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Abstract In this paper, we prove the existence of global weak solutions for 3D
compressible Navier–Stokes equations with degenerate viscosity. The method
is based on the Bresch and Desjardins (Commun Math Phys 238:211–223
2003) entropy conservation. The main contribution of this paper is to derive
the Mellet and Vasseur (Commun Partial Differ Equ 32:431–452, 2007) type
inequality for weak solutions, even if it is not verified by the first level of
approximation. This provides existence of global solutions in time, for the
compressible barotropic Navier–Stokes equations. The result holds for any
γ > 1 in two dimensional space, and for 1 < γ < 3 in three dimensional
space, in both case with large initial data possibly vanishing on the vacuum.
This solves an open problem proposed by Lions (Mathematical topics in fluid
mechanics. Vol. 2. Compressible models, 1998).

Mathematics Subject Classification 35Q35 · 76N10
1 Introduction

The existence of global weak solutions of compressible Navier–Stokes equa-
tions with degenerate viscosity has been a long standing open problem. The
objective of this current paper is to establish the existence of global weak
solutions to the following 3D compressible Navier–Stokes equations:
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936 A. F. Vasseur, C. Yu

ρt + div(ρu) = 0

(ρu)t + div(ρu ⊗ u) + ∇ P − 2νdiv(ρDu) = 0,
(1.1)

with initial data
ρ|t=0 = ρ0(x), ρu|t=0 = ρ0u0, (1.2)

where P = ργ , γ > 1, denotes the pressure, ρ is the density of fluid, u stands
for the velocity of fluid, Du = 1

2 [∇u + ∇T u] is the strain tensor. For the
sake of simplicity we will consider the case of bounded domain with periodic
boundary conditions, namely � = T

3.
In the case γ = 2 in two dimensional space, this corresponds to the shallow

water equations, where ρ(t, x) stands for the height of the water at position x ,
and time t , and u(t, x) is the 2D velocity at the same position, and same time.
In this case, the physical viscosity was formally derived as in (1.1) (see Gent
[15]). In this context, the global existence of weak solutions to equations (1.1)
is proposed as an open problem by Lions in [27]. A careful derivation of the
shallow water equations with the following viscosity term

2νdiv(ρDu) + 2ν∇(ρdivu)

can be found in the recent work by Marche [28]. Bresch and Noble [5,6]
provided the mathematical derivation of viscous shallow-water equations with
the above viscosity. However, this viscosity cannot be covered by the BD
entropy.

Compared with the incompressible flows, dealing with the vacuum is a
very challenging problem in the study of the compressible flows. Kazhikhov
and Shelukhin [25] established the first existence result on the compressible
Navier–Stokes equations in one dimensional space. Due to the difficulty from
the vacuum, the initial density should be bounded away from zero in their
work. It has been extended by Serre [34] and Hoff [20] for the discontinuous
initial data, and by Mellet and Vasseur [33] in the case of density dependent
viscosity coefficient, see also in spherically symmetric case [10,11,18]. For
the multidimensional case, Matsumura and Nishida [29–31] first established
the global existence with the small initial data, and later by Hoff [21–23] for
discontinuous initial data. To remove the difficulty from the vacuum, Lions in
[27] introduced the concept of renormalized solutions to establish the global
existence of weak solutions for γ > 9

5 concerning large initial data that may
vanish, and then Feireisl et al. [13] and Feireisl [14] extended the existence
results to γ > 3

2 , and even to Navier–Stokes-Fourier system. In all above
works, the viscosity coefficients were assumed to be fixed positive numbers.
This is important to control the gradient of the velocity, in the context of
solutions close to an equilibrium, a breakthrough was obtained by Danchin
[8,9]. However, the regularity and the uniqueness of the weak solutions for
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large data remain largely open for the compressible Navier–Stokes equations,
even as in two dimensional space, see Vaigant and Kazhikhov [37] (see also
Germain [16], and Haspot [19], where criteria for regularity or uniqueness are
proposed).

The problem becomes even more challenging when the viscosity coeffi-
cients depend on the density. Indeed, the Navier–Stokes equations (1.3) is
highly degenerated at the vacuum because the velocity cannot even be defined
when the density vanishes. It is very difficult to deduce any estimate of the
gradient on the velocity field due to the vacuum. This is the essential dif-
ference from the compressible Navier–Stokes equations with the non-density
dependent viscosity coefficients. The first tool of handling this difficulty is
due to Bresch et al., see [3], where the authors developed a new mathematical
entropy to show the structure of the diffusion terms providing some regularity
for the density. An early version of this entropy can be found in 1D for con-
stant viscosity in [35,36]. The result was later extended for the case with an
additional quadratic friction term rρ|u|u, refer to Bresch and Desjardins [1,2]
and the recent results by Bresch et al. [4] and by Zatorska [39]. Unfortunately,
those bounds are not enough to treat the compressibleNavier–Stokes equations
without additional control on the vacuum, as the introduction of capillarity,
friction, or cold pressure.

The primary obstacle to prove the compactness of the solutions to (1.3) is
the lack of strong convergence for

√
ρu in L2. We cannot pass to the limit

in the term ρu ⊗ u without the strong convergence of
√

ρu in L2. This is an
other essential difference with the case of non-density dependent viscosity.
To solve this problem, a new estimate is established in Mellet and Vasseur
[32], providing a L∞(0, T ; L log L(�)) control on ρ|u|2. This new estimate
provides the weak stability of smooth solutions of (1.3).

The classical way to construct global weak solutions of (1.3) would consist
in constructing smooth approximation solutions, verifying the priori estimates,
including the Bresch–Desjardins entropy, and the Mellet–Vasseur inequality.
However, those extra estimates impose a lot of structure on the approximat-
ing system. Up to now, no such approximation scheme has been discovered.
In [1,2], Bresch and Desjardins propose a very nice construction of approx-
imations, controlling both the usual energy and BD entropy. This allows the
construction of weak solutions, when additional terms—as drag terms, or cold
pressure, for instance—are added. Note that their result holds true even in
dimension 3. However, their construction does not provide the control of the
ρu in L∞(0, T ; L log L(�)).

The objective of our current work is to investigate the issue of existence of
solutions for the compressible Navier–Stokes equations (1.1) with large initial
data in 3D. Jungel [24] studied the compressible Navier–Stokes equations with

the Bohm potential κρ
(

�
√

ρ√
ρ

)
, and obtained the existence of a particular weak
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solution. Moreover, he deduced an estimate of ∇ρ
1
4 in L4((0, T )×�), which

is very useful in this current paper. In [17], Gisclon and Lacroix-Violet showed
the existence of usual weak solutions for the compressible quantum Navier–
Stokes equationswith the addition of a cold pressure. Independently,weproved
the existence of weak solutions to the compressible quantum Navier–Stokes
equations with damping terms, see [38]. This result is very similar to [17].
Actually, it is written in [17] that they can handle in a similar way the case with
the drag force. Unfortunately, the case with the cold pressure is not suitable
for our purpose.

Building up from the result [38] (a variant of [17]), we establish the loga-
rithmic estimate for the weak solutions similar to [32]. For this, we first derive
a “renormalized” estimate on ρϕ(|u|), for ϕ nice enough, for solutions of [38]
with the additional drag forces. It is showed to be independent on the strength
of those drag forces, allowing to pass into the limit when those forces van-
ish. Since this estimate cannot be derived from the approximation scheme of
[38], it has to be carefully derived on weak solutions. After passing into the
limit κ goes to 0, we can recover the logarithmic estimate, taking a suitable
function ϕ. This is reminiscent to showing the conservation of the energy for
weak solutions to incompressible Navier–Stokes equations. This conservation
is true for smooth solutions. However, it is a long standing open problem,
whether Leray–Hopf weak solutions are also conserving energy.

Equation (1.1) can be seen as a particular case of the following Navier–
Stokes

ρt + div(ρu) = 0

(ρu)t + div(ρu ⊗ u) + ∇ P − 2div(μ(ρ)Du) − ∇(λ(ρ)divu) = 0,
(1.3)

where the viscosity coefficientsμ(ρ) and λ(ρ) depend on the density, andmay
vanish on the vacuum. When the coefficients verify the following condition:

λ(ρ) = 2ρμ
′
(ρ) − 2μ(ρ)

the system still formally verifies the BD estimate. However, the construction of
Bresch andDesjardins in [2] ismore subtle in this case.Up to now, construction
ofweak solutions are known, only verifying afixed combination of the classical
energy and BD entropy (see [4]) in the case with additional terms. Those
solutions verify the decrease of this so-called κ-entropy,1 but not the decrease
of Energy and BD entropy by themselves. The extension of our result, in this
context, is considered in [7].

1 Note that κ here is not related to the κ term in (1.6).
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Without loss of generality, we will fix 2ν = 1 from now on. Note, that we
can recover the general case by the simple change of variables (ρ̄, ū)(t, x) =
(ρ, u)(2νt, 2νx).

The basic energy inequality associated to (1.1) reads as

E(t) +
∫ T

0

∫

�

ρ|Du|2 dx dt ≤ E0, (1.4)

where

E(t) = E(ρ, u)(t) =
∫

�

(
1

2
ρ|u|2 + 1

γ − 1
ργ

)
dx,

and

E0 = E(ρ, u)(0) =
∫

�

(
1

2
ρ0|u0|2 + 1

γ − 1
ρ

γ
0

)
dx .

Remark that those a priori estimates are not enough to show the stability of
the solutions of (1.1), in particular, for the compactness of ργ . Fortunately, a
particular mathematical structure was found in [1,3], which yields the bound
of ∇ρ

γ
2 in L2(0, T ; L2(�)). More precisely, we have the following Bresch-

Desjardins entropy

∫

�

(
1

2
ρ|u + ∇ ln ρ|2 + ργ

γ − 1

)
dx +

∫ T

0

∫

�

|∇ρ
γ
2 |2 dx dt

+
∫ T

0

∫

�

ρ|∇u − ∇T u|2 dx dt ≤
∫

�

(
ρ0|u0|2 + |∇√

ρ0|2+ ρ
γ
0

γ − 1

)
dx .

