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Abstract In 1997, Jost (Calc Var PDE 5:1-19, 1997) and Lin (Collection
of papers on geometry, analysis and mathematical physics, World Sci. Publ.,
River Edge, 1997), independently proved that every energy minimizing har-
monic map from an Alexandrov space with curvature bounded from below to
an Alexandrov space with non-positive curvature is locally Holder continuous.
Lin (1997) proposed an open problem: can the Holder continuity be improved
to Lipschitz continuity? J. Jost also asked a similar problem about Lipschitz
regularity of harmonic maps between singular spaces [see page 38 in Jost (in:
Jost, Kendall, Mosco, Rockner, Sturm (eds) New directions in Dirichlet forms,
International Press, Boston, 1998)]. The main theorem of this paper gives a
complete resolution to it.

Mathematics Subject Classification 58E20

1 Introduction

Given a map u : M" — N between smooth Riemannian manifolds of
dimension n and k, there is a natural concept of energy associated to u. The
minimizers, or more general critical points of such an energy functional, are
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called harmonic maps. If n = 2, the regularity of energy minimizing harmonic
maps was established by Morrey [42]. For energy minimizing harmonic maps
defined on a higher dimensional Riemannian manifold, a well-known regular-
ity theory has been developed by Schoen and Uhlenbeck [51]. In particular,
in the case where the target space N* has non-positive sectional curvature,
it has been proved that any energy minimizing harmonic map is smooth (see
also [20]). However, without any restriction on the target space N¥, an energy
minimizing map might not be even continuous.

1.1 Harmonic maps between singular spaces and Holder continuity

Gromov and Schoen [17] initiated to study the theory of harmonic maps into
singular spaces, motivated by the p-adic superrigidity for lattices in groups
of rank one. Consider a map u : M — Y. If Y is not a smooth manifold,
the energy of u can not be defined via its differential. A natural idea is to
consider an energy concept as a limit of suitable difference quotients. The
following concept of approximating energy for maps between metric spaces
was introduced by Korevaar and Schoen [33].

Let (M, dyr), (Y, dy) be two metric spaces and let 2 be a domain of M,
equipped with a Radon measure vol on M. Given p > 1, € > 0 and a Borel
measurable map u : € — Y, an approximating energy functional E, _ is
defined on Cy(£2), the set of continuous functions compactly supported in €2,
as follows:

p
E, (¢):=c(n, p) / ¢ (x) / dl/(u(i—i’:(y))dvol(y)dvol(x)
Q ()N €

where ¢ € Cy(2) and c(n, p) is a normalized constant.

In the case where €2 is a domain of a smooth Riemannian manifold and Y
is an arbitrary metric space, Korevaar and Schoen [33] proved that £, (¢)
converges weakly, as a linear functional on C((£2), to some (energy) functional
E ;‘) (¢). The same convergence has been established for the case where 2 is
replaced with one of the following:

e a domain of a Lipschitz manifold (by Gregori [16]);

e a domain of a Rimannian polyhedron (for p = 2, by Eells and Fuglede
[111);

e adomain of a singular space with certain condition, including Alexandrov
spaces with curvature bounded from below, abbreviated by CBB for short
(by Kuwae and Shioya [37]).

When p = 2, minimizing maps, in the sense of calculus of variations, of
such an energy functional E5 (¢) are called harmonic maps.
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Sturm [55] studied a generalization of the theory of harmonic maps between
singular spaces via an approach of probabilistic theory.

The purpose of this paper is to study the regularity theory of harmonic maps
from a domain of an Alexandrov space with CBB into a complete length space
of non-positive curvature in the sense of Alexandrov, abbreviated by NPC for
short. This problem was initiated by Lin [39] and Jost [26-28], independently.
They established the following Holder regularity.

Theorem 1.1 (Lin [39], Jost! [27]) Let 2 be a bounded domain in an Alexan-
drov space with CBB, and let (Y, dy) be an NPC space. Then any harmonic
map u : 2 — Y is locally Holder continuous in 2.

The Holder regularity of harmonic maps between singular spaces or into sin-
gular spaces has been also studied by many other authors. For example, Chen
[7], Eells and Fuglede [11,13, 14], Ishizuka and Wang [22] and Daskalopoulos
and Mese [8,10], and others.

1.2 Lipschitz continuity and main result

Lin [39] proposed an open problem: whether the Holder continuity in the above
Theorem 1.1 can be improved to Lipschitz continuity? Precisely,

Conjecture 1.2 (Lin [39]) Let 2, Y and u be as in Theorem 1.1. Is u locally
Lipschitz continuous in Q27

Jost also asked a similar problem about Lipschitz regularity of harmonic
maps between singular spaces (see page 38 in [28]). The Lipschitz continuity
of harmonic maps is the key in establishing rigidity theorems of geometric
group theory in [8,9,17].

Up to now, there are only a few answers for some special cases.

The first is the case where the target space Y = R, i.e., the theory of harmonic
functions. The Lipschitz regularity of harmonic functions on singular spaces
has been obtained under one of the following two assumptions: (i) €2 is a
domain of a metric space, which supports a doubling measure, a Poincaré
inequality and a certain heat kernel condition [23,34]; (ii) €2 is a domain of an
Alexandrov space with CBB [49,50,58]. Nevertheless, these proofs depend
heavily on the linearity of the Laplacian on such spaces.

It is known from [6] that the Holder continuity always holds for any
harmonic function on a metric measure space (M, d, u) with a standard
assumption: the measure p is doubling and M supports a Poincaré inequality
(see, for example, [6]). However, in [34], a counterexample was given to show

1 J. Jost worked on a generalized Dirichlet form on a larger class of metric spaces.
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that such a standard assumption is not sufficient to guarantee the Lipschitz
continuity of harmonic functions.

The second is the case where €2 is a domain of some smooth Riemannian
manifold and Y is an NPC space. Korevaar and Schoen [33] established the
following Lipschitz regularity for any harmonic map from € to Y.

Theorem 1.3 (Korevaar—Schoen [33]) Let Q2 be a bounded domain of a smooth
Riemannian manifold M, and let (Y, dy) be an NPC metric space. Then any
harmonic map u : Q — Y is locally Lipschitz continuous in 2.

However, their Lipschitz constant in the above theorem depends on the C!-
norm of the metric (g;;) of the smooth manifold M. In Section 6 of [26],
Jost described a new argument for the above Korevaar—Schoen’s Lipschitz
regularity using intersection properties of balls. The Lipschitz constant given
by Jost depends on the upper and lower bounds of Ricci curvature on M.
This does not seem to suggest a Lipschitz regularity of harmonic maps from a
singular space.

The major obstacle to prove a Lipschtz continuity of harmonic maps from
a singular space can be understood as follows. For the convenience of the
discussion, we consider a harmonic map u : (€2, g) — N from a domain Q C
R"™ with a singular Riemanian metric g = (g;;) into a smooth non-positively
curved manifold N, which by the Nash embedding theorem is isometrically
embedded in some Euclidean space RX. Then u is a solution of the nonlinear
elliptic system of divergence form

1 N N
ﬁai (@g'fajua) + gl A% (du, dju) =0, a=1,....K (L)

in the sense of distribution, where g = det(g;;), (gij ) is the inverse matrix
of (gij), and A% is the second fundamental form of N. It is well-known that,
as a second order elliptic system, the regularity of solutions is determined
by regularity of its coefficients. If the coefficients ,/g g/ are merely bounded
measurable, Shi [54] proved that the solution u is Holder continuous. But, a
harmonic map might fail to be Lipschitz continuous, even with assumption
that the coefficients are continuous. See [25] for a counterexample for this.

The above Lin’s conjecture is about the Lipschitz continuity for harmonic
maps between Alexandrov spaces. Consider M to be an Alexandrov space
with CBB and let p € M be a regular point. According to [43,45], there is
a coordinate neighborhood U > p and a corresponding B Vjoc.-Riemannian
metric (g;;) on U. Hence, the coefficients ﬁg’j of elliptic system (1.1) are
measurable on U. However, it is well-known [43] that they may not be contin-
uous on a dense subset of U for general Alexandrov spaces with CBB. Thus,
it is apparent that the above Lin’s conjecture might not be true.
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Lipschitz continuity of harmonic maps 867

Our main result in this paper is the following affirmative resolution to the
above Lin’s problem, Conjecture 1.2.

Theorem 1.4 Let 2 be a bounded domain in an n-dimensional Alexandrov
space (M, |-, -|) with curvature > k for some constant k < 0, and let (Y, dy)
be an NPC space (not necessary locally compact). Assume thatu : Q@ — Y
is a harmonic map. Then, for any ball B;(R) with B;(2R) C Q and R < 1,
there exists a constant C(n, k, R), depending only on n, k and R, such that

dy (u(x), u(y)) E(B4(R))\1/2 )
x| <C("’k’R)'<<V01(Bq(k))> T OsCR, m"

forall x,y € B;(R/16), where E5(B,(R)) is the energy of u on B,;(R).

Remark 1.5 A curvature condition on domain space is necessary. Indeed, Chen
[7] constructed a harmonic function u on a two-dimensional metric cone M
such that u is not Lipschitz continuous if M has no a lower curvature bound.

1.3 Organization of the paper

The paper is composed of six sections. In Sect. 2, we will provide some neces-
sary materials on Alexandrov spaces. In Sect. 3, we will recall basic analytic
results on Alexandrov spaces, including Sobolev spaces, super-solutions of
Poisson equations in the sense of distribution and super-harmonicity in the
sense of Perron. In Sect. 4, we will review the concepts of energy and approxi-
mating energy, and then we will prove a point-wise convergence result for their
densities. In Sect. 5, we will recall some basic results on existence and Holder
regularity of harmonic map into NPC spaces. We will then give an estimate for
point-wise Lipschitz constants of such a harmonic map. The Sect. 6 is devoted
to the proof of the main Theorem 1.4.

2 Preliminaries
2.1 Basic concepts on Alexandrov spaces with curvature > k

Let k € R and /! € N. Denote by Mf{ the simply connected, /-dimensional
space form of constant sectional curvature k. The space M,% is called k-plane.

Let (M, |- - |) be a complete metric space. A rectifiable curve y connecting
two points p, ¢ is called a geodesic if its length is equal to | pg| and it has unit
speed. A metric space M is called a geodesic space if, for every pair points
D, q € M, there exists some geodesic connecting them.

Fix any k£ € R. Given three points p, g, r in a geodesic space M, we can
take a triangle Apgr in k-plane M,% such that |pg| = |pql, |gr| = |qr| and
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[7p| = |rpl. If k > 0, we add the assumption |pq| + |gr| + [rp| < 271/\@.
The triangle Apgr C M,% is unique up to arigid motion. We let Z; pqr denote
the angle at the vertex g of the triangle Apgr, and we call it a k-comparison
angle.

Definition 2.1 Let k € R. A geodesic space M is called an Alexandrov space
with curvature > k if it satisfies the following properties:

(1) itis locally compact;

(i1) for any point x € M, there exists a neighborhood U of x such that the
following condition is satisfied: for any two geodesics y(t) C U and
o(s) C U with y(0) = o(0) := p, the k-comparison angles

Ley () po(s)
is non-increasing with respect to each of the variables ¢ and s.

It is well known that the Hausdorff dimension of an Alexandrov space with
curvature > k, for some constant £ € R, is always an integer or +o0 (see, for
example, [4] or [5]). In the following, the terminology of “an (n-dimensional)
Alexandrov space M” means that M is an Alexandrov space with curvature
> k for some k € R (and that its Hausdorff dimension = n). We denote by
vol the n-dimensional Hausdorff measure on M.

On an n-dimensional Alexandrov space M, the angle between any two
geodesics y (t) and o (s) with y (0) = o (0) := p is well defined, as the limit

Ly'(0)'(0) := limOZKy(t)po(s).
S, [—

We denote by Z;, the set of equivalence classes of geodesic y (t) with y (0) =
p, where y (1) is equivalent to o (s) if Zy’(0)o’(0) = 0. (E;, /) is a metric
space, and its completion is called the space of directions at p, denoted by X ,.
It is known (see, for example, [4] or [5]) that (X, /) is an Alexandrov space
with curvature > 1 of dimension n — 1. It is also known (see, for example,
[4] or [S]) that the fangent cone at p, T),, is the Euclidean cone over Z,.
Furthermore, T]’,‘ is the k-cone over X, (see page 355 in [4]). For two tangent
vectors u, v € T, their “scalar product™ is defined by (see Section 1 in [48])

(u,v) = (Iul2 + v)? — |uv|2).

| =

Let p € M. Given a direction § € X, we remark that there does possibly
not exists geodesic y (1) starting at p with y'(0) = &.
We refer to the seminar paper [5] or the text book [4] for the details.
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Lipschitz continuity of harmonic maps 869

Definition 2.2 (Boundary, [5]) The boundary of an Alexandrov space M is
defined inductively with respect to dimension. If the dimension of M is one,
then M is a complete Riemannian manifold and the boundary of M is defined
as usual. Suppose that the dimension of M is n > 2. A point p is a boundary
point of M if ¥, has non-empty boundary.

From now on, we always consider Alexandrov spaces without boundary.

2.2 The exponential map and second variation of arc-length

Let M be an n-dimensional Alexandrov space and p € M. For each point
x # p, the symbol 17, denotes the direction at p corresponding to some
geodesic px. Denote by [43]

W, = {x e M\{ p}} geodesic px can be extended beyond x}.

According to [43], the set W), has full measure in M. For each x € W), the
direction 17, is uniquely determined, since any geodesic in M does not branch
[5]. Recall th'at the map log, : W), — T, 'is defined by log, (x) := |px|- 17,
(see [48]). It is one-to-one from W), to its image

Wy = log,(Wp) C T).
The inverse map of log D
exp, = (logp)_1 Wy — Wy,

is called the exponential map at p.
One of the technical difficulties in Alexandrov geometry comes from the
fact that %/, may not contain any neighbourhood of the vertex of the cone T,.
If M has curvature > k on B, (R), then exponential map

exp, : Bo(R)NW) C T/,‘ - M

is anon-expending map [5], where T[’,‘ is the k-cone over X, and o is the vertex
of Tp.

In [46], A. Petrunin established the notion of parallel transportation and
second variation of arc-length on Alexandrov spaces.

Proposition 2.3 (Petrunin, Theorem 1.1. B in [46]) Let k € R and let M be
an n-dimensional Alexandrov space with curvature > k. Suppose that points
p and q such that the geodesic pq can be extended beyond both p and q.
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Then, for any fixed sequence {€;}jcN going to 0, there exists an isometry
T : T, — T, and a subsequence {¢;}jecN C {€;}jeN such that

k-
PR3 +o (1) @

| exp, (e - m) expy (e - Tn)| < Ipgl — — 7

forany n € T, such that the left-hand side is well-defined.

Here and in the following, we denote by g(s) = o(s%) if the function g(s)

. . (
satisfies lim,_, o+ gs—f) =0.

2.3 Singularity, regular points, smooth points and C*°-Riemannian
approximations

Let k € R and let M be an n-dimensional Alexandrov space with curvature
> k. For any § > 0, we denote

M® = {x € M: vol(Z,) > (1 —8) - vol(S" H},

where S"~! is the standard (n — 1)-sphere. This is an open set (see [5]). The
set S5 := M\M? is called the 8-singular set. Each point p € Ss is called a
8-singular point. The set

Sm = Us=0Ss

is called singular set. A point p € M is called a singular point if p € Sy.
Otherwise it is called a regular point. Equivalently, a point p is regular if and
only if T}, is isometric to R" [5]. At a regular point p, we have that Tllj is
isometric M. Since we always assume that the boundary of M is empty, it is
proved in [5] that the Hausdorff dimension of Sys is < n — 2. We remark that
the singular set Sj; might be dense in M [43].

