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Abstract We study the holonomy cocycle H of a holomorphic foliation .%
by Riemann surfaces defined on a compact complex projective surface X
satisfying the following two conditions:

e its singularities E are all hyperbolic;
e there is no holomorphic non-constant map C — X such that out of E the
image of C is locally contained in a leaf.

Let T be a harmonic current tangent to .% which does not give mass to any
invariant analytic curve. Using the leafwise Poincaré metric, we show that H
is integrable with respect to 7. Consequently, we infer the existence of the
Lyapunov exponent function of 7.
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1 Introduction
1.1 General settings and main results

The dynamical and geometric theory of holomorphic foliations by curves has
received much attention in the past few years. The holonomy cocycle (or
equivalently, the normal derivative cocycle) of a foliation is a very important
object which reflects dynamical as well as geometric and analytic aspects of
the foliation. Exploring this object allows us to understand more about the
foliation itself. Let % = (X, %, E) be a holomorphic foliation by hyperbolic
Riemann surfaces which is immersed onto an ambient complex manifold X
and which possesses the set of singularities £. On the geometric side, we
have harmonic currents T which are generalizations of the foliations cycles
introduced by Sullivan [29]. On the dynamical side, the sample-path space 2
associated to the foliation describes the leafwise Brownian motion with respect
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Singular holomorphic foliations by curves 533

to the Poincaré metric on leaves. This motion generates a Markov process on
X.

Assume for the moment that .% does not possess any singularities (i.e.
E = @). Let T be a harmonic current tangent to .%. When X is a surface,
i.e. dim X = 2, we can define the unique Lyapunov exponent function of T,
which is leafwise constant and which measures heuristically the exponential
rate of convergence of leaves toward each other along leafwise Brownian
trajectories (see Candel [3], Deroin [8]). When dim X > 2, our recent work
in [25] provides (dim X — 1) Lyapunov exponent functions whose geometric
characterizations in terms of geodesic rays have been investigated in [26].

Since the main examples of holomorphic foliations by curves are those in
the complex projective space PX of arbitrary dimension (in which case there
are always singularities) or in algebraic manifolds, the following fundamental
question arises naturally:

Question. Can one define the Lyapunov exponent functions of a harmonic
current T tangent to a singular holomorphic hyperbolic foliation ¥ =
(X, Z,E)?

The main purpose of this paper is to give an affirmative answer to this ques-
tion for generic foliations, that is, when the ambient manifold X is a compact
complex projective surface, the foliation enjoys Brody hyperbolicity (see Def-
inition 2.1 below), and E is the set of singularities which are of hyperbolic
type.

Here is our main result. The new terminology and notation appearing in this
theorem will be explained in Sect. 2 below.

Theorem 1.1 Let 7 = (X, .2, E) be a holomorphic Brody hyperbolic folia-
tion with hyperbolic singularities E in a Hermitian compact complex projective
surface X. Let H be the holonomy cocycle of the foliation. Let T be a harmonic
current tangent to . which does not give mass to any invariant analytic curve.
Consider the corresponding harmonic measure 0 == T N gp where gp is the
leafwise Poincaré metric. Let 2 be the sample-path space associated with F .
Let [1 be the invariant measure on 2 associated with (. Consider the function
S Q — R defined by

F (@)= sup |log|[H(w,Dlll, e Q.
t€l0,1]

Then .7 is ji-integrable.
Here is an immediate consequence of this theorem.

Corollary 1.2 Under the hypotheses and notation of Theorem 1.1, assume in
addition that the measure [ is ergodic. Then T admits the (unique) Lyapunov
exponent A(T) given by the formula
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534 V.-A. Nguyén

A(T) :=/ log [[H(w, Dlldi(w).
Q
Moreover, for pi-almost every x € X, we have
1
lim —log ||H(w, t)|| = X(T)
t—o0 t

for almost every path w € 2 with respect to the Wiener measure at x which
lives on the leaf passing through x.

For comprehensive expositions on characterization of Lyapunov exponents
using the Wiener measures, see [3,9,25,26]. In Theorem 2.7 below, we will
see that the measure u is ergodic when, for example, the current 7" is an
extremal point in the convex cone of all harmonic currents tangent to .7 .

Consider a singular foliation by curves .# = (P?, %, E) on the complex
projective plane P2 such that all the singularities of .% are hyperbolic and
that . has no invariant algebraic curve. Combining some results by Glutsyuk
[19] and by Lins Neto [23], and by Brunella [2], we will see in Remark 2.2
and in the discussion after Theorem 2.3 below that .% is Brody hyperbolic.
Moreover, the unique ergodicity theorem of Fornass—Sibony [16] says that the
harmonic current 7" is unique up to a multiplicative constant. In particular, the
convex cone of all harmonic currents of .7 is just a real half-line, and hence
all these currents are extremal (see the discussion preceding Theorem 2.7
below). Therefore, the measure T A gp is ergodic by Part 2 of this theorem.
Consequently, Corollary 1.2 applies and gives us the following result. It can
be applied to every generic foliation in P? with a given degree d > 1.

Corollary 1.3 Let 7 = (P?, %, E) be a singular foliation by curves on the
complex projective plane P2. Assume that all the singularities are hyperbolic
and that ¥ has no invariant algebraic curve. Let T be the unique harmonic
current tangent to % such that uw ‘= T A gp is a probability measure. Let
H, v and F be as in the statement of Theorem 1.1. Then the conclusion of
this theorem as well as that of Corollary 1.2 hold. In particular, F admits a
unique Lyapunov exponent.

The novelty of the last corollary is that the (unique) Lyapunov exponent of
such a foliation .% is intrinsic and canonical.

In fact, we will prove the following more complete version of Theorem 1.1
where we introduce the so-called integrability condition.

Theorem 1.4 Let = (X, .Z, E) be a holomorphic Brody hyperbolic folia-
tion with hyperbolic singularities E in a compact complex projective surface
X. Let T be a harmonic current tangent to % which does not give mass to any
invariant analytic curve.
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Singular holomorphic foliations by curves 535

Then we have
(the integrability condition):/ |logdist(x, E)| - (T Agp)(x) < oo. (1.1)
X

Using the Poincaré metric of the punctured disc as a local model and
Lemma 2.4 below, we can prove that if the harmonic current 7 has a pos-
itive mass on an invariant analytic curve, then the integral in (1.1) is infinite,
i.e., the integrability condition breaks down.

The condition of Brody hyperbolicity seems to be indispensable for the
integrability of the holonomy cocycle. Indeed, in a very recent work [21,
Theorem A] Hussenot discovers the following remarkable property for a class
of Ricatti foliations .% on P2. For every x € P? outside invariant curves of
every foliation in this class, it holds that

1
lim sup A log |H(w, t)]| = o0

t—00

for almost every path w € 2, with respect to the Wiener measure at x which
lives on the leaf passing through x. By Glutsyuk [19] and Lins Neto [22], these
foliations are hyperbolic since all their singular points have nondegenerate
linear part. Nevertheless, neither of them is Brody hyperbolic because they all
contain integral curves which are some images of P! (see Remark 2.2 below).

1.2 Qutline of the proofs

Now we discuss the method of the proof of Theorems 1.1 and 1.4. Our approach
consists of two main steps.

In the first main step we show that Theorem 1.1 follows from Theorem 1.4,
i.e., from the integrability condition (1.1). To this end we study the behavior
of the holonomy cocycle near the singularities with respect to the leafwise
Poincaré metric. Let gx be a Hermitian metric on X and let dist denote the
distance on X induced by gx. Roughly speaking, this step quantifies the expan-
sion speed of the hololomy cocycle in terms of the ambient metric gy when
one travels along unit-speed geodesic rays. The main ingredients are in our
joint-works with Dinh and Sibony in [10-12].

The second main step is then devoted to the proof of Theorem 1.4, i.e.,
inequality (1.1). The main difficulty is that known estimates (see, for example,
[10]) on the behavior of T near linearizable singularities, only give a weaker
inequality
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536 V.-A. Nguyén

/ |logdist(x, E)|'™% - (T Agp)(x) < o0, V8 >0. (1.2)
X

So (1.1) is the limiting case of (1.2). The proof of (1.2) in [10, Proposition 4.2]
relies on the finiteness of the Lelong number of T at every point. Recall from
Skoda [28] that the Lelong number of a harmonic current at a given point is
an important indicator measuring the mass-density of the current at that point.
Moreover, our result in [27] (see also a recent result of Dinh—Sibony [13])
sharpens the last estimate by showing that the Lelong number of 7" vanishes at
every hyperbolic singular point x € E. Nevertheless, even this better estimate
does not suffice to prove (1.1).

To overcome this obstacle, we use a cohomological idea which exploits
fully the assumption that X is projective. This assumption imposes a stronger
mass-clustering condition on harmonic currents.

Now we explain briefly our proof of the integrability condition (1.1). Our
approach is based on a cohomological invariance (see Proposition 9.3) which
says roughly that if two algebraic curves € and © on X are cohomologous (for
example, if they have the same algebraic degree when X = P?), then under
suitable assumptions, we can define the wedge-product 7 A[&], T A[®] which
are finite positive Borel measures and their masses are equal, i.e,

/T/\[(’:]:/ T AN [D]. (1.3)
X X

Before going further, let us explain why equality (1.3) could be true. Since
¢ and ® on X are cohomologous on X, the dd-lemma for compact Kéhler
manifolds provides us an integrable function # on X such that

[€] — [®] = id0u in the sense of currents.

So we can write

/TA[Q]—/TA[Q)]:/TAiaﬁu.
X X X

The function u is, in general, not smooth near ¢ and ©. However, if we could
consider it like a smooth function, Stokes’ theorem would turn the right hand
side of the last line into the following integral

/ u(iddT) =0,
X

where the last equality holds since the harmonicity of T implies that ;997 = 0.
Therefore, we may expect equality (1.3) to hold.
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Singular holomorphic foliations by curves 537

Resuming the sketchy proof of the integrability condition (1.1), let xog € E
and fix a coordinate system (z, w) around xg such that the two separatrices
of the hyperbolic singular point x¢ are {z = 0} and {w = 0}. Then we can
show that the vanishing of the Lelong number of T at 0 established in [27] is
equivalent to the following convergence

/ TA[z=r]—0 a r—0, (1.4)
B(0,r)

where B(0, r) is the ball in X with center xo = 0 and radius r. And more
importantly, the integrability condition (1.1) is somehow equivalent to the
statement that the convergence (1.4) has, in a certain very weak sense, a speed
of order |10gr|_‘S as r — 0 for some § > 0. Note, however, that this speed
does not at all mean that fB(O’r) T Az =r] = O(]logr|~?). For a precise
meaning of this speed, see Remark 6.3 below.

Now suppose for the sake of simplicity that X = P? and N € N is large
enough. We choose an algebraic curve € of degree N which looks like the
analytic curve {z = w’} near 0. We also choose an algebraic curve ® of degree
N which looks like the analytic curve {r = z — w’¥} near 0. The following
seven observations play a key role in our approach, where 0 < § < 1 1is an
exponent independent of » and N, 0 < r < rg with ro > 0 a fixed small
number.

i. Outside a small ball B(0, r¢), the analytic curve {z = w”} (and hence
the algebraic curve €) falls into a tubular neighborhood with size O (r”)
of the analytic curve {r = z — w"} (and hence the algebraic curve D),
where p is a real number depending on N with 0 < p < 1. So we may
expect

f TA[¢]=/ T A[D]+ 0(P).
X\B(0,rp) X\B(0,rp)

ii. Outside the ball B(0, »'/V|log r|*/V) and inside the small ball B(0, rp),
the analytic curve {r = 7z — wN} (and hence the algebraic curve )
behaves like the analytic curve {z = wN} (and hence the algebraic curve
¢) while intersecting the two curves with a general leaf. Indeed, when
lw| > rl/N| 10gr|3/N, we have r < |w|". So we may expect

/ T N [€]
B(0,r0)\B(O,r /N log r|3/N)

/ T A D]+ O(logr|™?).
B(0,70)\B(0,71/N|logr|3/N)
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iii. The corona A, y := B(0, rl/N| 10gr|3/N)\IB(O, rl/N| 1ogr|_3/N) is, in
some sense, small and it may be considered as negligible. So we may
expect

/ T A[€] = O((logr)™®) and / T A[D] = O(logr|™?).
Ar,N Ar,N

iv. Our next observation is the following partition of X for0 < r < 1:

X = (X\B(. r9)) | [ (B0, ro)\B(O. r'/¥|log r’N))
x ]_[A,,N ]_[IBS(O, r/Nlogr|=3M).

This allows us to decompose both integrals of (1.3) into corresponding
pieces.

Consequently, when the degree N is sufficiently high, by taking into
account the observations (i)—(ii)—(iii)—(iv), and using (1.3), we see that

/ TA[(’:]—/ T A[D] = O(logr|™?).
B(,rY/N|logr|=3/N) B(,r1/N|logr|~3/N)

v. Inside the ball B(0, r'/N|logr|~3/N), the analytic curve {z = w™} (and
hence the algebraic curve &) clusters around 0, in a certain sense, much
more often than the analytic curve {z = r} (and hence the algebraic curve
D). Indeed, we see in the equation z = w? that both z and w can tend
to 0, whereas in the equation z = r, only w could tend to 0. So we may
expect that in a certain sense,

T/\[’D]<</ T N [€].
B(,r1/N|logr|=3/N)

/JB(O,rl/N|1ogr—3/N)
This, combined with the estimate obtained just before (v), implies that
both integrals

T A[€] and / T A D]
B(O,r1/N|logr|~3/N)

j];%(o,rl/N logr|=3/N)
admit, in a certain sense, a speed of order | logr|~°.

vi. Inside the ball B(0, #'/N|logr|~3/V), the analytic curve {r = z — w
(and hence the algebraic curve ©) behaves like the analytic curve {z = r}
while intersecting the two curves with a general leaf. Indeed, when |w| <
rl/N| logr|_3/N, we have |w|V < r. So we may expect

My

@ Springer



Singular holomorphic foliations by curves 539

/ T N [D]
B(0,r1/N|logr|=3/N)

_/ T Alz=r] = O(logr|™).
B(O,r'/N\logr|*3/N)

This, together with the estimate just obtained before (vi), yields that

/ T A[z=Tr]
B(O,r!/N|logr|=3/N)

has, in a certain sense, a speed of order | log r|°.
vii. Our last observation is that one can show that there is a constant cy > 1
independent of r such that

CX,I/ T/\[z:r]ff T AN[z=r]
B(0,r1/N) B(0,r)

< CN/ T AN[z=T7].
B(0,r1/N)

This, together with the estimate just obtained before (vii), implies that

/ T N[z=r]
B(0,r)

admits, in a certain sense, a speed of order | logr|~®. Hence, we get the
convergence with speed of (1.4). This is what we are looking for.

In fact, the factor |log r|3/N appearing in the above observations comes from

the degeneration of the Poincaré metric gp relative to the ambient metric gx
(see formula (2.1)). Moreover, the larger the degree N is, the more evident the
mass-clustering phenomenon in the previous observation becomes.

Our approach underlines several tasks. On the one hand, we need to define
a geometric intersection of a harmonic current with a singular analytic curve
defined on a neighborhood of a singular point of the foliation. On the other
hand, we need to approximate some (local) analytic curves by global algebraic
ones. The assumption of projectivity of X is needed in order to ensure a good
supply of algebraic curves.

1.3 Organization of the article and acknowledgments
The article is organized as follows.

In Sect. 2 below we set up the background and prepare the auxiliary results.
Some basic facts extracted from [10-12] about the behavior of the leafwise
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Poincaré metric near the singularities are recalled here. A quick discussion
on the heat diffusions as well as the measure theory on sample-path spaces
and the holonomy cocycles will also be given in Sect. 2. On the other hand,
Sect. 3 is devoted to an analytic study on the holonomy cocycles. The proofs
of Theorem 1.1 and Corollary 1.2 (modulo the integrability condition (1.1),
i.e., Theorem 1.4) will be provided in Sect. 4.

The remainder of the article is then devoted to the proof of inequality (1.1).
This can be done in three reduction steps.

Section 5 collects several recent results about the mass-clustering of
harmonic currents and a special parametrization of leaves near hyperbolic
singularities.

The first reduction is carried out in Sect 6. Namely, the proof of the integra-
bility condition (1.1) is reduced to that of Theorem 6.2.

Section 7 lays the background for the geometric intersection of a harmonic
current with an analytic curve defined on an open subset of X. We are inspired
by Fornass—Sibony’s recent works in [14—16]. Special attention is focused on
the case where the analytic curve is defined on a neighborhood of a singular
point of the foliation. We also introduce the notion of interpretations: a way
which permits us to estimate the mass of a geometric intersection efficiently.

In Sect. 8 we introduce test curves which consist of algebraic curves and ana-
Iytic ones. The former curves are defined globally on X, whereas the latter ones
are only defined on a neighborhood of a singular point of the foliation. Next,
we state the first collection of basic estimates (see Propositions 8.3, 8.4, 8.5)
regarding the mass estimates of the geometric intersection of a harmonic cur-
rent with test curves. This allows us to reduce the proof of Theorem 6.2 to
those of Propositions 8.5 and 8.6 modulo Propositions 8.3, 8.4. This is the
second reduction.

Section 9 states the second collection of basic estimates (see Propositions 9.1
and 9.2). Next, using these estimate we establish a cohomological invariance
result (see Proposition 9.3) which permits us to prove Proposition 8.5. So
modulo Propositions 8.3, 8.4, 9.1, 9.2, the proof of Theorem 6.2 is finally
reduced to that of Proposition 8.6. This is the last reduction.

In Sect. 10 we study how the intersection points of test curves with a general
leaf near singularities distribute. This analysis will be helpful when we want to
estimate the mass of some geometric intersections in terms of interpretations.
Based on this analysis, the remaining sections are then devoted to the proof of
the above basic estimates (Propositions 8.3, 8.4, 9.1, 9.2 and 8.6).

Section 11 establishes Proposition 8.3 and the first half of Proposition 8.6.

Section 12 is devoted to the proof of Proposition 9.1.

Proposition 9.2 which consists of 3 basic estimates is proved in Sect. 13.
The proof of each estimate occupies a whole subsection.
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Finally, Sect. 14 completes the proof of the last half part of Proposition 8.6
as well as the proof of Proposition 8.4.

2 Background

Although the main theorems only deal with complex surfaces as the ambient
manifold X, we consider, in this section, the general case where dim X > 2.
Indeed, the section may serve as the background for the ongoing parts of the
article. For a recent account on the theory of foliations, the reader is invited to
consult the survey articles by Forness—Sibony [15], Ghys [18], Hurder [20]
and textbooks by Candel-Conlon, Walczak [5,6,30].

Notation. Throughout the article, we denote by ID the unit disc in C. Forr > 0
we denote by D, and rD interchangeably the disc in C with center 0 and with
radius r. We use several notions of distances:

e dist denotes the distance on X induced by the Hermitian metric gy.

e distp denotes the Poincaré metric, it will be defined in Sect. 2.1, whereas
a more elaborate variant of this distance will be considered in Sect. 3.

e distc denotes the compatible pseudo-distance, it will be defined in Sect. 10.

The current of integration on an analytic curve € is denoted by [£].

In this work the letters ¢, ¢, co, ¢, ¢ etc. denote positive constants, not nec-
essarily the same at each occurrence. The notation = and < means inequalities
up to a multiplicative constant, whereas we write &~ when both inequalities are
satisfied. Let O and o denote the usual Landau asymptotic notations.

Let log*(-) := 1 4 |log(-)| be a log-type function.

2.1 Foliations, singularities, Poincaré metric and Brody hyperbolicity

Let X be a complex manifold of dimension k. A holomorphic foliation by
curves F = (X, %) on X is the data of a foliation atlas . with charts

®,:U, - B, xT,.
Here, T, is a domain in Ck-1 B, is a domain in C, U, is a domain in X, and
®, is biholomorphic, and all the changes of coordinates @, o CIDq_l are of the
form
x=0, )= x'=0L1), Y=¥(y,1), t'=A@0).
The open set U, is called a flow box and the Riemann surface CI>;1 {t =

c} in U, with ¢ € T, is a plagque. The property of the above coordinate
changes insures that the plaques in different flow boxes are compatible in the
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542 V.-A. Nguyén

intersection of the boxes. Two plaques are adjacent if they have non-empty
intersection.

A leaf L is a minimal connected subset of X such that if L intersects a
plaque, it contains that plaque. So a leaf L is a Riemann surface immersed in
X which is a union of plaques. A leaf through a point x of this foliation is
often denoted by L. A transversal is a complex submanifold of codimension
1 in X which is transverse to the leaves of .%.

A holomorphic foliation by curves with singularities, or equivalently a sin-
gular holomorphic foliation by curves, is the data (X, %, E), where X is a
complex manifold, E a closed subset of X and (X\E, %) is a holomorphic
foliation by curves. Each point in E is said to be a singular point, and E is said
to be the set of singularities of the foliation. We always assume that X\ E = X,
see e.g. [10,14] for more details. If X is compact, then we say that the foliation
(X, Z, E) is compact.

