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Abstract We establish mean curvature estimate for immersed hypersurface
with nonnegative extrinsic scalar curvature in Riemannian manifold (N n+l g)
through regularity study of a degenerate fully nonlinear curvature equation in
general Riemannian manifold. The estimate has a direct consequence for the
Weyl isometric embedding problem of (S?, g) in 3-dimensional warped prod-
uct space (N3, ). We also discuss isometric embedding problem in spaces
with horizon in general relativity, like the Anti-de Sitter—Schwarzschild man-
ifolds and the Reissner—Nordstrom manifolds.

Mathematics Subject Classification 53C20 - 53C21 - 58J05 - 35J60

1 Introduction

The paper concerns the regularity of immersed hypersurfaces in Riemannian
manifolds. The basic question is how the intrinsic and extrinsic geometries
determine the regularity of the immersion. If the ambient space is R?, this type
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of regularity question is related to the classical Weyl problem [37]. The problem
was solved by Nirenberg in his landmark paper [29]. Prior to Nirenberg’s
work [29], Lewy [21] solved the problem when the metric g is analytic. One
of the key steps is the regularity estimates. C> estimate in [29] for surfaces
of positive Gauss curvature has been extended to degenerate elliptic case. For
compact surfaces in R? with K ¢ = 0, the estimates of principal curvatures were
obtained by Guan-Li [12] and Hong—Zuily [17], see also [18]. Li and Weinstein
[23] further obtained similar type of estimates for embedded compact convex
hypersurfaces M" in R"*! in general dimension !n > 2. The Weyl isometric
embedding problem in hyperbolic space was considered by Pogorelov [30], we
also refer [31] and references therein for discussions of isometric embeddings
of (S?, g) to general 3-dimensional Riemannian manifolds. In hyperbolic case,
an explicit mean curvature bound was recently proved by Chang and Xiao [5]
for K, > —1 under the condition that the set {K,(X) = —1} is finite, and
sequentially by Lin and Wang [24] for general isometric embedded surfaces
in H? with Ky > —1.

The primary focus of this paper is the estimate for second fundamental form
of immersed hypersurface (M", g) in general ambient manifold (N"*!, g) in
dimension n > 2 and application to the Weyl’s isometric embedding prob-
lem of (S?, g) in general 3-dimensional Riemannian manifolds (N?, g). The
isometric embedding of surfaces plays a prominent role in general relativity.
Recent work of Wang—Yau [36] brought some renewed interest on isomet-
ric embedding problem in general 3-dimensional Riemannian manifolds. The
Brown—York quasi-local mass is defined using solution to the classical Weyl
problem [3]. For a two-surface M with positive Gauss curvature bounds a
space-like region €2 in a space-time N. Denote H, to be the mean curvature of
M with respect to the outward normal of €2, and denote H, to be the mean cur-
vature of the isometric embedding of M into R? (solution to the Weyl problem).
The Brown—York mass is defined to be:

1
mpy = 8—/ (H, — Hg)do. (1.1)
T Jm

The positivity of m py was shown by Shi—Tam [32]. In [25,26], Liu—Yau intro-
duced Liu—Yau quasi-local mass,

1
miy = — / (H, — |H|)do, (12)
8 M

where | H| is the Lorentzian norm of the mean curvature vector. The positivity
of mpy was established in [26]. In both of the above definitions for quasi-
local masses, the Nirenberg’s solution of isometric embedding of (S?, g) to
the flat R3 is used. Wang—Yau [35] generalized Liu—Yau quasi-local mass
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using Pogorelov’s work on isometric embedding of (S?, g) to hyperbolic space
H?3. In a remarkable paper [36], Wang—Yau further studied a new quasi-local
mass for spacelike 2-surfaces in space time using isometric embedding. It
is clear that quasi-local masses and their positivity are intimately related to
the isometric embedding of surfaces. For example, 3-dimensional Anti-de
Sitter—Schwarzschild manifolds can be viewed as slices in 4-dimensional de
Sitter—Schwarzschild space-time, understanding of isometric embeddings of
2-surfaces in these 3-dimensional manifolds is an important problem. These
ambient ! spaces are equipped with warped product structure, where ambient
metrics are of form

g =dr* +¢*(r)do, (1.3)

where ¢ (r) is defined for r > rg > 0 and do*Sz2 is the standard metric on S?.
¢(r) =r,¢(r) = sinhr and ¢ (r) = sinr correspond to space form R3, 13
and S3 respectively. For general n > 2, warped product space (N"t!, g) is a
Riemannian manifold where g is defined in (1.3) with dchZ2 replaced by dchZ,,.

Let’s fix some notation. Let (M", g) be an isometrically immersed hyper-
surface in an ambient space (N"*!, g) for n > 2. Denote Ric and Ric the
Ricci curvature tensors of (M, g) and (N, g) respectively, and denote R and
R to be the scalar curvatures of M and N respectively. Fixed a unit normal
v locally, denote «;,i = 1,...,n to be the principal curvatures of M with
respect to v. Denote o, the second elementary symmetric function, we call
o2(k1, ..., kp) the extrinsic scalar curvature of the immersed hypersurface.
It is clear that it is independent the choice of unit normal v as o7 is an even
function. The Gauss equation yields,

2K, e Ky) = %(R — R) + Ric(v, v). (1.4)

The main result of this paper is the curvature estimate (1.5) of immersed
hypersurafces with nonnegative extrinsic scalar curvature in Riemannian man-
ifolds of general dimensions. If the extrinsic scalar curvature is strictly positive,
this estimate and the classical C>¢ estimate of Nirenberg [28] yield desired
full regularity for isometrically embedded (S?, g) in (N3, g. Together with
recent result of Li-Wang [22] on the solvability of the associated linearized
system, existence of isometric embedding can be established.