Some basic structures of Alexandrov spaces have been known in the fol-
lowing.

Fact 2.4 Let k € R and let M be an n-dimensional Alexandrov space with
curvature > k.

1. There exists a constant 8, x > 0 depending only on the dimension n and k
such that for each § € (0, 6, k), the set M 8 forms a Lipschitz manifold [5)
and has a C*°-differentiable structure [36].

2. There exists a B Vioc-Riemannian metric g on M 8 such that

o the metric g is continuous in M\ Sy [43,45];
e the distance function on M\ Sy induced from g coincides with the orig-
inal one of M [43];
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Lipschitz continuity of harmonic maps 871

e the Riemannian measure on M\ Sy induced from g coincides with the
Hausdorff measure of M [43].

A point p is called a smooth point if it is regular and there exists a coordinate
system (U, ¢) around p such that

18ij (¢ (x)) — 8ij| = o(|px]), 2.2)

where (g;;) is the corresponding Riemannian metric in the above Fact 2.4 (2)
near p and (§;;) is the identity n X n matrix.

It is shown in [45] that the set of smooth points has full measure. The
following asymptotic behavior of W), around a smooth point p is proved in
[58].

Lemma 2.5 (Lemma 2.1 in [58]) Let p € M be a smooth point. We have

dvol(x)

T 1‘ =o(r), YxeW,NB,r), v=log,(x)
and

H"(Bo(r) N #})
H"(B,(r))

>1—o(r). (2.3)

isom
where B,(r) C T, and H" is n-dimensional Hausdorff measure on T, ( ~

R™).

The following property on smooth approximation is contained in the proof
of Theorem 6.1 in [36]. For the convenience, we state it as a lemma.

Lemma 2.6 (Kuwae—Machigashira—Shioya [36], C°-approximation). Let
k € R and let M be an n-dimensional Alexandrov space with curvature > k.
The constant 8, i is given in the above Fact 2.4 (1).

Let 0 < 8 < 8, k. For any compact set C C M, there exists an neighbor-
hood U of C with U C M? and a C*®-Riemannian metric g5 on U such that
the distance ds on U induced from g; satisfies

ds(x,y) 1
lxyl

‘ <k(§) foranyx,yeU,x #y, 2.4)

where k (8) is a positive function (depending only on §) with limg_.g k (§) = 0.

Proof In the first paragraph of the proof of Theorem 6.1 in [36] (see page 294),
the authors constructed a « (§)-almost isometric homeomorphism F from an
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neighborhood U of C to some C°°-Riemannian manifold N with distance
function dy. That is, the map F : U — N is a bi-Lipschitz homeomorphism
satisfying

dy(F(x), F(y))
lxyl

1| <«x(@) foranyx,yeU,x #y.

Now let us consider the distance function ds on U defined by
ds(x,y) == dn(F(x), F(y)).

The map F : (U,ds) — (N, dy) is an isometry, and hence the desired C°°-
Riemannian metric gs can be defined by the pull-back of the Riemanian metric

8N- O

2.4 Semi-concave functions and Perelman’s concave functions

Let M be an Alexandrov space without boundary and 2 C M be an open set.
A locally Lipschitz function f : 2 — R is called to be A-concave [48] if for
all geodesics y (¢) in 2, the function

foy@® —n-12/2

is concave. A function f : 2 — R is called to be semi-concave if for any
x € €, there exists a neighborhood of U, > x and a number A, € R such
that f|y, is A,-concave. (see Section 1 in [48] for the basic properties of
semi-concave functions).

Proposition 2.7 (Perelman’s concave function, [29,44]) Let p € M. There
exists a constant ry > 0 and a function h : B, (r1) — R satisfying:

(1) his (—1)—concave;
(i1) h is 2-Lipschitz, that is, h is Lipschitz continuous with a Lipschitz constant
2.

We refer the reader to [58] for the further properties for Perelman’s concave
functions.

3 Analysis on Alexandrov spaces
In this section, we will summarize some basic analytic results on Alexandrov

spaces, including Sobolev spaces, Laplacian and harmonicity via Perron’s
method.
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Lipschitz continuity of harmonic maps 873

3.1 Sobolev spaces on Alexandrov spaces

Several different notions of Sobolev spaces on metric spaces have been estab-
lished, see [6,19,33,36,37,53].2 They coincide with each other on Alexandrov
spaces.

Let M be an n-dimensional Alexandrov space with curvature > k for some
k € R. It is well-known (see [36] or the survey [57]) that the metric measure
space (M, | - - |, vol) is locally doubling and supports a local (weak) L3
Poincaré inequality. Moreover, given a bounded domain 2 C M, both the
doubling constant C,; and the Poincaré constant Cp on €2 depend only on n, k
and diam(£2).

Let €2 be an open domain in M. Given f € C(£2) and point x € €2, the
pointwise Lipschitz constant [6] of f at x is defined by:

Lip f(x) := lim sup M
y—x lxyl

We denote by Li pjoc (€2) the set of locally Lipschitz continuous functions on
Q, and by Lip(£2) the set of Lipschitz continuous functions on €2 with compact
support in Q. For any 1 < p < 400 and f € Lipioc(R), its W7 (Q)-norm
is defined by

I fllwrry == I1f e + ILip Sl Lr()-

The Sobolev space W -7 (Q) is defined by the closure of the set
{f € Lipoc (| | fllwrr @) < 00},

under W7 (Q)-norm. The space Wol’p (£2) is defined by the closure of Li po(£2)
under WP (2)-norm (this coincides with the definition in [6], see Theorem
4.24 in [6]). We say a function f € Wll)’cp(Q) if f € wbhr(Q') for every
open subset Q' CC . Here and in the following, “Q" CC €” means '
is compactly contained in €2. In Theorem 4.48 of [6], Cheeger proved that

WLP(Q) is reflexible for any 1 < p < oo.

3.2 Laplacian and super-solutions

Let us recall a concept of Laplacian [47,58] on Alexandrov spaces, as a func-
tional acting on the space of Lipschitz functions with compact support.

2 In [6,19,33,37,53], Sobolev spaces are defined on metric measure spaces supporting a dou-
bling property and a Poincaré inequality.
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Let M be an n-dimensional Alexandrov space and 2 be a bounded domain
in M. Given a function f € WIL’CZ(SZ), we define a functional .Z’r on Lip(S2),
called the Laplacian functional of f, by

Lr(p) = —/Q (Vf,V¢)dvol, V¢ € Lipo(£2).

When a function f is A-concave, Petrunin in [47] proved that . is a signed
Radon measure. Furthermore, if we write its Lebesgue decomposition as

Lp=Af -vol + A f, 3.1)
then
A f <0 and Af-vol<n-A-vol

Leth € LIIOC(Q) and f € Wlf)’cz(Q). The function f is said to be a super-
solution (sub-solution, resp.) of the Poisson equation

.,Zf:h-vol,

if the functional .2 satisfies

Ly ($) < / hgdvol  (or Zy(@) > / h¢dvol>
Q Q

for all nonnegative ¢ € Lipo(£2). In this case, according to the Theorem 2.1.7
of [21], the functional .Z is a signed Radon measure.

Equivalently, f € WIL’CQ(Q) is sub-solution of .Z’s = h - vol if and only if it
is a local minimizer of the energy

E) :/ (|Vv|2+2hv)dvol

in the set of functions v such that f > v and f — v isin W&’Z(Q’ ) for every
fixed Q" cc Q. It is known (see for example [35]) that every continuous
super-solution of .y = 0 on Q satisfies Maximum Principle, which states
that

min f > min
xeQ f - xed f

for any open set Q' CC Q.
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Lipschitz continuity of harmonic maps 875

A function f is a (weak) solution (in the sense of distribution) of Poisson
equation £y = h - vol on Q if it is both a sub-solution and a super-solution of
the equation. In particular, a (weak) solution of .Zy = 0 is called a harmonic
function.

Now remark that f is a (weak) solution of Poisson equation £’y = h - vol if
and only if .Z is a signed Radon measure and its Lebesgue’s decomposition
Ly = Af - vol + A’ f satisfies

Af=h and A'f=0.

Given a function 7 € L%(2) and g€ WL2(Q), we can solve the Dirichlet
problem of the equation

ZLr =h-vol
S =gl

Indeed, by the Sobolev embedding theorem (see [18,36]) and a standard argu-
ment (see, for example, [15]), it is known that the solution of the Dirichlet
problem exists uniquely in W'2(Q) (see, for example, Theorem 7.12 and
Theorem 7.14 in [6]). Furthermore, if we add the assumption 4 € L® with
s > n/2, then the solution f is locally Holder continuous in €2 (see [31,36]).

Lemma 3.1 Let Q2 be a bounded domain of an Alexandrov space. Assume that
gEL®Q).Iff € WL2(Q) is a weak solution of the Poisson equation

ZLr =g - vol.
Then f is locally Lipschitz continuous in Q.

Proof In [24, Theorem 3.1], it has been shown that Yau’s gradient estimate
for harmonic functions implies that the local Lipschitz continuity for solutions
of £y = g - vol. On the other hand, Yau’s gradient estimate for harmonic
functions has been established in [58] (see also [23]). |

The following mean value inequality is a slight extension of Corollary 4.5
in [58].

Proposition 3.2 Let M be an n-dimensional Alexandrov space and 2 be a
bounded domain in M. Assume function h € LY (Q)withh(x) < C for some

loc
constant C. Suppose that f € WIL’CZ(Q) N C(2) is nonnegative and satisfies
that

ZLr < h-vol.
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If p € Q is a Lebesgue point of h, then

1
= (9B,(R) TI’;)

/ f(x)dvol < f<p>+ﬂ R + o(R?).
B)(R)

Proof The same assertion has been proved under the added assumption that
h € L* in Corollary 4.5 in [58]. Here, we will use an approximated argument.

For each j € N, by setting &; := max{—j, h}, we conclude that h; €
L*(L2), hj is monotonely converging to &, and

Ly <h-vol<hj-vol, Vjel.

For any p € Q, by using Proposition 4.4 in [58], we have, for all R > 0
with B,,(R) CC €2 and for each j € N,

1
H= (9B,(R) < T))

-0j(R),

dvol — -2
/BP(R)fvo F(p)<(mn—2)- 1(zp>

where
0j(R) :/ Gh jdvol —¢k(R)/ h jdvol,
B3(R) By(R)

where BI";(R) = Bp(R)\{p}, the function G(x) := ¢ (|px|) and ¢ (r) is
the real value function such that ¢ o dist, is the Green function on M} with
singular point 0. That is, if n > 3,

_; oo 1—n
o) = g [ s,

and

sin (\/Et) Ik k>0
sk(t) = ¢t k=0
sinh (\/—_kt) /«/—_k k <O.

Here, w,—1 is the volume of (n — 1)-sphere S"~! with standard metric. If
n = 2, the function ¢ can be given similarly.
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Letting j — oo and applying the monotone convergence theorem, we get

1
Hn! (aBO(R) c Tg)

Wp—1
vol(X),)

/" fdvol = f(p) < (n—2)- “o(R).
331,(R)

(3.2)

where

o(R) = / Ghdvol — ¢r(R) hdvol.
B3 (R) By(R)

Letting p be a Lebesgue point of 4, it is calculated in [58] that (see from line
6 to line 14 on page 470 of [58]),

vol(Z)) 5 2
Ry=———h(p)-R R?).
o(R) = 5o =S8 —h(p) - R + o(R?)
Therefore, the desired result follows from this and Eq. (3.2). |

3.3 Harmonicity via Perron’s method

The Perron’s method has been studied in [1,30] in the setting of measure
metric spaces. We follow Kinnunen—Martio,> Section 7 of [30], to defined the
super-harmonicity.

Definition 3.3 Let 2 be an open subset of an Alexandrov space. A function
[ Q — (—o0, oo] is called super-harmonic on 2 if it satisfies the following
properties:

(i) f is lower semi-continuous in £2;

(i1) f is not identically oo in any component of €2;

(iii) for every domain Q' CC  the following comparison principle holds:
ifveC@)NW'2(Q)and v < f on 9, then h(v) < f in Q.
Here h(v) is the (unique) solution of the equation %,y = 0 in  with
v—h(v) € Wy ().

A function f is sub-harmonic on 2, if — f is super-harmonic on €.

For our purpose in this paper, we will focus on the case where €2 is abounded
domain and the function f € C(2) N Wli)’CZ(Q). Therefore, in this case, we
can simply replace the definition of super-harmonicity as follows.

3 Kinnunen—Martio works in the setting of metric measure spaces, which supported a doubling
measure and a Poincaré inequality. These conditions are satisfied by Alexandrov space with
CBB, see [36,57].
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Definition 3.3’: Let Q be a bounded domain of an Alexandrov space. A
function f € C(R2) N W52(Q) is called super-harmonic on 2 if the following
comparison principle holds:

(iii") for every domain Q" CC 2, we have h(f) < f in Q'.

Indeed, if f € C() N W,o2(R), then f € C(R) N W2(Q) for any domain
Q' cC . Hence, the the condition (iii) implies (iii"). The inverse follows
from Maximum Principle. Indeed, given any domain Q' CC 2 and any v €
C(Q) N WhH2(Q') with v < f on 9, Maximum Principle implies that
h(v) < h(f) in Q'. Consequently, the condition (iii’) implies (iii).

Lemma 3.4 (Kinnunen—-Martio [30]) Let Q be a bounded domain of an
Alexandrov space. Assume that f € WIL’CZ(Q) N C(S2). Then the following
properties are equivalent to each other:

(i) f is a super-solution of £y = 0 on S;
(ii) f is a super-harmonic function in the Definition 3.3'.

Proof Let f € WIL’CZ(Q). The function f is a super-solution of .’y = 0 on
Q if and only if it is a superminimizer in €2, defined by Kinnunen—Martio on
page 865 of [30].

Now the equivalence between (i) and (ii) follows from the Corollaries 7.6
and 7.9 in [30]. O

It is easy to extend the Lemma 3.4 to Poisson equations.

Corollary 3.5 Let Q2 be a bounded domain of an Alexandrov space. Assume
that f € W]L’Z(Q) NC(R) and g € L°° (). Then the following properties are

C
equivalent to each other:

(i) f is a super-solution of £y = g - vol on Q;
(ii) f satisfies the following comparison principle: for each domain Q' CC
Q, we have v < f in ', where v e W-2(Q') is the (unique) solution of

Ly =g-vol with v— feW,*Q).

Proof Let w be a weak solution of %, = g - vol on € (in the sense of
distribution). Then, by Lemma 3.1, we have w € C(2)N Wll,’cz(Q). We denote

fi=f—-weC®@nNW.AQ).

Obviously, the property (i) is equivalent to that f is a super-solution of
< 7 = 0 on €. On the other hand, taking any domain Q' cc Q and letting
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v € Wh2(Q') is the (unique) solution of %, = g-vol withv— f € WOLZ(Q/)’
we have

Ly =0 with (v—w)—feWyiQ).
Thatis, #( f) = v—w. Hence, the property (i) is equivalent to that fisa super-

harmonic function in the Definition 3.3’. Now the Lemma is a consequence of
Lemma 3.4. O

4 Energy functional
From now on, in this section, we always denote by €2 a bounded open domain
of an n-dimensional Alexandrov space (M, |-, -|) with curvature > k for some
k < 0, and denote by (Y, dy) a complete metric space.