We say that a vector field F on C* is generic linear if it can be written as

k
0
F@) =) hjzjz—
=

where A ; are non-zero complex numbers. The integral curves of F define a
foliation on C¥. The condition A j # 0implies that the foliation has an isolated
singularity at 0. Consider a holomorphic foliation by curves .# = (X, .Z, E)
with a discrete set of singularities £. We say that a singular point x € E is
linearizable if there is a (local) holomorphic coordinate system of M on an
open neighborhood U, of x on which x is identified with 0 € C and the leaves
of .% are integral curves of a generic linear vector field. Such neighborhood
U, is called a singular flow box of x. When dim X = k = 2, we say that a
linearizable singular point x € E is hyperbolic if the associated generic linear
vector field F(z) = A1z1 6371 + )»212% satisfies A1 /A2 ¢ R. This property is
independent of the choice of coordinates.

For the sake of simplicity, we adopt the following terminology throughout
the article: Unless otherwise specified, a foliation means exactly a holomorphic
foliation by curves F = (X, £, E) in a Hermitian complex manifold (X, gx)
with a (eventually empty) set E of singularities.

Let # = (X, .Z, E) be afoliation. We denote by €« the sheaf of functions
f defined and compactly supported on X\ E which are leafwise smooth and
transversally continuous, that is, for each foliation chart ®, : U, — B, x T,
9" (fod 1)

and all m,n € N, the derivatives e exist and are continuous in

(v, ).
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Singular holomorphic foliations by curves 543

Let gp be the Poincaré metric on the unit disc D, defined by

gr(¢) = idc Ande, ¢eD, wherei:=+—1.

2

(1—1¢1%)?

Aleaf L of the foliation is said to be hyperbolic if it is a hyperbolic Riemann
surface, i.e., it is uniformized by D. For a hyperbolic leaf L, let¢, : D — L,
be a universal covering map with ¢, (0) = x. Note that ¢, is unique up to a
rotation around O € ID. Then, by pushing forward the Poincaré metric gp on D
via ¢,, we obtain the so-called Poincaré metric on L, which depends only on
the leaf. The latter metric is given by a positive (1, 1)-form on L, that we also
denote by gp for the sake of simplicity. The foliation is said to be hyperbolic
if its leaves are all hyperbolic.

For simplicity we still denote by gx the Hermitian metric on leaves of the
foliation (X\E, .) induced by the ambient Hermitian metric gx. Consider
the function n : X\ E — [0, oo] defined by

n(x) :=sup{|D¢p )] : ¢ : D — L, holomorphic such that ¢ (0) = x}.

Here, for the norm of the differential D¢ we use the Poincaré metric on D and
the Hermitian metric gx on L,. We record the following relation between gx
and the Poincaré metric gp on leaves

gx = n’gp. 2.1)

Recall from a recent joint-work with Dinh and Sibony [12] the following
notion.

Definition 2.1 A foliation .# = (X, .Z, E) is said to be Brody hyperbolic if
there is a constant ¢ > 0 such that n(x) < c for all x € X\ E.

Remark 2.2 1tis clear that if the foliation is Brody hyperbolic then it is hyper-
bolic. Moreover, when X is compact, the Brody hyperbolicity is equivalent to
the non-existence of holomorphic non-constant maps C — X such that out of
E the image of C is locally contained in a leaf, see [15, Theorem 15].

The following result is due to Lins Neto and Soares [24] (we only give the
two-dimensional version although their result is also valid in P¥):

Theorem 2.3 There exists a real Zariski dense open subset S(d) of the set of
foliations with a given degree d > 1 in P? such that any F € S(d) satisfies

1. .7 has only hyperbolic singularities and no other singular points;
2. F has no invariant algebraic curve.
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On the other hand, Brunella [2] has shown that each .% € S(d) does not
admit any holomorphic non-constant map C — P? such that out of the singu-
larities of .% the image of C is locally contained in a leaf. Consequently, by
Definition 2.1 and Remark 2.2, a generic holomorphic foliation in P? with a
given degree d > 1 satisfies the hypotheses of Theorem 1.1, Corollaries 1.2
and 1.3 and Theorem 1.4.

2.2 A local model

ForU:=Dfandt > 0, let tU := (sD)¥, see Notation at the beginning of the
section for the definition of ¢ID.

First we give a description of the local model for linearizable singulari-
ties. Consider the foliation (D¥, .Z, {0}) which is the restriction to D of the
foliation associated to the vector field

¢ 9
F(2) =) hjzj—

8 .
=

with A; € C\{0}. The foliation is singular at the origin. We use here the
Euclidean metric on DF. Write Aj = s; +it; with s;,1; € R. For x =
(x1, ..., xx) € DF\{0}, define the holomorphic map v, : C — Ch\{0} by

Ve (0) = <x1em, N .,xke*kf) for ¢ eC. (2.2)

Itis easy to see that ¥, (C) is the integral curve of F which contains ¥, (0) = x.
Write £ = u +iv with u, v € R. The domain I1, := w;l(ID)k) in C is defined
by the inequalities

sju —tjv < —log|x;| for j=1,... k.

So, I, is a convex polygon which is not necessarily bounded. It contains 0
since ¥, (0) = x. The leaf of .% through x contains the Riemann surface

Ly = ¢(I,) C L. (2.3)

In particular, the leaves in a singular flow box are parametrized using holo-
morphic maps ¥, : I1, — Ly.

Now let . = (X, .Z, E) be a Brody hyperbolic foliation on a Hermitian
compact complex manifold (X, gx). Assume as usual that E is finite and all
points of E are linearizable. Let dist be the distance on X induced by the
ambient metric gx. We only consider flow boxes which are biholomorphic to
D%, A regular flow box is a flow boxes outside the singularities. Singular flow
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boxes are identified to their models (ID)" , %, {0}) as described above. For each
singular point x € E, we fix a singular flow box U, such that 2U, N2U, = &
if x,x’ € E with x # x". We also cover X\ Uycg U, by a finite number of
regular flow boxes (U,) ,cp which are fine enough. In particular, each U,, is
contained in a larger regular flow box 2U, with 2U, N E = @. Thus we obtain
a finite cover % of X consisting of regular flow boxes U, and singular ones
(Uyx)xek- In this section we suppose that the ambient metric gx coincides with
the standard Euclidean metric on each singular flow box 2U, ~ 2D¥, x € E.
For x = (x1,...,x;) € CK, let ||x| be the standard Euclidean norm of x.
Recall that log* () := 1 + | log(-)|.

We record here the following crucial result which gives a precise estimate
on the function 7 introduced in (2.1).

Lemma 2.4 We keep the above hypotheses and notation. Then there exists a
constant ¢ > 1 with the following properties.

l.n<conX,n=> ¢~V outside the singular flow boxes Uer%Ux and
cslog*s < n(x) <c-slog*s

for x € X\E and s := dist(x, E).
2. For every x in a singular box which is identified with DX, for every ¢ €
H)ﬁ

iy id¢ Ad¢ . id¢ Adc
(log* (Y2 (£)))? (log* (Y (£)))*

Proof Part 1 has been proved in [12, Proposition 3.3].
To prove Part 2, write y = v, (¢) for ¢ € I1,, and observe that

< Wigp)() <c

min{|A1], ..o, Pl} - Iyl < W@ < max{Adl, .o, Pl) - Il

On the other hand, recall from (2.1) that

i39y1I> = n*(Mer (),

Moreover, we know from Part 1 that n(y) =~ |y| log*|y|. Pulling back
both members of the last equality by ¥, and using the previous estimates
for || (¢)| and for n(y), we obtain the desired estimate for (¥¥gp)(¢). O

2.3 Heat diffusions and harmonic currents versus harmonic measures

Let .# = (X, .Z, E) be a hyperbolic foliation. The leafwise Poincaré metric
gp induces the corresponding Laplacian A on leaves such that

@ Springer



546 V.-A. Nguyén

iddu = Au-gp, on X\E forallu € €. (2.4)

A positive finite Borel measure p on X is said to be harmonic if

/ Audp =0
X
for all functions u € €.
For every point x € X\ E, consider the heat equation on Ly

op(x,y,1)

5 = Ayp(x,y, 1), tli_r)rg)p(x, y,1) =38x(y), y€Ly teRy.

Here 6, denotes the Dirac mass at x, A, denotes the Laplacian A with respect
to the variable y, and the limit is taken in the sense of distribution, that is,

lim fL px,y, ) f(ygp(y) = f(x)

t—0+

for every smooth function f compactly supported in L.

The smallest positive solution of the above equation, denoted by p(x, y, 1),
is called the heat kernel. Such a solution exists because (Ly, gp) is complete
and of bounded geometry (see, for example, [6,7]). The heat kernel gives rise
to a one parameter family {D; : t > 0} of diffusion operators defined on
bounded Borel measurable functions on M\ E:

Dy f(x) :=fL px,y, ) f(megp(y), xe€X\E. (2.5)

We record here the semi-group property of this family: Do = id and D;4 =
D; o Ds fort,s > 0.

Let CK; denote the space of forms £ of bidegree (1, 1) defined on leaves of
the foliations such that /2 is compactly supported on X \ E and that / is leafwise
smooth and transversally continuous. A form & € ‘5} is said to be positive
if its restriction to every plaque is a positive (1, 1)-form in the usual sense of
Lelong.

Definition 2.5 A harmonic current T on the foliation .# (or equivalently,
directed by ) is a linear continuous form on ‘5} which verifies 397 = 0 in
the weak sense (namely T(39 f) = 0forall f € %), and which is positive
(namely, T (h) > O for all positive forms & € ‘5})

Suppose now that E is a finite set. Then the existence of nonzero harmonic
currents has been established by Berndtsson—Sibony in [1, Theorem 1.4], and
Fornass—Sibony in [15, Corollary 3]. The extension of T by zero through E,
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still denoted by 7, is a positive d9-closed current on X. The total mass of the
positive measure 7' A gx is always finite.
We have the following decomposition (see [10, Proposition 2.3]).

Proposition 2.6 Let 7 = (X, .2, E) be a hyperbolic foliation with lineariz-
able singularities E. Let T be a harmonic current on X. Let U >~ B x T be a
flow box which is relatively compact in X\ E. Then, there is a positive Radon
measure v on'T and for v-almost every o € T there is a positive harmonic func-
tion hy on B such that if K is compact in B, the integral fT lhall L1 (k)dv(e)

is finite and
10 = [ ([ hexoa)ave
T B

for every form x € CK;\ compactly supported in U.

A subset M C X\E is said to be leafwise saturated if x € M implies the
whole leaf L, is contained in M. A positive finite measure x on the o-algebra
of Borel sets in X is said to be ergodic if for every leafwise saturated Borel
measurable set M C X, w(M) is equal to either u(X) or 0. A harmonic
current 7" is said to be extremal if it is an extremal point in the convex cone
of all harmonic currents, i.e., if there are harmonic currents 77, T, such that
T = #, then 71 and 75 are colinear.

Theorem 2.7 Let F = (X, ., E) be a hyperbolic foliation with linearizable
singularities E.

1. The relation u = T A gp is a one-to-one correspondence between the
convex cone of harmonic currents T and the convex cone of harmonic
measures [L.

2. If T is extremal, then @ = T A gp is ergodic.

3. Each harmonic measure | is D;-invariant, i.e,

/thd/L:/ fdu,  feL'X. ).
X X

Proof We start with Part 1. First observe that, for each harmonic current 7', the
positive measure u := T A gp is finite by [10, Proposition 4.2]. Moreover, it
is easy to see that u is harmonic. Consequently, the map 7 +— T A gp is one-
to-one. Therefore, to complete Part 1 it suffices to show that each harmonic
measure © may be written as u = T A gp for some harmonic current 7. To
do this we proceed as in the proof of [10, Proposition 5.1].

To prove Part 2, suppose in order to get a contradiction that u is not ergodic.
So there is a leafwise saturated Borel set A C X\ E such that 0 < u(A) < 1.

@ Springer



548 V.-A. Nguyén

Let 1 == 2u|a and pp := 2pulx\a. So u = ‘“;"“2, and p1, po are not co-

linear. Using the local description of 7" on each flow box (see [10, Proposition
2.3]), we can show that both p| and uy are harmonic measures. By Part 1,
let T1, T> be harmonic currents such that u; := 71 A gp and u2 := T A gp.
This, combined with u = %, implies that 7 = @ and Ty, T, are not
co-linear. This contradicts the extremality of 7.

Part 3 follows from [10, Theorem 6.4] applied to the positive (1, 1) form

B:=zgr. O

2.4 Measure theory on sample-path spaces

In this subsection we follow the expositions given in Sections 2.2, 2.4 and 2.5
in [25] (see also [6]). The o -algebra generated by a family .7 of subsets of 2
is, by definition, the smallest o -algebra containing ..

Let # = (X, .Z, E) be a hyperbolic foliation endowed with the leafwise
Poincaré metric gp. Let Q := Q(.%) be the space consisting of all continuous
paths w : [0,00) — X with image fully contained in a single leaf. This
space is called the sample-path space associated to .% . Observe that 2 can be
thought of as the set of all possible paths that a Brownian particle, located at
w(0) at time ¢ = 0, might follow as time progresses. For each x € X\ E, let
Q, = Q, (%) be the space of all continuous leafwise paths starting at x in
X\ E, that is,

Qri={we: w0) =x}. (2.6)

Garnett developed in [17] a theory of leafwise Brownian motion in this context
by constructing a o -algebra (2, 2¢) together with a family of Wiener measures
(see also [4,6]). Now recall briefly her construction. A cylinder set (in 2) is a
set of the form

C=C{ti,Bi}:1<i<m)={weQ: w(l)eBb;, 1<i<m},

where m is a positive integer and the B; are Borel subsets of X\ E, and 0 <
) < th < --- < ty is a set of increasing times. In other words, C consists
of all paths w € 2 which can be found within B; at time ¢;. For each point
x € X\E, let

Wo(C) = (Dry (s Dyt (X8, XBys Diytys (K8,) D) (), 2.7)

where C := C({;, B;} : 1 <i < m)asabove, yp, is the characteristic function
of B; and D is the diffusion operator given by (2.5). Let o = o (F) be the
o-algebra generated by all cylinder sets. It can be proved that Wy extends to
a probability measure on (2, ).
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In the recent work [25] we introduce another o-algebra 2/ on 2, which
is bigger than &7 In fact, &/ takes into account the holonomy phenomenon,
whereas o/ does not so. Here is our construction in the present context. The
covering foliation F = (X .Z) of a singular foliation .% is, in some sense,
its universal cover. We give here its construction. For every leaf L of .# and
every point x € L, let my(L, x) denotes the first fundamental group of all
continuous closed paths y : [0, 1] — L based at x, i.e. y(0) = y(1) = x.
Let [y] € m1(L, x) be the class of a closed path y based at x. Then the pair
x, [yD rgpresents a point of X. Thus the set of points X of . is well-defined.
The leaf L passing through a given point (x, [y]) € X, is by definition, the
set

L:={(,[8D): y €Ly, [8]€m(L,y)},

which is the universal cover of L. We put the following topological structure
on X by describing a basis of open sets. Such a basis consists of all sets
A (U, a), U being an open subset of X\E and @ : U x [0, 1] — X being a
continuous function such that o, := «(x, -) is a closed path in L, based at x
for each x € U, and

N (U, a) :={(x,[ay]): x e U}.

The projection 7 : X > X\E is defined by 7 (x, [y]) := x. Itis clear that &
is locally homeomorphic and is a leafwise map. By pulling-back the foliation
atlas & of F# as well as the Poincaré metric gp via 7, we obtain a natural
foliation atlas . for the hyperbolic foliation . endowed with the leafwise
metric 7 &p Denote by < the sample-path space €2 (J) associated with the
foliation ..

Letx € X\E and x an arbitrary pointin 77 “lw) c X. Similarly as in (2.6),
let 25 i = Q;(7) be the space of all paths in Q starting at x. Every pathw € Q,
lifts uniquely to a path @ € Q; in the sense that 7 o @ = w. In what follows
this bijective lifting is denoted by n;l Q2 —> Q7. Somo (n;l(a))) = w,
w € Q.

Definition 2.8 Let &/ = /(%) be the o-algebra generated by all sets of
following family

{n 0A: cylinder set A in S~2} ,

where 7 0 A:= {71 0®: & € A).

Observe that &/ C </ and that the equality holds if every leaf of the foliation
is homeomorphic to the disc ID. Now we construct a family {Wy}iem\ g of
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probability Wiener measures on (2, 7). Let x € X\ E and C an element of
o/ . Then we define the so-called Wiener measure W, by the following formula

W, (C) = Wi (' 0), (2.8)
where X is an arbitrary point in 7 ~!(x), and
n;IC = {n{la): welCnN Qx},

and W5 is the probability measure on (?2, o (ﬁ )) which was defined by (2.7).
Given a positive finite Borel measure p on X\ E, consider the measure ;1 on
(2, &) defined by

i(A) :=/ (/ dWx) du(x), Aed. (2.9)
X weEAN,

The measure & is called the Wiener measure with initial distribution (1. Here
are its important properties.

Proposition 2.9 We keep the above hypotheses and notation.

i. The value of W, (C) defined in (2.8) is independent of the choice of X.
Moreover, W, is a probability measure on (2, o).
ii. @t given in (2.9) is a positive finite measure on (2, <7) and () =

W(X\E).
iii. If w is harmonic, then i is time-invariant, that is,

f Flon(@)dii(w) = / F)dii(w).
Q Q

forallt € RY and F € LY(Q, 1), where the shift-transformation o; -
Q — Qs defined by

o (w)(s) ;= w(s +1), weQ, seRT. (2.10)
Proof Assertion (i) has been proved in [25, Theorem 2.15]. Assertion (ii) has
been established in [25, Theorem 2.16].

By Part 3 of Theorem 2.7, p is D;-invariant for all € R*. Consequently,
applying [25, Theorem 2.20] to w yields that i is time-invariant. O

2.5 Holonomy cocycles

Now we define the holonomy cocycle of a hyperbolic foliation . =
(X, %, E) on a Hermitian complex surface X. For each point x € X\E,
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let T, (X) (resp. Tx(Ly) C Ty(X)) be the tangent space of X (resp. L) at
x. For every transversal S at a point x (that is, x € §), let 7Ty (S) denote the
tangent space of S at x.

Now fix a point x € X\E and a path v € Q, and a time t € R™, and
let y := w(z). Fix a transversal S, at x (resp. Sy at y) such that the complex
line T (Sy) is the orthogonal complement of the complex line 7y (Ly) in the
Hermitian space (7x(X), g(x)) (resp. Ty(Sy) is the orthogonal complement
of Ty(Ly) in (T, (X), g(y))). Let hol,, ; be the holonomy map along the path
l[o,7] from an open neighborhood of x in S, onto an open neighborhood of
y in Sy. The derivative Dhol,,; : T.(Sy) — T)(S,) induces the so-called
holonomy cocycle H : 2 x Rt — R™T given by

H(w, 1) := || Dholy ; (x)].

The last map depends only on the path w|o (], in fact, it depends only on the
homotopy class of this path. In particular, it is independent of the choice of
transversals Sy and §,. We see easily that

H(w,t) = lim dist(hol, ,(z), y)/dist(z, x).

z—x, €S8

On the other hand, we note the following additive property which is an imme-
diate consequence of the definition of H(w, t) (see also [25, Proposition 3.3]):

log [H(w, t + )|l = log [|H(w, )l|+log | H(or (@), 5)|l, 1,5 € R, w € Q,
(2.11)
where oy : 2 — € is the shift-transformation given by (2.10).

3 Holonomy cocycle versus Poincaré metric

In this section let .# = (X, .Z, E) be a holomorphic Brody hyperbolic folia-
tion with linearizable singularities £ in a Hermitian compact complex surface
X. Let H be the holonomy cocycle of the foliation. In order to study the behav-
ior of H near a (hyperbolic) singular point, we use the local model (D?, .Z, {0})
introduced in Sect. 2.2. This is the restriction to ID? of the foliation associated
with the vector field

a a
F(z,w) = Z8_ + kwa— with some complex number A # 0.
Z w

Since the main results of the article do not depend on the choice of a Hermitian
metric on X, we can fix a metric which is equal to the Euclidean one in each
singular flow box. This will simplify our presentation.
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For x = (z, w) € D?\{0}, the holomorphic map v, : [T, — D?\{0} given
by (2.2) may be rewritten as

Ve (Z) = (zef, weM> for ¢ e I, 3.1)

Proposition 3.1 Let D? be endowed with the Euclidean metric. For each x =
(z,w) € D2 and ¢ € Ty, consider a path w € Q (if it exists) such that

w(t) = Y (t) = (Zea, we)‘a) c D?

forallt € [0, 1] (see (3.1) above). Then

ViIzI* + hw?

H(w, 1) = |ef][e*] :
VIzet > + [awel 2

Proof Let y := w(l) = (ze®, we“)._Since the vector (z, Aw) is tangent to
the leaf L, at x, the vector N, := (—Aw, z) is normal to L, at x, and hence,
the complex normal line Sy to L, at x is the set

{(x+s5-Ny: seCl={(z—rws,w+7s): s € C.