Theorem 1 Let (N, g) be awarped product space where g defined as in (1.3).
Denote ¢ (p) = Z—Z’ and ®(p) = f0p¢(r)dr. Suppose X : (M",g) —> (N, g

is a C* immersed compact hypersurface with nonnegative extrinsic scalar
/ . . .

curvature and ¢ > 0 in M, then there exists constant C depending only on

n, l1gllc4 ||§||C4(M) (where M is any open set in N containing X (M)),

sup, <y ©(X (x)) and infyepr ¢ (X (x)) such that
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max ki (X(x)] = C. (1.5)

When (N"+!, 2) is the standard Euclidean space R"t!, estimate (1.5) was
proved in [23] with an explicit constant for embedded hypersurfaces with
nonnegative sectional curvature. It was observed in [23] that scalar curvature
equation is the key for curvature estimate for isometric embedding problem in
high dimensions.

If (N, g) is not an Einstein manifold, the right hand side of Eq. (1.4) depends
on the normal v in a nontrivial way. It is a fully nonlinear equation of the form

Fkp,...,k0) = f(X,v) > 0. (1.6)

This is a curvature type equation arising from many classical geometric prob-
lems, like the prescribing general Weingarten curvature problem [2,4,8], the
problem of prescribing curvature measures in convex geometry [1,11,13]. For
hypersurfaces in R**! if f is independent of normal vector v, curvature esti-
mate has been obtained by Caffarelli-Nirenberg—Spruck [4] for a general class
of fully nonlinear operators /. When f depends on v, in contrast to estimates
in [4], curvature estimates for solutions of Eq. (1.6) are not true in general. For
F = % withn > k > [ > 1 fixed in R"T!, there exists a sequence of strictly
convex solutions of (1.6) with unbounded second fundamental forms while the
prescribed functions f (X, v) in (1.6) are bounded from below and above and
with uniform C3 bounds (Theorem 2 in [15]). This indicates subtlety of the
! issue. The curvature estimate was established recently by Guan—Ren—Wang
[15] for convex hypersurfaces when F in (1.6) is an elementary symmetric
function oy, 1 < k < n.It’s also proved in [15] that, curvature estimate holds
for general starshaped admissible solutions of Eq. (1.6) when F' = o0». Spruck—
Xiao [34] subsequently found a very nice simplified proof of the estimate in
[15] for F = o>, their estimate is also valid in general space form. On the
other hand, estimates obtained in [4,8,15,34] depend also on the lower bound
of f.

Estimate (1.5) does not depend on the lower bound of 07 («). In fact, the only
requirement in Theorem 1 is the extrinsic scalar curvature o> (k) > 0, the usual
assumption x € I, (definition (2.7) in next section) is not imposed. The esti-
mate in Theorem 1 yields C!-! regularity of general immersed hypersurfaces
in (N"+1, g) for all n > 2 with nonnegative extrinsic scalar curvature o3 (h;; ).
The higher regularities of immersed hypersurface will follow if the extrinsic
scalar curvature is strictly positive. In dimension 2, this is a consequence of
Nirenberg’s work [28]. For higher dimensions, it follows from Evans—Krylov
theorem [6,20].

Estimate (1.5) is also valid for a general class of ambient spaces.
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Theorem 2 Suppose that X : (M", g) — (N, g) is a C* immersed compact
hypersurface with nonnegative extrinsic scalar curvature. Then estimate (1.5)
holds provided that there is ® € C 2(M) such that

D;i(x) = C1gij(x) — Cahij(x), VYx e M, (L.7)

for some positive constant C1 > 0, Cy > 0, where C in (1.5) depend only on n,

lgllcaany 18llcs, supyey @ (X (x)) and Cy, Cy in (1.7). Besides the warped
product space stated in Theorem 1, condition (1.7) is satisfied in each of the
following cases:

(1) (N, g) is a complete non-compact Riemannian manifold with nonnegative
sectional curvature.

(2) There existk > 0,r > 0 and p € N such that r < min{inj(p), ﬁ%},
M C By(p), and Ky(X) < k,YX € B,(p), where Kny(X) =
sup{K (e;,e;)|Ve;,e; € TxN} and inj(p) is the injectivity radius at p
and B, (p) is the geodesic ball centred at p of radius r.

The organization of the paper is as follow. In the next section, we obtain a
priori bounds for the gradient and the Laplace operator of the extrinsic scalar
curvature o (h;;(x)) in terms of intrinsic and extrinsic geometries. Section 3 is
devoted to the proof of Theorems 1 and 2. The existence of isometric embed-
ding of (S?, g) to (N3, ), in particular for ambient spaces like the Anti-de
Sitter—Schwarzschild manifolds and the Reissner—Nordstrom manifolds, will
be discussed in Sect. 4.

