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Abstract Given a Tonelli Hamiltonian of class C? on the cotangent bundle of
a compact surface, we show that there is an open dense set of potentials in the
C? topology for which the Aubry set is hyperbolic in its energy level.

1 Introduction

Let M be a smooth compact Riemannian manifold without boundary of dimen-
sionn > 2,and H : T*M — R be a Tonelli Hamiltonian of class C2. As
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shown by Mather [32], one can construct a compact invariant subset of 7*M
which enjoys several variational properties and has the distinguished feature
of being a Lipschitz graph over a part of M. This set, called the Aubry set
associated to H and denoted by A(H), captures many important features of
the Hamiltonian dynamics.

Fathi [18] established a bridge between the Aubry-Mather theory and the
properties of viscosity solutions/subsolutions of the critical Hamilton—Jacobi
equation associated with H, giving rise to the weak KAM theory. The dif-
ferentials of critical (viscosity) subsolutions are uniquely determined on the
projection of A(H) onto M [denoted by A(H)], and all critical subsolutions
are indeed C!-! on the projected Aubry set A(H). We refer the reader to Sect.
2.1 below for a precise definition of the Aubry set and more details about weak
KAM theory.

A famous open problem concerning the structure of A(H) is the so-called
“Maiié conjecture” [29] which states that, for a generic Hamiltonian, the Aubry
set is either a hyperbolic equilibrium or a hyperbolic periodic orbit. In [21,22],
the second and third author obtained several results in the direction of proving
the validity of the Mafié conjecture. However, all those results heavily rely on
the assumption of the existence of a sufficiently smooth critical (sub-)solution.
The goal of this paper is to combine some of the techniques developed in
[21,22] with tools from dynamical systems and new regularity estimates for
viscosity solutions, to answer in low dimension an open problem proposed by
Herman during the ICM in 1998 [25, Section 6.2, Question 2] (in the context of
twist maps on T, this question was posed by A. Katok, and positively solved
by Le Calvez [27]):

Is it true that generically the Aubry set is hyperbolic?

As mentioned by Herman at the beginning of [25, Section 6], the subject of
the instabilities of Hamiltonian flows and the problem of topological stability
“lacks any non-trivial result”. Our main theorem solves in the affirmative
Herman’s problem on surfaces for the C2-topology.

Theorem 1.1 Let H : T*M — R be a Tonelli Hamiltonian of class Cc?
and assume that dim M = 2. Then there is an open dense set of potentials
VY C C?*(M) such that, for every V. € V), the Aubry set associated to the
Hamiltonian H + V is hyperbolic in its energy level.

The proof of Theorem 1.1 relies on the properties of Green bundles which
can be associated with each orbit of the Aubry set. The basic idea is based on
the following dichotomy for Green bundles: either they are always transverse,
in which case one gets hyperbolicity of the Aubry set; or the Green bundles
coincide along a given orbit of the Aubry set, and in this latter case, elab-
orating on previous works by Arnaud [4,5], we show that the restriction to
the projected Aubry set of any critical solution is C? along the projected orbit.
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Generic hyperbolicity of Aubry sets 203

This additional regularity property is not enough to apply the techniques which
were introduced in [21,22], since there the authors had to require the existence
of a critical solution which is C'-! in a neighborhood of the projected orbit and
C? along it. In our case, we do not have any regularity property outside the
projected orbit, and critical solutions may be merely Lipschitz in any neigh-
borhood of the projected orbit. Still, by some new refined estimates on the
regularity of a critical solution near a point where the Green bundles coincide,
we are able to exploit the techniques used in [21,22] to conclude the argument
and prove our theorem.

Our proof together with the shadowing lemma (see [26]) yields the following
closing-type result:

Theorem 1.2 Let H : T*M — R be a Tonelli Hamiltonian of class C 2~, and
assume thatdim M = 2. Then, for every open setld C T*M containing A(H),
and any neighborhood V of 0 in C2(M), there exist @ € U and V € V such
that the orbit with respect to the Hamiltonian H 4+ V passing through 0 is
periodic and hyperbolic.

We notice that a similar statement could be deduced as a direct consequence
of the results in [9,19,29]: more precisely, by [19, Theorem 1.5] and [9, The-
orems 1 and 2] the Aubry set is upper-semicontinuous on surfaces, so [29,
Theorem F]' implies that generically in C* topology one can find a periodic
orbit close to the Aubry set. However, in contrast with Theorem 1.2 above,
this orbit may not be hyperbolic (even if one introduces an additional small
perturbation by a potential, see [37]). Therefore, if we work in the C? topology,
Theorem 1.1 allows us to say that the Aubry set of H 4 V' is hyperbolic, which
in turn implies the hyperbolicity of the sequence of periodic orbits approaching
the Aubry set (see Proposition 2.18). All in all, we get the following refinement
of [29, Theorem F] in two dimensions and C? topology:

Theorem 1.3 Let H : T*M — R be a Tonelli Hamiltonian of class C?, and
assume that diim M = 2. Then there is a residual set of potentials G C C*(M)
such that, for every V € G, the Lagrangian associated with H + V admits a
unique minimizing measure, which is indeed a strong limit of a sequence of
probability measures supported on hyperbolic periodic orbits.

The paper is structured as follows. First, we collect several preliminary
results which are fundamental for the proof of Theorem 1.1: Sect. 2.1 is con-
cerned with reminders in weak KAM theory; Sect. 2.2 contains a result on

! Mafié’s theorem [29, Theorem F] asserts that, given a Tonelli Hamiltonian of class Cck with
k > 2, there is aresidual set of potentials G C C k(M) such that, for every V € G, the Lagrangian
associated with H 4 V admits a unique minimizing measure, which is indeed a strong limit of
a sequence of probability measures supported on periodic orbits.
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connecting trajectories; Sects. 2.3, 2.4, and 2.5 are devoted to the construc-
tions of Green bundles, paratingent cones, and Arnaud-type results; Sect. 2.6
contains reminders on hyperbolicity and quasi-hyperbolicity; finally, Sects.
2.7 and 2.8 contain material on semiconcave and BV functions and a lemma
from harmonic analysis, which play a major role in the proof of Theorem
1.1. Section 3 is concerned with the proof of Theorem 1.1, which is split into
a stability and a density part. Finally, in Sect. 4 we present some examples
of Tonelli Hamiltonians on surfaces of positive genus whose Aubry set is a
non-trivial minimal hyperbolic set.

2 Preliminary results
2.1 Reminders in weak KAM theory

Recall that a Tonelli Hamiltonian H : T*M — R of class C? is a Hamiltonian
satisfying the two following properties:

(H1) Superlinear growth: For every K > 0 there is a finite constant C*(K) €
R such that

H(x,p) = Klplly + C*(K) VY (x,p) e T*M.

(H2) Uniform convexity: Forevery (x, p) € T*M,the second derivative along
the fibers %271;1()@ p) is positive definite.

The critical value ¢[H] € R of H may be defined as the infimum of the
values ¢ € R for which there exists a smooth function # : M — R satisfying

H(x,du(x)) <c VYx e M.
A Lipschitz function u : M — R is called a critical subsolution (for H) if
H(x,du(x)) < c[H] forae.x € M. 2.1

It can be shown that the set of critical subsolutions, denoted by S, is a
nonempty compact convex subset of C°(M; R) [18,36]. Fathi and Siconolfi
[20] proved that the set of critical subsolutions of class C! (denoted by SS 1)
is nonempty, and their result has been improved later by Bernard [8] who
showed the existence of critical subsolutions of class C!-!. Also, they proved
that the so-called Aubry set can be seen as the nonempty compact subset of
T*M defined by
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Generic hyperbolicity of Aubry sets 205

A(H) = () { e du)) v € M st H(x, duto) = c[H1}.
ueSS!

This set is invariant under the Hamiltonian flow, and by Mather’s graph prop-
erty it is a Lipschitz graph over the projected Aubry set defined as

A(H) = n*(f{(H)) cM,

where 7* : T*M — M denotes the canonical projection map (see for instance
[18,36]).

The Lagrangian L : TM — R associated with H by Legendre—Fenchel
duality is defined by

L(x,v) := pxgﬁ%{@, v)—H(x,p)} V(x,v) e TM.

Thanks to (H1)—(H2), it is easy to see that L is a Tonelli Lagrangian of class
C?, that is a Lagrangian satisfying both properties of superlinear growth and
uniform convexity (see [10,18]). Critical subsolutions have important varia-
tional properties, and for instance they can be characterized as follows (see
[18,36]):

Proposition 2.1 A function u : M — R is a critical subsolution if and only if

b

u(y(®) —u(y@) < /L(V(S), y(s))ds +ec[HI(b—a) (22

a

for any Lipschitz curve y : [a, b] — M.
The (backward) Lax—Oleinik semigroup
(7 )20 : COWM; R) — COM; R)
associated with L is defined as follows: for every t > O and u € C O(M ; R),
the function 7, u := 7,” (u) is given by

0
7, u(x) := inf u(y(—t))+/L(y(s),)}(s))ds VxeM, (2.3)

—t
where the infimum is taken over all Lipschitz curves y : [—¢, 0] — M such
that y (0) = x. The set of critical subsolutions SS is invariant under {7, };>¢.

A critical subsolution u# : M — R is called a critical solution or a weak KAM
solution if,
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T u=u—c[H]t Vi>0. (2.4)

Critical solutions may be characterized in several ways (see for instance [18,
36]):

Proposition 2.2 Let u € CO(M; R). The following properties are equivalent:

(i) u is a critical solution.
(ii) u € 8§ and, for every x € M, there exists a Lipschitz curve y, :
(=00, 0] = M with y,(0) = x such that

b

M(Vx(b)) - u()/x(a)) = / L(Vx(s)’ Vx(s)) ds

+c[H](b—-a) Ya<b<O. (2.5)

(iii) u € 8§ and for every smooth function ¢ : M — R with ¢ < u and all
xeM,

¢(x) =u(x) = H(x,d¢(x)) > c[H].

As shown in [35], critical solutions enjoy some regularity properties. One
of them is the fact that critical solutions are semiconcave. Recall that, given
an open set 2 C R”, a function v : 2 — R” is said to be locally semiconcave
in Q if, for every x € , there are C, > 0 and a ball B, C € containing
x such that the function y +— v(y) — Cy|y|? is concave on B,. A function
v : M — Ris called locally semiconcave if it is locally semiconcave in
charts, that is, if for every x € M there are an open neighborhood V), of x and
asmooth diffeomorphism ¢, : V, — ¢, (V) C R" suchthatvo¢, Lis locally
semiconcave on ¢, (Vy) C R”. Of course, if the manifold M is compact then
the constant C, can be chosen independent of the point, and we say that the
function is semiconcave.

Proposition 2.3 Any critical solution is semiconcave on M.

Letu : M — Rbeacritical solution for H and x € M be fixed. By assertion
(ii) in Proposition 2.2 above, there exists a curve yx : (—oo, 0] — M with
yx(0) = x satisfying (2.5). Since u is a critical subsolution (see Proposition
2.1), we infer that for every 7 > 0 the restriction of y, to [—7, 0] minimizes
the quantity

0
u(y(=1)) + / L(y(s),y(s))ds +¢[H]T,
-T
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among all Lipschitz curves y : [—T,0] — M such that y(0) = x. In par-
ticular, y, is the projection of a Hamiltonian trajectory, and whenever u is
differentiable at y, (—T'), by the first variation formula one gets

du(y:(=T)) = % (rx (=), yx(=T)).

We call limiting differential of u at x € M, and we denote it by Du, the set of
p € TM suchthat there is a sequence {x; }; of points converging to x such that
u is differentiable at x; and p = limg_, o du(xx). Note that, by the Lipschitz
regularity of u, the graph of the multivalued mapping D*u is a compact subset
of T*M. As shown in [35], by the above discussion one can prove that there is
a one-to-one correspondence between the limiting differentials and the curves
satisfying (2.5):

Proposition 2.4 Let u : M — R be a critical solution and x € M. For every
p € Diu the curve yx : (—00, 0] — M defined by

y(=n =7 (o7, p)) Vizo, 2.6)

satisfies yx(0) = x, (2.5), and

(=0, D3, ) = {@7 e p} vizo. @.7)

In particular u is differentiable at yx(—t) for any t > 0. Moreover; for every
curve yy : (—oo, 0] — M satisfying y,(0) = x and (2.5), there is p € Diu
such that (2.6) holds.

A curve of the form yy : (—o0, 0] — M satisfying (2.5) is called a semi-
calibrated curve. A curve defined on R satisfying (2.5) for any a,b € R
is called calibrated. As we said previously, the Aubry set A(H) is invariant
under the Hamiltonian flow, and it is a Lipschitz graph over A(H). Fathi and
Siconolfi [20] proved that, for every point of A(H), the limiting differential of
a critical solution is a singleton there. In particular, since A(H) is a Lipschitz
graph over A(H), this means that every critical solution u is differentiable on
A(H), its differential is independent of u, and x +— du(x) is Lipschitz on the
Aubry set. In addition, for any (x, p) € A(H), the curve (2.6) is calibrated.
All these facts are summarized in the following:

Proposition 2.5 Let u : M — R be a critical solution and x € A(H). Then
u is differentiable at x, du(x) does not depend on u, Diu = {du(x)}, and the
calibrated curve y, : R — M defined by

vo(t) == 7" (¢f’ (x, du(x))) VieR, (2.8)
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satisfies yx(0) = x,

b
u(ye (b)) — u(yx (@) /L Ya(8), Yx(s))ds +¢[H] (b —a) Va <b,
(2.9)

() € A(H) forallt € R, and

(). D} 1) = {6 x.auen} vrer (2.10)

Finally, the mapping A(H) > x + du(x) is Lipschitz.

We refer the reader to [21,23] for a more detailed introduction to weak
KAM theory, to the notes [36] for the proofs of the above results, and to [18]
for further details.

