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Abstract We prove that any diffeomorphism of a compact manifold can be
approximated in the C! topology by another diffeomorphism exhibiting a
homoclinic bifurcation (a homoclinic tangency or a heterodimensional cycle)
or by one which is essentially hyperbolic (has a finite number of transitive
hyperbolic attractors with open and dense basin of attraction).
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1 Introduction
1.1 Mechanisms classifying the dynamics

In the direction to describe the long range behavior of trajectories for “most”
systems (i.e. in a subset of the space of dynamics which is residual, dense,
etc.), a crucial goal is to identify any generic dynamical behavior. It was briefly
thought in the sixties that this could be realized by the property of uniform
hyperbolicity. Under this assumption, the limit set decomposes into a finite
number of disjoint (hyperbolic) transitive sets and the asymptotic behavior
of any orbit is described by the dynamics in those finitely many transitive
sets (see [43]). Moreover, under the assumption of hyperbolicity one obtains
a satisfactory (complete) description of the dynamics of the system from a
topological and statistical point of view.

Hyperbolicity was soon realized to be a less universal property than what one
initially thought: the space of dynamics contains open sets of non-hyperbolic
systems. We are now aimed to understand how the space of systems can be
organized according to the different kinds of dynamical behavior they exhibit.

a Characterization of non-hyperbolic systems Dynamicists were lead to
look for obstructions to hyperbolicity. For instance any non-hyperbolic dif-
feomorphism can be approximated in the C!-topology by a system having a
non-hyperbolic periodic orbit (see [4,25,28]). Since Poincaré we know that
some very simple configurations (such that the existence of a homoclinic orbit)
could be the source of a widely complex behavior. It has been identified two
simple obstructions for hyperbolicity which generate rich dynamical phenom-
ena and they have played a crucial role in the study of generic non-hyperbolic
behavior:

1. heterodimensional cycle: the presence of two periodic orbits of different
stable dimension linked through the intersection of their stable and unstable
manifolds (see [3,22,44]);

2. homoclinic tangency: the existence of a non-transverse intersection
between the stable and unstable manifolds of a periodic orbit (see
[9,30,31,35,36]).

These obstructions are relevant due to several dynamical consequences that
they involve: the first one is related to the existence of non-hyperbolic robustly
transitive systems (see [12,13,22]); the second one generates cascade of bifur-
cations, is related to the existence of residual subsets of diffeomorphisms dis-
playing infinitely many periodic attractors (see [32]) and to the local variations
of entropy for surface diffeomorphisms (see [40]).

Another important property is that these obstructions are not isolated in the
C!-topology, and sometimes, there are not isolated in a strong way: (i) among
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C?-surface diffeomorphisms, any system with a homoclinic tangency is limit
of an open set of diffeomorphisms having homoclinic tangencies associated to
hyperbolic sets (see [32]); (ii) among C 1—diffeomorphisms, any system with
a heterodimensional cycle is limit of an open set of diffeomorphisms having
heterodimensional cycles associated to hyperbolic sets of different indexes
(see [11] and Sect. 2.11).

In the 80’s Palis conjectured (see [34,35]) that these two bifurcations are
the main obstructions to hyperbolicity:

Conjecture (Palis) Every C” diffeomorphism of a compact manifold can be
C" approximated by one which is hyperbolic or by one exhibiting a heterodi-
mensional cycle or a homoclinic tangency.

This conjecture may be considered as a starting point to obtain a generic
description of C”-diffeomorphisms. If it turns out to be true, we may focus on
the two bifurcations mentioned above in order to understand the dynamics.

b Main result In the present paper, we prove the mentioned conjecture in the
C'!-topology for a weaker notion of hyperbolicity.

Definition 1.1 A diffeomorphism is essentially hyperbolic if it has a finite
number of transitive hyperbolic attractors and if the union of their basins of
attraction is open and dense in the manifold.

The essential hyperbolicity recovers the notion of Axiom A: most of the
trajectories (in the Baire category) converge to a finite number of transitive
attractors that are well described from a both topological and statistical point
of view. Moreover, the dynamics in those hyperbolic attractors, govern the
dynamics of the trajectories that converge to them. In fact, in an open and dense
subset the forward dynamics does not distinguish the system to an Axiom A
diffeomorphism.

Now, we state our main theorem:

Main theorem Any diffeomorphism of a compact manifold can be C'-
approximated by another diffeomorphism which:

1. either has a homoclinic tangency,
2. or has a heterodimensional cycle,
3. oris essentially hyperbolic.

Roughly speaking we proved that homoclinic tangencies and heterodimen-
sional cycles are the C'-complete obstructions for the essential hyperbolicity.

Remark 1.2 a. The proof gives a more precise result: inside the open set of dif-
feomorphisms that are not limit in Diff ! (M) of diffeomorphisms exhibiting
a homoclinic tangency or a heterodimensional cycle, the essentially hyper-
bolic diffeomorphisms contain a G5 dense subset. As a consequence, one
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may also require that these diffeomorphisms are also essentially hyperbolic
for £

b. After this work was finished, we proved with A. Arbieto that for a generic
diffeomorphism of a three-dimensional manifold and that is far from homo-
clinic tangencies, the union of the basins of the attractors has full volume.

¢ Mechanisms versus phenomena To elaborate the significance of this con-
jecture and of our main result, we would like to recast it in terms of mechanisms
and dynamical phenomena.

By a mechanism, we mean a simple dynamical configuration for one dif-
feomorphism (involving for instance few periodic points and their invariant
manifolds) that has the following properties:

— it “generates itself”: the system exhibiting this configuration is not isolated.
In general the mechanism is a codimensional bifurcation, but it produces a
cascade of diffeomorphisms sharing the same configuration;

— it “creates or destroys” rich and different dynamics for nearby systems (for
instance horseshoes, cascade of bifurcations, entropy’s variations).

Following this definition, homoclinic tangencies and heterodimensional cycles
are mechanisms in any C”-topology for r > 1.

In our context a dynamical phenomenon is any dynamical property which
provides a good global description of the system (like hyperbolicity, transitiv-
ity, minimality, zero entropy, spectral decomposition) and which occurs on a
“rather large” subset of systems.

We relate these notions and say that a mechanism is a complete obstruction
to a dynamical phenomenon when:

— itis an obstruction: the presence of the mechanism prevents the phenomenon
to happen;

— itis complete: each system that does not exhibit the dynamical phenomenon
is approximated by another displaying the mechanism.

In other words, a mechanism (or a dynamical configuration) is a complete
obstruction to a dynamical phenomena, if it not only prevents the phenomenon
to happen but it also generates itself creating rich dynamics and it is common
in the complement of the prescribed dynamical phenomenon. Following this
approach, Palis’s conjecture can be recast:

Recasting Palis’s conjecture Heterodimensional cycles and homoclinic
tangencies are a complete obstruction to hyperbolicity.

Let us give some examples where a dichotomy mechanism/phenomenon
has been proved or conjectured.

— Homoclinic bifurcations/hyperbolicity. This corresponds to the previous
conjecture and is known in dimensions 1 and 2 for the C!-topology, see [39].
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Essential hyperbolicity and homoclinic bifurcations 389

— Transverse homoclinic intersection/robust zero topological entropy. It has
been proved in any dimension for the C'-topology, see [16,18].

— Trapping region/residual transitivity. Any C'-generic diffeomorphism f is
either transitive or sends a compact set into its interior, see [7].

— Homoclinic tangency/global dominated splitting. After a C'-perturbation
any diffeomorphism exhibits a homoclinic tangency or its limit dynamics
holds a (robust) dominated splitting with one-dimensional center bundles,
see [21].

d Mechanisms associated to phenomena In contrast to the previous

dichotomies, a mechanism could also be the key for a rich (semi-global)

dynamics. We say that a mechanism is associated to a dynamical phenom-
enon if the following holds:

— the systems exhibiting the dynamical phenomenon can be approximated by
ones displaying the mechanism;

— the ones exhibiting the mechanism generate (at least locally) the dynamical
phenomenon.

As in the notion of complete obstruction, a mechanism is associated to a
dynamical phenomenon not only if it generates it but if any time that the
phenomenon appears by small perturbations the mechanism is created. Thus a
goal would be to establish a dictionary between mechanisms and (semi-global)
dynamical phenomena.

Let us mention some known examples.

— Transverse homoclinic intersections/non-trivial hyperbolicity. On one hand,
systems exhibiting a transverse homoclinic point of a hyperbolic periodic
point has horseshoes associated to them; on the other hand horseshoes dis-
plays transverse homoclinic points (see for instance [5,43]).

— Heterodimensional cycles/non-hyperbolic C'-robust transitivity. On the one
hand, systems displaying heterodimensional cycles are C'!-dense in the
interior of the set of non-hyperbolic transitive diffeomorphisms (see for
instance [23]); on the other hand, the C"-unfolding of a (co-index one)
heterodimensional cycles creates maximal invariant robustly transitive non-
hyperbolic sets (see [22]).

— Homoclinic tangencies/residual co-existence of infinitely many indepen-
dent pieces On the one hand, the existence of a homoclinic tangency for
C? surface diffeomorphisms, sectionally dissipative tangencies in higher
dimension or the existence of a homoclinic tangencies combined with het-
erodimensional cycles for C! diffeomorphisms may imply locally residu-
ally the co-existence of infinitely many attractors (Newhouse phenomenon),
see [9,32,36]. On the other hand, it is conjectured that any diffeomorphism
exhibiting infinitely many attractors can be approximated by a diffeomor-
phism which exhibits a homoclinic tangency (see for instance [6]).

@ Springer



390 S. Crovisier, E. R. Pujals

Related to the above conjecture in [6], it was proved in [42] that for smooth dif-
feomorphisms, the co-existence of infinitely many attractors in a “sectionally
dissipative region of the manifold” implies the creation of sectionally dissipa-
tive tangencies by C! perturbations (see corollary 1.1 in [42] for details). In a
more general framework as a byproduct of the proof of the main theorem, we
prove the following.

Theorem 1 The co-existence of infinitely many attractors for a C'-generic
diffeomorphism implies that either heterodimensional cycles or homoclinic
tangencies can be created by C' perturbations.

See also item c in Sect. 1.2 and see Sect. 2.9 for details and proof.

e Robust mechanisms The mechanisms we presented are simple configura-
tions of the dynamics but as bifurcations are also one-codimensional. From
the deep studies of the role of cycles and tangencies, Bonatti and Diaz have
proposed to enrich Palis’s conjecture and introduced the notion of robust het-
erodimensional cycles and robust homoclinic tangencies, meaning that now
the mechanisms involve non-trivial transitive hyperbolic sets instead of peri-
odic orbits so that the cycles and tangencies may occur on an open set of
diffeomorphisms (see precise definition in Sect. 2.11, Definitions 2.35). More
precisely:

From [10] the main theorem can be restated in the following way:

Main theorem revisited Any diffeomorphism of a compact manifold can
be C'-approximated by another diffeomorphism which either is essentially
hyperbolic, or has a homoclinic tangency, or has a robust heterodimensional
cycle.

We also refer to [6] for a complementary program about the dynamics of
C!-diffeomorphisms, in a spirit close to our approach. Going deeper on the
initial conjecture by Palis, Bonatti proposes to split the space of systems into
open regions where the dynamics either exhibits a robust global structure or a
robust local phenomenon.

1.2 Itinerary of the proof

Since some diffeomorphisms have no attractors, we have to consider a weaker
notion. We recall that Conley’s theory allows to decompose the dynamics
into elementary pieces, called chain-recurrent classes, that are the maximal
sets that are transitive for the pseudo-orbits. There always exist such classes
that are furthermore Lyapunov stable and one call them quasi-attractors. For
C'-generic diffeomorphisms, one distinguishes two types of chain-recurrence
classes (see [7]): the aperiodic classes which do not contain any periodic orbit,
and the homoclinic classes which contain a dense set of periodic points (see
the precise definitions at the beginning of Sect. 2).
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The proof focuses on diffeomorphisms far from homoclinic bifurcations
and on their quasi-attractors. It consists in three parts.

(a) We first conclude that the quasi-attractors (the Lyapunov stable chain-
recurrence classes) are “topologically hyperbolic”: they are partially
hyperbolic homoclinic classes with a one-dimensional “stable” center bun-
dle and the union of their basins of attraction is dense in the manifold.

(b) We then develop a series of perturbation techniques which ensure
that “topologically hyperbolic” quasi-attractors are uniformly hyperbolic
attractors.

(c) Atthe end we prove that the set of quasi-attractors is finite.

A diffeomorphism which satisfies the first and the third property could be
called “essentially topologically hyperbolic™.

Part a: Chain-hyperbolicity From the start, we concentrate the study on
quasi-attractors. Recall that each chain-recurrence class is either a homoclinic
class oris aperiodic. Following [18,19] (see Theorems 4 and 5 below), itis con-
cluded that C!-far from homoclinic bifurcations, the aperiodic chain-recurrent
classes are partially hyperbolic with a one-dimensional center bundle, and the
homoclinic classes are partially hyperbolic with their center bundles being at
most two-dimensional that splits in two one-dimensional center subbundles
(however the hyperbolic extreme subbundles may be degenerated). Moreover,
a special type of dynamics has to hold along the center manifolds: the cen-
ter stable is chain-stable and the center unstable is chain-unstable. We define
a weak notion of topological hyperbolicity that we call chain-hyperbolicity:
this is suitable for our purpose since in some cases the chain-hyperbolicity is
robust under perturbations. (See Definition 2.10 for details and justification of
the name chain-hyperbolicity).

From Corollary 2.14 it is concluded that aperiodic classes cannot be attrac-
tors and therefore they are out of our picture. For homoclinic classes, when-
ever the partially hyperbolic splitting has two extreme hyperbolic subbundles,
Corollary 2.13 concludes that the center bundle is one-dimensional subbundle
and chain-stable otherwise a heterodimensional cycle can be created.

Part b: Uniform hyperbolicity At this step, a first dichotomy is presented (see
Corollary 2.18): either the quasi-attractor is contained in a normally hyperbolic
submanifold (and from there one concludes the hyperbolicity, see Corollary
2.31) or the strong stable foliation is non-trivially involved in the dynamic,
meaning that at least two different points x, y in the class share the same
local strong stable leaf. In this second case (see Theorem 12), we will perturb
the diffeomorphism in order to obtain a strong connection associated to a
periodic point, i.e. a periodic point whose strong stable and unstable manifolds
intersect, see Definition 2.20; in particular, assuming that the quasi-attractor
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is not hyperbolic, a heterodimensional cycle can be created (see Proposition
2.22).

To perform the perturbations, one has to discuss the relative position between
two unstable leaves after projection by the strong stable holonomy: the position
types are introduced in Definition 5.1. In particular, by analyzing the geometry
of quasi-attractors one can reduce to the case the points x, y belong to stable
or to unstable manifolds of some periodic orbits. Improving [37,38], three
different kinds of perturbations may be performed. They correspond to the
following cases:

— x, y belong to unstable manifolds and their forward orbits have fast returns
close to x or y.

— x, y belong to unstable manifolds and their forward orbits have slow returns
close to x or y.

— x, y belong to a stable manifold.

The two first cases are covered by Theorem 14 and the last one by Theorem
13. To perform these perturbations one needs to control how the geometry
of the class changes for any perturbed map; we prove (see Proposition 4.8)
that whenever the perturbation of the homoclinic class does not display strong
connection associated to periodic points then it is possible to get a well defined
continuation for the whole class.

Part c: Finiteness of the attractors The delicate point is to exclude the exis-
tence of an infinite number of sinks. This is done by proving that for any
non-trivial chain-recurrence classes, the extreme subbundles are hyperbolic.
We thus consider the splittings £° @ E" or E** @& E€ & E", where E¢, E*
are one-dimensional, and in both cases we prove that E< is hyperbolic. The
first case follows from results in [42]. In the second case, the hyperbolicity
of the center unstable subbundle follows for a more detailed understanding of
the topological and geometric structure of the homoclinic class (see Theorem
11). In fact, from being far from heterodimensional cycles, it is concluded that
the class is totally disconnected along the center stable direction (see Theo-
rems 7) and from there a type of geometric Markov partition is constructed
(see Proposition 8.16); this allows to use C2-distortion arguments to conclude
hyperbolicity of E* as in [39,42].

After it is concluded that the chain-recurrence classes are partially hyper-
bolic with non-trivial extreme hyperbolic subbundles, the finiteness follows
quite easily (see Sect. 2.9).

Structure of the paper In Sect. 2 it is proved that the chain-recurrence classes
for systems far from homoclinic bifurcations are “topologically hyperbolic”.
Moreover, we stated there all the theorems (proved in the other sections) needed
to conclude the main theorem, which is done in Subsect. 2.10. In Sect. 3 we
give a general study of the chain-hyperbolic classes and their topological and
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geometric structures. This allows to obtain the continuation of some partially
hyperbolic classes (done in Sect.‘4), and to introduce the notion of bound-
ary points for quasi-attractors (done in Sect. 5). In Sects. 6 and 7 are stated
and proved the new perturbations techniques that hold in the C'T%-topology.
In Sects. 8 and 9 are studied partially hyperbolic homoclinic classes with a
two-codimensional strong stable bundle, first analyzing their topological and
geometric structure and latter their hyperbolic properties.

1.3 Some remarks about new techniques and C"-versions of the main
theorem

We would like to highlight many of the new techniques developed in the present
paper and that can be used in other contexts.

1. Chain-hyperbolicity We introduce the notion of chain-hyperbolic homo-
clinic class which generalizes the locally maximal hyperbolic sets. It allows
to include some homoclinic classes having hyperbolic periodic points with
different stable dimensions, provided that at some scale, a stable dimension
is well-defined. We recover some classical properties of hyperbolic sets:
the local product structure, the stability under perturbation, the existence
of (chain) stable and unstable manifolds. See Sect. 3.

2. Continuation of (non necessarily hyperbolic) homoclinic classes. It is well
known that isolated hyperbolic sets are stable under perturbation and have
a well defined and unique continuation. We extend this approach to certain
partially hyperbolic sets which are far from strong connections. This is done
by extending the continuation of their hyperbolic periodic points to their
closure, a technique that resembles to the notion of holomorphic motion.
See Sect. 4.

3. Geometric and topological properties of partially hyperbolic attractors
We study the geometric structure of partially hyperbolic attractors with a
one-dimensional center direction in terms of the dynamics of the strong
stable foliation. For instance:

— It is presented a dichotomy proving that a homoclinic class is either
embedded in a submanifold of lower dimension of the ambient space
or one can create a strong connection (maybe after a perturbation). See
Theorems 7 and 12.

— In certain cases it is introduced the notion of stable boundary points of
a partially hyperbolic homoclinic class (extending a classical notion for
hyperbolic surfaces maps) which permits us to control the bifurcations
that holds after perturbations. See Proposition 5.3 and Lemma 5.6.

— Ifthey are no (generalized) strong connection, it is proved that the homo-
clinic class is totally disconnected along its stable leaves. See Theorem 7.
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— The total disconnectedness mentioned above, allows us to introduce kind
of Markov partitions for non-hyperbolic partially hyperbolic classes. See
Proposition 8.16.

4. Hyperbolicity of the extreme subbundles. For invariant compact sets having
a dominated splitting E @ F with dim(F) = 1, [39,42] have developed a
technique which allows to prove that F' is hyperbolic provided E is either
uniformly contracted or one-dimensional. We extend this result for partially
hyperbolic systems with a 2-dimensional center bundle, that is when E is
only “topologically contracted”. See Sect. 9.

5. New perturbation techniques. It is developed new perturbation techniques
suitable for partially hyperbolic sets with one-dimensional center direc-
tions. See Theorems 14 and 13. Those perturbations resemble the C'-
connecting lemma but since in the present context a better understanding
of the dynamics is available, then it is possible to get a type of C!*%-
connecting lemma, even for some o« > 0, see below.

6. Consequences for hyperbolic dynamics. Previous highlighted techniques
can be formulated for hyperbolic attractors and have consequences in terms
of topological and geometric structure. See Theorems 7 and 12.

7. Generic structure of partially hyperbolic quasi-attractors. A byproduct of
the proof shows (see Theorem 15) that for C 1—generic diffeomorphisms,
any quasi-attractor which has a partially hyperbolic structure with a one-
dimensional center bundle contains periodic points of different stable
dimension.

C'*“.perturbations We also want to emphasize that many of the results
contained in the present paper work in the C”"-category for any r > 1 or for
r = 1 4+ «a with « > 0 small. For instance, Theorems 12, 13 and 14 below
allow C'+®perturbations. Let us recall how this topology is defined.

Definition 1.3 The C'*®-topology is generated by the open sets U =
U(p,U), (¥, V), K, f, €) defined for a pair of charts p, ¥ : U,V — R4
of M, a compact set K C U, a diffeomorphism f € Diff!** (M) satisfying
f(K) C Vandae > 0 as follows:

U :={g e Diff (M), g(K)CV and [D(Ygp~)—DWfe Hlax <&},

where |.|o. x 1s the ¢-Ho6lder norm on K defined by

IHx) —HQ)
|Hlo,x :=sup [[H(x)| + sup PR
xek x#yekK d(x,y)

This topology is complete metrizable but not separable.

@ Springer



Essential hyperbolicity and homoclinic bifurcations 395

Remark 1.4 One easily shows that a diffeomorphism g is close to a diffeo-
morphism f for the C!T®-topology when it is a composition g = ¢f such
that ¢ is close to the identity for the C!**-topology. But this does not implies
that g~! is close to f~! for the C'*T®-topology. (Consider for instance the
diffeomorphisms f : x — x(1 4+ |x|%) and g, = f + ¢ for ¢ arbitrarily close
to 0.).

We obtain (see the Remark 2.33, item 4) a partial version of Palis conjecture
in the C'T%-category when one restricts to partially hyperbolic attractors with
one-dimensional center direction).

Theorem 2 For any C? diffeomorphism f of a compact manifold and any
“topologically hyperbolic attractor” H(p) (i.e. which satisfies the assump-
tions stated in Theorem 12), there exists o > 0 with the following property.
For any 8 > 0, there exist C't%-perturbations g of f such that

— either the homoclinic class H(pg) associated to the continuation pg of p
is hyperbolic,

— or there exists a periodic orbit O of g which has a strong homoclinic inter-
section and one of its Lyapunov exponents has a modulus smaller than 4.

We don’t know however if under the conclusions of this theorem it is possible
to create a heterodimensional cycle by a C!**-perturbation of the diffeomor-
phism.

2 Chain-recurrence classes far from homoclinic bifurcations

We introduce in Sects. 2.1 and 2.2 the notion of trapped plaque families and
chain-hyperbolic homoclinic classes. Their basic properties will be studied sys-
tematically later in Sect. 3, but we will derive before (Sects. 2.2, 2.4 and 2.9)
important consequences for the generic dynamics far from homoclinic bifur-
cations. We also present (Sects. 2.8 and 2.10) the main results of the paper that
are proved in the next sections and explain how they imply the main theorem.
In the last part (Sect. 2.11) we give other consequences of our techniques. We
start this section by recalling some classical definitions.
In all the paper M denotes a compact boundaryless manifold.

Definition 2.1 We say that f € Diff! (M) exhibits a homoclinic tangency if
there is a hyperbolic periodic orbit O and a point x € W5(0O) N W*(0) with
T, WS(0) @ T, W*(0) # T M.

Definition 2.2 We say that f € Diff!' (M) exhibits a heterodimensional cycle
if there are two hyperbolic periodic orbits O and O’ of different stable dimen-
sion, such that W*(0) N W*(0') # ¥ and W*(O") N W*(0O) # @.
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396 S. Crovisier, E. R. Pujals

Definition 2.3 From now on, with Tang U Cycl we denote the set of diffeo-
morphisms that can be C!-approximated by one exhibiting either a homoclinic
tangency or a heterodimensional cycle. We say that a diffeomorphisms f is
C'-far from cycles and tangencies if f € Diff! (M)\Tang U Cycl .

The global dynamics of a diffeomorphism may be decomposed in the fol-
lowing way. The chain-recurrent set is the set of points that belong to a peri-
odic e-pseudo orbit for any ¢ > 0. This compact invariant set breaks down
into invariant compact disjoint pieces, called the chain-recurrence classes:
two points belong to a same piece if they belong to a same periodic e-pseudo
orbit for any € > 0. An invariant set is chain-transitive if it contains a e-dense
e-pseudo-orbit for any ¢ > 0.

Definition 2.4 A quasi-attractor is a chain-recurrence class which is Lya-
punov stable, i.e. which admits a basis of neighborhoods U satisfying f(U) C
U.

For any diffeomorphism, we define another notion of “piece of the dynam-
ics”. Associated to a hyperbolic periodic point p, one introduces its homoclinic
class H (p) which is the closure of the transverse intersection points between
the unstable and the stable manifolds W*(0O), W¥(O) of the orbit O of p.
It also coincides with the closure of the set of hyperbolic points ¢ that are
homoclinically related to the orbit of p, i.e. such that W*(q) and W*(g) have
respectively a transverse intersection point with the stable and the unstable
manifolds of the orbit of p. Note that for diffeomorphisms g that are C'-close
to f, the periodic point p has a hyperbolic continuation p,. This allows to
consider the homoclinic class H(p,).

For a C!-generic diffeomorphism, the periodic points are hyperbolic and in
[7] was proved that a chain-recurrence class that contains a periodic point p
coincides with the homoclinic class H (p). The other chain-recurrence classes
are called the aperiodic classes. Those classes are treated in Subsects. 2.2 and
2.4.

We state two other consequences of Hayashi’s connecting lemma and [7].
In this paper we sometimes consider C!-generic diffeomorphisms. The sen-
tences “Any C'-generic diffeomorphism f satisfies the property P> and “Any
diffeomorphism f in a dense G5 subset of Diff! (M) satisfies the property
P” mean that there exists a dense G5 subset G C Diff! (M) such that any
diffeomorphism f € G satisfies the property P.

Lemma 2.5 For any C'-generic diffeomorphism f and any homoclinic class
H(p),

— if H(p) contains periodic points with different stable dimensions, then f
may be C'-approximated by diffeomorphisms having a heterodimensional
cycle;
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Essential hyperbolicity and homoclinic bifurcations 397

— H(p) is a quasi-attractor if and only if it contains the unstable manifold of
p.
Quasi-attractor always exist and for a C'-generic diffeomorphism they
attract most orbit.

Theorem 3 [7,29] Let f be a diffeomorphism in a dense Gs subset of
Diff' (M). Then the w-limit set of any point x in a dense Gg subset of M
is a quasi-attractor.

According to this result, the main theorem is a consequence of two inde-
pendent properties of C!-generic diffeomorphisms that are C!-far from cycles
and tangencies:

— the set of quasi-attractors is finite (see Proposition 2.32);
— each quasi-attractor is a hyperbolic set (see Theorem 12).

Indeed by the shadowing lemma, any quasi-attractor which is hyperbolic is
transitive and attracts any orbit in a neighborhood.

2.1 Trapped tangent dynamics

Let f be a diffeomorphism and K be an invariant compact set.

A dominated splitting on K is adecomposition Tx M = E @ F of its tangent
bundle into two invariant linear subbundles such that, for some integer N > 1,
any unit vectors u € Ey, v € F, at points x € K satisfy

21D ull < 1DFN .

This definition does not depend on the choice of a Riemannian metric on M.
In the same way, one can define dominated splittings Tx M = E; @ --- & E;
involving more than two bundles.

When the bundle E is uniformly contracted (i.e. when there exists N > 1
such that for any unit vector u € E one has |Df N u|l < 271, the stable
set of each point x contains an injectively immersed submanifold W*%(x)
tangent to E called the strong stable manifold of x, which is mapped by f
on the manifold W**( f(x)). In this case the bundle is often denoted by E**
(or sometimes E° if it is the “maximal” stable bundle). When F is uniformly
contracted by !, it will be denoted by E“* (or E*) and the corresponding
strong unstable manifolds by W""(x).

A partially hyperbolic splitting on K is a dominated splitting Tk M =
E* @ E€ @ E" such that E*® and E"* are uniformly contracted by f and
£~ respectively.

Definition 2.6 Let us consider a dominated splitting Tk M = E| & E» @ E3
and the bundle £ = E; (E or E3 can be degenerate). A plaque family tangent
to E is a continuous map )V from the linear bundle E over K into M satisfying:
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— foreach x € K, the induced map W, : Ex — MisaC 1—embedding which
satisfies W, (0) = x and whose image is tangent to E, at x;
— (Wh)xek 1s a continuous family of Cl—embeddings.

The plaque family W is locally invariant if there exists p > 0 such that for
each x € K the image of the ball B(0, p) C E, by f o W, is contained in the
plaque Wf(x).

We often identify W, with its image. The plaque family theorem [26, theorem
5.5] asserts that a locally invariant plaque family tangent to £ always exists
(but is not unique in general).

Definition 2.7 The plaque family WV tangentto E is trapped if foreachx € K,
one has

FONV) C Wiy
W is thin trapped if for any neighborhood S of the section 0 in E there exists

a continuous family (¢y)xeg of C 1—diffeomorphisms of the spaces (Ex)xek
such that for any x € K one has

@x(B(0, 1)) €S and f(Wy o @e(B(0, 1)) CWryx) o @r)(B(O, 1)).

The following property will be proved in Sect. 3.1.

Lemma 2.8 Let K be a compact invariant set endowed with a dominated
decomposition Tx M = E @ F such that there exists a thin trapped plaque
family W tangent to E. Then:

1. Any other locally invariant plaque family tangent to E is thin trapped.

2. For any p > 0, there exist a maximal invariant set K’ in a neighborhood
of K, a dominated splitting E & F on K" which extends the splitting on K
and a trapped plaque family W' on K’ tangent to E, whose plaques have
a diameter small than p, and such that W)/C C Wy forx € K.

Definition 2.9 The bundle E is thin-trapped if every locally invariant plaque

family tangent to E is thin trapped (equivalently if one locally invariant plaque
family tangent to E is thin trapped.).

2.2 Chain hyperbolicity

Far from homoclinic bifurcations, the homoclinic classes of a generic diffeo-
morphism satisfy some weak form of hyperbolicity.
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Definition 2.10 A homoclinic class H (p) is said to be chain-hyperbolic if:

— H(p) has a dominated splitting Ty ,)M = E® & E into center stable
and center unstable bundles;

— there exists a plaque family OV{*)cecn(p) tangent to E° which is trapped
by {‘ and a plaque family V(") e n (p) tangent to E* which is trapped by
A

— there exists a hyperbolic periodic point g, (resp. ¢g,) homoclinically related
to the orbit of p whose stable manifold contains Wg* (resp. whose unstable
manifold contains ng’j).

The chain-hyperbolicity will be systematically studied in Sect. 3. One will
see (Lemma 3.11) that for any point x € H(p), the plaque W;* is contained
in the chain-stable set of H(p) (in the sense that W¢* is contained in the set
of points x € M such that for any ¢ > 0, there exists a e-pseudo-orbit that
joints x to H (p)). This justifies the name “chain-hyperbolicity”: this definition
generalizes the hyperbolic basic sets endowed with families of stable and
unstable plaques. Indeed, in this case the plaques YW* (which are not assumed
to be small) are the images of local stable manifolds by a backward iterate f~").
With additional assumptions, the chain-hyperbolicity is a robust property: if
H (p) is chain-hyperbolic for f, coincides with its chain-recurrence class and
if E€S, E€* are thin trapped by f and f~! respectively, then for any g that is
C'-close to f the homoclinic class H ( Pg) associated to the continuation pg
of p is also chain-hyperbolic (see Corollary 3.7).

We state two properties that are used in the next paragraphs. The first one
is proved in Sect. 3.

Lemma 2.11 see Lemma 3.9 Let H(p) be a chain-hyperbolic homoclinic
class. It contains a dense set of hyperbolic periodic points q that are homo-
clinically related to the orbit of p and whose stable and unstable manifolds
contain the plaques W' and Wi respectively.

Lemma 2.12 Let H(p) be a chain-hyperbolic homoclinic class whose center-
stable bundle has a dominated splitting E° = E @ E€ such that E€ has
dimension 1. For any § > 0, there exists p > 0 and neighborhoods U of K
and U C Diff' (M) of f such that, for any g € U, any invariant compact
set K C U, and any trapped plaque family VV tangent to E° over K whose
plaques are C'-close to the plaques W over H(p), the following property
holds.

For any periodic orbit O C K of g whose Lyapunov exponent along E€ is
smaller than —3, there exists g € O whose stable manifold contains the ball
centered at q with radius p in W.

Proof Let O C K be a hyperbolic periodic orbit whose Lyapunov expo-
nents along £ are smaller than —§: since E° is one-dimensional this implies

@ Springer



400 S. Crovisier, E. R. Pujals

that there exists go € O such that for each n > 0 one has ||Dg|”EC (qo) |l =

H;:ol | Dg|ge (8" (q0))|l < e™"9. The domination E @ E€ then implies that for
each n > 0, one has

n—1

[T11Dgfkes (6N (qonll < C.e™™, @2.1)
i=0

where C, N > 0 are some uniform constants given by the domination. One
deduces from (2.1) that a uniform neighborhood of go in W, is contained in
W4 (qo) (see also [1, section 8]).

2.3 Homoclinic classes

We now start to describe homoclinic classes of generic diffeomorphisms far
from homoclinic tangencies and heterodimensional cycles. The following
result is essentially contained in [19].

Theorem 4 Let f be a diffeomorphism in a dense Gs subset of Diff! (M)\
Tang U Cycl. Then, any homoclinic class of f is chain-hyperbolic. Moreover,
the center stable bundle E° is thin trapped. If it is not uniformly contracted,
it decomposes as a dominated splitting E° = E** @& E€ where dim(E€) = 1
and E** is uniform, and there exist periodic orbits homoclinically related to p
and whose Lyapunov exponents along E€ are arbitrarily close to 0. The same
holds for the center unstable bundle E* and f~'.

Proof From [19, theorem A and addendum A], the homoclinic class has a
dominated splitting E“° @ E* and if E® is not uniformly contracted:

— There exists a dominated splitting £ = E** @& E€, where E** is uniform
and dim(E°€) = 1.

— There exists periodic orbits homoclinically related to p whose Lyapunov
exponent along E€ is arbitrarily close to 0.

— The bundle E€ has “type (H)-attracting”: there exists a locally invariant
plaque family D tangent to £¢ and for any » > 0, there exists a continuous
family of open intervals I, C E¢ containing O and of length smaller than r,
satisfying f(Dy(Iy)) C D)L f(x)) for each x € H(p). (Equivalently D
is thin trapped.)

It remains to justify the thin trapping of E“*. (Of course the same discussion
applies to E* for f~1.

When E“ is uniformly contracted, this is very standard. When E* is not
uniformly contracted, let us now consider a locally invariant plaque family W
tangent to E. Since [ is small, one has D, () C Wy for any x € H(p)
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(see [19, lemma 2.5] or the proof of Lemma 2.8). One then builds for each x
a small open neighborhood V, of D, (Iy) in W, which depends continuously
on x: this can be obtained by modifying a tubular neighborhood of D, (1)
in W;. Since E*® is uniformly contracted one can still require the trapping
property f(Vy) C Vy. Let Uy C E* be the preimage of V, by W. Since U,
can be obtained by modifying the tubular neighborhood of a C'-curve, it can
be chosen diffeomorphic in E° to an open ball through a diffeomorphism as
stated in Definition 2.7 and it defines a trapped plaque family WW*. O

One deduces that the tangent bundle over a non-hyperbolic homoclinic class
as in Theorem 4 has a dominated splitting TM = E* & E€ & E" or E** &
E{ ® E5 ® E"" where each bundle E€ or E{, ES is one-dimensional, E** is
uniformly contracted and E** is uniformly expanded (however, one of them
can be trivial). Note that under perturbations the homoclinic class H (py) is still
chain-hyperbolic but its center stable bundle £ is a priori not thin trapped.

We will focus on the invariant compact sets K that are Lyapunov stable, i.e.
that have a basis of neighborhoods U that are invariant by f (i.e. f(U) C U).

Corollary 2.13 Let f be C'-generic in Diff' (M)\Tang U Cycl (recall Defi-
nition 2.3). Then, for any Lyapunov stable homoclinic class of f the center
unstable bundle is uniformly expanded.

Proof For any open set U C M and any integer d > 0, one considers the
following property:

P(U, d): There exists a hyperbolic periodic orbit O C U whose stable
dimension equals d.

This property is open: if P(U, d) is satisfied by f, then so it is by any
diffeomorphism g that is C'-close to f. Let us fix a countable basis of open
sets B, i.e. for any compact set and any open set V satisfying K C V C M,
there exists U € B such that K C U C V. Then, there is a G5 dense subset
Ro C Diff! (M), such that for any diffeomorphism f in R, any open set
U € B and any d > 0, if there exists a perturbation g of f such that the
property P (U, d) holds for g, then it also holds for f. More precisely,

Ro = () P(U.d) U (Diff' (M)\P (U, d)).
U,d

We denote by R C U a dense Gy subset of Diff!' (M)\Tang U Cycl whose
elements satisfy Theorem 4 and have hyperbolic periodic orbits.

Letus consider f € RNTRgand a homoclinic class H (p) of f whose center
unstable bundle E* = E5 @ E"* is not uniformly expanded. Hence dim(E%)
is one-dimensional, p is not a sink (and a priori E** could be degenerated).
By the Theorem 4, there exists a hyperbolic periodic orbit O homoclinically
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related to p having the Lyapunov exponent along Ef arbitrarily close to 0.
By Franks lemma, one can find a perturbation g of f such that O becomes
a hyperbolic periodic orbit whose stable space contains EJ. Since f € Ry,
one deduces that any neighborhood of H (p) contains a periodic orbit whose
stable dimension is d* + 1, where d° denotes the stable dimension of p.

