X Sy, ¢ ¢, we note that ¢’ = ¢ @ (p K
S2x—1) @ (p X S2,41) is also discrete. Then since all irreducible subquotients
of 1" are discrete series, I1°%° is semisimple. In particular, any irreducible
subquotient 7" of 1% is a subrepresentation of IT so that Jac,|.x (') #
0. However, since Jac,.;«(TT) = Jac,.;x (7 (¢', ') ® 7 (¢’, n_)), we have
M Z (¢’ n') @ (¢, D).

When ¢ is discrete and p X S>,—1 C ¢, any irreducible subquotient 7" of
I15%° belongs to Iy with ¢' = ¢y & (p X Sa—1)®2, where ¢p=¢— (pX
S2x—1) @ (p X Srx41) is discrete such that p X S, & ¢6. Hence the Jacquet
module s.s.Jacp,,, , (') contains an irreducible representation of the form
St(p,2x—1)® 7'[(’). By Tadi¢’s formula (Corollary 2.9), the sum of irreducible
representations of this form appearing in s.s.Jacp,,,_, (IT) is

St(p,2x — 1) @ s.s.(p| - |* x 7w (¢, n)).

By Lemma 5.1, we have an exact sequence

0 —— 7 (py, ny) —— pl- 1" x7w(p,n) o’ 0,

where o is the unique irreducible quotient of p| - [* x (¢, 1), and n;, € 74%

is the character corresponding to n € .Zl\(p via the identification Ay =
Ad){y Now there exists € € {%} such that w(¢’,n".) = 0. Moreover,

s.s.Jacp,,,_p, ( (9, n.)) D St(p, 2x — 1) ® m (¢, 1) since

@ Springer



862 H. Atobe

/ / /
e (0pRSy, 1) = Ne(QpRSy, 1) = N(0pRSs, 1) = Mo (XpRS,, 1)

On the other hand, since 0 < St(p, 2x — 1) x p|-|™* x 7w (¢, n), we see that
s.s.Jacp,,,_, (o) is nonzero and contains St(p, 2x — 1) ® o’. Hence

s.sJacp,,,  (T) —s.sJacp,, , ((¢', 1)) — s.sJacp,,, (o)

has no irreducible representation of the form St(p,2x — 1) ® JT(/). This shows
that I = 7 (¢', n)).

In general, we prove the claim by induction on the dimension of ¢. When ¢
is not discrete, there exists an irreducible representation ¢; of Wr x SL,(C)
which ¢ contains with multiplicity at least two. Note that ¢; 22 p X Sox41.
Set g = ¢ — ¢1®2, and ng = n|Ag,. Take I, o0, ¢, and 716’6 € @as in
the statement of the proposition. By induction hypothesis, we have an exact
sequence

0 —— 7(¢g, mp. 1) ® 7 (P, My, ) I 00 0.

Let t be the irreducible discrete series representation of GLy () correspond-
ing to ¢1. The above exact sequence remains exact after taking the parabolic
induction functor g — T X 7g. Notethat t x (p; x, x — 1,...,—(x — 1)) =
(p;x,x—1,...,—(x — 1)) x t by Theorem 2.1. Since og is unitary, the
parabolic induction t X op is semisimple. In particular, any irreducible sub-
quotient of T X o9 is non-tempered. Considering the cases where

e ¢ contains ¢; with multiplicity more than two;

e ¢ contains ¢; with multiplicity exactly two and ¢1 22 p X Sox—1;

e ¢ contains ¢; with multiplicity exactly two and ¢ = p X S,
separately, we see that 150 = 7 (¢, n’+) @ m(¢’, n_) in all cases. This com-
pletes the proof. |

5.4 The case of multiplicity two

Finally, we prove Theorem 4.2 (3).

