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Abstract We prove that a set of density one satisfies the local-global con-
jecture for integral Apollonian gaskets. That is, for a fixed integral, primitive
Apollonian gasket, almost every (in the sense of density) admissible (passing

local obstructions) integer is the curvature of some circle in the gasket.
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1 Introduction
1.1 The local-global conjecture

Let ¢ be an Apollonian gasket, see Fig. 1. The number »(C) shown inside a
circle C € ¢ is its curvature, that is, the reciprocal of its radius (the bounding
circle has negative orientation). Soddy [46] first observed the existence of
integral gaskets ¢, meaning ones for which 6(C) € Z for all C € 4. Let

PB=RBq :={b(C):Cec¥}

be the set of all curvatures in . We call a gasket primitive if gcd(#) = 1.
From now on, we restrict our attention to a fixed primitive integral Apollonian
gasket 4.

Graham, Lagarias, Mallows, Wilks, and Yan [26, 34] initiated a detailed
study of Diophantine properties of %, with two separate families of problems
(see also e.g. [23, 33, 43]): studying & with multiplicity (that is, studying
circles), or without multiplicity (studying the integers which arise). In the
present paper, we are concerned with the latter.

In particular, the following striking local-to-global conjecture for 4 is
given in [26, p. 37], [23]. Let &f = % denote the admissible integers, that
is, those passing all local (congruence) obstructions:

o :={neZ:nePBmodq), forallg > 1}.

Fig. 1 The Apollonian
gasket with root quadruple
vy = (—11, 21,24, 28)"
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On the local-global conjecture for integral Apollonian gaskets 591

Conjecture 1.1 (Local-Global Conjecture) Fix a primitive, integral Apollo-
nian gasket 4. Then every sufficiently large admissible number is the curva-
ture of a circle in 9. That is, if n € &/ and n > 1, then n € 4.

The purpose of this paper is to prove the following

Theorem 1.2 Almost every admissible number is the curvature of a cir-
cle in 9. Quantitatively, the number of exceptions up to N is bounded by
O(N'=), where n > 0 is effectively computable.

Admissibility is completely explained in Fuchs’s thesis [22], and is a con-
dition restricting to certain residue classes modulo 24, cf. Lemma 2.3. E.g.
for the gasket in Fig. 1, n € o7 iff

n=0,4,12,13,16, or 21 (mod?24). (1.1)

Thus 7 contains one of every four numbers (six admissible residue classes
out of 24), and Theorem 1.2 can be restated in this case as
7

#HANILN) = (1+0(N7")).

In general, the local obstructions are easily determined (see Remark 2.4) from
the so-called root quadruple

vo = vo(¥), (1.2)

which is the column vector of the four smallest curvatures in 4. For the
gasket in Fig. 1, vo = (—11, 21, 24, 28).

The history of this problem is as follows. The first progress towards the
Conjecture was already made in [26], who showed that

#(#N[1,N])> N2 (1.3)

Sarnak [42] improved this to

#(AN[1,N])> Tog )12 (1.4)
and then Fuchs [22] showed
N
#HABN[1,N _
( [ ]) > (log N)O.ISO...

Finally Bourgain and Fuchs [4] settled the so-called “Positive Density Con-
jecture,” that

#(#ZN[1,N1)> N.
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592 J. Bourgain et al.

1.2 Methods

Our main approach is through the Hardy-Littlewood circle method, combin-
ing two new ingredients. The first, applied to the major arcs, is effective bi-
sector counting in infinite volume hyperbolic 3-folds, recently achieved by I.
Vinogradov [49], as well as the uniform spectral gap over congruence towers
of such, see the Appendix by Péter Varjui. The second ingredient is the minor
arcs analysis, inspired by that given recently by the first-named author in [3],
where it was proved that the prime curvatures in a gasket constitute a positive
proportion of the primes. (Obviously Theorem 1.2 implies that 100 % of the
admissible prime curvatures appear.)

1.3 Plan for the paper

A more detailed outline of the proof, as well as the setup of some relevant
exponential sums, is given in Sect. 3. Before we can do this, we need to recall
the Apollonian group and some of its subgroups in Sect. 2. After the out-
line in Sect. 3, we use Sect. 4 to collect some background from the spectral
and representation theory of infinite volume hyperbolic quotients. Then some
lemmata are reserved for Sect. 5, the major arcs are estimated in Sect. 6, and
the minor arcs are dealt with in Sects. 7-9. The Appendix, by Péter Varju,
extracts the spectral gap property for the Apollonian group from that of its
arithmetic subgroups.

1.4 Notation

We use the following standard notation. Set e(x) = 27X and eq(x) = e(g).

We use f < g and f = O(g) interchangeably; moreover f < g means f <
g < f. Unless otherwise specified, the implied constants may depend at most
on the gasket ¢ (or equivalently on the root quadruple vg), which is treated as
fixed. The symbol 1, is the indicator function of the event {-}. The greatest
common divisor of n and m is written (n, m), their least common multiple
is [n,m], and w(n) denotes the number of distinct prime factors of n. The
cardinality of a finite set S is denoted |S| or #S. The transpose of a matrix g
is written g’. The prime symbol ’ in Z;(q) means the range of r(modgq) is

restricted to (r, ¢) = 1. Finally, p/| g denotes p/ | g and p/*! 1q.

2 Preliminaries I: the Apollonian group and its subgroups
2.1 Descartes theorem and consequences

Descartes’ Circle Theorem states that a quadruple v of (oriented) curvatures
of four mutually tangent circles lies on the cone

F(v) =0, 2.1
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On the local-global conjecture for integral Apollonian gaskets 593

where F is the Descartes quadratic form:
F(a,b,c,d)=2(a>+b*+c*+d*) —(@+b+c+d)> (2.2)
Note that F has signature (3, 1) over R, and let
G:=SOr(R) = {g eSL4,R): F(gv) = F(v), forallv e R4}
be the real special orthogonal group preserving F'.

It follows immediately that for b, ¢ and d fixed, there are two solutions
a,a’ to (2.1), and

a+ad =2(b+c+d).

Hence we observe that a can be changed into a’ by a reflection, that is,
(a,b,c,d)' =8 -(d',b,c.d),

where the reflections

|
—_
L)
o
S}
N =
|
—
o
S}

—_
—_

_
)
)
()
|
—_

generate the so-called Apollonian group
A= (81, 82, 83, S4). (2.3)

It is a Coxeter group, free except for the relations SIZ. =1,1<j<4 We
immediately pass to the index two subgroup ‘

I' :=ANSOf

of orientation preserving transformations, that is, even words in the genera-
tors. Then I is freely generated by S1.52, $253 and S354. It is known that I”
is Zariski dense in G but thin, that is, of infinite index in G (Z); equivalently,
the Haar measure of I"\G is infinite.
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594 J. Bourgain et al.

2.2 Arithmetic subgroups

Now we review the arguments from [26, 42] which lead to (1.3) and (1.4), as
our setup depends critically on them.

Recall that for any fixed gasket ¢, there is a root quadruple vg of the four
smallest curvatures in ¢, cf. (1.2). It follows from (2.1) and (2.3) that the
set 4 of all curvatures can be realized as the orbit of the root quadruple vg
under A. Let

O=0g:=T -1

be the orbit of vy under I". Then the set of all curvatures certainly contains

4 4
S| Jlej. 0 U (ej, I - o), (2.4)
j=1 j=1

where e; = (1,0,0,0),...,e4 =(0,0,0, 1)! constitute the standard basis for
R*, and the inner product above is the standard one. Recall we are treating %
as a set, that is, without multiplicities.

It was observed in [26] that I contains unipotent elements, and hence one
can use these to furnish an injection of affine space in the otherwise intractable
orbit &, as follows. Note first that

1
1
Ci:=58;83= 2 2 _1 2 el (2.5)
6 6 -2 3
and after conjugation by
1
-1 1
=11 22 1|
—1 1
we have
1
Cr:=J1.¢c-J= !
b= e = 2 1
4 4 1
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On the local-global conjecture for integral Apollonian gaskets 595

Fig. 2 Circles tangent to
two fixed circles

Recall the spin homomorphism p : SL, — SO(2, 1), embedded for our pur-
poses in SL4, given explicitly by

a B 1 o> 2ay y?

: _ . 2.6

P (V 3>|_>a8—ﬂy af as+By ¥ (2.6)
B> 288 82

In fact SL, is a double cover of SO(2, 1) under p, with kernel £1. It is clear

from inspection that
1 2 =
p:(o 1)=:T1|—>C1.

Since T}" = ( (1) 21" ), for each n € Z, I' contains the element

1 0 0 0

0 1 0 0
4n?> —2n 4n*>—-2n 1-2n 2n
4n®+2n 4n*+2n -2n 2n+1

Cl=1J-p(Ty) - J7" =

(Of course this can be seen directly from (2.5); these transformations will be
more enlightening below.)

Thus if v = (a, b, c,d)" € O is a quadruple in the orbit, then & also con-
tains C - v for all n. From (2.4), we then have that the set # of curvatures
contains

Z>es, Cl-v)=4(a+bn*+2a+b—c+dn+d. (2.7

The circles thus generated are all tangent to two fixed circles, which explains
the square curvatures in Fig. 2. Of course (2.7) immediately implies (1.3).
Observe further that

1
6 3 -2 6
CQ=N%=(, 5 1
1
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596 J. Bourgain et al.

is another unipotent element, with

62:=J_1-C2-J=

—_ N

and

1 0 ~
,0:(2 1)=:T2r—>Cz.

Since T7 and T, generate A(2), the principal 2-congruence subgroup of
PSL(2,7Z), we see that the Apollonian group I” contains the subgroup

8:=(C,C)=J-p(AQ)-J 7' <T. (2.8)

In particular, whenever (2x, y) = 1, there is an element

*  2x
<* y)GA(Z),

and thus = contains the element

*  2x 1
§x,y¢=J'P(* y>'-]

1 0 0 0
. * * * *
- % * * *

A2 4+ 2xy+y>—1 4x%4+2xy —2xy 2xy+y?
(2.9

Write
t

wx,y = SX,y : 64

= (4x2 +2xy + y2 —1,4x% + 2xy, —2xy,2xy + yz)t. (2.10)

Then again by (2.4), we have shown the following
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On the local-global conjecture for integral Apollonian gaskets 597

Lemma 2.1 ([42]) Let x,y € Z with 2x,y) = 1, and take any element y € I
with corresponding quadruple

vy=(ay,by,cy,dy)t=y-voeﬁ. (2.11)
Then the number
(eq, %—x,y Y -vo) = <wx,ya Y - vo) = 4Ayx2 + 4ByXy + ny2 —ay (2.12)

is the curvature of some circle in 4, where we have defined

Ay :=ay,+by,

a, +b, —c,+d
y =L Vz vy v (2.13)
Cy:=ay+d,.

Note from (2.1) that By, is integral.

Observe that, by construction, the value of @, is unchanged under the orbit
of the group (2.8), and the circles whose curvatures are generated by (2.12)
are all tangent to the circle corresponding to a,, . It is classical (see [2]) that
the number of distinct primitive values up to N assumed by a positive-definite
binary quadratic form is of order at least N (log N Y12 proving (1.4).

To fix notation, we define the binary quadratic appearing in (2.12) and its
shift by

frx,y) = Ayx2+23yxy+C,,y2, fy(x,y) = fy(x,y)—a,, (2.14)
so that

(wy,y, ¥ - vo) = f (2x, y). (2.15)
Note from (2.13) and (2.1) that the discriminant of f, is

Ay =4(B} — A, Cy) = —4d. (2.16)
When convenient, we will drop the subscripts y in all the above.
2.3 Congruence subgroups
For each ¢ > 1, define the “principal” g-congruence subgroup
I'(q):={yel:y=I(modq)}. (2.17)

These groups all have infinite index in G(Z), but finite index in I". The quo-
tients I'/I"(g) have been determined completely by Fuchs [22] by proving
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598 J. Bourgain et al.

an explicit Strong Approximation theorem (see [37]), Goursat’s Lemma, and
other ingredients, as we explain below. Since G does not itself have the Strong
Approximation Property, we pass to its connected spin double cover SL,(C).
We will need the covering map explicitly later, so record it here.

