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Abstract We establish the Fourier—Jacobi case of the local Gross—Prasad con-
jecture for unitary groups, by using local theta correspondence to relate the
Fourier—Jacobi case with the Bessel case established by Beuzart-Plessis. To
achieve this, we prove two conjectures of Prasad on the precise description
of the local theta correspondence for (almost) equal rank unitary dual pairs in
terms of the local Langlands correspondence. The proof uses Arthur’s multi-
plicity formula and thus is one of the first examples of a concrete application
of this “global reciprocity law”.

Mathematics Subject Classification 11F70 - 22E50

Contents

1 Introduction . . . . . . . . . . ... 706
2 Local Langlands correspondence . . . . . . . .. ... ... o .. 712
3 Gross—Prasad conjecture . . . . . . .. ... Lo L 719
4 Local theta correspondence and Prasad’s conjectures . . . . . . . . ... ... .... 722

B Atsushi Ichino
ichino@math.kyoto-u.ac.jp

Wee Teck Gan

matgwt@nus.edu.sg

Department of Mathematics, National University of Singapore, 10 Lower Kent Ridge
Road, Singapore 119076, Singapore

Department of Mathematics, Kyoto University, Kitashirakawa Oiwake-cho, Sakyo-ku,
Kyoto 606-8502, Japan

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00222-016-0662-8&domain=pdf

706 W. T. Gan, A. Ichino

5 B)Y+P)=EFEH+PL) . ... 727
6 Proof of (P2) . . . . . . . . e e 735
7 Preparations for the proof of Theorem 6.1 . . . . . . . . .. ... ... ... .. ... 746
8 Proof of Theorem 6.1 . . . . . . . . . . . . 760
9 GeNeriC Case . . . . v v v v e e 779
Appendix A: Addendumto [17] . . . . . . . ... 784
Appendix B: Generic L-packets and adjoint L-factors . . . . . . . ... ... ... ... 790
References . . . . . . . . . . L 796

1 Introduction

In[15,16,23,24], arestriction problem in the representation theory of classical
groups was studied and a precise conjecture was formulated for this restriction
problem. This so-called Gross—Prasad (GP) conjecture has generated much
interest in recent years.

1.1 Restriction problem

In this paper, we shall focus on the restriction problem for unitary groups.
Thus, let F be a nonarchimedean local field of characteristic O and residue
characteristic p, and let E be a quadratic field extension of F. Let V,; be
a Hermitian space of dimension n 4+ 1 over £ and W, a skew-Hermitian
space of dimension n over E. Let V,, C V,,41 be a nondegenerate subspace
of codimension 1, so that we have a natural inclusion of their corresponding
unitary groups U(V,,) < U(V,,41). In particular, if we set

Gp =UV,) x U(Vpq1) or U(Wy,) x U(W,)
and
H, =UV,) or UW,),
then we have a diagonal embedding
A H, — G,.

Let v be an irreducible smooth representation of G,,. In the Hermitian case,
one is interested in determining

dimc Homp g, (7, C).
We shall call this the Bessel case (B) of the GP conjecture. In the skew-

Hermitian case, the restriction problem requires another piece of data: a Weil
representation wy, . w,, Where v is a nontrivial additive character of F' and
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The Gross—Prasad conjecture and local theta correspondence 707

x 1is a character of E* whose restriction to F* is the quadratic character
wg/F associated to E/F by local class field theory. Then one is interested in
determining

dimc Homa g, (77, @y 4, w,)-
We shall call this the Fourier—Jacobi case (FJ) of the GP conjecture. To unify
notation, we shall let v = C or wy ,,w, in the respective cases.

By surprisingly recent results of Aizenbud—Gourevitch—Rallis—Schiffmann
[1] and Sun [56], it is known that the above Hom spaces have dimension at
most 1. Thus the main issue is to determine when the Hom space is nonzero.
In [15], an answer for this issue is formulated in the framework of the local

Langlands correspondence, in its enhanced form due to Vogan [58] which
takes into account all pure inner forms.

1.2 Local Langlands correspondence
More precisely, a pure inner form of U(V,) is simply a group of the form
U(V,), where V, is a Hermitian space of dimension n over E; likewise in the
skew-Hermitian case. Thus, a pure inner form of G, is a group of the form
G,=UW,) x UV, ) or UW, xUW,).

We say that such a pure inner form is relevant if

V,CV,y or W,=W/
and

Voit/ Vo = Vait/ Vi

in the Hermitian case. If G; is relevant, we set

H, =U(V,) or UW,),
so that we have a diagonal embedding

A:H,— G).

Now suppose that ¢ is an L-parameter for the group G,,. Then ¢ gives rise to
a Vogan L-packet ITy consisting of certain irreducible smooth representations
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708 W. T. Gan, A. Ichino

of G, and its (not necessarily relevant) pure inner forms G,,. Moreover, after
fixing a Whittaker datum for G, there is a natural bijection

ITy <— Trr(Sy),

where Sy is the component group associated to ¢. Thus an irreducible smooth
representation of G, is labelled by a pair (¢, 1), where ¢ is an L-parameter
for G, and n is an irreducible character of Sy.

By the recent work of Arthur [2], Mok [44], and Kaletha—Minguez—
Shin—White [33], together with the stabilization of the twisted trace formula
established by Waldspurger and Meeglin—Waldspurger [43], the local Lang-
lands correspondence for unitary groups is now unconditional, except that the
general case of the weighted fundamental lemma has not been written; the
work of Chaudouard-Laumon [8] is limited to the case of split groups.

1.3 Gross—Prasad conjecture

With this short preparation, the GP conjecture can be loosely stated as follows:

Gross—Prasad conjecture (i) Given a generic L-parameter ¢ for G,,, there
is a unique representation (¢, n) in the Vogan L-packet I1y such that
(¢, n) is a representation of a relevant pure inner form G|, and such that

HOH]AH’Q (T[(¢v 77)7 U) ;é 0.

(ii) There is a precise recipe for the distinguished character n (which we will
recall in Sect. 3.2 below).

In a stunning series of papers [61-64], Waldspurger has established the
Bessel case of the GP conjecture for special orthogonal groups in the case of
tempered L-parameters; the case of general generic L-parameters is then dealt
with by Mceglin—Waldspurger [42]. Beuzart-Plessis [4—6] has since extended
Waldspurger’s techniques to settle the Bessel case of the GP conjecture for
unitary groups in the tempered case.

1.4 Purpose of this paper

The purpose of this paper is to establish the Fourier—Jacobi case of the GP
conjecture, as well as two conjectures of Prasad concerning local theta corre-
spondence in the (almost) equal rank case.

Let us describe the main idea of the proof. For simplicity, we restrict
ourselves to the case of tempered L-parameters here. The Bessel and Fourier—
Jacobi cases of the GP conjecture are related by the local theta correspondence.
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The Gross—Prasad conjecture and local theta correspondence 709

More precisely, there is a see-saw diagram

UW,) x U(Wy) U(Vt1)

UWy) U(Vp) x U(V1)
and the associated see-saw identity reads:

Homuyw,) (O, x,v,,w, (0) & ®y,x,vi, W, T)
= Homy(v,)(Oy, Vi1, W, (), 0)

for irreducible smooth representations 7w of U(W,,) and o of U(V,,). Hence the
left-hand side of the see-saw identity concerns the Fourier—Jacobi case (FJ)
whereas the right-hand side concerns the Bessel case (B). It is thus apparent
that precise knowledge of the local theta correspondence for unitary groups of
(almost) equal rank will give the precise relation of (FJ) to (B).

More precisely, one would need to know:

(®) For irreducible tempered representations w and o, the big theta lifts
Oy x Vi1, W, () and Oy y v, w, (o) are irreducible (if nonzero).

(P1) If o has parameter (¢, ) and Oy, , v, w, (o) has parameter (¢, n’), then
(¢’, n") can be precisely described in terms of (¢, 1).

(P2) Likewise, if 7 has parameter (¢, 1) and @y , v, ., w, (r) has parameter
(¢’, ), then (¢, n) can be precisely described in terms of (¢, ).

In fact, in [47,48], Prasad has formulated precise conjectures regarding
(P1) and (P2) for the theta correspondence for U(V,,) x U(W,;) and U(V,,11) x
U(W,) respectively; we shall recall his conjectures precisely in Sect. 4. We
shall also denote by (weak P1) the part of the conjecture (P1) concerning only
the correspondence of L-parameters ¢ — ¢'; likewise we have (weak P2).
Then we recall that in our earlier paper [17], we have shown:

Proposition 1.1 The statements (®), (weak P1) and (weak P2) hold.
Using Proposition 1.1, the first observation of this paper is:
Proposition 1.2 Assume (B) and (P2). Then (FJ) and (P1) follow.

In view of Proposition 1.2 and the work of Beuzart-Plessis [4—6], it remains
to show the statement (P2), and our main result is:

Theorem 1.3 The conjecture (P2), and hence (FJ) and (P1), holds.

Let us make a few comments about the results:
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710 W. T. Gan, A. Ichino

e Infact, we prove (P1) and (P2) for all (not necessarily tempered nor generic)
L-parameters.

e We mention a related result of Mceglin [41] about the local theta cor-
respondence for symplectic-orthogonal dual pairs of arbitrary rank. She
considered A-packets for a large class of A-parameters, including all tem-
pered L-parameters, and then determined the analog of the correspondence
(¢, n) — (¢, n') in the sense of Arthur, assuming that the correspondence
is known for supercuspidal (and slightly more general) representations.

e It is interesting to note that in Proposition 1.2, the roles of (P1) and (P2)
can be switched. In other words, it is also sufficient to prove (P1) in order
to prove (FJ). We shall explain in the next subsection why we prefer to
prove (P2).

e In [15], both the Bessel (B) and Fourier-Jacobi (FJ) cases of the GP con-
jecture were formulated for pairs of spaces V,, C Vy42k+1 0t Wy, C Wyyyok
for any nonnegative integer k and for any generic L-parameters for
U(V,) x U(Vy,40k41) or UW,) x U(W, 421). Beuzart-Plessis [4-6] has in
fact verified (B) for all tempered L-parameters for U(V,,) x U(V,412k+1).
In §9, we check that the argument as in [42] gives (B) for all generic
L-parameters for U(V,;) x U(V,42¢+1) and then show that Theorem 1.3
continues to hold for all generic L-parameters for U(W,,) x U(W,).

e On the other hand, it was shown in [15, Theorem 19.1] that the GP con-
jecture in the case of generic L-parameters for U(W,) x U(W,42) (for
all k£ > 0) follows from that for U(W,,) x U(W,). Namely, we can deduce
from Theorem 1.3 the following:

Corollary 1.4 The Fourier—Jacobi case of the GP conjecture holds for all
generic L-parameters for U(W,)) x U(W,,421) for any k > 0.

1.5 Prasad’s conjectures

Given Proposition 1.1, the main work is to determine how 1" depends on (¢, 1)
in (P1) and (P2). In fact, the precise determination of " in (P1) is a very subtle
issue, as it depends on certain local roots numbers. In the case of (P2), the
dependence of " on (¢, n) is more simplistic.

The proof of (P2) proceeds by the following steps:

e First, by our results in [17], the nontempered case can be reduced to the
tempered case on smaller unitary groups.

e Next, we show that the tempered case can be reduced to the square-
integrable case on smaller unitary groups. This is achieved by a nontrivial
extension of the techniques in the PhD thesis of the second author [31] and
uses the delicate details of the normalization of the intertwining operators
involved in the local intertwining relation [2,33,44].
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The Gross—Prasad conjecture and local theta correspondence 711

e Finally, we show the square-integrable case by a global argument. More
precisely, we shall globalize an irreducible square-integrable representation
m of U(W,) to an irreducible cuspidal automorphic representation I1 =
®y 11, such that

— IT, is not square-integrable for all places outside the place of interest,
so that (P2) is known for [T, outside the place of interest,
— [T has tempered A-parameter whose global component group is equal
to the local component group of the L-parameter of 7,
— IT has nonzero global theta lift to a unitary group which globalizes
U(Vn+l)~
The desired result then follows for the place of interest by applying Arthur’s
multiplicity formula for the automorphic discrete spectrum, which can be
viewed as a sort of product formula (see (6.3)).

We can now explain why we prefer to prove (P2) rather than (P1). Note
that one could attempt to follow the same strategy of proof for the statement
(P1). However, in the globalization step above, we need to ensure that I7
has nonzero global theta lift to a certain unitary group. For the case of (P1),
the nonvanishing of this global theta lift is controlled by the nonvanishing
of L(%, IT), and it is well-known that the nonvanishing of this central critical
value is a very subtle issue with arithmetic implications. On the other hand, for
the statement (P2), the nonvanishing of the global theta lift of /T is governed
by the nonvanishing of L(1, IT). Now it is certainly much easier to ensure
the nonvanishing of L(1, IT) compared to L(%, IT). For example, if I has
tempered A-parameter, then one knows that L(1, IT) # 0. It is for this reason
that we prove (P2) rather than (P1).

1.6 3 Birds and 2 stones

To summarise, in proving our main theorem, we have killed “3 birds” [i.e. (FJ),
(P1) and (P2)] with “2 stones” [i.e. (B) and Arthur’s multiplicity formula],
though it is probably more accurate to describe the latter as two cannon balls.
We stress however that no animals (besides the two authors) have suffered in
the preparation of this article.

Notation
Let F be a nonarchimedean local field of characteristic 0 and rgsidue char-
acteristic p. We fix an algebraic closure F of F. Let I' = Gal(F/F) be the

absolute Galois group of F and W the Weil group of F. Let | - |F be the
normalized absolute value on F. We fix a nontrivial additive character v of F.
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712 W. T. Gan, A. Ichino

Let E be a quadratic field extension of F and wg,r the quadratic character
of F* associated to E/ F by local class field theory. Let ¢ denote the nontrivial
Galois automorphism of E over F. Let Trg,r and Ng,r be the trace and norm
maps from E to F. We choose an element § € E* such that Trg,r(8) = 0.
We write | - | = | - | for the normalized absolute value on E. Let ¥ be the
nontrivial additive character of E defined by Y g = ¥ o Trg/F.

If G is a linear algebraic group over F, we identify G with its group of F-
rational points G (F'). For any totally disconnected locally compact group G, let
1 be the trivial representation of G and Irr(G) the set of equivalence classes
of irreducible smooth representations of G. For any set X, let 1 y be the identity
map of X. For any positive integer n, let 1,, be the identity matrix in GL,,.

2 Local Langlands correspondence

In this section, we summarize some properties of the local Langlands corre-
spondence for unitary groups.

2.1 Hermitian and skew-Hermitian spaces

Fix ¢ = £1. Let V be a finite dimensional vector space over E equipped with
a nondegenerate e-Hermitian c-sesquilinear form

(,YWv:VxV —E.

Thus we have
(av, bw)y = ab (v, w)y,
(w,v)y =¢- (v, w)y,
forv,w e Vanda,b € E.Putn = dim V anddisc V = (=1)®=D"/2 . det V,
so that

X X 3 — .
discV € F*/Ne/r(E7) %fg =+L
8" - F*/Ng/p(E™) ife = —1.

We define (V) = £1 by

a)E/F(diSC V) ife = +1;
e(V) = n e .
wg/p(@7" -disc V) ife =—1.

Given a positive integer n, there are precisely two isometry classes of n-
dimensional e-Hermitian spaces V, which are distinguished from each other
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The Gross—Prasad conjecture and local theta correspondence 713

by their signs €(V). Note that (V) depends on the choice of § if ¢ = —1
and n is odd. Let U(V) be the unitary group of V, i.e. the connected reductive
linear algebraic group over F defined by

UWV)={g e GL(V)|{(gv, gw)y = (v, w)y forv,w e V}.

If n = 0, we interpret U(V) as the trivial group {1}.

2.2 L-parameters and component groups

Let Wg be the Weil group of E and WD = Wg x SL;(C) the Weil-Deligne
group of E. We say that a continuous homomorphism ¢ : WDg — GL,(C)
is a representation of WD if

e ¢ is semisimple,
e the restriction of ¢ to SL,(C) is algebraic.

We say that ¢ is tempered if the image of Wg is bounded. Let ¢¥ be the
contragredient representation of ¢ defined by ¢¥(w) = ‘¢(w)~!. Fix s €
Wr ~ W and define a representation ¢¢ of WD by ¢¢(w) = ¢ (sws ™). Then
the equivalence class of ¢¢ is independent of the choice of s. We say that ¢ is
conjugate self-dual if there is a nondegenerate bilinear form B : C" xC" — C
which satisfies

B(g(w)x, ¢ (w)y) = B(x, y)

forall w € WDEg and x, y € C". Namely, ¢ is conjugate self-dual if and only
if ¢¢ is equivalent to ¢¥. For b = +1, we say that ¢ is conjugate self-dual
with sign b if there is a nondegenerate bilinear form B : C* x C" — C which
satisfies the above condition and the condition that

B(y,x) = b - B(x, $(s>)y)

for all x, y € C". Note that the sign b depends not only on ¢ but also on B.
We also say that ¢ is conjugate orthogonal (resp. conjugate symplectic) if it is
conjugate self-dual with sign +1 (resp. —1). If ¢ is conjugate self-dual with
sign b (with respect to a bilinear form B), then det ¢ is conjugate self-dual
with sign »". By [15, Lemma 3.4], a character y of E* (or rather the character
of WD associated to x by local class field theory) is conjugate orthogonal
(resp. conjugate symplectic) if and only if x |px = Lpx (resp. x|px = wg/F).

By [15, Sect. 8], an L-parameter for the unitary group U(V) is an n-
dimensional conjugate self-dual representation ¢ of WD with sign (—1)"~!.
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714 W. T. Gan, A. Ichino

We may decompose ¢ into a direct sum
¢ = P misi
i

with pairwise inequivalent irreducible representations ¢; of WD g and multi-
plicities m;. We say that ¢ is square-integrable if it is multiplicity-free (so that
m; = 1 for all i) and ¢; is conjugate self-dual with sign (—1)"~! for all i.

For an L-parameter ¢ for U(V), fix a bilinear form B as above and let
Aut(¢, B) be the group of elements in GL,, (C) which centralize the image of
¢ and preserve B. Let

Sy = Aut(¢, B)/ Aut(¢, B)°

be the component group of ¢, where Aut(¢, B)? is the identity component
of Aut(¢, B). As shown in [15, Sect. 8], Sy has an explicit description of the
form

So = [ [Z/2Z)a;

J

with a canonical basis {a;}, where the product ranges over all j such that ¢;
is conjugate self-dual with sign (—1)"~!. In particular, Sy 1s an elementary
abelian 2-group. We shall let z4 denote the image of —1 € GL,(C) in S.
More explicitly, we have

29 = (mja)) € [ [(Z/2Z)a;.
j

2.3 Local Langlands correspondence

The local Langlands correspondence for general linear groups, which was
established by Harris—Taylor [26], Henniart [29], and Scholze [51], is a cer-
tain bijection between Irr (GL, (E)) and equivalence classes of n-dimensional
representations of WD . This bijection satisfies natural properties which deter-
mine it uniquely. For example, if 7 is an irreducible smooth representation of
GL,, (E) with central character w, and ¢ is the n-dimensional representation
of WD associated to i, then

e w; = det¢,

e 7 is essentially square-integrable if and only if ¢ is irreducible,

e 1 is tempered if and only if ¢ is tempered.