Thus, the initial data should be given in such way that

ρ0 ∈ L1(�) ∩ Lγ (�), ρ0 ≥ 0 a.e. in �, ∇√
ρ0 ∈ L2(�),

ρ0|u0|2 ∈ L1(�).
(1.5)

Remark 1.1 The initial condition ∇√
ρ0 ∈ L2(�) comes from the Bresch-

Desjardins entropy.

The primary obstacle to prove the compactness of the solutions to (1.6) with
r0 = r1 = 0 is the lack of strong convergence for

√
ρu in L2. Jüngel proved

in [24] the existence of particular weak solutions with test function ρϕ, which
has been introduced in [3]. The main idea of his paper is to rewrite quantum
Navier–Stokes equations as a viscous quantum Euler system by means of the
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effective velocity. He also proved Inequality (1.9) in [24]. This is crucial to
get a key lemma in this current paper. Motivated by the works of [1,3,24], we
proved in [38] the existence of weak solutions to (1.6), and Inequality (1.9).
The r0 and r1 terms provide compactness on ρu ⊗ u in L1, and the strong
convergence of

√
ρu in L2. Let us recall the following existence result from

[38].

Proposition 1.1 For any κ ≥ 0, there exists a global weak solution to the
following system

ρt + div(ρu) = 0,

(ρu)t + div(ρu ⊗ u) + ∇ργ − div(ρDu)

= −r0u − r1ρ|u|2u + κρ∇
(

�
√

ρ√
ρ

)
, (1.6)

with the initial data (1.2) and satisfying (1.5) and −r0
∫
�
log− ρ0 dx < ∞. In

particular, we have the energy inequality

E(t) +
∫ T

0

∫

�

ρ|Du|2 dx dt + r0

∫ T

0

∫

�

|u|2 dx dt

+r1

∫ T

0

∫

�

ρ|u|4 dx dt ≤ E0, (1.7)

where

E(t) = E(ρ, u)(t) =
∫

�

(
1

2
ρ|u|2 + 1

γ − 1
ργ + κ

2
|∇√

ρ|2
)

dx,

and

E0 = E(ρ, u)(0) =
∫

�

(
1

2
ρ0|u0|2 + 1

γ − 1
ρ

γ
0 + κ

2
|∇√

ρ0|2
)

dx,

and the BD-entropy
∫

�

(
1

2
ρ|u + ∇ ln ρ|2 + ργ

γ − 1
+ κ

2
|∇√

ρ|2 − r0 log ρ

)
dx

+
∫ T

0

∫

�
|∇ρ

γ
2 |2 dx dt +

∫ T

0

∫

�
ρ|∇u − ∇T u|2 dx dt

+κ

∫ T

0

∫

�
ρ|∇2 log ρ|2 dx dt

≤ 2
∫

�

(
ρ0|u0|2 + |∇√

ρ0|2 + ρ
γ
0

γ − 1
+ κ

2
|∇√

ρ0|2 − r0 log− ρ0

)
dx + 2E0, (1.8)

where log− g = logmin(g, 1).
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We have the following inequality for any weak solution (ρ, u)

κ
1
2 ‖√ρ‖L2(0,T ;H2(�)) + κ

1
4 ‖∇ρ

1
4 ‖L4(0,T ;L4(�)) ≤ C, (1.9)

where C only depends on the initial data.
Moreover, the weak solution (ρ, u) has the following properties

ρu ∈ C([0, T ]; L
3
2
weak(�)), (

√
ρ)t ∈ L2((0, T ) × �); (1.10)

If we use (ρκ, uκ) to denote the weak solution for κ > 0, then

√
ρκuκ → √

ρu strongly in L2((0, T ) × �), as κ → 0, (1.11)

where (ρ, u) in (1.11) is a weak solution to Eq. (1.6) with initial data (1.2) for
κ = 0.

Remark 1.2 The energy inequality (1.7) yields the following estimates

‖√ρu‖L∞(0,T ;L2(�)) ≤ E0 < ∞,

‖ρ‖L∞(0,T ;Lγ (�)) ≤ E0 < ∞,

‖√κ∇√
ρ‖L∞(0,T ;L2(�)) ≤ E0 < ∞,

‖√ρDu‖L2(0,T ;L2(�)) ≤ E0 < ∞,

‖√r0u‖L2(0,T ;L2(�)) ≤ E0 < ∞,

‖ 4
√

r1ρu‖L4(0,T ;L4(�)) ≤ E0 < ∞.

(1.12)

The BD entropy (1.8) yields the following bounds on the density ρ:

‖∇√
ρ‖L∞(0,T ;L2(�)) ≤ C < ∞, (1.13)

‖√κρ∇2 log ρ‖L2(0,T ;L2(�)) ≤ C < ∞, (1.14)

‖∇ρ
γ
2 ‖L2(0,T ;L2(�)) ≤ C < ∞, (1.15)

and

‖√ρ∇u‖2L2(0,T ;L2(�))
≤

∫

�

(
ρ0|u0|2+ ρ

γ
0

γ − 1
+ |∇√

ρ0|2 − r0 log− ρ0

)
dx

+2E0 < ∞, (1.16)

where C is bounded by the initial data, uniformly on r0, r1 and κ .
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942 A. F. Vasseur, C. Yu

In fact, (1.13) yields

√
ρ ∈ L∞(0, T ; L6(�)), (1.17)

in three dimensional space.

Remark 1.3 Inequality (1.9) is a consequence of the bound on (1.14). This was
used already in [24]. The estimate for the full system (1.6) is proved in [38].

Remark 1.4 The weak formulation of momentum equation in (1.1) reads as

∫

�

ρu · ψ dx |t=T
t=0 −

∫ T

0

∫

�

ρuψt dx dt −
∫ T

0

∫

�

ρu ⊗ u : ∇ψ dx dt

−
∫ T

0

∫

�

ργ divψ dx dt −
∫ T

0

∫

�

ρDu : ∇ψ dx dt

= −r0

∫ T

0

∫

�

uψ dx dt − r1

∫ T

0

∫

�

ρ|u|2uψ dx dt

− 2κ
∫ T

0

∫

�

�
√

ρ∇√
ρψ dx dt

− κ

∫ T

0

∫

�

�
√

ρ
√

ρdivψ dx dt.

(1.18)
for any test function ψ.

Our first main result reads as follows:

Theorem 1.1 For any δ ∈ (0, 2), there exists a constant C depending only on
δ, such that the following holds true. There exists a weak solution (ρ, u) to
(1.6) with κ = 0 verifying all the properties of Proposition 1.1, and satisfying
the following Mellet–Vasseur type inequality for every T > 0, and almost
every t < T :

∫

�

ρ(t, x)(1 + |u(t, x)|2) ln(1 + |u(t, x)|2) dx

≤
∫

�

ρ0(1 + |u0|2) ln(1 + |u0|2) dx

+ 8
∫

�

(
ρ0|u0|2 + ρ

γ
0

γ − 1
+ |∇√

ρ0|2 − r0 log− ρ0

)
dx + 16E0

+ C
∫ T

0

(∫

�

(ρ2γ−1− δ
2 )

2
2−δ

) 2−δ
2

(∫

�

ρ(2 + ln(1 + |u|2)) 2
δ dx

) δ
2

dt,
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where γ > 1 in two dimensional space, and 1 < γ < 3 in three dimensional
space.

Remark 1.5 The right hand side of the above inequality can be bounded by
the initial data. In particular, it does not depend on r0 and r1. This theorem
will provide the strong convergence of

√
ρu in space L2(0, T ; �) when r0, r1

converge to 0. It is the key tool to obtain the existence of weak solutions, by
following the different steps of [32].

Remark 1.6 The condition on γ are the same inMellet and Vasseur [32]. They
are needed to get a finite bound of the right hand side of the inequality. For δ

small enough we need ρ ∈ L p(0, T ; L p(�)) with p > 2γ − 1. The estimate
of Lemma 4.1 gives ρ ∈ L p(0, T ; L p(�)) for any 1 ≤ p < ∞ in dimension

2, and ρ ∈ L
5γ
3 (0, T ; L

5γ
3 (�)) in dimension 3. Note that 2γ − 1 <

5γ
3 for

γ < 3.

We give the definition of the weak solution (ρ, u) to the initial value problem
(1.1)–(1.2) in the following sense: for any t ∈ [0, T ],
• (1.2) holds in D′(�),
• (1.4) holds for almost every t ∈ [0, T ],
• (1.1) holds in D′((0, T ) × �)) and the following regularities are satisfied

ρ ≥ 0, ρ ∈ L∞([0, T ]; Lγ (�)),

ρ(1 + |u|2) ln(1 + |u|2) ∈ L∞(0, T ; L1(�)),

∇ρ
γ
2 ∈ L2(0, T ; L2(�)), ∇√

ρ ∈ L∞(0, T ; L2(�)),√
ρu ∈ L∞(0, T ; L2(�)),

√
ρ∇u ∈ L2(0, T ; L2(�)).

Remark 1.7 The regularity ∇√
ρ ∈ L∞(0, T ; L2(�)) and ∇ρ

γ
2 ∈ L2(0, T ;

L2(�)) come from the Bresch–Desjardins entropy.

As a sequence of Theorem 1.1, our second main result reads as follows:

Theorem 1.2 Let (ρ0, ρ0u0) satisfy (1.5) and

∫

�

ρ0(1 + |u0|2) ln(1 + |u0|2) dx < ∞.

Then, for any T > 0, for γ > 1 in two dimensional space, and 1 < γ < 3 in
three dimensional space, there exists a weak solution of (1.1)–(1.2) on (0, T ).

We cannot obtain directly the estimate of Theorem 1.1 from (1.6) with
κ = 0, because we do not have enough regularity on the solutions. But, the
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944 A. F. Vasseur, C. Yu

estimate is not true for the solutions of (1.6) for κ > 0. The idea is to obtain a
control on

∫

�

ρ(t, x)ϕn(φ(ρ)u(t, x)) dx

at the level κ > 0, for aϕn , suitable bounded approximation of (1+|u|2) ln(1+
|u|2), and a suitable cut-off functionφ ofρ, controlling both the large and small
ρ. The first step (see Sect. 2) consists in showing thatwe can control (uniformly
with respect to κ) this quantity, for any weak solutions of (1.6) with κ > 0.
This has to be done in several steps, taking into account the minimal regularity
of the solutions, the weak control of the solutions close to the vacuum, and
the extra capillarity higher order terms. In the limit κ goes to zero, the cut-off
function φ has to converge to one in a special rate associated to κ (see Sects. 3,
4). For any weak limit to (1.6) obtained by limit κ converges to 0, this provides
a (uniform in n, r0, and r1) bound to:

∫

�

ρ(t, x)ϕn(φ(ρ)u(t, x)) dx .