2.2 The Dirichlet problem and the connection of trajectories

Let H : R” x (R")* — R be a Tonelli Hamiltonian of class C2, V : R* — R
a C? function, and denote by Hy the Hamiltonian H + V. We split R” as
R x R*~! and we define the (n — 1)-dimensional disks

={r}x B"0,r) VT eR, Vr >0,

where B"~1(0, r) ¢ R"*~! denotes the (n — 1)-dimensional open ball of radius
r centered at the origin. Denoting by 7* : R” x (R")* — R” the projection
onto the space variable, we define the following Poincare type maps:

Given T > 0 small, 71, 7» € [0, 7], and (x p ) € H 12 X R" such that

[27,2t] 5t +—> 7 (qb,H " (xY, p)) intersects IT}? transversally, we define
the maps

0
‘L’] ‘L’z('x p) _¢T* (XO 0)(x P)

P, p¥) = ( 5 ),

where T;‘]‘ . (x0, pO) € [—27, 27] is the first time (positive if 7] < 1, negative
if 71 > 1) such that P;, ., (x?, p°) € H?
As shown in [22, Lemma 5.1], the following holds (we denote by e the first

vector in the canonical basis of R? = R x R"~1):
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Lemma 2.6 Letii : B"(0,1) = Rbea Cl! function such that

% (= (e . dli(xo))))ltzo cer = % v e,

Then there exists T > 0 small such that the following properties are satisfied:
(i) For every t € (0, 5%], the Poincaré time mapping ’Z&’f : 1‘[(1)/2 S~ R
defined by
T5 (x0) :=To", (x, da(x?) Vx° e T},

is well-defined and is Lipschitz; i
(ii) for every T € (0, 5T], the Poincaré mapping Pg”r : 1'[(1)/2 — I defined

by
PoL = Po (x°, dii(x") vx¥ e,

is 2-Lipschitz;
(iii) the following inclusion holds for every t € (0, 57]:

[ (& 00, i) 15" € M5, 1 € [0, To.c (6]}
c [0, 7] x B0, 1/2);
(iv) the viscosity solution ug to the Dirichlet problem
[ H(z, diig(z)) = 0 in[0,5%] x B"1(0, 1/2),
iy = i on 119,
is of class C11.

We now define the cylinder
(% 1) = {7 (o8 % p0) + O, ) s € 10,11, 191 < r,

and the action

T

Ay (°, p%; 1) :z/Lv (ﬂ*(cbeV(xo, po)), % (N*(d)ﬁv(xo,po)))) dt

0
T

= [ (o e ). 5 (e 0 )

0
—v (n*(qS,HV(xO, po))) dt,
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where qth ¥ denotes the Hamiltonian flows associated to Hy . Then the follow-
ing holds:

Proposition 2.7 Let u : B"(0,1) — R be a viscosity solution of
H(x,du(x)) = c[H] and assume that

d H, 0 0 1 0 0 0
E(n*(qbt «°, p )))p:o’el > 5 valen). vp' e D,

(P0s 70,p0(0)) = —co VY po € Diu, where yo (1) := 7* (¢} (0, po))
2.11)

for some positive constant cy. Then, provided cq is sufficiently small (the
smallness depending only on H), for any T > 0 sufficiently small there are

§,r,€ € (0,1/4) and K > 0 such that the following property holds: for any
re (0,7),¢é e (0,6, x°emxl e I7, pY e D:Ou, pl e D;‘fu, and
o € R satisfying

X0 < § (2.12)
and

| ph) =P (0 pD| < re. ol < r%e, (2.13)

there exist a time T > 0 and a potential V : R" — R of class C? such that:

(i) Supp(V) € C((x°. p°); Tt @0, p% r);

(ii) | V2 < K&
(iii) [T/ =T (x%, pO)| < Kré;

. H

(iv) &p] (x° p°) = (x/, p7);

(v) Av (% p%: T7) = A0, p°): T (%, p9) + (du(Po.z(x°, p%),

x) = Poz(x% pO)) +o.

Proof of Proposition 2.7 First of all, it follows by (2.13) and Lemma 2.6(ii)

that, provided 7 is sufficiently small (the smallness being independent of r
and €),

‘P;f/z(va pf) - P&f/z(xo, po)’ < 2ré.

Hence, we first apply [21, Proposition 3.1] on [0, /2] to connect (x°, p°) to
e (x/, p/) in a time Tlf ~ 7/2 with a “default” of action bounded by

K r?€2. Then, thanks to (2.11), we see that assumption (A4)in [21, Proposition
4.1] is satisfied provided cq is small enough. Thus, if € is sufficiently small
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we can apply [21, Proposition 4.1] on [T /2, T] to “compensate” the default of
action so that (v) above holds. Moreover it is easily seen that also all the other
properties are satisfied. We leave the details to the reader. O

2.3 Green bundles and reduced Green bundles

Let us endow the cotangent bundle 7* M with its standard symplectic structure
w, and denote by Vy := Kker(dgm™) the vertical space in Tp(T*M) at any
0 € T*M (recall that 7* : T*M — M denotes the canonical projection). A
subspace E C Tp(T*M) is called Lagrangian if it is a n-dimensional vector
subspace where the symplectic bilinear form wg : Ty (T*M) x Tp(T*M) — R
vanishes. As an example, vertical spaces are Lagrangian. If we fix a symplectic
set of local coordinates, we can identify Tp(T*M) with T, M x T M and Vp
with {0} x 7M. Then, any n-dimensional vector subspace E C To(T*M)
which is transversal to Vp (i.e. E N Vg = {0}) can be written as the graph of
some linearmap S : T, M — T.*M, and it can be checked that E is Lagrangian
if and only if S is represented by a symmetric matrix.

Given a Hamiltonian H : T*M — R of class C2, the Hamiltonian vector
field X on T*M is defined by wy(Xp (0), ) = —dpH for any 6 € T*M.
In a symplectic set of local coordinates, the Hamiltonian equations (i.e., the
equations satisfied by any solution of the ODE (x, p) = X ((x, p))) are given
by x = %_;1’ p = —%—I;. Finally, we recall that the Hamiltonian flow ¢/7 of
X g preserves the symplectic form w. In particular, the image of a Lagrangian
space E C Typ(T*M) by Dy¢/! is Lagrangian in Tyn ©(T*M). We refer the
reader to [1,11] for more details about the notions of symplectic geometry
introduced above.

We recall now the construction and properties of Green bundles and reduced
Green bundles along orbits of the Hamiltonian flow without conjugate points.
We refer the reader to [4,6,14] for further details and historical accounts.
For every & € T*M and every t € R, we define the Lagrangian subspace
Gg C Typ(T*M) as the pushforward of the vertical distribution at ¢flt (0) by

¢,H, that is
 (pH _ H
Gl (¢>; )* (vd,gt(@)) = Dy o (vﬂ(g)) VO e T*M. (2.14)
The orbitof & € T*M is said to be without conjugate points if forany ¢, ¢’ € R,
H
tAl = [D¢,”<9)¢z’—r (Vas,’*(e))] N Vo @) = 10},

We denote by D the set of 6 € T*M whose orbit has no conjugate point,
and we assume that D is nonempty. Given 8 € D C T*M, we fix a
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symplectic set of local coordinates around 6 = (x, p). Then, for every
t € R\ {0}, the Lagrangian subspace G}, is transverse to the vertical sub-
space Vp in To(T*M) ~ T M x T}M. Hence, there is a linear operator
K} : TeM — T}M such that

G, = {(h, KLh) € TM x TXM | h € TXM}.

Since G}, is Lagrangian, the linear operator K/, can be represented by a sym-
metric matrix in our symplectic set of local coordinates. There is a natural
partial order for the Lagrangian subspaces which are transverse to the vertical,
that simply corresponds to the usual order for symmetric operators. Later on,
given two Lagrangian subspaces E, E’ € Typ(T*M) which are transverse to
Vo, we shall write E < E’ (resp. E < E’) if the corresponding symmetric
operators K, K’ are such that K" — K is positive definite (resp. nonnegative
definite). The following property is a consequence of the uniform convexity
of H in the fibers (see [4, Proposition 3.7] and [14, Proposition 1.4]):

Proposition 2.8 Ler 6 € D. The following properties hold:

(i) Foreveryt >t >0, Gg < Gj,.
(ii) Foreveryt' <t <0, G} < Gg.
(iii) Foreveryt <0 <1, GY < GY.

As a consequence, for every 6 € D, the sequence of Lagrangian subspaces
0,400) 21— Gt@ (resp. (0, 400) 5t > GG_’) is decreasing (resp. increas-
ing) and bounded from below by G, ! (resp. bounded from above by Gé).
Hence, both limits as t — 400 exist, which leads to the following definition:

Definition 2.9 For every 6 € D, we define the positive and negative Green
bundles at 6 as

+ . 1 —_ | t
G, = t_l)lI_ElooGQ and G, = t_l)lr_nooGg.

We shall keep in mind that the positive Green bundle G; depends on the
behavior of the Hamiltonian flow along the orbit of 6 for large negative times,
while the negative Green bundle G, depends on what happens for large posi-
tive times. By construction, we also have the following result (see [4, Corollaire
3.8 and Proposition 3.9] and [14, Proposition 1.4 (d)]):

Proposition 2.10 Let 0 € D. The following properties hold:
(i) G, < Gj.

(ii) Dog} (Gy) =G and Do¢l! (G) =G, forallt € R.

@) oH(©0)
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Moreover, the function 0 +— G;’ is upper-semicontinuous on D, and 0 — G,
is lower-semicontinuous on D. Thus, if Gg = G, for some 0 € D then both
of them are continuous at 9.

The following result, which first appeared in [14], plays a major role in
recent works by Arnaud [4-6] (see [4, Proposition 3.12], [6, Proposition 1],
and [14, Proposition 1.11]):

Proposition 2.11 Let 0 € D and v € Ty(T*M). Then the following proper-
ties hold:

(i) ¥ ¢ G, = limy o0 | Do (7 0 ¢) (¥)||
(ii) ¥ ¢ Gf = limy_, oo | Do (7* 0 p1) (y) |

For every 0 = (x, p) € T*M, denote by Xy C T*M the energy level

+o00.
+o00.

o= {0/ = p) e T*MIHK, p)) = Hx, p).

From the previous result one easily gets the following conclusion (see [4,
Example 2 page 17] and [14, Corollary 1.12]):

Proposition 2.12 Let 0 € D be such that Xy (0) # 0. Then
Xy@®) € G, NG, and G, UG) C TyZy.
Let ¥ C T*M be a regular energy level of H, that is an energy level
satisfying %(x, p) # 0 for every 8 = (x, p) € X. By superlinear growth
(H1) and uniform convexity (H2) of H, the hypersurface X is compact and,

for every 0 = (x, p) € X, the fiber ¥ N T*M is the boundary of a uniformly
convex set in 7M. For every 6 € ¥ we define the subspace Ng C Ty X by

N = (v € o2 | (Do (W), Dor™ (X1 (9))),. g, = 0}
where (-, -) denotes the Riemannian metric on M. By construction, we have
TyYX = Ng ®RXy(0) VO € X.
For every 6 € D N X, we define the reduced Green bundles ég_ and é; as
ée_ =Gy NNy and CA}; = G;’ N Ny.
As shown in [4], the reduced Green bundles can be seen as the Green bun-
dles associated with a specific symplectic bundle over the orbit of 6; they

satisfy some of the properties of the Green bundles, in particular Proposi-
tion 2.10 [except (ii)]. If M has dimension two, then, for every 6 € D N X,
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the reduced Green bundles G; and (A}e_ should be seen as lines in the plane
Ny =~ Tp X /RX y(0). Finally we observe that, since G; depends on the behav-
ior of the Hamiltonian flow near ¢/ (9) for large negative times, its construction
can be performed as soon as the orbit of & € T*M has no conjugate points
in negative time. In particular, this can be done for any semi-calibrated curve
(see Proposition 2.4).

2.4 Paratingent cones and Green bundles

The present section is mainly inspired by ideas and techniques developed
by Arnaud [4-7] to study in particular the link between Green bundles and
regularity of weak KAM solutions. Before presenting Arnaud-type results, we
first recall a result from [22]. Let S C R¥ be a compact set which has the origin
as a cluster point. The paratingent cone to S at O is the cone defined as

. Xi — Yi . )
Co(S) = {)\ lim —— |A eR, lim x; = lim y; =0,

i—oo |x; — il i—00 i—00

Xi €S,y €8x #yiVi,},
and the paratingent space of S at 0 is the vector space generated by Co(S):

Mo(S) := Span {CO(S)}.

As shown in [22], the set S is contained locally in the graph of a function from
[T := ITp(S) onto its orthogonal complement 11 Let d be the dimension of
I1, denote by Projp the orthogonal projection onto the space IT in R¥, and set
‘Hs := Proj;(S). Finally, for any r, v > 0 we define the cylinder

Cr,v) = {(h, v) e T x T | |h] <7, [v] < v},

where | - | denotes the Euclidean norm. Also, we set B, := B(0,r). The
following result holds (see [22, Lemma 3.3]).

Lemma 2.13 There existrs > 0and a Lipschitz function Wy : HOB,S — I+
such that the following properties hold:
(i) SNC (rs,rs) C graph(Ws)lp, = {h + Ws(h) | h € TIN By };
(ii) h + Ws(h) belongsto SN C (rs, rs) for every h € Hg N Byg;
(iii) For anyr € (0, rs), let £(r) > O denote the Lipschitz constant of Vs on
ITN B,. Then lim; o £(r) = 0.