The local Langlands correspondence (as enhanced by Vogan [58]) for uni-
tary groups says that there is a canonical partition
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The Gross—Prasad conjecture and local theta correspondence 715

e (U(VH) uler(UV ) = || .
¢

where VT and V~ are the n-dimensional e-Hermitian spaces with e(V 1) =
+1 and €(V ™) = —1, the disjoint union on the right-hand side runs over all
equivalence classes of L-parameters ¢ for U(V¥), and Iy is a finite set of
representations known as a Vogan L-packet. We may decompose I1y as

— It urn-
My =T} ully,

where for e = £1, 17(; consists of the representations of U(V€) in ITy.

2.4 Whittaker data

To describe the L-packet IT, more precisely, it is necessary to choose a Whit-
taker datum, which is a conjugacy class of pairs (N, ¥y), where

e N is the unipotent radical of a Borel subgroup of the quasi-split unitary
group U(VT),
e 1y is a generic character of V.

Then relative to this datum, there is a canonical bijection
Jyy - My < Trr(Sy).

When 7 is odd, such a datum is canonical. When 7 is even, as explained in [15,
Sect. 12], it is determined by the choice of an N,z (E™)-orbit of nontrivial
additive characters

vE E/F - C* ife =+1;
Y F — C* ife =—1.

According to this choice, we write

JwE ife = +1;
Jy ife =—1

for Jy, . We formally adopt the same notation when n is odd. Suppose that
¢ = +1, so that V' and V~ are Hermitian spaces. Let W = § - VT be the
space VT equipped with the skew-Hermitian form § - (-, -)y+. Similarly, we
define the skew-Hermitian space W~ = § - V~. Then for ¢ = %1, U(V¢)
and U(W*¢) are physically equal. For a given ¢, let J,, = and Jy, be the above
bijections for U(VE) and UWH) respectively. One has:
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716 W. T. Gan, A. Ichino

e if n is even, then
Jye =Ty == yF @) = w(% TrE/F(ax)),

e if nisodd, then Jy,r = Jy.

Having fixed the Whittaker datum (N, ¥ ), we shall write 77 (¢, 1) or simply
m(n) for the irreducible smooth representation in /14 corresponding to n €
Irr(Sy) under the bijection Jy,, . If ¢ is tempered, then for any Whittaker datum
(N, wj/v), there is a unique (N, wl’\,)—generic representation of U(V ™) in 11,
by [5, Lemme 7.10.1], and the irreducible characters of S associated to these
generic representations under the bijection Jy,, are described as follows:

e The unique (N, ¥ )-generic representation of U(V ™) in IT4 corresponds
to the trivial character of S.

e When 7 is even, there are precisely two Whittaker datum. If (N, ¥}, is not
conjugate to (N, ¥y), then by [32, Sect. 3], the unique (N, 1//1’v)—generic
representation of U(V ) in [Ty corresponds to the character 17— of Sy given
by

n-(aj) = (=1,

The character 1_ has arole even when n is odd. Indeed, if n is odd, we may take
V™~ =a-VT,ie. the space V* equipped with the Hermitian forma - (-, )y,
where a € F* \ Ng,r(E™). Then U(V ™) and U(V ™) are physically equal.
Under this identification, we have

+ _ —_
ny =11,
forany ¢.Letwm = (¢, n) be arepresentation of U(V 1) in [1,. If we regard 7
as arepresentation of U(V ™) via the above identification, then it has associated
character n-n_. In particular, if ¢ is tempered, then the unique (N, ¥y )-generic
representation of U(V ™) in ITy corresponds to n_.

2.5 Properties of the local Langlands correspondence

We highlight some properties of the local Langlands correspondence which
are used in this paper:

e (¢, n) is arepresentation of U(V <) if and only if (z¢) = €.
e (¢, n) is square-integrable if and only if ¢ is square-integrable.
e (¢, n) is tempered if and only if ¢ is tempered.
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The Gross—Prasad conjecture and local theta correspondence 717

e If ¢ is tempered but not square-integrable, then we can write

®=d1 Do ® (97",

where

— ¢ is a k-dimensional irreducible representation of WD g for some positive
integer k,

— ¢ is a tempered L-parameter for U(Voi), where VOjE are the e-Hermitian
spaces of dimension n — 2k over E.

Note that there is a natural embedding Sy, <> Sy. Let no € Irr(Sg,) and put
€ = 1o(zg,). We can write

Ve=X®V; ® X",

where X and X* are k-dimensional totally isotropic subspaces of V¢ such that
X ® X* is nondegenerate and orthogonal to V5. Let P be the maximal parabolic
subgroup of U(V¢€) stabilizing X and M its Levi component stabilizing X*,
so that

M = GL(X) x U(Vy).
Let 7 be the irreducible (unitary) square-integrable representation of GL(X)

associated to ¢o1, and let w9 = 7 (¢g, 1o) be the irreducible tempered represen-
tation of U(Vj) in Iy, corresponding to no. Then the induced representation

Indg(ve)(r ® 7o) has a decomposition

ndp " (r @ 70) = P (8. .
n

where the sum ranges over all n € Irr(Sy) such that n|5¢0 = 1. Moreover, if
¢1 is conjugate self-dual, let

R(w, 7 ® 1) € Endy(ve,(Ind5"" (r @ 70))
be the normalized intertwining operator defined in Sect. 7.3 below, where w

is the unique nontrivial element in the relative Weyl group for M. Then the
restriction of R(w, T ® mp) to (¢, n) is the scalar multiplication by

[ek -n(a;)  if ¢y has sign (—1)"1; o

ek if ¢1 has sign (—1)",
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718 W. T. Gan, A. Ichino

where a; corresponds to ¢1. These properties follow from the definition of
n, induction in stages [33, Sect. 2.7], and the local intertwining relation [44,
Theorem 3.4.3], [33, Theorem 2.6.2]. We also remark that the factor X arises
from the splitting 5" : Wy (M, G) — mo(Ny (M, G)) defined in [33, Sect.
2.4.1], which can be explicated by using an analog of Lemma 7.2 below for
the dual group.

e In general, we can write

P=1 B - D BP® (¢) - D (¢,

where

— fori =1, ..., r, ¢;is ak;-dimensional representation of WD of the form
¢i = ¢! ® |- | for some tempered representation ¢; of WDg and real
number ¢; such that

el > --->¢e >0,

— ¢ is a tempered L-parameter for U(Voi), where VOjE are the e-Hermitian
spaces of dimension n — 2(k; + - - - + k) over E.

Note that the natural map Sg, — Sy is an isomorphism. Let € Irr(Sy) and
put € = 1(z¢). We can write

VEe=X1® - ®X, VDX D - DX],
where X; and X7 are k;-dimensional totally isotropic subspaces of V¢ such
that X; @ X are nondegenerate, mutually orthogonal, and orthogonal to V(5.
Let P be the parabolic subgroup of U(V€) stabilizing the flag
XicxXxiexXp, Cc---CX19--- DX,
and M its Levi component stabilizing the flag
XfcXieX;5C---CX|®---dX],
so that
M = GL(X1) x --- x GL(X,) x U(Vy).
Then 7 (¢, n) is the unique irreducible quotient of the standard module

Indg(ve)(‘cl ® Q1 ®mp),
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wherefori = 1, ..., r, t; istheirreducible essentially tempered representation
of GL(X;) associated to ¢;, and w9 = m(¢o, n9) is the irreducible tempered
representation of U(V{y) in Iy, corresponding to 1o := n|5¢0 € Irr(Sgp,).

e If 1 = 7 (¢, n), then the contragredient representation " of m has L-
parameter ¢V and associated character ;v = 1 - v, where

;) = we/p(=DYMPif n is even;
! 1 if n is odd.

Note that the component groups Sy and Sgv are canonically identified. In
the case of unitary groups, this property follows from a result of Kaletha
[32, Sect. 4].

3 Gross—Prasad conjecture
In this section, we explicate the statement of the Gross—Prasad conjecture

for unitary groups. In particular, we recall the definition of the distinguished
character n of the component group.

3.1 Pairs of spaces
Fore = %1, let V,; denote the n-dimensional Hermitian space with e (V) = €

and Wy the n-dimensional skew-Hermitian space with e(W;) = €, so that
Ws = §- Vs . For the Gross—Prasad conjecture, we consider the pair of spaces:

vicvh, or Wi=wr

Then the relevant pure inner form (other than itself) is

Vo, €V, or W, =W,
and observe that
Vig1/ Ve = Ly,

where for a € F*, L, denotes the Hermitian line with form a - Ng,r. We
have the groups

GE=UVE) x UVE, ) or UWE) x UWE)
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and
H: =UVy) or UW,),
and the embedding
A: Hf — Gj,.

We also have the Langlands—Vogan parametrization (depending on the
choice of the Whittaker datum) relative to the fixed pair of spaces. For an
L-parameter ¢ = ¢< x ¢ for G,ﬂf, the component group is:

S¢ = S¢<> X S¢©

In particular, under the local Langlands correspondence, the representation
m(n) € Iy is a representation of a relevant pure inner form if and only if

U(Z¢<>,Z¢,©) =1,
and 7 (n) is a representation of Gy, if and only if

77(1¢0, 1) =n(, Z¢®) =e.

3.2 The distinguished character 7

We shall now define a distinguished character € Irr(Sg) when ¢ = d° x 9%
Writing

Sso = [|@/22)a; and Syo =[] Z/22)b;.,
i J

we thus need to specify the signs n(a;) = £1 and n(b;) = +1. We consider
the Bessel and Fourier—Jacobi cases separately.

e Bessel case. We fix a nontrivial character £ of E/F which determines
the local Langlands correspondence for the even unitary group in G, =
U(VE) x U(VE, ). We set Y5, (x) = ¢ (—2x) and define:

%) =< (3,67 ®¢7 vEy):
1%y =€ (1,09 @7 L)
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e Fourier—Jacobi case. In this case, we need to fix a nontrivial character
of F' and a character x of E* with x|px = wg/F to specify the Weil
representation v = wy,  we of U(Wy). The recipe for the distinguished

character n* of S¢ depends on the parity of n = dim Wj;.
— If n is odd, recall that det Wn+ €6 -Ng/r(E™) and define

n*(a;) = e (%, 67 @%@ x ! vE):
oy =e (.00 @0) @ x ' uf).
where
Yy (x) = ¥ (Tre)F(8x)).

— If n is even, the fixed character ¥ is used to fix the local Langlands
correspondence for U(Wy ). We set

n*(a;) = € (%, o7 @%@ x 71, WE) ;
o) =c (500067 @1 vE),

where the e-factors are defined using any nontrivial additive character
V£ of E/F. (The result is independent of this choice.)

We refer the reader to [15, Sect. 18] for a discussion of the various subtleties
in the definition of n*® or n*.

3.3 Conjectures (B) and (FJ)

Let us formally state the statements (B),, and (FJ),:
(B), Given a tempered L-parameter ¢ for G,jf = U(Vni) X U(an_ﬁ_l) and a
representation 77 (1) € Iy of a relevant pure inner form Gy,

Homape (m(n), C) # 0 <= 1 = n*.

(F)), Given a tempered L-parameter ¢ for G,f = U(W;—L) X U(Wni) and a
representation 77 (1) € Iy of a relevant pure inner form Gy,

Homape ((n), v) #0 <> n =n*.

We shall denote by (B) the collection of statements (B), for all n > 0, and
by (FJ) the collection of statements (FJ), for all n > 0. We stress that both
(B) and (FJ) are considered only for tempered representations in this paper
(except in Sect. 9 where we treat the case of generic L-parameters).
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4 Local theta correspondence and Prasad’s conjectures

In this section, we explicate the statement of Prasad’s conjectures on the local
theta correspondence for unitary groups of (almost) equal rank.

4.1 Weil representations

Let V be a Hermitian space and W a skew-Hermitian space. To consider the
theta correspondence for the reductive dual pair U(V) x U(W), one requires
certain additional data:

(i) a nontrivial additive character ¢ of F;
(ii) a pair of characters yxy and xw of E* such that

dim V dim W
XV|F>< =wE/F and XW|F>< :wE/F .

One way to fix such a pair is simply to fix a character y of E* such that
x|px = wg/F and then set

dimV

xXv =X and xw = x4V,

(iii) a trace zero element § € E*.

To elaborate, the tensor product V ® W has a natural symplectic form defined
by

(v1 @ wy, v2 @ wa) = Tre/r({vy, V2)v - (Wi, wW2)w).
Then there is a natural map
UV) x U(W) — Sp(V @ W).

One has the metaplectic § I_cover Mp(V®W) of Sp(V ® W), and the character
Y (together with the form (-, -) on V ® W) determines a Weil representation
wy of Mp(V ® W). The data (v, xv, xw, 6) then allows one to specify a
splitting of the metaplectic cover over U(V) x U(W), as shown in [25,37]. In
fact, by construction and [25, Lemma A.7], it does not depend on the choice
of §.

Hence, we have a Weil representation wy, y, ., v,w of U(V) x U(W).
The Weil representation wy, y, . v,w depends only on the orbit of ¥ under

Ng/p(EX).
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4.2 Local theta correspondence

Given an irreducible smooth representation 7 of U(W), the maximal -
isotypic quotient of wy, 4, yy,v,w is of the form

Oy xv,xw, v, w (1) K

for some smooth representation Oy y, v, w () of U(V) of finite length.
By the Howe duality, which was proved by Waldspurger [59] for p # 2 and
by the first author and Takeda [20,21] for any p (so that the assumption p # 2
can be removed from the results of [17] stated below), the maximal semisimple
quotient Oy .y, v,w () of Oy y\, yww.v,w () is either zero or irreducible.
If xy and xw are clear from the context, we simply write Oy v w(w) =
Oy xv,xw, v, w () and Oy v w (77) = Oy yy sy, v, w (7).

In this paper, we consider the theta correspondence for U(V) x U(W) with
|dimV — dim W| < 1.

We will state two conjectures of Prasad which describe the local theta corre-
spondence in terms of the local Langlands correspondence.

4.3 Equal rank case

We first consider the case dim V = dim W = n. We shall consider the theta
correspondence for U(V,S) x U(W, ). The following summarises some results
of [17]:

Theorem 4.1 Let ¢ be an L-parameter for U(Wf). Then we have:

(1) For any fixed w € He/, exactly one of @w,v,f,w,g’ () or @w.v,r,w,s/ ()
is nonzero.
(i1) Oy e we (1) # 0 if and only if

€ (%,¢®x\71, 1//2E) —c-€,
where

Yy (x) = ¥ (Tre)F(8x)).

(ii1) If@th;’W;r () is nonzero, then 9¢,V;,W§/ () has L-parameter
0(¢) =¢ & xy xw.
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(iv) The theta correspondence 7w +— 0 vVE W (r) gives a bijection
My <— ITyy).
W) If ¢ is tempered and @w,V,f,W,f/ (r) is nonzero, then @WV;’W;/ () is

irreducible.

4.4 Conjecture (P1)

After the above theorem, the remaining question is to specify the bijection of
Vogan L-packets given in (iv). We shall do this using the bijections

Jy  Hy <— Irr(Sy) and  Jyre @ I <—> Iir(So(g)).

where

vE@ = v (3 Tre/r(0). (4.1)

Note that the bijections Jy, and Jy, £ are independent of ¥ and £ when n is

odd, but when 7 is even, they do depend on these additive characters and it is

crucial for ¥ and ¥ % to be related as in (4.1) for what follows to hold.
Having fixed the bijections Jy and J,, £, we need to describe the bijection

Irr (Sy) <— Irr(Sp(g))
n<— 6(n)

induced by the theta correspondence. Note that the component groups Sy and
So(¢) are canonically identified, since 6 (¢) is simply a twist of ¢ by a conjugate
orthogonal character.

Now the first conjecture of Prasad states the following.

(P1), Let ¢ be an L-parameter for U(Wni) and let n € Irr(Sy). Suppose that

1

Then, relative to Jy and Jd, £ as above,

o @/n@) =e (3.6 @1y vF),
where

Yy (x) = ¥ (Tre)F(8x)).
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We shall denote by (P1) the collection of all statements (P1),, for all n > 0.
Note that we consider (P1) for all L-parameters, and not just tempered ones.
However, we note:

Proposition 4.2 Suppose that (P 1)y holds for all tempered L-parameters for
all k < n. Then (P1)y holds for all nontempered L-parameters for all k < n.

Proof This follows from the analog of [19, Theorem 8.1(iii)] for unitary

groups. O
Moreover, the following is a corollary of Theorem 4.1(ii):

Corollary 4.3 The statement (P1), holds if ¢ is irreducible.

4.5 Almost equal rank case

Now we consider the case dim V = n 4+ 1 and dim W = n. We shall consider
the theta correspondence for U(V;, ;) x U(W;). The following summarises
some results of [17]:

Theorem 4.4 Let ¢ be an L-parameter for U(Wni). Then we have:

(1) Suppose that ¢ does not contain xy.
€ :
(a) For any w € 17¢ , @IﬂaV,vaWﬁ/ () is nonzero and ellf,V,fH,W;' () has
L-parameter

0($) = (P ® xy ' xw) ® xw-

(b) Foreach e = %1, the theta correspondence mw +—> 9¢ Ve we () gives
»Vnt1 W
a bijection

(ii) Suppose that ¢ contains yxy.
(a) Foranyfixedw € IT§ , exactly one of@w’ VW () or @w’ Vo, W ()
Ls nonzero.

(b) If@'/f,V,fH,W;/ () is nonzero, then 9¢’V;+1’W5/ () has L-parameter

0($) = (@ xy xw) ® xw-

(c) The theta correspondence m +—> 91/1 Ve W () gives a bijection
*in+10 T n
My <— ITyy).

(iii) If ¢ is tempered and @w Ve

VE W (7m) is nonzero, then @IP,V,,G we' () is

. . ! +1
irreducible.
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4.6 Conjecture (P2)

After the above theorem, it remains to specify the bijections given in (i)(b) and
(i1)(c). As in the case of (P1), we shall do this using the bijections

Jy : My < Trir(Sy) and JwE : ypy <— Irr(Sp(g))s
where
V) = v (5 Tre/r ().

Note that Jy is independent of ¥ when n is odd, whereas J,, ¢ is independent

of ¥ £ when n is even.
Observe that:

e If ¢ does not contain yy, then
So(p) = S X (Z/2Z)ay,

where the extra copy of Z/2Z arises from the summand xw in 6 (¢). Thus,
for each €, one has a canonical bijection

Irr (Sy) <~— II‘I‘G(S@@))
n<— 6()

induced by the theta correspondence, where Irr€ (S (g)) is the set of irre-
ducible characters 1’ of Sg(¢) such that n’(ze(4)) = €.

e On the other hand, if ¢ contains xv, then ¢ ® x,, ! Xw contains xw, so that
Sog) = Sp-
Thus, one has a canonical bijection

Irr(Sg) <— Irr(Sp(g))
n <— 6(n)
induced by the theta correspondence.
Now we can state the second conjecture of Prasad.