First change variables from the Descartes form F to

F(X,y,z, w) :=xw+y2_+_z2‘

Then there is a homomorphism ¢ : SL(2, C) — SO (R), sending

(o b esee
to
1
| det(g)|?
a*+o? 2(ac+ay) 2(ca —ay) —c? — y2
« ab+aff bc+ad+ By +ad da+cf—by —ad —cd—yé

af —ba —da+cB—by+ad —bc+ad — By +ad dy —cd
—b2 — g2 —2(bd + BS) 2(b8 — dpB) d> +8?

To map from SO to SOF, we apply a conjugation, see [26, (4.1)]. Let
t:SL(2,C) — SOr(R) (2.18)

be the composition of this conjugation with . Let I" be the preimage of I"
under ¢.

Lemma 2.2 ([22, 27]) The group I is generated by

:I:(l 4z>’ :I:(_.2 z)’ :|:<2+.21 4+?1)‘
1 i —i —2i

With this explicit realization of I" (and hence I'), Fuchs was able to ex-
plicitly determine the images of I" in SL(2, Z[i]/(g)), and hence understand
the quotients I"/I"(q) for all q.

Lemma 2.3 [22]
(1) The quotient groups I'/ I" (q) are multiplicative, that is, if q factors as

L
q= Pll "'Pfr,
then

r/r@Q)=r/r(pt")x.--x r/r(pt).
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On the local-global conjecture for integral Apollonian gaskets 599

(2) If (q,6) =1 then
I'/T'(q) =SOr(Z/q7). (2.19)

(3) If g =2% € >3, then I'/T"(q) is the full preimage of I'/I"(8) under the
projection SOp(Z,/qZ) — SOp(Z/87Z). That is, the powers of 2 stabilize
at 8. Similarly, the powers of 3 stabilize at 3, meaning that for q = 3¢,
€ > 1, the quotient I'/I"(q) is the preimage of I'/I"(3) under the corre-
sponding projection map.

Remark 2.4 This of course explains all local obstructions, cf. (1.1). The ad-
missible numbers are precisely those residue classes (mod 24) which appear
as some entry in the orbit of vg under I"/1"(24).

3 Setup and Outline of the Proof

In this section, we introduce the main exponential sum and give an outline
of the rest of the argument. Recall the fixed gasket ¢ having curvatures %
and root quadruple vg. Let I" be the Apollonian subgroup with subgroup &,
see (2.8). Let § &~ 1.3 be the Hausdorff dimension of the gasket ¢; see Sect. 4
for the important role played by this geometric invariant. Recall also from
(2.12) that forany y € " and &€ € &,

(e4,Eyvo) € A.

Our approach, mimicking [8, 9], is to exploit the bilinear (or multilinear)
structure above.

We first give an informal description of the main ensemble from which
we will form an exponential sum. Let N be our main growing parameter.
We construct our ensemble by decomposing a ball in I" of norm N into two
balls, a small one in all of I" of norm 7', and a larger one of norm X 2in &,
corresponding to x, y < X. Specifically, we take

T=N"710 and X =N"20 sothat TX?>=N. (3.1)

See (9.8) and (9.11) where these numbers are used.

We further need the technical condition that in the T -ball, the value of
a, = {e1, ¥ vo) (see (2.11)) is of order T'. This is used crucially in (7.8) and
(5.41).

Finally, for technical reasons (see Lemma 5.2 below), we need to further
split the 7-ball into two: a small ball of norm 77, and a big ball of norm 75.
Write

T=TT, T,=Tf, (3.2)
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600 J. Bourgain et al.

where C is a large constant depending only on the spectral gap for I; it is
determined in (5.11). We now make formal the above discussion.

3.1 Introducing the main exponential sum

Let N, X, T, Ty, and T3 be as in (3.1) and (3.2). Define the family

YLy el
{e1, Y1 y2v0) > T/100
From Lax-Phillips [35] (or see (4.10)), we have the bound
#3r < T°. (3.4)

From (2.15), we can identify y € § with a shifted binary quadratic form f,
of discriminant —4a12, via

fy(zx, y) = <wx,y» Y Vo).

Recall from (2.12) that whenever (2x, y) = 1, the above is a curvature in
the gasket. We sometimes drop y, writing simply f € §; then the latter can
also be thought of as a family of shifted quadratic forms. Note also that the
decomposition y = y1y» in (3.3) need not be unique, so some forms may
appear with multiplicity.

One final technicality is to smooth the sum on x, y < X. To this end, we fix
a smooth, nonnegative function 7", supported in [1, 2] and having unit mass,
fR T (x)dx = 1.

Our main object of study is then the representation number

2x y
Rynm) = Z Z T(y)’r(})l{n:f(h,y)}’ 3.5
fesT 2x,y)=1
and the corresponding exponential sum, its Fourier transform
— 2x y
Rv@:=>" > T(Y>T<§)e(0 f2x, ). (3.6)
fe (2x.y)=1

Clearly Ry (n) # 0 implies that n € . Note also from (3.4) that the total
mass satisfies

Ry (0) < T°X2. (3.7)
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On the local-global conjecture for integral Apollonian gaskets 601

The condition (2x, y) = 1 will be a technical nuisance, and can be freed
by a standard use of the M&bius inversion formula. To this end, we introduce
another parameter

U=N" (3.8)

a small power of N, with u > 0 depending only on the spectral gap of I'; it is
determined in (6.3). Then by truncating Md&bius inversion, define

— 2
RE@) =" T(%)T(%)e(@f@x,y)) Y u@w. (3.9

fe§ x,yeZ ul(2x,y)
u<U

with corresponding “representation function” R% (which could be negative).
3.2 Reduction to the circle method

We are now in position to outline the argument in the rest of the paper. Recall
that .o/ is the set of admissible numbers. We first reduce our main Theo-
rem 1.2 to the following

Theorem 3.1 There exists an n > 0 and a function S(n) with the following
properties. For %N <n < N, the singular series G(n) is nonnegative, van-

ishes only when n ¢ <7, and is otherwise >, N ¢ for any ¢ > 0. Moreover,
for %N < n < N and admissible,

R () > &m)T° !, (3.10)
except for a set of cardinality < N17.

Proof of Theorem 1.2 assuming Theorem 3.1 We first show that the difference
between Ry and Rll\], is small in ¢!. Using (3.4) we have

> [Rvm) = RE )]

n<N
=222 (2 Lujor,ny ), #()
X X
n<N'fe§ x,yeZ ul(2>xl,/y)
<22 X X!
feg uzl vz(})}(fj)(du) ZXEX()?fn)(()du)
8X2
T S
< U
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602 J. Bourgain et al.

for any & > 0. Recall from (3.8) that U is a fixed power of N, so the above
saves a power from the total mass (3.7).

Now let Z be the “exceptional” set of admissible n < N for which
Ry ) = 0. Furthermore, let W be the set of admissible n < N for which
(3.10) is satisfied. Then

X2
> Y RS —Rym)|= > |RYm) = Ry(m)]
n<N neZNW

> |ZNW|-T7INTE
Note also from Theorem 3.1 that |Z N W¢| < |W¢| « N'~". Hence by (3.1)
and (3.8),

N1+8
1ZI=|ZNW|+1ZNW| < N7+ T (3.11)

which is a power savings since ¢ > 0 is arbitrary. This completes the proof. []

To establish (3.10), we decompose R% into “major” and “minor” arcs,
reducing Theorem 3.1 to the following

Theorem 3.2 There exists an n > 0 and a decomposition
RY(n) = M§(n) + E5 () (3.12)

with the following properties. For %N <n < N and admissible, n € </, we
have

MY (n) > &m)T !, (3.13)

except for a set of cardinality < N'™". The singular series S(n) is the same
as in Theorem 3.1. Moreover,

Y eYm P « NTHO-DN, (3.14)
n<N

Proof of Theorem 3.1 assuming Theorem 3.2 We restrict our attention to the
set of admissible n < N so that (3.13) holds (the remainder having sufficiently
small cardinality). Let Z denote the subset of these n for which ’R% (n) <

%M%(n); hence forn € Z,

1EY (n)]

1<<W.
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Then by (3.14),

|<5’1[\{(n)|2 1
—n+e

1Z| <o § e <N ,
n<N

whence the claim follows, since ¢ > 0 is arbitrary. 0
3.3 Decomposition into major and minor arcs

Next we explain the decomposition (3.12). Let M be a parameter control-
ling the depth of approximation in Dirichlet’s theorem: for any irrational 6 €
[0, 1], there exists some ¢ < M and (r,q) =1 so that |0 —r/q| < 1/(gM).
We will eventually set

M = XT, (3.15)

see (7.7) where this value is used. (Note that M is a bit bigger than N 12 =
XT/2)
Writing 6 =r/q + B, we introduce parameters

Qo, Ko, (3.16)

small powers of N as determined in (6.2), so that the “major arcs” corre-
spond to g < Qg and |B| < Ko/N. In fact, we need a smooth version of this
decomposition.

To this end, recall the “hat” function and its Fourier transform

sin(y) \2
Ty '

t(x) :=min(l +x,1 —x)", ?(y) = ( (3.17)

Localize t to the width Ky/N, periodize it to the circle, and put this spike on
each fraction in the major arcs:

N
TO) =TN, 00k @) = D Y Z*(a(“’"‘é))- (3.18)

q<Qo (r,q)=1meZ

By construction, ¥ lives on the circle R/Z and is supported within Ko/N of
fractions r /g with small denominator, g < Qy, as desired.
Then define the “main term”

1 —_
M%(n)::/ TOYRY (0)e(—nb)do, (3.19)
0
and “error term”
1 —_
EY (n) :=/ (1-%(@)R©)e(—nbd)do, (3.20)
0
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so that (3.12) obviously holds.
Since ’R% could be negative, the same holds for M% Hence we will es-
tablish (3.13) by first proving a related result for

1
My () ::/ TO)Ry (0)e(—nb)do, (3.21)
0

and then showing that My and /\/l% cannot differ by too much for too many

values of n. This is the same (but in reverse) as the transfer from Ry to R%
in (3.11). See Theorem 6.1 for the lower bound on M y, and Theorem 6.2 for
the transfer.

To prove (3.14), we apply Parseval and decompose dyadically:

1 e
Slefwl = [ |1-s@[RE @)

<ZTooko+Zoo+ ), Zo
Qp=0<M
dyadic

where we have dissected the circle into the following regions (using that |1 —
t(x)| = |x| on [—1, 1]):

2
N |\ 5T 002
T00.Ko = - ,3?0’ IRY.(0)|"de, (3.22)
9<Q0,(rnq)=L|Bl<Ko/N
U 2
T, = s IRY.(0)|"de, (3.23)
q<Qo.,(r,q):l,K%/N<Iﬂ\<l/(qM)
Tp:= IRY.6) [ do. (3.24)

O=g+8
0=q<20Q.(rnq)=11B|<1/(qM)

Bounds of the quality (3.14) are given for (3.22) and (3.23) in Sect. 7, see
Theorem 7.3. Our estimation of (3.24) decomposes further into two cases,
whether O < X or X < Q < M, and are handled separately in Sect. 8 and
Sect. 9; see Theorems 8.5 and 9.5, respectively.

We point out again that our averaging on n in the minor arcs makes this
quite crude as far as individual n’s (the subject of Conjecture 1.1) are con-
cerned.

