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Abstract In this paper, we prove the existence of global weak solutions for 3D
compressible Navier—Stokes equations with degenerate viscosity. The method
is based on the Bresch and Desjardins (Commun Math Phys 238:211-223
2003) entropy conservation. The main contribution of this paper is to derive
the Mellet and Vasseur (Commun Partial Differ Equ 32:431-452, 2007) type
inequality for weak solutions, even if it is not verified by the first level of
approximation. This provides existence of global solutions in time, for the
compressible barotropic Navier—Stokes equations. The result holds for any
y > 1 in two dimensional space, and for 1 < y < 3 in three dimensional
space, in both case with large initial data possibly vanishing on the vacuum.
This solves an open problem proposed by Lions (Mathematical topics in fluid
mechanics. Vol. 2. Compressible models, 1998).

Mathematics Subject Classification 35Q35 - 76N10

1 Introduction

The existence of global weak solutions of compressible Navier—Stokes equa-
tions with degenerate viscosity has been a long standing open problem. The
objective of this current paper is to establish the existence of global weak
solutions to the following 3D compressible Navier—Stokes equations:
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or +div(pu) =0 (L1
(pu); +div(pu ® u) + VP — 2vdiv(pDu) = 0, )
with initial data
pli=0 = po(x), pul=0 = pouo, (1.2)

where P = p¥, y > 1, denotes the pressure, p is the density of fluid, u stands
for the velocity of fluid, Du = %[Vu + VTu] is the strain tensor. For the
sake of simplicity we will consider the case of bounded domain with periodic
boundary conditions, namely Q = T°>.

In the case y = 2 in two dimensional space, this corresponds to the shallow
water equations, where p (¢, x) stands for the height of the water at position x,
and time ¢, and u(¢, x) is the 2D velocity at the same position, and same time.
In this case, the physical viscosity was formally derived as in (1.1) (see Gent
[15]). In this context, the global existence of weak solutions to equations (1.1)
is proposed as an open problem by Lions in [27]. A careful derivation of the
shallow water equations with the following viscosity term

2vdiv(pDu) 4+ 2vV (pdivu)

can be found in the recent work by Marche [28]. Bresch and Noble [5,6]
provided the mathematical derivation of viscous shallow-water equations with
the above viscosity. However, this viscosity cannot be covered by the BD
entropy.

Compared with the incompressible flows, dealing with the vacuum is a
very challenging problem in the study of the compressible flows. Kazhikhov
and Shelukhin [25] established the first existence result on the compressible
Navier—Stokes equations in one dimensional space. Due to the difficulty from
the vacuum, the initial density should be bounded away from zero in their
work. It has been extended by Serre [34] and Hoff [20] for the discontinuous
initial data, and by Mellet and Vasseur [33] in the case of density dependent
viscosity coefficient, see also in spherically symmetric case [10,11,18]. For
the multidimensional case, Matsumura and Nishida [29-31] first established
the global existence with the small initial data, and later by Hoff [21-23] for
discontinuous initial data. To remove the difficulty from the vacuum, Lions in
[27] introduced the concept of renormalized solutions to establish the global
existence of weak solutions for y > % concerning large initial data that may
vanish, and then Feireisl et al. [13] and Feireisl [14] extended the existence
results to y > %, and even to Navier—Stokes-Fourier system. In all above
works, the viscosity coefficients were assumed to be fixed positive numbers.
This is important to control the gradient of the velocity, in the context of
solutions close to an equilibrium, a breakthrough was obtained by Danchin
[8,9]. However, the regularity and the uniqueness of the weak solutions for

@ Springer



Existence of global weak solutions for 3D degenerate... 937

large data remain largely open for the compressible Navier—Stokes equations,
even as in two dimensional space, see Vaigant and Kazhikhov [37] (see also
Germain [16], and Haspot [19], where criteria for regularity or uniqueness are
proposed).

The problem becomes even more challenging when the viscosity coeffi-
cients depend on the density. Indeed, the Navier—Stokes equations (1.3) is
highly degenerated at the vacuum because the velocity cannot even be defined
when the density vanishes. It is very difficult to deduce any estimate of the
gradient on the velocity field due to the vacuum. This is the essential dif-
ference from the compressible Navier—Stokes equations with the non-density
dependent viscosity coefficients. The first tool of handling this difficulty is
due to Bresch et al., see [3], where the authors developed a new mathematical
entropy to show the structure of the diffusion terms providing some regularity
for the density. An early version of this entropy can be found in 1D for con-
stant viscosity in [35,36]. The result was later extended for the case with an
additional quadratic friction term rp|u|u, refer to Bresch and Desjardins [1,2]
and the recent results by Bresch et al. [4] and by Zatorska [39]. Unfortunately,
those bounds are not enough to treat the compressible Navier—Stokes equations
without additional control on the vacuum, as the introduction of capillarity,
friction, or cold pressure.

The primary obstacle to prove the compactness of the solutions to (1.3) is
the lack of strong convergence for ,/pu in L?. We cannot pass to the limit
in the term pu ® u without the strong convergence of ,/pu in L?. This is an
other essential difference with the case of non-density dependent viscosity.
To solve this problem, a new estimate is established in Mellet and Vasseur
[32], providing a L°°(0, T; L log L(£2)) control on plu|?. This new estimate
provides the weak stability of smooth solutions of (1.3).

The classical way to construct global weak solutions of (1.3) would consist
in constructing smooth approximation solutions, verifying the priori estimates,
including the Bresch—Desjardins entropy, and the Mellet—Vasseur inequality.
However, those extra estimates impose a lot of structure on the approximat-
ing system. Up to now, no such approximation scheme has been discovered.
In [1,2], Bresch and Desjardins propose a very nice construction of approx-
imations, controlling both the usual energy and BD entropy. This allows the
construction of weak solutions, when additional terms—as drag terms, or cold
pressure, for instance—are added. Note that their result holds true even in
dimension 3. However, their construction does not provide the control of the
puin L*(0, T; Llog L(£2)).

The objective of our current work is to investigate the issue of existence of
solutions for the compressible Navier—Stokes equations (1.1) with large initial
datain 3D. Jungel [24] studied the compressible Navier—Stokes equations with

AJp

the Bohm potential «p ( /b ) , and obtained the existence of a particular weak
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solution. Moreover, he deduced an estimate of V,o% in L*((0, T) x ), which
is very useful in this current paper. In [17], Gisclon and Lacroix-Violet showed
the existence of usual weak solutions for the compressible quantum Navier—
Stokes equations with the addition of a cold pressure. Independently, we proved
the existence of weak solutions to the compressible quantum Navier—Stokes
equations with damping terms, see [38]. This result is very similar to [17].
Actually, it is written in [17] that they can handle in a similar way the case with
the drag force. Unfortunately, the case with the cold pressure is not suitable
for our purpose.

Building up from the result [38] (a variant of [17]), we establish the loga-
rithmic estimate for the weak solutions similar to [32]. For this, we first derive
a “renormalized” estimate on p¢(|u|), for ¢ nice enough, for solutions of [38]
with the additional drag forces. It is showed to be independent on the strength
of those drag forces, allowing to pass into the limit when those forces van-
ish. Since this estimate cannot be derived from the approximation scheme of
[38], it has to be carefully derived on weak solutions. After passing into the
limit k¥ goes to 0, we can recover the logarithmic estimate, taking a suitable
function ¢. This is reminiscent to showing the conservation of the energy for
weak solutions to incompressible Navier—Stokes equations. This conservation
is true for smooth solutions. However, it is a long standing open problem,
whether Leray—Hopf weak solutions are also conserving energy.