In particular ¥5(0) = 0, Wg is C' at 0, and VWg(0) = 0.
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By Proposition 2.5, through each point & = (x, p) of the Aubry set A(H)
passes a calibrated curve [defined by (2.8)] which corresponds to the projection
of its orbit under the Hamiltonian flow, and whose restriction to any subinterval
is always minimizing the action between its endpoints. Being minimizing, such
a curve has necessarily no conjugate points, hence 8 € D (see any textbook
on the classical theory of calculus of variations, for example [13]). We also
observe that, since the Aubry set is invariant under the Hamiltonian flow,

DygH (ce (fl(H))) = Cyito) (fl(H)) VieR (2.15)
and X (0) belongs to the paratingent cone to A(H) at 0, that is
Xp(0) € Co (AUH)) € TySw VO € AH), (2.16)

where £y := {H = c[H]} is aregular energy level of H.Given = (x, p) €

fl(H ) with X 5 (0) # 0, we define the reduced paratingent cone to the Aubry
set as

69 = Cyp (.%I(H)) N Ng,

where Np has been defined in Sect. 2.3. If M has dimension two, é@ is a
collection of lines in the plane Ny. All those lines can be compared with other
lines in this plane. The following proposition is a variant of Arnaud’s results
(compare with [4, Proposition 3.11], [4, Proposition 3.16 (3)], [6, Theorem
9]), and it follows from the Lipschitz graph property of the Aubry set.
Proposition 2.14 Assume that dim M = 2 and that 60 € .,Zl(H ) is not an
equilibrium of Xg. Then

G, < Co < Gy.

In other terms, any line in Cy is squeezed between G, and G;.

Proof of Proposition 2.14 Since A(H) is a Lipschitz graph, its paratingent
cones cannot intersect the vertical bundle, hence taking € > 0 small enough
yields

Gy© < Co =y (A(HD) < G 2.17)

To explain the meaning of the above formula notice that, for every ¢ # 0, the
Lagrangian space G}, is transverse to Vj, it does not contain X g (6), and it is
contained in Ty X . Hence its intersection with Ny is a line in the plane Ny,
and (2.17) means that the intersection of Cy with Ny is a collection of vector
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lines which are squeezed between the lines GQ_E N Ng and G N Ny. Thus,
thanks to this discussion, to prove the result it is sufficient to show that no line
Gé N Ng witht € R\ [—e, €] is contained in Cg N Nyg. Argue by contradiction
and assume that there is ¢ > € (the other case is left to the reader) such that

G, NNy C Co N Ny

By (2.14)—(2.15), this means that Vst ) and D9¢tﬁ (Cyp) = C¢H<9) do inter-
sect, which contradicts the Lipschitz graph property of the Aubry set. O

As an application of Proposition 2.14 and Lemma 2.13, we deduce that if
dim M = 2 and the positive and negative Green bundles coincide for some
0 =(x,p) e fl(H ) with Xy (6) # 0, then the Aubry set is locally contained
in the graph of a Lipschitz 1-form which is C! at x. It will be convenient to
extend the 1-form along a piece of projected orbit of the Aubry set.

Corollary 2.15 Assume that dim M = 2 and that 0 = (x, p) € .,Zl(H ) with
X (0) # 0 satisfies

G, =G,.

Assume moreover that 0 is not on a periodic orbit and let y (t) .= 7* (d),H (9))
for any t € R. Then, for every T > 0 there are an open neighborhood V of
y(=T,T)) in M and a function f : V — R of class C'! which is C* along
y([—T, T)) such that

A(H) N T*V C Graph(df),

and for every t € [-T,T], G¢tH(9) = Gd),H(G) is the graph ony(t)f (in a

symplectic set of local coordinates in T*V).
Proof of Corollary 2.15 By Proposition 2.12, (2.16) and Proposition 2.14, if
the two Green bundles coincide, the paratingent cone Cy := Cy (fl(H )) is

a line which is transverse to the vertical subspace Vp. Then, working in a
symplectic set of local coordinates, by Lemma 2.13 we deduce that there are
an open neighborhood 2/ of x, and a Lipschitz 1-form W on &/ which is C! at
x, such that

A(H) N T*U C Graph(V),

and the Lagrangian plane Cy coincides with the graph of d, W. Since % ) #

0 (because X (9) # 0 and the Aubry set is a Lipschitz graph), the set of 8" €
T*M with H(0") = ¢[H] is locally (in a neighborhood of #) a submanifold
of dimension 3 of class C2. Then up to compose W with a retraction r of class
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at least C! onto the set {H = c¢[H]}, we may assume that W is a Lipschitz
1-form satisfying

H(V(x)) =c[H] Vxel.

Let S C U be alocal section (that is, a smooth curve) which is transverse to y
at x. By the properties of W, the map @ : [-27,27T] x § — M defined by

O, y) 1= 7" (qs,H(np(y))) Vie[-2T,2T],Vy €S,

is Lipschitz, and it is C! along the segment [—7, T] x {x}. Moreover, since
Co = G, = G;, the differential of & is invertible at (¢, 0) for every
t € [=T, T]. Therefore, by the Clarke Lipschitz inverse function theorem
(see [12, Theorem 5.1.1]), ® admits a Lipschitz inverse o l=(r,¢): V>
[—2T, 2T] x S in a simply connected neighborhood V of y ([T, T]) (remem-
ber that y is not periodic) which is C! along y ([—T, T1). By construction, the
1-form « on V defined by

a(x) = ¢l (W(e(x)) VxeV,

is a closed Lipschitz 1-form which is C! along the curve y ([—T, T]). By the
Poincaré lemma, we get a function satisfying the conclusions of Corollary
2.15.

We notice that an alternative way to perform the above construction is to
approach W by a sequence of 1-form of class C', to construct a sequence of
functions of class C? by the method of characteristics (see [18]) and to get the
C!! function f by taking the limit. Such an approach can be found in [17]. O

2.5 Hessians and positive Green bundles

As shown by Alexandrov (see for instance [16,39]), locally semiconcave func-
tions are two times differentiable almost everywhere.

Theorem 2.16 Let U be an open subset of R" and u : U — R be a function
which is locally semiconcave on U. Then, for a.e. x € U, u is differentiable
at x and there exists a symmetric operator A(x) : R* — R" such that the
following property is satisfied:

O 1) — @) — tdux) v - L(A(x) v, v)

m 2 =0 VveR"
t

Moreover, x — du(x) is differentiable a.e. in U (that is for a.e. x € U, any
section of z +— D}u is differentiable at x ), and its differential is given by A(x).
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We infer thatif u : M — R is semiconcave then, for almostevery x € M, u
is differentiable at x, D}u is a singleton, du is differentiable at x and the graph
of its differential is a Lagrangian subspace D%u C Tixauxy)(T*M). Notice
that if u : M — R is a critical solution, then by Proposition 2.4 regularity
properties of u propagate in negative time. That is, for every x € M such that
u is two times differentiable at x, the function u is two times differentiable
along the semi-calibrated curve y, : (—oo, 0] — M given by (2.6). Moreover
we have

Dix.autnd”™ (Dju) = D2 _u Vi =0. (2.18)

Recall that for every 6 = (x, p) € D*u, the Hamiltonian trajectory starting
at 6 at time zero has no conjugate points in negative times (see Proposition
2.4), which allows us to construct G; at any such points. Then, proceeding
as in the proof of Proposition 2.14 [replacing (2.15) by (2.18)] we obtain the
following one-sided estimate (notice that, since Dy is a Lagrangian subspace,
the assumption on the dimension of M could be dropped, see the proof of
Proposition 2.14 and [4, Proposition 3.11]):

Proposition 2.17 Assume that dimM = 2, let u : M — R be a crit-

ical solution, and let x € M be such that du(x) and D*u(x) exist and
Xu(x,du(x)) #0. Then

2 +

Diu < G(x,du(x))'

Later on, in the proof of Theorem 1.1, the above result together with the

upper semicontinuity of the positive Green bundle will allow us to obtain a

local bound from above for D?u in a neighborhood of a given point of the
projected Aubry set [see (3.13)].

2.6 Reminders on hyperbolicity

We recall here basic facts in hyperbolic dynamics, we refer the reader to the
Katok—Hasselblatt monograph [26] for further details. Recall that ¢IH denotes
the Hamiltonian flow in 7* M. A compact ¢/ -invariant set A C T*M is called
hyperbolic in its energy level ¥ with respect to the Hamiltonian flow if the
following properties are satisfied:

(h1) At each point 6 € A, the tangent space Ty X is the direct sum of three
subspaces Ej, Ej, and Eg =RXpy(6).
(h2) Ateachpoint® € A, we have Dgp! (Ef) = E;”(e)
E" [
HON

and Dpop/? (EY) =
forany ¢t € R.
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(h3) There are a Riemannian metric in an open neighborhood of A, and con-
stants C > 1 and u > O such that, for each 6 € A, ¥* € Ej, and
Y € Eg, we have

| Dosf! )| = ce iy,

< Ce ™y,

forallt > O.

Note that, as a consequence of hyperbolicity, the splitting Ty X = E;QEfDE 3
defined for &6 € A is continuous. Let us extend it into a continuous (not
necessarily invariant) splitting Ty Xy = E; ® Ej @ Eg with Eg = RXg(©)
defined for all 6 in an open neighborhood V of A. Then, for every 6 € V and
an);) p € (0, 1), we define the family of horizontal and vertical cones {ng } and
{V,}as

HY =&+ 1€ € EY n e B lnll < pllel].

vy =&+ nle e By e E Nl < plnl].

By (h2)-(h3), forevery 0 € A, p € (0, 1), and t > 0, we have

. l’-fcz H e—Z/LtCZ

Dyg! (HP)CH«p”(e) " Dod= (Vi) C Vg
;,Lt

et e

| Doef )| = LA
et 0

D H Yy e Ve

|Desti )| = Gy 1w VY e v,

Hence, by continuity and compactness, we can find 7 > 0, ' > 0, an open
neighborhood V' C V, and continuous disjoint cones Sg, Ug C Ej & Ej
containing Ej, Ej respectively, such that, for every 6 € V',

Doy (Us) C Int (Uzr);f (9)) . Dol (Sp) C Int (S¢£’T(9>) :
and

| Do )| z T 1wl Ve Uy,
[Dogtr )| = e Tl vy €.
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This shows that any ¢tH -invariant compact set sufficiently close to A will
satisfy the Alekseev cone criterion, which provides an alternative more handy
characterization for hyperbolicity (see [26]). This criterion is also robust under
perturbation of the dynamics, and allows us to obtain that following:

Proposition 2.18 Let A C T*M be a compact qb,H -invariant set which is
hyperbolic in its energy level with respect to the Hamiltonian flow. Then there
exists an open neighborhood V of 0 in C*(M) and an open neighborhood ©
of A such that, for every potential V € V, any compact set ' C O which is
¢,H Vo invariant is hyperbolic in its energy level with respect to ¢tH V.

The above result will be useful to show the stability part (that is, openness)
of Theorem 1.1. As shown in [14,28], a way to obtain hyperbolicity is to
show quasi-hyperbolicity properties. Let B be a compact metric space and
7w : E — B a vector bundle equipped with a continuous norm | - |, on each
fiber 77 ! (p). Let ¥ be a continuous R-action ¥; : R — Isom(E) such that
Wy = W5 o Wy, We say that W is quasi-hyperbolic if

sup{ (&)1} =+o0 V& € £\ {0}
teR

The following result holds (see [14, Theorem 0.2], and compare with [5, §3]
and [6, Theorem 2] where it is shown that the non-wandering assumption can
indeed be dropped):

Proposition 2.19 Assume that any point in B is non-wandering and that \V is
quasi-hyperbolic. Then WV is hyperbolic.

In the proof of Theorem 1.1, the above result allows us to obtain the hyper-
bolicity of the Aubry set in the case when the Green bundles are always trans-
verse. Such an approach is nowadays classical.

2.7 Some properties of semiconcave and BV functions
2.7.1 Derivatives of semiconcave functions

Let v : R” — R be a semiconcave function, i.e., v can be written as the
sum of a concave function and a smooth function. Since second distributional
derivatives of convex functions are nonnegative Radon measures (see [16, sect.
6.3]), the Radon—Nikodym theorem [2, Theorem 1.28] allows us to write D%y
as the sum of an absolutely continuous matrix-valued measure and a singular
matrix-valued measure:

D*v = VZ*vdx + Dév,
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where Vv € Lzlo . 1s the pointwise Hessian of v (which exists almost every-

where by Alexandrov’s theorem), and D%v is a singular measure (with respect
to the Lebesgue measure). Also, by semiconcavity we have that D?v is locally
bounded from above (as a measure): for any R > 0 there exists a constant
Cr > 0 such that

/(Dzv-e, e) < Cr|E| VE C Bg Borel, Ve € R" with |e| =1,

E

where Br := B"(0, R) denotes the n-dimensional ball of radius R centered
at the origin. In particular, choosing E of measure zero we get

/(D?Sv-e,e) <0 VE C R"Borel with |[E| =0,Ve € R" with |e| = 1.

E
(2.19)

Hence, since the measure Dév is singular with respect to the Lebesgue mea-
sure, by the arbitrariness of £ we deduce that (D%v -e, e) is anegative singular
measure for any vector e € R”.

Since the distributional derivative of Vv is equal to the measure D?v, by
definition Vv : R” — R” is a function of bounded variation (see [2, sect. 3]).
Given x’ € R"~!, let us consider the function wy : R — R” defined by

wy(s) ;= Vu(x',s) forae.s € R. (2.20)

Note that, since v is differentiable almost everywhere, by Fubini’s theorem the
function w,- is defined for almost every x’ € R"~!. It is well-known that the
functions w, are of bounded variation on R for almostevery x’ € R"~! as well
(see [2, Theorem 3.103] and the subsequent discussion), so their distributional
derivative on R is a measure which can be decomposed as the sum of an
absolutely continuous and a singular part:

Dw, = Vwyds + Dsw,,

where here D is the distributional derivative on R, Vw,» € L }OC is the pointwise
derivative of w,, which exists almost everywhere [2, Theorem 3.28(c)], and
Dsw, is singular with respect to the one-dimensional Lebesgue measure.
Also, the fundamental theorem of calculus holds between every couple of
points where Vv exists [2, Theorem 3.28]:
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Vo(x', s2) — Vo', s1) = wyr(s2) — wy(s1)
52 52

:/war(s)ds +/d(Dwa,)(s), (2.21)

S1 §1

for every s; < sp in R.
Let us recall that, given a vector-valued measure u, one denotes by || its
total variation, which is defined as

o
[|(E) := sup [Z |L(EpR)| : Ej disjoint Borel sets s.t.
h=0
o0
E= U Eh] vV E Borel.
h=0

It is easy to check that, with this definition,
follows from (2.21) that

[pdun| < [ dlul. Hence, it

5 $2
‘Vv(x/,sz) — Vo(x/, sl){ < /}war(s)|ds +/d|D3wx/
)

1 51

(s).