Note that the bound is not uniform in n, for κ fixed. However, it becomes
uniform in n at the limit κ converges to 0. In Sect. 5, we pass into the limit n
goes to infinity, obtaining a uniform bound with respect to r0 and r1 of

∫

�

ρ(t, x)(1 + |u(t, x)|2) ln(1 + |u(t, x)|2) dx .

Section 6 is devoted to the limit r1 and r0 converges to 0. The uniform estimate
above provides the strong convergence of

√
ρu needed to obtain the existence

of global weak solutions to (1.1) with large initial data.

2 Approximation of the Mellet–Vasseur type inequality

In this section, we construct an approximation of the Mellet–Vasseur type
inequality for anyweak solution to the following level of approximation system

ρt + div(ρu) = 0,

(ρu)t + div(ρu ⊗ u) + ∇ργ − div(ρDu)

= −r0u − r1ρ|u|2u + κρ∇
(

�
√

ρ√
ρ

)
, (2.1)

with Initial data (1.5), verifying in addition that ρ0 ≥ 1
m0

for m0 > 0 and√
ρ0u0 ∈ L∞(�). This restriction on the initial data will be useful later to get
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Existence of global weak solutions for 3D degenerate... 945

the strong convergence of
√

ρu when t converges to 0. This restriction will be
canceled at the very end, (see Sect. 6).

In the same line of Bresch–Desjardins [1,2,24], we constructed the weak
solutions to the system (1.6) for any κ ≥ 0 by the natural energy estimates
and the Bresch–Desjardins entropy, see [38]. The term r1ρ|u|2u turns out
to be essential to show the strong convergence of

√
ρu in L2(0, T ; L2(�)).

Unfortunately, it is not enough to ensure the strong convergence of
√

ρu in
L2(0, T ; L2(�)) when r0 and r1 vanish.
We define two C∞, nonnegative cut-off functions φm and φK as follows:

φm(ρ) = 1 for any ρ >
1

m
, φm(ρ) = 0 for any ρ <

1

2m
, (2.2)

where m > 0 is any real number, and |φ′
m | ≤ 2m; and φK (ρ) ∈ C∞(R) is a

nonnegative function such that

φK (ρ) = 1 for any ρ < K , φK (ρ) = 0 for any ρ > 2K , (2.3)

where K > 0 is any real number, and |φ′
K | ≤ 2

K .
We define v = φ(ρ)u, and φ(ρ) = φm(ρ)φK (ρ). The following lemma

will be very useful to construct the approximation of the Mellet–Vasseur type
inequality. The structure of the κ quantum term in [24] is essential to get this
lemma in 3D. It seems not possible to get it from the Korteweg term of [1] in
3D.

Lemma 2.1 For any fixed κ > 0, we have

‖∇v‖L2(0,T ;L2(�)) ≤ C,

where the constant C depend on κ > 0, r1, K and m; and

ρt ∈ L4(0, T ; L6/5(�)) + L2(0, T ; L3/2(�)) uniformly in κ.

Proof For any fixed κ > 0, (1.9) gives us

‖∇ρ
1
4 ‖L4(0,T ;L4(�)) ≤ C.

For v, we calculate it as follows

∇v = ∇(φ(ρ)u) = (φ′(ρ)∇ρ)u + φ(ρ)∇u,
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946 A. F. Vasseur, C. Yu

and hence

‖(φ′(ρ)∇ρ)u + φ(ρ)∇u‖L2(0,T ;L2(�))

≤ C‖ρ 1
4 u∇ρ

1
4 ‖L2(0,T ;L2(�)) + C‖√ρ∇u‖L2(0,T ;L2(�))

≤ C‖ρ 1
4 u‖L4(0,T ;L4(�))‖∇ρ

1
4 ‖L4(0,T ;L4(�)) + C‖√ρ∇u‖L2(0,T ;L2(�)),

where we used the definition of the function φ(ρ). Indeed, there exists C > 0
such that ∣∣φ′(ρ)

√
ρ
∣∣ +

∣∣∣∣
φ(ρ)√

ρ

∣∣∣∣ ≤ C

for any ρ > 0.
Meanwhile,

ρt = −∇ρ · u − ρdivu

= −2∇√
ρ · ρ

1
4 uρ

1
4 − √

ρ
√

ρdivu = S1 + S2.

Using (1.12), (1.13) and (1.17), one obtains

S1 ∈ L4(0, T ; Lr (�)) for 1 ≤ r ≤ 6

5
.

By (1.12) and (1.17), we conclude

S2 ∈ L2(0, T ; Ls(�)) for 1 ≤ s ≤ 3

2
.

Thus, we have

ρt ∈ L4(0, T ; Lr (�)) + L2(0, T ; Ls(�)).


�
We introduce a new nonnegative cut-off function ϕn which is in C1(R3):

ϕn(u) = ϕ̃n(|u|2), (2.4)

where ϕ̃n is given on R
+ by

ϕ̃′′
n (y)

⎧
⎪⎨
⎪⎩

= 1
1+y if 0 ≤ y ≤ n,

= − 1
1+y if n < y < Cn,

= 0 if y ≥ Cn,

(2.5)

with ϕ̃′
n(0) = 0, ϕ̃n(0) = 0, and Cn = e(1 + n)2 − 1.
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Here we gather the properties of the function ϕ̃n in the following lemma:

Lemma 2.2 Let ϕn and ϕ̃n be defined as above. Then they verify

• (a) For any u ∈ R
3, we have

ϕ′′
n (u) = 2

(
2ϕ̃′′

n (|u|2)u ⊗ u + Iϕ̃′
n(|u|2)) , (2.6)

where I is 3 × 3 identity matrix.
• (b) |ϕ̃′′

n (y)| ≤ 1
1+y for any n > 0 and any y ≥ 0.

• (c)

ϕ̃′
n(y)

⎧⎨
⎩

= 1 + ln(1 + y) if 0 ≤ y ≤ n,

= 0 if y ≥ Cn,

≥ 0, and ≤ 1 + ln(1 + y) if n < y ≤ Cn.

(2.7)

In one word, 0 ≤ ϕ̃′
n ≤ 1 + ln(1 + y) for any y ≥ 0, and it is compactly

supported.
• (d) For any given n > 0, we have

|ϕ′′
n (u)| ≤ 6 + 2 ln(1 + n) (2.8)

for any u ∈ R
3.

• (e)

ϕ̃n(y)=
⎧
⎨
⎩

(1 + y) ln(1 + y) if 0 ≤ y < n,

2(1 + ln(1 + n))y − (1 + y) ln(1 + y) + 2(ln(1 + n) − n), if n ≤ y ≤ Cn,

e(1 + n)2 − 2n − 2 if y ≥ Cn,

(2.9)

ϕ̃n(y) is a nondecreasing function with respect to y for any fixed n, and it
is a nondecreasing function with respect to n for any fixed y, and

ϕ̃n(y) → (1 + y) ln(1 + y) a.e. (2.10)

as n → ∞.

The proof is easy. We give it in the appendix for the sake of completeness.
The first step of constructing the approximation of the Mellet–Vasseur type

inequality is the following lemma:
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948 A. F. Vasseur, C. Yu

Lemma 2.3 For any weak solution to (2.1) constructed in Proposition 1.1,
and any ψ(t) ∈ D(−1, +∞), we have

−
∫ T

0

∫

�

ψtρϕn(v) dx dt +
∫ T

0

∫

�

ψ(t)ϕ′
n(v)F dx dt

+
∫ T

0

∫

�

ψ(t)S : ∇(ϕ′
n(v)) dx dt

=
∫

�

ρ0ϕn(v0)ψ(0) dx, (2.11)

where

S = ρφ(ρ)

(
Du + κ

�
√

ρ√
ρ

I

)
, and

F = ρ2uφ′(ρ)divu + 2ρ
γ
2 ∇ρ

γ
2 φ(ρ) + ρ∇φ(ρ)Du + r0uφ(ρ)

+ r1ρ|u|2uφ(ρ) + κ
√

ρ∇φ(ρ)�
√

ρ + 2κφ(ρ)∇√
ρ�

√
ρ, (2.12)

where I is an identical matrix.

In this proof, κ, m and K are fixed. So the dependence of the constants appear-
ing in this proof will not be specified.

Multiplying φ(ρ) on both sides of the second equation of (2.1), we have

(ρv)t − ρuφ′(ρ)ρt + div(ρu ⊗ v) − ρu ⊗ u∇φ(ρ) + 2ρ
γ
2 ∇ρ

γ
2 φ(ρ)

− div(φ(ρ)ρDu) + ρ∇φ(ρ)Du + r0uφ(ρ) + r1ρ|u|2uφ(ρ)

− κ∇(
√

ρφ(ρ)�
√

ρ)

+ κ
√

ρ∇φ(ρ)�
√

ρ + 2κφ(ρ)∇√
ρ�

√
ρ = 0.

Remark 2.1 Both∇√
ρ and ρt are functions, so the above equality are justified

by regularizing ρ and passing into the limit.

Remark 2.2 At the very end of the proof, functions (5.4) will be used as ψ

functions. Note that they are non-increasing. The functions (−ψt ) can be seen
as regularizations of the Dirac mass δ(t − t̃) at t = t̃ , for a fixed t̃ > 0.

We can rewrite the above equation as follows

(ρv)t + div(ρu ⊗ v) − divS + F = 0, (2.13)

where we used

ρuφ′(ρ)ρt + ρu ⊗ uφ′(ρ)∇ρ = ρuφ′(ρ)(ρt + ∇ρ · u)

= −ρ2uφ′(ρ)divu,

123



Existence of global weak solutions for 3D degenerate... 949

and S and F are as in (2.12). Since
√

ρφ(ρ) and ρφ(ρ) is bounded, and by
means of (1.9) and (1.12)–(1.16), we find

‖F‖
L
4
3 (0,T ;L1(�))

≤ C, ‖S‖L2(0,T ;L2(�)) ≤ C.