2 Preliminary estimates

We consider Eq. (1.6) as a degenerate fully nonlinear equation where f
depends on v in non-trivial way. This section devotes certain derivative esti-
mates on f defined in (1.6).

Let (M", g) be an isometrically immersed hypersurface in an ambient Rie-
mannian manifold (N"*!, g). Denote R;j; and Rubea to be the Riemannian
curvatures of M and N respectively. For a fixed local frame (ey, ..., e;) on
M, let v be a normal vector field of M, and let h = (h;;) be the second funda-
mental form of M with respect to v. We have the Gauss equation and Codazzi
equation,

Rijki = Rijxi + hikhji — hithjx, (Gauss) (2.1)
Vihij = Vjhjx + Rvijk- (Codazzi) 2.2)

The convention that R;;;; denotes the sectional curvature is used here.
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The following commutator formulas will be used through out the paper,

ViVihg = ViVihij — hpi(himhi; — hijhme) — hmj (Bmihig — hithme)
+ Rt Rikjm + Pomj Rikim + ViRijiw + ViR jxry, (2.3)
ViR iy = ViR jkiy — hij Rukty — hix R jviv + him R jkim- (2.4)

Take trace of the Gauss equation,
RicGi,i) = Ric(, i) = Rivi + > (hiihj; = h)
J

and the scalar curvature of M is,
R =R —2Ric(v,v) + 202(h).

It follows that,
oy(h(x)) = f(x,v(x)), VYxeM, (2.5)

where

R(x) — R(X _
Flxv) = 2 2( CD | Riexwmo,ve). (26

Denote S, the collection of n x n symmetric matrices. Define Garding’s I'»
cone as

[ ={A € S5,l01(A) > 0,02(A) > 0}. 2.7

Denote I the closure of I'y. The following lemma is a special case of Lemma
3.2 in [11], we also deal with degenerate case o, = 0. Here we give a proof
using the fact o7 is hyperbolic in I'; (i.e., o2(x + ty) = 0 as a polynomial of
t € C has only real roots Vx € R, y € I').

Lemma 1 Let W(x) = (h;;j(x)) be a 2-symmetric tensor on M, suppose that
p € M, W(p) is diagonal, 0 < o2(W (x)) € C' in a neighborhood of point
p, and o (W(p)) # 0. Foreachm =1, ..., n, denote

Wi (p) = (Vihi1(p), ..., Vihun(p)).

then at p,

2
— 03 (Wi, Wyy) > min [_2V"1"2(W)Vm°'1<W) 5 (Vmo1 (W) Gz(W),O]

o1 (W) o2 (W)
(2.8)
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and

2
s (W W = min [_2vmoz<W)vmm<W) (Vo2 (W) 201, 1)30]‘

o1 (W) o3 (W, 1)

Proof We first prove
Claim: Suppose that W, V satisfy o1 (W) # 0,02(W) > Oand o (V, W) = 0,
then op(V, V) < 0.

We may assume o1(W) > 0 by switching W to —W if necessary. The
claim follows from the hyperbolicity of o, in I'> (see [9]) if o2(W) > 0.
The degenerate case o2(W) = 0 can be dealt as follow. Set W, = W + €l
and V., = V — % Since o1(W) > 0, Ve > 0, W, € I'; and
02(We, V¢) = 0. By the hyperbolicity of o5 in I'y, 02(Ve, V) < 0. The claim
follows by taking € — 0. Note that the claim may not be true if the condition
01(W) # Oisdropped. If o1 (W) = 0,as o2 (W) > 0, we musthave o (W) =0
which in turn implies W = 0. So o2 (W, V) = 0, VV . In particularany V € I'»
would violate the claim.

Now back to the proof of the lemma. Denote W,, = (V,h;;) and
Vo2 (W) = (e2(W)y. If oo(W(p)) = 0, since (W (x)) > 0 near p
and W is diagonal at p, we have 0 = (02(W)),, = 02(W,,,, W) at p. By the
assumption and the claim, o (W,,, W,,;) < 0 at p.

If 02(W(p)) > 0, we have W(p) € I's. Set, V = W,, — %1 So,
o2 (W, V) = 0. By Garding [9] 02 (V, V) <0, that is,

(W, Wp)or (Wi, I)
o (W, I)
o3 (W, Wy)oa(I, I)
o3 (W, 1) '

0= 0 (V, V) =02(Wp, Wp) —2

In turn,

W’ W W ’ 1 ; Wa W I, I
—or (W, W) > —202( m)o2 (Wi, 1) 05 ( m)oa (I, I)

o2(W, 1) oW, 1)
_ _2Vmaz(W)Vm01(W) (Vo2 (W)202 (1, 1)
B o1 (W) o3(W, 1) '

as 02 (W, Wi) = Voo (W), 02(Wp, I) = (n — 1) Vyy01 (W) and o2 (W, 1) =
(n — Do (W).