3.4 The rest of the paper

The only section not yet described is Sect. 5, where we furnish some lemmata
which are useful in the sequel. These decompose into two categories: one set

@ Springer



On the local-global conjecture for integral Apollonian gaskets 605

Fig. 3 The orbit of a point
in hyperbolic space under
the Apollonian group

of lemmata is related to some infinite-volume counting problems, for which
the background in Sect. 4 is indispensable. The other lemma is of a classi-
cal flavor, corresponding to a local analysis for the shifted binary form f; this
studies a certain exponential sum which is dealt with via Gauss and Kloost-
erman/Salié sums.

This completes our outline of the rest of the paper.

4 Preliminaries II: automorphic forms and representations
4.1 Spectral theory

Recall the general spectral theory in our present context. We abuse notation
(in this section only), passing from G = SO (R) to its spin double cover G =
SL(2,C). Let I' < G be a geometrically finite discrete group. (The Apollo-
nian group is such, being a Schottky group, see Fig. 3.) Then I" acts discon-
tinuously on the upper half space H?, and any I" orbit has a limit set A in
the boundary 9H?3 = 52 of some Hausdorff dimension § = §(I") € [0, 2]. We
assume that I is non-elementary (not virtually Abelian), so § > 0, and more-
over that I” is not a lattice, that is, the quotient /"\H> has infinite hyperbolic
volume; then 8 < 2. The hyperbolic Laplacian A acts on the space L?(I"\H?)
of functions automorphic under I" and square integrable on the quotient; we
choose the Laplacian to be positive definite. The spectrum is controlled via
the following, see [35, 38, 47].

Theorem 4.1 (Patterson, Sullivan, Lax-Phillips) The spectrum above 1 is
purely continuous, and the spectrum below 1 is purely discrete. The latter
is empty unless § > 1, in which case, ordering the eigenvalues by

O<to<Xt < - < Amax <1, 4.1
the base eigenvalue A\ is given by

A0 =82 —8).

@ Springer



606 J. Bourgain et al.

Remark 4.2 In our application to the Apollonian group, the limit set is pre-
cisely the underlying gasket, see Fig. 3. It has dimension

s~13...> 1. (4.2)

Corresponding to Ao is the Patterson-Sullivan base eigenfunction, ¢y,
which can be realized explicitly as the integral of a Poisson kernel against the
so-called Patterson-Sullivan measure . Roughly speaking, u is the weak™
limit as s — 8 of the measures

Zye]‘ CXp(—S d(O, V- 0))1x:y0
> yerexp(=sd(o,y -0))

s (x) := : (4.3)

where d(-, -) is the hyperbolic distance, and o is any fixed point in H3.
4.2 Spectral gap

We assume henceforth that I moreover satisfies I" < SL(2, O), where O =
Z[i]. Then we have a tower of congruence subgroups: for any integer g > 1,
define I"(q) to be the kernel of the projection map I" — SL(2, O/q), with
q = (q) the principal ideal. As in (4.1), write

0<io(q) <r1(q) <+ < hnax@)(@) < 1, (4.4)

for the discrete spectrum of I'(¢)\H?>. The groups I'(g), while of infinite
covolume, have finite index in I, and hence

ro(g) =20 =268(2—4). (4.5)

But the second eigenvalues A{(g) could a priori encroach on the base. The
fact that this does not happen is the spectral gap property for I".

Theorem 4.3 Given I as above, there exists some ¢ = ¢(I") > 0 such that
forallg > 1,

r1(g) = ro +e. (4.6)
This is proved in the Appendix by Péter Varju.
4.3 Representation theory and mixing rates

By the Duality Theorem of Gelfand, Graev, and Piatetski-Shapiro [24], the
spectral decomposition above is equivalent to the decomposition into irre-
ducibles of the right regular representation acting on L2(I"\G). That is, we
identify H® = G/K, with K = SU(2) a maximal compact subgroup, and lift

@ Springer



On the local-global conjecture for integral Apollonian gaskets 607

functions from H? to (right K -invariant) functions on G. Corresponding to
(4.1) is the decomposition

LA(N\G) =V, ® Vs, ® - @ Vi,r ® Viemp- (4.7)

Here Viepp contains the tempered spectrum (for SL(C), every non-spherical
irreducible representation is tempered), and each V;; is an infinite dimen-
sional vector space, isomorphic as a G-representation to a complementary se-
ries representation with parameter s; € (1, 2) determined by A; =5;(2 — ;).
Obviously, a similar decomposition holds for L?(I"(¢)\G), corresponding
to (4.4).

We also have the following well-known general fact about mixing rates of
matrix coefficients, see e.g. [20]. First we recall the relevant Sobolev norm.
Let (7r, V) be a unitary G-representation, and let {X ;} denote an orthonormal
basis of the Lie algebra £ of K with respect to an Ad-invariant scalar product.
For a smooth vector v € V°°, define the (second order) Sobolev norm S of v

by

Svi= ol + ) fdn(Xpol, + )Y ldn (X pdr (X o],
j o

J J

Theorem 4.4 ([33, Prop. 5.3]) Let ® > 1 and (7, V) be a unitary represen-
tation of G which does not weakly contain any complementary series repre-
sentation with parameter s > ©. Then for any smooth vectors v, w € V°,

(7 (g).v, w)| < g% . Sv- Sw. (4.8)
Here || - || is the standard Frobenius matrix norm.
4.4 Effective bisector counting
The next ingredient which we require is the recent work by Vinogradov [49]

on effective bisector counting for such infinite volume quotients. Recall the
following sub(semi)groups of G:

P N
A=1a,:= o112 telRy, AT ={a,:t =0},

eZm’O

We have the Cartan decomposition G = K A1 K, unique up to the normalizer
M of A in K. We require it in the following more precise form. Identify K /M
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with the sphere S? = dH?>. Then for every g € G not in K, there is a unique
decomposition

g=s1(8)-a(g) -m(g) (8" 4.9)
with 51,50 € K/M,a € AT and m € M, corresponding to

G=K/Mx A" x M x M\K,

see, e.g., [49, (3.4)]. The following theorem follows easily from [49, Theo-
rem 2.2].

Theorem 4.5 ([49]) Let @, ¥ C S? be spherical caps and let T C R/7Z be
an interval. Then under the above hypotheses on I' (in particular § > 1), and
using the decomposition (4.9), we have

si(y) e
s2(y) eV 5 6
1 =c5 - W @)uWHL(DT° +0(T"), 4.10
; o)< T [ =6 HORWED) (T9), @10
v m(y) el
as T — 0o. Here cs > 0, || - || is the Frobenius norm, £ is Lebesgue measure,

W is Patterson-Sullivan measure (cf. (4.3)), and
O <$ 4.11)

depends only on the spectral gap for I'. The implied constant does not depend
on® ¥, orT.

This generalizes from SL(2, R) to SL(2, C) the main result of [12], which
is itself a generalization (with weaker exponents) to our infinite volume set-
ting of [25, Theorem 4].

5 Some lemmata
5.1 Infinite volume counting statements

Equipped with the tools of Sect. 4, we isolate here some consequences which
will be needed in the sequel. We return to the notation G = SOf, with F
the Descartes form (2.2), I’ = A N G, the orientation preserving Apollonian
subgroup, and I"(gq) its principal congruence subgroups. Moreover, we import
all the notation from the previous section.

First we use the spectral gap to see that summing over a coset of a congru-
ence group can be reduced to summing over the original group.
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Lemma 5.1 Fixy; € I',q > 1, and any “congruence” group I"(q) satisfying

I'q)<I(q)<T. (5.1)
Then as Y — 00,
#lyel (@) :llnyl <Y} (5.2)
1
=—  #lyer: Y+ 0(y®), 5.3
T F@] {y lyll <Y} (Y™) (5.3)

where ®y < § depends only on the spectral gap for I'. The implied constant
above does not depend on q or y1. The same holds with y1y in (5.2) replaced

by yy1.

This simple lemma follows from a more-or-less standard argument. We
give a sketch below, since a slightly more complicated result will be needed
later, cf. Lemma 5.3, but with essentially no new ideas. After proving the
lemma below, we will use the argument as a template for the more compli-
cated statement.

Sketch of Proof Denote the left hand side (5.2) by Nq, and let N1 /[T : r (9)]
be the first term of (5.3). For g € G, let

f(&) = fr(g) =1y <y}, (5.4)
and define
Fy(g.h) =Y f(¢g"'vh), (5.5)
yel(q)
so that
Ny =Fy(y; Le). (5.6)

By construction, Fy is a function on I'(@)\G x I'(q)\G, and we smooth

F; in both copies of I'(¢)\G, as follows. Let ¢/ > 0 be a smooth bump func-
tion supported in a ball of radius n > 0 (to be chosen later) about the origin
in G with |, ¢ ¥ = 1, and automorphize it to

W)= Y ¥(ye).

vel(q)
Then clearly ¥, is a bump function in I'(¢)\G with / F@\G ¥, =1.Let
Yy (8) ==Y (gy1).
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Smooth the variables g and & in F;, by considering

Hy = (Fy, ¥y, Q¥y) = /~ /~ Fy(g. )Y, ,, (e)¥,(h)dgdh
F(O\G I T (\G

= > f / frig~yh)w,(g)W, (hdg dh.
F'(@\G JTI'(\G

yel'(q)

First we estimate the error from smoothing:

= Z / / | f (g~ vh) — fny)| Wy (8) ¥y (h)dg dh,
F@)\G

yer T (@\G
where we have increased y to run over all of I". The analysis splits into three
ranges.
(1) If y is such that

lyiy I > Y (1 4 10n), (5.7)

then both f(y1g~'yh) and f(y1y) vanish.
(2) In the range

lyiyll < Y (1 = 10n), (5.8)

both f(y1g~'yh) and f(y1y) are 1, so their difference vanishes.
(3) In the intermediate range, we apply [35], bounding the count by

LYon4YoE, (5.9)

where ¢ > 0 depends on the spectral gap for I".

Thus it remains to analyze H,.
Use a simple change of variables (see [12, Lemma 3.7]) to express H, via
matrix coefficients:

Hyq :/Gf(g)(n(g)wq, lI/qul)ﬁ(q)\cdg'

Decompose the matrix coefficient into its projection onto the base irreducible
Vo 10 (4.7) and an orthogonal term, and bound the remainder by the mixing
rate (4.8) using the uniform spectral gap ¢ > 0 in (4.6). The functions i are
bump functions in six real dimensions, so can be chosen to have second-
order Sobolev norms bounded by < 1™>. Of course the projection onto the
base representation is just [I" : I"(¢)]~! times the same projection at level
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one, cf. (4.5). Running the above argument in reverse at level one (see [12,
Proposition 4.18]) gives:

.= MA0oOY +Y )+ oY1), (5.10)

[[: 1 (q)]

Optimizing n and renaming &y < § in terms of the spectral gap ¢ gives the
claim. O

Next we exploit the previous lemma and the product structure of the family
§ in (3.3) to save a small power of ¢ in the following modular restriction. Such
a bound is needed at several places in Sect. 8.

Lemma 5.2 Let ®¢ be as in (5.3). Define C in (3.2) by

1030

C:= ,
5 — 6B

(5.11)

hence determining T\ and T,. There exists some ng > 0 depending only on
the spectral gap of I" so that for any 1 < g < N and any r(mod q),

1
Y Leryu)=rimodq)) < ﬁT‘S- (5.12)
y€s

The implied constant is independent of r.

Proof Dropping the condition (ey, v y2vg) > T /100 in (3.3), bound the left
hand side of (5.12) by

Z Z Lite1,y1y2v0)=r(mod q)}- (5.13)
y1€l el’

1 2
Iy =Ty lv2l=<Tp

We decompose the argument into two ranges of q.