Finally, we recall that the derivative of w, is related to D?v: if we define the
family of lines £,/ := {(x,s) : s € R}, it follows from [2, Theorem 3.107]
that

/(Dzv-en,e)= / dx’ / Dw, -e VE CR"Borel, Ve € R".
E Rn—1 Eﬂfx/
(2.22)

This has the following useful consequences: since the measures
2 2
(st -en, e) — Dsw,’ - e and ((V V-ey,e) — Vswy -e) dx

are mutually singular, we deduce that (2.22) holds with V2 - e, and Vwy
(resp., with Dév - ey and Dsw,’) in place of D?v - ¢, and Dw,,. Hence

Vwy (s) = 7V2u(x,s) - e, forae. (x',s) € R", (2.23)

/(D%v-e”,e)z / dx’' / Dsw, -e YE C R"Borel, Ve € R".
E R—1 ENe,
(2.24)
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(see also [2, Theorem 3.107]). In particular, (2.19) and (2.24) imply that
Dsw, - e, is a negative measure for a.e. x' € R (2.25)
2.7.2 The case of a critical solution

We now gather some extra properties when v = u solves the Hamilton—Jacobi
equation. Let us assume that u : B, = B"(0,2) — R is a semiconcave
function satisfying

H(x,Vu(x)) =c[H] forae.x € B;. (2.26)

Then w := Vu is a function of bounded variation, and since semiconcave
functions are locally Lipschitz, w is locally bounded inside B,. Let us consider
the family of bounded Borel functions ay, : By = B"(0,1) — R, h € (0, 1/2),
defined as

1
oH
ap(x) :=/8x (x+then,tVu(x+hen)+(1—‘L')Vu(x))dt
0

and the family of bounded Borel vector fields &, : By — R", h € (0, 1/2),
given by

/ oH
En(x) = / %(x + the,, tVu(x + he,) + (1 — T)Vu(x)) drt.
0

Let us recall that, since w € BVj,.(B>), the following bound holds:

/ lw(x + hep) — w(x)]
h dx
B,

< / |[Dw - e,|(dx) <oo Vre(0,1), h € (0,1/2) (2.27)

Bryn

(for smooth functions the above estimate follows from the fundamental theo-
rem of calculus, and for the general case one argues by approximation using
[2, Theorem 3.9]). Hence the measures

w(x + hey) — w(x)
un = . dx
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satisfy

/|Mh|(dx) <C,
B

which implies that, up to a subsequence, wj, (resp. |uy|) converge weakly™ to
a finite measure u (resp. v) as h — 0. Also, there exists a : By — [0, +00)
bounded such that |a,| —* a@ in L*°(By).

It is easy to show that u = Dw - ¢, = D?u - e,. Furthermore, it follows
from [2, Example 1.63] and (2.27) that

V(By) < lihm_jgfIMhI(Br) < / |Dw - ey = |u|(B;) Yr e (0,1,
B,
so letting r ' 1 we obtain v(B1) < |u|(B1). This information combined with

the bound || < v (see [2, Proposition 1.62(b)]) implies that || = v, thus

ln] —* |l (2.28)

We now exploit the fact that u# solves the Hamilton—Jacobi equation (2.26).
Since

0=H(x + he,, Vu(x + he,)) — H(x, Vu(x))
1

dH
= h/ 5 (x + the,, tVu(x + he,) + (1 — T)vu(x)) dr
Xn

0
1

oH
+ / —(x + the,, tVu(x 4+ he,) + (1 — r)Vu(x)) dt
4
0

X (Vu(x + he,) — Vu(x))
= hap(x) + & (x) - (w(x + he,) —w(x)),

we have

ap +&p - up = 0.

Let Q C Bj be an open set and assume that there exist 4y > 0 and a continuous
vector field E : Q — R” such that

[2(x) =& (x)| < %lE(x)| VxeQ,Vh e (0,hp). (2.29)
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Then

O=an+& -pupn=ap+ E —8) - up + E - up,
so that, thanks to [2, Proposition 1.62(b)] and (2.28)—(2.29), letting h — 0 we
obtain
|E - p| <liminf |[E - pp| < ki 'fll"ll | + lan|
E- iminf |E - iminf —|E
H= h—0 Hal = h—0 2 Ha ah

1
= |ElIul +a inside 2.

where | E - 1| denotes the total-variation of the measure E - 4 (and analogously
for ), and | E| denotes the continuous function x — | E(x)|.

We now recall that, as observed above, the measure u coincides with the
measure D2y - e,, hence

(D*u -e,, E)| < =|E||D*u - ey| +a inside .

| =

In particular, if we restrict this inequality to the singular part of D?u, since a
is a bounded function we get

|(D2u - ey, B)| < %|E| |D%u - ¢,| inside 2,
which by (2.22) can be written as a superposition of the measures Dw,:
|2 - Dsw,| < %lEl |[Dsw,| inside 2, for a.e. x’.
Using the polar decomposition theorem [2, Corollary 1.29], we can write

Dsw, = 0|Dswy|, where 8 : B; — S" ! is a |Dsw,/| ® dx’-measurable
function. Hence the above equation can be rewritten as

1
|E-0] < §|E| inside Q, |[Dsw,/| ® dx'-a.e.. (2.30)

This information is particularly useful when n = 2 and E never vanishes:
indeed, assuming for instance that & = ey, then (2.30) implies that

0] < 2|0 - ez] inside Q, |Dsw,/| ® dx’ -a.e.,
from which we get

|[Dsw,/| <2|Dsw, -e>| inside Q, fora.e. x’. (2.31)
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This means that |D§u - e2] is controlled by |(D§u - e2, e2)], or equivalently,
since Dgu - ep 1s a vector-valued measure of components (Dgu -ep,ep) and
(Dgu - e, €2), the measure |(D§u - e2, e1)] is controlled by |(D§u ez, ).
Hence, the size of the pure second derivatives in the e, direction controls the
size of the mixed second derivatives in e, e> in the region where the Hessian
is singular (that is, roughly speaking, where Vu has a jump).

2.8 A lemma from harmonic analysis

In this section we recall a classical result from harmonic analysis (see [38]),
and we show its simple proof for the convenience of the reader. We denote by
|A| the Lebesgue measure of a set A C R".

Lemma 2.20 Let f € L' (R"), and define the maximal function

1
i = s Ao [irmlayt vxer
x€B.,B open ball | | )

There exists a dimensional constant C,, > 0 such that
n C’l
Hx eR": Mf(x) > aH = = f I V8> 0.

Proof of Lemma 2.20 Let K C {Mf > 4} be any compact subset. By the
definition of M f, for any x € K there exists an open ball B, such that

_ 1
xeB., |Bil< 5/ F )] dy.
By

Let pB denote the dilation of a ball B by a factor p > 0 with respect to its
center. Since x € B, C 2By, the family of open balls {2B,},cx covers K.
So, by compactness we can find a finite collection of these balls which still
covers K, and by Vitali’s Lemma [16, sect. 1.5.1, Theorem 1] we can select a

disjoint subcollection {2By,, ..., 2By, } such that K C U’}’Zl 10B, i Hence
& 10" <& 0"
KI<10" > 1Byl = — > / [FDIdy < —=I1f 1),
J=1 I=1p, ()
and the result follows by the arbitrariness of K. O
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3 Proof of Theorem 1.1

Let H : T*M — R be a Tonelli Hamiltonian of class C2, and denote by
L : TM — R its associated Lagrangian. We want to show that the set of
potentials V € C2(M) such that the Aubry set A(H + V) is hyperbolic
contains an open dense set. Hence we need to prove a stability result (the
openness) and a density result.

_ We proceed as follows: first, in Sect. 3.1 we show that if the Aubry set
A(H) is minimal and hyperbolic, then all Aubry sets A(H + V) associated
with potentials V € C?(M) which are sufficiently small in C? topology are
hyperbolic. Then, in Sect. 3.2 we show that the set of potentials V € C*(M)
such that the Aubry set of H + V is minimal and hyperbolic is dense. We
recall that a nonempty compact ¢>,H -invariant set A C T*M is called minimal
if any orbit of qﬁtH contained in A is dense inside A. By Zorn’s Lemma, any
nonempty compact ¢/ -invariant set contains a minimal subset.

3.1 The stability part

Recall that the Peierls barrier is the function # : M x M — R defined as
h(x,y) = liminf{h,(x, y) —|—c[H]t} Vx,yeM, 3.1)
t—+o0

where

t

hi(x,y) = inf/ L(y(s), y(s))ds (3.2)

0

and the infimum is taken over all Lipschitz curves y : [0, ] — M such that
y(0) = x and y(t) = y (we refer the reader to [18,20,36] for further details).
By construction £ is Lipschitz on M x M (see for instance [18, Corollary
5.3.3]) and any critical subsolution u satisfies

u(y) —ulx) <hx,y) Vx,yeM (3.3)

(this fact follows easily from Proposition 2.1). Moreover, it can be checked
that (see [18, Proposition 5.3.8], [20,36])

A(H) = {x € M|h(x,x) = 0}. (3.4)
Following Mather [32], the function §37 : M x M — R given by
Sm(x,y) :==h(x,y)+h(y,x) Vx,yeM

is a semi-distance (sometimes called the Mather semi-distance).
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Lemma 3.1 Assume that A(H) is minimal. Then H admits a unique weak
KAM solution (up to a constant) and Sy;(x, y) = 0 for any x, y € A(H).

Proof of Lemma 3.1 Letuy, uy : M — R be two weak KAM solutions. Since
their differentials coincide along any orbit of the Aubry set (see Proposition 2.5)
and in addition all the orbits are dense in A(H ), there is a constant a € R such
thatu; —uy = a on A(H). By Fathi’s comparison theorem (see [18, Theorem
8.5.5]), we infer that u; and u, differ by a constant on the whole M. The
second assertion follows from the fact that the pointed functions {h(z, -)};em
are weak KAM solutions (see [18, Theorem 5.3.6] or [20, Proposition 4.1])
and from the equality [using (3.4)]

S, y) = (G, ) = hx. ) = (R 3) = h(. ) Vi, y € AH).
O

As shown in [15, Theorem C], by the uniqueness of weak KAM solu-
tions (or equivalently the uniqueness of static classes) one obtains the upper-
semicontinuity of the mapping V +— A(H + V) at V = 0 (compare with
[9, corollary 5]), from which the stability of the hyperbolicity of Aubry sets
follows:

Lemma 3.2 Assume that A(H) is minimal and hyperbolic. Then there is an
open neighborhood V of 0 in C*(M) such that, for every V. V, A(H + V)
is hyperbolic.

Proof of Lemma 3.2 We first show that, since H admits a unique weak
KAM solution (which follows from the previous lemma), the mapping V €
C>(M) — A(H + V) C T*M is upper semicontinuous with respect to
the Hausdorff topology, that is, for every open set O € T*M containing
A(H) there is an open neighborhood V of 0 in C%(M) such that, for every
Ve C*(M),

VeV = AH+V)cCO.

Without loss of generality, up to adding a constant to H we can assume that
c[H] =0.

We argue by contradiction and assume that there are an open neighborhood
O of A(H), a sequence of potentials {Vi}x which tends to zero in the C?
topology, and a sequence {0}y C T*M satisfying 6y € A(H + Vi) \ O for
all k. For every k, we pick a critical solution u; for the Hamiltonian H +
Vi, and we define the calibrated curves y; (1) := n*(qﬁtH Vi (6k)). Because
critical solutions (resp. calibrated curves) are uniformly Lipschitz (resp. C11)
[18], taking subsequences if necessary, we may assume that {u}; converge
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uniformly to a weak KAM solution u for H, and {y; }x converge in C! topology
to a calibrated (with respect to u) curve y : R — M with y(0) ¢ A(H), that
is,

b
u(y(®) —u(y(@) =/L(V(S), V(9))ds = hp—a(y (@), y (b)) Va <b.

a

(3.5)

It can be shown that w-limit and «-limit sets of any calibrated curves are con-
tained in the Aubry set (see [36, Proposition 4.1]). Hence, there is a sequence
{T1}; 1 +o0 such that y (T;) and y (—T;) tend to A(H) as [ tends to +o0. Let
us denote by d a Riemannian distance on M, and by K a Lipschitz constant
for h.

Given n > 0 we choose [ large enough and «;, 8; € A(H) such that

d(y (=T, o) +d(y(T), Br) < n.