Fix any p € [1, 00). A Borel measurable map # : € — Y is said to be

in the space L? (€2, Y) if it has separable range and, for some (hence, for all)
PeY,

/df;(u(x), P)dvol(x) < oco.
Q
We equip L7 (2, Y) with a distance given by
dy,(u,v) == / dy(ux), v(x))dvol(x), Yu,veLP(Q,Y).
Q

Denote by Cy(£2) the set of continuous functions compactly supported on €2.
Given p € [1,00)andamapu € LP(R2,Y), foreache > 0, the approximating
energy E ;‘, ¢ 1s defined as a functional on Cy(£2):

El (9) = /Q b (¥)ely o (x)dvol(x)

where ¢ € Co(£2) and eg’ ¢ 18 approximating energy density defined by

p
“o(x) = ntp / Mdvol(y),
B, (e)NQ

e
’ Cn,p - €" 124

where the constant ¢, , = fSn—l |x'|P0 (dx), and o is the canonical Rieman-
nian volume on "~ !. In particular, ¢, » = w,—1/n, where w, 1 is the volume

of (n — 1)-sphere S"~! with standard metric.
Let p € [1,00) and a u € LP(R,Y). Given any ¢ € Co(R2), it is
easy to check that, for any sufficiently small ¢ > 0 (for example, 10e <
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d(0€2, suppe)), the approximating energy £ 1’;’ () coincides, up to a constant,
with the one defined by Kuwae and Shioya [37],* that is,

i / 00) dy (u(x), u(y))
2wp-1€" Jo By (6)N2 ep

Ef (@) := o) (x, y)dvol(y)dvol (x),

where
0(Q):={(x,y) € 2 x Q: |xy|<|yxy, 9Q|, Vgeodesic yx, from x to y},

and /pq)(x, y) is the indicator function of the set Q(£2). It is proved in [37]
that, for each ¢ € Co(£2), the limit

Ej(¢) = lim E} (¢)

exists. The limit functional E ;‘, is called the energy functional.
Now the p'" order Sobolev space from Q into Y is defined by

WhP(Q,Y) == Z(EY) == {u € LP(Q.,Y)] sup El(¢) <oof,
0<¢<1, $Co()

and p'" order energy of u is

E" .= sup E;‘,(q&).
0<¢<1, ¢peCp(2)

In the following proposition, we will collect some results in [37].

Proposition 4.1 (Kuwae—Shioya [37])Let1 < p < coandu € W'P(Q,Y).
Then the following assertions (1)—(5) hold.

1. (Contraction property, Lemma 3.3 in [37]) Consider another complete
metric spaces (Z,dz) and a Lipschitz map & : Y — Z, we have
VoueWhP(Q, Z) and

EJ°(¢) < Lip” () Els(¢)
forany 0 < ¢ € Co(2), where

d ’ ’
Lip(y) =  sup Z(Z(y) 1/1/(}7 )
y.YEY, y£y Y (¥, ¥)

4 Indeed, Kuwae and Shioya [37] defined it on more general metric spaces satisfyinga SMCPBG
condition. And they proved that Alexandrov spaces satisfy such a condition (see Theorem 2.1
of [37]).
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2.

3.

In particular, for any point Q € Y, we have dy(Q, u(-)) e WhP(Q,R)
and

EJ (@10 (¢) < E%(6)

forany 0 < ¢ € Co(R2).
(Lower semi-continuity, Theorem 3.2 in [37]) For any sequence uj — u
in LP(R2,Y) as j — 00, we have

Ep(¢) <liminf £, (¢)

forany 0 < ¢ € Cp(R2).

(Energy measure, Theorem 4.1 and Proposition 4.1 in [37]) There exists a
finite Borel measure, denoted by E ;‘, again, on L2, is called energy measure
of u, such that for any 0 < ¢ € Co(2)

ES@) = [ 6dE).

Furthermore, the measure is strongly local. That is, for any nonempty open
subset O C 2, wehaveu|o € Wl’p(O, Y), and moreover, ifu is a constant
map almost everywhere on O, then E }4,(0) = 0.

. (Weak Poincaré inequality, Theorem 4.2(ii) in [37]) For any open set O =

B, (R) with B4(6R) CC <, there exists postive constant C = C(n, k, R)
such that the following holds: for any z € O and any 0 < r < R/2, we
have

/ / d)l/)(u(x), u(y))dvol(x)dvol(y) < Crn+2 . / dEZ(X),
B (r) J B;(r) B

2 (6r)

where the constant C given on page 61 of [37] depends only on the constants
R, ¥, and © in the Definition 2.1 for WMCPBG condition in [37]. In
particular, for the case of Alexandrov spaces as shown in the proof of

Theorem 2.1 in [37], one can choose R > 0 arbitrarily, v = 1 and ® =
vol(B, (r)cM?)
SUP) <y <R WI’)CR”I() = C(I’l, k, R)

. (Equivalence for ¥ = R, Theorem 6.2 in [37]) If Y = R, the above

Sobolev space WLP(Q,R) is equivalent to the Sobolev space whr(Q)
given in previous Sect. 3. To be precise: For any u € WP (Q, R), the
energy measure of u is absolutely continuous with respect to vol and

EM
__Pr = |V P
dvol(x) |V (x)]
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Remark 4.2 Tt is not clear whether the energy measure of u € Wh7(Q, Y) is
absolutely continuous with respect to the Hausdorff measure vol on 2. If Q
is a domain in a Lipschitz Riemannian manifold, the absolute continuity has
been proved by G. Gregori in [16] (see also Korevaar—Schoen [33] for the case
where €2 is a domain in a C2 Riemannian manifold).

Let p > 1 and let u be a map with u € W'P(Q, Y) with energy measure
E7. Fix any sufficiently small positive number § with 0 < & < 8, k, with &, k
as in Fact 2.4 in Sect. 2.3. Then the set

Q=QnNM :={xeQ: vol(Z,) > (1 —§)vol(S" )}

is an open subset in €2 and forms a Lipschitz manifold. Since the singular set
of M has (Hausdorff) codimension at least two [5], we have VO](Q\Q‘S) =0.
Hence, by the strongly local property of the measure E%, we have u €

WP (Q?,Y) and its energy measure is E »lqs. Since Q9 is a Lipschitz man-
ifold, according to Gregori in [16], we obtain that the energy measure £ |gs
is absolutely continuous with respect to vol. Denote its density by [Vu|, (we
write |Vu/|, instead of | Vu|? because the quantity p does notin general behave
like power, see [33]). Considering the Lebesgue decomposition of E'; with
respect to vol on £,

R
EY = |Vul, - vol + (E;) ,

we have that the support of the singular part (E Z)s is contained in £\ 2°.
Clearly, the energy density |Vu|, is the weak limit (limit as measures) of

the approximating energy density e}, . as € — 0 on QJ. We now show that
e . converges almost to [Vulp in L}OC(Q) in the following sense.

Lemma 4.3 Let p > 1l andu € WP (Q, Y). Fix any sufficiently small § > 0
with 0 < § < 8.k, with 8, as in Fact 2.4 in Sect. 2.3. Then, for any open
subset B CC P, there exists a constant € = €(8, B) such that, for any
0 < € < €6, B), we have

/B ey (x) = [Vl p(x)|dvol(x) < F(5),

where k (8) is a positive function (depending only on §) with lims_,o k (§) = 0.

Proof Fix any sufficiently small § > 0 and any open set B as in the assumption.
By applying Lemma 2.6, there exists some neighborhood Us O B and a smooth
Riemannian metric gs on Us such that the distance ds on Us induced from gg
satisfies
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ds(x,y) 1
lxyl

‘ < k1(8) forany x,y e Us, x # y,

where x1 () is a positive function (depending only on §) with lims_,o x1(8) =
0. This implies that

B3 (r-(1—x1(8))) C Be(r) C B2 (r- (1 +11(5)) @.1)
for any x € Us and r > 0 with the ball B2((1 + «(8)r) C Us and

dvolg(x)

1 -« < ———=
€1(0) dvol(x)

<1+«7(6) VxeUs, 4.2)

where Bﬁ (r) is the geodesic balls with center x and radius r with respect to the
metric g5, and volg is the n-dimensional Riemannian volume on Ug induced
from metric gs.

(i). Uniformly approximated by smooth metric gs.

For any € > 0, we write the energy density and approximating energy
de?nsity of u by |.Vu|p,g5 and eb;a,e,gs on (Us, gs) with respect to the smooth
Riemannian metric gs.

Sublemma 4.4 We have, for any x € Us and any € > 0 with By (10¢€) C Us,

|e;y€(x) - eZ,e,ga (x)| < k4(9) - eZ,Ze (x) + |e?7,6(1+/<1(8)),g3 (x) = eZaE,ga (x)|

+ 1€ ees ) = € (1180 D). (4.3)

where k4(8) is a positive function (depending only on §) with lims_, o k4(8) =
0.

Proof For each x € Us and € > 0 with B,(10e) C Us, by applying Egs.
(4.1)—(4.2) and setting

Q) =204 p)-c; - dy (ux), u(y)),

we have, from the definition of approximating energy density,

f
e;’e(x) = /B oo €n+pdvol(y)

g(l—/c{'(a))‘l-/ ! dvols(y)

B? (e'(1+x1 (8))) entr

4.4)

—1
= (1=.{@®) " - (A +K1@)"P €l 11y 7).
= (14 K200) - €} (1401 (5)),5 ©)-
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Similarly, we have

—1
epe(x) > (L+47@®) - A= (&) Cpe-(1—r1(5)),g5 ) 4.5)
1= (1= k3(8)) €} c.(1-y 5,05 ¥)-

Thus

|el;7,e(x) - el;),e,gs (x)|

u u u
< max K2(8) - € p.e(14k1(5)), 85 () + ‘ep,e(l—l—lq(S)),gs (x) = €p.e.gs (x)’ ’
~

k3(8) € (119,85 T €pueigs 0) ~ €p c(1-16)),0 (x)‘
(4.6)

Without loss of the generality, we can assume that «1(5) < 1/3 for any suf-
ficiently small §. Then, from (4.5) and the definition of the approximating
energy density,

-1
Epelitaon.g® S (1 =10) 'e;e(rng;)(ﬂ
-
o 1 — k1 (8)n+p
< (1= k38 [2—] et
( KS( )) 1—|—K1(8) ep,Ze(x)

-1
<(1=k3(8)) 2" el 5. (x)
and

—1
€h c(lmrr(6)),6s @) < (1 —K3(8)) " - e}y (%)

<(1—w3@®) 27 et ().

By substituting the above two inequalities in Eq. (4.6), we obtain

|6’Z,e(x) - ez,e,ga (x)| < k4(8) - e;,Ze(x) + )62,6(1+K1(3))a88 () — ez,é,ga (x)

+

u u
€pe.gs(X) = €p e(1—i(8)).85 X))

where the function «4(8) := (1 — k3(8)) ™" - 277 - max{k2(8), k3(8)}. The
proof of the Sublemma is finished. O

(i1). Uniformly estimate for integral
/B ey (x) — €}y . o, () |dvol(x).
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To deal with this integral, we need to estimate integrals of the right hand
side in Eq. (4.3).

Noting that the metric g is smooth on Us, The following assertion is summa-
rized in [16], and essentially proved by [52]. Please see the paragraph between
Lemma 1 and Lemma 2 on page 3 of [16].

Fact 4.5 The approximating energy densities

. . 1
61%6?7’6'g6 = |Vu|p,g5 m Lloc(Uav 88)-

Now let us continue the proof of this Lemma.
Since the set B CC Us, from the above Fact 4.5, there exists a constant
€1 = €1(8, B) such that for any 0 < € < €1, we have

/ || Vit] pgs (X) — e s (x)|dvols < 8.
B

Hence, by using Eq. (4.2),

/B||Vu|p,g8(x)—eg?e’gé(x)|dvolé5-(1—1—/(?(5)) =x5(8).  (4.7)

Triangle inequality concludes that, for any number € with 0 < € < ﬁll(a)v
/ |eZ’6(1 6. ) = € e g (x)|dvol(x) < 2k5(8) (4.8)
B
and
/ ‘e;’&ga () =€) 11 5)).25 (x)|dvol(x) < 2«5(8). 4.9)
B

By using Lemma 3 in [16] (more precisely, the equation (35) in [16]), for
any ¢ € Co(Us) and any y > 0, there exists a constant €2 = €3(y, ¢) such
that the following estimate holds for any 0 < € < €3:

Ep (@) < Ej(¢9) +Cy,

where C is a constant independent of y and €. Now, since B CC Us, there
exists ¢ € Co(Us) (C Cp(€2)) withp|p = 1and 0 < ¢ < 1 on Us. Fix such a
function ¢ and a constant y; > 0 with Cy; < 1. Then for any 0 < € < €3 :=
minf{ez (y1, @) /2, dist(suppy, dUs)/10}, we have
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e" , (x)dvol < / p(x)e” , (x)dvol < EY, (p) < E*(p) +1
/B p2e v PR P2 P (4.10)

< E'(Q) + 1.

By integrating Eq. (4.3) on B with respect to vol and combining with Eq.
(4.8)—(4.10), we obtain that, for any 0 < € < min{es, 61/(1 + /q((S))},

/B el (x) — €}y . o (0)|dvol(x) < k6(8), 4.11)

where the positive function k6(8) = «4(8) - (E%(S2) + 1) 4 4k5(8).
(iii). Uniformly estimate for the desired integral

/B ‘ez,e(x) — | Vulp(x)|dvol(x).

According to Egs. (4.7) and (4.11), we have, for any sufficiently small
€ >0,

/B ey (x) = [Vl (x)|dvol(x)
< /B el (x) — €}y . 4, (x)|dvol(x)
+/Ig|e;€’g5(x)—|Vu|p,g5(x)‘dvol(x) (4.12)
4 /B 1Vl .5 () — [Vl () dvol ()

< K6(5)+K5(3)+/B||Vu|p,g5(x)— |Vulp(x)|dvol(x).

To estimate the desired integral, we need only to control the last term in above
equation. It is implicated by the combination of the uniformly estimate (4.11)
and Fact 4.5. We give the argument in detail as follows.

By Eq. (4.2), for any ¢ € Co(Us) we have

‘ $(x) - (¢4 oo, — IVl ,,,gs)dvol(x)‘
Us
< max |¢| / € ¢ o5 — |Vitl p.gs|dvol(x)
w

< max || / €y ¢ g5 — I Vitl pgs [dvols(x) - (1 + k7 (3)),
w
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where W is the support set of ¢. By taking limit as € — 0, and using Fact 4.5,
we have, weakly converging as measure

w
u
€p.egs - VO = [Vuulp g5 - vOL

Combining with the fact eZ’ ¢ - vol — |Vu|, - vol, we have

(e?,’6 - e;,e,g,;) -vol = (IVulp — [Vulp,gs) - vol.

By applying estimate of (4.11) and according the lower semi-continuity of
L'-norm with respect to weakly converging of measure, we have

/B [IVulp — 1Vl p, g5 |dvol < liminf/B el — € ¢ o |dVol < k6 (8).

e—0

By substituting the estimate into Eq. (4.12), we get

/B ey (x) — [Vl (x)|dvol(x) < k5(8) + 2k6(8) := K (8).

This completes the proof of the lemma. |

Corollary 4.6 Let p > 1 and u € W“P(Q,Y). Then, for any sequence of
number {ej};?il converging to 0, there exists a subsequence {e;}; C {€;};
such that, for almost everywhere x € €2,

. u _
SE-ILHO €pe; (x) = [Vulp(x).

Proof Take any sequence {§;}; going to 0, and let { B;} ; be a sequence of open
sets such that, for each j € N,

B; cC Q% and vol (Q%\B;) < §;.