Case 1: g small In this range, we fix y1, and follow a standard argument
for y». Let f(q) < I' denote the stabilizer of vg(modg), that is

@)=y el :yv=vo(modg)}. (5.14)
Clearly (5.1) is satisfied, and it is elementary that
[F : f(q)] = qz, (5.15)
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cf. (2.19). Decompose y» = y,y;, with y;’ € I'(¢) and Y5 € I'/T(g). Then
by (5.3) and [35], we have

G13= Y D eppo=rmogy ) 1

el el (q) vy el @)
Iyili=ty 72 373 I1<T2
) s ©
Hence we have saved a whole power of ¢, as long as
5—69)/2
q<TS"2, (5.16)

-6
Case2:q>T, >  Thenby (5.11)and (3.2), g is actually a very large power
of Ty,

029

q>T! (5.17)

In this range, we exploit Hilbert’s Nullstellensatz and effective versions of
Bezout’s theorem; see a related argument in [7, Proof of Proposition 4.1].
Fixing y» in (5.13) (with < TZ‘S choices), we set

v = Y20,

and play now with y;. Let S be the set of y;’s in question (and we now drop
the subscript 1):

S=S8uq(T)):={y €|yl < T, (e1, yv) =r(modq)}.

This congruence restriction is to a modulus much bigger than the parameter,
SO we

Claim There is an integer vector v, #~ 0 and an integer z, such that

(€1, Yvs) = zx (5.18)

holds for all y € S. That is, the modular condition can be lifted to an exact
equality.

First we assume the Claim and complete the proof of (5.12). Let gg be a

. . 5—60)/2
prime of size < Tl( o)/

, say, such that v, £ 0(mod g¢); then
IS < #{lIy1ll < T1 : (1, yvs) = z4(mod go) |
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1 5 1
< qo(—2 T8 + Tf)°> <« —T},
N q0
by the argument in Case 1. Recall we assumed that ¢ < N. Since g above is
a small power of N, the above saves a tiny power of ¢, as desired.
It remains to establish the Claim. For each y € S, consider the condition

(e1,yv) = Z y1,jvjzr(modq).
1<j<4

First massage the equation into one with no trivial solutions. Since v is a prim-
itive vector, after a linear change of variables we may assume that (vq, g) = 1.
Then multiply through by vy, where viv; = 1(modgq), getting

yLi+ > vijvjii=ri(modg). (5.19)
2<j<4

Now, for variables V = (V3, V3, V4) and Z, and each y € §, consider the
(linear) polynomials P, € Z[V, Z]:

P,(V.Z):=yia+ Y n,Vi—Z
2<j<4

and the affine variety

Vi=(){P, =0}

yeS

If this variety V(C) is non-empty, then there is clearly a rational solution,
(V*, Z*) € V(Q). Hence we have found a rational solution to (5.18), namely
v = (1, V5, V5, VS) # 0 and z* = Z*. Since (5.18) is homogeneous, we
may clear denominators, getting an integral solution, vy, z4.

Thus we henceforth assume by contradiction that the variety V(C) is
empty. Then by Hilbert’s Nullstellensatz, there are polynomials Q, €
Z[V, Z] and an integer 0 > 1 so that

Y PV, 2)0,(V, Z) =0, (5.20)
yes

for all (V,Z) e C*. Moreover, Hermann’s method [29] (see [36, Theo-
rem IV]) gives effective bounds on the heights of Q, and 0 in the above
Bezout equation. Recall the height of a polynomial is the logarithm of its
largest coefficient (in absolute value); thus the polynomials P, are linear in
four variables with height <log 7. Then Q,, and 0 can be found so that

D<:ey2*4—Hbgﬂ+8kg8)<<]?0%. (5.21)
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(Much better bounds are known, see e.g. [1, Theorem 5.1], but these suffice
for our purposes.)
On the other hand, reducing (5.20) modulo ¢ and evaluating at

Vo = (v2v1, v301, v401), Zo=ruy,

we have
> Py (Vo, Z0) Qy (Vo, Zo) = 0=0d(modq),
yeS

by (5.19). But then since 0 > 1, we in fact have 9 > ¢, which is incompatible
with (5.21) and (5.17). This furnishes our desired contradiction, completing
the proof. O

Next we need a slight generalization of Lemma 5.1, which will be used in
the major arcs analysis, see (6.0).

Lemma 5.3 Let 1 < K < T,”", fix |8 < K/N, and fix x, y < X. Then for

any yo € I', any g > 1, and any group I'(q) satisfying (5.1), we have

Yo e(Bfx.y) = Y e(B,2x, )

- r:r
ye3ninl (@) [ @15

+0(T°K), (5.22)

where ® < & depends only on the spectral gap for I", and the implied constant
does not depend on q, yy, B, x or y.

Proof The proof follows with minor changes that of Lemma 5.1, so we give
a sketch; see also [12, Sect. 4].

According to the construction (3.3) of §, the y’s in question satisfy y =
Y1V2 € yof (9), and hence we can write

—1
V2=V YoVas

with y] € I'(g). Then Yy = )/071)/1 y2, and using (2.15), we can write the left
hand side of (5.22) as

/
> > Venwru=1/100) €(B (wr.y. vov3 v0)).
yiel’ el
<ivi<r 2509

T<lyy rors <27y
Now we fix y; and mimic the proof of Lemma 5.1 in y;.
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Replace (5.4) by
f(g) = 1{T2<”y1_1g”<2T2}1{(€1,g vo)>T/100} e(IB <wx,y’ 8 v0>)~

Then (5.5)—(5.7) remains essentially unchanged, save cosmetic changes such
as replacing (5.6) by F,(y yo_l, e). Then in the estimation of the difference
INy —H,y| by splitting the sum on y; into ranges, the argument now proceeds
as follows.

(1) The range (5.7) should be replaced by
lrivg 'vs| < (0= 10m), o |niyy 'va| > 272(1 + 10m),
o {er 7175 Y3 v0) < == (1 — 10n)
P02 100 ‘
(2) The range (5.8) should be replaced by the range

(14 10n) < |yiyg 'va|| <272(1 — 10n), and

T
le1, vivg 'vsvo) > ——(1 + 10),
Yy V2 100 n

in which f is differentiable. Here instead of the difference | f(y yo_l .

gyv,h) — f(ni yo_l ¥5)| vanishing, it is now bounded by
<k,

for a net contribution to the error of < nK Te.
(3) In the remaining range, (5.9) remains unchanged, using | f| < 1.

The error in (5.10) is then replaced by
O(mK T +T, " n10).

Optimizing n and renaming & gives the bound O (T 2@ K911y 'which is better
than claimed in the power of K. Rename ® once more using (3.2) and (5.11),
giving (5.22). U

The following is our last counting lemma, showing a certain equidistribu-
tion among the values of f, (2x, y) at the scale N/K. This bound is used in
the major arcs, see the proof of Theorem 6.1.

Lemma 54 Fix N/2<n <N, 1 <K§T21/10,andx,yxX. Then

)
2.1 0> 47O (5.23)
{|fy(2x,y)fn|<f} K ) .
yes

@ Springer



616 J. Bourgain et al.

where ® < § only depends on the spectral gap for I'. The implied constant is
independent of x, y, and n.

Sketch The proof is an explicit calculation nearly identical to the one given
in [12, Sect. 5]; we give only a sketch here. Write the left hand side of (5.23)
as

> D Weryapano)=>1/1001 1wy yiyav0) —nl <N/ K}

yier yel’
T <ly 12Ty Th<llypll<2Tp

Fix y1 and express the condition on y; as y» € R C G, where R is the region

I <lgll <2T2
R=Ry xyn:=18€G: (yfe1,gvo)>T/100
7w,y gv0) —nl < §

Lift G = SOF(R) to its spin cover G = SL,(C) via the map ¢ of (2.18). Let
R C G be the corresponding pullback region, and decompose G into Cartan
K AK coordinates according to (4.9). Note that ¢ is quadratic in the entries,
S0, e.g., the condition

Igll* < T gives [[«(9)| < T. (5.24)

explaining the factor ||a(g)||? appearing in (4.10).

Then chop R into spherical caps and apply Theorem 4.5. The same argu-
ment as in [12, Sect. 5] then leads to (5.23), after renaming @; we suppress
the details. U

5.2 Local analysis statements

In this subsection, we study a certain exponential sum which arises in a crucial
way in our estimates. Fix f € §, and write f = f — a with

flx,y) =AxZ+ZBxy—i-Cy2

according to (2.14). Let go > 1, fix r with (r, go) = 1, and fix n, m € Z. (The
notation is meant to be consistent with its later use; there will be another
parameter ¢, and go will be a divisor of ¢.) Define the exponential sum

1
Sp(qo.rin,m)i=— > > " eqy(rf (k. £) + nk +mt). (5.25)
90 k(g0) £(q0)

This sum appears naturally in many places in the minor arcs analysis,
see e.g. (7.4) and (9.2). Our first lemma is completely standard, see, e.g.
[30, Sect. 12.3].
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Lemma 5.5 With the above conditions,

S (qo, s n,m)| < gy . (5.26)
Remark 5.6 Being a sum in two variables, one might expect square-root can-
cellation in each, giving a savings of g, ! indeed this is what we obtain,
modulo some coprimality conditions, see (5.29). For some of our applica-
tions, saving just one square-root is plenty, and we can ignore the coprimality;
hence the cleaner statement in (5.26).

Proof Write Sy for Sy(qo, r; n,m). Note first that Sy is multiplicative in
q0, so we study the case go = p/ is a prime power. Assume for simplicity
(g0, 2) = 1; similar calculations are needed to handle the 2-adic case.

First we re-express Sy in a more convenient form. By Descartes theorem
(2.1), primitivity of the gasket ¢, and (2.13), we have that (A, B,C) = 1;
assume henceforth that (C, gp) = 1, say. Write x for the multiplicative in-
verse of x (the modulus will be clear from context). Recall throughout that

(r,qo) = 1.
Looking at the terms in the summand of Sy, we have
rf(k,£) +nk+mf (modgqg)
= r(AK* + 2Bkl + CL?) + nk + m¢
=rC((+ BCk)> +rCk*(AC — B?) + nk +m¢
=rC(L+ BCk)’ +a’rCk* + nk +mt
=rC(+ BCk +2rCm)* —4rCm* + a*rCk* + k(n — BCm),

where we used (2.16). Hence we have

Sp= izeqro(_wmz) > ea(@’rCk* + k(n — BCm))
o k(o)
X Y eqy(rC(t + BCk +2rCm)?),

£(q0)

and the £ sum is just a classical Gauss sum. It can be evaluated explicitly, see
e.g. [30, Eq. (3.38)]. Let

1 if go = 1(mod4)
Eqn =
0 i if go=3(mod4).
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Then the Gauss sum on £ is g4, \/ao(:;_g)’ where (q'—o) is the Legendre symbol.
Thus we have

€ C — = ~
S =20 (Ve () 3 6008 ki~ BE).
qo " \ 90 k(qo)
Let
~ (2 ._ ~ —q2/5
go:=(a".q0),  q1:=qo/q0, and a;:=a"/qo, (5.27)

so that a®/qgo = a1 /q in lowest terms. Break the sum on 0 < k < g accord-
ing to k = ki + q1k, with 0 < k; < g1 and 0 <k < §o. Then

£ rC S
Sr= i<—)e —4rCm?
S 618/2 % 110( )

X Z eq, (alré(kl)z)eqo (lq (n— Bém))
ki(q1)

X Z Gy (lz(n — Bém)).

k(Go)

The last sum vanishes unless n — BCm = 0 (mod qo), in which case it is gg.
In the latter case, define L by

L:=(Cn— Bm)/qo. (5.28)

Then we have
Sq l"C — 2
Sf = lnCEmB(éo) 3/02 (—)eqo(—4rCm )
9 q0

e (FarCL)| 3 e (arrC i +ZarL?) o
ki(q1)

. . . 172,417 C
The Gauss sum in brackets is again evaluated as 841q1/ (‘”qu ¢

), so we have

~1/2
€a0€q: 9 —
St(qo,rin,m) =ly,cop 3@0)%;7100%(—@(?;712) (5.29)

R C C
X eq, (—4a1rCL2) <r_> <a1r )
q0 q1

The claim then follows trivially. 0
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Next we introduce a certain average of a pair of such sums. Let f, qo, 7, 1,
and m be as before, and fix ¢ =0 (modgqp) and (1o, qo) = 1. Let {' € § be
another shifted form f = f’ — a’, with

fl(x,y) = A'x? + 2B'xy + C/y2.
Also let n’, m’ € Z. Then define

S =38(q.q0, f, f.n.m,n’,m’; ug)

=Y Sy (o, ruo; n,m)Sy(qo, ruo; ', m')eq (r (@ = a)). (5.30)
r(q)

This sum also appears naturally in the minor arcs analysis, see (8.2) and (9.4).