Set x := y(0). Then, using the definition of 4 (3.1), the fact that ;. ¢(x, y) <
hi(x,2)+hs(z,y),(3.5),and that 557 (o, ;) = O (which follows from Lemma
3.4), we get

h(x,x) < hg(x, y(T) + h(y (TD), y (=T))) + hz; (v (=T}), x)
= hg, (v (=T, x) + b (x, v (T)) + h (B, )
+h(y (T, y(=T)) — h(B1, )
< hyy(y(=T1), x) + hg (x. v (D) + h(Br. cu) + K [d (v (T}). i)
+d(y(=T), ar)]
< hry(y(=T0), x) + h7, (x, v (T) + h(Br, eu) + Kn
= h1 (v (=TD), x) + hr, (x, y (TD) — h(eu, Bi) + K1)
< hy(y(=T1), x) + hy(x, y(T) — h(y (=T, y(T1)) +2Kn
= (u@)—u(y(=1))+ (u(y (1) —ux)) —h(y (=T, y(I))) +2Kn
<u(y(m) —u(y(=1)) — h(y(=Tp), y(T))) + 2Kn < 2K,
where for the last inequality we used (3.3). By the arbitrariness of 1 this shows
that & (x, x) = 0, which implies that x belongs to A(H ), a contradiction. This

proves the upper-semicontinuity of the Aubry set, and the conclusion follows
easily from Proposition 2.18. O

Thanks to Lemma 3.2, it is now sufficient to show a density result, that is,
given a Tonelli Hamiltonian H of class C Zande > 0,thereis V € C?(M) with
IV Ilc2(my < € such that the Aubry set of H + V' is minimal and hyperbolic.
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3.2 The density part

Letus fix a C2 Tonelli Hamiltonian H . First of all, up to adding a small potential
(in the C? topology) we may assume that the Aubry set A(H) is minimal, i.e.,
all its orbits are dense in A(H) (see [21, Sect. 5.1] where we explain how to
add a potential to reduce the size of the Aubry set). We can also assume that
A(H) is not an equilibrium point or a periodic orbit, as otherwise we may add
an arbitrarily small potential to make it hyperbolic (see [14, Theorem D]? and
also [30]). Thus, the critical energy level

s = {9 — (x,p) e T*M | H(x, p) = c[H]} cT*M

satisfies the assumptions of Sect. 2.4. Since we work on a surface, two cases
may appear. Either the positive and negative Green bundles along A(H) satisfy

G, NGy =RXy0) Y6 e A(H), (3.6)
or

Gg =G, forsome e A(H). (3.7)

In the first case [when (3.6) holds], the hyperbolicity of fl(H ) follows from
Proposition 2.19. Indeed, consider the projection W, of the differential of the
Hamiltonian flow to the bundle

Ny = & € T2 | (Dom* ©), Do (X (0))mey = 0.

that is ¥, := A o D¢ |y where A : TX — N is the projection along the
direction of the X g:

AE=E+BE)Xy(O) with B(&) € R such that A & € Ng.

Since the Green bundles are always transverse, the restriction of W; to A(H) is
quasi-hyperbolic (cf. [14, Corollary 2.3(d)]). Therefore, since we are assuming
that A(H) is minimal, Proposition 2.19 implies that ¥, is a hyperbolic action
and then A(H) is a hyperbolic set.

In the second case [when (3.7) holds], the results in Sect. 2.4 show that
critical solutions restricted to the Aubry sets are C Zatx = *(0). As we will
show below, this property allows us to implement the techniques developed in
[21,22] to close the orbit of 6 into a periodic orbit. However, the construction

2 Notice that Contreras and Iturriaga require the Hamiltonian to be at least of class C3, but the
proof of their Theorem D works under C 2 regularity.
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of a critical subsolution for the new Hamiltonian (which is unavoidable to
close the orbit into an genuine Aubry set) becomes much more difficult than in
[21,22] because of the lack of regularity of critical solutions in a neighborhood
of the orbit passing through x (in [21,22], the authors had to assume extra
regularity on a critical solution to make their argument work). Still, thanks to
the preparatory results on semiconcave and BV functions given in Sect. 2.7,
we will be able to perform such a construction and make the whole proof work.
So, the goal of the next section is to prove the following result, from which
Theorem 1.1 follows.

Proposition 3.3 Ler H : T*M — R be a Hamiltonian of class C?, and
assume that dim M = 2 and that fl(H ) is minimal. Let V be a neighborhood
of 0in C2(M) and 0 € A(H) with X (9) # 0 be such that Gg = G;.
Then there exists V. € V such that the Aubry set associated to the Hamiltonian
H + V is a hyperbolic periodic orbit (in its energy level).

3.3 Proof of Proposition 3.3

From now on, we assume that the Aubry set fi(H ) is a minimal set which is
neither an equilibrium point nor a periodic orbit. Without loss of generality, up
toadding a constant to H (which does not change the dynamics), we can assume
that c[H] = 0. Let L denote the Lagrangian associated to H. Given € > 0, our
goal is to find a potential V : M — R of class C? with || V2 < €, together
with a Lipschitz function vy : M — R,anda C I curve y : [0, T'] - M with
y(0) = y(T"), such that the following properties are satisfied:

(P1) Hy(x,dvy(x)) <O0forae x € M.
(P2) [ Lv(y@),y®)dt =0.

Indeed, as explained in [21, sect. 5.1] (see also [23]), if we are able to do this
then (P1) implies that c[ Hy ] < 0 (see Sect. 2.1), while (P2) together with (2.2)
yields c[Hy] > 0. Therefore, by (3.4) and the definition of the Peierls barrier
h (3.1), the closed curve " := y ([0, T']) is contained in the projected Aubry
set of Hy. Now, if W : M — R is any smooth function such that W = OQon I",
W > 0 outside I', and ||W |2 < € — || V]2, then the function v is a critical
subsolution of Hy_w = H 4+ V — W which is strict outside I, and we have
fOT Ly_w(y(@),y(@))dt = 0. By (3.4), this implies that the projected Aubry
set of Hy_w coincides with the periodic curve ¢t — y (¢). Moreover, as shown
in [14, Theorem D], we can add a potential, small in the C? topology, which
preserves the periodic orbit and makes it a hyperbolic Aubry set. Hence, we
are left with finding V, vy, and y such that (P1) and (P2) hold.

Fixe > 0,andlet = (X, p) € .%I(H ) be as in the statement of Proposition
3.3. Letus denote by 0(:) = (¥ (), p(-)) the orbit of by the Hamiltonian flow,
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and by [T C M alocal section (that is, a smooth curve) which is transverse
toy att = 0. Letu : M — R be a critical solution for H. Recall that u is
differentiable on the projected Aubry set A(H ), and that the restriction of du
to A(H) is Lipschitz (see Proposition 2.5).

The following lemma will be needed to apply Proposition 2.7.

Lemma 3.4 Let co > 0 be as in Proposition 2.7. There exists t > 0 such that,
on any time interval of the form [ty, to + ] there is a time t’ € [to, tg + t]such
that

% {u (0" &, ﬁ))}l,:t, = {du(7 (). 7(1')) = —co. (3.8)

Proof of Lemma 3.4 If not

to+t to+f
u (7t + 1) — u(7 (1)) = / (du(7(). 7)) ds < - / co = —col.
fo fo
Since u is bounded, this is impossible if 7 is sufficiently large. O

Up to replacing H by 4H /t, we can assume that the constant  appearing
in the previous lemma satisfies

r=1/4. (3.9)

Let us take 7 > O to be fixed. Since y can never intersect itself, there
exist an open neighborhood U of 7 ([0, T']) in M, and a C? diffeomorphism
d:U—->U =DU) C R2, such that, in the new system of coordinates, the
curve ® ()7| [o,T]) is a straight segment. Hence, using still y instead of ®(y) to
denote this curve (by a slight abuse of notation), we can assume that

(1) y(t) = (tey,0) forany r € [—1, T];

(m) [-1, T] x [=p, pl CU".
(Here and in the sequel, (e, e2) denotes the canonical basis in R2.) Also, in this
new set of coordinates, we can see H as a Hamiltonian on T*U’ C T*R? =
R2 x (R?)*, and the critical solution u as a semiconcave function on R2. We
set

Hi = {(tel,y)|y € [—r, r]} Vt,r € R.

3 Notice that the flow of the Hamiltonian H (x, p) :== 4H (x, p)/1 is just a reparameterization
of the flow of H, and u is still a solution of H (x, du) = 0. The advantage of choosing 7 = 1/4
is that later we will be able to connect trajectories over time intervals of length 1 instead of .
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The intersection of the Aubry set (resp. projected Aubry set) with T*U (resp.
with /) is transported by ®. Let us denote by A and A their respective images
in T*U’ and U’'. The Green bundles G;;H(é) = G;IH(@_) fort € [—1,T], and
G; with 6 € T*U, are also transported by ®. We denote them respectively
by G, and G; in T(T*U"). We now apply (3.7) and Corollary 2.15 to deduce
that, up to reduce the size of p and U/, there is a function f : U’ — R of class
C"! such that the 1-form W := df on U’ satisfies the following properties:

(3) W is C' along y ([—1, T1);
(mq) ANT*U" C Graph(W¥);
(s) forevery t € [—1,T], G; = Graph(L, = d);(,)\I’) c R? x (R?)*.

3.3.1 Some preliminary regularity estimates on u

Let us recall that u is semiconcave (see Proposition 2.3), so the discussion
in Sect. 2.7 (see in particular Sect. 2.7.2) applies. Also, since y ([0, T]) =
{te1}icio,1) (see (1)) and tey € A (hence u is differentiable at zey, see Propo-
sition 2.5), by upper-semicontinuity of the limiting differential of semiconcave
functions there is a modulus of continuity w : RT™ — R™ (that is,  is nonde-
creasing with lim, o w(r) = 0), possibly depending on 7', such that

}(x, ) — (te1, Vu(teﬂ)‘ <@ Vxell,
p € Diu(x), t €[0,T], r € (0, p) (3.10)

and (since%(tel, Vu(tel)) =e, see(m))

oH

a_(xap) —el| = a)(r) Vxe Hia p € D;M(X), re [0, T]a re (Oa p)
P

(3.11)
Asin (2.20), for a.e. t € [0, T] we define the function w; : [—p, p] = R” by
wy(s) := Vu(t,s) forae.s € [—p, pl,
and we recall the following decomposition for Dw; (see Sect. 2.7):
Dw; = Vw;ds + Dswy,
where Vw; ds is absolutely continuous and Dsw; is singular with respect
to ds.

We notice that (3.11) implies that (2.29) holds with E(x) = ey, hence it
follows from (2.31) that
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|Dsw;| < 2|Dsw; - e] insided’, fora.e.t € [0, T]. (3.12)

Also, Proposition 2.17 combined with the upper semicontinuity of the posi-
tive Green bundle provides an upper bound on D?u in a neighborhood of a the
curve y ([0, T]). More precisely, we recall that (Dév-e, e) is anonpositive mea-
sure for any vector e € R” (see Sect. 2.7). Also, by (75) and Propositions 2.10
and 2.17 we deduce that there exists a modulus of continuity ' : Rt — R,
possibly depending on 7', such that, for a.e. t € [0, T],

V2u(x) < L, + /' (r)ld forae. x € IT. (3.13)

(Recall that V2u denotes the pointwise Hessian of u, which exists almost
everywhere.) We denote by & the orbit of 7 in U/, thatis & := y(R) NU’.
In the next lemma we use (3.7) to show that, for a.e. r, Dwy is close in total
variation to a constant matrix. From now on, we always denote a modulus of
continuity by w and a positive constant by C, their values might change from
line to line but otherwise they depend only on 7 and the data (i.e., H, u, etc.).

Lemma 3.5 Let V be as in (w3)-(mw5). There exist a modulus of continuity
o : RT — RT and a constant C > 0 such that the following properties hold
foranyr € (0, p]:

(i) Fora.e. t € [0,T], for every y1 = (t,£1), y» = (t,€2) € O NTII. with

by > £y,
123 1%
/Isz(S) —L; ey ds +/d|Dsth(s) <w(r) |l — ).
01 £

(ii) Forevery y1,y2 € ON Hg there exists a family of matrices {M_;}:c(0,T),
with

\M_ |+ M-~ < C,

such that the following holds for any constant N > 1: for every z,7' €
Hg N [y1, y21 such that u is differentiable at 7, 7’ and |7/ — z| > lyl;,—yz‘,
we have

7 (672 Vu(@) = (07 Vu @) = Moi(z = 2)
<Now()l|z-17|.

Proof of Lemma 3.5 We begin by observing that |y, — yi| = [€2 — £1]. Since
the graph of Vu restricted to y ([0, T']) = {te1}:c[0.7] is contained inside the
graph of W and the latter is C! there [see (1) and (7r3)], fora.e. t € [0, T] we
get
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i (€2) = wi (€)= L+ (2 = y0)|

= [W02) = WO = dyy ¥ - (2 = )|

1
= /dy1+s<yz—y1>‘1’ (2 —yDds —dyn¥ - (2 — y1)
0
1

= / |y +502-y0 ¥ = dpy¥|1y2 = y1l ds
0
< w(r) [ =4, (3.14)
for some modulus of continuity @ : R™ — RT. So, rewriting the above

expression using the fundamental theorem of calculus [see (2.21)], for a.e.
t € [0, T] we have (observe that 22=2L. = ¢,)

[y2=y1l
123 %)
/[th(S) —L;-ex]ds +/d[DSwt](S) <o)t — ],
£ 91

which implies in particular that

1% %)
/[Vw,<s)-ez— <Lt-e2,ez>]ds+/d[Dsw,-ez](s) < o) |62 — 1],
K] El

This estimate combined with (2.23), (3.13), and (2.25), gives
12 %)
/Isz(S) ~ex — (Ly- ey, e2)| ds +/d|DSwt ce2|(s) S w(r) [l — 4]

l £
forae.r €[0,T],

which shows that Dwy; - e5 is L'-close to (L; - 2, €3).

We now need to control Dw; - e;. For this, we first apply (3.12) to obtain
that the singular part of Dwy is controlled by Dswy - e3: indeed (3.12) and the
bound above imply

123 1%
/d|D3w;|(S)§2/d|D5w, ce2|(s)<2w(r) |l — 1| forae.t e[0,T].
01 £

Hence it suffices to control only the absolutely continuous part of Dw;.
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Recall that, thanks to (2.23), for a.e. t € [0, T] we have
Vw;(s) = Vzu(t, s)-ey forae.s e[—rr],
where V2u is the Hessian of u, which exists at almost every point. Hence it
suffices to prove the closeness of Vw; to L; - e> only at points where u is twice
differentiable.