By Lemma 2.8(2), one can consider a trapped plaque families }V tangent to
E*S over the maximal invariant set in a small neighborhood of H (p), whose
plaques are arbitrarily small. Let us consider a periodic orbit O contained in
a small neighborhood of H (p), with stable dimension equal to d* + 1. As a
consequence, using the domination £° @ E“, the Lyapunov exponents along
E“* of O is smaller than some uniform constant —C < 0. If the plaques of the
family WV are small enough, the Lemma 2.12 then ensures that at some ¢ € O
onehas W, C W¥(q).By Lemma2.11, q is close to a hyperbolic periodic point
z homoclinically related to the orbit of p whose plaque WW:* is contained in the
unstable set of z. The plaque W, intersects transversally the plaque W;". This
proves that the stable manifold of ¢ also intersects transversally the unstable
manifold of the orbit of p.

Since H(p) is Lyapunov stable, it contains W*(z),q and W"(g) and
therefore the point ¢ is not a sink (recall that homoclinic classes does not
contain attracting periodic points). This proves that E** is non trivial. Let
y € W¥(¢g)\{q}- Since y belongs to H(p), the stable manifold of the orbit of
p accumulates on y, hence by a C'-small perturbation produced by Hayashi’s
connecting lemma, one can create an intersection between the unstable man-
ifold of ¢ and the stable manifold of the orbit of p. The intersection between
W¥(p) and W¥(q) persists hence we have built a heterodimensional cycle,
contradicting our assumptions. We have proved that if H (p) is Lyapunov sta-
ble, then the bundle E* is uniformly expanded. O

2.4 Aperiodic classes

Far from homoclinic bifurcations, the aperiodic classes have also a partially
hyperbolic structure. The following result restate [19].

Theorem 5 Let f be a diffeomorphism in a dense Gs subset of Diff! (M)\
Tang U Cycl. Then, any aperiodic class of f is a minimal set and holds a
partially hyperbolic structure E*S ® E€ @ E"" with dim(E€) = 1. Moreover,
there exists a continuous family of center stable plaques W tangent to E<* =
E*S & E€ which are thin trapped by f. Similarly, there exists a continuous
Sfamily of center unstable plaques W tangent to E* = E€ @& E"" which are
thin trapped by f~!.

Corollary 2.14 Let f be generic in Diff' (M)\Tang U Cycl. Then, for any
aperiodic class, the bundles E"*" and E** are non-degenerate.
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The strong unstable manifolds of points of the class are not contained in the
class. In particular, the class is not Lyapunov stable.

Proof Let us consider an aperiodic class K. By Lemma 2.8(2), there exists a
trapped plaque family YW over the maximal invariant set in a small neigh-
borhood of K, whose plaques have small diameters.

Since K is a minimal set and f is C'-generic, Pugh’s closing lemma (the
general density theorem) implies that K is the Hausdorff limit of a sequence
of periodic orbits. For any 7-periodic point p whose orbit is close to K, the
plaque W' is mapped into itself by f. Since the plaque YW is tangent to
the bundle E“ = E** @ E¢ where E€ has dimension 1 and E** is uniformly
contracted, the orbit of any point in WI‘;S accumulates in the future on a periodic
orbit.

If E** is degenerate, the union of the plaques WIC,S cover a neighborhood
of K, hence the orbit of any point in K converges towards a periodic orbit,
which is a contradiction.

If E*" is not degenerate, the strong unstable manifold W**(x) tangent to
E"" of any point x € K intersects the plaque WW;* of a periodic point p. One
deduces that there exists an orbit that accumulates on K in the past and on a
periodic orbit O in the future. If W**(x) is contained in K, the periodic orbit
O is contained in K, contradicting the fact that K is an aperiodic class. O

Remark 2.15 Actually, a stronger result can be proved.

For any C'-generic diffeomorphism and any aperiodic class K endowed
with a partially hyperbolic structure Ty M = E** ® E€® E" withdim(E€) =
1, the class is not contained in a locally invariant submanifold tangent to
ESS & E°.

Indeed, otherwise, one could work in this submanifold and get a contradic-
tion as in the previous proof. See also Sect. 2.5.

2.5 Reduction of the ambient dimension

Let us consider an invariant compact set K with a dominated splitting Tx M =
E*S @ F such that E** is uniformly contracted. The dynamics on K may behave
like the dynamics inside a manifold of smaller dimension. This motivates the
following definition.

Definition 2.16 An embedded C'-submanifold ¥ containing K and tangent
to F is locally invariant if there exists a neighborhood U of K in ¥ such that
f(U) is contained in X.

More generally, when K admits a partially hyperbolic splitting Tk M = E** @
E€ & E"" one may define the notion of locally invariant submanifold tangent
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to E€. The next proposition state that the property defined above is robust by
C!-perturbations.

Proposition 2.17 [8] Let K be an invariant compact set endowed with a dom-
inated splitting Tk M = E*S @ F such that E** is uniformly contracted. If K is
contained in a locally invariant submanifold tangent to F, then the same holds

for any diffeomorphism C'-close to f and any compact set K' contained in a
small neighborhood of K.

There exists a simple criterion for the existence of a locally invariant sub-
manifold.

Theorem 6 [8] Let K be an invariant compact set with a dominated splitting
E*S @ F such that E*° is uniformly contracted. Then K is contained in a
locally invariant submanifold tangent to F if and only if the (global) strong
stable leaves for the bundle E*° intersect the set K in only one point.

One can deduce a generic version of previous theorem.

Corollary 2.18 Let f be C'-generic and H(p) be a homoclinic class having
a dominated splitting E** & F such that E*® is uniformly contracted.

Then, either H(p) is contained in a locally invariant submanifold tangent
to F or for any generic diffeomorphism g that is C'-close to f, there exist two
different points x # y in H(pg) such that W**(x) = W**(y).

Proof By [7], there exists a dense Gs subset R C Diff L(M) of diffeomor-
phisms whose homoclinic classes are chain-recurrence classes. In particular,
for any f € R and any homoclinic class H(p) for f, the class H(p,) for
g Cl-close to f is contained in a small neighborhood of H(p). By Proposi-
tion 2.17, one deduces that if H(p) has a dominated splitting £%° @ F and is
contained in a locally invariant submanifold tangent to F, then the same holds
for the classes H (pyg).

As a consequence, for any f in a dense Gs subset G C Diff Y(M) (contained
in R), and any homoclinic class H(p) of f, either for any diffeomorphism
g close to f the class H(p,) is contained in a locally invariant submanifold
tangent to F or for any diffeomorphism g € G close to f the class H(p,) is
not contained in such a manifold. The Theorem 6 ends the proof. O

The previous result raises an important question for us:

Question 2.19 When H (p) is not contained in a locally invariant submanifold
tangent to F, is it possible to find a periodic point ¢ homoclinically related to
the orbit of p whose strong stable manifold W**(g)\{q} intersects H(p)?

Such an intersection is called a generalized strong homoclinic intersection
in the next section. We will provide answers for this problem in some particular
cases, see Theorems 7 and 12 below.
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2.6 Strong homoclinic intersections

Inside a homoclinic class, some periodic points exhibit a transverse intersection
between their stable and unstable manifolds. If this intersection holds along
strong stable and unstable manifolds of the periodic orbit we say that there is
a strong homoclinic connection. More precisely, we introduce the following
definition:

Definition 2.20 Given a hyperbolic periodic orbit O with a dominated split-
ting ToM = E @& F such that the stable dimension of O is strictly larger
(resp. strictly smaller) than dim(E) it is said that O exhibits a strong stable
homoclinic intersection (resp. a strong unstable homoclinic intersection) if the
invariant manifold of O tangent to E and the unstable manifold of O (resp.
the invariant manifold of O tangent to /' and the stable manifold of O) have
an intersection point outside the orbit O.

This definition can be generalized to homoclinic classes.

Definition 2.21 A homoclinic class H (p) has a strong homoclinic intersection
if there exists a hyperbolic periodic orbit O homoclinically related to p which
has a strong homoclinic intersection.

The strong homoclinic intersections allow sometimes to create heterodi-
mensional cycles. The following statement generalizes [37, proposition 2.4].
The proof is similar and we only sketch it.

Proposition 2.22 Let H(p) be a homoclinic class for a diffeomorphism f
such that:

— H(p) has a dominated splitting E @ F and the stable dimension of p is
dim(E) + 1;

— there exist some hyperbolic periodic orbits homoclinically related to p hav-
ing some negative Lyapunov exponents arbitrarily close to 0.

If there exist diffeomorphisms g C'-close to f such that H ( Pg) has a strong
homoclinic intersection, then there exist some C'-close perturbations of f
that have an heterodimensional cycle between a hyperbolic periodic orbit

homoclinically related to p and a hyperbolic periodic orbit of stable dimension
dim(E).

Before proving this proposition, we explain how it is possible by a C”-
perturbation to transport the strong homoclinic intersection to another periodic
orbit.

Lemma 2.23 Let H(p) be a homoclinic class for a C” -diffeomorphism f with
r > 1 such that:
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— H(p) has a dominated splitting E @ F and the stable dimension of p is
dim(E) + 1;
— H(p) has a strong homoclinic intersection.

Then for any periodic point g homoclinically related to p there exist some C" -
close perturbations of f that have a periodic point ¢’ homoclinically related
to the orbit of p which exhibit a strong homoclinic intersection and whose
minimal Lyapunov exponents along F are close to the one of q.

Proof Without loss of generality, one can assume that the orbit O of p has
a strong homoclinic intersection ¢. Let us consider a transverse intersection
point z; between W*(0O) and W"(g) and a transverse intersection point z,
between W*(0O) and W*(g) where O is the orbit of p. There exists a tran-
sitive hyperbolic set K which contains zy, z,,, O and which is included in a
small neighborhood U of { f"(zs)}nez U { f"(2u) }nez- One deduces that there
exists a sequence of periodic points (g,) converging to p and whose orbits is
contained in U and homoclinically related to p. One may choose these orbits
in such a way that they spend most of their iterates close to the orbit of g.
Note that K has a dominated splitting of the form E @ E¢ @& F’ where E¢
is one-dimensional and E @ E€, F’ respectively coincide with the stable and
the unstable bundle. As a consequence the minimal Lyapunov exponents of
gn along E are arbitrarily close to the corresponding exponent of ¢ when n is
large.

For a small C” perturbation g supported in a small neighborhood of ¢ (hence
disjoint from K'), one can first ensure that 7 W*(O)@® E is one-codimensional
and then consider a small arc of diffeomorphisms (g;) which coincides with
g when t = 0 and which unfolds the strong intersection: in a neighborhood
of ¢ the strong homoclinic intersection has disappeared for ¢ % 0. The local
unstable manifold and the local manifold tangent to E for g, accumulate on the
local unstable manifold and the local manifold tangent to E for O respectively.
One thus deduces that for a diffeomorphism C” close to g and n large enough,
the strong stable and the unstable manifolds of the orbit of g, intersect. This
gives the conclusion for ¢’ = g,,. O

Sketch of the proof of proposition 2.22 Let us fix ¢ > 0 and a periodic point g
homoclinically related to the orbit of p and whose minimal Lyapunov exponent
along F belongs to (—¢, 0). Let g be a diffeomorphism C'-close to f and O be
a periodic orbit homoclinically related to the continuation p, of p for g which
exhibits a strong homoclinic intersection y between its unstable manifold and
its invariant manifold tangent to E. By Lemma 2.23, one can find a small
C!-perturbation g having a periodic point ¢; homoclinically related to Pgi>
whose minimal Lyapunov exponent along F belongs to (—¢, 0) and which
exhibits a strong homoclinic intersection.
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Let us consider a local stable manifold D of ¢g;. Since ¢; has a stable
exponent close to 0, one can by C!-perturbation g’ (as small as one wants
if one chooses ¢ and ¢ accordingly) create inside D a hyperbolic periodic
point ¢’ of stable dimension dim(E). Since D has dimension dim(E) + 1,
one can also require that D contains finitely many periodic points of stable
dimension dim(E) + 1, close to g1, whose stable sets cover a dense subset of
D. If the perturbation is realized in a small neighborhood of ¢;, the manifold
W!"(pg) intersects transversally D, hence one can ensure that the unstable
manifold of p¢ intersects transversally the stable manifold of a periodic point
q", so that ¢” and p, are homoclinically related. The stable manifold of ¢”
intersects the unstable manifold of ¢” along an orbit contained in D. Since
the local invariant manifolds of ¢’, g are close to those of g, one can by
a small perturbation close to the strong homoclinic intersection of ¢; create
an intersection between W*(q’) and W*(g”). This gives a heterodimensional
cycle associated to the periodic orbit ¢” that is homoclinically related to pg.

O

If a homoclinic class H(p) contains two hyperbolic periodic points g, ¢’
homoclinically related to p such that the strong stable manifold W**(¢)\{g}
and the unstable manifold W*(g’) intersect, one can create a strong homoclinic
intersection by a C” -perturbation, forany » > 1. We have a more general result.

Lemma 2.24 Let f be a C"-diffeomorphism, r > 1 and let q, px, py be three
periodic points whose orbits are homoclinically related such that

— the homoclinic class H(q) has a dominated splitting Ty (M = E** & F
and dim(E*%) is strictly smaller than the stable dimension of q;

— there are two distinct transverse intersection points x € W"( px)rl'\ Ws(q),
y e Wi( py)fh W4 (q) sharing the same strong stable leaf.

Then for any r > 1, there is g C"-close to f such that H(q,) has a strong
homoclinic intersection.

Proof One can assume that y is distinct from ¢. Taking a small neighborhoods
of the orbits of g, p,, py, x, the orbit of a point in W*(g) N W*(p,), the orbit
of a point in W*(g) N W*(py) and the orbit of a point in W*(q) N W*(p,)
different than y it is possible to get a transitive hyperbolic set A that contains
Px, Dy, X and g but not y. So, it follows that there is a periodic point ¢
homoclinically related to p arbitrarily close to x and whose orbit is close to A
in the Hausdorff topology. One deduces that the local strong stable manifold
of ¢ and the local unstable manifold of the orbit of ¢ are close to y. By
a C'-perturbation, one can thus create an intersection at y, hence a strong
connection between these manifolds, keeping the transverse homoclinic orbits
with p. This shows that H (g,) has a strong homoclinic intersection for this new
diffeomorphism g. m|
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Remark 2.25 The same Proof of Lemma 2.24 gives a more general property:
Let f be a C"-diffeomorphism, K a transitive hyperbolic set whose stable
bundle has a non-trivial dominated splitting E¥ = E* @ E¢,and x,y € K
such that W**(x) and W*(y) intersect at a point z ¢ K. Then there exists g
C"-close to f which coincides with f outside a small neighborhood of z and
a periodic orbit O C K which exhibits a strong homoclinic intersection for g.

We generalize again the definition of strong homoclinic intersection.

Definition 2.26 A homoclinic class H (p) has a generalized strong homoclinic
intersection if there exists a hyperbolic periodic orbit O homoclinically related
to p, having a dominated splitting To M = E @ F such that the stable dimen-
sion of O is strictly larger (resp. strictly smaller) than dim(E), and whose
invariant manifold tangent to E (resp. to F') contains a point z € H(p)\O.

In the previous definition, the class may not have a strong homoclinic inter-
section since the point z may not belong to W*(0O). However z € H(p) is
accumulated by W*(0) and from the C!-connecting lemma by Hayashi the
following result holds immediately.

Proposition 2.27 Let H(p) be a homoclinic class for a diffeomorphism f
which has a generalized strong homoclinic intersection. Then, there exist some
C'-close diffeomorphisms g such that H ( Pg) has a strong homoclinic inter-
section.

One may wonder if this last result still holds in C"-topologies for r > 1.
We have a result in this direction under stronger assumptions. We state it for
the completeness of the discussion but we will not use it in the remainder of
the text. The proof is much less elementary than the previous ones and will be
obtained as a corollary of Theorem 13 at the end of Sect. 6.

Proposition 2.28 For any diffeomorphism fy and any homoclinic class H(p)
which is a chain-recurrence class endowed with a partially hyperbolic struc-
ture E** @ E€ @ E"™, dim(E€) = 1, such that E** @ E€ is thin trapped, there
exists ag > 0 and a C'-neighborhood U of fo with the following property.

Forany a € [0, ag] and any C'**-diffeomorphism f € U such that H( Pf)
has a generalized strong homoclinic intersection, there exists a diffeomor-
phism g arbitrarily C'T%-close to f such that H( Dg) has a strong homoclinic
intersection.

2.7 Total disconnectedness along the center stable plaques
Let us consider a chain-hyperbolic homoclinic class H (p) whose center-stable

bundle is thin trapped by f. In certain part of the proof of the main theorem,
we need a better understanding on the geometric properties of the class in
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order, for instance, to build analogs of Markov partitions. To do that, we need
to ensure that the intersection of H (p) with its center stable plaques is totally
disconnected. By Lemma 2.8 this property does not depend on the choice of
a center stable plaque family. It is provided by the following result proved in
Sect. 8.

Theorem 7 Let f be adiffeomorphismand H (p) be a chain-hyperbolic homo-
clinic class with a dominated splitting E*° ® E{ @© E5 such that E{, ES are
one-dimensional and E<* = E** ® E{ and E*" = ES are thin trapped. Then,
one of the following cases holds.

e The strong stable manifold (tangent to E*® ) of any point x € H (p) intersects
H (p) only at x.

e There exists a periodic point q in H(p) whose strong stable manifold
W3 (g)\{q} intersects H(p).

e The class is totally disconnected along the center stable plaques.

Under this general setting the point g is not necessarily homoclinically related
to p. Note that this theorem also applies and may be interesting for locally
maximal hyperbolic sets K having a dominated splitting Tx M = E* @ E" =
(E*S @ E€) @ E" (in the sense that ES = E*° @ E€) such that E¢, E* are
one-dimensional.

2.8 Extreme bundles

Theorems 4 and 5 show that the chain-recurrence classes K of a C'-generic
diffeomorphism far from homoclinic bifurcations have a partially hyperbolic
splitting Tx M = E** @ E€ @ E"" with dim(E€) < 2. We now prove that
the extreme bundles are non-degenerated. This will ensure that the diffeomor-
phisms considered in the main theorem have only finitely many sinks.

For aperiodic classes this has already been obtained with Corollary 2.14.
For homoclinic classes one can apply the following result.

Theorem 8 Let f be a diffeomorphism in a dense Gs subset of Diff' (M) and
let H(p) be a homoclinic class endowed with a partially hyperbolic splitting
TypyM = E* @ E{ @ E5 ® E", with dim(E{) < | and dim(E5) < 1.
Assume moreover that the bundles E** ® E{ and ES® E"" are thin trapped by
f and £~ respectively and that the class is contained in a locally invariant
submanifold tangent to E** ® E{ ® ES.

Then one of the two following cases occurs:

— either H(p) is a hyperbolic set,

— or there exists diffeomorphisms g arbitrarily C'-close to f with a periodic
point g homoclinically related to the orbit of p, and exhibiting a heterodi-
mensional cycle.

@ Springer



410 S. Crovisier, E. R. Pujals

Remark 2.29 We will see in Sect. 2.11 that the result can be improved: the
second case of the theorem never appears.

The proof relies on techniques developed in [39,40,42] for C2-diffeom-
orphisms that extend a result in [27] for one-dimensional endomorphisms. We
list different settings that have been already studied.

(a) The surface case For C2-maps, the non-hyperbolic transitive sets which
have a dominated splitting contain either a non-hyperbolic periodic point or a
curve supporting the dynamics of an irrational rotation.

Theorem 9 [39] Let f be a C? diffeomorphism of surface and K be a compact
invariant set having a dominated splitting Ty M = E® F, dim(F) = 1 whose
periodic orbits are all hyperbolic. Then, one of the following cases occurs.

— K contains a sink or a compact invariant one-dimensional submanifold
tangent to F.
— F is uniformly contracted by f~'.

One deduces the following generic result.

Corollary 2.30 Let f be a C'-generic diffeomorphism and K be a partially
hyperbolic set endowed with a dominated splitting Tk M = E** ® E{ © ES ®
E", with dim(E{) = dim(ES) = 1.

If K is contained in a locally invariant surface tangent to E{ ® E5 and does
not contain a periodic orbit of stable dimension dim(E*®) or dim(E*®) + 2,
then K is hyperbolic.

Note that a periodic orbit of stable dimension dim(E**) or dim(E**) + 2 is
a source or a sink in the surface. If K is transitive and non trivial, it does not
contain such a periodic orbit.

Proof Let us consider a countable family of compact sets A C M that form
a basis of the topology on M and have a smooth boundary. We define P(A)
as the set of diffeomorphisms f whose maximal invariant set K ¢ in A has a
dominated splitting Ty M = E** @ E{® E5® E"" and is contained in a locally
invariant surface tangent to E{ @ Ef. By Proposition 2.17 and Theorem 6, this
is an open set in Diff' (M). We also introduce the (open) subset H(A) C
P(A) of diffeomorphisms f such that either K ¢ is hyperbolic or there exists
a hyperbolic periodic orbit in the interior of A with stable dimension equal to
dim(E"*) or dim(E**) + 2. We will prove that H(A) is dense in P(A) and a
standard Baire argument will conclude the proof of the corollary.

Let us fix an arbitrary diffeomorphism fy € P(A) and consider the maximal
invariant set K¢ in a neighborhood of A. By Proposition 2.17 it is contained
in a locally invariant surface Xy tangent to E{ @ E5. One can conjugate fo by
a diffeomorphism v which sends X on a smooth surface ¥ and approximate
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the obtained diffeomorphism ¥ o f o 1 ~! by a smooth diffeomorphism f;.
By this new diffeomorphism, the smooth surface ¥ is mapped on a smooth
surface f1(X) whichis C I_close to T and contains the maximal invariant set in
aneighborhood of A. As a consequence, there exists a smooth diffeomorphism
f> thatis C'-close to f; which contains the maximal invariant set K> in A, and
preserves X in a neighborhood of K;. One can perturb the restriction of f> to a
neighborhood of K> in X and obtain a Kupka-Smale diffeomorphism without
any invariant one-dimensional submanifold supporting the dynamics of an
irrational rotation and without any periodic point inside the (smooth) boundary
of A N X. This perturbation can be extended to a smooth diffeomorphism of
M indeed the compactly supported diffeomorphism close to the identity in X
are isotopic to the identity and can be extended in a trivializing neighborhood
of X as a compactly supported diffeomorphism close to the identity.

At this point we have built a smooth diffeomorphism f3 that is C'-close to
f and an invariant smooth surface ¥ which contains the maximal invariant
set K3 of f3 in A. Moreover all the periodic orbits in K3 are hyperbolic, do
not intersect the boundary of A and the dynamics inside any invariant one-
dimensional submanifold of K3 is Morse-Smale. If K3 contains a periodic point
of stable dimension equal to dim(£E**) or dim(E**) + 2, the diffeomorphism
f3 belongs to H(A) as required. Otherwise, Theorem 9 shows that any orbit in
K3 accumulates on a hyperbolic set. Now, for any diffeomorphism C!-close to
/3, the dynamics contained in a small neighborhood of A is hyperbolic, hence
/3 belongs to H(A) also in this case. O

(b) The codimension one case This has been considered for homoclinic
classes.

Theorem 10 [42] Let f be a C? diffeomorphism and H (p) be a homoclinic
class endowed with a partially hyperbolic splitting E** @ E€ withdim(E€) = 1
whose periodic orbits are hyperbolic. Then H (p) is hyperbolic.

As before, this gives the following generic result (which is a particular case of
Theorem 8).

Corollary 2.31 For any C'-generic diffeomorphism, any homoclinic class
H (p) that is

— endowed with a partially hyperbolic splitting E** ® E€® E*, dim(E€) = 1,
— contained in a locally invariant submanifold tangent to E** @ E°,

is hyperbolic.
Proof Consider a C!-generic diffeomorphism f and a homoclinic class H (p)
as stated in the corollary and X the locally invariant submanifold tangent to

E*S @ E€ containing H (p). By genericity, one can suppose that the class H (p)
is a chain-recurrence class and that for any diffeomorphism g close to f, the
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class H(p,) is contained in a small neighborhood of H (p). Moreover, if for
some arbitrarily close diffeomorphisms g the chain-recurrence class containing
D is hyperbolic, then the class H(p) for f is also hyperbolic.

Let us consider a C2-diffeomorphism g arbitrarily close to f in Diff!' (M)
and whose periodic orbits are hyperbolic. By Proposition 2.17, the chain recur-
rence class A containing p, is still contained in a locally invariant submanifold
Y. As in the proof of Corollary 2.30, one may have chosen g so that X is a
smooth submanifold. Let us assume by contradiction that A is not hyperbolic:
there exists an invariant compact set K C A that is not hyperbolic and that is
minimal for the inclusion, in the sense that any compact invariant proper set is
hyperbolic. It can be obtained in the following way: if we consider a sequence
of nested not hyperbolic invariant compact ordered by inclusion, then the inter-
section in not hyperbolic (otherwise, some sets of the nested sequences would
be hyperbolic) and therefore by Zorn’s lemma we obtain the non-hyperbolic
compact invariant set that is minimal for the inclusion. Since K coincides with
the support of an ergodic measure whose Lyapunov exponent along E€ is non-
positive, the set K is transitive. The set K cannot be a sink, nor contain an
invariant one-dimensional submanifold tangent to £, since by transitivity the
set K would be reduced to a sink or a union of normally attracting curves in
X, contradicting the fact that A is chain-transitive and contains p,. One can
thus apply [42, lemma 5.12] and conclude that K is contained in a homoclinic
class H(q). Since H(gq) is contained in a small neighborhood of H (p), it is
contained in ¥,. By Theorem 10 applied for g inside X, one deduces that
H (q) is a hyperbolic set. This contradicts the fact that K is non hyperbolic.
As a consequence, the chain-recurrence class containing pg is hyperbolic,
hence coincides with H(p). This proves that the homoclinic class H(p) is
hyperbolic. O

(c¢) The Codimension two case For homoclinic classes with two-codimens-
ional strong stable bundle, one can replace the uniformity of the center stable
bundle by the thin trapping property and the total disconnectedness along the
center stable plaques. This theorem is proved in Sect. 9.

Theorem 11 Let fy be a diffeomorphism and H (p f)) be a chain-recurrence
class which is a chain-hyperbolic homoclinic class endowed with a dominated
splitting E< @ EY such that E* is one-dimensional and E*, E" are thin
trapped (for foy and f(;1 respectively). Assume moreover that the intersection
of H(py,) with its center stable plaques is totally disconnected.

Then, for any C? diffeomorphism f that is close to fo in Diff! (M) and for
any f-invariant compact set K contained in a small neighborhood of H(p f,)
and whose periodic orbit are hyperbolic, one of the following cases occurs.

— K contains a sink or a compact invariant one-dimensional submanifold
tangent to E°“.
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— E°“ is uniformly contracted by f~".

We can now prove that for C'-generic diffeomorphisms far from homo-
clinic bifurcations, the extreme subbundles of the homoclinic classes are non-
degenerated.

Proof of Theorem 8 We consider a C!-generic diffeomorphism. Thus for g
close to f the class H(p,) is contained in a small neighborhood of H (p). The
genericity also implies that, if for some arbitrarily close diffeomorphisms g
the chain-recurrence class containing p, is hyperbolic, then the class H(p)
for f is hyperbolic. The following several cases have to be considered.

Note first that when the bundle E{ or Ej is degenerated, Corollary 2.31
implies that H (p) is a hyperbolic set.

When the strong stable leaves intersect the class in at most one point, The-
orem 6 implies that the class is contained in a locally invariant submanifold
tangent to E{ @ E5. By Corollary 2.30 the class is then hyperbolic.

When the intersection of the class with the center stable plaques is totally
disconnected, one can apply Theorem 11. For any C? diffeomorphisms g C!-
close to f in Diff!' (M) with hyperbolic periodic orbits, the chain-recurrence
class containing p, is hyperbolic. As a consequence H (p) is hyperbolic.

It remains the case that both bundles E{, Ef are one-dimensional, E{ is not
uniformly contracted, the class contains two different point in a same strong
stable leaf and the intersection of the class with the center stable plaques is
not totally disconnected. One can then apply Theorem 7 when the dynamics
is restricted to a locally invariant submanifold tangent to E*° @ E{ @ ES and
one deduces that the class has a generalized strong homoclinic intersection.

By Lemma 3.19 and Remark 3.20 the class contains hyperbolic periodic
orbits homoclinically related to p and whose Lyapunov exponent along E{ is
arbitrarily close to zero. One concludes applying the Propositions 2.27 and 2.22
and creating a heterodimensional cycle associated to a periodic orbit homo-
clinically related to p. O

2.9 Finiteness of quasi-attractors

We now consider the guasi-attractors and prove one part of the main theorem.

Proposition 2.32 For any C'-generic diffeomorphism that is far from homo-
clinic tangencies and heterodimensional cycles, the set of the quasi-attractors
is finite.

Proof Let us consider a C!-generic diffeomorphism, which satisfies Theo-
rems 5, 4, 8, Corollary 2.14, Lemma 2.5 and (as a consequence of Pugh’s
closing lemma) whose minimal sets are limits for the Hausdorff topology of
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hyperbolic period orbits. Now, let us assume by contradiction that there exists
a infinite sequence of distinct quasi-attractors (A,). After extracting a subse-
quence, it converges towards a (chain-transitive) set L. By Theorem 5, they
are homoclinic classes A, = H(p,) and one can assume that all the periodic
orbits p, have the same dimension. O

Claim 1 L is a contained in a homoclinic class H(p).

Proof If L is contained in an aperiodic class, by Theorem 5 it has splitting
TLM = E* @ E€ @ E" with dim(E€) = 1. So, this is the same for the
classes A,. Since the classes A, are quasi-attractors, they are saturated by
strong unstable leaves, and therefore the same holds for L. This contradicts
Corollary 2.14. |

By Theorem 4, the class H (p) has adominated splitting E**® E{® E5®E""
where E{ and E5 have dimension O or 1. Moreover E = E**@ E{ and E“* =
ES @ E"" are thin trapped for f and f ~! respectively. By Lemma 2.8(2), there
exists some plaque families W, W defined over the maximal invariant set
in a neighborhood of H (p) and tangentto E°° @ E{ and E5® E"" respectively,
which are trapped by f and f~! respectively. They satisfy the definition of
chain-hyperbolic class. By Theorem 8, the bundle E“* is non-degenerated. In
particular the quasi-attractors A, are not sinks for n large. Therefore at this
point we have proved that the number of sinks is finite.

Claim 2 The stable dimension of the periodic points p,, is strictly larger than
the stable dimension of p. Hence the stable dimension of the p,, is dim(E*® &
E{ ® ES) and dim(EY) is non zero.

Proof Letus assume by contradiction that the stable dimension of p, is smaller
or equal to the stable dimension of p. We claim that W7 C W*"(p,) for each

n. Indeed if it is not the case, using that YW is trapped by f~!, there would
exists a periodic point g, € W, in the closure of W*(p,) and whose stable
dimension is dim(W;":) — 1. Since H(p,) is a quasi-attractor it contains gy
and by Lemma 2.5, there exist C !-perturbations of f which exhibit a heterodi-
mensional cycle. This is a contradiction.

Let x € L be an accumulation point of the p, and let ¢ be a periodic
point close to x which is homoclinically related to the orbit of p such that
Wy C W¥(g). This exists by Lemma 2.11. The plaques Wg* and W}, for
some n arbitrarily large, intersect transversally. Hence the unstable set of p,
accumulates on ¢g. Since H (p,,) is a quasi-attractor, this implies that g belongs
to H(p,). Since this occurs for infinitely many »n, the quasi-attractors H (p;,)
are not all distinct, contradicting our assumption. O

Let us set E€ = Eg We are thus reduced to consider the case that on the
union of the A, and H(p) there exists a dominated splitting TM = E° &
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E€ @ E"" such that E€ is one-dimensional, £ @ E€ is thin trapped by f over
each quasi-attractor A, and E¢ @ E“ is thin trapped by f~! over H(p). We
also fix a point z € L and a small neighborhood U of z.

Claim 3 In each set A, there exists a periodic orbit O, which avoids U .

Proof By Theorem 8, the bundle E“* is non-degenerated and the set A, is sat-
urated by strong unstable leaves. By a standard argument (see for instance [27,
lemma 5.2]), each class A, contains an invariant compact set K; which avoids
U. Then one can reduce K, and assume that it is minimal. B

For each n, Lemma 2.8(2) gives two plaque families W, YW tangent to
ESS@E€ and E"* and trapped by f and f ~! respectively, with arbitrarily small
diameter, above the maximal invariant set in a small neighborhood of A, Since
the plaques are small, the restrictions of W, W" to A, satisfy the definition
of chain-hyperbolic classes. By the closing lemma, there exists a periodic
orbit O, arbitrarily close to K}, in the Hausdorff topology. By Lemma 2.11,
there exists a point ¢ homoclinically related to the orbit of p such that W“ is

contained in W*(g) and intersects W;s for some y € O, ata point ¢. One
deduces that ¢ converges toward a periodic orbit O, contained in the plaques
of the family W above O,. Since A, is a quasi-attractor, it contains ¢ and
O,,. By construction O, is included in an arbitrarily small neighborhood of
K, as required. m|

Claim 4 There exists N > 1 such that f Nw, 1oc(P)) intersects transver-
sally Wy (Oy) for each n large. Moreover, this property is stable under C" - !
perturbations with supports avoiding a neighborhood of O,,.

Proof Since the stable space of O, is E“° @ E¢ and since E€ is non-
degenerate, all the exponents of O, along E“ are bounded away from zero.
By Lemma 2.12, the orbit O,, contains a point g, that it is arbitrarily close to
apoint ¢ € L and satisties Wg* C Wi .(qn) (i.e. W} (gy,) is a uniform disc
tangent to E<). For N large N (W} .(p)) is close to every point of L and
on the other hand f Nw, 1oc(P)) contains a uniform disc tangent to E“. For
n large Oy is contalned in a small neighborhood of L. One thus deduces that
f Nw, 1e(P)) and W (gy) intersect transversally and this property is robust
under perturbations with supports avoiding a neighborhood of O,,. O

Conclusion Since W*(0,,) is dense in A, and A,, converges towards L, the
unstable manifold of O, has a point close to z for n large. Since z is in H(p),
the stable manifold of p has a point close to z. Observing that the orbits O,, are
far from the neighborhood U of z, there exists small perturbations given by
the connecting lemma in a small neighborhood of a finite number of iterates of
z (which is not periodic), such that W¥(p) and W*(0,,) intersect. The orbits
of O, has been preserved and the intersection W*(0,) N W*(p) is still non
empty. This gives a heterodimensional cycle and therefore a contradiction. O
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2.10 Hyperbolicity of quasi-attractors: proof of the main theorem

It remains now to prove that for any C'-generic diffeomorphism that is far from
homoclinic tangencies and heterodimensional cycles, the quasi-attractors are
hyperbolic. The proof is independent from Proposition 2.32.

Let us consider a quasi-attractor and let us assume by contradiction that it
is not hyperbolic. From Sects. 2.2 and 2.4, the quasi-attractor is a homoclinic
class H(p) with a splitting E*° @ E¢ @ E" where E€ is one-dimensional,
E** @ E* is thin-trapped and it contains arbitrarily weak periodic orbits homo-
clinically related to p. From Theorem 8 and Corollary 2.18, for any C!-generic
diffeomorphism g that is C'-close to f the homoclinic class H ( Pg) assOcCi-
ated to the continuation of p for g contains two different points x, y such that
WSS (x) = W9 (y). The end of the proof is based on the next theorem. The
first case of the dichotomy is not satisfied in our setting and in the second case,
one can create a heterodimensional cycle in H(p), by Proposition 2.22. This
contradicts our assumptions on the diffeomorphism f and concludes the proof
of the main theorem.

Theorem 12 Let H(p) be a homoclinic class of a diffeomorphism f which is
a quasi-attractor endowed with a partially hyperbolic structure E* @ E€ @ E*
such that dim(E€) = 1 and E® = E* & E€ is thin trapped. Assume also
that all the periodic orbits in H(p) are hyperbolic (since E* is thin trapped,
it coincides with the stable space at the periodic points). Then, there exists
a > 0 (which is positive if [ is C" for r > 1) such that one of the following
cases holds.

— Either there exists a non-empty open set U C Diff'T*(M) such that f
belongs to U and for any g € U and for any distinct points x, y € H(pg)
one has W*(x) # W?*(y). Therefore the class H(pg) is contained in a
C'-submanifold N C M tangent to E & E* which is locally invariant.

— Orthere is a C'T*-small perturbation g of f, a periodic point x homoclini-
cally related to the orbit of pg and some point y # x in H(pg) NW?**(x) such
that W** (x) = W**(y). Therefore the class H(pg) has a strong homoclinic
intersection.

Remark 2.33 We want to emphasize some features of Theorem 12.

1. The result does not require any generic assumption.

2. It holds in the C!'**-category for o > 0 small.

3. The theorem can also be applied in the context of hyperbolic attractors
whose stable bundle has a dominated splitting E* = E** @ E° such that
dim(E€) = 1. This can have important consequences in terms of the Haus-
dorff dimension of the attractor: if the attractor is contained in a submani-
fold, the Hausdorff dimension is smaller than 1+ u (where u = dim(E"));
if there is a strong connection, the dimension could jump close to 1 +u + s
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(where s = dim(E®*)) (see [14]). Note that the proof in the hyperbolic
case is simpler since we can use the hyperbolic continuation of any point
in the attractor.

4. Inthe case when the bundle E is not uniformly contracted, one can assume
that the periodic point x has an arbitrarily small Lyapunov exponent. Indeed
we will prove, in Lemma 3.19 and Remark 3.20, that for any ¢ > 0, there
exists a periodic point ¢ homoclinically related to the orbit of p and whose
center Lyapunov exponent is contained in (—¢, 0). Let us consider a per-
turbation g having a periodic point x homoclinically related to p, and
exhibiting a strong homoclinic intersection. By another C”-small pertur-
bation (see Lemma 2.23), one can obtain a periodic point x” homoclinically
related to the orbit of p, with a strong connection and a center Lyapunov
exponent close to the exponent of g.