(P2),, Let ¢ be an L-parameter for U(Wni) and let n € Irr(Syp). Fix the bijec-
tions Jy, and J,, £ as above.
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e If ¢ does not contain yy, then 6(n) is the unique irreducible character in
Irr€ (Sp(¢)) such that

Omls, = n.
e On the other hand, if ¢ contains yy, then
6(n) = n.
We shall denote by (P2) the collection of all the statements (P2),, for all

n > 0. Note that we consider (P2) for all L-parameters, and not just tempered
ones. However, we note:

Proposition 4.5 Suppose that (P2)y holds for all tempered L-parameters for
all k < n. Then (P2)y holds for all nontempered L-parameters for all k < n.

Proof This follows from [17, Proposition C.4(ii)]. O

5 (B) + (P2) = (F)) + (P1)
In this section, we shall show that Conjectures (FJ) and (P1) follow from
Conjectures (B) and (P2), together with Theorems 4.1 and 4.4.
Suppose that we are given tempered L-parameters ¢ and ¢ for U(W:F).
Let
°=7(n°) € 1'[(;/<> and 7% =7(n") € H;;
be representations such that
<& <
HomU(W;f)(rr R ""w,x,ws’) # 0.
We first show that
n®@n” =n*.
Since the representations involved are unitary (as ¢ and ¢ are tempered),
Homy e, (1 @ 17, 0, o) #0

if and only if

Homy e (T9)Y @ @, oo 77) # 0.
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5.1 See-Saw

Now we consider the see-saw diagram (for an € to be determined soon):

UWE) x UWE) UV, )

ey

Uwe) U(VE) x U(L1y)

We shall consider the local theta correspondence for the above see-saw dia-
gram. For this, we need to specify precisely the data used in setting up the
theta correspondence. More precisely, for the dual pair U(V,, ;) x U(W€ ),
we shall use the characters

nt(=1)"

XV,

=x and Xye = x",
and for the dual pair U(V}") x U(W;,), we use
xve = Xwe = x"-
Then for the dual pair U(L 1)) x U(W,f/), we have no choice but to use

(=D"

n
XL(,l)n = X and XW;, = X .
!
In particular, the restriction of w to U(WE) is equal to
P 5 "/vaL(_DanWe’ L(—l)”ﬂW;f/ ( n ) q
n
Wy 5 we if n is even;
s KWWy
a); we if n is odd.
X Wy

In any case, having fixed these normalizations, we shall suppress them from
the notation for simplicity.

Because of the above differences for even and odd n, it will now be conve-
nient to treat the even and odd cases separately.

5.2 Even case

Assume first that n is even. By Theorem 4.1, we may choose o € Irr(U(V)))
such that

w Ve W, e/ (G) (”0)\/
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This uniquely determines €. Moreover, by Theorem 4.1, we know that o has
L-parameter

bo = (99",
since the L-parameter of (<)Y is (¢¥)V.

Taking the representation 7% on Uwy ,) and the representation o on U(V,;),
the resulting see-saw identity reads:

0 # Homyy e (7)Y @ @, e, )
= Homy vy, (@w’ Ve, e %), o).
By Theorem 4.4,
7= @WV’:H’W;/(?TO)
has L-parameter
¢r =@ @1 H®x"

Recall that we have used the character i to fix the local Langlands corre-
spondence for U(W; ). The component group Syo is of the form

S0 = [ [(@/22)b;
J
and there is a natural embedding S,o <> Sy, . Now, by (P2), the representation
7 has associated character n, € Irr(Sgs,) which satisfies:
Ny = 17Qj on Syo.
On the other hand, by (B), one knows exactly what 5, is. Namely, (B) gives:
ne (b)) =€ (% ¢y @97 @ x wE)
=c(L.o% @) @x ' vF)
= 11*®;),
where ¥ F is any nontrivial character of E/F. Thus, we deduce that
v &

n’=n" on Sgo.
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Now of course we could reverse the role of 7 and 7 in the above argument.
Then we conclude that

as desired.

5.3 Odd case

Now suppose that n is odd. Then we use the character

Y@ =9 (3 Tre rm)

of E/F to specify the local Langlands correspondence for U(V,:, ;). By The-
orem 4.1, we may choose o € Irr(U(V,;)) such that

Oy ye we (@) =7,

This uniquely determines €. Moreover, by Theorem 4.1, we know that o has
L-parameter

¢U = ¢<>-

Taking the representation (7)Y on U(W¢ ") and the representation o on
U(Vy), the resulting see-saw identity reads:

07 Homy e (17 @ @) . (1))

=Homu(g)(@y, ye | e (1)), 0).
By Theorem 4.4,
7= @WV:H’W;,((n@)V)
has L-parameter
¢r = (@) @0 ®x".

Now by (P2), the representation t has associated character n; € Irr(Sy,)
satisfying:

771 = 77(9 on S¢® = S(¢®)v®x.
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On the other hand, by (B), we know that

ne b = (5,00 € 69 © 1. v5)
=6(%,¢<>®¢_?®X_1,1/sz)
= 1* ().
Hence, we conclude that
n° =n* on Sg0-
Reversing the role of 7¢ and 7 in the above argument, we conclude that
n®@n” =n*

as desired.

5.4 Proof of (FJ)
At this point, we have shown that if
<& Q
Homy e (T2 @ 77, @y ) # 0,

then ¥ ® n“ is equal to the distinguished character n*. To complete the proof
of (FJ), it remains to show that the above Hom space is nonzero for some ¢’
and pair of representations (7, 7%) € H;; X 1'[;@. This will follow from

the above see-saw diagram, Theorems 4.1 and 4.4. Let us illustrate this in the
case when n is even; the case when » is odd is similar.

Consider the tempered L-parameters ¢ := (¢¥ ® x 1) @ x" for U(Vnﬂil)
and ¢’ := (¢°)V for U(Vni). By (B), there is a pair of representations

(z, ') € G x I,
such that

Homyye) (7, ') £ 0.

By Theorem 4.4, we can find a unique 7

that

€ 17(;/@ (which determines €”) such

— @ ©
T = OIZAV,,ZI,WS/ (™).
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Now the see-saw identity gives
0 # HomU(V;)(@w’V;H?W;, %), )
= Homy ) @,y e (F) @ @y et 7).
In particular,
7%= @w,V;,W;/(T/)V £0

and by Theorem 4.1, it has L-parameter (¢')" = ¢°. Thus we see that for
some (7%, 79) e H;,Q X H;g, we have
HomU(W;’)((nQ)v ® wl//vaW;f/’ 7[@) #0

as desired. This completes the proof of (FJ).

5.5 Proof of (P1)

Now we come to the proof of (P1). In particular, we consider the theta
correspondence for U(VS) x U(W) ) relative to the Weil representation
Dy v xw VEWE Given an L-parameter ¢ for U( W,;—L), we would like to expli-
cate the bijection

6 : Irr(Sy) <—> Irr(Sp(g))

furnished by Theorem 4.1, with 6(¢) = ¢ ® x,, ! xw. Here, recall that
Sp = So(p) = H(Z/ZZ)ai.
i

Since we now have (B), (FJ) and (P2) at our disposal, we shall be able to
determine 6 using the see-saw diagram.

More precisely, we start with a tempered L-parameter ¢ and consider an
irreducible tempered representation w = 7w (n) € I ¢’ One knows by Theorem
4.1 that @w,V;,W;’ (m) € IT} @) is a nonzero irreducible tempered representa-
tion of U(V,") for a unique €. By the analog of [19, Lemma 12.5] for unitary
groups, one can find an irreducible tempered representation o of U(V_,) such
that

HomU(VI,l)(@y/,V;,W;’ (m),o0) #0.
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By (B), one has
6@ =e(. 0y @0 @ xy w. v5).

where @, is the L-parameter of o.
On the other hand, one has the see-saw diagram

UWE) x UWE) uv,)

U(er/) U(Vnefl) X U(L(_l)n—l)

We consider the theta correspondence for U(L_jyn-1) X uwy ,) relative to

the pair of characters (x (=" , Xw), so that the theta correspondence for
UVs_)) x U(W,f,) is with respect to the pair (XVX(_l)n, Xxw). We shall sup-
press these pairs of characters from the notation in the following. By Theorem
4.4, the representation

T .= @w7V:_1’W;/(a) #£0
is irreducible and tempered. Moreover, t has L-parameter

b = @ @ xviyw x V) @ xvx TV (5.1)

It will now be convenient to consider the even and odd cases separately.

5.6 Even case

Assume first that n is even. By the see-saw identity, one has

\4
0 # Homyy e (O ye | e (@) @@y o, )

= HomU(W;/)(T Y, a)lp’wig/).
It follows by (FJ) that
n@) - pr (=D = nov(@) =€ (3o @87 @ 17 vE).
where the local root number appearing here is independent of the choice of

the additive character of E/F used since dim ¢p; = n is even. Hence, by (5.1),
one has
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na) =€ (3,90 097 © xv ', vF)

X € (%, d)z\/ & xXv, %E) . wE/F(—l)dim¢i.
Noting that ¢; is conjugate symplectic, we may compute:
0(m)(ai)/n(ai) =€ (% b’ ® xv, %E) - wp p(—1)ime
€ (%’ d)l\/ ® xv, wfg)
e(bo0x" vf)

as desired.

5.7 Odd case

Now suppose that n is odd. By the see-saw identity, one has
HomU(Ws/)(r ® D s W' ) #0,
so that
\
HomU(W;/)(r Q m, “’w,x,ws’) # 0.
By (FJ), one has
na) =< (367 @9 @ " vf)
=c(her 00w vf) e (hoiox uf),

where the second equality follows from (5.1). On the other hand, we have seen
that

o) =< (5,65 ® 61 @ 17w, vE)
=< (1. 07 @t @y xw. vf).

where the second equality follows because dim ¢ = n — 1 is even. Hence,
we conclude that

@ Springer



The Gross—Prasad conjecture and local theta correspondence 735

o) /@) = e (4. ¢ @ xy ' vF)

as desired.

We have thus shown Conjecture (P1) for tempered L-parameters. For non-
tempered L-parameters, (P1) follows from the tempered case by Proposition
4.2,

To summarise, we have shown the following proposition:

Proposition 5.1 Assume that (B);y and (P2)x hold for all tempered L-
parameters for all k < n. Then (Fl); and (P1); also hold for all tempered
L-parameters for all k < n.

58 (B) + (P1) = (FJ) + (P2)

Instead of assuming (B) and (P2) as we have done above, one may assume (B)
and (P1). Using the same arguments as above, together with Theorems 4.1 and
4.4, one can then deduce (FJ) and (P2). We state this formally as a proposition
and leave the details of the proof to the reader.

Proposition 5.2 Assume that (B)ry and (P1)x hold for all tempered L-
parameters for all k < n. Then (Fl); and (P2); also hold for all tempered
L-parameters for all k < n.

6 Proof of (P2)

After the previous section, and in view of the results of Beuzart-Plessis [4-6]
(who proves (B)), it remains to prove (P2),. We shall prove (P2), by using
induction on 7.

6.1 The base cases

For (P2), there is nothing to prove. By [16,25] and [5], we know that (B);
and (P1); hold. Hence it follows by Proposition 5.2 that (P2); holds.

For (P2),, the nontempered case follows from the tempered case by Propo-
sition 4.5. To show (P2); for tempered L-parameters, it follows by Proposition
5.2 that it suffices to show (P1), for tempered L-parameters. Now (P1), was
shown in [16, Theorem 11.2] by a global argument, appealing to the analog of
(P1), at archimedean places. However, we can also give a purely local proof
here.

Suppose that ¢ is a tempered L-parameter for U(Wzi) and we are consid-

ering the theta correspondence for U(Vy) x U(Wf/) with respect to a pair of
characters (xv, xw). If ¢ is irreducible, then Corollary 4.3 guarantees that

@ Springer



736 W. T. Gan, A. Ichino

(P1), holds. Hence we shall assume that ¢ = ¢ @ ¢, with 1-dimensional
characters ¢;. If ¢ or ¢, is not conjugate symplectic, then Sy is trivial and
(P1), follows from Theorem 4.1. Thus, we shall further assume that both ¢,
and ¢» are conjugate symplectic, so that

o _ | @2Dar x (2/2Z)a if ¢1 # ¢o;
* T @2yar x 2/22)a) | AZI2L if i = ¢n.

To unify notation in the two cases, we shall regard Irr(Sy) as a subset of the
irreducible characters qf (Z/2Z)a x (Z)2Z)a, even when ¢1 = ¢».

Letm =7m(n) € 17; . By Theorem 4.1, we know that the theta lift of 7 to
U(V5) is nonzero for a uniquely determined € given by

€=c¢ (%,qb@x;l,l/ff) €,
and has L-parameter
0($) =0 @ xy ' xw-
Set
0 =0 ye e (1) € IT5 )

and let 0(n) € Irr(Sp(¢)) be the irreducible character associated to 0. Then we
need to compute 8(n)(a;)/n(a;).
Consider the decomposition
Vy =Vi@®L_y,
and choose a character p € Irr(U(V/)) such that

Homyye) (o, n) # 0.

Then by (B)1, one sees that

O(m)(ai) =€ (%,ME%X;]XW, wfz) o
=e (% e dixy xw, %E) cwp/r(=1), '

where g is the character of E* given by ug(x) = u(x/x¢).
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On the other hand, consider the see-saw diagram

UW§) x UWS) U(vy)

UWs) U(V) x U(L_y)

For a conjugate symplectic character y of E*, we consider the theta corre-
spondences for

U(V{) x U(Wf,) with respect to  (xv x, xw)
and

U(L_y) x U(Wf/) with respect to  (x 1, xw).
Set

—e , e
T = OWaXVX,XW,VfaWZG (u) on UW;).

Then Theorem 4.4 implies that T has L-parameter

—1
Gr = LEXVXw X D XV X-
Now the see-saw identity then gives

0 # Homyye) (o, 1) = Hom T ® w’ L TT).

uws' VX Ws

Since we do not know (FJ), at this point, this nonvanishing does not give us
the desired information about . However, we note that
\% _ , vV v vV
HomU(Wf/)(T ® a)v/ T) = HomU(WZE )(TL’ ® a)w ).

T
e e
X W3 X W5

This allows one to exchange the roles of 7 and 7 in a variant of the above
see-saw diagram.

More precisely, since ¢ = ¢ @ ¢ with conjugate symplectic characters
¢, it follows by (P2); (which we have shown) that the L-packet ITgv can
be constructed via theta lifts from U(Vli). Namely, if we start with the L-
parameter

¢ = 'poxw for U(VE)
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and consider the theta correspondence for U(V ”) xU(W3 /) with respect to the
pair (¢, ! xw), then the theta lifts of Iy give the L-packet I1gv. In particular,
we see that

v = 4 ! /
=0 gt v wg ()
for a unique p’ € H;;, (which determines €”). Indeed, (P2); says that

€' = npv(@) = na) - og/p(=1). (6.2)

Thus, we may consider the see-saw diagram

UWS) x UWS) us) :

>

UW§) U(VE) x U(L-)

and the theta correspondences for
U(VE) x U(WS)  withrespectto (51, xw)
and
U(L_1) x UMW) withrespectto (x ', xw).
so that the theta correspondence for
U(VS") x U(WS)

is with respect to (¢, ! x~ 1, xw). The see-saw identity then reads:

0 # Homy e (7 @ v 7)
P 7" 7 / v !
—HOl’l’lU(V16 )(@w’d);lX,l,XW,Vze ’er (T ),,LL)

In particular, @w,qb‘l -1

v e’ .
Sy ,xW,Vfﬁ,Wfl(T ) # 0onU(Vy ). By Theorem 4.1(i1),

one deduces that
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¢ = (3,67 @ dox. vF)

= (315" toxy w 0E) e (5 doxy " v ).
By (6.1) and (6.2), and noting that €’ = n(ay) - n(az), we see that

1) = 00 (@) - (4 daxi ! vE)

as desired. It then follows by Theorem 4.1(ii) that

na@) =6 -e (4 dixy ", v )

as well.
Thus, we have demonstrated (P1),, and hence (P2),.
6.2 Inductive step
Now we assume that n > 3 and (P2); holds for all £ < n. Proposition 4.5
implies that (P2),, holds for all nontempered L-parameters. We are thus reduced

to the case of tempered L-parameters. Then we have the following theorem
whose proof will be given in the next two sections:

Theorem 6.1 If (P2)y holds for all tempered L-parameters for allk < n, then
(P2),, holds for all tempered but non-square-integrable L-parameters.

The proof of this theorem is an elaborate extension of the techniques devel-

oped in the PhD thesis of the second author [31]. Assuming this theorem for the
moment, we are thus reduced to the case of square-integrable L-parameters.

6.3 Square-integrable case
We now consider (P2),, for a square-integrable L-parameter
$=010 - D9

for U(W,;t). Thus ¢ is multiplicity-free and each ¢; is an n;-dimensional irre-
ducible conjugate self-dual representation of WD with sign (—1)"~!. Recall
that the component group Sy is of the form
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S = [[@/2Z)a;.

i=1

We shall first assume that » > 1. Then either r > 3 or else r = 2 in which
case we may assume that n; = dim ¢ > 2.
Letmr =7m(n) € 17;/ be an irreducible square-integrable representation of

U(W,i/) with associated character n € Irr(Sy). We consider the theta corre-

spondence for U(Vrf+1) X U(W,f/) with respect to the data (¥, xv, xw), and
suppose that

I @
= Otl/,V,fH,W,f/ (r) #0.

Then by Theorem 4.4, 7’ = 7n'(n') € 115 #) is an irreducible tempered rep-

resentation of U(V,® 1) with associated character = Irr(Sg(p)). We want to
determine 7’ in terms of 7. Indeed, recall that there is a natural embedding

S = So(g)

and we need to show that n’(a;) = n(a;). We shall do so by a global argument.

6.4 Globalization

Let us begin the process of globalization which is the most delicate part of the
argument. Choose a number field [ and a quadratic field extension [E of IF such
that

e [ is totally complex;
o E,,/Fy, = E/F for a finite place vg of [F;
e there is a fixed finite place w of [F which is split in E.
Fix:
e a nontrivial additive character ¥ of A/F such that ¥,, = ¥ (in its
Ng,r(E>)-orbit);
e a conjugate symplectic Hecke character x of A ;

e atrace zero element § € E* so that the signs of the skew-Hermitian spaces
W at the place vy are defined using §.

Let S be a sufficiently large finite set of inert finite places of IF, not containing
v, such that for all v ¢ S U {vp}, either v is split in E or else E, /F,, ¥, and
Xv are all unramified. Moreover, S can be made arbitrarily large.

If ¥ = H/_, X; is an isobaric sum of irreducible cuspidal automorphic
representations of GL,, (Ag), we say that X' is a tempered A-parameter for
UW,), where W,, is an n-dimensional skew-Hermitian space over E, if
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o X £ X;ifi # j,
e the (twisted) Asai L-function L(s, X;, As(_l)nfl) has a pole at s = 1 for
all i.

We shall globalize the L-parameter ¢ to a tempered A-parameter X' as follows.