Similarly, let Ny := (—)_\u?eu, ze%) be the vector normal to Ly aty, and let
Sy :={y+s-Ny,: s € C} be the complex normal line to Ly at y. Since
Ny (resp. Ny) may be regarded, in a sufficiently small open neighborhood
of x (resp. y), as a transversal, we can describe the holonomy map hol,, ;
using them. Indeed, for each s € C with |s| small enough, we want to find
& € C close to ¢ such that ((z —aws)és, (w+ z's)e*‘f) belongs to Sy. This is
equivalent to the fact that the following two vectors

Vs = ((Z — )_»u'Js)eS —zeb, (w+ 25)8Aé - weks“) and Ny
are colinear. Write £ = ¢ + as + 0(s?). So ¢ = ¢4(1 + as + O(s?)) and

e’ = e (1 4 ras + O(s?)). In order to determine a, we insert the last two
identities into the expression of Vi and get that

Ve=s- ((za — aw)et, (Z + axw)e“) + 0(s?). (3.2)

So the above colinearity condition reduces to the colinearity of the following
two vectors

((za —aw)et, (Z + a)»w)e)‘{) and (—)_ubej‘g, z_e‘:).
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Solving this equation yields that

Azw(lef]> — 1e¥]%)
a = .
22812 + [A 12 |w]?[e* |2

Recall that 7' (S,) = S, is orthogonal to Ty (L) atx = @ (0) and Ty (S) = S,
is orthogonal to 7, (Ly) at y = w(1). Moreover, x +s - Ny and y + V; are on
the same leaf for all s € C with |s| small enough. Consequently, a geometric
argument shows that

H ((za — Ryl G+ aAw)eM) H
|(—rw, 2)||

’

Hw, 1) = lim | Vs|[/lls - Nsll =

where the last equality holds by (3.2). Inserting the above value of a into the
last expression, a straightforward calculation gives the desired result. O

Now we define a new variant of Poincaré “distance” distp which takes
into account the holonomy phenomenon. Let w € Q and 0 < ¢t < 5. Put
x:=w()andy := w(s). Let ¢, : D — L, be auniversal covering map with
¢ (0) = x. The path [0, s — t] > r > w(t +r) is lifted by ¢, to a continuous
path 8 : [0,s —t] — DD such that 8(0) = 0. Let 7 := (s —t) € D. So
¢ (t) = w(s) = y. Now we are in the position to define the new Poincaré
function

. . 1+ 7]
distp(w : t,s) :=distp(0, T) =10g(1 — |t|> , (3.3)
where on the right hand side distp is the usual Poincaré distance on D. Note
that distp (w : ¢, s) is independent of the choice of ¢,. Moreover, it is uniquely
determined by x = w(t), y = w(s) and the homotopy class (two end-points
being fixed) of the path [0,s — 7] > r — w(t + r). There is exactly one
homotopy class for which distp (- : ¢, s) coincides with distp (x, y).
The following lemma shows us how deep a leaf can go into a singular flow
box before the hyperbolic time R.

Lemma 3.2 There is a constant ¢ > 0 with the following property. Let w € 2
be such that [0, 1] C (1/ 2D)? and that [0, 1] is ( locally) geodesic with
respect to the leafwise Poincaré metric gp. Write (z, w) := x = w(0) and
R = distp(w : 0, 1). Then there exists { € Il (see (3.1) above) such that
w(l) = (zef, wert) and that

2] < e“Rllog ||x]].
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Proof First we show that there is » > 0 such that if R = distp(w : 0,1) <r
then there exists ¢ € I1, such that w(1) = (ze®, we?) and that

< — 34
|{| = 2|k| ( )

Indeed, let w € 2 be a path such that

e [0, 1] is locally geodesic;
e forallf € [0, 1], w(t) := (zefD, wer¥ W) e (1/2D)?;

e £(0)=0and |¢(t)| < % forall t € [0, 1]and [2(1)] = “Oﬂf”l-

We only need to show that R = distp(w : 0,1) < r for some r > 0
independent of w. Indeed, it follows from the second and third e above that
|log |l (@®)]l| =~ |log||x]||| for t € [0, 1]. Therefore, by integrating along the
path [0, 1] > t +— ¢(¢) and using the first e above, and applying Part 2 of
Lemma 2.4, we get that

1
| Var = /0 W (JE))

[log [[x|]
> " og x| tds = 2L
> 1 og ||x s =— =Ir,
A g 2

distp(w : 0, 1) =f

where c¢; > 0 is a constant. This proves (3.4).

Next, we prove the lemma for a general R > 0. Suppose without loss of
generality that r = 1. Let 0 = 7y < --- < t, = 1 be a subdivision of [0, 1]
such that distp(w : tj,tj41) < 1 foreach O < j < n — 1 and that n is as
smallest as possible. So 7 is the smallestinteger > R.Letx; := w(t;).Soxg =
w(0) = x = (z, w). Applying (3.4) repeatedly, we obtain, foreach0 < j < n,
¢j € Cand x; = (zj, wj) € (1/2D)? such that x; 41 = (z;€%, w;e*%) for
0 < j <nandthat [¢;| < caflog|lx;ll|. So |log lx; 41| < e3]log |lx;]] for
some constant c3 > 1 which depends only on ¢> and A. Thus,

|log |lx;lI| < cfllog [lx][| and [¢;| < cacd|log [lx]]I.

Writing w (1) = x,, = (z0€%, woe’) = (zet, werd) with¢ == ¢1+- -+ &1
and using the last estimate, the desired conclusion of the lemma follows. O

The following result gives an estimate on the expansion rate of H(w, -) in
terms of the Poincaré function distp (w : -, -) and the distance dist(w(0), E).

Proposition 3.3 There is a constant ¢ > 0 such that

| log [H(w, O)]|| < ¢log* dist((0), E) - exp (cdistp(w .0, t)), weQ, t e R
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Proof We may suppose without loss of generality thatr = 1. Let w € 2, and
put x := w(0) and y := w(1). Since H(w, 1) depends only on the homotopy
class of the path w|(o,17, we may assume without loss of generality that the
segment w[0, 1] is (locally) geodesic with respect to the Poincaré metric on
L. Let % be the finite cover of M by regular and singular flow boxes given
in Sect. 2.2. We consider three steps.
Step 1: If there is a singular flow box U which contains the whole segment
w ([0, 1]), then the proposition is true for c = c1, where ¢ > 0 is a constant
large enough.

Write x = (z, w) and y := w(1). Let R := distp(w : 0, 1). By Lemma 3.2,
we may write y = (ze¢, we’?) for some ¢ € C such that

7] < ek,

Inserting this into the expression for the holonomy map given in Proposi-
tion 3.1, a straightforward computation shows that

| log [ H(w, DII| < c3/log [lx[[|e=R

for a constant c3 > 0 independent of w. Choosing c; > c3 large enough, Step
1 follows from the last estimate.

Step 2: If the whole segment w ([0, 1]) is contained in a single regular flow box
Ue %, then | log | H(w, 1)||‘ < c4, where c4 > 0 is a constant independent
of w. In particular, the proposition is true in this case for c = c1, wherecy > 0
is a constant large enough.

Observe that the geodesic segment w[0, 1] is contained in the unique plaque
of U which passes through x. This, combined with the description of the
holonomy map on U, implies that |H(w, 1)|| < e“ for a constant ¢4 > 0
independent of w. Hence, | log || H(w, 1)||’ < c4. Therefore, choosing ¢1 > ¢4
large enough, we have that

ctlog* dist(@(0), E) > ¢4 > |log [H(w, D]|.

This proves the proposition in Step 2.
Step 3: Proof of the proposition in the general case.

Consider the family of all finite subdivisions of [0, 1] into intervals [7; 1, #;]
with 1 < j < n suchthat 7o = 0, 7, = 1 and that each segment w([#;_1, #;])
is contained in a single (regular or singular) flow box U; for each j. Fix a
member of this family such that the number # is smallest possible. We may
assume without loss of generality that n > 1 since the case n = 1 follows
either from Step 1 (if U; is singular) or from Step 2 (if U; is regular). The
minimality of n implies that all w(¢1), ... (#,—1) belong to the union of all
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regular flow boxes of %/ . Therefore, there is a constant r9 > 0 independent of
w such that

diStp(lej,tj+1)Zr0, I1<j<n-—1.

Thus
n<1+4ry distp(w:0,1). (3.5)

Moreover, there is a constant c5 > 1 independent of @ such that
1 <log*dist(w(t)), E) < cs, I1<j<n-1

Using this and applying Step 1 to each singular box in the family (U j);f: | and
applying Step 2 to each regular flow box in the above family, we obtain that

|log [H(w, 1| < 1 log* dist(w(1o), E) - exp (mdistp(w i 1o, t1)),
|log [H(os,_, (@), 1j —1j—1)| < cicsexp (CldiStP(w Dt tj)), 2<j=n.
Summing up the above estimates, we get that

n

> [log 1M oy, (@), tj — ;D]

j=1

< ¢ log* dist(w (10), E) - exp (cldistp(a)  to, zl))

n
+ ZC16‘5 exp (cldistp(a) St tj)).
j=2

On the other hand, we infer from (2.11) that

[log [H(@. DI = | log IH(or,_, (@). 1; — 1;-DI|.
Jj=1

This, coupled with the previous estimate, gives that
| log [ H(w. D] < ¢1 log* dist(w (10). E) - exp (codistp(a) - to, zl))

n
+ Y cresexp (endistp (@ 1j1,1)). (3.6)
=2
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Since log* dist(x, E) > 1 for all x € M\ E, the right hand side of the last line
is dominated by a constant times log* dist(w (fp), E) times

n
Zexp <c1distp(a) Dt tj)> <n-exp (cldistp(a) : 0, 1)),
j=1

where the last inequality holds because of the identity

n
distp(w: 0, 1) = Y _distp(w: tj_1,1)).
j=1

Inserting (3.5) into the right hand side of the last inequality and choos-
ing ¢ > ¢ large enough, we find that its left hand side is bounded by

¢ exp (c distp (e : 0, 1)). So the right hand side of (3.6) is also bounded by

a constant times log* dist(w (tp), E) - exp (c distp(w : 0, 1)), and the proof is
thereby completed. O

4 Proof of the main results modulo the integrability condition

This section is devoted to the proofs of Theorem 1.1 and Corollary 1.2 mod-
ulo the integrability condition (1.1), i.e., modulo Theorem 1.4. We need the
following result.

Lemma 4.1 There is a constant ¢ > 1 such that for all x € M\E and all
s>1,

Wylwe Q: sup distp(w:0,1) >s5¢ < ce=< 5
tel0,1]

Proof Let ¢ : D — L, be a universal covering map with ¢, (0) = x. We
have to show that

Wo {a) e QM) : sup distp(@(0), w(t)) > s} <ce=<'S?
te[0,1]

where Wy is the Wiener measure at O of the unit disc D endowed with the
Poincaré metric g p, and distp (-, -) is the Poincaré distance. Since the Poincaré
metric is complete and of bounded geometry, the last estimate holds by com-
bining [4, Lemma 8.16 and Corollary 8.8]. O
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Now we arrive at the
End of the proof of Theorem 1.1 modulo the integrability condition (1.1).
By Proposition 3.3, we get a constant ¢; > 0 such that

S (o) = c19(w),

where the function G : @ — R™ is given by

G(w) :=log* dist(w(0), E) - exp (q - sup distp(w : 0, t)), w € Q.
ref0,1]

Consequently, we only need to show that G is ji-integrable.
To do this we write using formula (2.9)

/g(a))dﬁ(a))=/ log* dist(x, E)
Q X

(f exp (c]. sup distp(w : 0, 1)>dWx(a))>d,u(x). @.1)
Qe te[0,1]

Next, we will show that the inner integral is uniformly bounded by a constant
¢ > 0 independent of x, that is,

/ exp <c1 - sup distp(w : 0, 1)>dWx(a)) < 0. 4.2)
Q, 1ef0,1]

To this end we focus on a single leaf L of .% passing through a given point
x € X\E. Observe that

/ exp <c1- sup distp (@ : 0, 1))dWx(a))
Qe te[0,1]

o
=f Wy iw e Q4 1 exp <c1 - sup distp(w : 0, 1)) > s ¢ds.
0 te[0,1]

The integrand on the right-hand side is equal to

Wiiwe Qy: sup distp(w:0,1) > logs/ci¢.
tel0,1]

For 0 < s < ¢, this quantity is clearly < 1 since W, is a probability
measure by Proposition 2.9 (i). For s > ¢¢!, this quantity is dominated, thanks
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to Lemma 4.1, by c3 exp ( —

log s

2 .
o ) ) for some constant ¢3 > 0. Since

feof,) exp < - 03_1 (kz,%s)2 ds < 00, we have established (4.2).

We infer from (4.1) and (4.2) that

/ G(w)dp(w) < 02/ log* dist(x, E)du(x).
Q X

By assumption (1.1), the integral on the right hand is is finite. Hence, the proof
of the theorem is complete. O

End of the proof of Corollary 1.2 modulo the integrability condition (1.1).
Using Theorem 1.1, we may apply [25, Theorem 3.7] to the holonomy cocycle
‘H of rank 1. Consequently, we obtain a unique Lyapunov exponent function
MT) : X — R which is measurable and leafwise constant and which, for
u-almost every x € X, satisfies

1
Jim ~log [H(w. D]l = A(T)(x)

for W, -almost every path w € €2, . Since u is ergodic and the function A(7T') is
leafwise constant and measurable, it follows that for all a, b € R witha < b,
the p-measure of the leafwise saturated set {x € X : a < AM(T)(x) < b} is
either 0 or ;(X). Consequently, A(T") is constant p-almost everywhere. The
proof is thereby completed. O

5 Harmonic currents on the local model

We collect in this section several known results about the mass-clustering
of harmonic measures near hyperbolic singularities. More concretely, we first
recall a special parametrization of leaves which is due to Fornass—Sibony [16].
Next, using this parametrization, we state a mass-clustering result of harmonic
measures near hyperbolic singularities which is also due to Forness—Sibony
[16]. Finally, we recall our recent estimate about the behaviour of some integral
operators of “Poisson kernel” type near hyperbolic singularities. These results
will thoroughly be used in the subsequent sections when we prove the basic
estimates stated in Sect. 6.

Following [16, Section 2], consider the foliation associated to the vector
field F(z, w) = z% +kw% with some complex number A = a +ib, b # 0.
Note that if we flip z and w, we replace A by 1/ = A/|A]?> = a/(a> +
b*) —ib/(a® + b*). Therefore, we may assume without loss of generality that
b > 0. We now describe the portion of a general leaf inside D?. There are
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two separatrices, (w = 0), (z = 0). Other than that the Riemann surface fa
defined in (2.3) can be reparametrized by

(2, W) = Yo (0), 7 = CHIZID/D) 1yt iy 4y = et (&t Uloglal)/b),
(5.1)
The reader is invited to compare this special parametrization with the ones
given in (2.3) and (3.1). Consider the new variable

t:=bu + av. 5.2)

So we have
|Z| — e—v’ |w| — e—bu—av —e ! (5.3)

Observe that as we follow z once counterclockwise around the origin, u
increases by 27, so the absolute value of |w| decreases by the multiplicative
factor of e ~27?, Hence, we cover all leaves when « ranges over T, where

T:={aeC: e 2™ <|a| <1} (5.4)

We notice that with the above parametrization, the intersection with the unit
bidisc D? of the leaf is given by the domain {(u, v) € R2: v>0,u >
—av/b}. The main point of this special parametrization is that the above
domain is independent of «. In the (u, v)-plane this domain corresponds to
a sector Sy with corner at 0 and given by 0 < 8 < arctan(—b/a) where the
arctan is chosen to have values in (0, ), that is,

Sy = {‘L’ =ré?eC:r>0and0 <6 < arctan(—b/a)} . (5.5)
Lety := m.Then the map
o:t=utive>t  =@w+iv)f =U+iV (5.6)

maps this sector to the upper half plane with coordinates (U, V). The fact that
y > 1 will be crucial, this is where the hyperbolicity of singularities is used.

The local leaf clusters on both separatrices. To investigate the clustering
on the z-axis, we use a transversal T,, := {(z0, w) : e 2mh < w| < 1}
for some zg with |zg|] = 1. We can normalize so that h,(zg, w) = 1 for
(z0, w) € Ty,. Solving the equation (29, w) = V¥ (L0) = Yo (1o + ivy) with
unknown variables (u, v, o) yields the unique solution ug = b 'n|w],
vo = 0 and o = w. Consequently, by identifying o« € T with (z9, o) € T,
we may identify T with T, and hence T can be regarded as a transversal. We
call T the distinguished transversal. Let T be a harmonic current of mass 1
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directed by .%. Let U be a flow box which admits T, as a transversal. Then
by Proposition 2.6, we can write in U

T = /ha[Va]dv(oe), (5.7)

where, for each « € T, h, denotes the harmonic function associated to the
current 7 on the plaque V,, which is contained in the leaf L,. We still denote
by h, its harmonic continuation along L, . Define

ha(2) = hq (ei(§+(10g le/b) aeik(H(lOglal)/b)) on S.
Consider the harmonic function
Hy :=hyqo¢~! defined on the upper half plane {U +iV : V > 0}.

The following mass-clustering estimate of Fornaess—Sibony [16] is needed.

Lemma 5.1 1. The harmonic function Hy is the Poisson integral of its
boundary values. So in the upper half plane {U +iV : V > 0},

o0

- 1 -
Hy(U +1iV) = ;/ Hy (y)

S S—
Vid(y-—up®

for v-almost every a. Moreover,

/ / Ha()(1 + [y)"7 ' dydv(a) < oo.
aeT J—oo

2. If, moreover, T gives no mass to every invariant analytic curve, then v is
diffuse, that is, v(a) = O for every «.

Proof The first part is proved in [16, Proposition 1].

When % has no invariant analytic curve, the second part is proved in [16,
Corollary 2]. But that proof still works in the more general context of Part 2
making the obviously necessary changes. |

6 Proof of the integrability condition: First reduction

In this section we reduce Theorem 1.4 to Theorem 6.2. Let # = (X, %4, E)
be a holomorphic hyperbolic foliation with hyperbolic singularities E in a
compact complex projective surface X such that the foliation is Brody hyper-
bolic. Let T be a harmonic current tangent to .%. Fix xo € E. Since xg is
a hyperbolic singular point, there is a holomorphic coordinate system (z, w)
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near xg in which x is identified with 0 and the foliation .% is associated with
the vector field F(z, w) = z% + Aw% on D? with some complex number
A=a+ib, b > 0. So two analytic curves {z = 0} and {w = 0} describe two
separatrices of .% at xo = 0. Let T be the distinguished transversal defined in
(5.4). Consider the function G : E x (0, 1) — R™ given by

/ T A i3Iy 6.1)
B(x,r)

where B(x, r) is the ball of center x and radius r in X. By Skoda [28], G (x, r)
is increasing in r and lim,_,¢ G(x, r) is equal to the Lelong number of T at
x. By our recent work [27], this number is 0, that is,

lim G(x,r) = 0. 6.2)
r—0

When x = xg, we write G (r) instead of G (xg, r). Using the above map W, we
are reduced to the local model considered in the previous section. For every
s > 0, consider the function Ky : R — R™ given by

si=v, ifs > (14 [yD7;

6.3
L+ yDY7=1 ifs < (1 + |yDY7. (©3)

Ks(y) = [
The following result gives a precise estimate of G(r) in terms of the function
K.

Lemma 6.1 There is a constant ¢ > 0 such that for every 0 < r < 1, we
have

60 < [ ([ Kowe ) Autdy)dv(@) = G,

—00

Proof 1t follows from combining [27, Proposition 3.5] and [27, Lemma 3.2].
O

We are in the position to state the main estimate of this article.

Theorem 6.2 There are constants co, k > 1 such that for every x € E and
0<r<1/2,

G(x,r) < co|log(—logr)||logr| ™!

+c°/ ( f K 10gr () Ha(3)dy ) dv(@).
ael (A+]yDVr <=« logr

The proof of Theorem 6.2 will be given at the end of Sect. 8.

@ Springer



Singular holomorphic foliations by curves 563

Remark 6.3 Using Proposition 8.3 below (for § = 1), Theorem 6.2 is equiva-
lent to the assertion that

/ T Alz = r] < col log(— log r)||logr| ™!
B(,r)

+CO/ (/ K—logr()’)l:la(y)dy)dv(a),
a€T NJA+yDY <~k logr

This is the precise meaning of the speed that we mention in Sect. 1.2 (see
the discussion following (1.4)). The integral on the right hand side of the last
line decays, in some sense, very quickly as r — 0. Indeed, it is, up to a
multiplicative constant, equal to

/ (f <—logr>1—yﬁa<y>dy)dv(oe).
aeT \J(1+|yDV/7<—klogr

Rewrite the last line as follows:

! =17y )
/ (/ U2y |y|)”y—‘Ha(y)dy) dv(@).
aeT \JA+|yD/r <—«logr (—logr)r—

A+lyp'=!7r
> (—logr)r—1
and the dominated convergence that the last integral tends to 0 as r — 0 (see

[27] for details).

Since forevery y € R — Qasr — 0, it follows from Lemma 5.1

Taking for granted this result, we arrive at the

End of the proof of Theorem 1.4. Fix a point x9p € E and a holomorphic
coordinate system x = (g, w) as at the beginning of this section. So xg is
identified with 0 € D?. Since the two Hermitian metrics gx and i 39| x||* are
equivalent on D?, that is, gx ~ i99]x||%, we may regard i99]x||* as gx-
Moreover, in the remainder of the proof, we will write B, (resp. G(r)) instead
of B(xg, r) (resp. G(xg, r)) for 0 < r < 1. Next, recall from (2.1) that

i00]1x)*> = n*(x)gp(x),

where we know from Part 1 of Lemma 2.4 that n(x) &~ ||x| log||x|| for 0 <
lx]| < 1/2. Therefore, we infer that

T ANidd|x]|?
M= T Ngp R

N —— By /2.
I1x[12(log [|x])2 /
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Moreover, we infer from (6.1) that for every smooth function 4 : [0, 1] — R,

/ T Aidd|x|? _/1/2 d(r*G(r))
B,  hAxID " Jo h(r)

Consequently,

T ANidd| x| 12 172G
/ | log* dist(x, E)| - dpu(x) ~ f i09]|x| / (r2G(r))
B2 0 —

B> [lx 11> (log [lxI) B —r2logr

Performing an integration by part to the last expression yields that

/1/2 d(r’G(r) _ [ G(r) }‘/z
0

—r2logr —logr |
2/1/2G(r)dr /1/2 G(r)dr
o rlogr o r(ogr)?’

