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Abstract Recently Lewis Bowen introduced a notion of entropy for measure-
preserving actions of a countable sofic group on a standard probability space
admitting a generating partition with finite entropy. By applying an opera-
tor algebra perspective we develop a more general approach to sofic entropy
which produces both measure and topological dynamical invariants, and we
establish the variational principle in this context. In the case of residually
finite groups we use the variational principle to compute the topological en-
tropy of principal algebraic actions whose defining group ring element is in-
vertible in the full group C*-algebra.

1 Introduction

Recently Lewis Bowen introduced a collection of entropy invariants for
measure-preserving actions of a countable sofic group on a standard prob-
ability space admitting a generating partition with finite entropy [5]. The ba-
sic idea is to model the dynamics of a measurable partition of the probability
space by means of partitions of a finite space on which the group acts in a local
and approximate way according to the definition of soficity. The cardinality
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of the set of all such model partitions is then used to asymptotically gener-
ate a number along a fixed sequence of sofic approximations. This quantity
is then shown to be invariant over all generating measurable partitions with
finite entropy. It might however depend on the choice of sofic approximation
sequence, yielding in general a collection of invariants. A major application
of this sofic measure entropy was the extension of the Ornstein-Weiss entropy
classification of Bernoulli shifts over countably infinite amenable groups to a
large class of nonamenable groups, including all nontorsion countable sofic
groups [5].

Given Bowen’s work, it is natural to ask whether there exist analogous
invariants for continuous actions of a countable sofic group on a compact
metrizable space, and if so whether they are connected to Bowen’s measure
entropy via a variational principle. One might also wonder whether there ex-
ists an alternative approach to sofic measure entropy that enables one to ex-
tend Bowen’s invariants to actions that are not generated by a partition with
finite entropy. Such a general notion of sofic measure entropy would be not
only valuable from a purely measure-dynamical viewpoint but also necessary
for the formulation of a variational principle for topological systems.

The goal of this paper is to provide affirmative answers to all of these
questions. The key is to view the dynamics at the operator algebra level and
replace the combinatorics of partitions with an analysis of multiplicative or
approximately multiplicative linear maps that are approximately equivariant.
As a consequence our definitions of topological and measure entropy will
not involve the counting of partitions but rather the computation of the maxi-
mal cardinality of e-separated subsets of certain spaces of linear maps, in the
spirit of Rufus Bowen’s approach to topological entropy for Z-actions [6].
In fact our definitions can be translated into the language of e-separation be-
tween embedded sofic approximations, which can be viewed as systems of
interlocking approximate partial orbits (see Remark 4.4), but we will adhere
throughout to the linear perspective since it is instrumental to our develop-
ment of measure entropy.

It is instructive to compare the situation of sofic measure entropy with the
origins of entropy for single measure-preserving transformations in the work
of Kolmogorov and Sinai [15, 18]. Kolmogorov showed that all dynamically
generating partitions for a given transformation have the same entropy, and
used this to define the entropy of the system when such a partition exists,
assigning the value oo otherwise. Sinai then proposed the now standard def-
inition which takes the supremum of the entropies over all partitions. This
gives reasonable values in the absence of a generating partition, in particu-
lar for the identity transformation, and agrees with Kolmogorov’s definition
when a generating partition exists. Lewis Bowen’s sofic measure entropy is
based, in the spirit of Kolmogorov, on the comparison of generating parti-
tions with finite entropy, and leaves open the problem of assigning a value in
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the absence of such a partition. In this case however one cannot extend the
definition by taking a supremum as Sinai did, since Bowen’s entropy can in-
crease under taking factors, in particular for Bernoulli actions of free groups.
Thus a novel strategy is required, and our idea is to apply the notion of dy-
namical generator in the broader operator-algebraic context of finite sets of
L functions and even bounded sequences of such functions. Then every ac-
tion admits a dynamical generator, and we show that the entropy as we define
it takes a common value on such generators, in accord with the approaches
of Kolmogorov and Bowen. Since we are no longer working with partitions,
Bowen’s combinatorial arguments must be replaced by a completely differ-
ent type of analysis that plays off the operator and Hilbert space norms at the
function level. The point in using functions is that a continuous spectrum can
witness dynamical behaviour at arbitrarily fine scales, in contrast to the fixed
scale of a partition. In fact one can in principle compute our sofic measure
entropy by means of a single function, since L°° over a standard probability
space is itself singly generated as a von Neumann algebra. However, for the
proof of the variational principle it is necessary to work with bounded se-
quences of functions, since not all topological systems are finitely generated
in the C*-dynamical sense.

We begin in Sect. 2 by setting up our operator-algebraic definition of en-
tropy for measure-preserving actions, which at the local level applies to any
bounded sequence in Ly over the measure space in question. For technical
simplicity we will actually work with sequences in the unit ball of Lg’, which
via scaling does not affect the scope of the definition. Theorem 2.6 asserts that
two such sequences that are dynamically generating have the same entropy
relative to a fixed sofic approximation sequence, which enables us to define
the global measure entropy of the system without the assumption of a gen-
erating partition with finite entropy. Section 3 is devoted to establishing the
equality with Bowen’s entropy in the presence of a generating partition with
finite entropy. Extending a computation from [5] in the finite entropy setting,
we show in a separate paper that, for a countable sofic group, a Bernoulli ac-
tion with infinite entropy base has infinite entropy with respect to every sofic
approximation sequence [13]. As a consequence, such Bernoulli actions do
not admit a generating countable partition with finite entropy, which in the
amenable case is well known and in the case that the acting group contains
the free group on two generators was established by Bowen in [5].

Once we have set up the measurable framework we then translate every-
thing into topological terms, with locality now referring to sequences in the
unit ball of the C*-algebra of continuous functions over the compact space
in question (Sect. 4). The arguments in this case are much simpler since one
can work with unital homomorphisms and does not need to worry about con-
trolling an L2-norm under perturbations, which is the source of considerable
technical complications in the measurable setting (cf. Proposition 2.5). As

@ Springer



504 D. Kerr, H. Li

before, two dynamically generating sequences have the same entropy (Theo-
rem 4.5), and since dynamically generating sequences always exist by metriz-
ability we thereby obtain a conjugacy invariant. For a topological Bernoulli
action the value of this invariant is easily computed to be the logarithm of the
cardinality of the base. We also show at the end of Sect. 4 that the restric-
tion of a topological Bernoulli action to a proper closed invariant subset has
strictly smaller entropy. This yields an entropy proof of Gromov’s result that
countable sofic groups are surjunctive [11] (see also [19]) in line with what
Gromov observed in the case of amenable groups using classical entropy.

In order to facilitate the comparison with topological entropy in Sects. 6
and 7, we show in Sect. 5 how to express measure entropy in terms of unital
homomorphisms instead of linear maps which are merely approximately mul-
tiplicative. In Sect. 6 we establish the variational principle, which asserts that,
with respect to a fixed sofic approximation sequence, the topological entropy
of a continuous action on a compact metrizable space is equal to the supre-
mum of the measure entropies over all invariant Borel probability measures.

Finally in Sect. 7 we give an application of the variational principle to the
study of algebraic actions of a residually finite group G that complements a
recent result of Lewis Bowen [4]. Given an element f in the integral group
ring ZG which is invertible in the full group C*-algebra of G, we show that
the topological entropy of the canonical action of G on ZG//\ZG f, with re-
spect to any sofic approximation sequence arising from finite quotients of G,
is equal to the logarithm of the Fuglede-Kadison determinant of f as an el-
ement in the group von Neumann algebra of G. In [4] Bowen established
the same result for measure entropy with respect to the normalized Haar
measure under the assumption that f is invertible in ¢'(G). In the case of
amenable acting groups and classical entropy these relationships were devel-
opedin [8, 9, 16, 17].

In [3] Bowen showed that, when the acting group is amenable and there
exists a generating finite measurable partition, the sofic measure entropy as
defined in [5] is equal to the classical Kolmogorov-Sinai measure entropy,
independently of the sofic approximation sequence. In [14] we show that, for
any measure-preserving action of a countable amenable group on a standard
probability space, the sofic measure entropy defined in Sect. 2 agrees with
its classical counterpart, independently of the sofic approximation sequence.
It follows by the variational principle of Sect. 6 and the classical variational
principle that, for a continuous action of a countable amenable group on a
compact metrizable space, the sofic topological entropy with respect to any
sofic approximation sequence is equal to the classical topological entropy,
which for Z-actions was introduced in [1]. We will also give in [14] a direct
argument for this equality which sheds some more light on the sofic defini-
tion.
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We round out the introduction with some terminology, conventions, and
notation used in the paper, in particular regarding sofic groups and unital
commutative C*-algebras. Write Sym(F) for the group of permutations of
a set F, or simply Sym(d) when F = {1,...,d}. Let G be a countable dis-
crete group. We write e for its identity element. We say that G is sofic if there
are a sequence {d;}{°, of positive integers and a sequence {0;}7°, of maps
s — o, s from G to Sym(d;) which is asymptotically multiplicative and free
in the sense that

lim —I{ke {1,....di} : 0151 (k) = 07 501, (K)}| = 1

i—o0 dj

forall s,t € G and

lim —\{ke{l Ldi} o5 (k) # 0 (k)] = 1

i—o0 dj

for all distinct 5,7 € G. Such a sequence {0;}72 for which lim; ., oo d; = 00
will be called a sofic approximation sequence for G. We include the condition
lim; _, oo di = 00 as it is crucial for certain results in the paper (in particular
for the variational principle), and note that it is automatic if G is infinite.
Throughout the paper the notation £ = {0; : G — Sym(d;)}72, will be tacitly
understood to refer to a fixed sofic approximation sequence which is arbitrary
unless otherwise indicated.

All function spaces will be over the complex numbers, unless the notation
is tagged with the subscript R, in which case we mean the real subspace of
real-valued functions. The unital commutative C*-algebras that will be en-
countered in this paper are function spaces of the form L°°(X, u) for a stan-
dard probability space (X, u) (these are the commutative von Neumann al-
gebras with separable predual), C(X) for a compact metrizable space X, and
C4 for d € N, which can also be viewed as C(X) where X = {1,...,d}. The
norm on these C*-algebras will be written || - || 0. The adjoint in each of these
cases is given by pointwise complex conjugation, and for an element f it will
be denoted by either f or f*. A *-subalgebra of a C*-algebra is a subalgebra
which is closed under taking adjoints. A linear subspace of a C*-algebra is
said to be self-adjoint if it is closed under taking adjoints. A projection in a
C*-algebra is an element p satisfying p> = p and p* = p. Via characteristic
functions, projections in C(X) correspond to clopen subsets of X while pro-
jections in L°°(X, u) correspond to measurable subsets of X modulo sets of
measure Zero.

Throughout we will be working with unital positive linear maps between
unital commutative C*-algebras, or unital self-adjoint subspaces thereof.
A linear map ¢ : V — W between unital self-adjoint subspaces of uni-
tal commutative C*-algebras is said to be positive if ¢(f) > 0 whenever
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f >0 and unital if ¢(1) = 1. In the case that ¢ is positive its norm ||| =
Sup <1 le( )] is equal to |l¢(1)||. In particular ||¢]| = 1 if ¢ is both uni-
tal and positive. Given unital self-adjoint linear subspaces V| C V; of a uni-
tal commutative C*-algebra and a d € N, every unital positive linear map
@ : Vi — C? admits a unital linear extension ¢ : V» — C¢ with ||¢| = 1
by applying the Hahn-Banach theorem to each of the d linear functionals
obtained by composing ¢ with the coordinate projections C¢ — C. Since
¢ (1) = 1 such an extension is automatically positive (see Sect. 4.3 of [12]).

A unital linear map ¢ : A — B between unital commutative C*-algebras
is said to be a homomorphism if ¢(fg) = ¢(f)e(g) for all f,g € A. By
Gelfand theory every unital commutative C*-algebra is of the form C(K) for
some compact Hausdorff space K which is unique up to homeomorphism
(in the case of L®°(X, ) this space is extremely disconnected), and every
unital homomorphism ¢ : C(K1) — C(K3) where K| and K, are compact
Hausdorff spaces is given by composition with a continuous map from K;
to K. In particular, unital homomorphisms are positive. See [12] for more
background on C*-algebras.

For a d € N we will invariably use ¢ to denote the uniform probability
measure on {1, ...,d}, which will be regarded as a state (i.e., a unital pos-
itive linear functional) on C¢ = C({1, ..., d}) whenever appropriate. Given
amap o : G — Sym(d), we will also use o to denote the induced action on
Ci=C{l,...,d})),ie. for f € C%and s € G we will write o(f) to mean
fo O‘S_l.

Given a state p on a unital commutative C*-algebra, we will write | - |2
for the associated L2-norm f — u(f*f)!/2, with u being understood from
the context. In the case of L°°(X, w) this will always be the L?-norm with
respect to s, and for C¢ it will always be the L?-norm with respect to ¢, i.e.,
fe @ R,

Actions of a group G on a space X will invariably be denoted by «, al-
though the actual use of this letter will be reserved for the induced action on
the appropriate space of functions over X. For the action on X we will sim-
ply use the concatenation (s, x) — sx. Thus a;(f) for s € G will mean the
function x — f(s_lx).

2 Measure entropy

In this section we will define our notion of entropy for measure-preserving ac-
tions of a countable sofic group, as inspired by Bowen’s entropy from [5]. We
will show in Sect. 3 that the two definitions of measure entropy agree in the
presence of a generating countable measurable partition with finite entropy.
Throughout this section and the next G will be a countable sofic group,
(X, n) a standard probability space, and o an action of G by measure-
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preserving transformations on X. As explained in the introduction, o will ac-
tually denote the induced action of G on L°°(X, 1) by automorphisms, so that
for f € L%°(X, ) and s € g the function o (f) is given by x = f (s~ 'x).

By taking characteristic functions, a measurable partition of X corre-
sponds, modulo sets of measure zero, to a partition of unity in L°°(X, )
consisting of projections. We will abuse notation by using the same symbol
to denote both.

The von Neumann subalgebras of L°°(X, u) are, by Kaplansky’s den-
sity theorem [12, Theorem 5.3.5], precisely the unital *-subalgebras which
are closed in the L2 norm. These correspond, modulo measure algebra iso-
morphism, to the measurable factors of X via composition of functions. So
the G-invariant von Neumann subalgebras of L°°(X, ) correspond, modulo
measure algebra G-isomorphism, to the dynamical factors of X with respect
to the action of G. A set Q C L (X, u) is said to be dynamically generating
if it is not contained in any proper G-invariant von Neumann subalgebra of
L®®(X, ). When € is a partition of unity consisting of projections this is
equivalent to the usual notion of a generating partition.