This fulfills the second inequality. Now let’s prove the first inequality. At
point p, If o1 (W,;,) = 0, then o2 (W,,,, W;;,) < 0. Suppose now o1(W,,) # 0,

let V =W, — 2GR W, then 01 (V) =0, thus o2(V, V) < 0, iie.
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198 P. Guan, S. Lu

o1 (W) (W, W) 02 (Wi)oa(W, W)

= ms m _2
0= 02(V, V) = 02(Win, W) o1 (W) of (W)

In turn,

Vo1 (W)Vinaa (W) z(val(W))202(W)

- Wm’ W’n iy _2
o2 )z o (W) o2(W)

The lemma is now proved. O

Lemma 2

[Ag f < C D hij()P + [VH| + 1], (2.9)
i,J
forany x € M, where C depends on ||g||c+ and ||g|| c.
Proof Yxo € M C N, fix a local orthonormal coordinates (xp, ..., x;) at
Xxo € M, a local orthonormal coordinates (X1, ..., X;4+1) of xo € N. View
Ric as a function in C2(N x R"! x R"*1) Jocally, denote Ricq = ORic Fop

0Xy *
each X fixed, Ric(&, n) is a bilinear function of &, n € R**1,

o _ XY ya _ 9°X“
Denote X' = T , Xi = e

1 o o av
fi = —(R — R, X; )—I—Rlca(v V) X; +2Ric v,
2 ax;’
and
Rii — Ry X*X? — R, x2 92 v 9
fii = " apTi 2 “7i 4 JRic v +2Ric ooy
2 Bxl. 8x, 8x,-
¥ o ) - dv o ) - avB
+Ricy (v, vV)X;; +4Ricqy Pyt v ) X{ + Riceg(v, V)X X .
X
Since
av 9%y
— = hjie;, — = hjije; —h*v,
ox; ij€j 8xl.2 iji€j ij
and
IX® 92X«
<C, <C h; 1
‘ax,- - 9x? ;'”H
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Thus, by Codazzi equation

fii =2 hijhikRic(j.k) =2 hiRic(v,v) +2 > hijjRic(j, v)
jk j j

—0 (D Ihijl+1]. (2.10)

J

Sum over i, (2.9) follows directly. O

3 Proof of theorems

Suppose (N, g) is a warped product space with an ambient metric g as
g =dp” + ¢*(p)ds3 (3.1)

where d sén is the standard induced metric in S”, p represents the distance from
the origin. The vector field V = ¢ (p)% is a conformal Killing field in N. For

D(p) = fop ¢ (r)dr, the following well-known fact (e.g. [10]) will be used.
Lemma 3 Let (ey, ..., e,) be a local orthonormal frame of an oriented Rie-
mannian manifold (M", g) which is immersed as a hypersurface in N. Let ®

and 'V defined as above. Let v be a given unit normal and h;;j be the second
Sfundamental form of the hypersurface with respect to v. Then ®|y; satisfies,

ViVi® =¢'(p)gij— <V, v>h (3.2)

where V is the covariant derivative with respect to g.

Theorem 1 follows from the explicit bound in the next theorem.

Theorem 3 Let (N, g) be a warped product space where g defined as in (1.3).
Denote ¢ (p) = Z—Z’ and ®(p) = foqu(r)dr. Suppose X : (M",g) - (N, g
is a C* immersed compact hypersurface with nonnegative extrinsic scalar
curvature and ¢ > 0in M, then there exist constants A1, Ay depending only
onn, ||gllcs and || g || c4 such that

max [k;(X(x))] < Ajexp (Az
n

Supep P(X(x)) —infrepy d>(X(x)))
xeM,i=l,..., ’

infep ¢'(X (X))
(3.3)
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Proof Denote by k(x) = (k1(x), ..., k,(x)) the principal curvatures of x €
M. Set,

d
¢ =log|H|+a—,
m

where H = o (h) is the mean curvature, m = inf ¢y ¢’'(X (x)) and « is a posi-
tive constant to be determined later. Suppose ¢ attains maximum at xg. Without
loss of generality, we may assume |H |(xo) > 1, otherwise there’s nothing to
prove. With a suitable choice of local orthonormal frame (eq, ..., e,), we may
also assume H (xo) > 1 and h;;(xo) is diagonal so that k; = h;;.

In the rest of proof, all computations will be carried out at xg.

hyi b,
g = 2L P (3.4)
H m
Sihuii O hu)? olF

By commutator formula (2.3),
huii = hiiig — hhi + hhii 4 by Rigig + hii Rigi + Vi Rizy + Vi Riny. (3.6)
Put (3.6) into (3.5), at xo,

W o8 (hizut — h%hu + hy Rigir + hii Riii + ViRiiy + ViRiw)
0y Qii = z q
]
2fh3, B os (> hui)* +a0£i¢ii
H H? m

3.7)

Differentiate Eq. (2.5) in direction of e,
oS hiik = fro S hiike + 08T hpgrhrsk = frk-
Put above identities into inequality (3.7),
ot (huRitit + hii Rini + ViRiitw + ViRiw) — 037" hpgihyrg

Uéi‘/’ii = Z 7}

!

O,ii h A2 O’iiq)“ 2 hZ
2(21 1i) +a 2 u+ fll-i-ﬁ.

—olip? —
2 i H? m H H
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By (2.4),
IViRiiry + ViR < CH.

As0 < O’éi < CH, at the maximum point x,

> 2 (fll - Uzpq’rshpqlhrsl)

) ) N
0> . oy Q2 huii) N aO’é’CDii

H? m

—olln? — —CH,

(3.8)

where C is a constant depending on n, ||gllc4, 1gllc4. In what follows, we
denote C as a constant, which might change from line to line, but it always
stands for a constant under control.