(i) Atwvg, consider the given irreducible representation ¢; of WDE. Since ¢;
is conjugate self-dual with sign (—1)"~!, it may not be an L-parameter
for U(W,f). Instead, the representation

Giy =D ® X "

is conjugate self-dual with sign (—1)%~!, and thus defines an L-
parameter for U(W,j'l?).

(i) Atv € S, choose arepresentation ¢; , of WD g which is the multiplicity-
free sum of 1-dimensional conjugate self-dual characters with sign
(=", As above, @i v 1s conjugate self-dual with sign (- ! and
thus may not be an L-parameter for U(er’v), where W;f,v are the n;-
dimensional skew-Hermitian spaces over E,. We set

’ .
¢i,v = ¢i,v ® X:)/ll Vl’

so that (/ﬁlf,v is an L-parameter for U(Wﬁl,-:,v)- The local component group
Sg;, of ¢; , is of the form

Sgr, = (Z/22)"

and the Vogan L-packet [l  consists of 2" irreducible square-

integrable representations of U(’W,j'l?’v).
(iii)) We require in addition that, forall v € S,

¢v = ¢1,v @"'@(pr,v

is not multiplicity-free, i.e. ¢, is not a square-integrable L-parameter for
U(va). To achieve this, we pick a character p, contained in ¢ , and
then ensure that ., is also contained in ¢;, , for some i, > 2. It is here
that we use the assumption that » > 1. Moreover, we may ensure that

Iy # by
for some distinct v, v’ € Sifr > 2.
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(iv) For each v € §, there is a natural map

/22y = [ |Z/2Z)a; — S,

i=1

which sends g; to the image of the element — 14, , in Sy, . In view of (iii),
for #S large enough (indeed, for #S > 2), the induced diagonal map

z/22)" — [ Ss.

ves

is injective.

(v) Now for eachi = 1, ..., r, we have a collection of square-integrable

L-parameters ¢, for v € S U {vg}. For each v € S U {vp}, pick an
P i,v

irreducible square-integrable representation i, € Hq‘; . Let Wj[l be the

n;-dimensional skew-Hermitian space over [E whose lé’)vcalization ateach
inert v is W, , where we have used the trace zero element § € E* to
define the sign of a skew-Hermitian space over E,. Then by a result of
Shin [55, Theorem 5.13] (proved using the trace formula), one can find
an irreducible cuspidal automorphic representation I1; of U(WZ)(A)
such that

° I'[l.”v =, forallv € S U {vo};

. Hlf’v is unramified for all inert v ¢ S U {vp};

e I1/  is an irreducible supercuspidal representation of U(Wj[i,w) =

GLy, (Fu).

(vi) By results of Mok [44], the representation /7] has tempered A-parameter

X!, which is an irreducible cuspidal automorphic representation of

GL,, (Ag) such that L(s, X/, As(_l)ni_l) has a pole at s = 1. The cus-
pidality of X! is a consequence of the fact that /T l./’ » 18 supercuspidal at
the split place w. If we set

Ei == 21/ ® Xn_nis
then X; is an irreducible cuspidal automorphic representation of

GL,, (Ar) such that L(s, X;, As(_l)"_l) has a pole at s = 1. In par-
ticular, setting
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we see that X is a tempered A-parameter for U(W,,), where W,, is an
n-dimensional skew-Hermitian space over [E.

6.5 Properties of ¥

We have completed the construction of a global tempered A-parameter X'. Let
us examine some crucial properties of X

e (Local components) It follows by construction that the local components

of the A-parameter X' are given as follows:

— at the place vy, X', has L-parameter ¢;

— at all places v € §, X, has L-parameter ¢,;

— at all inert places v ¢ S U {vo}, X, is unramified.
In particular, we have found a globalization X of the given local L-
parameter ¢ so that at all inert places v # wvg of F, X, defines a
non-square-integrable L-parameter for U(va).

o (Whittaker data) We shall use the additive character ¥ = ®,¥, to fix
the Whittaker datum at each place v. Together with the fixed trace zero
element § € E*, we have thus fixed the local Langlands correspondence
for U(va) for each v.

e (Component groups) The global component group Sy of the A-parameter
2’ admits a natural map Sy — Sy, for each place v. For v = vy, this
natural map is an isomorphism, so that we have a canonical identification:

.
Sy =Sz, =[[Z/2Z)a:.
i=1

On the other hand, in view of (iv) above, we see that the diagonal map

SE — H SZ'U
PES

is injective. Thus, given any n € Irr(Sy) = Irr(SEUO), one can find n, €
Irr(Sy,) for v # vg so that

(1 (@) o4 =15

V£V

where

A:Sy — [] 8=,

v
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is the diagonal map.
e (Arthur’s multiplicity formula) Consider the global A-packet associated to
X . For any collection n, € Irr(Sy,) of irreducible characters with associ-

ated representations 7 (7,) of local unitary groups U(W;fv), consider the
representation

= () 7 (n,)

of the adelic unitary group H; Uw, ). Arthur’s multiplicity formula [33,
Theorem 1.7.1] then states that the following are equivalent:
— the adelic unitary group H:) U(W,fj’v) is equal to U(W,,) (A) for a skew-
Hermitian space W), over E and IT occurs in the automorphic discrete
spectrum

L. (UW,) (F)\U(W,)(A));

— the character (®,7y) o A of Sy is trivial.

By the above discussion combined with a result of Wallach [65], [9, Propo-
sition 4.10], we may find an n-dimensional skew-Hermitian space W, over
E and an irreducible cuspidal automorphic representation I7 of U(W,)(A) in
the global A-packet associated to X' such that IT,, = m(n). For each v, we
shall write the local component IT, as 7 (1,).

6.6 Global theta correspondence

Now we shall construct a Hermitian space V| of dimension n + 1 over E,
and consider the global theta correspondence for U(V,,1.1) x U(W,,). To define
such a global theta correspondence, we shall use the fixed additive character
¥ of A/F, and we also need to fix a pair of Hecke characters xy and yw of
Ag such that

n+1 n
Xvlax = Wg /R and xwlpx = WE />

where w/r is the quadratic Hecke character of A* associated to [E/IF by global
class field theory. We pick these so that, in addition:

(a) at the place vg, we have
XV = Xv and  xw.uy = XW;
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(b) atsome place vy € S, xv,y, 1S not contained in the L-parameter associated
to Xy,.

Indeed, since E* /IF* = Ker(Ng,r) is anisotropic, for given conjugate orthog-
onal characters u; of E, there is a conjugate orthogonal Hecke character p1
of AE such that u,, = p; fori = 0, 1. Thus, we can achieve (a) and (b) by
replacing yv and xvy by their twists by conjugate orthogonal Hecke characters
of Ay if necessary. The condition (b) guarantees that at the place vy, the repre-
sentation /7, has nonzero local theta lift to both U(Vn++ Loy yandU(V, ,v1 ) by
Theorem 4.4(i)(a). Moreover, the conservation relation (proved by Sun—Zhu
[57]) implies that the theta lifts of IT,, to U(Vntl,vl) and U(Vnil’vl) are both
zZero.
Now we note:

Lemma 6.2 There is a Hermitian space V1 of dimension n + 1 over E such
that:

e at the place vy, V41 v, is equal to the given Hermitian space an nh
e for all places v, the representation I, has nonzero local theta lift to

U(V,41,0) with respect to the theta lift defined by the data (¥,, xv,, xw,)-

Proof For all v # vg, v1, we may pick V1 , so that the local theta lift of /T,
to U(V,+1,1) is nonzero, and then complete these to a coherent collection of
Hermitian spaces by picking V7 ; atvo and the uniquely determined Hermitian
space at vj. O

6.7 Completion of the proof

Consider the global theta lift I7" := Ouy, a.w,UT) o U(V,41)(A). The
condition (b) above ensures that /7’ is cuspidal. To show that [T’ is nonzero,
we consider the standard L-function L(s, IT) of [T defined using the dou-
bling zeta integral of Piatetski-Shapiro—Rallis [40,46]. Observe that the
partial L-function L3Vl (s, IT) agrees with the partial standard L-function
LSVl (s, X) of X, so that

,
LSVl (1, Ty = LSV (1, ) = [] L5V, ) #0
i=1

since X; is unitary and cuspidal. By [40, Proposition 5], the local standard
L-factor L(s, IT,) at v € S U {vg} is holomorphic and nonzero at s = 1 since
11, is tempered. Hence

L, IT) #0
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and it follows by [18, Theorem 1.4] that 7’ is nonzero. Thus I7’ is anirreducible
cuspidal automorphic representation of U(V,4.1)(A) such that IT) = 7'(n’).

Recall that we have fixed the local Langlands correspondence for U(W,, ;)
for each v using the Whittaker datum determined by the additive character ¥,
together with the trace zero element §. To fix the local Langlands correspon-
dence for U(V,, 1 ,) for each v, we shall use the Whittaker datum determined

by the additive character lI/gE V=, (% Trg, /r, (6 - )). Then we may write
=m0 and 1I'=@Qx'(n)
v v

with associated irreducible characters ), and i, of the local component groups.

Recall that IT has tempered A-parameter. By Theorem 4.4, IT" also has
tempered A-parameter. Hence, applying Arthur’s multiplicity formula [33,
Theorem 1.7.1] to IT and I1’, we see that

[[m@n=1 and []m@.)=1 6.3)

for all i, where a; , is the image of a; in Sy, . However, for all places v # v,
either v is split, or else the L-parameter of I, is not square-integrable. Thus,
for all inert v # vg, one knows that (P2),, holds. In particular,

7]; (ai,v) = nv(ai,v)

for all v # vg. Thus, we conclude that at the place vy, we have
n'(a;) = n(a;)

as desired.

We have thus completed the proof of (P2), when r > 1, i.e. when ¢ is
reducible. To deal with the case when ¢ is irreducible, with » = 1, we can
again appeal to a variation of the global argument as above. Namely, in the
globalization step above, we may now take the L-parameter ¢, for v € S to
be square-integrable L-parameters which are reducible. Then the rest of the
argument is the same, using the fact that we have shown (P2),, for every place
v # vg. This completes the proof of (P2),,.

7 Preparations for the proof of Theorem 6.1

To finish the proof of (P2), it now remains to prove Theorem 6.1. For this,
we need to introduce more notation. Fix ¢ = =1. In this and next sections,
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we shall let V and W be an e-Hermitian space and a (—¢)-Hermitian space
respectively. Put

m=dmV and n=dimW.

7.1 Parabolic subgroups

Let r be the Witt index of V and V,, an anisotropic kernel of V. Choose a
basis {v;, vi|i = 1,...,r} of the orthogonal complement of Vy, such that

* *

(i, vj)v = (v, Vil =0, (v, vj)v =6
for 1 <i, j <r.Letk be apositive integer with k < r and set
X=FEvi & - & Ev, X*ZEUT@-“@EU;:.

Let Vy be the orthogonal complement of X @& X™* in V, so that Vj is an &-
Hermitian space of dimension my = m — 2k over E. We shall write an element
in the unitary group U(V) as a block matrix relative to the decomposition
V=X&Vy® X*. Let P = MpUp be the maximal parabolic subgroup of
U(V) stabilizing X, where M p is the Levi component of P stabilizing X* and
Up is the unipotent radical of P. We have

Mp ={mp(a)-ho|a € GL(X), hp € U(Vp)},
Up ={up(®) -up(c)|b € Hom(Vy, X), ¢ € Herm(X*, X)},

where
a
mp(a) = Ly, ,
(@)~
lx b —ibb*
up(b) = ly, —b* |,
IX*
1X c
up(c) = Ly, ,
1x*
and

Herm(X*, X) = {c € Hom(X™, X) | ¢* = —c}.

@ Springer



748 W. T. Gan, A. Ichino

Here, the elements a* € GL(X™), b* € Hom(X™, Vj), and ¢* € Hom(X™*, X)
are defined by requiring that

(ax,x"yy =(x,a*x)y,
(bv, x")y = (v, b*x)y,
(ex!, x"yy = (X', *xyy
forx € X, x',x” € X*, and v € Vp. In particular, Mp = GL(X) x U(Vp)
and

1 — Herm(X*, X) — Up — Hom(Vy, X) — 1.
Put

_]X
wp = 1 IV() )
—&ly

where Iy € Isom(X™, X) is defined by Ixv} = v; for 1 <i <k.

Similarly, let " be the Witt index of W and choose a basis {w;, w|i =
1, ...,r'} of the orthogonal complement of an anisotropic kernel of W such
that

(wi, wj)w = (w', wilw =0, (wi, whw =38 ;
for 1 <i,j <r’. We assume that k < r’ and set
Y=Ew ® - ®Ewy, Y ' =Ew® - & Ew.

Let Wy be the orthogonal complement of ¥ @ Y* in W, so that Wy is a (—¢)-
Hermitian space of dimension ngp = n — 2k over E. Let Q = MoU_ be the
maximal parabolic subgroup of U(W) stabilizing Y, where M is the Levi

component of Q stabilizing Y* and Uy is the unipotent radical of Q. Then
Mo = GL(Y) x U(Wp) and

1 — Herm(Y*,Y) — Ug — Hom(Wy, Y) — 1,
where
Herm(Y*,Y) = {¢c € Hom(Y*, Y) | ¢* = —c}.
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Fora € GL(Y), b € Hom(Wy, Y), and ¢ € Herm(Y*, Y), we define elements
mgo(a) € Mg and ug(b), ug(c) € Ug as above. Put

no+k

pPo =

where Iy € Isom(Y*,Y) is defined by Iyw; = w; for 1 <i <k.

7.2 Haar measures

We need to choose Haar measures on various groups. In particular, we shall
define Haar measures on Up and Uy in the following.
Recall the symplectic form

() =Tre/r((-, v ® (-, )w)

on V ® W over F. We consider the following spaces and pairings:

o (x,y) = ¥({x, Iy y))forx yeVRY;

o (x,y) — ¥({x, Iyy>) forx,y € Vo® Y™,

o (x,) > Y ({Ix'x,y) forx,y € X ® Wo;
o (x,y) 1//(<Ixx y)) forx,y € X* ® Wo;
o (x,y) = Y(({Iy x Iyy)) forx,ye X®Y*
o (x,y) > V({Ixx, Iy, y)) forx,ye X*®Y;
o (x,y)—~ ¥v({Ixx, Iyy)) forx,y € X*® Y*.

On these spaces, we take the self-dual Haar measures with respect to these
pairings. Put

=i Qui+- -+ Quie X @Y™

e We transfer the Haar measure on Vy ® Y* to Hom(X™*, Vp) via the isomor-
phism x — xe** for x € Hom(X*, Vp).

e We transfer the Haar measure on Hom(X*, Vj) to Hom(Vy, X) via the
isomorphism x — x* for x € Hom(Vj, X).

e Similarly, we define the Haar measure on Hom(Wj, Y).

Furthermore:

e We transfer the Haar measure on X ® Y* to Hom(X*, X) via the
isomorphism x +— xe** for x € Hom(X*, X). This Haar measure
on Hom(X*, X) is self-dual with respect to the pairing (x,y)

¥ (I xe™, Iyye™)).
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e We take the Haar measure |2|;kz/2 dx on Herm(X*, X), where dx is
the self-dual Haar measure on Herm(X™, X) with respect to the pairing
(x, ) = Y ((Iy ' xe™, Iy ye™)).

e Similarly, we define the Haar measure on Herm(Y*, Y).

Then:

o We take the Haar measure du = dbdc on Up for u = up(b)up(c) with
b € Hom(Vy, X) and ¢ € Herm(X*, X).
e Similarly, we define the Haar measure on Up.

We note the following Fourier inversion formula:

Lemma 7.1 For ¢ € (X ® Y™*), we have

/ (/ p(xe™)y ((xe™™, ce**))dx) dc
Herm(Y*,Y) Hom(X*,X)

= / p(ce™)dc.
Herm(X*,X)

Proof We consider the nondegenerate symmetric bilinear form (x, y) +—
(I;lx, Iyy) on X ® Y* over F, and the subspaces

Herm(X*, X)e™ and IxI, ' Herm(Y*,Y)e**

of X ® Y* = Hom(X*, X)e*™*. For x € Hom(X*, X) and y € Herm(Y*, Y),
we have

(I;lxe**, Iylxlflye* ) (lexe** Ixye™)
oy Lxe* *, ye™)

= (Iy
g - (xe™, ye™)

since Iy = ely. For x € Herm(X*, X) and y € Herm(Y*, Y), noting that

x* = —x, y* = —y, and x commutes with y, we have
(e, ye™) = (y*e**, x* ™)
= (ye **)
= —(xe™, ye™),
so that

(xe™, ye™) = 0.

@ Springer



The Gross—Prasad conjecture and local theta correspondence 751

Since Hom(X*, X)e™* is nondegenerate with respect to the above bilinear
form, we see that X ® Y* decomposes as the orthogonal direct sum

X ® Y* = Herm(X™, X)e™ @ ley_1 Herm(Y™, Y)e™*.

These yield the desired Fourier inversion formula. O

7.3 Normalized intertwining operators

In this subsection, we define the normalized intertwining operator which is
used to describe the local Langlands correspondence.

Let t be an irreducible (unitary) square-integrable representation of GL(X)
on a space ¥; with central character w,. For any s € C, we realize the rep-
resentation t; := 7 ® | det|* on ¥; by setting t3(a)v := |deta|*t(a)v for
a € GL(X) and v € ;. Let og be an irreducible tempered representation of
U(Vp) on a space 75,. We consider the induced representation

Ind" (z; ® 00)

of U(V), which is realized on the space of smooth functions @5 : U(V) —
V: ® Vo, such that

@5 (ump(a)hoh) = |detal* PP t(a)oo(ho) Dy (h)
forallu € Up,a € GL(X), hg € U(Vp), and h € U(V). Let Ap be the
split component of the center of Mp and W(Mp) = Normyv)(Ap)/Mp the
relative Weyl group for Mp. Noting that W(Mp) = Z /27, we denote by w

the nontrivial element in W (M p). For any representative w € U(V) of w, we
define an unnormalized intertwining operator

M@, 75 ® 09) : Ind 3" (7, ® 09) —> Indp"” (w(zs ® 00))

by (the meromorphic continuation of) the integral

M(u?,rs®ao)¢s(h)=/ &, (0 uh) du,
Up

where w(t; ® 0y) is the representation of Mp on 7, ® 74, given by

(w(zs ® 09))(m) = (t3 ® o) (™' mib)

form € Mp.
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Now, following [2,33,44], we shall normalize the intertwining operator
M(w, Ty ® ogp), depending on the choice of the Whittaker datum. Having
fixed the additive character i and the trace zero element 8, we define the sign
€(V) and use the Whittaker datum relative to

yF = 1//(%TFE/F((S-)) ife = +1;
14 ife =—1.

The definition of the normalized intertwining operator is very subtle because
one has to choose the following data appropriately:

e arepresentative w;
e anormalizing factor r(w, 7y ® 0p);
e an intertwining isomorphism A,,.