Our first goal will be to define the entropy Ay ,(S) of a sequence S of
elements in the unit ball of Lz’ (X, u). We could similarly define the entropy
of an arbitrary subset of the unit ball of Lg’(X, w), but for the purpose of re-
ducing the number of parameters in the definitions we will use the sequential
formalism (see however the discussion after Definition 2.7). We will show
in Theorem 2.6 that &5, ,(S) depends only on the G-invariant von Neumann
subalgebra of L°°(X, ) generated by S, so that we can define the global
entropy hyx (X, G) as the common value of &y ,(S) over all dynamically
generating sequences S in the unit ball of L’ (X, w).

Note that, since (X, ) is assumed to be a standard probability space, there
always exists a generating finite partition of unity in L>°(X, ). Indeed we
can identify (X, u) with a subset of [0, 1] consisting of a subinterval with
Lebesgue measure and countably many atoms and take our partition of unity
to consist of the functions x + x and x > 1 — x. Thus for the purpose of
defining global measure entropy we could instead simply work with finite
partitions of unity in Ly’ (X, ). However, the use of sequences is necessary
in order to establish the variational principle (Theorem 6.1) due to the fact
that continuous actions on compact metrizable spaces need not be finitely
generated at the function level.

Let o be a map from G to Sym(d) for some d € N. Let S = {p,};2, be a
sequence of elements in the unit ball of L]‘l’g’(X , ) (with respect to the L°-
norm). Let F be a nonempty finite subset of G and m € N. We write S,
for the set of all products of the form oy, (f1) - o, (fj) where 1 < j <m
and f1,..., fj €{p1,..., pm} and s1,...,s; € F. On the set of unital posi-
tive linear maps from some self-adjoint unital linear subspace of L°°(X, )
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containing span(S) to C? we define the pseudometric

o0

1
ps(@.¥) = 5 l9(p) =¥ (P2,

n=1

In the following definition we consider the collection of unital positive maps
from L% (X, u) to C¢ which, in a local sense, are approximately multiplica-
tive, approximately pull the uniform probability measure ¢ back to u, and are
approximately equivariant.

Definition 2.1 Let m € N and é > 0. Define UP, (S, F, m, 8, o) to be the set
of all unital positive linear maps ¢ : L°°(X, u) — C4 such that

@ llCors, (1) e, () — @lars, (f1) -+ @ets; (f)]l2 < 8 for all 1 <
J<m, fi,....fi€lp1,....,pm}andsy,...,s; € F,
(i) [ o@(f) —u(f)l <8 forall f €Spm,
(i) [lpoas(f) —oso@(f)lla <bforallse F and f € {p1,..., pm}.

For a pseudometric space (Y, p) and an ¢ > 0 we write N.(Y, p) for the
maximal cardinality of finite e-separated subset of Y respect to p. In the case
& = 0 the number Ny(Y, p) is simply cardinality modulo the relation of zero
distance.

Throughout this section, as elsewhere, ¥ = {0; : G — Sym(di)}l.OO
fixed sofic approximation sequence.

Note that UP,(S,F,m,8,0) 2 UP,(S,F',m’,8',0) and hence
Ne(UP,(S,F,m,8,0),ps) > Ng(UP,(S,F',m', 8 o), ps) whenever
FCF m<m',§>6§,ande <¢.

llsa

Definition 2.2 Let S be a sequence in the unit ball of L*(X, 1), e >0, F a
nonempty finite subset of G, m € N, and § > 0. We define

1
h% (S, F,m,8) =limsup ;108 Ne(UP (S, F.m. 8, 01), ps).

i—00 i

hs (S, F,m) = (Siggh%,u(& F,m,3),
hs (S, F)=nife‘ho82,u(S’ F,m),
WS u(8) = infhs , (8. F).

s, u(S) =suphy ()

e>0

where the infimum in the second last line is over all nonempty finite sub-
sets of G. If UP, (S, F,m, §, 0;) is empty for all sufficiently large i, we set
h%’M(S, F,m,8) =—o0.
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Remark 2.3 If we add 1 to S by setting p} =1 and p;, | = p; for all
j € N, then for any nonempty finite subset F of G, any m € N, any
6 >0 and any map o from G to Sym(d) for some d € N, we have
UP,(S,F,m,8,0) 2 UP,(S', F.m + 1,8,0) 2 UP,(S,F,m + 1,8,0).
Thus hz"M(S) ZhEM(S/).

Notice that the quantity N (UP, (S, F,m, 8, 0;), ps) in Definition 2.2 is a
purely local one, in the sense that the maps in UP, (S, F,m, §, 0;) could have
been merely defined on the finite-dimensional unital self-adjoint linear sub-
space of L*°(X, ) which gives meaning to the conditions in its definition.
Indeed any such map on this subspace can be extended to a unital positive
map on all of L*(X, ) by the Hahn-Banach theorem, as discussed in the
introduction. This locality is crucial in the proof of the variational principle
in Sect. 6. On the other hand, in order to carry out the perturbation argument
showing that 5 ,(S) depends only on the G-invariant von Neumann subal-
gebra generated by S (Theorem 2.6) one also needs some LZ-norm control
on unital positive maps beyond the finite-dimensional subspace on which the
computation of N.(UP,(S, F,m,§,0;), ps) depends. To this end we next
demonstrate that /5 ;, (S) can be calculated using unital positive maps which
are uniformly bounded with respect to the L?-norm. Note that if S consists of
projections then this can be accomplished much more easily by simply com-
posing with conditional expectations onto finite-dimensional *-subalgebras.

Definition 2.4 Let S be a sequence in the unit ball of L*(X, u), A > 1,
F a nonempty finite subset of G, m € N, § > 0, and o0 a map from G
to Sym(d) for some d € N. Define UP, (S, F,m,§,0) to be the subset
of UP,(S, F,m,§,0) consisting of ¢ satisfying |[@(f)ll2 < Al fll» for all
feL>X, .

Proposition 2.5 Let S = {p,},2 | be a sequence in the unit ball of L*°(X, 1)
and ). > 1. Then

1
hx . (S) =supinf inf inflimsupd—log Ne(UP, (S, F,m,$,0), ps),

e>0 F meNd>0 ;o0 @

where F ranges over all nonempty finite subsets of G.

Proof Replacing L°°(X, u) by the G-invariant von Neumann subalgebra
generated by S if necessary, we may assume that S is dynamically gener-
ating. Since UP, (S, F,m,§,0) 2 UP, ;(S, F,m,§,0), the left side of the
displayed equality is clearly bounded below by the right side.
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To prove the reverse inequality, by Remark 2.3 we may assume that p; = 1.
It suffices to show that, for any € > 0, one has

1
%’H(S) <inf inf inflimsupd—logNg/z(UPM,A(S, F,m,$8,0i),ps). (1)

F meNs>0 ;o d;

Set A1 = min(2, A1/3). Let F be a finite subset of G containing e, m € N with
27m=1 ~¢/8 and 0 < § < ¢/4.

Take a finite partition of unity Q in L°°(X, u) consisting of projections
such that || f — E(f|Q)|leo < (18m)~18 for every f € SF.m, where E(-|Q)
denotes the conditional expectation from L (X, u) to span(Q).

Let0 < n < (4 9|)~! be a small number which we will determine in a mo-
ment. Since S is dynamically generating and p; = 1, by Kaplansky’s density
theorem [12, Theorem 5.3.5] there are a finite set £ C G containing F and
an integer £ > m such that for each g € Q there exists some g € span(Sg ¢)
satistying [|gllco < 1 and llg — §ll> < n. Set ¢’ = 4q. Then ¢’ € span(Sk 2¢),
q'>0,llg'llo <1, and

lg —q'la =197 —Gqll2 < lg@— D2+ (g —§)qll2 <2llg —Glla <2n.

Denote by 6 the linear map span(Q) — L*°(X, u) sending g to ¢’. Then 6
is positive. When 7 is small enough, we have ||0(f) — fll2 < (18m)~'8| flI2
and [|6(f)ll2 = A1l fl2 for all f € span(Q).

Take 0 < 1’ < §/3 such that if ¢ is a linear map from span(Sg 2¢) to some
Hilbert space satisfying [(f1, f2) — (p(f1), @(f2))| < 4n’ for all fi, f> €

Sk .20, then [lo(f)ll2 <A1l fl2 for all f € span(Sk 2¢).
Given amap o : G — Sym(d) for some d € N, we will constructamap I" :

UP.(S, E, 4¢, n,o) — UP, 1 (S, F,m,8,0) such that ps(I'(¢), ¢) < &/4
forevery ¢ € UP, (S, E,4¢,n',0). Then forany ¢, € UP, (S, E.4¢, 7, 0)
one has

ps(@, V) < ps(e, T'(@) + ps(T (@), ['(¥)) + ps(T' (), ¥)

<§+ps<r<¢>,r(w>>.

Thus for any e-separated subset L of UP,(S, E,4¢,n’, o) with respect
to ps, ['(L) is &/2-separated. Therefore N,(UP,(S,E,4¢,7',0),ps) <
Ng2(UP, 5. (S, F,m,8,0), ps), and  hence h%’M(S,E,M,n’) <
limsup;_, o, diilog N¢2(UPy, 5. (S, F,m,§,0;), ps). Since F can be chosen
to contain an arbitrary finite subset of G, m can be arbitrarily large, and § can
be arbitrarily small, this implies (1).

@ Springer



Entropy and the variational principle 511

Let ¢ € UP, (S, E,4¢,n',0). For any 1 < j <2¢ and (hy, s1), (h2, 52) €
{pl,...,ng}j x EJ, since 4¢ > 2j we have

J J
< H sy (R k), l_[ sy (hz,k)>
k=1 k=1

J J
- <(P ( 1_[ Olsl’k (hl,k)> ’ QD ( l_[ asz,k (hZ,k)> >‘
k=1 k=1

J
=|u ( 1_[ sy (1) sy (hZ,k))

k=1

J J
- § ‘P(l_[asm (hl,k)>g0<1_[a52,k (hz,k))> ‘
k=1 k=1

J
M ( 1_[ asl,k (hl,k)asz_’k (hZ,k)>
k=1

J
@ ( oy (M1 k) sy (hz,k)>> ‘

C(w Hasl,k(hl,wam(hz,k)))

k=1

J J
—¢ <<p ( [ Tetss (hl,k)>§0 ( [ T (hz,k))> |
k=1 k=1

J
[ Tesis (hl,mm(hz,k))

k=1

=

+

<n'+|e

J J
- w(Hasl,k(hl,w)w(]_[oesZ,k(hz,k>)
k=1 k=1 2

J
¢ ( [ [eters ey, (hz,k>>
k=1

J
— [Tt 1) eles,, (i)

k=1

2
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J J
(H co(asl,kml,k))) (]"[ qo(asz,kmz,k)))
k=1

k=1

+

J J
—9 ( l_[ sy (h1,k)> @ ( 1_[ sy (hz,k)>
k=1 k=1

2

J J
<20+ | ] el (i) — ¢ ( [ Tesis (hua)
k=1 k=1 2
J J
+ || [T otes, (hai) — ¢ ( [1 asz.k(hz,w)
k=1 k=1 2
<47

By the choice of n’, we conclude that ||@(f)|l2 < A1llfll2 for all f €
span(Sg,2¢). Thus [l 0 0(f)ll2 < A%| f |2 for all f € span(Q).

As 0 and ¢ are positive, qugcp 06(q) > 0. Since 6(Q) < span(Skg 2¢)
and 1 = p; € span(Sg 2¢), we have

> pobig) —1 2=H(p(29(q)—1)

q€eQ q€eQ

<A
2

> (g -1

q€Q

2

=)L]

PRCICD) —q)“ <h Y 10@) —ql
qeQ 2 qeQ

<2M[QIn =41QIn.

Then there exists a subset J C {1,...,d} with |[J| > d(1 — 4|Q|n) such
mm|Z“Q¢00@XM——H<(MQMfﬂfmaHaeJ.ﬂm1Z%£¢o
0(g)(a) > 1 — (4/Q|n)'/? > 0 for all a € J. Take a unital positive linear
map ¢ : span(Q) — C¢ such that ¢(gq) = (queg¢ 060(q1)) ¢ 06(q) on
J for every ¢ € Q. Now we define I'(¢) : L*(X, u) — C% to be ¢ o E(-|Q).
Clearly I'(¢) is a unital positive linear map.

Denote by P; the orthogonal projection C? — C’. For any ¢ € Q, we
have

le 0B(q) — p(g)ll2

<L =Py)(@ob(q) —@@)ll2+ 1Pr(@ob(q) —@(q)l2
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d—1J1\"? 4101m'/?
sngooe(q)—@(q)noo( ") G L e PR

d 1—(41QIm1/2
N ( |Q[m)1/2
0fh 00 00) (4 1/2 ———  —|lpof 00
< (lg 0@ lloo + 13(q) ) (4 Oln) — o )Uzn @l
4|1Qm)!/?
1/2
<2(41Qn) TG

When 7 is small enough, we obtain [lg 0 6(g) — ¢(g)ll2 < (A — A1) I gll> for
all g € span(Q). Then [|¢(g)ll2 < [lgo0(g) —@()l2+ llpo(g)ll2 < Allgll2
for all g € span(Q), and hence ||[T'()(f)ll2 < AIE(f Q)2 < Al f1l2 for all
feL>®X, .