For every x; := (t, £) € 1L where u is twice differentiable, consider the
curve

(xe(0), pe(D)) := ¢F (xe, Vulxe)).
It follows from (3.10) and (sr1) that
[xe(=1) = (t = Der| <w(r) Yt e[0,T], T €[0,1].
Also, since the trajectories do not cross backward in time, u is differentiable

along them, and p¢(—t) = Vu(x¢(—7)) (see Proposition 2.4), we have [here
we use X;(7) to denote the derivative with respect to 7]

d d
E[Pé(—f)] = E[VM(XZ(—T))]
= —VZM(Xg(—'E)) -xe(—1) Y1 elo,l1], (3.15)

Since p; is uniformly bounded and solves the Hamiltonian system, also
j—f [ p@(—l’)] is uniformly bounded, hence we have

(V2o (=) - €, 5e(=0)) = (Vulx(0) - e, & O)
<Crtle] YeeR?> Vrel0,1]. (3.16)

To simplify the notation, set x; := X¢,4s(¢,—¢,). Then, it follows from (3.15)
to (3.16) and the smoothness in 7 of the curves 7 + x,(7) that, for every
T € [0, 1],

1
/Ith(fl + s(ly — 1)) - x5(0) — (L; - €2, x5(0))| ds

0
1
= / [(VZu(x,(0)) - €2, %,(0)) — (L - €2, %,(0))| ds
0
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1
5/
0

/ / |(V2ulxs (@) - €2, 5(0)) = (V2u(x,(0)) - €2, ,(0)) | dor ds

=T

/1‘<w<xs<0>> V(1) >
0

0

/(Vzu(xs(a)) - Xs(0), e2)do — (L - 62,5%(0))‘ ds

-7

1

—(L,-ez,)'cs(O))‘ds—i—Cr. (3.17)

By (;r1) and (7r5) (note that Vu varies smoothly along y ([0, T']), since it solves
the Hamiltonian system) we have

—(L;-e1,e)| <Ct VtTel0l]

‘Vu(tel) cer — Vu((t —1)ey) - e2
T

Hence, by (3.10), (3.11), and (3.17), for every 7 € [0, 1] we get

1
/‘Vw;(ﬁl +5(ly —£1)) - X5(0) — (L - ez, x5(0)) }ds <Ct+—
0

()
T

Thus, choosing 7 := +/w(r) and using that |x;(0) — e¢1| < w(r) and that L, is
bounded (since u is universally C-! on the Aubry set), we get

1
|£2 _€1| / |sz(s) el — <Lt . 32v61>’d5 = /|th(@1 +s(£2 _gl)) e

—(L; - ez, 1) | ds

<Cyow(),

concluding the proof of (i).
Let us now prove the second assertion. To simplify the notation, for a.e.
f € [T — 1, T] we define the functions®

Yl () =7 (0" (2. Vu(2)))
= 7" (" (@, 5), wi(s))), forae z=(i,s) e, Ve[0Tl

4 Notice that, since u is differentiable a.e., for a.e. r € [0, T'] we have that u is differentiable at
ae. z € [y, y21.
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By the chain-rule formula for BV functions [2, Theorem 3.96], the following
hold: if we decompose the distributional derivative D", into its absolutely

continuous part Vlﬁi , and its singular part Dg WE ;» we have
VL) = (92 (0, 90, i) - (0062 (G ), wio)
+ 0,07 (7,5, wi()) - Vui(s))
fora.e.s € [—r, r], and
|Dsy’,| < C|Dswy].

Givenz, 7 € l'[i, let us denote by fz “d w the integral of a measure p over the
segment joining z to 7. Then, by (i) and (3.10), for every T € [0, T'] we have

2 2 2
/d|DW_, — M, e :/\vwf_,(s) —M’_t.ez‘ds+/d|D5W_l|(s)
V1 Y1 Y1
<w)|y2 — yil, (3.13)
where

M, = dn* (¢ (Fer. e)) - (ax¢£’,(t‘e1, en) + 0,9 Ger, 1) L),

and we used that | L;| is universally bounded (because u is universally C Ll on
the Aubry set) to estimate

0,07, (.9), wi(s)) - Vag(s) = 0,97, Ger, )Ly - e
< |08 ((7,9), wr(s) - (Var(s) = Ly - e2)]

+’(a”¢ff((t_’ $). wi(s)) — 8ppL (Fer, 61))Lz‘ : ez‘

The boundedness of |L;| implies also that the norm M, is bounded on [0, T']
by a constant depending only on 7'. Also, since u is semiconcave, a simple
Gronwall argument shows that the backward flow ¢ +— v _;(z) is not “too
much contractive”: there exists a universal constant C > 0 such that

v ()= v ()| = e Cz—7| Vtel0.T], V.7 e . (3.19)

Before proving the validity of the above estimate, we first show how we use it
to conclude the proof.
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From (3.19) we deduce that |(Mi t)_ll < ¢CT and that the trajectories
cannot cross backward in time. Also, from (3.18) and the assumption |z —z| >
% we deduce that

Z

W@ — v, () - M~ )| < /d DY, — 17, o

Z/

y2
< /d ‘Dw’_t M, ez‘
¥

<o) |yt =yl < No@) |~z
fora.e.r € [0, T] and a.e. z, 7' € I1.. By a simple approximation argument,
the above estimate extends to 7 = T and every z,7 € TI! such that u is
differentiable at z, z’, which proves Lemma 3.5 with M_, := M Zt

To finish the proof, we need to show the validity of (3.19), and we notice

that (by triangle inequality in z and because 7 — ¥, enjoys the semigroup
property) it is sufficient to prove the result for z, z’ close to each other and for
small times. By semiconcavity and compactness, there is a constant K > 0
such that for every (x, p) € T*U’" with H(x, p) < 0 and every x, x’ € U’ and
p € conv (D;"u) , p € conv (D:/u), we have (see [10])

*H
<W()?,ﬁ)(p—p'),x—x/> < Klx—x'". (3.20)

In particular, the above inequality holds for any p = Vu(x), p’ = Vu(x') with
u differentiable at x, x". For any z,7’ € 1'[5 close enough and ¢ > 0 small,
there is (x, p) € T*U' with H(x, p) < 0 such that

<% (v2,@ =¥, @)) vl @ - wi,(z’)>

- <_%—;’ (¢7 2. Vu@y) + E’B—H (62 Vu@n) vl — wit<z/>>

:<__ (v @, Vu(y t(z)))+—(w @), Vu(y',@))),
vl@) - t<z>>

=<_8_H (2,0, vulyl @) + (w (@, Vu(y, @),

v () v,z >>
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dH r o i oH - :
+ <¥ (wl_z(Z ), Vu (wl_z(Z ))) - % (W_,(z), Vu(l//t_t(z ))) ,

NOENE)

9’ H ; . _ ;
<W(x, p) (w(w’_,(z/)) - Vu(t/f’_,(z))) WL () — Wt_t(z’)>

OH [ - _ O\ oH
+<$ (W_,(z ), Vu (', (z ))) ~

(v @, Vu(', @),
v, (2) — w",<z/>>.

By (3.20) and C? regularity of H, we infer that there is some universal constant
K’ > 0 such that

- - 2
W_t(z) - W_;(Z/) .

d n _ , n

<E (W_;(Z) - W_;(Z/)) , W_, (z) — Wt—z (Z/)> = —K'

We conclude easily by Gronwall’s lemma. O
The following bound will be crucial to estimate the action.

Lemma 3.6 There exist a modulus of continuity w : RT™ — R and a constant
K’ > 0 such that the following holds: Let yi, y, € O'N H;for somet € [0, T].

p .
Then, for every r € (0, pl, and for every z1, zo € IT,. N [y1, y2] such that u is
differentiable at 71, zo and % <|lz1 —z22| < %

(i)

)
|M(Z2) —u(z1) — (Vu(z1), 22 — Zl)‘ < K/%;
(ii)

, 1
|Vu(22) — Vu(zl)‘ <K (a)(r) + ﬁ)'yl —

Proof of Lemma 3.6 Since u is semiconcave, there exists a universal constant
C such that v := u — C|x|? is concave. Since

‘(u(zz)—u(m)— (Vu(z1), 22—21)) — (v(z2) —v(z1) — (Vo(21), zz—m))‘

2 _ Clyl — yaf?
J— N2 9

it suffices to prove the result (i) with v in place of u.

< Clz1 — 22|
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: : : 1=z
By concavity of v, since zp —z is parallel to y, — y1, and |z1 —z2| > Tov—>

we get

0> v(z2) —v(z1) — (Vu(z1), 22 — 21)
> (Vu(zo) — Vu(z1), 22 — 21)
> (Vu(y2) — Vu(y1),z2 — 21)
1
> W(Vv(yz) = Vo), y2 — y1)
.- yal?

N 9
where for the last estimate we used that  (and hence v) is C'! with a universal

bound on the Aubry set. This proves (i).

For (ii), we recall that fzz dp denotes the integral of a measure u over the
segment joining z to z’. Hence, using the same notation as before, we apply
Lemma 3.5(i) and use that |L;| is universally bounded (because of the C L1
regularity of u on the Aubry set) to get, for a.e. € [0, T,

22

|Vu(z2) — Vu(z1)| < /dIDwzl

<1
22

< /dIDwr — L -e2| + |L¢| |z1 — 22

21
Y2

< /d|Dw, — L eyl 4+ Clz1 — 22|
i

=l

< — C
<o)yt —y|+ N

By approximation, this estimate extends to every ¢ € [0, T']. O
3.3.2 The connection
Given yi, y2 € R, we set

1'3(y1; y2) == {y e Rdist(y, [y, »21) < |y1 — yz|/3}-

Lemma 5.2 in [22] (see also [3, Remarque 6.3.3]) applied with n = 1 yields
the following result:

@ Springer



242 G. Contreras et al.

Lemma 3.7 Let 7 > 0 and Y be a finite set in R such that B(0,7/12) N'Y
contains at least two points. Then there are y1 # y» € Y such that the interval
1'/3 (y1; y2) is included in B(0, ) and does not intersect Y \ {y1, y2}.

Given 7 € (0, p) small enough (7 much smaller than p and €), let T; > T

be the first time such that y (T;) € H;T/lz, and define the set

W= {wo =R wy = (), .. wy = )7(T;)} cA (32D
obtained by intersecting the curve
[T, T;]1>1t— y()
with l'I;T. We apply Lemma 3.7 with Y = W C l'IfT to find two points
yi=w; and J =w; withj>] (3.22)

which satisfy the properties described in the statement of the lemma. Set
1
N = L—J%—l, n:=2N+1,
€

and consider a sequence of points Zp, ..., Z, in the segment [J1, y2] C Hg
which satisfy?

21 =31, Iy =,

u is differentiable atz; Vi=1,...,n, (3.23)
and
G [ o =90 9+ o (52— )]
Vi=2,....7—1 (3.24)
Notice that
(nﬁ)%s |Zis1 — i 5% Vi=1,...,n—1.

5 Since u is differentiable a.e., by Fubini’s theorem, for a.e. T € (0, o0) we can find points
Z1, ..., Zy such that (3.23) and (3.24) hold. Notice that we do not yet fix the points Z;, since
later we will need to impose that they satisfy some additional conditions, see in particular (;rg)
below.
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We now fix T to be an arbitrary time in [+ 1, 4+ 2] chosen so that (3.23) and
(3.24) hold. Applying Lemma 3.4 [recall also (3.9)], foranyi =1,...,n—1
wecanfindatimes; € [i —1—1/8,i — 1+ 1/8] such that

y(t;) satisfies 3.8) Vi=1,...,n—1. (3.25)

Given z € [y1, y2] such that u is differentiable at z, we can consider the
calibrated curve y, : (—00, 0] — M as in (2.6). Notice that, since y; and y,
belong to the projected Aubry set, u is differentiable at y; and y, and those
curves are transverse to HZ [remember (3.10)—(3.11)], the curves y;, and y5,
are unique and disjoint and moreover the curves y, cannot intersect y;, and
¥5, (see Propositions 2.4 and 2.5). Hence, provided 7 is sufficiently small, for
any z € [y1, y2] where u is differentiable there exist 7, € [T — 1, T + 1] such
that

y:(=T.) € 1), y:([~T:.0D) C [-1,T] x [—p. p].

Recalling (3.23), we now define the following points foralli =1,...,n — 1
(see Fig. 1), where T € (0, 1/10) is the same as in Proposition 2.7:

=y (T 0D NI, 2=y, (=T, O) N ITGTT,

=y, (=T,,0opn0E z =y, (—T3,,.0D N H”H

Also, we set
yli = yfi1<[_Ty]a O]) N Hz ’ )’E = y&z([_Tyzv O]) N Hi) (326)

By Lemma 3.5(ii), provided 7 is sufficiently small, (77¢) yields
‘ LT yr +7 ) ‘y§i+f—y;i+f cn .