By Lemma 3,

;i = ¢'(p) — hiju. (3.9)

Put this to (3.8),

1 T ) Uéi(zl hlli)2
0z (Z (i — o4 sh,,q,hm,)) —ofihf; = P

l
+((x—C)H—CO:n—¢, (3.10)

where C is a constant depending on n, || g[| -+ and || g c4.
By Lemma 2 and (3.4) and the assumption H > 1,

,rs i1
2 Uzpq hpgihrsi iij,2 0, (2 hui)* ap
—Ooh - — L —.

0>(a—-C)H — — C
H H m
(3.11)
Note that
—03 " hpgihrst = = D (hppihggr — hog)) (3.12)

P#q

It follows from Lemma 1 that,

_ Z hppihgqr = min {—QM’ 0}

o1
P#q
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Together with critical condition (3.4) and the definition of o>, we have

=D hppihgq = L (3.13)
P#q "
Put (3.12) and (3.13) into (3.11)
S, h? ) i S
0> —p#:z il _ piip2 22 e M (Zle 1" |~ C)H — C—d).

Note that

n
= Zhii Zhjjhii ;

i=1 i

and Zj#i hjjhi; is bounded by Gauss equation (2.1). Thus,

n
o3'hi; < C Y |hii| < CnH.
i=1

Therefore,

od (S hui)? ap
0>—thq, ; +@-OH-C—=. (3.14)
p#q

Now we state alemma, which will be used frequently in the rest of the paper
(the same trick was also used in [14]).
Lemma 3.1 Suppose the second fundamental form (h;;) is diagonalized at
X0, assume hiy > hyp - -+ > hy, and o1 > 0, then either H < 1 or |h;;| < %
fori # 1, where C is a constant depending only on gl 2, 118l c2.

Proof Suppose that H > 1, then hyy > % > l By Gauss equation (2.1),
11kl = |Riii — Rijiil < C, we deduce that Ihnl <= O

By Lemma 3.1, 02 < ﬁ. Critical equation (3.4) yields

We have
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203
By Codazzi equation (2.2),
2 .o
0> ZP#Q hpql _ Z 0y (D hui)*
- H “ H?
i#l
2,2
(e 20) a’¢
—OH-CZ=-C
(@ ) m Hm?
- Zl;ﬁi 2h121i Z oy (Zl hlzli + Zp;éq hppihqqi)
== g 2
H i H
2,2
+(a—C)H—Ci1—¢—CiI—’;¢;2. (3.15)
It follows from (3.13) that,
ol (z hppih )
2 p#q "tppiftqqi 1) o
- >—CY ofl—>-C—. (316
7 z 2 g2
iz H i mH m
Insert (3.16) into (3.15),
1 2 03’ hij; oap a’¢?
0> Ezzhl“ —ZT+(a—C)H—C?—CHm2.
1#i i#1
By Lemma 3.1, 05" < H+ % fori # 1, we have
1 c\ , (14 5)h;
02 7 (1) -
1i i#1
) O[2¢2
—C)H-C——-C .
+ (« ) o
2
We deal with % Again by Gauss equation (2.1),
hitihii + hiihiii = Rijiii — Ruig
Thus Vi # 1,
2 212 2
hii _ 2hiihin +C _ hiy o C (3.17)

H ~ Hh, ~ H>  H?
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In turn,

1 C\ ., ap o’
02ﬁlz#;(l—ﬁ)h”i—k(a—C)H—C?—CHmz- (3.18)

Choose « big enough, we have H < % at the maximum point of ¢. Since

®(x0) — min @ > C(5), we have H < Cemn(P@0)—min®),
As

D K= H ) = 20(c).

we obtain a bound on the principal curvatures. The proof of Theorem 3 is
complete. O

We remark that Theorem 3 does not make the assumption that (h;;) € ).
That is, it also allows (—h;;) € I';) at some points. The only assumption is
the nonnegativity of the extrinsic scalar curvature o (h;;). One observes that,
nonnegativity assumption of o (4;;(x)) and the Newton—-MacLaurin inequal-
ity imply either (h;;(x)) € I'2) or (—h;j)(x) € ).

We now prove Theorem 2.

Proof Note that the only place where property (3.9) of the warp potential @ is
used in the proof of Theorem 1 is to obtain inequality (3.10). For this purpose,
existence of a function @ satisfying inequality (1.7) would suffice. For any
manifold with a function & satisfying (1.7), the same proof of Theorem 1 will
carry through to obtain the curvature bound. Therefore, we only need to verify
that for each manifold listed in Theorem 2, there is a globally defined function
® on M such that (1.7) is satisfied.

(1) (N, g) is a complete non-compact non-negatively curved manifold, by
[7], there is a strictly global convex function ® in N. Since M is compact,
we may find an open set U C N such that M C U and U is compact.
Therefore, there is C > 0,

Dup(X) = CgaB(X), VX eU,
Restricting V2 to M,

®;; > Cgij — hij (VP, v)
> Cgij — Cahyj,

for some positive constant C> > 0.
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(2) K(N) < k, for some k > 0, M C Bg(p) with R < min{inj(p), ﬁ%}.