Note that those bounds depend on K and κ.

We first introducing a test function ψ(t) ∈ D(0, +∞). Essentially this
function vanishes for t close t = 0. We will later extend the result for ψ(t) ∈
D(−1, +∞). We define a new function 
 = ψ(t)ϕ′

n(v), where f (t, x) =
f ∗ηk(t, x), k is a small enoughnumber.Note that,ψ(t) is compactly supported
in (0, ∞), 
 is well defined on (0, ∞) for k small enough. We use it to test
(2.13) to have

∫ T

0

∫

�

ψ(t)ϕ′
n(v)[(ρv)t + div(ρu ⊗ v) − divS + F] dx dt = 0,

which in turn gives us

∫ T

0

∫

�

ψ(t)ϕ′
n(v)[(ρv)t + div(ρu ⊗ v) − divS + F] dx dt = 0. (2.14)

The first term in (2.14) can be calculated as follows

∫ T

0

∫

�

ψ(t)ϕ′
n(v)(ρv)t dx dt

=
∫ T

0

∫

�

ψ(t)ϕ′
n(v)(ρv)t dx dt+

∫ T

0

∫

�

ψ(t)ϕ′
n(v)[(ρv)t −(ρv)t ] dx dt

=
∫ T

0

∫

�

ψ(t)ϕ′
n(v)(ρt v + ρvt ) dx dt + R1

=
∫ T

0

∫

�

ψ(t)ρtϕ
′
n(v)v dx dt +

∫ T

0

∫

�

ψ(t)ρϕn(v)t dx dt + R1,

(2.15)
where

R1 =
∫ T

0

∫

�

ψ(t)ϕ′
n(v)[(ρv)t − (ρv)t ] dx dt.
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Thanks to the first equation in (2.1), the second term in (2.14) is given by

∫ T

0

∫

�

ψ(t)ϕ′
n(v)div(ρu ⊗ v) dx dt

=
∫ T

0

∫

�

ψ(t)ρtϕn(v) dx dt −
∫ T

0

∫

�

ψ(t)ρtϕ
′
n(v)v + R2, (2.16)

and

R2 =
∫ T

0

∫

�

ψ(t)ϕ′
n(v)[div(ρu ⊗ v) − div(ρu ⊗ v)].

From (2.14)–(2.16), we deduce

∫ T

0

∫

�

ψ(t)(ρϕn(v))t dx dt + R1 + R2 −
∫ T

0

∫

�

ψ(t)ϕ′
n(v)divS dx dt

+
∫ T

0

∫

�

ψ(t)ϕ′
n(v)F = 0.

(2.17)
Note that, v converges to v almost everywhere and

ρϕn(v)ψt → ρϕn(v)ψt in L1((0, T ) × �).

So, up to a subsequence, we find

∫ T

0

∫

�

(ρϕn(v))ψt dx dt →
∫ T

0

∫

�

(ρϕn(v))ψt dx dt as k → 0. (2.18)

ϕ′
n(v) converges to ϕ′

n(v) almost everywhere, and it is uniformly bounded in
L∞(0, T ; �), thus

∫ T

0

∫

�

ψ(t)ϕ′
n(v)F →

∫ T

0

∫

�

ψ(t)ϕ′
n(v)F as k → 0. (2.19)

Noticing that

∇v ∈ L2(0, T ; L2(�)),

this yields

∇v → ∇v strongly in L2(0, T ; L2(�)).
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Since S converges to S strongly in L2(0, T ; L2(�)), and ϕ′′
n (v) converges to

ϕ′′
n (v) almost everywhere and uniformly bounded in L∞((0, T ) × �), the

following ones

∫ T

0

∫

�

ψ(t)ϕ′
n(v)divS dx dt = −

∫ T

0

∫

�

ψ(t)S : ∇(ϕ′
n(v)) dx dt, (2.20)

converges to

−
∫ T

0

∫

�

ψ(t)S : ∇(ϕ′
n(v)) dx dt. (2.21)

To handle R1 and R2, we use the following lemma due to Lions, see [26].

Lemma 2.4 Let f ∈ W 1,p(RN ), g ∈ Lq(RN ) with 1 ≤ p, q ≤ ∞, and
1
p + 1

q ≤ 1. Then, we have

‖div( f g) ∗ wε − div( f (g ∗ wε))‖Lr (RN ) ≤ C‖ f ‖W 1,p(RN )‖g‖Lq (RN )

for some C ≥ 0 independent of ε, f and g, r is determined by 1
r = 1

p + 1
q . In

addition,

div( f g) ∗ wε − div( f (g ∗ wε)) → 0 in Lr (RN )

as ε → 0 if r < ∞.

This lemma includes the following statement.

Lemma 2.5 Let ft ∈ L p(0, T ), g ∈ Lq(0, T ) with 1 ≤ p, q ≤ ∞, and
1
p + 1

q ≤ 1. Then, we have

‖( f g)t ∗ wε − ( f (g ∗ wε))t‖Lr (0,T ) ≤ C‖ ft‖L p(0,T )‖g‖Lq (0,T )

for some C ≥ 0 independent of ε, f and g, r is determined by 1
r = 1

p + 1
q . In

addition,

( f g)t ∗ wε − ( f (g ∗ wε))t → 0 in Lr (0, T )

as ε → 0 if r < ∞.

With Lemma 2.4 and Lemma 2.5 in hand, we are ready to handle the terms
R1 and R2. For κ > 0, by Lemma 2.1 and Poincaré inequality, we have
v ∈ L2(0, T ; L6(�)). Lemma 2.1 gives us

ρt ∈ L4(0, T ; L6/5(�)) + L2(0, T ; L3/2(�)).
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Thus, applying Lemma 2.5, we have

|R1| ≤
∫ T

0

∫

�

∣∣∣ψ(t)ϕ′
n(v)[(ρv)t − (ρv)t ]

∣∣∣ dx dt

≤ C(ψ)

∫ T

0

∫

�

∣∣∣ϕ′
n(v)[(ρv)t − (ρv)t ]

∣∣∣ dx dt → 0 as k → 0.

(2.22)
Similarly, Lemma 2.4 gives us

R2 → 0 as k → 0. (2.23)

Letting k goes to zero in (2.17), and using (2.18)–(2.23), we derive

−
∫ T

0

∫

�

ψtρϕn(v) dx dt +
∫ T

0

∫

�

ψ(t)ϕ′
n(v)F dx dt

+
∫ T

0

∫

�

ψ(t)S : ∇(ϕ′
n(v)) dx dt = 0,

(2.24)

for any test function ψ ∈ D(0, ∞).

Now, we need to consider the test function ψ(t) ∈ D(−1, ∞). For this, we
need the continuity of ρ(t) and (

√
ρu)(t) in the strong topology at t = 0.

In fact, Proposition 1.1 gives us

(
√

ρ)t ∈ L2(0, T ; L2(�)),
√

ρ ∈ L2(0, T ; H2(�)),

which implies

√
ρ ∈ C([0, T ]; L2(�)) and ∇√

ρ ∈ C(0, T ; L2(�)),

thanks to Theorem 3 on page 287, see [12]. Similarly, we have

ρ ∈ C([0, T ]; L2(�)) (2.25)

due to

‖∇ρ‖L2(0,T ;L2(�)) ≤ C‖∇ρ
1
4 ‖L4(0,T ;L4(�))‖ρ

3
4 ‖L4(0,T ;L4(�)).

Meanwhile, we have

√
ρ ∈ L∞(0, T ; L p(�)) for any 1 ≤ p ≤ 6,

and hence √
ρ ∈ C([0, T ]; L p(�)) for any 1 ≤ p ≤ 6. (2.26)
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On the other hand, we see

ess lim sup
t→0

1

2

∫

�

|√ρu − √
ρ0u0|2 dx

≤ ess lim sup
t→0

(∫

�

(
1

2
ρ|u|2 + ργ

γ − 1
+ κ|∇√

ρ|2
)

dx

−
∫

�

(
1

2
ρ0|u0|2 + ρ

γ
0

γ − 1

)
+ κ|∇√

ρ0|2 dx

)

+ ess lim sup
t→0

(∫

�

√
ρ0u0(

√
ρ0u0−√

ρu) dx+
∫

�

(
ρ

γ
0

γ − 1
− ργ

γ − 1

))

− κ ess lim sup
t→0

∣∣∇√
ρ0 − ∇√

ρ
∣∣2 dx

+ 2κ ess lim sup
t→0

∫

�

∇√
ρ0 · (∇√

ρ0 − ∇√
ρ) dx .

(2.27)
Note that,

ess lim sup
t→0

∫

�

∇√
ρ0 · (∇√

ρ0 − ∇√
ρ) dx = 0, (2.28)

and using (1.7), (2.26) and the convexity of ρ �→ ργ , one obtains

ess lim sup
t→0

∫

�

|√ρu − √
ρ0u0|2 dx

≤ 2ess lim sup
t→0

∫

�

√
ρ0u0(

√
ρ0u0 − √

ρu) dx

= 2ess lim sup
t→0

(∫

�

√
ρ0u0(

√
ρ0u0 − √

ρuφm(ρ)) dx

+
∫

�

√
ρ0u0(1 − φm(ρ))

√
ρu dx

)

= B1 + B2.

By Proposition 1.1, we have

ρu ∈ C([0, T ]; L
3
2
weak(�)). (2.29)

We consider B1 as follows
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B1 = 2ess lim sup
t→0

(∫

�

√
ρ0u0

(
φm(ρ)√

ρ
(ρ0u0 − ρu)

)
dx

−
∫

�

√
ρ0ρ0|u0|2

(
φm(ρ)√

ρ
− φm(ρ0)√

ρ0

)
dx

)
,

and use (2.26) and (2.29) to have B1 = 0.
Since m ≥ m0, and ρ0 ≥ 1

m0
, we find

|B2| ≤ ‖√ρ0u0‖L∞(�)‖√ρu‖L∞(0,T ;L2(�))ess lim sup
t→0

‖1 − φm(ρ)(t)‖L2(�) = 0.

Thus, we have

ess lim sup
t→0

∫

�

|√ρu − √
ρ0u0|2 dx = 0,

which in turn gives us

√
ρu ∈ C([0, T ]; L2(�)). (2.30)

From (2.25) and (2.30), we deduce

lim
τ→0

1

τ

∫ τ

0

∫

�

ρϕn(v) dx dt =
∫

�

ρ0ϕn(v0) dx .