Following the procedure of [39, Sect. 2.1], [2, Sect. 2.3], [44, Sect. 3.3],
[33, Sect. 2.3], we take the representative w € U(V) of w defined by

B =wp -mp(=1)" iy - J) - (—1y)k,

where wp is as in Sect. 7.1, m’' = ["71],

-5 if misevenand ¢ = +1;

1 ifmisevenand ¢ = —1;
Ky =
Y7 1=1  ifmisoddands = +1:
) ifmisoddand ¢ = —1,
and
(—l)k_l
J = 1-" € GLi(E).
1
Here, we have identified GL(X) with GL;(E) using the basis {vy, ..., vg}.

This element w arises as follows.
First assume that €(V) = +1. In particular, U(V) is quasi-split. We have
Van = {0} if m is even and V,, = Ev,, for some vy, € Vy, such that

1 ife = +1;

(van, van>V=[8 ife——1
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if m is odd. Via the decomposition
V=Ev® - @Ev,®Vu®Ev,®--- @ Ey,

we regard U(V) as a subgroup of GLy,(E), which induces an isomorphism
UV)(F) = GL,,(F). Let spl = (B, T, {X;}) be the F-splitting of U(V)
consisting of the Borel subgroup B stabilizing the flag

EviCEvy®Evn C---CEvi®---® Ev,,
the maximal torus T of diagonal matrices, and the set {X; |i = 1,...,m — 1}

of simple root vectors given as follows:

° X,-:E,‘,Hlforlfifr—l;
Xi=—-Eijp1form—-r+1<i<m-—1;
e if m is even, then

g 8T B e =1,
" En ife = —1;

if m is odd, then X, = E, .41 and

e . —Err1r42 if e = +1,
r+1 = -1 . _
1) . Er+1’r+2 ife = 1.

Here, E; ; € Lie U(V)(F) = M,,(F) is the matrix with one at the (i, j)th
entry and zero elsewhere. Then spl and i give rise to the above Whittaker
datum, whose restriction to Mp is preserved by the representative w™S of w
defined in [39, Sect. 2.1], [2, Sect. 2.3], [44, Sect. 3.3] with respect to spl.

Lemma 7.2 We have W™ = 1.

Proof First, we review the case of SL,. We take an F-splitting of SL; con-
sisting of the Borel subgroup of upper triangular matrices, the maximal torus
of diagonal matrices, and a simple root vector

xz(g g).

Let {H, X, Y} be the sl,-triple containing X, so that

0 O
= (2.
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If s is the simple reflection with respect to X, then the representative of s
defined in [39, Sect. 2.1] is

exp(X) exp(=Y) exp(X) = (—a‘l a) .

Now we compute ™S, Let ;; : GL(Ev; ® Eviy1) <> GL(X) and L’j :
U(Ev; ® E v;f) < U(V) be the natural embeddings. Let s; be the simple
reflection with respect to X; and 5; the representative of s; as above. Put
w; = §iSm—; and w; = §;§,,—; for 1 <i <r —1, and

and w, =

SrSr418, if mis odd

Sy if m is even, Sy if m is even,
Wy = -~ - . .
SrSr418, if m is odd.

More explicitly, we have

forl <i <r—1and

()

Put
Xi = Wg—1 " Wi+1Wi, Vi =WiWi4] - Wr—QWrWr—1 - Wj41Wj,
Xi = W1 Wit1Wi, Yj = WjWjt] W [ WpWy—] +* Wi W

for1 <i <k—1and1 < j < k. Let wr be the representative of w in the
Weyl group for T which preserves the set of roots of 7 in BN Mp. Then wr
has a reduced expression

Wt = YkX1YkX2 "+ YkXk—1Yk

and hence @w"® is defined by

S ~ o~ o~ o~ ~ ~ ~
W = YkX1YkX2 ** * YkXk—1Yk-

| ~—1 ~—1 S e e

If we put X; = w,_;--- W ;o then we have y;x; = X;y;, so that
~LS ~) ~ o~ ~/ ~ ~

W =X Y1XY2 * - Xp_1 Vk—1Yk-
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On the other hand, we have

iz
i[ =mp — 15
1
and
1
~ 1\ («v J .
— . —Nr—J (=
1) ) oo Yo
—J
In particular, X/ commutes with y; if i > j, so that
W8 = FE T i Tk ke

Since ¥{ ---X;,_; =mp(J) and

ViV = HL/]((S 1) (KV (K;)—l)) .mp((—l)’*l - 1) - (—lvo)k

j=1
£ |
=11y (8 ) mp((=1)" kv 1) - (< 1)
j=1
the assertion follows. O
Next, we consider the case (V) = —1. Let VT be the m-dimensional ¢-

Hermitian space with (V™) = +1. We may assume that V™ = X @ V0+ @
X* for some mg-dimensional e-Hermitian space VOJr with e(V0+) = +1. Let
P be the maximal parabolic subgroup of U(V ™) stabilizing X and Mp+
its Levi component stabilizing X*, so that M p+ = GL(X) x U( V0+). Fix an
isomorphism VOJr QF F = Vy ®F F as e-Hermitian spaces over £ Q@F F
and extend it to an isomorphism VT ® F = V ®p F whose restriction to
(X @ F) ® (X* @F F) is the identity map. This induces a pure inner twist
(€,2),ie. & : U(VT) — U(V) is an inner twist and z € Z'(I", U(V1))
is a I-cocyle such that £~ o 0 0 £ 0 0~! = Ad(z(0)) for all 0 € I'. Then
Pt = £~1(P) and £ induces an inner twist € : Mp+ — Mp whose restriction
to GL(X) is the identity map. Moreover, z satisfies the assumption in [33, Sect.
2.4.1]. Let w™ be the nontrivial element in the relative Weyl group for M p—+
and w™ € U(V™) the representative of w™ as above. Then the representative
of w defined in [33, Sect. 2.3] is £ (™), which is equal to w.
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We use the normalizing factor r(w, 7y ® o) defined as follows. Let
A(E/F,¥r) be the Langlands A-factor (see [14, Sect. 5]) and put

AME/F, w)(k_l)k/z if m is even;

)\(w’ ‘ﬁ) = [K(E/F, W)(]H‘])k/z if m is odd.

Let ¢, and ¢y be the L-parameters of t and oy respectively. Let As™ be the
Asai representation of the L-group of Resg,r GLj and As™ = AsT ® wg /F
its twist (see [15, Sect. 7]). If we set

r(w, T ®00) = AW, ¥) - ¥ (s, de @ by YE) -y (25, AST 0 e )T
then by [33, Lemmas 2.2.3 and 2.3.1], the normalized intertwining operator
R(w, 75 ® 00) = |cv [ - r(w, 7, ® 00) ™" - M(@, 75 ® 00)
is holomorphic at s = 0 and satisfies
R(w, w(ty ® 0p)) o R(w, s ® op) = 1.

Here, the factor |«y [P arises because the Haar measure on Up defined in
[33, Sect. 2.2] with respect to spl is equal to Iy PP du.

Now assume that w(t ® 09) = T ® 09, which is equivalent to (t¢)¥ = 7.
We may take the unique isomorphism

Aw:%®%0—>7/1'®7/00

such that:

o Ay o (w(t ®0g))(m) = (t ® og)(m) o Ay, forallm € Mp;

o Ay = A, ®ly, withanisomorphism A}, : ¥; — 77 suchthat Ao A, =
A. Here, A : 7; — C is the unique (up to a scalar) Whittaker functional
with respect to the Whittaker datum (N, ¥y,), where Ni is the group
of unipotent upper triangular matrices in GL; (E) and v, is the generic
character of Ny given by ¥y, (x) = Ye(x12 + -+ + Xk—1.4)-

Note that A2, = ly.@,,- We define a self-intertwining operator
R(w, T ® op) : Indg(v) (t ® 0g) — Indg(v)(r ® 09)
by

R(w, T ®cp)®(h) = Ay (R(w, T ® 69)P (h)).
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By construction,

R(w, t ®00)2 =1.

7.4 Weil representations

In this subsection, we recall some explicit formulas for the Weil representa-
tions.

Let W be a finite dimensional vector space over F equipped with a nonde-
generate symplectic form (-, -y : W x W — F.Let /(W) = W F be
the associated Heisenberg group, i.e. the multiplication law is given by

1
(w, 1) - (W', 1) = (w +w,t+1 + §<w, w/)w)

for w, w’ € Wand ¢, € F.Fix maximal totally isotropic subspaces X and
X* of W such that W = X @ X*. Let p be the Heisenberg representation of
(W) on .7 (X*) with central character ¥. Namely,

p(Ce + ', )0 (xp) = Y (1 4 (X + 16, X)) e+ )

forg € /(X*),x e X,x",x; € X*,andt € F.

In Sect. 4.1, we have introduced the Weil representations for unitary groups.
To define these representations, we have fixed the additive character 1y and the
pair of characters (xy, xw). For simplicity, we write:

o o for the Weil representation wy, yy,xy,v,w of U(V) x U(W) on a space
7

e o for the Weil representation wy,, y,, yw.v,w, of U(V) x U(Wp) on a space
S0

e wp for the Weil representation @y, yw.vo,wo of U(Vp) x U(Wp) on a
space -%0.

We take a mixed model
S =SVRY"HR® A

of w, where we regard .¥ as a space of functions on V ® Y* with values in
0. Similarly, we take a mixed model

S0 =L (X* QR Wo) @ o

of wy, where we regard .#} as a space of functions on X* ® Wy with values in
S00. Also, we write:
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e po for the Heisenberg representation of 72(V ® Wy) on . with central
character y;

e poo for the Heisenberg representation of 72 (Vy ® Wy) on .y with central
character .

Using [37, Theorem 3.1], we can derive the following formulas for the Weil
representations w and wg. Put A = 82 € F*. Asin [49, Appendix], let yr(¥)
be the Weil index of the character x — w(xz) of second degree and set

VF(I//a)
yr(¥)

VF(a’ 1//) =

for a € F*, where y,(x) = ¥ (ax). Note that yr(A, ) = A(E/F, )"\
Forp € Y andx € V ® Y*, we have

(@ () (x) = wo(h)p(h ™' x), heUV),
(w(g0)p)(x) = wo(go)e(x), go € U(Wp),
(@(mg(a)g)(x) = xv(deta)|deta|™*p(a*x), a € GL(Y),
(g (B)@)(x) = po((b*x, 0)g(x), b € Hom(Wp, Y).
(@(o(@)p)(x) = v (¥lex. ) ) (o), ¢ € Herm(Y*", Y),
(@(wp)p)(x) = yv"‘/ o(—1, ' My ((y, x)) dy,
VY
where
oy = wg/r(detV) - yp(=A, ¥)" - yr(=1,¢)™" ife =+1;
T v @) wp (67 - det V) - ye(— AL )™ - yp(—1, ) ife = —1.

Also, for ¢y € Sy and x € X* ® Wy, we have

(@0(20)90) (x) = woo(g0)¢o(gg ' X), go € U(Wp),

(w0 (ho)@o) (x) = woo (ho)po(x), ho € U(Wy),
(wo(m p(a))go) (x) = xw (deta)| deta|"/*py(a*x), a € GL(X),
(@0 p (b)) p0) (x) = poo((b*x, 0))go (x), b € Hom(Vp, X),
(@0 r (@)p0) 0=V ((ex. 1)) o), ¢ € Herm (X", X),

(@o(wp)po) (¥) = v /X®W oo(—I ' MYy, x))dy,
0
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where

_Jw@® 7w T det W) - yp(— A )" yp(=L )T ife=+1
wg/rp(detW) - yrA, )" - yr(=1,¥)™" ife=—1,

and

(Po((v+ 5. 000 () = ¥ ({x,3) + 10/, 3) Jgolx + 1),y € X & W,
Y € X* @ W,
(o((y0, 0))@0) (x), = poo((y0, 0))¢@o(x), Yo € Vo ® Wo.

7.5 Zeta integrals of Godement—Jacquet

In this subsection, we review the theory of local factors for GL; developed by
Godement—Jacquet [22].

Let t be an irreducible smooth representation of GLx (E) on a space ¥; with
central character w;. For any character x of E*, we realize the representation
Tx = T ® (x odet) on ¥; by setting (tx)(a)v := x(deta)r(a)v for a €
GLi(E) andv € 7;. Put 7y := 1| - |* for s € C. Let 7€ be the representation
of GL(E) on #; defined by t¢(a) = t(a®). We write

L(s,7)=L(s,¢:) and €(s,7, V) =€(s, ¢z, YE)

for the standard L-factor and e-factor of 7, where ¢, is the k-dimensional rep-
resentation of WD g associated to T and ¥ is the nontrivial additive character
of E defined by ¥g = v o Trg,r. Then the standard y-factor of 7 is defined
by

L(l—s,1Y)
V(S’ T, I/IE) = G(S, T, 1pE) . W?

where TV is the contragredient representation of 7.
Fors € C, ¢ € S (My(E)), and a matrix coefficient f of t, put

Z(s,as,f):/ 6(a) f (@) detal’ da,

GLk(E)

where we have fixed a Haar measure da on GL (E). This integral is absolutely
convergent for Re(s) > 0 and admits a meromorphic continuation to C.
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Moreover,

z(s+ kLo, f)
L(s, 1)

is an entire function of s. If 7T is square-integrable, then Z (s, ¢, f) is absolutely
convergent for Re(s) > 2 kL by [22, Proposition 1.3].

Let ¢ € .Y (Mg (E)) be the Fourier transform of ¢ defined by
b= [ GO dy.
My (E)

where dy is the self-dual Haar measure on Mg (E) with respect to the pairing
(x,y) = Yg(Tr(xy)). Let f be the matrix coefficient of t¥ given by f(a) =
fla™ 1. Then the local functional equation asserts that

Z( s+k+1¢f)—y(sr1/fE) Z(s+ ¢f)

8 Proof of Theorem 6.1

Now we can begin the proof of Theorem 6.1. This will be proved by an explicit
construction of an equivariant map which realizes the theta correspondence.
Recall from Sect. 7 that we have fixed ¢ = %1, an m-dimensional e-Hermitian
space V = X @ Vyp @ X*, and an n-dimensional (—¢)-Hermitian space W =
YO Wy Y.

8.1 Construction of equivariant maps

Recall that we have identified GL.(X) with GLy (E) using the basis {v, . . ., vg}.
Similarly, we identify GL(Y') with GLy (E) using the basis {w1, ..., w}. Thus
we can define an isomorphism i : GL(Y) — GL(X) via these identifications.
Put

e=v QUi+ -+ u;eXY",
EF=vQuw + -+ Quie X QY.
Theni(a)‘e = a*e and (i(a))*e* = ae* fora € GL(Y).
Forp € . = ./ (VQRY*) ®.7), we define functions §(¢), f(¢) on U(W) x
U(V) with values in .%j by
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e
f(p)(gh) = (w(gh)p)[ 0|,
0
R X
) (gh) = / @@he) [0 | (eix, ) dx
Xgy* 0

for g € U(W) and h € U(V). Here, we write an element in V ® Y™ as a block
matrix

Y1
»
3

with y; €XQ® Y*, v € Voy®Y*, and y3 € X* ® Y*. We also define functions
f (@), f(p)on UW) x U(V) with values in % by

f(p)(gh) =ev(j(p)(gh)),
F@)(gh) = ev(§()(gh)),

whereev : ) = S (X*®@Wo) @S0 — o is the evaluationat0 € X*®@ Wp.
If f = f(p)or f(g), then

f(uu'gh)= f(gh), ueUp,
u/ € UP,
f(gohogh) =woo(goho) f(gh), go € U(Wp),
ho € U(Vp),

f(mo(@ymp(i(@)*)gh)=(xv xyy)(deta)| detal’?*F¢ f(gh), a e GL(Y).

Let t be anirreducible (unitary) square-integrable representation of GLy (E)
on a space 7z. We may regard t as a representation of GL(X) or GL(Y) via the
above identifications. Let g and og be irreducible tempered representations
of U(Wp) and U(V})) on spaces ¥z, and 7, respectively. Fix nonzero invariant
nondegenerate bilinear forms (-, -) on %7 X 7;v, ¥z, X ”Vnov, and 75, X ”I/Gov. Let

(o) s (e ® ) X Vv —> Yy

%

be the induced map.
Now assume that

oy = @gﬁ,\/(),W() (T[O)
We fix a nonzero U(Vp) x U(Wy)-equivariant map

Too : woo @ 0y —> 7.
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For g € #, @ € Indp" (x¢x§, ® o)), g € UW), ¥ € v, and ¥ € Yy,
put

(T5(p ® P5)(g), U ® Vo)
-1
=L(S—S()+%,‘L')

X / (Too(f (@) (gh) ® (Ds(h), 1)), Vo) dh,
UpU(Vo)\U(V)

where we have fixed Haar measures on U(V) and U(Vj), and set

m-—n  my—no

2 2

S0 =

Note that (@, (h), V) € “//%v.

Lemma 8.1 The integral {T;(¢p @ ®;)(g), V® Ug) is absolutely convergent for
Re(s) > so — % and admits a holomorphic continuation to C.

Proof We may assume that ¢ = ¢’ ® ¢p and @;(1) = v ® vy, where ¢’ €
L (VRY*),py € S, v € ¥;,and vy € 7/00v. By the Iwasawa decomposition,
it suffices to consider the integral

/ (Too(f (9)(mp (@) ® (Ps(mp(a)), D)), To)| deta| " da. (8.1)
GL(X)

Put
X
o (y) =/ @' | 0| ¥(elx,y))dx
XQY* 0
for y € X* ® Y. Then we have
f(@)(mp(a)) = xw(deta)| detalT"0/2p(a*e*) - ev(go)
for a € GL(X). Hence we have
(8.1) = (Too(ev(go) ® vo), Vo)

X / (b(a*e*)(T(aC)v’ )| deta|s—so+k/2 da.
GL(X)
This completes the proof, in view of Sect. 7.5. -
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Thus we obtain a U(V) x U(W)-equivariant map
T o® Indg(v)(tfx%, ®oy) — Ind[é(W) (ts xv ® m0).
Lemma 8.2 [fRe(s) < so + % then we have

(Ts(p ® P5)(8), V ® o)
-1 -1
:L(s—so+%,r) -]/(S—S0+%,T,¢E)

X / (Too(f (@) (gh) ® (Ps(h), V), Vo) dh.
UpU(Vo)\U(V)

Proof We may assume that ¢ = ¢’ ® ¢p and @;(1) = v ® vy, where ¢’ €
SV QY*), po € S, v € V;,and vy € ”i/%v. Put f(a) = (r(a)v, v) for
a € GL(X).Let¢ € .L(X*Q®Y) be as in the proof of Lemma 8.1. We define
its Fourier transform qAb eS(XQY*) by

S

() = / SV (—e(x, ) dy.
X*®Y

By the Fourier inversion formula, we have

Hence we have

f@)(mp(@)) = xw(deta)|detal"*¢a"e) - ev(pp)

for a € GL(X). If 59 — % < Re(s) < s¢ + %, then by the local functional
equation of the zeta integrals of Godement—Jacquet (see Sect. 7.5), we have

/ (Too(f(@)(mp(a)) ® (Ds(mp(a)), D)), Vo)|deta| 2" da
GL(X)

= (%O(CV(QDO) ® vg), ﬁ()) / ¢(a*e*)f(ac)| detals—so—f—k/Z da
GL(X)
= (Zoo(ev(¢o) ® vo), Vo)
X )/(s — 50 + %’ T, l//E)_l / é(ae)f(acﬂdeta|—s+so+k/2 da
GL(X)
= (Too(ev(go) ® vo), Vo)

-1 A . )
r(s—nthrve) [ bt r@)detar 0 da
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—1
:V(S_SO'F%,T,WE)

x / (Too(f(@)(mp(a)) ® (@s(mp(a)), V), Vo)| deta| """ da.
GL(X)

This completes the proof. O

Lemma 8.3 Assume that m > n. Let ® € Indg(v)(rc)(ﬁ, Qoy). If & #0,

then there exists ¢ € . such that
To(p @ @) #0.