Set p(x) =d(p,x) and D (x) = p2(x). Let’s recall the definition of the
segment domain

seg(p) ={veT,N| expp(tv) 110, 1] — Nis a segment}.

Note that Bk C Binj(p)(p) C sego(p), where sego(p) is the interior of
seg(p). seg’(p) is a starshaped open domain where expp is injective,
non-singular and @ is smooth.

We divide it into two cases: k = 0 and & > 0.

If kK = 0, for any e unit tangent vector field orthogonal to % in TN, by

Hessian comparison [33], compared with R+,
Pee = |X|éés

where ¢ is the corresponding unit tangent vector in R”**! orthogonal to (,a—r
As Hess(p)(e, %) = 0, we have

(Pap) = Co(gap).

If £ > 0, by a dilation of the metric, we only need to consider the case
K(N) <1, R < min{inj(p), 5}. Since M is compact, M C By(p) for
some R < R < 7. Again by Hessian comparison, for any e unit tangent

vector field orthogonal to % inTN

Pee = Tz,

where r is the distance function on S"*!. If we denote the metric on S !
as

ds®> =dr’ + sinz(r)gr,
where g, the standard round metric on S"”. We have

2 cos(r)

rap = Hess(r)(eg, eg) = sin(r)

gr(eq, ep).

thus

4p cos(p)
cDozﬁ z Zpot/oﬁ + mgr(e&, eﬁ)
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Since p < R <

S

’

Dyp(x) = CogaB(x), x € By(p),

for some constant Co > 0.
In both cases, restricting VZ® to M, we have

®ij = Cogij — C2hij.

with some constant C, > 0. O

If N is an even-dimensional, compact, simply connected, with positive sec-
tional curvature 0 < Ky < k, the Klingenberg’s injectivity radius estimate

.. T . . P T _ T
[19] states thatinj(p) > e Vp € N.In this case, min{inj(p), m} =37

Remark 3.2 If N is a Hadamard space, condition (2) in Theorem 2 is auto-
matically satisfied for any p € N and r > 0. When n = 2 and under the
assumption that there is § > 0 such that

R(x) = 8 + R(X(x)) = 2inf{Ricx (i, 1) 1 o € Tx(nyU, || = 1},
Vx € SZ,

estimate (1.5) was proved by Pogorelov (Theorem in page 401, [31]) for
embedded strictly convex surfaces (S2, g) in 3-dimensional Hadamard space,
where the constant C in (1.5) in addition depends on § and inner radius of the
domain enclosed by the embedded surface. A lower bound of inner radius of
convex surfaces in R3 with extrinsic Gauss curvature bounded between two
positive constants Ko, K1 follows from a classical result of Blaschke. Such
lower bound for inner radius was claimed in [31] for bounded convex surfaces
in general 3-dimensional Hadamard space.

Estimate (1.5) in Theorem 1 depends on the position of the embedding. It is
desirable to replace it by intrinsic diameter of M. In the case of space forms,
one may achieve this by shifting the origin. From the proof of Theorem 2, we
may replace it by distance function in some cases listed there. We state it as a
corollary.

Corollary 3.3 If X : (M", g) — Br(p) C (N, g is a C* immersed compact
oriented hypersurface with nonnegative extrinsic scalar curvature. Suppose
for some k > 0, Kny(X) < k,Vx € Bg(p) and R < min{inj(p), ﬁﬁ}’
then there’s a constant C depending only on n, |gllcs, 11g]lcs ﬁ% —
sup, s dist(x, p) and dist(M, dBr(p)) such that

max ki (X)]| < C. (3.19)
XeM,i=l,...n

.....
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Proof In the proof of Theorem 2, we used ® = p? in cases (2) and (3), where
p is the distance function of the ambient space N. Then the Corollary follows
directly from the proof of Theorem 2. O

Condition (1.7) in Theorem 2 may not be valid in general. For example,
let M = S" c S"*!. Since hij = 0 for M, if there is ® satisfying (1.7) in a
neighborhood of S", one would have

A®P(x)>C >0, VxeS"

This is impossible. On the other hand, one may obtain a direct mean curvature
estimate for (M, g) when sectional curvature of (N, g) is positive and suffi-
ciently pinched. In particular, if (N, g) is an Einstein manifold with positive
sectional curvature.

Assume that max |H| is attained at some point xg. With a suitable choice
of local orthonormal frame (e, ..., e,), we may assume that H (xg) > 1 and
hij(xo) is diagonal. At xo,

0>0 H;; —Zaz hiii

= 202 hiin — h%hy 4 hihii 4 ha Rigig + hii Rini + ViRiin + Vi Rii)
= Z fll - 02 qlhrvl) Uloéih?i + 209 Zhlz[
1

+ ZOZ hiiRitit — hii Ritit + ViRiity + ViRiny) - (3.20)
I

As aéihizl. = o102 — 303,
2 2
0> z Ju— 02 pqlhrsl) + 30103 — 402 + oj02

+ Z o’ (huRisit — hii Rzt + ViR + ViRu) . (3.21)
]

By Lemma 3.1,

los| = [hn z hzzh” + Z hllh]]hkk| = Chll +Ch11 >
i,j#1 i,j,k#1

thus

o103 > —C — Ch;? > —C. (3.22)
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Insert (3.22) into (3.21), by the boundedness of o7,

0= Z (fll — 03" hpgihrsi + 03 [ — hii) Ritir+Vi Riiny+Vi Rillv]) -
(3.23)

We now work out terms in (3.23). By (2.4),

VlRiilv + ViRillv = 6lRiilv hll vzlv - hll tvlv + hlm nlm
+ ViRity — hii Rty — hitRiviy + him Riim
= ViR;itv + ViRiiy + hii Riyti + hii Rpvpy (1 — i)
(3.24)

Since V; R;;;, and V; R;j;,, are bounded, and by lemma 3.1
lodihii| <C, Yi=1,...,n
By (2.10) and the fact VH = 0 at the point,

> fii = D (=2h}Ric(v, v) + 27 Ric(i, i) — Clhy| — C).