Since the sequence {¢;}; tends to 0, we can choose a subsequence {¢;}; of
{€;}; such that, for each j € N, ¢; < €(§;, Bj), which is the constant given
in Lemma 4.3. Hence, we have

/B~ leh.e; — IVulp|dvol <®(S)), ¥ jeN
J

For each j € N, vol(2\2%) = 0. So, the functions eg’gj is measurable on 2

for any j € N. In the following, we will prove that the sequence
{fi =epe;bi
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converges to f := |Vu|, in measure on 2. Namely, given any number A > 0,
we will prove

lim vol{x € Q: [fj(x) — f(x)| = A} =0.

j—o0o
Fix any A > 0, we consider the sets
Aj() = {x € Q\Su = |fj(x) = f0)] = 1}

Noting that S); has zero measure (indeed, it has Hausdorff codimension at
least two [5]), we need only to show

lim vol(A;(1)) = 0.
J—>00
By Chebyshev inequality, we get

A-vol(Aj(M) N Bj) < /
A]'()L)ﬁBj

|fj_f|dV01</B‘|fj-f|dv01<E(8j)

for any j € N. Thus, noting that A;(A) C Q\Sy C Q% for each j € N, we
have

()

vol(Aj(1)) < vol(A;(A) N Bj) + vol(A;(M\B;) <

K(3;)
A

+ vol(Q%7\ B;)

<

+4;

for any j € N. This implies that limj_.o vol(A (1)) = 0, and hence, that
{fj}; converges to f in measure.

Lastly, by F. Riesz theorem, there exists a subsequence of {¢;};, denoted
by {¢;}; again, such that the sequence {e;‘,,gj} j converges to |Vu|, almost
everywhere in 2. O

The above pointwise converging provides the following mean value property,
which will be used later.

Corollary 4.7 Let p > 1 and u € W“P(Q,Y). Then, for any sequence of
number {e€ j}?il converging to 0, there exists a subsequence {¢;}; C {€;};
such that for almost everywhere xo € 2, we have the following mean value
property:

C
d? (u(xp), u(x))dvol(x) = —=2|Vu|,(x0) - "7 + 0 (81?-1-17)‘
/on(é‘j) vl ) n+p 7 J j

(4.13)
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Proof According to the previous Corollary 4.6, there exists a subsequence
{ej};j C {€;}; such that

lim e;‘, ¢ (x0) = |Vul,(xg) for almost all xo € Q.
gj—>0 7%

Fix such a point xg. By the definition of approximating energy density, we get

n+p
Cn,p - €

_ / d (u(x0), u(x))dvol(x) = [Vul p(x0) - &7 +o0 (7).
j 7/ Bxg(€))

The proof is finished. O

5 Pointwise Lipschitz constants

Let Q be a bounded domain of an Alexandrov space with curvature > k for
some k < 0. In this section, we will established an estimate for pointwise
Lipschitz constants of harmonic maps from €2 into a complete, non-positively
curved metric space (Y, dy).

Let us first review the concept of metric spaces with (global) non-positive
curvature in the sense of Alexandrov.

5.1 NPC spaces
Definition 5.1 (see, for example, [3]) A geodesic space (Y, dy) is said to have
global non-positive curvature in the sense of Alexandrov, denoted by N PC, if

the following comparison property is to hold: Given any triangle APQR C Y
and point S € QR with

1
dy(Q,S) =dy(R,S) = EdY(Q, R),

there exists a comparison triangle AP QR in Euclidean plane R? and point
S € OR with

such that
dy(P,S) < |PS].

It is also called a CAT (0) space.
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The following lemma is a special case of Corollary 2.1.3 in [33].

Lemma 5.2 Let (Y,dy) be an NPC space. Take any ordered sequence
{P,Q,R,S} C Y, and let point Q,, be the mid-point of QR. we denote
the distance dy (A, B) abbreviatedly by dsp. Then we have

(dps —dor) -dor > (dpg, — dpo = db,0) + (3, — d5k — dp, ) -
(5.1

Proof Takingt = 1/2and « = 1 in Equation (2.1v) in Corollary 2.1.3 of [33],
we get

dpy, +d5g, <dpo+dis— %déR +dps -dgr.
Since
dor =2dg,, 0 =2dg,, R
we have
dps-dor —dpr > (dpg, —dpo —dp, 0) + (d5g, — dsr — g, &) -

This is Eq. (5.1). O

5.2 Harmonic maps

Let 2 be a bounded domain in an Alexandrov space (M, |-, -|) and let Y be an
NPC space. Given any ¢ € W2(Q, Y), we set

W, (Q.Y) = {u e WHHQ. ) dy(u(x). ¢ (x)) € Wy (2. R)}.

Using the variation method in [27,39], (by the lower semi-continuity of
energy), there exists a unique u € W(;’z(Q, Y) which is minimizer of energy
E5. That is, the energy E5 := E5(2) of u satisfies

u __ w . 1,2
Ej =inf {EY : w e Wy~ (2, Y)}.

Such an energy minimizing map is called a harmonic map.

Lemma 5.3 (Jost [27], Lin [39]) Let 2 be a bounded domain in an Alexandrov
space (M, |-, -|) and let Y be an NPC space. Suppose that u is a harmonic
map from Q2 to Y. Then the following two properties are satisfied:
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(1) The map u is locally Holder continuous on S2;
(i1) (Lemma 5 in[27], see also Lemma 10.2 of [ 11] for harmonic maps between
Riemannian polyhedra) For any P € Y, the function

fr(x) :=dy(ux), P) (e W"())
satisfies f,% € WIL’CZ(Q) and’

gf}, > 2E5 > 2|Vuly - vol.

According to this Lemma, we always assume that a harmonic map form €2
into an NPC space is continuous in €.

5.3 Estimates for pointwise Lipschitz constants

Let u# be a harmonic map from a bounded domain €2 of an Alexandrov space
(M, |-, -|) to an NPC space (Y, dy). In this subsection, we will estimate the
pointwise Lipchitz constant of u, that is,

Lipu() o= tim sup 21O _ i gy 0 20))

y—>x [xyl r—0  |xyl<r r
It is convenient to consider the function f : Q x 2 — R defined by
fOx,y) = dy(u(x), u(y)), (5.2)
where Q2 x Q C M x M, which is equipped the product metric defined as
|6, ) @ Wiy = Izl + ywl® - forany x,y.z,w e M.

Recall that (M x M, |-, -|px ) 1s also an Alexandrov space. The geodesic
balls in M x M are denoted by

B ) o= {(z w) & 1(z, w), (6, Mmxm <7

5 The assertion was proved essentially in Lemma 5 of [27], where J. Jost consider a different
energy form E. Jost’s argument was adapted in [11] to prove the same assertion for energy
minimizing maps from Riemannian polyhedra associated to the energy E5 (given in the above
Sect. 4). By checking the proof in Lemma 10.2 of [11] word by word, the same proof also
applies to our setting without changes.
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Proposition 5.4 Let 2,Y and u, f be as the above. Then the function f is
sub-solution of .,2”;2) =0o0n Q x Q, where £ is the Laplacian on 2 x

(because M x M is also an Alexandrov space, the notion £ makes sense).

Proof We divide the proof into three steps.

(i) Forany P € Y, we firstly prove that the functions fp(x) := dy (u(x), P)
satisfy ., > 0 on Q.

Take any € > 0 and set

fe(x) =/ fR(x) + €.

We have

IV fel = % AVl <IVfpl

Thus, we have f. € Ww12(Q), since fp € WL2(Q). We will prove that, for
any € > 0, ., forms a nonnegative Radon measure.
From Proposition 4.1 (1) and (5), we get that fp € W2(€) and

EY > EJ" = |V fp|> - vol.
By combining with Lemma 5.3 (ii),

Lpp =Ly 2 2E4 2 2|V fp]* - vol = 2|V f|” - vol. (5.3)

P

Take any test function ¢ € Lipo(£2) with ¢ > 0. By using
~Zp(¢) = / (Vf2, Vé)dvol = 2 / (V fe, V(fe - ¢))dvol
Q Q
-2 / ¢ - |V feldvol,
Q

and combining with Eq. (5.3), we obtain that the functional

I(@) == — /Q (V e, V(fe - ) dvol = L (fe - &)

on Lipo(£2) is nonnegative. According to the Theorem 2.1.7 of [21], there
exists a (nonnegative) Radon measure, denoted by v, such that

ve(9) = Ie(P) = Ly (fe - §).
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This implies that, for any ¥ € Lipo(£2) with ¥ > 0,

2
A =v.|—)=0.

Thus, we get that .2, is a nonnegative functional on Lip(£2), and hence, by
using the Theorem 2.1.7 of [21] again, it forms a nonnegative Radon measure.
Now let us prove the sub-harmonicity of fp. Noting that, for any € > 0,

IVl <|Vfpl and 0 < fe < fp+e,

we get that the set {f¢}c~0 is bounded uniformly in W12(Q). Hence, it is
weakly compact. Then there exists a sequence of numbers €; — 0 such that

fe; = fp in WH(Q).

Therefore, the sub-harmonicity of f¢; for any j € N implies that fp is sub-
harmonic. This completes the proof of (i).

(i1) We next prove that f is in wh3(Q x Q).

Let us consider the approximating energy density of f at point (x,y) €
2 x Q. Fix any positive number € with By (2¢) C € and By(2¢) C Q. By
the definition of approximating energy density, the triangle inequality, and by
noting that the ball in 2 x € satisfying

BM*M(ey © B.(e) x By(e) C 2 x Q,

(x,y)
we have
Con,
2n2+22 . e{,e(x’ y)
_ 2
- /BMXM( ) 7t y)€2n+f2(z’ il dvol(z)vol(w)
(x,y) €
2
< /B en [dy (u(x), u(z))e‘z:fg(u(y), u(w))] dvol(dvol(w)
y 2
<2-vol(By(e) '/B © %dml(@
2
+ 2 - vol(By(€)) - /B } dY(M(e);)n,jLuz(UJ)) dvol(w)
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vol(B, (e vol( B, (e
2 ( y( )) ) Cn,2 eﬁ‘é(x)—I—Z ( o ( )) ] Cn,2
en n+2 ° en n+2
< Cn,k,diameter(S2) ° (6%,g(x) + 6375()’))-

e ()

N

Then, by the definition of energy functional, it is easy to see that f has finite
energy. Hence f isin W'2(Q x Q).

(iii)) We want to prove that f is sub-harmonic on € x €.

For any g € W1’2(Q x €2), by Fubini’s Theorem, we conclude that, for
almost all x € €2, the functions g, (-) := g(x, -) are in W12(Q), and that the
same assertions hold for the functions g, (-) := g(-, y). We denote by VMM o
the weak gradient of g. Note that the metric on M x M is the product metric,
we have

(VMxmg Vuxmh) (x,y) = (Vig, Vih) + (Vag, Vah),

forany g, h € Wh2(Q x Q), where Vg is the weak gradient of the function
gy() :==g(,y): 2 — R, and V;g is similar.

Now, we are in the position to prove sub-harmonicity of f. Take any test
function ¢(x, y) € Lipg(2 x 2) with ¢(x, y) = 0.

/Q . (Vasm o Vuxm@) x,y) dvol(x)dvol(y)
://(Vlf,Vlgo)dvol(x)dvol(y) (5.4
ala
+//(V2f, Vo) dvol(y)dvol(x).
QJQ

Fix y € Q and note that the function ¢y (-) := ¢(-, y) € Lipo(£2). Accord-
ing to (i), the function fy(y) := dy (u(-), u(y)) is sub-harmonic on . Hence,
we have

/Q (V1f. V1g) dvol(x) = —Zy,., (9,() <O.

By the same argument, we get for any fixed x € €2,

/Q (Vaf. Vag) dvol(y) < 0.

By substituting these above two inequalities into Eq. (5.4), we have
/ (Vatscst £ Vit @) ey dvol(r)dvol(y) < 0,
Qx
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for any function ¢ € Lipo(2 x €2). This implies that f is sub-harmonic on
Q x . The proof of the proposition is completed. O

Now we can establish the following estimates for pointwise Lipschitz con-
stants of harmonic maps.

Theorem 5.5 Let 2 be a bounded domain in an n-dimensional Alexandrov
space (M, |-, -|) with curvature > k for some k < 0, and let Y be an NPC
space. Suppose that u is a harmonic map from 2 to Y. Then, for any ball
B, (R) CC R, there exists a constant C(n, k, R), depending only on n, k and
R, such that the following estimate holds:

Lip2u(x) < C(n, k, R) - [Vulr(x) < +00 (5.5)

for almost everywhere x € B,;(R/6), where |Vu|; is the density of the abso-
lutely continuous part of energy measure E5 with respect to vol.

Proof Fix any ball B;(R) CC £2. Throughout this proof, all of constants
C1, Cy, ... depend only on n, k and R.

Note that M x M has curvature lower bound min{k, 0} = k, and that
diam(By(R) x B4 (R)) = V2R. Clearly, on B, (R) x B, (R), both the measure
doubling property and the (weak) Poincaré inequality hold, with the corre-
sponding doubling and Poincaré constants depending only on n, k and R. On
the other hand, from Proposition 5.4, the function

fx,y) =dy(ux), u(y))

is sub-harmonic on B, (R) X B, (R). By Theorem 8.2 of [2], (or a Nash-Moser
iteration argument), there exists a constant C such that

1
2
sup f<Cp- (][MxM fdeOIMxM)
B () By @2r)

for any (x,y) € B;(R/2) x By(R/2) and any r > 0 with B(]g;)M(Zr) cC
B, (R) x By (R), where, for any function i € L'(E) on a measurable set E,

1
][ hdvol := / hdvol.
E Vvol(E) JE

In particular, for any fixed z € B;(R/2) and any r > 0 with B;(2r) C B4 (R),
by noting that

B.(r/2) x B(r/2) C B{'XM(r) and  B!"XM(2r) C B.(2r) x B.(2r),

(2,2
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we have

sup  f2(y,2) < sup  f?
VEB.(r/2) B.(r/2)x B.(r/2)

Ct

‘ J
vol(BY XM 2r)) JB.r)xB.r)

Frdvolyxm. (5.6)

From Proposition 4.1 (4), there exists constant C, such that the following
holds: for any z € B;(R/6) and any 0 < r < R/4, we have

/ / F2(x, y)dvol(x)dvol(y) < Cor" 2. / dEj.
B,(2r) J B;(2r) B,(12r)

By combining with Eq. (5.6), we get for any z € B, (R/6)

2 r - vol(B.(12r
sp LD 2, (B=( ))][ dEY  (5.7)
B.(12r)

veB.(r/2) T2 vol (BMXM (2r))

for any 0 < r < R/4. Noticing that B,(r) x B,(r) C BgZ)M(Zr) again,

according to the Bishop—Gromov volume comparison [5], we have

vol(BY ¥ 2r)) ~ vol(B-(r)) ~ vol(B.(r)) > Vol(B.(r))

r" - vol(B;(12r)) - " vol(B,(12r)) < r'

for any 0 < r < R/4. Hence, by using this and the Eq. (5.7), we obtain that,
for any z € B;(R/6),

2 n
w LOD o S
yeB.(r/2) T vol(B.(r)) JB,(12r)

forany 0 < r < R/4, where Cq := C 12 - Cy - C3. Therefore, we conclude that

2 2
Lip®u(z) = limsup sup f (y’i) < 16 -limsup sup f ();’ 2
r—>0 |yzl<r/a (r/4) r—0  |yzl<r/2 5.8)
rh ’
< 16C4-1imsup—-limsup][ dEY
r—0 VOI(B(r)) r-o0 JB.12r) 2

for any z € B,;(R/6). According to the Lebesgue decomposition theorem
(see, for example, Section 1.6 in [12]), we know that, for almost everywhere
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x € By(R/6), the limit lim, ¢ fBX(r) d E¥ exists and

lim dEY = |Vuly(x). 5.9
r—0 B.(r)

On the other hand, from [5], we know that

n

}E}I})m :I’l/a)n_l (510)

for any regular point x € B;(R/6) and that the set of regular points in an
Alexandrov space has full measure. Thus, (5.10) holds for almost all x €
B, (R/6). By using this and (5.8)—(5.10), we get the estimate (5.5). O

Consequently, we have the following mean value inequality.