Equation (1.1) can be seen as a particular case of the following Navier—
Stokes

pr +div(pu) =0 (13)
(pu); +div(pu @ u) + VP — 2div(u(p)Du) — V(A(p)divu) = 0, )
where the viscosity coefficients (o) and A(p) depend on the density, and may
vanish on the vacuum. When the coefficients verify the following condition:

A(p) = 2pu (p) — 2u(p)

the system still formally verifies the BD estimate. However, the construction of
Bresch and Desjardins in [2] is more subtle in this case. Up to now, construction
of weak solutions are known, only verifying a fixed combination of the classical
energy and BD entropy (see [4]) in the case with additional terms. Those
solutions verify the decrease of this so-called «-entropy,! but not the decrease
of Energy and BD entropy by themselves. The extension of our result, in this
context, is considered in [7].

I Note that « here is not related to the k term in (1.6).
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Without loss of generality, we will fix 2v = 1 from now on. Note, that we
can recover the general case by the simple change of variables (p, u)(t, x) =
(o, uw)(2vt, 2vx).

The basic energy inequality associated to (1.1) reads as

T
E(t)+/ /p|]D>u|2dxdz5Eo, (1.4)
0 Q

where

1o,
E(t) = E(p,u)(t) = —plul” + p’ ) dx,
o \2 y—1
and
o,
Ey = E(p,w)(0) = =polao|” + ——p; | dx.
o \2 y—1

Remark that those a priori estimates are not enough to show the stability of
the solutions of (1.1), in particular, for the compactness of p¥. Fortunately, a
particular mathematical structure was found in [1,3], which yields the bound

of V,o% in L%(0, T; L*(R)). More precisely, we have the following Bresch-
Desjardins entropy

1 oY
of
/ /plvu_vT‘” d“l’</ poluol? + |V/pol* +——— ) dx.
J/_

Thus, the initial data should be given in such way that

00 € LY Q) NLY(Q), po>0ae inf, V.o e L*(Q),

) ' (1.5)

polagl” € L7(£2).
Remark 1.1 The initial condition V. /py € L%(2) comes from the Bresch-
Desjardins entropy.

The primary obstacle to prove the compactness of the solutions to (1.6) with
ro = r1 = 0 is the lack of strong convergence for ,/pu in L?. Jiingel proved
in [24] the existence of particular weak solutions with test function pg, which
has been introduced in [3]. The main idea of his paper is to rewrite quantum
Navier—Stokes equations as a viscous quantum Euler system by means of the
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effective velocity. He also proved Inequality (1.9) in [24]. This is crucial to
get a key lemma in this current paper. Motivated by the works of [1,3,24], we
proved in [38] the existence of weak solutions to (1.6), and Inequality (1.9).
The ro and | terms provide compactness on pu ® u in L', and the strong
convergence of ,/pu in L?. Let us recall the following existence result from
[38].

Proposition 1.1 For any k > 0, there exists a global weak solution to the
following system

pr + div(pu) =0,
(pu); + div(pu @ u) + Vp? — div(pDu)

A
= —rou — r1p|u|2u + kpV (j) , (1.6)

NG

with the initial data (1.2) and satisfying (1.5) and —rg fQ log_ podx < 00. In
particular, we have the energy inequality

T T
E(t)+/ /p|JD>u|2dxdz+ro/ /lulzdxdt
0 Q 0 Q
T
+r1/ /p|u|4dxdt§Eo, (1.7)
0 Q

where

_ _ 1 U v K 2
E(l)—E(p,ll)(t)—/Q(zplul +y_1p +2|V«/5|)dx

and

1 1
Eo=E<p,u)<0>=/Q( poluol + —— ] + —|w—|)
and the BD-entropy

1 14 K
/ —plu+Vinp> + L + fIV\/ﬁlz —rologp ) dx
o \2 y—1 2

T T
+/ /|Vp%|2dxdz+/ /pIVu—VTu|2dxdt
0 Q 0 Q
T
+x/ /,0|V210gp|2dxdt
0

ol
< Z/SZ(pouol +1Vypol® + —2— = IVfI —rolog_ po) dx +2Eg, (1.8)
where log_ g = logmin(g, 1).

@ Springer



Existence of global weak solutions for 3D degenerate... 941

We have the following inequality for any weak solution (p, u)

1 1 1
K2lI/PllL20.7:m2) T EHIVO* I L40.7: 14 =< C, (1.9)

where C only depends on the initial data.
Moreover, the weak solution (p, w) has the following properties

3
pue C(I0,TI; L2, (), (V/p) € L*(0,T) x Q); (1.10)

If we use (p,, uy) to denote the weak solution for k > 0, then
VP = /pu strongly in L*((0,T) x Q), as k — 0, (1.11)

where (p,u) in (1.11) is a weak solution to Eq. (1.6) with initial data (1.2) for
Kk =0.

Remark 1.2 The energy inequality (1.7) yields the following estimates

/Pl oo, 7:12(02)) < Eo < 00,
lollze©,1;Lr (@) = Eo < 00,
||\/va/5||L00(o,T;L2(Q)) < Ep < 00,
IveDull 207,120y = Eo < 00,
Ivroull 20,7122 < Eo < 00,
I/r1oullL40,7:04(2)) < Eo < oo.

(1.12)

The BD entropy (1.8) yields the following bounds on the density p:

||V\/5||LOO(O,T;L2(Q)) < C < oo, (113)

V&PV log pll 2. 7:12(0y < C < 00, (1.14)
Y

||V,02 ||L2(0,T;L2(Q)) < C < o0, (1]5)

and
o
N PR /Q poluo* - + 1V /ol —rolog_po ) dx
+2Ey < 00, (1.16)
where C is bounded by the initial data, uniformly on rg, r| and «.
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942 A. E Vasseur, C. Yu

In fact, (1.13) yields
VP € L®(0, T; LY(Q)), (1.17)

in three dimensional space.

Remark 1.3 Inequality (1.9) is a consequence of the bound on (1.14). This was
used already in [24]. The estimate for the full system (1.6) is proved in [38].

Remark 1.4 The weak formulation of momentum equation in (1.1) reads as

T T
/pu-wdxlizg—/ /puw,dxdt—/ /pu®uszdxdt
Q o Ja 0o Ja
T T
—/ /pydiVdedt—/ /p]D)uszdxdt
0 Ja 0o Ja
T T
:—r()/ /utﬁdxdt—rl/ /,olulzul//dxdt
0o Ja 0o Ja

—ZK/OT/QA\/EVﬁw dx di

T
—K/ / A/ p/pdivyr dx dt.
0 Q

(1.18)
for any test function .

Our first main result reads as follows:

Theorem 1.1 Forany § € (0, 2), there exists a constant C depending only on
8, such that the following holds true. There exists a weak solution (p,u) to
(1.6) with k = 0 verifying all the properties of Proposition 1.1, and satisfying
the following Mellet—Vasseur type inequality for every T > 0, and almost
everyt < T:

/ p(t, x)(1+ [u(z, x)1*) In(1 + [u(z, x)|*) dx
Q

< / po(1 + [wol?) In(1 + fup|?) dx
Q

g /(
/ (/(pZV - )) (/ p<2+1n<1+|u|2))§dx) ar,
Q

) dx + 16Ej
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where y > 1 in two dimensional space, and 1 < y < 3 in three dimensional
space.

Remark 1.5 The right hand side of the above inequality can be bounded by
the initial data. In particular, it does not depend on ro and rq. This theorem
will provide the strong convergence of ,/pu in space L?(0, T; ) when rg, r;
converge to 0. It is the key tool to obtain the existence of weak solutions, by
following the different steps of [32].