(77 )— =< |Zi,+—Zl~’+| < —F— = xr Vi=1,...,n—1.
Also, using again Lemma 3.5(ii), it follows from the construction of y; and 3,

(see Lemma 3.7) that, for any ¢ € [0, T'], all points of y ([0, 7:]) on l'I’ are at

|yl

distance at least y 2 from { y1 , y2} (besides the points { y1 , )’2} themselves),

that is
.t
() dist(( (700, 5D N TI) \ (31, 94)), 0, v81) = 2520 for al
e [0, T].
Since u is differentiable at z; _, zgy_, Zi 4> z;7+ [see (3.23) and Proposition
2.4], by Lemma 3.6(ii) and (777) it follows that (provided 7 is small enough)

2K' | .- -
|Vu(Zi,+) —Vu(z;’+)| < ~ yiz‘f"f _ ;,-i—r ‘
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L

Fig. 1 The points z; _ and z; 4 (resp. z; _ and z; ) are obtained from z; (resp. z;+1) by
intersecting the trajectory passing through Z; (resp. Z;1) with the segments l'[f{; and l'[t[’;'H.
Analogously, the points yi (resp. yé) defined in (3.26) are obtained by intersecting the trajectory
passing through y; (resp. $,) with the segment l'[;). Our goal is to connect z;, _ to

with a
S . > . i+
control on the action, in order to obtain a closed curve which satisfies (P2)

Hence, since 736"{ (z,',_, Vu(z,',_)) = (z,’,+, Vu(z,',+)) and thanks to (3.25), if
7 is sufficiently small (so that z; — is close to y(#;)) we can apply Proposition
27 withx® =z, x/ =2 . p0 = Vu(zi), p/ = Vu( )or =1y~
y3+1|, and € = 2(1 + K')/N (with K’ as in Lemma 3.6), to find a potential
V; which permits to connect z; — to z; | on a time interval (7, 1 + Tif ]. Notice
that the constant ¢ = o; appearing in the value of the action is an arbitrary
'tl'+1_'_ L+T o
number less than ér% = 2(1 + K/)%.
We now constructacurve y : [0, T'] — M by concatenating y; : [0, T1] —
M with y, : [T}, T'] — M, where

() =nx* (¢IP£T1 (5’2, Vu(f}z))) connects z;,LJr tozy,—,

while y; is obtained as a concatenation of 25 — 1 pieces: defining by V :=
> Vi (notice that the support of the V;’s are all disjoint, so the C? norm of
V is bounded by max; || V;||c2), foreveryi = 1,...,n — 1 we use the flow

(t,z) — w* <¢zH+V(Z’ Vu(z))) to connect z; — to z§?+ on a time interval
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715 + T/, while on [f; + T/, 5411 G = 1,..., 7 — 1) we just use the
original flow (¢, z) > 7* (d),H (z, Vu(z))) to send z;’+ onto z;4+1,—. (See [21,
Subsection 5.3] for more detail.)

In this way we obtain a closed curve y : [0, T'] — M (see Fig. 1) whose
action is given by the following formula (see [21, Section 5.4]):

T/

/Lv(y(o, y (D) dt
0
—1
[(Vu(z,-,+)’ iy = Zit) = (”(Zz/',+) B ”(Z”))] +oai
1

=

]

Thanks to (77) and Lemma 3.6 we deduce that

i+t ti+7,2
|yll -y |

(Va2 =) = (e ) —uG) | < K=

L+t G+T o
lyf =y |

Hence, since o; can be any arbitrary number less than 2(1 + K) o ,

we can choose
. / /
0 = (u(z,,p — u(z,-,+)) —(Vulzi ), 2f 4 — 2i4)

to enforce
T/
/LV(V([)a y () dt =0,

0

as desired. This concludes the proof of (P2).
3.3.3 A “good” critical subsolution for H

To prove (P1), we first need to construct a C L1 critical subsolution v which is
“C? in average”. Recall that, for every ¢ > 0, the function ; : M x M — R
is defined by

t

hi(x,y) = inf/ L(y(s),y(s)) ds,

0

where the infimum is taken over all Lipschitz curves y : [0, ] — M such that
() =xand y(7) = y.
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Lemma 3.8 Let U be as in (n3)~(7s), and let y| = (¢, £}), y5 = (t,£5) €
on l'[; be as in (3.26). There exists so > 0 small but universal such that the
critical subsolution v : M — R defined by

v(x) == T, u(x) = sup {u(y) — Iy (x, y)} VxeM,
yeM

is universally C'! and, for a.e. t € [0, T, it satisfies ©
1
/ (V2o (3] + 5% — ¥D) - e2. e2) = (L - €2, €2)| ds < (1] + 165])
0

for some universal modulus of continuity  : RT™ — RT.

Proof of Lemma 3.8 The fact that v is a critical subsolution is standard, see
for instance [8].
By semiconcavity, there is a bounded family of C?(/’, R) such that

= inf .
" } eF { f}
Moreover, thanks to the estimate (3.13) on D%u provided by the Green bundles,

we may assume that

V2f(x) <Li+&'(r)ld VxeTll, r e (0,p], t €[0,T], f € F.
(3.27)

Then, for every so > 0 we have

V= T s

By [8] it is known that, for 59 > O small enough, v € Cc™ v = u, and
Vv = Vu on the projected Aubry set. Since Vv = Vu on &, by (3.14) we get

Vo (y3) = Vu (y1) + Le - (¥4 — 1)
+ (€)1 +165]) |¥i = ¥5| Yrelo, Tl

Since y5 — y} is parallel to ey, rewriting the above expression using the fun-
damental theorem of calculus (recall that v € C1) we have

6 Notice that, being C 1 ’], v is twice differentiable a.e.
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1

[0t 4505 =) - en e ds = (L en. )
0
<o(|l)| +|65]) forae.r€l0,T], (3.28)

where V2v is the pointwise Hessian of v.

By [8, Lemma 3] there is 5o > 0 such that, for every s € [0, so], 7,7 (F) isa
bounded set in C2(M, R). Since the Hessian of a C2 function f is transported
by the linearized Hamiltonian flow along the calibrating trajectories (see for
instance the discussion in [21] after Lemma 5.3), and since all the trajectories
are close (as a function of r) to the trajectory passing through ze; [see (3.11)],
we deduce from (3.27) that, for all » € (0, p],

V2 < L4+ &'(r)Id ae.onTl’, forae.r € [0, T].

Hence, combining this bound with (3.28) we easily get

/\ )’1 +S(y yl)) Lz]'€2,€2)| ds

).

as desired. O

o (6] +[6]) + o' (|6]+ 6

Combining Lemmas 3.8 and 2.20, we can also prove that there are many
points where v is “C? in average”.

Lemma 3.9 With the same notation as in Lemma 3.8, let y|, y5, € 0 NTIL,
= )| + |65] € (0, pl. Then, for a.e. t € [0, T] there exists a set A; C
[}, y51 such that

1Al = (1= Vo )ly) — ¥

and

R

1

E/ (V20(z + se) - ez, €2) — (L - €2, €2)| ds < C1v/oo(r)
0

forallz € Ay and R € [—Iyi —z|, |y§ — Z|].

Proof of Lemma 3.9 We simply apply Lemma 2.20 to the one dimensional
function
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f(s) := [(V20(z +s€2) - €2, €2) — (Ly - €2, €2)| Xi—fy1—zl.]yr—21(5)

with § = Ci+/w(r), and use Lemma 3.8. O

From the results above we see that, provided r is sufficiently small, we can
shift the system of coordinates in the variable ¢ by an arbitrary small amount
(sat, t — t + 19 with |7g| arbitrarily small) to ensure that the above lemmas
all apply with t = ¢; foralli = 1,...,n — 1, and then the points 21, ..., Z,
can be chosen so such that

(79) zi—, z;’_ €A, foralli=1,...,n—1
3.3.4 Construction of a global critical subsolution

As before, we will denote by w : Rt — R™ a modulus of continuity which
may change from line to line.

Our goal is to construct a critical subsolution vy : M — R satisfying (P1).
We proceed as follows: first, for any i =1, ..., #; we define u(, and u7, as the
C!! solutions of the Dirichlet problems

H(z, Vuy(2)) =0 in[4, 1 +37] x T,
uh =v on I},

Hv(z Vul,(2)) =0 in[t, 1 +37] x I1}
uy =v on ITj,
where v is as in Lemma 3.8 [see Lemma 2.6(iv)]. Let y : [0, T'] — M be the

closed trajectory constructed in Sect. 3.3.2, and define ['; := v ([ +Tf f,+ 1D
to be the piece of curve which connects z; ytoziqy - (seeFig. 2). In complete
analogy with [21, Section 5.5, Property (TL’ 3)], we have

uy =u',, Vuh=Vul, onl;NC;, where C; := U [y}, ¥51.
telt; t;+37]
(3.29)

Also, because y} and y} are in the projected Aubry setand V' is supported in the
interior of C;, we get that the values of uf), ”iv’ v are all transported along the
curves, and the same happens to their gradients (see [21, Lemma 5.3] and the
discussion immediately after it), so in analogy with [21, Section 5.5, Property
(r7)] we get

u6 = ui/ =, VM6 = Vuiv = Vv on 9,4:C;,

where 9,,,C; == U {vi. ¥} (3.30)
telt; t;+37]
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We claim that
‘ué(x) —ul,(x)| < o 4 €) dist(x, [})? Vx eC. (3.31)

Indeed, since by (1), (719), and Lemmas 3.8 and 3.9
| R
;/ |(V2v(z + s5€2) - €2, €2) — (Ly; - €2, €2)| ds < Cy a)(
0

1 t;
L+ 145

)

forz =2z;—,z, _and R € [—|y§" —zl, |y£i — zl], and the flow of the vector

field % (x, Vu(x)) is bi-Lipschitz (since v is C L1y we deduce that (recall that
the Hessian of a solution is propagated along the linearized flow)

R
/’ 2uf (24 + se2) - ez,ez>—(Lz-ez,62)|dSSC\/w(Etf + Etzi)
0

forall R € [—|y} —zl. |y — zl] and 7 € [#; 4 27, t; + 37], where

x| -

Zzt' =¥, (=T3,,,0DN Ht

Also, because ||V || -2 < €, the linearized flows of H and Hy are close in terms
of € (see [21, Proof of Lemma 5.5]), hence

R
1

/‘ Ul (zf + ser) - 62,62>—(Lz-62,62) ds
0

<C a)(

1 t
L+ |6

)—i-a)(e)

forall R € [—|y|—zl, |yy—zl]and? € [1;+27, t;+37]. Since [} |+|€5| < CF
(because yi, y» € l'I;T and the flow is Lipschitz on the Aubry set), this estimate
combined with (3.29) and a simple Taylor expansion proves (3.31).

We consider now for every i a smooth nonincreasing function ®; : R —
[0, 1] such that

O,n=1 ifrxely, 4 +37/2],
;1) =0 ifrely +57/2,4 4+ 37],

and we set

0;(2) = 0;(z1) Yz = (z1,22) € R%.
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— pCi }C;

i i
HOZMV:U uo—uV—U

Fig. 2 The curve I'; corresponds to the horizontal segment starting from the point zg 4 and

going to the right. The function i; is obtained by interpolating (using a cut-off function) between
"‘ZV (the viscosity solution for Hy ) and v (the critical subsolution for H constructed in Sect.

3.3.3) inside the “cylinder” C{ . Then, by adding a new potential Vi/ , small in C2 topology and
supported inside Cl( N {z = (zl, 2) |z1 €[z, 3‘3]}, we can ensure that HV,-+V.’ (z, Vi (z)) < 0.
Since the cylinders Cl( are disjoint, we can repeat this construction for i = l,' ...,n—1to find
a global critical subsolution # and a potential V so that (P1) and (P2) hold

Then we define u; as

O ()ul, () + (1 — ©;(2))v(z) forz € C;,

ui(z) =
l v(2) forz € C/\ C;,
where
t t t t
’ ’ ’ Yy — Yy / Yo=Y
= U DU o =t -2 = 2
telt; t;+37]
(see Fig. 2).

Thanks to (3.30), i; is of class C!! inside le . Moreover, for every z € C;
we have

Viii(z) = (1} (2) — v(2)) VO; (2) + B (2) Vi, (2) + (1 — ©;(2)) Vu(2).

Set

Pi(z) = ©;(2) Vi, (z) + (1-0i(2)Vv(z) VzeC.
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By convexity of H in the p variable we get
Hy (z, Pi(2)) <0 Vze(;.
Moreover, since v is a subsolution for H,’
Hy (z,Vii(2)) <0 Yz eC\C, ub(z)—vz) >0 Vz €C.

Also, since V®; points in the direction of —ej, by (3.11) we get
oH 1
— (2, Pi(2)),VO(@)) = —=|VO;(z2)] Vze(;.
ap 2

Then, using that uf) > v and Taylor’s formula, we obtain

. oH
Hy (2, Viii(2)) = Hy (2, Py(2)+ () =0()) <% @ Pi(2)). V®,-(z)>

. 2
+ K VO @) |u (2) - v(2)|

i i oH
< (uv(z) - uo(z)) <$ (z, Pi(2)), VO; (z)>
1 .
-5 @ —v)| Vel
. . 2
+2K VO, () [y () — ()|

, 2
+2K |VO;(2)? ‘uf)(z) — v(Z)‘

= C|VOBi(2)|

Ul (2) — ub(z)

’

7 The latter inequality comes from the fact that, by the construction of uf), for every z € C;,
there are w € l'[z, T > 0,and acurve y : [0, 7] — C;, such that y(0) = w, y(r) = z, and

T

ub(z) = v(w) + / L(y(@),y®) dt.
0

Also, since v is subsolution for H we have

v(z) < v(w) +/L (), y () dt,
0

: i
which proves that v < uy).
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where we used that |u"V — u6| and |uf) — v| are small to absorb the quadratic
terms into the linear ones. Since the last term in the above equation is of order
(7 + €) dist(z, T';)? [by (3.31)] and vanishes both outside C; and outside the
support of ®, we deduce that

Hy (z,Vu;(z)) <0
inside C/ N ([#;, t; +37/2]1 U [t; + 57 /2, t; + 37]), and [using (73)]
Hy (z, Viij(z)) < o(F + €) min{dist(z, T'})?, dist(z, 34:C))*}

inside C; N [t; +- 37 /2, t; 4+ 5T /2], where

’ . t,) .t/
alal‘ci = U {}71 ’ y2 }'
te[t;+27,t;+37]

By choosing 7 and e sufficiently small, it is easy to see that we can add a
potential V/ < 0, small in C? topology, which vanishes on I" and supported
inside C;, so that

Hv+vl/ (z, Vij(z)) <0 inC;

and property (P2) is preserved. Then the function & obtained by gluing together
the functions #; with v is a global critical subsolution for Hy with Vo=
V 4>, V/ (notice that the support of the V/’s are all disjoint, so the C 2 norm
of >, Vl./ is bounded by max; || Vlf | c2), yielding (P1) and concluding the proof
of Proposition 3.3.