Let f € Sp.m. Set f'=E(f|Q). Then f' =Y, o “/jg;‘f))q, and hence

lp@(f") = @(f)ll2 =

> MID (46 0(q) - </3(q))“
s M@ 2

=2 By 0600 - 501
qeQ

4|QIn)'/? lw(fq)l
2(4 12 4 —> _
< (2ciom'™+ -G 2 )

When 7 is small enough, we get

1)
le@(f ) —@(fl2 < o
m
Since f,0(f’) € span(Sg 2¢), we have

lp(f) =L@ (N2 = le(f) =@ D2+ le@(f)) = T(@ (Ol
<Mlf =02+ le@(f)) = (f)ll2

)
<Al = fla+rlf =02+ om
m

_ M Mdlfllz 8
~ 18m 18m 9m
) ) 1) )

<— 4 —4 —=— 2
_9m+9m+9m 3m 2)
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Forall1 < j <mand (h,s) € {p1,..., pm}! x FJ we have, since E D F
and £ > m,

J J
T'(p) ( [ es (hk)) — [T @) (s (o))

k=1 k=1 2
J J
< F(‘P)(l_[ask(hk)> _(/)<1_[O‘sk(hk)>
k=1 2
+ (]_[ask(hk)) ]_[<p(ask(hk))
k=1 2

+ H ¢(ars, (hr)) — H [(@) (et (i)

k=1 k=1

2

)
0+ Z llo(etsy (hie)) — T (@) (e (hi)) 12

Also, for all f € Sf,, we have

1o T(@)(f) = (NI =15 o T(@)(f) =L op(NHI+ 15 0o(f) —n()l
<T@ —e(Hl2+1n'

Furthermore, for all s € F and f € {py,..., Pm} we have, since e € F and
FCE,

IT (@) oas(f) —os oL@ ()2 < IT (@) oas(f) —@oas(fl2
+llpoas(f)—osop(f)l2

+ loso@(f) —osoT (@) (2
@8 el s
= 3m 3m

Therefore I'(¢) € UP, (S, F,m,8,0).
Finally, since e € F, we have

o0

1
ps(e. @) =) _ > le(p)) —T@ Pl

j=1
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Z lo(p;) —T(@)(p))l

@ 6 n 1 e
< = < -,
3 om=l "4

as desired. O

We now show that all dynamically generating sequences in the unit ball
of Lg’(X, ) have the same entropy. This is the counterpart of Theorem 2.1
in [5], of which it provides another proof in conjunction with Proposition 3.5
in the next section.

Theorem 2.6 Let S = {p,};2, and T ={q,}°2 | be dynamically generating
sequences in the unit ball of L>° (X, w). Then hyx, ,(T) = hx ,(S).

Proof It suffices by symmetry to prove that hx ,(7) < hx ,(S). By Re-
mark 2.3, we may assume that p;y =¢q; = 1.

Let ¢ > 0. Take R € N with 2=(B=D < ¢/3 Since S is dynamically gen-
erating and p; = 1, by Kaplansky’s density theorem [12, Theorem 5.3.5]
there is a nonempty finite set £ € G and an £ € N such that for each
g €{q1, ..., qr} there exist d; , € C for g € Sg ¢ such that the function

q = ZE: dg.¢8

8€SE

satisfies |lg — ¢’|lo < (12R)"'e. Set M = max|<;j<g MaXges, , |dg;.¢| and
¢ =¢/QH* MR E|Y). We will show that

inf inf 1nf11msupd—logN8(UPM oT,F,m,$,0;), pT)

F meNé>0 ;50 aj

<inf inf inf hmsupd—logN (UPL2(S, F,m,8,0;), ps), 3)

F meNé>0 ; o~ dj

where F' ranges over all nonempty finite subsets of G. Since ¢ is an arbitrary
positive number, by Proposition 2.5 this will imply hx ,,(7T) < hyx ,(S).

Let F be a nonempty finite subset of G containing ¢ and E, m a positive
integer with m > ¢, and § € (0, &].

As 7T is dynamically generating and g; = 1, by Kaplansky’s density theo-
rem [12, Theorem 5.3.5] there are a nonempty finite set D € G and ann € N
such that for each f € S, there exist ¢y, € C for g € Tp , such that the
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function

f'= Z Cfg8

gETD,n

satisfies || f'llcc < 1 and ||f — f'lla < §&/(6m). Set M; =
Max fesy,, MaXgeTp , [Cfgl-

Take a & > 0 such that max(m + Dn™ D" M8,
(2 +3n)n™|D|"M8") < §/3. We will show that

1
lim sup = log No(UP, 2(T, FD,mn, 8", p7)

i—00 i

1
< lim sup jlog Ng(UPy o(S, F,m, 8), ps). “4)

i—00 1

Since F can be chosen to contain an arbitrary finite subset of G, m can be
arbitrarily large, and & can be arbitrarily small, this implies (3).

Let o be a map from G to Sym(d) for some d € N, which we assume
to be a good enough sofic approximation for our purposes below. Let ¢ €
UP, (T, FD,mn,8', o). We will show that ¢ € UP,, (S, F,m, 8, 0).

Let (f,v) € {p1,....pm}" x F". Using that [[e(ory, (fi))lloo
< o (f)lloo < 1, fic € Spm, and Jl@(ety, (i) lloo =< llety, (fDlloo < 1 for
each k = 1,...,m, and that ¢ has norm at most 2 with respect to the L2-
norms, we have

w(]‘[avk<fk>> - w(]‘[avk<f,;))
k=1 k=1

<2
2

[ Tew (o) = ] T ()
k=1 k=1

2

<2 oy, (fo) — e (fD) 2

k=1

" 8
:2 — / —
kE_l I fe — frll2 < 3

and

[ et (f0) = [ el (f| =D ot (1)) — olew, (fi)ll2
k=1 k=1 2 k=1

<2 e () — e (f)ll2
k=1
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" )
=2§j I ey
Il fi — frll2 < 3

k=1

For any (h1, s1), ..., (hm, sm) € {q1, .-, qn}"* x D" we have

@ ( 1_[ Oy ( 1_[ O[‘gk,j (hk,/)>> - 1_[ % (O{vk ( 1—[ OlSk’j (hk,j)>)
k=1 j=1 k=1 j=1
=< (ﬂ<1_[ Havkxk,j(hk,j)> 1_[ H‘p(avkvk,(hk j))

k=1 j=1 k=1 j=1

2

H H ¢ty (i ) — ]‘[<p< [ [ etwess; (e, ,))

k=1 j=1
m n n
<8+ | [ e, te) — ¢ ( [ Tetwess,; (e ,-))
k=11 j=1 j=1 2
< (m+ D&,
and hence

2

> o % ([Tena)

gIETD,n 8m ETD,n k=1

<M Z Z

81€Tpn  &m€Tpy

w(l—[avk(fk')> — [T etu )
k=1 k=1

¢ ( [Tow <gk>> — [T et (20
k=1

k=1

2

2

w(H oy, (gk)> — [ Tt (er))
k=1 k=1

P
< (m+ n™| D" M"s' < 3

Therefore

w(]‘[avk(fk>) — [T eu )

k=1 k=1 2

< (P(l_[avk(fk)> —go(]‘[oevk<f,§>>
k=1 k=1 2
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2

+ w(]‘[avk<f,§)> = JCEN)
k=1 k=1

2

+ | [Teten (£)) = [ eten (£0))
k=1 k=1

5+8+8 5
<=-4+=-+=-=4.
3 3 3

Given an f € S p, since g1 =1 and e € F we have

Cop(f) = Y lesgl 12 0p(g) — (2]

geTD,n

<M ) 1Zog(g) = u(@)l

geTD.n
n n / §
<n"|D|"M$ <§,

and thus, using that ¢ has norm at most 2 with respect to the L?-norms,

1Eo@(f) —m(HI=1Eoe(f) =S op(fI+I15op(f) —n(fl
+ 1 (f") = w(H

)
<lle(f) —e(fll2 + S I - £l

5
§3||f—f/||z+§<8.

Lett € F.For (h,s) €{q1,-..,qn}" x D" we have, using the almost mul-
tiplicativity of ¢ and our assumption that F contains e,

¢ oat(l'[askmk)) p ogo(]_[askmk))

k=1 k=1

2

=

2

¢ ( [ Jews (hk)) — [T otars i)
k=1

k=1

+ || [T oo tes ) = [ [ or o ol ()
k=1 k=1 2
+ m(]‘[go(ask(hk))) — oy ow(]‘[askmk))
k=1 k=1 2
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n
<8+ ) llo o ey, (hi)) = 0y 0 9l (i) ll2 +8
k=1

n
<28+ (g 0 auy (hy) — 015 0 @(hs) |2
k=1
+ (015, = 1 0 75 ) (@R ) 12
+ ||0t (Gsk o (p(hsk) — @ ol (hsk))”Z)
< 2+3n)d

assuming that o is a good enough sofic approximation. Thus given a p €
{p1,.... pm}, since p € Sf,, and g1 = 1 we have

lpoa(p)—orop(p)la< D lepgl-llpoai(g) —orop(@lh
gETD,n

<M Y llgoai(g) —oiop(@l
geTD,n

)
<n"|D|"M;(2+3n)8 < 3

and hence, using that ¢ has norm at most 2 with respect to the L2-norms,

oo (p) —oro@(p)la < llpoar(p— p)Hll2+ llgoar(p') —oro@(p)ll2

+ llor o @(p’ = P2
, )
<4|p—p ||2+§
268 L ) 5
< — 4+ ==34.
3 3
Therefore ¢ € UP,2(S, F,m,8,0), and so UP,2(7, FD,mn,8 0) C
UP,2(S, F,m,é,0).
Let ¢ and ¥ be elements of UP, (7, FD,mn, 8’,0) such that
ps(@, ) <&’ Then for (h,s) € {p1,..., pe}t x Ft we have

L L
¢ ( [ Jes (hk)> —y ( [ Jes (hk>>
k=1 k=1
£ L
¢ ( [ e (hk)> — [T e (s
k=1 k=1

2

=

2
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L L
+ | [T et (o)) — [ ] vt (g

k=1 k=1

12 ¢
+ || [T vt - w(]‘[ask <hk>)
k=1 k=1

2

2

¢
<5+ Z llg (g (hs)) — (et (R ) ll2 + 8

k=1
¢
=25+ Z (llp(ag (hs)) = o5 (@ (hg)) 2 + llog, (@(hs) = ¥ (hs))l2
k=1

+ llog, (Y (hg)) — ¥ (ag, (hsk))”Z)
<28+ (28 + 2%y e <22/,

so that for g € {q1, ..., qr}, using the fact that F O E and p; =1,

lo@@) =¥ (@)= D ldggl-llo(@) — ¥ (@2

8€SE

<M D lle@— v @l
8€SE ¢

SM[€|E|(2«E+28/£

_ &

4R’

Since ¢ and ¥ have norms at most 2 with respect to the L?-norms, we thus
obtain

21
prip. v =) - le@) = v(gpla
j=1

R

<> lelgp) —¥(gplla+2-FY
j=1

R
<> (lelg; —aplz+ le@) = v @l + 1@ —q))ll2)

=1

4 p—(R=D)

~
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R

€ —(R—

<4 llaj—dqjla+ 3 +27%D
j=1

&

4

A

W] ™

<E€.

_l’_

+

W] ™

Thus any subset of UP,, »(7, FD, mn, 8',0) which is e-separated with re-
spect to p7 is &’-separated with respect to pg, and so

NS(UPM,Z(T, FD, mn, 6/9 U)s pT) S NE’(UP,LL,Z(S5 Fv m, 87 6)7 pS)
Consequently (4) holds, as desired. U

In view of Theorem 2.6 we can define the measure entropy of our system
with respect to X as follows.

Definition 2.7 The measure entropy hyx , (X, G) of the system (X, u, G)
with respect to X is defined as the common value of &5, (S) over all dy-
namically generating sequences S in the unit ball of L (X, ).

It follows from Theorem 2.6, or even directly from Definition 2.2, that
hx ;. (S) depends only on the image of S as a function on N. We can thus de-
fine the entropy & s, (P) of a countable subset P of the unit ball of Ly’ (X, 1)
as the common value of i 5, (S) over all sequences S whose image as a func-
tion on N is equal to P. For a finite partition of unity P C L (X, u), we do
not need the sequential formalism to define Ay , (P) and can proceed more
simply as follows. For a nonempty finite set F € G and m € N, we write Pr
for the set of all products of the form «, (p1) - - -, (pj) where 1 < j <m,
P1,...,pj € P,and sq,...,s; € F. We write PF for the set of all products
of the form [ [,y a5 (py) for p € PF . For ad e N we define on the set of uni-
tal positive maps from some unital self-adjoint linear subspace of L°°(X, u)
containing span(P) to C? the pseudometric

pp(p, ¥) =max ¢(p) — ¥ (p)l2.
peP

Definition 2.8 Let o be a map from G to Sym(d) for some d € N. Let F be
a nonempty finite subset of G and § > 0. Let P be a finite partition of unity
in L°°(X, ). Define UP, (P, F,m,§,0) to be the set of all unital positive
linear maps ¢ : L*(X, u) — C? such that

(1) ||‘P(as1(fl)"'asm(fm)) - ‘P(asl(fl))"'(p(asm(fm))”Z < & for all
fiy..., fmePandsy,...,sp €F,

(i) 1S op(f) —u(f)l <dforall f €Prmp,
(i) |lpoas(f) —aso0@(f)llo<Sforall fePandseF.
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In the case of a finite partition of unity P C L°°(X, u) consisting of projec-
tions we define Hom, (P, F, §, o) to be the set of all unital homomorphisms
¢ : span(Pr) — C¢ such that

D) [Cop(f) —u(f)| <éforall fePp,
(i) |lgoas(f) —os00(f)|la <8 forall fePands e F.

We define h'gE (P, F,m,$), h5; (P F,m), h§ (73 F), h% (73), and
hs. . (P) by formally substltutlng 73 for S in Deﬁnltlon 2.2.

It is readily verified that 25, (P) as defined above is equal to 25, (S) for
any sequence S whose image as a function on N is equal to P, and so the
notation Ay, (P) is unambiguous.

3 Comparison with Bowen’s measure entropy

Here we show that the measure entropy in Sect. 2 agrees with that defined by
Bowen in [5] when there exists a generating measurable partition with finite
entropy. Recall that the entropy H, (P) of a measurable partition P of X is
defined as — ZpE'P w(p)logu(p).

We write AP(P, F, 3, o) for the set of approximating ordered partitions as
in [5], and h’E’M(P, F,§), h’E’M(P, F), and h/z,M(P)’ for the entropy quan-
tities in [5]. Bowen proved that the entropy h’z, ,(P) takes a common value
over all generating measurable partitions P of X with H,(P) < +o00. The
entropy of the system with respect to X, which we will denote here by
h/z, M(X , G), is defined as this common value in the case that there exists a
generating measurable partition P of X with H, (P) < +o0. Other notation
is carried over from the previous section. In particular, for a finite partition of
unity P consisting of projections and a nonempty finite set F C G, Pr de-
notes the set of all products of the form [ <F %5 (ps) where pg € P for each
seF.