Remark 1.6 The condition on y are the same in Mellet and Vasseur [32]. They

are needed to get a finite bound of the right hand side of the inequality. For &

small enough we need p € L?(0, T; LP(2)) with p > 2y — 1. The estimate

of Lemma 4.1 gives p € L?(0, T; L”(2)) forany 1 < p < oo in dimension
5 5

2,and p € LTy(O, T; LTV(Q)) in dimension 3. Note that 2y — 1 < STV for

y < 3.

We give the definition of the weak solution (p, u) to the initial value problem
(1.1)—(1.2) in the following sense: for any ¢ € [0, T,

e (1.2) holds in D' (2),
e (1.4) holds for almost every ¢ € [0, T],
e (1.1) holds in D'((0, T) x £2)) and the following regularities are satisfied

p >0, pelL™(0,T]; LY (Q)),

p(1+ [u*)In(1 + [u?) € L=(0, T; L' (),

Vp% e L2(0,T; LA(Q)). V.i/p e L®(0, T; L} (),
Jpu e L=, T; L*(R)), /pVue L*0,T; L*(Q)).

Remark 1.7 The regularity V./p € L*(0, T; L*(2)) and Vpi e LX0, T;
L?(R)) come from the Bresch—-Desjardins entropy.

As a sequence of Theorem 1.1, our second main result reads as follows:

Theorem 1.2 Let (pg, pouo) satisfy (1.5) and
/ po(1 + uo2) In(1 + [up|?) dx < oo.
Q

Then, for any T > 0, for y > 1 in two dimensional space, and 1 <y < 3 in
three dimensional space, there exists a weak solution of (1.1)—(1.2) on (0, T).

We cannot obtain directly the estimate of Theorem 1.1 from (1.6) with
k = 0, because we do not have enough regularity on the solutions. But, the
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944 A. E Vasseur, C. Yu

estimate is not true for the solutions of (1.6) for x > 0. The idea is to obtain a
control on

/Qp(t,an(d)(p)u(t,x))dx

atthelevel k > 0, for a ¢,, suitable bounded approximation of (14 |u|?) In(1+
lu|?), and a suitable cut-off function ¢ of p, controlling both the large and small
p. The first step (see Sect. 2) consists in showing that we can control (uniformly
with respect to «) this quantity, for any weak solutions of (1.6) with ¥ > 0.
This has to be done in several steps, taking into account the minimal regularity
of the solutions, the weak control of the solutions close to the vacuum, and
the extra capillarity higher order terms. In the limit ¥ goes to zero, the cut-off
function ¢ has to converge to one in a special rate associated to « (see Sects. 3,
4). For any weak limit to (1.6) obtained by limit x converges to 0, this provides
a (uniform in n, rg, and r) bound to:

/QP(I,X)wn(fb(,O)U(t,X))dX-

Note that the bound is not uniform in 7, for « fixed. However, it becomes
uniform in n at the limit « converges to 0. In Sect. 5, we pass into the limit n
goes to infinity, obtaining a uniform bound with respect to ¢ and r of

/ o(t, x)(1 + [u(t, ©)|?) In(1 + |u(z, x)[%) dx.
Q

Section 6 is devoted to the limit 7| and ¢ converges to 0. The uniform estimate
above provides the strong convergence of ,/pu needed to obtain the existence
of global weak solutions to (1.1) with large initial data.

2 Approximation of the Mellet—Vasseur type inequality

In this section, we construct an approximation of the Mellet—Vasseur type
inequality for any weak solution to the following level of approximation system

pr +div(pu) =0,
(pu); + div(pu @ u) + Vp? — div(pDu)
A
= —rou — r1p|u|2u + kpV (—ﬁ) , (2.1)

JP

with Initial data (1.5), verifying in addition that pg > mlo for mo > 0 and
Jpoug € L°(L2). This restriction on the initial data will be useful later to get
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the strong convergence of ,/pu when 7 converges to 0. This restriction will be
canceled at the very end, (see Sect. 6).

In the same line of Bresch—Desjardins [1,2,24], we constructed the weak
solutions to the system (1.6) for any k > 0 by the natural energy estimates
and the Bresch—Desjardins entropy, see [38]. The term r ,o|u|2u turns out
to be essential to show the strong convergence of ,/pu in L2(0, T: L3()).
Unfortunately, it is not enough to ensure the strong convergence of ,/pu in
L2(0, T: L3(2)) when ry and r; vanish.

We define two C°°, nonnegative cut-off functions ¢,, and ¢k as follows:

1 1
¢m(p) =1 forany p > —, ¢u(p) =0 foranyp <_—, (2.2)
m 2m

where m > 0 is any real number, and |¢),| < 2m; and ¢ (p) € C*(R) is a
nonnegative function such that

¢x(p) =1 forany p < K, ¢g(p) =0 forany p > 2K, (2.3)

where K > 0 is any real number, and |¢’K| < %

We define v = ¢(p)u, and ¢ (p) = ¢ (p)dk (). The following lemma
will be very useful to construct the approximation of the Mellet—Vasseur type
inequality. The structure of the x quantum term in [24] is essential to get this
lemma in 3D. It seems not possible to get it from the Korteweg term of [1] in
3D.

Lemma 2.1 For any fixed k > 0, we have
IVVIiL20.7:02(2)) = €.
where the constant C depend on k > 0, r1, K and m; and
or € L*0, T; LY3(Q)) + L*(0, T; L*'*())  uniformly in k.
Proof For any fixed « > 0, (1.9) gives us
||V/0%||L4(O,T;L4(Q)) =C.
For v, we calculate it as follows

Vv =V(@(p)u) = (@' (p)Vp)u+ ¢(p)Vu,
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946 A. E Vasseur, C. Yu

and hence
(@' (P)Vp)u+ ¢ (0)Vull 2. 7:12(0))
< CHP%UVP%”LZ(O,T;LZ(Q)) + CllvoVul 20,722
< C”p%u”L“(O,T;L“(Q)) IV l240.7: 142 + ClVPVUll L2007 12(02))5

where we used the definition of the function ¢ (p). Indeed, there exists C > 0
such that

|¢"(0)/p| + <C

‘tb(p)
NG
for any p > 0.
Meanwhile,
pr = —Vp-u— pdiva
= 2V /p - piupt — J/p/pdiva = S| + Sa.

Using (1.12), (1.13) and (1.17), one obtains

Sy e L*O0,T; L' (Q)) forl <r<

S, o)}

By (1.12) and (1.17), we conclude

YR

S, € L*(0, T;: L*(Q)) forl <s <

Thus, we have

pr € L*0,T; L™ (Q)) + L*(0, T; L ().

O
We introduce a new nonnegative cut-off function ¢, which is in C L(R3):
on(W) = G, (Jul?), (2.4)
where @, is given on R by
— ﬁ if0<y<n,
95,,1/()’) =—% if n<y<Cy, (2.5)
=0 if y>C,,

with @ (0) = 0, $,(0) = 0, and C,, = e(1 +n)? — 1.
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Here we gather the properties of the function ¢, in the following lemma:
Lemma 2.2 Let ¢, and ¢, be defined as above. Then they verify

e (a) For anyu € R3, we have
oy () =2 (2, (JuHu®u+ 1§, (ju/?)), (2.6)

where Lis 3 x 3 identity matrix.
o (b)[@, (M < ﬁfor anyn > 0and any y > 0.
e (0)

=1+1In1+y) fO0<y=<n,
@n(»)1=0 if y=Chp, 2.7
>0, and <1+In(1+y) ifn<y=<C,.

In one word, 0 < ¢, < 1+ 1In(1 + y) for any y > 0, and it is compactly
supported.
e (d) For any given n > 0, we have

|<p;l’(u)| <6+2In(l1 +n) (2.8)
for anyu € R3.
e (e)
(I+y)In(l +y) fO0<y<n,
Gn(M =121 +In(1 +n))y — A+ y)In(d+y) +2(n(1 +n) —n), ifn<y=<Cy,
e(1+n)?—2n-2 if y = Cu,
(2.9)

On(v) is a nondecreasing function with respect to y for any fixed n, and it
is a nondecreasing function with respect to n for any fixed y, and

On(y) = (1 +y)In(l +y) a.e. (2.10)

asn — OQ.

