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Abstract We consider Kerr spacetimes with parameters a and M such that
la] <« M, Kerr-Newman spacetimes with parameters |Q| < M, |a] < M,
and more generally, stationary axisymmetric black hole exterior spacetimes
(M, g) which are sufficiently close to a Schwarzschild metric with parameter
M > 0 and whose Killing fields span the null generator of the event horizon.
We show uniform boundedness on the exterior for solutions to the wave equa-
tion [y = 0. The most fundamental statement is at the level of energy: We
show that given a suitable foliation X, then there exists a constant C depend-
ing only on the parameter M and the choice of the foliation such that for all
solutions v, a suitable energy flux through X; is bounded by C times the
initial energy flux through ¥¢. This energy flux is positive definite and does
not degenerate at the horizon, i.e. it agrees with the energy as measured by a
local observer. It is shown that a similar boundedness statement holds for all
higher order energies, again without degeneration at the horizon. This leads
in particular to the pointwise uniform boundedness of i, in terms of a higher
order initial energy on X. Note that in view of the very general assumptions,
the separability properties of the wave equation or geodesic flow on the Kerr
background are not used. In fact, the physical mechanism for boundedness
uncovered in this paper is independent of the dispersive properties of waves
in the high-frequency geometric optics regime.
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1 Introduction

The Kerr family, discovered in 1963 [36], comprises perhaps the most impor-
tant family of exact solutions to the Einstein vacuum equations

R[.LV :O’ (1)

the governing equations of general relativity. For parameter values 0 < |a| <
M (here M denotes the mass and a the angular momentum per unit mass), the
Kerr solutions represent black hole spacetimes: i.e. asymptotically flat space-
times possessing a region which cannot communicate with future null infin-
ity. The celebrated Schwarzschild family sits as the one-parameter subfamily
of Kerr corresponding to a = 0. Much of current theoretical astrophysics is
based on the hypothesis that isolated systems described by Kerr metrics are
ubiquitous in the observable universe.

Despite the centrality of the Kerr family to the general relativistic world
picture, the most basic questions about the behaviour of linear waves on Kerr
backgrounds have remained to this day unanswered. This behaviour is in turn
intimately connected to the stability properties of the Kerr metrics themselves
as solutions of (1), and thus, with the very physical tenability of the notion
of black hole. In particular, even the question of the uniform boundedness
(pointwise, or in energy) of solutions v to the linear wave equation

Og =0 @)

in the domain of outer communications has not been previously resolved,
except for the Schwarzschild subfamily.

The main theorems of this paper give the resolution of the boundedness
problem for (2), for the case |a| < M. Solutions to (2) arising from regular
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initial data remain uniformly bounded in the domain of outer communica-
tions. The most fundamental statement is Theorem 1.1. This says that there
is a constant C depending on M and a suitable foliation X, such that for all
solutions ¥ of (2), a positive definite energy flux through ¥; and through null
infinity Z* is bounded by C times the initial energy. Theorem 1.2 then states
that there exists again such a constant C such that ¥2 is bounded pointwise
by C times an initial higher order energy.

In fact, the results of this paper apply to a much more general setting than
the specific Kerr metric: Theorems 1.1 and 1.2 follow as special cases of
analogous statements concerning solutions of (2) on stationary axisymmetric
spacetimes whose metrics are C!-close to a Schwarzschild exterior spacetime
with mass M > 0, and whose Killing fields span the null generator of an
event horizon. This gives the proof a certain robustness; in particular, and very
importantly, the proof does not depend on the hidden symmetries of Kerr—
i.e. the existence of an additional non-trivial Killing tensor and the resulting
separability of the wave equation and geodesic flow—and in fact, the proof is
completely independent of the dispersive properties of waves in the geometric
optics limit, properties which are complicated by the presence of so-called
trapped null geodesics, and would appear to be governed by higher regularity
of the metric. This robustness may be of relevance in the ultimate goal of
this analysis: understanding the dynamics of the Einstein equations (1) in a
neighborhood of a Kerr metric. Cf. [16].

We first give a statement of the main results for the special case of Kerr and
the related Kerr-Newman family (this is a family of solutions to the coupled
Einstein-Maxwell system).

1.1 Statement of the theorem for Kerr and Kerr-Newman

We refer the reader to [13, 32] for an introduction to the Kerr-Newman geom-
etry. Let (M, g) here denote the Kerr manifold with metric parameters in the
subextremal range

O0<lal<M

or more generally the Kerr-Newman manifold with metric parameters
(a, O, M )l satisfying

0<+va*+ Q? <M.

For definiteness, for us the “Kerr manifold” or “Kerr-Newman manifold” is
by definition the maximal Cauchy development of a complete asymptotically
flat spacelike hypersurface with two asymptotically flat ends. This is a glob-
ally hyperbolic subdomain of the maximal analytic Kerr-Newman manifold

I The additional parameter Q is known as the charge.
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of [32], proper (as a subset) except in the case a = 0, where it corresponds
precisely to the Kruskal extension of the Schwarzschild solution.

Let D C M denote the closure (in M) of a domain of outer communica-
tions. Recall that this domain is most naturally characterized in terms of the
asymptotic structure at infinity.> Concretely, the region D can alternatively be
represented as the closure (in M) of a standard Boyer-Lindquist coordinate
chart (7, £, 0, <13)

(F>M+vVM?2—a?— Q%) x{—o0 < <00} x{0 <0 <nm}x{0<¢<2r).

For convenience, we may here take this latter representation as our definition
of D. We note for reference the explicit form of the Kerr-Newman metric in
this coordinate chart:

A

02

2 £ 24
(df —_ asin? édé)z + %d?z + p2d6% + S”;—ze (adf P+ az)dé)z ,
) 3)
where A =72 —2M7 +a? + 02, p2 =72+ a%cos?6.3

The boundary of D in M is then a bifurcate null hypersurface H™ UH ™,
where Ht N'H™ = dH* is a topological 2-sphere (the bifurcation sphere)
and H* are null hypersurfaces with boundary, each characterised as the fu-
ture (resp. past) boundary of D in M. We call H* the future event horizon
and H~ the past event horizon. Let ¥ be a Cauchy hypersurface in (M, g)
such that ¥ NH~ = ¢ and such that ¥ N D coincides with a constant-7 hy-
persurface outside a compact set. Note that under our assumptions, ¥ N D is
a past Cauchy hypersurface for J*(X)ND.4

The reader familiar with Penrose diagrammatic notation may wish to refer
to the Fig. 1 representing M.

Recall that the Kerr-Newman metrics possess a 2-dimensional Killing al-
gebra spanned by a stationary Killing field T and an axisymmetric Killing
field ®. In the domain of the Boyer-Lindquist chart referred to above, these
Killing fields correspond precisely to the coordinate vector fields T = 0,
¢ = 8(]3.5 We have that J7(X) N D is foliated by ¥, for t > 0, where

2With respect to suitable asymptotic notions defining null infinity Z%, D can be realised as

the closure (in M) of J _(IX) nJ +(IX). where ij denote connected components of Z- +
associated to one of the ends.

3We shall require this explicit form only insofar as to show that the Kerr-Newman family
indeed satisfies the assumptions of Sect. 3.2.

4Here and in what follows, J T denotes causal future [32], not to be confused with currents J,
to be defined later.

SIn the case where a = 0, ® is not unique, and the choice of a particular Boyer-Lindquist
coordinate system can be thought to determine then . See Sect. 3.1.

@ Springer



472 M. Dafermos, I. Rodnianski

Fig.1 A domain of outer
communications D

¥ = p(X N D) is the future translation of ¥ N D by the flow p, gener-
ated by T. Let n denote the unit future normal of X;. Let ny denote a p,-
invariant null generator for ", and give H™ N D the induced volume form
from g and ny. Let T, [¥] denote the standard energy momentum tensor
associated to a real-valued solution ¥ of the wave equation (2)

1
T;}.v[w] = 8uw8vw - Eguvaawaaw,
and define the currents
E=Tulvln’,  JLy]=TulyIT. )

Note that since n is future-timelike, the former current is positive definite
when contracted with a future-timelike vector field, but is not conserved,
whereas the latter current is conserved as T is Killing, but in general not
positive definite when so contracted, since there is a non-empty subset of D
where T is spacelike, unless a = 0 (see the discussion of superradiance in
Sect. 1.4.1 below).

Theorem 1.1 Let (M, g) be the subextremal Kerr-Newman manifold with
parameters M > 0, Q, a, and let D, ¥,, n, etc. be as above. There exists a

universal positive constant € > 0, and a constant C depending on M and the
choice of Lo such that if

O<lal<eM, 0<Q=eM, &)
then the following statement holds:
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Let i be a solution of (2) on (M, g) such that on Jﬂ[w]m“ < 0. Then

/21 M[W] >0 M[w] ( )
J ¢ 0 H S C/ J l,L 0 M’ ‘
‘/H J+(§0) ,lL[ ] 20 'LL[ ] ( )

In the above theorem, the integrals are to be taken with respect to the in-
duced volume forms. The integral on the left hand side of (8) is here to be
understood as a suggestive notation for the following limiting integral on the
cone in D defined by Kg, g, = 0J T (Z N{F > R2}) N{F > Ry}, for Ry > Ry:

lim lim Ty n.
R1—>OO R2—>OO KRI’RZ

We note that the above expression represents the energy ‘radiated to infinity’.

The hypothesis of Theorem 1.1 can be re-expressed as the statement that
local energy as measured by a local observer be finite, i.e. that VZ0|x,,
nY|x, be in L% (%), together with the global assumption that

loc
/ Ty In* < co.
%o

In view of the fact that ¥y coincides with a constant-f hypersurface for
large 7, one easily sees that this condition is equivalent to ¥ |x, € H' (%),
myY)ls, € LZ(ZO). Here LZ(EO), etc., denotes the natural L2 norm defined
by the induced Riemannian metric on .

A version of Theorem 1.1 holds for all higher energies, that is to say, one
can control all higher order derivatives of i in L3(Z,), including as above
transversal derivatives without degeneration at 7, from an initial higher or-
der energy. We omit here in this introduction the precise statement, but give
only the following important corollary:

Theorem 1.2 Let (M, g), M, Q, a, X etc. be as before. Then there exists a
universal constant € > 0 and a constant C depending on M and the choice of
Yo such that if (5) is satisfied then the following statement holds:

Let v be a solution of the wave equation (2) on (M, g) such that

Q= suplyl+ [ (w1 + It o < oc.
Yo >0
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Then

¥ <CQ
in DN JH ().

The hypothesis of Theorem 1.2 is satisfied if ¥ |5, € HI(EO), yY)lx, €
H'(Z0), (0*¥)]5, € L*(Z0).

Finally, note that given an arbitrary Cauchy surface % for Kerr, sufficiently
well behaved at iy, it follows that the right hand side of (6) is bounded by

C(%0. %) | AT
NI (Z)UI T (Z0)

thus the above regularity assumptions could be imposed on an arbitrary
Cauchy surface. In particular, there are no unphysical restrictions on the sup-
port of the solution in a neighborhood of the bifurcation sphere H+ NH ™.

1.2 Statement for general stationary axisymmetric perturbations of
Schwarzschild

Theorems 1.1 and 1.2 follow as special cases from analogous statements in
the much more general setting of the wave equation (2) on arbitrary station-
ary axisymmetric black hole exterior metrics C'-close to Schwarzschild, and
with suitable assumptions on the geometry of the Killing fields. In particu-
lar, in addition to closeness, it is required that—as in the Kerr solution—the
horizon is null and its null generator is contained in the span of the Killing
fields.

As the results are new for the Kerr and Kerr-Newman cases and resolve a
longstanding open question, we have preferred to specialise the theorems of
the introduction directly to these cases and defer a formal discussion of the
more general class to the body of the paper. We emphasize however that the
generality of the assumptions is a fundamental element of this paper and key
for future applications of the method. This shall be clear from the overview to
follow in Sect. 1.4, where we shall describe precisely what structure from the
Kerr solution is necessary for each part of the argument. The precise assump-
tions are given in Sect. 3. The main results of the paper for this general class
are then the statements of Theorems 4.1, 9.1 and Corollary 9.1 (correspond-
ing to the statement of Theorem 1.1), Theorem 10.1 (giving a generalisation
of the previous to non-degenerate energies of all orders), and Theorem 10.2
(giving pointwise bounds to all orders, including thus the analogue of the
statement of Theorem 1.2).
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A proof of the uniform boundedness of solutions to the wave 475

1.3 Previous results

Before proceeding to give an overview of the proof, we will review in de-
tail previous work on this and related problems. Results analogous to Theo-
rems 1.1 and 1.2 for static perturbations of Minkowski space pose little diffi-
culty. (Indeed, the analogue of Theorem 1.1 is immediate, and Theorem 1.2
can be proven with the help of Sobolev inequalities after commuting the equa-
tion with the static Killing field.) Thus, we shall pass directly to the black hole
case.

1.3.1 Schwarzschild: boundedness

The characteristic feature which makes the Schwarzschild boundedness prob-
lem much simpler than for Kerr is that in Schwarzschild, the stationary Killing
field T is timelike everywhere in the domain of outer communications (i.e. the
interior of D), becoming null however on the horizon H* UH ™. This is clear
from the explicit form of the metric in the interior of D, which becomes:

oM oM\ !
_<1__>dt2+<1_—) dr? +r2(d6* +sin’6 d¢?).  (9)
r

r

Recall that the interior of D corresponds to r > 2M.

[Note: In anticipation of what follows, it is useful to fix a region of a
Schwarzschild manifold and view the Kerr metrics (and eventually, the more
general class of Sect. 3.2) as all living on the same underlying region defined
by a Schwarzschild coordinate system. Thus, when referring to Schwarz-
schild, we have here dropped the hats from the coordinates. These should not
be confused with Boyer-Lindquist coordinates of a nearby Kerr (Sect. 3.3),
for which we retain hats. For the purpose of this introduction, the reader may
prefer not to think about the precise relation of various coordinates until the
discussion in Sect. 3.1.]