The proof of Theorem 12 is based on the following proposition whose proof
is postponed to Sect. 5 and uses the notion of stable boundary point (see Sect. 3)
and of continuation of a homoclinic class (see Sect. 4). As before W;> (x) and
W;! .(x) denote local strong stable and unstable manifolds tangent to E}* and
EY respectively for the points x € H(p,). Note that this result holds in any
C’-topology, r > 1.

Proposition 2.34 Given a C" diffeomorphisms under the assumptions of The-
orem 12, for any a € [0, r — 1] one of the following cases occurs.

1. There exists a non-empty open set V C Diff 'Y (M) such that f belongs
toV and for any g € V and for any x # y in H(pyg), one has W** (x) #
W ().
2. There exists g, C'T%-close to f, such that H( Pg) exhibits a strong homo-
clinic intersection.
3. There exist a neighborhood V C Diff'**(M) of f and some hyperbolic
periodic points q and p,, po for n € N such that:
— the continuations qg, p; e . ¢ exist on V and are homoclinically
related to the orbit of pg;
- (p,f’g), (p,{g) converge towards two distinct points xg, ye in H(pg) N
Wi .(qg) forany g € V;
— the map g — Xg, y, IS continuous at f;
— yg € Wi (xg) for any g € V.
4. There exist two hyperbolic periodic points py, py homoclinically related
to the orbit of p and an open set V C Diff'*% (M) whose closure contains
[, such that for any g € V the class H(pg) contains two different points
x € W(pyg) and 'y € W"(py o) satisfying W** (x) = W (y).

One concludes the proof of Theorem 12 by discussing the two last cases of
the Proposition 2.34. The two following theorems, proved in Sects. 6 and 7
give a strong homoclinic intersection.
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In case 3, the points x = xy,y = y belong to the stable manifold of a
periodic point g.

Theorem 13 For any diffeomorphism fy and any homoclinic class H(p)
which is a chain-recurrence class endowed with a partially hyperbolic struc-
ture E** @ E€ @ EY, dim(E€) = 1, such that E** & E€ is thin trapped, there
exists atg > 0 and a C'-neighborhood U of fo with the following property.

For any a € [0,aql, any diffeomorphism f € U and any C'T%-
neighborhood V of f, if there exist:

— some hyperbolic periodic points q ¢ and p,, pz’f withn € N for f whose
hyperbolic continuations qg, p; g p,y,v ¢ exist for g € V and are homoclini-
cally related to the orbit of py,

— two maps g > Xg,yg defined on V, continuous at f, such that for any
8 € Vthe points xg, yg belong to W*(qy), are the limit of (p; ,) and (p,y,,g)
respectively and satisfy y, € W} (xg),

then, there exist C'7%-small perturbations g of f such that the homoclinic
class H(pg) exhibits a strong homoclinic intersection.

In case 4, the points x, y belong to the unstable manifold of periodic points
Px> Py-

Theorem 14 Consider any diffeomorphism fy and any homoclinic class H (p)
which is also a chain-recurrence class endowed with a partially hyperbolic
structure E®S @ E€ @ E" such that E** ® E€ is thin trapped and dim(E€) = 1.
Then, there exists ay > 0 and for any hyperbolic periodic points px, py
homoclinically related to the orbit of p, there exists a C'-neighborhood U of
fo with the following property.

Given any a € [0, ag) and any C'**-diffeomorphism f € U, if there exist
two different points x € W"(py r) and 'y € W*(py ¢) in H(py) satisfying
W3S (x) = W*(y), then, there exist C't%-small perturbations g of f such
that the homoclinic class H(pg) exhibits a strong homoclinic intersection.

Some weaker results similar to Theorems 14 and 13 were obtained in [38]
for attracting homoclinic classes in dimension three and assuming strong dis-
sipative properties.

2.11 Other consequence on quasi-attractor: main theorem revisited

As it was mentioned in the introduction, for C'-generic diffeomorphisms one
obtains a stronger version of Theorem 12 related to the notion of robust cycles.
We point out that what follows in this section is not used in the proof of our
main theorem.
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Definition 2.35 It is said that f has a robust heterodimensional cycle if it has
two hyperbolic periodic points p, g with different stable dimensions, that are
contained in two transitive hyperbolic sets K, L and for any g C'-close to f,
there exist two heteroclinic orbits that join the continuations K, to Lg and L,
to K.

Theorem 15 Let f be a diffeomorphism in a dense Gy subset of Diff' (M)
and let A be a quasi-attractor endowed with a partially hyperbolic splitting
TaM = E¥* @ EC® E"™ withdim(E€) = 1. If E€ is not uniformly contracted
and not uniformly expanded, then A is a homoclinic class which contains
hyperbolic periodic points of both stable dimensions dim(E**) and dim(E**)+
1.

The proof uses the following result from [11]

Theorem 16 [11] Let f be adiffeomorphism that exhibits a heterodimensional
cycle between two hyperbolic periodic points p, q whose stable dimensions
differ by 1.

Then, there exist a C'-perturbation g of f and two transitive hyperbolic
sets K, L - the first contains the hyperbolic continuation p,, the second has
same stable dimension as q - that have a robust cycle.

A consequence of this result is that for any C'-generic diffeomorphism and
any hyperbolic point p of stable dimension i > 2, if there exists some small
perturbations g of f which exhibits a heterodimensional cycle between a peri-
odic point homoclinically related to p, and a periodic orbit of stable dimension
i — 1, then the homoclinic class H (p) for f contains periodic points of indices
i—1.

Proof of Theorem 15 The existence of the dominated splitting implies that
there is no diffeomorphism C!-close to f which exhibits a homoclinic tan-
gency in a small neighborhood of A.

Step 1. We first prove that A is a homoclinic class H (p) which contains
periodic orbits whose center exponents are arbitrarily close to 0. This uses the
following.

Claim If A contains an invariant compact set K such that any invariant
measure supported on K has a Lyapunov exponent along E equal to 0, then A
contains periodic orbits whose center Lyapunov exponent is arbitrarily close
to 0.

Proof The proof is similar to the proof of Theorem 9.25 in [20] and uses
proposition 9.23 also in [20]. See also [45]. O

Since E€ @ E"* is not uniformly expanded, the trichotomy given by [19,
theorem 1] and the previous claim imply that the class A contains periodic
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orbits whose center exponent is negative or arbitrarily close to 0. Similarly,
since E** @ E° is not uniformly contracted, the class A contains periodic orbits
whose center exponent is positive or arbitrarily close to 0. In any case A is
a homoclinic class H (p) which contains for any § > 0 some periodic orbits
Oy, 0; whose center exponent is respectively smaller than § and larger than
—3&. From the results in [2] follows that H (p) contains periodic orbits whose
center exponents are arbitrarily close to 0.

Step 2. We then show that one can find a diffeomorphism C'-close to f and a
periodic orbit homoclinically related to p, which exhibits a heterodimensional
cycle.

Using the center models introduced in [18], the dynamics along the cen-
ter bundle E€ can be classified into chain-recurrent, chain-neutral, chain-
hyperbolic and chain-parabolic (see [19, section 2.2] for details). Since H (p)
contains hyperbolic periodic orbits, some types can not occur (the neutral and
the parabolic ones). Note that since H (p) contains periodic orbits whose cen-
ter exponent is close to 0 and since f is C'-generic, the class H(p) is the
limit of periodic orbits of both indices dim(£*%) and dim(E*%) + 1 for the
Hausdorff topology. When the center dynamics has the chain-recurrent type,
[19, proposition 4.1], this implies that these periodic orbits are contained in
H (p), hence both indices appear in the class.

It remains to consider a center dynamics which has the chain-hyperbolic
type: equivalently two cases are possible: either E*° @ E€ is thin trapped by
f or E€ @ E"" is thin-trapped by f~!. In any case it follows that there exists
a diffeomorphism g that is C'-close to f and a periodic point homoclinically
related to the continuation p, which exhibits a heterodimensional cycle: in
the first case, this is a direct consequence of Theorem 12, Corollary 2.18,
Theorem 8 and Proposition 2.22; in the second case, one argues as on the
proof of Corollary 2.13.

Step 3. We then concludes with Theorem 16 that the class H (p) contains
hyperbolic periodic points of different stable dimension. O

Theorem 8 can be combined with Theorem 16 to get the following improve-
ment. Theorem 8’ Let f be a diffeomorphism in a dense Gg subset of Diff! (M)
and let H(p) be a homoclinic class endowed with a partially hyperbolic split-
ting Tu(pM = E*° @ E{ ® E5 ® E"", with dim(E]) < 1 and dim(E5) < 1.
Assume moreover that the bundles E** & E{ and E5 ® E"* are thin trapped
by f and f~! respectively and that the class is contained in a locally invariant
submanifold tangent to E** ® E{ ® E5. Then H(p) is a hyperbolic set.

Proof Arguing by contradiction, from theorem 6 it would be possible to cre-
ate a heterodimensional cycle involving points of different indexes and from
Theorem 16 it is get a robust heterodimensional cycle, then for generic diffeo-
morphisms the center dynamics it is not trapped neither for f nor for f~!; a
contradiction. O
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3 Properties of chain-hyperbolic homoclinic classes

In this section, we prove that the chain-hyperbolic classes share many prop-
erties of hyperbolic basic sets. The first subsection is devoted to the trapped
plaque families. In the remaining parts, we consider a homoclinic class H (p)
which is chain-hyperbolic for a diffeomorphism f: as in the Definition 2.10
we introduce two periodic points gs,q, € H(p) and two plaque families
W W respectively tangent to the bundles E<*, E<,

3.1 Properties of trapped plaque families, robustness

Let us consider a compact set K having a dominated splitting Tx M = E ® F
for f.If U C M and U C Diff 1(M) are some small neighborhoods of K
and f, then for each g € U the maximal invariant set K¢ = (), . 8" (U) has
a dominated splitting E¢ & F, such that dim(E,) = dim(E). Moreover the
maps (g, x) = Eg x, Fg , are continuous. Hence one may look for a plaque
family tangent to the continuation E, of E for g.

Definition 3.1 A trapped plaque family W is e-coherent, ¢ > 0, if for any
points x, y € K that are e-close, W, N Wy, # @ implies f(WVy) C Wy (y).

Lemma 3.2 (Robust coherence) Let K be a compact invariant set endowed
with a dominated decomposition Tx M = E @ F for a diffeomorphism f.
There exist r, & > 0 and a neighborhood CE of E in the tangent bundle T M
such that any trapped plaque family VV tangent to E satisfies:

If the plaques have diameter smaller than r and if for each x € K and
y € Wk, any unit vector u € T,y belongs to CE, then W is e-coherent.

Moreover there exist neighborhoods U C Diff'(M) of f and U of K such that
forany g € U, any trapped plaque family VV tangent to E, over the maximal
invariant set Kg in U still has this property.

The argument is similar to [19, Lemma 2.4] and we only sketch it.

Sketch of the proof We repeat the proof of One first covers the manifold M
by charts.

The domination implies that there exists two continuous cone fields C* and
CF on a neighborhood of K and an integer N > 1 such that for any g that
is C'-close to f, any x that is close to K and any unit vectors u € C¥ and
v € CF, we have (see for instance [Appendix B.1]bdv)

1
IDg" (x).ul < angN(x).vu,

DgV )y cctf(gV(x) and DgN(CE) c cE(gN ().
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The cone fields CE and CF are arbitrarily small neighborhoods of the bundles
E and F.

For a diffeomorphism g that is C'-close to f, let W be a trapped plaque
family as in the statement of the lemma. Let us consider two plaques WV, and
W, which intersect at a point z. If ¢ is small enough the plaques are close for
the C'-topology. In particular f (Wy) is close to f (W, ), which is contained
in Wy (x). Any pointa € f (Wy) may be connected to a point b € Wy (y) by
a C! path tangent to C' and whose tangent space is almost constant in the
charts. If 7 is small and CF is thin enough, then one can connect a and b to
z by C! paths tangent to CF and whose tangent spaces are almost constant in
the charts. One thus deduces

- (d(gN(a>,gN(z>) d(gN(b>,gN<z))) _ ldgY@). g b))
da,z) ~~  db,2) ~2  d(a.b)

Moreover by invariance of the cone fields, gN (a) and gN (b) are still connected
together by a path tangent to C!" and connected to g"V(z) by paths tangent to
CE. Since the plaque family W is trapped the three points remain close and the
paths remain small. We can thus iterate more and repeat the argument. If a # b,
the distances d(g'V (a), g’V (z)) and d(g'" (b), g' N(z)) decay exponentially
fasterthand (g'N (a), g'V (b)) asi goes to +00, which contradicts the triangular
inequality. As a consequence @ = b, proving that f (Wy) C Wy (x)» hence the
coherence. O

The same argument gives the uniqueness of the plaque families.

Lemma 3.3 (Uniqueness) Let K be a compact invariant set endowed with
a dominated decomposition Tx M = E @ F, and let VW be a thin trapped
plaque family tangent to E. If W' is another locally invariant plaque family
tangent to E, there exists p > 0 such that for each x € K the image of the
ball B(0, p) C Ex by W is contained in W,

Sketch of the proof The argument is the same, let us explain how it has to be
adapted. We consider the plaques W, and W, and two points a € W, and
b € W, that are connected by a path tangent to C £ and that are close enough
to the point z = x.

Since W is thin trapped, by forward iteration the points £V (a) and fV (x)
remain close. Since £V (b) may be connected to £’V (a) by a path tangent to
CF and to £V (x) by a path tangent to C¥, hence £V (b) remain also close to
N (x). The argument follows as before. O

This allows us to prove the first part of Lemma 2.8.

Corollary 3.4 Let K be a compact invariant set endowed with a dominated
decomposition Tx M = E @ F such that there exists a thin trapped plaque
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Sfamily W tangent to E. Then, any other locally invariant plaque family tangent
to E is thin trapped.

Proof Let W’ be another locally invariant plaque family. By Lemma 3.3, there
exists p > 0 such that, for each x € K, the embeddings W, and W, restricted
to some neighborhoods of 0 have the same image. Consequently W, o W Lis
a diffeomorphism from the ball B(0, p) to a neighborhood of 0 in E .. Using a
bump function, one can build a continuous family of diffeomorphisms ¥, of
each space E,, which coincide W' ;1 o W, on a small neighborhood of 0 and
with DoW'; ! o W, outside the ball B(0, p).

Let us fix a small neighborhood § of the section 0. Since )V is thin trapped,
there exists a family of diffeomorphism (¢y) such that

JOWx 0 @x(B(O, 1)) CWyx) 0 @) (B, 1)).

Moreover each ball ¢, (B(0, 1)) is contained in an arbitrarily small neighbor-
hood of the section O: in particular it is contained in the domain where
coincides with W, o W= and also in 1! (S). As a consequence the diffeo-
morphisms @) = ¥, o ¢y satisfy the Definition 2.7. O

A collection of plaque families (W, )ge tangent to the bundles (E)geys
over the sets (Kg)geys is continuous it Wy y)gett,xek . is a continuous family
of C'-embeddings. It is uniformly locally invariant if there exists p > 0 such
that for each ¢ € U and x € K, the image of the ball B(0, p) C E, . by
g o W  is contained in the plaque W g(x).

Lemma 3.5 (Continuations of plaque families) Let K be an invariant compact
set for a diffeomorphism [ having a dominated splitting E @ F. Then, there
exist some neighborhoods U of K and U C Diff' (M) of f and a continuous
collection of plaque families (Wg)gecy tangent to the bundles (Eg)qcys over
the maximal invariant sets (Kg) gy in U, which is uniformly locally invariant.

This is proved by a standard graph transform argument similar to HPS. We
only sketch the proof

Sketch of the proof Let exp be the exponential map from a neighborhood of
the section 0 in TM to M. Each diffeomorphism g close to f induces a
diffeomorphism g on 7'M, which coincides for each x € K with the map
exp;&) og o exp, on a small neighborhood of 0 € Ty M and with the linear
map T, g outside another small neighborhood of 0; moreover, g is arbitrarily
close to the linear bundle automorphism 7 g over the map g. The proof of the
plaque family theorem [26, theorem 5.5] associates to each x € K, the graph
[exin Ty M of a C! map Yo ¢ : Egx — Fg y tangentto Eg y at 0 € TxM
and satisfying

g(rg,x) = 1—‘g,g(x)- (3.1
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The graphs I'y , are uniformly Lipschitz and are characterized for some con-
stant C > 0 by

Tr=[)87" UG, y2) € Eggnixy X Fy gy, Clyill = 20l

n>0

One thus deduces that they depend continuously on (g, x) for the C*-metric.
On the other hand, each map g has a dominated splitting E® @ E“ inside the
spaces T, M and each graph I',  is tangent to the bundle E® . The bundle £
depends continuously on (g, x), hence the graphs I'g , depend continuously
on (g, x) also in the C U_metric.

The plaque W, . is defined as the image by the exponential exp, of a
uniform neighborhood of 0 € T’y ,. For instance, one may choose € > 0 small
and define for any z € Eg ,,

arctan ||z||
We x(2) = exp,(y, Yg.x(y)), wherey = S.W

By construction and the invariance (3.1), the plaque families (WV,) are uni-
formly locally invariant. O

The next lemma implies the second part of Lemma 2.8

Lemma 3.6 (Continuation of trapped plaque families) Let K be an invariant
compact set for a diffeomorphism [ having a dominated splitting E & F and
let us assume that E is thin trapped. Let (Wy) be a continuous and uniformly
locally invariant collection of plaque families tangent to the bundles (Eg) over
the maximal invariant sets in a neighborhood of K for g C'-close to f.

Then, for any r > 0, there exist some neighborhoods U of K and U C
Diff! (M) of f and a continuous collection of plaque families (Wq)geu tangent
to the bundles (Eg) over the maximal invariant sets (Kg)gey in U, which is
trapped by g and whose plaques have diameter smaller than r. Moreover we
have Wg(x) C We(x) for each g € U and x € K.

Proof Since E is thin trapped for f over H (p), there exist a continuous family
of embedding (q;;)) of (E,) satisfying for each x € K,

SOV 20 92(B(0, 1)) € Wy rx) © 9%, (B, 1)). (3.2)

Moreover each (pB(B(O, 1)) is contained in an arbitrarily small neighborhood
of the section 0.

One may find a continuous family of embeddings (¢, ) that is close to ((pg)
in the C'-topology and that extends to any point x in a neighborhood of K:
one fixes a finite collection of points x; in H(p) and using a partition of the
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unity one defines ¢, as a barycenter between go;{. associated to points x; that
are close to x. One deduces that there exist a neighborhood U of K in M, and
a continuous family of embeddings (¢, ) of (E,) over U, such that (3.2) still
holds for g, x € K and (¢,). One can thus define W , as the embedding

arctan || z||
—z]).
lzll

By construction the plaque family WV, is trapped by g and the collection (W),
is continuous. o

Wex @ 2> Wex 0@« (

Corollary 3.7 Let H(p) be a chain-hyperbolic homoclinic class with plaque
Sfamilies W and YW, which is also a chain-recurrence class and whose
bundles E* and E* are thin-trapped by f and =" respectively. Then, for
any r > 0, there exists ¢ > 0, some neighborhoods U of H(p) and U C
Diff' (M) of f and two continuous collections of plaque families W) geu
and (Wg”) geu tangent to Egs and Eg“ over the maximal invariant sets (K ¢) gcyy

in U such that:

— W) gers and OVG*) gy are trapped by g and g™

— they are g-coherent,
— the plaques have diameter smaller than r > 0,
— for each x € H(p) we have W C Wy* and WE*, C WiH.

respectively,

In particular for any diffeomorphism g that is C'-close to f, the homo-
clinic class H(pg) of g associated to the continuation p, of p is still chain-
hyperbolic.

Proof Let us fix two continuous and uniformly locally invariant collection of
plaque families (V;*) and (WV,") tangent to E° and E" respectively. By
Lemma 3.3, for p > 0 small enough W (B(0, p)) is contained in the image
of W¢ and W*(B(0, p)) is contained in the image of Weu respectively.
Applying the Lemma 3.6 to the bundles E° and E“*, we obtain the trapped
plaque families V") gers and (Wg") gers Whose plaques have arbitrarily small

diameters and are contained in the plaques of (Wgs ) and (Wg“ ). Note that since
H (p) is a chain-recurrence class, the homoclinic class H (pg) for g close to
f 1is still contained in the neighborhood U, hence in K. Since the plaques
Wgs (pg) and Wg” (pg) are small, they are contained in the stable and unstable
manifolds of p,, so that H(p,) is chain-hyperbolic for any g Cl-close to f.
Since the plaques of Wg* are contained in the plaques (JVg*) and since they
are small, for g close enough to f their tangent bundle is close to the fibers of
the bundle E s on K. In particular by Lemma 3.2 the family ;" is e-coherent
(for a uniform constant ). Note also that each plaque W 1s small, hence

contained in W;* (B(0, p)) C W}fs. O
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3.2 Periodic points with large stable manifold

Let H (p) be a chain-hyperbolic class. We give an immediate consequence of
the trapping property.

Lemma 3.8 Let O be a periodic orbit in H(p). If there exists a point qo € O
such that chg is contained in the stable manifold of qo, then this property holds
for any point g € O and more generally for any point z € W*(qo) N H(p).

Proof Any point g € O can be written as ¢ = f~"(qg) with n > 0. By the
trapping property, W* is contained in /™" (W, ), hence in f~"(W*(q0)) =
W?(q). In particular the diameter of the forward iterates of W, goes to zero.
Any point z € W¥(qo) has large forward iterates f"(z), n > ng which remain
close to O. By continuity of the plaque family, one deduces that the forward
iterates of WW¢* have a diameter which also goes to zero, hence converge to the
periodic orbit O. As a consequence W;* is contained in the stable manifold
of O. O

The homoclinic class H (p) contains a dense set of “good” periodic points,
in the sense which is defined in the next lemma (which contains Lemma 2.11):

Lemma 3.9 For any sufficiently small 5§ > 0, there exists a dense set Py C
H(p) of periodic points homoclinically related to the orbit of p with the
following property.

— The modulus of the Lyapunov exponents of any point q € Py are larger than
5.

— The plaques W;* and W;" for any point q € Py contained in the stable and
in the unstable manifolds of q respectively.

Proof Let us choose § > 0 such that the modulus of the Lyapunov exponents
of gy and g, are larger than 26. Let U and U,, be some small disjoint neighbor-
hoods of the orbits of g, and g, respectively: there exist some constant j > 1
such that for any segment of orbit {x, ..., f/"(x)} contained in H (p) N U or
in H(p) N U,, one has for any u € E, and v € F,,

n—1 n—1

J —26nj J 28nj
[] IDf fij el < €=V Jlull and [T1D vl = e vl
i=0 i=0

We fix ¢ > 0 small and consider the periodic orbits O that are homoclini-
cally related to the orbit of p with the following combinatorics: there are at least
% (1—¢).7 consecutive iterates in U and at least % (1—e¢).7 consecutive iterates
in Uy, where 7 is the period of O. In particular, the maximal Lyapunov expo-
nent of O along E° is smaller than —§ and the minimal Lyapunov exponent
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of O along E°* is larger than 8. Let us write the orbit O = {z, ..., f7"1(2)}
as the concatenation of a segment of orbit {z,..., f”~!(z)} in Uy, a seg-
ment of orbit { "1 (z), ..., 2"+~ 1(2)} in U,, and two other segments of
orbit { " (2), ..., f"T0=1 ()} and {f2" (), ..., fEH0+=1 (1)) such
that m > %(1 —¢&).1,and £1,4, < %r. Provided ¢ is small, at any iterate
2t = f*(z) with 0 < k < m/2, one has for any u € E pi(y and any n > 0,

n—1
[T|0F ] = e lull
i=0

One deduces that there exists p > 0 such that the ball centered at z; with
radius p in W7 is contracted by forward iterations so that it is contained in
the stable set of zj.

Since the stable set of g, contains chf, there exists N > 2 such

that N (chss ) has a radius smaller than p/2. If 7 is large enough, since
{z,..., f m=1(z)} is contained in the neighborhood U; of the hyperbolic orbit

of g, there exists an iterate 7 = f¥(z),0 < k < 5 — N arbitrarily close to gy.

By continuity of the plaque family YW, one deduces that f (W;)) has radius

smaller than p, hence is contained in the stable set of fV(z;). Consequently
the plaque WZ? is contained in the stable manifold of zx. By Lemma 3.8 for
any point ¢ in the orbit O, the plaque W;* is contained in the stable manifold
of g. Similarly the unstable manifold of ¢ contains the plaque WW;". In order
to prove the lemma, it remains to show that the union of the orbits O we con-
sidered is dense in H (p): Indeed any point x in H (p) can be approximated by
a hyperbolic periodic point ¢ whose orbit is homoclinically related to the orbit
of gy and g,. Then there exists a transitive hyperbolic set which contains the
points ¢, g5, qu, p- One deduces by shadowing that there exists a hyperbolic
periodic orbit O having a point close to x which is homoclinically related to
the orbit of p and has the required combinatorics. O

Lemma 3.10 All the hyperbolic periodic orbit in H (p) with the same stable
dimension as p are homoclinically related to p. In particular if E* and E*
are thin trapped by f and f~! respectively, then all the hyperbolic periodic
orbits contained in H (p) are homoclinically related together.

Proof Letus take a hyperbolic periodic point g in the class with the same index
as p. By Lemma 3.9, there exists a periodic orbit O homoclinically related
to p and having a point ¢’ arbitrarily close to g such that Wg/s c W(q")
and chi‘ C W*(q"). One deduces that the plaques W;,s intersects W*(g) and
W;f‘ intersects W*(¢q). As a consequence O and ¢ are homoclinically related.

Finally, observe that if E° and E* are thin trapped, then all the hyperbolic
periodic points in H (p) have the same stable index as p. |
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3.3 Local product stability

For any invariant compact set K, we define the chain-stable set of K as the
set of points x € M such that for any ¢ > 0, there exists a e-pseudo-orbit that
joints x to K. The chain-unstable set of K is the chain stable set of K for the

map f~L.

Lemma 3.11 For any point x € H(p), the plague W* (resp. W) belongs
to the chain-stable set (resp. the chain-unstable set) of H (p).

Proof By Lemma 3.9, the point x is the limit of periodic points p,, € Py such
that WIC,S is contained in the stable set of p, for each n > 0. By definition of
a plaque family, any point of Wy* is limit of a sequence of points x, € W7,
proving that x is contained in the chain-stable set of H(p). O

Lemma 3.12 For any points x, y € H(p), any transverse intersection point
between WS* and W;“ is contained in H(p).

Proof By Lemma 3.9, there exist two periodic points p, and p, close to
x and y respectively whose orbits are homoclinically related to p such that
Wi, C W(py) and W;’; C W¥(py). By continuity of the plaque families
W< and W, one deduces that W;* and W;i‘ intersect transversally at a point
7/ € H(p) close to z. Hence z belongs to H(p). O

3.4 Quasi-attractors

Lemma 3.13 Ifthe chain hyperbolic class H(p) is a quasi-attractor and if the
bundle E* is uniformly expanded, then for any diffeomorphism g C'-close to
f and any hyperbolic periodic point g homoclinically related to the orbit of
Dg» the unstable manifold W" (q) is contained in the homoclinic class H (pyg).

In particular if g is C'-generic, then H ( Pg) 18 a quasi-attractor.

Proof Since H(p) is a homoclinic class, there exists a dense set of points
x € H(p) that belong to the stable manifold of p. Moreover by the trapping
property, W contains " OV, P ) for any n > 0, hence is contained in the
stable manlfold of the orbit of p.

If H(p) is a quasi-attractor and E“ is uniformly expanded, it is the union of
the unstable manifolds W*(x) of the points x € H (p). If one fixes p > 0 then
any disk D of radius p contained in an unstable manifold W*(x) intersects
transversally the stable manifold of p. Hence, by compactness there exists
N > 1 uniform such that f¥ (D) intersects transversally the local stable
manifold W (O) of the orbit O of p. This property is open: since H(p) is a
chain-recurrence class, for any g close to f, the class H(p,) is contained in
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a small neighborhood of H (p), hence for any disk D of radius p contained
in W"(x) for some x € H(p), the iterate f N (D) intersects transversally
WIS(JC(Og)'

Moreover since H(p) is a quasi-attractor, there exists an arbitrarily small
open neighborhood U of H(p) such that f(U) C U. Hence for g close to f
one still has g(U) C U and the unstable manifold W"(O,) is contained in
U. Since U is a small neighborhood of the set H(p), the partially hyperbolic
structure extends to the closure of W*(O,); in particular the dynamics of g
uniformly expands along the manifold W*(O,).

One deduces that for any g close to f, for any point x € W¥(Oy), for any
neighborhood V of x inside W*(O,), there exists an iterate g" (V) withn > 1
which contains a disk of radius p, so that g"*V(V) W"(Oy) intersects
transversally W/ (O,). One deduces that H(pg) meets g"tN(V), hence V.
Since V' can be chosen arbitrarily small and H (pg) is closed, the point x
belongs to H (pg). We have proved that W*(0,) C H(py).

Let g be any hyperbolic periodic point homoclinically related to pg. The
unstable manifolds of the orbit of p and ¢ have the same closure. In particular
Wi (q) C H(p). o

3.5 Stable boundary points

We now discuss the case the center stable bundle has a dominated decompo-
sition E° = E*¥ @ E€ with dim(E€) = 1 and E** is uniformly contracted.

Half center stable plaques Any point x € H(p) has a uniform strong sta-
ble manifold which is one-codimensional inside W;*. A neighborhood of x

intersects Wi*\ W (x) into two connected components. The choice of an ori-

entation on the vector space E allows to denote them by We*™ and W™,
One can then consider if x is accumulated inside W¢*\ W (x) by points of
H(p) in one or in both components. Note that this does not depend on the
choice of the plaque family W, Note also that the same case will occur all
along the orbit of x.

Whereas the bundle £¢ may not be orientable, it is locally trivial and locally
orientable. In fact, since E€ has dimension 1, one can compare the strong stable
and the unstable plaques W’ (y) and W}/ (z) of points y, z close to x and say
that the first is above or below the second. Hence there exists an orientation on
the spaces E5 for y € H(p)N W close to x that matches with the orientation
of EY. The points of H(p) N W;* close to x projects on W{* through the
holonomy along the center unstable plaques, but there is no reason that the
projection of the points in H (p) NW;* ™ are contained inside Wy . However

the following can be proved.
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Lemma 3.14 Consider any periodic point g homoclinically related to p and
any point x that is close to q and belongs to the chain-hyperbolic class H(p)
such that W' (q) intersects W;* (x) at a point z. If q is accumulated by

loc loc

H(p)n Wg‘H_ then z is accumulated by H (p) "W, More precisely, there
exists y € H(p) N chs”L arbitrarily close to q such that W (y) intersects
H(p) N W close to z.

Proof Let us consider a point yg € chs’+ close to g; it belongs to W¥(g). Let
D be aneighborhood of z in W< and D+ aneighborhood of z in W™ ™. By the
A-lemma, the sequence f~"(D),n > 0 converges toward W*(g). Observe that
the strong stable manifolds of x and z coincide. By continuity of the strong sta-
ble lamination, the sequence f~"(W;> (x)) converges toward W**(q). Hence
Wy, intersects f (DY) close to g for n large enough. The intersection is
transverse, hence belongs to H(p) by Lemma 3.12. One thus deduces that
D™ intersects H(p). By taking D™ arbitrarily small, one has proved that z is
accumulated by H (p) N W™ Also the local unstable manifold W) (y) of

the point y = f”(yy) intersects D™, giving the conclusion. |

Lemma 3.15 Let us assume that the chain-hyperbolic class H(p) does not
contains periodic points q, q' homoclinically related to the orbit of p such that
W (@)\{q} and W"(q') intersect. Then any point x € H(p) is accumulated
by H(p) in W\ W5 (x).

Proof Let us assume by contradiction that there exists a point x € H(p)
which is not accumulated by points in WV;* N H(p))\W;,.(x). Letq € H(p)
be a periodic point close to x and homoclinically related to the orbit of p. Its
unstable manifold intersects transversally YW* atapointz € H (p). Since z can
be chosen arbitrarily close to x, it belongs to W (x) and it is not accumulated
by points in W{* N H(p))\W;.(x). By Lemma 3.14, W} (¢)\W**(q) is
disjoint from H (p). In particular the point ¢ is not accumulated by points in
W N H (p)\Wj,.(¢). One can thus repeat for g the argument we have made

for x and find a periodic point ¢’ # ¢ homoclinically related to the orbit of p
such that W*(q") intersects W**(g). This contradicts our assumption. O

We now introduce the definition of the stable boundary points, generaliz-
ing the notion of stable boundary points for uniformly hyperbolic set whose
stable bundle is one-dimensional (see [appendix 2]PT). This notion plays an
important role and it is extensively studied in Sect. 5.

Definition 3.16 A point x in the chain-hyperbolic class H(p) is a stable
boundary point if inside one of the half plaques W<~ or W™ the point x
is not accumulated by points of H (p)

Observe that if x is a stable boundary point, then any iterate of x is also. Note
that if £“® is one-dimensional, a stable boundary point x € H(p) is a point
which is not accumulated by points of H (p) in both components of Wi\ {x}.
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Naturally in the same way, if the center unstable subbundle splits E* =
E5 ® E"", where ES is one-dimensional and E** is uniformly expanded, it
can be defined the notion of unstable boundary point.

The next lemma about stable boundary points is a version of a classical one
for hyperbolic systems. A more general proposition about stable boundary
points is provided in Sect. 5.

Lemma 3.17 Let f be a diffeomorphism and H(p) be a chain-recurrence
class which is a chain-hyperbolic homoclinic class endowed with a domi-
nated splitting E* @ E“" = E© & (E5 ® E"") such that E®, ES are one-
dimensional, E, E" are thin trapped (for f and f~" respectively) and E**
is uniformly expanded. Then any stable boundary point of H (p) belong to the
unstable set of a periodic point.

Proof We use a standard argument from [33]. Let x be a stable boundary point
of H(p). Let us introduce three backward iterates x; = f “K(x), x2 = f —L(x)
and x3 = f7"(x) with 0 < k < [ < m, that are arbitrarily close to each
other. If the center unstable plaques of two of those three points (for instance
X1, x2) intersect, from the coherence (Lemma 3.2) it follows that f~! Wy

is contained in W;;”_ ) Since W¢ is trapped by !, one deduces that the

center unstable plaque W is mapped into itself by f k=l Since E°* splits as
ES® E"" and dim(ES) = 1, one deduces that the backward orbit of x| belongs
to the unstable set of a periodic point of W (this point is not necessarily
hyperbolic).

If the center unstable plaques of the three points do not intersect, we can
assume that the center stable plaque of namely x; intersects the center unsta-
ble plaques of the other two points in different connected components of
Wi\ {x2}. By Lemma 3.12 those points of intersection belong to H (p) and
using that E* is thin trapped, the forward orbits of those points remain arbi-
trarily close to x (provided that the points x1, x7, x3 were sufficiently close)

and contained in different components of W7\ {x2}; a contradiction. O

The following proposition is not needed in the context of the present paper,
however we provide it since it helps to understand the notion of boundary point
(the proof uses [19, proposition 3.2]).

Proposition 3.18 Let f be a diffeomorphism and H (p) be a homoclinic class
endowed with a partially hyperbolic structure E*° @& E¢ @& E" such that
dim(E€) = 1 and such that E* = E** @ E€ is thin trapped. Then,

— either any stable boundary point x € H (p) belongs to the unstable manifold
of a periodic point,

— or there exists a diffeomorphism g that is C'-close to f and a periodic orbit
contained in a small neighborhood of H (p) which has a strong homoclinic
intersection.
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One will use instead a similar result for quasi-attractors, see Sect. 5.2 below.

Sketch of the proof Let x be a stable boundary point. Let us take the sequence
{x, = f"(x)}n>0. Since E* is thin trapped, one may take a small plaque
family W which is trapped and such that for each n > 0, one connected
component Uy, of WP\ W (x,) is disjoint from H (p). In particular:

loc

(*) For any two close iterates x,, X, the unstable manifold Wl’f) - (xn) does
not meet Uy,.

We consider two cases: either the orientation of the center manifolds of all
close backward iterates is preserved or not. Equivalently, the tangent map D f
preserves or not a continuous orientation of the bundle E€ over a(x), the a-
limit set of x. One can assume that «(x) is not reduced to a periodic orbit
since otherwise, x belongs to the unstable manifold of a periodic orbit and the
statement follows.

— The orientation preserved case. From property (*), any two close iterates
Xn, Xm are in twisted position (see [19, section 3]), implying that «(x) is
twisted. If & (x) contains a periodic orbit O, it contains points in W*(0)\ O
and in W*(0)\ O; as a consequence, one can apply the Hayashi connecting
lemma and get a strong homoclinic intersection for O by an arbitrarily small
C!-perturbation. Otherwise o (x) contains a non-periodic minimal set and
from [19, proposition 3.2], there exists a diffeomorphism g that is C'-close
to f and a periodic orbit contained in a small neighborhood of H (p) which
has a strong homoclinic intersection.

— The orientation reversed case. Let us consider a sequence of arbitrarily
close points x,,, x,,, such that Df™*~" reverse the local orientation on
E€ at x,,. One may assume that they converge toward a point y € a(x).
Property (*) now implies that H(p) N W;S is contained in W*S(y). This
contradicts Lemma 3.15 above. O

3.6 Non-uniformly hyperbolic bundles

When the bundle £ is not uniformly contracted, the class may contain weak
periodic orbits.