Choosing the following test function for (2.24),

ψτ (t) = ψ(t) for t ≥ τ, ψτ (t) = ψ(τ)
t

τ
for t ≤ τ,

we have

−
∫ T

τ

∫

�

ψtρϕn(v) dx dt +
∫ T

0

∫

�

ψτ (t)ϕ
′
n(v)F dx dt

+
∫ T

0

∫

�

ψτ (t)S : ∇(ϕ′
n(v)) dx dt = ψ(τ)

τ

∫ τ

0

∫

�

ρϕn(v) dx dt.

Passing into the limit as τ → 0, this gives us

−
∫ T

0

∫

�

ψtρϕn(v) dx dt +
∫ T

0

∫

�

ψ(t)ϕ′
n(v)F dx dt

+
∫ T

0

∫

�

ψ(t)S : ∇(ϕ′
n(v)) dx dt =

∫

�

ρ0ψ(0)ϕn(v0) dx . (2.31)
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3 Recover the limits as m → ∞
In this section, we want to recover the limits from (2.11) as m → ∞.Here, we
should remark that (ρ, u) is any fixed weak solution to (2.1) verifying Propo-
sition 1.1 with κ > 0. For any fixed weak solution (ρ, u), φm(ρ) converges
to 1 almost everywhere for (t, x), and it is uniform bounded in L∞(0, T ; �),

and

r0φK (ρ)u ∈ L2(0, T ; L2(�)).

Thus, we find

vm = φmφK u → φK u almost everywhere for (t, x)

as m → ∞. The Dominated Convergence Theorem allows us to have

vm → φK u in L2(0, T ; L2(�))

as m → ∞, and hence,

ϕn(vm) → ϕn(φK u) in L p((0, T ) × �)

for any 1 ≤ p < ∞. Thus, we can show that

∫ T

0

∫

�

ψ ′(t)(ρϕn(vm)) dx dt →
∫ T

0

∫

�

ψ ′(t)(ρϕn(φK (ρ)u)) dx dt

and
∫

�

ρ0ϕn(vm0) →
∫

�

ρ0ϕn(φK (ρ0)u0)

as m → ∞.

Meanwhile, for any fixed ρ, we have

φ′
m(ρ) → 0 almost everywhere for (t, x)

as m → ∞.

Calculating |φ′
m(ρ)| ≤ 2m as 1

2m ≤ ρ ≤ 1
m , and otherwise, φ′

m(ρ) = 0,
thus,

|ρφ′
m(ρ)| ≤ 1 for all ρ.

To pass into the limits in (2.31) as m → ∞, we rely on the following
Lemma:
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Lemma 3.1 If

‖am‖L∞(0,T ;�) ≤ C, am → a a.e. for (t, x) and in L p((0, T ) × �)

for any 1 ≤ p < ∞,

f ∈ L1((0, T ) × �), then we have

∫ T

0

∫

�

φm(ρ)am f dx dt →
∫ T

0

∫

�

a f dx dt as m → ∞,

and

∫ T

0

∫

�

∣∣ρφ′
m(ρ)am f

∣∣ dx dt → 0 as m → ∞.

Proof We have

|φm(ρ)am f − a f | ≤ |φm(ρ) f − f ||am | + |am f − a f | = I1 + I2.

For I1: φm(ρ) f → f a.e. for (t, x) and

|φm(ρ) f − f | ≤ 2| f | a.e. for (t, x),

by Lebesgue’s Dominated Convergence Theorem, we find

∫ T

0

∫

�

|φm(ρ) f − f | dx dt → 0

as m → ∞, which in turn yields

∫ T

0

∫

�

|φm(ρ)am f − am f | dx dt

≤ ‖am‖L∞(0,T ;�)

∫ T

0

∫

�

|φm(ρ) f − f | dx dt

→ 0

as m → ∞. Following the same line, we show

∫ T

0

∫

�

|am f − a f | dx dt → 0
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as m → ∞. Thus we have

∫ T

0

∫

�

φm(ρ)am f dx dt →
∫ T

0

∫

�

a f dx dt

as m → ∞.

We now consider
∫ T
0

∫
�

|ρφ′
m(ρ)am f | dx dt . Notice that |ρφ′

m(ρ)| ≤ C ,
and ρφ′

m(ρ) converges to 0 almost everywhere, so
∣∣ρφ′

m(ρ)am f
∣∣ ≤ C | f |, and

by means of Lebesgue’s Dominated Convergence Theorem, we have

∫ T

0

∫

�

|ρφ′
m(ρ)am f | dx dt → 0

as m → ∞. 
�
Calculating

∫ T

0

∫

�

ψ(t)Sm : ∇(ϕ′
n(vm)) dx dt

=
∫ T

0

∫

�

ψ(t)Smϕ′′
n (vm) (∇φmφK u + φm∇φK u + φmφK ∇u) dx dt

=
∫ T

0

∫

�

φm(ρ)am1 f1 dx dt +
∫ T

0

∫

�

ρφ′
m(ρ)am2 f2 dx dt, (3.1)

where

am1 = φm(ρ)ϕ′′
n (vm),

f1 = ψ(t)ρφK (ρ)

(
Du + κ

�
√

ρ√
ρ

I

)
(u∇φK (ρ) + φK (ρ)∇u),

and

am2 = ϕ′′
n (vm)φm(ρ)φK (ρ)u = ϕ′′

n (vm)vm,

f2 = ψ(t)φK (ρ)

(
Du + κ

�
√

ρ√
ρ

I

)
∇ρ

= 2ψ(t)φK (ρ)(κ�
√

ρ∇√
ρ + √

ρDu∇√
ρ).

So applying Lemma 3.1 to (3.1), one obtains

∫ T

0

∫

�

ψ(t)Sm : ∇(ϕ′
n(vm)) dx dt →

∫ T

0

∫

�

ψ(t)S : ∇(ϕ′
n(φK (ρ)u)) dx dt
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as m → ∞, where S = φK (ρ)ρ(Du + κ
�

√
ρ√

ρ
I).

Letting Fm = Fm1 + Fm2, where

Fm1 = ρ2uφ′(ρ)divu + ρ∇φ(ρ)Du + κ
√

ρ∇φ(ρ)�
√

ρ

= ρ
(
φ′

m(ρ)φK (ρ)+φm(ρ)φ′
K (ρ)

) (
ρudivu+∇ρ · Du+κ∇ρ

�
√

ρ√
ρ

)
,

where

φK (ρ)

(
ρudivu + ∇ρ · Du + κ∇ρ

�
√

ρ√
ρ

)
∈ L1((0, T ) × �),

ρφ′
K (ρ)

(
ρudivu + ∇ρ · Du + κ∇ρ

�
√

ρ√
ρ

)
∈ L1((0, T ) × �),

and

Fm2 = φm(ρ)φK (ρ)(2ρ
γ
2 ∇ρ

γ
2 + r0u + r1ρ|u|2u + 2κ∇√

ρ�
√

ρ),

where

φK (ρ)
(
2ρ

γ
2 ∇ρ

γ
2 + r0u + r1ρ|u|2u + 2κ∇√

ρ�
√

ρ
)

∈ L1((0, T ) × �).

Using Lemma 3.1, we obtain

∫ T

0

∫

�

ψ(t)ϕ′
n(vm)Fm dx dt →

∫ T

0

∫

�

ψ(t)ϕ′
n(φK (ρ)u)F dx dt,

where

F = ρ2uφ′
K (ρ)divu + 2ρ

γ
2 ∇ρ

γ
2 φK (ρ) + ρ∇φK (ρ)Du + r0uφK (ρ)

+ r1ρ|u|2uφK (ρ) + κ
√

ρ∇φK (ρ)�
√

ρ + 2κφK (ρ)∇√
ρ�

√
ρ.

Thus, letting m → ∞ in (2.31), and using the above convergence in this
section, we find

−
∫ T

0

∫

�

ψ ′(t)(ρϕn(φK (ρ)u)) dx dt +
∫ T

0

∫

�

ψ(t)ϕ′
n(φK (ρ)u)F dx dt

+
∫ T

0

∫

�

ψ(t)S : ∇(ϕ′
n(φK (ρ)u)) dx dt =

∫

�

ψ(0)ρ0ϕn(φK (ρ0)u0) dx,

which in turn gives us the following lemma:
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Lemma 3.2 For any weak solution to (2.1) verifying in Proposition 1.1, we
have

−
∫ T

0

∫

�

ψ ′(t)(ρϕn(φK (ρ)u)) dx dt +
∫ T

0

∫

�

ψ(t)ϕ′
n(φK (ρ)u)F dx dt

+
∫ T

0

∫

�

ψ(t)S : ∇(ϕ′
n(φK (ρ)u)) dx dt =

∫

�

ψ(0)ρ0ϕn(φK (ρ0)u0) dx,

(3.2)
where S = φK (ρ)ρ(Du + κ

�
√

ρ√
ρ
I), and

F = ρ2uφ′
K (ρ)divu + 2ρ

γ
2 ∇ρ

γ
2 φK (ρ) + ρ∇φK (ρ)Du + r0uφK (ρ)

+ r1ρ|u|2uφK (ρ) + κ
√

ρ∇φK (ρ)�
√

ρ + 2κφK (ρ)∇√
ρ�

√
ρ,

where I is an identical matrix.

4 Recover the limits as κ → 0 and K → ∞.

The objective of this section is to recover the limits in (3.2) as κ → 0 and

K → ∞. In this section, we assume that K = κ− 3
4 , thus K → ∞ when

κ → 0. First, we address the following lemma.

Lemma 4.1 Let κ → 0 and K → ∞, and denote vκ = φK (ρκ)uκ , we have

ργ
κ is bounded in Lr ((0, T ) × �) for any 1 ≤ r < ∞ in 2D,

and any 1 ≤ r ≤ 5

3
in 3D.

(4.1)

For any g ∈ C1(R+) with g bounded, and 0 < α < ∞ in 2D, 0 < α <
5γ
3 in

3D, we have

ρα
κ g(|vκ |2) → ραg(|u|2); strongly in L1((0, T ) × �).