In view of the consequent nonnegative definiteness of the flux of the con-
served current JT (recall the definition (4)) on spacelike hypersurfaces in D
and through the horizon H™, one immediately obtains

[ g < [ S (10)
P >0

Recall, however, that at the horizon, JE degenerates with respect to J"), and
thus, although we have

/Z Vet < C /E B,
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the reverse inequality does not hold. Thus, (10) does not imply (6). (We note
that from the nonnegative definiteness of J© we do immediately obtain the
estimates (7) and (8).)

The original approach in the Schwarzschild case for pointwise bounded-
ness of ¢ (as in the statement of Theorem 1.2) was to try and obtain such
bounds directly from the degenerate estimate (10). Clearly, commuting (2)
with T and applying (10), elliptic estimates and Sobolev inequalities, one
easily obtains pointwise bounds away from the horizon. Thus, the only es-
sential difficulty is obtaining uniform bounds for ¢ up to the horizon, exactly
where JT degenerates compared with J™.

This difficulty was resolved in the celebrated paper of Kay and Wald [35],
building on previous work of Wald [52] where uniform pointwise bounded-
ness had been proven for the restricted class of solutions i whose support
was assumed not to contain the bifurcation sphere H™ N H ™. The arguments
of Kay and Wald to prove the analogue of Theorem 1.2 relied on the static-
ity to realize a solution Y as 3% where v is again a solution of (2) con-
structed by inverting an elliptic operator acting on initial data. In addition, it
was necessary to commute (2) with the full Lie algebra associated to spheri-
cal symmetry. Finally, a pretty geometric construction exploiting the discrete
symmetries of maximal Schwarzschild was used to remove the unphysical
restriction on the support near 4+ N~ necessary for constructing ¥ in the
original [52].

The non-degenerate energy estimate (6) of Theorem 1.1 for Schwarzschild
was first proven as part of the decay results of [19] to be discussed below,
exploiting in particular the red-shift effect. See Sect. 1.3.4. This led to a new
proof of Theorem 1.2 for Schwarzschild which avoided the construction of
v and appeal to discrete symmetries, but still required commutation with the
Lie algebra associated to spherical symmetry.

As we shall see below, one side benefit of the proofs of Theorems 1.1
and 1.2 of the present paper, is that, when specialised to Schwarzschild, they
yield a novel method, which is both more elementary and more robust than
the previous proofs [19, 35] (and in fact reduces to be quite short) and should
perhaps be thought of as the definitive boundedness argument. See the dis-
cussion in Sects. 1.4.5 and 1.4.6.

1.3.2 Schwarzschild: integrated local energy decay

The problem of understanding boundedness beyond Schwarzschild is inti-
mately connected to understanding, at least in part, the dispersive properties
of solutions of (2). We thus must also review results of this type.

The programme of proving quantitative dispersive estimates on Schwarz-
schild was initiated in [7, 38].° These papers introduced to this problem what

SFor earlier nonquantitative statements of decay see for instance Twainy [50].
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in the language of the present paper would correspond to energy currents
Jff[xﬁ] =T, [V1X", where X is a vector field in the direction of 9, (with
respect to Schwarzschild coordinates), chosen such that the associated O-
currents

K*[y] =T, [y ]V XH

enjoy positivity properties. (In fact, more general currents of the form (46)
of Sect. 4.4 must be used, but we shall suppress this for the purpose of the
present discussion.) The construction of such ‘virial’ currents in the con-
text of the wave equation on Minkowski space goes back to seminal work
of Morawetz [43].

In brief, the point of this construction is as follows: For solutions ¥ of the
wave equation (2), the energy identity

VAT Y] =K [y] (11)

holds. Integrating (11) in a spacetime domain, it follows that, if indeed the
right hand side enjoys positivity properties, one obtains that a positive definite
spacetime integral of a weighted energy density associated to i is controlled
by boundary terms.” Under appropriate assumptions on J*, these boundary
terms are in turn controlled by the initial J'-energy with the help of the con-
servation of the non-negative definite J'.

One has obtained thus a spacetime-integral estimate, which can be thought
to embody a weak statement of dispersion. In particular, this statement imme-
diately excludes “fixed-frequency” obstructions to decay, for instance station-
ary or periodic solutions. There is a much more subtle obstruction to decay,
however, which occurs in the “high frequency” limit, arising from the pres-
ence of trapped null geodesics associated with the photon sphere r = 3M.
(These are geodesics which neither reach the event horizon nor escape to null
infinity.) One can indeed construct high-frequency finite energy solutions of
(2) which remain localised near such geodesics for arbitrary long time. Thus,
the spacetime estimates associated to the energy identity of J* must degen-
erate at r = 3M. See [45]. This degeneration must in turn be reflected in the
construction of the currents by the vanishing of the vector field X precisely
at r = 3M. As we shall see, this degeneration makes the construction of JX
delicate and the nonnegativity properties of K* fragile.

Recall that Schwarzschild coordinates degenerate on H ™, and 9, becomes
colinear with d; = T in the limit as the horizon is approached. This means
that K* will also degenerate at r = 2M. The significance of this only became
apparent later in the context of the red-shift effect. See Sect. 1.3.4.

7Note, in comparison, that for a Killing field, for instance T, we have KT = 0, and the associ-
ated energy identity expresses conservation of the JT current.
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1.3.3 Schwarzschild: energy-flux and pointwise decay

Starting from a new construction of a current J* of the type described above
and the resulting spacetime integral estimate, [19] showed quantitative decay
for the energy flux of i through a suitable foliation connecting the future
event horizon to null infinity, as well as pointwise decay, in particular, the
uniform decay result wz <C ijrz in the domain of outer communications.
Here v is an Eddington-Finkelstein advanced time coordinate and Q is an ap-
propriate quantity computable on initial data, and v, denotes say max{v, 1}.
Similar decay results were proven independently by Blue and Sterbenz [10]
for initial data vanishing on H* N H ™, but with control which degenerates
on the horizon. See Sect. 1.3.4 immediately below. Stronger decay results for
spherically symmetric solutions had been proven previously in [18] by differ-
ent methods, as a byproduct of a result concerning the coupled spherically-
symmetric Einstein-(Maxwell)-scalar field system.

1.3.4 Schwarzschild: the red-shift and the vector fields Y, N(=Y + T)

In the course of the above study, the work [19] introduced the use of a vec-
tor field multiplier current JE associated to a vector field Y which becomes

null on (and transversal to) the horizon H*, such that the flux of JN where
N =T + Y gives the non-degenerate energy at the horizon as measured by a
local observer. The associated O-current K¥ (= KN) enjoys positivity proper-
ties near the horizon which can be thought to capture the red-shift effect. It is
use of this current which allowed one to deduce the boundedness statement
(6) for the non-degenerate energy, as well as suitable decay statements for a
non-degenerate energy flux. The positivity property of the current KV near
H* is manifestly stable to perturbation of the metric. In particular, one can
use a small amount of this current to ‘stabilise’ the nonnegativity properties
of KX.8 This will be of critical importance in the present paper.

The introduction of the current J E to capture the red-shift was inspired by
an analogous weighted estimate for null derivates of spherically symmetric
self-gravitating scalar fields [17, 18] (with the possible presence of charge)
near their event horizons. In fact, the first use of these estimates was to control
the solution in a region of the black hole interior [17]; these estimates were
used to show for instance the formation of an apparent horizon, and the per-
sistence of decay properties deep inside the black hole. The results of [17],
when specialised to the simpler case of a scalar field on a fixed Schwarz-
schild or Reissner-Nordstrom background (with charge Q) lead to the state-
ment that boundedness and decay properties propagate from ™ to the region

8For an explicit use of KY as a stabiliser, one can compare with [21] (in the context of

Schwarzschild-de Sitter, see Sect. 1.5.4) where failure of positivity of KX very near H was
compensated for by the positivity of KN,
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r>M—/M?— Q? + ¢, for any € > 0, but with degeneration as € — 0. In
the presense of charge, however, the red-shift effect gives way to a blue-shift
effect as the Cauchy horizon r = M — /M? — Q? is approached, leading to
instabilities at the level of derivatives [17]. The interesting problem for black
hole interiors is to understand the precise behaviour of ¢ (and, in the coupled
case, the behaviour of the geometry) as this horizon is approached. See [17].

1.3.5 Schwarzschild: technical refinements

There have been more recent technical refinements of the above results: The
works [8, 10, 19] had controlled trapping effects with the help of vector field
multipliers which must be carefully chosen for each spherical harmonic sepa-
rately. An alternative proof of such estimates not relying on spherical har-
monic decompositions is provided by our more recent [20], and indepen-
dently, by the subsequent Marzuola et al. [41], where further important refine-
ments are given, including applications to Strichartz estimates and nonlinear
wave equations. Both [20] and [41] rely on the red-shift construction intro-
duced in [19]. For other refinements, as well as extensions to the Reissner-
Nordstrom metric, see [9].

1.3.6 Kerr: separation and statements for fixed modes

In contrast to Schwarzschild, all previous work on (2) for Kerr with |a| # 0 is
restricted to fixed modes of various type.

This approach begins with work of Carter [12] who showed that the wave
equation on a Kerr metric with parameters M, a can be formally separated in
Boyer-Lindquist coordinates, in the sense that the expression:

R(aw, % F)G(aw, H)e el (12)

provides a complex-valued solution to the wave equation (2) for arbitrary in-
teger k and complex number w, where Gy, (aw, é) are the so-called oblate
spheroidal harmonics with oblateness parameter aw, and R(aw, X, 7) is a
complex function satisfying a certain second order ordinary differential equa-
tion with respect to 7 (with the coefficients of the equation depending on aw
and X, where X = A(aw, k, £) is the corresponding eigenvalue to Ggy).

Carter’s separation was quite unexpected in view of the fact that for a #
0, the dimension of the Lie algebra of isometries is only 2. The geometric
origin of the separation (12) lies in the existence of an additional ‘hidden’
symmetry [53], associated to a non-trivial Killing tensor, now known as the
Carter tensor.

In Whiting’s seminal [54], it is shown that, for no subextremal value of the
Kerr parameters |a| < M does there exist a solution of the form (12) with a
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Im(w) < 0 and finite initial energy on {f = 0}. The argument relies on the al-
gebraic symmetries enjoyed by the class of ode’s which R(aw, X, r) satisfies.
Whiting’s statement is often known as “mode stability”. This statement is of
course retrieved in particular by Theorem 1.1 for |a| < M.

Finster et al. [27, 28] consider azimuthal modes on Kerr spacetimes for the
general subextremal parameter range |a| < M, i.e. the case of solutions of (2)
of the form

PBi(F, 6, Del*d (13)

for fixed k, which are further restricted by the requirement that they be smooth
and vanish identically in a neighborhood of the bifurcation sphere H™ NH ™.
Using [54] and spectral theoretic techniques, the authors express that class
of azimuthal modes (13) as a superposition of modes (12) over real w, and
study properties of R(aw, X, ). The paper [27] contains the following non-
quantitative statement: For fixed 7 > M + +v/M? — a2 and 0,

Tim Py (7, 7,6) — 0. (14)

—>00

Of course, in the absence of a quantitative boundedness statement, no finite-
ness or decay statement could then be inferred from (14) for general solutions
Y of (2) unconstrained by (13), because the lim of (14) does not a priori com-
mute with summation over k.

Even results of the above type seem to be previously unknown for Kerr-
Newman, for any Q # 0.

1.4 Overview of the proof

In this section, we give a brief overview of the proof of Theorems 1.1 and 1.2.
In the process, we shall motivate the more general framework of Sect. 3 to
which our results apply, introducing the necessary assumptions as they are
used. For the convenience of the reader, we will highlight the key novel ideas
separated from the main body of the text.

1.4.1 The ergoregion and superradiance

The elusiveness of any sort of boundedness-type result whatsoever stems
from the well-known phenomenon of superradiance. This is related to the
fact that, unlike in the Schwarzschild case (see Sect. 1.3.1 above), for a # 0,
the stationary Killing field T fails to be everywhere timelike in the domain
of outer communications. In particular, there is a non-empty subset £ C D
where T is spacelike, the so-called ergoregion.

The significance of the ergoregion was first understood from the point of
view of point particles: the presence of £ allows a particle coming in from
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infinity to split (consistent with conservation of energy-momentum) into one
of negative energy entering the black hole and one of greater positive energy
returning to infinity; this is known as the Penrose process. The pioneering
study by Christodoulou [14] of the “black hole transformations” obtainable
via a Penrose process led to a subject now known as “black hole thermody-
namics”.

For solutions i of the wave equation (2), the presence of the ergoregion
& implies that the energy current J E[w] fails to be nonnegative definite when

integrated over spacelike hypersurfaces. Thus, the conservation of JE does

not imply a priori bounds on an L?-based quantity, analogous to the estimate
(10) in Schwarzschild. In particular, the local energy of the solution (or alter-
natively, the energy radiated to infinity, i.e. the left hand side of (8)) can be
greater than the initial total energy, even if the energy is initially supported in
the region where J E is positive definite; hence the term ‘superradiance’.

The fundamental problem is then to find a mechanism which gives a quan-
titative bound on how large this energy can become. Indeed, a priori, the
supremum of the left hand side of (10), or, alternatively, the left hand side
of (8), can in fact be infinite. As a result, there is no analogue of the a pri-
ori pointwise bounds on ¥ away from the horizon, which are immediately
available in Schwarzschild. For all fixed r, the supremum of i in ¢ is a priori
infinite.

1.4.2 The stabilising role of the red-shift effect

The first key to the desired mechanism is provided by the stability of consid-
erations near the horizon, related to the redshift.

First a remark: The positive-definite property of the O-current K¥ of
Sect. 1.3.2 is stable to perturbation of the metric everwhere except where
it degenerates, namely near the Schwarzschild horizon » = 2M and near the
Schwarzschild photon sphere r = 3M. Let us suppose for the time being that
one could perturb the construction of J* so that the nonnegative-definiteness
property of K* continued to hold on Kerr spacetimes with |a| <« M in a
neighborhood of r = 3M, and turn to the issue of the horizon.