Lemma 3.19 Let us assume that the chain-hyperbolic class H (p) is a chain-
recurrence class and that there exists a dominated splitting E* = E*° @ E¢
where E€ is one-dimensional and not uniformly contracted, E°° is thin-trapped
and E®* is uniformly contracted. Then, there exists some hyperbolic periodic
orbits in H (p) whose Lyapunov exponent along E€ is arbitrarily close to zero.

Remark 3.20 If one assumes that all the periodic orbits in H (p) are hyperbolic,
then one can ensure that the obtained periodic orbits are homoclinically related
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to p. Indeed, since E’ is thin-trapped, all the periodic orbits in H (p) have the
same stable dimension and by Lemma 3.10 are homoclinically related to p.

Proof Following a classical argument in the works of Maiié¢ and Liao, one
can consider an invariant compact set K C H (p) such that the restriction of
E° to K is not uniformly contracted and K is minimal for the inclusion and
these properties. Since the bundle E ch is one-dimensional, thin trapped and
not uniformly contracted, K coincides with the support of an ergodic measure
w whose Lyapunov exponent along E€ is zero. The exponent of any other
measure supported on K is non-positive.

In the case there exists ergodic measures p supported on K whose Lyapunov
exponent along E° is negative and arbitrarily close to zero, the domination
ES @ E“ implies that these measures are hyperbolic and the C'-version
of Anosov closing lemma (see [19, proposition 1.4]) ensures that the chain-
recurrence class H(p) contains hyperbolic periodic orbits whose Lyapunov
exponent along E€ is arbitrarily close to zero.

In the case there exist ergodic measures with negative exponent, but not
close to zero, one applies the following lemma which follows from Liao’s
selecting lemma as explained at the end of the proof of [19, theorem 1].

Lemma 3.21 Let [ be a diffeomorphism, K be an invariant compact set
endowed with a dominated splitting Tk M = E @& E€ @ F with dim(E€) = 1
and § > 0 such that:

— on any invariant compact subset K' C K, the bundle E€ is uniformly
contracted,

— there exits an ergodic measure supported on K with negative Lyapunov
exponent along E€,

— the exponent along E€ of each ergodic measure supported on K does not
belong to (-4, 0).

Then, there exists a sequence of periodic orbits, homoclinically related
together, which converge to K for the Hausdorff topology and whose Lya-
punov exponent along E€ goes to zero.

In the remaining case, all the measures supported on K have a Lyapunov
exponent along E€ that is equal to zero. In particular, E* is uniformly
expanded on K. We have also assumed that £ is thin trapped. As a con-
sequence, one can choose over the maximal invariant set in a neighborhood
of K some plaques D and D with arbitrarily small diameter and that are
trapped by f and f~! respectively.
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For any ¢ > 0 there exists a periodic e-pseudo-orbit xq, X1, ..., X, = Xo
contained in K such that the quantity

n—1

1
— > log [IDfige(x0) |
n k=0

is arbitrarily close to zero. By the weak shadowing Lemma [19, lemma 2.9],
there exists a periodic orbit Og contained in an arbitrarily small neighborhood
of K and whose Lyapunov exponent along E° is close to zero. We still have
to prove that Qg is contained in H (p).

The unstable manifold of a point x € K close to Oy intersects a center stable
plaque of Oyg. Since these plaques are trapped and E¢ is one-dimensional, this
implies that the center stable plaques of Oy contains a periodic orbit O’ whose
stable manifold intersects W*(x). On the other hand W (') intersects a center
unstable plaque of a point of H(p). As a conclusion O’ is contained in the
chain-recurrence class of p. Since the plaques D“* have a small diameter, the
Lyapunov exponent of O’ along E€ is close to the Lyapunov exponent of O,
hence is close to zero.

The conclusion of the lemma has been obtained in all the cases. O

4 Continuation of chain-hyperbolic homoclinic classes

Let H(p) be a chain-hyperbolic homoclinic class of a diffeomorphism f
which is a chain-recurrence class endowed with a partially hyperbolic structure
E** @ E°€ @ E" such that dim(E€) = 1 and the bundle E¢° = ES @ E€ is thin
trapped. By Corollary 3.7, the homoclinic class H (py) is still chain-hyperbolic
for the diffeomorphisms g close to f. We explain here, how in certain sense,
the points in H(p) can be continued in H (p,). If f is far from strong homo-
clinic intersections, Proposition 4.8 shows that the points of H(pg) are in
correspondence with the continuation of the points of H(p) up to some iden-
tifications and blow-ups in the center direction (that can be compared with the
blow-up of an Anosov diffeomorphism during the construction of a “derived
from Anosov” map).

4.1 Preliminary constructions

Local center orientation The bundle £¢ on H(p) is one-dimensional and
locally trivial. Moreover it depends continuously on the dynamics f. One
deduces that for any g, g’ close to f, the orientations of E . and Eg/’ . for
two points x € H(p,) and x' € H( Pg’) can be compared provided x and x
are close (say at distance less than ¢). To make this precise, one can cover a
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neighborhood of H (p) by a finite number of open sets U; endowed with non-
singular one-forms «; such that «; never vanishes on the bundle E€. Two close
points x, x” belong to a same open set U;. Two orientations on E; . and Eg/’x/
(seen as non-trivial one-forms modulo multiplication by a positive constant)
match if they both coincide with the class of «; or the class of —a;. If x, x’
are close enough, this does not depend on the open set U; containing {x, x'}.
If one considers another collection of pairs (Ul./ , oa; ), the orientations on E §, N
and E C,’x/ still match if the distance between x and x’ is small and g is close
enough to f.

Plaque families In the following one fixes § > 0 small which is a lower bound
for the modulus of the Lyapunov exponents of p, for g close to f. Since E*
is thin trapped, one can choose some continuous collection of plaque families
(Wg,'s ) for the diffeomorphisms g close to f as given by Corollary 3.7: they

are trapped by f~!, coherent, and the plaques have small diameters. Also, by
Lemmas 2.12 and 3.8, for g that is C'-close to f and for any periodic point
g € H(pg) whose Lyapunov exponents along E° are smaller than —§/2, the
plaque Wg?, is contained in the stable set of g.

One will consider local manifolds ngl oc(X) and Wg’ 10c(X) for x € H(py)
with a small diameter so that W;y 1oc(X) intersects a plaque W', in at most
one point and the intersection is always transverse.

Shadowing One chooses ¢ > 0 so that for any g, g’ close to f and any
x € H(pg), y € H(py) satisfying d(x, y) < ¢ the local manifold Wg’loc(x)
intersects W€’ . One can then reduce ¢ and find ¢’ € (0, ¢/3) so that the
following lemma holds.

Lemma 4.1 There exists ¢ > 3¢’ > 0 small such that any diffeomorphisms
g, g close to f satisfy:

— ifx, y € H(pg) aretwo points such that the forward orbit of x is e-shadowed
by the forward orbit of y, then y € Wg',;

— if x,y € H(py) are two points ¢'-close such that y belongs to We'y, then
the forward orbit of x is §-shadowed by the forward orbit of y;

— for any periodic orbit O C H(pg) of g with center Lyapunov exponent
smaller that —§, any periodic O’ orbit of g’ that e-shadows O satisfies the
following:

i- O’ &'-shadows O,

ii- O"is homoclinically related to p, and has a center Lyapunov exponent
smaller than —3§/2.

Moreover, any point x € H(pg) whose backward orbit e-shadows O

belongs to the unstable manifold of O.

Proof We prove the first item. Let us consider the intersection point z between

We', and W;f Joc(¥)- By uniform local invariance of W;*, one checks induc-
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tively that the point g"(z) is the intersection point between ng‘g n(yy and
Wg’loc(g” (y)) forn > 0. If z # y, since z and y belong to the same unsta-
ble leaf, the distance d(g"(z), g"(y)) increases exponentially and becomes
much larger than &, contradicting that the distance between g" (x) and g"(y)
is bounded by ¢. One deduces that y = z, hence y belongs to W,*,..

Now we choose ¢’ < ¢ and prove the second item. Since E“ and E" are
thin trapped by f and f~', Corollary 3.7 associates some continuous trapped
and coherent plaque families W;* and W," over H (py) for g close to f with
diameter smaller than & /3. From the coherence and Lemma 3.3 if ¢’ is small
enough, then for any x, y € H(pg) such that y € W', and d(x, y) < ¢', the
point y belongs to Wgs By the trapping property, g (y) belongs to W
for any n > 0, hence d(g"(x), g"(y)) < €/3 as required.

We then prove the properties of the third item. We first note that if g, g’
are close to f and ¢ is small enough, then any periodic orbit O’ of g’ that
¢-shadows a periodic orbit O of H (p,) still has a partial hyperbolic structure
and has Lyapunov exponents close to those of O. This proves that the center
Lyapunov exponent of O’ is smaller than —§/2.

One deduces from Lemma 2.12 that for some point ¢’ € O’ the stable
manifold of ¢ has uniform size inside Wc 7 . From Lemma 3.9, there exists a
dense set of periodic points x € H (pgr) Whose stable manifold has a umform
size. If ¢ is small enough and g, g’ close enough to f, one thus deduces that g’
is close to a point of H (pg’). From the uniformity of the invariant manifolds,
we deduce that the stable and unstable manifolds of ¢’ intersect the stable and
unstable manifolds of a hyperbolic periodic orbit homoclinically related to
pg - In particular, O’ is homoclinically related to p,.

Let us consider again, as given by Corollary 3.7, some continuous plaque
families W;* and W;" over H (py,) for h close to f with diameter much smaller
than ¢’. From Lemma 3.3 there exists p > 0 such that for any g close to f
and any x € H(pyg), the ball B(x, p) in Wg,fx is contained in ngx. From the
trapping property, the following holds for g, g’ close to f: if x € H 1(pg) and
y € H(pgy) suchthatd(x, y) < e satisfy that W o loc (y) intersects Wg‘x, then
the same holds for g(x) and g’(y). Using the estlmate (2.1) in the Proof of
Lemma 2.12, there exists a uniform integer N > 1 and an iterate g € O such
that gV (W” ) has radius smaller than p, hence is contained in W“ Vo) Let

us choose ¢ € O’ such that d(g'"(q"), g"(q)) < & foreachn € Z Prov1ded
that g, &' have been chosen close enough to f, the intersection z,, between

o loc(g’”(q )) and W“g ") for 0 < n < N are close to the N first iterates
of zo under g, hence zy is contained in W”
deduces that W;‘ 108" (g")) intersects WC
n € Z. With the same argument, W

88" (x)

M) By our construction, one

2.2 (q) for any n > N, hence any

cu
2" (q") intersects W (g’ foranyn € Z.
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Since the diameter of the plaques We and W* is much smaller than &', one
deduces that g" (¢) and g'" (¢’) are at distance smaller than &’. We have proved
that O is &’-shadowed by O’.

Let us now consider a point x € H (pg) whose backward orbits e-shadows
the backward orbit of a point ¢ € O. Let us introduce for each n > 0 the
’ By construction

intersection point z, between W; 10c(&7""(x)) and W;“g_,, @
one has g(z,+1) = z, and in particular zg is contained in the intersection of the

g”(W;'s o q)). By assumption W;Sg_n @ is contained in the stable manifold
of g7"(g). This proves that z coincides with g. As a consequence zg belongs
to Wé‘,"loc(q). O

4.2 Continuation of uniform periodic points

Recall thatif p is a hyperbolic periodic point of a diffeomorphism f, then it has
a hyperbolic continuation on any small simply connected open neighborhood
Uy of f. More precisely, there exists a continuous map g — p, from U,
to M such that pg is a hyperbolic periodic point of g for each g € U. The
continuation when it exists is necessarily unique. A priori the neighborhood
U depends on the periodic point, but in our setting the periodic points with
uniform Lyapunov exponents have a hyperbolic continuation on a uniform
neighborhood of f.

Lemma 4.2 There exists an open neighborhood U C Diff' (M) of f such
that:

— The hyperbolic continuation of p exists for any g € U and the class H(pg)
is chain-hyperbolic.

— For any g € U and any periodic orbit O C H(pg) of g whose center
Lyapunov exponent is smaller than —3§, the hyperbolic continuation Og of
O exists for any g' € U and is homoclinically related to py. Moreover its
center Lyapunov exponent is still smaller than —3/2, and O is 5-shadowed
by O.

Proof Let U be a small open ball centered at f. By Corollary 3.7, it satisfies
the first property.

Let us consider a path (y;);e[0,1] in U between g and g’ and the maximal
interval / containing 0 where the hyperbolic continuation O; of O is defined
and ¢/2-shadows O. If I = [0, #p) with o < 1, one can consider a periodic
orbit Oy, for g; that is the limit of a sequence of orbit O; for t < 1y9. By
construction Oy, ¢-shadows O, hence Oy, has a center Lyapunov exponent
smaller than —§/2 and also &’-shadows O by Lemma 4.1. Since ¢’ < &/3,
we have contradicted the definition of fy. Hence, the orbit O has a hyperbolic
continuation O, for g’. Since U is an open ball, this continuation is unique.
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We have shown that O is ¢’-shadowed by Oy, hence by Lemma 4.1, Oy is
homoclinically related to p,, has a center Lyapunov exponent smaller than
—§/2. Since &’ < ¢/3, all the properties stated in the second item are satisfied.

O

This justifies the following notation.

Notation 4.3 We denote by P the set of hyperbolic periodic points g € H(p)
homoclinically related to the orbit of p whose continuation g, exists for any
diffeomorphism g € U and such that for some g € U the center Lyapunov
exponent of g, is smaller than —34.

Since for any g € U the center Lyapunov exponents of p, is smaller than
—4&, there exists a dense set of periodic points in H (pg) whose center Lyapunov
exponent is smaller than —§. By Lemmas 4.2 and 3.9, one deduces that the
continuations g, of points in g € P are dense in H (py).

Note also that by Lemma 4.2 the center Lyapunov exponent of ¢, forg € P
is smaller than —&/2; hence the plaque ngqg is contained in W, (g,).

4.3 Pointwise continuation of H (p)

Definition 4.4 Forany g, g’ € U, onesays thattwo points x € H(p,)andx’ €
H(pg) have the same continuation if there exists a sequence of hyperbolic
periodic points (p,) in P such that (p, ¢) and (p, ¢ ) converge toward x and
x’ respectively.

This implies that gk (x) and g/k (x’) have the same continuation for each
k € Z.

By compactness and density of the points g, with ¢ € P, one sees that,
for any g, g’ € U, any point x € H(pg) has the same continuation as some
x" € H(pg).In general x” is not unique. The following implies that if x|, x5 €
H (p,) have the same continuation as x, then x5 belongs to W;,S’xi.
Lemma 4.5 For any g, g’ € U, let us consider x € H(pg) and x" € H(pgy)
such that x and x' have the same continuation. Then, the orbits of x by g is
5-shadowed by the orbit of x' by g'.

As a consequence, if x1,x2 € H(p,) are €'-close and satisfy x> € ngfm,

then for any x|, x5 € H(pg) such that x;, x. have the same continuation for

i = 1,2, one still has x5, € W< ,.
8 .X)

Proof Let us consider a sequence (p,) € P whose continuations (py ),

(Pn,g') for g and g’ converges toward x and x’ respectively. From Lemma 4.2,
the orbit of (p,,¢) by g is %—shadowed by the orbit of (p, /) by g'. Taking the
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limit, one deduces that the orbit of x by g is 5-shadowed by the orbit of x” by

/

g
If x1, x2 € H(p,) are ¢’-close and satisfy x; € We'y,» by Lemma 4.1 the
forward orbit of x; is §-shadowed by the forward orbit of x;. By the first part
of the lemma, one deduces that for any x{, xj € H(p,) such that x;, x| for
i = 1,2 have the same continuation, then the forward orbit of x| by g’ is
e-shadowed by the forward orbit of x} by g’. By Lemma 4.1, this implies that

x5 € W;,sxi. O

One then shows that if x is a hyperbolic periodic point in P, then x” coincides
with its hyperbolic continuation (hence is unique). This is also true for the
unstable manifold of points in P.

Lemma 4.6 For any g € U, let g be the hyperbolic continuation of some
point q € P and let us consider some point x € W"(q,) N H(pg). Then,
for any g' € U, there exists a unique point x' € H(pg) which has the same
continuation as x; moreover x' belongs to W"(q4) and varies continuously
with g'. In particular the hyperbolic continuation qg of qg is the unique point
in H(pg') such that qg and q have the same continuation (in the sense of the
Definition 4.4).

Proof Let us consider any x” € H(p,/) which has the same continuation as x.
From Lemma 4.2, the orbit of g by g’ is 5-shadowed by the orbit of g, by g
and from Lemma 4.5, the orbit of x by g is §-shadowed by the orbit of x" by
g’. There exists N > 1 such that the backward orbit of g~ (x) is %-shadowed
by the backward orbit of g~ (g,). Hence the backward orbit of g’ Ny is
e-shadowed by the backward orbit of g’ _N(qg/). By Lemma 4.1, x belongs to
the unstable manifold of g—V (g¢). It remains to prove that x” is the only point
in H(pg') which has the same continuation as x € H(py).

Let x{, x5 € H(py) be two points that have the same continuation as
x € H(pg). By Lemma 4.5 their orbits under g’ both 5-shadow the orbit of x
under g. By Lemma 4.1, g/"(xé) belongs to W;f’g,n o) for each n € Z. When
n goes to —oo, the points g"" (x5) and g’ (x}) are contained in a small local
unstable manifold of the orbit of g,. Since the plaques W/; . and YW intersect
in at most one point, this implies that x| = xJ.

Let us denote by x, the point which has the same continuation as x. In order
to prove the continuity of the map g’  x,/, one considers any limit point x’
of points x,» when g’ goes to g. As before, the orbit of x by g is e-shadowed
by the orbit of x’, so that g" (x”) belongs to the unstable manifold of the orbit

of ¢ and to Wg“gn ) for each n € Z. This implies x = x'. ]

Remark 4.7 1. Lemma 4.6 implies that Definition 4.4 does not depend on the
choice of §,U.
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Indeed, if one considers § € (0, 8) and U C U another neighborhood of f,
then one gets two sets of periodic points P C P. Let us consider g, g’ € U
and two points x € H(pg),x" € H( Pg') which have the same continuation
on U with respect to ﬁ; we claim that they also have the same continuation
with respect to P. Indeed one considers a sequence (p,,) in P such that
(Dn,g) converges toward x. Then, for each n there exists p, € P such that
Pn,g is close to p, ,. By Lemma 4.6, p, . is close to p, 4, hence one
can obtain a sequence (p,) in P such that (p, ) converges toward x and
(Pn,g’) converges toward x’, as wanted.

2. For any x € H(py) and any neighborhood Uy of x, there exists a neigh-

borhood Uy of f such that for any g € Uy, any x" € H(pg) which has the
same continuation as x belongs to Uy.
Indeed when one reduces the constantse and ¢’, the Lemmas 4.1 and 4.5
still hold on a smaller neighborhood of f but by the remark (1), the notion
of continuation remains unchanged. Thus for g close to f, any point x” €
H(pg) which has the same continuation as x € H(p) is ¢/3-close to x
with an arbitrarily small constant ¢.

4.4 Continuations far from strong homoclinic intersections

For g € U we define F?Gg/) to be the set of pairs X = (x, o) where x € H(pg)
and o is an orientation of E; «» such that x is accumulated in H (pg) N ngf
where Wg‘fjf is the component of Wg', \ W} (x) determined by the orientation
o as introduced in Sect. 3.5. By Lemma 3.15 and if H(pg) does not contain
two periodic points g, g’ homoclinically related to the orbit of p such that

W*(g)\{q} and W¥(q’) intersect, above each point of H(p) there exists one
or two points in H (pg), depending if x is a stable boundary point. Observe

that the set H (pg) could be empty but even in this case the definition makes
sense.
One can view H (p,) as a subset of the unitary bundle associated to Eg over

H(pg). The dynamics of g can thus be lifted to PT(\p;) and defines a map g.

One also defines the projection 77, : 17(\1;;) — H(pg)suchthatm,(x,0) = x.
Proposition 4.8 Let H(p) be a homoclinic class of a diffeomorphism f €
Dift” (M) such that

— it is not a periodic orbit,

— is a chain-recurrence class endowed with a partially hyperbolic structure
ESS® E€® E" such that dim(E€) = 1 and E“* = E** @ E€ is thin trapped.
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In a C'-small neighborhood U of f in Diff'(M) we consider a C”-open
connected set V C U such that there is no diffeomorphism g € V whose
homoclinic class H(pg) has a strong homoclinic intersection.

Then, for each g, g’ € V, the following holds:

(a) (Lifting). The map my : H(pgs) — H(pg) is surjective and semi-
conjugates g to g.

(b) (Continuation of the lifting). For any X, = (xg,0) € H(py), there is

a unique Xy = (xg,0") € H(py) such that xg = mwg(Xg) and xy =
7' (Xgr) have the same continuation and such that the orientations o on

Eg’xg and o' on E;’,xg/ match; this defines a bijection ®g4 o : H(pg) —>

H(pg). We denote g := Dy,
(¢) (Continuation of the projection). For any x; € H(pg) and xy €

H(pg') having the same continuation, there exists X € H(p) such that
T (Dg (X)) = xg and g (P (X)) = xg.

Remark 4.9 One may consider on H(p,) the topology induced by Ef. This
set is in general not compact since a sequence of points x, € H(p,) that are
accumulated in H(pg) N ngx:r may converge toward a point x € H(pg)
which is not accumulated in ng;f. One can show however that the map
(g, X) > ®g4(x) is semi-continuous.

The next lemma is used in the proof of the Proposition 4.8 and of
Lemma 4.11.
Lemma 4.10 Ler us consider q1,q» € P and g, g € V such that
d(q1,g.92,4) < €/3. IfW;?loc(ng) intersects ngg,;g, then Wg/,loc(qhg/) does

not intersect W;f’q_

Z,g/.

Proof By Lemma 4.2 and our choice of ¢, one has d(q1 4, g2.n) < ¢ for any
h € U, hence W,i" (q1.n) intersects Wflfqz.h. Now, W,ffl oc(@2.1) has codi-
mension one in and varies continuously with 4. Let us assume that

u
Wg,loc

loc
cs

h,q2.n

. +
(q1,¢) intersects W', and that Wy, ;.

8
connectedness of V, one deduces that for some 4y € )V the local manifolds
W}tto,lac (q1,ny) and ng,loc (92,19)\{q1,n,} intersect. By using Lemma 2.24 one
gets a diffeomorphism 42 € )V having a strong homoclinic intersection in

H (pn), giving a contradiction. O

. Ccs,—
(q1,,) intersects Wg/, P By

Lemma 4.11 Under the setting of Proposition 4.8, if (g,) converges in V
toward g and (x,) toward X in H(p), then any limit x of (®g, (X)) satisfies
g (%) € Wit \Weis! where xg = 4(X).
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Proof Let us assume by contradiction that x belongs to ngx: There exists
a sequence (p,) in P that converges toward x ; = 7 ¢(x) such that W[‘O (Pn)
intersects WCS + and ( Pn.,g,) converges towards x. By Proposition 4.8, the
sequence (pp, g) converges toward x,. Hence, one can consider n large such
that p, , is close to x,. By continuity of the map & — p, ;, the point p, j is
still close to xj, for a diffeomorphisms & nearby. For m large enough, p,
is close to xg and py g, is close to x. One deduces that Wy, g (Pn.g,) meets

Wg;; P - O the other hand, since Wy, .(py) meets Wcs **, the local manifold

1 oc(Pn.g) meets W? p: The Lemma 4.10 above contradlcts our assumption
that f is far from homoclinic intersections. O

Proof of proposition 4.8 We introduce the open set ¢/ and the collection of
periodic points P as in the previous sections.

The item (a) of the proposition is a direct consequence of Lemmas 3.15
and 2.24. The item (b) is first proved in the case x, is the hyperbolic contin-
uation g, of a periodic point ¢ € P. In this case there is only one possible
continuation x,/. We are thus reduced to prove.

Claim 1 Consider any periodic point g € P and an orientation o on Ej. If g,
is accumulated by H (pg) N W?qj for some g €V, then the same holds for
any g.

Proof Letus consider g € V such that g, is accumulated by H (pg) "Ws* . Tn

particular, there exists a sequence (p;) in P such that (p, ¢) converges toward

qggand Wy ;,.(png) intersects We'de -7 By Lemma4.6, the sequence (p,, o) con-
Verges toward go/. Moreover W o loc( Pn,g') does notintersect Wg/ 1oc(dg’) since
this would contradict our assumptlons by Lemma 2.24. Also by Lemma 4.10,

wH o loc (Pn,g’) does not intersects W .- One thus deduces that W”/ Joc (Pn,g")
intersects W;f q+/. The intersection pomt belongs to H(p,) by Lemma 3.12,
v

hence g, is accumulated by H (pg) N W;’ q+, i

We now prove the item b) in the general case.
Claim 2 Let us consider x; € H(pg) and xg € H(pg) and a sequence (py)
in P such that (py,g) converges toward Xg and (py ¢') converges toward xgr.
If the local unstable manifolds W l oc(Pn.g) intersect ng,}:, then there exists
another sequence (py) in P havmg the same properties as (p,) and which
satisfies furthermore that the local unstable manifolds W, ,_ (P ¢') intersect

cs,+
Wt

g\ loc

Proof We first remark that each point (p, ), with n large enough is accumu-
lated by H(pg) N Wgspjé Indeed, W, ,.(p1,¢) intersects Wg pn. fOr 1 large
at some point y, which belongs to H ( pg) by Lemma 3.12. By Lemma 2.12,
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Wg . 18 contained in the stable manifold of py ,, hence the forward orbit of
Yn accumulates the orbit of p,, ¢, proving the announced property. From claim

1, the points p,, o are also accumulated by H (pgr) N W"f o+

Now we note that W”/ Joc

(Pn,g') does not intersect W Indeed if this
g
occurs, one would deduce that for m >> n the manifold Wg, 1oc(Pn.g’) Inter-

sects W e and that Wy, (pn,g) intersects ng},:, .- By Lemma 4.10 this
: +
would contradict our assumptions. If W; 1oc(Pn.g) intersects W;/S,x , for a

subsequence (p,) of (py), the claim holds. We thus reduced to consider the
case W;/ 1oc(Pn.g’) intersect WA? lo - (xg). We denote by z, the intersection.

Since p, ¢ is accumulated by H (pg) N W;”; Lemma 3.14 implies that
1,8’

there exists p,, € P such that

— Pn,g is close to p, ¢ (hence (py) has the same properties as (py)),
u —~ . cs,+
_ Wg/’ 1oc(Pn.g') intersects W ok as announced.

The last claim implies the existence statement of the item b): if x, belongs

—~—

to H(pg), one may approximate the points of H(pg) N ng)}: by periodic
points that are the continuations for g of points in 7. Hence, there exists a
sequence (pp) in P such that W* g.loc (Pn,g) intersects ngx: for each n. Taking
a subsequence, one may also assume that the points p, ¢ converge toward a
point xor € H(pg). One defines Xor = (xg/, o) such that o is the orientation
which matches with the orientation of X,. By the previous claim, one can
replace the sequence (p,) by another one (p,,) such that (p, o) still converges
toward xg and furthermore Wy, (Pn,g') intersects ng”;;/ for each n. The

intersection point belongs to H (pgr) by Lemma 3.12, hence X,/ belongs to

H(pyg), as required.

Claim 3 For any g1, g2 € V, let us consider x; € H(pg ) and x, € H(pg,)
having the same continuation. Then, there exist two matching orientations on

Eg,l e Eg2 x, and a sequence (py) in P such that (py,g;) converges toward x;
and the local unstable manifolds W l oc(Pn.g;) intersects ng ;lr fori =1, 2.

Proof By assumption, there exists a sequence (pn) in P such that (Pz(a) )

converges toward x; fori = 1, 2. We first replace ( pn) by a sequence ( pn) SO

that W;l 1oc( pn ) does not intersect W;l‘ 10c(X1): if there exists a subsequence

of ( pn) which has this property, we get the subsequences ( pn) otherwise, one

can assume that W 21, loc(p,1 gr) intersects P loc(xl) for each n > 0. From

Lemma 3.14, there exists y € W”po arbitrarily close to pn’ g, such that its
n,gq

unstable manifold intersects W{7 \WS (x1). One can approximate y by a

g1,loc
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point p,ll’ g With p,i € P. Doing this for each n, one gets a required sequence
( p,i) such that ( p,ll’ ¢) still converges toward x1. By Lemma 4.6, one can ensure
that the sequence (p,l, .gy) converges toward x». By choosing the orientations

on E{ _, one can now assume that () g) intersects ng; By the

8irXi? gl loc
Claim 2, one can modify again the sequence ( p,l,) and replace it by a sequence
(pn) having the required properties. O

One can now conclude the uniqueness part of the item b). Let us assume

by contradiction that X, € H(p,) has two distinct continuations i;,, )?;, in

H(p,) as stated in item b). By Lemma 4.5, one may assume that x;, belongs

to ch;z . Claim 3 provides us with two sequence ( P;)’ i =1,2. On the one
g/

hand W' ;,.( Pl o) intersects Wgsf, hence forn > landm > n, Wy, .( pl ")
intersects WCSJ{ On the other hand x! o € we 9 2 , hence W”, loc(pn’g/)
intersects ch’_z.g . By Lemma 4.10, this contradicts our assumptions.

The item c) ismg ,direct consequence from the Claim 3. O

Corollary 4.12 Let us assume that f, H(p) and V satisfy the assumptions

of Proposition 4.8. Then there exists ¢ > 0 such that for any ' € V and

for any points x,y € H(py) that are &'-close and satisfy y € W}f 1) C
ch,’ 1oc(X), the following property holds.

For any g € V and any points x4, y;, € H(pg) that have the same contin-
uations as x, y we still have yg € Wg‘fxg. Moreover the open region in Wgsxg
bounded by ;slm (xg) UW, loc (vg) does not meet H(pyg).

If x, y are accumulated by H (p ) in the same component of Wi\ W} (x),
then there exist two maps g v Xg, yg defined on'V such that Xgs Vg have the
same continuations as x, y and such that moreover y, € W (xg) for each
geV.

Joc

Proof The constant &’ is chosen as in the previous paragraphs. Let us consider
two points x, y that are &’-close and satisfy y € }Cgf’ . forsome f" € V. Then,
the same holds for any g € V and any continuations x,, y, by Lemma 4.5. Let
us assume by contradiction that there exists some point z € H(p,) in the open

region bounded by W, ,.(xg) UW,", . (v,). For instance z € Weli, "Wy Yy:

Claim For f’ the point z does not belong to Wg}f)}:, nor to ng;;.

Proof Indeed, there exists two periodic points p*, p* € P such that p,, pg are
arbitrarily close to x, and z, respectively and p’},, p?, are arbitrarily close to
by fr and z s respectively. One deduces that W” loc(Pg) intersects Were x, While

cs+

f/ 1oc(P f/) intersects W, contradicting Lemma 4.10. O
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As a consequence, since the strong stable manifolds of x and y coincide for
f', the point z s belongs to W” e (X77). Let us consider some periodic point

p* € P such that pg is close to zg, Xg, yg: for instance W“ loc (pg) intersects
Wg YZ: hence W* Let p* € P be a periodic point in P such that pg is close to

¢ forinstance W', .(p) intersects W, - Note that W 1oe( p;,) intersects
W;S, jf/. Let p* € 73 be a periodic point in P such that pg and p7, are close to

xg and x g7. One deduces that W', (p) intersects We'i, while Wi, oc(pju)

intersects W o+ contradicting Lemma 4.10. We have proved that the open

region of W” bounded by Wg”loc(xg) U wss

2 1oc(Vg) does not meet H (py).

Let us assume now that x, y are accumulated by H(p ;) in Wi" . They

—_—~—

are associated to two points X, y in H(p ). By Proposition 4.8, these points
have unique continuations X, y, for each g € V. After projection in M, we
obtain two maps g > xg, yg Where xg, y, have the same continuations as x, y
and moreover x, is accumulated by H(p,) in ngsx: and y, is accumulated
by H(pg) in W§5’+ for each g € V. Let us assume by contradiction that
Vg € ngxg for some g. One considers p* € P such that p?, 7 is close to x,

the continuation pg is close to x,, and W¥ f (p f’) intersects W” +, One

Jdoc

then introduces p> € P such that p;, is close to y, the contmuatlon pg is

close to yg, and W, | ( p?/) intersects ch ” . Then Wy';,,.( py) intersects

Jloc

Wg‘q};, contradicting Lemma 4.10. One deduces that for each g € V, y, does
g

not intersect Wgs,}; and symmetrically x, does not intersect ng;:, implying
that y, € W Tloc (xg), as required. ]
Corollary 4.13 Let us assume that f, H(p) and V satisfy Proposition 4.8.
For any f' € V and any hyperbolic periodic point q s whose hyperbolic
continuation qg is defined and homoclinically related to the orbit of p, for
each g € V, let us consider some x € H(py) in W"(q ).

Then, for g € V, there exists a unique xg € H(pg) which has the same
continuation as x. The map g v x4 is continuous and xg belongs to W"(q).
For x = qy we have xg = q,.

Proof We first consider the case x = g . It is enough to prove that for any
g € Vand any g’ in a small neighborhood of g, the point g, is the unique point
in H(pg) which has the same continuation as g,. Let (p,) be a sequence in P

such that p, , accumulates on g,. One can assume that W loc(Pn,g) Intersects

Wgséj By Lemma 4.11, for any g’ € V), the limit g of (Pn,g’) 1s a point in

[ CcS,—
Wg q/\Wg g
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If 7 is the period of ¢, the points g’ —Tk (g¢) have also the same continuation
as ¢g, hence belong to Wg,s o In particular, there exists e > 0 such that for
*1g

any g’ close to g, any point X € Wg‘f 4., \{dg'} whose backward orbit by g’
g
is contained in W7 has a backward iterate ¢ E) e W;,s’;/ at distance
*1g g

larger than e > O from W}

P (q¢)- Let us fix a periodic point r; (among the

Dn,g) close enough to g, so that ng 1oc(Pn.g) Intersects ngé: at a point at a

distance smaller than e/2 from ngl ot (@g). We consider the diffeomorphisms

g’ close enough to g so that this property is still valid.
If one assumes by contradiction that for g close to g the limit g, is dif-

ferent from g, then (up to replace it by a backward iterate g’ —Tk (g¢) and to

replace the sequence ( p,,) by the periodic points ( f ~7*(p,)) the unstable man-

ifold W;, . g(rg) intersects WCS’+(qg) and the unstable manifold W,/ g (rg)

intersects W 7 (g,). If one consider a periodic point p, ¢ close enough
to g, whose continuation p, ¢ is close enough to g/, one contradicts the
Lemma 4.10. Hence go' = g,

Let us now consider the case x € W"(g ). One can assume that x belongs
to the local manifold W]’ﬁ/’loc(qf/) and is £ /3-close to g s. By Lemma 4.5 one
deduces that any point x, that has the same continuation as x for some g € Vis

still e-close to g¢. The manifold Wg," 1oc (Xg) intersects ngqg atapoint X # g,.

The backward orbit of X by g~ is still e-close to qg and contained in ng .
Let (p,) be a sequence in P such that

— (pn, f7) converges to x and (f " (pn, s7)) converges to q 77,
— (pn,g) converges to xg and d (g~ " (pn,¢), & ©" (X)) converges to 0.

One deduces that any limit point of g7*"(x) in Wg,s (g¢) is a continuation of
q s, hence is equal to g, by the first part of the proof. We have proved that x,
belongs to W} .(q,) for any g € V.

The uniqueness of x, and its continuity with respect to g are consequences
of the uniform expansion in the unstable direction as explained at the end of
the proof of Lemma 4.6. O

5 Boundary points of quasi-attractors

We discuss the properties of chain-hyperbolic homoclinic classes as in the pre-
vious section that are furthermore quasi-attractors. In particular, we conclude
the proof of Proposition 2.34. The following slightly more general setting will
be considered.

— Let V C M be an invariant open set which is a trapping region f(V) C V.
— Assume that the maximal invariant set in V is endowed with a partially
hyperbolic splitting E** & E€ @ E*" such that dim(E€) = 1.
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— Let H(p) C V be a chain-hyperbolic homoclinic class with the splitting
E® @ E“ = (E* @ E€) & E" and containing the unstable manifold of
p. (We will also write E* = E**))

In particular, H(p) is saturated by the unstable leaves, tangent to E*, and
V is foliated by a forward invariant foliation which extends the strong stable
lamination tangent to E*,

5.1 Comparison of unstable leaves through the strong stable holonomy

Let us assume that H (p) satisfies the following property.

Strong intersection property: there exist x,y € H(p) with y €
W)\ {x}.

As explained in Sect. 2.5, this property prevents the class to be contained
in a lower dimensional submanifold tangent to E€ @ E“.

For any point x € H(p), we fix arbitrarily some plaque D containing x
transverse to W5 (x) and define for any z close to W (x) the projection
I1**(z) € D through the strong stable holonomy. When z belongs to H(p),
the map IT** is a homeomorphism from a neighborhood of z in W{* to a
neighborhood of I1°*(z) in D. Hence, the projection IT**(W}! (z)) is a one-
codimensional topological submanifold of D. In particular, in a neighborhood
of IT**(z), the set D\IT**(W}! (z)) has locally two connected components.

Definition 5.1 Let us fix &9 > 0 smaller than the radius of the plaque D. The
following situations can occur.

— The transverse case There exists x,y € H(p) with y € W (x)\{x}
such that IT** (W} .(y)) intersects both components of IT** (B(x, g9))\IT**
(W . (x)).

— The jointly integrable case There exists x,y € H(p) with y €

Wir (x)\{x} such that IT**(W} (x)) and IT**(W} (y)) coincide in IT**
(B(x, €0)).