Lemma 3.1 Let P be a finite measurable partition of X and F a finite subset
of G containing e. Then

1
1P, F)_(%nfhmsupd No(Hom, (P, F, 5, 0;), pp).

i—00 i

Proof Let us first show that

(73 F) >81nf11msupd No(Hom, (P, F, 8, 0;), pp).

i—00 i
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Let 0 be a map from G to Sym(d) for some d € N. Let 6 > 0 and ¢ €
Hom, (P, F,§,0). Write F = {s1, ..., s¢}. Then for every r € PF we have

£ £
'f(l_[ask op(rg) — H‘Poask(rsk))’

k=1 k=1

=<

l ¢
1_[ O-Sk o <p(rsk) - l_[ @ o Olsk (rsk)
k=1

k=1 2

=

M~

g oas (rs) - @ oay  (ry )0y 0 @(ry,) — @ oay(rs,))

~
Il

1

X Oy © (p(rsk+|) ©r 05 O gD(rS()Hz
l
< llog 0 p(ry) — ¢ oy (r) 12
k=1

< |F|é§

and hence

2

repf

l L
<> (|;<1‘[as 0 (ry) — ]—[gooask(rsg)‘

repF k=1 k=1

12 ¢
; °§0(1_[05sk(’”sk)) - M(l_[ask(rsk)> ‘)
k=1 k=1

< |PI’FI(F|+ 18,

¢ ¢
¢ ( []ow (w(rsk») — ( [ e <rsk>> ‘
k=1

k=1

+

so that the partition ¢ (/P), ordered so as to reflect a fixed ordering of P, lies in
AP(P, F,|P|'FI(|F| + 1)8, o). Since for any ¢, ¥ € Hom,, (P, F, §, o) with
pp(@, ¥) > 0 the partitions ¢(P) and v (P) are distinct, it follows that

No(Hom,, (P, F,8,0), pp) < |AP(P, F, [P|FI(|F| + 1)5, 0)]

and hence

1
lim sup —No(Hom,, (P, F, 8, 1), pp) < 'y, (P, F, [PI"I(F| + 1)3).

i—00 i

Taking infima over all § > 0 then yields the desired inequality.
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For the reverse inequality, let § > 0 and write P = {p1,..., pn}. Let o
be a map from G to Sym(d) for some d € N which is a good enough
sofic approximation for our purposes below. Let 8’ be a positive number
less than §/3 which will be further specified below as a function of §.
Let Q = {q1,...,q4} € AP(P, F,8,0). Define a unital homomorphism
¢ : span(Pr) — C? as follows. First we set

¢ ¢
@ ( 1_[ Oy (py(k))> = l_[ o5 @y k)

k=1 k=1

]_[,(i:l o5 (qyw) #0. Setr =3 Hi:l 05 (qy ). It is easy to see that
by shrinking & if necessary we can arrange that ||r|l» < (12¢)~!5. In the
case that W #  we take a yp € {1,...,n}{l»8 \ W and redefine ¢ on
]_[le g, (Pyok)) to be r + [ [ 05, (¢ k). This produces the desired ¢.

Now lets € F'\ {e} and 1 <i < n. By relabeling the elements of F we may
assume that s; = s and sy = e. Then

-1
lo(pi) — gill2 < > [<p<ae<p,~>]_[ask(py<k>))
ye{l ..... n}“ ,,,,, {—1} k=1
-1
— 0 (q:) ]‘[oskmy(k))} + lloe(ai) — gill2
k=1 2
8
<lrl2+

assuming that o is a good enough sofic approximation to ensure that o, is
sufficiently close to the identity permutation, and hence

lp oas(pi) — o5 0@(pi)ll2
<llgoas(pi) —os(gi)ll2 + llos(gi —@(pi)ll2

14 12
Z |:90 (as (pi) ]_[ Oty (Py(k))) —05(qi) l_[ Ty (C]y(k)):|
{2....6}

vell,..n}@ k=2 k=2

IA

2

b
+||V||2+&

<2|rll2 + 0 i
r _—<< .
=<2 6 = 3¢
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Assuming that o is a good enough sofic approximation, we also have

1)
lg oae(pi) —oe0@(pillz < 5.

3¢
Moreover, for every y €{1,..., n}{1 """ &
£ L
‘4’ ° w(l_[ [ (py(k))) - /L(]_[ Oy (Py(k))) ‘
k=1 k=1

<

¢
i(l_[ @ oag (pywk) — Hask OSO(Py(k))) ‘

k=1

¢ ¢
+|¢ (l_[ o5 (@ (Py ) — l_[ Ty (qy(k))) ‘
k=1 k=1

¢ ¢
+1¢ (1_[ Oy (qy(k))> - M(H s (py(k))> ‘

k=1 k=1
12

<D e oas (pyw) — o5 0 @(Pya) 2 + Z le(py @) = aya)lla+ 6
k=1 k=1

i I ||+8 +8 J.
<-4+ r =
3 27 6t

Thus ¢ € Hom, (P, F,$,0).

We define a map I' : AP(P, F,$’,0) — Hom, (P, F,§,0) by declaring
I'(Q) to be the element ¢ we constructed above. Given a ¢ € Hom, (P, F,
8,0), we wish to obtain an upper bound on the number of partitions in
AP(P, F,§',0) whose image under I' agrees with ¢ on P. Suppose that
Q={q1,....qs} and Q" ={qy, ..., g,} are two such partitions. Then for each
i=1,...,n wehave

5
lgi = qill2 < lgi — (P12 + llo(pi) = gill2 < 2(||r||2 + &) <4

so that ¢; and ¢/ differ at most d8? coordinates. It follows that the number
of partitions in AP(P, F, §’, o) whose image under I" agrees with ¢ on P is

at most the nth power of ( a,(sz)Z”l‘S By Stirling’s approximation this number
is bounded above by a exp(kd) for some a, k > 0 not depending on d with
k — 0 as 6 — 0. Consequently

|AP(P, F,§', 0)| < aexp(kd)No(Hom, (P, F,8,0), pp)
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and thus

1
v (P, F,8) <limsup zN(,(HomM(P, F,8,0:), pp) + k.

i—00 i

Taking an infimum over all § > 0 then yields

1
s (P, F) < inf limsup —-No(Hom,, (P, F', 8, 01), pp),

>V j>so00 Ui

completing the proof. O

Let P be a countable measurable partition of X with H,(P) < +o00. We
fix an enumeration pp, p2, ... of the elements of P and thereby regard P as
a sequence in the unit ball of L]?g’ (X, ). In the case that P is finite we take
the tail of this enumeration to be constantly zero after we have exhausted the
elements of P. For each n € N, denote by P, the finite partition of X consist-
ing of pi,..., pn—1, and Ug=, pk- Then P; <P <--- and \/, o Pn = P.
Thus {73,1}2021 is a chain of P in the sense of [5, Definition 13].

Lemma 3.2 Let P = {p,}.2 | be a countable measurable partition of X with
H, (P) < +oc. For every k > 0 there is an ¢ > 0 such that

limsup,,_, o, infy~ o limsup;_, % log No(Hom, (Py, F, 8, o), op,)

< h%,M(P, F,m,8) +«
for all finite sets F C G containing e, m € N, and § > 0.

Proof Set&(t) = —tlogt forall 0 <7 < 1. Since H,,(P) < +00, we can find
an £ € N such that ) 72, E(u(p) +E(1 — Y52, m(pr)) < k/4. Let e
be a positive number to be determined in a moment. Let F be a finite subset
of G containing e, m € N, and § > 0.

Let n € N be such that n > max(m,£). Note that span((P,)r) 2
span(Pr ) and {p1, ..., Pmaxim.0)} S Pn. Let 8’ € (0,48] be a small pos-
itive number depending on n which we will determine in a moment. Let
o be a map from G to Sym(d) for some d € N. Note that for each
¢ € Hom, (Py, F, 8//n|F|,a) the map I'(¢) := ¢ o E(:|span((P,)F)) is in
UP, (P, F,m,3§,0), where E(-|span((P,) r)) denotes the conditional expec-
tation from L°*(X,u) to span((P,)r). Thus we have a map
I :Homy (P, F, 8 /n'fl o) — UP, (P, F,m,§, o) sending ¢ to ['(¢).

If ¢ and  are elements of Hom, (P, F, 8'/n'Fl o) satisfying pp (I (¢),
['(Y)) < e, then for each j =1,...,¢ we have |lo(p;) — ¥ (p;)ll2 < 2te
so that the projections ¢(p;) and v (p;) differ at at most 4%¢2d places. Set
cj=p(pj)fort+1<j<n—1andc,=ulJr, pr). Note that for every
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@ € Hom,, (P, F,8'/n'Fl o) one has [¢ o p(pi) — ck| <& forall £+ 1<
k<n—1and |¢oe(Ure, Pk) — cul < &' Then the (pp, &)-neighbourhood
of T'(¢) for any element ¢ of Hom,, (P,, F, 8’/ n!F!, o) contains the images
of at most M M, elements modulo the relation of zero pp, -distance, where

I4
d 0.2
M — 24 eed
: ((468251) ) ’

and
om (4 )( ) (4T
et in Je+1 Je+2 Jn
with the sum ranging over all nonnegative integers jyi1,..., j, such that

ljk/d —cx| <& forall €+ 1<k <nand ) ;_,.  ji <d.By Stirling’s ap-
proximation, when ¢ is small enough depending only on « and ¢, one has
M; < ayexp(kd/2) for some a; > 0 independent of d. Also, by Stirling’s
approximation, for jy1, ..., j, as above one has

( d )(d—jm)m(d— z;é+ljk)
Je+ Je+2 Jn
SazeXP<( > s<jk/d>+s<1— > jk/d)+x/8>d)
k=0+1 k=0+1

for some a» > 0 independent of d and jy11, ..., j,. Since the function & is
continuous and (1 + 1) <&(t;) +&(tp) forall t1,1p > 0 witht; +1 < 1, we
have

> s<ck>+s(1— > ck> <> s<u<pk>>+s<1— > u(pk))

k=t+1 k=t+1 k=t+1 k=t+1
<k/4.
When &’ is small enough, one has
n n n n
> s<rk)+s<1 -y m) <y s<ck>+s<1 -y ck> +x/8
k=£+1 k=C+1 k=C+1 k=0+1
whenever |ty — ci| < & forall £ +1 <k <n. Then

szuz(zs/d)”exp« > S(ck>+s<1— > ck) +x/4)d)

k=C+1 k=C+1
<ay(28'd)"“exp(kd/2).
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Consequently we obtain

No(Hom,, (P, F. 8 /n'F! o), pp,)
<ajay(28'd)" " exp(kd)N,(UP, (P, F,m,8,0), pp),

from which the lemma follows. |

Lemma 3.3 Let A be a unital commutative C*-algebra, Q a nonempty finite
subset of A, and ¢ > 0. Then there is a § > 0 such that whenever d € N and
¢ : A = C% is a unital positive linear map satisfying |o(f*f) —
o(f)Y* ()2 <é forall f € Q2 there exists a unital homomorphism ¢ : A —
C4 such that |G(f) — ()2 <& forall f €.

Proof First observe that, for every n € (0, 1) and every unital positive linear
map ¢ : A — C! = C({1,...,d}) satistying o(f*f) — o(/)*e(f)l2 <n
for all f € Q, there exists J C {1,...,d} with [J]| > (1 — |R2|n)d such that
lo(f*f)a) —o(fH*e(fa)l < /nforall feQandaecJ.If nissmall
enough then, denoting by P; the canonical projection C? — C! for a set
I C{1,...,d}, any unital positive linear map ¢ : A — C4 such that Py o 0=
Pjog and Py, 4y o ¢ is a unital homomorphism will satisfy [|¢(f) —
o(f)ll2 <e/2forall f € Q. Thus if we redefine ¢ so that for every a € J the
state f > @(f)(a) on C(X) is multiplicative and |@( f)(a) —@(f)(a)| <&/2
for all f € 2, we will have ||¢(f) — @(f)|l2 < ¢ for all f € 2, as desired.
This reduces the problem to proving the lemma statement for states, i.e., the
cased = 1.

Say A = C(X) for some compact Hausdorff space X. Suppose that for
some 8 > 0 we have a state ¢ : C(X) — C satisfying |@(f* f) — |o(f)|?| < &
for all f € Q. The state ¢ corresponds to a regular Borel probability measure
w on X, and the approximate multiplicativity condition is easily seen to imply
the existence of an n > 0 with n — 0 as § — 0 such that for each f € 2 there
exists a set Ay C C of diameter at most 1 for which M(f*I(Af)) >1-—
n/|82], in which case M(mfeg ]“l (Af)) = 1 —n. Thus if n is small enough,
which can ensure by assuming é to be sufficiently small, any multiplicative
state ¢ : C(X) — C defined by evaluation at some point in ) feq f -LA f)
will satisfy |@(f) — @(f)| < e forall f € Q, as desired. OJ

Lemma 3.4 Let P = {py},2 | be a countable measurable partition of X. Let
F be a finite subset of G containing e and let ¢ > 0. Then

1
liminf inf lim sup = log Ngjp(Hom,, (Py, F, 8, 0:), pp,) = h%yM(P, F).

n—00 §>0 ;00 dj
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Proof Let n € N be such that 2="=2) < ¢/4. Let § > 0. We will show

hmsupd—logNg/g(HomM(Pn,F 8,0), pp,) = h5; M(P F). ®))

11— 00 ]

Set m = max(|F|,n — 1). Note that (P,)r < span(1 U Pr ). Let o be
a map from G to Sym(d) for some d € N. Given an n > 0, by Lemma 3.3
there is a & > 0 not depending on d and o such that for every ¢ €
UP, (P, F, m?,8', o) there is a unital homomorphism @ : span((P,) ) — o
for which ||@(f) —@(f)|l2 < min(n, e/(8(n —1))) forall f € (P,)r. By tak-
ing  and 8" small enough this will imply that ¢ € Hom, (P,, F, 8, o). Define
amap I : UP, (P, F,m?,§,0) — Hom, (P, F,8,0) by '(¢p) = ¢

For all ¢, € UP, (P, F,m?, 8, o) we have

o0

1
prp. ) =) 10 = v (Pl
j=l1

Z o) =¥ (PPl + 5

— 1
Z 57 (lee) = op )2

+1@(pj) =¥ (P2 + ¥ (pj) — ¥ (ppl2) +

< g + pp, (T(¢). T ().