Again, as VH = 0,

—Zo'zpq’rshpqlhrsl = Z ( hpplhqql +hpq1)
[

L,p#q

= —|VH[> + thql
L,p.q

As H > 1, put above to (3.23),

0> Z 2h RlC(l i) — 2h2 Ric(v, v) +Z<72 h”R,1,1+ol oo —CH.
i L,i

(3.25)

Again by Lemma 3.1,

Z (k% Ric(i, i) — hi; Ric(v,v)) = —h}; (Ric(v, v) — Ric(1,1)) —

(3.26)
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Use the fact that aﬁi =hy +C fori > 2,

ZaznhllRilil = ZaélhnRilil - Zdﬁ’huRiziz
li 1£1

n
> i) D> Rii — CH. (3.27)
i=2

Insert (3.26) and (3.27) into (3.25), by Lemma 3.1,

n
0 > 2h7, (Ric(1. 1) = Ric(v,v)) + h3; D Ryt + ofoy — CH.
i=2
(3.28)

Inequality (3.28) yields an a priori estimate for | H| in the following cases: (i),

(N1, g) is Einstein with positive sectional curvature; (ii), if (N n+l g) 1is

positively curved and its sectional curvature is sufficiently pinched pointwise.
Note that op = % + Ric(v, v), (3.28) becomes

-l ) 1 . )
0> 2h%, |:ch(1, D) = Ric(v, v)+5 > Runi+

R—R Iéic(v, V)
+ —CH.
i=2

4 2

From this inequality, one may also impose a direct condition on scalar curvature
R of (M, g) to get estimate of |H|.

4 Isometric embeddings

Existence of isometric embedding of (S2, g) in ambient space (N 3, g) is to
solve the following equation system,

(dX,dX); =g,

where (S?, g) is a given manifold with metric g, and the inner product is the
metric g. A standard way to solve the problem is the method of continuity. One
connects (S?, g) to some (S?, go) which can be embedded in (N3, g) through
a homotopy path (S2, g;), 0 <t < 1. The equation to solve is

dX;,dX)g =g, YO=<t=1. 4.1
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For the openness, one needs to consider the linearized problem:
(dX:, D)z =¢qr, VO<r1<1, 4.2)

for any two symmetric tensor ¢;, where 1; is the variation of X; and D is
the Levi-Civita connection of (N, g). The openness of the problem has been
established in a recent work of Li—-Wang [22] if system (4.1) is elliptic.

To ensure the ellipticity of system (4.1) of the homotopy path, one may
impose the following condition

in R R(X) — 2Ri L) 43
min (x)>X€NTL%>§TXN{ (X) icx(p, w} (4.3)

We also refer Pogorelov’s work [31]. For the closedness, Theorem 1 and The-
orem 2 would be suffice if we can establish C° bound. If the ambient space if a
space form, one can always translate the surface so that the origin is inside X.
Therefore CY is automatic. Also, if the ambient space satisfies condition (2)
in Theorem 2, a C° bound follows from the bound of diameter of the intrinsic
metric. This is in particular true for Hadamard space. For general ambient
space, if L norm of solutions 7; to Eq. (4.2) is under control, then C° estimate
would follow as

1
X(x) = Xo(x) +/ T, (x)dt, Vx e S
0

It is proved in [22] that kernel NV; of
(dX;, Dt;)g =0,
is of dimension 6, and
ltll2 <C, Yo LN,

where C depends on ellipticity constants. Note that the estimate in Theorem 1
depends on the position of the embedded surface ¥ in N. In a recent work by
the second author [27], following Heinz’s argument in [16], a uniform bound
for the mean curvature was obtained in the non-degenerate case for embedded
surface (S%, g) in (N3, 2). In view of the discussion above, that completes
the closedness part of the method of continuity. In the case that N has no
horizon, combining results in [22,27] and using the normalized Ricci flow as
a homotopy path as in [24], the existence the isometric embedding of (S?, g)
to (N, g) can be proved under condition (4.3).
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More interesting case is that N has a horizon and g is given by
g =dr’ +¢*(rydod, (4.4)

where ¢ (r) is defined for r > ro > 0 and ¢/ (ro) = 0. Sets = ¢(r), metric g
can be rewritten as
ds?

2 2
m +s dGSz, 4.5)

g=
where 7(s) = ¢ (r(s)).

Two important examples are the Anti-de Sitter—Schwarzschild manifolds
and the Reissner—Nordstrom manifolds in general relativity. A manifold is
called static (sub-static), if there exists a function 7 satisfying the static (sub-
static) equation

(Agmg — Vgn +nRicg = (=)0.