4 Examples

Recall that a minimal set of a Lipschitz vector field on a surface is called
exceptional if it is neither a fixed point, nor a closed trajectory, nor the whole
surface (see [33]). By the Poincaré-Bendixon Theorem, exceptional minimal
sets do not exist on the two-dimensional sphere. The purpose of this section
is to construct Tonelli Hamiltonians with exceptional minimal Aubry sets on
orientable surfaces with positive genus. Such a counter-example in the setting
of twist maps was given by Goroff [24].

4.1 Preliminaries on the Mather functions

Let M be a smooth compact Riemannian manifold without boundary of dimen-
sionn > 2and H : T*M — R a Tonelli Hamiltonian of class CZ%. Denote
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by L : TM — R the Tonelli Lagrangian of class C? associated with H by
Legendre-Fenchel duality (see Sect. 2.1). The flow ¢ of L is conjugated
with the Hamiltonian flow through the Legendre transform £ : T*"M — TM

defined by L(x, p) = (x, 88 (v, p)), that is

(th =£o¢tHoE_1.
Denote by M (L) the set of probability measures on T M which are invariant

under the Lagrangian flow. Recall that the homology p(u) € Hi(M,R) =
H'(M,R)* of a measure . € M(L) is determined by

(p(n), [w]) = / wy(v)dpu(x, v),

™

where  is any closed 1-form on M and [w] € H'(M, R) is its cohomology
class. The action of u with respect to L is defined as

Az () :=/Ld,u.

™™

The Maié critical value of L and H can be recovered as
c[H] = ¢[L] := —min{AL(M) e M(L)}.
The Mather « and B functions associated with L (or equivalently with H),
ar - H'(M,R) — R B, : Hi(M,R) — R,
are defined as
Br(h) := min {AL(M) lne ML), p(p) = h} Vh e Hi(M,R)
and
ar([0]) :==¢[L —w] Vo] e H' (M,R).

They are convex functions with superlinear growth which are conjugate (see
[31, Theorem 1]), that is

ar(c) = maX{(h, c)—pPr(h)|h e Hl(M,R)} Vee HY(M,R)
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and
Br(h) = max{(h, c)—oar(c)|ce HI(M, R)} Yh e H(M,R).

Let us now introduce some definitions and notation. We call flat of §; any
non-trivial maximal convex domain in H{(M, R) on which S, is an affine
function. Moreover we say that a flat is radial if it is contained in a set of the
form (h) = {th | t € R} with h € H{(M,R). By conjugation, any flat F
of B, is associated with a non-differentiability point of oy : more precisely, if
c € HY (M, R) satisfies

ap(c) =(h,c) —BrL(h) YheF,

then all affine functions ¢’ +— (h, ¢’} — B (h) with slope h € F are supporting
functions for « at ¢. Given h € H{(M,R) and ¢ = [w] € H (M, R), let

Mi(L) = argmin { Az (o) | 1€ ML), p(w) =h |,
ME(L) = ML) = argmin { Ap—o(u) | e ML) |.

Note that, by the above properties, for every ¢ € H'(M, R) we have
pMW) = {1 e HiM, R) lar @) + Bt = ()} @)

Finally, we recall that a homology class is rational if there is t € R such that
th e HI(M, 7).

4.2 Exceptional minimal hyperbolic Aubry sets on the 2-torus

Let M be a torus of dimension 2 and fix P a point in M. The open manifold
M\ {P} can be equipped with a hyperbolic metric of curvature —1 (we refer the
reader to [34] and references therein for further details in hyperbolic geometry).
Let us fix a simple close curve y with length £ > 0 which bounds a small open
disc D containing P, and another simple closed curve x’ withlength £’ € (0, £)
which is contained in D and which bounds a small open disc D’ containing
P. We can choose x’ so small thatd(x, x') > £, where d denotes the distance
with respect to the hyperbolic metric. We now change the hyperbolic metric
on D"\ { P} into a smooth metric on D’ which coincides with the former metric
on the boundary of D’. In this way we obtain a smooth metric g on M. We
will be concerned with the geodesic Lagrangian L : T M — R defined as

L(x,v) =3[} Y(x,v)eTM, (4.2)
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and we denote by H the associated Hamiltonian. We notice that, for every
c =[w] € HI(M, R), c[L —w] > 0and c[L —w] = 0 & [w] = 0. For every
¢ = [w] € H' (M, R) we denote respectively by A(c) and A(c) the Aubry set
and projected Aubry set of the Hamiltonian associated with the Lagrangian
L — w, that is, of the Hamiltonian given by H (x, p) = %llp + w,||?, where
| - || denotes the cometric on 7*M. In the sequel, by abuse of notation, we will
look at the Aubry set as a subset of 7'M via the identification between T M
and T*M given by the Legendre transform.

Lemma 4.1 For every closed form w with ¢ = [w] # 0, we have
A(c) N D' = 9.

Proof of Lemma 4.1 Letus first show that A(c) cannot be included in D. Argue
by contradiction and pick a positively recurrent point 6 = (x, p) of the Aubry
set A(c). Let y (1) = w* (¢! (x, p)) for 1 € R. Then there exists a sequence
tr — oo such that 8 = limy_ ¢tlki (0). Since 0 belongs to the Aubry set,
the curve y is calibrated, that is, for every critical solution u : M — R we
have

0= lim u(y () — u(x)
Tk

= kli)ngo/[L(y(t), Y () — @y (¥ (@) ] dt + ¢[L — o] .
0

Let f : D — R be a smooth function such that df = w on D. Since
y ([0, 00)) C A(c) C D by assumption, we have

73

/wym (y®)dt = f(y @) — f(yO).

0

Hence, since L > 0, combining the two estimates above and letting k — oo we
obtainc[L—w] < 0.Recallingthat¢[L—w] > Oandc¢[L—w] =0 & [w] =0,
we infer that ¢[L — w] = 0 which means that w is exact, a contradiction.

Assume now that A(c) intersects both D’ and M \ D. Then there are a
calibrated curve y : R — A(c) and T} such that y (0) € D’ and y(T}) € aD.
The «-limit and w-limit sets of ¢ contain positively recurrent points, so (by
the previous argument) they cannot be contained in D. Therefore we may
assume that 77 < 0 and that there is 7, > 0 such that y(7>) € 9D and
y((T1, T»)) C D.Let x : [T1, T»] — 0D be a smooth constant-speed curve
corresponding to piece of the curve x joining y (77) to y(712) with constant
speed. Since d(x, x') > ¢ and while the length of yx is £
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/”y()Hy(I) T —T, —/HX(r)Hx(t)dt

which shows that (since both curves are contained in D the integral of w along
them just depends on their end-points)

T
/[”W)”i(z) 0! ()'/(t))]dt
T
2 2
> T — T _/|:HX(I)”)((1) a)X(,)( (Z))]
T

This contradicts the minimality of y [see (2.2) and (2.9)], proving the result.
O

Lemma 4.2 The function By, has no flat.

Proof of Lemma 4.2 By homogeneity of L, the function fy, is quadratic in the
radial direction, thatis 8(th) = t2,8(h) forany h € hi(M,R) and ¢ > 0. Thus
it suffices to show that any flat of 87 has to be radial. Argue by contradiction
and suppose that there is a flat F C H; (M, R) which is notradial. Let py, o2 be
two extremal points in F* which are linearly independent and let u; € M, (L),
i = 1, 2. Then there is a cohomology class ¢ = [w] such that

F=pM(L) = { h e HiM,R) | ar (@) + Brlh) = (b} |.

Since the ergodic components of 11 and u; are also in M® (L), their homolo-
gies are also in F. Since p1, pp are extremal points of F' and p is linear, the
homologies of the ergodic components of | and u; are respectively p; and
p2. In conclusion, we can assume that g, uy are ergodic. We need to show
that the projection of the orbits in the support of @ and w, intersect. Since
Ui, k2 € M®(L) are minimizing measures for the Lagrangian L — w, the
intersection will contradict the Mather’s graph property, proving the result.

In the 2-torus M, any two integral homology classes in Hj (M, Z) which
are linearly independent intersect. Let [ : H{(M,Z) x Hi (M, Z) — R be the
intersection form which extends by bilinearity to real homologies. Then, if 7,
is not a multiple of 1 in H; (M, R), we have I[ry, r3] # 0.

We denote by 7 : TM — M the canonical projection. For eachi =1, 2,
let (x;, v;) € TM be a generic point for u;, 3; a small transversal segment
to v; in M containing x;, 7 a large return time to X; of the projected flow
of (x;, v;) so that n(qﬁ%(xi, v,-)) € %;, and I';(T) a small segment in %;
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joining x; to x;(T) = 7 (¢%(xi, v;)). For each i = 1,2, we define C;(T) to
be the closed curve C;(T) := n(d)[LO’T](xi, vi)) * I';(T) obtained by con-
catenating n(qb[LO’T](xi, v,-)) with I';(T"). Note that, without loss of gener-
ality, we may assume that ¥; N ¥ = ). Choose now two sequences of
return times {Tkl}k, {le}l such that limy_, o Tk1 = limj_ o le = +o00 and
limg—, o diam I';(7}!) = lim_, o diam T;(7}") = 0. Since the points (x;, v;)
are generic points for p;, Birkhoff’s Theorem ensures that

1 1 |
Jim G T)] = and - lim 25 [C2 (TF)] =2 in Hi(ML )

Then by bilinearity of the intersection form, we have

1
0# Ilpr. p2] = lim ! [Ci (1)), C2 (T7)]
In order to obtain the contradiction we have to show that there is at least
one intersection in / [C1 (Tk1 ), Cz(le)] which is not due to the small closing
segments " (T/j), Fz(Tli)

Note thatif i1 (resp. (o) is supported on a periodic orbit then we can take as
Tkl (resp. le) a multiple of the period and there is no joining segment I"{ ( Tkl)
(resp. FZ(TIZ)). This proves that the intersection occurs when both 11, uy are
supported on periodic orbits, giving the desired contradiction.

For the general case, let ¥ be the induced Hamiltonian flow on the projected
Aubry set A(c) in M, that is

Y (x) i= % (o (x, du(x))),

where u : M — R is a critical solution (see Proposition 2.5). We fix t > 0
small enough so that v, ¢ (.A(c) N 21) N X1 = ¥, and define Bl(Tk') =
Yi0,r1(Ae) NT1(T)). Let x Bi(T)) be the characteristic function of By (T})).
Since ¥ Bu(T)) < 1 and the part of Cz(TIZ) which may intersect F1(Tk1) is
contained in A(c) (recall that, by construction, X1 N X, = ), we have

T2
! 2

/(XBI(Tkl) on) ((psL(xz,vz)) ds§T7l Vk,l.

0

#[Ca (17) N (1)] <

Q| =

Therefore

lim sup %# (G2 (1) Ty ()] =+ vk,

[—o0 1
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which implies

1

1
i s 1 [0 (). € ()] = jim

1
- =0.
k,l—o0 T1 T

Similarly

1
Jim e 12 (1) €0 () =o.

which proves that projection of the orbits in the support of 1¢1 and 1, intersect,
a contradiction. O

Let h € H{(M,R) be an irrational homology class, and let ¢ = [w] €
H'(M,R)bea cohomology class such that ay (¢) 4+ Br (h) = {(c, h). Since B
has no flat, the set p (M®(L)) is a singleton [see (4.1)]. Let A be a minimal
set in ft(c), and U € C®(M,R) a C?-small smooth non-negative function
on M such that U~ ({0}) = 7*(A). Then the Aubry set for the Lagrangian
L — o + U is the minimal set A. Moreover A is not a closed orbit because
(the image through the Legendre transform of) any ergodic measure in A is in
M®(L), thus has homology /4, which is irrational.

The Euler—Lagrange flow of L is the geodesic flow of the metric g, which is
uniformly hyperbolic (outside 7'D’). Then the Lagrangian L — w has the same
flow as L. Moreover since the projected Aubry set does not cross D’ (Lemma
4.1) and U is C2-small, the invariant set A remains hyperbolic with respect to
L — w+ U. Hence A is a non-trivial minimal hyperbolic Aubry set.

4.3 The case of surfaces of higher genus

A similar construction can be made in a surface of higher genus as follows.
Let M| be a 2-torus, let a hyperbolic metric on M| \ {P;} with P| € M,
X1s X { two curves surrounding the point P; as above, and let M; \ {P>} be
a punctured surface of genus g, g > 1 equipped with a hyperbolic metric.
Construct two curves x> and yx} bounding the puncture as in the example
above, cut M, through x; and join it smoothly to M along x;. Join also
smoothly the Riemannian metrics on M and M in the tube between Xé and
x1- Then define M := M;#M> and consider the smooth geodesic Lagrangian
given by (4.2). By construction, H{(M,R) = H{(M,R) & H{(M>, R) and
the minimizing measures with homologies in H; (M1, R) or in H; (M3, R) do
not cross x; = x,. Also the B function satisfies B = Br, ® Br,, where L;
and L, denote the geodesic Lagrangians obtained as above on M| and M>.
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Take an irrational homology class h € H;(M,R) and let ¢ = [w] €
H'(M,R) be a cohomology class such that

PrLh®0)+ar(c) = (c, (h ©0)),

where (h ®0) € HH(M,R) = Hi(M{,R) ® Hi(M,,R). Let A C TM be
the minimal set obtained in Sect. 4.2, and let U € C®°(M, R) be a C%-small
smooth non-negative function on M such that U ~1({0}) = A. Then A is a
non-trivial minimal hyperbolic Aubry set for the Lagrangian L — w + U on
TM.
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