Since G(r) tends to the Lelong number of 7 at 0 as + — 0, the expression
in brackets is finite. Therefore, in order to show that fB]/z | log* dist(x, E)| -

du(x) < oo, it suffices to prove that

12
f Gwdr _ .. (6.4)
0

—rlogr

The remaining partis devoted to the proof of (6.4). By Theorem 6.2, the integral
in (6.4) is bounded by a constant times (/) + (/I), where

s /1/2 | log(— log r)|dr
b rllogr|?

and by Fubini’s theorem,

00 K tog,(0)dr\ -~
11 = / <f </ M) Ho,(y)dy> dv(a).
aeT \Jy=—oco \J(1+|y1/¥<—«logr —rlogr

On the other hand, we infer from (6.3) the existence of a constant ¢ > O such
that forall y e R,

f SR ()ds < o1+ ypYr 1.
s>~ H(1+|y/y
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Performing the change of variable s := — logr in the last line, the most inner
integral of (11) is dominated by a constant times (1+|y|)!/¥~!. Consequently,
(11) is bounded by

/ / A )1+ yDY7dydv(a),
aeT J—oc0

which is finite by Part 1 of Lemma 5.1. This completes the proof of (6.4), and
hence the proof of the theorem. O

Remark 6.4 As remarked in the Introduction, the method employed in Dinh—
Nguyen—Sibony [10] seems to only give a weaker inequality

/ |log* dist(x, E)|'™% - (T A gp)(x) <o0, §>0.

Indeed, arguing as in the proof of Theorem 1.4 and using the weight
| log* dist(x, E)|'~? instead of | log* dist(x, E)|, the above inequality is
reduced to the following one

/‘/2 G(r)dr
0

—r(logr)!+3

In [10] G(r) is replaced by a positive constant, and hence the above integral
is finite if and only if § > 0.

7 Geometric intersection and interpretations

Let # = (X, .Z, E) be a holomorphic hyperbolic foliation with hyperbolic
singularities £ in a compact complex surface X. Let 7' be a harmonic current
tangent to .%#, and let € be an analytic curve on an open subset U C X. The
main purpose of the section is to give a reasonable meaning to the intersection
measure T A [€], and to obtain a procedure in order to estimate the mass of
the last measure. We are inspired by the recent works in [14-16].

Let U >~ B x T be a flow box which is relatively compact in X\ E. Let €
be an analytic curve on U such that for every o € T, € intersects the plaque
Ve at at most one point (which is possibly a multiple point). We say that € is
transversal in U. We define the geometric intersection of T and [&] as the
positive Radon measure on U given by:

(T A€, 0) =(T A[€], d)|u = / h(a)¢ (Ee)dv(e),  (7.1)

aeT: &,#0

where ¢ is a continuous test function compactly supported in U, and
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e &, := V, N &if this intersection is non empty and &, = & otherwise;

e the decomposition consisting of the positive Radon measure v on T, and
the positive harmonic function s, on B for v-almost every @ € T is given
by Proposition 2.6.

The reader can easily check the following result.

Proposition 7.1 T A [€] is a well-defined positive Radon measure on U. It
is independent of the choice of a decomposition given by Proposition 2.6. Its
mass is

IT ALCH = IIT A€]llu = / h(&x)dv(a) < oo.
a€T: &, #9

Now let U be an an arbitrarily open subset of X and € an analytic curve on
U. We say that € is almost transversal in U if € intersects with each plaque in
every regular flow box in U transversally at at most finite points. We leave the
reader to verify the following result.

Lemma 7.2 € is almost transversal if and only if € is locally transversal in
U, that is, for every x € €N U, there is a flow box U, C U containing x such
that € is transversal in U,.

Assume that € is almost transversal. By Lemma 7.2, there is an at most count-
able cover % := (U;) jes of U\E by its open subsets such that % is locally
finite and that each U; (j € J) is a flow box which is relatively compact in
U\ E and that € is transversal in U;. Let ® := (0;) jes be a partition of unity
subordinate to % .

The mass of the intersection 7' A [€] is

IT ALl =) (T AL€],0))|u; € [0, 0],
jeJ

Apparently, the mass |7 A [€]]|| depends on the choice of a cover % and a
partition of unity ®. However, it turns out that this mass is independent of
such a choice. More precisely, we can show the following properties.
Proposition 7.3 i. The mass |T A [&]| does not depend on any choice we
made.
ii. fUNE =, then ||T A[€]]| < oo.
iii. When |T A [C]|| < 00, we define the geometric intersection of T and
[&] as the positive Radon measure on U given by:

(T ALEL @) = > (T AL€],0;¢)u;, (7.2)

jeJ
where ¢ is a continuous test function compactly supported in U,
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iv. When ||T A [€]]| < oo, the measure T A [€] defined by (7.2) does not
depend on any choice of % and ® we made.

Next, we prove a cohomological invariant property.

Proposition 7.4 Let € and ® be two algebraic curves on X which are coho-
mologous (in the cohomology group H''(X,R)). Suppose that € N E =
DNE = & and that both € and ® are almost transversal. Then | T A[€]||x =
IT A D]l x-

Proof Since €N E =9 N E = & and both € and ® are almost transversal,
we may find a finite cover % := (U;)jecs of X by its open subsets such that

o if U; N E # @&, then this intersection is a single point and € N U; =
DNU ji=9;

e cachU; with U; N E = & is aregular flow box such that both € and © are
transversal in U;. Let (6;) jes be a partition of unity subordinate to 7% .

Consider a smooth Hermitian metric || - || on the line bundle generated by the
divisor [€] (resp. [D]) on X. Let o (resp. o) be a holomorphic section having
[€] (resp. [D]) as its divisor. Then

¢:=logllo and ¥ :=loglo’|

are quasi-plurisubharmonic functions on X. Recall here that a quasi-
plurisubharmonic function is locally the sum of a plurisubharmonic function
and a smooth one. Lelong-Poincaré formula says that

[€]=id0¢p+O and [D]=iddy + @, (7.3)

where ® and ®’ are some closed smooth real (1, 1)-forms on X. Since [€] and
[©] are cohomologous, it follows that so are ® and ®’. So by the 99-lemma
for compact Kéhler manifolds, there is a smooth real function u on X such
that ® — ® = i99u. Therefore, replacing the metric || - || on the line bundle
associated with [¢] by || - [le™?*, we may assume without loss of generality
that ® = ©.

Observe that ¢ (resp. ¥) is smooth outside the curve € (resp. D). Since
CNE = DNE = &, weinfer that both ¢ and ¥ are smooth in a neighborhood
of E.

Fix the following decreasing sequence (as € \ 0) of quasi-plurisubharmonic
smooth functions (¢e¢)o<e<1 (resp. (Ve)o<e<1) on X:

1 1
¢ = log(lo]* +€) and Y = Slog(o|* +e).
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Observe that
eEIng be=¢ and eEI(I)lJr Ve=V
and that there is a closed smooth real (1, 1)-form E on X such that
id0d¢pe > E and i3y, > E

in the sense of currents and independent of €.

If U; N E # &, we deduce from the first e above as well as the properties
of ¢ and y discussed above that ¢, (resp. ¥ ) converges uniformly to ¢ (resp.
Y)ase \(OonUj. |

If U; N E # &, we need the following result whose proof will be given
later on.

Lemma 7.5 ForeveryU; ~B; x T; € % withU; N E = &, we have that

lim sup ||¢6 - ¢||L1(Va) =0 and lim sup ||"(ﬂ€ - w”LI(Va) =0. (74)
e—0 e—0

aeT aeT

Resuming the proof of Proposition 7.4, let x be a continuous test function
on X. In what follows we drop the index j for simplicity, e.g. we will write
U~BxT,@0 instead of U; >~ B; x T}, 6; respectively. Let U € % be such
that UN E = &. Write U >~ B x T. Using (7.3) and noting that ® = ©, and
applying Lelong-Poincaré formula on each plaque V,, @ € T of U, we get
that

h(Ea) (0 x)(Ex) = (Olv, +i80¢lv,, h0x)lv,
= (Oly,h0x)lv, + (i93¢lv,, h0x)lv,
= (®lv,ht X)lv, + im (i09¢c|v, . hox)lv,

= (®ly,h0 )|y, + lim(¢elv,, i3 (h0 X))y,
e—0
where the third equality holds since ¢ — ¢ weakly on V,, and the last
equality is obtained by Stokes’ theorem. Since (7.4) says that the last limit is

uniform in ¢, we can integrate both extreme sides of the last chain of equalities
with respect to the measure dv and obtain that

(T ATE]L Ox)y = / h(ED) @) Ea)dV (@)

aeT

=/ Oy, hOx) v, dv(@)
aeT
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+ / lim (. 83 (h 1)) v, dv ()

eT €—0

=(T A®,0x)+ lim (i00¢e, hOx)|v,dv(a)

€0 JyeT

=(TAB®,0x)+ 1in%<T Niddpe, Ox).
€e—

On the other hand, for U € % with U N E # &, we have that

(T A€, 0X)y =0=(T AO,0x) + lim(T A id0¢e, 0x),
€—>

where we use the first @ above and the fact that ¢ is smooth on a neighborhood
of the support of 6 x .

Summing up the above equalities over all U € % and using Definition (7.2),
we infer that

(TA[C], x)=(T A®, x)+ lin%(T Niddpe, ).

When x = 1, the last equality becomes

1T A€y = (T, ©) + Lm(T, i99¢e) = (T, ©),

where the last equality is obtained since (T, i3d¢.) = 0 as T is harmonic and
¢e 1s smooth on X. Hence, ||T A [€]||x = (T, ®). Similarly, we also get that
T A [D]llx = (T, ®). The proof is thereby completed. |

End of the proof of Lemma 7.5. We only need to show that

lim sup [|¢e — A,y =0 (7.5)
e—0

aeT

since the other assertion can be proved similarly. Since U; N E = o, the
second e above says that € is transversal in U;. Therefore, we are reduced to
the following model where U; ~B; x T; ~ (1 /2DD)? and

CNU; = {(w, f(w)): w € 1/2D},
where f : 1/2D — 1/2D is a holomorphic function.

In this model, we see easily that modulo a smooth function ¢.(z, w) =
Tlog(lz — f(w)I? + ) for (z, w) € (1/2D)2. So (7.5) becomes

1
sup / (—log(lz — fw)>+¢) —log|z — f(w)|>
zel/2D

wel/2D 2
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xidz Adz — 0 as € \ 0.

Since the right hand side is bounded from above by

1 _
/ N 2(log(|z| +€) —log|z|)idz A dZ
ze

and that this integral converges to 0 as € N\ 0, the desired estimate follows.
O
The rest of the section is devoted to the case when the foliation .%# on the open
set U is holomorphically equivalent to the foliation associated with the vector
field F in D? introduced in Sect. 5. So we are in the local model considered
in Sect. 5 and 0 € U = D?. We keep the notation introduced in Sect. 5. Recall
that T ~ {@ € C: e 2" < |a|] < 1}. Let € be an analytic curve on D?
which is locally transversal in D?. For every o € T, let {&, ;1 J € Jo ) be
the set of all intersections of ¢ with the Riemann surface Za. We make the
following convention Jy := {0, 1, ..., ny} with ng € N U {oco}. Continuing
Proposition 7.3 we can prove the following result.

Proposition 7.6 i. The following equality holds

IT A€ ||—/ > ha(Ea,dv(@).
aeT

jeJo

ii. If||IT AL€]|| < o0, then the measure T A [€&] can be extended to a contin-
uous linear form on the space €°(D?) of uniformly bounded continuous
functions on D? as follows:

(T Alel, / S holu )b (Ea Ndv(@), ¢ € EODY).

Je-/a

Forevery « € T and j € J,, write, using (5.1) and (5.6),

got,j = wa(é‘a,j)’ ;Ol,j = Uq,j +iva,j, (7.6)
Ug,j +iVy,j = (ug,j + iva,_,-)”. '

Recall from Sect. 5 that the harmonic function h (¢) := hy (Y (2)) is defined
on S, and that the harmonic function Hy := /g o ¢~ is defined in the upper
half plane {U 4+ iV : V > 0}. Applying the Poisson representation formula
the upper half plane yields that
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ho (o) = ho (e ;) = Hy(Ug,j +iVy )

.. f O ALY R— N (1.7)
He V24— Uaj)? '
For v-almost every « € T, write
1T A C] g = — / () dy. (18
“ /EXJ: V2 + (y - oe])z
We obtain the following formula
1T A€ = / 1T A [€]]ladv(). (7.9)
aeT

Recall from (5.5) the sector S in the upper-half plane.

Proposition 7.7 Let ¢, p > 1 and m > 0 be three constants. For v-almost
every o € T assume that

o thereisa @ -map x* : D* — S, be defined on a closed interval D* C R
such that ¢! < |(x9) (1)| < ¢;

e there is a sequence of points (ly,j)jej, C D® such that the intervals
[te,j — pflm, la,j + p’lm]forj € Jy are pairwise disjoint and that

U ltwj =07 m o+ p7'ml € DY € | ltaj — o, 10 j + pml.
j€Ja J€Ja
Write, using (5.1) and (5.6), fort € D%,

Ea(t) = Ya (X (1),  x“(t) = ua(t) +ivy (1),

Uy (1) + i Vo (1) i= (ug(t) +ive (1)) . (7.10)

This is the continuous version of (7.6). Consider the function K* : R — R*
and the real number k € R™ defined by

wpy . L Va (1) '
KO)=2 fD Va@Z+ (v — Ug(0))2 7 <k

1 [ .
K= —/ Hy (y)K*(y)dy.
T J-c0

(7.11)

1. If, moreover, c_lha(Sa,j) < ho(€q (1)) =< chq(Ey,j) for all j € Jy,
t € [ty,j — pm, 1y j + pm], then

c2p e < |IT ATE])| < k.
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2. If, moreover,

-1 Voz,j < Va(t) <c VO‘J

forall j € Jy, t € [ty,j — pm, 1y ; + pm]andy € R, then

V .

-2 -l pa o, ] 2 o

cp K%y = <cpK(y), yeR.
2 Vai+ = Uaj)?

jeJoy &
In particular, the concluding estimate of Part 1 holds.

Proof The idea is to approximate a Riemann sum of a function by its integral.
The proof follows easily from Proposition 7.6 and (7.6)—(7.9). O

Definition 7.8 If the assumption of Part 1 of Proposition 7.7 holds, then we say
that (K%)qeT given by (7.11) is an interpretation of the geometric intersection
T A[€] on U with parametrization (x*)yeT and with size (¢, p, m). Moreover,
m is said to be the mesh of the interpretation.

If the assumption of Part 2 of Proposition 7.7 holds, then we say that
(K%)get 18 a coherent interpretation of the geometric intersection 7 A [C]
on U.

The following result studies the behavior of the Poisson kernel
terms of u and v.

V .
viro—o)2 M

Lemma 7.9 (Nguyén [27, Lemma 3.3]) There are constants c1, c2,c3 > 1
large enough with ¢z > ¢ such that the following properties hold for all
(u, v) € R? with min{v, bu + av} > 1.

1.

1 ,b Y
1 _ (max{v, bu + av}) < ¢ and

c1 JV2 + U2
1 (max{v, bu + av})” ' min{v, bu + av)

= % =c.
1

2. If max{v, bu + av} > c2(1 + |y)/7, then

1 min{v, bu + av} - 174
c1 (max{v, bu +av})?t! T V24 (y —U)?2
min{v, bu + av}
= .
(max{v, bu + av})r+!
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3. Ifmax{v, bu +av) < c; ' (1 4 |yD'/7, then

LV 1% _ 1%
- =~ < C] .
ci (1+1yD? ~ V24 (y—U)? (1 + |y))?

4, Ifc2_1(1 +yDYY < v, bu+av < cr(1 4+ |y)V?, then

1 1 1% 1
— =13 5 =C1 .
ca(I+yh) ~Ve+(y—-U) (I+1yD

5. Ifmin{v, bu-+av} < c; ' (1+|yDY” and e ' (1+|yDV? < max{v, bu+
av} < co(1+ |y, then

I 1% A+ |lyDY7 = min{v, bu + av} -
_ : Cl,
c1 ~ V24 (y—=U)? " (min{v, bu + av})? 4+ (max{v, bu + av} — p)? ~ !

where p is a real number which depends only on 'y andont := min{v, bu+
av} which satisfies cgl(l +yDYY < p < e (1 + |y

In fact, p(y, t) is defined as follows. When c3 > 1 is large enough, then for
everyl <t < c3_1(1 + |y|)1/V, there exists a solution u := u(y,t), v :=
v(y, t) of the following equation

U=y, whereU+iV = (u+iv)”

which satisfies c2_1(1 +yD” < max{v(y, 1), bu(y, 1) +av(y, 1)} < ca(1 +
lyD'7 . So we define

oy, 1) :=bu(y,t) +av(y,t).

8 Test curves €,, €, y ... and second reduction

We first introduce some families of algebraic curves on X and a family of
analytic curves on an open neighborhood of a given singular point of .%. Next,
we state basic estimates and deduce the main estimate from the former ones.
The proof of the basic estimates will be developed in subsequent sections.

Since X is projective, we may find a finite family of surjective holomorphic
maps ¥; : X — P2, 1 < j <s, such that for every point x € X, there is
at least one map W; which is locally biholomorphic at x. Indeed, it suffices
to embed X into PV with N large enough, and choose a family of central
projections from X onto P2

Now fix xo € E and assume that ¥ := W) : X — IP? is locally biholomor-
phic at xo. Moreover, suppose without loss of generality that ¥ maps an open
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neighborhood V of x biholomorphically onto the bidisc D? < P? and that
W(xp) = 0 with 0 := (0, 0) € C2. Let (Z, W) be the canonical coordinates of
thze canonical injection C?2 <> P? je. C? ~ {([Z - W:1]: (Z,W) e (Cz} C
P,

Since xg is a hyperbolic singular point, we may assume without loss of
generality that there are holomorphic coordinates (z, w) defined on D? such
that (z(0), w(0)) = (0, 0) = 0 and that the the foliation (¥ |y)+.% is associated
with the vector field

0 0
F(z,w) = za— + Awa— with some complex number A =a +ib, b #O0.
Z w

So two analytic curves {z = 0} and {w = 0} describe two separatrices
(W|y)«Z at 0. By performing a linear change of coordinates, we may suppose
without loss of generality that the complex line {Z = 0} (resp. {W = 0}) is
tangent to the separatrice {z = 0} (resp. {w = 0}) at 0. By dilating the coordi-
nates (Z, W) if necessary, we may assume without loss of generality that the
Jacobian matrix of (Z, W) over (z, w) at (0, 0) is the identity matrix, i.e.,

0Z Z
520,00 520,00\ (10
(ﬁ(o,O) %(0,0))‘(0 1)' ®.1)

9z

In this work we use both systems of coordinates (Z, W) and (z, w). Each
system has its own advantages and drawbacks. Indeed, the coordinates (Z, W)
appears to be very useful in our cohomological argument, but this argument
is only of global nature. On the opposite side, although the coordinates (z, w)
are not appropriate for a global argument as the cohomological one, they seem
to be very convenient for doing a local analysis near singular points.

Recall that W maps V biholomorphically onto ID?. By shrinking D? if nec-
essary, the holomorphic implicit function theorem, applied to {z = 0}, allows
us to write for (Z, W) € D2,

72=0(Z,W)zso(Z, W), 8.2)

where 0(Z, W), zoo(Z, W) are holomorphic functions on D? with
Oo .
20(Z, W) =2 = ajW/, ajeC,
j=2

and
1/2 < 16(Z,W)| <2 on D? and 6(0,0) =1. (8.3)
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e Analytic curves &,: For every r > 0 small enough, let €, be the complex
analytic curve in V given by

{(xeV: z(¥(x)) =r}. (8.4)

Clearly, €, N E = & forr # 0.
e Analytic curves Cj{,: For every N € Nwith N > 2 and d € C\{0}, let Cfv
be the complex analytic curve in V given by

{x eV: z(W(x)) = d(w(\IJ(x)))N} . (8.5)

Clearly, @‘f\, NE = {xp}.
e Algebraic curves ¢’ wn» &n:Givenr > Oand N € N with N > 2,

define ¢’ - to be the algebraic curve in P2 which is the closure in P? of the
followmg affine curve

{(z,W)eC*: zy(Z, W) =r} C C?, (8.6)

where zx(Z, W) is the Taylor expansion of order N of z(Z, W), i.e.,

N-1
WN(ZW):=Z=) a;W/, (Z,W)eD” (8.7)
j=2

Let €, y be the algebraic curve in X given by

= (YW y)- (8.8)

Basic geometric properties of these algebraic curves are collected in the
following.

Proposition 8.1 For every N € N with N > 2, there exists 0 < ry < 1/2
such that

i. Co.n NE = {xp};
ii. & yNE = forevery0 <r <ry;
iii. [, n]is cohomologous to [€y y]in X forevery 0 <r <rp.