Corollary 5.6 Let Q2 be a bounded domain in an n-dimensional Alexandrov
space (M, |-, -|) and let Y be an NPC space. Suppose that u is a harmonic
map from Q2 to Y. Then, for almost everywhere xo € 2, we have the following
holds:

_Vula(x0) - wn—1 1,40
nn+?2)

+o(R"2).

/ [d% (P’ ”(XO)) - d% (P, u(x))]dvol(x) <
By (R)

forevery P €Y.
Proof We define a subset of Q2 as

A= {x € Q| x is smooth, Lipu(x) < 400,

and x is a Lebesgue point of |Vu|2}.

According to the above Theorem 5.5 and [45], we have vol(2\A) = 0.
Fix any point xop € A. For any P € Y, we consider the function on 2

8. (X) 1= dy (P, u(x0)) — dy (P, u(x)).
Then, from Lemma 5.3 (ii), we have

Z,

v < —2E% < =2|Vuly - vol.

Since xq is a Lebesgue point of the function —2|Vu|,, by applying Proposi-
tion 3.2 to nonnegative function (note that —2|Vu|, < 0),

8xo, P (X) — Bi;l(fR) 8xo, P (X),
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we obtain
1 [ .
8xo.p(x) — inf g ,p(x)]dvol
H"1(0B,(R) C TK) 9By (R) 0 By (R) "
. 2|Vula(xo) 2 2
< |:gx0,P(xO) - Bgl(fR) gxo,P(x)} -, R” + o(R").

Denote by
A(R) := vol(dBx,(R) C M) and A(R) := H" '(3B,(R) C T}).

Noting that gy, p(xo) = 0, we have

/ gxo.p (V)dvOl < — inf gy p(x) - (Z(R) —A(R))
3By (R) By, (R)

0

{W 2+ 0(RD) - AR). (5.11)

By applying co-area formula, integrating two sides of Eq. (5.11) on (0, R), we

have

0

R
/ 8xo, P (x)dvol =/ / 8xo, P (x)dvol
By, (R) 0 JoBy(r)
R

< - /0 JE G ) (A0) = 40 ar
R
_/ (IVI/[|2(X0) . r2 +0(r2)) Z(r)dr
0 n
.= I(R) + [1(R). (5.12)

iince M has curvature > k, the Bishop—Gromov inequality states that A(r) <
A(r) for any r > 0. Hence we have

it @) (A0) = AW) = int g3 p0) - (A1) = A)

X0

for any 0 < r < R. So we obtain

. R e
I(R) < = inf g () /0 (A0) = 4 ar
== it g.r(0) (H"(BO(R) c Tfo)—vol(on(R))).

(5.13)
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By Lipu(xg) < 400 and the triangle inequality, we have

820, ()]
= (dr (P, uCxo)) +dy (P, u(x)) ) - |dy (P, u(x)) = dy (P, u(v))|

< (Zdy(P, u(x0)) + dy (u(xo), u(X))) ~dy (u(x), u(xo))

< (2dy (P, u(x0)) + Lipu(xo) - R+ 0(R) ) - (Lipu(xo) - R + o(R))
= O(R). (5.14)

Since xg ia a smooth point, from Lemma 2.5, we have
|H"(B,(R) C Ty,) — vol(By,(R))| < o(R) - H"(Bo(R) C Tyy) = o(R"™1).

By using the fact that xg is smooth again, and hence Tfo is isometric M, we
have

|H"(Bo(R) C T} ) — H"(Bo(R) C Tyy)| = |H"(Bo(R) C M)
— H"(Bo(R) C R")
— O(Rn+2)

By substituting the above two estimates and (5.14) into (5.13), we obtain
I(R) < o(R"™). (5.15)

Now let us estimate I/ (R). Note that xp is a smooth point. In particular, it
is a regular point. Hence

A(r) = vol(Zy) - 5{ ' (1) = wp 1™ 4 0",

We have

R
I1(R) = —/ (—IVu|2(x0) 4 0(r2)> - A(r)dr
0

n

__ Vul(xo) - on- /R (" o™ Y)dr  (5.16)

n 0
_[Vula(xo) - wp—1
nn+2)

. Rn+2 +0(Rl’l+2)‘
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The combination of Egs. (5.12) and (5.15)—(5.16), we have

|Vula(x0) - wp—1
nn+2)

| swrtdvol < - (R 4 o(RM).
Byy(R)

This is desired estimate. Hence we complete the proof. O

6 Lipschtz regularity

We will prove the main Theorem 1.4 in this section. The proof is split into
two steps, which are contained in the following two subsections. In the first
subsection, we will construct a family of auxiliary functions f;(x, A) and prove
that they are super-solutions of the heat equation (see Proposition 6.13). In the
second subsection, we will complete the proof.

Let 2 be abounded domain in an n-dimensional Alexandrov space (M, |-, -|)
with curvature > k for some number £k < 0, and let (Y, dy) be a complete
NPC metric space. In this section, we always assume that u : Q2 — Y is an
(energy minimizing) harmonic map. From Lemma 5.3, we can assume that u
is continuous on Q.

6.1 A family of auxiliary functions with two parameters

Fix any domain Q" cC Q. Forany r > 0 and any 0 < A < 1, we define the
following auxiliary function f;(x, 1) on €’ by:

2
filx, 1) = yigé/ {6—2”“ : % — dy (u(x), u(y))}, xeQ. (6.1)

We denote by S;(x, A) the set of all points where are the “inf” of (6.1) achieved,
ie.,

2
S,(x, %) = {y €| filx,n) = e KA. % —dy (u(x), u(y))} :
It is clear that (by setting y = x)
0> fi(x, ) = —oscgu := — max_dy (u(x), u(y)). (6.2)
x,yeQ

Given a function g(x, 1) defined on 2 x R, we always denote by g(-, 1) the
function x — g(x, A) on 2. The notations g(x, -) and g(-, -) are analogous.
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Lemma 6.1 Fix any domain Q" CC Q' and denote by

C.—s 4 and 1 dist*(Q”, 9Q)
1= 208Cqr an =

* ok 0 AC,

For eacht € (0, 1), we have

(i) for each A € [0, 1] and x € Q”, the set S;(x,\) # & and it is closed,
and

2
fi(x,A) = Blrz%) {e—anA ) % — dy(u(x), u(y))} ;
yEBy(v/Cyl

(ii) for each X € [0, 1], the function f(-, 1) is in C(") N W2(Q"), and
di 2 Q/
/ IV £, (x, M) Pdvol(x) < 2 - e~k . %() Vol(Q") + 2EX(Q");
(6.3)

(iii) for each x € Q", the function f;(x, -) is Lipschitz continuous on [0, 1],
and

|fi(x, ) = fie, ) < e 2. Co-a =4I, VA, €[0,1]. (6.4)
(iv) the function (x, 1) + f;(x, 1) is in C(Q" x [0, 11) N W12(Q” x (0, 1))

with respect to the product measure v := vol x L', where L' is the
Lebesgue measure on [0, 1].

Proof (i) Let x € ”. The definition of C, and o implies that B, (/Cxf) CC
Q. Lett € (0, 1) and A € [0, 1]. Take any a minimizing sequence {yj}; of
(6.1). We claim that

xy;l? < Cat (6.5)

for all sufficiently large j € N. Indeed, from f;(x, A) < 0, we get that

—2nkA |xy1'|2
e BT dY(M(X), u(yj)) <1

for all sufficiently large j € N. Thus,
lxy; 12 < 2t(1 +dy (u(x), u(y;))) < 2¢(1 + oscgu) < Cut
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for all j € N large enough, where we have used that £ < 0 and the definition
of C,. This proves (6.5). The assertion (i) is implied by the combination of
(6.5) and that u is continuous.

(ii) Let 7 € (0, 1p) and A € [0, 1] be fixed. Take any x, y € Q" and let point
z € Q' achieve the minimum in the definition of f;(y, A). We have, by the
triangle inequality,

lyz|?

2
fin) = fignn < e P g, w@) — e <

2t
+dy (u(y), u(2))
o2k (|xz| — |yZ|)2't(|XZ| + |yzl) n

oyl + dy (ux), u(y)).

<

dy (u(x), u(y))

< o2 diam(Q2")

By the symmetry of x and y, we have

k. diam(2")

Ifi(x,2) = fily, M < e |xy] 4 dy (u(x), u(y)).

This inequality implies the following assertions:

e f(-, ) is continuous on 2", since u is continuous;

e for any € > 0, the approximating energy density of f (-, 1) satisfies (since
e—anA < e—an)

ef O (x) < 274 . diam (@) /12 + 264 (),  xe Q.

This implies (6.3), and hence (ii).

(iii) Let any x € Q" be fixed. Take any A, u € [0, 1]. Let a point z €
S¢(x, n). That is, point z achieves the minimum in the definition of f;(x, u).
By the triangle inequality, we get

2 2
fi(x, 1) = filx, ) < e 2k % — dy (u(x), u(z)) — e 2. %
+dy (u(x), u(z))
_ (e—ank _ e—anpL) . |xZ|2
= 2t
C,.t
Ih—pl-e™ 2k 22 ek Oy h — ),

2t
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where we have used A, u < 1 and |xz| < /Cyt (since (i)). By the symmetry
of A and u, we have

Ifi(e, A) = filx, )| < e 2™ Cy - |1 — pul.

This completes (iii).
(iv) is a consequence of the combination of Egs. (6.3) and (6.4), and that f;
is bounded on " x [0, 1]. O

Fix any domain Q” cC Q' and let 7y be given in Lemma 6.1. For each
t € (0, 1) and each A € [0, 1], the set S;(x, A) is closed for all x € Q”, by
Lemma 6.1(i). We define a function L, ; (x) on Q" by

Ly (x) == dist(x, S;(x, 1)) = ye%‘%% Ixyl, xeQ. (6.6)
t B

Lemma 6.2 Fix any domain Q" CC Q'. For eacht € (0, ty), we have:
(i) the function (x, L) > L, (x) is lower semi-continuous in Q" x [0, 1];
(i1) for each X € [0, 1],
Lt allLoo(@ry < v/ Cxt, (6.7)
where the constant C,, is given in Lemma 6.1.

Proof Letx € Q"and 2 € [0, 1]. We take sequences {(x;, 1;)}; C " x[0, 1]
with (x;, 1) — (x,A), as j — o0, such that

lim L, (xj) = liminf L;,(z).
j—o0o =X, U—A

For each j, let y; € S;(xj, Aj) such that L;,,(x;) = |x;y;|. Since
dist(yj, Q") < /Cytg = dist(Q"”,9Q")/2 for all j € N (by Lemma 6.1(i)),
there exists a subsequence, say {y;};, converging to some y € . By the
continuity of u# and f;(-, 1) (see Lemma 6.1(iv)), we get

2
—2nkh lxyl

Ji(x,2) =e o

— dy (u(x), u(y)).
This implies y € S;(x, A). From the definition of L; ; (x), we have

Lij(x) < |xy| = lim |x;y;| = lim L,,;L/.(le) = liminf L, ;(z).
[— 00 [— 00 ’ =X, u—A

Therefore, L, ; is lower semi-continuous on Q" x [0, 1]. The proof of (i) is
complete.
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For each t € (0, 1) and each A e [0, 1], the function L;;(-) is lower
semi-continuous, and hence it is measurable, on . By Lemma 6.1(i) and the
definition of L, ;, we have 0 < L; ;3 (x) < 4/Cit for all x € Q”. Hence, the
estimate (6.7) holds. This completes the proof of the lemma. O

Lemma 6.3 Fix any domain Q" CC Q'. For eacht € (0, ty), we have

fl(xy)" + ,bL) - fl(x9)") > _e—2nk)» . % . Lzz’k(x)

lim inf
p—>0% 2

forany X € [0,1) and x € Q".
Consequently, we have, for each x € Q", (by Lemma 6.1(iii))

afi(x, A) S

k
- —e_znkk-nT-LiA(x) Ll—ae. e, 1). (68)

Proof Lett € (0,19), A € [0,1) and x € Q”. Foreach0 < u < 1 — A, we
take a point y; 4, € S;(x, A + w). By the definition of f;(x, A) and S;(x, A),
we have

i, 4 p) — fi(x, 4)

k) XYl
=e —— —dy (u(x), u(yitp))

2t
Cint {0 B e u)
: > y (u (),
2
> <e72nk(k+u) _ eonk)L> XYl
2t
2
> (e—an(Hu) _ e—znkx) L™
= 2f ’

where we have used k < 0. By the lower semi-continuity of L, ;, we have

) — filx, A L7, ()
liminf 02T ZIOD o w21
n—0t n t
This proves the lemma. O

We need a mean value inequality.

Lemma 6.4 Given any z € Q and P € Y, we define a function w; p by
we,p () 1= di (u(), u(2) — dy (u(), P) +dy (P, u(2).
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Then, there exists a sequence {e;j}; converging to 0 and a set N with
vol(A") = O such that the following property holds: given any xo € Q\ N
and any P €Y, the following mean value inequalities

/ Wy, P (€XPy, (M)dn < 0 (e?“) (6.9)
By (e )N’

hold for any set W C Wy, satisfying

H'(V 0 Boe)) | ~ole)). (6.10)
H"(B,(¢j) C T,)

Proof We firstly show that there exists a sequence {¢;}; converging to 0 and
a set ./~ with vol(.#") = 0 such that the following property holds: for any
xo € Q\A4 and any P € Y, we have

/ Wy, P (x)dvol(x) < o (s?“) . (6.11)
on(sj)

This comes from the combination of Corollaries 4.7 and 5.6. Indeed, on
the one hand, by applying Corollary 4.7 with p = 2 to the sequence {¢; =
i~h i1 we conclude that there exists a subsequence {¢;}; C {€;}; and a set
N1 with vol(N1) = 0 such that for any point xo € 2\ Ny, we have

/ dy (u(xo), u(x))dvol(x)
Broe)) (6.12)

Wp—1

_ L ont2 n+2
= s Vub o) - & +o(e‘ )

J

where we have used ¢, » = w,—1/n. On the other hand, from Corollary 5.6,
there exists a set N> with vol(N») = 0 such that, for all xo € Q\N;, we have

/ [d%(P, u(xo)) — d (P, u(x))]dvol(x)
Broe)) (6.13)

[Vula(x0) - wp—1 40 < ,,+2)
— . e g
nn+2) jTols;

forevery P € Y. Now, denote by .4 = N U N;. The Eq. (6.11) follows from
the combination of the definition of function wy, p and (6.12)—(6.13).