— The strictly non-transverse case For any x,y € H(p) with y €
Wi (x)\{x}, the projection TT** (W} .(y)) intersects one of the components

of IT*(B(x, €0))\IT** (W7 .(x)) and is disjoint from the other.

Since the holonomies are homeomorphisms, note that these definitions do
not depend on the choice of the plaque D. Clearly one of these three cases
happen. The transverse and the jointly integrable cases may occur at the same
time. The strictly non-transverse case is quite different since it concerns each
pairs of points x, y € H(p) such that y € W;> (x)\{x}.

Lemma 5.2 Letus assume that H (p) does not satisfy the transverse case. Then
there exists ¢ € (0, &g9) such that for any two points x,y € H(p) with y €
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WS o}, if TIPS (W) () intersects TI°° (B(x, &)\IT** (W} .(x)), then x
and y are not accumulated by H (p) in the same component of W\ W (x)

(and in particular, they are stable boundary points).

Proof The constant &g is chosen much smaller than the size of the plaques,
so projecting on the plaque at x or at y does not change anything
in the definitions. The constant ¢ is related to the (uniform) continu-
ity of the projections IT** and also related to the constant gy: for any
x,y, the projection of B(y,e) is contained in B(x,&p). In particular,
if TI**(W} .(y)) intersects IT* (B(x, &))\IT**(W} .(x)), then TT* (W’ (x))
intersects IT** (B(y, o) \IT** (W} .()).

We denote by Uj , U, the local connected components of IT*(B(x, €))\
I (W .(x)) such that TT°*(W} (y)) meets U and is disjoint from
Uf. We also denote by Uy+ , Uy the local connected components of
I (B(y, eo)\IT** (W} .(y)) such that IT**(W}} (x)) meets U}‘f and is dis-
Joint from U". In particular, U Pl Uy+ .

Let us assume by contradiction that y is accumulated by H (p) from the
side of W{*\W;> (x) which projects in U . Let us consider a point z € H(p)
close to y and which projects inside U'. Its local unstable manifold is close to
the unstable manifold of y, hence IT** (W} .(z)) meets U~ also. This implies
that the transverse case occurs for some points x” € W*(x) and y’ € W¥(z).
This is a contradiction.

Similarly if x is accumulated by H (p) from the side of Wi*\W}> (x) which
projects in Uy, we find a contradiction. One deduces that x and y can not be
accumulated by H (p) on the same side of W*\ W} (x). O

5.2 Structure of the stable boundary points

For quasi-attractors not in the transverse case, we prove that the stable boundary
points (see Sect. 3.5) belong to the unstable manifold of a periodic orbit.

Proposition 5.3 Let H(p) be a homoclinic class such that

— H(p) is a quasi-attractor endowed with a partially hyperbolic structure
ESS @ E€ @ E" such that E€ is one-dimensional and E“* = E*S @ E€ is
thin trapped,

— for any periodic points q, q' € H(p) homoclinically related to the orbit of
p, the manifolds W**(q)\{q} and W"(q") are disjoint,

— the transverse case does not hold.

Then any stable boundary point of H (p) belongs to the unstable manifold of
a periodic point.
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Proof Letx be astable boundary point of H (p). Letus assume by contradiction
that the point x does not belong to the unstable manifold of a periodic point.
In particular, the unstable manifolds W*( f"(x)) for n € Z are all distinct.
Let us consider a point ¢ in the a-limit set of x. Let D be a plaque transverse
to W) .(¢). The holonomy IT** is well defined in a neighborhood of ¢. Since
E“* is thin trapped, the plaques of the family W can be chosen small and
one may thus assume that one of the components of Wi\ W5 (x) is disjoint
from H (p). Let us introduce two backward iterates x; = f~"(x) and xp =
f7™(x), of x close to ¢. By the trapping property, one of the components of
W/ﬁf\Wf;c (x;) is also disjoint from H(p) fori = 1 andi = 2. Since x; and x;
are close, it makes sense to compare the orientations of E{ and E5. Choosing
different iterates x| and x; if necessary, one may assume that the tangent map

Df"™™ : EY — E} preserves the orientation.
Claim Exchanging x| and x; if necessary, W) .(x2) meets W[ (x1).

Proof Observe that the plaque W, meets W/ (x1) at a point x; € H(p).
One chooses a small path 7 — x1(¢) inside W,/ (x1) between x; = x1(0) and
xi = x1(1). Since H(p) is a quasi-attractor this path is contained in H (p).
Each plaque W;f (1) meets Wi .(x2) at a point x(¢), defining a path # > x2 (1)
inside W} .(x2) N H(p).

For any 1 € [0, 1], the plaques W'

(same) C! curve y (t) which is topologically transverse to IT** (W} .(x1)) and
1% (W? .(x2)). The set D\IT**(W}! (x1)) has locally two connected com-
ponents U, U~. Hence, y (¢)\IT**(x(#)) has two connected components
yT() c U and y—(t) C U™ foreach t.

Let us consider the components J/ljE := y*(0). By Lemma 3.15 and since
X1 is a stable boundary point, IT**(H (p) N W)ff) meets one of them, y, , and
is disjoint from the other one, y1+ . Similarly, we define y, ", y;’ the connected
components of y (1)\TT**(x2), such that IT* (H (p) N W,}) meets the first and
is disjoint from the second. One deduces that y2+ is contained in Ut orin U~
Recall that y1+ C U™. Since Df™"™ preserves the local orientation of E€, the
orientations on V1+ and y2+ match and y2+ is contained in U .

As a consequence IT°* (W)} (x2)) is disjoint from y1+ := y*(0) and from
Y, = y (1). Since we are not in the transverse case, one deduces that
I (W} (x2)) contains IT** (x1) or IT**(x}). Exchanging x| and x; if neces-
sary, one has W** (x}) = W**(x2). O

(and W7 ;) projects by IT** on a

Letus denote xi the intersection point between W;> (x2) and W (x1). Since
x2 is a boundary point, one connected component of WS\ W) (x2) is disjoint
from H (p). By Lemma 3.15 the other component contains sequences of points
of H(p) that accumulate on x, and xi. One deduces from the Lemma 5.2 that

the projection IT** (W} .(x1)) N B(x, &/2) coincides with TT**(W} (x2)) N

@ Springer



450 S. Crovisier, E. R. Pujals

B(x,¢&/2). Since f"~™ sends W;/ (x1) inside a small neighborhood of x,
in Wi (x2), there exists a periodic point ¢ € H(p) such that W} .(x1) and
W, .(x2) project on W*(gq) by the strong stable holonomy. Note that when
X1, X2 are arbitrarily close to ¢, the point g is also close.

If ¢ and ¢ are distinct, one may consider backward iterates x{, x, closer
to ¢. One builds another periodic point ¢ € H(p). All the local unstable
manifolds of x1, x2, x{, x5, ¢, ¢’ have the same projection through the strong
stable holonomy. By Lemma 3.10, g and ¢’ are homoclinically related to the
orbit of p. This proves that W;'* (¢) and W} (q’) intersect, contradicting our
assumption.

If ¢ and ¢ coincide, one can consider higher backward iterates f~"(x)
in a neighborhood of ¢. They all have distinct local unstable plaques whose
projection by the strong stable holonomy coincide. One deduces that one can
find a sequence of such backward iterates which accumulates on a point ¢’ €
WS (¢) different from ¢. Repeating the construction near ¢’, one builds a
periodic point ¢" € H(p) distinct from ¢ and as before W;’* (¢) and W} .(¢")
intersect, giving again a contradiction. This ends the proof of the proposition.

O

5.3 The transverse case

When H (p) is a quasi-attractor, the Lemma 3.13 ensures that for diffeomor-
phisms g close to f the unstable manifold W*(p,) is still contained in H (p,).
The following lemma implies that in the transversal case the item 4 of Propo-
sition 2.34 holds.

Lemma 5.4 Let us assume that H(p) is a quasi-attractor and consider f’,
Cl-close to f, such that the transverse case holds for a pair of points x #
y in H(pyr). Then, for any two different hyperbolic periodic points px, py
homoclinically related to the orbit of p s and close to x and y respectively,
and for any diffeomorphism g that is C'-close to f' there exist x' € W* (Px,g)
and y’ € W"(py.¢) in H(py) satisfying W**(x") = W (y").

Proof Let x,y € H(py) with y € W/» (x)\{x} such that the intersection
between IT** (W7 .(x)) and IT** (W, (y)) is topologically transverse. Consider
two periodic points py, py homoclinically related to p s and close to x and
y respectively, so that the local unstable manifolds of p, and p, are close to
the local unstable manifold of x and y. This implies that IT** (W .(px)) and
IT°* (W} .(py)) intersect topologically transversally. By continuity of the local
unstable manifolds and the local strong stable holonomy this property still
holds for any g close to f’: there are points x € W} (px.¢), ¥ € W/ (Py.¢)
such that W**(x") = W*¥(y’). By Lemma 3.13, the local unstable manifolds
of px g, Py,q remain in H(p,) and therefore the points x’, y" are in H(p,).
O
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5.4 The jointly integrable case

The next lemma states that in the jointly integrable case either a heterodimen-
sional cycle is created by a C"-perturbation or for any point in the class there
is a well defined continuation.

Lemma 5.5 Let us consider r > 1 such that f € Dift” (M). Let us assume
that H (p) is a quasi-attractor whose periodic orbits are hyperbolic, that E®
is thin trapped and that the jointly integrable case holds. Then, one of the
following cases occurs.

— There exists g that is C"-close to f such that H(pg) exhibits a strong
homoclinic intersection.

— There exists a hyperbolic periodic point q homoclinically related to the
orbit of p, two maps g +— Xxg, y, defined on a neighborhood V of f in
Dift” (M) and continuous at f such that for any diffeomorphism g € V the
points xg, yg belong to H(pg) N W*(q,) and are continuations of xr, y .
Moreover yq belongs to W) (xg).

Proof Note that by our assumptions the results of Sects. 3 and 4 apply. In
particular for g C!-close to f the class H( Pg) 1s still chain-hyperbolic and
contains W*(p). Let us assume that the first item of the proposition does not
hold: on a C"-neighborhood V of f, there is no diffeomorphism whose homo-
clinic class H (p,) has a strong homoclinic intersection, therefore, Proposition
4.8 can be applied on V.

Recall that all the periodic orbits are hyperbolic. Since E** @ E€ is thin
trapped, they have the same index and by Lemma 3.10, they are all homoclin-
ically related. There is no periodic points ¢, ¢’ € H(p) such that W*S(¢)\{q}
and W"(q’) intersect: otherwise, one gets a strong homoclinic intersection by
using Lemma 2.24. In particular, the Proposition 5.3 can be applied.

Asin Definition 5.1, let x, y € H(p) be two close points with disjoint local
unstable manifolds such that forany z € W;; .(x) N B(x, &9) we have W}> (z)N
Wil .(y) # . Observe that there exists a periodic point g € H(p) close to x
whose local stable manifold intersects both the local unstable manifold of x
and y. One can change x, y by the intersection points between W, .(¢) and
the plaques W;! (x), W/ (y). So without lost of generality, we can assume
that x, y belong to W (¢).

The points x and y do not belong both to the unstable manifold of some peri-
odic points p,, py: otherwise, we would get a strong connection by applying
Lemma 2.24. We can thus now assume that x does not belong to the unsta-
ble manifold of a periodic point. In particular, by Proposition 5.3 it is not a
stable boundary point and it is accumulated by points in H (p) from both con-
nected components of W*\ W}» (x). The Corollary 4.12 (in the orientation

loc
preserving case) implies that there exist two maps g — xg, y, on )V satisfying

@ Springer



452 S. Crovisier, E. R. Pujals

(x7,yf) = (x,y) and for any g close to f, the points x,, y, belong to H (pg)
and have the same strong stable manifold. The continuity of xg, y, at f is
given by Remark 4.7(2). O

5.5 The strictly non-transverse case

In the strictly non-transverse case, roughly speaking is proved that either by
perturbation is created a strong homoclinic connection, or for a diffeomor-
phisms nearby the strong stable leaves contains at most one point in the class
or there are two periodic points such that for any diffeomorphisms nearby their
unstable manifolds intersects some strong stable leaves (see Lemma 5.8).

Lemma 5.6 Let us assume that H (p) satisfies the strictly non-transverse case.
Then, any close points x # y in H(p) satisfying y € W;> (x) are stable
boundary points. Moreover they are not accumulated by H(p) in the same

component of W\ W (x).

Proof Since H (p) satisfies the strictly non-transverse case and x, y are close,
there exists y’ € W} (y) andx” € W/ (x)suchthaty’ € W}* (x) and for any
e > 0, the manifolds IT**(W}! (y")) intersects IT** (B(x’, &))\IT** (W} .(x")).
By Lemma 5.2, they are not accumulated by H (p) in the same component and

in particular both are stable boundary points. O

For the points (x, y) as in the previous lemma the following property obvi-
ously holds (the open region considered below is then empty):

(**) WC contains y. The open region in WS* bounded by Wlsosc (x)u Wlsosc )
does not meet H(p).

Note that this property already appeared in Corollary 4.12. The next lemma
states that the set of such pairs (x, y) is quite small.

Lemma 5.7 Let H(p) be a quasi-attractor such that ES is thin trapped, the
strictly non-transversal case holds and for any periodic points q, q' € H(p)
the manifolds W**(q)\{q} and W"(q’) are disjoint. Let us fix § > 0. Then,
there exist N > 1 and finitely many periodic points py, ..., ps such that any
points x # y in H(p) satisfying (**) and d(x, y) > & belong to the union of
the fN(W! (pi), i €{l,....s}).

Proof Wefix$ > 0small. We first note that by Lemma 5.6 and Proposition 5.3,
any x, y as in the statement of the lemma are stable boundary points and there
exists some periodic points p,, py € H(p) such that x belongs to W*(p,)
and y to W*(py).

Let P be the set of pairs (x, y) € H(p)2 satisfying (**) and d(x, y) > 6. It
is a closed set: for any limit (x, y) of pairs (x,, y,) in P we still have y € W¢S
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(by continuity of the plaque family); if one assumes that the open region in
We* bounded by W;» (x) U W, (y) intersects the class, then the same will
hold for a pair (x,, y,) by local product stability (Lemma 3.7). (Note that we
included in P the pairs (x, y) such that x € W} (y).)

We have to prove that if two pairs (x, y) and (x/, y’) in P are close, then
x' e W (x) and y' € W/ (y). This is done by contradiction: we consider
a sequence (x,, Yn)n>0 in P that converges toward (x, y) and assume that all
the leaves W}/ (x,) are distinct. One may assume that x is accumulated by
H(p) inside W™,

First we claim that W/ (x,) does not cut W;> (x). Otherwise, we denote
by z, the intersection point. The plaque WC* coincides with WW;* in a neigh-
borhood of z, by Lemma 3.2, hence z,, is not accumulated by H(p) N W;>'~
for n large. One deduces that z,, and x belongs to the same local strong sta-
ble leaf and are accumulated by points of H(p) N WES" and H (p) n W™
respectively, contradicting the definition of the strictly non-transverse case.

Let IT** be the projection along the strong stable holonomy on a disk D trans-
verseto W5 (x). The projections IT** (W7 (x,)), TI** (W} .(x)), TT** (W} (),
I (W, C(yn)) are one codimensional mamfolds of D: by our assumptions,
the one-dimensional curve y = IT**(WW¢*) meets them in this order. Since
we are in the strictly non-transverse case, the order is the same on any other
curve y' = TI** V(7)) where x" € W .(x) is close to x. In particular, when x’
is the intersection point between W, .(x) and W,?, one finds a contradiction
since Wl” (x) and W,/ .(y) cannot intersect the open region of W;* bounded

Wi (x)UW, loc (y) and by the same argument as above, W} .(x) "W} (x,)
and Wi .(y) N W} (y,) are empty. This concludes the proof of the lemma. O

Lemma 5.8 Let us assume that H(p) is a quasi-attractor whose periodic
orbits are hyperbolic, that E is thin trapped and that the strictly non-
transverse integrable case holds. Then for any r > 1 such that f € Dift" (M),
one of the following cases occurs.

— There exists g, C"-close to f such that H(p,) exhibits a strong homoclinic
intersection.

— There exists a non-empty open set V C Diff" (M) such that f belongs to'V
and for any g € V and any x # y in H(pg) one has W**(x) # W* (y).

— There exist two hyperbolic periodic points py, py homoclinically related
to the orbit of p and an open set V C Diftt" (M) whose closure contains
[, such that for any g € V the class H(pg) contains two different points
x € W(pyg) andy € W"(py o) satisfying W* (x) = W*(y).

Proof As in the proof of Lemma 5.5, for g thatis C'-close to f the class H ( Pg)
is still chain-hyperbolic and contains W*(p). Moreover, one can assume that
for any periodic points g, ¢" € H(p) the manifolds W**(¢)\{g} and W"(q")
do not intersect. One may also assume there is no g in a C"-neighborhood V)
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of f such that H(p,) has a strong homoclinic intersection. Hence f, H(p), Vo
satisfy the assumption of the Proposition 4.8. The Corollary 4.12 gives a con-
stant &’ > 0 and one fixes § < 0 much smaller. One can consider the periodic
points pyp, ..., ps and the integer N > 1 provided by the Lemma 5.7. We
denote by t; the period of p;. These points are hyperbolic, homoclinically
related to p by Lemma 3.10 and have a continuation for any g that is C!-close
to f.

In a small neighborhood of f in Diff” (M), consider for each pair (p;, p;) the
(closed) subset D; ; of diffeomorphisms g such that the class H (p,) contains

some distinct points x € fN T (W (pi o)) andy € fNTU (W) (pj,)) with

y € W} (x). The third case of the lemma with the interior V' of D;_ ; (if this is
not empty).

If the sets D; ; have empty interior, there exists an open set V in Diff" (M)
whose closure contains f such that for any g € V, any p;, p; and any distinct
points x € fNTH(W/ (pig)) and y € fNTU(W! (pjg)) one has y ¢
W (x). To conclude, we have to prove that for g € V close to f and any
distinct points x, y € H(pg) one has W**(x) # W?*(y), giving the second
case of the lemma. This is done by contradiction: one considers g € V close
to f,apair (x, y) such that y € W*(x) and up to consider a backward iterate,
one can require that the points x, y satisfy ¢'/2 > d(x,y) > 25. Having
chosen g close enough to f, one deduces (Lemma 4.5) that any continuations
xy,yy for f still satisfy &’ > d(x s, yr) > 8.

If x, y are accumulated in the same component of Wi\ W}> (x), then by
Proposition 4.8 and Corollary 4.12, there exists two maps i +— xj, y,,forh €
Vo, such that x5, yj, are two distinct points in H (pj,) with the same local strong
stable manifold and accumulated in the same component of W\ W, (xp).
Choosing i = f, this contradicts Lemma 5.6.

If x, y are accumulated in different components of W{*\ W;> (x), then by
Corollary 4.12 the continuations xz, ys for f satisfy (**). Since their dis-
tance is bounded from below by 6, Lemma 5.7 implies that x ¢, ys belong
to fV (W, .(pi)) and f N (W;..(pj)) respectively. By Corollary 4.13, one
deduces that for the diffeomorphism g close, the points x, y belong to
gV (W (pig)) and gV T (W} (pj¢)) respectively. This contradicts our
assumption on g. O

5.6 Proof of Proposition 2.34

Let us consider a diffeomorphism f € Diff' T (M), @ > 0, and a homoclinic
class H(p) as in the statement of Theorem 12 and assume that the two first
cases of the proposition do not occur. By Proposition 2.17 and Theorem 6,

one can assume that the strong intersection property stated at the beginning
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of Sect. 5 holds. If the jointly integrable case holds, the Lemma 5.5 gives the
third case of the proposition. If the transverse or the strictly non-transverse
case holds, the Lemmas 5.4 and 5.8 give the fourth case of the proposition.

6 Periodic stable leaves: proof of Theorem 13

In this section we prove Theorem 13 and Proposition 2.28. Let us consider:

1. A diffeomorphism fy and a homoclinic class H(pf,) which is a chain-
recurrence class endowed with a partially hyperbolic splitting E°° @ E€ &
E" where E€ is one-dimensional and E** @ E° is thin-trapped.

2. Somewa € [0, 1),aC 4o -diffeomorphism f thatis C I_close to Jfo, an open
neighborhood V C Diff!*%(M) of f and some collections of hyperbolic
periodic points g 7, { Pﬁ, f}neN and { pz’ f}neN for f such that the following
properties hold.

— For g € V, the continuations gg, p;, ,, 24 ¢ €xist and are homoclinically
related to pyg.

— For each g € V, the sequences (p; ,) and (p,);’g) converge towards
two distinct points xg, y, in H(pg) N W} (g¢) such that y, belongs to
Wipe (Xg)-

— The maps g — x4, y, are continuous at f.

We will show that if « > 0 is small, then there exists a diffeomorphism
g € V whose homoclinic class H (p,) has a strong homoclinic intersection.

Proposition 6.1 For any diffeomorphism fy and any homoclinic class H(p f,)
satisfying the assumption (1) above, there exists ag € (0,1) and a C I
neighborhood U of fy with the following property.

For any o € [0, a0l, any diffeomorphism f € U, any neighborhood
VY c Diff!"**(M) of f, any hyperbolic periodic point gy and any maps
g > Xg, Vg satisfying (2), there exists a transverse intersection z € W*(q ) N
Wit (a)\qr} and an arc of diffeomorphisms (g;)re[-1,1) in V such that

— for eacht € [—1, 1], considering the (unique) continuation z; of z for g,
the cenAter stalA)le plaque Dgts intersects Wi (xg,) and W[ (vg,) at some
points X; and y;;

— considering an orientation of the center bundle in a neighborhood of q, one
has

A CcS,— A cs,+
y_1 € D)G_l and yj € D)El .
Let us conclude the proof of Theorem 13. By construction and Lemma 3.12,

foreachr € [—1, 1] the points z;, x;, y; belong to the homoclinic class H (pyg, ).
Moreover one can find for each n € N two hyperbolic periodic points p;; g and
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P, ¢ Whose continuations exists for every g € V), are homoclinically related
to pg and are arbitrarily close to the intersections X,, y, between W (zg)
and W;/ (xg) or W (y¢) respectively. By Corollary 4.13, one can assume
that the hyperbolic points py g and ﬁ,{ ¢ are the hyperbolic continuations of

points of P. For n large, Wl P pn) intersects Wﬁ for g_; and WA ¥ for g1-

One can thus apply Lemma 4.10 and obtain a dlffeomorphlsm g E VY which
has a strong homoclinic intersection. Note that the neighborhood V of f can
be taken arbitrarily small. As a consequence the perturbation g is arbitrarily
C'**_close to f. Hence the proposition implies Theorem 13.

6.1 An elementary C'**-perturbation lemma

The perturbations in Sects. 6 and 7 will be realized through the following
lemma.

Lemma 6.2 Let us consider a C' map v : RY — RY, and two numbers
D>2D > 0. Then, there exists a C lJr"‘-map v : RY — R which coincides
with vy on the ball B(0, D) and with O outside the ball B(O0, 5) and whose
C'"_norm is arbitrarily small if the following quantity is small:

Duvy(x) — Dv )
wp | Dvo(x) ol + DU qup vl

x#y in B(0,D) lx = ylI* B(0,D)

Proof One chooses a smooth bump map p : RY — [0, 1] which coincides
with O outside B(0, %5) and with 1 inside B(0, D). The map v is then defined
by v = p.vg.

When « > 0, we define Lip, (k) the o-Holder pseudo-norm of a map #,
that is

[h(x) —hWI

Lip, (h) =
“ X#£y x — ylI“

We then denote by A, A’ the C° norm of vg, Dvp and by Ag, A, the o-Holder
pseudo-norms of vy, Dvg on B(0, D) There exists a universal constant C > 0
such that for any o € (0, 1] one has

Lip,(p) < C.D™%,
Lip, (Dp) < C.D~1F%).

From inequalities above, it is easy to check that when the C'+* pseudo-norm
of v is small, the C!T¥-size of v is controlled by AD~(+®):
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— The C° norm of v is smaller than A. R
— The C%norm of Dv is bounded by A Lip,(p) + A’ < CAD™! + A’.
— When o > 0, the a-Holder pseudo-norm of Dv is bounded by

AaLip;(p) + ALip,(Dp) + Ay + sup | Duvoll Lip,(p).  (6.1)
B(0,3D)

Observe that A" and the three first terms in (6.1) are small when A/, and
AD~ U+ are small. Indeed the usual convexity estimate gives

1/(14a) 1/ (I+a)
A< CA*A Y4, < cal/ (e g )

For any x € B(0, %ﬁ) one has

IDU)I = C. [supy s LotHOz0W

fluell

Sy s D00 ~ Do)l ]
< 3C. (AD + A/ D"‘)

The last term in (6.1) is thus smaller than AD~(Fe) 4 A7
By our assumption AD—(+o) 4 A}, is small and the lemrna follows. O

Remark 6.3 When vy(0) = 0, for proving that the quantity D~ (o) SUpp (. b)

llvo|| is small it is enough to show that D SUP (0. 5) || Dvg|| is small.

6.2 Preliminary constructions

To simplify the presentation, one will assume that go coincides with pg and is
fixed by fo.

The smoothness bound «g and the neighborhood U. We denote by A € (0, 1)
an upper bound for the domination between the bundles E*® and E¢ and
by A, > 1 alower bound for the expansion along the bundle E“: for any
x € H(py,) and any unit vectors u € E}*, v € E{ and w € E¥ one has

IDfo.ull < A Dfo.vll and |[Dfo.wll = A,. (6.2)

We let A, € (0, 1) be upper bound for the contraction along E€ at p z,. We
then choose g > 0 small so that

A% max(k, Ac) < 1, (6.3)

IDfy %0 < 1. (6.4)
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In particular, one can consider p € (0, 1) such that
ae < p < IDf I (6.5)

We choose the neighborhood U/ so that for any f € U, the homoclinic class
still has the dominated splitting £*° @ E€ @ E* and the estimates (6.2), (6.4),
(6.5) still holds.

The neighborhoods Vi, V; of x. Letus now considera € [0, o], a diffeomor-
phism f € U, a neighborhood V C Diff'*%(M) and two maps g Xg, Vg
satisfying the assumptions of Proposition 6.1. Let zy € W¥(pys) N W}! (py)
be a transverse homoclinic point of p s that does not belong to the orbit of x ¢
or yy (since the homoclinic class of p is non-trivial, there exists infinitely
many distinct transverse homoclinic orbits associated to p ). We choose two
small open neighborhoods Vi, V> of x ¢, such that V, C Vj. Choosing them
small enough, the orbit of the intersection Vi N W; .(py) is disjoint from the
orbit of ys and z .

Since f is a continuity point of g — x4, Y, for any diffeomorphism g € V
close to f, the point x, still belongs to V; and the orbit of the intersection
Vin W .(pg) is still disjoint from the orbit of the continuations yg, zg.

The diffeomorphism g. We choose a diffeomorphism g € V arbitrarily close
to f. One can require that g is of class C* and that there is no resonance
between the eigenvalues of the linear part associated to p,. As a consequence
of Sternberg linearization theorem, the dynamics in a neighborhood of p, can
be linearized by a smooth conjugacy map.

In order to simplify the notations we will denote p = pg, X = X, ¥y = yg.

Local coordinates One can find a small neighborhood B of p and a C”-
chart B — RY which linearizes the dynamics and maps p on 0 and the
local manifolds W (p), W} .(p), W;. (p) inside the coordinate planes R* x
(0}“F1,{0}* x R x {0}* and {0}* ! x R¥, where s, u, d denotes the dimension of
E’S, E" and M respectively. The coordinates in the chart are written (x, y, 7) €
R* x R x R¥,

The map g viewed in the chart is thus a linear map A = A; x A, X A, of
R? which preserves these coordinate planes. Replacing x, y by iterates, one
can assume that their forward orbits are contained in B.

The local stable disk D. Let zg be the transverse homoclinic point of p for g
that is the continuations of z y. For n > 0 we also define z_, = g7"(20).

We can thus choose a small neighborhood D of zg in W*(p) whose orbit is
disjoint from the orbits of x and y. Replacing zo by an iterate, one can assume
that its backward orbit belongs to B. The disk D (or one of its backward
iterates) endowed with its strong stable foliation can then be linearized.
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Lemma 6.4 By a C'**-small perturbation of g one may assume furthermore
that in the chart at p,

— D is contained in an affine plane parallel to the local stable manifold
Wlsoc (P),

— the strong stable manifolds inside f~'(D) coincide with the affine planes
parallel to W} (p).

Proof We choose a large integer n > 1. The ball W centered a z_,, of radius
r = A" does not intersect the local stable manifold of p, neither the iterates
7 for k # n.

We first rectify the disc D: in the chart, the disc g7 (D) can be seen as the
graph of a map whose derivative has norm smaller than A”. By the A-lemma,
this graph is arbitrarily C'*%-close to the linear plane W .(p). One can thus
apply Lemma 6.2: by a diffeomorphism supported inside W which fixes z_,,,
one can send a neighborhood of z_, inside D in an affine plane parallel to
W; .(p). By Remark 6.3, this diffeomorphism is C'*t%_close to the identity
provided that A"r =% = (AAY)" is small, which is the case if « < g and our
choice of «.

Assuming now that D is contained in an affine plane parallel to W (p), we
denote by W, (z0) the affine space containing z¢ parallel to {0} x R x {0}*.
We rectify the strong stable foliation inside D: this is the image of the affine
foliation parallel to W5 (p) by a diffeomorphism & of the form

Q:(x,y,2) > (X, 0, ), 2),
which fixes zg and W (zo). Let us again consider n > 1 large.

Inside g7 (D), the strong stable foliation is the image of the affine foliation
by the map ®,, = A7 o ® o A” where A = (A;, A, Ay) is the linear map
of R? which coincides with D »&- The components ®, 3, &,z of ® along the
coordinates x, z coincide with the identity of the planes R® x {0} and {0} x R*.
The derivative of the component ®,, 5 at a point ¢ is

D®, 5(0) = A" 3zp(A".0) A} + d50(A".0).

When n goes to infinity, the first term A" dz¢ A goes to zero as A" since
the contraction Ay is stronger than A.. Since g is assumed to be smooth,
079 (&), d5¢(¢) are Lipschitz in ¢. The map A" sends a uniform neighborhood
of z_, in g7" (D) inside a ball of radius A} of D; hence if one restricts D®,, 5 to
a small neighborhood of p, the second term d5¢(A".¢) is A’ -close to 05¢(z0).
One deduces that D®,, 5 converges uniformly to the identity and that

ID®y5 —1d || < A"+ A2,
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The same argument shows that the Lipschitz constant of D®,, 5 goes to zero as
n goes to infinity. One can thus apply Lemma 6.2, in order to rectify the strong
stable foliation on a small neighborhood of z_,, in g 7" (D), by a map supported
on the ball B(z_,, »;™). The perturbation is small in C!**-topology, provided
that

ID®, 5 —1d [|2," < (A" +A0)A,"

is small, which is the case when n is large since @ < o by the choice of «g.
By this argument, if n is large one can find a diffeomorphism ¢ that is C'+%-
close to the identity supported in a small neighborhood of z_, 4 that rectifies
both f (D) and its strong stable foliation. By Remark 1.4 the diffeomorphism
¢ o g is C'*_close to g, the stable manifold of p in a neighborhood of z_,
coincides locally with an affine plane parallel to the local stable manifold
W .(p), the strong stable manifolds coincide locally with the affine planes
parallel to W (p). O

The perturbation support Let us denote by D" the connected component
of g7 (D) N B which contains z_,,. We choose two small open neighborhoods
Ui, Upofxin Wlso -(P),such that 02 C Uj: they are obtained as the intersection
of Vi, V, with Wlso -(p). By construction, their orbit is disjoint from the orbit
of zo and y. Foreachn > 0 and s > 0, we introduce R/ (s) the product (in the
coordinates of the chart at p)

1() =g"(U) x {z] < s},

and similarly we define R (s). See Figs. 1 and 2.

Rl(é)

Wie(p)

Fig. 1 The perturbation support
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pDm

Ris) - me

Fig. 2 The local stable disks D™

Fig. 3 The perturbation

6.3 The perturbation

Let us choose a linear form L on R* and recall that p € (0, 1) has been
chosen smaller than ||[Dg~"||~!. The perturbation g; of g will be obtained as
the composition 7 o g where 7T in the chart around p coincides with a map 7},,
for n large, given by the following lemma. See Fig. 3.

Lemma 6.5 There exists a sequence of smooth diffeomorphisms T, of R such
that

— T, coincides with the identity outside R} (p") and on W}, (p),
— DT, coincides on R} ("1 with the linear map

B:(x,y,2) = (X,y + p*".L({2),2),
— (Ty) converges to the identity in C1*t%-topology.

Proof Let us choose a smooth map ¢ : R* +1' - [0, 1] supported on U; which
takes the value 1 on U; and a smooth map ¥ : R* — [0, 1] supported on the

@ Springer



462 S. Crovisier, E. R. Pujals

unit ball and which coincides with 1 on the ball B(0, p). We then define

Tl’l : (-i5y7z) = ()E7_)_]+tn(ia)_jvz)’z)v
(X, 5,2) = p*" @og™"(x,y,0) ¥ (p~".2) L.

The two first properties are clearly satisfied. On Rf (p"), the factor L(z) is
bounded (up to a constant) by p". Since g~" is linear and (by our choice of
p) has a norm smaller than p =", as before the C'*¢ size of the perturbation T
can be easily computed: it is smaller than (p®°~%)" and goes to zero as n gets
larger. O

Remark 6.6 After the perturbation, the orbits of zg and p are unchanged. The
local manifold W} .(p) and its strong stable foliation are also the same. For m

large and s > 0 small, the forward orbit of D" N R’fJrl (s) does not intersect the

support of the perturbation, hence the strong stable foliation on D" N R;’H (s)
still coincides with the linear one.

6.4 Proof of Proposition 6.1

Recall that z_,, is the image of z¢ by the linear map A™". Let us choose a
linear form L on R” and a constant ¢ > 0 such that for infinitely many values
of m > 0 one has

L(z—m) > cllz—mll- (6.6)
We define L; = —tL for any ¢ € [—1, 1]. The construction of Sect. 6.3
associates to n > 1 large, a perturbation g; = 7, ; o g. We also consider

a large integer m > 1 so that the distance of z_,, to p is smaller than p"*!
and (6.6) is satisfied. The point z announced in the statement of the proposition
will be z_,,.

We introduce the continuations x; = xg,, y; = yg, of x, y for g, and the
intersection %, 3; of the local unstable manifold at g7 (x;), g"*!(y;) with
the disc D™. By Lemma 3.8, the points X;, y; belong to H(p,). Since for
each considered perturbation, the disc D™ is still contained in W; (p) and is
endowed with the same linear strong stable foliation, it is enough to introduce

the projection 7, on the center coordinate y and to show that
me(¥1) < we(91) and e (X-1) > 7 (Y-1)- (6.7)

First we notice that since g; is close to g and f in V), the continuations x;
and y; of x, y are still contained in U, and in W (p)\Uj. Since g; coincides
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with A outside R} (p"), the local unstable manifolds of g} (x;) and g,"“(y,)
are tangent to the cone

Cl = (v, v") e RSFL x RY, [[o|| < A" ||lv" |}

By construction the local unstable manifold of gf“ (x;) in f(RY (,o"“)) is
tangent to the cone B; (C’rf +1), where B; is the linear map associated to L; as
in Lemma 6.5.

The points x;, y; are contained in the intersection of these cones with the
affine plane parallel to R* o {0} containing A~"*(z¢p). One deduces that

me(Xr) € B(mwe(xy) — 1" L(z—m), A" lz—mD),
we(3r) € B(mwe(y), A" lz—m -

By assumption we have m.(x;) = m.(y;) and by our choice of p one has
A < p%. In particular, by (6.6), for n large enough and t = —1 or¢z = 1,
these two balls are disjoint. One also controls the sign of 77.(3;) — 7.(X;) and
gets (6.7) as wanted.

6.5 Proof of Proposition 2.28

The number «p > 0 is given by Theorem 13. The open set I/ is chosen to
satisfy Theorem 13 and Proposition 4.8.

We then consider @ € [0, «g] and a diffeomorphism f as in the statement of
the proposition. Let us assume by contradiction that in a C!*%-neighborhood
V of f, there is no diffeomorphism g such that H (p,) has a strong homoclinic
intersection. The Proposition 4.8 applies.

By assumption there exists a hyperbolic periodic point g ; homoclinically
related to p and a point xy € H(gr) N W*(qr)\{gs}. By Lemma 3.15, x ¢
is accumulated by points of the class H(p ) in Wﬁ;\Wls(fc (x ). Considering
the forward orbit of these points, one deduces that x  and g s are accumulated
by points of H(gy) inside the same component of W;; \W;>.(x ). By Corol-
lary 4.12, there exists a continuation g > x, such that x, belongs to W (q,)
for each g € V. Since g and W;} (g,) vary continuously, one can argue as at
the end of the proof of Lemma 4.6 and conclude that g — x, is continuous.

Now the Theorem 13 applies to the diffeomorphisms fj, f and to the points
qg =y, p and x. One gets a strong homoclinic intersection for some g € V
and the class H(pg). This is a contradiction, concluding the proof of the

proposition.
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7 Periodic unstable leaves: proof of Theorem 14

Now we continue with the proof of Theorem 14. In this section we consider:

1. A diffeomorphism fy and a homoclinic class H(py,) which is a chain-
recurrence class endowed with a partially hyperbolic splitting E** @& E“ @
E" where E€ is one-dimensional and E** @ E° is thin-trapped.