In particular, we have, for any fixed n,

ρκϕn(vκ) → ρϕn(u) strongly in L1((0, T ) × �), (4.2)

and

ρ2γ−1
κ (1 + ϕ̃′

n(|vκ |2)) → ρ2γ−1(1 + ϕ̃′
n(|u|2)) strongly in L1((0, T ) × �),

(4.3)
for 1 < γ < 3.
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Proof In 2D, we deduce from (1.13)

ρκ ∈ L∞(0, T : L p(�)) for any 1 ≤ p < ∞.

Thus, ργ
κ is bounded in Lr ((0, T ) × �) for 1 ≤ r < ∞.

In 3D, we deduce that

ργ
κ ∈ L∞(0, T : L1(�)) ∩ L1(0, T ; L3(�)).

Applying Holder inequality, we have

‖ργ
κ ‖

L
5
3 ((0,T )×�)

≤ ‖ργ
κ ‖

2
5
L∞(0,T ;L1(�))

‖ργ
κ ‖

3
5
L1(0,T ;L3(�))

.

Thus, ργ
κ is bounded in L

5
3 ((0, T ) × �).

We have that (ρκ)t is uniformly bounded in

L4(0, T ; L6/5(�)) + L2(0, T ; L3/2(�)),

thanks to Lemma 2.1. Since∇√
ρκ is uniformly bounded in L∞(L2), we have

also
√

ρκ uniformly bounded in L∞(L6). Those two estimates give

‖∇ρκ‖L∞(0,T ;L3/2(�)) ≤ C.

Applying Aubin–Lions Lemma, one obtains

ρκ → ρ strongly in L p(0, T ; L3/2(�)) for p < ∞.

When κ → 0, we have
√

ρκuκ → √
ρu strongly in L2(0, T ; L2(�)) from

Proposition 1.1, ( also see [38]). Thus, up to a subsequence, for almost every
(t, x) such that ρ(t, x) �= 0, we have

uκ(t, x) =
√

ρκuκ√
ρκ

→ u(t, x),

and

vκ → u(t, x),

as κ → 0. For almost every (t, x) such that ρ(t, x) = 0,

∣∣ρα
κ g(|vκ |2)∣∣ ≤ Cρα

κ (t, x) → 0 = ραg(|u|2) (4.4)

as κ → 0.

123



Existence of global weak solutions for 3D degenerate... 961

Hence, ρα
κ g(|vκ |2) converges to ραg(|u|2) almost everywhere. Since g is

bounded and (4.1), ρα
κ g(|vκ |2) is uniformly bounded in Lr ((0, T ) × �) for

some r > 1. Hence,

ρα
κ g(|vκ |2) → ραg(|u|2) in L1((0, T ) × �).

By the uniqueness of the limit, the convergence holds for the whole sequence.
Applying this result with α = 1 and g(|vκ |2) = ϕn(vκ), we deduce (4.2).
Since γ > 1 in 2D, we can take α = 2γ − 1 < 2γ ; and take γ < 3 in 3D,

we have 2γ − 1 <
5γ
3 . Thus we use the above result with α = 2γ − 1 and

g(|vκ |2) = 1 + ϕ̃′
n(|vκ |2) to obtain (4.3). 
�

With the lemma in hand, we are ready to recover the limits in (3.2) as κ → 0
and K → ∞. We have the following lemma.

Lemma 4.2 Let K = κ− 3
4 , and κ → 0, for any ψ ≥ 0 and ψ ′ ≤ 0, we have

−
∫ T

0

∫

�

ψ ′(t)ρϕn(u) dx dt

≤ 8‖ψ‖L∞

(∫

�

(
ρ0|u0|2+ ρ

γ
0

γ − 1
+|∇√

ρ0|2 − r0 log− ρ0

)
dx + 2E0

)

+ C(‖ψ‖L∞)

∫ T

0

∫

�

(1 + ϕ̃′
n(|u|2))ρ2γ−1 dx dt + ψ(0)

∫

�

ρ0ϕn(u0) dx

(4.5)

Proof Here, we use (ρκ, uκ) to denote the weak solutions to (2.1) verifying
Proposition 1.1 with κ > 0.

By Lemma 4.1, we can handle the first term in (3.2), that is,

∫ T

0

∫

�

ψ ′(t)(ρκϕn(vκ)) dx dt →
∫ T

0

∫

�

ψ ′(t)(ρϕn(u)) dx dt (4.6)

and

ψ(0)
∫

�

ρ0ϕ
′
n(vκ,0) dx → ψ(0)

∫

�

ρ0ϕ
′
n(u0) dx (4.7)

as κ → 0 and K = κ− 3
4 → ∞.
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∫ T

0

∫

�

ψ(t)ϕ′
n(vκ) · ∇ργ

κ φK (ρκ) dx dt

= −
∫ T

0

∫

�

ψ(t)ργ
κ φK (ρκ)ϕ

′′
n : ∇vκ dx dt

−
∫ T

0

∫

�

ψ(t)ργ
κ ϕ′

n(vκ) · ∇φK (ρκ) dx dt

= P1 + P2.

(4.8)

We can control P2 as follows

|P2| ≤ ‖ψ‖L∞
∫ T

0

∫

�

|ργ
κ ||ϕ′

n||∇φK (ρκ)| dx dt

≤ C(n, ‖ψ‖L∞)κ− 1
4 ‖φ′

K
√

ρκ‖L∞‖ργ+ 1
4

κ ‖
L
4
3 (0,T ;L

4
3 (�))

×
(

κ
1
4 ‖∇ρ

1
4
κ ‖L4(0,T ;L4(�))

)

≤ 2√
K

C(n, ‖ψ‖L∞)κ− 1
4 ‖ργ+ 1

4
κ ‖

L
4
3 (0,T ;L

4
3 (�))(

κ
1
4 ‖∇ρ

1
4
κ ‖L4(0,T ;L4(�))

)

≤ 2C√
K

κ− 1
4 = 2Cκ

1
8 → 0

(4.9)

as κ → 0, where we used 4
3(γ + 1

4) ≤ 5γ
3 for any γ > 1.

Calculating P1,

P1 = −
∫ T

0

∫

�

ψ(t)ργ
κ φK (ρκ)ϕ

′′
n : ∇vκ dx dt

= −
∫ T

0

∫

�

ψ(t)ργ
κ (φK (ρκ))2ϕ

′′
n : ∇uκ dx dt

−
∫ T

0

∫

�

ψ(t)ργ
κ φK (ρκ)ϕ

′′
n : (∇φK (ρκ) ⊗ uκ) dx dt

= P11 + P12.

(4.10)

We bound P12 as follows

|P12| = −
∫ T

0

∫

�

ψ(t)ργ
κ φK (ρκ)ϕ

′′
n : (∇φK (ρκ) ⊗ uκ) dx dt

= −
∫ T

0

∫

�

ψ(t)ργ
κ (∇φK (ρκ))T ϕ

′′
n(vκ)vκ dx dt
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≤ C(n, ‖ψ‖L∞)κ− 1
4 ‖ργ+ 1

4
κ ‖

L
4
3 (0,T ;L

4
3 (�))

(
κ

1
4 ‖∇ρ

1
4
κ ‖L4(0,T ;L4(�))

)

‖φ′
K
√

ρκ‖L∞

≤ 2C√
K

κ− 1
4 = 2Cκ

1
8 → 0 (4.11)

as κ → 0, where we used |φ′
K (ρκ)

√
ρκ | ≤ 2√

K
, ‖ϕ ′′

n(vk)vk‖L∞(0,T ;L∞(�)) ≤
C(n) since ϕ

′′
n is compactly supported, and 4

3(γ + 1
4) ≤ 5γ

3 for any γ > 1.
Thanks to part a of Lemma 2.2, we have

ϕ
′′
n(vκ) : ∇uκ = 4ϕ̃

′′
n(|vκ |2)∇uκ : (vκ ⊗ vκ) + 2divuκ ϕ̃′

n(|vκ |2).

Using Part b of Lemma 2.2, we find that

|ϕ̃ ′′
n(|vκ |2)∇uκ : (vκ ⊗ vκ)| ≤ |ϕ̃ ′′

n(|vκ |2)||∇uk ||vk |2

≤ |∇uk | |vk |2
1 + |vk |2 ≤ |∇uk |,

where we denote |∇uk |2 = ∑
i j |∂i u j |2. Hence

|P11| ≤ 4
∫ T

0

∫

�

ψ(t)|φK |2|ργ
κ ||∇uκ | dx dt

+ 2
∫ T

0

∫

�

ψ(t)|φK |2|ϕ̃′
n(|vκ |2)||ργ

κ ||divuκ | dx dt

≤ 4‖ψ‖L∞
∫ T

0

∫

�

ρκ |∇uκ |2 dx dt + C(‖ψ‖L∞)

∫ T

0

∫

�

ρ2γ−1
κ dx dt

+ 2
∫ T

0

∫

�

ψ(t)|φK |2|ϕ̃′
n(|vκ |2)||ργ

κ ||divuκ | dx dt, (4.12)

and the term

2
∫ T

0

∫

�

ψ(t)|φK |2|ϕ̃′
n(|vκ |2)||ργ

κ ||divuκ | dx dt

≤ 2
∫ T

0

∫

�

ψ(t)|φK |2|ϕ̃′
n(|vκ |2)|ρκ |Duκ |2 dx dt

+ C(‖ψ‖L∞)

∫ T

0

∫

�

|ϕ̃′
n(|vκ |2)|ρ2γ−1

κ dx dt. (4.13)
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Thus,

|P11| ≤ 4‖ψ‖L∞
∫ T

0

∫

�

ρκ |∇uκ |2 dx dt

+ 2
∫ T

0

∫

�

ψ(t)|φK |2|ϕ̃′
n(|vκ |2)|ρκ |Duκ |2 dx dt

+ C(‖ψ‖L∞)

∫ T

0

∫

�

(1 + ϕ̃′
n(|vκ |2))ρ2γ−1

κ dx dt. (4.14)

The first right hand side term will be controlled by

4‖ψ‖L∞

(∫

�

(
ρ0|u0|2 + ρ

γ
0

γ − 1
+ |∇√

ρ0|2 − r0 log− ρ0

)
dx + 2E0

)

due to (1.16); and the second right hand side term will be absorbed by the
dispersion term A1 in (4.23). By Lemma 4.1, we have

∫ T

0

∫

�

(1 + ϕ̃′
n(|vκ |2)ρ2γ−1

κ dx dt →
∫ T

0

∫

�

(1 + ϕ̃′
n(|u|2))ρ2γ−1 dx dt

(4.15)
as κ → 0.