For Kerr metrics satisfying |a| <« M, then, arguing by continuity from
Schwarzschild, the positivity properties of the O-current KN associated to the
vector field N (see Sect. 1.3.4) are stable in a neighborhood of the horizon,
containing in particular the ergoregion £. Considering then the current

JE+ eV,

for a small parameter e, then for even smaller Kerr rotation parameter a < e,
it would follow that the associated KX¢N is globally positive, degenerat-
ing neither at the horizon nor (in view of the assumption of the previous
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paragraph) near r = 3M. Note that the 1-current J¢N yields positive definite
boundary terms on and near the horizon. Coupling this with the use of the
identity for JT (whose failure to be positive definite at the horizon can now
be absorbed for small a by the positivity properties of J¢N), it follows that
one may estimate both boundary and bulk terms. This would at the same time
give us not only the desired boundedness statement, but an integrated decay
statement as well. To summarise:

With the help of the redshift effect, the fundamental difficulty of the
absence of a conserved energy can be circumvented for Kerr with
la| <« M, provided one can perturb the construction of the Schwarz-

schild virial current so as to still yield a nonnegative bulk term near
r=3M.

It cannot be stressed too heavily that even given a virial identity with pos-
itive definite bulk, one still needs an argument ensuring the positivity of the
boundary terms, and smallness of a is used again above in a crucial way.

If we define the ergoregion more generally for stationary metrics g to be the
region where the stationary Killing field T is spacelike, we note that the above
considerations have nothing to do with the Kerr metric per se and hold for
spacetimes (M, g) €close-close to Schwarzschild in a suitable C! sense.” The
presence of a stationary Killing field and the closeness to Schwarzschild are
the first restrictions on the general class of spacetimes described in Sect. 3.2
to which our arguments will apply.

1.4.3 Trapped null geodesics?

The above section reduces the problem to perturbing the Schwarzschild con-
struction of J* near r = 3M. As remarked previously, to obtain a nonnegative
definite KX near r = 3M, one must ‘see’ the obstruction to dispersion pro-
vided by high frequency solutions localised near trapped null geodesics. In
contrast to Schwarzschild, in the Kerr case for |a| # 0, the ‘limit’ r-values of
such geodesics fill out an open subset in r. This is related to the fact that in
Kerr the codimensionality of the space of trapped geodesics can only be prop-
erly understood in phase space. In fact, Alinhac [1] has shown that no current
of the form J* (more generally, of the form considered in Sect. 4.4) can yield
the necessary positivity for Kerr. This indicates that controlling trapping for
Kerr requires a far more delicate analysis.'”

Turning to more general, €cjose-close c! perturbations of the Schwarz-
schild metric, the situation appears even worse. It is not clear at all what
dispersive properties one should expect, as it is now difficult to make any

9The significance of C 1 is that this makes positivity at the level of energy identities stable.
10gee Sect. 1.7.
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statements about the properties of geodesics. Since the previous section ‘cou-
ples’ understanding of boundedness to understanding of dispersion, it seems
one must give up on proving boundedness in such a class.

1.4.4 Superradiant frequencies are not trapped!

Perhaps the main insight of the present paper is that, despite the above ap-
pearances, the problem of boundedness can in fact be decoupled from the
problem of dispersion in the geometric optics limit, and thus, from the prob-
lem of trapping.

To see this, let us first return to the Schwarzschild case. Taking the Fourier
transform in time ¢ and expanding in modes associated to the azimuthal co-
ordinate ¢, one may decompose the solution i into two pieces, each again
solving (2), as follows

V=1vp+ ¥y (15)

where 1}, is to be supported in frequency space (real frequencies w and integer
k are Fourier variables dual to # and ¢) only in the range

w? = a)(z)kz, (16)
whereas 4 is to be supported in frequency space only in the range
o = Wk, (17)

for wp a parameter to be determined.

The crucial point is then the following: For wq sufficiently small, one can
in fact construct (see Sect. 5.3) a current!! JX such that KX[%] is essentially
nonnegative after suitable integration in ¢ and ¢, and moreover, this current
degenerates only at the horizon, and not at r = 3M. This is related to the
fact that the frequency range (16) is in fact ‘elliptic’ near r = 3M, and, in
particular, does not ‘see’ trapping.

Now let us turn to Kerr. Recall that one retains as Killing fields 9, and d;
suppressing some important technical issues, let us thus pretend for the pur-
pose of the present discussion that a decomposition of the form (15) is still
possible (see Sect. 1.4.7!). Since KX[v,] is positive definite without degen-
eration near r = 3 M, this positivity property is stable to Kerr, for parameters
la| < M. The considerations of Sect. 1.4.2 should then apply for the ,, and
thus, it would appear that the entire problem can be reduced to understand-

ing Y.

“Again, the construction in fact concerns a more general type of current of the form described
in Sect. 4.4, but we shall continue to suppress this in the discussion here.
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What would be the significance of such a reduction? For |a| < wg, then
the so-called ‘superradiant frequency range’ 0 < kw < 2%; is completely
contained in the range (16), or to say it equivalently, all frequencies in the
range (17) are non-superradiant.!> The embodiment of the property of ‘non-

superradiance’ which will be useful for us is simply:

/S o T sInd, 20 (18)

for suitable sufficiently large subsets S of the event horizon. (See Sect. 1.4.7
for a brief discussion of our use here of ~~.) The inequality (18) suggests that
study of boundedness for ¥4 is more akin to the Schwarzschild case, and thus,
easier. See Sect. 1.4.5 immediately below.

To summarise:

Superradiant frequencies are not trapped. Restricted to these frequen-
cies, the dispersive mechanism from Schwarzschild, as captured by vir-
ial identities, is heuristically stable in the sense required in Sect. 1.4.2.

The above arguments would hold more generally for spacetimes €cjoge-
close to Schwarzschild in C!, with €gose K €, €close < @0, aS long as d; and
0y are retained as Killing fields—necessary to define (15)—and the span of
0; and 9y is a null plane tangent to the horizon. It is precisely the latter con-
dition on the span which (together with the closeness) ensures that the ‘non-
superradiance’ property (18) holds for 4. With this added assumption we
have now essentially completely described the class of metrics considered in
Sect. 3.2.

1.4.5 A new boundedness argument for Schwarzschild and the
non-superradiant regime

This leaves then the non-superradiant part ;.

As noted already in Sect. 1.4.4, the idea is that this case should be similar
to the Schwarzschild problem, as the usual JT[x//u] energy is essentially non-
negative definite, at least when considering the flux through the horizon. At
best, however, the expected resulting boundedness statement would be anal-
ogous to the statement (10) on Schwarzschild. (Recall that our previous [19]
inferred the boundedness of the non-degenerate energy (6) only after con-
struction a JX current with nonnegative K¥, in accordance with the insight of
Sect. 1.4.2. It is precisely this nonnegativity property which is not available
here.) Nonetheless, as we shall see, we can indeed obtain the full (6).

12The notion of superradiant frequency is typically discussed in terms of the separation (12).
See for instance [54]. For the purpose of the present paper, one should consider (18) as the
defining property of non-superradiance.
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Before discussing v, let us first return to the argument for Schwarzschild.
There is in fact another way of using the red-shift identity of Sect. 1.4.2,
which makes use only of (10), and not a JX current. Indeed, the red-shift
identity immediately yields that the spacetime integral of KV restricted to a
neighborhood of the horizon grows at most linearly in time. Revisiting the
identity, using the comparability of Ji\}m’é and KN near H*, one can in fact

show that the energy flux associated to JN through X, is bounded, without
showing uniform boundedness of the spacetime integral of KN (which would
have required the construction of JX). This yields a new, simpler and more
robust proof of Theorem 1.1 for Schwarzschild.

The above argument in fact would apply more generally to solutions i of
(2) on small stationary perturbations of Schwarzschild such that the flux of
JT[y] though suitable subsets of H* is nonnegative.

To summarise:

For stationary perturbations of Schwarzschild, the boundedness of the
non-degenerate energy can be directly inferred from the red-shift energy
identity alone, provided that the sign of the flux of the conserved energy
through suitable subsets of the horizon is nonnegative.

It should be clear that, in view then of the defining property (18) of ‘non-
superradiance’, the above considerations should apply in particular to the non-
superradiant v under the assumptions of the previous section. See Sects. 7.2
and 8.4. Putting this together thus with Sect. 1.4.4, one would obtain uniform
energy boundedness for { = ¥, 4+ ¥, in accordance with Theorem 1.1.

1.4.6 Red-shift commutation

To obtain also Theorem 1.2, there is one final new ingredient. The red-shift
technique, introduced in [19], is further extended here to commutators. See
Sect. 10.1. In brief, in addition to applying Y as a multiplier, we may also
commute the wave equation with Y, that is, we may consider the energy iden-
tity associated to the second order current J¥[Y1/]. The most dangerous term
on the right hand side again comes with a favourable sign. In conjunction
with application of T as a commutator, this allow us to estimate all resulting
terms in a manner consistent with obtaining boundedness for the energy flux
on X.. In particular, since T + Y is timelike on H™, this means that we al-
ways can commute with a strictly timelike direction. Using elliptic estimates
and a standard Sobolev estimate, one has then a direct approach to pointwise
estimates as in Theorem 1.2.

The red-shift effect ensures that one can commute  (arbitrarily many
times) with a vector field timelike up to and including H™ and again
derive estimates, giving non-degenerate energy boundedness to all or-
ders. In particular, pointwise estimates for \ (and arbitrary derivatives,
including transversal to H™) follow naturally.
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Note that, even when specialised to Schwarzschild, this allows for a novel
proof of Theorem 1.2, which, in addition to avoiding appeal to J* (see
Sect. 1.4.5 above), now entirely avoids commutation with angular momen-
tum operators.

1.4.7 Technical issues

There are various technical issues that arise in implementing the strategy out-
lined above.

To even define v, and v;, we must take the Fourier transform in ¢. On the
other hand, a priori we do not have finiteness properties (that is what we are
trying to prove!) let alone the requisite integrability. To define thus the Fourier
transform, we first cutoff ¥ in a region of interest of “time-length” 7 to form
what we shall denote as .. (see Sect. 6.1). Moreover, we will apply smooth
cutoffs in frequency space to define ¥, and ¥+ so as to be able to appropriately
localise considerations in physical space. In particular, various error terms
coupling ¥, and v are well localised near the cutoff region. Because these
error terms do not decay in r in a manner compatible with our estimates, we
must artificially induce additional decay in r on the error terms by widening
the cutoff regions. Thus, the cutoffs are not defined with respect to ¥, but
with respect to the foliations ¥, which diverge from X, by a factor ~r!/2.

Let us mention also that the defining nonnegativity property (18) charac-
terizing ‘non-superradiance’, as well as the positivity property of K*[1,] are
again true modulo errors that arise from localising the Plancherel formula
in physical space. See Sect. 6.3. In view of the smooth cutoffs in frequency
space, the resulting error terms are such that they are integrable in time, and
can thus be controlled from the boundedness of an energy quantity.

Finally, to absorb the cutoff errors, it is essential to have a smallness pa-
rameter. For this, we exploit the following fundamental fact: given any fixed
Tstep> TOT €smanl depending on this choice, one has a certain priori control on
the solution for time-interval g, following essentially from continuity from
the analogous control in the Schwarzschild case (see Sect. 8.1).

1.5 Related problems

1.5.1 Klein-Gordon

A related problem to the wave equation is that of the Klein-Gordon equation
Ogyr = m>y (19)

with m > 0. There is a well-developed scattering theory on Schwarzschild for
the class of solutions of (19) with finite energy associated to the Killing T.
In particular, an asymptotic completeness statement has been proven in [4].
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This analysis in of itself, however, when specialised to HILC solutions in the
geometric sense, only gives very weak information about the solution. In par-
ticular, it does not give L? control of v or its angular derivatives on H™.

In the case of Kerr, there are again certain partial results for (19) in the
direction of scattering for a “non-superradiant” subspace of initial data [30].
These interesting results do not, however, address the characteristic difficul-
ties of superradiance. See also [5].

1.5.2 Maxwell

Decay estimates for the Maxwell equation on Schwarzschild have been ob-
tained by Blue. See [6].

1.5.3 Dirac on Kerr

Finally, we mention that there has been a series of interesting papers concern-
ing the Dirac equation on Kerr and Kerr-Newman. See [26, 31]. For Dirac,
considerations turn out to be much easier as this equation does not exhibit the
phenomenon of superradiance. We shall not comment more about this here
but refer the reader to [31].

154 A#0

It is also interesting to consider (2) and related equations on background solu-
tions of the Einstein equations with a cosmological constant R, = Agy., for
A # 0. In the A = 0 case, the natural analogue of the Schwarzschild family
is the so-called Schwarzschild-de Sitter class. Boundedness in the region be-
tween the black hole and cosmological horizons, analogous to the statement
of Theorem 1.1, was proven in [21]. Various dispersive estimates and decay
results are proven independently in [11, 21].

1.6 Heuristic and numerical work

We cannot do justice here to the vast work on this subject in the physics
literature. See [37] for a nice survey.

1.7 Addendum: subsequent developments
Since the original appearance of this paper on the arxiv in May 2008, there

have been rapid further developments in this subject which we briefly men-
tion.
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1.7.1 Dispersion on exactly Kerr spacetimes

Recall that as described in Sects. 1.4.2 and 1.4.3, one would be able to prove
integrated decay estimates (and together energy boundedness) for solutions
of (2) on perturbations of Schwarzschild, as long as one could perturb the
construction of JX near r = 3M so as for KX to retain its nonnegativity
properties. This approach for understanding dispersion has now been carried
out independently by [22, 48] for Kerr spacetimes with |a| <« M. (Our [22]
uses Carter’s separation (12) to frequency-localise the construction of J¥,
whereas [48] uses a more standard pseudo-differential construction, exploit-
ing however the complete integrability of geodesic flow. See also [49].) Both
proofs indeed use the red-shift energy identity discussed in Sect. 1.4.2 to sta-
bilise the construction at the horizon, as well as the red-shift commutation
property introduced in the present paper (see Sect. 1.4.6) to obtain pointwise
bounds up to the horizon. These proofs were followed later by [2], where
frequency localisation on Kerr with |a| < M is achieved by an alternative,
quite attractive method based on higher order energy currents constructed via
commutation with the Carter tensor. The result obtained, however, is weaker,
requiring many derivatives on v, weights at infinity, and with estimates de-
generating at the horizon. Finally, the general subextremal case |a| < M is
considered in [24]. It turns out that the insight that superradiant frequencies
are not trapped (see Sect. 1.4.4) persists throughout the subextremal range of
parameters, and this plays a fundamental role in the argument. '

1.7.2 More general spacetimes?

All three proofs [2, 22, 48] for |a| << M and the proof [24] for the general
case |a| < M use in one form or another the hidden symmetries of Kerr,'*
and thus, as such, do not carry over to the more general class considered here.
The very recent [55] strongly suggests that one might be able to enlarge the
class of metrics for which one could show dispersion by appealing to struc-
tural stability results of geodesic flow. Not surprisingly, these results require
however a very high amount of regularity of the metric g. This confirms then
the point of view advanced in this paper, that the boundedness property is
fundamentally more robust than dispersive properties.