According to [45], the set of smooth points has full measure in M. Then,
without loss the generality, we can assume that xg is smooth. By Theorem 5.5,
we can also assume that Lipu(xg) < +o00.
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Since the point xq is smooth, by using Lemma 2.5, we have

/ Wio, P (€Xpy, (M) d H" (1)
Bo(e) )N,
= / Wy, P () - (1 + 0(e))dvol(x) (6.14)
on (sj)ﬂvvx()

S/ Wy, p(x)dvol(x) +/ | Wy, p (X)) - 0(€j)dvol(x).
on(sj)

on (SJ)

Here we have used that Wy, has full measure in M [43]. Since Lipu (xp) < 400,
we have, for x € By (g)),

d3 (u(x), u(x0)) < Lip?u(xo) - 2 + 0 (af) .
By combining with the definition of function w,, p and (5.14), we get
lwxo,p(X)] < O(g)), ¥V x € Byle)). (6.15)

The combination of (6.11), (6.14) and (6.15) implies that

[ wr(ew,m)dit o <o(s+)
By(e )N,

+0(gj) - 0o(gj) - vol(Byy(¢;))

—o (gjf“) . (6.16)

Given any set #' C #, satistying Eq. (6.10), we obtain

) / g, P ( expxo(n))dH”(n)‘
Bu(gj)ﬂ(%(o \W)
(6.1

.15)
< O(gj) - H'(Bo(ej) N (#x\ W)

< O(g)) - H"(Bo(e )\ V) (6.17)

(6.10)
< O0(gj) - o(ej) - H"(Bo(g)))
=0 (8’;+2> .

The combination of Eqgs. (6.16) and (6.17) implies the Eq. (6.9). Hence we
have completed the proof. O
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The following two lemmas were stated by Petrunin [50], and their detailed
proofs were given in [58].

Lemma 6.5 (Petrunin [50], see also Lemma 4.15 in [58]) Let h be the Perel-
man’s concave function given in Proposition 2.7 on a neighborhood U C M.
Assume that f is a semi-concave function defined on U. And suppose that
u € WI*Z(U) N C(U) satisfies £, < A - vol on U for some constant A € R.

We assume that point x* € U is a minimal point of function u + f + h, then
x* has to be regular.

The second lemma is Petruiin’s perturbation in [50]. We need some nota-
tions. Let u € W'2(D) N C(D) satisfy %, < X - vol on a bounded domain
D. Suppose that xg is the unique minimum point of # on D and

u(xp) < min u.
x€dD

Suppose also that xg is regular and ¢ = (g1, g2,...8&n) : D — R"is a
coordinate system around x( such that g satisfies the following:

(i) g is an almost isometry from D to g(D) C R" (see [5]). Namely, there
exists a sufficiently small number §y > O such that

lg(x) —gWIl

1| <8y, forall x,ye D, x #y;
Xyl

(ii) all of the coordinate functions g;, 1 < j < n, are concave [44].
Then there ¢xists €0 > O such that, for each vector V = (v!, v2, ..., v") €
R" with |[v/| < ¢ forall 1 < j < n, the function
GWV,x):=ux)+V- gkx)

has a minimum point in the interior of D, where - is the Euclidean inner
product of R" and V - g(x) = >_; v/ g;(x).

Let
U ={VeR": v|<e, 1<j<n CcR".
We define p : 4 — D by setting
p (V) to be one of minimum point of G(V, x).

Note that the map p might not be uniquely defined.
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Lemma 6.6 (Petrunin [50], see also Lemma 4.16 in [58]) Let u, xo, {g j}’;zl
and p be as above. There exists some € € (0, €g) such that for arbitrary
€' € (0, €), the image ,0(52/6 T has nonzero Hausdorff measure, where

%j =V =(v,v2,...,0) €ER": 0 <v/ <€ forall 1 < j<n).

Consequently, given any set A C D with full measure, then for any €' < ¢,
there exists V € %6 T such that the function u(x) + V - g(x) has a minimum
point in A.

Proof The first assertion is the result of Lemma 4.16 in [58]. The second
assertion is implied obviously by the first one. O

The following lemma is the key for us to prove that f;(x, A) is a super-
solution of the heat equation.

Lemma 6.7 Given any point p € €, there exits a neighborhood U ,(=
B,(Rp)) of p and a constant t, > 0 such that, for each t € (0,1,) and
each ) € [0, 1], the function x — f;(x, L) is a super-solution of the Poisson
equation

_ nk
Ly = —e M LY, (x) - vol (6.18)

onU,.

Proof Let U, = Bp(R,) CC Q' be a neighborhood of p such that U =
B, (2R ) supports a Perelman’s concave function & (see Proposition 2.7).
Suppose that 7, = R%/(ZC*), where C, is given in Lemma 6.1. Now, for each
t € (0,1), we have & # §;(x, 1) CC U forany (x,A) € U, x [0, 1], by
Lemma 6.1(1).

To prove the lemma, it suffices to prove the following claim.

Claim Foreacht € (0,1,) and each A € [0, 1], the function x — f;(x, ) is
a super-solution of the Poisson equation

nk
Lrxa) = (— e 2 TLtZ,;\(x) +9) -vol on U,

for and any 6 > 0.

We will divide the argument into four steps, as we did in the proof of
Proposition 5.3 in [58]. However, the method is used in the crucial fourth step
there, is not available for our auxiliary functions f; (x, A) in this paper. Here we
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will use a new idea in the fourth step via the previous mean value inequalities
given in Lemma 6.4.

Step 1. Setting up a contradiction argument.

Suppose that the Claim fails for some ¢t € (0,,), A € [0, 1] and some
0o > 0. According to Corollary 3.5, there exists a domain B CC U, such that
the function f; (-, A) — v(-) satisfies

min (fitx, 1) —v(x)) <0= min (fi(x, 1) —v(x)),
where v is the (unique) solution of the Dirichlet problem

{fv = (— e~ kA ”t—kLIZJ + 90) -vol in B

v = fi(-,A) on 0B.

In this case we say that f;(-, A) — v(-) has a strict minimum in the interior of

B'Let us define a function H (x, y) on B x U, similar as in [50,58], by
o—2nkA

H(x,y):= >

xyl? = dy (u(x), u(y)) — v(x).

Let X € B be a minimum of f;(-,A\) —von B,andlety € §;(x,A) (CC U)
such that

|xy] = L 5.(X). (6.19)

By the definition of S;(x, A), H(x, y) has a minimum at (X, y).
Let us fix a real number &y with

0o
8n(l + /—k - diamU)’

0 <8< (6.20)

and consider the function
Ho(x,y) == H(x,y) + olxx|* + 8olyy[*>, (x,y) € B x U.

Since (¥, y) is one of the minimal points of H (x, y), we conclude that it is the
unique minimal point of Hy(x, y).
Step 2. Petrunin’s argument of perturbation.

In this step, we will perturb the above function Hy to achieve some minimum
at a smooth point.
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Recall the Perelman’s concave function 4 is 2-Lipschitz on U (see Propo-
sition 2.7). Then, for any sufficiently small number §; > 0, the function

Hi(x,y) := Ho(x,y) + 1h(x) + 81h(y)

also achieves its a strict minimum in the interior of B x U. Let (x*, y*) denote
one of minimal points of Hj(x, y).

(i) We first claim that both points x* and y* are regular.

To justify this, we consider the function on B

Hi(x,y*) = Ho(x, y*) + 81h(x) + 81h(y™)

_ —2nkx |’Cy*|2 * -2
=e -T—dy(u(X),u(y ))—U(X)+50|XX|

+ 807y * + 81h(x) + 81 ().
From the first paragraph of the proof of Proposition 5.4, we have

>
Zay (u(0).uy®) = 0.
Notice that .%, = —nk -e=2"**. L2, /t + 6, € L(B) (since Lemma 6.2(ii))
and |xx|%, |xy*|?/(2¢) is semi-concave on B. Notice also that x* is a minimun
of Hi(x, y*). We can use Lemma 6.5 to conclude that x* is regular. Using the

same argument to function H;(x*, y), we can get that y* is also regular.
Consider the function

Hy(x,y) i= Hy(x,y) + 8 - [xx*|* + 81 - [yy*|?

on B x U. It has the unique minimal point at (x*, y*).

(i) We will use Lemma 6.6 to perturb the function H» to achieve some
minimum at a smooth point.

Firstly, we want to show that

2
3;12) S CM, 1, X, 81,80, 1L allLoeo(B)) (6.21)
for some constant C(M, t, 81, 8o, |L; 3|l (5)), Where .Z?) is the Laplacian
on B x U.
Note that

lxy|* =2 distg, (x, y),

where distp,, (-) is the distance function from the diagonal set Dy := {(x, x) :
x € M}on M x M. Thus we know that |xy|2 is a semi-concave function on
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M x M. The function |Xx|*> + |yy|? is also semi-concave on M x M, because
T+ [y 1P = 10, M E D g

The function |xx*|? 4 |yy*|? is semi-concave on M x M too. By combining
these with the concavity of 4(x) + 4(y) on U x U and the sub-harmonicity of
dy (u(x), u(y)) on U x U (see Proposition 5.4), and that .%, = —nk - e=2"k* .
Lf’k/t + 6y € L°°(B) (since Lemma 6.2(ii)), we obtain (6.21).

Since (x*, y*) is regularin M x M, by [5] and [45], we can choose a nearly
orthogonal coordinate system near x* by concave functions g1, g2, ..., g, and
another nearly orthogonal coordinate system near y* by concave functions
gn+ls &n+2s - - - » &2n- Now, the point (x*, y*), the function H> and system
{gi}1<i<on meet all of conditions in Lemma 6.6.

Meanwhile, according to Lemma 6.4, there exists a sequence {¢;}; con-
verging to 0 and a set .4 with vol(.#") = 0 such that for all points
(x0, y0) € (\A) x (Q\A), the mean value inequalities (6.9) hold for
functions wy,, p and wy, ¢ for any P, Q € Y and any corresponding sets sat-
isfying (6.10) (please see Lemma 6.4 for the definition of functions wy, p and
Wy, 0)- From now on, fixed such a sequence {¢;};.

Hence, by applying Lemma 6.6, there exist arbitrarily small positive num-
bers by, ba, . .., by, such that the function

n 2n
Hy(x,y) := Ha(x,y) + Y _bigiCx) + Y bigi(y)
i=1 i=n+l

achieves a minimal point (x°, y°) € B x U, which satisfies the following
properties:

1. x° #£ y%

2. both x° and y? are smooth;

geodesic x?y? can be extended beyond x° and y?;

point x? is a Lebesgue point of e 2% . _TnkLtZA + 6o;

the mean value inequalities (6.9) hold for functions wyo, p and wyo o for
any P, Q € Y and any corresponding sets satisfying (6.10).

nk W

Indeed, according to Lemma 6.4 and noting that the set of smooth points
has full measure, it is clear that the set of points satisfying the above (1)—(5)
has full measure on B x U.

Step 3. Second variation of arc-length.

In this step, we will study the second variation of the length of geodesics
near the geodesic x?y?.

Since M has curvature > k and the geodesic x°y° can be extended beyond
x? and y?, by the Petrunin’s second variation (Proposition 2.3), there exists an
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isometry T : Tyo — Tyo and a subsequence of {¢;}; given in Step 2, denoted
by {¢;}; again, such that

Fim) < =klnl* - [x°y°1 + o(1) (6.22)
for any n € Tyo, where the function .%; is defined by

|expyo(ej - m) expole; - T — [x°y°)?

2
&j

Fim) =

if n € Tro suchthatej - n € #yoand g - Tn € W#yo, and F;(n) := 0 if
otherwise.
Now we claim that

—k - wp—
FimdH" () < ——L 60302 £ o). (6.23)
B,(1) n—+2

Indeed, by setting z is the mid-point of x° and y° and using the semi-concavity
of distance function dist;, we conclude

|Z€pro(8j : 77)| < |ZX0| +(T§07 77> '8]' +01 . |77|2 . 8J2-

and

. &4

|2 2
J

l2expyo (e - Tl < 127 + (150, Tn) & + 02 Iy

for any n € Tyo such thate; - n € #so and g; - Tn € #yo, where o1, 02 are
some positive constants depending only on [x°z|, |y°z| and k. By applying
the triangle inequality and T;a: —T (1%,), we get (note that |x°z| = |y’z| =
1x?y°1/2),

2
F < (Izexpyo(ej - M| + |zexpyo(ej - Ty)])” — |7y
J 8?
2001 +02) - I - XY + (01 + 02)* - Inl* - &5

03

<
<

for any n € B,(1) C Tyo, where 03 is some positive constant depending only
on |x%z|, |y°z| and k. That is, .%; is bounded from above in B, (1) uniformly.
According to Fatou’s Lemma, (6.22) implies
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—k - w,_
lim sup / FimdH" () < (—k) / 10y 2 Rd H" () = ——21=L L poy0p2,
j—=oo JBy(l) B, (1) n+2

This is the desired (6.23). Therefore, by the definition of function .%;, we
have

[ 1oty exp TP = 1337 R )" i
BO(SJ‘)QW

n=ejn ,

T,y !

—k - Wn—1 0.012 .n+2 n+2
< o R (),

where W := Wio NT™'(#yo) = {v € Tyo - v € #yo and Tv € #jo}.
Step 4. Maximum principle via mean value inequalities.

Let us fix the sequence of numbers {¢;}; as in the above Step 2 and Step 3,
and fix the isometry 7' : Txo — Tyo and the set %" := %0 N 7! (#y) as in
Step 3.

Recall that in Step 2, we have proved that the function

—2nk

2t

Hy(x,y) = xyl? = dy (u(x), u(y)) — v(x) + P (x) + ()

has a minimal point (x“, y°) in the interior of B x U, where both x° and y*
are smooth points, and the functions

~ _ 51 ‘
7100 =80 [Bx 481 h(x) + 1P+ ) by i),

i=l

2n
- _ 81
and H(y) = 30'Iyy|2+51'h(y)+§|y*y|2+ > bi-gi(y).
i=n+1

Consider the mean value

1= [ [Ha(expuon. expe(Tm) = Haa? 3 [dH"
Bo(é‘j)ﬂW

= I1(e;) — Ia(ej) — I3(gj) + La(ej) + I5(gj), (6.25)

@ Springer



914 H.-C. Zhang, X.-P. Zhu

where

—2nkA
e
nep =g [ (lexpa expy Tl ~ 15 R)dH" ),
Bo(e))NW

2t

B(ep = [ (dy{utexpi (). utexpye ()
Ba(é‘j)ﬁW

— dy ((x), u(y) ) HG),

Bepi= [ (o) - vt dH" ()
Bo(é‘j)ﬁW

= [ (Fexpo ) ~ i) )dH" ),
Bo(e )W

= [ (e (M) = BON)dH ).
Bo(e )W

The minimal property of point (x°, y°) implies that
I(gj) > 0. (6.26)

We need to estimate /1, I, I3, 14 and I5. Recall that the integration /1 has been
estimated by (6.24).
(i) The estimate of 1.

By applying Lemma 5.2 for points

P =u(expo(m), Q=ux’, R=u(y’) and S=u(exp,.(Tn)),

we get

(dy (u(expyo (), u(expyo(T)) — dy (u(x?), u(y”))) ~dy (u(x%), u(y))
> (dbg, —dpg = dg,0) + (d50, = dsg = dg,,r) 627
= —wyo, 0, (eXpro (M) — wyo, 0, ( expyo(Tn)),

where Q,, the mid-point of u(x?) and u(y?), and the function w,, ¢,, is defined
in Lemma 6.4, namely,

w0, () 1= dy (u(-), u(2)) — dy (u(-), Qm) + dy(Qm, u(2)).
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Now we want to show that the set % := #0o N T ™! (#y0) satisfies (6.10).
Since both points x? and y° are smooth, by (2.3) in Lemma 2.5, we have

H”(%o N Bo(s))
H"(Bo(s) C Tyo)

H" (#yo N By(s))
H"(B,(s) C Tyo)

>1—o0(s) and >1—o0(s).