Thus for any (pp, ¢)-separated subset L of UP, (P, F, m2,8/,o*), the set
I'(L) is (pp,, €/2)-separated. Consequently

N¢p(Homy, (Py, F,8,0), pp,) = Ne(UP, (P, F, m?, 8, o), pp).
Therefore (5) holds. O

Proposition 3.5 Let P = {p,};2, a countable measurable partition of X
with H, (P) < +00. Then

5.u(P)=hz u(P).
Proof By Lemmas 3.2 and 3.1, we have

inflimsup iy, |, (Py, F) < hx ,(P),
F nosoco ’
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where F ranges over the nonempty finite subsets of G. By Lemmas 3.4
and 3.1, for any finite subset F of G containing ¢ and ¢ > 0 we have

liminf 'y ,(Pu, F) = b , (P, F).

Since
h/z,u(P) :iI}fnli)fgoh/z,u(Pn’F)
where F ranges over the nonempty finite subsets of G [5, Proposition 6.2],

we obtain h/E’H(P)zhz,M(P). a

In view of the definitions of hy , (X, G) and h/):’ M(X , G), we obtain the
following from the above local result.

Theorem 3.6 Suppose that there is a generating measurable partition P of
X with H,(P) < +00. Then

hE,M(X7 G) = /Evu(X$ G)

Remark 3.7 It follows from Lemmas 3.2 and 3.4 that for a countably mea-
surable partition P = {p,}°°, of X with H,(P) < 400 we can compute
hs. . (P) by counting unital homomorphisms, i.e.,

1
hs. , (P) = inflimsup inf lim sup — log No(Hom,(P,, F, 8, o), pp,)
F pnosoo 650 jono di

where F ranges over all nonempty finite subsets of G. In particular, when P
is a finite measurable partition of X we have

1
hs , (P)= ir}f inf lim sup 7 log No(Hom, (P, F, 8, 0;), pp)
>V o0 di

where F ranges over all nonempty finite subsets of G.

4 Topological entropy

Throughout this section X is a compact metrizable space and « a continuous
action of a countable sofic group G on X.

By the Gelfand theory mentioned in the introduction, the unital C*-
subalgebras of C(X) (i.e., the unital *-subalgebras which are closed in the
supremum norm) correspond to the continuous quotients of X via composi-
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tion of functions. The G-invariant unital C*-subalgebras of C(X) thus cor-
respond to the dynamical factors of X. A subset of C(X) is said to be dy-
namically generating if it is not contained in any proper G-invariant unital
C*-subalgebra of C(X).

As in the measurable case, we will begin by defining the entropy iy (S)
of a sequence S = {p,}°2, in the unit ball of Cr(X). Given a nonempty
finite set F € G and an m € N we write Sr, for the set of all products of
the form asl(fl)---ozsj(fj) where 1 < j <mand fi,..., fj €{p1,..., Pm}
and s1,...,s; € F. For a given d € N we define on the set of unital positive
linear maps from some unital self-adjoint linear subspace of C(X) containing
span(S) to C¢ the pseudometric

o0

1
ps(p.¥) =3 5 lg(pn) =¥ (P2

n=1

Definition 4.1 Let o be a map from G to Sym(d) for some d € N. Let
S = {pn};2 | be a sequence in the unit ball of Cr(X). Let F be a nonempty
finite subset of G, m € N, and § > 0. Define Hom(S, F, §, o) to be the set of
all unital homomorphisms ¢ : C(X) — C4 such that

o0

1
D lleoas(p) =0y 0p(pa)la <

n=1

forall s € F.

As before N (-, p) denotes the maximal cardinality of a finite e-separated
subset with respect to the pseudometric p. As in the case of measure en-
tropy, for a sequence S in the unit ball of Cr(X) we have N,(Hom(S, F,
8,0), ps) > No(Hom(S, F',8,0), ps) whenever F C F’, § > §', and
e<eg.

As usual ¥ ={0;: G — Sym(d,-)};?il is a fixed sofic approximation se-
quence.

Definition 4.2 Let S be a sequence in the unit ball of Cr(X), ¢ >0, F a
nonempty finite subset of G, and 6 > 0. Define

i—00 i

W5 (S, F) = inf (S, F.9).
(S = ir;fh%(& F),
hs(S) = suph (S)

e>0

1
h%(S, F,b) = limsupd— log N (Hom(S, F, 3, 6i), ps).,
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where the infimum in the second last line is over all nonempty finite sub-
sets of G. If Hom(S, F, 8, 0;) is empty for all sufficiently large i, we set
h5.(S, F, ) = —o0.

Remark 4.3 As in the measurable case (Remark 2.3), if we add 1 to S by
setting p| =1 and p;.H = p;j forall j €N, then hx(S) =hx(S).

Remark 4.4 One can reformulate our definition of topological entropy at the
space level as follows. A unital homomorphism from C(X) to C? is given by
a set of point evaluations indexed by {1, ..., d}, and hence corresponds to a
map from {1, ...,d} to X. Thus in the definition we are measuring the max-
imal cardinality of an e-separated subset of the set of maps {1,...,d} - X
which are approximately equivariant with respect to the sofic approxima-
tion of G on {l,...,d}, where distance between these maps is measured
in an €2 sense relative to a fixed continuous pseudometric p on X which
is dynamically generating in the sense that for any distinct x, y € X one has
p(sx,sy) > 0 for some s € G. This viewpoint also applies in the measure-
theoretic context: in the unital positive linear map framework of Sect. 2 one
is effectively dealing with approximately equivariant copies of a sofic approx-
imation inside the space of probability measures, while in the next section we
will show how to formulate measure entropy via homomorphisms and hence
by tracking points as in the topological case. Approximately equivariant maps
from {1, ...,d} to X can be regarded as systems of interlocking approximate
partial orbits, and in case of amenable G they approximately decompose into
partial orbits over Fglner sets [14].

We also remark that one could equivalently measure the distance between
approximately equivariant maps from {1,...,d} to X in an £ sense, as
Proposition 4.8 shows, but since sofic approximations are statistical anyway
it is more consistent to think entirely in ¢> terms (or some other similar type
of weak approximation) unless forced to do otherwise. See also Sect. 4 of
[16] for the equivalence of these kinds of approximations for the purpose of
expressing classical dynamical entropy in the amenable case.

Theorem 4.5 Let S = {p,};2, and T = {q,},> | be dynamically generating
sequences in the unit ball of Cr(X). Then hx(T) = hx(S).

Proof It suffices by symmetry to prove that 45 (7) < hx(S). By Remark 4.3
we may assume that p; =¢q; = 1.

Let ¢ > 0. Take an R € N with 2=®=D < ¢/3_ Since S is dynamically
generating and p; = 1, there are a nonempty finite set £ C G and an £ € N
such that for each g € {q1, ..., gr} there exist d, , € C for g € Sg ¢ such that
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the function

q = j{: dg.¢8

8€SE

satisfies [|¢ — ¢’lloc < (6R) " 'e. Set M = max|<j<g MaXges, , |dg;,¢| and
¢ =g/ E|* MR). We will show that h% (T) < h(S). Since ¢ is an
arbitrary positive number, this implies that 25 (7) < hx(S).

Let F be a finite subset of G containing ¢ and E, and let 0 < § < &’/2.
Take an m € N with 27"—D < §/3.

As 7 is dynamically generating and g = 1, there are a nonempty finite set
D C G and an n € N such that for each p € {p1, ..., py} there existc, , € C
for g € Tp , such that the function

p'= Z Cp.g8

geTD.n

satisfies ||p — p/lloo < (6m)~18. Set M| = max| <j<m MaXgeT, , |cpj,g|.

Take a 8’ > 0 such that 3n - 2"n"|D|" M8’ < §/(3m). We will show that
hs(T,FD, 8 < hgzl (S, F,§). Since F can be chosen so as to contain an
arbitrary finite subset of G and § can be taken arbitrarily small, this implies
that % (T) < h%.(S).

Let o be a map from G to Sym(d) for some d € N which we assume to be
a good enough sofic approximation to guarantee an estimate in the following
paragraph, as will be indicated. Let ¢ € Hom(7, FD, ', ). We will show
that ¢ € Hom(S, F, 8, o).

Lett € F. For (h,s) € {q1,...,q,}" x D" we have, using the multiplica-
tivity of ¢ and our assumption that F contains e,

¢ om(]‘[ask(hk)) — oy ow(]‘[askmk))

k=1 k=1

2

[T oaias () —[]orople (i)

k=1 k=1

2

<> llp o arleg, (hi)) — 01 0 plat, (h)) |12
k=1

<> (g o (hy) — 01, 0 9(hs) |12
k=1

+ (015, — 01 0 o) (@ () ll2
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+ [loy (o 0 @(hg) — @ o a, (hsk))HZ)
<3n-2"§

assuming that o is a good enough sofic approximation. Thus given a p €
{p1,..., pm}, since g1 = 1 we have

lg oo (p') — o1 0o(p)l2

< Y lepgl-lpoai(®) —or o9l
SETD,H

<M ) llgoai(g) —oiop(@l
8€Tp

1)
<n"|DI"M3n-2"§ < —,
3m

whence

1
22— [poai(pj)—orop(pj)la

1
27

Ms

lpoar(p;)—orop(pjlz+ Sm—1

~.
Il
=

Ms

(lpoar(pj = P2+ llp o (p}) — ot o@(P)l2
1

~.
Il

+lloroo(p — ppll2) + S

m
8
<2 i = Pilleo+ 3+ 5oy
j=I
) n ) . ) 5
<-4 -4+ -=54.
3 3 3
Therefore ¢ € Hom(S, F,8,0), and so Hom(7,FD,§,0) C
Hom(S, F, §, o).
Let ¢ and v be elements of Hom(7, FD, §’, o) such that ps(¢, ) <&’
Then for (h,s) € {p1,..., pg}e x F* we have

2 ¢
w(]‘[ask(hw) - w(]‘[ask<hk>>
k=1 k=1 2
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0 l
H (a5 (hs)) = [ ] ¥ (et ()
k=1

k=
14

< gl (hs)) — ¥ (a5, (g ) 12

k=1

2

L
= Z (”(ﬂ(ask(hsk)) - Usk(fﬂ(hsk))||2 + ”O_Sk ((ﬂ(hsk) - l//(hsk))HZ
k=1

+ llog, (¥ (hg)) — ¥ (ag, () l2)
< 2.2t 2% e <2y,
so that, for g € {g1,...,gRr}, since F 2 E and p; =1,

lo@) = v @< D ldggl- lo(@) — ¥l

8E€SEL
<M ) le@— v @l
8E€SE
S M£Z|E|[ . 23+18/€
&
4R’

and hence

o0

1
prip. )= 5 le@) = v(g)la

Jj=1

R
an(q,) — V@l + 55

R
< 2 (lptaj —apla+lig(a)) — @)l + 11 (g;

&
<2) llgj = gjlleo+ 7 +
j=l1
& & &

2R-1

—q)l2)
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Thus any e-separated subset of Hom(7, FD, §',0) with respect to pr is
¢’-separated with respect to ps, and so

N&‘(Hom(T9 FD7 5/, G)’ IOT) S N&‘/(Hom(s’ F’ 3’ 0)7 pS)
Consequently 1%5,(7, FD,§') < hgz/ (S, F,$), as desired. O

Note that the above theorem can also be established, less directly, by com-
bining Theorem 2.6 with the local formula established in the proof of the
variational principle in Sect. 6.

Since we are assuming X to be a compact metrizable space, there always
exists a sequence in the unit ball of Cr(X) that generates C(X) as a uni-
tal C*-algebra. In view of Theorem 4.5 we can thus define the topological
entropy of our system with respect to X as follows.

Definition 4.6 The topological entropy Ay (X, G) of the system (X, G) with
respect to X is defined as the common value of &y (S) over all dynamically
generating sequences S in the unit ball of Cr(X).

Since hx (S) depends only on the image of S by Definition 4.2, we can de-
fine hy (P) for a countable subset P of the unit ball of Cr(X) as the common
value of hy(S) over all sequences S whose image is equal to P.

Suppose now that P is a finite partition of unity in C(X). Then, as in the
measurable case, we can proceed more simply as follows. For a d € N we
define on the set of unital positive linear maps from some unital self-adjoint
linear subspace of C(X) containing span(’P) to C? the pseudometric

pp(@, ¥) =max|e(p) — ¥ (p)l2.
peP

Definition 4.7 Let 0 be a map from G to Sym(d) for some d € N. Let P
be a finite partition of unity in C(X), F a nonempty finite subset of G, and
8 > 0. Define Hom(P, F, §,0) to be the set of all unital homomorphisms
¢ : C(X) — C? such that

lp oas(p) —os0p(p)lla <6

for all p € P and s € F. We then define A5 (P, F, §), h§. (P, F), h5,(P), and
hs (P) by formally substituting P for S in Definition 4.2.

It is easily seen that 4y (P) as defined above is equal to hx(S) for any
sequence S whose image as a function on N is equal to P, and so the notation
hy (P) is unambiguous.

We next observe that, for the purpose of defining 2y (P), as well as the
prior sequential and measure versions of it, it is possible to substitute the
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oo-norm for the 2-norm in the definition of pp. This will be used to estimate
hx (P) in the proof of Lemma 7.5, which is the motivation for explaining this
substitution here in the present topological context. So for a given d € N we
define on the set of unital positive linear maps from some unital self-adjoint
linear subspace of C(X) containing span(7P) to C¢ the pseudometric

PP,0o(@, ¥) =max ||o(p) — ¥ (p)llco-
peP

and record the following.

Proposition 4.8 Let P be a finite partition of unity in C(X). Then

1
hy (P) = supinf inf lim sup 7 log N (Hom(P, F,§, 0i), pp.co)

e>0 F 050 j 00 di

where F ranges over the nonempty finite subsets of G.

Proof Since || - || dominates || - |2 in C¢, the right side of the equality dom-
inates the left side.