13 This insight can be thought of as a generalisation of the ‘restricted pseudo-convexity’ prop-
erty which plays a role in unique continuation for stationary solutions of wave equations on
black hole backgrounds [34]. Indeed, this latter property concerns the special case w = 0.

141y fact, for Ricci flat stationary axisymmetric spacetimes, separability of the wave equation
(used in [22]), separability of geodesic flow (used in [48]), and the existence of a non-trivial
additional Killing tensor (used in [2]) are equivalent. See [29].
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1.7.3 Energy-flux and pointwise decay

The problem of passing from integrated decay to decay proper has been
further studied in [2, 22, 40] extending ideas from the Schwarzschild case
[10, 19]. The current state of the art is represented by two independent and
very different techniques, developed in our [23] and Tataru [47], both giving
a general framework for obtaining definitive decay-type estimates from the
following three ingredients: (1) a quantitative boundedness statement of the
type proven in the present paper, (2) a Morawetz-type integrated decay esti-
mate, (3) good asymptotics at infinity.!> The results of [47], based on Fourier-
methods and resolvent estimates, are more refined but more fragile, rely heav-
ily on exact stationarity, and yield sharp results in the context of smooth data
of compact support. They can be compared with the strong Huygens prin-
ciple. The results of [23] are completely physical-space based, rougher but
more robust, in particular they do not depend at all on stationarity, and are
sharp in the context of the norms typically used in nonlinear stability proofs.
Indeed, the methods of [23] can be used to extend the domain of stability re-
sults for quasilinear wave equations on background metrics which do not tend
to stationarity [56].

1.7.4 The redshift and surface gravity

The positivity properties associated to the use of Y as a multiplier as in-
troduced in [19] and as a commutator as introduced in the present paper
(see Sect. 1.4.6) have been extended in [22] to the neighborhood of gen-
eral Killing horizons with positive surface gravity. The resultant estimates
are thus applicable in particular to all stationary non-extremal classical black
hole solutions of the Einstein equations. This immediately allows one to infer
a variety of novel boundedness statements. See [22].

1.7.5 Other spacetimes

We mention extensions to n-dimensional Schwarzschild [39, 46], as well as
the Klein-Gordon equation on Kerr-AdS (i.e. A # 0) for masses above the
so-called Breitenlohner-Freedman bound [33]. Other more recent results for
non-zero cosmological constant are contained in [25, 42, 51]. Another case
of intense interest in the high-energy physics community is that of extremal
black hole spacetimes, characterized precisely by the vanishing of surface

I5We note that, to apply either method in the presence of horizons, it is fundamental that
one control (in the boundedness and integrated decay estimates) transversal derivatives. In
particular, both the original use of the red-shift vector field as a multiplier [19] and the use as
a commutator introduced here (see Sect. 1.4.6) are essential.

@ Springer



490 M. Dafermos, I. Rodnianski

gravity: Boundedness, but also blow up results, for the most basic example,
namely extremal Reissner-Nordstrom, are contained in [3]. The characteristic
difficulty of the extremal case is precisely the degeneration of the red-shift
estimates of Sect. 1.7.4. A similar difficulty occurs for Kerr with |a| = M.

2 Constants, parameters and notational conventions
We summarise in this section some conventions regarding notations.
2.1 General constants

In the next section we shall fix once and for all a Schwarzschild metric with
parameter M > 0. We shall use the notation B and b for general positive
constants which only depend on the choice of M. An inequality true with a
constant B will be true if B is replaced by a larger constant, and similarly, for
b if b is replaced by a smaller positive constant.'® We shall use the notation
f1 ~ f> to denote

bfi < f2 < Bfi.

Since B and b denote general constants, we shall apply without comment the
obvious algebraic rules B2 = B, B~! = b, b> = b, etc.

2.2 Fixed parameters and functions

We will also require various particular fixed parameters which can be cho-
sen depending only on M. From these parameters are defined various fixed
functions.

Most parameters are not explicitly computed but are determined implicitly
by various constraints. Before choosing a parameter, say parameter o, we
shall use notation like B(«), b(«) to denote constants depending only on
M and the as of yet unchosen «. It is to be understood that again here, the
notation B indicates that the constant can always be replaced by a bigger one,
and b by a smaller one. We shall also use the notation R;(«) to indicate that
the parameter R; depends on the still unchosen «. Once « is determined, we
may replace the expressions B(«), R(«) etc., with B, R, etc.

Let us draw the reader’s attention to what are perhaps the most important
parameters:

w0, €, €close (small), Tstep (large)

The role of each of these parameters have already been discussed in Sect. 1.4.

1611 the case of chains of inequalities, e.g. f| < Bfy < Bf3 this convention is obviously vio-
lated and has to be reinterpreted appropriately.
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2.3 Other notational conventions

As the reader may already have noticed, we have systematically used black-
board bold to denote vector fields, e.g. T, N, and bold to denote tensorial
quantities quadratic in a function W and its derivatives, for instant T, [W],
K[W¥], J,.[¥]. The lowercase q, q., are reserved for quadratic scalar quanti-
ties which are positive definite. These can be interpreted as energy densities.
The uppercase Q are positive definite energies. We shall use 1 for the solution
to (2) on an admissible spacetime as described in Sect. 3, whereas we shall
use W for an arbitrary spacetime function which could appear as an argument
of J, etc., to be thought of as quadratic functionals.

3 The class of spacetimes

In this section we shall describe the general class of metrics for which our
results will apply. To set the stage, we must first fix some structures associated
to a Schwarzschild metric.

3.1 Schwarzschild

We refer the reader to our previous [19] for a review of the geometry of
Schwarzschild. We must first fix a certain subregion of Schwarzschild with
parameter M > 0, relevant coordinates, and a choice of axisymmetric Killing
field. This will provide the underlying manifold with stratified boundary'’
for the class of metrics to be considered later. Let us use the notation g, to
denote the Schwarzschild metric.

Refer to the Fig. 2 below.

In what follows, we specialise the constructions of Sect. 1.1 to the case
0 = a = 0. We thus will denote by D the closure of a domain of outer com-
munications in maximally extended Schwarzschild (M, gps) with mass M.

Fig. 2 The underlying
differentiable structure and
Schwarzschild metric on D

17The boundary will be the union of two manifolds with boundary intersecting along their
common boundary.
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Recall that D can be alternatively characterized as the closure of a coordinate
chart

{[r>2M} x{—oco<t<oo}x{0<b<m}x{0<¢ <22m} (20)

in which the metric takes the form (9). For definiteness, let us fix a particular
such chart, referring to it as ‘standard Schwarzschild coordinates’ and notat-
ing the coordinates without hats. Recall the notations H* from Sect. 1.1.

The stationary Killing field T discussed in Sect. 1.1 is hypersurface orthog-
onal with respect to gps. We say thus that Schwarzschild is ‘static’. Moreover,
T is strictly timelike on int(D) and null on H ™ U™, vanishing on H+* N'H ™.
We recall finally the notation for the associated one-parameter family of dif-
feomorphisms p; : D — D generated by T. We note that in the Schwarz-
schild coordinate chart, ps; corresponds to translation of the #-coordinate
by s. The choice of coordinate ¢ is in fact unique up to overall translation.
Recall that the coordinate 7 is not well defined on H+ U H~: Indeed, if
y :[—1, 1] = D, is a curve with y (£1) € H* \ HF, y(—1, 1) C int(D) then
limg_, +1¢(y(s)) = Fo0o. This is of course related to the degeneration of the
expression (9).

The metric element (9) is manifestly spherically symmetric. We have in
fact that SO(3) acts on maximally extended Schwarzschild (M, gus) by isom-
etry, preserving D. The choice of our Schwarzschild coordinate system (20)
distinguishes a Killing field ¢ as the unique Killing extension of the coordi-
nate vector field dy to M, and thus in particular, to D.

The coordinate function r extends to a smooth function on D. This function
has the invariant geometric characterization r(p) = /4w Area(S(p)), where
S(p) here denotes the unique SO(3) symmetry group orbit containing p. On
the boundary H* U H~ we have r = 2M. We will use the notation u for the
function defined by u =2M/r.

Associated to Schwarzschild will be the constants 2M < ry < r§ deter-
mined in Sect. 5.2. We may assume say that

_ M

We shall fix a hypersurface 3 (0) as follows: Let z(r) be a smooth function
in r > 2M such that

z(r) =2M1log(r —2M) — 2M log((ry —2M)/2).
forr <2M + (ry —2M)/4, and
z(r)=0
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for r > ry, and such that the hypersurface
t=—z(r) (22)

is spacelike. Define now the hypersurface X (0) to be the closure in D of
the subset of int(D) defined by (22). One sees easily that X (0) becomes a
spacelike manifold with boundary, where 3% (0) is a sphere on H™ \ H ™.
Note of course that in view of the support of z, it follows that in the region
r > ry, %(0) coincides with the constant ¢ = 0 hypersurface. Thus, 3(0) can
be thought of as a specific choice of what in Sect. 1.1 was more generally
denoted Xg.
We may define a new coordinate

=t 4z2(r),

or more precisely, the smooth extension of this expression to D \ H~. The
coordinate ¢* is thus regular on H™ \ H~. We have that

2 (0) = {t* =0}.
Let us define
S(r)={t"=1}.
Clearly X (1) = p;(2(0)).
We have that
B> —gy(Vi*,Vi*) >b >0 (23)

for some constants B, b. Recall here the conventions of Sect. 2.

For technical reasons, we shall require two auxiliary sets of spacelike hy-
persurfaces. Let x (x) be a cutoff function such that x (x) =1 for x <0 and
x(x) =0 for x > 1. Let us define

tt =1~ x(—=r+R)(1+r—R)'?

and

T =t"+ x(=r+ R)1 +r—R)'/?

for an R to be determined later with R > ry, + 1. Let us define
THo) =it =1, (o ={t =1}

For R sufficiently large, we have that ¥ are spacelike, in fact

B> —gu(Vtt,Vity>b>0, B>—gy(Vt—,Vt7)>b>0. (24)
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In what follows we shall restrict to

-~ + -
R=DnNJ,, (EZ7(0).
The set R is again a manifold with stratified boundary (as was D), where the
boundary is given by £~ (0) U (H* N - (£7(0))).
We note that R is mapped by coordinates

(r, t%,0, ¢) (25)
into
(r>=2M}x{t* > —x(=r+R)1+r—R)'*}x{0<0 <7} x {0 < ¢ <27}

with the usual caveat that (25) is only a valid coordinate system where
7 #0,m, and ¢ # 0,2w. We note that 9+ = T, 94 = ® in this coordinate
chart. In view of the above degeneration, the coordinates (25) will not be use-
ful for formulating closeness assumptions, and we must introduce yet another
coordinate system.

Choosing then a coordinate atlas consisting of two charts (£4,£5),
(€4, £B) on the standard sphere S, then setting x4 = r 164, ¥4 =14 it
follows that

r,t*, x4, xB), (%, 74, 55) (26)

form a coordinate atlas for R. We can ensure moreover that the regions of the
sphere covered by the charts are restricted so that the metric functions satisfy

(em)ij<B. ¢ <B 27)

in these coordinates. Note that with respect to both these charts, we have
dy+ = T. We will use the above coordinate atlas (26) in formulating our close-
ness assumptions.
Finally, we shall also at times refer to so-called Regge-Wheeler coordinates
r* 1, xh xP).
Here ¢ is the standard Schwarzschild time defined previously and the coordi-
nate r* is defined by

r*=r+2Mlog(r —2M) —3M —2Mlog M.

Note that this coordinate is regular in R \ H*, but sends the boundary com-
ponent HT to r* = —oo. With respect to Regge-Wheeler coordinates, we
note that the coordinate vector field 0,« extends to a smooth vector field on
HT NR, and in fact, in the limit, 3, = T on HT NR.
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This last coordinate system is not useful for formulating closeness assump-
tions in view of the fact that it breaks down on the horizon. We shall only
use Regge-Wheeler coordinates for making calculations with respect to the
Schwarzschild metric.

Finally, a word of caution. Since we have several coordinate systems which
will be considered, coordinate vectors like d;+ will always be referred to in
conjunction with a specific coordinate system.

3.2 The general class

We now describe the class of metrics to be allowed.

We consider the manifold with stratified boundary R defined above, with
boundary (K™ NR) U £ (0). Let us denote in what follows H™ N R more
simply as H+. We consider fixed the Schwarzschild metric gy, the Schwarz-
schild coordinates (20), the vector fields T and ¢, and all derived coordinate
systems as in Sect. 3.1. (Recall that the Schwarzschild Killing fields corre-
spond to the vector fields T = 0+, ® = 94 with respect to (r, t*, 6, ¢) coor-
dinates, with the usual caveat of the degeneration of the coordinates on the
sphere.) We consider now the class of all C! Lorentzian metrics g on R such
that:

(1) For €close > 0 sufficiently small,

1gij — (&m)ij] < €ctoser>» 18" — (gm)V| < €ctoser >, (28)
|9m&ij — Om(gum)ijl < €closer > (29)
with respect to the atlas (26).18

(2) The Schwarzschild Killing fields T and ¢ are again Killing with respect
to g.