Lemma 5.7 With the above notation, we have the estimate

> {(a?, qo) - (@)%, qo)}/? )

|81 < (9/90) peE (a—d.q (5.31)

Remark 5.8 Treating all gcd’s above as 1 and pretending ¢ = qo, the trivial
bound here (after having saved essentially a whole g from each of the two S¢
sums) is 1/g, since the r sum is unnormalized. So (5.31) saves an extra g'/4
in the » sum. (In fact we could have saved the expected ¢'/2, but this does not
improve our final estimates.)

Proof Observe that S is multiplicative in g, so we again consider the prime
power case ¢ = p/, p # 2; then gy is also a prime power, since qq | g. As
before, we may assume (C, o) = (C’, qo) = 1.

Recall ay, go, and L given in (5.27) and (5.28), and let a}, g{, and L’ be
defined similarly. Inputting the analysis from (5.29) into both S and S/, we
have

8qléqi (éOé(l))l/z cc’ aluoé aiuoé/
S =1 nC=2mB({q)

n/C/E2m/B/(t§6) q(% q0 q1 qi
fr r
TSN -
f@ /A
X eq, (4m0{—/(m')2 T+ d (L) — aCL m

(5.32)
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The term in brackets [-] is a Kloosterman- or Salié-type sum, for which we
have an elementary bound [32] to the power 3/4:

IS| <

’

(Gogp)'? 1/4
02 ¢*(a—d.q) /
99

giving the claim. (There is no improvement in our use of this estimate from
appealing to Weil’s bound instead of Kloosterman’s; any power gain suf-
fices.) Il

In the case a = d’, (5.31) only saves one power of ¢, and in Sect. 9 we will
need slightly more; see the proof of (9.10). We get a bit more cancellation in
the special case f(m, —n) # f'(m’, —n’) below.

Lemma 5.9 Assuming a =a’ and f(m,—n) # f'(m’, —n’), we have the es-
timate

11 < (¢/q0)° ;/ZO) | fom, —n) = £/ (m, =) |2, (5.33)

Proof Assume first that g (and hence ¢) is a prime power, continuing to omit

the prime 2. Returning to the definition of S in (5.30), it is clear in the case
/

a =a’ that

Y =/ ).

r(q) r(q0)
Hence we again apply Kloosterman’s 3/4th bound to (5.32), getting

2
S|« 1 nC=2mB(Gg) (q/q0)9/2 (a 5,/30)
”/C/EZm/B/(q/) q
< TT 7 3T~ Cn samte )0y - Co))
pllqo

(5.34)

which is valid now without the assumption that gg is a prime power. (Here a;
satisfies aZ = a; (a2, pj) asin (5.27), and L is given in (5.28), so both depend
on pl.)

Break the primes diving gg into two sets, P; and P,, defining P to be the
set of those primes p for which

Cn? + CLa1 (0%, pf) = T} + O (L ai(a?. p) - (mod pli),
(5.35)
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and P, the rest. For the latter, the gcd in (pj, ...) of (5.34) is at most pf/z, SO
we clearly have

[T ) =TT P =a (5.36)
plllag p/llqo
PPy

For p € P, we multiply both sides of (5.35) by
a>=AC—-B>=A'C' - (B)’ =ai(a® p’),
giving
(AC — B*Cm? +CL*(a%, p’)’

=(A'C' = (B)*)C'(m')* + C/(L')*(a% p’)*  (mod p[7/7).

(5.37)
Using (5.28) that
nC —mB = (az, pj)L, n'C'—m'B' = (az, pj)L/
and subtracting a from both sides of (5.37), we have shown that
f/(m',—n') = f(m,—n) (mod pl//?). (5.38)
Let
Z=|f(m,—n)— f'(m',—n)|.
By assumption Z # 0. Moreover (5.38) implies that
(1—[ prj/2w> \Z.
PEPy
and hence
[ p*=<z" (5.39)
p/llag
PeP]
Combining (5.39) and (5.36) in (5.34) gives the claim. Il

Finally we need some savings in the case @ = a’ and f(m,—n) =
f'(m’, —n"). This will no longer come from S itself, but from the following
supplementary lemmata.
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Lemma 5.10 Fix an equivalence class K of primitive binary quadratic forms
of discriminant —4a*. We claim that the number of equivalent forms f € K
with f = f —a € § is bounded, that is,

#ieF: feKi=0(). (5.40)

Proof From (2.13), (3.3), and (2.16), we have that f(m,n) = Am?+2Bmn+
Cn? has coefficients of size

A B,CKT,
and AC — B% = a?, with a =< T. It follows that AC < TZ, and hence
A CxT. (5.41)

Now suppose we have f = f —a and f = f' — a with f as above and
f' having coefficients A’, B’, C’. If f and f’ are equivalent then there is an

element (% ?) € GL(2, Z) so that
A’ =g*A+2giB +i%C,
B’ =ghA+ (gj+hi)B+ijC, (5.42)
C'=h*A+2hjB + j2C.

The first line can be rewritten as

2

I s 2 r4a
A=C@i+gB/C)"+g ?,

so that
C
oA — «1.
£ = 4a? <
Similarly,

A/
(i+gB/C)* < <L

and hence |i| < 1. In a similar fashion, we see that || and |j| are also
bounded, thus the number of equivalent forms in /C is bounded, as claimed. [J

Lemma 5.11 For a fixed large integer 7, the number of inequivalent classes
K of primitive quadratic forms of determinant —4a® which represent z is

L 7%+ (z, 402)1/2, for any & > 0. (5.43)
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Proof If f € K represents z, say f(m,n) = z, then, setting w = (m,n), f
represents z; := z/w? primitively. We see from (5.42) that f is then in the
same class as fi(m,n) = z1m? + 2Bmn + Cn?, with

—4a® = 71C — B>.

Moreover, by a unipotent change of variables preserving z;, we can force
B into the range [0, z1), that is, B is determined mod z;. So the number of
inequivalent such f] is equal to

#{B(modz)): B> = —4a’z)} = [ [ #{B>=-p* (r)}. (544
pellzy

where p/ || 2a. If 2f > e, then the number of local solutions is at most
p¢/?. Otherwise, write B = B p/; then there are at most 2 solutions to
312 = —1(mod p¢~2/), and there are p/ values for B once B; is determined.
Hence the number of local solutions is at most 2 - min( p"/ 2 pf ), so the num-
ber of solutions to (5.44) is at most

290z, 4a%) " . 2° (2, 4a%) 2,
The number of divisors z; of z is <, z%, completing the proof. (|

Lemma 5.12 Fix (A, B,C) =1 and d | AC — B?. Then there are integers
k, ¢ with (k,€,d) =1 so that, whenever Am? 4+ 2Bmn + Cn? = 0(d), we
have

(mk +n)> = 0(d). (5.45)

Proof We will work locally, then lift to a global solution. Let p¢ || d.
Case 1: If (p, A) = 1, then Am? 4+ 2Bmn + Cn? = 0(p®) implies

(m + ABn)* — A?B*n* + ACn* = (m + ABn)> =0(p°®).

In this case, we set k), :=1,and £, := AB.
Case 2: If (p,_A) > 1, then by primitivity, (p, C) =_1. As before, we have
(n + CBm)? = 0(p®), and we choose kp=CB,{,:=1.

By the Chinese Remainder Theorem, there are integers k and £ so that
k = k,(mod p¢), and similarly with £. By construction, we have (k, £, d) =1,
as claimed. U
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Lemma 5.13 Given large M, (A, B,C)=1and d | AC — B>,

#{m, n<M:Am?>+2Bmn+ Cn® = O(d)}
M2
&
L d <m + M) (5.46)
Proof AsinLemma5.12, A, B, C and d determine k, £ so that

Z L am2 12Bmn+-cn2=0(a)) = Z L mk+ney2=0(a))-

m,n<M m,n<M

But then thereisad; | d, with d | d12 sothat mk+nf =0(d;). Let w = (£, dy);
then mk = O(w) implies m = 0(w) since (k, £,d) = 1. There are at most
1+ M/w such m up to M. With m fixed, n is uniquely determined mod
di/w. Hence we get the bound

(5.46) < ZZ Z 1{mEO(modw)}l{ =—Lmpimod )

dild wldy m,n<M ww
d|d]2
wM . M2
<O (M) () (2w,
dild w|dy
d|d2
as claimed. -

Finally we collect the above lemmata into our desired estimate, essential
in the proof of (9.12).

Proposition 5.14 For large M and = f — a € § fixed,

fes d=a i
#{m,n,m/’n/<M f(m, —n) =§ (m’, }<<g (TM)® (M +TM)

(5.47)
forany ¢ > 0.

Proof Once f,m,n,and f = f " — a € § are determined, it is elementary that
there are <, M?¢ values of m’, n" with f(m, —n) = f’(m’, —n’). Decompos-

ing f’ into classes and applying (5.40), (5.43), and (5.46), in succession, we

have
> 2 2 Wenw—rp-my

m,n<M {'eF m'.n'<M
/
a' =a
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Z Z 1{f/ represents f(m,—n)}Mg

m,n<M {eg
a,:a
<Mty ) Z
m,n<M classes KC

representing f (m,—n) 4/—q, f’e)C

< (TMY Y (fm,—n),4a?)"?

m,n<M

L (TM)* Y d"? Y A, —m=0aa)
d|4a? m,n<M

12

L (TM)" ) d <d1/2 +M)
d|4a?

L (TM)* (M* + Ma),

from which the claim follows since a < T . O

6 Major arcs

We return to the setting and notation of Sect. 3 with the goal of establishing
(3.13). Thanks to the counting lemmata in Sect. 5.1, we can now define the
major arcs parameters Qo and Kg from (3.16). First recall the two numbers
® < § appearing in (5.22), (5.23), and define

1<®1 <6 (6.1)
to be the larger of the two. Then set
Qo =T~V Ko= Q5. (62)
We may now also set the parameter U from (3.8) to be
U = Qom/100, (6.3)

where 0 < ng < 1 is the number which appears in Lemma 5.2.

Le t/\/l( )(n) denote either My (n) or MY, n () from (3.21), (3.19), respec-
tively. Puttmg (3.18) and (3.6) (resp. (3.9)) 1nt0 (3.21) (resp. (3.19)), making

a change of variables 6 = r /g + $, and unfolding the integral from Zm fol to
g gives

2
MP =Y T(%)T(%) M) - Y ), (6.4)

X,Y€EZL
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where in the last sum, u ranges over u | (2x, y) (resp. and u < U). Here we
have defined

Mmn) = mx,y(n)

=2 Y P eulr (. yvo) =m)

q<Qo r(q) v€S

N
X /Rt(?oﬂ>e(,3(fy 2x,y) — n))dﬁ, (6.5)

using (2.15).