Proof First, recall the equation €, y := (\IJIV)*(QY N) Consequently, observe
that xo € €p y as 0 € (‘l’ 0N and that xo ¢ €, n for r > 0 as 0 ¢ (’ZrN for

r # 0. This discussion, combined with the fact that E is a finite set, 1mphes
that for ry > 0 small enough, both properties (i) and (ii) are satisfied. Finally,
property (iii) follows from (8.8) and the fact that two algebraic curves Q/r, N

and ¢, ,, of the same degree N are cohomologous in P2, m|
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Let p, = (lim SUP;_, o |aj|l/j)_1 € (0, o0]. So p, is the radius of conver-
gence of the analytic function zy(Z, W) defined in (8.7). Clearly, p, # oo,
otherwise the non-constant holomorphic mapC 5 W +— (Z?ozz aj Wi, W) cC
{z = 0} contradicts our assumption.

Remark 8.2 Together with Lemma 2.4, this is the place where the Brody hyper-
bolic assumption has fully been used (see also Remark 2.2).

For the sake of clarity, we may assume without loss of generality that p, = 1.

In the sequel we fix a sequence N; ' oo such that

im |ay, "N/ = Tlimsup |a;|'/ = p; ! =1, (8.9)
—0 Jj—00

J

and we always choose N = N; for some j large enough.

For r > 0, recall that B, denotes the ball centered at O with radius r in
D? < X. The basic estimates which are the main ingredients for the proof of
Theorem 6.2 are stated in the following four propositions. Their proofs will
be established in the subsequent four sections.

Proposition 8.3 For every 0 < § < 1, there is cs5 > 1 such that for every
harmonic current T,

¢y 'Go,r) < IT AL, < G xo,r), 0 <r <1/2.

Here G(xg, r) is defined by (6.1).

Proposition 8.4 For every N large enough in the sequence (N j);?il given in
(8.9), there is a constant c = cy > 1 such that for every harmonic current T,

1T A [Con]liB, <cG(xp,r), O0<r<1/2.

Proposition 8.5 For every N large enough in the sequence (N j)?il given in
(8.9), there are constants c = cy > 1 and 0 < ry < 1/2 such that for every
0<r<ry,

1T A L€, N B, 1,y sy = IT A LGB, sy | = clloR(—log ] Togr|~".

Proposition 8.6 Let N = N; be large enough in the sequence (N j);?';l
given in (8.9). Then the geometric intersection T A [E&,.] (resp. T A [€o N])
on Brl/NHOg,r.%/N admits a coherent interpretation (K%)qeT of the form
K% := K_\og,n (resp. a coherent interpretation (K**)qetT of the form
K** = Kilogr,N)‘ Here

R = y = K—logr,N(y) and R > y e Ktlogr’[\/(y)
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are functions such that there are constants c, k > 1 independent of N and a
constant cy > 1 with the following properties:

i. for 1+ 1yDY” <«k~1s, we have Ky < esi=Y and

C_l < Ks,N(y)

ii. for (14 |y > ks, we have

KiyO) K,
-1 < s,N S <c¢ and Cil < A,N(ly) — <ec
N+ |yDl/r (I +[yp¥/r
iii. fork~'s < (1 + |yDYY < ks, we have
Kk K
C;ll SLI/—ISCN and C;,l SL(I)]/)_ISCN.
(I+1[yD I+ 1yD"r

Now we are in the position to reduce the proof of Theorem 6.2 to those
of Propositions 8.5 and 8.6 modulo Propositions 8.3, 8.4. This is the second
reduction.

End of the proof of Theorem 6.2. Let N > 1 be large enough. By Proposi-
tion 8.5, there are constants cy and ry such that for every 0 < r < ry,

”T N [Q:O’N]”Brl/N(—logr)’l/N - ”T A [Q:r]”Brl/N(flogr)fl/N = Cl lOg(— log r)” 10g”|_1-

By Proposition 8.6, the geometric intersections 7' A [€,] and T A [€ n] on
B, IN|log r|-3/N admit coherent interpretations K _jo vy and K* log r, N TESPec-
tively. Consequently, there are two functions ©#, 9* : R — [¢/~!, ¢/] for some

constant ¢’ > 1 such that the above inequality can be rewritten as follows:

o
/ ( / (VK gy () = DOV K = 10gr. v ) o (3)ddy ) dv (@)
aeT —00
< ¢|log(—1logr)||logr|~"t.
This implies that
L < Iy + I3 + c|log(— log )| log r| ", (8.10)

where

I =

’

[ ([ @ 0K -0 0Kty ) a1y )
aeT Dy,
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with D := {y € R : k(1 + |yD"Y < —logr}, and D, := {y € R :
A+ |yDY? = —klogr}, and D3 :={y e R: « 11 + |yDV¥ < —logr <
k(1 +1yD'7).

Now we apply Proposition 8.6 (i)—(ii)—(iii) to I, I and I3 respectively. Let
N be large enough in the sequence (8.9) which also satisfies N™in{Ly =1} >
2¢2. So we have that

I < 'N"1 ¢ ( (— 1ogr)1—Vﬁa(y)dy)dv(a),
Dy

aeT

hze'W-o [ ([ asvpn ama)de.

aeT < Dy

Iy = ey — ¢ leyh) 4+ 3077 Hy )y )dv(@).

aeT ( D3

This, combined with (8.10) and (6.3), implies that
| ([ *roer 0 Audy )avia) < og(-togniogr|™
aeT Dy

[ ([ Ko Ady)ive
aeT Dy

[ (] Koy )avea.
aeT D3

Hence,
[ ([ K0y )dvie) < lHog(-lognllogr |~
aeT D1UD>,UD3

+f (f K—logr(}’)l:]a(y)d)’)dv(a)-
aeT D1UD3

Since we know by Lemma 6.1 that the left-hand side of the last line is equivalent
to G(r), the desired conclusion of the theorem follows when the constant ¢
is large enough. O

9 Cohomological relation and third reduction

We first state several basic estimates. Next, using these estimate we estab-
lish a cohomological invariance result (see Proposition 9.3). Finally, we
deduce from this result Proposition 8.5. Consequently, modulo Proposi-
tions 8.3, 8.4, 9.1, 9.2, the proof of Theorem 6.2 is reduced to that of
Proposition 8.6. This is the last reduction.
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Proposition 9.1 For every N large enough in the sequence (N j)?il given in
(8.9), there exist constants ¢ = ¢y > 1,6 = éy > 0 and a constant ry
satisfying the conclusion of Proposition 8.1 with the following properties. For
every 0 < r < ry and for every harmonic current T tangent to % of mass 1,
the following mass estimates hold:

<crf, 9.1)

1T A TE N Tlp2 = 1T A€o N 2
~1
T A€Ml e = 1T A L€y | = ellogr ™
9.2)
<c| logrl_l.

9.3)

T A LE N8, o = 1T ATEE, o

We postpone the proof of Proposition 9.1 to Sect. 12.
For0 <r < 1/2and N > 2, consider the corona

Ar N = Byn 100 r iV \Br1/N [ 10g 1 -3/8 -

So we obtain the following partition of X:

X = (X\]DZ) ]_[(DZ\Brl/N| logr|3/N) ]_[ Ay N ]_[Br1/1v|10gr|—3/zv. (9.4)

Proposition 9.2 For every N large enough in the sequence (N j)?il given in
(8.9), there are constants O < ry < 1 and ¢ = ¢y > 1 such that for every
0<r<ry,

IT A€ lla, y < cllog(—logr)||logr|~!, (9.5)
IT A€o n1lla,y < cllog(—logr)||logr|™", (9.6)
IT A€ N1lla,y < cllog(—logr)||logr|™". 9.7)

The proof of Propostion 9.2 will occupy Sect. 13.
Taking for granted these estimates, we want to prove the following coho-
mological invariance result.

Proposition 9.3 Let ry be given by Proposition 8.1 for every N € N with
N > 2. Then for every 0 < r < ry and for every harmonic current T, we
have that |[&, NI AT |lx = [, N1 A Tllx.

This result does not follow from Proposition 7.4 since €y y N E # &. We
need the following auxiliary result.

Lemma 9.4 We have lim, o4 ||T A€ n]llx = 1T A€o N1l x.
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Proof Combining estimates (9.1)—(9.2), we get that
IT A& lllx = IT Al€on]lx| < cllogr|™
+|| T A [Q:r,N] I|Brl/N\logr\3/N + ” T A [Q:O,N] ”Brl/N\longS/N .
In the remainder of the proof we will that the two terms in the last line tend to
0 asr — 0+ . This will imply the lemma.

Applying (9.7) yields that

1T ATC VB 1 o < €lT0g(—log ) Togr| ™!
+IT A [Q:r]||Br1/N|10g,,‘—3/N :

Consequently, we infer that
. < T
rE)I{):_ T A [Q:r’N]||Br'/N\logr\3/N = rgr(r)l_’_ T A [e:r]”Brl/N|logr|*3/N

< rEI(I)I—i- 1T A [@r]HBruzN =0,

where the last limit holds by Proposition 8.3 applied to § = 1/(2N). Hence,
limr—>0+ ”T A [Q:r,N]||Br1/N“0gr|3/N =0.
On the other hand, applying (9.6) yields that

1T A LCoNIE, 1 x o < €l log(—log )] logr| ™!

+||T A [Q:O’N]||B;~1/N\logr\_3/[v .
Therefore, we deduce that
. < ¥
r1_1)161+ ||T AN [Q:O’N]”Brl/NﬂogrP/N = rg%:_ ”T AN [Q:O’N]”Brl/lvnogr\{*//v

< r£%1+ 1T A [Q:O,N]”IB,UN' =0,

where the last limit holds by Proposition 8.4 applied to § = 1/N. Hence,
limr—>0+ ”T A [Q:O’N]||B)']/N\logr|3/N =0. O

End of the proof of Proposition 9.3. By Lemma 9.4, we have that
IT A[Conlllx = lim T A& N]llx.
s—0+
On the other hand, by Proposition 8.1 (ii)-(iii), &, nNE = &, & yNE = O,
and both [€, x] and [&, y] are cohomologous. Consequently, by Proposi-

tion 9.3, the right hand side of the last limit is equal to |7 A [€, v]|l x- |
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End of the proof of Proposition 8.5. Fix N € N with N > 2 and let ry
be given by Propositions 9.1 and 8.1. So by Proposition 9.3, we have, for
0 <r <ry, that
T AN[€nN]=T NG N]
This, combined with estimates (9.1)—(9.2) and the partition (9.4), implies that
[T A LN B,y = 1T A€o NI, o |

< c|log(—logr)|| logr|_1.

Putting this together with estimates (9.6) and (9.7) yields that

‘”T N [Qr*N]”Brl/Nnogr\%/N - ”T N [Q:O’N]”Brl/NHongyN

< ¢|log(—logr)|[logr|~".

This, coupled with (9.3), gives that

T A L€0N I8 1wy = 1T AT, x|

< c|log(—logr)|| logr|_1.

This completes the proof. O

10 Intersection of test curves with a leaf

In Sect. 8 we introduce the analytic curves &, C?v which are defined on a
neighborhood of a singular point of the foliation, and the algebraic curves
¢,y which are defined on the whole X. The main purpose of this section is
to study the distributions of these test curves with the leaves of the foliations
near singularities. Therefore, in what follows, we restrict ourselves to the local
model of Sects. 8 and 5, and we keep the notation introduced therein. More
specifically, we may assume without loss of generality that xo = 0 € D?
and that there are holomorphic coordinates (z, w) defined on D? such that
(z(0), w(0)) = (0,0) = 0 and that the the foliation (¥|y)4.% is associated
with the vector field F(z, w) = Za% + kw% with some complex number
A =a+ib, b # 0. Note that two analytic curves {z = 0} and {w = 0} describe
two separatrices (W|y)s.Z at 0. Recall that T ~ {a € C: ¢ 2"0 < |a| < 1}.

The distribution of the intersection points of ¢, with a leaf in the bidisc D?
is quite simple as the following result shows.

@ Springer



582 V.-A. Nguyén

Lemma 10.1 For eacﬁ 0 <r < landeacha € T, the intersection of €, with
the Riemann surface Lo, can be parametrized, via (5.1), by

gr,a,k = v/a(fr,a,k), where
Trak = Ugk + iV, :=2kn — (loglal)/b+i(—logr), ke Z.(10.1)

Proof Let (z, w) = ¥, (r)Awith T = u + iv be an intersection point of &,
with the Riemann surface L. Then 7 is a solution of the equation r = z =
el (r+logle)/b) "golving this equation gives all the solutions (10.1). O

Lemma 10.2 Let N € N\{0}andd € C\{0}. Foreacha € T, the intersection
of ¢4 = {z = dw™} with the Riemann surface L can be parametrized, via
(5.1), by

SN,ot,k = Wot(TN,a,k), where TN,k = UN,a.k + iUN,a,k, keN, (10.2)

and (UN ok, UN.a.k) IS the unique solution of the following system of linear
equations:

—(Na — Du+ Nbv =2mk +argd + Narga + b~ '(Na — 1) log ||
Nbu + (Na — 1)v  =logld|.
(10.3)
Moreover, let
IN ok :=bun o+ avy ax, k € N. (10.4)

Then there are constants vy, ty such that

UN,ak+1 — UN,a.k = UN and Ity g+l —INak =tN for ke N (10.5)

and that
oy~ N~V and ty ~ N2 (10.6)

Proof Let (z, w) = ¥ (t) with T = u+iv be an intersection point of €%, with
the Riemann surface L,. Then we deduce from z = dw” that 7 is a solution
of the equation

ol (t+(oglal)/b) _ INA(r+(loglel)/b)

daNe

So there is k € Z such that

i(t + (logla|)/b) = 2imk 4+ log|d| 4+ iargd + N log |«|
+iNarga +iN(a+ib)(zr + (log|a|)/b).
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Equating the imaginary and the real parts of both sides, we obtain system
(10.3).

Writing uy = UN o k+1 — UN .k, We Infer from (10.5) and system (10.3)
that (un, vy) is a solution of the following system

—(Na — Du+ Nbv =2m
Nbu+ (Na—1)v =0.

So we get that

—2n(Na — 1) 2nNb
Uy = , UN = ,
N= Na—1D2+Nb)2 Y7 (Na— 12 + (Nb)?
_— 27h
N= (Na— D2+ (Nb)?
This proves (10.5) and (10.6). m|

The following result plays a vital role in this section. It allows us to approx-
imate the function z defined (8.7) efficiently. Consequently, we infer from
this result a good picture of the distributions of the intersection of &, ; with a
general leaf near singularities.

Proposition 10.3 Let N 5 N +— My € N be a sequence such that
limy_oo My = o0. Then, for every N € N large enough in the sequence
(Nj)?.;l given in (8.9), there is a constant 0 < s = ry pm < 1 such that the
analytic functions

Zoo(Z, W) 1= 200(Z(z, w), W(z, w)) and
zn(z, w) =y (Z(z, w), W(z, w)),

Zo0o(Z, W) (resp. zn(Z, W)) being the analytic function given in (8.2) (resp.
(8.7)), are well-defined on D? (resp. ID)E ) and that the following two properties
hold:

i. Forevery w € Dy and every 0 < r < |w|/2, the equation zn(z, w) = r
with |z| < |w| admits a unique solution.
ii. For every point (z, w) € ]D)f, with zy(z, w) = r for some 0 < r < 1, at
least one of the following two items holds:
ii-a |z —r| <4rfand|w| <r
ii-b |2y (2, w) = (zoo(z, w) + ayw™)| < My ayJw|V.

Proof As in Sect. 8, we may suppose without loss of generality that the com-
plex line {Z = 0} (resp. {W = 0}) in P? is tangent to the separatrice {z = 0}
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(resp. {w = 0}) at 0. Therefore, arguing as in the proof of (8.2), we obtain the
following equation for W :

o0
W=Wew=>9cw[w+) bz/|. bjeC, (10.7)
j=2
where 1 is a holomorphic function on D? such that
1/2 < |9(z, w)| <2 on D? and ©(0,0) = 1. (10.8)

Let p € R* be such that lim SUP 00 |bj|1/j < p. This together with (8.9)
gives an integer N with N > Ny and a constant ¢ > 1 such that

lay| > 27N, Jaj| <2/ for j > N, |b| <cp*fork>N.  (10.9)
Inserting (8.2) and (10.7) into (8.7), we get that
o
NG W) = 2oz w) + Y aW = 200(z, w)
j=N

CX) . Oo .

+ > a @ow)w+ Y bz (10.10)
j=N k=2

Now we prove assertion (i). We infer from (10.10) and (10.9) and (10.8) that
for s small enough and |z| < |w| < s,

an (2 w) = 2oo (2 )| < Y lajl9 2 )l (w| + ) bellwl*)

= 0(Jw») < |wl.

This, combined with r < |w|/2, implies that
lzn(z, W) — 200 (2, W] < |2oo(z, w) — 7| for  z € dDyp,. (10.11)

Now let 0 < s < 1 be small enough, and fix w € Dy, and fix 0 < r < |w|/2.
Using (8.2)—(8.3) and applying Rouché’s theorem to the functions z > z —
ro (Z(z, w), W(z, w)) and z — zon Dy, we see easily that the function z
Zoo(2, w) — r admits a unique solution on D,,|. Next, using (10.11) we apply
Rouché’s theorem to the functions z +— zy(z, w) —r and z > zZoo(z, W) — F
on Dy,. Consequently, assertion (i) follows.
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In the remainder of the proof, we write M instead of My for the sake of
simplicity. To prove assertion (ii) we take for granted the following
Fact. When s > 0 is small enough and (z, w) € (D)2 with zy(z, w) = r
does not satisfies property (ii-a), we have that |w| > 8MN|Y 72, brz|.
Using (10.7) and then the above fact, we see that

00 p
> et
k=2

N

N
Nz, wyw" — wN‘ < Z( )IwIN_”
p

p=l1

N
< (Z SMN)"P | jw|V

IA

((1+8 Iy NN 1)|wN|
(e ~k ))wN‘ 56_1M_1‘wN‘.
(10.12)

Moreover, for s = ry » > 0 small enough, we infer from (10.7)—(10.8) and
the continuity of ¥ that for (z, w) € Df,

‘ﬂ*N(z, wyW" — WN‘ <127ty )WN‘ <4y ‘wN‘, (10.13)

where the last estimate follows from (10.12). On the other hand, using the
second inequality in (10.9), (10.7), (10.8) and then the above fact, we see that

)

< Z 47 (1487 M N Jw)d
J=N+1
N

o)
> aiwi| < Z 4 <|w|+ Zbkz

j=N+1 j=N+1

< 21 ‘an

where the third inequality holds when s = ry » > 0 is small enough, and
the last one follows from the first inequality in (10.9). This, combined with
(10.12) and (10.13), yields that

o
Zoo(z, w) + Z ajWw/ | - <Zoo(z, w) + anN)
j=N
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< ‘aNﬁ(z, w)_NWN — anN‘ + ‘am?(z, w)_NWN — aNWN

OO .
2, 4w’
j=N+1
<M -1 ‘aN w ‘ .
Since we know by (8.2) and (8.7) that the left hand side of the last line is equal
to |z (z, w) — (zoo(z, w) +anyw™)|, assertion (ii-b) and hence the proposition
follow modulo the above fact.

Now we turn to the proof of this fact. Suppose in order to reach a contra-
diction that

0
lw| < 8MN|Zbkzk|. (10.14)

k=2
)j

This, coupled with (10.10) and (10.7), implies that

Z ka

200 (2, w) — 2n (2, )| < Z jaj |97 (z, w)| (|w|+

j=N k=2
00 00 j

< Y 41 +8MN) | b2t
j=N k=2

%0 j
<Y 41 +8MN) /|| <Z,0 2~ 2) :

j=N k=2

where the second inequality holds by the second inequality in (10.9), (10.8)
and (10.14), the last one by the third inequality in (10.9). Hence, we infer that
for 0 < s < 1 small enough,

|Z00(z, w) — zn (2, )| K |z (10.15)

Suppose now that the point (z, w) € (IDy)? satisfies the assumption of assertion
(ii). We infer from (10.15) that r = |zx(z, w)| > |zeo(z, w)| — |z|%. Since
s is small enough, we infer from (8.2)—(8.3) that z(z, w)/z is close to 1.
So |z| < 2r. Hence, (10.15) implies that |z7o0(z, w) — 7| < 4r2. Moreover,
(10.14), combined with |z| < 2r, implies that |w| < |z|*> <« r. Hence, we
obtain property (ii-a) which is the desired contradiction. The proof of assertion
(i1) is thereby completed. O
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In what follows by shrinking D? if necessary, we may assume without loss
of generality that the vector field F at the beginning of the section is defined
on the bidisc (eD) x (e*/D).

Definition 10.4 Two points x; = (z1, wy) and x = (22, wy) € (ID)\{O})2
are said to be quasi-compatible if there is t € C such that z = zje’ and
wy = wiet. Clearly, x; and x; are on the same leaf. If, moreover, we can
choose ¢ with |¢| < 1, then we say that x| and x; are compatible.