Note that

∫ T

0

∫

�

ψ(t)ϕ′
n(vκ)(r0uκ + r1ρκ |uκ |2uκ) dx dt ≥ 0, (4.16)

so this term can be dropped directly.
We treat the other terms in F one by one,

∫ T

0

∫

�

∣∣ψ(t)ϕ′
n(vκ)ρ2

κuκφ′
K (ρκ)divuκ

∣∣ dx dt

≤ C(n, ψ)‖ρ
1
4
κ uκ‖L4((0,T ;L4(�))‖

√
ρκdivuκ‖L2((0,T ;L2(�))

× ‖φ′
K (ρκ)

√
ρκ‖L∞‖ρ

3
4
κ ‖L4((0,T ;L4(�)) ≤ C(n, ψ)κ

3
8 → 0 (4.17)

as κ → 0, where we used Sobolev inequality, and |φ′
K (ρκ)

√
ρκ | ≤ 2√

K
;
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∫ T

0

∫

�

∣∣ψ(t)ϕ′
n(vκ)ρκ∇φK (ρκ)Duκ

∣∣ dx dt

≤ C(n, ψ)
|φ′

K (ρκ)
√

ρκ |
κ

1
4

(
κ

1
4 ‖∇ρ

1
4
κ ‖L4((0,T ;L4(�))

)

‖√ρκDuκ‖L2((0,T ;L2(�))‖ρ
3
4
κ ‖L4((0,T ;L4(�))

≤ C(n, ψ)κ
1
8 → 0 (4.18)

as κ → 0;

κ

∫ T

0

∫

�

∣∣ψ(t)ϕ′
n(vκ)

√
ρκ∇φK (ρκ)�

√
ρκ

∣∣ dx dt

≤ 2C(n, ψ)κ
1
4

(
κ

1
4 ‖∇ρ

1
4
κ ‖L4((0,T ;L4(�))

)

‖√κ�
√

ρκ‖L2((0,T ;L2(�))‖ρ
1
4
κ ‖L4(0,T ;L4(�))

≤ 2C(n, ψ)κ
1
4 → 0 (4.19)

as κ → 0, where we used |ρκφ′
K (ρκ)| ≤ 1. Finally

κ

∫ T

0

∫

�

∣∣ψ ′(t)ϕn(vκ)φK (ρκ)∇√
ρκ�

√
ρκ

∣∣ dx dt

≤ 2C(n, ψ)κ
1
4

(
κ

1
4 ‖∇ρ

1
4
κ ‖L4((0,T ;L4(�))

)

‖√κ�
√

ρκ‖L2((0,T ;L2(�))‖ρ
1
4
κ ‖L4(0,T ;L4(�))

≤ 2C(n, ψ)κ
1
4 → 0 (4.20)

as κ → 0.
For the term Sκ = φK (ρκ)ρκ(Duκ + κ

�
√

ρκ√
ρκ

I) = S1 + S2, we calculate as
follows

∫ T

0

∫

�

ψ(t)S1 : ∇(ϕ′
n(vκ)) dx dt

=
∫ T

0

∫

�

ψ(t)φK (ρκ)ρκDuκ : ∇(ϕ′
n(vκ)) dx dt

=
∫ T

0

∫

�

ψ(t)[∇uκϕ′′
n (vκ)ρκ ] : Duκ(φK (ρκ))2 dx dt
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+
∫ T

0

∫

�

ψ(t)ρκφK (ρκ)
(

uT
κ ϕ

′′
n(vκ)

)
Duκ∇(φK (ρκ)) dx dt

= A1 + A2. (4.21)

For A1, by part a. of Lemma 2.2, we have

A1 =
∫ T

0

∫

�

ψ(t)[∇uκϕ′′
n (vκ)ρκ ] : Duκ(φK (ρκ))2 dx dt

= 2
∫ T

0

∫

�

ψ(t)ϕ̃′
n(|vκ |2)(φK (ρκ))2ρκDuκ : ∇uκ dx dt

+ 4
∫ T

0

∫

�

ψ(t)ρκ(φK (ρκ))2ϕ̃
′′
n(|vκ |2)(∇uκvκ ⊗ vκ) : Duκ dx dt

= A11 + A12. (4.22)

Notice that

Duκ : ∇uκ = |Duκ |2,
thus

A1 ≥ 2
∫ T

0

∫

�

ψ(t)ϕ̃′
n(|vκ |2)(φK (ρκ))2ρκ |Duκ |2 dx dt

− 4‖ψ‖L∞
∫ T

0

∫

�

ρκ |∇uκ |2 dx dt, (4.23)

where we control A12

A12 ≤ 4
∫ T

0

∫

�

|ψ(t)| |vκ |2
1 + |vκ |2ρκ |∇uκ |2 dx dt

≤ 4‖ψ‖L∞
∫ T

0

∫

�

ρκ |∇uκ |2 dx dt

≤ 4‖ψ‖L∞

(∫

�

(
ρ0|u0|2+ ρ

γ
0

γ −1
+|∇√

ρ0|2−r0 log− ρ0

)
dx+2E0

)
,

thanks to (1.16). For A2, thanks to (2.8), we can control it as follows

|A2| ≤ C(n, ψ)‖√ρκDuκ‖L2((0,T ;L2(�))‖ρ
3
4
κ ‖L4((0,T ;L4(�))

× (κ
1
4 ‖∇ρ

1
4
κ ‖L4((0,T ;L4(�)))

‖φ′
K
√

ρκ‖L∞((0,T )×�)

κ
1
4

≤ C√
Kκ

1
4

= Cκ
1
8 → 0 (4.24)
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as κ → 0. Note that the first right hand side term of (4.23) has a positive sign
and control the limit using from the pressure (4.14). We need to treat the term
related to S2,

κ

∫ T

0

∫

�

ψ(t)S2 : ∇(ϕ′
n(vκ)) dx dt

= κ

∫ T

0

∫

�

ψ(t)∇uκϕ′′
n (vκ) : √

ρκφK (ρκ)2�
√

ρκ dx dt

+ κ

∫ T

0

∫

�

ψ(t)uκφK (ρκ)ϕ′′
n (vκ)∇ρκ

√
ρκφ′

K (ρκ)�
√

ρκ dx dt

= B1 + B2, (4.25)

we control B1 as follows

|B1| ≤ C(n, ψ)‖√ρκ∇uκ‖L2(0,T ;L2(�))‖
√

κ�
√

ρκ‖L2(0,T ;L2(�))

√
κ

≤ Cκ
1
2 → 0 (4.26)

as κ → 0, where we used ‖φ2
K ‖L∞(0,T ;L∞(�)) ≤ C .

For B2, we have

|B2| ≤ C(n, ψ)κ
1
4

(
κ

1
4 ‖∇ρ

1
4
κ ‖L4(0,T ;L4(�))

)

×‖ρ
1
4
κ ‖L4(0,T ;L4(�))‖

√
κ�

√
ρκ‖L2(0,T ;L2(�))‖φ′

K (ρκ)ρκ‖L∞(0,T ;L∞(�))

≤ Cκ
1
4 → 0 (4.27)

as κ → 0.
With (4.6)–(4.27), in particularly, letting κ → 0 in (3.2), dropping the

positive terms on the left side, we have the following inequality

−
∫ T

0

∫

�

ψ ′(t)ρϕn(u) dx dt

≤ 8‖ψ‖L∞

(∫

�

(
ρ0|u0|2+ ρ

γ
0

γ −1
+ |∇√

ρ0|2 − r0 log− ρ0

)
dx + 2E0

)

+ψ(0)
∫

�

ρ0ϕn(u0) dx + C(‖ψ‖L∞)

∫ T

0

∫

�

(1 + ϕ̃′
n(|u|2))ρ2γ−1 dx dt,

which in turn gives us Lemma 4.2. 
�
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5 Limit when n → ∞
This section is dedicated to the proof of Theorem 1.1. For this, we obtain
the Mellet–Vasseur type inequality for the weak solution of the compressible
Navier–Stokes equation with drag forces. This is obtained by letting n → ∞.

Note that the weak solution (ρ, u) does not depend on n. We start fromLemma
4.2. Our task is to bound the right term of (4.5),

C(‖ψ‖L∞)

∫ T

0

∫

�

(1 + ϕ̃′
n(|u|2))ρ2γ−1 dx dt

≤ C(‖ψ‖L∞)

∫ T

0

(∫

�

(ρ2γ−1− δ
2 )

2
2−δ dx

) 2−δ
2

×
(∫

�

ρ(1 + ϕ̃′
n(|u|2)) 2

δ dx

) δ
2

dt

≤ C(‖ψ‖L∞)

∫ T

0

(∫

�

(ρ2γ−1− δ
2 )

2
2−δ

) 2−δ
2

×
(∫

�

ρ(2 + ln(1 + |u|2))) 2
δ dx

) δ
2

dt, (5.1)

where we used part c of Lemma 2.2. By (4.5) and (5.1), we have

−
∫ T

0

∫

�

ψ ′(t)ρϕn(u) dx dt ≤
∫

�

ρ0ϕn(u0) dx

+ 8‖ψ‖L∞

(∫

�

(
ρ0|u0|2 + ρ

γ
0

γ − 1
+ |∇√

ρ0|2 − r0 log− ρ0

)
dx+2E0

)

+ C(‖ψ‖L∞)

∫ T

0

(∫

�

(ρ2γ−1− δ
2 )

2
2−δ

) 2−δ
2

(∫

�

ρ(2 + ln(1 + |u|2))) 2
δ dx

) δ
2

dt.