(3) There is a C! function y defined on H™ such that T + y® is null on the
horizon, and

[¥| < €close- (30)

In particular, Assumption 3.2 above implies that H™" is null with respect
to g and its null generator lies in the span of T and ¢. We may define the
ergoregion £ C R corresponding to g to be the closure of the region where T
is spacelike with respect to g.

For sufficiently small €jse, assumptions (28) and (23) imply that 3 (0) is
spacelike with respect to g, in fact, with our conventions on constants,

B> —g(Vt*,Vt*) > b. (31

18When specialised to the case of Kerr-Newman, this clearly will not be the Boyer-Lindquist
7 referred to previously. Hence our distinction in notation. For the relation to Kerr-Newman,
see Sect. 3.3.
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Similarly, we have from (24) that for €cjose sufficiently small, ¥ (7) and
%7 (1) are spacelike, in fact

B> —g(Vi¥,Vi¥) > b, (32)

independently of the choice of (sufficiently large) R.

Note that ¥ () is again isometric to %(0) with respect to g, and similarly
»*(1) is isometric to ©*(0). We will denote by ny the future normal of
Y (7):

Nk = (—g(Vt*, Vi*)~1/2vke,

This defines a translation invariant smooth timelike unit vector field on K.
Similarly, we define

Ny = (—g(ViE, Vi) 12k,
We will use the notations

R t= | =@,

v'<t<t”

Rt = (] =¥,
Tlfff'f”

R (.= (] =@,
I/st.[//

HE Y =H " NRGE, ).

All integrals without an explicit measure of integration are to be taken with
respect to the volume form in the case of a region of spacetime or a spacelike
hypersurface, and an induced volume form connected to the choice of a p;-
invariant tangential vector field m%, in the case of H(7/, t”).

Note the following property of the volume integral with respect to the (al-
most) global (¢, r, ¢, 6) coordinate system: There exist smooth v(6,r) > 0,
V(6) > 0 such that for all continuous f:

Y 4 7/ 2
/ fZ/ / v(@,r) (/ (/ fd¢> dt*) dodr,
R/, ") 2M JO T/ 0
g 7/ 21
[ r=[ o (f (/ fd¢>> dt*) a9,
H(T'\ ") 0 7/ 0
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Also let us note that

"

f fzfr (f (—g(Vt*,Vt*))_l/zf)df.
R, t") T/ 2(7)

By (31), it follows that if f] ~ f> in the sense 0 < bf] < fo < Bf}, it follows
that

14

T
Jowin =L (2o
R(,t") T/ 2(7)

A similar relation holds with R* and = *.
3.3 The Kerr and Kerr-Newman metrics

Proposition 3.1 Given arbitrary €cose > 0, M > 0, then for Q < M,
la| < M depending on €ciose, the Kerr-Newman metric § = gy, 0,q With para-
meters Q, a can be defined on R so as to satisfy the assumptions of Sect. 3.2.

Let us sketch how one can implicitly define a Kerr-Newman metric on R
in our (r, t*, 0, ¢) coordinate system.

For convenience, let us do this by defining a new set of coordinates on
int(R) which are to represent Boyer-Lindquist coordinates (7, f, 6, $). For
this define 7 by

r2—2Mr=f2—2Mf+Q2+a2.

Let z(r, a, Q) be a function smooth in its arguments for r > 2M, |a| K M,
0 « M, such that z(r, 0, 0) = z(r) defined previously, and such that

2M7P — Q?
2_2MF+ Q% +a?

ﬁ( (7) )=
e )=z

forr <2M + (ry —2M)/4, and%:Oforer,andlj—ﬁl§B(a+Q) for
2M + (rg —2M)/4 <r(F) <rg . Define now 7 by

f=t*—z(r a, Q).

Deﬁnecﬁby
$=¢— P
where fl—f = W’w, and 6 by
6=6.
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Note that 9, = 9;, dp =0 b in the intersection of the domains of the coordinate
systems. Now consider the metric on int(R) defined in these new coordinates
by the expression (3). Rewriting the metric in (r, t*, 6, ¢) coordinates, and
then relating this form in turn to the coordinates of (26) one sees immediately
that

r2(gij — (gm)ij) = 0, r2(g —g;"g)—)O

uniformly as a — 0, and

3 (3kgij — e (gum)ij) — O

uniformly as @ — 0, where i, j, k denote coordinates of (26). It follows that
given €cjose, the assumptions (28) and (29) hold for Q < M, |a| < M suffi-
ciently small. The remaining assumptions are well-known properties of Kerr
which are manifest from the Boyer-Lindquist form (3).

We remark that the above prescription is in no way unique. Among other
properties, the above prescription satisfies that when applied to gy 0.0 one
obtains gs,0,0 = gm (as opposed to gyr.0.0 = ¢™* gm for some diffeomorphism
), and also, that = c hypersurfaces coincide with #* = ¢’ (and thus also with
t = ¢') for large r. By introducing a cutoff in the definition of P, one could
also ensure that ¢ = (/3 for large r, if desired. Similarly, one could ensure that
¢’ be independent of parameters a, Q. None of these properties is in fact of
much significance.

4 Preliminaries
4.1 Well posedness and the class of admissible solutions

Let (R, g), £(7) be as in Sect. 3.2, and let y be an le)c function on X (0),
and let ' be an leoc function on X (0). Here the L? norm is defined naturally
with respect to the induced Riemannian metric on X (0). By standard theory,
there exists a unique solution ¥ of the initial value problem

Ugvr =0, Viso) =V, ns¥lxo) =V, (33)
with the property that

v eCl(HL.(2(0), nzyeClLL (Z()).

loc

For our most basic boundedness result, we shall require precisely the C'
regularity of the metric as in Sect. 3.2 and the following regularity and bound-
edness for initial data:

VEy e L2(2(0)), v e L2(2(0)). (34)
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For higher energy and pointwise boundedness we shall require progressively
greater regularity for both the underlying metric and for initial data.

By density arguments, one can in fact prove all results under the assump-
tion that the metric g and data , W' are in fact smooth, and thus, that v
is smooth. Moreover, we can safely assume that V> and ’ are supported
away from infinity. Let us assume this in what follows so as not to have to
comment on regularity issues or the a priori finiteness of certain quantities. It
follows in particular from this assumption that

VY e L*(2(x)), VY elL*(ZF (1), (35)
moreover, that Vi is supported away from spatial infinity.
4.2 The uniform energy boundedness theorem
For a sufficiently regular function W, let us define
Ty [W] = 8, W,V — %gwg“ﬂaawaﬂxp (36)
and for V# a vector field,
T W] =Ty [W]V". (37)
In addition, let us define the quantity
al¥] = I [W]ns .

Note that this is non-negative. Moreover, in the coordinate charts of the atlas
(26), we have

qw]~> (W) (38)
We have
~ /2 X 2
fm alw1~ B (112 + IV=vi2, )

and thus, by (34) and (35), for all T > 0,

fq[w]<oo, / qlv] < oo.
= (1) >E(7)

The first main result of our paper concerns the uniform boundedness of this
quantity.
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Theorem 4.1 There exist positive constants €close, C depending only on
M > 0 such that the following holds. Let g, (1) be as in Sect. 3.2 and let \y,
', ¥ be as in Sect. 4.1 where  satisfies (2). Then, for T > 0,

/ Q[K/f]fcf q(y]. (39)
(1) =(0)

When specialised to the Kerr and Kerr-Newman case, Theorem 4.1 yields
precisely inequality (6) of Theorem 1.1. (The reduction to our particular X (0)
of Theorem 4.1 from the arbitrary ¥ of Theorem 1.1 follows from the remark
at the end of Sect. 1.1 while the universality of the constant € in the statement
of that theorem follows a posteriori from a simple scaling argument.)

4.3 The auxiliary positive definite quadratic quantities q, and q:'

We note that given e > 0, for small enough €.jose K ¢, the vector field T+eny
is timelike. For sufficiently regular W, let us define

Qe[¥] =T, TR [W]nk.
Note that

ebq[V] < q.[V] < Bq[V]. (40)

Thus, to prove Theorem 4.1, it is sufficient to prove (39) with ¢, replacing q.
The significance of the parameter ¢ has been discussed in Sect. 1.4.2 and will
become clear in the context of the proof.

We shall need also a weaker positive definite quantity defined as follows.
Let xy = xvy(r) be a cutoff function such that xy =1 for r <2M + (ry —
2M)/2 and xy =0 for r > ry . For a sufficiently regular function W, define

QX (W] =r 2Tz ppnd,

This quantity is related to lower bounds for the O-current K* 4+ KN to be
constructed in Sect. 5.3, by inequalities (72), (73) and (74).
Note that we have

ebr?q[W] < qX[V] < Br2q[V¥].
Note also that for r > ry,, we have
q.[V]~q[V]

and

qX[W] ~r2q[W] ~r2q.[¥]. (41)
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For all » > 2M, we have
q.[V] < Be 'rigX [V, (42)
a[¥] < Be~'rPqX V], 43)
4.4 The basic identity for currents

For an arbitrary suitably regular function W such that VW is supported away
from spatial infinity, recall from (36) and (37) the definitions of T, and J,.
Define also

KY[W] =T, [V]VFV",

We have
VAT, 9] =K W]+ FV'Y,
where
F=0,W.
Thus, setting
Er'[W]=—FV'V,, (44)

we have the identity

/ I wInk, + f I Wink + f K'[v]
'H(‘L'/,‘L'”) E(r”)

R('.T")

— / T wink + / Er'[V¥]. (45)
(1) R(t', ")

We will also consider currents modified as follows. Given a function w,
define JX’“’ by

1 1

T ] = J T+ pwdy (W2) — 2 (0w, (46)
KV v =KY[v] - é(mgw)qﬂ + %wV“\IJVa\IJ,
Er"¥[W]=Er'[V¥] - %w\DF. (47)

Identity (45) also holds for JV-* as long as appropriate assumptions are made
in a neighborhood of spatial infinity. We will always apply J¥V'* to ¥ with
Wy = 0, and thus, by our assumptions in Sect. 4.1 on VW, such ¥ will in fact
be supported away from spatial infinity.
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It will be useful to have a separate notation for currents as defined with
respect to the Schwarzschild metric. For these we use the notation (JE/M) 1>

v,
Ky, Jgu ) ete. |
Suppose that V is a vector field such that its components V* are bounded
in the atlas (26). It follows from (28) that

(JE/A’/IW)M[‘IJ]D“ — JX’w[lIJ][n“ < Beclosel > mlax \a Z(&-\P)Z. (48)

The above applies in particular if w =0, i.e. for the case JE’M. (In fact, the w
term disappears from the difference above.) Note that if the components of
n, — 0, are less than Beécloser 2 we have by the triangle inequality

g WInt — Jff’“’[ww( < Becioser ™ (Jw] + max(|Vi| +[dw])

DY (0w (49)

Note also that if V/, 8;V/, w, 9;w and 9; djw are bounded with respect to
(26), where then from (28), (29), we obtain

K, (V] —KV’“’[\IJ]‘ < Béclosel 2 (max max |97/ V] + |affaffw|>
ij px=0,1

NP (50)

If F above vanishes, then JIY’“’ are examples of compatible currents in
the sense of [15]. This is a unifying principle for understanding the structure
behind much of the analysis for Lagrangian equations like (2).

5 The vector fields and their currents

5.1 The vector field T

Since T is Killing we have
K'[w]=0.

Inr > ry, T is timelike and moreover we have
T WInk ~ 0= [W]nk,
in that region. In all regions we have

TTwiek| < BIPIIRE,  IEIInk| < BISE WY,
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For €¢1ose K € We have

Tk < Ba vl (51)

5.2 The vector fields Y and N, =T + eY

Let (u, v) denote Eddington-Finkelstein null coordinates'? on int(D) and let
r* denote the Regge-Wheeler coordinate. In the paragraph that follows, coor-
dinate derivatives are with respect to say (u, v, x4, x5) coordinates, whereas
y1, 5 denote %, etc.

Recall from [19] that for a vector field Y of the form:

1 9 0
Y=y1(r")——— + »n0")—,
1— ov

WU ou
we have
(3u\p)2 yipm ’ 2 yé
K, , [V]=——— — W) ——=——
el 2(1-,@2( r y1>+(” 0w
1 i (2(1 — )’
ZIvw|? L
+3I¥ |gM(1_ L

1 1
— - ( N yz> 8, W3, W,
r\l—u

Let us define y; = Xy (r)(1 + (1 — 1)), y2 = xy(r)8~'(1 — ) where Xy isa
cutoff function such that xy =1 for r <ry, and yy =0 for r > r;{r , for two
parameters 2M < ry < r{{ , and a small constant §. (We then consider y; as a
function of »* in the usual manner y; (r*) = y; (r(r*)).) One sees easily that
there exist such parameters such that for r <ry,

(M_y/)> Doy no_ -y,
VST 20-w T e 1-p T
1
‘——( 7 —yz)au\yav\p’

r\l—u

1 [ (8,¥)? A

<= %(M—)’D‘F(av‘p)z% )

22—\ r 2(1—p)

19gee [20, 21]. Our use of this terminology is somewhat non-standard. Here v = (¢ + r*)/2,
u=(—r*/2.
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Let us return now to the coordinate charts of our (26). We see from the
above that the vector field Y has the property that in r < ry,

BZ(Z) v)? > K, [V >b2(8 )2 (52)

where i, j refer to the coordinate charts of (26) whereas we easily see also
that in ry <r =< r§

K, |<BY (3;0) (53)

Finally, for r > i, Y =0.

Moreover, we note that Y is a regular vector field, in particular, when
expressed with respect to the coordinates of (26), we have max |Y| < B,
max |9;Y/| < B.

Because all derivatives appear on the right hand sides of (52) and (53),
these inequalities are stable, i.e. it follows from (50) that for €jose sufficiently
small,

KY[W]~ ) (@0w) ~ J2 (W, (54)
inr <ry,and
K| <5 Z(a,-mz < BT[] (55)

in ry <r< ry, while certainly KY 0 forr > rY
Define

N, =T +eY.
Note that
K'Y =K' + eK¥ = eK".