Given two quasi-compatible points x; = (z1, wi) and xo = (22, w3) € D2,
the compatible pseudo-distance between them, denoted by distc(x1, x2), is
defined by

lz1 — 22| lz1 — 22| w1 —wa| |wy — UJ2|}

distc(x1, x2) := max { , , ,
[z1] |z2] |wi| |wa|

Lemma 10.5 Let x, x' € (D\{0})? be two compatible points. Let t € C such
that 7o = z1€' and wy = wie with |t| smallest possible. Then

Lozl = 2], [w| ~ [w'], x| ~ [Ix"]l, and

e=2|  w—w| _ Jx =]
~ ~ ~ il

distc(x1, x2) ~ A A
|z] |w [l x|l

1i. there is a constant ¢ > 1 such that

1 =X [l — x|

—— <distp(x,x) <c————.
—|lx|l log™ || x| —|lx|l log* | x|

Proof Assertion (i) is an immediate consequence of Definition 10.4.
To prove assertion (ii), let @ € €2 be a path such that there is a differentiable
function s 3 [0, 1] — ¢(s) € D satisfying

w(s) == (ze*9, we**®) € (e'D) x (*D) for s €0, 1].
and ¢£(0) = 0and ¢(1) = . Hence, w(0) = x and w(1) = x’. By Lemma 10.5
(1), we get | log* lw(s) ||| = |log* ||x||| fors € [0, 1]. Therefore, by integrating

along the path [0, 1] > s — ¢(s) and applying Part 2 of Lemma 2.4, we get
that

distp(w : 0, 1) :/ Ver)

w[0,1]

1
_ / WHJER) = / (log” 1x])~ds
0 ¢[0,1]
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/
=

~ —log*llx|  —[lx[llog* [lx|I

When ¢ (s) := st for s € [0, 1], = above becomes ~ . This implies assertion
(i1). O

In the remainder of this section we consider the function
My =8V, NeN (10.16)

By the first inequality in (10.9), this choice ensures that M -1« lay|. More-
over, we take N so large in the sequence (N, )"ol given in (8.9) that N
and the constant M = My satisfy the conclusmn of Proposition 10.3. Let
0 < ry :=ry m < 1be given by this proposition.

Lemma 10.6 Let N € N be as above, let d := —ay, where ay is introduced
in(8.7)anda € T. Let &y o i (k € N) be the intersection of €4, = {z = dw™}
with the Riemann surface Zo, described by (10.2). Then the intersection of the
curve €y y with Ly can be enumerated as &y N.o.k (kK € N) such that &n ok
and &y, N .k are compatible and that

distc (En .aks Eo.N.ak) < N7 for keN.

Here ¢ > 1 is a constant independent of N, a and k.

Proof We need to prove that for every pomt & € Q: N L (resp. S 1€ NN

O,) there is exactly one point &, € €y y N L (resp & e €d N La) such that
&1 and & are compatible and that

distc (€1, &) < N1 (10.17)

We will only show that for every point &; € @ N La, there is exactly one
point& € €o y N Ly satisfying (10.17) since the other assertion can be proved
similarly. Let 5o := ry.

Write £ = (z1, w1). So z1 = —anf’. We need to find & = (zp, wp) €
Cp,y which is compatible with &; in the sens of Definition 10.4. By (8.6) and
(8.8), the membership & = (z2, wa) € € y is equivalent to zy(z, w) = 0.
Therefore, applying Proposition 10.3 (i) to r = 0, we may find a unique z =
f(w) such that |z| < |w| and that zy(z, w) = 0. Clearly, Dy > w — f(w) is
a holomorphic function. Using the function 8 given in (8.2), we introduce the
following holomorphic function

Oy (w) ::9(Z(f(w),w),W(f(w),w)), for  w € Dy,.
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By (8.3), we get that

1/2 < |0y (w)| <2 and limOGN(w) =6n(0) =1, (10.18)
w—

the limit being uniform in N. By Proposition 10.3 (ii) with » = 0 and (8.2),
we may write

fw) =Oy(w)(—ayw™ + gw)) for  w e Dy, (10.19)

where g is a holomorphic function on Dy, which satisfies |[g(w)| =<
M aywN|, w e Dy, .

In order to find & = (z2, w2) € €y, y whichis compatible with &;, we write
70 = e'zy, wy = eMw) for some 0 < |7| < 1. We deduce from this and from
(z2, w2) € €y n that f(e“wl) = ¢'z. Since z1 = —an{V, it follows that
t is a root of the following holomorphic function on the disc Dy, s € (0, s¢)
being a number whose exact value will be determined later on:

F@) = —aNeANtw{V + g(e“wl) + aNe’wfveﬁl(eMwl), t € Dy.
(10.20)
Consider the holomorphic function
H(t) == —anye™'wl +aye'w), e

Observe that H(¢) = 0 if and only if t = Azli,”_kl for k € Z. So we choose the
constant s as follows:

, T
C—
IAN — 1]

for ¢’ > 0a constant independent of N, r.

Hence H has the unique root ¢ = 0 on ID;. On the other hand, observe that
H(t) = ayw! (AN + 1)t + 0(¢*)),  where O(t*) depends on N.

Consequently, when the constant ¢’ (being independent of N, r) is small
enough,

|H(t)| ~ laywl | and |aywl| < |H(r)| for e aDy.
Using this, we can show that for N large enough and ¢ € 0Dy,

|F(1) — H(0)] < lg(e™w)| + laye' wl 105" (€ wy) — 1]
< laywl | < [H(@)],
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where the first inequality holds by the uniform limit (with respect to N) in
(10.18) and the estimate |g(e* w1)| < M~ aye* N w]|.

So |G(t)— H(t)| < H(t) on 0Dy, and hence by Rouché’s theorem, G has a
unique root on Dy. Consequently, there is a unique ¢ € D such that F(¢) = 0,
i.e., there is a unique & = (e'z1, e*wy) € €y y with |¢| < 5. Since s ~ N7,
(10.17) follows from Lemma 10.5. O

Lemma 10.7 Let N € N be as above and a € T. Let SO,I\LLa,k (k € N) be
the intersection points of €y n with the Riemann surface Lo described by
Lemma 10.6. Then there is a constant cy > 1 independent of a satisfying the
following properties for every 0 <r < ry :

i. the intersection of the curve €, y with the Riemann surface Za inside
(rND)Z\IB%rl/NHOgrp/N can be enumerated as &, N ok Such that & n ok
and &y N .ok are compatible, where k € N such that &y N ok €
(rND)Z\IBr‘/N| log |3/ 5

ii. foreveryk e Nwith& y ok € (I‘N]D)Z\IB,,I/N“Ogrl}/N,

. -3
distc (6N, a.k> §0.N k) < cn|logr|™.
Proof We need to prove that for every point

& € (C(),N N Za) N ((rND)Z\IBrl/N|10gr|3/N)
<resp. & € (Qr,N N fa) N ((}’ND)z\BrI/N‘10gr|3/N)>,

there is exactly one point

& e (Q:r,N N Za) N ((TND)Z\Brl/NllogrP/N)
<resp. & € (QZO’N N Za) N ((FND)2 \Er1/N|10gr|3/N))

such that £; and &, are compatible and that
distc (&1, &) < |logr| 2. (10.21)
We will only show that for every point
&1 € (Co.v N La) N (WD) \B, 1N 1og 378
there is exactly one point
£ € (Cn N La) N (NDY\BL 1og /8
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satisfying (10.21) since the other assertion can be proved similarly. Let so :=
N.

Let f and g be the holomorphic functions on Dy, introduced in the proof of
Lemma 10.6 (see (10.19)). Since g satisfies |g(w)| < M1 lavw?|, w e Dy,,
f admits the following Taylor expansion:

fw) = —ayw" +h(w) for w e Dy, (10.22)
where h(w) = O (wNth). By (10.16) we get that
lay/any — 1] < 27V forN large enough. (10.23)

Write £ = (z1, wy). Since & € € y, the previous lemma implies that
z1 = f(wyp). Recall from Sect. 8 the coordinates (Z, W). Under the coor-
dinates (Z, W), we infer from (8.6), (8.7) and (8.8) the following simple
correspondence between €y y and €, y:

(Z,W)eCn < (+Z, W) ety. (10.24)

In order to exploit this nice correspondence under the coordinates (z, w), we
introduce the holomorphic function R, given by the following relation

Z(Ry(w) + f(w),w) — Z(f(w),w) =r, w € Dy,. (10.25)

Recall from (8.1) that the Jacobian matrix of (Z, W) over (z, w) at (0, 0) is
the identity matrix. Consequently, using the Taylor expansion of Z(z, w) and
substituting f(w) (resp. R, (w) + f(w)) for z, we infer from (10.25) that

Rr(w) + O(R*(w)) + O(R,(w) f(w)) =7, for weDy,. (10.26)

We need to find & = (z2, wz) € €, y which is compatible with &;. Write
70 = e'z1, wy = e w; for some 0 < |¢| <« 1. We deduce from this and from
(z2, w2) € €, y and (10.25) that

Rr(Mwy) + f(eMwy) =e'z1. (10.27)

In the sequel, s € (0, sp) is a number whose exact value will be determined
later on. Since z; = f(wy), it follows from the last line and (10.22) that ¢ is
a root of the following holomorphic function on Dy defined by

F@) = Rr(e“wl)—&Ne)‘Ntw{v—i-h(emwl)—l-&;ve’w{\’—e’h(wl), t € Dy.
(10.28)

On the other hand, since (z1, w1) € &€, n, we get by Proposition 10.3
with » = 0 that 2|ay w{v | > |z1|. This together with the second inequality in
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(10.9) imply |z1] < 2N+1|w1 |. Since (z1, wy) ¢ IB%,l/N|10gr|3/1v, it follows that
lwi| =2~ N=1r1/N|logr|3/N. This together with the first inequality in (10.9)
yield that

N(N+1)r| 10gr|3.

laywy| = 27N jwy |V = 27
Hence, there is ¢y > 1 such that

r <cpy| logr|73|anf]|. (10.29)

Now we choose M large enough (M depending on N), and 0 < s < sg such
that

s :=c'|logr|™  forc’ =) > Oalarge constant independent of r.
(10.30)
Then we deduce from (10.29), (10.30) and (10.26), (10.18), (10.19) and (10.23)
that for » > 0 small enough,

R,(w) =r 4+ o(r) and r <« s|ZzNw{V|. (10.31)
Consider the holomorphic function
H(t) := —aye™'wl +aye'w), teD.

Observe that H has the unique root t = 0 on D. Moreover, when the constant
¢’ is large enough, we have that

|H()| ~ slaywl| and |H(t)| > slayw!|,  for e dDy. (10.32)
We also infer from (10.22) that
h(e)"w) —e'h(w) = O(thH) for  w € Dy,

where O(-) depends on N.
Putting this together with the definition of F and H and (10.32) and (10.31),
a straightforward computation shows that for ¢ € aDD,

|F(t) — H(t)| < |R, (" w1)| + [ w))) — e h(w))]
<slayw]| < |H®)|.

Using this, we can apply Rouché’s theorem to /' and H. Consequently, F has a
unique root on ;. Therefore, there is a unique ¢ € g such that F(t) = 0, i.e.,
there is a unique & = (e'zy, e*wy) € &, y with |t| < s. Since s ~ |logr|~3,
(10.21) follows from Lemma 10.5. |
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In order to prove the last part of Proposition 9.1, the following lemma gives
us the discrepancy between the intersection points of a leaf with the algebraic
curve &, y and with the analytic curve €, inside the ball B,.i/n/ g -3/n -

Lemma 10.8 Let N € N be as above and a € T. Let &, o k (kAe N) be the
intersection of the analytic curve &, with the Riemann surface Ly described
by Lemma 10.1. Then there is a constant cy > 1 large enough independent of
o satisfying the following properties for every 0 < r < ry :

1. the intersection of the curve &, y with the Riemann surface L, inside the
ball B,1/n1og »|-3/n can be enumerated as & N ok such that & n ok and
&r,a,k are compatible, where k € N such that & o i € B,/ 150 ,-3/¥;

ii. for every k € Nwith &4k € B,1/N|1og -3/, we have that

distc (&r. N .ok Erak) < cn|logr| 3. (10.33)

Proof We need to prove that for every point & € (&, N Za) N Brl/N‘ log r|~3/N
(resp. &1 € (€, ny N Za) N ]Brl/Nllogrl—S/N), there is exactly one point & €
(C.nNLyN ]B%rl/N“Og,r_%/N (resp. & € (€, NLy) N IB,]/N“Og,‘f.%/N) such
that &1 and & are compatible and that

distc (&1, £) < |logr|~3. (10.34)

We will only show that for every point &1 € (&, N Za) N B, IN|log r|-3/N > there
is exactly one point &, € (€, y N Za) ﬂIB%rl/N| log r|~3/N satisfying (10.34) since
the other assertion can be proved similarly.

Write &1 = (21, wy). So z; = r. We need to find & = (z2, w2) € €, n
which is compatible with &;. Let so := rp. Consider two cases.
Case 1: |wy| > 2r.

In this case we fix a number s € (0, sg) as follows

s :=c'|logr|™  for ¢ > 0 alarge constant independent of r.

Let f, h and R, be the holomorphic functions on Dy, introduced in the proof
of Lemmas 10.6 and 10.7 (see (10.22) and (10.25)). On the other hand, we
deduce from the membership (z2, w2) € €,y and (10.24) and (10.25) that
22 = R.(w2) + f(w2). Write zo = e'z1, wr = e*w for some 0 < || < 1
since & is compatible with &;. Consequently, we infer that ¢ is a solution of
the following equation

Ry (M wy) + f(eMwy) = e'zy.
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Using (10.22) and the equality z; = r, we deduce that 7 is a root of the
following holomorphic function on the disc D

F(t) := R (eMwy) — ayeN'w] + h(e*wy) —e'r, t eD.
Consider another holomorphic function on D :
H(t) =r —re, t € Dy.

Observe that H admits a unique root ¢t = 0 on ID;. Moreover, |H (t)| & sr for
t € 0lDy;.

Since (21, w1) € B,in|jog, -3, it follows that [wi| < r'/V[logr|=/N.
This together with the second inequality in (10.9) yield that

laywl| < 2V wi |V < 2Vr|logr| 3.

This, combined with (10.19) and (10.22), implies that when the constant ¢’ is
large enough,
laywl | < sr/2. (10.35)

Then we deduce from (10.35) and (10.26), (10.18), (10.19) that for r > 0
small enough,
R (w)=r+4+00?, weby,. (10.36)

On the other hand, we infer from (10.22) that |h(e* w;)| < IZlNeAN’w{VL
Putting this together with (10.35) and (10.36), we deduce for ¢ € 9D, that

|F(t) — H(t)| < |R, (" wy) — r| + |h(eMw))|
< 00 + layw)| < sr~ |H ().

Consequently, by Rouché’s theorem applied to F and H, there is a unique
t € Dy such that F(¢) = 0, i.e., there is a unique & = (e’zy, eMwy) € €,y
with |¢] < s. Since s < |logr|_3, (10.34) follows from Lemma 10.5.

Case 2: |w| < 2r.

Here the difficulty lies in the fact that we cannot apply Proposition 10.3 (i)
and that the functions f, g, & etc are therefore not available any more. In this
case we choose s := ¢’r? for ¢’ > 0 a large constant. Using the assumption
|wi| < 2r and the expansion (10.10), we get that

J
o0 o0
200 (r, w1) — 2N G wD)l < Y lajl[97 (r, wy) (|wl|+|zbkrk|) = 0.

j=N k=2
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Moreover, using (8.2) and (8.1) we infer that
I = Zoo(r, w1)| = O,
On the other hand, using (10.10) and (8.2) and (8.1), we obtain that

(e, eMwy) — zy(r, wi) = zoo(e'r, €M wy) — zoo(r, w1) + O(F2) + O()
=er—r+ 00 +00») =00H+ 03

Putting together these three estimates, we have for ¢ € D that

lzn(e'r, eMwy) — | < |zn(e'r, eMwr) — zy (r, )|
+ lzn (r, wi) — Zoo (1, w1)
+|r = Zoo(r, w1)|
=14+ 0(*) + 0(?).

Consequently, when ¢’ is large enough, we know by Rouché’s theorem applied
to the identity function Dy > ¢ +— ¢ and the holomorphic function ¢ +—
zn (e'r, e*wy) — r that the latter admits a unique root on D;. Hence, there is a
unique & = (e'z1, e wy) € €, y with |t] < s. Since s < |Togr|~3, (10.34)
follows from Lemma 10.5. |

11 Massof T A [€,] on balls

The main purpose of this section is to prove Proposition 8.3 and one half of
Proposition 8.6. Recall that T := {« € C : ¢~ 2"" < |&| < 1}. In parallel with
the integral operator K given in (6.3), we also consider, for each s > 0, the
domain Dy := {t € R : t > s}, and the function Ky : R — R™ given by

~ \%
K = —dt, e R. 11.1
) /D ol (a1

Here U, V are functions of the variable ¢ and the parameter s which satisfy
the following system of equations (see (5.6), (5.2) and (5.3)):

U+iV=w@+is)Y and t=bu+as.

The following result is the main technical point in the proof of Proposi-
tion 8.3.

Lemma 11.1 There is a constant ¢ > 1 such that for all y € R and s > 0,

< K (0)/Ks(y) < c.
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Taking Lemma 11.1 for granted, we arrive at the

End of the proof of Proposition 8.3. In what follows we use the notation
introduced in Lemma 10.1. By (10.1), we have that uy x = 2km — (log |a|)/b
and v, = —logr. This, coupled with (5.1), (5.2) and (5.3), implies that &, o x €
B,s if and only if buy x + av, > —8logr, which is, in turn, equivalent to

k > ! 8 1 1
> 5— (6 — @) (~logr) + log Jal ).

Let Zs o be the set of all integers k satisfying the last inequality. Observe that

17 A1z, = [ (X o) )dvie,

keZé,r,a

Fora € T let D% := D_s10gs, trak := bugr +avy, k € Z. Thenk € Zs ;o
if and only if 7, o, x € D*. Moreover, consider the function x* : D* — C
given by

x“(t) :=u+iv,, where v, = —logr and t = bu + av,.

Let m = 1 and choose p > 1 large enough. Using Harnack’s inequality, we
see that the assumption of Part 1 of Proposition 7.7 is fulfilled. Hence, by
Definition 7.8 we obtain an interpretation (K%),cT of the geometric intersec-
tion T A [€,] on B,s with mesh m = 1. Moreover, we infer from the above
discussion and formula (11.1) that K*(y) = K_j10g,(y). Consequently, by
Part 1 of Proposition 7.7 we get that

A€ ~ [ ([ Bosiogr 0 Aady )avia.

aeT —00

On the other hand, by Lemma 11.1 we know that kv_glogr(y) ~ K _s1ogr(y).
By the definition of K in (6.3), we may ﬁgd a constant ¢s > 1 such that

;' < K s10gr()/K s10gr(¥) < 5. 80 K 510r(y) & K_log,(y). This,
combined with the last estimate for |7 A [&,] ”]Br s» implies that

A€ ~ [ ([ Ko Ea)dy)dvia.
€T

o —00
Comparing this with Lemma 6.1, the proof is completed. O

End of the proof of Lemma 11.1. Let ¢;, c3 be the constants with c3 > ¢p > 1
given by Lemma 7.9. We consider three cases.
Case 1: 5 > (1 + |y])!/7.
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By Part 2 of Lemma 7.9 and by formula (11.1), we have that

R foo sl
s() ~ ~s T
1= 1711

This, compared with formula (6.3), completes the proof of Case 1.

—1 s
: < —7= < ().
Case2:c; < Ty = €2

Write Dy = D! U D?, where

D! :={reD:t=<c(1+1yD"/"},
D? = {teDs:t>c(1+ IyI)I/V}-

Consequently, formula (11.1) gives that

. 1%
Ks(y) = (/I)}ntfl)%)mdt =1+ (11.2)

To estimate (1), we apply Part 4 of Lemma 7.9 and obtain that

dt al+yp'" gy -
mf —=f e A AT
p! (1+ [y i a+lyptr (L+1yD

To estimate (/7), we apply Part 2 of Lemma 7.9 and obtain that

p2 (max(t, )71 = Jt i 1770 e

Igserting the above estimates for (/) and (/7) into (11.2), we obtain that
Ki(y) ~ (14| yl)l/ ¥=1in the second case. Comparing this with formula
(6.3), the proof of Case 2 is complete.
Case3:s < c; (14 |yD'/7.
Write Dy = Ds1 U Ds2 U D;’, where
D! = {z cs<r<gl(+ |y|)‘/V},
DY = {t: 1= c(l+]yD"7},
D3 = {; C G A+ DY <t < el + |y|)1/V}.

Consequently, we get, similarly as in (11.2), that

- v
K. (y) = ( )—dt — I+ I +1II
) /Dg - /pg " /Dg V24 (y-U)? T
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To estimate (/) we apply Part 1 and Part 3 of Lemma 7.9. Consequently, we
obtain that

7 sdt & A+ =1y < |
m/ —ws(/ ) S+ Iy
o (L+ [y])? s 1+ Iy)?

To estimate (/1), we apply Part 2 of Lemma 7.9 and obtain that

11~ sdt ° dt \ ! _1
~ o ~ s I —ty+1)~s< +yh"

2(1+[y])

To estimate (/11), we apply Part 5 of Lemma 7.9 and obtain that

11~ /Cz(lﬂyl)w (1+|yD"" " sdr
& (yptr 82+ = p(y,$)*

where p(y, s) satisfies cz_l(l +1yDYY < p(y,s) < (1 + [yDV7. Write
11l :=11I1) + 111, where

1 1/y—1 dt
11 :/ (D7 sdr
li—p(y.s)|<s S~ + & = p(y,5))

(1+ lyD"7~1ds .
%/ ~ (14 ypirt,
[t—p(y,8)|<s s

and

(I+1yD"7tsdr - (L + |y sdr

< 1/y—1
P00 =) Ta=pGiap ST

1L ~

the integrals in the last line being taken over the region

[rer: Gl A+ 1D <1 =+ 30" and |t = p(y, )] = 5}
Thus, 111 ~ (1 + |y)!/r~1.