Lemma 5.3 Let ¢ € $gp(G), n € ;l; and x > 0. Suppose that ¢ contains
both p X Sry 41 and p K Sy, 13 with multiplicity one. Then we have

Jacpl-\*“,p\-l-‘,pl-\" (7T(¢, 7’])) c2- Jan|_|x’p|.|x+1’p|,|x(7T(¢, 7]))

Proof We may assume that Jac ;| jv+1_,.jx ,.x (T (¢, 7)) # 0. By Lemma 2.6
(1), there exists an irreducible subquotient o of this Jacquet module such that

(g, ) = pl- T x pl-|* x p| - |* xo.

@ Springer



Jacquet modules and local Langlands correspondence 863

Since there exists an exact sequence

0 —— (pix+1,x) —— p|- T xpl- | —— (pix,x+1) —— 0,

where (p; x, x + 1) is the unique irreducible subrepresentation of p| - | x p| -
*+1, we see that 77 (¢, 1) is a subrepresentation of (p; x + 1, x) x p|-|¥ x o or
(p;x,x + 1) xp|-|[*xo.Since (p; x + 1, x) xp|-|* Z p|- ¥ x{(p;x + 1, x)
and (p; x,x + 1) xp|-|* = p|-|* x(p; x, x + 1), we have Jac,|.;x (m (¢, ) #
0.

By Theorem 4.2 (2), Jacp|,‘x+1(n(¢, 7)) # 0 and Jac,.;x(w(¢,n)) # 0
imply that o’ = Jac, v o)1, ol (7 (¢, n)) is nonzero and irreducible. More-
over, we have Jac,|.;x (¢/) = 0 and Jac,|.jx+1 (6') = 0. By Lemma 2.6 (1), we
have an inclusion

7(@.m) = pl-[*x pl - FF s pl -1 0.
Since
Jac, w1y ol (01 1M X pl - T X pl - [P 0’y =207,
we have Jan|.|x+l’pl,lxypl,lx(ﬂ'(¢, n)) C 2-0’, as desired. |

Suppose that x > 0. Let ¢ = ¢ @ (p K Srv+1)®% with p X Sr11 & o,
and n € Ay.
Lemma 5.4 Set ¢1 = ¢ — (p X S0, 11)®%2 @ (p K Sr_1)®9? 50 that there is
a canonical injection Ay, — Ay, which is bijective unless x = 1/2. Define

N1 ejqb\lby n = nlAg,. Then we have

Jacy|.jx p|x (7w (@, ) =2 - 7(P1, M1).

Proof Let ny = nand n_ € ;l;, be as in the statement of Theorem 4.2 (3).
Define 11+ € Ag, by ni,+ = n+|Ap if x > 1/2. When x = 1/2, we set
n,+ = nlAg, and w(¢1, n1,—) = 0 formally. Then we have
o (¢, n+) ®m(P,n-) = St(p, 2x + 1) x (o, nlAg);
o (p1,11,4) B w(d1,n1,—) = St(p, 2x — 1) x 7w (o, nlAg,);
o Jac,|.x p.x(St(p, 2x + 1) X m(do, nlAg)) = 2 - St(p,2x — 1) x
7t (¢o, nlAgy)-

Therefore, it is enough to show that Jac,.|x o.x (T (¢, 1)) C 2 - (1, n1).
We apply Meeglin’s construction to ITy. Write

¢ = (@pma,)em

i=1
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witha; <--- <ag;and pX S, ¢ ¢, for any a > 0. There exists tp > 1 such
that a;,—1 = a;y = 2x + 1. Take a new L-parameter

t
¢ = @Pﬁsal{ ® Pe

i=I

such that
°a) < <aj;
e a > g; and a] = a; mod 2 for any i.