In the region ryy <r < r§ , we have by (55)
K [w]| < B2 Wik < eBqX[W].
Note the factor of e. In the region r < ry, we certainly have by (54)
K [W] > bgX[¥]. (56)

For r > r§ , we have of course

KN — ¢KY = 0.
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In particular, the bound
—KY[W] < eBqX([¥] (57)

holds in all regions.
With the help of (54) and (57), we obtain easily that

qel¥] < B (K [w] + T 1wk ) (58)

holds everywhere, if e is sufficiently small.

By similar considerations to the above, we see that given e, by requiring
€close K e sufficiently small, we have that N, is timelike everwhere up to the
boundary, and in fact

I [Wr ~ qo[W]. (59)

On the other hand, since by Assumption 3.2, H™T is null, Jlje[\I']m’f{ controls
all tangential derivatives. More precisely, we have in particular

(B¥)* < (B + Beciosee” I [WInk, < BT [W]n},, (60)
0py)* < Be™ ' e (W)l (61)

on H ™. For the above we have used the full content of Assumption 3.2, as
well as the pg-translation invariance of ny, Ny, d¢, 0« and N,, which allows
us to choose uniform constants B.

5.3 The vector fields X, and X,

In this section we shall often use Regge-Wheeler coordinates as many of the
computations refer to the Schwarzschild metric gy;.
In particular, we will consider vector fields of the form V = f(r*)d,«. In
daf

what follows f’ will denote 7%

In (¢, r*, xA xB ) coordinates?? we have
f/
I—pu

1 -
-3 <2f’ +4T“f) g9, W, W (62)

1 2—3u
KEIM = (3 W)? + EW‘I’@M (T) f

2OCa.reful, t not the * of our chart! Of course, t* coincides with ¢ for r > r§ .
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where |X7\IJ|§ ,, denotes the induced metric from gy on the spheres. We may
rewrite the above as

v f! f 2 2 (. 1
K, = (2(1—m r)(ar*wwwww( o 2f)

I f 2
T (—2 + ) 0 w)?. (63)

Let o, R1 () > M be parameters to be chosen in what follows. Let R(«) =
exp(4) Ri(«). Given these, we define a function f, such that

fa= —r_4(r§)4, forr <ry,

fa=-1, forrg <r < Ri(a),

r d~

f“:_1+f —’:, for Ri(a) <r < R(a),
Ria) 47

fa=0, forr>R(a).

(One can smooth this function, although this is irrelevant.) As before, we
may consider f, as a function of r* defined by f(r*) = f(r(r*)). We call the
resulting vector field X; = f,0,+.

We obtain that in Ry(«) > r > ry

u _ _
Kio w1 = 199}, (52) +r 10wl —r o vl (64)
Since t = t* for r > ry , we can rewrite this as
Ko () =791}, (52) +r 7' A= w99 = oWl (63)

where the coordinate derivatives in the last line can now be understood with
respect to the atlas (26). For €¢jose sufficiently small we obtain from (50)

K% w]>|W|( )+r—'<1 1218, W1? — 13 W|? — €ctose BAX W]

(66)
in this region, where we have used (41).
By (57), it follows that in ry <r < Rj(a)
K5[0+ KW (0] = (P9 (5) +r' (= w29, 9 12
—r o ? que [W] (67)

for small enough €¢ose K e.
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Consider now the region 2M <r <ry . We have

=472yt = ),

and thus
VA A P
(2<1—m+r)_(ry)r ’
VY A N
(m‘7)—3<rv>r ’

w 1 1Y _ .4 5/,L—4 -5
(-5r-27)= (F5)

X,
KX [w] >0

‘We have thus

in this region.
Thus, by (50), (38) and (43) we have

KX [W] > —€ciosee” ' BQX[W]
in this region. It follows now from (56) that
K% [W] + KN [W] > bgX[¥] (68)

in this region, for small enough €¢jpse K €.

In view of (64), (67) and (68), KXatNe [ W] will “have?! a sign” when ap-
plied to W = v/ (see Sect. 7.1) except for very large values of r, namely
r > Ry(x). To control the behaviour there we will need an additional cur-
rent. First, let us notice that for the X, we have selected, the coefficient of
(3,¥)? in (63) is always nonnegative. Finally we notice that for » > Ry («),
the coefficient of |WW|? in (63) satisfies

I 1, 1
_ — — > -
2rf“ 274 = g ©9)

To choose an additional vector field, let us define

adx
x2—}—a2’

fo= (! /
0

21 After integration over appropriate domains and modulo error terms.
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508 M. Dafermos, I. Rodnianski

where x is a smooth cutoff with x =0 for r* <0 and y =1 for r* > 1, and
let X, be the vector

Xp = fpOr=.
Finally, define the function

Ll 2M =y
wp = f 42— fp -

and consider the modified current Jﬁb b defined by (46), as well as the asso-
ciated KX0-o and Er¥s-wb,
Note that for general f, we can rewrite

’ 1/2-3
KEIM:(I]_CIL) (8,*\11)2+5( M) f|X7‘IJ|§M
MU ey wa,w
p
_ é (2f/ +41 ; R 4M(1r; mf) (g, W2 —2WF)  (70)

from which we see

K?A};wb[w] — ( fbu Affb> (8,*\11)2 + i(3t‘-[’)2

1 —
2-3u M(l
+(35 ) hive,
1 l—p  4M1—p)
- 50 (2f,; 4Ly - fb> %)

Note also the modified error term

Er’s ¥ [§] = Er (W] — 21; (Zf,; +41 —£ M — mfb) UF.

fo— =

Finally, let us define the currents

Je=Jla 4 i, K=K K%,  Erf =Er+4+Er",
By our previous remarks, (45) holds for J¥. Also, in view of the definition of

w, identities (48), (49) and (50) hold for J¥, KX.
Let us expand

K3 [W] = H\(9+W)* + Hy(3,¥)* + H3| W[ + HyW?
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A proof of the uniform boundedness of solutions to the wave 509

where
P R T/
2(1 — ) r 1—pu rz’
/
M
Hy= —Ja_ T M
2(l—p) r r2
w L, (2-3un MId—p)
Hy=——f,—— — ,
3 2rfa 2fa+( 21" I"2 fb
1 1—pu 4M(1 — )
Hy = —§DgM (2fl; +4 fo— e fb> .
Note that for r* > 1, we have
1 o
/—_—
fb_n(r*)2+a2.

In particular, for r > R («) for sufficiently large R () we have that

= fa —ﬁ-i- 5 _Mfy @

20—p) r l1—p 12 7 2nr?

while in ry <r=< Ri(a), we have

1 ’ M 1
Hy=-+ b _ sz—.
1—pu r 2r

For H», let us simply remark that for » > R(«), we have

H, = i > b(a)r
r2

For Hj3, we note first that we have the following asymptotic formula

2-3u MA-—
( 2M ( M)fw_
r I"

i.e. for r > R;(a) for sufficiently big R («), we have
2—-3u M —np) 7
( > fo >

2 r2 8r

and thus by (69)

N 1, 2—3u MA-—p 3
H=-tp 2 . .
3 2r fa Zfa + ( r r2 oz 4r
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510 M. Dafermos, I. Rodnianski

To consider the behaviour for » < Rj(«), let us first note that there exists
an Ry depending only on M—i.e. independent of « if we require « to be
sufficiently large—such that for r > Ry we have

2—3u M-
2r r2

) =0
and thus, in Ry <r < Ri(x) we have

et (5 MO

2r 2r r2 r2

For ry <r < Ro we have

‘(2—3M_M(1—M))fb

3 3 < Ba~!
r r

and thus, say

M
Hz > 22
for « sufficiently large.
Turning to Hy, we note first

1 1— 4M(1 —
__DgM(zf,;+4 1y, 2 “)fb)

8
_ 11 1 1 " /’L/ /
N 41—,ufb rb r(l—u)fb
1 wad=w 1 M1 —p)
— — ~0 - "
2(1—,u)r( r W) Jo 3 Hen \ = fo
Ta
2mré
for large r, i.e. we have
1 , 1—pu A4M(1 — ) Ta
H4:_§DgM <2fb+4 fb_ }"2 fb = 477.'}"4

for r > Ry («) for Ri(«) suitably chosen. On the other hand, one sees easily
that Ry before could have been chosen such that for all « we have

1 l—p . 4M1—p)
H4=—§DgM(2fé+4 " fo— ) fb)ZO
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A proof of the uniform boundedness of solutions to the wave 511

for r > Ry. For ry <r < Ry, we have

1 R AM(1 — 1)
'__DgM (sz+4 r'ufb— 2 = fh)

< Ba~!.
8

We may thus choose o large enough so that in this region
|Hy| < M < ! H
H=8a =427

Let o be now chosen. It follows that R = Ry(«) and R = R(«) can be cho-
sen. These choices thus can be made to depend only on M.

Let us assume in what follows in this section that WY = 02” Vdep=0.(n
later sections, we shall always apply the considerations below to W, which
will indeed have this property; see Sect. 6.2.) By orthogonality we have

2 2
/ w2dep < / (3,W)%d. (71)
0 0

It follows that

27

2w 27
0 0 0

Thus, in the region ry <r <R, we have
2 ) 5 1 2 )
(H3| W, + HyWD)dg = o ; H3 | W, do.

Note that, in the support of f;, we have
CRIRECA IR A TR A T

We have then by the above bounds and (50), (38) and (41) that for » > R,
2w
[ @+ krwas
0
2w < N 2w
> / (KE, + KN [ W] do — / Ciose BAX W] dp
0 0
2
:/ (Hl(ar*llf)z + Hy(39)? + H| W2, + H4\I!2> dé
0

2
- /0 Eclosqu:([qj]d(P
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512 M. Dafermos, I. Rodnianski

2m
> / (ba (W] - cctose BaX V1) dp
0

21
> / baX[W]do (72)
0

for €cjose suitably small, whereas for ry <r < R we may write

2

2 2
|k waszs [ aXwidg+ [ @Iver - BawR g
0 0 0
2w
— be / qX[v]
0

2
zb/ qX[V]de
0

2
+ | ®IYY)? - B3,Y)?)de (73)
0

where for the second inequality we require that e be sufficiently small. From
(68) and the fact that f;, vanishes identically in r < ry, we have

2 2
/ KX+ K [Wldgp= | (K* +KN)[W]dg
0 0

2
>b fo qX[V]de, (74)

in the region r <ry.

To give bounds for the boundary terms, note first that X, = —(%)4'11‘
on H*. It follows that on the horizon, we have

_\ 4
Xg b _ Iy T u
Jll nH__<ﬁ> JMmH‘

One sees easily that for HT or X () where n* = m%

or nf* = rn‘é, we have
T T —1qN N
TEot| < Jler + Beasee™ Wiert” < BIent,
and thus
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A proof of the uniform boundedness of solutions to the wave 513

for €cjose K e sufficiently small.
On the other hand, in view of the assumption Wy = 0, we have similarly

2 2 2

Jigbmu d¢|<B ngud(p + Beclosee_1 JEIEU'\M d¢
0 0 0

2
< B/ Jientdg.
0

It follows from the above inequalities that

2 2
Tintdg| <B | Jintdg (75)
0

on both (7) and H™.

6 The superradiant/non-superradiant frequency decomposition

As explained in the introduction, the arguments of this paper hinge on sep-
arating the “superradiant” part of the solution from the non-‘“superradiant”
part, and then exploiting dispersion for the former and positive definiteness
for the JT flux through the event horizon for the latter. These two parts will
be characterized by their support in frequency space. As we certainly do not
know, however, a priori that i is in Lz(t*), we will first need to cut off
in t*. This construction, together with propositions which control the errors
that arise, are given in this section.?

6.1 ¥ cut off: the definition of V..

Let x(x) be a cutoff function such that x(x) =1 for x <0 and x(x) =0
for x > 1 (for instance, the same cutoff function defined in Sect. 3.1). Given
T > 2, define

v =x T +1-1)x(—t~ + Dy

We may express this as

i = xa¥ = (T x& + xLv,

221 our decomposition, v}, also contains non-superradiant frequencies, thus it is technically
not correct to refer to this as the ‘superradiant’ part. Nonetheless, we shall for convenience use
this terminology.
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514 M. Dafermos, I. Rodnianski

where T xZ and ~ X are smooth functions on R with

supp(TxZ(1 = xL) C R (x — 1,7),
supp(~x= (1 — " x%) CR7(0, 1),

0< xL=<1, 0<txZ<l
and
104" x&| < B, 10y~ x<| < B,

with respect to the charts of (26), for any multi-index |(i)| < 2. Moreover,
3" xZ =0, d~ X< =0. (76)

The reader may wonder why the cutoff region is related to ¥, indeed,
why ©¥ have been introduced in the first place. Essentially, this is necessary
to achieve the propositions of Sects. 6.4—6.6. We would like to express all
errors in terms of the positive definite quantity q.(1). This quantity does not
contain  itself but only derivatives. Of course, in view of the fact that, as
we shall see, the spherical average vy does not give rise to errors, this does
not generate problems for the region r < R for (1 — ¥)* can be controlled
by q.(¥) via a Poincaré inequality. As r — 00, one needs extra negative
powers of r. Our cutoff region diverges from R (0, t) as r — oo and this
allows us to “gain” powers of r necessary to control 0’th order terms via a
Poincaré inequality in R(0, 7). One can then retrieve estimates all the way
to the boundary of the cutoff region using the positive definiteness of J* for
large r.

6.2 Definition of ¥, and Wy

Let ¢ be a smooth cutoff supported in [—2, 2] with the property that ¢ =1 in
[—1,1] and ¢(w) = ¢{(—w), and let wg > O be a parameter to be determined
later.

For a smooth real function W (t*, ¢, -) of compact support in ¢*, let Wy
denote its k’th azimuthal mode:

1 [ .
\yk(t*")zﬂfo W(r*, ¢, e *dg.

Note that Wy is complex-valued. Let U denote the Fourier transform of W

in t*. Note that WV, = .
Define

W, ) =) e f ¢ (wok) ™' @) Ui (o, Ve do,
k0 —
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A proof of the uniform boundedness of solutions to the wave 515

Wy (15, ) =Wy + Y e e f

k0 -

o0

(1 — g“((a)ok)_lw)) Ui (@, Ve do.