As in (5.14), let I” (g) be the stabilizer of vg(modg). Decompose the sum
ony € Fin (6.5) as asumon yy € I'/T"(g) and y € FNyol (q). Applying
Lemma 5.3 to the latter sum, using the definition of @ in (6.1), and recalling
the estimate (5.15) gives

®
M(n) = Gg,(n) - W(n) + O (% K Qg), (6.6)

where

So,(n) = Z Z/ Z eq(r({wx,y, Yovo) — n))’

9<Q0 r(@) yoel'/I'(q) @)
K —~ K
W(n) := WO fg&:f((f@x, y) — n)WO).

Clearly we have thus split 97 into “modular” and “Archimedean” compo-
nents. It is now a simple matter to prove the following

Theorem 6.1 For %N < n < N, there exists a function S(n) as in Theo-
rem 3.1 so that

My () >Sm)T L. 6.7)

Proof First we discuss the modular component. Write S, as

GQO(n) = Z Z Cq(<wx,y7 Yovo) — I’l),

q<Qo el /T (q)

1
[ (q)]

where ¢, is the Ramanujan sum, ¢, (m) = er( 9 €4 (rm). By (2.19), the anal-
ysis now reduces to a classical estimate for the singular series. We may use
the transitivity of the yy sum to replace (wy y, Yovo) by (e4, yovo), extend the
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sum on ¢ to all natural numbers, and use multiplicativity to write the sum as
an Euler product. Then the resulting singular series

1
G(n) :=H|:1 +Z.7k Z cpk((e4,y0 Vo) —n)]
[I": To(p")]
p k=1 vel/To(p*)
vanishes only on non-admissible numbers, and can easily be seen to satisfy
N7% & 6(n) < N°, (6.8)

for any ¢ > 0. See, e.g. [8, Sect. 4.3].
Next we handle the Archimedean component. By our choice of tin (3.17),
specifically that t > 0 and t(y) > 2/5 for |y| < 1/2, we have

Ko rLre Ko
W(n) > N fezgl{ﬁ(zx,y)—nk%} > N * N

using Lemma 5.4.
Putting everything into (6.6) and then into (6.4) gives (6.7), using (6.2)
and (3.1). Il

Next we derive from the above that the same bound holds for M% (most
of the time).

Theorem 6.2 There is an n > 0 such that the bound (6.7) holds with My
replaced by MY, except on a set of cardinality < N~

Proof Putting (6.6) into (6.4) gives

> My @) = MK @)

n<N
< Yo me] Y1
x,y<xXn<N ul(2x,y)
u>U
< ZZ Z {stﬁ[z:?«f@x y)—n)ﬁ>:|
¢ N ’ N
y<X uly x<X feg n<N
u>U 2x=0(modu)
+K§Q5‘T@1}
< NSXET‘S,

U
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using (6.8) and (6.2). The rest of the argument is identical to that leading
to (3.11). O

This establishes (3.13), and hence completes our Major Arcs analysis; the
rest of the paper is devoted to proving (3.14).

7 Minor arcs I: case ¢ < Qy

We keep all the notation of Sect. 3, our goal in this section being to bound
(3.22) and (3.23). First we return to (3.9) and reverse orders of summation,
writing

RE©O) =Y 1) e(=ab)R 1.4 (0), (7.1)

u<U fes

where f = f — a according to (2.14), and we have set
~ 2
Rpa@:= > Y T<§>T(§)e(9f(2x, ).
2x=0(u) y=0(u)
If u is even, then we have
~ xu yu
Rpu®) = T(Y)T<Y)e(9f(xu, yu)). (7.2)
x,YeZ
If u is odd, we have
~ 2
Rru®) = ZE:ZT(¥)T<¥)€(9]C(2XM, yu)).
x.y

From now on, we focus exclusively on the case u is even, the other case being
handled similarly. We first massage R s, further.
Since f is homogeneous quadratic, we have

fou, yu) =u? f(x,y).

Hence expressing 6 = 2 + B, we will need to write u”/q as a reduced fraction;
to this end, introduce the notation

G:=(lq) wo=u’/d,  q0=q/q. (7.3)
so that uz/q = up/qo in lowest terms, (ug, go) = 1.
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Lemma 7.1 Recalling the notation (5.25), we have

~ 1
Rf,u(§+5)=u—2 Z jf(X B — —)Sf(CIo,ruo,n m), (7.4)

u
n,me”z “qo q

where we have set
m
7105 )
uqo uqo
// ( ) ( ) (ﬁf(x y)——x——y)dxdy (7.5)
uqo uqo

x,yeR

Proof Returning to (7.2), we have

ﬁf(g +ﬁ> = > T(%)’r(%)eqo(moﬂx,y>)e(ﬂu2f<x,y>)

X,yeZ
— Z Z eqo (ruuo f(k, ©))
k(q0) £(q0)
(2 £ r()r(Fporen]

x=k(qp) y=t(qp)

Apply Poisson summation to the bracketed term above:

e Z T(”(qox+k)>r(u(q0y+E)>e(,3u2f(qox+k,qoy+€))

x,VEZ X X

-y // (u(qoerk)) (u(qoerﬁ))
X

nmEnye

x e(Bu® f(qox +k, qoy +0))
X e(—nx —my)dxdy

m
eqo(nk +me)J (X B, — —)
uzq(%nmez 1 ! uqo uqo

Inserting this in the above, the claim follows immediately. U
We are now in position to prove the following
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Proposition 7.2 With the above notation,

1

‘ﬁf,u(:;Jrﬁ)‘ <u(VgIBIT) . (7.6)

Proof By (non)stationary phase (see, e.g., [30, §8.3]), the integral in (7.5) has
negligible contribution unless

In|  [m]
—, — LB IVFIKIBI- TX,
uqo uqo

so the n, m sum can be restricted to
Inl, Im| < [B]-TX -ugo < u. (7.7)

Here we used | 8| < (¢ M)~ with M given by (3.15). In this range, stationary
phase gives

7120 )| <min (. )
I\ ugo” ugo * 1B~ [ diser(f)[1/2

< min(x2, lﬁ%) (7.8)

using (2.16) and (3.4) that | discr( f)| = 4|B? — AC| = 4a® > T?.
Putting (7.7), (7.8) and (5.26) into (7.4), we have

‘ﬁ (r+ﬁ>‘<<l Z 1 1
Fi\ g 2 BIT /o

], |m|<u

from which the claim follows, using (7.3). Il
Finally, we prove the desired estimates of the strength (3.14).

Theorem 7.3 Recall the integrals To, k,, Lo, from (3.22), (3.23). There is
an n > 0 so that

Z0y,ko» Loy KN 720D N7,

as N — oo.

Proof We first handle Zg, g, . Returning to (7.1) and applying (7.6) gives

‘@(g + ﬂ)‘ <Y N u(valBiT) " < U T (gl

u<U feg
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Inserting this into (3.22) and using (6.2), (6.3) gives

2
1
472(5—1)
Torr < ¥ 2 / Ut dp
9<Q0 r(@) ﬂ'<K°/N
Next we handle
1
472(5—1)
To,< Y. Z Ut “3'2(1,3
q<Qo r(q) <|ﬁ|<_
N
< QOU4T2(5—1)<_ i Q0M>
Ko
QoU*
<« NT26-D 0
Ko ’
which is again a power savings. 0

8 Minor arcs II: case Qg < 0 <X

Keeping all the notation from the last section, we now turn our attention to
the integrals Zg in (3.24). It is no longer sufficient just to get cancellation in
R f.u alone, as in (7.6); we must use the fact that Z is an L2-norm.

To this end, recall the notation (7.3), and put (7.4) into (7.1), applying
Cauchy-Schwarz in the u-variable:

‘RU< +ﬁ)‘ <UY

> eq(—raje(—ap)

u<U' fe§
1 2
X3 T ( B %)Sf(CIO,’”MO,” m)
n,me”z
(8.1)

Recall from (2.14) that f = f — a. Insert (8.1) into (3.24) and open the square,
setting ' = f’ — a’. This gives
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o<y 3 Y|

w420 1 YIBI<am

> eq(—raje(—ap)
fes

dﬁ

X Z jf(X B; — —>8f(qo,ru0,

u u
n.mel q0 uqo

SUDIEED DD DB 3| et

u<U n.m,n',m'eZ §,f€§ =<0 -r(q)

X Sy (qo, ruo; n’, m/)eq (r (a/ — a))i|

g i)
1B1< 47 uqo’ uqo

n )e(ﬂ(a’ — a))dﬁ]. (8.2)

Note that again the sum has split into “modular” and “Archimedean” pieces
(collected in brackets, respectively), with the former being exactly equal to S
in (5.30).

Decompose (8.2) as

m/

Xjf/(X ,3

uqo’ uqo

To<I5) +15), (8.3)

where, once § is fixed, we collect f* according to whether a’ = a (the “diago-
nal” case) and the off-diagonal a’ # a.

Lemma 8.1 Assume Q < X. For 1 € {=, #}, we have

2 2 . N2 12¢, _ 1/4
I(QD) < U()XTZZ Z {(a ’Cl) ((a) 9q)} (Cl a ’Cl) ' (84)

5/4
feS 15 =<0 4
a’'Oa
Proof Apply (5.31) and (7.7), (7.8) to (8.2), giving

©) 1
I, <U Z —

u<U

ut{@® q) - (@) 2, Y@@ —d, )'*
X Z 5/4

il b 'L < 1.1<F =0
a

@ Springer



On the local-global conjecture for integral Apollonian gaskets 633

where we used (7.3). The claim then follows immediately from (3.15) and
0<X. O

We treat I(Q:), I(Q# separately, starting with the former; we give bounds
of the quality claimed in (3.14).

Proposition 8.2 There is an n > 0 such that
15! < NT?C-DN=7, (8.5)
as N — oo.

Proof From (8.4), we have

15 « s X ZZZ(C! 9

fe¥ i’e? g=Q
Z oy !
fes gyla? 9=<Q  §eF
§1<0 9=0(q1) a'=a
6y2
e !
fe§ f/e:E

Recalling that a = a, = (e, yvo), replace the condition a’ = a with a’ =
a(mod| Qp]), and apply (5.12):

6vy2 )
IQ Le T T°T* Qno

Then (6.3) and (3.1) imply the claimed power savings. Il

Next we turn our attention to Z (Q#), the off-diagonal contribution. We de-

compose this sum further according to whether ged(a, a’) is large or not. To
this end, introduce a parameter H, which we will eventually set to

H=y0/m — QOUO/IO, (8.6)
where, as in (6.3), the constant 9 > 0 comes from Lemma 5.2. Write
(#) _ 7F>) (#3)
7z 0 = z 0 +7 o (8.7)

corresponding to whether (a,a’) > H or (a,a’) < H, respectively. We deal
first with the large gcd.
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Proposition 8.3 There is an n > 0 such that

Ig’>) &« NT*6=Dpn=n

(8.8)
as N — oo.

Proof Writing (a,a’) =h > H, g = (a*,q), §; = ((a')?, q), and using (a —
a’,q) <qin (8.4), we have

2 N2 12, _ 7 \1/4
#.>) 6X~ {(a”, q)- (@), q)} /" (a—ad',q)
0 <UrY L%
fes =
/7éa(aa/)>H

<rLYY Y Y Y @)

hla /
feg h>H Fe¥

Qf =

qpla? ql\(a’)z
=0(modh) §1<Q g, FARIY,

2
U Y Y

feg hla f'e¥
h>H 4 =0(modh)

g=Q
q=0(g1.q9 ])

where we used [1, m] > (nm)'/?. Apply (5.12) to the innermost sum, getting

#.>) 6X ers 1 s
I L U T T o —T°.
By (8.6) and (6.3), this is a power savings, as claimed

O
Finally, we handle small gcd.
Proposition 8.4 There is an n > 0 such that
15 <« NTXO-DN, (8.9)

as N — oo.