For the reverse inequality, observe that, given a ¢ € Hom(P, F, 3, o) for
some nonempty finite set ' € G, § > 0, and 0 : G — Sym(d), every element
of Hom(P, F, §, o) in the (pp, €)-neighbourhood of ¢ agrees with ¢ on P to
within /¢ on a subset of {1, ..., d} of cardinality at least (1 — |P|e)d. Since
¥ (p)(a) €10, 1] for all v € Hom(P, F,8,0), peP,and a € {1,...,d}, it
follows that the maximal cardinality of a (pp, oo, 24/€)-separated subset of
the (pp, €)-neighbourhood of ¢ is at most Z,Elfole (Z)eﬂmk/ 2 and by Stir-

ling’s approximation this number is bounded above by a exp(,Bd)s"mzsd/ 2

for some a, 8 > 0 not depending on d with § — 0 as ¢ — 0. Consequently
NQ\/E(Hom(Pv F, 8, 6)7 1073,00)
< aexp(Bd)e~Ped/2 N, (Hom(P, F, 8, 0), pp).

and hence

1
lim sup 7 log N, z(Hom(P, F,$, 0i), pp,oc)

i—00 i
<h5(P,F,8) + B — [P elog Ve.
Since B — |P|*¢log /¢ = 0 as ¢ — 0, we obtain the desired inequality. [

In the case that P is a partition of unity in C(X) consisting of projections,
we can also express &5 (P) by dispensing with the ¢ and simply counting uni-
tal homomorphisms, as we record below in Proposition 4.10 (cf. Remark 3.7).
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First we state the following topological version of Lemma 3.2, which can be
established by a similar argument.

Lemma 4.9 For every k > 0 and n € N there is an ¢ > 0 such that every
partition of unity P C C(X) consisting of at most n projections satisfies

1
lim sup - log No(Hom(P, F, 8, 0;), pp) <h§ (P, F,8) +«

i— 00 i

for all nonempty finite sets F € G and é > 0.
Lemma 4.9 readily yields the desired formula:

Proposition 4.10 Let P be a finite partition of unity in C(X) consisting of
projections. Then

1
hy(P) = ir}f inf lim sup 7 log No(Hom(P, F, §, gi), pp)

>V o0 di
where F ranges over all nonempty finite subsets of G.

Example 4.11 Consider the Bernoulli action of G on X = {1, ..., k}© by left
translation for some k € N. Then /iy (X, G) =logk for any sofic approxima-
tion sequence X, which can be seen as follows. Set P = {p1, ..., px} where
pi is the characteristic function of the set of all (x;)secc such that x, =i.
Then P is a dynamically generating partition of unity in C(X) consisting of
projections. Let o be a map from G to Sym(d) for some d € N. Let F be a
nonempty finite subset of G containing e and let § > 0. Note that there are k¢
unital homomorphisms from span(P) = C¥ to C?. Let ¢ be such a homomor-
phism. For every w € {1, ..., k}" the projection [Licr @5 (Puw(s)) is nonzero
and so we can set

¢( 11 as<pw<s>>) =[] os (0 (Pu))

seF seF

and extend linearly to define a unital homomorphism ¢ from the unital C*-
subalgebra span(Pr) of C(X) into C4, where Pr denotes the set of all prod-
ucts of the form [ [, ots(pw(s)) for w € {1, .. ., k}¥. We furthermore ex-
tend @ arbitrarily to a unital homomorphism C(X) — C¢, which we again
denote by ¢ (this can be done using the Gelfand theory of commutative
C*-algebras mentioned in the introduction). It is then readily checked that
¢ oas(f) —as0@(f)ll2 <6 forall f € span(P) when o is a good enough
sofic approximation, in which case No(Hom(P, F,§, o), pp) = k4. We con-
clude in view of Proposition 4.10 that 2y (X, G) = hx(P) = logk.
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A problem of Gottschalk asks which countable groups G are surjunctive,
i.e., have the property that for every finite nonempty set A the action of G
on AC by left translation is surjunctive, which means that every injective
G-equivariant continuous map A® — A9 is surjective [10]. As observed
by Gromov [11, Sect. 5.M"'] (see also Sect. 1 of [19]), the surjunctivity of
amenable G follows from the fact that the classical topological entropy of a
proper subshift is strictly less than that of the full shift. Using different means,
Gromov showed more generally in [11] that all countable sofic groups are
surjunctive (see also Sect. 3 of [19]). In fact it is in [11] that the concept of
a sofic group originates, with the terminology being coined by Weiss in [19].
Now that we have a definition of topological entropy for actions of any count-
able sofic group, we can give an entropy proof of Gromov’s result like in the
amenable case. In view of Example 4.11, it suffices to observe the following.

Theorem 4.12 Let G be a countable sofic group and let ¥ = {o; : G —
Sym(d;)}:2, be a sofic approximation sequence for G. Let A be a nonempty
finite set and let a be the restriction of the left shift action of G on AS to some
closed G-invariant proper subset X. Then hx (X, G) <log|A|.

Proof For each a € A, denote the characteristic function of {x € X : x, = a}
by ps. Then P ={p, : a € A} is a dynamically generating finite partition of
unity in C(X). We may assume that p, # 0 for each a € A by discarding
all elements of A which do not appear in the coordinate description of any
element of X.

Since X is a proper subset of AC, there exists some nonempty finite sub-
set F of G such that X # AF, where X denotes the set of restrictions of
elements of X to F. To establish the theorem it enough to show that

1
inf lim sup - log No(Hom(P, F, 8, 0;), pp)

8>0 500 di

<log|Al+ (1/|FP)1 Al 1
<log|A|+ (1/|F|")log A )

Fixan f € A"\ Xp. Then [[,cpos(ps(s)) =0.

Let § > 0 be such that (8| F|)? < 1/(4|F|?). Let o be a map from G to
Sym(d) for some d € N. Let W be a set of elements in Hom(P, F, 3, o)
which pairwise are nonzero distance apart under pp. Then the restrictions to
CP of any two distinct elements of W are different. Denote by W’ the set
of restrictions of elements in W to CP. Then |W| = |W’|. Note that there
is a natural bijection between the set of unital homomorphisms from CP to
C“ and the set of partitions of {1, ..., d} indexed by A, as we are assuming
that p, # 0 for all a € A. For each partition Q ={q, : a € A} of {1,...,d}
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indexed by A, the corresponding unital homomorphism CP — C? sends p,
for a € A to the characteristic function of g,.
Let ¢ € W, and let ¢’ € W’ be the restriction of ¢ to CP. Then

[Tosterres H
2

seF
< Hw(as<pf(s)))H +| [Tosterro) - H(P(Ots(l?ﬂs)))“
seF 2 seF seF 2
< H‘p(l_[as(pf(s))) +Z os(@p(Prs) —e@s(pris))
seF 2 seF 2
< 8|F).

Let Q ={q, : a € A} be the partition of {1, ..., d} indexed by A which cor-
responds to ¢’. Note that [ [, o5(¢(p f(s))) is the characteristic function of
Nyer 95 @s(s)- Thus | Nyep 05(@r)| < GIFD?d.

Denote by Z the set of all n € {1, ..., d} such that as_l(n) + crt_l (n) for
all distinct s, f € F. Let 0 < T < 1/2. When o is a good enough sofic approx-
imation of G, we have |Z| > d(1 — 7).

For each n € Z, denote by V), the set {as_l(n) :s € F}. Then |V, | = |F].
Take a maximal subset Z" of Z subject to the condition that for any distinct
m,n € Z' the sets V,, and V,, are disjoint. Then Z C UweF osa,_l(Z/), and
hence |Z'| > | Z|/|F|* = (1 — 7)d/|F|*.

Denote by S the set of all partitions Q' = {g], : a € A} of {1,...,d} in-
dexed by A for which there is some Z” C Z' satisfying |Z”| > (8| F|)*d
and o '(n) € q}(s) for all n € Z” and s € F. For any such Q' one has
Nyer 95@ss) 2 2", and hence | (e 05(q) > (8| F|)%d. Therefore

Q¢S

Define the function & on [0, 1] by &£(¢f) = —tlog¢. The number |W| is
bounded above by the number of partitions of {1, ..., d} indexed by A which
do not belong to S, which is bounded above by

(|z'| |L(Z<3/||F|)2dJ>(|A|lF — 1)/ ZILOIF )| g =2 LGPV D,

which in turn by Stirling’s approximation is bounded above by
Cexp(|Z'|6(1 — 8| FPd/|1Z'))

1AIF! = 1)|Z/|82|F|2d

+ |Z’|s<52|F|2d/|Z’|>>|A|d(W
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for some constant C > 0 not depending on d or |Z’|. Since |Z'| > (1 —
r)d/|F|2 > 282|F|2d and the function £ is concave, we have

E(1—82|F|*d)|Z') + (8| FI*d/|Z'))
<& -8|FI*/(1 =) +£@?|FI*/(1 - 1)).

It follows that

1
lim sup 7 log No(Hom(P, F, 8, 07), pp)

i—00 i

<E1—=8F*/(1 =) +EG*FI* /(1 - 1))

AllFl -1
+1log|A| + ((1 — 7)/|F > = 8?|F|*) log (%)

Letting T — 0, we get

1
lim sup 7 log No(Hom(P, F, 8, o), pp)

i— 00 i

<& —8|F|* + &% F*) +log|A|

|[F| _
+ (1/|F|* — 82|F|*) log (M)

|A|lF]
Then
o 1
inf lim sup — log No(Hom(P, F, 8, 0;), pp)
>0 ;50 d,'
<log|A|+ (1/|F|*)1 AI" — 1
< log| |+(/||)0gW7
as desired. O

We point out that for certain G it can happen that for some subshift action
as in the above theorem we have iy (X, G) = —oo for every sofic approxi-
mation sequence X. For this to occur it suffices that X admit no G-invariant
Borel probability measure, as a weak™ limit argument demonstrates (see
also Theorem 6.1), and there are topological Markov chains over the free
group F> that do not admit an invariant Borel probability measure. Con-
sider for example the left shift action of F> on {0, 1, 2}F 2 and then take the
closed G-invariant subset X consisting of elements whose allowable transi-
tions in the directions of the two generators are described by 0 = 1 = 2 and
0 — 1 — 2 — 0. If X had an invariant Borel probability measure then by the
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first arrow diagram the measure of the set A| of all x € X for which x, =1
would be the sum of the measure of the set Ag of all x € X for which x, =0
and the measure of the set A of all x € X for which x, = 2, but each of the
sets Ag, A1, and A must have measure 1/3 by the second arrow diagram,
producing a contradiction.

5 Measure entropy via homomorphisms

Let o be a continuous action of a sofic countable group G on a compact
metrizable space X. When considering G-invariant Borel probability mea-
sures on X, as will be the case in Sects. 6 and 7, we wish to have a way of
expressing measure entropy in terms of unital homomorphisms from C(X)
into C¢ for the purpose of comparison with topological entropy. This is es-
pecially convenient when the invariant measure p in question does not have
full support, in which case C(X) does not naturally embed into L*°(X, u).
We therefore make the following definitions in analogy with Definitions 2.1
and 2.2, and then show in Proposition 5.4 that we recover the measure entropy
as originally defined in Sect. 2.

Let S ={ pn};'loz | be a sequence in the unit ball of Cgr(X). The notation
SF.m and pg is as introduced in Sect. 2.

Definition 5.1 Suppose that p is a Borel probability measure on X. Let o be
a map from G to Sym(d) for some d € N. Let F' be a nonempty finite subset
of G,m e N, and § > 0. We write Homff(S, F,m, 8, 0) for the set of unital

homomorphisms ¢ : C(X) — C4 such that

(1) [ op(f) —n(f)l <éforall fe€SFm,
(1) [l@poas(f) —aso@(f)llo <Sforalls e Fand f €{p1,..., pm}

Definition 5.2 Suppose that p is a Borel probability measure on X. Let
¢ > 0. Let F be a nonempty finite subset of G, m € N, and § > 0. We set

—%#(5’ F,m,8) = li'msupélogNg(Homff(S, F,m,8,0;), ps),
i—soo di
hS (S, Fom) = ggﬁ;vu(s, F,m,$),
75, (S, F) = inf b (S, F,m),
1S . (S) = ir}fﬁgu(s, F),
where the infimum in the last line is over all nonempty finite subsets of G.

The proof of the following lemma is similar to that of Lemma 3.4.
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Lemma 5.3 Suppose that i is a G-invariant Borel probability measure on X .
Let S = {pu}52, be a sequence in the unit ball of Cr(X). Let & > 0. Let F

be a finite subset of G containing e, m a positive integer with 2~ "1 < ¢/3,
and § > 0. Then there is a 8' > 0 such that

Ne(UP,(S, F,m*8',0), ps) < Ney3(Hom) (S, F.m,8,0), ps)
for every o that maps G to Sym(d) for some d € N.

Proof Write B for the closed subset of X supporting ©. Then we can view
C(B) as a unital C*-subalgebra of L*°(X, u), i.e., a *-subalgebra which is
closed in the L* norm. Given an n > 0, by Lemma 3.3 there is a §' > 0
such that for every map o from G to Sym(d) for some d € N and every
¢ € UP,(S, F, m?,8', o) there is a unital homomorphism ¢ : C(B) — cd
for which max res;, , 19(f|8) — @(f)l2 < min(n, e/(6m)). By taking n and
8’ small enough this will imply that ¢ o A € Homff (S, F,m,$8,0) where
A is the restriction map f +— f|p from C(X) to C(B). Define a map
I:UP,(S,F.m,8,0) - Hom} (S, F,m,8,0) by ['(p) =@ oA
For any ¢, € UP,(S, F, m?,8', o), we have

o

1
psp.¥) =) = lg(pn) =¥ (P2

n=1

1
<Z—||so<pn — V)2 + 5

“ 1
Z T (le(pn) = T(@)(Pu)ll2 + IT (@) (pn) = CW) (pa)ll2

FIT W) () = ¥ (pa)ll2) +

2
=38+ ps(l(9). TW)).

Thus for every subset L of UP, (S, F, m?, 8, o) which is e-separated with re-
spect to ps, the set I'(L) is (¢/3)-separated with respect to ps. Consequently

Ne(UP, (S, F.m* 8',0), ps) < Nes3(Hom)\ (S, F,m,$8,0), ps),
yielding the lemma. O]

Proposition 5.4 Suppose that 1 is a G-invariant Borel probability measure
on X. Let S = {p,}>2 | be a dynamically generating sequence in the unit ball
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of Cr(X). Then
hx,u(S) = suphs, ,(S).
e>0

Proof By Remark 2.3 we may assume that p; = 1. That the left side of the
displayed equality is bounded above by the right side follows easily from
Lemma 5.3.