Note of course
Uy + Wy =W, (77

and W, and W; are real-valued. Note in addition that
(Wh)o=0 (78)
whereas

(Wy)o = Wo. (79)

In the application to W = ¥, we shall write simply ¥ and ;. Note
finally, that in view of (76), (Vx)ic = (V).
Note that for k£ #£ 0,

(‘I’b)k(t*)=/ C((wok)lw)‘i’k(w)ei“’t*dw=f P (t* — s")Wi(s™) ds™,

— 0
where

*© / *
Pk<(t*) :a)ok/ é-(a))e—lw(wok[ )da)
—00

The kernel P~ (t*) is a rescaled copy of a Schwarz function of #*. As a con-
sequence, for any m, g > 0,

|02 P (1%)] < Bing (wolk )"+ (1+ Jwokt™[) 7 . (80)

On the other hand, let ¢ be a smooth cut-off function supported in (-3, 3)
such that { =1 on [—2, 2]. Then, since ¢{¢ = ¢, we have the reproducing
formula

(W) (%) = f  (00k) ') (B (@) dao

- f B = (W) (s™) ds™,

—0o0

where the kernel 13k< also satisfies (80).
Finally, let £ (w) be a function smooth away from @ = 0 and with the prop-
erty that £(w) = w ™! for |w| < 1/2 and &(w) = 1 for |w| > 1. In particular, the

@ Springer



516 M. Dafermos, I. Rodnianski

function & (w) = wé (w) is smooth and & (w) = 1 for |w| < 1/2 and £ (w) = w
for |w| > 1. Since £(1 —¢) =1 — ¢, we can write for k # 0,

(V)i () =/ Op (1% = ™) (Wp)i(s) ds™,

where
00 _ .
07 (1) =ank [ (@) do.
-0
Furthermore,
w ~
B (Ui (1) = wok / 07 (1% — 5%)(Wo)e(s™) ds™,
—oQ
where
~ OO~ . *
07 (1) = ok [ Etw)e ™ do
—00
and
[ee)
(W) (%) = (o)~ / RZ (% — )0y (Wi (%) ds™,
—00
where

o0

R0 =onk [ (E@) et do.

—0

The function a(w) = (€ (w)) ! is equal to one on (—1/2,1/2) and ™! for
|w| > 1. The kernel R (t*) satisfies

|RT (t%)] < By (wolk|)!~9|¢*|

for any ¢ > 0. In addition, we have a uniform bound (coming from 1/w de-
cay)

|R; ()] < Baolk|(1 + | log(wolk|t™)]).
Combining we obtain
|Rg (t%)] < Bgawolk|(1 + |log(wolk|t*)D(1 + |wokt™) ™.
6.3 Comparing d;+W and dp W
The decomposition of W into W, and Wy is motivated by the desire to compare
various L>-type norms of the dp and 0+ derivatives. Since this is required at a

localised level, however, error terms arise. The precise relations one can make
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A proof of the uniform boundedness of solutions to the wave 517

are recorded in this section. The estimates of this section employ standard
techniques of elementary Fourier analysis. We must be careful, however, to
express all “error terms” in a form which can be related to our bootstrap
assumptions which will be introduced later on.

6.3.1 Comparisons for Wy,

First a lemma.

Lemma 6.1 Let v > t/, wy < 1, and let ¥ be smooth and of compact sup-
port in t*. Then

f (3 Wy)>
R(t',7")N{ry <r<R}

< BCUOZ/ (39 Ws)?
R(t',7")N{ry <r<R}

T+1
+ Bwy  sup / / (3¢‘I’b)2 drt.
—oo<t<ocoJ7 S(F)N{rg <r<R}

Proof Recall (78). Note first that by the relations of Sect. 6.2, it follows that
for any ¢ > 0, we have

|9 (V)i (1%, )| < By (wok)Z/ (14 wok(t* = s*)[) 77 | (Wo)x| (5%, )ds™.

We have thus
o [*+%
] _
|9 (Wi (%, )| < By (wok)? Z / S L)) T|(Wp)i| (s*, )ds*
t=—00 " "t aym
e C o
< By(wok)® Y (1+1]e)h74 / @] 57, ds®
l=—0c0 +oom

< By(wolkD?* Y (A +1ep7e

l=—00

I 12
@olk] 2, % *
x(f ol <s,-)ds) .
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It follows that, for ¢ > 1,

"

f @ (), dr

SBq(wolkI)3/ (Z (1+1en—
! l=—00

t*+£0%1 1/2\ 2
X (/ (W)l (s*, ) d *> ) dr*
gL

wqlk]
SBq(wolkI)3/ < > (1+|1z|)—4>
o l=—00
o0 - t+l3_|l| ) . . .
x Z (I+1€D) q/ , [(Wp)i|~(s*, ) ds*dt
{=—00 Pt oo
L+1
SBq(w0|k|)3/ Z (I+1eh q/+2 (W) 2 (s*, ) ds™ dit*
0]
=B (w°|k|)3 Z (I+1eh™ q/ / ot |(W)g [ (s*, ) ds* dr*
l=—00 —|

— B, (@olk])’ Z (1+1¢)~ ‘ff °'f (W)l P(s™ + %, ) di* ds”

{=—00
//+%
wplk
< By(wok)’ Z (+1eh~ Q/ O GIDY
t=—00 Ut Gom
Thus,
T” 2
/ |3+ (W )i |~ (27, ) dit*
.[/
o0 4 Kg»ll‘
< Bk Y A+ [ e IR ds”
t=—c0 Ut oo

+ By(wok)® D (1+1]e)74

{=—00
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A proof of the uniform boundedness of solutions to the wave 519

‘L’//+% 5
x . (= X NI )| (s™, ) ds™

U GOl

=S1x+S2k (81)

where ./ 7(s*) =1if s* € [t/, t”] and O otherwise.
To prove the lemma, in view of the comments in Sect. 3.2 on the volume
form and Plancherel, it would suffice to show that

T 27
/ / v(@,r)f Sikdpdodr
0

" pR pm 27
< Bwy? f f f v(O, 1) (3pW5)* d¢p dO dr dt*, (82)
T/ r§ 0 0

k=1

//v(@ r) S2kd¢d9dr

k|=1

T+1
< Bwg sup / //v(@ r) (8¢\Ilb) d¢dodrdz. (83)

—OO<T<OO

The first term on the right hand side of (81) is bounded by
T,/

o0
1 By(on? D0 (170 [ 1R 0 dst
l=—00 v

T.//
< B, (wok)? / (W) 2™, ) ds™
T/

Thus, it follows that

2w

2 pt”
> [ suds= Y mode [ 1wl dsdg
0 T/

k=170 Ik|>1

2 pt”
ngw%)/O / (3pWp)2(s*, ) ds*d¢.
T

We have established (82).
The second term on the right hand side of (81) is bounded by

-1 '

Sa00 = Byon® 30 (41607 [ 1P s’

/
t=—00 Tt oo
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L+1

00 ,L_//+w L
B0k Y i [ e ds”
({:O -[//

=801k +S20k-

We have
R T 2
Zf / v(@,r)/ So1xdpdodr
& ry 0 0
—1 R e
<Bywj Y. Y. (1+|13|)q/_/ v(6,r)
k|>1 t=—o00 ry 70

2r pt’
xf / K2 (W)l *(s*, ) ds* dep do dr
0 /4L

ol
) —1 R pm
sB0d Y Y avien [ [ e
k|>1¢=—00 ry J0

27 pT’
X / / K| (W)e|*(s*, ) ds* dp do dr
0 r/+wio

—1 R ,m
<o} Y a+i Y [ [ ven
l=—00 Ty

[k]=1

2 pt’
x/ / K21k |2 (s*, ) ds™ dp do dr
0 ﬂ-i—(f—o

—1 R /&
< By Y (1+|e|)—‘1//0 v(0,r)
Ty

l=—00
2 pt’
x/ / (3p W) (s*, ) ds* d¢ db dr
0 t/+(f—0

1

— R /&
< By Y (416D |ty sup ffo v(6,r)
Iy

=00 —00<T<00
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A proof of the uniform boundedness of solutions to the wave 521

2 +1
x/ / (3pWp)>(s*, ) ds* dp do dr
0 T

R pm 2 T+1
<Bwy sup //v(@,r)/ / (3pWp)7(s*, ) ds* d¢ db dr,
ry JO 0 T

—00<T<00

(85)

for g chosen sufficiently large, where we have used that w;, Nep> 1.
As for Sy k., we have

Z/ / (0, r) SQdeqbdédr
<Ba)OZZ(1+€)q/ / v(,r)

[k|>1 =0

2
/ / k2|(wb)k| (s*,)ds*d¢do dr

<Ba)OZZ(1+£) ‘1/ / v(,r)

k|>1 =0

41

2 T4
/ / KW (s*, ) ds* dpdb dr

<Ba)OZ(1+Z) 4/ f (0, r)

Z+l

2r r—i—
/ / C (W) A(s*, ) ds* dg do dr

k|>1

0 R pm
=qu§2(1+£)—‘1/_/ (O, r)
=0 ry Y0

l+1

2 T/ +
f / * (0pWy)2(s*, ) ds* d¢pdO dr

sup //v(@ r)
—00<T<00 Iy

<B wOZ(1+e) q
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2 T+1
x/ / (3pWp)2(s*, ) ds* dp do dr
0 T

R pm 2 pT+1
< Bywy sup //0 u(e,r)/o / (3pWp)*(s*, ) ds* dp db dr.
2 T

—00<T<00
The above and (85) give (83). Il

Lemma 6.2 Under the assumptions of the previous lemma then

R T 2 T
/ f (0, r) f / (3 W) 2dt* dep dO dr
rg JO 0 Ji-1

R ,m 2 T
< Bawy' sup / / (0, r) / / (3,W)>dt* d¢ db dr.
—00=<T<o0Jry J0 0 T—1

Proof For any g > 0, we have

|(Wp)i (£, )] < Bq(wolkl)/ (1 + Jwok (t* — s [Wl (s™, ) ds™

t+l+1

k]
< Byl 3 (116D [ et as
t=—00 o aom
Lo s 3
< By(nlkD® Y (1) (/ |wk|2(s*,->ds*> .
{=—00 tﬂ_ﬁ

It follows, with the help of Cauchy-Schwarz, that for g > 1,

5 00 t"‘+a‘;}0¢|1
|(Wo)k (t*, )1° < By(wolk|) Z (1 +|ZI)_q/ Wi (s*, ) ds*,
t=—c0 o

and thus,

R T T
/ / v(9,r)/ |(W)k (2%, ) 2dt* do dr
ri 0 7—1

< By@olk) 3 (1 +1) 4/ / v o, 1)

{=—00

Z+Z+1

k|
/ / WP (s*, ) ds* de* de dr
T—1Jt*

+ oM
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S R pm
< By(olk) Y (1+|6|>—‘1ff0 v(@,r)
Ty

l=—00
f+”€0L‘kl| s*—ﬁ 2% * g K
X , o Wi |“(s™, ) dt™ ds™ d6 dr
‘L'—l“rm S*—ﬁ
o0 R pm T+ o
<B; ). (1+|£|)q/ / (@, 1) , 1™, ) ds*dodr.
P ry J0O e L
We then obtain

R b1 2 T
f f (0, r)/ f (3 Wp)2dt* dep dO dr
ry JO 0o Ji-1

R T T
- Z/ / v(@,r)/ K2 (W) (25, ) |>dt* do dr
r§ 0 7—1

lk|=1

o0 R pm
<B; ) (1+|e|)—‘12ff0 v(,r)
Ty

t=—00 k=1

rah
x/ ko ||~ (s*, ) ds*dO dr
T—1+4+

okl

‘N

£+1
,

00 L R pm T+ o o . .
<B, Y (1+077) | | ve.n | RIPE" ) ds"dodr
=0 "y i

|k|>1 “wg

© R rm o f+%
= By Z(IH)‘qf / v(é,r)/ / (3,V)* ds* dep db dr
=0 ry 0 0 Ji-1-go

o0 R pm
<B; ) (1+079Q20+2wy”"  sup /_/0 v(0,r)
'

=0 —00<T<00

2 T
X / / (35 W) ds* d¢ df dr
0 7—1

R pm 2 T
< Byw,'  sup //v(@,r)/ / (0pW)*dt* de do dr,
ry JO 0 Ji-1

—00<T<00

where we have assumed ¢ sufficiently large, and have used wp™' > 1. The
lemma follows after fixing g. O
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6.3.2 Application to r;

From the above lemmas, we easily obtain the following statement, which is
the form we shall use later in this paper:

Proposition 6.1 Let v >t/ and wg < 1. Then

G Y7)? < Ba’ / @Y

/R(t’,t”)ﬂ{r§<r<R} R(t/,t")N{ry <r<R}

+ B sup f qe(¥).
(1)

0<t<rt
Proof In view of (76), it follows that
V) = (X * B ¥)* < Bae(¥)

in the region ry <r < R. In view also of the support of L, we may thus
bound the right hand side of the statement of Lemma 6.2 applied to {2 by

T
Bw,! sup/ </ qe(w))di
I<t<tJr-1 2(7)

The proposition now follows from Lemmas 6.1 and 6.2. O
6.3.3 Comparisons for Wy
First a lemma:

Lemma 6.3 Let v/ < 1" let ¥ be smooth and of compact support in t*. Then

/ (B Wy)?
'H(‘L’/,‘L’”)

> Bwo® / (3p¥:)* — Bwp™'  sup f (3 W),
H(t/,t") H(z,7+1)

—00<T<00

Proof Note first that the lemma holds trivially for (W;)o. We may thus assume
that (Wy)o = 0. For |k| > 1, we note first that from Sect. 6.2 we obtain

[(We)i (7, )]

g [ 1+ [log |wok (1* — 5*)]
< Bywg 'k 1/ k e (W) (s, )| ds*.
< Byoy K7 | enlkl g |95+ (Wi (s™, )| ds
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Thus,

.[//
[ e ar
.[/

"

T 00 1 1 k(t* — s*
< quazf f wolk] + [log |wok (1 — s
v (1 + |wok (1% — s*)])?