The proof is easy. We give it in the appendix for the sake of completeness.
The first step of constructing the approximation of the Mellet—Vasseur type
inequality is the following lemma:
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948 A. E Vasseur, C. Yu

Lemma 2.3 For any weak solution to (2.1) constructed in Proposition 1.1,
and any ¥ (t) € D(—1, 400), we have

T T
[ [wemarars [ [ wogwFdxar
0 Q 0 Q

T
+/ /w(t)S:V(ga;l(V))dxdt
0 Q
Z/onfﬂn(Vo)l/f(O)dX, (2.11)

where

S = po(p) (ID)u+KA\/\%5]I) , and

F = p2ug’ (p)divu + 202 Vp 2 ¢(p) + pVe (0)Du + rous (p)
+riplulug(p) + /PP () AP + 24 (0)V/pAYp,  (2.12)

where 1 is an identical matrix.

In this proof, k, m and K are fixed. So the dependence of the constants appear-
ing in this proof will not be specified.
Multiplying ¢ (p) on both sides of the second equation of (2.1), we have

(oV): — pug'(p)p; + div(pu @ v) — pu @ uVe(p) +2p> V2 ¢(p)
— div(¢(p)pDu) + pVe (0)Du + roug (p) + r1plul*ué (o)
—kV(/pp(p)AJp)
+Kk/PVP(P)AVP +2kp(p)V/pAp = 0.

Remark 2.1 Both V /p and p; are functions, so the above equality are justified
by regularizing p and passing into the limit.

Remark 2.2 At the very end of the proof, functions (5.4) will be used as ¥
functions. Note that they are non-increasing. The functions (—1;) can be seen
as regularizations of the Dirac mass §(t — f) at t = 7, for a fixed > 0.

We can rewrite the above equation as follows
(pv); +div(pu ® v) — divS + F = 0, (2.13)
where we used

pug’(p)p; + pu@ug'(p)Vp = pug’(p)(p; + Vo - u)
= —p*ug’(p)divu,
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and S and F are as in (2.12). Since ,/p¢(p) and p¢(p) is bounded, and by
means of (1.9) and (1.12)—(1.16), we find

||F||L%(0’T;L1(Q)) <C, |IISlz20,7:12(0) < C-

Note that those bounds depend on K and «.

We first introducing a test function ¥ () € ©(0, +00). Essentially this
function vanishes for ¢ close r = 0. We will later extend the result for ¥ (¢) €
D(—1, +00). We define a new function & = (1), (Vv), where f(t,x) =
f*ni(t, x), kis asmall enough number. Note that, ¥ (¢) is compactly supported
in (0, 00), @ is well defined on (0, co) for k small enough. We use it to test
(2.13) to have

T
/ / Y (), (V) [(pv); + div(pu ® v) — divS + Fldx dt = 0,
0 Q

which in turn gives us

T
/ / Y (), D(pv); + div(pu @ v) — divS + Fldxdr = 0. (2.14)
0 Q

The first term in (2.14) can be calculated as follows

T
/ /W(f)goﬁ,(V)(pv)tdxdt
0 Q
T T -
= [ [vov@@narac [ [ o @i -@mida
T
=/0 /Q‘ﬂ(f)%(v)(ptVerV;)dxdtJrRl

T T
_ / / (000, (V¥ dx dit + / / (0 pgn(W), dx di + Ry,
0 Q 0 Q

(2.15)
where

T [——
R = /0 /Q VO, @V — (p¥),]dx dt.
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Thanks to the first equation in (2.1), the second term in (2.14) is given by

T
//W(f)%(v)div(pug)v)dxdt

0 QT )

=/ /W(f)Pt(Pn(V)dde—/ /W(T)Pt(P;Z(V)V-I- Ry, (2.16)
0 Ja 0o Ja

and
T —
Ry = / / V(1) g, (V)[div(pu ® V) — div(pu ® v)].
0 JQ

From (2.14)—(2.16), we deduce

T T
/ / V() (ppn (V) dx dt + Ry + Ry — / / V() g, (V)divS dx dt
0 Q 0 Q

T
+ [ [ vw@F=o.
0 Q

Note that, v converges to v almost everywhere and

(2.17)

PPNV — pe, (MY, in L'((0, T) x Q).

So, up to a subsequence, we find

T T
/ /(p(pn(V))wt dxdt—>/ /(p(pn(v))w, dxdt as k— 0. (2.18)
0 Q 0 Q

@, (V) converges to ¢, (v) almost everywhere, and it is uniformly bounded in
L®°(0, T; ), thus

/ ' / v ()¢, VF — / ' / (g, (VF as k — 0. (2.19)
0o Ja 0 Jo
Noticing that
Vv e L0, T: L*()),
this yields
Vv — Vv strongly in L2(0, T; LZ(Q)).
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Since S converges to S strongly in L>(0, T'; L*>(2)), and @, (V) converges to
@, (v) almost everywhere and uniformly bounded in L*>°((0, T) x ), the
following ones

T T
/ / U (t)g, (VdivS dx dt = — / / Y (0)S : V(g, (V) dxdt, (2.20)
0 Q 0 Q

converges to
T
—/ / v()S: V((p,;(v)) dxdt. (2.21)
0 Ja
To handle R; and R, we use the following lemma due to Lions, see [26].

Lemma2.4 Let f € WHP(RN), g € LIRN) with 1 < p,q < oo, and

141
» + 7 < 1. Then, we have

[div(fg) * we — div(f(g * We) ll prmvy < C”f”wl,p(RN)||g||Lq(RN)

for some C > 0 independent of ¢, f and g, r is determined by % = % + % In
addition,

div(fg) * wy — div(f(g * wg)) — 0 in L' (RY)

ase — 0ifr < oo.
This lemma includes the following statement.

Lemma 2.5 Let f; € LP(0,T), g € L1900, T) with 1 < p,q < oo, and

L4 L < 1. Then, we have
P g

1Cfg):* we — (f(g*we)illro,1) < Cll fellLro,mllgllLe0, 1)

for some C > 0 independent of ¢, f and g, r is determined by % = % + é In
addition,

(f&)r xwe — (f(g*we))y — 0 in L'(0,T)

ase — 0ifr < oo.

With Lemma 2.4 and Lemma 2.5 in hand, we are ready to handle the terms
R; and R;. For k > 0, by Lemma 2.1 and Poincaré inequality, we have
v e L*0, T; L5(R)). Lemma 2.1 gives us

or € LY0, T; LY () + L*(0, T; L¥*()).
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Thus, applying Lemma 2.5, we have

dx dt

T
ri= [ [ [row @i - e
0 Q

fc(w)/oT/Q

dxdt — 0 as k— 0.

@, (M(pV) — (0V)(]

(2.22)
Similarly, Lemma 2.4 gives us
Ry—0 as k— 0. (2.23)
Letting k goes to zero in (2.17), and using (2.18)—(2.23), we derive
T T
[ [wemaras [ [ vorgwFdxar
0 Je 0 Ja (2.24)

T
—|—/ / V(S : Vg, (v))dxdt =0,
0 Q

for any test function ¢ € ©(0, 00).

Now, we need to consider the test function ¥ (¢) € ©(—1, co). For this, we
need the continuity of p () and (,/pu)(¢) in the strong topology at ¢ = 0.