In particular, a; > 2x + 3. We can identify Ay, with Ay canonically. Let

s € qu be the character corresponding to n € .71; Then Theorem 3.5 says
that

(g, n) =Jac 4, gs1 O r0dac oy a1 (TP, 1)),
pll 2 ,..pl 2 pll 2 .ol 2

Note that (a;, + 1)/2 = x 4+ 1. By Lemma 2.6 (2), we see that

Jacp|.jx pl.1x (7T (¢, 1)

=Jac w1 ©colac gl ags1+l
P pll 2 o -
’ Pl 2 Pl
o Jac,p 1 pppe pl (Jac aj -1 a3 ©rodac g a1 (T (@, 77>>))) :
Pl 2, pll 2 Pl 2 pl| 72
By Lemma 5.3, we have
Jac, .1 o1 plr (Jac a1 w3 O olac . a1 T (D, ;7>>))>
Pl pll 2 Pl 2 pll 2
C 2-Jac,.px o)+t plx (Jac afy 1 a3 OO Jac a-1 a1 (T (P, ;7>>))) .
Pl 2 pll 2 ol 2, pll 72
Since
Jac wil © oJac - P
172 2 0, o
PIEL = e p Pl 2 Pl 2
o Jac, | jx pl. 1 plpx <Jac a1 w3 ©rodac g a1 (T(Ds, '7>>)))
ol 2 pll 2 pll 2 pl 2
=7 (¢1,n1)

by Theorem 3.5, we have Jac,|.jx_p.;x (7w (¢, 1)) C 2 - 7w (¢h1, n1), as desired. O
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Now we can prove Theorem 4.2 (3).

Proof of Theorem 4.2 (3) By Corollary 2.9, we have

Jacy . (m(d, ny) @m(p,n-)) =2-(psx,x —1,..., —=(x = 1)) x 7w(go, nlAg,).

By Proposition 5.2, we have an exact sequence

0 —— n(¢",n) & (' n") I o 0,

where IT = (p;x,x—1,...,—(x — 1)) x 7(¢o, nlAg,), and o is the
unique irreducible quotient of Il. Fix ¢ € {£}. By Lemma 54, we
see that Jac,|.px(w(¢,ne)) D 2 - w(¢',n.). On the other hand, since
s.s.Jacp .y, (T (B, ne)) D St(p, 2x + 1) ® (o, nl.Ag,), we have

s.sJacp,, (Jac,.;x (7w (¢, ne))) D | - 72St(p, 2x) ® 7 (o, N1 Ag)-

This implies that Jac,. ;< (7w (¢, 1)) contains an irreducible non-tempered rep-
resentation, which must be o. Hence

Jac,|.x (T($,me)) D2-7(d,ne) +o =T+ (P, ne) — (@, n—e).

Considering Jac,.;x (7 (¢, ny) @7 (¢, n-)), we see that this inclusion must be
an equality. O

If x = 0and m = 2, we see that Jac, (7 (¢, n)) D m(do, nlAg,). By the
same argument, this inclusion must be an equality. This completes the proof
of Theorem 4.2 (4), so that the ones of all statements of Theorem 4.2.

5.5 Description of ;L:‘,

We prove Theorem 4.3 in this subsection. To do this, we need the following
specious lemma.

Lemma 5.5 Let ¢ € ®gp(G) and x = (x1,...,x,) € R™. Suppose that
Jac,.jx () # O for some 7w € Iy.

(1) If x;, <O, then x; = —Xxy, for some i.

(2) Suppose that x is of the form

k
..,xf),...,x,(,fg)

mj my
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l.(i)l > xl.(j)forl <Jj=<kl<i=<m andx{l) <... < xik).

Thenx{j) >0forj=1,...,k and

with x

k
$> EB'O X Szx{-7)+1'
Jj=1

Proof We prove the lemma by induction on m. By Lemma 4.1, we see that
2x1 4+ L is a positive integer, and ¢ contains p X S»,, 41. In particular, we obtain
the lemma for m = 1.

Suppose that m > 2 and put x’ = (x2, ..., x,;) € R”~!. By Theorem 4.2,
one of the following holds.