Combining the obtained estimates for (/), (/) and (//1), and using the

assumption s < 03_1(1 + |y|)1/y, we infer that

Ky =T+1T+1T~sA+[y) + A+ [y ~a+yp'/r

This, compared with formula (6.3), allows us to conclude the proof of the last
case. O
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Singular holomorphic foliations by curves 599

As an application of Lemma 11.1, we are able to establish one half of the
proof of Proposition 8.6.

Proof of Proposition 8.6 f0£ the geometric intersection 7' A [, ]. In parallel
with the integral operator K given in (11.1), we consider, for each s > 0,
the domain Dy y :={t e R: t > s/N + 3(logs)/N}, and the function
Ksn : R — RT given by

\%
K, = ——dt, e R, 11.3
.,N(y) /DS’N V2 + (y _ U)2 y ( )

Here U, V are functions of the variable # and the parameter s which satisfy
the following system of equations (see (5.6), (5.2) and (5.3)):

U+iV=w+is)Y and =bu+as. (11.4)

We argue as in the proof of Lemma 11.1 for § := 1/N making the obviously
necessary changes. The factor log s in the definition of D; y can be overlooked
without changing the final result. For & € T, set D* := D_ 1o,y and K* :=
K _jogr,ny and x%(t) := u(t) —ilogr, t € D%, where u is a function of
t satisfying Eq. (11.4) with s := —logr. Consequently, using Lemma 10.1
we can show that (K%)ycT is an interpretation of the geometric intersection
T A[€,] on Brl/NllogrrS/N with mesh 1.

It remains us to show that the above interpretation is coherent. We can check
this using Lemma 7.9 and the fact that the mesh of the interpretationis 1. O

12 Mass of T A [€, n] outside the corona A, y

The objective of this section is to establish Proposition 9.1. We start with the
following simple lemma.

Lemma 12.1 Let 0 < s < r < 00. Let h be a positive harmonic function on
the disc Dy. Then there is a constant ¢ > 0 depending only on the quotient
s/r such that for x1, x € Dy,

lh(x1) — h(x2)| < er ™ |x —X2|/ h(z)dLeb(z),
D,

where dLeb is the Lebesgue measure in C.

Proof Using a continuity argument we may assume that / is continuous on
D,. By Poisson integral formula, we have

1 r? — |x|?
h(x) = 5 h(y)do(y) for x € D, y € aD,,
2r Jom, |x — Yl
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where do (y) is the Lebesgue measure on dlD,. We infer from this formula
that

2mwclx1 — x21h(0)

i) = )| = P2 hdo) =
r oD,
=2 @b,
r D,

where the equalities hold by the mean-property. Hence, the lemma follows.
O

Now we are in the position to prove the first part of Proposition 9.1.

End of the proof of estimate (9.1) in Proposition 9.1. Let N € N and let ry
be given by Proposition 8.1. Consider the compact set

Y = ¢, n N (X\D?).

By Proposition 8.1 (i) and (ii), we have that Y N E = &. We use the finite
cover % of X by singular flow boxes (U,).c £ and regular flow boxes (U, ) e p
introduced in Sect. 2.2. We may assume without loss of generality that

Y c | JU,. (12.1)
peP

Putting (8.6) and (8.8) and (12.1) together, we use an argument of local com-
plex geometry to express the intersection points of the algebraic curves €, v
and ¢y y with a plaque of U, as the roots of some holomorphic functions
defined on some open subset of U,. Consequently, by shrinking ry if necessary,
we may find aconstant0 < § = §y < 1suchthatforeveryx e €y yN(X \D?)
and every 0 < r < ry, there is exactly one point t(x) € €,y such that x
and 7 (x) are on the same plaque V, of at least one of the regular flow boxes
(Up) pep and that

dist(x, t(x)) < cr®  for some constant ¢ > 1 independent of x. (12.2)
In fact, 6 is the reciprocal of the multiplicity of the intersection of €y y and

V, at x.
By shrinking the union U,c¢, vV, we may find an open neighborhood

V of (X \ID)Z) N &, where € is the closure of U0§r<rN ¢, n. Therefore, by
Proposition 2.6 we have the following integral representation of 7" in V:

T = f 7 [V Jdv (),
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Singular holomorphic foliations by curves 601

where, foreachx € €y yN(X \ID)z), h, denotes the positive harmonic function
associated to the current T on the plaque V., and v is a positive Radon measure
on &, y N (X\D?).

On the other hand, by Part 1 of Lemma 2.4, we have that

cl<nx)<e, xe U U, for some constant ¢ > 1.
peP

This, combined with (12.2) and (12.1), implies that distp (x, T(x)) < cr® and
that the diameter of the plaque V, with respect to the Poincaré metric gp is
~ 1. Applying Lemma 12.1 to the disc D, for r & 1, we get a constant ¢ > 1
such that

|hy(x) = hye(t(x))| S distp(x, f(X))A] hy()gp(y) S r‘S/ hy()gp(y).

X

Integrating both sides with respect to dv(x), we obtain that

f e (x) — he(2GDIdV() < PIT A gplly S 72,
XGQ:()’NQ(X\]D)Z)

where the last inequality holds because |7 A gp || x is finite by [10, Proposition
4.2] (this corresponds to (1.2) in the case 6 = 1). Since we know by using
(12.1) and Proposition 7.1 that the left hand side is bigger than

IT A N2 — 1T A [€0, Nl x\p2 |-

the desired estimate follows. O

Remark 12.2 Estimate (9.1) in Proposition 9.1 still holds if we replace X and
D? by the bidiscs D? and (sD)? respectively for any 0 < s < 1, i.e., there are
constants 0 < § = 8y < 1 and ¢ = ¢5 y > 1 such that

IT ATEr M llp2\ sy — IT A €0, N g2\ py2| < 7’ for 0 < r < min{s, ry}.

The last two parts of Proposition 9.1 concern balls in a singular flow box
around a singular point x € E. In what follows, we may assume without loss
of generality that .% is the foliation on ID? associated to the vector field F
introduced in Sect. 5 and that ¥ = 0 € D?. Moreover, let ¢y be the constant
¢ > 1 given by Lemma 10.5 (ii).

Definition 12.3 Given a point xog = (z0, wg) € (]DJ\{O})2 and a number 0 <
p < 1/2, a cell with center xo and radius p is the set Cell(xg, p) given by

[x = (z.w) € (D\{OD)? : max{|1 — z/z0|, |1 = z0/zl, |1 — w/wol, [l — wo/wl} < p}-
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Note that for x € Cell(xg, p),
(1+ ) Mixoll < llxll < (1 + p)lIxoll.

We fix a number 0 < pg < 1/2 so that the following two conditions (i)—(ii)
are satisfied:

i. For every 0 < p < pp and every point xo = (29, wg) € (ID)\{O})z,
Cell(xg, p) is a flow box with the transversals

Ty, := {(z0, w) € Cell(xg, p) : w e C} and
T, := {(z, wo) € Cell(xo, p) : z € C}.

We often identify Ty, and T’ with its projection on second first and its
first components respectively, that is, with the set {w € D : |1 —w/wp| <
pand |1 —wo/w| < pland {z €D : |1 —z/z0| < p and |1 — z9/z| <
p} respectively. The plaque of V := Cell(xg, p) passing through o =
(2o, w) € Ty, is denoted by V.

ii. All points in V,, are compatible with each other in the sense of Defini-
tion 10.4, in particular with «, for all @ € Ty,.

Finally, set p; := 1/4c¢, 2,00.

The following result illustrates the usefulness of the constants pg and pg
given in Definition 12.3.

Proposition 12.4 Let U (resp. V) be the cell with center xy € (ID)\{O})2 and
radius po (resp. radius p1). Let Ty, be a transversal of V as in Definition 12.3.
Let ©1,D7 be two analytic curves in U such that for every a € Ty, and
J = 1,2, ®; intersects the plaque Vy at a unique point oj. Then there is
a constant ¢ > 0 independent of xo such that for every harmonic current T
tangent to the foliation, we have that

(log* [xoDZIT A
IDAT = [Da] ATy < R ODIT Agelu o .

llxoll €T

*0
Proof By Proposition 2.6 we have the following integral representation of T
inV:

T = / ha[Voldv(a),
where, foreach o € T\, hy denotes the positive harmonic function associated
to the current 7' on the plaque V.

Leta € Ty, . Since we know by Definition 12.3 that ||« || &~ [|x¢|| and that the
points in V, are compatible with each other, it follows from Lemma 10.5 (ii)
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and the choice of pg, p; that there are two constants 0 < ¢’ < ¢” (independent
of o and xp) and constants ¢y, ¢, € [¢, ¢”'] such that

Po De, (tog* xgl)=1) € Voo © P Dy gtog 1xgf))=1) € P Py, tog* o)1) < Var-

Therefore, applying Lemma 12.1 to the disc D, for r := 2¢],(log* lxolD~",
we get a constant ¢ > 1 such that for x1, x, € V,, we have that

e (x1) — ha(x2)] < llxoll ™ (og? Ilxol)?x1 — x2] fU hagp.

where gp is, as usual, the leafwise Poincaré metric restricted to U, C L.
Applying the last inequality to x; = o1 and xp = o7 and integrating both
sides with respect to dv(«) and using the above integral representation of 7,
we obtain that

(log* [xoD2 T A
fT e (1) — o () ldv(@) < c S8 ROV WT A gPly o ),
1S

y B acTyg

Applying Proposition 7.1, we see that the left hand side is bigger than [|[D1] A
T — [D>] A T|lv, and hence the proposition follows. O

End of the proof of estimate (9.2) in Proposition 9.1. Fix N € N large enough
and let 0 < ry < 1 be the constant given by Lemma 10.7. Set s := ry. By
Remark 12.2 we can reduce estimate (9.2) to the following one:

T ALE N 28,1 I T ALCON 208, | = lTog 7

(12.3)
where c is a constant which depends only on N. Fix p with 0 < pp < pg and
20, ! € N. Consider the countable set

Xi={r=(@w e6D: |z |wl€{s(l—pm)?: peN)
and argz,argw € {0, p2,2p2...,27}}.

Consider the family % of cells Cell(x, pg), where x € X. We see easily that
when p» is small enough and when a constant 0 < p3 < p; is small enough,
the following property holds:
Property (i). For every point x € (sD\{0})?, there exists at least one cell
C € € such that Cell(x, p3) C C.

In particular, Property (i) implies that

GD\(fe =0} U fw =0} = | Cellx, o).
xeX
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Moreover, we can check that the following property also holds.
Property (ii). There is K € N such that each point in (sD\{0})? belongs to at
most K cells in the family € .

Let 0 < r < ry be arbitrary.

Combing Lemmas 10.6 and 10.7, we see that for every « € T and k € N
with &, v.ak € (SD)?\B, 1/ jog /¥ »

distc (&, Nk E0.N,0k) S 1logr|™ and  distc (B ek, Eo,n,0k) & N7
(12.4)
Fix a9 € T. Suppose that there is k € N such that §y N eok €
(s]D)Z\B,]/NHOgr‘s/N. By Property (i), we may find acell C = Cy C €
such that C’ := Cell(§o,N,9.k» £3) C C. Set py = 1/4c62p3, where the
constant ¢y > 1 is introduced just before Definition 12.3. Next, using (12.4)
we can check that there are constants ¢’ > 1 and 0 < ps < 1 depending
only on pg, p1, p2, p3 (in particular, they are independent of r and N) with the
following property:
There is an open ball W, with center ag € T and radius ps5 in T, where T
is defined in (5.4), and an interval S, o, C N such that

e IN < #S.4, < ¢'N, where # denotes the cardinality;

o forevery k € S, o, and o € Wy, all three points Ex ok, §0,N,a.ks &N, ek
not only belong to the bidisc (sID)?, but also belong to the cell C” :=
Cell(§0, N, a0,k 04)-

Let T¢r be a transversal of C” in the sense of Definition 12.3. For every
W CT,let Ly :=Jyew La- Set

Teray :=Ter N LWaO .

This is a nonempty open subset of T¢~. This, combined with (12.4), allows us
to apply Proposition 12.4 to two algebraic curves €y y and €, y in the cells C’
and C”. The only change is that we use the constants p3, p4 instead of pg, p1.
Consequently, we get a constant ¢ > 0 such that

f e o ak) — () v (@)
(ZGTC//

X0

2
< 110g180.N.ao.kolI"IIT A gPllc

~

- sup ”so,N,a,k - Sr,N,a,k”~
”&),N,Olo,ko ” aeT

Using the first estimate in (12.4) and the inequality [0 N og.kol > rl/N|
logr|>’N, the right hand side is bounded from above by a constant

times| logr|_1 IT A gpllc. On the other hand, the left hand side is bounded
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from below by |[€o NIANT —[E NIAT ||CmZW . Hence, for C = Cj we have
a0
that

€ NIAT =€ NI A Tlleinty, S Hogri™HIT Agplic.

Summing up the last inequality over all k € S, 4,, and using Property (ii)
above, we get that

€ NIAT =€ NIATIz,, < logrl HIT Agrlx.

A compactness argument shows that we can cover T by a finite number of
open sets Wy,,. Applying the above estimate to each element of this cover and
summing up the obtained estimates, (12.3) follows and we are done. |

End of the proof of estimate (9.3) in Proposition 9.1. We argue as in the
above proof of estimate (9.2) in Proposition 9.1 using Lemma 10.8 instead of
Lemma 10.7. We only point out here the necessary modification. Fix «g € T.
Suppose that there is k € N such that §.0,x € B,1/v|1og,-3/~. By Prop-
erty (i) in the previous proof, we may find a cell C = Cy C % such that
Cell(§/,qp,k> p3) C C. Thus, there is an open ball W,, with center o and
radius ps in T and an interval S, 4, C N such that J7IN < #Sr0p < ¢'N
points, and that for every k € S, o, and « € Wy, the two points &, 4 x and
&N ..k belong to the cell C” := Cell(§.q .k, p4)-

Next, using Lemma 10.8 instead of the first estimate in (12.4), we conclude
the proof as in the previous one. O

13 Massof T A[C€,], T A[€o,n], T A[€, n]on thecorona A, y

The objective of this section is to establish Proposition 9.2. Recall that for
every s > 0, the function K : R — R is given by (6.3).

13.1 Massof T A[€,]on A, N

In order to prove the first inequality of this proposition, we consider, for each
s > 1 and N € N\{0}, the following domain in R :

Dyy:={teRT: Nl(s —3logs) <t < N '(s +3logs)}, (13.1)

and the function K S(llz, : R — R™ given by

Vv
(D
K = dt, e R, 13.2
S,N(y) ,/DS’N V2 (y _ l,)z y ( )
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Here U, V are functions of the variable ¢ and the parameter s which satisfy
the following system of equations (see (5.6), (5.2) and (5.3)):

U+iV=w+is)Y and t=bu-+as.

It is worthy comparing the domain Dg y (resp. the function KS(R,) with the
domains Dj (resp. the function K s) givenin (11.1).

Lemma 13.1 Forevery0 <r < 1/2,

7 At~ [ ([ KO a0 Haay)avie

aeT

Proof Using (10.1), (5.1) and (5.3), we see that &, 4 x € A, y if and only if

- b((N— — a)(—logr) — 3log(— 1ogr)+1og|a|)

2—<(N— — a)(—logr) + 3log(—logr) +10g|a|>.

Let Z}’ .o D€ the set of all integers k satisfying the last inequalities. Observe
that

A= [ Y i | v
*€% \kez!
r.N.,a
Fora € Tlet D% := D_jogr N, trak := bugr+av,, k € Z.Thenk € Z; n o
if and only if 7,4 x € D*. Moreover, consider the function x* : D% — C
given by

X)) i=u+iv,, where v, = —logr and ¢ = bu + av,.

Let m = 1 and choose p > 1 large enough. Using Harnack’s inequality, we
see that the assumption of Part 1 of Proposition 7.7 is also fulfilled. In other
words, by Definition 7.8 we obtain an interpretation (K )41 of the geometric
intersection T A [€,] on A,y with mesh m = 1. Consequently, applying Part
1 of Proposition 7.7 the lemma follows. O

Lemma 13.2 There is a constant ¢ > 1 such that forall y € R, s > 1 and
N € N\{0},
KN () < es™! (log ) K, ().
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Proof We follow the method of proof of Lemma 11.1. Let ¢3, c3 be the con-
stants with ¢z > ¢» > 1 given by Lemma 7.9. We consider three cases.
Case 1: 5 > o (1 + [yD!/7.

By Part 2 of Lemma 7.9 and by formula (13.2), we have that

t=s/N+3(logs)/N N)drt
Ks(lli,(y) A / % ~ N~2s77 logs.
’ t=s/N-3(logs)/N SV
This, compared with formula (6.3), completes the proof of Case 1.
Case2: ;' (1+ |yD"7 <5 <ea(l+ |y,
Applying Part 5 of Lemma 7.9, we get that

t=s/N+3(logs)/N (1+|y|)1/y_ltdt

(1)
Ky~ / ,
SN 1=s/N—3(ogs)/N 1>+ (s — p(y,1)?

where p(y, ) satisfies c; ' (14+|yD'/” < p(y,1) < ca(1+]y])"/7. A straight-
forward computation shows that the right hand side is & N~'s~logs(1 +
|y)!/7 1. Comparing this with formula (6.3), the proof of Case 2 is complete.
Case3:s <c; (14 |yD'/7.

Applying Part 1 and Part 3 of Lemma 7.9, we get that

t=s/N+3(logs)/N 7 Leds

M _ .
K oow/ LS NS ogs(L+ |y 2.
SN t=s/N—-3(logs)/N (1 + |y|)2

This, compared with formula (6.3), allows us to conclude the proof of the last
case. O

End of the proof of inequality (9.5) in Proposition 9.2. Applying Lemma 13.1
and then Lemma 13.2, we see that for every 0 < r < 1/2,

|wAmmmwe/

o

([ K vV But2dy (@)

< Nl(— log r)_1 log(—logr)

([ KAy v
aeT

—0o0

By Lemma 6.1 and identity (6.2), the integral in the last line is uniformly
bounded in r. The proof is thereby completed. O
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13.2 Massof T A [€o,y]on A, N

The next part of this section is devoted to the proof of the second inequality

of Proposition 9.2. We consider, for each s > 1 and N € N\{0}, the function

K 5(2]1, : R — R™ given by

@) 2 v
K =N S — T e R. 13.3
s ) /DN V(U2 y (13.3)

Here the domain Dy, y is givenin (13.1), and U, V are functions of the variable
t which satisfy the following system of equations (see (5.6), (5.2) and (5.3)):

U+iV=w+iv)Y and t =bu+av and v = Nr+log|d|,

where d := —ay (see (8.7) and Lemma 10.6 for ay).

Lemma 13.3 Forevery0 <r < 1/2,

o0
T Aoy~ [ ([ KO )iy
aeT —00

Proof Using (10.2), (10.3), (10.4), (5.1), (5.2) and (5.3), we see that Ey o x €
A, y if and only if

(—logr) —3log(—logr) <ty ak < (—logr) +3log(—logr). (13.4)

Let Zzlv,a be the set of all integers k satisfying the last inequalities. Observe
that

T A = [ | 3 hetvan | dvie

T
* \kezl,

I7 A€ol = [ | Z reonan [ v

keZy,

On the other hand, by Lemma 10.6 we know that &y o« and & n .k are
compatible for k € Z}V - Hence, by Harnack’s inequality, there is a constant
¢ > 1 such that

¢y Enax) < hoGonar) < chaEn.ak)-
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This, combined with the above equalities, implies that

7A€ol > [ | T haenan | ava,

T
* \kezl, ,

So we need to show that the right hand side in the last line is equivalent to
the right hand side of the lemma. For o € T let D* := D_ o9/ N, IN ok =
buN o k+avN k- k € Z.Thenk € Z), , ifandonlyify o« € D* Moreover,
consider the function x* : D% — C given by

x%(@) :==un(t) +ivy(t), where vy() = Nt +logl|d| and
t =bun(t) +avy(t).

By (10.4), (10.5) and (10.6), we choose m = N~2. Moreover, take p > 1
large enough. Using Harnack’s inequality, we see that the assumption of Part
1 of Proposition 7.7 is fulfilled. Hence, we obtain an interpretation (K%)yeT,
in the sense of Definition 7.8, of the geometric intersection 7 A [€,] on A, y
with mesh m = N~2. Consequently, applying Part 1 of Proposition 7.7 the
lemma follows. O

Lemma 13.4 There is a constant ¢ > 1 such that forall y € Rand s > 1 and
N € N\{0},
K2 () < eN?s7 ! (log ) K, ().

Proof We follow the method of proof of Lemma 11.1. Let ¢, c3 be the con-
stants with ¢z > ¢» > 1 given by Lemma 7.9. We consider three cases.
Case 1: 5 > oo (1 + |y])!/7.