In fact, Proposition 1.1 gives us

(Vo) € L*(0.T: L2(Q)). /p € L*(0.T: H*(Q)).
which implies
JpeC(0,T]; L*(RQ) and V./p e C(O0,T; L*(Q)),
thanks to Theorem 3 on page 287, see [12]. Similarly, we have
p € C(0, T1; LX()) (2.25)
due to
||V/0||L2(0,T;L2(Q)) = C”V/O%||L4(0,T;L4(Q))”p%”L4(0,T;L4(Q))-
Meanwhile, we have
Jp €LX0O,T; LP(Q)) foranyl < p <6,

and hence
J/peC(0,T]; LP(2)) forany 1 < p <6. (2.26)
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On the other hand, we see

1
ess lim sup 5/ |/pu — Joouol? dx
Q

t—0

- . 1 2 pY 2
< esslim sup —plul” + —— +«|V/p|7) dx
o \2 y — 1

t—0

1 ol
- (Epoluo|2+—0)+K|V\/ﬁo|2dX)
Q y—1

Y 14
+ ess lim sup (/ Jpouo(/poup—+/pu) dx —|—/ ( Ao p ))
Q Q

>0 y—1 y-1
— kesslimsup |V /p, — Vﬁ|2 dx
t—0

+ 2k ess lim sup/ Vipo: (Vi/pyg— Vi/p)dx.
Q

t—0
(2.27)
Note that,
ess lim sup/ Voo (Vi/pyg—Vp)dx =0, (2.28)
t—0 Q
and using (1.7), (2.26) and the convexity of p — p?, one obtains
ess lim sup/ |/pu — Joouo|? dx
t—0 Q
< 2esslim sup/ A/ pouo(/poug — /pu) dx
t—0 Q
= 2ess lim sup (/ VPouo(y/podo — /pudm(p)) dx
t—0 Q
+/ v/ poup(l —¢>m(,0))\/ﬁlldX)
Q
= B + B».
By Proposition 1.1, we have
3
pu € C([0, T1; L.k (). (2.29)

We consider B; as follows
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B; = 2ess lim sup (/ /poug (¢m (0) (poug — pu)) dx
Q

t—0 «/ﬁ
3 2 ¢m(p)_¢m(po))d)
/Q\/%poluol ( 7 T x),

and use (2.26) and (2.29) to have B; = 0.
Since m > my, and pg > mlo, we find

[B2| < [Iv/pouoll Lo (@) Iv/Pull oo o,7: 12 () €88 lim Sélp 11— &m(P) 2 = 0.
t—

Thus, we have

esslimsup/ |\/ﬁu—a/,00u0|2dx =0,
Q

t—0

which in turn gives us
Jpu e C([0, T]; L*()). (2.30)

From (2.25) and (2.30), we deduce

N
lim —/ / pen(V) dx dt =/ Po@n (Vo) dx.
=0T Jo Jo Q

Choosing the following test function for (2.24),

Yo = () fort>t. wm:wr)% fort < 1,

we have

T T
_/ /1//,,og0n(v) dx dt—l—/ /wr(t)(p;l(v)Fdx dt
r Jo o Ja

T T
+ / / Ve (OS : Vg, (v dxdi = L2 / / pon(¥) dox d,
0 Q T 0 Q

Passing into the limit as T — 0, this gives us

T T
[ [wwewarais [ [ wogwrdxa
0 Q 0 Q

T
+/0 /QW(I)SIV(@L(V))dxdt=/ontﬂ(0)<0n(V0)dX- (2.31)
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3 Recover the limits as m — oo
In this section, we want to recover the limits from (2.11) as m — oco. Here, we
should remark that (p, u) is any fixed weak solution to (2.1) verifying Propo-
sition 1.1 with ¥ > 0. For any fixed weak solution (p, u), ¢,,(p) converges
to 1 almost everywhere for (¢, x), and it is uniform bounded in L*°(0, T'; 2),
and
rogk (p)u € L*(0, T; L*(R)).
Thus, we find
Vi = ¢mdPxu — ¢xu almost everywhere for (¢, x)
as m — o0o. The Dominated Convergence Theorem allows us to have
V= dxu  in L2(0, T; L*(Q))
as m — 00, and hence,

@n(Vm) = ¢n(Pgu) in LP((0,T) x Q)

for any 1 < p < oo. Thus, we can show that

T T
/ /W(t)(pwn(vm))dxdt%/ /wl(t)(pfpn@K(p)u))dxdt
0o Je 0 Je

and

/ £0%n (Vo) — / PoPn (Pk (Po)uo)
Q Q

as m — oo.
Meanwhile, for any fixed p, we have

qb;n (p) = 0 almost everywhere for (z, x)
asm — oQ.

Calculating |¢,, (p)| < 2m as ﬁ <p< %, and otherwise, ¢/, (p) = 0,
thus,

lody, (p)] <1 forall p.

To pass into the limits in (2.31) as m — oo, we rely on the following
Lemma:
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Lemma 3.1 If

lamllLe©,1.0 <C, amw —> a a.e. for(t,x) andin L?((0,T) x )
forany 1 < p < o0,

f e L'((0,T) x Q), then we have

T T
/ /¢m(p)amfdxdt—>/ /afdxdt asm — 00,
0 Q 0 Q

and

T
/ / {p(/’);n(,o)amﬂ dxdt - 0 asm — oo.
0 Q
Proof We have

|om(OYam [ —af| < 1om(p) [ — fllam| + lam [ —af| =11 + I

For I1: ¢,,,(p) f — f a.e. for (¢, x) and

lpm(P) f — fI =2If] ae.for (r,x),
by Lebesgue’s Dominated Convergence Theorem, we find
T
| [ ontors = sl axar o0
0 Q

as m — 0o, which in turn yields

T
//I¢m(/0)amf—amf|dxdt
0o Je

T
< ||am||L°°(O,T;SZ)/0 /Q|¢m(/0)f—f|d)€dt

— 0

as m — oo. Following the same line, we show

T
/ /Iamf—af|dxdt—>0
0 Q
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as m — 0o. Thus we have

T T
/ /¢m(p)amfdxdt»/ /afdxdt
0 Q 0 Q
as m — OQ.

We now consider fOT Jo lo#), (p)am f|dx dt. Notice that |pg;, ()| < C,
and p¢,, (p) converges to 0 almost everywhere, so |,0¢,’n (,o)amf| < C|f]|,and
by means of Lebesgue’s Dominated Convergence Theorem, we have

T
//|/0¢,/n(,0)amf|dxdt—>0
0 Q

as m — OQ. O

Calculating

T
/ /w(t)Sm : V(g (Vi) dx dt
0 Q
T
=/0 /Qtﬁ(t)SmsDZ(vm) (Voudxu + dmVoru + ¢k Vu) dx dt

T T
_ / / G (0)am1 f1 dx di + / / bl ()amz fodxdt,  (3.1)
0 Q 0 Q

where

am1 = Gm (p)(p;z/(vnl),
fi=v@®)pPk(p) (Du +«

A\/\/ﬁﬁﬂ) (uVek (p) + ¢k (p)Vu),

and

am2 = @ (Vi) m (0)Pk (P)U = @) (Vi) Vi,
fr= v Ok (p) (Du +i Ag H) V)
— 29 (x (0) (K AYBY /B + /DU /B).

So applying Lemma 3.1 to (3.1), one obtains

T T
/O /Qlﬂ(t)Sm:V(wﬁl(Vm))dxdt%/o /Qlﬂ(t)S:V(w,Q@K(p)u))dxdt
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as m — 00, where S = ¢x (p) p(Du + K%ﬁﬂ).
Letting ¥,,, = F,;;1 + F;,;2, where

Fu1 = p*ug/(p)divu + pVe (0)Du + k/pVe (0) Ay/p
AP

= (¢,(P)PK (0)+bm (P)Dk (p)) (pudivu+Vp : Du+KVp7) :

where

bx (p) (pudivu + Vp -Du+ KVpAT“{f) e L'((0,T) x Q),

PP (p) (,oudivu +Vp -Du+ KVpAT‘f) e L'((0,T) x Q),

and

Y Y
Fu2 = ¢m(p)pk (0)(2p2Vp? + rou+ riplulu+ 2« V./pAJp),

where
ok (0) (2p%vp% + rou + riplulfu + 2KVﬁAﬁ) e L0, T) x Q).