Note that 7' : Tyo — Tyo is an isometry (with 7'(0) = 0). We can get

H"(# N By(s))  H"(Wxo NT~'(#y0) N B,(5)) 1 — o). (628)
H"(Bo(s) C Two) H"(By(s) C Txo) ~ S

In particular, by taking s = ¢, we have that the set %/ satisfies (6.10).
Now by integrating Eq. (6.27) on B,(¢;) N # and using Lemma 6.4, we
have

dy (%), u(y")) - L(ej) > — / wyo. 0, (X0 (1))d H" ()
30(8]')07/

- / wyo,0,, (€xpyo (Tn))d H" ()
Bo(ej)ﬂW

2
> —0 (87+ )

Here the last inequality comes from Lemma 6.4. If dy (u (x9), u(y")) # 0,
then this inequality implies that

L(ej) > —o (s;”) . (6.29)

If dy (u(x?), u(y°)) = 0, then it is simply implied by the definition of /, that
I(ej) = O forall j € N. Hence, the estimate (6.29) always holds.

(1) The estimate of I5.
By setting the function

g(x) == v(x?) — v(x)
on B, we have g(x?) = 0 and
_onki Mk o
Ly =2 = (e . TL”A - 00) -vol on B.
Recall L, ; € L°°(B) (see Lemma 6.2(ii)). By Lemma 3.1, we know that g is
locally Lipschitz on B. Fix some ry > 0 such that B,o(r9) CC B, and denote

by co the Lipschitz constant of g on B, (rp).
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Take any s < rg. Noticing that g(x°) = 0, we have that g(x) + cos > 0 in
Byo(s). By using Proposition 3.2, we have

1
H"1(3B,(s) C TY)

/ (g(x) + cos)dvol
3B,o(s)

—2nk) nky2 0
e SBEL2(x%) — 6y
< (g(x%) + cos) + ! Zr? s2 + o(s?).

So, we get (notice that g(x°) =0)

/ g(x)dvol < cops - (H”_] (3Bo(s) - T;O) - VOl(an"(s)))
dBo(s)
k 0
ok > 0\ 2 —1 k
N <e nich. ZLM(XO)_%)S CH" (aBo(s)cho)
+0(Sn+l).

Notice that Bishop volume comparison theorem implies vol(dByo(s)) <
H" Y (3B,(s) C T)f,,). We can use co-area formula to obtain

/on(s>g(x)dV01 S s (Hn (B"(S) = Tfﬂ) N V°1<va (s)>>

k 9 S
—nkx K12 oy B0 2 (6.30)
+ (e 2tLM(x ) 2n)/0 T

-H"Y(3B,(v) C TY)dT + o(s"*?).

Because that x? is a smooth point, we can apply Lemma 2.5 to conclude

|H" (B, (s) C Tyy) — vol(Byy ()| < 0(s) - H"(Bo(s) C Ty,) = o(s" ™).
(6.31)

On the other hand, the fact that x° is smooth also implies that T)fo 1s isometric
to MY, and hence

|H"(Bo(s) C TE) — H"(Bo(s) C Ty)| = O(s"*?)

and

sinh(v/—k7)\n—1
ot (M)

=w,_1 - T+ 0",

H" ' (3B,(v) C T) =
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Thus, by substituting this and (6.31) into (6.30), we can get

k o, _
/B ( )g(x)dvol < (e_znkk . EL%,A(XU) — ﬁ) Ozl g2 + o(s"1?).
o (s

n+2
(6.32)

Next we want to show that

/ g(expo(m)dH" (1) </ g(x)dvol(x) 4+ o(s"*%)  (6.33)
Bo(s)NW Bo(s)

forall 0 < s < ry.
Since x¢ is a smooth point, we can use Lemma 2.5 to obtain

/ g (expo (M)A H" ()
BO(S)QVVXO
= / g(x)(1 + o(s))dvol(x)
Byo(s)NW,o

< / g(r)dvol(x) + / 12(0)] - o(s)dvol(x)
B,o(s) B,o(s) (6.34)

< / g(x)dvol(x) +/ O(s) - o(s)dvol(x)
B BLo(s)

o (s)

(since g(x)is Lipschitz continuous in Byo(s) and g(x?) = 0).

= / g(x)dvol(x) + o(s"*?)
an(s)

for all 0 < s < rg, where we have used that W, has full measure (please see
§2.2).

/ g(expo(mM)dH" (n) — / g(expo(n)dH" (n)
B,(s)NW B, (s)NH o

< / |g(exp,o(m)|dH" (1) (6.35)
Bo()N(Ho\ W)

< 0(s) - vol(By(s) N (Hs\ W)

for all 0 < s < rg. Here we have used the fact that g is Lipschitz continuous
in Byo(s) and g(x?) = 0 again. Recall (6.28) in the previous estimate for /5.
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918 H.-C. Zhang, X.-P. Zhu

We have

(6.28)
vol(Bo()\#') < o(s) - vol(By(s) C Txo)

O(Sn+1).

vol(By(s) N (#xo\ W)

NN

By combining this with (6.34)—(6.35), we conclude the desired estimate (6.33).
By taking s = ¢; and using (6.32)—(6.33), we obtain the estimate of /3

_Iy(e)) = /B St
o ()N

0y _ @) Ol k2 (6.36)

k
g(—an)\._LZ
¢ YA R

_o (87“), VjeN.

(ii1) The estimate of 14 and Is.
Because all of the integrated functions in /4 and /5 are semi-concave, we
consider the following sublemma.

Sublemma 6.8 Let 0 € R and let f be a o-concave function near a smooth
point z. Then

n Wn—1 n2 2
— dH"(n) < —2=1_ 5.
/(BG(S)WI)CTZ (Fexp.(m) = FQ)IH" () < 37205 406 )

for any subset Wy C W; C T, with H" (B,(s)\#}) < o(s"t1).

Proof Since f is o-concave near z, we have

Flexp.()) — f(2) <daf(n) + %|n|2

for all n € #-. The integration on B,(s) N #) tells us

(d=f () + 5 InP)dH".
(6.37)

/ (f exp.(m) — f(@))dH" < /
By (s)NA

Bo ()N
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Because f is semi-concave function, we have [ B,(s) d, f(m)dH" < 0 (see
Proposition 3.1 of [58]). Thus,

/ d. F(dH" < — / d, f()dH"
B, (s)N By (s)\

< Bme(lg; ld. f ()| - H" (By(s)\)
< 0(@s) - o(s" T = o(s"1?).

Similarly, we have

/ nPdH" =/ |n|2dH"—/ nPdH"
B, ()N By (s) Bo(s )\

S
:/ 2wy -t"ldt—/ In|>d H"
0 Bo(s)\ 74

(because z is smooth)
L on+2
_ a)n;ll+52 + 0(s2) . O(Sn—‘rl)

(because 0 < H™(B,(s)\1) < o(s"*h).

Substituting the above two inequalities into Eq. (6.37), we have

Wp—1:0 2 +2
ex — f(2))dH" < =/ . "% 4 o(s").
[ e - ro)n < s (")
This completes the proof of the sublemma. O

Now let us use the sublemma to estimate /4 and Is.
Note that M has curvature > k implies that the function disté (x) :=|gx 2

is 2(v/—k|gx| - coth(v/—k|gx]|))-concave for allg € M.Forall g, x € U, we
have

23/=klgx| - coth(v/—kl|gx|) < 2(1 + v/—k|gx])

2 4 24/=k - diam(U) := Cy .

NN

By combining with that £ is (—1)-concave and that g;(x) is concave for any
1 < i < n, we know that the function y; is (8 - Cx.u — 81 + 81 - Cr.u/3)-
concave. Recall that the Eq. (6.28) implies

H"(B,(s)\#) < o(s) - vol(B,(s) C TK) = o(s"™).
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According to Sublemma 6.8, we obtain (by setting s = ¢;)

Ia(e)) < (o 01) - 5ot o (¢472) Vi N, (639)

where
Kk (80, 81) := (80 - Cr,u — 81 + 61 - Cru).

Since the map 7T is an isometry, the same estimate holds for /5. Namely,

w1 .
Is(s; 80, 81) - ———— . g *? "2) ) VjeN. (6.39
() < kG0, 80 5 e o (¢172), Vi N (639

Let us recall the Eq. (6.25), (6.26) and combine all of estimates from /; to
I5. That is, the equations (6.24), (6.29), (6.36), (6.38) and (6.39). We obtain

—k- e—anA e—2nkk -k o,
0< [—|x"y0|2 + e -
n
Wp—1 2
2k (80, 81) | ———— - &
+ 2k (o 1)]2(n+2) €]
+0(8ﬂ+2)
Thus,
—k- 672nkk

0
(1P = L2, (%) = =+ 260, 61) 2 0. (6.40)
' n
Recall that in Step 2, we have H3(x, y) converges to Hyo(x, y) as §; and b;
tends to 0", 1 < i < 2n. Notice that the point (X, ) is the unique minimum of
Hj, we conclude that (x°, y°) converges to (X, y) as §; — 0" and b; — 0T,
1 <i < 2n.Hence, letting §1 — 07 and b; — 07, 1 <i < 2n, in (6.40), we
obtain

—k . g~ 2nkA

0
(|ﬁ|2 —  liminf L,Z,X(x")) ~ D408y Cry 0.
§1—0%, bj—07F n

(6.41)

On the other hand, by the lower semi-continuity of L, ; (from Lemma 6.2(1)),
we have

liminf  L;;(x%) > L5 (%).

51—>O+, b,‘—)O
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Therefore, by combining with (6.41), (6.19) and the fact —k > 0, we have

0 )
0< —= 428 Cry=——+4-8 - (1 + =k - diam(U)).
n n

This contradicts with (6.20) and completes the proof of the Claim, and hence
that of the lemma. O

Corollary 6.9 Given any domain Q" CC €/, there exits a constant t; > 0
such that, for each t € (0, t) and each A € [0, 1], the function x — f;(x, L)
is a super-solution of the Poisson Eq. (6.18) on Q.

Proof For any p € Q', by Lemma 6.7, there exists a neighborhood B, (R))
and a number 7, > 0 such that the function f; (-, A) is a super-solution of the
Poisson Eq. (6.18) on B, (R)), foreacht € (0,7,) and A € [0, 1].

Given any ” CC €', we have Q" C UpeBp(R,/2). Since Q" is com-
pact, there exist finite py, p2, ..., py such that Q' C UlgjgNBpj(Rpj/Z).
By the standard construction for partition of unity, there exist Lipschitz func-
tions 0 < x; < 1 on Q' with suppy; C Bpj(Rpj) foreach j =1,2,..., N
and Y0 x(x) = 1on Q"

Take any nonnegative ¢ € Lipo(2”). Then xj¢ € Lipo(Bp,(Rp,;)) for
each j = 1,2, -, N. We thus obtain

N N
/QH (Vfi (-, 0), Vo) vol = L, (. (Z Xj '¢>) = Ziﬂf,(.,x)(Xj “$)

i=1 =1
N —nk

Z/ o2k sz (x; - $yvol
/:1 ]7/

/ —onki ~ L2A vol.

This completes the proof of the corollary. O

In the following we want to show that the function f;(-,-) satisfies a
parabolic differential inequality .Z, (x,») < df;/0A.

Given a domain G C M and an interval I = (a,b),then Q = G x [ is
called a parabolic cylinder in space—time M x R. For a parabolic cylinder Q,
we equip with the product measure

v:=vol x L.

When G = By, (r) and I = I, (r?) := (hg — 12, Ao + r?), we denote by the
cylinder
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922 H.-C. Zhang, X.-P. Zhu

O, (x0, 20) 1= By (r) X Ly (r?).

If without confusion arises, we shall write it as Q..

The theory for local weak solution of the heat equation on metric spaces has
been developed by Sturm in [56] and, recently, by Kinnunen—Masson [32],
Marola—Masson [41]. According to Lemma 6.1(iv), our auxiliary functions
fi(x, A) are in Wh2(Q" x (0, 1)). So we consider only the weak solution in
Wll)’cz(Q). In such a case, the definition of weak solution of the heat equation
can be simplified as follows.

Definition 6.10 Let Q = G x I be a cylinder. A function g(x, 1) € Wll)’CZ(Q)
is said a (weak) super-solution of the heat equation
g

Ly = Ty on Q, (6.42)

if it satisfies
ag

for all nonnegative function ¢ € Lipg(Q).

A function g(x, A) is said a sub-solution of the Eq. (6.42) on Q if —g(x, 1)
is a super-solution on Q. A function g(x, A) is said a local weak solution of
the Eq. (6.42) on Q if it is both sub-solution and super-solution on Q.

Remark 6.11 The test functions ¢ in the above Definition 6.10 also can be
chosenin Lip(Q) such that, foreach A € I, the function ¢ (-, ) isin Lipg(G).
That is, it vanishes only on the lateral boundary 0G x I.

Lemma 6.12 Let Q = G x I be a cylinder. Suppose a function g(x,)\) €
WIL’CZ(Q). If, for almost all . € I, the function x — g(x, L) is a super-solution
of the Poisson equation

3
2z =25 ol on G. (6.43)
o

Then g(x, \) is a super-solution of the heat equation

dg
Y = — on Q.
7 0 ¢
Proof Take any nonnegative function ¢(x,A) € Lipo(Q). Then, for each
A € I, the function ¢ (-, A) is in Lipg(G). For almost all A € I, since the
function g(-, 1) is a super-solution of the Poisson Eq. (6.43) on G, we have
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Lipschitz continuity of harmonic maps 923

/ (Vg, V) dvol = / $d L, < / ¢ —dvol (6.44)

Notice that g(x, %) € W2(Q) and ¢(x, 1) € Lipo(Q), we know that

|(Vg, V)| € L*(Q) and that ¢ - 5 38 € L?(Q). By using Fubini Theorem, we
obtain

—/ (Vg(x,)»),Vd)(x,k))dy(x,?»)=—// (Vg, Vo) dvold
GxI 1JG

(6.44) 9 9
< / / ¢ - L avoldy = ¢ Eav(x, 2.
1Je  OA Gzl 0

Thus, g(x, 1) is a super-solution of the heat equation .%, = on 0. |

Now we are ready to show that the function (x, A) — f;(x, A) is a super-
solution of the heat equation.

Proposition 6.13 Given any Q" CC /, and let t,, := min{ry, 11}, where 1y is
given in Lemma 6.1, and t1 is given in Corollary 6.9. Then, for eacht € (0, t),
the function (x, A) — f;(x, L) is a super-solution of

8fl‘ (-x’ )")

on the cylinder Q" x (0, 1).

Proof From Lemma 6.1(iv), we know that f;(x, A) € W2(Q” x (0, 1)) for
all t € (0, t,). According to Corollary 6.9, for each A € [0, 1], the function
St (-, A) is a super-solution of the Poisson equation

nk
Loy = —e H Lz,\ vol on Q.

On the other hand, by Lemma 6.3, we have

3f; (x, X k
ftg; ) > _em 2k nTLzZ,A(x) (6.46)

for v-ae. (x,2) € Q" x (0, 1). We know that & € L2(Q" x (0, 1)) from
Lemma 6.1(iv). By Fubini’s theorem, we get that, for almost all A € (0, 1),
the Eq. (6.46) holds for almost all x € €”. Hence, for almost all A € (0, 1),

we have

2, < M

) S T -vol  on Q".
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Therefore, the proposition follows from Lemma 6.12. O

6.2 Lipschitz continuity of harmonic maps

In this subsection, we will prove our main Theorem 1.4.
We need the following weak Harnack inequality for sub-solutions of the
heat equation (see Theorem 2.1 [56] or Lemma 4.2 [41]).