2. Two hyperbolic periodic points p, r, and py, 5 homoclinically related to
the orbit of pf,. One can choose § > 0 small enough so that the points
Px, py for fo belong to the set P of the Definition 4.3. There also exists a
continuous collection of trapped plaque family (Wgs), as explained in the
beginning of the Sect. 4.

3. A diffeomorphism f thatis C!-close to f; such that there exists two points
x € W'(py,r), y € W¥(py,r) in H(py) whose strong stable manifold
coincide. By Corollary 3.7, the homoclinic class associated to the hyper-
bolic continuation p ¢ of p y, is still chain-hyperbolic. By Lemma 4.6, the
continuations of x, y are well defined and unique for any diffeomorphism
g C'-close to fp.

We will show that f is the limit of diffeomorphisms g such that H (pg) has
a strong homoclinic intersection. The results of this section are sum up in the
next proposition.

Proposition 7.1 For any diffeomorphism fo and any homoclinic class H(p f,)
satisfying the assumption (1) above, there exists ag € (0, 1) such that, for any
hyperbolic periodic points py. f,, Py, f, homoclinically related to the orbit of
D fy» the following property holds on a C Lneighborhood U of fy.

For a € [0, agl, any C'**-diffeomorphism f € U which satisfies (3) can
be C'**-approximated by a diffeomorphism g such that:

— Either there exists a periodic point ¢ homoclinically related to the orbit of
Dg such that

W[SOSC(Q) N Wu(py,g) # 0.

— Or the continuations of x, y satisfy xg ¢ W;> (y,) and also x4 belongs to
Ss

an arbitrary previously selected component of W)Cj \W; . (ve).

The proposition now implies Theorem 14.

Proof of Theorem 14 One argues by contradiction and assumes that for any
diffeomorphism g that C'T®-approximates f the homoclinic class H (pg)
does not exhibit a strong homoclinic intersection. By the Proposition 2.28,
H(pg) does not exhibit a generalized strong homoclinic intersection either.
The assumptions of Proposition 4.8 and Corollary 4.12 about the continuation
of x and y and of Lemma 3.15 about boundary points are thus satisfied. The first
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case of the Proposition 7.1 gives a generalized strong homoclinic intersection

and thus can not happen. We are thus in the second case of the proposition.
We get approximations g such that the continuation x, belongs to the com-

ponent Wiy * of WiS\W;.()- The Corollary 4.12 may be applied for the

loc
diffeomorphisms f and g: it asserts that H(pg) N W§;+ does not accumulate

on y,. The same property holds for any diffeomorphism g’ that is C I4o_

close to f since otherwise the Proposition 4.8 gives y, 7z in H(pg) such that
7 (y) =y, mg(Z) # y and whose continuations ®, /() and ®, . (z) have
the same projection by 7, contradicting the uniqueness of the continuation of
the point y. The second case of the Proposition 7.1 also gives diffeomorphisms
g’ such that x, belongs to Wy’ ™. As before the Corollary 4.12 implies that

H(pgy)N Wcj ;" does not accumulate on y,. It is now a contradiction since by
Lemma 3.15, the point y, is accumulated by H(p,/) in W;:;_ or in WC;,’JF.
This concludes the proof of the theorem. '

In what follows, we introduce the fake holonomies (Subsect.7.1) and we
explain why these holonomies are Holder regular. In Subsect. 7.2 we show
that the recurrences to the point x in Proposition 7.1 hold along the center
direction and in Subsect. 7.3 we present a dichotomy related to the recurrence
times. Related to this dichotomy, two different perturbations are introduced in
Lemmas 7.8 and 7.9 proved in Sects. 7.4 and 7.5 respectively.

7.1 Strong stable holonomy

Plaques Using an adapted metric if needed, we can assume that there exist
constants A > 1and 0 < A; < 1 < A, such that for any x € H(py,) and any
unitary vectors u € E}*, v € E{ @ EY and w € EY, one has

AN Dy foull < IDx fo-vll,  [I1Dx fo.ull < Ay and  [[Dy fo.wl = .

Let us introduce a strong stable cone field C* over H(py,): one can choose
a > 0 small and define at each point x the set

Co={W’,uu") e EY®E.®EY, |u’|l>a.|u+u"|}.

The cone field extends continuously to a neighborhood U of H (p f,) such that
atany x € U N g(U),

—1
D, fy . ;;(x) cCi.

For some ry > 0, at any point x € U there exists a plaque of radius ry tangent
to C*. Similarly, one can define a center unstable cone field C“ and an unstable
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cone-field C* on U close to the bundles E€ @ E* and E* respectively. All these
properties remain valid for any diffeomorphism that is C'-close to fj.

Strong stable holonomy It is a classical fact that the strong stable
holonomies are Holder. The proof extends to more general objects, that we
call fake holonomies. For more references see [17].

Let us consider a small constant § > 0 that is used to measure how orbits
separate. For any diffeomorphism f that is C'-close to fy, let us consider two
different points z € H(py) and 2’ € W;! (2) close to each other. Note that
there exists a smallest integer N = N(z, z’) > 1 such that ¥ (z) and V(2
are at distance larger than &.

Definition 7.2 Two points I1°(z), TI55(z/) are called fake strong stable
holonomies of z, 7 if they satisfy the following properties.

— There exists a center unstable plaque of radius ro containing ﬁ(z) and
TI55 (7).

— There exists two plaques of radius ro at £V (z) and £V () that are tangent
to C* and contain fV @ (z)) and fN (l/'IF (z)) respectively.

— For0 < k < N, the distances d(f*(z), FX(T15(2))), d(f*(z), £X T (2)))
are smaller than rg.

Note that by invariance of the cone field C* under backward iterations the
point ¥ (ﬁ; (z)) belongs to a plaque at ¥ (z) tangent to C* and whose radius
is smaller than A¥.rg.

The choice for the plaques tangent to C® is of course not unique: one can
consider for instance the local strong stable manifold (in this case, the fake
holonomies coincide with the usual strong-stable holonomies) but one can
also choose the local strong stable manifold of a diffeomorphism C'-close to
S In fact the fake holonomies allow us to compare the holonomies when the
diffeomorphism is changed.

Holder regularity We now sketch how the classical result about Holder
regularity adapts for the fake holonomies.

Lemma 7.3 If§ > 0 has been chosen small enough, then there exists ag > 0
such that for any diffeomorphism f that is C'-close to fo, for any z € H(p f)

and 7' € W .(2) close, and for any fake holonomiesﬁ(z),ﬁ(z’), one has
A7 (2), TS () < d(z, ).

Sketch of the proof Observe that if N is sufficiently large (provided that 7’ is

close enough to z), the distances d(f (IT°*(z)), f¥ (z)) and d(fN (IT**(2')),

fN(z')) are exponentially small. Hence d(fN(ﬁF(z)), fN@(z/))) is of
the same order than d( " (z), f"(z’)) and close to 8.
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The distance d(TT5(z), TI(z)) is bounded by [|Df ~HINd(fN (11 (2)),
FN(T155(2"))) and the distance d(z, z’) is bounded from below by || Df ||~V

d(fN (1% (2)), £ (TI55(2'))). This proves that there exists o > 0 (which only
depends on fj) such that

A% (2), %)) < oN.d(z, 2).

On the other hand, since the distance along the unstable manifolds growth
uniformly, there exists another constant C > 0 such that

N < C.logd(z,7).

The result follows from these two last inequalities. Observe that the exponent
oy only depends on C and o which are uniform on a C'-neighborhood of f;.
0

Regularity of the strong stable bundle The regularity of the strong stable
bundle needs more smoothness on the diffeomorphism. Note that the strong
stable bundle is defined at any point whose forward orbit is contained in a
small neighborhood U of H(p ).

Lemma 7.4 There exists o, such that for any diffeomorphism f that is C I
close to foy and of class C'*% for some a € (0, ), there exists a constant
C > 0 with the following property.

At any points z, 7' close having their forward orbit contained in U, one has

d(E}, EY) < C.d(z, 7).

Sketch of the proof Let us choose K > ||Df | and as before denote by A €
(0, 1) abound for the domination between E** and E¢@® E*. We choose o, > 0

such that K%\ < 1. By working in charts, one has for some constant C > 0,

d(E, EY) < d(fo(z)(Ef(z)) fo(z)(Ef(z >))
< M(E} ), EY )) + C.d(f(z), f(z N

By induction one gets for any k£ > 1,

k—1
+1 j+1 k
d(ES*,E%) < C. Zok’d(f’ @, ST + A AE ) ES )
J

@ Springer



468 S. Crovisier, E. R. Pujals

One can bound d(f/(z), f/(z')) by K’d(z, 7). Since AK% < 1, this gives
d(EY, EY) < C(d(z, 2)" +25).

By choosing k large enough, one gets the estimate. |

7.2 Localization of returns to p,

We now fix a diffeomorphism f thatis C'-closeto fy. We assume that is C!+*
for some a € [0, 1). We also fix x € W[ (px,r) and y € W}/ (p,, r) whose
strong stable manifolds coincide. In order to simplify the notations we will
now set p = pyr, px = px,f and py, = py r. Let 7, be the period of p, and
let us consider a local center manifold W, (px).

We will use the following assumption:

(*¥*%*) The intersection between W**(p,)\{px} and H (p) is empty.

The orbit of any point z € W?¥(pyx)\{px} meets the fundamental domain
Wi . (px)\W;, .(px). The next lemma states, that if H(p) and p, sat-
isfy (**%), and if z belongs to H (p) N W} .(px) then its orbit meets a kind of
“fundamental center domain” of py.

Lemma 7.5 [If(***)is satisfied, there are points zq, 71 contained in cho P\
{px} such that if z € W) (px) N H(p) then there is k € Z verifying that

@) € WE(LF¥™ (20), 20)]) U Wi (LF 2™ (z1), 21)])

where [ f2™(z;), zil, for i € {0, 1} is the connected arc of W( .(px) whose
extreme points are 7;, erX (zi) and (see Fig. 4)

Wil @ = U W@,
{Zel f2™ (z;),zi 1}

Proof Let us consider two points 18 and z(l) in two different connected com-
ponents of W/ (py) and set ! = f"™ (z?).
Note that the image of WS ([ f2% (z1),2!]) by f™ is contained in

loc
WS ([£2% (2, 2T1]). The union of the Wi ([ £ (z1), z"]) over n > 0

loc
and of Wlsosc (px) contains a neighborhood of py in W¥(py).

If the thesis of the lemma does not hold, it follows that for arbitrar-
ily large n > 0, there exists a point ¢, € H(py) N Wlsoc(px) which

belongs to W5 ([ f2% (Z?H), Z?H]) and whose preimage by f* does not

belong to WS ([ f2™ (z}'), z!']). An accumulation point ¢ of {¢,} belongs to

loc
Wi (px)\{px} N H(py), contradicting the assumption of the lemma. O
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WiEe[77 (20), 20]) Win (1 (1), 24])
Fig. 4 Fundamental center domains

We now describe the returns of the forward orbit of x in the neighborhood
W of the orbit of p,. We need to take into account the orbits that follow the
orbit of x during some time. For that we let A; € (0, 1) be an upper bound for
the contraction along E**, we let . > 1 be a lower bound for the domination
between ESS and E€ @ E* as in Sect. 7.1 and we let ;. > s in (0, 1) be the
modulus of the center eigenvalue at p, and the maximal modulus of the strong
stable eigenvalues at p,. We also choose p > 1 such that

. —-1/2
£ < min (A,As / ,,uc/,us).

We then introduce some “forward dynamical balls” centered at x: we fix kg > 1
and for n > 0 we define the set

By(x) = Iz eM, Y0 <k=<n dff@. ff&x)
k—1
<o T IDfiEs (f%c))u] :

=0

Note that:

(i) By our choice of p, the intersection of all the balls B, (x) coincides with a
local strong stable manifold of x and the image f”(B,(x)) has diameter

smaller than «/Xg_ko.
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(i) By taking kg large enough, the point y belongs to the balls B, (x) and its
forward iterates satisfy the stronger estimate

k—1
1
d(f ), o) < 270 [T IDfies (Ff oI (7.1)

=0

Let us now assume that (**%*) holds.

(iii) For n large enough, f"(B,(x)) does not intersect Wi .(py). Otherwise
By, (x) would intersect a large backward iterate of W .(py): this would
imply that the strong stable manifold of the orbit of p, contains x and
contradicts our assumptions that W** (p, )N H(p) = {px}. In fact, by first
item, if for n large enough f" (B, (x)) intersects W;! (py), then it follows
that p, € W (x).

(iv) One canchoose the neighborhood W of the orbit of p, so that the backward
orbit of x is contained in W and x ¢ W. The Lemma 7.5 above implies
that the forward iterates of x close to p, are close to the center manifold
of p,. Consequently, their distance to the local unstable manifold of the
orbit of p, decreases by iteration by a factor close to the center eigenvalue
of py. One thus gets the following.

Lemma 7.6 Letus fixn > 0small. If (***) holds, any large iterate f" (B,(x))
which intersects B(x, &) has the following property.
Letm be the largest integer such thatm < n and f™ (B, (x)) is not contained

in W. Then the distance between the points of f" (B, (x)) and Wy, (pyx) belongs

to [Mgl—&-n).(n—m)7 Mgl—r)).(n—m)]

eigenvalue associated to py.

, where [L. denotes the modulus of the center

(v) For any forward iterate f t(x) close to Dx, the quantity p|| Dfgss (f ool
is smaller than p. by our choice of p. We thus obtain another version of
the estimate of item (i).

Lemma 7.7 If f"(B,(x)) intersects B(x, /,Lév ) for some N > 1 large, then
the diameter of f" (B, (x)) is smaller than \/Xn_N/,Lfv

s

7.3 Recurrence time dichotomy

As before we denote by 1, A > 1 the lower bounds for the expansion along
E" and the domination between E*S and E€ @ E“. By Lemma 7.3, there
exists oy € (0, 1) such that the strong stable fake holonomies are o;-Holder.
The Lemma 7.4 gives «; € (0, 1) which control the smoothness of the strong
stable bundle. Recall that by u. € (0, 1) we denote the modulus of the center
eigenvalue associated to p, for f. We also denote by «g the bound on the
smoothness associated to H (p f,) in Proposition 2.28.
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Let x, K1, K7 be some positive constants defined by

log A,
X = _1 ’
loghy + IDfy |
| log pecl (I — ay)|log .l
l == ) K2 = M
x logh oy log Ay

Let us consider again the C ' **-diffeomorphism f thatis C!-closeto f.If «
belongs to [0, ap] and condition (***) does not hold, then the Proposition 2.28
implies that there exist C'+t®-perturbation g of f such that H ( Pg) has astrong
homoclinic intersection, concluding the proof of the proposition.

In the following we assume that condition (***) holds for f and as in the
statement of Proposition 7.1, that there exist two different points x € W*(p,)
and y € W"(p,) whose strong stable manifolds coincide. For any N large,
we take V a neighborhood of size uév around f ~1(x). We define n = n(N),
the smallest element of N U {oo} such that f”(B,(x)) intersects V. By the
property (iii) of Sect. 7.2, the sequence {n(N)} increases and goes to +00 as
N increases.

We fix a constant K > max(1, K1, K») and we are going to consider two
cases:

1. Fast returns. There exists arbitrarily large N such that

n(N) < K.N. (7.2)
2. Slow returns. There exists arbitrarily large N such that

n(N) > K.N. (7.3)

One of these two conditions (maybe both) occur. If the first option holds, we
prove the following.

Lemma 7.8 Assume that (***) and (7.2) hold for some K > 0, and that
o < inf (ﬁ, o). Then there exists a diffeomorphism ¢ € Diff e (M) that

is C1*%_close to the identity such that g = ¢ o f has a hyperbolic periodic
point q homoclinically related to the orbit of py g and whose strong stable
manifold W**(q)\{q} intersects W"(py ).

If the second option holds, we prove the following.

Lemma 7.9 Assume that (7.3) holds for some K > max (K1, K»), and that
l4+a < m. Then, there exists a diffeomorphism ¢ € Diff 't (M)

that is C't-close to the identity such that g = ¢ o f satisfies the second
option of Proposition 7.1: if one fixes an orientation on E;, there exist two
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such diffeomorphism g%, g~ such that Xo+ (resp. xq-) belongs to W;i’:;ﬁ
cs,—
(resp. Wg*,yg— ).

Both Lemmas and the Proposition 2.28 conclude the proof of Proposi-
tion 7.1.

Note that for proving Proposition 7.1 one can choose K independently from
e, for instance

2 x 2(1—%))

K =|D , ;
IDfoll max (logks logh «agloga,

In this way we obtain a bound

. _ 1 , K
oo = inf { o, , O,
K -1 max(Kq, K»7)

for the smoothness exponent « in Proposition 7.1, which only depends on fj
as announced.

7.4 Fast returns: proof of Lemma 7.8

Let us assume that condition (7.2) holds for some large values of N and some
K > O such that ¢ < inf (ﬁ, o/). We also assume that (**%) holds so that
the Lemma 7.6 applies.

Lemma 7.10 There are a > b in (K~', 1) such that some arbitrarily large
N and n = n(N) satisfy:

L f"(By(x)) N B(x, ") # @ and

2. f™(By(x)) N B(x, ,ulc’”) =@ for any ko < m < n.

Moreover & can be chosen arbitrarily close to 2.
b Yy K—1

Proof We introduce the integers N; and n; = n(N;) satisfying for any i,
N; < Niy1, nj <mnjy1, and VN;_; <N <N;, n(N)=n,.

We will prove that there are positive constants b’ < a’ in (K —1.1) and there
is n; sufficiently large such that N; > a’.n; and N; < b’.n; for0 < j <i. We
then choose any b < a in (b’, a’). One can check easily that for these large
n = n; the result holds:

— We have f"(B,(x)) N B(x, M?]i) # (J with N; > a’.n, hence f"(B,(x)) N
B(x, g ™) is non-empty. By Lemma 7.7, the diameter of f"(B,(x)) is
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bounded by ﬁZ‘Ni ,uév " which is much smaller than u‘c’,'” . Asaconsequence
f"(By(x)) is contained in B(x, u%").

— By definition of the sequence (N;), for any m < n = n;, one has
f™ (B (x))NB(x, /Livi_lJrl) =@andb.n > b'.n+1 > N;_1+1,implying
the second condition of the lemma.

Let us now prove the existence of the constants a’ < b’. We denote by m;
the smallest integer such that

Vm; <m <n;, f"(Bp(x)) CW.
By Lemma 7.6 if one chooses ¢ > 0 small and if N; is large enough, one has
(I +¢&).(ni —m;) = N;.

Let us define

. N
R =limsup —.
j—too 1j

By (7.2), R belongs to [K !, 1].

For any j larger than a constant jy we have % < (1 4+ ¢)R. For some i
J

sufficiently large we also have 2’—1’ > ({1 —-¢R.Ifj <iwehaven; <m; <

n; — (1 +¢&)~'N; and so for jo < j < i we have
Nj<(I+&)Rnj<(1+&)Rn; — 1+ 'N) <R[l — (1 —&)R +¢ln;.

Since R belongs to [K—!, 1], then [1 — (1 —e)R+¢€] < (1 —¢)for e small
and therefore taking a’ = (1 — ¢)R and b’ = R[1 — (1 — &)R + ¢] the result
holds. To check that it also holds for j < jp it is enough to take i sufficiently
large.

Observe that the quantity 7 is close to ]_(llﬁ. Since R > K~!, when
K

—€
®_1- O

¢ goes to 0 the limit is larger or equal to
We can now conclude the proof of Lemma 7.8.

Proof of lemma 7.8 We fix a, b and a large integer n as in Lemma 7.10. By
assumption o < (K — D! and ‘5‘ can be chosen close to % One can thus
ensure that 1 4+ « is smaller than a/b.

Let D C W} (x) be the smallest disc containing y. By construction it is
contained in the ball B, (x), hence its image by f” is contained in B(x, u&").
We consider a C'**-diffeomorphism ¢ supported in B(x, ,ufg”) which sends
f™(D) into D and define g = ¢ o f. By construction the support of the
perturbation g is disjoint from D and its n — 1 first iterates.
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Claim If | +a < inf(§, ay), by choosing n large the diffeomorphism ¢ can
be taken arbitrarily close to the identity in Diff 't (M).

Proof Let us consider a C'*t®-chart U — R¥ of a neighborhood U of x such
that x coincides with 0 and W) (x) coincides with the plane R¥ x {0}, where
k = dim(E**). For n large, the plaque W;> (f"(x)) is close to W} (x) and
coincides in the chart with the graph of a map yxo : R — R¢~% We introduce

the map

(z1,22) = (0, —x0(z1))

which is close to 0 in the C!'** topology and satisfies ||vg(0)|| < e~¢" by
construction.

One can thus apply the Lemma 6.2 in order to build a map v : RY — R?—*
which coincides with vg on the ball B(0, e~%") and with 0 outside B(0, e~"").
Themap ¢ : (21, z2) — (21, 22 —v(Z1, z2)) is the announced diffeomorphism.
In order to prove that ¢ is close to the identity in Diff 't (M), one has to check
that e(1+®)bn SUpp(g.e—bmy llvoll is small.

Since ¢ < a, by Lemma 7.4 we have

IDvo(O)]| < Cllug(0)[|* < Ce™ ™.

Since vy is close to the identity in Diff!*%, there exists an arbitrarily small
constant & > 0 such that

sup [ Dvoll < | Dvo(0)[| + ee™*"" < 26",
B(O,e_b”)

This gives

sup  [luoll < [lvo(0)[| + e sup || Dugll < e + 2o~ ITIn,
B(0,e—bm) B(0,e=bn)

Since a > (1 + «)b, this shows that e(!+®)bn SUppg(o,e—bny llvoll is small when
n is large. O

The previous claim and Remark 1.4 imply that g is C'*t%-close to f. To
continue with the proof of Lemma 7.8, we note that the map ¢ o f" is a contrac-
tion on D, hence the diffeomorphism g has a n-periodic point ¢ whose strong
stable manifold contains D. Since the backward orbit of W}/ .(py) is disjoint
from the support of the perturbation, the manifolds W**(g) and W;? (py ¢)
intersect.

In particular W*(q) and W;; (py.¢) have a transverse intersection. On the
other hand the orbit of ¢ has a point close to p,, hence W*(p,) and W*(q)
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have a transverse intersection. One deduces that g is homoclinically related to
the orbits of py , and py 4. This concludes the proof of Lemma 7.8. O

7.5 Slow returns: proof of Lemma 7.9

Let us fix a C'** plaque D at x which is tangent to E{ + EY and contains the
manifold W/ (py) for f. For diffeomorphisms g close to f we will consider
the strong stable holonomy ITy" to D.

Under condition (7.3), we are going to get a perturbation g of f such
that IT;"(xg) # II3"(yg), proving that Wi (xg) and W (y,) are disjoint.

loc loc
Since xg, y, belong to a same center stable plaque Wg‘fyg, the projections

l'IZ,S (xg), Hz,s(yg) are contained in a C!-curve of D that is tangent to a center
cone field. Moreover, one will be able to choose the perturbation to satisfy
either x, € Wiyt or xg € Weli .

Description of the perturbation We recall that we have fixed a large integer
N > 1 and that V denotes the ball B(x, uév ).

Let us fix two small constants 7 = % ,uév andr < 7in (0, 1). We perform the
perturbation g of f in the ball B(f ~1(x),7), in such a way that W)/ (py) is
still contained in D and the distance between x = f(f ~1(x)) and g(f ~1(x))
is r along the center coordinate. This can be realized by a small perturbation of
f in Diff ! (M) provided 7 and r /7 are large enough. Moreover one can require
that the C? size of the perturbation is equal to r.

Later, in item 7, we explain how the perturbation can be adapted to be C!7%-
small. Note that the point x can be pushed to g(f~!(x)) along E¢ in any of
the two center directions at x.

To get the conclusion, we choose a small constant ¢ > 0 (independent
from N) and show that the distances a’(l'[fg's(yg), x) and d(xg, g(f_1 (x))) are

smaller than &.r, which is much smaller than d (x, g(f_l (x))).

1. Estimating d(y,, y). Observe that y, does not necessarily coincide with y
since the forward orbit of y may intersect the region of perturbation. However
by Lemma 4.6 the point y, still belongs to the local unstable manifold of
Py,g = Py, f Which coincides for f and g. We will consider the distance dist
along the unstable plaques (which is locally comparable in a uniform way to
the distance in the ambient space). We also introduce a constant C > )tu;_]
independent from N.

Lemma 7.11 If for some positive integer m the two points f™(y), g" (yg)
belong to a same unstable plaque, then their distance satisfies dist(f™(y),

g"(yg)) < Cur.

Proof Let us assume by contradiction that the estimate does not hold. Observe
that the distance by the action of f growth by a factor A, and the C° distance
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between f and g is at most r, which is much smaller than C.r. One deduces

that the points f™F1(y), g”"*!(y,) still belong to a same unstable plaque.

Denoting y = )‘"g_l

> 1, their distance now satisfy

dist(f" (), 8" (yg)) > Ay dist(f™(y), 8" (yg)) — 1
> (e — CTH dist(f™(y), g™ (yg))
= y.dist(f"(y), 8" (¥e))-

Therefore after k iterates the distance become larger than y*.C.r and so
increasing to infinity. This is a contradiction with the fact y, is a continua-
tion of y. O

Lemma 7.12 The n(N) first iterates of y and y, coincide for f and for g.

Proof Since y belongs to the dynamical balls B, (x), the segment of orbit
(v, ..., "M (y)) is also a segment of orbit for g. Let us consider the first
integer m > 1 such that g" (y,) = f" (y,) enters in the region of perturbation
and let us assume by contradiction that m < n(N).

As for y, yg, one knows that f™(y,) and ™ (y) belong to a same unstable
plaque: by Lemma 7.11 they are at distance smaller than C.r. If r has been
chosen small enough one has C.r < %,uév = 7. By definition of m one
also has d(f"(yg),x) < 7 = %/Lév As a consequence f"(y) belongs to
V, hence m > n(N). This contradicts our assumption. This shows that the
orbit (yg, ..., g”(N)(yg)) coincides for f and for g. m|

Since y, y, belong to an unstable plaque, and since by Lemma 7.12 their
n(N) first iterates are the same by f and by g, the points f"™)(y) and
g\ )(yg) belong to a same unstable plaque and by Lemma 7.11, their dis-
tance is smaller than C.r. For any 0 < m < n(/N) we obtain

d(g" (yo), f™(y) < ANy, (7.4)

2. Estimating d (x,, g(f —1(x))). Arguing as in Lemma 7.11, one shows that
for any positive integer m, if the two points f™(x), g" (x,) belong to a same
unstable plaque, then their distance satisfy dist(f™ (x), g" (x4)) < Cr.

Let us denote by A’ > 1 a lower bound for the domination between the
bundles £ and E* and consider two large constants k < £ (independent from
N) such that Aﬁ . )_k > C.If N has been chosen large, the ¢ first iterates of
X, xg,8(f ~1(x)) are the same by f and by g. Let us assume by contradiction
that the distance dist (g(f ! (x)), x,) inside W} _(px o) islarger than (1) X.r.
Since the distance between x and g( f ~1(x)) in the center direction is equal to
r, one deduces that the distance from f ¢ (g(f “T)) to f ¢ (xg) is much larger
than its distance to f t(x). In particular f £(x) and f ¢ (xg) are contained in a
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same unstable plaque and by our choice of k, ¢, their distance is larger than
C.r, which is a contradiction. Consequently

dist(g(f~1(x)), xg) < W) For

Taking k large enough, one has d(g(f_1 (x), xg) < e.r as wanted.

3. Estimating d@ (¥g)s H;;‘(y)). Since y, belongs to the unstable man-
ifold W/ .(y) for f, one can introduce some fake holonomies l'IS; (Ve),
H;f(y) = l'Isfs(y) for f. By (7.4) and Lemma 7.3, one gets

d(T15 (yg), I (1) < d(y, ye)™ < [2," N C.r1%.

5. Estimating d (H;‘gs(yg),ﬁ}\s(yg)). As before we first compare the iterates
of f and g.

Lemma 7.13 The x.n(N) first iterates of yg, I3 (yg) andﬁj?(yg) coincide
log A,

for f and for g, where x = Togrtlog ID7T]

Proof By Lemma 7.12 we already know that the n(N) first iterates of y, under
f and g coincide. Since x € (0, 1) and from the estimate (7.4), the points y
and y, do not separate by f during the time x.n(N) and by definition of the
fake holonomies, the x.n(N) first iterates of the pointsﬁé?(yg) and y, remain
in a same strong stable plaque.

From (7.4) and the definition of x, we also have thatfor0 < m < y.n(N),

d(f™(ye), £ () < a" N Cp < IDfSHIT™

m—1
p" R T T IDfis (FE DI (7.9

=0

W | =

<

With (7.1), this shows that y, belongs to the dynamical ball B, () (x).

We will prove by induction on m < yx.n(N) that H;S (y¢) and l'[if (yo) by f
also belong to the dynamical ball B,, (x). This will imply that their mth iterates
by f and g coincide and conclude the proof of the lemma.

Let us choose n > 0 small and mg > 0 large. If N has been chosen large
enough, the point y, is close to y and the points ITg' (ye) and l'Ist (yg) are close
to x; as a consequence, the three points belong to the dynamical balls B, (x)

with 0 < m < mg. When m is larger than m, the diameter of £~ !(B,,_1(x))
is small, hence
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d(f" (T (), £ (vg)) < €D figss (F" CONLACS ™I (), £ (),

(" T (), ™ () < D fimss (£~ LA™ T ), £ ).

With (7.5), (7.1), this gives the required estimate and gives the conclusion.
O

Since the points Ty (yg),ﬁsj?(yg) belong to a same center unstable plaque
and since their x.n(N) first iterates by f remain close, one deduces that for

any 0 < m < x.n(N), the points f™ (I'IZ,S (¥¢)) and f™ (ﬁ’?(yg)) are still
contained in a center unstable plaque, whereas the pairs of point /™ (I, (ye)),

—

f™M(yg)and f™ (ij (¥g))s f™ (yg) are contained in strong-stable plaques. This
shows that

d(TT3 (vg), T () < 274",

where A > 1 is the lower bound for the domination between the bundles E**
and E€ @ E".

6. Estimating d (Hif (¥g), x). From the estimates we obtained, we get

dist(TT (), x) < d(TT (yg), I () + d(IT5 (yg), TIF () < A~ %"
[0, "M C 1o,

In order to conclude, the perturbation should thus satisfies:
AN [A;”(N)C.r]“s < e.r.

Since y, «y, C, ¢ are constants independent from N, this inequality holds
if N large enough and the following are satisfied:

as(n(N)log iy + |logrl) > [logr| +c,
n(N)logh > |logr| +c,

where ¢ > 0 is independent from N.
From the definition of 7 and since n(N) > K.N, one gets the following
condition
|logr| < B.|log7] —c, (7.6)

where

Ay

K
B = inf (X log A, logku) .
1 — oy |log fic|

Note that by our choice of K, the factor B is larger than 1.
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7. Realization of the C'* perturbation. By Lemma 6.2, in order to be
able to realize a C'*® perturbation supported on a ball of radius 7 such that
d(g(f_l(x)), x) = r, one has to check that for some A > « one can choose
r, 7 arbitrarily small satisfying

llogr| > (14 A)|log7]. (7.7)

Note that this also implies the estimate C.r < 7 = % uév that we used in
paragraph 1.

By our choice of K, both conditions (7.6) and (7.7) can be realized simul-
taneously provided 1 + « is smaller than B.

8 Structure in the center stable leaves

In this section we prove Theorem 7 on the geometry of chain-hyperbolic
classes. It is used in the proof of Theorems 8 and 11. As a consequence
(see Proposition 8.16), for some chain-hyperbolic classes, one can replace the
plaques W¢* by submanifolds V, whose boundaries are disjoint from H (p).

In the whole section, H(p) is a chain-recurrence class with a dominated
splitting E** @ Ef @ ES such that £ = (E% @ Ef and E% = Eg
are thin trapped by f and f~! respectively, and such that E{, ES are one-
dimensional. We assume moreover that for each periodic point g € H(p), the
set W*(g)\{q} is disjoint from H (p).

8.1 Geometry of connected compact sets

One can obtain connected compact sets as limit of e-chains, i.e. finite sets
{x0, ..., xmn} suchthat d(x;, x;+1) < € foreach 0 < i < m. This idea is used
to prove the following lemma.

Lemma 8.1 For any n > 1, any metric on R" which induces the standard
topology, any closed connected set K C R", any point x € K and any 0 <
D < Diam(K), there exists a compact connected set K(D) C K containing
x and whose diameter is equal to D.

Proof For ¢ > 0, one can choose a finite set X, = {xg, x1, ..., X} C K such
that

— x belongs to X,;
— for each 0 < i < m, the open balls B(x;, ¢) and B(x;4+1, €) intersect;
— the diameter of X, belongs to [D, D + 2¢].

Let K. be the closed e-neighborhood of X.. It is a connected compact set
contained in the e-neighborhood of K. Up to considering a subsequence, (K;)
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converges for the Hausdorff topology towards a compact set K (D) which
contains x, is connected and has diameter D as required. O

Recall that for x € H(p), the submanifold W**(x) is diffeomorphic to
R9-2, where d = dim(M).

Lemma 8.2 Consider a sequence (z,) in H(p) which converges to a point
z and for each n a compact connected set C,, C W*(z,) N H(p) which
converges for the Hausdorf{f topology in M towards a (compact connected) set
C C W% (z) N H(p). Then the restriction of the intrinsic distance of W**(z,,)
to the set C,, converges towards the intrinsic distance of W;* to C.

Proof Let U be a bounded neighborhood of C inside W**(z) which is diffeo-
morphic to RY~2.

For z,, close to z, there exists an open set U, C WZSHS , containing z,,, diffeo-
morphic to RY~2 and which is close to U for the C!-topology on immersions
of R=2. In particular, U and U, are diffeomorphic by a map whose Lipschitz
constant is arbitrarily close to 1. Since C, is connected and contains z,, it is
included in U,,. This gives the conclusion. |

8.2 Structure in the strong stable leaves

We are aimed first to prove total discontinuity in the strong stable leaves.

Proposition 8.3 Let f be a diffeomorphism and H (p) be a chain-hyperbolic
class satisfying the assumptions of Theorem 1. If for any periodic point q €
H(p) the set W**(q)\{q} is disjoint from H (p), then, for each x € H(p), the
set W' (x) N H(p) is totally disconnected.

loc

Atany points, one considers the plaques Wi* C f (VV;,”_1 ) ). We choose the
plaques W, W with a diameter small enough so that for each x, y € H(p)
the intersection Wi* N f (V") is transverse and contains at most one point
(which belongs to H(p) by Lemma 3.12).

For this proof we will endow H (p) with the center-stable topology: two
points x, y € H(p) are close if the distance d(x, y) is small and x € W;S (or
equivalently y € W¢* by Lemma 3.2). The center-stable distance on H (p) is
the distance between x and y inside W¢°.

Since W is trapped, W**(x) N Ws* is contained inside W} (x) and the
center-stable topology induces on W*%(x) N H(p) the intrinsic topology of
WSS (x).

If xo, yo € H(p) satisfy yg € W)f(’)‘, one can define the local holonomy map
1 from a neighborhood of xq in H (p) "Wy to Wi the image I1°(z) is the
intersection between W:* and W{F. The next definition extends globally this
holonomy map to a larger set by following continuously the pairs (z, [1¢(z)).
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Since a stable leaf may intersect a plaque of YW in several points, the global
holonomy may be multivalued.

Global holonomy A global holonomy along the plaques YW is a closed
connected set A C H(p) x H(p) (endowed with the product center-stable
topologies) such that for any (x,y) € A one has y € W< and x € W;'“.
The sets w1 (A) and 72 (A) denote the projections on the first and the second
factors.

The following lemma allows to extend global holonomies from a connected
set contained in a center-stable leaf.

Lemma 8.4 Let Ag be a global holonomy along the center-unstable plaques,
and C C H(p) be a set which is closed and connected for the center-stable
topology and which contains 71 (o).

Then, there exists a global holonomy A along the center-unstable plaques
containing Ao, such that w1 (A) C C and satisfying one of the following cases.

1. m(A) =C;
2. A is non-compact;
3. there exists (x, y) € A such that y € W{\W or x € Wr\WK.

Proof If {A,} is a family of global holonomies along the center-unstable
plaques that is totally ordered by the inclusion, then the closure of the union
U, A, is also a global holonomy. By Zorn’s lemma one deduces that there
exists a global holonomy A containing Ay, satisfying 71 (A) C C and maxi-
mal with these properties for the inclusion. We prove by contradiction that A
satisfies one of the properties above. We fix a pair (xg, yo) € Aog.

If 71 (A) # C, then there exists r; > 0 and for each ¢; > 0 there exists a
sequence (xo, . .., xs) in C such that

— for each 0 < i < s, the points x;_1, x; are at distance less than &; and
xi € B (xi-1);
— the point x; and the set r1(A) are at distance exactly rq inside W;f .

If A does not satisfies the items 2) or 3), then for any (x, y) € H(p) x H(p)
close to A and any x” € H(p) close x (for the center-stable topology), B (y)
meets W' at a point y’ € H(p) which also satisfies x" € W;l‘.

This allows to build inductively a sequence (yp, . .., y¢) forsome 0 < £ <
and associated to (xo, . . ., x¢) such that, for each i, the pair (x;, y;) is at a small
distance from (x;_1, y;—1) for the center-stable distance.

More precisely, there exists » > 0 and for each ¢ > 0 there exists a
sequence (xg, Y0), - - -, (x¢, y¢) such that for the product center-stable distance
on H(p) x H(p) the following holds:
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— foreach0 < i < £, one has x; € W;l” and y; € Wi

— foreach 0 < i < ¢, the pairs (x;—1, yi—1) and (x;, y;) are at distance less
than ¢;

— the pair (x¢, y¢) and the set A are at distance exactly r.