Thanks to part e. of Lemma 2.2 and Monotone Convergence Theorem, we
have

−
∫ T

0

∫

�

ψ ′(t)ρϕn(u) dx dt → −
∫ T

0

∫

�

ψ ′(t)ρ(1+|u|2) ln(1+|u|2) dx dt

(5.2)
as n → ∞.
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Letting n → ∞, we have

−
∫ T

0

∫

�

ψ ′(t)ρ(1 + |u|2) ln(1 + |u|2) dx dt

≤ ψ(0)
∫

�

ρ0(1 + |u0|2) ln(1 + |u0|2) dx

+ 8‖ψ‖L∞

(∫

�

(
ρ0|u0|2 + ρ

γ
0

γ −1
+|∇√

ρ0|2−r0 log− ρ0

)
dx+2E0

)

+ C
∫ T

0

(∫

�

(ρ2γ−1− δ
2 )

2
2−δ

) 2−δ
2

(∫

�

ρ(2 + ln(1 + |u|2)) 2
δ dx

) δ
2

dt.

(5.3)
Taking

ψ(t)

⎧
⎨
⎩

= 1 if t ≤ t̃ − ε
2

= 1
2 − t−t̃

ε
if t̃ − ε

2 ≤ t ≤ t̃ + ε
2= 0 if t ≥ t̃ + ε

2 ,

(5.4)

then (5.3) gives for every t̃ ≥ ε
2 ,

1

ε

∫ t̃+ ε
2

t̃− ε
2

(∫

�

ρ(1 + |u|2) ln(1 + |u|2) dx

)
dt

≤
∫

�

ρ0(1 + |u0|2) ln(1 + |u0|2) dx

+ 8

(∫

�

(
ρ0|u0|2 + ρ

γ
0

γ − 1
+ |∇√

ρ0|2 − r0 log− ρ0

)
dx + 2E0

)

+ C
∫ T

0

(∫

�

(ρ2γ−1− δ
2 )

2
2−δ

) 2−δ
2

(∫

�

ρ(2 + ln(1 + |u|2)) 2
δ dx

) δ
2

dt.

This gives Theorem 1.1 thanks to the Lebesgue point Theorem.

6 Weak solution without drag forces

The objective of this section is to apply Theorem 1.1 to prove Theorem 1.2.
This provides the existence of global weak solutions to (1.1)–(1.2) by letting
r0 → 0 and r1 → 0. Let r = r0 = r1, we use (ρr , ur ) to denote the weak
solutions to (2.1) verifying Proposition 1.1 with κ = 0.
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By (1.7) and (1.8), one obtains the following estimates,

‖√ρr ur‖L∞(0,T ;L2(�)) ≤ C;
‖ρr‖L∞(0,T ;L1∩Lγ (�)) ≤ C;
‖√ρr∇ur‖L2(0,T ;L2(�)) ≤ C;
‖∇√

ρr‖L∞(0,T ;L2(�)) ≤ C;
‖∇ρ

γ/2
r ‖L2(0,T ;L2(�)) ≤ C.

(6.1)

Theorem 1.1 gives us

sup
t∈[0,T ]

∫

�

ρr |ur |2 ln(1 + |ur |2) dx ≤ C. (6.2)

Note that (6.1) and (6.2) are uniformly on r .Meanwhile, we have the following
estimates from (1.7),

∫ T

0

∫

�

r |ur |2 dx dt ≤ C,

∫ T

0

∫

�

rρr |ur |4 dx dt ≤ C.

(6.3)

We construct solutions to the Navier–Stokes equations without drag forces
by passing to the limits as r → 0. Following the same line as in [32], we
can show the convergence of the density and the pressure, prove the strong
convergence of

√
ρr ur in space L2

loc((0, T ) × �), and the convergence of the
diffusion terms. We remark that Theorem 1.1 is the key tool to show the strong
convergence of

√
ρr ur . Here, we list all related convergence from [32]. In

particular,

√
ρr → √

ρ almost everywhere and strongly in L2
loc((0, T ) × �)),

ρr → ρ in C0(0, T ; L
3
2
loc(�));

(6.4)
the convergence of pressure

ρ
γ
r → ργ strongly in L1

loc((0, T ) × �); (6.5)

the convergence of the momentum and
√

ρr ur

ρr ur → ρu strongly in L2(0, T ; L p
loc(�)) for p ∈ [1, 3/2);

√
ρr ur → √

ρu strongly in L2
loc((0, T ) × �); (6.6)
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and the convergence of the diffusion terms

ρr∇ur → ρ∇u in D
′
,

ρr∇T ur → ρ∇T u in D
′
.

(6.7)

It remains to prove that terms rur and rρr |ur |2ur tend to zero as r → 0.
Let ψ be any test function, then we estimate the term rur

∣∣∣∣
∫ T

0

∫

�

rurψ dx dt

∣∣∣∣ ≤
∫ T

0

∫

�

r
1
2 r

1
2 |ur ||ψ | dx dt

≤ √
r‖√rur‖L2((0,T )×�)‖ψ‖L2((0,T )×�) → 0 (6.8)

as r → 0, due to (6.3).
We also estimate rρr |ur |2ur as follows

∣∣∣∣
∫ T

0

∫

�

rρr |ur |2urψ dx dt

∣∣∣∣
≤ √

r‖√r
√

ρr |ur |2‖L2((0,T )×�)‖
√

ρr ur‖L∞(0,T ;L2(�))‖ψ‖L∞((0,T )×�) → 0 (6.9)

as r → 0.
The global weak solutions to (2.1) verifying Proposition 1.1 with κ = 0 is

in the following sense, that is, (ρr , ur ) satisfy the following weak formulation

∫

�

ρr ur · ψ dx |t=T
t=0 −

∫ T

0

∫

�

ρr urψt dx dt −
∫ T

0

∫

�

ρr ur ⊗ ur : ∇ψ dx dt

−
∫ T

0

∫

�

ρ
γ
r divψ dx dt −

∫ T

0

∫

�

ρDur : ∇ψ dx dt

= −r
∫ T

0

∫

�

urψ dx dt − r
∫ T

0

∫

�

ρr |ur |2urψ dx dt, (6.10)

where ψ is any test function.
Letting r → 0 in the weak formulation (6.10), and applying (6.4)–(6.9),

one obtains that

∫

�

ρu · ψ dx |t=T
t=0 −

∫ T

0

∫

�

ρuψt dx dt −
∫ T

0

∫

�

ρu ⊗ u : ∇ψ dx dt

−
∫ T

0

∫

�

ργ divψ dx dt −
∫ T

0

∫

�

ρDu : ∇ψ dx dt = 0. (6.11)
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Thus we proved Theorem 1.2 for any initial value (ρ0, u0) verifying (1.5) with
the additional condition ρ0 ≥ 1

m0
and

√
ρ0u0 ∈ L∞(�). This last condition

can be dropped using [32].

Acknowledgements A. Vasseur’s research was supported in part by NSF Grant DMS-
1209420. C. Yu’s research was supported in part by an AMS-Simons Travel Grant.

Appendix1: Proof of the Lemma 2.2

Proof We prove each statement one by one as follows:

• (a) Thanks to (2.4), we have ϕ′
n(u) = 2ϕ̃′

n(|u|2)u, and

ϕ′′
n (u) = 2

(
2ϕ̃′′

n (|u|2)u ⊗ u + Iϕ̃′
n(|u|2)) ,

where I is 3 × 3 identity matrix.
• (b) The statement of (b) follows directly from (2.5).
• (c) Integrating (2.5) with initial data ϕ̃′

n(0) = 0, one obtains

ϕ̃′
n(y) =

⎧
⎨
⎩
1 + ln(1 + y) if 0 ≤ y < n,

1 + 2 ln(1 + n) − ln(1 + y), if n ≤ y ≤ Cn
0 if y ≥ Cn,

(7.1)

Since

1 + 2 ln(1 + n) − ln(1 + Cn) = 0,

for any y ≥ 0, (7.1) implies

ϕ̃′
n(y) ≥ 0.

For any n ≤ y ≤ Cn, we have

1 + 2 ln(1 + n) − ln(1 + y) ≤ 1 + 2 ln(1 + y) − ln(1 + y)

= 1 + ln(1 + y).

In one word, for any y ≥ 0, we have

0 ≤ ϕ̃′
n(y) ≤ 1 + ln(1 + y).

• (d) By (a)–(c), it follows

|ϕ ′′
n(u)| ≤ 4|ϕ̃′′

n ||u|2 + 2|ϕ̃′
n| ≤ 4

|u|2
1 + |u|2 + 2(1 + ln(1 + n))

≤ 6 + 2 ln(1 + n).
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• (e) Integrating (7.1) with initial data ϕ̃n(0) = 0, it gives (2.9). Moreover,
thanks to (c), ϕ̃n(y) is an increasing function with respect to y for any fixed
n. We have that ϕ̃n(y) is a nondecreasing function with respect to n for any
fixed y.


�
References

1. Bresch, D., Desjardins, B.: Existence of global weak solutions for 2D viscous shallow
water equations and convergence to the quasi-geostrophic model. Commun. Math. Phys.
238(1–3), 211–223 (2003)

2. Bresch, D., Desjardins, B.: On the construction of approximate solutions for the 2D viscous
shallow water model and for compressible Navier–Stokes models. J. Math. Pures Appl. (9)
86(4), 362–368 (2006)

3. Bresch, D., Desjardins, B., Lin, C.-K.: On some compressible fluid models: Korteweg,
lubrication, and shallow water systems. Commun. Partial Differ. Equ. 28(3–4), 843–868
(2003)

4. Bresch, D., Desjardins, B., Zatorska, E.: Two-velocity hydrodynamics in fluid mechanics:
part II existence of global-entropy solutions to compressible Navier–Stokes systems with
degenerate viscosities. arXiv:1411.5488

5. Bresch, D., Noble, P.: Mathematical justification of a shallow water model. Methods Appl.
Anal. 14(2), 87–117 (2007)

6. Bresch, D., Noble, P.: Mathematical derivation of viscous shallow-water equations with
zero surface tension. Indiana Univ. Math. J. 60(4), 113–1169 (2011)

7. Bresch, D., Vasseur, A., Yu, C.: Global weak solutions to 3D compressible Navier–Stokes
equations. (2015) (in preparation)

8. Danchin, R.: Global existence in critical spaces for compressible Navier–Stokes equations.
Invent. Math. 141(3), 579–614 (2000)

9. Danchin, R.: Well-posedness in critical spaces for barotropic viscous fluids with truly not
constant density. Commun. Partial Differ. Equ. 32(7–9), 1373–1397 (2007)
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