Using Lemma 3.1, we obtain

T T
/ /W(t)wf,(vm)Fmdxdt%/ /W(t)qoﬁ,(w(p)U)Fdxdt,
0 Q 0 Q
where

F = pugic (p)diva + 207 Vp Tk (0) + pVex (p)Du + roug (p)
+ riplulugk (p) + k/PVPK (0)AYD + 2kk (D) V/DAYP.

Thus, letting m — oo in (2.31), and using the above convergence in this
section, we find

T T
_ /O /Q V() (peon(@x (P)W) dx di + /0 /Q V(06 (G (PWF dx di

T
+/0 /Ql//(t)S : Vg, (¢k (p)w)) dx dt = /Q ¥ (0)pogn (9K (po)uo) dx,
which in turn gives us the following lemma:
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Lemma 3.2 For any weak solution to (2.1) verifying in Proposition 1.1, we
have

T T
_/o /Qlﬂ'(t)(pwn(fﬁk(p)u))dxdt+/0 /QW(I)SO;,((JSK(P)U)Fdde

T
+/ /Ql/f(l)S : Vg, (¢ (p)u)) dx dt =/§2¢(0)P0§0n(¢1<(00)u0)dx,
’ (3.2)
where S = ¢x (0)p(Du + K%ﬁﬂ), and

F = p’ug) (p)divu+2p7Vp 2 (p) + pVepi (p)Du + rouep (p)
+ riplulugk (p) + k/pVoK (0) AP + 2k (0)V /D AP,

where 1 is an identical matrix.

4 Recover the limits as k — 0 and K — oo.

The objective of this section is to recover the limits in (3.2) as k — 0 and

. . 3
K — o0. In this section, we assume that K = «~ 4, thus K — oo when
k& — 0. First, we address the following lemma.

Lemma 4.1 Let « — 0 and K — oo, and denote v, = ¢ (0, )0, we have
pY isbounded in L"((0,T) x Q) forany 1 <r < oo in2D,
4.1

5
andanyl§r§§ in3D.

Forany g € CI(R+) with g bounded, and 0 < ¢ < oc0in2D,0 < a < 5%’ in

3D, we have
p2g(IVel) = p“g(lul?);  strongly in L'((0, T) x Q).
In particular, we have, for any fixed n,
Pcn (Vi) = pen(w)  strongly in L'((0, T) x ), 4.2)
and
2y—1 1 ~/ 2 2y—1 ~/ 2 . 1
o L+ @, (Ve ) = p7" (1 + ¢, (Jul”))  strongly in L™ (0, T) x €2),

4.3)
forl <y < 3.
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Proof In 2D, we deduce from (1.13)
o € L0, T : LP(Q)) forany 1 < p < oo.

Thus, p) is bounded in L"((0, T) x ) for 1 < r < oo.
In 3D, we deduce that

pl € L0, T : L") N LY0, T; L} ().

Applying Holder inequality, we have

2 3

Thus, pY is bounded in L3 ((0, T) x ).
We have that (o, ); is uniformly bounded in

LY0, T; LY () + L*(0, T; L¥*(Q)),

thanks to Lemma 2.1. Since V,/p; is uniformly bounded in L*° (L?%), we have
also ./p, uniformly bounded in L% (L®). Those two estimates give

IVoell Lo, 7:0320) = C-
Applying Aubin-Lions Lemma, one obtains
pe — p strongly in L?(0, T; L¥*(Q)) for p < co.

When « — 0, we have ,/pcu, — /pu strongly in L?(0, T; L*(2)) from
Proposition 1.1, ( also see [38]). Thus, up to a subsequence, for almost every
(¢, x) such that p(z, x) # 0, we have

N/

u (7, x) = © o, x),

P

and
v, — u(t, x),
as k — 0. For almost every (¢, x) such that p(z, x) = 0,
0% g (el < Cplt, x) = 0= p®g(lul) (4.4)

ask — 0.
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Hence, p? g(|ve]?) converges to p®g(|ul?) almost everywhere. Since g is
bounded and (4.1), p,‘j‘g(lv,(lz) is uniformly bounded in L"((0, T) x €2) for
some r > 1. Hence,

p2g(Ivel®) — p%g(lul*) in L'((0, T) x Q).

By the uniqueness of the limit, the convergence holds for the whole sequence.
Applying this result with « = 1 and g(]v, %) = on (V), we deduce (4.2).

Since y > 11in 2D, we can take « = 2y — 1 < 2y; and take ¥ < 3 in 3D,

we have 2y — 1 < STV Thus we use the above result with « = 2y — 1 and

g(Ive?) = 14+ @) (v« |?) to obtain (4.3). O

With the lemma in hand, we are ready to recover the limitsin (3.2) as« — 0
and K — oo. We have the following lemma.

Lemmad4.2 Let K = K_%, and k — 0, for any ¥ > 0 and ' < 0, we have

T
—/ /W(t)pwn(u)dxdt
0 Q

<8l ]I~ (/Q (p0|u0|2+

T
+C<||x/f||Loo)/0 /Qa+¢,;<|u|2>>p2V—1dxdr+x/r(@/ﬂposon(uo)dx
4.5)

Y
ypj -+ Vol — ro log_ ,00) dx + 2E0)

Proof Here, we use (o, u,) to denote the weak solutions to (2.1) verifying
Proposition 1.1 with ¥ > 0.
By Lemma 4.1, we can handle the first term in (3.2), that is,

T T
/ / (O (0egn(ve)) dx di — / / VO ea@) dxdi  (46)
0 Q 0 Q

and

() /Q Pogl (ve0) dx — v (0) /Q pog. (ug) dx @.7)

_3
ask —> O0and K = k™4 — o0.
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T
/O /Q V(D0 - VoL b (pe) dx di

T
__ /0 /Q VOp! bx (), - Vv dx di s

T
- / / Y (0)p] o, (Vi) - Vi () dx dt
0 Q
= P+ P.
We can control P, as follows

T
|P| < ||‘//||L°°/0 /le,l’llwﬁ,IIV¢K(px)ldxdt
4

_1 Y+
< C(n, )k || ¢ o0 N
< COn W) 10/l llo g s

1 1
X (K4 IV ||L4(0,T;L4(sz)))
4.9)

< 2 Cln Wl 1ol
=k WL See Tl o rd @)

1 1
(K4 IV o ||L4(O,T;L4(Q)))
2C 1

< —«k 4 =2Ck

~ VK
as k — 0, where we used %(y + %) < %” for any y > 1.
Calculating Pp,

T
Py = —/0 /QW(t)pMK(pK)(pn 1 Vvedxdt
T
_ 2 "
= /0 /Qlﬁ(t)pky(qﬁk(pk)) @, : Vuedxdt 4.10)

T
—/0 /Qllf(t)plsz((px)fpn : (Vok (pe) @uy) dx dt

= P11 + Ppo.