Proof Fix a special maximal compact subgroup K of U(V). We extend @ to a
holomorphic section @, of Indg(v)(rsc Xy @ o*(;/ ) so that @;| g is independent

of s. We have

—1 —1 -1
L(s—so+%,r) -J/(S—So-i-%,l’,lﬁE) =L(—S+So+%,fv)

up to an invertible function. Since 7 is square-integrable and so > 0, the right-
hand side is holomorphic and nonzero at s = 0. By Lemma 8.2, it suffices to
show that there exist ¢ € ., v € ¥;v, and 19 € ”f/nov such that

/ Toolf @) & (@, (), 3)). Sohdh  (82)
UpU(Vo)\U(V)
is nonzero and independent of s for Re(s) < 0.
Let o = ¢’ ® @p, where ¢’ € ./ (V ® Y*) and ¢y € .. Then we have
82 | ¢ ™ x0)%, () dh,
UpU(Vo)\U(V)

where
e

xo=1[0], %) = (Too(ev(wo(h)po) ® (Ps(h), 1)), Vo).

=)

We can choose ¢y, 0, and vy so that W,|g is nonzero and independent of s.
Since i > h~!xo induces a homeomorphism

UpU(VO\U(V) — U(V)xo
and U(V)x is locally closed in V ® Y*, there exists ¢’ such that

supp@’ NU((V)xp = Kxo
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and such that ¢’ (kflxo) = W (k) for all k € K. Hence we have

(82) = / o (" xo) W () dh
UpU(Vp)\UpU(Vp)K

W, (k)|? dk # 0.

/(UPU(Vo)ﬂK)\K

Since ¥s |k is independent of s, so is this integral. This completes the proof. O

8.2 Compatibilities with intertwining operators

Now we shall prove a key property of the equivariant map we have constructed.

Letw € W(Mp)andw’' € W (M) be the nontrivial elements in the relative
Weyl groups. As in Sect. 7.3, we take the representatives w € U(V) of w and
w’ € U(W) of w’ defined by

W=wp-mp((=1)" -y - J) - (=1y)k,
W =wg -mo((=1)" - rcw - J) - (=),

where m" = [3] and n’ = [5]. Having fixed 7, 7o, and o9, we shall write

M@, s) = M@, t§ xy ® o),
M@, s) = M@, T xv ® 7o)

for the unnormalized intertwining operators, which are defined by the integrals

M, )y () = / &, (i~ uh) du,
Up

M, )% (g) = / @, (' ug) du
Ug

for @, € Indg(v)(rscxa, ® 08/) and ¥, € Indg(w)(l’s)(v ® mp). By the Howe
duality, the diagram

s

o® Indg(v)(tscx‘ﬁv ® oy) Ind[é(w)(fs Xv & 10)

1®M(zi),s)l i./\/l(u?’,s)

)

o @ Indp" (w(zf x5, ® o)) Ind )" (w'(z,xv ® 70))

commutes up to a scalar. The following proposition determines this constant
of proportionality explicitly.
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Proposition 8.4 For ¢ € . and &g € Indg(v)(t; Xy ® 0y), we have

M@, )T (p ® Py)

-1 n —1 m—1_ —1 —n_m k
= [ (D) (DD - G )]

|k(S+pP) |—k(S+PQ)

’ I
X wr (=)™ ey - liey - Jiew

x L(s—so—{—%, t)_l : L( -5 — SO-{-%, (TC)V) : )/( -8 S0+%a (97, 1ﬁE)
x T_s(p @ M(w, 5)Py).

Proof We may assume that Re(s) > 0. Let v € ¥;v and vg € "//,Tov. Noting
that det / = 1, we have by definition

(M@, $)T5 (9 ® D5)(8), ¥ ® Do)

= 0 (1" -1y - xv (D" e e [TROFP) L o (1)
X (M(wg, 5)Ts(p ® Ps)(g), 77 (J)V ® V)

and

(T-s (9 @ M, $)Ps)(g), U ® Vo)

= e (=)™ - S ™H  xw (D™ k) ey | RO L (=1
X (T_s(p @ M(wp, $)Ps)(g), T*(J)V ® Vo),

where wy, and wy, are the central characters of mo and og respectively. Since
00 = Oy yy.xw.Vo. W, (770), we know that

6!)00 =V (,()7-[0,
where v is the character of Ker(Ng,r) defined by
v(x/x) = Oy xp) ()
for x € E*. In particular, we have

Wro(—1) - 0o (—1) = Gty A ") ()
= (" A (8) - xv (= DX - xw(=DF.
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Thus it suffices to show that

L(s — 50+ 3, f) - M(wg, 5)Ts (¢ @ Dy)
= (v (=8) vy v o (=1
x L(—S—So+%,(f0)v)-J/(—S—SOJr%,(rC)V,l/IE)
X T—s((p®M(wPaS)¢s)~
We have

L(s =s0+3.7) - (Mwg, )T(9 ® 8,)(8), 5 ® )

= L(s — 50 + %, ‘r) / (T5(p ® @s)(wélug), U Q® Vo) du
Ug

-/ (Too () wg ugh) @ (@ (h), ), To) dh du
Ug JUpUVo\U(V)

-/ | (Too(F @)y ugh) ® (.. 5). o) dud.
UpUVo\U(V) JU

In Lemma 8.6(i) below, we shall show that these integrals are absolutely con-
vergent, so that this manipulation is justified. By Lemma 8.2, we have

L(—s — 50+ 3, (TC)V) : V(—S —s0+ %, (t9)Y, lﬁE>
X (T_5(p @ M(wp, 5)Ps)(g), ¥ ® Vo)
(Too(f (@) (gh) ® (M(wp, s)P,(h), V), Vo) dh

/UPU(VO)\U(V)
/ / (Too(f (@) (gh) ® (@5 (w3 uh), 8)), To) du dh
UpU(Vp)\U(V)

/ (Too(f (@) (gh) ® (®s(w'h), 1)), To) dh
U(Vo\U(V)

_ / (Too £ (@) (@wph) ® (@, (h), B)), Fo) dh
U(Vp)\U(V)

- / / (Too £ (@) (gqupiuh) @ (s (h), B)), o) du dh
UpU(Vp)\U(V)

UpU(Vo\U(V) /UP
X (Too(f (@) (gwpump(—1x)h) ® (Ds(mp(—1x)h), V), Vo) du dh
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= w(—1) - xw(=DF

X
/UPU(VO)\U(V) /UP

x (Too(f (@) (gwpump(—1x)h) ® (®s(h), V), Vo) du dh.

In Lemma 8.6(ii) below, we shall show that these integrals are absolutely
convergent, so that this manipulation is justified. Thus it remains to show that

xv (=& -y - / f@)(wy'u)du
Yo (8.3)
(=D /U F (@) (wpump(~1x)) du.

We may assume that ¢ = ¢’ ® ¢, where ¢’ € . (V ® Y*) and ¢g € .
We have wél =mg(—¢ly) - wgp and

flo)(wg"
X
=/ @wghe) [0 | wetr, e*)) dx
X@r* 0
—EX
=xV<—e>k-/ weo) | 0 | vl e dx
Xor* 0
— (o)t - / (0(wo)g) ) ) dx
XQY*

= xv(=e)* -yt

Y1
X/ / / / ol y2 | ¥ (={yys, x))dy3dy>dy;
XQY* XQY* JVhQY* *QRQY*

y3
X Y (—x, ) dx
= xv(=)* -y *
Y1
x/ / / / o[ 2 | v, Iy ya)) dys dys dy:
XQY* XQY* JVoRY* *QY* V3

x Y (—(x,e*))dx

= xv(—e) -y, / / yz dys dy.
XQY* V()®Y* Yl *
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Hence, noting that I}?]e = I;le* = ¢™*, we have

xv (=) - yy - / fl@)wg'ug(e)) de

Herm(Y*,Y)

Y1
=/ / / el » W((cy1,e**)+%(cyz,yz)) dyxdy | dec.
Herm(Y*,Y) XQY* JVoY* e**

We change the variables

yp=x1 e XYY", x1 € Hom(X*, X),
yo=x2"" € Vp @Y, x2 € Hom(X™, Vp).

Then the inner integral is equal to

)C]é**
/ / (0 xZe**
Hom(X*,X) JHom(X*, V) *x

e

1
X Y ((cxle**, ey + §<CX2€**a xze**)) dxydxy

x1e™*
= / / | xe™*
Hom(X*,X) JHom(X*,Vp) *ok

e

(x1 — ix;‘xz)e**
- / / ¥ xpe** W(‘(xle**,ce**)) dxrdxq.
Hom(X*,X) JHom(X*,Vp)

By Lemma 7.1, the integral over ¢ € Herm(Y™, Y) of this integral is equal to

kK

(c - %xi"xz)e
/ / @ xpe** dxydc.
Herm(X*,X) JHom(X*,Vp)

e**
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Hence the left-hand side of (8.3) is equal to

xv (=) vy - / / @ wg'ug(ug®))dedb
Hom(Wy,Y) JHerm(Y*,Y)

/Hom(Wo,Y) /Herm(X*,X) /Hom(X*,Vo)
1
(c - Exikxg)e*

X ev((a)(uQ(b))go) xpe™* ) dxpdcdb

e**

(c — %x%‘xz)e**

/

=/ / / (p xZe**
Hom(Wp,Y) JHerm(X*,X) JHom(X*,Vy) o

x (3 b*e™, b (c = Sx3a2)e™) ) poo (b7 x2¢™, 0)) o (b™e™) dxy de db

(c — %xé‘xz)e**

/

=/ / / (p xZe**
Hom(Wp,Y) JHerm(X*,X) JHom(X*,Vp) o

X 1//( — 5(cb*e™, b*e**))ﬂ)oo((xzb*e**, 0))go(b*e™™) dxz de db.

*

Note that (b*e*™*, b*x5x2e™) = (bb*e™™, x3x2¢**) = 0.
On the other hand, the right-hand side of (8.3) is equal to the product of
xw(=DF -y}, and

/ / F@)wpup(yup®)mp(—1x))dc db’
Hom(Vp, X) JHerm(X*,X)
—(C/ 4+ %b/b/*)e**
=/ / (p/ —p/* e
Hom(Vy,X) JHerm(X*,X) o
x ev(wo(wpup(cup®)mp(—1x))gpo)dc’ db'.

We have
ev(wo(wpup(cup®Ymp(—1x))¢po)

=y - / (wo(up (¢ Yup b Ymp(—1x)g0)(y) dy
X*@Wo

=7 / ¥ (34y. ) @oup B m p(~1x))g0) () dy
X*®@Wy
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= / ¥ (345, 3)) 0o (B, 0)) @0 (m p (—13))0) () dly
X*Q@Wy

= xw(=DF. y‘;"-/

¥ (3. ) poo (05, 0o (=) .
X*@Wy

Changing the variables

b' = —x; € Hom(Vj, X), x2 € Hom(X™, V),
¢’ = —c € Herm(X*, X), ¢ € Herm(X™*, X),
y = —=b*e™ € X* @ Wy, b € Hom(W, Y),
we see that the equality (8.3) holds. This completes the proof. |

Let ¢, ¢, and ¢6 be the L-parameters of t, 7g, and o respectively. As a
consequence of Proposition 8.4, we deduce:

Corollary 8.5 For ¢ € . and ®; € Indg(v)(Tscxﬁ, ® o), we have

RW', tsxv @ 10)Ts (¢ @ Py)
=a-B(s) T_s(p @ R(w, t{ x1y ® 09 )Ps),

where
-1 n' —1 m'—1 —1 —n_m k
=" (D7 e (DTG O ) )]
X @ (=)™ =iy a(w, ) - A, ) 7!

and

-1

B&) =L(s—so+4.60) L(—s—s0+% 69Y)
xy(=s=s0+ 5 @D vE) - heviey |
X Y (s, 5@ G) @ Xiy VE) ' v (s, ® DY ® xv. VE).

Proof The corollary immediately follows from Proposition 8.4 and the fol-
lowing facts:

o y(s,AsT o gre, Y) = y (s, AsT 0 ¢, Y1)
e for any conjugate self-dual character x of E*,

y(s, AsT o gr, ¥) if x|px = Lpx;

y (s, AsT 0 ey, ¥) = _ .
”‘ Iy(s,As o ¢pe, ¥) if xlpx = wpsr.

O
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8.3 Convergence of integrals

To finish the proof of Proposition 8.4, it remains to show the following con-
vergence of the integrals.

Lemma 8.6 Let ¢ € .7, &, € Indj" ) (z¢ x5, ®0y)), U € v, and ¥y € 4%
Assume that Re(s) > 0.
(i) The integral

/ / (Too(f (@) (w'uh) @ (@, (h), ). To) dhdu (8.4)
Up JUpUVp)\U(V)

is absolutely convergent.
(i1) The integral

/ / (Too(f (@) (h) ® (@5 (w3 uh), ). To) dudh  (8.5)
UpU(Vo)\U(V) JUp

is absolutely convergent.

Proof Put t = Re(s) > 0. Fix a special maximal compact subgroup K of
U(V). We may assume that

0 = ¢ ® ¢ for some ¢’ € ./ (V ® Y*) and ¢ € .;

&, |k is independent of s;

@, is Kp-fixed for some open compact subgroup K of K;
supp @5 = PkoKo for some kg € K;

@, (ko) is a pure tensor in ¥; ® “//aov.

In particular, there exist maps v : K — 77 and v : K — “//gov such that

Dy (k) = v(k) ® vo(k)

forallk € K.
Recall that 7, 7o, and oy are tempered and hence unitarizable. We can choose
invariant Hilbert space norms || - || on #; and #;v so that

[{v, D) < [lvlllIv]l
forallv € ¥; and v € #;v. Similarly, we choose invariant Hilbert space norms
on Yz, Yoy, and so on. We may regard 7oo as a U(Vy) x U(Wp)-equivariant
map Zoo : S00 = Yoo @ Yy, 1.€.
{Z00(%00), vo ® Vo) = (Zoo(¢o0 ® o), Vo)
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for goo € S0, vo € ”f/%v, and vy € %,Ov. Then we have

1700 (w00(g070)200) | = 11700 (¢00) I

for gg € U(Wy) and hg € U(Vp), and

1{Z00(®o0 @ v0), V0)| < II700(wo0) lllvoll Vo]l

Fix v € v and Vg € "f/ﬂov, and put

C = ||v|l|lv k .
IolHivo | max ffv &) l{lvo (<)

Let ¥ be the K-fixed element in Indp'"’(|det|" ® Ty(yy)) such that
¥, (1) = 1. Let £ denote the representation of U(V) on . (V ® Y*) defined
by (£(h)¢')(x) = ¢'(h~'x). Recall that ev : .4 — .y is the evaluation at
0.

First, we prove the absolute convergence of (8.4). We have

F@)(h) = ¢ L)) (") - ev(wo(h)go),
where ¢ : (V@ Y*) - L(X*®7Y) is defined by
X

¢<¢/)(y>=/ o0 v, ) dx.

XQY* 0
Put

E(g. h) = (Too(f () (gh) ® (@5 (h), V), o)
= xjy (deta)| deta*** (t¢(a)v(k), V)

x (Too(f (9)(gh) ® o (ho)vo(k)), To)

forg € UMW), h = ump(a)hok € U(V),u € Up, a € GL(X), hg € U(Vy),
and k € K. Then we have

& (g, )| < | detal™ 7 o) 01| - 1700 (F (@) () Hvo (o) Dol
< C - (h) - | Too(f () (gh))

and

1 To0(f (@) )l = 100 (f () (mp(a)k)) |
= | detal0/2|p (€(k)p) (a*e®)| - | Too(ev(wo(k)go)) -
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Hence we have

/ & (2, )l dh
UpUVo\U(V)

-c. / () 1 Too(F (@) (gh) | dh
UpU(Vp)\U(V)

_c. / / | detal ™" | Too( £ (@) (gm p(@)k))]| dk da
GL(X) JK
< 0

since the last integral is the zeta integral of Godement—Jacquet associated to
the trivial representation of GL(X). Put

Eig) =C. / ()1 To0 (f (@) (gh)) | dh.
UpU(Vp)\U(V)

Then we have
E (umg(a)gog) = | deta| TP & (g)

for u € Ug, a € GL(Y), go € UWp), and g € UW), ie. & €
Ind[é(w)(l det |" ® 1y(w,))- Hence we have

/ / & (wg'u, h)| dh du 5/ By (wp'u)du < oo,
Ug JUPU(Vo\U(V) Ug

Next, we prove the absolute convergence of (8.5). We have
F(@)(h) = Mg (e) - ev(wo()po),
where qAﬁ (VYY) - L (X ®Y¥) is defined by
A X
PP (x) = ¢’ 8

Put

Es(h, 1) = (Too(f () (h") ® (Ds(h), D)), Vo)
= xiy(deta)| detal*T77 (z¢(a)v(k), V)
x (Too(f(@)(h') ® o (ho)vo(k)), Vo)
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for h = ump(a)hok,h' € U(V), u € Up, a € GL(X), hyp € U(V), and
k € K. Then we have

|65, kD] < | detal ™7 GG - 1 Zoo (f (@) (Do )1 Dol
< C-W(h) - | Too(f (@)D

Hence we have
/ & (wp uh, k)| du < C - | Too(f (@) (W) - / W (wp'uh) du < oo.
Up Up

Put

[

1(h) = C - Too(f (@) (W) - M(wp, )W (h),

where

M(wp,t)w,(h)z/ W (wp ' uh) du.