° Jacpl“i(n/) # 0 for some 77’ € Ty with ¢’ = ¢ — (p X Sox+1) @ (p K
S$2x1-1)3
° Jacpl.‘ﬁ((p;xl,xl —1,...,—=(x1 = 1)) xm) # 0 for some my € Iy,
with ¢ = ¢ — (o & Sa,41)®2.
The former case can occur only if x; > 0, and the latter case can occur only

if ¢ O (0 X S241)%.
We consider the former case. Assume that x; > 0 and JanHﬁ (") # 0 for

some 77’ € Iy with ¢’ = ¢ — (p X S2y;+1) ® (p W Sy, —1). By the induction

hypothesis, we have x; = —x,, for some i > 2 when x,,, < 0, and
k
/
¢ D (pX Sp_) @ @p X Szxff)+1
j=2

when x is of the form in (2) since x’ is also of the form. This implies the
assertion for ¢.
We consider the latter case. Assume that ¢ D (p X S» xl+1)®2, and that

Jac, (o3 x1, 21 — 1, —(x1 = D) x7m9) # 0

for some 7o € Iy, with g = ¢ — (p X SleH)@z. By Corollary 2.9, we can
divide

2, omy =it i b U e UKL s Koy}

withi] < - <ip, j1 < < Jmp k1 < -+ < kppy and mpy +m3 < 2x3
such that

o Jac, v oppmi (m0) # O with y; = x;,3

o xj,=x1+1—tfort=1,...,my;
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® X, = X] —tfort=1,...,ms.

Considering the following four cases, we can prove the existence x; satisfying
X; = —X;; when x;,, < 0.

e When m = iy, by the induction hypothesis, we have x;, = —x,, for some
f.

e Whenm = j,, we have x,, = x; + 1 —my < 0 so that x;, = —x,, with
t=2x1 +2—my.

e When m = kj, and m3z < 2xj, we have x,, = x; — m3 < 0 so that
Xk, = —Xp; With t = 2x1 — m3.

e When m = k;,; and m3 = 2x;, we have x| = —x,,.
On the other hand, when x is of the form in (2), since xfj ) > xfl) = x|, there
is at most one jy > 2 such that
eyt =1, m} Ufxy, |1 =1,...,m3},
in which case, x%jO) = x1. By the induction hypothesis, we have
90> P r¥S, 0,
2<j<k
J#Jjo
This implies the assertion for ¢. This completes the proof. m|

Now we can prove Theorem 4.3.

Proof of Theorem 4.3 Since the subgroup of Ry, spanned by Irr, (GLg;, (F))
= {1 | x € Q) has another basis {A, | x € £,,}, we can write

M =Y Y A @ My(m)

m=>0xe2,

for some virtual representation Ily (7). For y € €2, applying Jac, v to
s.s.Jacp,, (7r), we have

Jac, p(m) = Y Jac, p(Ay) @ My(m) = Y m(y. x) - M, (),

XEQy X€Qy

where m(y, x) = dimg Jac,|.p (Ay). If m'(x/, y) € Q satisfies that

pl-*

> m' Gl im0 = by,
YEQ,
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we have

Me(m) = > m'(x,y)-Jac, ().
YEQ,

Hence we have

wher) =" Y m'(x.y) - Ay ® Jac, p ().

mZOLXEQm

By Lemma 5.5, if Jac v (;r) # O for y € Q,,, then y = x (k) for some

P>
k € K ém). If m’(x, y) # 0, then the image of x under the canonical map
R™ — R™/&,, coincides with the one of y since the same property holds for

m(x, y). In particular, for fixed k € K;m), it m'(x, x(k)) # 0, then x = x (k)

for some k' € K q(bm). Therefore, we have

Wi =" Y m @), x(k) - Agey ® Jac,| (7).
BESRg

This completes the proof of Theorem 4.3. O

6 Complements
6.1 A remark on standard modules

As a consequence of Theorem 4.2, we can prove the irreducibility of certain
standard modules.

Corollary 6.1 Let ¢ € ®gp(G) and n € .Zl; such that w (¢, n) # 0. Suppose
that ¢ O p X Sy 41 for x > 0 but Jac,.;x ( (¢, n)) = 0. Then the standard
module

HZ(;O;X,X_I,---,_(X_I)) ><]7T((l§777)
is irreducible.