— 0

o0l —

We bound Pj; as follows

T
\Piy) = — /0 /Q V(00! bk (000, (Vo (pe) ® ue) dx di

T
Z_/O /QW(I)PZ(VfﬁK(PK))T(pn(VK)vK dx dt
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L y+g 1 i
= COn Yy ™5loe g 0t o (w IV ||L4<o,r;L4<m>)
19 v/oc L
2C
< kT =20Kk5 >0 @11
v K

as k — 0, where we used [¢ (o) /Pe| < % @ (ViOVi Nl Lo (0.7 Lo () <
C(n) since <p,: is compactly supported, and %(y + }‘) < STV for any y > 1.
Thanks to part a of Lemma 2.2, we have
0, (V) : Ve = 4G, (Ve PIVu, : (Ve @ Vi) + 2divue g, (v ).

Using Part b of Lemma 2.2, we find that

13, (Ve PV, : (Ve @ Vi)l < 13, (Ve D V| [ |2

k|
< V| —— =< [Vu|,
= T+ |l =

where we denote |Vug|? = Zij |8,-uj|2. Hence

T
|Pll| 54/0 /w(t)|¢K|2|pl)</||VllK|dxdt

Q
T

“/0 /Q‘/’<f>|¢f<|2|¢,2(|vx|2>||pz||divux|dxd,

! T

§4||w||Loo/ /,0K|VuK|2dxdt+C(||w||Loo)/ /p’%y—ldxdt
0 Q o o

T
+2 /0 /Q v () |px 1218, (Ve D)oY [|divuy | dx dr, (4.12)

and the term

T
> /0 /Q b1k PIE, (v Pl Iidivag | dx dt
T
52/0 /Qw<r>|¢K|2|¢,;(|vk|2>|pK|DuK|2dxdr

T
+C<||w||Loo>/0 /Q v N dxdr.  (413)
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Thus,

T
|Pn|s4||w||m/ /pKWuKFdxdr
0 Q
T
+2/ /w<z>|¢K|2|¢;,<|vk|2)|pK|DuK|2dxdt

+C(||w||Loo>/ /<1+¢,, (VeP)p2 ' dxdi.  (4.14)

The first right hand side term will be controlled by

ol
4[|l Lo (/ (Po|llo| + — + IV./pol® — rolog_ po) dx + 2E0)
Q

due to (1.16); and the second right hand side term will be absorbed by the
dispersion term A in (4.23). By Lemma 4.1, we have

T T
/ / A+ @, (vl Hpy " dxdt — / / (1+ @, (ul*)p* " dx ar
0 Q 0 Q

(4.15)
as k — 0.
Note that
T
/ / Y (1)@, (Vi) (roug + 11 p¢ [ue [*ue) dx dt > 0, (4.16)
0 Q

so this term can be dropped directly.
We treat the other terms in F one by one,

T
/ / ¥ (1), (Vi) pewe i (o) divuy | dx dt
0 Q
1
< C(n, Wllpe ell 30,7 14 IV P diVUe 120, 7: 12(02))

3 3
X ||¢}((IOK)\/10K”LO°”/)I? laco.1: 4@y < Cn, ¥)k8 — 0 (4.17)

as k — 0, where we used Sobolev inequality, and | (o) /pic| < Jif;
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T
/O /Q‘w(t)gor/l(vk)pKv¢K(pK)DuK‘ dxdt
% (o) /P |
1

K4

| 1
<Cn,¥) (K4 IV oid ||L4((0,T;L4(s2)))

3
Vo D [ 20, 7: .2(2)) ok L4 (0. 7:42)
1
<Cn,¥y)ks -0 (4.18)

as k — 0;

T
"/0 /Q‘W’)‘/’;(VK)\/PKV¢K(/OK)A«/pK| dx dt
1 1 1
=2C(n, Yt (K4 IV pié ||L4((0,T;L4(Q)))

1
”\/EA\/ Pr ||L2((0,T;L2(Q)) ”/Olé1 ||L4(()’T;L4(Q))
<2C(n, Y)kt — 0 (4.19)

as k — 0, where we used | o ¢ (o) < 1. Finally

T
K/O / ‘W/(t)(Pn(VK)(bK(IOK)v\/PKA«/,OK‘ dx dt
Q
1 1 1
=2C(n, Yk (K4 IV i ||L4((0,T;L4(sz)))

1
||\/EA\/ Pk ||L2((O,T;L2(Q)) o ||L4((),T;L4(Q))
<2C(n, )t — 0 (4.20)

as k — 0.
For the term S, = ¢k (o« ) o Du, + K—Afgﬂ) = S; + S, we calculate as
follows

T
/ / v ()Sy : Vg, (Vi) dx dt
0 Q
T
_ /0 /Q U (Odk () peDue : V(@ (ve) dx di

T
:/0 /Ql//(t)[VuK(pg(vK)p,(] - Du, (b (pe))? dx dt
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T
+/O /Qlﬂ(t)pxqﬁK(px) (UZ%(V,«)) Du, V(¢k (o)) dx dt
= A1+ As. 4.21)

For Aj, by part a. of Lemma 2.2, we have

/ /w(t)[Vuxw V) o] - Dug(dk (o)) dx dt
=2 /0 /Q YOG, (Ve ) @k (0)) 0 Duy : Vuy dx dt
T
+4 / / U (1) 0 Dk (0)) Gy (Ve D (VU v, @ V) : Duy dx di
0 Q

= A+ An. (4.22)

Notice that
Du, : Vu, = |DuK|2,

thus

T
AL =2 /O /Q U (@ (IVe ) @k (0))* pic | Du | dx dt

T
T / / pelVu, 2 dx di, 423)
0 Q
where we control A,

Vie|?
Ap <4 |V |“dx dt
12 / /IW()|1+|K|2pI 2

s4||w||Loo/ /,OKIVuKIdedt
0 Q

y
0
<4 llL= (/ (,00|110|2+y_01+|V\/p0|2—r0 log_ Po) dX+2Eo),
o _

thanks to (1.16). For A,, thanks to (2.8), we can control it as follows

3
|Az| < C(n, W)”«/,OK]DUK||L2((0,T;L2(Q))||/0/? ||L4((0,T;L4(Q))
9% /Prc lL=((0,7)x2)

1

K4

L
X (K*V o | 4 0.7:04))

c
7 Ck¥ — 0 (4.24)
K3

=
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as k — 0. Note that the first right hand side term of (4.23) has a positive sign
and control the limit using from the pressure (4.14). We need to treat the term
related to S,

T
"/ / V(DS 1 V(g (Vi) dx dt
0 Q
T
="/O /Qw(t)Vuxwﬁ[(vK):m¢K(pK)zAmdxdt

T
+"/0 /Q1/f(t)uK¢1<(pK)w,;’(vK)vmed)/K(pK)Adedt
- (4.25)

we control Bj as follows

|Bi1| < C(n, ¥) I/ Vel 12007 12 IV K AV Dic Il 120,72 12 (2 VK
<Ck1 >0 (4.26)

as k — 0, where we used ||¢%(||Loo(0’T;LOO(Q)) <C.
For B, we have

11 i
|Bz2| < C(n, ¥ (K4 IVoié ||L4(0,T;L4(Q)))

1
x|l o ||L4(0,T;L4(Q))||\/EA\/ PK||L2(0,T;L2(Q))||¢/K (L) Pl L0 0,7: L% (22))
1
<Ck%—0 4.27)

as k — 0.

With (4.6)—(4.27), in particularly, letting k — 0 in (3.2), dropping the
positive terms on the left side, we have the following inequality

T
—/ /W'(t)pwn(u)dxdt
0 Q

y
0

< 8|[YllLe (/ (p0|u0|2+y—01 +|V./pol* — rolog_ ,00) dx + 2E0)

o _

T
1) [ pontordx+ vl [ [ a4+ 0uno ! dxar
Q Q

which in turn gives us Lemma 4.2. O
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5 Limit whenn — oo

This section is dedicated to the proof of Theorem 1.1. For this, we obtain
the Mellet—Vasseur type inequality for the weak solution of the compressible
Navier—Stokes equation with drag forces. This is obtained by letting n — oo.