By Part 2 of Lemma 7.9 and by formula (13.3), we have that

@ 5 t=s/N+3(logs)/N ;¢ B
Ky~ N T S Vlogs.
' t=s/N—-3(logs)/N (Nt)

This, compared with formula (6.3), completes the proof of Case 1.
Case2: ;' (1 + |yD"7 <5 <ea(l+ |y,
Applying Part 5 of Lemma 7.9, we get that

t=s/N+3(logs)/N (1+|y|)l/y_ltdl’

) 2
K yO)~N ,
s 1=s/N—3(ogs)/N 12+ (Nt —p(y,1))?

where p(y, t) satisfies c2_1(1 +yDY” < p(y, 1) < ca(1+|yD7. A straight-
forward computation shows that the right hand side is ~ Ns~!logs(1 +

@ Springer



610 V.-A. Nguyén

|y|)l/7’_1. On the other hand, by formula (6.3) we have that K (y) =~
(14 |yD'/r=1. This completes the proof of Case 2.
Case3:s <c; ' (14 |yD'/7.

Applying Part 1 and Part 3 of Lemma 7.9, we get that

t=s/N+3(logs)/N l‘yil(Nl‘)d[
2 _ _
K2 ()~ N? — o A N2V logs(L+ [y 72
’ t=s/N—3(ogs)/N (1 41y

Since we know by formula (6.3) that K (y) ~ (1 + |y|)1/7’_1 , the proof of the
last case, and hence the lemma, is thereby completed. O

End of the proof of inequality (9.6) in Proposition 9.2. Applying Lemma 13.3
and then Lemma 13.4, we see that for every 0 < r < 1/2,

7 Aol ~ [ ([ KO 0 Audy v
aeT

< N(—logr)~'log(—logr)

[ (] Ko Eady)avia.
aeT

—00

By Lemma 6.1 and identity (6.2), the integral in the last line is uniformly
bounded in r. The proof is thereby completed. O

13.3 Massof T A[&€, y]lon A, N

The remainder of the section is devoted to the proof of inequality (9.7) in
Proposition 9.2.

Let 0 < k = ky < 1 be a very small constant whose exact value will
be determined later on, and let ry > 0 be the constant satisfying both Lem-
mas 10.7 and 10.8. Write

1T AL Ny =N T ALCr N B, 1 HIT ATE N B, 1y =2 T+

(13.5)
Arguing as in the proof of Lemma 10.8 and replacing the ball B,.i/x/ 4 -3/¥
with B, ,.1/» and choosing 0 < ¥ < 1 small enough, we obtain the following
weaker result for every 0 < r < ry and « € T : The intersection of the curve
¢, v with the Riemann surface L, inside the ball B, ,1/v can be enumerated
as & N .k such that & y o x and &, x are compatible, where k € N such that
&r.a.k € B, 1yv. Consequently, we get that

= [ (T hateman)vea.
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where the sum is taken over all k € N such that ¢, o x € A, y NB,.1/~. More-
over, using that {, y 4k and ¢, x are compatible, an application of Harnack’s
inequality gives that

ho(E N.ak) < 'hy(rqk) for some constant ¢ > 1.

Therefore, we infer that
P2 [ (X b )dvie = €T AT s s,
aeT

The right hand side is bounded from above by ¢’ || T A [€, ]| A,y This, coupled
with (9.5), implies that

I < c(—logr)~tog(—logr). (13.6)

Next, we turn to (/7). Observe that every point (z, w) ¢ B,,i,v with
Zn(z, w) = r satisfies the assumption of Proposition 10.3 for the sequence
My = 8" asin (10.16). Therefore, we have for such a point that

|Zn (2, ) — (Zoo(z, w) +ayw™)| < 8 Vay||w|V. (13.7)

Consequently, we can argue as in the proof of Lemma 10.7 while replacing
the ball B,.1/n15g -j3/8 With B,,.1/v. Thus we obtain the following weaker fact
than Lemma 10.7.

Claim For N large enough, there exist two numbers Iy and A y such that by
reducing ry if necessary, for every 0 <r < ry and o € T, the following two
properties hold:

i. for every point &1 € (€o y N ZO,) N (Ar’N\BHI/N), there exist at least
one point and at most 'y points & € (&, y N Ly) N (Ay N\B,,.1/v) such
that & and & are quasi-compatible in the sense of Definition 10.4 and
distc(§1,52) < Awy; R

ii. foreverypointé; € (€. yNLy)N (A,,N\I@Ul/zv), there exist at least one
point and at most Iy points & € (o, y N Ly) N (A y\B,,1/8) such that
&1 and & are quasi-compatible and distc (€1, &) < An.

Sketchy proof of the claim. We only prove assertion (i) since assertion (ii) can
be done similarly. Unlike the proof of Lemma 10.7, s in this claim is a large
positive number. Arguing as in the proof of (10.29), we may find a constant
cy > 1 such that

r< CNK_llan{vl.
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Now we choose M large enough (M depending on N). In fact, instead of
(10.30) s in this claim is of the form

s:=ck ! forc = cly > 0 alarge constant independent of r.  (13.8)

As in the proof of Lemma 10.7 we want to estimate the number of roots ¢ of
the following holomorphic function on Dy defined by (10.28):

F(@):= Rr(e)‘[wl)—&Ne)”Ntw{V+h(e)‘tw1)+ZlNetw{v—e[h(wl), t € Dy.
Consider again the function

H(t) := —aneV'wl +aye'wl, 1 eD.

Since H(r) = 0 if and only if r = }\2}(}71_ kl for k € Z, we may choose s and ¢’

large enough (depending only on N and X) such that
|H(@®)| > ¢ Yayw)| for e Dy,

and that H admits a finite number of roots, say 'y > 1 roots on D;. Using
this and (10.18), (10.19), (10.23), (10.26), (10.29), (13.8) and (10.31), we can
show that

|F(t) —H(@)| < H() fort e dDy.
Consequently, applying Rouché’s theorem again to F and H, the claim follows

with Ay :=s. O
Using the claim we may find a constant ¢’ = ¢, > 1 such that

Il < C”/ (Z%(SO,N,a,k))dv(Ol) = c"IIT A€o,n1lla,\\B,,1/x >
aeT

where the sum is taken over all k € N such that &y y ok € A, y\B,,1/v. The
right hand side is bounded from above by ¢”||T A [€ n]|l Arn-
This, coupled with (9.6), implies that

11 < c(—logr)~'log(—1logr). (13.9)

End of the proof of inequality (9.7) in Proposition 9.2. Putting (13.5), (13.6)
and (13.9) altogether, (9.7) follows. ]
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14 Completion of the reductions

In the first part of this section we complete the proof of Proposition 8.6.
More specifically, we will show that the geometric intersection T A [€p y]
on ]Brl/l-vllogr‘—y.[v admits.:'fl coherent interpretation K* logr, N sati.sfying the
conclusion of this proposition. As a consequence, the second part is devoted
to the proof of Proposition 8.4.

14.1 End of the proof of Proposition 8.6

The proof is divided into 4 steps.
Step 1: Construction of a coherent interpretation with mesh N 2.

Let d := —ay (see (8.7) and Lemma 10.6 for ay). We consider, for each
s > 1 and N € N\{0}, the following domain in R :

Dfy={teR":t>N""(s—3logs)}. (14.1)

and the function K, : R — R* given by

Vv
K* = N2 / T eR. 14.2
S,N(y) D?N Vz + (y . U)2 y ( )

Here U, V are functions of the variable ¢ which satisfy the following system
of equations (see (5.6), (5.2) and (5.3)):

U+iV =w+iv)Y and t =bu+av and v = Nr+log|d|.

For ¢ € T, set D% := Dilogr,N’ and K% := Kilogr,N’ and x%(t) =
Uy (t) +ivg(t), t € D¥. Here u, and v, are affine functions in ¢ such that
Ug(IN.a.k) = UN .k a0d Vg (1N o k) = UN ok fOr k € N (see (10.3)-(10.4) in
Lemma 10.2). We will show that (K%*)qeT is a coherent interpretation of the
geometric intersection T A [€p y] on B 1N [Tog r|=3/N -

By Lemma 10.6 and using (5.1) we know that for every « € T, each point
E=(z,w) =Yuu+iv) € ¢d = {z = dwN} N L corresponds to a unique
pointé = (z, w) = Yo (u+iv) € C nN La such that & and &’ are compatible
and distc (En.a.ks Eo.N.wk) S N—L Using Definition 10.4 we infer from the
last inequality that

u—u'|<N' and -2 |<NL (14.3)

@ Springer



614 V.-A. Nguyén

On the other hand, by (10.5)—(10.6) in Lemma 10.2, if u := uy gk, v =
UN.aks U = UN g k+1, V' = UN.ak+1 fOr some k € N, we also get inequality
(14.3).

Using (5.2) and (5.6), we set

t=bu+av, t'=bu' +av, U+iV=w+iv), U+iV =@w +iv)".

This, combined with (14.3), yields that r ~ ' and v ~ v'. Since £ € ¢4, =
(z=dwV}NLyN B,/ 10g r-3/¥ » it follows from (5.3) that

t > —Nfllogr +3N*110g(—10gr) and v = Nt +log|d]|.

Note that the second estimate in (10.6) shows that the mesh of (K%), <1 should
be N~2. Using the above estimates for 7, v and #’, v’ and applying Lemma 7.9,
we can show that there is a constant ¢ > 1 independent of the above points
&, &’ such that

o 4 14 14
< <c
Vit (y—UP ~ V24 (y—U)»? "~ V24 (y-U)?

for yeR.

Therefore, by Definition 7.8, (K“)4cT is a coherent interpretation of the geo-
metric intersection 7" A [€p, y] on Brl/N‘ log r|~3/N @S desired. This completes
Step 1.
Step 2: There are constant ¢,k > 1 independent of N such that for k(1 +
lyDYY < s, we have KXy < cst7.

To start Step 2, let c’z, c3 be the constants with ¢3 > ¢» > 1 given by
Lemma 7.9. Set

K := max{cy, c3}.

By Part 2 of Lemma 7.9 and by formula (14.2), we have that

K* () /OO N?tdt -
() & -
N 1=s/N—3(logs)/N (ND)Y+!

This completes the proof of Step 2.
Step 3: There are constant c,k > 1 independent of N such that for s <

B _ KO
K 1(1+|y|)1/3’ > s, we have ¢~! < W =c.
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Let « be given by Step 2. Applying Part 5 of Lemma 7.9 and using Step 2
above for s = «k (1 4+ |y|)'/”, we get that

(A+lyD'7 /N (1 + |y /7 —1N2
_ v N-tdt
Koy~ () . .
t=s/N—3(logs)/N 1=+ (Nt +logld| — p(y,1))
(14.4)
where p(y, t) is defined as follows: there exists a solution u := u(y, t) of the
following equation

U=y, U+iV =@+it) (14.5)
satisfying ¢ ' (1 + [yD'7 < u, p(y, 1) < a1 + [yD'7 with p(y, 1) =

bu + at.
Foreveryk =1,..., N, let tx, ux € R be such that

oy, tr) =kty and  p(y,tx) := buy + aty. (14.6)

Observe that

(N—k—1)t+log |d| < Nt+log|d|—p(y, 1) < (N—k)t+log|d| for t € [fry1.1el. (14.7)
On the other hand, we deduce from (14.6) and (14.5) that

tYRe((b™'(k —a) +i)7) =Re((b™' (k — a)tx + itx)”) = Re((ux +itx)”) = y.
This, combined with the estimate

Re((b_l(k —a)+i)’)~k” forlarge k,
implies the following estimates
o~k ylV,

and

~ Y1
lk—1 — Ik ~ 1},

Yy _ v

e = t—y)

Re((b~ 'k —a) +i)7) —Re((b~ 'k —a) +i)7)
[yl

~ kL y) /Y (Re((b_l(l —ak™Y) k™) —Re(® 11 —ak™h + ik‘l)y))

~ kD |y 11y

~ k2T
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Inserting these inequalities into (14.7) and hence (14.4), we get that

_ (k-1 — 1) (1 + [yD7 "y
KiyO)~ (14"~ + sz 2
‘1 + (Nt +log ld| — p(y, 1))
_ _ (fk—1 — k)
~ (1 =14 N2(1 Vy—1 N~ Mk 7 %)
(L+1yD"7 = 4+ N2(1 + 1y szav—k)z
=21y /Y
| y=14 N2(1 1/y-1 1|
~(1+1yD + (I+1yD Zk_1| [1/Y (N — k)2
N-1
~ (1 =114 N2

~ N(L+ [yp/r =1,

where in the second & we use that —N log2 < log|d| < N log2, which
follows, in turn, from the first two inequalities in (10.9).
Step 4: There are a constant k > 1 independent of N and a constant cy > 1

such that for k~'s < (1 + |[yDYY < ks, we have 6;,1 (lfléyl% =< CN.
We use Lemma 7.9 in order to estimate K* N(y) Since this step is much
easier than Step 2 and Step 3, we leave it to the interested reader.
Putting Steps 1, 2, 3 and 4 altogether, the proof of Proposition 8.6 is thereby

completed. O

<

14.2 End of the proof of Proposition 8.4.

We apply what has been done in this section to B,.1/v instead of B,.1/x1qg -3/5-
Consequently, we obtain quite similar estimates as in Step 2, 3, 4 above. This,

combined with Lemma 6.1 for »!/¥ instead of r, yields a constant ¢ = cy > 0
such that

IT A€ol )y < cGlxo,r'/N) for 0<r<1/2.
Replacing /N by r, the result follows. O

Acknowledgements I would like to thank Nessim Sibony for suggesting me to work on the
holonomy cocycle. Sincere thanks also go to Tien-Cuong Dinh for interesting discussions. I
am also grateful to Mihai Paun and Jaigyoung Choe for very kind help, and to the referee for
carefully reading the paper and for suggestions leading to the improvement of the exposition.
The paper was partially prepared during my visit at Vietnam Institute for Advanced Study
in Mathematics (VIASM) and at the Center for Mathematical Challenges (CMC) of the Korea

@ Springer



Singular holomorphic foliations by curves 617

Institute for Advanced Study (KIAS). I would like to express my gratitude to these organizations
for hospitality and for financial support.

References

10.

11.

12.

13.

14.

15.

16.

17.

19.

. Berndtsson, B., Sibony, N.: The d-equation on a positive current. Invent. Math. 147(2),

371-428 (2002)

Brunella, M.: Inexistence of invariant measures for generic rational differential equations
in the complex domain. Bol. Soc. Mat. Mexicana (3) 12(1), 4349 (2006)

Candel, A.: Uniformization of surface laminations. Ann. Sci. Ecole Norm. Sup. (4) 26(4),
489-516 (1993)

Candel, A.: The harmonic measures of Lucy Garnett. Adv. Math. 176(2), 187-247 (2003)
Candel, A., Conlon, L.: Foliations I. Graduate Studies in Mathematics, vol. 23. American
Mathematical Society, Providence (2000)

Candel, A., Conlon, L.: Foliations II. Graduate Studies in Mathematics. American Mathe-
matical Society, Providence (2003)

Chavel, I.: Eigenvalues in Riemannian Geometry. Including a chapter by Burton Randol.
With an appendix by Jozef Dodziuk. Pure and Applied Mathematics, vol. 115. Academic,
Orlando (1984)

Deroin, B.: Hypersurfaces Levi-plates immergées dans les surfaces complexes de cour-
bure positive (French) [Immersed Levi-flat hypersurfaces in complex surfaces of positive
curvature]. Ann. Sci. Ecole Norm. Sup. (4) 38(1), 57-75 (2005)

Deroin, B.: Brownian motion on foliated complex surfaces, Lyapunov exponents and appli-
cations. Geom. Fol. 1, 3-9 (2013)

Dinh, T.-C., Nguyén, V.-A., Sibony, N.: Heat equation and ergodic theorems for Riemann
surface laminations. Math. Ann. 354(1), 331-376 (2012)

Dinh, T.-C., Nguyén, V.-A., Sibony, N.: Entropy for hyperbolic Riemann surface lamina-
tions I. Frontiers in complex dynamics: a volume in honor of John Milnor’s 80th birthday.
In: A. Bonifant, M. Lyubich, S. Sutherland (eds.), Princeton University Press, pp. 569-592
(2014)

Dinh, T.-C., Nguyén, V.-A., Sibony, N.: Entropy for hyperbolic Riemann surface lamina-
tions II. Frontiers in complex dynamics: a volume in honor of John Milnor’s 80th birthday.
In: A. Bonifant, M. Lyubich, S. Sutherland (eds.), Princeton University Press, pp. 593-622
(2014)

Dinh, T.-C., Sibony, N.: Unique ergodicity for foliations in P2 with an invariant curve.
Invent. Math. (2017). https://doi.org/10.1007/s00222-017-0744-2

Fornzss, J.E., Sibony, N.: Harmonic currents of finite energy and laminations. Geom. Funct.
Anal. 15(5), 962-1003 (2005)

Forness, J.E., Sibony, N.: Riemann surface laminations with singularities. J. Geom. Anal.
18(2), 400—442 (2008)

Forness, J.E., Sibony, N.: Unique ergodicity of harmonic currents on singular foliations of
P2, Geom. Funct. Anal. 19(5), 1334-1377 (2010)

Garnett, L.: Foliations, the ergodic theorem and Brownian motion. J. Funct. Anal. 51(3),
285-311 (1983)

. Ghys, E.: Laminations par surfaces de Riemann. (French) [Laminations by Riemann sur-

faces] Dynamique et géométrie complexes (Lyon, 1997), ix, xi, 49-95, Panor. Syntheses,
vol. 8, Soc. Math. Paris (1999)

Glutsyuk, A.A.: Hyperbolicity of the leaves of a generic one-dimensional holomorphic
foliation on a nonsingular projective algebraic variety (Russian) Tr. Mat. Inst. Steklova, 213
(1997). Differ. Uravn. s Veshchestv. i Kompleks. Vrem., 90-111; translation in Proceedings
of the Steklov Institute of Mathematics, 213(2), 83-103 (1996)

@ Springer


https://doi.org/10.1007/s00222-017-0744-2

618 V.-A. Nguyén

20. Hurder, S.: Classifying Foliations. Foliations, Geometry, and Topology, pp. 1-65, Contemp.
Math. vol. 498. American Mathematical Society, Providence (2009)

21. Hussenot, N.: On the dynamics of Riccati foliations with non parabolic monodromy rep-
resentations. math.DS, math.CV, arXiv:1604.06689v2

22. Lins, A.N.: Simultaneous uniformization for the leaves of projective foliations by curves.
Bol. Soc. Brasil. Mat. (N.S.) 25(2), 181-206 (1994)

23. Lins, N.A.: Uniformization and the Poincaré metric on the leaves of a foliation by curves.
Bol. Soc. Brasil. Mat. (N.S.) 31(3), 351-366 (2000)

24. Lins Neto, A., Soares, M.G.: Algebraic solutions of one-dimensional foliations. J. Differ.
Geom. 43(3), 652-673 (1996)

25. Nguyén, V.-A.: Oseledec multiplicative ergodic theorem for laminations. Mem. Am. Math.
Soc. 246(1164), ix+174 (2017)

26. Nguyén,V.-A.: Geometric characterization of Lyapunov exponents for laminations. J.
Geom. Anal. https://doi.org/10.1007/s12220-017-9919-8

27. Nguyén, V.-A.: Directed harmonic currents near hyperbolic singularities. Ergodic Theory
Dyn. Syst. https://doi.org/10.1017/etds.2017.2

28. Skoda, H.: Prolongement des courants, positifs, fermés de masse finie (French) [Extension
of closed, positive currents of finite mass]. Invent. Math. 66(3), 361376 (1982)

29. Sullivan, D.: Cycles for the dynamical study of foliated manifolds and complex manifolds.
Invent. Math. 36, 225-255 (1976)

30. Walczak, P.: Dynamics of foliations, groups and pseudogroups. Instytut Matematyczny Pol-
skiej Akademii Nauk. Monografie Matematyczne (New Series) [Mathematics Institute of
the Polish Academy of Sciences. Mathematical Monographs (New Series)], 64. Birkhduser
Verlag, Basel, pp. xii+225 (2004)

@ Springer


http://arxiv.org/abs/1604.06689v2
https://doi.org/10.1007/s12220-017-9919-8
https://doi.org/10.1017/etds.2017.2

	Singular holomorphic foliations by curves I: integrability of holonomy cocycle in dimension 2
	Abstract
	1 Introduction
	1.1 General settings and main results
	1.2 Outline of the proofs
	1.3 Organization of the article and acknowledgments

	2 Background
	2.1 Foliations, singularities, Poincaré metric and Brody hyperbolicity
	2.2 A local model
	2.3 Heat diffusions and harmonic currents versus harmonic measures
	2.4 Measure theory on sample-path spaces
	2.5 Holonomy cocycles

	3 Holonomy cocycle versus Poincaré metric
	4 Proof of the main results modulo the integrability condition
	5 Harmonic currents on the local model
	6 Proof of the integrability condition: First reduction
	7 Geometric intersection and interpretations
	8 Test curves mathfrakCr, mathfrakCr,N… and second reduction
	9 Cohomological relation and third reduction
	10  Intersection of test curves with a leaf
	11  Mass of Twedge[mathfrakCr] on balls
	12  Mass of Twedge[mathfrakCr,N] outside the corona mathbbAr,N
	13  Mass of Twedge[mathfrakCr], Twedge[mathfrakC0,N], Twedge[mathfrakCr,N] on the corona mathbbAr,N
	13.1  Mass of Twedge[mathfrakCr] on mathbbAr,N
	13.2  Mass of Twedge[mathfrakC0,N] on mathbbAr,N
	13.3  Mass of Twedge[mathfrakCr,N] on mathbbAr,N

	14 Completion of the reductions
	14.1  End of the proof of Proposition 8.6
	14.2  End of the proof of Proposition 8.4.

	Acknowledgements
	References