Up

Then we have

Ei(ump(a)hoh) = C - | deta| ' TPr 0216 (¢(h)g') (@ e)|
x | Zo0(ev(wo(W)@o)) | - M(wp, )W, (h)

foru € Up,a € GL(X), hg € U(Vy), and h € U(V). Hence, putting

C'=C- max 1700 (ev(wo(K)@o)) || - M(wp, 1) ¥ (1),

we have

/ / & (wp uh, h)| du dh
UpUVo\U(V) JUPp

< Ei(h)dh

/[‘]PU(VO)\U(V)
<c. / / | detal PP+ 3 (0(k)g Y (a™ e)| dk da
GLx) JK

< o0

since the last integral is the zeta integral of Godement—Jacquet associated to
the trivial representation of GL(X). |
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8.4 Completion of the proof

Now assume that e = +1 and m = n+ 1. Let ¢ be a tempered but non-square-
integrable L-parameter for U(W,fc). Since ¢ is not square-integrable, we can
write

¢ = (¢ @ xv) ® o ® (P ® xv))"

for some irreducible (unitary) square-integrable representation T of GLy(E)

and tempered L-parameter ¢q for U(W,;E), where k is a positive integer and
ng = n —2k. Fix € = +1, and set W = W¢ and Wy = W,f(;. Let m =
m(n) € I1y be anirreducible tempered representation of U(W) with associated

character n € Irr(Sy). Then 7 is an irreducible constituent of Ind[é(W) (txv ®
mo) for some irreducible tempered representation wo = mo(no) € Ily, of
U (W) with associated character g € Irr(Sg,) such that

77|S¢0 = 1o-
Fix e = £1,and set V. = V7 and Vy = V,fOH. Suppose that o :=

Oy, v,w () # 0.By the argument asin [19, pp. 1674-1676], we see that o :=

Oy, vy, Wy (o) # 0 and o is an irreducible constituent of Indg(v) (Ttxw ® 09).

This implies that o is an irreducible constituent of Indg(v)(rc Xy ® GOV ).

By Theorem 4.4, 0 = o (1) € I1y and oy = o9(n) € Iy are irreducible
tempered representations of U(V') and U (V) respectively, with L-parameters

¢ =@ xy, xw)®xw and @)= (¢o® Xy Xw) & xw.
and associated characters 1’ € Irr(Sg) and 7 € Irr(S¢6) such that
/ o
s, = Mo

We need to show that n’[s, = 7.
Consider a commutative diagram

S¢ E— S¢/

]
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of natural embeddings. Since ng < n, we know that (P2),, holds by assump-
tion, so that

776|S¢0 =10.
Hence, we conclude that
N5, = 'ls, )ss, = Molss, =m0 =nls
b0 ¢’ %0 015¢g b0 *

In particular, if Sy, = Sg, then 1| s, = 1 as desired.

Finally, we assume that Sg, # S4, which is the case if and only if ¢ is
conjugate orthogonal and ¢, @ v is not contained in ¢»9. Then the component
group Sy is of the form

Sp = Spy X (Z/2Z)ay,
where the extra copy of Z/2Z arises from the summand ¢; ® xy in ¢. Since

we already know that n/|S¢o = 1ls,,, it suffices to show that n'(ay) = n(ay).
To see this, we recall the U(V) x U(W)-equivariant map

To:o® Indg(v)(rcx‘ﬁv ®oy) — Ind[QJ(W)(rXV ® 1o).

Since 7p(p @ @) € 7 for ¢ € ¥ and @ € ¢, it follows by (2.1), Lemma
8.3, and Corollary 8.5 that

eWE - na) = a-BO) - (V)" - n,v(ar),

where o and B (i) are as in Corollary 8.5, and n,v € Irr(S4)v) is the irreducible
character associated to o ¥. But we know that

1 if n is even;
Nev(a1) = n'(ar) x [

wg/r(=1DF if nis odd.
Thus it remains to show that

e(V)k-e(W)k-oz-,B(O)=[1 if n is even;

wg/r(=1DF if nis odd.
First, we compute e(V)K.e(W)* .« when n is even. In this case, we see that
yv = €(V)-A(E/F,¥) and yy = e(W) - xw(8)~!. Hence e (V) - e (W) - «

is equal to
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/ / k
[E/F ™ @™ =D D" G ®) |

X (=2 A(EJF, )&+ VK2 5 (B F, gy~ k= Dk/2
=1.

Next, we compute e(V)k . e(W)* . o when n is odd. In this case, we see that
yv =e(V)and yyw = e(W) - xw(8) "' - A(E/F, ¥). Hence e (V)F - e(W)¥ -«
is equal to

—1 n'—1 o—1 n'—1 o—1 —n n+1 k
[XW(S) “MEJF, ) - xv((=1) 2670) - xw((=1) 87) - (Xy Xw )(5)]
= wg/r(—=1) - 0 (=1)
= wg/r(—DF,
where the last equality follows because w;|px = 1 px.
Finally, we compute 8(0). Noting that so = % (@)Y = ¢, and d){) =
(9o ® X;IXW) ® xw, we see that

B(s) = L(s,¢z) " - L(=5, ¢c) - v (=S, bz, YE) - Y (5, bz, YE) "
_e(=s.¢c.¥E) L(+5,9))
(s, ¢r, ) L1 —s,¢Y)

Since 7 is square-integrable, L(s, ¢,) is holomorphic and nonzero at s = 1,
and hence

p0) = 1.
Thus, we have shown the desired formula for e(V)¥ - e(W)* - « - B(0) and
completed the proof of Theorem 6.1.

Remark 8.7 Using Theorem 4.1 (instead of Theorem 4.4) and the above argu-
ment, one can also prove the analog of Theorem 6.1 for (P1). Indeed, this can
be reduced to the computation of ek ek . o - B(0) when ¢ = +1,
m = n, and ¢, is conjugate symplectic, in which case one sees that

wr(8) - wg/r(—1)F if nis even;

k kg =
e(V) - e(W)" -« [a)r (8) if n is odd,

and
B(0) = e(wr, wE)
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as desired.

9 Generic case

So far, we have verified the Fourier—Jacobi case (FJ) of the Gross—Prasad
conjecture for tempered L-parameters for U(W,,) x U(W,,). As in the proof of
[15, Theorem 19.1], this implies (FJ) for tempered L-parameters for U(W,,) x
U(W,42r) with k > 0. In this section, we extend (FJ) to the case of generic
L-parameters.

9.1 Generic L-parameters

Let V be an n-dimensional e-Hermitian space. Recall that an L-parameter
¢ for U(V) is generic if, by definition, its associated L-packet I14 contains
generic representations (i.e. those which possess some Whittaker models). In
Proposition B.1 below, we shall show that ¢ is generic if and only if its adjoint
L-factor L(s, Ad o ¢) = L(s, AsD" o ¢) is holomorphic at s = 1.

Let ¢ be an L-parameter for U(V), so that we may write

,
p=p@do® ()’ with p=EPpil-I"
i=1

where

e p; is a kj-dimensional tempered representation of WDE,

e s; is a real number such that sy > --- > 5, > 0,

e ¢ isatempered L-parameter for U(Vy), where Vj is the e-Hermitian space
of dimension n — 2(k; + - - - + k;-) such that e(Vp) = €(V).

As mentioned in Sect. 2.5, by the construction of the local Langlands cor-
respondence, the representations in the Vogan L-packet [T are given by the
unique irreducible quotient of the standard module

Ind((® 7l - |Sf) ®no) 9.1)
i=1

for my € Ily,, where Ind is the appropriate parabolic induction and 7; is
the irreducible tempered representation of GLy, (E) associated to p;. If ¢ is
generic, then we have the following result of Heiermann [27], which extends
a result of Meeglin—Waldspurger [42, Corollaire 2.14] for special orthogonal
groups and symplectic groups.
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Proposition 9.1 Let ¢ be a generic L-parameter for U(V). Then the standard
modules as in (9.1) are all irreducible, so that the L-packet Ily consists of
standard modules.

9.2 Local theta correspondence

Proposition 9.1 has consequences for the local theta correspondence. Let V be
an m-dimensional Hermitian space and W an n-dimensional skew-Hermitian
space. Consider the theta correspondence for U(V) x U(W) relative to a pair of
characters (xv, xw)-Let¢ bean L-parameter for U(W) and 7 arepresentation
of U(W) in I1y. If m = n, then by Theorem 4.1, we have 0y, v w () € Ty
(if nonzero) with

0) =0 xy xw,

so that L(s, Ad o 8(¢)) = L(s, Ad o ¢). Thus 6(¢) is generic if and only
if ¢ is. On the other hand, if m = n + 1, then by Theorem 4.4, we have
Oy.v,w () € Iy(y) (if nonzero) with

0(#) = (d® xy xw) ® xw-

In this case, it is possible that 6 (¢) is nongeneric even if ¢ is. More precisely,
since

L(s,Ado6($)) = L(s,Ado ¢) - L(s,¢ ® xy,") - L(s, wg/F),

0(¢) is generic if and only if ¢ is generic and does not contain yy| - |i% X
Sym*~! for any positive integer k, where Sym*~! is the unique k-dimensional
irreducible representation of SL,(C). Hence we see that for all but finitely
many choices of yy (depending on ¢), 6(¢) is generic if ¢ is.

Proposition 9.2 Let ¢ be an L-parameter for UW) and 7 a representation
of U(W) in I1y. Then we have:

(i) Assume that m = n. If ¢ is generic (so that 0(¢) is also generic), then
Oy, v,w () =0y v w(r).

k
(ii) Assume thatm = n+ 1. If ¢ is generic and does not contain xy|-|=*3 X

Sym*~! for any positive integer k (so that 0(¢) is also generic), then

Oy, v,w () =0y v w(r).
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The Gross—Prasad conjecture and local theta correspondence 781

Proof We shall give the proof of (ii) since the proof of (i) is similar. We may
assume that &y v w () # 0.1f ¢ is tempered, then @y, v w () is irreducible
and tempered by [17, Proposition C.4(i)]. In general, by Proposition 9.1, 7 is
a standard module of the form

(@) o)

as in (9.1). Then by [17, Proposition C.4(i1)], @y, v w () is a quotient of the
standard module

Ind((® TiX;1XW| . |Si) ® @Iﬁ,Vo,Wo(”O))-
i=1

Since 0(¢) is generic as well, Proposition 9.1 implies that this standard module
is irreducible, so that @y, v w () is irreducible. ]

9.3 (B) for generic L-parameters

For special orthogonal groups, Mceglin—Waldspurger [42] extended the Bessel
case (B) of the Gross—Prasad conjecture from tempered L-parameters to
generic L-parameters. We carry out the analogous extension for unitary groups.

Proposition 9.3 The statement (B) holds for all generic L-parameters for
UVy) X U(Vior+1)-

To prove Proposition 9.3, we adapt the proof of Mceglin—Waldspurger [42]
to the case of unitary groups. For any (not necessarily irreducible) smooth
representations 7 and 7’ of U(V,,) and U(V,421+1) respectively, we write
m(m, ') orm(n’, ) for

dimc Hompy (r ® 7/, v)

with the subgroup H of U(V,) x U(V,42xt+1) and the character v of H as
in [15, Sect. 12]. Then as explained in [42, Sect. 3], Proposition 9.3 follows
from (B) for all tempered L-parameters (which was proved by Beuzart-Plessis
[4-6]), together with Proposition 9.1 and the following proposition:

Proposition 9.4 Letw = Ind((®f: 1 Til- ') ®mo) be a smooth representation
of U(V,), where

e 7, is an irreducible tempered representation of GLy, (E),
e s; is a real number such thats; > --- > s, > 0,
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e 1y is an irreducible tempered representation of U(V,—2(k; 4.4k, ))-

! J/
Likewise, let 1’ = Ind((®;:1 rj/.| 15 ® 7y) be a smooth representation of
U(Vy42k+1) with analogous data r}, k;, s;., ). Then we have

m(w, ') = m(mo, 7).

Proof Since the proof is similar to that of [42, Proposition 1.3], we shall only
give a sketch of the proof. First, we prove that m(rr, n") < m (o, 7).

(1) Leto = Ind(7g| - |*® ® o) be a smooth representation of U(V,, 1), where
e 79 is an irreducible (unitary) square-integrable representation of
GLy, (E),
e 50 is a real number,
e 0y is a smooth representation of U(V,,_24,+1) of finite length.
Assume that so > s (which is interpreted as so > 0 when » = 0). Then
as in [42, Lemme 1.4], we have

m(mw, o) < m(m, ogp).

(i) Let o be as in (i). Assume that
e 7 is supercuspidal;
e if a representation 7 ® 7y with
— an irreducible smooth representation t; of a general linear group;
— an irreducible smooth representation 7 of a general linear group
or a unitary group
intervenes in a Jacquet module of 7., 7, or 7, as a subquotient, then
79| - |° does not intervene in the supercuspidal support of 7 for any
s eR.
Then by [15, Theorem 15.1] (see also [42, Lemme 1.5]), we have

m(m, o) = m(w, op).
(iii) Toprovem(m, ') < m(mo, 7)) in general, we may assume that 7;, T j/ are

square-integrable for all i, j. Asin [42, Sect. 1.6], we argue by induction
on

li= > ki+ > K,

I<i<r 1<j<r’

5; 70 ,/
i aj;éO

If [ = 0, then it follows by [6, Sects. 14—15] combined with (ii) that
m(m, ") = m(mo, 7). Suppose that [ # 0.
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(@ If k = 0 and s; > s (in particular » > 1), then by (i), we have
m(r,7') < mr, x"), where 7 = Ind((®';_, 7}l - ) ® (). By
induction hypothesis, we have m(w, ") < m(mo, 7).

(b) If 57 > si (in particular r > 1), then we can reduce to (a) by using (ii).

(c) If s; = s1 (in particular 7" > 1), then we can reduce to (b) by using (ii).

This proves the assertion (see [42, Sect. 1.6] for details).

Next, we prove that m(w, 7’) > m(m, 716). By (ii), we may assume that
k = 0.1f m(mo, m)) = 0, then there is nothing to prove. If m (o, ) # O,
then by [1], [15, Corollary 15.3], it suffices to show that

m(m, ') > 1.

,
7, = Ind ((®Ti| . IZ") ®ﬂo)
i=1

Put

and

r/
7., = Ind ((@tj’l . |Zf') ®7ré)
j=1

forz =(z1,....2,) e C"and 2’ = (2},...,2.) € C”'. As in [42, Lemme
1.7], we can define a A(U(V,) x U(V,,))-equivariant map

L,r:m, ® (nz)v ® T[z/,’ & (ﬂz//)v — C

by (meromorphic continuation of) an integral of matrix coefficients, which
is absolutely convergent for (z,z’) near (v—IR) x (v/—IR)". Since
m (7o, né) # 0, it follows by [6, Théoréme 14.3.1, Proposition 15.2.1, Propo-
sition 15.3.1] that the map (z, z’) — L is not identically zero. In particular,

the leading term of £ s at z = (s1, ..., s,) and 2’ = (s, ..., s/,) is nonzero
and hence m (s, 7’) > 1 (see [42, Sect. 1.8] for details). This completes the
proof. O

9.4 (FJ) for generic L-parameters
In view of Propositions 9.2 and 9.3, one may repeat the see-saw argument in

Sect. 5 for generic L-parameters, using (P1) and (P2) (which were shown for
all L-parameters) to prove:
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Proposition 9.5 The statement (FJ) holds for all generic L-parameters for
UW,) x U(W,).

Here, in repeating the see-saw argument, one may choose a character xy so
that the condition of Proposition 9.2(ii) holds. Finally, Proposition 9.5 together
with [15, Theorem 19.1] implies:

Corollary 9.6 The statement (FJ) holds for all generic L-parameters for
UW,) x U(Wpp2p).
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Appendix A: Addendum to [17]

In this appendix, we elaborate on some results of [17, Appendix C] which are
used in the proof of Theorem 4.4. In particular,

e we fill in some missing details in the proof of [17, Proposition C.1(ii)] and
streamline its proof by exploiting the recently established Howe duality
conjecture [20,21];

o we extend some results of Mui¢ [45, Lemma 4.2 and Theorem 5.1(1)]
(used in the proof of [17, Proposition C.1(ii)]), which were written only
for symplectic-orthogonal dual pairs, to cover all dual pairs considered in
[17], streamlining some of his proofs in the process.

A.1 The issues

Let us be more precise. We freely use the notation of [17, Sect. C.1].
Let = be an irreducible square-integrable representation of G (W) such that

oy = @va,x’w(n) # 0.
By the bullet point on [17, p. 645], together with the Howe duality, oq is
irreducible and square-integrable. Then we showed that

(i) any irreducible subquotient of Oy w_ y v () is tempered in the first bullet
point on [17, p. 646];

(i1) o := Oy, w,y,y () is an irreducible constituent of / g ((X ; (xw ® 09) in the
the second bullet point on [17, p. 646],

and claimed that
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(iii) any irreducible subquotient of @y w y y (7r) is not square-integrable in
the third bullet point on [17, p. 646];

(iv) any irreducible subquotient of ®y w y () is a subrepresentation of
1 g ((}Z ; (xw ® 06) for some irreducible smooth representation 0(’) of H (V)
in the fourth bullet point on [17, p. 646].

However, in the third and fourth bullet points on [17, p. 646], we have used
results of Mui¢ [45, Lemma 4.2 and Theorem 5.1(i)], which were written only
for symplectic-orthogonal dual pairs. Moreover, we have not given the proof
of (iv): we have simply asserted that it is true as if it is obvious (which it is
not). Thus, we need to give the details of the proof of (iii) and (iv), as well as
that of the results of Mui¢ for all dual pairs considered in [17].

A.2 Proof of (iii)

First, we address (iii). Our original argument in [17] used [45, Lemma 4.2
and Theorem 5.1(i)], which we state and prove in Lemma A.1 and Corollary
A.5 below. Here, we give a more streamlined argument using the recently
established Howe duality conjecture [20,21].

Let o/ be an irreducible subquotient of @y w , y (7). Suppose that o’ is
square-integrable. Since Oy w y v () is of finite length and tempered by (1), it
follows by [60, Corollaire II1.7.2] that ¢’ is in fact a quotient of Oy w, y v (7).
Hence we must have ¢’ = o by the Howe duality. But o is not square-
integrable by (ii), which is a contradiction. This completes the proof of (iii).

A.3 Proof of [45, Lemma 4.2]

For the proof of (iv), we will need the following result of Mui¢ [45, Lemma4.2].

Lemma A.1 (Mui¢) Let G(W) x H(V) be an arbitrary reductive dual pair
as in [17, Sect. 3]. Let w be an irreducible smooth representation of G(W).
Then allirreducible subquotients of Oy w. .y (1) have the same supercuspidal
support.

Proof We may assume that Oy w .y (r) # 0. Since Oy w, y () is of finite
length, it follows by the theory of the Bernstein center [3] that

Ovw,xyw(@)=01® - Doy

for some smooth representations o; of H (V') of finite length such that

e for each i, all irreducible subquotients of o; have the same supercuspidal
support, say, supp o;;
e if i # j, then suppo; # suppo;.
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Of course, if we were willing to appeal to the Howe duality, then it would follow
immediately that » = 1, so that the lemma is proved. However, we may appeal
to an older result of Kudla. Namely, Kudla’s supercuspidal support theorem
[36] (see also [17, Proposition 5.2] and the references therein) says that the
supercuspidal support of Oy w y y () is determined by that of 7. Hence we
must have r = 1. O

A.4 Plancherel measures

To prove (iv), we will also need the following property of Plancherel measures.
We freely use the convention of [17, Appendix B].

Lemma A.2 Let G(W) be an arbitrary classical group as in [17, Sect. 2]. Let
7 be an irreducible tempered representation of G(W) such that

7clfM@® - 81 @),
where P is a parabolic subgroup of G(W) with Levi component GLy, (E) X
- X GLg, (E) x G(Wy), 7; is an irreducible (unitary) square-integrable
representation of GLy, (E), and mq is an irreducible square-integrable rep-

resentation of G(Wy). Let T be an irreducible (unitary) square-integrable
representation of GLy (E) and put

IT(ty={i|t =}
Then we have
or(gu(rs Qm) =2 -#I(t) +2-#Z((t9)) + OTdOM(Ts ® o).
§=| §=
Moreover, we have

Oor2 if(z9)Y =r;

?L%M(Ts ® mp) = [0 l'f('L'C)V % 1.