Anti-de Sitter Schwarzschild manifolds are static and Reissner—Nordstrom
manifolds are sub-static. For Anti-de Sitter—Schwarzschild manifold,

n(s) =V1—ms!=" —xs?, §>5>s,
where k € R,m > 0, and s and s are the two positive solutions of the equation
1 —ms'™ —ks? =0,
(if « <0, s = +00). This implies that the Lorentzian warped product
g=—-n’didt+3
is asolution of Einstein’s equations, it is the de Sitter—Schwarzschild space time

metric. The Reissner—Nordstrom manifold is defined by N = §" x (sg, 00)
and

n(s) = \/1 —msl—n 4 g2s2(-n)

Here, m > 2q > 0 are constants, and sq is defined as the larger of the two
roots of the equation
1 —ms'™" 4 ¢%207" = 0.

Here we want to illustrate that one may not impose condition (4.3) indis-
criminately in the event of horizon. Suppose (N, g) as in (4.4), let’s consider
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a fixed slice of (N, g), (r, 6). Denote ¢;,i = 1, 2 the unit tangent vectors of
the slice and v the outer normal. The curvature in the ambient space can be
computed as

_ 1 _ ¢/2 _ ¢/l _ 1 _ d)lz _ 2¢¢//
Rijij = PRI Riviv = S R = 27,
and
_ 1 _ ¢/2 _ ¢¢// ¢//
Ric(ej,ej)) = ———5——

2 , Ric(v,v) = —2?.

The right hand side of (4.3) becomes

2

2 " 72 "
%_meizw ¢ ]

The ellipticity condition (4.3) implies

1 — o2 1 — &% 4200
¢2¢ (X(x)) and R(x)z—Z%(X(x)) (4.6)

R(x) >2

Suppose (S?, g) is embedded and it bounds the horizon. Consider the min-
imum point of the radial function on (S2, g), say xo, thus at xo, h; < %8; By
Gauss equation,

2
R(xp) < , 4.7)
$>(r)
where r is the radial function at xg. If (4.3) is satisfied, then
— ,2
R(x) =2 (X(x)), Vxe$% (4.8)

¢2
Since the position function X is not under control in general, that would require

R(x) = 22
#=(ro)

4.9)

where rg is the radius of the horizon. Combine (4.7) and (4.9),

2 Rao) <
$2ro) — VT @)
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This would yield ¢ (rg) > ¢ (r). It contradicts to the fact that ¢ is an increasing
function. That is, if (S2, g) C (N 3 g) contains horizon, ellipticity condition
(4.3) can not be valid. This is a main challenge for isometric embedding of
surfaces containing horizon. One would like to ask the following question.
Question: Does there exist a homotopy path with initial embedding containing
the horizon such that ellipticity of system (4.1) is valid along the path?

On the other hand, one may still isometrically embed (S?, g) to (N7, g)
without containing the horizon. The following is a special example.

Theorem 4 Suppose (N, g) is warped product space with horizon. Suppose
g € C*, suppose there is a convex geodesic ball B, C N3 (r > 0) and

R(X) — 2inf{Ricx(u, ) : p € STxB,} < Co, VX € B.. (4.10)

Then for each § > 0, there is Cs > 0, such that every C* metric g on S* with
scalar curvature R > Co + & and diameter(Sz, g) < Cs < r, there is an
C3% isometric embedding (S*, ) into (N, §), YO < « < 1. Inparticular, each
C* metric g on S* with scalar curvature R > —2 can be C>% isometrically
embedded to the Anti-de Sitter-Schwarzschild manifold; each C* metric g on
S? with scalar curvature R > 0 can be C>% isometrically embedded to the
Reissner—Nordstrom manifold.

Proof The closedness follows from Corollary 3.3 and discussion above, the
openness has been proved in [23]. The only thing left is to find a homotopy
path satisfying conditions in theorem. Suppose py is the center of the geodesic
convex ball B,, the sphere with radius € centered at py has scalar curvature
very large if € is small. Denote this sphere as B., we may use B, as the initial
isometric embedding.

The homotopic path will consist three parts. The first part is the normalized
Ricci flow, at the end of this path, we have a metric of constant scalar curvature,
i.e. (S% g1). Clearly, R,, > Co + 8. If Co > 0, then we embed (S, g1)
into Euclidean space as a coordinate sphere. Otherwise, we embed (Sz, g1)
into hyperbolic space with constant curvature % as a coordinate sphere. The
second part is the normalized Ricci flow for B, at the end of this path, we have
a metric of constant scalar curvature, i.e. (S%, g2). Clearly the scalar curvature
of (S?, g2) is also sufficiently large, thus can be isometrically embedded into
Euclidean space or hyperbolic space as a coordinate sphere. The third part is
to shrink (S?, g1) in Euclidean space or hyperbolic space to (S?, g»). This can
always be done as both are coordinate sphere in ambient space. The path is !
now finished. By our construction, it’s clear that R > Cg + § along the path.
Thus by the same argument, we can establish isometric embedding into B,.

Note that the Anti-de Sitter—Schwarzschild manifold is asymptotic hyper-
bolic and Reissner—Nordstrém manifold is asymptotic flat, for any » > 0, we
may find B, such that condition (4.10) is satisfied. |
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