When & goes to 0 and up to consider a subsequence, the set A U
{(x0, ¥0), - .., (x¢, ye)} converges for the Hausdorff distance towards a com-
pact connected set A’ which is a global holonomy, strictly contains A and
satisfies 71 (A") C C. This contradicts the maximality of A and proves the
lemma. O

Using that for periodic points ¢ € H(g) the set W**(¢)\{q} is disjoint
from H (p), we deduce that in the construction of Lemma 8.4 the strong stable
leaves are preserved under the global holonomy. More precisely we have:

Addendum 8.5 In the case each set C and my(Ag) is contained in a strong
stable leaf, one can ensure furthermore that w3 (A) is also contained in a strong
stable leaf.

Proof We repeat the proof of Lemma 8.4 requiring furthermore that the pro-
jection w5 (A) of the global holonomies are contained in the strong stable leaf
W*5(y0). Indeed if {A,} is totally ordered family of such global holonomies,
then the closure of the union U, A, projects in W**(yg) by m3: this is due to
the choice of the center-stable topology.

Let us consider a maximal global holonomy A satisfying w2 (A) C W% (yp)
and given by Zorn’s lemma. Assume by contradiction that A does not satisfies
the three items of Lemma 8.4. In particular, it is compact and one may fix

(x,y) € Aand an n > 1 such that f"(w(A)) is contained in ngl(y())' One

repeats the same construction as above and builds a global holonomy A’ that
strictly contains A. If w5 (A’) is contained in W**(yp), one has contradicted
the maximality of A. One will thus assume that the set /" (2 (A”)) C W}f, (o)
is not contained in a strong stable leaf. Since it is connected, it contains a point
z such that both local components of WS\ W} (z) at z meet f"(m2(A")).
If one considers a hyperbolic periodic orbit O homoclinically related to p
having a point g close to z, the local holonomy I1¢* along the plaques of W
allows to project f"(mw2(A’)) on a connected compact subset of W, which
meets W*(go). Since W**(go)\{qo} is disjoint from H (p), one deduces that
the projection contains gg. Consequently the unstable manifold W*(gq)\{g} of
some point ¢ € O meets C at some point x.

By Lemma 8.1 applied to C and since E£°* is uniformly contracting, there
exists &€ > 0 such that any backward iterate x_,, = f~"(x) is contained in
a connected compact set C_, C W} (x_,) N H(p) N f~"*(C) which has a
radius equal to . Since x belongs to the unstable set of some point f*(g) in

the orbit of ¢, the backward iterates of x and g become arbitrarily close. Let
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T be the period of g. One gets that the projection I1°(C_,;) by holonomy on
W,* converges to a compact connected set contained in W (¢) with diameter
equal to e. This contradicts our assumption that W**(¢)\{q} is disjoint from
H (p). In all the cases we have found a contradiction and the lemma is proved.

O

Triple holonomy The previous results on holonomies extend to connected
set of triples.

Lemma 8.6 Let A be a global holonomy along the center-unstable plaques,
(x0, yo) be a pairin A and zo € H(p) be a point which belong to the connected
component of Wt N W bounded by xo and yo. Then there exists a set
X C H(p) x H(p) x H(p) containing (xg, yo, z0) such that

— X is closed and connected for the center-stable topology,
— foreach triple (x, y, z) € X one has (x, y) € A and z € Wl N WK,
— one of the two following cases holds:

1. the set of pairs (x, y) for (x, y, z) € X coincides with A,

2. X is non-compact.

Moreover if w1 (A) and w3 (A) are contained in strong stable leaves, then the
same holds for w3(X).

Proof The proof is the same as for Lemma 8.4 and addendum 8.5 but the
third case of Lemma 8.4 has not to be considered since for all the triples
(x,y,2) € X, the point z belongs to the connected component of W¢* N Wk
bounded by x and y and its distance to x and z is thus controlled.

Remark 8.7 If one projects the set X obtained in Lemma 8.6 on any pair of
coordinates, for instance as 1 3(X) = {(x,z), (x,y,z) € X}, one gets a
set which is connected. Hence the closure of w1 3(X) for the center-stable
topology is a global holonomy.

Non compact holonomy We now build unbounded holonomies.

Lemma 8.8 If for some x € H(p) the set W (x) N H(p) is not totally
disconnected, then there exists a global holonomy A along the center-unstable
plaques which is non-compact, non trivial (i.e. there exists (xo, yo) € A such
that xo # yo) and such that both w1 (A) and 7wy (A) are contained in strong
stables leaves.

Proof One considers a non trivial compact connected set ' C H (p) contained
in some strong stable leaf and the accumulation set A of the backward iterates
f7™(I") (which is invariant by f). The uniform expansion along E** and the
Lemmas 8.1 and 8.2 above imply that for any xo € A the strong stable leaf
W55 (x0), contains a closed connected set Cy C A which is not compact and
contains x.
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There exist some points yg € H (p) distinct from xq such that xo € W;g and
yo € Wi hold. Indeed, xo is accumulated by periodic points ¢ € H (p) whose
period is arbitrarily large. Consequently the sets Wgs are pairwise disjoint.
Hence, there exists g close to xo whose plaque Wg* intersects W' at a point
yo which belongs to H(p)\{xo} from Lemma 3.12.

Assuming that the conclusion of the lemma does not hold one builds a
sequence of compact holonomies (A,) such that w1 (A,) is contained in A,
both 71 (A,), m2(A,) are contained in strong stable leaves, and the diameter
of w1 (A) in the strong stable leaf goes to infinity with n. The holonomy Ag
is just the initial pair (xg, yp). One constructs A, 4 from A, in the following
way.

In the strong stable leaf that contains 71 (A, ), one considers a closed non-
compact connected set C,, C A. One then applies Lemma 8.4 and its adden-
dum 8.5 and finds a global holonomy A/, D A, such that again 771 (A})) is con-
tained in C,, and both 771 (A},), 2 (A),) are contained in strong stable leaves. By
assumption A/, is compact and in particular 771 (A})) is strictly contained inside

C,. As a consequence there exists (x;,, y,) € A}, such thatx], € W§5’ \W;/” or

Yn € W_Z‘\W;}: Using the fact that for each x € H(p) we have

oI OVEn Wit .

the set of images (f_l(x), f‘l(y)) for (x, y) € A, is still a compact global

holonomy: this is A,41. We also define (x,+1, yur1) = (f "1 (xn), £~ (vn)).

By construction 71 (A1) is a non-trivial compact connected set. Since E**

is uniformly contracted, the projection 71 (A,,), which contains /=" (71 (A1)),

has a diameter (for the distance inside W*%(x,,)) which increases exponentially.
This ends the construction of the sequence (A,).

Up to considering a subsequence, one can assume that the sequence (x,, y;)
converges towards a pair (x, y) € H(p) x H(p) for the classical topology
on M. By construction x,, y, are at a bounded distance, hence x and y are
distinct.

For each n, one endows W*(x,,) x W**(y,) with the supremum distance
between the intrinsic distances inside W** (x,,) and W*%(y,). Letus fix D > 0.
By Lemma 8.1, for each n large one can find a compact connected set A,?
contained in A, of diameter D and containing (x;,, y,). One can assume that
the sequence (A,? ) converges for the Hausdorff topology towards a compact
connected set AP ¢ W* (x) x WSS (v). By Lemma 8.2, this set has diameter
D. Now the closure of the union of the A” over D is a global holonomy which
is non-compact and whose projections by 1, 7, are both contained in strong
stable leaves. O

Unbounded projections of holonomies Non-compact holonomies allow
to obtain non-compact connected sets inside strong stable leaves.
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Lemma 8.9 Let A be a non-compact holonomy such that wi(A), ma(A) are
contained in strong stable leaves. Then the closure of w1 (A) for the center
stable topology is non-compact (in the center stable topology).

Proof First notice that one can replace A by f~!(A). By the trapping of
the center-unstable plaques this allows to have x € W{* and y € W{* for
each (x,y) € A and to work with the plaques of the family WW. The set
of pairs (x, y) € A such that x = y is closed. By the choice of the center-
stable topology it is also open. Hence two cases occurs: either x = y for each
(x,y) € A and 1 (A) = m2(A) is non-compact; or for each (x, y) € A one
has x # y and this is the case one considers now. For any pair (x, y) € A, we
denote by [x, y] the closed segment of W(* bounded by x, y.

Let us assume by contradiction that the closure of 1 (A) is compact. One
can find a finite collection of points X = {x;} C m(A) which satisfies that
for any x € 71 (A) there exists x; such that

— x belongs to B (x);
— forany y, z € H(p) N Wg" such that (x, y) € A and z € [x, y], the plaque
W;;‘ intersects B*(z).

In the following we will consider holonomies D with 1 (D) C m1(A) and
we introduce the set of points x; € & that are “avoided” by D:

P(D) ={xje X, Y(x,y) € D, Vz € [x,y]|NH(p),
x ¢ W;js or B¥(z) N W)fj” = @}.

Since the closure of 71 (A) is compact and A is not, one can find x; € X with
the following property.
(***%) There exists (x', y'), (x", y") € A withx', x" € Wy® such that

— for each z € ([x',y'1U [x”,y"]) N H(p), the plaque W¢* intersects
cu cu.
W W, W)‘C,/, ' o '
— Wy and W intersect Wi in two distinct points.
Note that in particular the plaques W¢' and W€, are disjoint. This allows us to

build a compact holonomy D C A which “almost fails” to be a graph above
its first projection.

Claim 8.10 There exists a compact holonomy D having the following prop-
erties:

1. m (D) C w1 (A); ma(D) is contained in a strong stable leaf;
2. D is a continuous graph over its first factor;
3. there is x; € P(D) satisfying (***%),
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Proof Let us first notice that since A is non-compact it contains compact
holonomies A’ with arbitrarily large diameter by Lemma 8.1. One can thus
assume that for such a compact holonomy A’, there exists x; and two pairs
", ¥y, ", y") € A satisfying (****), Working with e-chains as in the
proof of Lemma 8.1, one can build a compact connected set Dg C A’ such
that 3) is satisfied for x;. More precisely for any ¢ > 0 one builds a finite set
X: = {(x(0), y(0)), ..., (x(s), y(s))} contained in A" such that

— (x(k), y(k)) and (x(k 4+ 1), y(k + 1)) are e-close for each 0 < k < s;

— the pairs (x', y') = (x(0), y(0)) and (x”, y”) = (x(s), y(s)) and the point
X; satisfy (F**%);

— for any pair (x(k), y(k)) with x(k) € W;f, and for any point z €
[x(k), y(k)] N H(p) the intersection B (z) N W;l” is empty.

The compact holonomy Dy is obtained as limit of the sets X.. Repeating the
construction with the other points x ;, one gets a new compact global holonomy
D C Dg such that 2) is satisfied. Note that 3) is still satisfied but for a new
point x;. Since D C A, the condition 1) holds also. O

We now fix a compact holonomy D satisfying the properties 1), 2) and 3)
above. We do not assume that it is contained in A. However we choose it so
that the cardinal of P(D) is maximal.

Let us consider the points x;, x’, x” in property 3) and (****) and consider
the plaques Wi*, W7, WU, and the ordering of their intersection on W(*.
Then W;? is not “in the middle” of W{; and W{;.

Claim 8.11 The point x; does not belong to the connected component of
WEN\OVE UWED) bounded by WY and W

Proof Let us define the compact connected set C := (D). For each x €
C, there exists a unique pair (x, y) € D; moreover x 7# y. One can thus
consider the orientation on E" determined by the component of W¢*\{x}
which contains y. This defines a continuous orientation of the bundle E fg
One can compare the orientations of Ei’,‘ and Eﬁf as transverse spaces to the
one-codimensional plaque W{*. By the trapping property, for any k > 0 the

CS

JAEDN
hence the orientations comparison will be the same for k = 0 or k large. Since
C is a compact subset of a strong stable leaf, for k > 1large f*(C) is contained

in }ka (i)} 5O for any continuous orientation of E f}‘k( oy the orientations on
1

cu cu

Efi oy and Efgi o) .

One deduces that for the orientation on £ fg considered above, the orien-

tations on E;?’ and E ;% match. By definition of the orientation on E fg, this

implies the claim. m|

forward iterates f*(x") and f¥(x”) still belong to the same plaque

match.
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Let y' =[x/, y'] and y” = [x”, y”]. One now defines a homeomorphism
¢:y'NH(p) — y"NH(p).Forz € y'NH(p), one can use Lemma 8.6 and
find a closed connected set X,» C H(p) x H(p) x H(p) containing (x", y', z')
and such that for all (x, y, z) € X one has z € W{* N W§” and (x, y) € D.

Claim 8.12 There exists a unique map x : D — H(p) which is continuous
forthe center-stable topology, sends (x', y') on 7' and satisfies x (x, y) € [x, y]
for each (x, y) € D. Its graph coincides with X, which is thus compact.

Proof By Remark 8.7, the closure A of m1,3(X,) is a global holonomy satis-
fying property 1).

Let us assume by contradiction that the projection map 71> : X, — D
is not injective: in particular A contains two different pairs (x, z) and (x, ¢),
having the same projection by ;. Let us choose x; such that x € B (x;)
and WC” intersects both B*(z) and B“(¢). Repeating the argument of the

proof of claim 8.10, there exists a compact holonomy D C A satisfying the
properties (1), (2), (3) above such that x; belongs to P(D). By construction
for each (x,z) € A, there exists (x,y) € D such that z belongs to [x, y].
The definition of the set {x;} and the fact that for each (x, z) € D there exists
(x,y) € D such that z € [x, y] imply that P(D) C P(D) Since x; belongs
to P(D)\P(D) we have contradicted the maximality of D. Hence the map
w12 X, — D is injective.

Since D is compact, one deduces that X s is also compact and the first case
of Lemma 8.6 holds. Consequently, the projection 71 > is also surjective X /.
This proves that X, is the graph of a map x : D — H(p). Since X is
compact, this map is continuous. The connectedness of D implies that the
map x is unique. O

One deduces that X,/ contains a unique triple of the form (x”, y”, z”) and
one sets ¢(z') = z”. The claim implies that ¢ is monotonous for the ordering
ony’, y”. One can build similarly a map from y” to y’, which is an inverse of
®. Consequently ¢ is a homeomorphism which is monotonous for the ordering

ony’, y
Let y; be the intersection between Wcs and Wi and y; be the intersection

between W;,S, and Wi, Let v/, y;" be the segments contained in Wy and
bounded by {x;, y'} and {x;, y'} respectively. One defines two monotonous
homeomorphisms ¥’ : Y’ N H(p) — y; N H(p) and " : y" N H(p) —
yi N H(p) which send x" and x” on x;. There are obtained by considering
local projection through the center-stable holonomy: one has v/’ (z") = z when
z € W' (and equivalently when 7' € WE¥). One thus obtains a monotonous
homeomorphism ¢; = ¥ 0 ¢ o "~ from Y/ N H(p)toy” NH(p).

From the Claim 8.11 and exchanging (x’, y) and (x”, y”) if necessary, one
can assume that y;’ is between x; and y; inside W{". Consequently ¢; maps
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monotonously H (p)Ny/ into itself. The sequence z, = ¢ (y;) thus converges
to a point z which is fixed by ¢; but all the z,, are distinct since by assumption
zo = y; and z; = y/’ are distinct.

By construction, for each n one associates a compact connected set
X, = Xw/—l(zn) C H(p) x H(p) x H(p) which contains the triples

',y 1//’_1(1,1)) and (x”, ", xlr”_l(zn)). Its projection on its third factor
is a compact connected set C, C H(p) containing v’ - (z,) and l////_l (zn)
and contained in a strong stable leaf. Similarly, let X = X -1, and C be its
projection on the third factor. Then, C,, converges towards C for the Hausdorff
topology on compact sets of M, whereas the points w’_l (zn), ¥” ! (zn+1) €
C,, converge towards ¥/~ (z), "' (z) € C.

Since z is fixed by ¢;, the center-stable plaques of the points v’ _l(z),
v - (z) intersect, whereas since z,,, 7,41 are distinct, the center-stable plaques
of the points v/’ _l(zn), V4 ’_1(zn+1) are disjoint. Thus the intrinsic distances
between ¥/ "' (2), ¥" " (z) and ¥/ (z,), " (zus1) are bounded away,
contradicting Lemma 8.2. The proof of Lemma 8.9 is now complete. O

We now finish the proof of the proposition.

Proof of proposition 8.3 Let us assume by contradiction that for some point
x € H(p) the set H(p) N W*(x) is not totally disconnected. We will
find a periodic point ¢ € H(p), a point zo € W?®(¢g) N H(p) and a set
C C W*¥(zp) which is closed connected and non-compact for the intrinsic
topology on W**(zp). In the stable manifold of the orbit of ¢, the iterates
f"(C) accumulate a non-trivial subset of W**(g), contradicting the assump-
tion that W% (g) N H(p) = {q}.

In order to find ¢ and C, we apply Lemma 8.8 and consider a non-compact
holonomy A and a pair (xg, yp) € A suchthat xg # yg. The sets w1 (A), m2(A)
are contained in strong stable leaves and by Lemma 8.9 their closures in the
leaves are not compact. Let us remind that Wy is a one-dimensional curve
and consider the open connected subset U C Wy bounded by {xo, yo}. Two
cases have to be studied.

If H(p) does not meet the set U, then xq is an unstable boundary point of
the chain-hyperbolic class H (p) (see Definition 3.16). By Lemma 3.17, there
exists a periodic point ¢ in H (p) whose stable set contains 1 (A). We define
zo = xo and the set C as the closure of 71 (A) in W¥(g), finishing the proof
in this case.

Let us assume now that there exists a point ¢ € U N H(p). We intro-
duce a hyperbolic periodic point ¢ homoclinically related to p and close to
¢ such that W' C W?¥(q) as given by Lemma 3.9. The plaques W;* and
Wy intersect at a point zo € U N H(p). By Lemma 8.6, there is a closed
connected set X C H(p) x H(p) x H(p) which contains (xg, o, o), such
that for each (x, y, z) € X one has z € Wy N W¥ and (x, y) € A. More-
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over the projection 73(X) is contained in a strong stable leaf of W*(g) and
X is non-compact. We want to show that the closure of 73(X) in W*¥(g) is
non-compact.

We know that the closure of one of the three projections w1 (X), m2(X),
m3(X) is non-compact. If for instance this happens for 1 (X), the closure of
71,3(X) is a non-compact holonomy by Remark 8.7. Hence by Lemma 8.9,
the closure of 3(X) is non-compact also. One concludes that in any case
the closure C of m3(X) is non-compact: we have found a non-compact con-
nected set contained in H(p) N W¥(zp) as claimed, concluding the proof of
the proposition in the second case. O

8.3 Structure in the center-stable leaves: proof of Theorem 7

By the trapping property, the iterates of each plaque W¢*, x € H(p), remain
in a small neighborhood of H(p), hence W¢* is foliated by a strong stable
foliation. We call strong stable plaques the connected components of the strong
stables leaves of W¢*.

Lemma 8.13 For any x € H(p), let us consider a connected compact set
' € H(p) N W', Then I intersects each strong stable plaque of W¢* in at
most one point. In particular this is a curve.

Proof Let us assume by contradiction that I" intersects some strong stable leaf
L of W¢* in at least two distinct points z, z’. Let us consider two small closed
neighborhoods U and U’ of z, z’ in WE?, such that U\ L and U’\ L have two
connected components.

We introduce the connected components I',, ',y of T N U and T' N U’
containing z and 7’ respectively. These two sets are not reduced to z and 7/
and, by Proposition 8.3 I', N L and I',y N L are totally disconnected. In one of
the connected components V of U\ L, all the strong stable plaques close to z
are met by I';. The same holds for I",s and a component V' of U’\ L.

We claim that one can reduce to the case both components V, V’ are on the
same side of L. Indeed if this is not the case, the connected set I' intersects
L at another point z”. One can thus define three sets V, V/, V”; among them,
two are on the same side of L.

Let L be a strong stable plaque close to z and z" which intersects V and V"
all the plaques close to L meet both I'; and I",.

Let g be a periodic point homoclinically related to p and close to a point in
I, NL. Thelocal strong stable manifold W;» (q)iscloseto L and the projection
of I'; by the center-unstable holonomy on Wgs is a connected compact set
that intersects both sides of W’ (¢). One deduces that this projection meets
WS (g) atapointy € H(p)NW**(q) whichis distinct from g. This contradicts

loc
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our assumption (made at the beginning of Sect. 8) that W*%(¢)\{¢} is disjoint
from H(p). |

Let us call graph of a plaque W;* a connected compact set of W* which
intersects each strong stable leaf of WW¢* in at most one point.

Lemma 8.14 [f for some point xo € H(p), the set Wy N H(p) is not totally
disconnected, then for each x € H(p), there exists a graph Ty C W N H (p)
containing x which meets all the strong stable plaques of WW;° that intersect a
small neighborhood of x.

Proof Let us consider a non trivial connected compact set I' C WS, By
Lemma 8.13 this is a graph. Let us consider a point z € I which is not an
endpoint. One also chooses a trapped plaque family D above H(p) tangent
to E“° whose plaques have a small diameter and are contained in the plaques
of W¢. Consequently the connected component I'; of I' N D, contains z and
has its endpoints inside D, \D,. We are aimed to build at each point x € H(p)
a similar graph I'y C Dy. This will imply the conclusion of the lemma. Let
us first choose a periodic point g homoclinically related to p and close to z.

By projecting I" inside W* along the center-unstable holonomy, one deduces

that D, contains a graph I'; C H(p) whose endpoints are inside D_q\Dq. It
contains a point close to g. Since W (¢)\{g} is disjoint from ¢, this proves
that I, contains q.

By the trapping property, for each n > 0, the connected component I" y—n )
of f7"(I'y) N'D p-n(, has also its endpoints inside the boundary of D g ).
As a consequence H (p) contains a dense set of periodic points y and inside
each plaque D, there exists a graph I'y containing y whose endpoints belong
to YTy\Dy.

For any point x € H(p) there exists a sequence of periodic points (y;)
converging towards x such that the sequence of graphs (F_yn) converges towards
a connected compact set I'.: by Lemma 8.13 this is a graph and by construction
its endpoints belong to D_y\Dy as required. m|

We are now able to finish the proof of the theorem.

Proof of Theorem 7 We assume that the conclusion of the theorem does not
holds: in particular, the Lemma 8.14 applies. By Theorem 6, there exists two
distinct points x, y € H(p) with y € W*(x). By iterations one may assume
that y belongs to the strong stable plaque of x in WW¢*. By Lemma 8.14, there
exists a graph I'y, C W;* which contains x and meets all the strong stable
plaques of points close to x in YW*. One now argues as at the end of the proof
of Lemma 8.13: if g is a periodic point close to y, the projection of Iy to Wgs
has to intersect W/* (¢) at a point close to x, hence different from ¢g. This

loc
contradicts the assumptions. O
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8.4 Construction of adapted plaques

We now give a consequence of Theorem 7 giving plaques adapted to the
geometry of the classes along the center-stable plaques.

Let us consider an invariant compact set K with a dominated splitting £ @ F
and a trapped family tangent to E such that the coherence holds for some
constant 10 ¢ > 0 (see Lemma 3.2). Let W be another trapped family tangent
to E whose plaques have a small diameter and such that for each x € K one
has W, C W,. The coherence ensures that any plaque V), that intersects the
5e-ball centered at x inside W, is contained in W,.

Definition 8.15 In this setting, a set X C K that is contained in the ¢-ball
centered at a point x € K inside the plaque W is said to be W-connected if
the union of the plaques W, for y € X is connected.

When the diameters of the plaques W are small, the W-connected sets have
a small diameter.

Proposition 8.16 Ler fy be a diffeomorphism, H(p y,) be a chain-recurrence
class which is chain-hyperbolic such that the bundles E°, E* are thin trapped
and consider some neighborhoods U of H(p 1), U of fo in Diff (M) and a
plaque family OV ) reu,xek s as provided by Corollary 3.7.

If for each x € H(py,), the set H(p f,) N W,’ is totally disconnected, then
forany n > 0 small, there exist smaller nelghborhoods UcUofH(py,) and
U of fo and there are other plaque families (fo)feu xRy defined on the

maximal invariant sets K (s in the closure of U for f, satisfying the following
properties for each f € U and x € Ky:

— The plaque V~V” is contained in W”

— Any W” -connected setof K yN W” whlch contains x has diameter smaller
than n.

Proof One considers a constant € > 0, two neighborhoods U, of H(p,) and
U of fo which decrease to H(pf,) and fj as € goes to zero, and a continuous
collection of plaque family OV f) feu, defined on the maximal invariant set
K., 7 in the closure of U,. We assume that these families are trapped, that each
plaque ng ¢ has diameter smaller than ¢ and that Wtfff’ . is contained in the
initial plaque WW¢*. Such plaque families are given by Corollary 3.7.

For f € U, one makes the union A ¢ of the sets W”f . We claim that when
& goes to zero, the supremum of the diameter of the connected components of
A (with respect to the center-stable topology) goes to zero. Indeed, if this is
not the case, one finds as limit set a non-trivial connected component of H (p f,)
for fo and the center-stable topology, which contradicts our assumption. The
plaque family (W ') is thus chosen to be (W‘ ) for some ¢ small enough. O

@ Springer



492 S. Crovisier, E. R. Pujals

9 Uniform hyperbolicity of the extreme bundles: proof of Theorem 11

In this section we finish the proof of Theorem 11. We consider:

1. a diffeomorphism fy and a chain-hyperbolic homoclinic class H(pf,)
which is a chain-recurrence class endowed with a dominated splitting
E® @ E such that:
la. E* is one-dimensional and E“*, E* are thin trapped by fy and fo_1

respectively.
1b. The intersection of H(p ) with the center-stable plaques is totally
disconnected.

2. a C2-diffeomorphism f thatis C'-close to fo,

3. a chain-recurrence class K for f contained in a small neighborhood of
H(pf,) such that:
3a. All the periodic points of K are hyperbolic.
3b. K does not contain a sink, nor a closed curve y tangent to E, invariant

by some iterate f”*, n > 1, such that fl’; is conjugated to an irrational
rotation.

4. atransitive invariant compact set A C K for f such that the bundle E“ is
uniformly expanded on any proper invariant compact subset of A.

We prove here the following proposition.

Proposition 9.1 Let us consider some diffeomorphisms fo, f, some chain-
recurrence classes H(py,)), K and a subset A C K satisfying the assump-
tions 1)-4) above. Then the bundle E" is uniformly expanded on A.

Let us explain how to conclude the Proof of the Theorem 11.

Proof of Theorem 11 Under the hypothesis of the theorem, the assump-
tions (1) and (2) above are clearly satisfied. Note that since K is contained
in a small neighborhood of H (p f,), the same holds for any chain recurrence
class K’ which meets K. If for any such chain-recurrence class K’, the bundle
E“* is uniformly expanded, the same holds for K, hence the conclusion of
the theorem holds. Note that if K’ contains a curve y tangent to E* such that
f" preserves y and is conjugated to an irrational rotation for some n > 1,
then from the domination E* is uniformly contracted on the union X of the
iterates of y and consequently X is an attractor. Since K’ is chain-transitive,
K’ coincides with X and is contained in K; this gives Theorem 11 in this case.
The same holds if K’ contains a sink. We will now assume by contradiction
that the conclusion of the theorem does not hold and hence that K’ satisfies (3)
and that the bundle E" is not uniformly expanded by f on K'.

One can then consider an invariant compact set A C K’ whose bundle E* is
not uniformly expanded and that is minimal for this property. Such a set exists
by Zorn’s lemma since if { Ay }qe 4 is a family of invariant compact sets totally
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ordered by the inclusion and if £ is uniformly expanded on the intersection
Ngea Ay, then the same holds on the A, for o large enough. By minimality, for
any proper invariant compact set of A, the bundle E* is uniformly expanded.
Since E* is one-dimensional and not uniformly expanded on A, there exists
an invariant measure p supported on A and whose Lyapunov exponent along
E*" is non-positive. One can assume that u is ergodic and by minimality of A
its support coincides with A. This implies that A is transitive and satisfies 4).
By applying Proposition 9.1 to f, A, K’, the bundle E“ is uniformly
expanded on A which is a contradiction. Consequently the conclusion of The-
orem 11 holds. O
In the following we are in the setting of Proposition 9.1 and prove that
E* is uniformly expanded on A. The proof follows the strategy of [39] (see
also [37,41,42] for more general contexts). The new difficulty is to work with
a non-uniformly contracted bundle £°° having dimension larger than 1; the
summability arguments and the construction of Markovian rectangles become
more delicate.
Strategy Our goal is to find a non-empty open set B of A which satisfy:

(E) Forany x € B andn > 1 such that f 7" (x) € B we have ||Df‘Efu )] <
1

3
This concludes the proof of the Proposition 9.1. Indeed if one considers any
point x € A, then:

— either its backward orbit intersects B and property (E) applies,
— or the «-limit set of x is a proper invariant compact subset of A whose
bundle E* is uniformly contracted by .

In both cases, the point x has a backward iterate f~"(x) such that
D fu_sgu (x)I < 1. By compactness one deduces that there is some k > 1

such that for any x € A the derivative || D flgl,fu (x)|l is smaller than 1/2, con-
cluding the proof that E* is uniformly expanded on A.

9.1 Topological hyperbolicity on A

We begin with preliminary constructions and recall some results from [39]
which only use the one-codimensional domination E<* @ E* and the fact that
f is C2. We introduce (in this order) the following objects satisfying several
properties stated in this section:

— some constants k, A, u, x related to the domination,

— two transverse cone fields C**, C“ on a neighborhood of H(ps,): they are
thin neighborhoods of the bundles E* and E“ over H(py,) and they are
invariant by D f(;l and D fy respectively.
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— two continuous trapped and coherent C!-plaques families (W”) (WC“)

provided by the Corollary 3.7, defined for diffeomorphisms f that are C1- 1
close to fp and tangent to the bundles (E<’) and (E¢*) over the maximal
invariant sets in a small neighborhood of H (p f,): the plaques are small and
tangent to C*, C*.

— some constants &, ¢ which control the geometry of the center-stable plaques
under backward iterations, their coherence and their intersections,

— some small neighborhood U of H(p y,): for any diffeomorphism f we then
denotes K ¢ the maximal invariant set of f in U.

— a continuous family of trapped C'-plaques (W“ ) tangent to E“* over the
maximal invariant set in a small neighborhood of H (p ,): they have a small
diameter so that W” is contained in U for each x € K; moreover for each
x € K, the plaque W“ is contained in W;*. This family is obtained by
Corollary 3.7. It will be used in order to deﬁne holes at Sect. 9.2.

— a scale p smaller than the diameter of the plaques WW** and which control
the size of Markovian rectangles,

— a C?-diffeomorphism f, a chain-recurrence class K and a chain-transitive
set A satisfying the conditions of the Proposition 9.1: the C!-distance
between f and fj and the size of the neighborhood of H(p,) contain-
ing K are chosen small enough in order to satisfy further conditions that
will appear in Sect. 9.3.

— ascale r > 0 which depends on the C2-diffeomorphism f and on the set
A, where the plaques W are nicely controlled.

Now we list a series of properties that are used (and referred to) in the proof
of Proposition 9.1.

(a) Dominated splitting We first state some consequences of the domination
E @ E". To simplify the presentation, one can change the Riemannian metric
(see [24]) and find « € (0, 1) such that for each point x € H(py,), and each
unitary vectors u € E{* and v € EP”, one has || Dfp.ull < k|| Dfy.v|. One
then chooses some A, ;€ (0, 1) such that Ay > «. This implies that: For any
x € Ky one has

IDfiges () = A = [IDfigeu(x)| > ™"

Since E* is not uniformly expanded on A, there exists ¢ € A such that
D f"};w (&) < 1foralln > 1. Note that since E* is uniformly expanded on
any invariant compact subset, the forward orbit of ¢ is dense in A. With the
domination E* @ E* one deduces:

(1) There exists a point ¢ with dense forward orbit in A such that for each
n > 1 one has
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n—1

[T 1D @)l <«

i=0

We fix some small constant x > 0 such that (1 + x)x < A. Choosing
C** thin enough one gets:

(ii) Forany points x, y that are close and contained in a small neighborhood
of H(pf,) and for any unitary vector u € CS*, one has

IDfeall = (4 0 sup{IDf vl v e O, ol = 1}

(b) Center stable and unstable plaques Assuming that the plaques are
small and the cones thin, one deduces from our choice of A, u:
(iii) If for some point x € K y and any n > 1 one has

n—1

[T IDAiEs(F enl < 4™,

i=0

then W¢* is contained in the stable set of x, i.e. the diameter of f" OVS*)
goes to 0 as n — +o00.
(iv) If for some point x € K y and some n > 1 one has

n—1

[T1DAEs (£l = 27,

i=0

then the norm of the derivative of f =" along the plaque W;ﬁﬁ ) 18 smaller
than .

The center-stable discs do not degenerate under backward iterations: let
us fix & > 0 small; then there is € > 0 small such that choosing f close
to fp and U small the following holds.

(v) Consider any segment of orbit (z, ..., f"(z)) in U and any disc D
tangent to C, containing a ball centered at " (z) of radius . Then
the preimage f~"(D) contains a ball B centered at z and of radius ¢,
whose iterates fi(B), i €{0,...,n}, have radius bounded by ¢.
Indeed each point fé (z) is close to a point x; € H(py,). Each disc D
in the plaque chfgl @ & fo (z) can be viewed as the graph of a Lipschitz
map above a domain A, of W)fj . The invariance of the cones C*, C“
and the fact that the bundle E* is thin trapped shows that fo_k (D), for
k € {0, ..., n} contains the graph of a Lipschitz map above a domain
A,y of W;If_k whose radius is uniformly bounded from below. The

property extends to any diffeomorphism f that is C'-close.
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The coherence of the plaques (Lemma 3.2 and Corollary 3.7) gives:
(vi) For any points x,y € Ky that are &-close, if W' N WJ* # ) then
FOVE) CWE L PR O # B then f=HOV) € Wi, .
The holonomy along the center-stable plaques can be chosen to “preserve
the order”:
(vii) For any points x,y € Ky that are e-close, the plaques Wy* and V"
intersect in a unique point.

(viil) Foranypointsx~,x",y, z € K y that are e-close, assume that y belongs
1o a subinterval of Wi" bounded by x~, xt and denote X, x, y the
intersections of the plaques VW, WL, WiF with WZ". Then y belongs
to the subinterval of W:" bounded by x~, xt.

(This is a consequence of the coherence of the YW -plaques given by
the property (vi).)

(c) Smoothness and stability of the center-unstable plaques We now use
the following result which is based on a Denjoy argument. (The proof in [39]
is written for surface diffeomorphisms but as it is noticed in [41] this does not
make any difference.)

Lemma 9.2 ([39], lemma 3.3.2, item1) Let f be a C?-diffeomorphism and K
be an invariant compact set endowed with a dominated splitting E“ & E*
such that E* is one-dimensional, K does not contain sinks and all its periodic
points hyperbolic. Then, there exists a locally invariant plaque family y tangent
to E* such that

— the maps yx 1 E" — M, x € K, define a continuous family of C?-
embeddings;

— for any ro > 0, there exists ri > 0 such that for any x € K andn > 0 the
image of the curve yyx r, == yx(B(0, r1)) by f~" is contained in y y-n ;.

For the C2-diffeomorphism f and the chain-recurrence class K one deduces
that the plaques W< are C? in a neighborhood of the section 0 € E* which
remains small by backward iterations. Indeed, the coherence, gives r > 0 such
that Wi (B(0, r)) is contained in y, for any x € K.

(d) Topological expansion along the center-unstable plaques The fol-
lowing result, whose proof is identical to the surface case [39], asserts that the
center-unstable curves y in the center-unstable direction are unstable mani-
folds.

Lemma 9.3 ([39], lemma 3.5.2) Under the setting of Lemma 9.2, for any
transitive invariant compact set A C K such that on any proper invariant
compact sets the bundle E* is uniformly expanded, there exists r > 0 such
that

for any x € A, the length of f~"(yx.r) decreases uniformly to 0 as n —
+00.
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In the following we fix » > 0 small and depending on A, as given by the
previous lemma, and we denote by W, " (x) the C2-curve vx.r forx € K. By
Lemma 9.2, the family of unstable curves (W;,7.(x))xe K is continuous for the

C? topology. For points x € A we sometimes write W, 1oe(X) = WL(x).

9.2 Adapted rectangles

(a) Rectangles The set B in condition (E) will be obtained from a geometry
adapted to the splitting £ @ E“. A rectangle! of A will be a union of local
unstable leaves of points of K.

Definition 9.4 A rectangle R is a union |, y yx With X C K such that for
each x € X the set yy is an open interval of W' (x) bounded by two distinct
points x5, x; in K y and such that the following properties hold:

1. R has diameter smaller than p,

2. RN Aisopenin A,

3. for any x, y € X, the point y, belongs to Wﬁf and the point y; belongs
R

CcS
to Wx;.
The sets {xp, x € X} and {x;g, x € X} are called the boundaries of R.
By item (3) and the property (vi), any two curves ¥, ¥, with x, x’ € X are

either disjoint or coincide. For any z € X or z € R N A, one can thus denote
by W' (z) the curve y, containing z.

Definition 9.5 A rectangle S is a subrectangle of R = | J, .y yx if itisaunion
U,ex 7x over the same set X as R and if one has y; C y, foreach x € X.