Proof First note that

< X2 {(a®, q)- (@), @} *(a—d , )"*
§I-rTY Y%
f€3 f'e

a'#a,(a, a’)<H

<X Q5/4Z Y Y @ad.q)a—d.q)'"

fe¥ f'e q=Q

a'#a,(a, a/)<H
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Write ¢ = (a,q) and g’ = (d’,q), and let h = (g, g’); observe then that
h|(a,a’) and h < Q. Hence we can write g = hg; and g’ = hg| so that
(g1, 87) = 1. Note also that & | (a — a’, ), so we can write (a —a’, q) = hg;
thus g1, g1, and g are pairwise coprime, implying

[hgi. hg| . hg] > 81818
Then we have

SRR YL S D 3D 35>

fes e hl(a,a’) g1la g1|u
da'#a,(a,a)<H h=H g1<0 ,

g <0
x Y gV Y1
gla—a’) IIXQ/ }
[hgy.hg].hEgl<Q q=0(lhgy hgy,hgl)
X2 Ho*
°
<« T I Y T adi o
f.fes gila g ld gla—a’
81K <<Q g<<Q
X2 H9/4
6 &
<<U7W223—/4T 2. L
fe¥ g« 0 =
a’'=a(mod §)
To the last sum, we again apply Lemma 5.2, giving
9/4 2 179/4
#.9) X H™ s e X H s ens
IQ Le 1/4 23/4 To <U—WTTT’
T o r Q
<<Q 0

since Q > Qp. By (8.6) and (6.3), this is again a power savings, as claimed. [

Putting together (8.3), (8.5), (8.7), (8.8), and (8.9), we have proved the
following

Theorem 8.5 For Qg < Q < X, there is some n > 0 such that
To < NT?C=D N=1,

as N — oo.

9 Minor arcsIlI: case X < Q <M

In this section, we continue our analysis of Zp from (3.24), but now we need
different methods to handle the very large Q situation. In particular, the range
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of x, y in (7.2) is now such that we have incomplete sums, so our first step is
to complete them.
To this end, recall the notation (7.3) and introduce

() = Sr() (%))
By —, —u )= — — el ——x — —
/ q0 40 X X q0 Cloy

X,YEZ
x e(Bu’ f (x, ), ©.1)
so that, using (5.25), an elementary calculation gives

~ r n m
R.,»,u(g +/3> => Y. xf<x,ﬁ; b u)sf(qo,ruo;n,m). 9.2)

n(qo) m(qo)

Put (9.2) into (7.1) and apply Cauchy-Schwarz in the u-variable:

- 2
Ao <o

> eq(—raje(—ap)

u<U' feg
n m 2
X Z )»f<X,,3;—,—,u>8f(qo,ruo;n,m)-
0<n.m<qo q0 40
(9.3)

As before, open the square, setting ' = f’ — a’, and insert the result into
(3.24):

To<kU Z Z Z Z [Z/Sf(qo,ruo;n,m)

u<Ugq=Qn.mn'.m'<qy f.fe§"r(q)

x Spr (qo, rug; n’', m/)eq (r(a/ — a))]

n m n/ m/
X )"f X!ﬂ; _9_1u )\'f, X?ﬂ; —, —,Uu
|Bl<1/(gM) q0 40 q0 4o

% e(la - a/))d,e]. 9.4)

Yet again the sum has split into modular and Archimedean components with
the former being exactly equal to S in (5.30). As before, decompose Z ac-
cording to the diagonal (a = a’) and off-diagonal terms:

To <1y +1y . 9.5)
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Lemma 9.1 Assume Q > X. For U € {=, #}, we have

7" <« Z Yoo Y sl 9.6)

M<U q=0 n,m,n’,m <<Q feg f/eﬁ’

Proof Consider the sum A ¢ in (9.1). Since x, y < X/u, |B] < 1/(gM), X <
0, and using (3.15), we have that
X\* X
WT(E) == <1
QM u )

Hence there is contribution only if nx/qg, my/qo < 1, that is, we may restrict
to the range

B

n,m<<uqo/X.

In this range, we give A ¢ the trivial bound of X 2 /u?. Putting this analysis into
(9.4), the claim follows. Il

We handle the off-diagonal term first.
Proposition 9.2 Assuming X < Q < M, there is some n > 0 such that
15 <« NTC-D N, 9.7)
as N — oo.

Proof Since (5.31) is such a large savings in ¢ > X, we can afford to lose
in the much smaller variable 7. Hence put (5.31) into (9.6), estimating (a —
a',q)<|a—ad'| (since a #a’):

/
I(Q¢)<<—Z Y X Y atggla-al™

”<U q= Qnmn m<<Ufo/€3
uox’ Q T2‘3T—T1/4
T X Q5/4

<

where we used (7.3), QO < M, and (3.15). Using (3.1) we have that
X—VATS — N—59/800, 9.8)
so together with (6.3), this is clearly a substantial power savings. 0
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Lastly, we deal with the diagonal term. We no longer save enough from
a = a’ alone. But recall that here more cancellation can be gotten from (5.33)
in the special case that f(m, —n) # ' (m’, —n’). Hence we return to (9.6) and,
once n, m, and f are determined, separate n’, m’, and §' into cases correspond-
ing to whether f(m, —n) = f'(m’, —n’) or not. Accordingly, write

15 =157 +I§’¢>. (9.9)

)

We now estimate I(Q: using the extra cancellation in (5.33).

Proposition 9.3 Assuming Q < XT, there is some 1 > 0 such that
157 <« NTHD NI, (9.10)
as N — oo.

Proof Returning to (9.6), apply (5.33):

POV LIYYY Y Y s

u<U fes f/EECI =0 n,m<& == vo n/,m/<<U)TQ
§n,—m)#f (m’,—n’)

Zyiyyy ¥ o

u<U f.i'€S 41142 EQ n,m,n’,m <<UQ
g1« 9=0G@D

2012
U
: (T(—Q) )
X
4
U8X3 T25 Té‘ UQ 1 T1/2UQ
T X ) 0% X

Lg =

where we used that f(m, n) < T(UQ/X)2 and Q < XT.From (3.1), we have

X1/BTIS/8 _ —29/1600 ©.11)
so we have again a power savings, as claimed. g

Lastly, we turn to the case I(Q:’:), with f(m, —n) =§'(m’, —n’). We exploit
this condition to get savings using (5.47).
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Proposition 9.4 Assuming Q < XT, there is some 1 > 0 such that

I3 <« NTHD NI, 9.12)
as N — oo.
Proof Returning to (9.6), apply (5.31), and (5.47):

__ @*, q)
SRS 3D DD D 3) S SR

u<U g=Q n, m<<Q fes f’e& n',m'<UQ/X q

a'=a f(m,—n)=f'(m’,—n")

«<EITYarY[Z T ¥

n<UIes qqllzg Loy mm< R e )
Ux3 UQo\> _UQ
Ne——UT? -= TZ%
<V o Q[( X ) R

From (4.2), this is a power savings. U
Combining (9.5), (9.7), (9.9), (9.10), and (9.12), we have the following

Theorem 9.5 If X < Q < M, then there is some n > 0 so that
To < NT?C=D N,
as N — oo.

Finally, Theorems 7.3, 8.5, and 9.5 together complete the proof of (3.14),
and hence Theorem 1.2 is proved.
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Appendix: Spectral gap for the Apollonian group (by Péter P. Varji')

In recent years some spectacular advances were made on estimating spec-
tral gaps (to be defined below) of infinite co-volume subgroups of SL(d, Z).

IPP. Varji
University of Cambridge, Cambridge CB3 O0WA, UK
e-mail: pv270@dpmms.cam.ac.uk
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Bourgain and Gamburd [6] proved uniform spectral gap estimates for Zariski-
dense subgroups of SL(2, Z) under the additional assumption that the mod-
ulus ¢ is prime. One of the crucial ideas in their paper is the application of
Helfgott’s triple-product theorem [28]. The result in [6] was generalized in a
series of papers [5, 7, 10, 11, 48] and [40]. Some of these require the general-
ization of [28] obtained independently by Breuillard, Green and Tao [14] and
Pyber and Szabé [39].

In particular, Bourgain and Varji [10, Theorem 1] proved the spectral gap
for Zariski-dense subgroups of SL(d, Z) without any restriction for the mod-
ulus ¢g. Salehi Golsefidy and Varja [40, Theorem 1] obtained the result for
Zariski-dense subgroups of perfect arithmetic groups, but only for square-
free ¢. Unfortunately, these results do not cover Theorem 4.3; the first one
is not applicable to the Apollonian group, the second one is restricted for the
moduli.

In this appendix, we present an approach which differs from those dis-
cussed above. This is much simpler and probably would give better numerical
results, but we do not pursue explicit bounds. However, our method depends
on special properties of the Apollonian group and does not apply to general
Zariski-dense subgroups.

Recall from Sect. 2 that the preimage of the Apollonian group under the
homomorphism

t:SL(2,C) - SOfr(R)

is generated by the matrices

1 4i 2 —i 2+2i + 3i
() (3 F) S )

We describe an automorphism of SL(2, Z[i]) which transforms the above
generators to matrices that will be more convenient to work with. Set A :=

( (1) ;) A simple calculation shows that the image of the matrices (A.1) under

the map g A~ !gA are

1 4 1 O 1+2i 4i
(o 1) =L)< 1)

We put

_(! 4 _(1 0 (142 4

These are the image of (A.1) under the product of two isomorphism: first
conjugation by A and then multiplication of the off-diagonal elements by —i

@ Springer



On the local-global conjecture for integral Apollonian gaskets 641

and i. We denote by I" the group generated by S = {:I:ylil, :I:yzil, :I:y3i1}.
This is isomorphic to the group denoted by the same symbol in the paper.

First we recall two different notions of spectral gap. The notion, “geomet-
ric” spectral gap, has already been explained in Sect. 4.2. Recall that for an in-
teger ¢, I"(q) denotes the kernel of the projection map I — SL(2, Z[i1/(¢)).
We consider the Laplace Beltrami operator A on the hyperbolic orbifolds
r (q)\H3. We denote by Ao(g) < A1(g) the two smallest eigenvalues of
A on I'(g)\H?. The geometric spectral gap is an inequality of the form
r1(q) > Ao(q) + ¢ for some ¢ > 0 independent of q.

The other notion, “combinatorial” spectral gap is defined as follows. Let
G be a finite group, and § a symmetric set of generators. Let 7 s be the
Markov operator on the space L?(G) defined by

1
Tosf(®)=1g Y fre)

yeS
for f € L?(G) and g € G. We denote by
(G, S) <--- <A|(G.S) <1H(G.8) =1

the eigenvalues of 7 s in increasing order.
The operator I'd — T, is a discrete analogue of the Laplacian A on

I (¢)\H3. So by combinatorial spectral gap we mean the inequality
M(T/T(g),8)<1—¢

for some & > 0 independent of ¢. To simplify notation, we will write A (¢) =
M(F/F (@), 5).

The relation between the two notions is not just an analogy. It was shown
by Brooks [15, Theorem 1] and Burger [17-19] that they are equivalent for
the fundamental groups of a family of covers of a compact manifold. The
orbifolds I"(¢)\IH? are not compact, they even have infinite volume, however
the equivalence can be extended to cover our example, see [13, Theorems 1.2
and 2.1].

We show that the congruence subgroups I"(g) of the Apollonian group
have combinatorial spectral gap which implies Theorem 4.3 in light of [13,
Theorems 1.2 and 2.1].

Theorem A.1 Let I” be the Apollonian group and X\ (q) be as above. There
is an absolute constant ¢ > 0 such that 1\ (q) < 1 — c for all q. Le. the Apol-

lonian group has combinatorial spectral gap.
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Denote by I'7 and I» respectively, the groups generated by {yi, y»} and
{y1, y3} respectively. Denote by G and G, the Zariski-closures of I} and I
in Resg|c SL(2, C), i.e. in SL(2, C) considered an algebraic group over R.