Proof By the multiplicativity of Plancherel measures (see [17, Sect. B.5]), we
have

Wt ® ) = (H Wt ® %) - u(ts ® <r;‘>v)) - (s ® o).

i=1
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For any irreducible (unitary) square-integrable representation t’ of GLy (E),
we have

prs @t =y(s, v x (), ¥g) - y(=s, 7 x v/, ¥E)
and hence

2 ifr =1
ord u(ty ® v') = ’
s=0'u(s ) {O ift 21/,
which reflects the triviality of R-groups for general linear groups. This proves

the first assertion. The second assertion follows from [60, Corollaire IV.1.2] if
(t¢)¥ = 7 and [60, Proposition IV.2.2] if (€)Y 2 7. |

A.5 Proof of (iv)

Now we prove (iv). Let o’ be an irreducible subquotient of @y . x.v (). By
(i) and (iii), we have

o' c1f]Vme en )

for some r > 1 and irreducible square-integrable representations 7; and o) of
GLy,; (E) and H (Vp) respectively, where Q is a parabolic subgroup of H (V)
with Levi component GLy, (E) x - - - x GLy, (E) x H(Vy). We need to show
that ; = yw for some i.

By Lemma A.1 and the multiplicativity of Plancherel measures, we have

w((xw)s ® o) = u((xw)s ® o).

By (ii) and Lemma A.2, the right-hand side has a zero at s = 0 of order at
least 4. Hence, by Lemma A.2 again, we must have 7; = xw for some i. This
completes the proof of (iv).

Remark A.1 In the proof of (iii) and (iv), we have used some results of Wald-
spurger [60], which were written only for connected reductive linear algebraic
groups. However, it is straightforward to extend them to the cases of (discon-
nected) orthogonal groups and (nonlinear) metaplectic groups.

A.6 Proof of [45, Theorem 5.1(i)]
As we noted above, we have used [45, Theorem 5.1(1)] besides [45, Lemma 4.2]

in our original argument in [17]. Although it is not necessary for the proof of
(iii) and (iv) (because of the use of the Howe duality), we shall give a proof here.
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In fact, we prove the following more general result by refining the argument
in the proof of (iv).

Lemma A.4 Let G(W) be an arbitrary classical group as in [17, Sect. 2]. Let
7 be an irreducible tempered representation of G(W) such that

T C Ig(w)(rl ® - Q1 ® 7o),
where P is a parabolic subgroup of G(W) with Levi component GLy, (E) X
- x GLg, (E) x G(Wy), t; is an irreducible (unitary) square-integrable
representation of GLy, (E), and v is an irreducible square-integrable repre-

sentation of G(Wy). Likewise, let t' be an irreducible tempered representation
of G(W) such that

iy e 1 @)

with analogous data P', v', t/, m;. Assume that
n(ts @) = pu(t, @ ')

for all irreducible (unitary) square-integrable representations t of GLy(E)
forall k > 1. Then we have r = r’ and

{thy e o, )Y, ) = e T ((EDD) Y (1)) )

as multi-sets. Moreover, we have

n(ts ® mo) = (s ® m()

for all irreducible (unitary) square-integrable representations t of GLy(E)
forallk > 1.

Proof Note that the second assertion is an immediate consequence of the first
assertion and the multiplicativity of Plancherel measures. To prove the first
assertion, it suffices to show that

#I(1) +#Z((t°)Y) =#T'(v) +#Z'((z9)") (A.1)
for any irreducible (unitary) square-integrable representation v of GL4(E),
where Z(7) = {i|t; = t}and Z'(7) = {i |7/ = t}. If ()" = 7, then by
Lemma A.2, we have

4. #T() +a=4-#T(1) + o
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for some 0 < «, o’ < 2. This forces #Z(t) = #Z'(7), so that (A.1) holds. If
(t¢)Y 2 1, then (A.1) is a direct consequence of Lemma A.2. This completes
the proof. O

The following corollary (which is [45, Theorem 5.1(i)]) is now immediate:

Corollary A.5 (Mui¢) Suppose that & and " are irreducible tempered rep-
resentations of G(W) which have the same supercuspidal support. If 7 is
square-integrable, then so is '

Proof If w and 7’ have the same supercuspidal support, then the multiplica-
tivity of Plancherel measures implies that

n(ts @) = pu(t, @ ')

for all irreducible (unitary) square-integrable representations t of GL; (E) for
all k > 1. The assertion then follows from Lemma A 4. O

A.7 Some variant

Finally, admitting the local Langlands correspondence, we shall state a variant
of Lemma A.4 in terms of L-parameters.

Let G(W) be an arbitrary classical group as in [17, Sect. 2]. To each
irreducible tempered representation w of G(W), the local Langlands cor-
respondence assigns an L-parameter ¢, which we regard as a semisimple
representation of WDE as described in [15, Sect. 8]. Moreover, for any irre-
ducible tempered representation t of GL (E) with associated L-parameter ¢,
Langlands’ conjecture on Plancherel measures [38, Appendix II] says that

w(ts @m) =y (s, ¢ @ ", Vi) - v(—s, ¢y @}, ¥E)

v - (A2)
X V(ZS, Ro ¢‘[a W) : V(_ZS, R o¢-[ ) W),
where
Sym? if G(W) is odd orthogonal or metaplectic;
A? if G(W) is even orthogonal or symplectic;

AsT  if G(W) is even unitary;
As™  if G(W) is odd unitary.

In fact, (A.2) immediately follows from [2, Proposition 2.3.1], [44, Proposi-
tion 3.3.1], [33, Lemma 2.2.3] (together with induction in stages) for classical
groups considered there. (See also §7.3 in the case of unitary groups.) In other
words, recalling the definitions of of Plancherel measures and normalized
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intertwining operators, we see that (A.2) is a consequence of a property of
normalized intertwining operators. Also, in the case of metaplectic groups,
(A.2) follows from the case of odd orthogonal groups combined with [19,
Proposition 10.1].

Lemma A.6 Let w and 7’ be irreducible tempered representations of G(W)
with associated L-parameters ¢ and ¢’ respectively. Assume that

(s @) = pu(t; ® ')

for all irreducible (unitary) square-integrable representations t of GLy(E)
forall k > 1. Then we have

p=9"

Proof For any irreducible (unitary) square-integrable representation 7 of
GL (E) with associated L-parameter ¢, we have

V(@ @7 Vi) y(=5, 6] ®¢, V)
= )/(S, ¢7.’ & (¢/)\/’ 1pE) ) V(—S, ¢;/ ® ¢/’ WE)

by assumption and (A.2). Comparing the orders of zero at s = 0, we see that
the multiplicities of ¢, in ¢ and ¢’ are equal (see also [19, Lemma 12.3]). This
completes the proof. O

A.8 Erratum to [17]

On this occasion, we also correct some typos in [17].

e Lemma C.2: Isom(Y/, X,) should be read as the set of invertible conjugate
linear maps from Y, to X,,.

e Bottom of p. 650: Asai should be read as As™ (resp. As™) if G(W*®) is even
unitary (resp. odd unitary).

Appendix B: Generic L-packets and adjoint L-factors

In this appendix, we prove a conjecture of Gross—Prasad and Rallis [23, Con-
jecture 2.6] under a certain working hypothesis.

B.1 Notation

Let G be a connected reductive algebraic group defined and quasi-split over F.
Fix a Borel subgroup B of G over F and a maximal torus 7 in B over F. Let

@ Springer



The Gross—Prasad conjecture and local theta correspondence 791

N be the unipotent radical of B, sothat B = T N. If P is a parabolic subgroup
of G over F, we say that P is standard (relative to B) if P D B.If P is a
standard parabolic subgroup of G over F, then we have a Levi decomposition
P = MU, where M is the unique Levi component of P such that M D T and
U is the unipotent radical of P. We call M a standard Levi subgroup of G. Let
WM = Normy,(T)/ T be the Weyl group of M and wO the longest element
in WM Put

ay = Rat(M) ®z R, ay = Homz(Rat(M), R),

where Rat(M) is the group of algebraic characters of M defined over F'. We
write (-, <) : aj, X ay — R for the natural pairing. Let a}; » = aj, ®r C
be the complexification of a},. Let Ay be the split component of the center
of M and X' (P) the set of reduced roots of Ay in P. We may regard X' (P)
as a subset of a*M = Rat(Ay) ®z R. Fora € X (P), letaV € ay denote its
corresponding coroot. Put

@pt={reday, | (A, a)>0 foralla € Z(P))}.

We define a homomorphism Hys : M — ays by requiring that

X (m)|p = g~ )

for all x € Rat(M) and m € M, where ¢ is the cardinality of the residue field
of F.
Let m be an irreducible smooth representation of M. For A € a*M’(C, we

define a representation 7, of M by m, (m) = q_Q’HM M) 7t (m). We write
15 (m3) = Ind% (3)

for the induced representation of G. If 7 is tempered and Re(A) € (a"];,I)JF,
then I (n,\) has a unique irreducible quotient J G(7'[,\)

Let M be the dual group of M and LM = M x Wp the L- -group of M.
Let Z(M) be the center of M. We write 1)y : LM <> LG for the natural
embedding. If ¢ : WDr — LM i is an L-parameter, we say that ¢ is tempered
if the projection of ¢(Wp) to M is bounded. For 1 € aj, -, we define an
L-parameter ¢, : WD — Lpm by ¢, = ay - ¢, where a, € Zl(WF, Z(M))
is a 1-cocycle which determines the character m > g~ Hu ) of M.
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B.2 Hypothesis

In this appendix, we admit the local Langlands correspondence for any standard
Levi subgroup M of G:

Irr(M) = | _| 1,
¢

where the disjoint union on the right-hand side runs over all equivalence classes
of L-parameters ¢ for M and Iy is a finite set of representations of M, the
so-called L-packet. More precisely, we will use the following properties of the
local Langlands correspondence:

(i) m € Iy is tempered if and only if ¢ is tempered.
(ii) H¢x = {7‘!’)L |JT € H¢} for A € aj;/l,(C' R
(iii) If ¢ is an L-parameter for G, then replacing ¢ by its G-conjugate if
necessary, we can write

¢ =tmo (M)

where

e M is a standard Levi subgroup of G,
e ¢ is a tempered L-parameter for M,
e A € (a*M)+.

Then we have

My = {(J5 () | 7w € My, ),

where P is the standard parabolic subgroup of G with Levi component
M. Note that w € Iy, is tempered by (i) and m;, has L-parameter
(dm)a, by (id).

(iv) If ¢ is atempered L-parameter for M, then for any generic character ¥,
of Ny := N N M, Iy contains a (N, ¥n,,)-generic representation 7
of M (see [53, Conjecture 9.4]). Moreover, we have

Yy, 7, s ) = (s, ra 0 i, W),

where the left-hand side is Shahidi’s y-factor [53] and ry is the adjoint
representation of ©M on Lie(XU). In fact, we only need the equality up
to an invertible function.

The above hypothesis is known to hold for general linear groups by [26,29,
51] and for classical groups by [2,44].
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B.3 A conjecture of Gross—Prasad and Rallis

If ¢ is an L-parameter for G, we say that ¢ is generic if its associated L-packet
Iy contains a (N, ¥y )-generic representation of G for some generic character
lﬁN of N.

Proposition B.1 Let ¢ be an L-parameter for G. Then, under the hypothesis
in Sect. B.2, ¢ is generic if and only if L(s, Ad o ¢) is holomorphic at s = 1.
Here, Ad is the adjoint representation of G on its Lie algebra Lie(* G).

B.4 Proof of Proposition B.1

Fix an L-parameter ¢ for G and write ¢ = )70 (¢pm)3, as in (iii). Then by (iii),
¢ is generic if and only if 11(); (7r30) is (N, ¥y )-generic for some w € I1y,, and
some generic character ¥y of N, in which case  is necessarily (Ny, ¥y |n,,)-
generic by a result of Rodier [50], [7, Corollary1.7]. Here, we have also used
the fact that for any element w in WY there exists a representative w of w
(depending on y) such that ¢y is compatible with w (see [54, Sect. 2],
[12, Sect. 1.2]). Now we invoke the following result of Heiermann—Mui¢ [28,
Proposition 1.3].

Lemma B.2 Let iy be a generic character of N and w an irreducible tem-
pered (N, ¥y |n,,)-generic representation of M. Then JIE; (7T30) 18 (N, ¥y )-
generic if and only ifySh 0, Ty, ry, V) is holomorphic at A = .

Proof Since the assertion in [28, Proposition 1.3] is slightly different, we
include a proof for the convenience of the reader. We realize the representation
1 g (7ry) by using the unique (up to a scalar) Whittaker functional on 7 with
respect to (Ny, ¥ |n,, ). Then we can define a Whittaker functional

A(@my) Ig(nx) — C

with respect to (N, ¥ ) by (holomorphic continuation of) the Jacquet integral
(see [52, Proposition 3.1]). By [50], [7, Corollary 1.7], A(m,) is a basis of
HomN(Ig(rr,\), Yy) forall A € aj‘wyc. Putw = wgwé” and choose its repre-
sentative w so that ¥y is compatible with w. As in Sect. 7.3, we can define an

unnormalized intertwining operator
M@, my) 2 Ig () —> 15 py (w(mn))
by (meromorphic continuation of) an integral which is absolutely convergent

for Re(A) € (a*M)+ (see [60, Proposition IV.2.1]), where w(P) is the standard
parabolic subgroup of G with Levi component wMw~'. Then we have
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A(my) = C(w, mp) - A(w(my)) o M(w, 73) (B.1)

for some meromorphic function C (w, 73 ), the so-called local coefficient. Here,
C(w, ) depends on the choice of Haar measures in the definitions of A(sy),
A(w(m,)), M(w, ), but we ignore the normalization of Haar measures
since it does not affect the proof. Since Jg (7r5,) 1s isomorphic to the image
of M(w, m;,) and the functor Homy (-, ¥y) is exact, Jg (775) 18 (N, Yn)-
generic if and only if the restriction of A(w (ir),)) to the image of M (w, ) is
nonzero. By (B.1), this condition is equivalent to the holomorphy of C (w, )
at A = Ag. On the other hand, by the definition of Shahidi’s y-factor, we have

C(w, m) = y>N0, 71, rag, V)

up to an invertible function. (Note that the convention in [53] is different from
ours: the homomorphism H); is normalized so that |x (m)|r = gm0 in
[53]. This is why we have ySh (0, ;. 1, ¥) on the right-hand side rather than
S0, 5, i ¥).) This completes the proof. O

Now it follows by Lemma B.2 combined with (iv) that ¢ is generic if and
only if

L1,y 0 (@m)n)

L0, rp o (Pm)r)

is holomorphic at A = Ag. We consider the analytic property of (B.2). For
a € X (P), let A, be the identity component of Ker(«), M, the centralizer
of A, in G, and U, the root subgroup associated to «. Then M, is a Levi
subgroup of G (but not necessarily a Levi component of a standard parabolic
subgroup of G) and MU, is a maximal parabolic subgroup of M,. We may
regard ayy, as a subspace of ay;. Put

(B.2)

(a%a)*:{)\e a*M|<)\"H> =0 forall H EaMa}-

For A € a*M’(C, let M« denote its orthogonal projection to (a%‘)‘ *Qr C. We
can write

Mo — Sq(A) -y

for some s, (1) € C, where w, € (a%"‘)* is the unique element such that
(g, V) = 1. Then we have

- L(1 —s54(1), ry o dm)
(B.2) = H L(sq(A), 7o 0 Ppr)

9’

aeX (P)
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where r,, is the adjoint representation of “ M on Lie(X Uy ). Note that L(s, ry o
¢ar) is holomorphic and nonzero for Re(s) > 0 since ¢, is tempered. Since
Ao € (oz;,)Jr, Sq(Xo) is a positive real number for all « € X' (P). Hence (B.2)
is holomorphic at . = A if and only if

[T LA =sa) = sa(r0). 7y 0 ¢u)

acX(P)

is holomorphic at A = 0. Since the L-factors have no zeros, this condition
is equivalent to the holomorphy of L(s — sq(X0), r, o ¢p) at s = 1 for all
o € ¥ (P), which in turn is equivalent to the holomorphy of

L(s.rypo (@arg) = [ LG = sa(ro).ry o du)

aeX(P)

ats = 1. Thus, we have shown that ¢ is generic if and only if L(s, ry; o (¢am) 1)
is holomorphic at s = 1.
On the other hand, we have

L(s,Ad o @) = L(s, 7y 0 (pm)ag) - L(s, Adyr o (pm)ig) - L(s, 7yp 0 (Bm)ay)s

where Adj, is the adjoint representation of LM on Lie(*M). Since ¢y is
tempered and sy (Ag) > O for alla € X' (P),

L(s.rmo (@mr) = [] LG+ 5a(h). ra 0 dmr)

aeX (P)

and L(s, Ady o (¢m)r,) = L(s, Ady o ¢p) are holomorphic and nonzero
for Re(s) > 0. Hence L(s, Ad o ¢) is holomorphic at s = 1 if and only
if L(s, ’"1\1//1 o (¢m)y,) 1s holomorphic at s = 1. This completes the proof of
Proposition B.1.

Remark B.3 1If G is a classical group, then one has the following variant of
Proposition B.1 which does not rely on the local Langlands correspondence.
Fix a generic character iy of N. If & is an irreducible (N, 1y )-generic repre-
sentation of G, let IT be its functorial lift to the general linear group established
in [10,11,13,34,35] (see [11, Definition 7.1] for the precise definition in the
case when G is split over F). Put

LSN(s, 7, Ad) := LS"(s, IT, R),

where the right-hand side is Shahidi’s L-factor [53] and
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if G is odd special orthogonal;

if G is even special orthogonal or symplectic;
Ast if G is even unitary;

As™  if G is odd unitary.

If 7 is tempered, then so is 7 (see [11, Proposition 7.4] when G is split over F
and [35, Proposition 8.6] when G is even unitary) and hence L3P (s, 7, Ad) is
holomorphic and nonzero for Re(s) > 0 (see [53, Proposition 7.2]). If we admit
the local Langlands correspondence, then by [30], we have LS (s, 7, Ad) =
L(s, Ad o ¢), where ¢ is the L-parameter of 7.

Now let P be a standard parabolic subgroup of G with Levi component
M and 7 an irreducible tempered (Nys, ¥n|n,,)-generic representation of M.
Forany A € a’};,l’(c, one has the L-factor L3P (s, I ,9 (7r3), Ad) as above since the

set of A such that / g (7)) is irreducible and (N, ¥y )-generic is Zariski dense
in a*M,(C. Then by the above argument (together with the multiplicativity), one

can show that for Ay € (a’jw)*', J}?(nko) is (N, ¥n)-generic if and only if
LSh(s, 119 (75), Ad) is holomorphic at s = 1.
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