For the reverse inequality, it suffices to show that h‘;/zu (S) > ﬁ;v M(S ) for
every ¢ > 0. Fix a compatible metric p on X. Denote by B the closed subset
of X supporting . Regard C(B) as a unital C*-subalgebra of L*°(X, u) as
in the proof of Proposition 5.3. For each unital homomorphism ¢; : C(B) —
C4, fix an extension of @1 to a unital positive linear map L*°(X, ) — ce,
which we denote by 8(¢1). Such extensions exist by the Hahn-Banach theo-
rem, as discussed in the introduction.

Let F' be a finite subset of G containing e, m a positive integer with
2=m=1 ~¢/8 and § > 0.

For t > 0 denote by W; the setof all g € C(X) satisfying g >0on X, g <
ton X\ B;,andg <14 71on B;,and g > 1 — 7 on B, where B; is the open
t-neighbourhood {x € X :infycp p(x, y) < v} of B. Note that the regularity
of n implies that, given an n > 0, if 7 is small enough then for every g € W,
and every Borel probability measure v on X satisfying [v(g) — u(g)| < T one
has v(B;) > 1 —n.

Let t be a positive number to be determined in a moment. Since Wy is a
nonempty open subset of C(X), S dynamically generates C(X), and p; =1,
we can find a finite set F' C G containing F and an m’ € N no less than m
such that there exists a function g in the intersection span(Sg- ) N Wr. Let
8’ be a positive number to be determined in a moment. Let o be a map from G
to Sym(d) for some d € N. Givena ¢ € Homff (S, F',m', 8§, o) we construct

a unital homomorphism ¢ : C(B) — C? as follows. For each a € {1, ..., d}
the homomorphism f — ¢(f)(a) on C(X) is given by evaluation at some
point x, € X, and we require that the homomorphism f +— ¢(f)(a) on C(B)
is given by some point y € B which minimizes the distance from x, to points
of B with respect to p. Write A for the restriction map f + f|p from C(X)
to C(B). In view of the uniform continuity of the functions in Sr ;, and the
fact that | o@(g) — u(g)| < T when &8’ is small enough, one can readily verify
that if 8" and 7 are assumed to be small enough independently of d, o and ¢
then we can ensure that ps(¢ o A, ¢) < /4 and 0(¢) € UP, (S, F,m, 8, 0).

Write I for the map ¢ + 6(¢) from Homff(S, F'.m', 8§, 0)toUP,(S, F,
m,8,0). Forany ¢, ¥ € Homff(S, F',m’, 8, o) one has

P50, W) < ps(p, $or) + ps(@ ok, ¥rod) + ps ok, )
<e/2+4 ps@or, yror)=e/2+ ps(T(p), T(¥)).
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Thus for any subset L of Hornff (S, F',m', 8, 0) which is e-separated with
respect to ps, the set I'(L) is (g/2)-separated with respect to ps. It follows
that

NS/Z(UP,LL(Sa Fv m, 89 0)7 IOS) Z NS(Hom/)L((S7 F/v m/, 8/v 0)7 IOS)v

and hence
W2 (S, Fom,8) = iis (S, F'.m', ).

Since F was an arbitrary finite subset of G containing e, m an arbitrary

large positive integer, and § an arbitrary positive number, we conclude that
g/2 -

W2 (S8) = h ,(S). O

In the case of a finite subset P of the unit ball of Cr(X), we can avoid the
sequential formalism (cf. Definitions 2.8 and 4.7) by considering on the set
of unital positive linear maps from some unital self-adjoint linear subspace of
C(X) containing span(P) to C4 the pseudometric

pp(p, ¥) =max|o(p) — ¥ (p)l2.
peP

and making the following definitions.

Definition 5.5 Let o be a map from G to Sym(d) for some d € N. Let P be
a finite partition of unity in C(X). Let F be a nonempty finite subset of G,
m € N, and § > 0. Define Homﬁ(P, F,m,8,0) to be the set of all unital

homomorphisms ¢ : C(X) — C4 such that

1) [§op(f) —pn(f)| <dforall f € Prm,
() lgoas(f)—oso@(f)lla<Sforall fePandseF,

where Pr ;,, as before denotes the set of all products of the form oy, (p1) ---
ozsj(pj) where 1 < j <m, py,...,p; € P,and s1,...,s; € F. Then define
hS (S, F,m,8), h (S, F,m),h§ (S, F),and h§ ,(P) by formally sub-
stituting S for P in Definition 5.2.

One can easily check that for any sequence S whose image is equal to P
we have

supfz%vﬂ(P) = supfz%,u(é’),

e>0 e>0

and it follows from Proposition 5.4 that this common value is equal to
hx ;. (P) as in Definition 2.8. We will use these facts in Sect. 7.
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6 The variational principle

Throughout this section « is a continuous action of a sofic countable group
G on a compact metrizable space X. We write M (X) for the convex set of
Borel probability measures on X equipped with the weak™ topology, under
which it is compact. Write Mg (X) for the set of G-invariant Borel probability
measures on X, which is a closed convex subset of M (X). In the proof below
we will use the formulation of measure entropy for measures in Mg (X) as
given in Sect. 5. See Sects. 2 and 4 for other notation.

Theorem 6.1 Let o be a continuous action of a sofic countable group G on
a compact metrizable space X. Then

hs(X,G)= sup hy (X.G).
neMg (X)

In particular, if hy (X, G) # —o0 then Mg (X) is nonempty.

Proof Fix a dynamically generating sequence S = {p,}°, in the unit
ball of Cr(X) with p; = 1. Let ¢ > 0. We will prove that A5(S) =
max,; e M;(X) ﬁ%, M(S ), from which the theorem will follow in view of Propo-
sition 5.4.

Let u € Mg (X). Denote by B the closed subset of X supporting 1, which
is G-invariant. For every nonempty finite set ¥ € G, m € N, § > 0, and any
map o from G to Sym(d) for some d € N, we have

Hom) (S, F,m,8,0) CHom(S, F,8 +27 "V o),
and so, for every ¢ > 0,

N (Homy; (S, F,m,8,0), ps) < Ne(Hom(S, F,§ +27""~", 0), ps).

Consequently h%(S) > Sup, ¢y, (x) ﬁ%’M(S).

Now let us prove the reverse inequality. We may assume that
hy(X,G) # —oo. Let ¢ > 0. Take a sequence e € F| C F» C --- of finite
subsets of G whose union is equal to G. Let n € N. We aim to produce
a u, € M(X) such that hs (S Fy,n,1/n) > h5,(S) and [, (e (f)) —
Un(f)l <1/n forall ¢ € F and f €Sk, n By weak* compactness we can
find a finite set D € M (X) such that for every map o : G — Sym(d) for
some d € N and every ¢ € Hom(S, F,, 1/n, o) there is a u, € D such that
lpeg (ar (f) — ¢ ol () < (Bn)"!forallt € F, and f € SF,.n, Where as
usual ¢ is the uniform probability measure on {1, ..., d} viewed as a state
on C?. Let o be a map from G to Sym(d) for some d € N. Note that for all
@ € Hom(S, F2, (3n)™227",0), $1,...,80 € Fu, fi,ooos fo €1P1-- -, Pu)s

@ Springer



Entropy and the variational principle 547

and t € F,, we have, setting f = oy, (f1) - a5, (fu) € SF,,» and assuming
that o is a good enough sofic approximation,
1S(poar(f) —oarop(f))
<llgoa(f)—arop(fl2
n
<> v o plas (f1) ety (i)
i=1

X (¢ 0y (ag; (f1)) — 01 0 p(as; (fi))@ 0 (s, (fis1) -+ ats, (f)) |,

< Z llg 0o (as; (fi)) — 01 0 e, (fi)) 2

i=1
=< Z (9 0 ars; (fi) = 015, 0 p(fidll2 + 1015, — 01 0 05 (@ (fi) 12
i=1

+ |los(og; o p(fi) — ¢ o ay, (fi))||2)

L1 1
< — — _— = —
"2 T2 T2 ) T 3

so that

lg (@ () = (O] = g () = ¢ o plar ()]

+1¢(@oar(f) —orop(fN|+1¢op(f) — e(f)l

1+1+1 1
< —4 —4 —=—.
3n 3n 3n n

Take a maximal e-separated subset L of Hom(S, Fnz, (3n)~227", o). By the
pigeonhole principle there exists a v € D such that the set

W(o,v)={peL:uy,=v}

satisfies |W (o, v)| > |L|/|D]. Note that W (o, v) C Homff(S, F,,n,1/n,0)
as F, € Fn2 and p; = 1. Since W (o, v) is e-separated, we obtain

N.(Hom*(S, F,,n,1/n,0), ps)
> W (o, v)|

|L| 1 ’ o
> —:—N H S,F . 3 2 n’ ) .
21D~ DI ¢(Hom(S, F,;, (3n) 0),Ps)
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Letting o now run through the terms of the sofic approximation se-
quence X, we infer by the pigeonhole principle that there exist a u, € D
and a sequence i] <i> < --- in N with

) 1 mn
h(S, Fj,(3n)*22*")=klggo d—_logNg(Hom(S, F2, (3n) 227", 03,), ps)

lk

such that |W (0y,, i) > |D|~' Ne(Hom(S, F2, (3n) 227", 0;,), ps) for all
k € N. Then

hS 0, (S, Fu.n,1/n)

1 1
> lim — log — N (Hom(S, F2, (3n)"227", 63,). ps)
k—o00 dik |D|

=h%(S, F2, (3n) 227"
> h%(S)

and |, (o (f)) — un(f)| < 1/nforallt € F, and f € Sf, . So u, satisfies
the required properties.

Having constructed a pu, for each n € N, take a weak* limit point u
of the sequence {u,};2,. Given a t € G and an f € C(X) of the form
ag (f1) -+ as (fi) where sy, ...,sc € Gand f1,..., fr €S, we have

(e (f)) = (O] < Tl () = i (o (PN Titn (0 () — pa ()
+ un(f) = n()l

and the infimum of the right-hand side over all n € N is zero. Since S is gen-
erating and p; = 1, every element of C(X) can be approximated arbitrarily
well by linear combinations of functions of the above form, and so we deduce
that u is G-invariant.

Let F be a nonempty finite subset of G, m € N, and § > 0. Take an integer
n such that F C Fy, m <n,d >2/n, and max ses;,, |n(f) — n(f) <8/2.
Then, for every map o from G to Sym(d) for some d € N, every ¢ in
Homffn (S, Fy,n,1/n,0), and every f € Sp,, we have

1€ 0@(f) = (NI =S o@(f) = (O + [n(f) = n(l

1,8,
< - N )
n 2

and hence ¢ € Homff(S, F,m,d,0). Thus

Hom), (S, Fy.n,1/n,0) CHom) (S, F,m,8,0)
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and so EE,M(S, F,m,8) > ﬁ;,ﬂn(s, Fy,n,1/n) > h3,(S). Since F was an
arbitrary nonempty finite subset of G, m an arbitrary positive integer, and §
an arbitrary positive number, we obtain h%’ M (S) = h§,(S). We conclude that

h5,(S) < SUP e Mg (X) }_152’“(5), as desired. O

7 Algebraic actions of residually finite groups
Let G be a countable infinite residually finite discrete group, and {G,};2 ,
be a sequence of finite index normal subgroups with lim,_, G, = {e} in
the sense that, for any s € G \ {e}, s € G, when n is sufficiently large.
Let ¥ = {0; : G = Sym(G/G;)} be the corresponding sofic approxima-
tion sequence, i.e., o; is the action of left translation via the quotient map
G — G/G;. We denote by C*(G) the universal group C*-algebra of G, and
by LG the left group von Neumann algebra of G (see Sect. 2.5 of [7]). The
Fuglede-Kadison determinant of an invertible element a € LG is given by
det,g a =exptreglog|a| where |a| = (a*a)Y/? and trz¢ is the canonical tra-
cial state on LG (see Sect. 2.2 of [16] for more details and references).

For an element f in the integral group ring ZG, the ZG-module struc-
ture of ZG/ZGf corresponds to an action of G on Z/G/\ZG f. This induces

an action a ¢ of G on the Pontryagin dual X ; := ZG/ZGf via continuous
automorphisms. We may write

Xr={he®R/2)°: fh=0},

and under this identification « 7 is the restriction of the right shift action of G
on (R/Z)% to X s (see Sect. 3 of [16]).

In the case that f € ZG is invertible in ¢1(G), Bowen showed in [4] that
the sofic measure entropy with respect to ¥ and the normalized Haar mea-
sure on X ¢ is equal to logdetzi f. The goal of this section is to establish
the topological counterpart of Bowen’s result, stated below as Theorem 7.1.
In addition we only assume the invertibility of f in C*(G). In general this is
strictly weaker than the invertibility of f in £!(G), for instance when G con-
tains a copy of the free group on two generators, as discussed in Appendix
of [16]. Note that when G is amenable the full and reduced group C*-algebras
coincide, in which case LG is the weak operator closure of C*(G), so that
the invertibility of f in C*(G) is the same as the invertibility of f in LG
(cf. [16]). The invertibility of f in NG) implies the existence of a finite gen-
erating measurable partition, a fact which is used in [4]. It is not clear though
whether this is the case if f is merely assumed to be invertible in C*(G), and
so it is essential that we use our more general definition of measure entropy
here.
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Theorem 7.1 Let f € ZG be invertible in C*(G). Then
hz(Xf, G) =logdet,g f.

Denote by 7 the homomorphism C*(G) — LG. For each n € N denote
by 7, the homomorphism C*(G) — L(G/G,). The following lemma was
proved by Deninger and Schmidt [9, Lemma 6.2] in the case f € £!(G).

Lemma 7.2 For every f € C*(G) one has
treg w(f) = lim treGy,) Tn(f).
n—o0
Proof Consider first the case f € CG. Say, f =) fss for f; € C. Then

g (f)=fe and /6T f) =) fs

seGy,

When n is sufficiently large, G, Nsupp(f) C {e} and hence trz(G/G,) T (f) =
fe=trcgm(f).
Now consider a general f € C*(G). Let ¢ > 0. Take a g € CG with
| f — gll <e. Since both tryg o and trgG/c,) o, are states on C*(G),
we have
ltregn(f) —trcg (@I <1 f —gll<e, and
[trG/Gy) Tn(f) —treGren Tn(@I < 1 f — gl <e.