As we will see later, G; and G; are isomorphic to SL(2, R). Moreover
I't and I are lattices inside them. This feature of the Apollonian group was
pointed out by Sarnak [42]. We exploit it heavily in our approach.

Due to a result going back to Selberg [44], I} and I, have geometric
spectral gaps with respect to the congruence subgroups. From here we can
deduce the combinatorial spectral gap using Brooks [15, Theorem 1] (see
also [16, Theorem 1], where the non-compact case is considered.)

We transfer the combinatorial spectral gap property of I and I to the
Apollonian group I" and conclude Theorem A.1. This is done in following
two Lemmata:

Lemma A.2 Let G be a finite group and S C G a finite symmetric generating
set. Let G1, Gy, ..., Gy be subgroups of G such that for every g € G there
are g1 € Gy, ..., 8k € Gy such that g = g1 --- gx. Then

1 —=21(G,S)> min

1<i<k

ISNG;| 1—1(Gi,SNG)
S| 2k2 '

The above Lemma and its proof below is closely related to the well-known
fact that if G is generated by S in k steps then one has 1/ (G, §) < 1— 1/|S|k>.
This can be found for example in [21, Corollary 1 on page 2138]. After circu-
lating an earlier version of this appendix, it was pointed out to me that an idea
similar to Lemma A.2 has been used by Sarnak [41, Sect. 2.4], by Shalom
[45], and also by Kassabov, Lubotzky and Nikolov [31].

Lemma A.3 Let g > 2 be an integer. Then for every g € I'/T"(q), there
are g1,...,8103 € I/I'(q) and hy, ..., higs € I2/15(q) such that g =

glhl .. 'g1013h1013.

Lemma A.3 enables us to apply Lemma A.2 with k =2 - 10'3 and G; =
I't/I'1(g) for odd i and G; = I>/I»(q) for even i. Now [44] and [16, Theo-
rem 1] provides us with lower bounds on

1= (/). {£ri £r,""}) and
1= (R/ Do), {2y 2137 )).

Therefore Theorem A.1 is proved once the two Lemmata are proved.

Before we proceed with the proofs, we make two remarks. First, we note
that instead of [44] we could just as well use [10, Theorem 1]. Second, we
suggest that the constant 10'3 in Lemma A.3 is not optimal. In particular, the
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argument we present would give 72 if the statement is checked for ¢ =27 - 3,
e.g. by a computer program. Certainly there is further room for improvement
but we make no efforts to optimize the constants.

Proof of Lemma A.2 Denote by m the regular representation of G, i.e. we
write

(20 f(8) = f(g5"2)

for f € L?>(G) and g, g0 € G. Let Tg s be the Markov operator defined
above. Let fj € L*(G) be an eigenfunction with || fo|l2 = 1 corresponding
to )‘/1 (G, S). It is orthogonal to the constant and

(Tg s fo. fo) = *1(G, 9).

Since fy is orthogonal to the constant, we have

> (m(9) fo. fo) = | (fo. DI =0.

geG

Thus there is gg € G such that (7 (go) fo, fo) < 0 and hence ||7(go) fo —
foll2 > /2.

By the hypothesis of the lemma, there are g; € G; for 1 <i < k such that
g0 = g1 - - gk. By the triangle inequality, there is some 1 < iy < k such that

|7 (g1 gig—1) fo — (g1 gig) fo , = V2/ k.

Since 7 is unitary, we have || fo — 7(gi,) foll2 > v/2/ k.
We write fo = f1 + f2 such that f; is invariant under the elements of G;,
in the regular representation 7 and f> is orthogonal to the space of functions

invariant under G;,. Then

V2/k < | fo— (i) foll, = | f2 = m (i) £2], < 21 falla-

Thus || 212 > 1/+/2k.
Now we can write

(TG.,5nGy, fo- fo) = 1 f113 + (TG .5nGy, f2. f2)
<If113 4+ 1| (Giy» SN Gi) | L2113
=1— (1= 41(Gi,, SNGi) Il f21I3- (A.3)

Since

1SN Gy T6.506, IS\Giy|
N 0 ||

TG,S = G,S\Gio,
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we have

SN Gy
S|

We combine (A.3), (A.4) and the estimate on || f2||> and get

(Tg,s fo, fo) =1 — (1- (TG,snGy, fo, fo)). (A4)

_ IS NGl ‘ 1 —=11(Giy, SN Gjy)

T <1
(Tg,s fo, fo) = 5] 2

which was to be proved. 0

Now we turn to the proof of Lemma A.3. It will be convenient to write

Ar(q)={gih1-- grhk g1, ... gk € I/T1(q), h1, ... hi € 12/ Ta(q)}.

First we consider the case when ¢ is the power of a prime; the general case
will be easy to deduce from this.

Lemma A.4 Let p be a prime and m a positive integer. Then A g3 (p™') =
r/rpm.

We use different methods when p is 2 or 3 compared to when it is larger.
First we consider the latter situation.

Proof of Lemma A.4 for p > 5 It is well-known and easy to check that the
group generated by y; and y» is

n:{@ z)eSL(Z,Z):bEO m0d4}. (A.5)

Thus It /I (p™) =SL(2,Z/ p™Z) for p # 2.
By simple calculation:

a=l 0 ON o1 O\ _yfa 0O\ (1 0
Oa%l27’3%17/30a—1—%m21.

Since p # 2 we can divide by 2 in the ring Z/p™Z, hence for (a, p) = 1, the
matrices in the above calculation are in I /I (p™) except for y3. Therefore

1 0
(cge \)emlom

2

N —

Using this, we want to show that

(all. (1)) € Ap(p™) (A.6)
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for all a € Z/p™7Z. To do this, we need to show that for every element x €
7] p™7Z, we can find elements ay, ..., a; € Z/p™Z for some 0 < k <4, such
that ay, ..., ax are not divisible by p and x = af + --- +af. If m = 1, this
simply follows from the fact that any positive integer is a sum of at most 4
squares, and the a; can not be divisible by p since 0 < a; < x < p and at least
one of the inequalities are strict.

Suppose that m > 1, x € Z/p™7 and a% + -+ a,% = x mod p with none
of aj ...ay divisible by p. Then by Hensel’s lemma (recall that p # 2), there
is an a} € Z/p™Z such that

(@) =at+ (x—af = ad).

This proves the claim for arbitrary m > 1.
Multiplying (A.6) by a suitable unipotent element of Iy /I (p™), we can

get
1 0
(a 1) € An(p™)

fora € Z[i]/(p™). We can prove the same for the upper triangular unipotents
by a very similar argument.
Again, by simple calculation:

<1 a>(1 0)(1 c)=(1+ab a+c—|—abc)
0 1 b 1 0 1 b 1+ bc )
This shows that
<?: Zi) € Az (p™)
for all a’,b’,c',d" € Z[i]/(p™), a’d’ — b'¢’ = 1, provided ¢’ is not divisible

by a prime above p. o
Thus, A3zg(p™) contains more than half of the group I"/I"(p"), hence

Ap(p™) =T/ (p™).
Ol

Proof of Lemma A.4 for p =2 and 3 We give the proof for p =2 and then
explain the differences for p = 3.

We prove by induction the following statement. For every m > 7 and g €
27/ (2™), there are g1, g2, g3 € I1(2%)/I1(2™) such that

—1 -2
g = 81138275 Vigy; -

@ Springer



646 J. Bourgain et al.

For m =7 this is clear since we can take g; = g2 = g3 = 1. Now assume
that m > 7 and the statement holds for m — 1. In this proof, we denote by
1 the multiplicative unit (identity matrix) and by O the matrix with all en-
tries 0. Let g € I"(27) /1" (2™) be arbitrary. By the induction hypothesis, there
is by, hy, h3 € I7(2%)/ 7 (2™) such that

g — hiyshays 'yihsy; 2 =2""x,

where x can be considered as an element of Mat(2, Z[i]/(2)), i.e. a 2 x 2
matrix with elements in Z[i]/(2). Since g, h1, h2, h3 has determinant 1 and
congruent to the unit element mod 2, x has trace 0.

Now we look for suitable x1, x, x3 € Mat(2, Z) such that

X1+ ysxoy; L yinsy; 2 =2"""x  mod2".
Moreover, we ensure that x; =0 mod2™* and that Tr(x;) =0 mod?2™
for all i =1,2,3. Since m > 8, this implies that #; + x; =1 mod4 and

det(h; + x;) =1 mod2™, hence h; + x; € I'1(2%)/I1(2™). Recall (A.5)
from the previous proof. If the matrices x; satisfy the claimed properties then

(h1 +x1)y3(hy + X2)V3_1V32(h3 + x3)V3_2

= hiyshays Y23y 2+ x4 ysxay; L+ yiy; =g mod2™.

The matrices x1, x2, x3 can be chosen to be a suitable linear combination
of the matrices in the following calculations, and this finishes the induction:

~1(0 1 _ _ ~1(0 1
2m 1<0 O>+y30y31+y320y3252’" 1(0 O) mod 2",

_ _ _ _ 0 0
om—l ((1) 8) + y30y; 1+y320y3 Zogm—1 — (1 0) mod 2™,

1(1 O _ _ 1(1 O
2m 1<0 _1)+y30y31+y320y3252m 1<O _1) mod 2™,

H»(1 3 »[(0 1 _ _
om 2 (1 _1> + V32m 2 (0 O) )/3 1+)/320)/3 2
=m-1 (_0’ ?) mod 2",

3({—4 0 3(0 0\ _ _
2" 3(3 4)+y32m 3(1 O>y3l+y320y32
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=m-1 (? 0) mod 2",

0
—4(2 15 - 4(0 1Y\ _

— am—1 —i i m
=2 (0 i) mod 2™,

Now we showed that
As(2m) 2 I (27)/T (2™).
The index of I"(27)/I"(2™) in I"/I"(2"™) is at most
|SL(2,Z1i1/(27))| = 46 - 64°.
This shows that
Ayi3(2") =T/ (2").

Now we turn to the case p = 3. By the same argument, one can show that
foreverym > 1 and g € I'(3)/1"(3™), there are g1, g2, g3 € I'1/I'1(3™) such
that

—-1,,2 -2
8 =81V382Y3 V3 83V3 -

The only significant difference is that one needs to use the following identi-

ties:

3! (} _31> + 733" (8 é) y; ' +vi0y;”
=31 ((l) _ll) mod 3™,

3’"—1( N 146> 3! ((1’ 8) v+ y30p;
=3m-1 (_ll _Ol) mod 3™,

3! (i S) +y30y; " + 3! <8 (1)) y;’
=31 (6 :) mod 3"

Using this claim, one can finish the proof as above. 0
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n

Proof of Lemma A.3 Let g be an integer and g = -pn " where p; are

primes. We prove that

A3 (@) = Aygis(p]") x -+ x Aygis(p")-

Letx € Ajgis(p]'") X --- X Ajgi3(py") be arbitrary. By definition, for each

k, we can find elements g(k), ...,gfl(;)w e IN/I(q) and hgk), h(oH €
I>/I»(g) such that

g(k)h(k) (k)

X = 013

h(o13 mod p;*

Since I/ (p™) and I3/ (p™) are the direct product of local fac-
tors, we can find elements gi,...,8 g3 € I[1/11(p™) and hy, ..., hjg3 €
I» /5 (p™) such that

gi = gl() mod p;*  and hizhl(k) mod p;*

for each i and k. Thus
x=gihy---goi3h913 € A1p13(q).
Using Lemma A.4 we get

L/ (q) D Aygis(q) D Aygis(py) x -+ x Aygus(pp™)
= F/I;(p'lnl) X+ X f/F(pn )

Obviously
- - o m ——
r/T(@cr/r(pl")x---xT/T(pp)
hence all these containments must be equality. 0
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