Proof Let o be the unique irreducible quotient of I, which is non-tempered.
By the same argument as the proof of Proposition 5.2, we see that o is
the unique irreducible non-tempered subquotient of I1. Suppose that IT is
reducible. If 7/ is another irreducible subquotient of T, by considering its
cuspidal support or its Plancherel measure, we see that 7’ € TIly with
¢ =@ (pX S—1) ® (p X Soxq1). Since ¢ D p X Sr,1 1, we see that
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¢ D (pK Szx+1)®2. By Theorem 4.2, Jac,.;x(r") contains an irreducible
non-tempered representation. However, Jac,.;x (IT) = St(p, 2x —1) x 7 (¢, n)
consists of tempered representations. This is a contradiction. O

Example 6.2 Consider ¢ = S» @ S4 D Sg € Disc(SO3(F)) and n € :{;
given by n(as,,) = (—=1)¢ fora = 1,2, 3. Then 7 (¢, n) is an irreducible
supercuspidal representation. Moreover, the standard module

1 1

3
A __> A 7T(¢a 77)

53
H=<1GL1(F)§§,§,§, M)

of SO3(F) isirreducible. Note that the L-parameter ¢’ = ¢ ®|-| > SsB|- |_% Ss
of I is non-generic since

L(s, ¢/, Ad) = ¢r(s — Der(s)cr(s + DP¢rs +2)1°
X (s 4+ 3)2¢r(s +4)¢p(s +5)°

has a pole at s = 1, where {F is the local zeta function associated to F. In
particular, the standard module

531 1 3
Iy = <1GL1(F)§ 533 "y —§> X m(p, 1)

is reducible by Theorem 3.4.

6.2 Minguez’s derivatives

The following notion is introduced by Minguez. Fix x > 0 such that pX So, 41
is good with respect to G, i.e., we assume that there exists ¢ € ®gp(G) such
that ¢ D p X Sz, 41. For € Irriemp(G), we set

Jac?" () = Jac,p.px o - - - 0 Jac,|.jx (77),

k

where k > 0 is the maximal integer such that JacP'" () # 0. we call
JacP!'" () the p| - |*-derivative of 7.

Proposition 6.3 Let¢p € Oy, (G) andn € .Zl; such that (¢, n) # 0. Suppose
that x > 0 and Jac,|.;x () # 0, so that the multiplicity m of p X Sy, 11 in ¢ is
positive. For 1 < k < m, set

¢(k) =¢—(p X Szx.H)@k @ (p X SZx—l)Gak
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andn® ¢ @ to be 7]|A¢(k) via the canonical inclusion A¢(k) — Agy. Then

Jac?I (g, m)) = k! - 2 (0™, n®)
with

m if (@™, n™) £0,

k =
m—1 ifx@"™, ™) =0.

In particular, for the above k, we have an inclusion

(g, m) = pl-[* x - x p| - [* xmw(p®, n®,
k

and Jac,.;x (w (0™, n®)) = 0.

Proof When m = 1 (resp. m = 2), it is Theorem 4.2 (2) (resp. Lemma 5.4).
In general, by Theorem 4.2 (1), we can reduce the assertion to the case of
m € {1, 2}. m|

Remark 6.4 (1) Embedding an irreducible representation 7 into (p| - |*) <k
o with k£ maximal is the key idea of the proof of the Howe duality con-
jecture by Gan—Takeda [7].

(2) If p is not self-dual, we should define Jac” I'" as the maximal nonzero
iterated composition of Jac,v|.;x o Jac,|.;x. Then Proposition 6.3 can be
extended to any ¢ € ®enp(G) and any supercuspidal unitary representa-
tion p of GL4(F'). We leave the detail for readers.

(3) Inparticular, one can show that forany 7 € Irreemp(G), the p|-|* -derivative

Jac?I'" (77) is an isotypic of an irreducible tempered representation.

Acknowledgements The author expresses gratitude to Alberto Minguez for telling the notion
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