Note that the weak solution (p, u) does not depend on n. We start from Lemma
4.2. Our task is to bound the right term of (4.5),

T
C(Illﬁlle)/0 /Q(1+¢§,(|u|2))p21"1dxdt

2-6

! 2y—1-8.,2 .\ %
- anwnm/ (/ (P15 dx)
0 Q
5
(/ p(1 + @, (|u| ))adx) di
2 %
< cuwnm/ (/ (o ~171) 2)

3

x (/ p(2+1n(1 + |u|2)))§dx)2 dt, (5.1)
Q

where we used part ¢ of Lemma 2.2. By (4.5) and (5.1), we have

T
—/ /W(t)pwn(u)dxdts/ pown(ug) dx
0 Q Q

+8||¢||Loo(/9( )dx+2E0)
2 j
+C(||w||m>/ (/(p” 1—2)22) (/ p<z+1n(1+|u|2>>>§dx) dr.
Q

Thanks to part e. of Lemma 2.2 and Monotone Convergence Theorem, we
have

T T
- / / W (O pn(w) dx dt — — / / WO p(-+u®) In(1+u) dx di
0 Q 0 Q
5.2)

asn — OQ.
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Letting n — oo, we have

T
—/ /w’(t)p(l-l—|u|2)ln(1+|u|2)dxdt
0 Q

< w(O)/ona + Jup|?) In(1 + Jug|?) dx

V
+8||‘/f||L°°(/ (,Oolllol +V_+|Vf| —rolog_ ,oo) dx+2E0)
/ (/ (P12 22) = (/ p(2+1n(1+|u|2))§dx)2 dt.
Q

(5.3)
Taking
1 ifr<71—%
Y =1 - ifi-§<t<i+§ (5.4)
=0 if 1 >145%,

then (5.3) gives for every 7 > §,

1 t~+%
—/ (/ o(1+ u/®) In(1 +|u|2)dx) dt
€ Ji— Q

€
2

< /on(l + [ug|*) In(1 + [ug|?) dx

([ (e ) inean)
Q
r 5.2 % 2 %
C/ (/ (pZV—l—z)za) (/ ,0(2+ln(1+|u|2))5dx) dt.
0 Q Q

This gives Theorem 1.1 thanks to the Lebesgue point Theorem.

6 Weak solution without drag forces

The objective of this section is to apply Theorem 1.1 to prove Theorem 1.2.
This provides the existence of global weak solutions to (1.1)—(1.2) by letting
ro > Oand r; — 0. Letr = ro = r1, we use (p,, u,) to denote the weak
solutions to (2.1) verifying Proposition 1.1 with x = 0.
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By (1.7) and (1.8), one obtains the following estimates,

IvPrurll Lo, 7:12(0)) = C;
lorll Looo,7: 1Ly () = €
IverVarlli20,7.2) < Cs (6.1)
IVVPrllLooo,7: 1202 < C;

2
V0! 1l 2071220 < €.

Theorem 1.1 gives us

swl/mm#mﬂ+m#ﬂM§C. (6.2)
tel0,T]J Q2

Note that (6.1) and (6.2) are uniformly on r. Meanwhile, we have the following

estimates from (1.7),
T
/ /r|u,|2dxdz <C,
0 Ja

T
/ /rp,|u,|4dxdt5c.
0 Q

We construct solutions to the Navier—Stokes equations without drag forces
by passing to the limits as » — 0. Following the same line as in [32], we
can show the convergence of the density and the pressure, prove the strong
convergence of /-, in space LZZOC((O, T) x 2), and the convergence of the
diffusion terms. We remark that Theorem 1.1 is the key tool to show the strong
convergence of ,/p,u,. Here, we list all related convergence from [32]. In

particular,

(6.3)

pr — A/p almost everywhere and strongly in L? (0, T) x Q)),

loc
3
pr—p in C°0,T; L}.(Q);
(6.4)
the convergence of pressure
pf — p¥ stronglyin L},.((0, T) x Q); (6.5)
the convergence of the momentum and ,/p,u,
or — pu  strongly in LZ(O, T; LIPOC(Q)) for p €[1,3/2); 6.6)

Jpru, — /pu  strongly in L,zoc((O, T) x Q);
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and the convergence of the diffusion terms

Vu, — pVu in ’D,,
PrVuy P , 6.7)
orVia, - pViu in ©.

It remains to prove that terms ru, and rp,|u,|2u, tend to zero as r — 0.
Let v be any test function, then we estimate the term ru,

T T L
/ /ru,g// dx dt 5/ /r2r2|u,||1[/|dxdt
0 Q 0 Q

< Vrivrueli o< ¥ li2o.ryxe) = 0 (6.8)
asr — 0, due to (6.3).

We also estimate 7o, |u, |2ur as follows

T
‘/ / rpr|ur|2ur¢/dxdt
0 Q

= \/;”«ﬁ«//)r|ur|2||L2((o,T)><Q)||vprur oo, 7:L2c2p 1¥ Lo 0. 1)x2) = O (6.9)

asr — 0.
The global weak solutions to (2.1) verifying Proposition 1.1 with ¥k = 0 is
in the following sense, that is, (po,, u,) satisfy the following weak formulation

T T
/prur-t/deIiig—/ /pruﬂlftdxdt—/ /prur®ur:Vt/fdxdt
Q 0 Q 0 Q
T T
—/ /pfdivwdxdt—/ /,o}]])urszdxdt
0 Q 0 Q
T T
= —r/ /u,xp dxdt—r/ /pr|ur|2ur1pdx dt, (6.10)
0 Q 0 Q

where 1 is any test function.
Letting r — 0 in the weak formulation (6.10), and applying (6.4)—(6.9),
one obtains that

T T
/pu-t//dx|zg—/ /put//,dxdt—/ /pu@uszdxdt
Q 0o Ja 0o Ja

T T
—/ /p”divwdxdt—/ /,o]D)uszdxdtzo. 6.11)
0 Q 0 Q
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Thus we proved Theorem 1.2 for any initial value (g, ug) verifying (1.5) with
the additional condition py > % and /poug € L°°(L2). This last condition

can be dropped using [32].

Acknowledgements A. Vasseur’s research was supported in part by NSF Grant DMS-

1209420. C. Yu’s research was supported in part by an AMS-Simons Travel Grant.

Appendix1: Proof of the Lemma 2.2

Proof We prove each statement one by one as follows:
e (a) Thanks to (2.4), we have ¢, (u) = ZgZJ;,(lulz)u, and

oy () =2 (2, (JuHu®u + 1§, (ju?)),

where I is 3 x 3 identity matrix.
e (b) The statement of (b) follows directly from (2.5).
e (c) Integrating (2.5) with initial data ¢,,(0) = 0, one obtains

1 +1In(1+y) if0<y<n,
. =11+2In(1+n) —In(l+y), ifn<y<C,
0 ifyZCn,

Since
1+2In(14+n)—1In(1+C,) =0,
forany y > 0, (7.1) implies
@n(y) = 0.

Foranyn <y < C,, we have

14+2In(1+n)—In(1+y) <1+2In(1+y)—In(l+y)

=1+In(1+y).
In one word, for any y > 0, we have
0<¢,(y) <1+In(+y).
e (d) By (a)—(c), it follows

luf?

" >~ 4 ~1 2 2 ~/ < 4
o, (W] = 4@, [[u]” +2[@,]| T+ [u?

<6+42In(l +n).
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e (e) Integrating (7.1) with initial data ¢, (0) = 0, it gives (2.9). Moreover,

thanks to (¢), ¢, (¥) is an increasing function with respect to y for any fixed
n. We have that ¢, (y) is a nondecreasing function with respect to n for any
fixed y.

O
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