Remark 9.6 Note that if §, T are two subrectangles of R and if xg = x; for

some x € X, then it holds for all x. Indeed for any y € X, the point y,. is the
intersection of W” W” with W' (y). In particular if W (x) = Wi"(x)

for some x € X, then S =

(b) Adapted rectangles We introduce for rectangles a kind of Markov
property.
Definition 9.7 A rectangle R is adapted if for any x, y € X and n > 0,

— the curve W (y) is either disjoint from or contained in f"(Wg"(x)),

! The name refers to the rectangles of Markov partitions. For general hyperbolic sets K the
rectangles are subsets of K but on surfaces one can also consider geometric Markov partitions
[Appendix 2]PT whose rectangles are subsets of the surface diffeomorphic to [0, 112.In higher
dimensions, when the unstable bundle is one-dimensional, one can build rectangles that are
laminated by curves as in Definition 9.4.
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— in the case W' (y) C f"(Wg"(x)) there exists a subrectangle S of R such
that for each z € X the image f"(Wg"(z)) is an unstable curve of R and
such that f"(S) contains Wg"(y).

This subrectangle S is called a refurn and n is called a return time of R. In the
case fX(S) is disjoint from R for any O < k < n, one says that S and n are a
first return and a first return time of R.

The next lemma shows that returns of adapted rectangles are adapted (take
S=R).

Lemma 9.8 Let R be an adapted rectangle and S be a subrectangle of R.
Let also R’ be a return of R with return time n. Then " = R’ 0 f~"(S) is a
subrectangle of R'. If S is adapted, S’ is adapted.

Proof Note that S” has diameter smaller than p and S’ N A is open in A. For
x" € X, we consider the point x € X such that f"(Wg!(x")) = Wg"(x) and
we define y,» = f~"(Wg"(x)). By construction and since R is adapted, S’ is
the union | J ./ y yx'. In order to prove that S’ is a rectangle it remains to check
the item 3 of the definition.

Forx’, y" € X ,weconsiderx, y € X suchthat f"(Wg/(x)) = Wg*(x) and
FHWEH(YN) = W' (y). Wethendenote xg, = f " (xg)and yg, = " (yg).
We have to prove that yg, belongs to W;i . Let z by the intersection between

S/

W;S_ and Wgi(yg). The image f"(z) is the intersection between W;s_ and
N S

W' (yg). Since S is a subrectangle of R, f"(z) and yg coincide, hence z and
Yy coincide, as required.

We now assume that S is adapted and prove that S’ is adapted too. Let
us suppose that f™(Wg/! (x")) intersects W' (y") for some m > 0. Taking
the image by f™, one deduces that ™ (Wg"(x)) intersects Wg" (y). Since §
is adapted, one has Wg"(y) C f™(Wg"(x)). This implies that ng‘(y/) is
contained in f"(Wg/' (x')), proving the first item of Definition 9.7.

Since R is adapted, there exists a subrectangle R” of R such that, for each
7' € X, the image f™(Wg/(z')) is an unstable curve of R and such that
SWi(x") = Wg'(y'). By the first part of the lemma, the intersection
T"= R"N f~"(S’) is a subrectangle of R”. Note that W7 (x') is contained in
W' (x'). By property (viii) this implies that for any z € X one has W7 (x) C
W' (x') proving that T” is a subrectangle of " such that W7 (x") is mapped
on W' (y"). Hence S is adapted. |

(c) Holes In general, A N R is smaller than R and one can introduce the
notion of hole.

Definition 9.9 A hole of a rectangle R is a subrectangle that is disjoint from
A and that is maximal for the inclusion and these properties.
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A hole has aperiodic boundary if its boundary | J, .y {xg . x;r} is disjoint
from its forward iterates.

Lemma 9.10 1. If S is a hole of R then either for any unstable curve Wg" (x)
of R one has xg = xp or there exists a sequence (x,) in R N A such that
d(x,, x;S) goes to zero as n — —+00.

2. Holes of adapted rectangles are adapted.

3. For any adapted rectangle R, any hole S with aperiodic boundary and
any T > 1, there exists N > 1 such that for any x € A N R and any
n > N satisfying f~"(Wg"(x)) C S, the iterates f_”_k(W§“ (x)) for
ke {l,...,t}aredisjoint from S.

Proof Let S be a hole of R and Wg(x) be an unstable curve. We suppose
that xg # x;. The points y € K¢ N R can be ordered by considering the

projections W;s N W' (x) on Wi (x) in such a way that xg < x;. The union
of the curves yy/ C Wi (y) for y € X, bounded by y, and y;, is a rectangle.
Thus, since § is a hole and x; < xg, there exists points y € A N R such that
xE <y< xs_.

If there exists an increasing sequence (x,) € A N R whose projections on
W' (x) converge towards xg, then the distance d(x,, x; ) goes to zero and
we are done. So we assume by contradiction that this is not the case. There
exists a point ¥ € A N R which is the limit of points y € A N R and such that
there is no point y € A N R satisfying x < y < xg. Since R has diameter
smaller than p, which has been chosen smaller than the size of the plaque Wes,
the plaque W¢* intersects each curve Wg"(y) at a point y,.. The union of the
curves y}/, C Wi (y) for y € X, bounded by y; and y;g is a rectangle whose
intersection with A is empty. This contradicts the maximality of S. We have
thus proved the first item of the lemma.

Let us assume that R is adapted and that Wg"(y) intersects f"(Wg" (x))
for some n > 0 and some x,y € X. We have to show that f"(xg) and
fr (x;) do not belong to the open curve Wg"(y). Since R is adapted, there
exists a return 7' of R such that f"(W;"(x)) = Wg"(y). By property (viii),
the rectangle T contains S. In the case zg and zj coincide for z € X, the
point f"(zg) = f"(z;) does not belong to the interior of the curves of R, as
required. Otherwise, there exists by the first item a sequence (xx) in A N R
such that d(x, x;_s-) goes to 0 as k goes to +oo. Hence f”(xy) is close to

f"(x;_¢) and belongs to R. We have thus proved that W;fn =) is accumulated
’ N

by points of A N R. As a consequence, f"(xg ) can not belong to the interior
of an unstable curve of S. This gives the second item of the lemma.

Note that S has only finitely many returns with return time smaller or equal
to 7. If § has aperiodic boundary, its boundary is disjoint from the boundary
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of each of its returns: there exists § > O such that for any return 7 with return
time smaller or equal to 7, one has d(xg, x;) > J and d(x;, x}L) > §. For
n larger than some constant N, the unstable curves f~" (W} (x)) of points
x € A have a size smaller than §. If x € R and f7"(Wg"(x)) C S, then the
iterate f~"(x) € A belongs to R\S. One deduces that f~"(W" (x)) belongs
to areturn of S with return time larger than N. This gives the third item of the
lemma. m]

9.3 Construction of adapted rectangles

The assumptions (1) and (2) are now used for the construction of adapted
rectangles. The proof is strongly based on Proposition 8.16.

Proposition 9.11 There exists an adapted rectangle R such that R N A is
non-empty.

Moreover one can choose R in such a way that one of the following cases
occur.

1. For any t > 0, there is a first return S of R with return time larger than t
such that AN S # @
2. There exists a hole S of R with aperiodic boundary.

The section continues with the proof of this proposition.

(a) The construction We have to require further assumptions on f and A

needed to perform the following construction. We first choose n > 0 small.
In particular one has n < p < ¢ and the 10 n-neighborhood of H(py,) is
contained in U.
__Let us apply the Proposition 8.16: one gets a smaller open neighborhood
U of H(py,) such that for any diffeomorphism f that is close enough to fo
in Diff! (M), there exists a continuous family of C !_plaques YW tangent to
E® over the maximal invariant set K s of f in U which satisfies the following
properties:

— If two plaques W¢* and W;s have an intersection in the p-ball centered at
x then W C Wi*.
— Any W% -connected set of K N W;* containing x has radius smaller than
n.
Since f is close to fy, if the chain-transitive set A for f is contained in a
small neighborhood of H (p f,), then the chain-recurrence class K that contains
A is also contained in U. We thus have the inclusions A C K C Ky C K.

Approximation by periodic orbits We build a sequence of periodic points
(pr) in K such that

@ Springer



Essential hyperbolicity and homoclinic bifurcations 501

e the orbit of p; converges toward A for the Hausdorff topology,
e for each iterate " (py), the plaque W;; 70 is contained in the stable man-
ifold of f"(pi).

Let us fix ¢ € A satisfying the property (i). With the property (iii), the plaque
Wg“ is contained in the stable set of {. Note that ¢ is not periodic since
otherwise A would be a periodic orbit: by our assumptions, either it would
be a sink or the bundle E“ would be uniformly expanded, contradicting our
assumptions. This ensures that all the plaques W“,;( 20 and Wgs are disjoint.

Claim 9.12 Forany o > 0, there exists § > O with the following property. For
any forward return’y = f"(¢) that is §-close to ¢, there exists x € W ({)NK
such that d(f*(x), fX(¢)) is smaller than « for each 0 < k < n and the image
OV is contained in WP,

In particular for any k > 0 one has

k—1

[TIDAEs(Frenl < A%

i=0

Proof From Lemma 9.3, there exists rg such that for any point z € A, the
backward iterates of the ball centered at z and of radius ro in W} _(z) have a
length smaller than «. For g small enough and any point y, x € K that are
8o-close to ¢, the plaque W¢* intersects W (y) at a point y’ which belongs
to the ball centered at y and of radius less than ro in W[ (y). For n large
enough, the length of any curve f~" (W (y)) with y € A is smaller than 6.
We choose § € (0, dg) so that the returns f”(¢) that are §-close to ¢ occur for
n large.

We define inductively a sequence of points x; € K N W' (¢) that are
do-close to ¢ and satisfy:

— d(f*x), f5(¢)) < aforany 0 <k <n,
- (W§s+1) is contained in W and xo = ¢. With properties (i) and (ii), this
implies that

— For any k > 0 one has ]_[I;-;(l) IDfiges (f7 (i)l < A%

The construction is done in the following way. Let us assume that x; has been
defined. Then the plaque W}’ intersects W/ .(y) in a point y;. By property
(iii) the point y; belongs to the stable and the unstable set of A, hence belongs
to K. Moreover the distances d(f *(y;), y) are smaller than « for any k > 0.
We then define x;+; = f~"(y;) and by construction this point is §p-close to ¢
and belongs to W}/ (¢).

The map x; +— x;41 is continuous and monotonous, hence converges to a
fixed point x € W} (¢) € K. The construction and properties (i), (ii) give the
announced conclusions on x. O
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Since ¢ is recurrent, the Lemma 9.12 gives a sequence of points (xx) in
Wi,.(¢) N K which converges toward ¢ and such that each plaque W is
mapped into itself by an iterate f"**. The contraction along the bundle E* at
xy shows that each plaque W7 is contained in the stable manifold of a periodic
point px € WP N K.

By construction, the orbit (xx, f(xx), ..., f =1 (x;)) is contained in an
arbitrarily small neighborhood of A. With the contraction along the bundle E“*
at x; and the fact that f"*(Wy') C W', one deduces that the whole forward
orbit of x; and the orbit of py are close to A for the Hausdorff topology. Since
the plaques W¢* are trapped, each plaque W;P,; (P is contained in the stable
set of the orbits of py.

The boundary ch)s,, W;i We fix some periodic point py for k large and
consider the set P of all iterates p’ of p; such thatd(p’, x) <5 .

We choose xg € A close to ¢ and p~, pT € P so that the open interval
I C W} .(¢) bounded by W;S, and W;ﬂr has the following properties:

— for any point p’ € P the intersection of W;f with W/ () does not belong
to 1,
— W, intersects /.

The plaques W;:Z(pi) close to ¢ are controlled:

Claim 9.13 For any n > 0, either the iterate f"( ;ﬂ) does not meet the ball
centered at ¢ of radius 2n, or WS,

(ot does not intersect 1. The same holds
with the iterates of W;{.

Proof Let us fix a large integer N. Since ¢ is non-periodic and Wgs is con-
tained in its stable set, the iterates f” (Wgs) are pairewise disjoint. From the
construction, having chosen W;i close to Wéfs and / close to ¢, the plaques

f”(W;i) do not meet I forn < N.

When n = N, the radius of the plaque f"( IC,S+) is small, and the plaque
. . . . cS
is contained in W oty
n > N is thus contained in W}Cgfl o+
deduces that if f ”(W;ﬁr) meets the ball centered at ¢ of radius 27, then the
distance between f”(p*) and ¢ is smaller than 37n. Consequently, f"(p™)
belongs to P and W<, (o) does not meet /. |

By the trapping property, any iterate f”( ;ﬂ) with

and has a radius smaller than 7. One

The rectangle R. Let us consider in the 2n-neighborhood of ¢ the set X
of points z € Wgs that belong to a forward iterate f/(W; (y)) associated

to a point y € A. Then we define X as the largest W¢S -connected subset of
Xo containing ¢. By the choice of W, the set X has diameter bounded by
n. We define R as the union of curves y, C W/ “(z), z € X, bounded by the

loc
intersections z~, zT between W (z) and W;S_, W;i.
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By the choice of 7 and the construction, the points z~, z* belong to K s.
With property (vi), one deduces that the items 1) and 3) of the Definition 9.4
are satisfied.

Consider any close points x, y € A withx € R.Theintersections of W}/ .(x)
and W} .(y) with Wgs are close, hence belong to the same Wwes -component of
Xo. As aconsequence, W;i (y) ﬂWE’S belongs to X. This shows that y belongs
to R. We have proved that A N R is open in A and that R is a rectangle. By
construction it contains the point x¢ and the intersection R N A is non-empty.

(b) R is adapted Let us assume that for some x, y € X, a forward iterate
f"(yx) intersects y,. Considering a large backward iterate, the two curves
f"7™(yx) and f"(yy,) are small and contained in local unstable curves
W} (x") and W} (y") for some points x’, y € A. By property (vi), one
deduces that "~ (y,) and f~"(y,) are contained in a same unstable curve
W} (x"). In particular, if f"(y,) intersects y, but does not contain y,, then
the image of an endpoint f"(x~) (or f"(xT)) of y, is contained inside Vy-
One deduces that Wcs,,( - intersects /. Since f"(x7) is 2n-close to x, this
contradicts the Claim 9.13 above. We have thus proved the first item of Defi-
nition 9.7.

Assume now that f"(y,) contains yy,. One can define the subrectangle S of

R whose unstable curves are bounded by W™ and W*1, with ng = ng).
N N

It remains to prove that f"(S) is contained in R. Let us consider the set X ;f

of points z¥ for z € X, i.e. the intersection of W with the unstable curves
p S o+
S

W (z). Since zgr and z are close, the set X j{ is connected for thg larger plaque

family £~! (V) containing the plaques f (chf( ) forx € K. Note thatn
is larger than 2. As a consequence, the set f" (X EL) is f (W)-connected. One
thus deduces that the set X’ of intersections of the curves ICO"C (2),z€e X i
with ng‘ is WS _connected. Since it contains y € X, this set is contained in
the VNVCS—component X. This proves the second item of Definition 9.7 and R
is adapted.

(c) Periodic center-stable plaques Let us assume that there exist x € A
and n > 1 such that the plaque W;* is mapped into itself by f”. The set A is
not contained in the orbit of the plaque W;*: otherwise the property (i) would
imply that ¢ is a sink of W¢*, contradicting the fact that A is non-periodic.
Since ngs is contained in the stable manifold of ¢, the closure of ngs and of
W;?* are disjoint.

Note that the rectangle R can have been constructed arbitrarily thin in the
center unstable direction, hence it is contained in an arbitrarily small neigh-
borhood of Wg". In particular, the closure of R and the closure of the orbit of x
are disjoint. Since A is transitive the first return time on A N R is unbounded,
giving the first case of Proposition 9.11.
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(d) Non-periodic center-stable plaques Let us assume the opposite case:
there does not exist x € A and n > 1 such that the plaque W¢* is mapped
into itself by f”. Let Rp be a rectangle as obtained in paragraphs (a) and (b).
One can assume also that the first case of the Proposition 9.11 does not hold.
Since Rp N A is non empty and since A is the Hausdorff limit of periodic
points, there exists a periodic point p € K y whose plaque W[Cf intersects all
the unstable leaves Wl‘é’g (z) of Ry at a point z,, which is notin A.

As in the proof of Lemma 9.10, the points Ky N R are ordered by their
projection on an unstable curve of R. There exist two pointsx~, xT € K5 NRo
such that x~ < z,, < x™, any point y € A N Ry satisfies y < x~ ory > x+
and such that there isno X~ < x~ or X > x™ with the same properties. One
checks easily that the collection of curves y, C Wk, (z) bounded by points in
W:E and W1 is arectangle and a hole Sy of Ro.

We then explain how to modify Ry in order to obtain a hole with aperiodic
boundary. Since Ry N A is non-empty, one can assume by Lemma 9.10 that
there exists a sequence x;, € A N Rg such that d(x,, xr: So) goes to zero as

n goes to +o00. Let us denote by X~ = {zgo, z € X} one of the boundaries

of So. By construction there exists x~ € X~ N A such that the plaque Wit
contains X ~. One deduces that X~ is disjoint from its forward iterates.

One can choose the points x;, to have a dense forward orbit. In particular
they return to Rp. Since the return time is bounded, one can also assume that
they all have the same return time, hence belong to a same return 7' of Ry.
The set X~ belong to T': otherwise it would be contained in the boundary of
T and mapped by a forward iterate into the boundary of Ry; since the closure
of X~ meets A and since the boundary of Ry is contained in the stable set of a
periodic orbit, this would imply that the VW -plaque of a point of A is mapped
into itself, contradicting our assumption.

Note that the set X~ is still one of the boundaries of a hole of 7" and that the
boundary of T is still contained in the stable set of periodic orbits. One can
thus replace Rg by T and repeat the same argument. Doing that several times,
one gets a deeper return R of Rog which contains the set X . The rectangle R
is arbitrarily thin in the unstable direction, hence it contains a hole S whose
boundaries are X~ and a boundary of R. By construction the boundaries of R
are disjoint from their iterates. This implies that S has aperiodic boundaries.

The proof of the Proposition 9.11 is now complete. O

9.4 Summability
For any point x € K we denote by £(J) the length of any interval J contained

in its local unstable manifold W; (x). This section is devoted to the proof of
the next proposition.
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Proposition 9.14 For any adapted rectangles S, R, where S is a subrectangle
of R, there exists K (S) > 0 satisfying the following: for any x € A N R, and
any n > 0 such that the curves f_k(W§” (x)), 0 < k < n, are disjoint from S,
we have

n—1
DR () < K ().

k=0

Moreover, there is Ko > 0 which only depends on R such that K(S) < Ky
when S is a return of R.

(a) Summability for first returns The first case corresponds to [39, lemma
3.7.1].

Lemma 9.15 For any adapted rectangle R with RN A # ), there are C1 > 0,
o1 € (0, 1) as follows.
For any unstable curve Wg"(x) of R with W' (x) N A # (), any interval

J C Wg'(x) and any n > 0 such that the iterates f (W' (x)) with0 < j <
n are disjoint from R we have

L) = Croy e().

Proof Let us consider a point z € AN R. Since A N R is open, one can choose
a small open neighborhood V of z. The maximal invariant set

A==V

nez

in AN(M\V) is compact and proper in A. By assumption E“* is expansive on
A 1. It is thus possible to get a neighborhood of A such that while the iterates
remain in this neighborhood the subbundle £ is uniformly expanded by Df .
Moreover, the number of iterates that an orbit of A remains in the complement
of the mentioned neighborhood of A and V is uniformly bounded.

Since W, % (x) N A # {, one can always assume that x belongs to A. By
Lemma 9.3, choosing ng large enough (and independent from x, J, j), the
curves f*j(WI“OC(x)) for j > ng are small. If j < n, the segment ffj(J)
is disjoint from R, hence f~/(x) is disjoint from V. Moreover x belongs
to A. One deduces that there exist uniform constants ¢ € (0, 1) and C >

0 such that ||D]‘|E{u (x)| < Co/ forall 0 < j < n. Since for ng large

enough the curves f —J (W[ .(x)) are small, the derivatives || D fgeu(f —J(x)||
and || Dfgeu (f /()| for y € W} _(x) are close.
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One deduces that for any 0 < j < nand y € W (x) one also has
||Df‘E’Zs "I < Cyoy for other constants C; > 0, o1 € (0, 1). The conclusion
of the lemma follows. O

(b) Distortion along center-stable holonomies and contracting returns
We will need to compare the unstable curves.

Definition 9.16 A rectangle R has distortion bounded by A > 0 if for any
unstable curves W (x), Wg"(y) one has:

1 EWR ) _
AT UWEO) ©

We will also need to consider returns that contract along the center-stable
bundle.

Definition 9.17 Let us fix N > 0. A point zg € Ky is N-contracting in time
n if there exists m < N in {0, ..., n} such that for eachi € {m, ..., n} one
has

T 1Dfiee (F* ol < 2.

k=m

A return § of a rectangle R with returning time n is N-contracting if there
z0 € Ky N § which is N-contracting in time 7.

The following lemma is similar to [39, lemma 3.4.1].

Lemma 9.18 For any adapted rectangle R and any N > 0, there is A1 > 0
such that any N -contracting return of R has distortion bounded by A.

Proof One chooses a C!-foliation F tangent to the cone field C¢* and contain-
ing the plaques W, W' of R. For any unstable curves of R with basepoints
x,y € X, one gets a diffeomorphism IT, , : Wg'(x) — Wg"(y), whose
derivative is bounded from above and below uniformly in x, y € X.

Let S be a N-contracting return of R. For any unstable curves of § with base-
points x’, y’, their images by f" coincide with some curves Wg"(x), Wg*(y)
gf R. This allows us to define a diffeomorphism HZ’,y/ W () — W(Y)

y

H:lc/’y/ == f_n o Hx’y (¢] fn.

The distortion of § is thus controlled by the following quantity, for any z €
W (x'):
S

IDfirwen i I/ Df\nngu(n;,’y, onll-
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Using that the forward iterates of any vector tangent to C in U converge
towards E““ (uniformly) exponentially fast and that the bundle E<“ is Holder
(see Lemma 7.4), one can argue as in [39, lemma 3.4.1] and show that there
exist some uniform constants C > 0 and « € (0, 1) such that

||Df|rjl~Wcu(Z)” n-l . .
PO cexp( o+ 0 Sdf @, i o).

n
1D rwene, ol i=0

It remains to estimate d( f*(z), fi(l_[’;,’y/ (z))) and it is clearly enough to
consider the case i > N. Using the property (v) stated in Sect. 9.1, there
exists a disc B centered at z tangent to C*° of radius larger than &, whose
iterates f i(B),i € {0, ..., n} have a radius smaller than ¢ and such that
f"™(B) is contained in a leaf of the foliation . One deduces that B contains
the point Hz,’y, (z). From property (ii), the distance d( f(z), f"(H;,’y,(z)) is
thus bounded by

d(f' @), f1(IT () = d(f" @), "I @) L+ x)"

[T 1 Dfizes (FE GO
<E 1+ ) A,

where zo € K¢ N S is a point which satisfies the Definition 9.17 for some
integer m > N. Wq have a}ssumed that (1 4+ x)A < 1 (recall Sect. 9.1), hence
the sum z;:ol d(f'(z), [ (HZ/’ N (z)))¢ is bounded uniformly. This concludes
the proof of the lemma. O

With the same proof, the Lemma 9.18 generalizes to the following setting.

Lemma 9.19 For any adapted rectangles S, R such that S is a subrectangle
of R and for any N > 0, there exists A1(S) such that for any N-contracting
return R’ of R with return time n, the subrectangle ' = R' N f~"(S) has
distortion bounded by A1(S).

(c) Summability between contracting returns One now obtains the sum-
mability for returns which do not satisfy Lemma 9.18.

Lemma 9.20 For any adapted rectangle R and any N > 1 large enough,
there is K1 > 0 as follows.
Consider x € AN R and 0 < k < [ such that:

- f _k(WI‘é” (x)) CRand f “k(x)is N -contracting in time k,
— forany k < j < I, either f_j(WI‘é”(x)) NR = Wor f(x) is not N-
contracting in time j.
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Then for any curve J C W' (x) one has

l
D) < K e,

j=k

Proof WeletR C {k, ..., [} be the set of integers n such that f~"(Wg(x)) C
R. Since R is adapted the other integers satisfy f~"(Wg(x)) N R = . The
Lemma 9.15 can be restated as:

Claim 9.21 There exists K, > 0 satisfying the following. For any integers
r<pinik,...,l} suchthatr € Rand{r +1,r +2,...p — 1} N'R =,
one has

p
ST UfIW)) < K 6(f 7).

Jj=r

We also introduce the set P C {0, ..., [} of integers n such that for each
0 <i < n one has

[T 1Dfiges(F7@enl < 2"

j=i+1

The summability between iterates in P is ensured by the next classical argu-
ment.

Claim 9.22 For any integers p < r in {k, ..., 1} such that p € P and {p +
I,p+2,....,r =1} NP =0, one has

eI < PP,

Proof Using that the integersn € {p + 1, ..., r — 1} are not in P, one proves
inductively that
n
[T 12fips(r = 0enl > 277 ©.1)
j=p+l1

Indeed, if one has ||Df|Ecs(f_p_l(X))” < A, then using that p belongs to
‘P, one deduces that p + 1 also, which is a contradiction. Moreover if the
inequality (9.1) holds for all the integers p 4+ 1, ..., n — 1 and is not satisfied
for n, then foralli € {p,...,n — 1} one gets

[T 1Dfiges(F7@enl < 2"

j=i+l
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Since p belongs to P this implies that n also which is a contradiction. This
proves that (9.1) holds.
The property (9.1) for n = r — 1 together with (iv) in Sect. 9.1 imply that the

p—r+1 - — : —p—1
norm of D f| WE(FP () along the plaque W¢" (f ™7 (x)) is smaller than u" =P,
giving the required conclusion. O

We can now prove the lemma. Let C ¢ > 1 be an upper bound of | Df ||. We
choose N large enough so that one has ™V K,C r< %
Let us consider py < ps—1 < --- < poinPandk <rg <rs_; <--- <

ro <[ in R which satisfy:
— Foreachi € {0,...,s} one has p; < r; and fori € {1,...,s} one has
ri = pi—1.
— There is no r € R such that r;, < r < p;. There is no p € P such that
Pi <p <Ti-1.
— ps < k and when s > 1 one has k < p;_1. There is no r € R such that
ro<r <lI.
These sequences are defined inductively: ry is the largest integer in R smaller
or equal to [ and pyg is the largest integer in P smaller or equal to rg. Assume
that p; < r; have been constructed. If p; < k we set s = i and the construction
stops. Otherwise we let ;4| be the largest integer in ‘R that is smaller or equal
to p; and smaller than r;. By assumption p; is larger than n, hence r;y1 is
larger or equal to n. Then p;41 be the largest integer in P smaller or equal to
ri+1 and smaller than p;.
Since f % (x) is N-contracting in time k, we have p; > k— N. One deduces

L) = e ecrkan.
Using Claims 9.21 and 9.22, foreach i € {1, ..., s} one has

Pi—1
DD = (@ =7+ KaCp) L(F TP,

k=pi

l
DRI < (1= w7+ KaCp) £(f 7)),

k=po
C(f7P1() < WKL Cp E(fTPI()).

By our assumptions, when i satisfies 0 < i < s the point f~"i(x) € R is not
N-contracting. As a consequence ; — p; > N. This implies by our choice of
N,

1
eI < wNKaCy b(f7PI)) < Ez(f—l’f(])),
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Putting all these estimates together one gets the conclusion:

1
DI < (1= w7 4+ K2Cp)(1+2K2C)CY e(f ().
j=k

O

(d) Proof of the proposition 9.14 Let us choose N > 1 large and consider the
constant K given by Lemma 9.20. The Lemma 9.19 applied to the rectangle S
gives a bound A (S). We fix an unstable curve W (xo) of R. We set K (S) =
2A1(S)K1€(Wg'(x0)). We also set ng = O (in the case S is a return we will
obtain a better result taking n g equal to the return time).

Letx € ANRand J = Wg(x). We introduce the set Rp C {—ns, ..., n}
of integers i such that f ~i(J) C Rand f “i(x)isN -contracting intime i +ng.
Since R is adapted, the Lemma 9.8 shows that for each i € Rp, there exists a
subrectangle S; of R such that

— f7'(J) is an unstable curve of S;, _
— for each unstable curve W§l_” (z) of S; the image f* (ng_” (z)) is an unstable
curve of S.

Lemma 9.23 For any i’ < i in Rp N{l,...,n}, the rectangles S;, S; are
disjoint.

Proof Assume by contradiction that some unstable curves f (W' (y)) and
f‘i/(W§“ (»") of S; and S intersect. Then Wg" (y') intersects fi/_i (W ()
and since S is adapted, there exists areturn 7 of S with returning time i —i’ such
that fi'~ (WS (y)) is an unstable curve of T. One deduces from Remark 9.6
and Lemma 9.8 that f i/(S,-) is contained in 7', hence in S. This contradicts the
assumption that f i'=i (W§"(x)) is disjoint from S. O

Let ig be the largest integer in R» which is smaller or equal to ns. (When
ns = 0, one has ig = 0). We now end the proof of the Proposition 9.14. The
Lemma 9.20 implies that

A

o L TRWE () = YTl LR WE ()
= Ky (670U + iy rong €7D

Since f~/(x) is N-contracting in time i 4 ng, the Lemma 9.18 implies that
for eachi € Rp

eI < AL(S) LW (x0)).
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The Lemma 9.23 implies that the intervals W§i” (xg) fori € Rp withi > ng
are disjoint. As a consequence

D W) < LW (xo)).

i€ERp, i>ng

Putting together these last three inequalities, one concludes the proof of the
Proposition 9.14 in the general case S is an adapted subrectangle:

n—1
STLFTRWE ) < 281K LWE (x0) = K(S).
k=0

When S is a return, we take ng equal to the return time so that f"S(J) is an
unstable curve of R. The constant A is given by Lemma 9.19 and as before
we set Ko = 2A1K 1£(W§“ (x0)). We repeat the same proof, noting that the
subrectangles S; are returns of R, so that for each i € Rp we have the better
estimate

L)) < A EWE (x0)).

The conclusion of the Proposition 9.14 thus holds with the uniform constant
Kop. O

9.5 Proof of the Proposition 9.1

In order to conclude the proof of Proposition 9.1 we consider a rectangle R as
given by the section 9.3 and we distinguish between two cases described by
the Proposition 9.11.

(a) Distortion along unstable curves Since by Lemma 9.2, the unstable
curves the set K are contained in a continuous CZ-plaque family, the classical
distortion estimates hold (see for instance [39, lemma 3.5.1]).

(D) There is Ay > 0 such that for any z € K, any x,y in an interval J C
W (z), and any n > 0,

loc

1D g () =

_— < A V4 J .
1Df 7l ‘eXp( 2; )

In particular,

(f !
IDf e ()| < % exp(AQZE(f‘ku»). 9.2)
k=0
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As a consequence we also get the following.

(D’) Forany C > Othereisn > O suchthat forany z € K., for any intervals
J Cc J C Wi (2) and for any n > 0 satisfying £(J) < (1 +n) £(J) and

loc

Z;(l) (f7k)) < K, then one has

n—1
Dty s2c

k=0

In particular for any x € J one has

n—1
Lf="J
I Df Ol < % exp(z A z(fk(J))).
k=0

(b) Adapted rectangles with unbounded first returns We conclude Propo-
sition 9.1 in the first case of the Proposition 9.11. (The end of the proof corre-
sponds to [39, lemma 3.7.4].)

Lemma 9.24 For any adapted rectangle R, there exists T > 0 as follows.

If there exists a first return So of R with return time larger than T and such
that So N A # D, then, there also exists a return S of R such that SN A # ()
which has the following property: for any x € SN A and n > 1 such that
f7"(x) € S we have | Df e (x)|| < 3.

In particular the property (E) holds with B = § N A.

Proof Let Ky, K1, N, A1 be some constants associated to R so that Propo-
sition 9.14 and Lemmas 9.18 and 9.20 hold. Let L be a lower bound for the
length of unstable curves W"(z) of R and [ be an upper bound for all the
backward iterates f~/ (Wg'(2)) with j > 0. Recall that Ay > 0 is a constant
such that (9.2) holds. We also set

L
5= ™~ exp(—A2 (Ko + K1 1))/3
1

and choose T > 1 so that for any z € A the backward iterates f _k(Wfo“c (2))
with k > t have a length smaller than § (see Lemma 9.3). We then consider a
return So of R with return time ng larger than t such that So N A # @. Two

cases occur.

Case 1: no contracting backward iterate. We assume first that for any x €
So N A, there is no backward iterate f~/(x) with j > 0 which belongs to a
N-contracting return of R with return time j. In this case, we set § = Sp. For
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any point x € S N A and any j > 1 such that f=/(x) € S one can apply the
Lemma 9.20 to x and the integers k = 0 and / = j. One deduces that one has

J
DU WE ) < Kib(Wgt () < Ky L.
i=0

Note that j > ng > . Since z belongs to A, one deduces that f~/ (Wg'(2)
is smaller than 8. With property (D), one gets

—J LI (WE(2)))
”Df|E£s @ = WCXP(Az Kil)

Lexp(Ar K1 1) < 1/2.

A

A

The lemma is thus proved in this case.
Case 2: contracting backward iterates exist. We first build the return S.

Claim 9.25 There exists a N -contracting return S of R with returntimen| > t
such that A NS # ) and such that for each z € A N S one has

ni
DLW @) < Ki LW (2)).

J=0

Proof There exists a point x € f"0(Sp) N A and a backward iterate f~"!(x)
with n; > ng which belongs to a N-contracting S return of R with return time
n1. One can assume that n1 is minimal: consequently forany i € {1,...,n; —
n»} the iterate £ (S) does not intersect a N-contracting return of R with return
time n — i. Since Sy is a first return, the iterates fi(S) fori € {ny —ng +

1,...,n; — 1} do not intersect R. The Lemma 9.20 can thus be applied to the
points z € A N f"1(S) and the integers k = 0 and [ = ny. In particular, for
any z € A N S one gets the announced inequality. O

We now prove that the return S given by the Claim 9.25 satisfies the conclu-
sions of Lemma 9.24. It is enough to consider apointx € SNA andn > 1such
that f~"(x) € Sand f¥(x) ¢ Sfor0 < k < n. By Lemma 9.8, the rectangle
S is adapted, hence f‘k(W§” (x)) is disjoint from S for any 0 < k < n. One
deduces by Proposition 9.14 that

n—1
> e R W (x))) < Ko.

k=0
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By our choice of S one has

ny
Zﬂ(fj(WE”(f_”(X)))) <K L(f" (W' (f 7" (x)) = K1 e(Wg' (f" 7" (x))).

j=0

In particular, the property (D) gives

MW ()
LW (x))

LW (f 7" (x)))
EWRH(fM=(x))

||Df|r1151c:n(x)|| < exp (A Kop) .

IDfiped (F" "GNl < exp (A K1 ).

Since S is an N-contracting return of R, the Lemma 9.18 gives

AU CONES
LW (x)

Al.

We also have

MW () = L TTWEE (M () < 6.
Combining these inequalities, one gets the required estimate:

5 A
IDf G (f D] < ——

exp (A2 (Ko + K1 1) < 1/2.

O
(c) Adapted rectangles with holes We obtain a stronger summability result
for holes. This is similar to [39, lemma 3.7.7].

Lemma 9.26 Let R be an adapted rectangle and S be a hole of R with ape-
riodic boundary. Then, there exists K3z > 0 such that for any x € R N A, we
have

DR () < Ka.

k>0

Proof By Lemma 9.10, S is an adapted rectangle. Let (n;) be the sequence of
returns of Wg"(x) into S, that is the integers such that f~" (Wg"(x)) C S.
Let us consider two consecutive returns n;, n;+1. By the Proposition 9.14, we
have

njy1—n;

DR WS T D) < K(S).

k=0
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From (D) this implies

DR ))) < £(f T (WE(x))).K (S). exp(A2K (S)).

k=n;

It thus is enough to bound uniformly the sum Zizo L(fTM(WEH(x))).
From (D) again we have

L(fMH (W (x))) - L(frimmE (W (fT1(x))))
e(fm(Wgh(x))) — LW (f 77 (x)))

By Lemma 9.10, there exists N > 1 such that for n; > N the difference

nj41—n; islarge and by Lemma 9.3, the length £( f" "+ (W" (f 7" (x)))) is

smaller than £(W§" (£~ (x))) 22E22KED 1 particular £(f "+ (W (x)))
is smaller than £(f " (Wg"(x)))/2 for any n; > N. The lemma follows. O

exp(A2K (S)).

It remains to conclude Proposition 9.1 in the second case of the Proposi-
tion 9.11.

Lemma 9.27 For any adapted rectangle R having a hole S with aperiodic
boundary and such that R N A # (), there exists a non-empty open subset
B C R of A such that property (E) holds.

Proof Let K3, A; be the constants given by Lemma 9.26 and the property (D)
and let n be the constant given by the property (D’) and associated to C = K3.
Since R N A is non-empty S is proper in R. Up to exchange the boundaries
x~,xT of R and S, one deduces by Lemma 9.10 that there exists a sequence
(x,) in R N A such that d(x,,, x;S) goes to zero as n — 400. Since A is
transitive and is not a single periodic orbit, one can assume that the points x;,
are not periodic. We fix such a point x so that d(x, xg) < n £(Wg"(x)).

Let L be a lower bound for the length of the curves Wg"(z) of S and let
8 = Lexp(—2 A> K3)/3. We choose t large enough such that for any z € A
the curves f~" (W (z)) forn > 7 have a length smaller than . Since x is not
periodic, one can find a small neighborhood B of x in A such that B is disjoint
from its first 7 iterates and for any y € B one has d(y, yg) <7 E(Wg”(y)).

For any return f~"(y) in B one has n > 7. Lemma 9.26 and property (D’)
thus give:

_ e —n W{.‘u _ _
1Dk I = g™ exp (2 A2 X755 0/ WE“ (1))
2 exp(2 Ay K3) < 1/2.

A

The proof of the Proposition 9.1 is now complete.
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