Therefore, when n is sufficiently large one has

ltreg (f) —treG/G,) Tn (O < ltreg (f) —treg w(g)]
+1tre 6, Tn(f) — GG, Tn (@)l
< 2e. O

The following theorem was proved by Deninger and Schmidt [9, Theo-
rem 6.1] in the case of invertible f € N (G).

Theorem 7.3 For every invertible f € C*(G) one has

detgg(f) = nll)ngo detz(G/G,) Tn(f)-
Proof Given that 0 is not in the spectrum of | f|, by the functional calculus
we have x(log|f|) = log|«x(f)| for every unital *-homomorphism « from

C*(G) to another unital C*-algebra. We thus obtain the result by applying
Lemma 7.2 to log| f]|. 0
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For each n € N denote by Fixg, (X r) the set of points in X ¢ fixed by G,,.
Note that X ¢ is a compact group and Fixg, (X 7) is a subgroup of X . Since
n(f) € Z(G/Gy), we can define X, () similarly. Namely,

Xy = {h € R/Z)S/ O 70y (f)h = 0}.
Note that X, (r) is a compact group.

Lemma 74 Let f € ZG and n € N. Then there is a natural group iso-
morphism ®, : X5, (r) — Fixg, (X ) given by (®,,(h))s = hsg, for all h €
Xn,(pands € G.

Proof Tt is clear that the formula (W, (h))s = hsg, for h € (R/Z)%/6» and
s € G defines a group isomorphism W, from (R/Z)%/%" to the set of G-
fixed points in (R/Z)C. Taking a set R, C G of coset representatives for
G /G, and writing p, : G — G/G, for the quotient map, we have, for every
he®R/Z)4/Cn and s € G,

(nn(f)h)pn(s) = Z ( Z f"l‘>hpn(r's)

reR, “teG,

= Z Z frthpn(tflrfls) = (qun(h))s,

reR, teG,

so that fW, (h) = 0 if and only if w,,(f)h = 0. Consequently we obtain the
desired isomorphism ®,, by restricting W,,. U

Take a finite partition of unity P in C (R/Z) which generates C(IR/Z) as a
unital C*-algebra. Via the coordinate map X ; — R/Z which evaluates at e,
we will think of P as a partition of unity in C(X ). Clearly P dynamically
generates C(Xy),andso hy (X7, G) =hx(P)and hy (X7, G) =hyx ,(P)
for every G-invariant Borel probability measure 1 on X ¢ (see Definitions 2.8
and 4.7). Consider the compatible metric p on R/Z defined by p(x, y) =
max,cp |p(x) — p(y)| for x, y € R/Z. Again, via the coordinate map X y —
R/7Z which evaluates at e, we will think of p as a continuous pseudometric
on Xy.

For each x € Fixg, (X r), we have a unital homomorphism ¢, : C(X ) —
CG/Gn determined by (¢x(2))(tG,) = g(tx) for all g € C(Xs) and t € G.
Forany g € C(X ) and 5,1 € G, we have

@x(af5(2)(tGy) = afs(g)(tx) = g(s'1x)
= (2 () (5 11Gp) = (Ons 0 0 (8))(tGy).
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Thus ¢y o afs = 0,5 0 @y for all x € Fixg,(X ) and s € G, and hence
¢x € Hom(P, F,§, 0,) for every nonempty finite subset F' of G and every
5> 0.

Let ¥ be the compatible metric on R/Z defined by

V¥ (tymodZ, tr modZ) = min |[t] — tp — m|
mez

for all 11, 1, € R.

Lemma 7.5 Let f € ZG be invertible in C*(G). Then

hy (P) > limsup

n—oo |G/Gyl

log |Fixg, (X )|

Proof Since both p and ¢ are compatible metrics on R/Z, there exists an
& > 0 such that ¥ (11, ) < 1/|| f|l1 forall ¢, t, € R/Z with p(t1,12) < ¢. Let
F be a nonempty finite subset of G and § > 0. Let n € N. We will show that
Ne.(Hom(P, F, 8, 04), pr,00) = |Fixg, (X )|, which by Proposition 4.8 will
imply the result.

By Lemma 7.4 the map &, : X, (r) = Fixg,(Xf) given by (®,(h))s =
hsG, is an isomorphism. Let x, y € Fixg, (X ). Set X = d>;1(x) and y =
@, !(y). Then

P00 (@xs Py) = ‘;137’)‘ lox(P) — @y (P)lloo = If?j‘%ﬂ%‘ [p(sx) — p(sy)|
=max p(sx, sy) = max p(Xy, ys) = max p(XsG,, VsG,)-
seG seG seG
Suppose that pp oo (@, ¢y) < €. Then

max ¥ (XsG, — YsG,, 0modZ) = max ¥ (X6, , ysG,) < /| fll-
seG seG

Take z € [—1, 11979 with X6, — $s56, = 256, mod Z and |z,6, | = ¥ (X5, —
¥5G,,0modZ) for all s € G. Then 7, (f)z € Z°/ " and

1770 (f)2lloo < Ia (OII1lzlloo < 1 f I lIzlloo < 1.

Thus 7, (f)z = 0. Since 7, (f) is invertible in £L(G/G,), we get z =0 and
hence X = y. Consequently, x = y. Therefore the set {¢, : x € Fixg, (X )} is
an  (pp.co, €)-separated subset of Hom(P, F,§,0,), and hence
Ne(Hom(P, F. 8,0,). pp.oc) = [Fixg, (X 1)]. 0
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Lemma 7.6 Let f € ZG be invertible in C*(G) and let u be a G-invariant
Borel probability measure on X y. Then

hs . (P) < hmmf| log [Fixg, (X 7).

G/ Gyl

Proof Using Definition 5.5 and the observation following it, it suffices to
show that h25 (73) <liminf,— ~ |G/ G|~ ! log |Fixg, (X 7)| for every & > 0.

Solet & > O Since both ,0 and ¥ are compatible metrics on R/Z, there
exists an n’ > 0 such that ' < 82/2 and p(t1,1) <e¢e/2 forall t1,1p e R/Z
satisfying 9 (1, 1) < +/7’.

Denote by F the union of {e} and the support of f in G. Denote
by w the coordinate map Xy — R/Z sending x to x.. Then w,(u) is
a Borel probability measure on R/Z. Thus there exists a £ € (0, 1) with
wx(W){EmodZ}) = 0. Take an n > 0 such that 48|F|n||f||% <
' /CIFMD)?. Take a « > 0 with « < 1//QI £l f~1) such that the
closed (¥, x)-neighborhood Y of £€modZ in R/Z has w,(u)-measure at
most /2. Take a g € C(R/Z) with 0 < g <1 onR/Z, g=1on Y, and
w4 () (g) < n. Via w we will also think of g as a function on X y.

Since P generates C(R/Z) as a unital C*-algebra, there exist an m € N
and a g in the linear span of the set Py} ,, of products of the form p;---p;
where 1 < j <m and py, ..., p; € P such that ||g — gllcc <. Denote by M
the sum of the absolute values of the coefficients of g as a linear combination
of elements in Pje) 1.

Take a 8 > 0 with 16|F|(|P| + M)S| fII3 < '/l £~ 111))? such that
V(t1, ) <k for all t1, 1 € R/Z satisfying p(t1, 1) < /8. Let n € N. It suf-
fices to show, in the notation of Definition 5.5, that

X .
N28(H0m/,l,f (7)7 Fa m, 85 Gn)’ /079) S |F1XG;«, (Xf)|

In turn it suffices to show that for every yr € Hom,)ff (P, F,m,3d,0,) there
exists an x € Fixg, (X r) such that pp (¥, ¢x) < &.

Let € Hom),’ (P, F.m.,8,0,). Let a € G/G,. The unital homomor-
phism f +— ¥ (f)(a) on C(Xy) is given by evaluation at some point y, of
X . Take y, €[§,1+ é)G such that (y,)s = (34)s modZ for all s € G. Then
fYa € Z° with || f¥alloo < IIf 1 11Jalloo <201 fIl1. Write z for the element
of ZC/Gn given by z, = (f¥a)e for all a € G/G,. Define 7’ € (R/Z)C/Cn
by z, = (x(f)"'2), mod Z for all a € G/G,. Then 2’ € X, (). Set x =
®,,(z') where ®,, is the isomorphism X, (f) — Fixg, (X r) from Lemma 7.4.
We claim that pp (Y, @) < €.

Define u € (R/Z)°/%» and @i € [£,& + 1)9/C" by u, = (v4). and @i, =
(Ja)e forall a € G/ Gy, Also, set v =, ()it € [=2| f 11, 2l £ 1111/ €.
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Let pe’Pand s € F. Then
los o (p) — V¥ oars(p)l2

. . ) 172
=< > s a)—af,s<p><ya)|>

|G/G"|aeG/Gn

( 1 Z ) 1/2
== |p<ysla>—p<s—1ya>|>

|G/Gn|aeG/Gn

( 1 Z 5 1/2
=\~~~ |p(us*la) _P(()’a)rl)| ) .

|G/Gn|aeG/Gn

Since |jog o Y (p) — Y oays(p)ll2 < 6, the set of all a € G/G,, satisfying
|p(ug-1,) — p((Ya)g-1)| = /8 has cardinality at most §|G/G,,|. Thus the set
W of all a € G/ G, satistying |p(u;-1,) — p((Ya)s-1)| < /8 for all peP
and s € F has cardinality at least |G/ G| — 8|P||F||G/G,]|.

We have

1
Co(g) — (g = g(ya) — u(g)
|G/ Gyl QG;GH
1
= Y gua) — wu(1)(g)
|G/ Gyl -y
1
> g(ua) -,
|G/ Gl agcn

and

[Coy(g) — (@I =<Isoy(g) = oy (D41 oy (8) — (@)l
+u(g) — u(g)l
<llg—8&lloc + M8+ llg — &lloc < 2n+ MS.

Then the set of all a € G/ G, satisfying u, € Y has cardinality at most (31 +
M§)|G/Gy|. Thus the set V of all a € G/ G, satisfying u -1, ¢ Y for all
s € F has cardinality at least |G/ G| — |F|(3n + M$§)|G/G,].

Letae WNV and s € F. Since a € V, one has ¢ (u;-1,,& mod Z) > «,
and hence it -1, € (§ +«,1+& —«). Asa e W,one has p(uy—1,, (Ya)s-1) =
maxpep | p(s-1,) — p((Ya)s-—1)| < +/8, and hence ¥ (u,-1,, (Va)s-1) < k. It
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follows that |it -1, — (Ja4) -1 = P (Us-1,, (Ya)s—1) < k. Then

Vo —2al = | Y filig1, = Y fsGa)g-1| < D Nfsl - litg-1, = Fa)s-1]
seF seF seF
/
Ui
< flhx < 5>
20171

Now we have

2
Z lva — Zal

1
lv—zl2= (
1G/Gnl acwnv

| NE
tigren . 2 '””_Z“'>

ae(G/Gp)\(WNV)
<(< U )2+|(G/Gn>\(ver)|,16”“2)”2
= \\2ir1 1G/ Gl !
77/ 2 5 1/2
+ 16| F|(Bn + (|P|+ M)$é
S(<2||flll) |F|(3n + (P ))||f||1)
"
IF=H
and hence
- - -1 -1 n ’
i — () 2l < Nl () M- o =zl < |1 f II-”f_1”=n-

Then the set W’ of all a € G/ G, satisfying |iiq — (7, (f)"'2)a| < /7’ has
cardinality at least |G/G,|(1 — ') > |G/G,|(1 — &?/2). For every a € W/,
one has ¥ (g, 7)) < litg — (T (f)"'2)al < /7, and hence p(uq, 7,) < &/2.

For each a € G/ G, take an s, € G such that a = s5,G,,. For every p € P
we have

1/2
> IpGa) —p(sax)F)

aeG/Gy

¥ (p) —ex(P)l2= <|G/Gn|

1 1/2
=(|G/G| > |p<ua)—p<xsa>|2>

aeG/Gy

1/2
= D Ipua) — p(z;ac,,>|2)
(|G/Gn| 57
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1 ) 1/2
=(|G/G| > |p<ua)—p<za>|>

" aeG/G,

(|G/G . Z|p( a) = PP

1 r\(2 12
+ G7GI] > |p<ua)—p<za>|)

" ae(G/G\W

| . 1 12
= <|G/Gn| 2 Pl z) + e ) 1)

acW’ " ae(G/GO\W!
&2 g2\ /2
Therefore pp (¥, ¢x) = maxpep | (p) — px(p)ll2 <e&. O

We are now ready to prove Theorem 7.1.

Proof of Theorem 7.1 By [16, Theorem 3.2], for each n € N we have

logdetz (GG, mn(f) = log | X, ()l

|G/ Gl
It follows by Theorem 7.3 and Lemma 7.4 that

logdetee f = nl_i)ﬂgo logdetz(G/G,) mn(f)

1
=1l log| X
(GGl B ]

1
= lim log |Fi X 7).
GGl g |Fixg, (X )|

The theorem now follows from Lemmas 7.5 and 7.6 and Theorem 6.1. O

Note that if we take f to be k times the unit in ZG for some k € N, then
the action of G on X ¢ is the Bernoulli shift on k£ symbols, whose entropy was
computed more generally in Example 4.11 to be log k for any countable sofic
G and sofic approximation sequence X.

In the case of a countable discrete amenable group G acting by auto-
morphisms on a compact metrizable group K, one can show directly that
the topological entropy is equal to the measure entropy with respect to the
normalized Haar measure (this is done in [2] for G = Z by an argument

@ Springer



Entropy and the variational principle 557

that works more generally, and in [8]). In our present context, it follows
from Theorem 7.1 and [4] that when f is invertible in 21(G) we also have
hs . (Xr,G)=hx(Xf, G) where u is the normalized Haar measure on X f.
However we do not see how to prove this in a more direct and general way.
We thus ask the following.

Problem 7.7 Let G be a countable sofic group acting by automorphisms on a
compact metrizable group K. Let ¥ be a sofic approximation sequence for G.
Is it true in general that hy (K, G) = hx (K, G) where 1 is the normalized
Haar measure on K? What if G is residually finite and X is assumed to arise
from a sequence of finite quotients? Does equality hold for the type of actions
studied in this section without the assumption that G is residually finite or
that ¥ arises from a sequence of finite quotients?
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