Lemma 6.14 [41,56] Let G x I be a parabolic cylinder in M x R, and let
g(x, A) be a nonnegative, local bounded sub-solution of the heat equation
Ly = g—§ on Q, C G x I. Then there exists a constant C = C (n, k, diamG),
depending only on n, k and diamG, such that we have

C
€ess su {— dv. 6.47
Qr/IZg r2 - vol(By(r)) /r ser (©47)

Fix any domain Q' CC Q. For any ¢ > 0 and any 0 < A < 1, the function
Jfr(x, A) is given in (6.1). Notice that

0 < —fi(x, 1) < oscgut. (6.48)

The following lemma is essentially a consequence of the above weak Har-
nack inequality.

Lemma 6.15 Let R < 1 and let ball B;(2R) CC . Suppose that t, is given
in Proposition 6.13 for Q" = B,(2R). For eacht € (0,t,) and % € (0, 1), we
define the function x — |V~ fi(x, A)| on B;(2R) by

f(xv)")_f(yv)\')
V™ fi(x, A)| := limsup sup ( ! ! )+ Vx € B;(2R),
r—0  yeB,(r) r

(6.49)

where a1 = max{a, 0}.
Then, there exists a constant C1(n, k, R) such that

1

o IV~ fi(x, W]’y < Ci(n, k, R) - 0scEu
vol(B4(R)) /Bque)x(i 3 t Q

(6.50)

holds for all t € (0, t,).

Proof 1. First, let us consider an arbitrary function 4 € Wl*z(Bq(R)). Take
any 2 CC By(R). According to the Theorem 3.2 of [18], there exists a
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constant C = C(§, B, (R)) such that for almost all x, y € € with [xy| <
dist(Q1, 3B, (R))/C, we have

1) = k)| < xyl - (MAVADE) + MAVADG)).

where Mw is the Hardy-Littlewood maximal function for the function w €
L lloc (B q (R ))

1
Mw(x) = sup ——— |wl|dvol.
>0 VOI(Bx () JB,(s)nB,(R)

Hence, for almost all x € 1, we have
][ I7(x) — h()ldvol(y)
By (r)

s ][ (MAVADE) + MAVAD() )dvol(y) (65D
By (r)
<r- (M(|Vh|)(x) + M[(M(IVh|)](x))

for any r < dist(R21, dB,(R))/C.
2. Fix any ¢ € (0, ;). We first introduce a function F'(x, 1) on B, (R) x (0, 1)
as

1
F(x,A) :=limsup — - ][ ][ |f,(x, r)— fi(x/, )»/)|dvol(x/)d)»/
r—0 T I,,(r2) J By (r)
for any (x, 1) € B, (R) x (0, 1), where I, (r?) = (A — 2, A +r?). We claim
that there exists a constant C»(n, k, R) such that

/ F?(x, Mdvol(x) < Ca(n, k, R) - IV £; (x, A)|*dvol(x)
B, (R) By (R)

(6.52)

holds for all » € (0, 1).

To justify this, let us fix any A € (0, 1). According to Lemma 6.1(ii), we
have f;(-,A) € W'2(B,(R)). Take any Q CC B, (R). By using (6.51) to
the function f;(-, 1), we obtain that, for almost all x € 1,

]i ) = fi Dl
< - (MOV £ 0D + MOV £ DDI®)  (653)
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forall r < dist(£2q, 8Bq(R))/€(§21, By (R)). Thus, for almost all x € €21, we
can use Lemma 6.1(iii) to conclude

Gr(x,x):=1-][ ][ [ fi (e, 0) = fr (), 3y |dvol(x))d A
r L) JBe(r)

1
g,.][ ][ <|fl(x/,x/)—f,(x/,k)|+|f,(x/,k)—f,(x,k)|)dvol(x/)dk’
rJ6e?) JB(r)

(6.4) o= 2nk . C
< 67*][ I — Ad)
r L(r2)
1
+ = ][ ][ | fi(x" 2 = fix, 2)|dA dvol(x")
r )r(r) Ik(rz)
(6.53)

< e Cor + MOV (D) + MIM (Y £, MD]),

for all sufficiently small » > 0, where we have used |A' — A| < r. By the
definition of F'(x, A), we have

F(x,2) =limsup G, (x, 1) < MV fi (-, VD) + MMV fi (-, MDIx)

r—0

(6.54)

for almost all x € €. By the arbitrariness of 2; CC B, (R), we know
that (6.54) holds for almost all x € B;(R). Now the desired estimate (6.52)
is implied by the L2-boundedness of maximal operator (see, for example,
Theorem 14.13 in [18]). Notice that the norm || M || ;2_, ;2> of maximal operator
depends only on the doubling constant of B, (R); and hence, it depends only
onn, kand R.

According to Proposition 6.13, the function (x, A) — — f;(x, A) is a non-
negative sub-solution of the heat equation on B, (2R) x (0, 1). By using the
parabolic version of Caccioppoli inequality (Lemma 4.1 in [41]), we can get

sup /
<A<3 7 By(R)

3
1

F2( Mydvol + / IV, Pdy

! By(R)x(4.3)

< C3(n, k7 R) ° f12d27
Bq(ZR)X(O,l)

where we have used that R < 1. In particular, by combining with (6.48), we
have

/ IV fi1*dv < C3(n, k, R) - vol(B4(2R)) - osc%u. (6.55)
By(R)x(%,3)

On the other hand, fix any (x, A) € B4 (R) x (0, 1). From Proposition 6.13,
we know that the function ( fi(x, D) — fi(, -)) n is a sub-solution of the heat
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equation on B, (R) x (0, 1). According to Lemma 6.14 (noticing that f; is
continuous), there exists a constant C4(n, k, R) such that

sup  (frtx, ) = 6, 2),

Qr/2(x,2)
Cy(n, k, R)

B0 o 1 2

forall Q,(x, L) = B, (r)x LL(r?) cC B, (R) % (0, 1). Hence, by the definition
of [V~ f;] and F, we have

V™ fi(x,2)| <2C4(n,k, R) - F(x, 1), V(x,1) € B4(R) x (0, 1).
(6.56)

By integrating (6.56) on B, (R) X (%, %) and combining with (6.52), (6.55),
we have

/ IV~ fi(x, WIPdy < 4CF - Ca - C3 - vol (B4 (2R)) - oscZu.
By(R)%(3.3)

By combining this with VO](Bq (2R)) < Cs(n,k,R) - VOl(Bq (R)), we get the
desired estimate (6.50). O

Now we are in the position to prove the main theorem.

Proof of the Theorem 1.4 Letusfixaball B, (R) with B, (2R) C €2 and denote
by Q' = By (R). Let t = min({t,, Rz/(64 + 64oscqu)}, where 7, is given in
Proposition 6.13 for Q” = B, (R/2). Denote by

v(t, x, A) = — fi(x, L), (t,x,1) € (0,7) x B4(R/2) x [0, 1].

According to Proposition 6.13, for each r € (0, 1), the function v(z, -, -) is a
sub-solution of the heat equation on the cylinder B, (R/2) x (0, 1). O

Next, we want to estimate —v(t X, A).

Sublemma 6.16 For any t € (0,1) and any (x, 1) € By(R/4) x (0,1), we
have

ot t+s,x,0) —v(t, x, A
—uv(t, x,A) : = limsup viE+s,x, )~ v, x, A)
ot s—0t N (657)

< Lipu(x) + V™ fi(x, W)I?
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Proof For the convenience, we denote by

p(x,y) :==dy(u(x), u(y))
in the proof of this Sublemma.

Fix any (x, A) € By (R/4)x[0, 1]and 7+ < . We can apply Lemma 6.1(i)
to conclude

_ —2nkA |xy|2
v(t+s,x,A) = sup plx,y)—e —t.
yeB,(R/2) 2(t +5)

We claim firstly that

2 2 2
ol (el bRy
2(t +5) e | 2s 2t

To justify this, we notice that, by the triangle inequality, any minimal
geodesic y between x and y isin B, (R). By taking z € y with |xz| = $|xy|,
we conclude that the left hand side of the above is greater than the right hand

side. The converse is implied by the triangle inequality.
Thus, we have

2 2
v(t +s,x, ) = sup p(x, y) — e~ 27Kk L ing |xz| N lyzl
yEBG(R/2) e | 2s 2t

2l ok yz|2}

— _ ,—2nkx
= sup sup {p(x,y) e > 5

YEB,;(R/2) zeQ

2 2
~ankn 2T ok 132
2s 2t

< sup sup Jp(x,2)+p(y,2) —e
7eQ/ yeQ'’

(by the triangle inequality)

ok ¥zl
= sup {p(x,2) —e . +out,z, M) ¢
e 2s

Hence, we can get

v(t+s,x,A) —v(t,x, L)

s
<y | PE DAV vy 2l
< Zeg{ S 752 (6.58)
) ts P )\' - ta ) )" 2
<sup{p(x )+t z, ) —v(t, x )—|xz£}::RHS,
7€ R) 2S
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where we have used that k£ < 0. It is clear that RH S > 0 (by taking z = x).
On the other hand, if |xz| > s'/4, then

p(x,2) +v(t,z,A) —v(t, x, 1) |xz|? . 3 - oscgut §2/4
K 252 s 252
6osc§u — 712
< <0
2s

forany 0 < s < (6osc§u)_2. Hence,

RHS = sup

|xz|<sl/4

P, 2) +u(t, 2, ) —v(t,x, 1) xzl?
s 252

for all sufficiently small s > 0. Now let us continue the calculation of (6.58).
By using Cauchy—Schwarz inequality, we have

v(t+s,x,A) —v(t, x, L)

s

< sup {p(x,z) o M) v XN |xz|2}

h lxz|<sl/4 s 252

- {(p(x,z) [v(r,z,x)—v<z,x,x>1+) [xz] |xz|2}

< sup + c— = 5

‘xz|<sl/4 |XZ| |xZ| N 2S
2

<% sup (p(x,z)Jr[f,(x,x) fz<z,m+>

|xz|<s1/4 |'xZ| |XZ|

for all sufficiently small s > 0. Letting s — 07, we get the desired Eq. (6.57).
This completes the proof the sublemma. O

Sublemma 6.17 We define a function 7 (t) on (0, t) by

HO(t) = v(t, x, \)dv(x,r), t€(0,1).

vol(By(R/4)) /Bq(R/4>x<i,2>
Then 7 (t) is locally Lipschitz in (0, T).

Proof Forthe convenience, we continue to denote by p(x, y) :=dy (u (x), u (y))
in the proof of this Sublemma. Given any interval [a, b] C (0, 7), we have to
show that 77°(¢) is Lipschitz continuous in [a, b].
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Let us fix any #,¢" € [a, b]. Take any (x, L) € By (R/4) x (0, 1) and let
y € @ achieve the maximum in the definition of v (¢, x, A). Then we have

2
X
o x. ) — it 1) = plray) — 2 P Lo g
2t e
2
_e—anx|XZ|
2t
2
i P (11
2 t t
ok diam2(Q) |t —¢|
\e ‘ * )
2 a?

where we have used that k < 0, A < 1 and ¢/, ¢ > a. By the symmetry of 7
and ¢/, we have

oy diam*(€')

v, x, M) —v(t, x, M| < e
lv( ) — v( )| 202

| /

t—t.

The integration of this on B, (R/4) x (}1, %) implies the Lipschitz continuity
of 7(t) on [a, b]. Therefore, the proof of sublemma is complete. O

Now let us continue to prove the proof of Theorem 1.4.
Fixed every ¢ > 0, from the Sublemma 6.16 and Sublemma 6.17, we can
apply dominated convergence theorem to conclude

dr 1 t+s,x, ) — v, x, A
—%(r):limsupi/ vt x,A) = vl x )dg
dt S50+ VOl(Bq(R/4)) By (R/4)x(},3) K
1 r+s,x,4) —v, x, A
< 7/ lim sup vt s x, ) = vl x )dy (6.59)
vol(By (R/4)) JB,(Riyx(L.3) s—o+ s

1

.2 — 2
< SR /Bq(m)x(%’%) (Lip?u00) + 1V f0r, WP @) ).

Since B;(3R/2) CC €2, we can use Theorem 5.5 to obtain

/ Lipzu(x)dvol(x)
By (R/4)

< C / |Vula(x)dvol(x) < Cy - E5(By(R/4)).
By(R/4)
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Here and in the following of the proof, all of constants Cy, C, ..., depend
only on n, k and R. By combining with Lemma 6.15 and (6.59), we have

d* iy < C1 . E3(By(R/Y)
dt 2 vol(By(R/4))

<o (BE®) )

+Cy- osc%u

vol(Bq(R)) +0sc§u ,

where we have used that VOl(Bq (R)) <C(m,k,R)- VOl(Bq (R/4)). Denoting
by

. Eg(Bq(R))> -
Sy R = <—vol(Bq(R)) + oscpylt-

we have 4 ar %”(t) 2C3 - %2
We notice that lim,_, o+ v(t x A) = 0 for each given (x, 1) € B;(R/4) x
(0, 1). Indeed, from Lemma 6.1(1),

— —2nkhi |x)’|2
v(t,x,A) = _max dy(u(x),u(y)) —e —
B, (VCo) 2t
< max  dy(u(x), u(y)).
By (v Cxt)

By combining this with the continuity of u, we deduce that lim; _, g+ v(t, x, A) =
0. Since v(t, -, -) is bounded from (6.48), we can use dominated convergence
theorem to conclude that lim,_, g+ 7 (t) = 0. By combining this with Sub-

lemma 6.17 andd - (1) < 2C3 - %R,we have
(1) <2C3-t- szf (6.60)

for any ¢ € (0, 1),
Letus recall Proposition 6.13 that, foreach ¢ € (0, 1), the function v(z, -, -) is
nonnegative and a sub-solution of the heat equation on the cylinder B, (R /2) x

”(’ ). By using Lemma 6.14 and R < 1, we

(0, 1), hence so is the function
obtain

vl x, A C o(t, x, A
sup (t, x )< . 4 / gdg(x’k)
BR®xG.DH T R%-vol(By(R/H) Jp,rimxt.3) 1

Cs A W) 650 C4

= ;7 S 26 A} g =Cs-dip  (6.61)
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Given any x, y € B;(R/8), from the definition of v(z, x, 1), we can apply
(6.61) to v(t, x, +) and deduce

dy (u(x), u(y) oy (et
%—e nk o < ( t 2) < CS'%Z’R (6.62)
forall 7 € (0,7). Now, if [xy| < ¢"%/2. o, g -, by choosing t = —2L_in

o, R,enk/z

(6.62), we have

d , 1
M < (Cs + _) e K2y b= Co -y g (6.63)
lxyl 2 ’ ’

Atlast, let x, y € B,(R/16).If |xy| < e"%/2 . o7, g - 7, then (6.63) holds.
If |xy| > e"k/2 . <, g - t, we can take some minimal geodesic y between x
and y. The triangle inequality implies that y C B, (R/8). By choosing points
X1, X2, ..., Xxy41 10y withx; = x, xy41 = yand |x;x;41| < ek /2. Ay Rt
foreachi = 1,2, ..., N and by using the triangle inequality and (6.63), we
have

N N
dy (u(x), u(y)) <Y dy (u(xi), uxis1)) < Co - Fur - Y |xixiql
i=1 i=1

=Ce - Ay R - |xY|.

That is, (6.63) still holds. Therefore the proof of Theorem 1.4 is complete. O
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