—0o0

2
X 9 (Wi (s™, )| ds*) dr*
_L,// _L,// 1 1 k t* ok
SquJZ/ (/ wolk| + [log |wok (1" — s)]|
T/ T/ (1 + |wok(t* — s*)[)¢

2
X 9 (W) (s™, )| ds*) dr*

T/ 4 1 1 k(t* — s*
+qu02/ (/ wolk| + [log |wok( s
T/ (1 + |wok (t* — s*))?

—0o0

2
x |35 (Wi (s*, )| ds*) dr*

IS 1 + |log |wok(t* — s*
+qu02/ (/ wolk] [log |wok( )l
T/ v (I + ok (t* — s*) )4
2
X 9 (W (s™, )| a’s*) dr*
=S1x+Sox +S3.

We obtain immediately that for sufficiently large ¢, since

"

T 141 k(@™ —s*
/ | + [log |wok( s )||ds*§Bq
T (I + |wok (r* — 5*)])4

then

"

o O Jwok (% — 5%y

4

4

T
s%/|@%m%%Mﬁ
.[/

" 2
T T 1 1 k t*_ k
/ (/ wolK] + [log |wok( s ‘8s*(\pﬁ)k(5*")’ ds*) dr*
T T
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and thus

"

T
S1s < By / e (U2, ) de”
.[/

On the other hand,

Z / 5(0)S2. 1 db

[k|=1

_Ba)OZZ/ v(Q)/

[kl=1

’ 2
T EE S

—o0 (1 + |wok (t* — s*) 4

. ) wolk\ 1 + [log |wok (t* — s¥)]|
=By ) / ”(9)/ (Z/ A ok @ =5

lk|>1

x |05 (Wp)k (s*, )| ds ) dr*do

<Bw022/ v(@)f( (f ZT@%H

[k|=1

14 [log? lwok(t* —s*)|| , '/
X
(1 + |wok (1 — s*)[)2

. 172 2
X (f B ()i (57, |2ds*) ) dr*de
t/

wolk\
1+|10g|w0k(t*—f/)+€)||
< B,wy > 0
o' ”()/ @olk '( I+ ook (= — ) + €7
k=1 =0
o 1/2\ 2
I\
x(/ o (W (™, )}st*) )dz*de
v
1+ |log|1* + ¢
et ¥ [ [(5 Lol o
[k|>1 (=0 (L + €9
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. 1/2 2
x(/ OI‘|a (W)™, )|2ds*> )dt*de

wolk\
1+ [log |¢* + £
<BszZ/ v(e)/ ( +1|ogl :3“)
=1 = [+ L)
14 llog |t + O] [*~am
<[> S N 0 (Wi (s*, )| ds* ) dr* do
S S
oo [ * o *
1+ [log|r* + ¢ 1+ [log|r* + €
oy [ (3 Lo O (511 o
o \& vy J\& AT+
x Z/ v(@)/ °"|a (W) (s*, [ ds* d@*)dt
|k|>1 wo\k\

% 14 log|t*]| [w= Ilog|t* +¢]|
< Byoy,” *ha—1 Z L g
o (U ha= T\ = (14 1% + €]

x Z/ v(@)/ \a (W) (5%, ]zds*de*) dt*

|k|>1
© 1+ |log |t*]] {1+ |log|t* + ¢
SquJZ/ + |log | Il Z + [log |t* + £]]
o (I+[FDa=t e (14" 4 €9

2
x/ v(@)/ / ]as*(\pj)(s )\st*dd)de*) dr*

B 2/00 1 + [log |£*]| il—l—lloglt*—l—ﬁ“ﬁ—i—l
O Jo AT & A wo

b4 2r  pT )
x| sup / 17(9)/ f |0 (W) (s*, )| " ds™ dp do™ | dt*
—00<T<00J0 0 T+1

T 2 T
< Byw,®  sup /5(9)/0 [1\as*(\pﬁ)(s*,-)\zds*dwe*.
T+

—00<7T<00J0

A similar bound holds for S3 ;. We obtain the lemma after appropriate fixing
of g. U
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Lemma 6.4 Under the assumptions of the previous lemma, if wg < 1

—00<T<00

sup / (Bt*lﬂﬁ)z < Ba)a1 sup / (8,*\11)2.
—c0<t<00 JH(F,741) HE,T+1)

Proof Since

8t*qjﬁ == 3;*\1’ - 8t*qu,

and wp~! > 1, it suffices in fact to prove

sup / (0p+ \I—'b)2 < Bwo_1 sup / (at*\p)z.
—00<T <00 J H(T,741) H(Z,T+1)

—00<T<0

Recall from Sect. 6.2 we have

o0
|0+ Wy)i| < qu wolk| (1 + wolk][s™ — ") 79[ (9= W)k | ds™.
—0o0

We obtain

T+1
ﬁ | (B Wi |2 (2%, )dt*
T

e *© k 2
= qu </ el |(3t*‘1’)k(S*,-)|ds*> dt*
T —oo (Lt aplkl||s* — t*])4

t—l—LfJrl k
(B
T

7’(‘ (1 4+ wolk||s* —t*|)4

2
X | (@ W)k (s™, ')IdS*> dt*

00 t*+a1;’+1 2
< By (wok) / (ZZ (1+len— / f‘ | @ W) (™, )|ds*) dr
00 t

*+W
<B(w0k)/ (Z <1+|z|)—q)
l=—00
x 3 <1+|6|)—‘1<wo|k|>—1f T s s
l=—00 wglk
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41 X il 5
<Byolkh) [ 3 avien [ @ewt Pt dr
T =0 Pt o

00 F+1 z*+0fo%kl‘
< B,k 3 iy [ [ et P astar
T e

{=—00 wplk]
00 T+
< By(ewolk]) Y <1+|ﬁ|>—q/~ e
t=—c0 T ol
gx_ L _
wolk * 2 gk gk
<[ @t R ds
ok 4L
g k|
o0 T+
<5, Y A [ et P
t=—00 T+ SR
00 T+
<5, Yl [ e P s
=0 =%

forg > 1.
Integrating and summing over k, we obtain

T 2 T+1
/ﬁ(e)f f (0 Wp)2 (1", )dt* d g dO
0 0 T
0+1

o0 T 2r  pTH1+ =
<B, Y (A+071 [ 5®) (3 W) (s*, ) |> ds* dp db
! =0 0 0 Ji-g

00 T
ngwglzaM)“f(sz) sup /aw)
0
=0

—00<T <00
27 pT+1
Xf f (W) (s*, ) |* ds* dep db,
0 T

where we have used in the last line that wy < 1. The lemma follows after
fixing g > 2. O

6.3.4 Application to wnr

We may now easily prove
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Proposition 6.2 Ler 0 < t' < 1” < 1 and let  be as in Theorem 4.1. We
have

/ (8-yD)? = Ba? / (05 07)?
H(' ") H(', ")

— Bwo 2! sup / Jﬁe(x//)m“.
H(T,T+1)

0<t<t-—1

Proof To prove the proposition from the above lemmas, we first remark that
it suffices to prove the inequality under the assumption

2

W= | vide=o.

for the inequality is trivially true for (%f )o- By (79), this is equivalent to
assuming

27

Yeedd =0,
0

27
f wdp =0
0

in the support of <. Of course, under this assumption it follows that this
holds in all of R. Thus we may assume

and by (76)

27 27
yrde < fo (dpv)> dop (86)

0

in the relevant region. From the above lemma, we just notice that on H (0, t)
2 2
fo (O do < /0 (@Bre XEW + xZ<Beo ) dp
2
< / (BY* + B3y d¢
0
2
< fo (B@yy)* + B(3,¥)*) do

2w
< / Be 'Jenl,
0
where we have used (86), (60) and (61). The proposition follows. Il
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A proof of the uniform boundedness of solutions to the wave 531

6.4 Comparing qe[¥; 1, qc[V;] and qe[/]

In view of (77), we clearly have the pointwise relation

Qel¥] =2 (@elv 1+ . [vs1) (87)

in R(1, T — 1). It will be necessary, however, to compare also in the opposite
direction. We have

Proposition 6.3 Let wy <1 < Tyep < 7' < T — Tyep. Then

f dr* / Qe[¥]] < Bap™! sup f qe[¥]
- )3(1*) T/ —Tstep ST ST +Tstep ¥ 2(T)

+ By Te 752 sup / qelv].
2(7)

0<t<t

/ dt* / qe[‘/fﬁ] = Ba)() sup / qelv]
'—1 (%) T —Tstep <T<T'+Tstep 2(7)

+Bw0_7e_lts:e%) sup / Qe[lﬂ]
(%)

0<t<t

Proof Since ¥; = Yo — ¥ and qe[¥ 1 < 2(qe[¥ "] + qe[yy D) it will be
sufficient to prove the first statement of the proposition. We begin with the
following

Lemma 6.5 Let U be smooth of compact support in t* and wg < 1. Then

/ dr* / 2 < Ba)0 sup f w2
'—1 (1) T/ —Tstep ST T +Tsep ¥ 2(T)

+ B sup a)07|f—rstep|_6/ w2,
(%)

—00=T =T/ —T5tepUT +Tstep T <00
Proof For any g > 0, we have

|(Wp)i (7, )] < Bq(wolkl)/ (L + ook (" — s Wk|(s™, ) ds™

*+l+l

wplk|
< Byl 3 (116D [ st s
t=—o00 P o

L Pyl 3

1 _ wplk

< By(wolkD? Y (1+1e) ‘1<f PGt ds ) :
t*

{=—00 () k|
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Therefore,

f (W) (%, )P

—1

< By (wolkl) Z 41D~ q/ ldt / I‘Pkl 2(s*, ) ds*
’_ xy L

=00 ol
00 /L
wq k|
<B, Y (1+|E|)—'J/ "R, s
l=—00 ' H_wo“’fl

As a consequence,

T/ o0 pr 2
f //v(r,e)/ |(W,) (t*, ) |2d¢ dO dr dt*
'—1J2M
/ //v(r@)l(\llb)k(t )26 dr dt*
k1T —1/2m

o0 T/-i-ﬁ 00 P
<B Y Z(l+|€|)—4/ / / v(r, ) Wi P(s7, ) ds”
U=+ oy J2m Jo

lk|>1 £=—00
< By Yy _(1+1e)” q/ / v(r.0)
£>0

27 r’+%
x/ / |W2(s*, ) ds* dp dO dr
0 r’flfwio

< B! su 2
0 p
T —Tstep ST +Tstep %(7)

— - —6
+B sup W ! (Tstep +17 — Tstep|) / w2
(9

—00=T =T/ —TstepUT/ +T5tep ST <00
for g chosen sufficiently large. O

Note that

2
((av\v)2 + (0, 9)* + [V + e%) ~q[¥],
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A proof of the uniform boundedness of solutions to the wave 533

and as a consequence,

2

(B, W)2 + (8, 0)2 + (3,4 V)2 )2 WY\
vW) W W)j, AW, + (0,8W); +e — . qe[ W],
- b

where z# denote alternative coordinates x4 or ¥4 of our atlas (26). Thus,

we obtain from the above lemma applied to ¥ = 0, ¢, ¥ = 9, ¥, ¥ =
BV

APl U= /e lf;};’ the statement

T,
/ dr* f Qlyf1<Bog'  sup / @[V
'—1 (") T/ —Tstep ST<T +Tsep ¥ 2(T)

— - —6
+B sup wo 7 (Tstep + |7t — Tstep|) / Qe[wgi]-
(1)

—00=T =T/ —TytepUT +Tytep <T <00

(88)

Note that it is sufficient to prove the inequality under the assumption
Yo = 0, and thus we may assume (86). Note the inequality

Qe[Yl(t. 7. ) < qe[¥](t. 7. )+B (Z(a,- 1= (-1 + 1)))2) v

(89)
Now, B can be chosen such that in the support of the first term on the right
hand side of (88) either r < B or 2. = v. In view of (86), it follows thus
that we may there replace q.[y¥< ] with q.[¥/].
Turning to the second supremum term of (88) and applying

|t* — Tstep|_4(+X:f< +7 xo<) < Br—2’

the statement of the proposition follows immediately in view of the restriction
on Tgep and (86). O

6.5 Estimates for Er[W]

In view of the cutoffs, y,7 and ¥/ no longer satisty (2).
Define

Foe = Y Ugxoe + 8" 0u (X)) Y (90)
Note that F.% is supported in R (t — 1, 1) UR™(0, 1).

230f course, one needs to multiply this by a cutoff on the sphere to make it a well defined
smooth function.
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534 M. Dafermos, I. Rodnianski

We may write
O,y = F), 91)
Ogvf = F/, (92)

where F) and F; are defined from F as in Sect. 6.2.
The right hand sides of (91) and (92) generate error terms in applying (45)
with our various currents. We have the following

Proposition 6.4 Let wy <1 < tgep < 7' < 1" < T — Tyep and consider V =
X, Ng, or T. Then the following holds

/ Er'[y;] < Boy rgge " sup / qlvl. (93)
R(t,7") 0<t=<t JX(T)
/ Er'[y]] < BoyStege! sup / qelv]. (94)
R, ") 0<t<t JX(7)

Proof Decompose
Fl='FL+*FX
where
Fle="ykFL.  PFL=TxLFL,
and consider ijr, jFﬁr, defined in Sect. 6.2, for j =1, 2.
Recall the definitions (44), (47) of Er" and Er"'*. Since (F7)o =0
and (Fj)o = 02” FLd¢ =0 in R(z’,t”), it follows that ErV[(prT)O] =

ErV[(l//nT )ol =0 in R(z’, ") and thus equations (93) and (94) are trivially
satisfied. By subtraction, we may thus assume in what follows that

2

Yo = Yde =0,
0
and thus

2w 2 2w
2 [ [T eurtas < st [ B dp 09
0 0 0

w24

and similarly with ny,_.

2410 fact, the e~ ! factor above is not necessary, but, this factor will be lost by another term to
which this will be added.
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A proof of the uniform boundedness of solutions to the wave 535

Lemma 6.6 Forany g >0, 19 <1 — 1, there exists a B, such that
T
ICFDrtt =10, ) < Bga' (v — 79) " |k|' 4 / |CFL) T, ) dit,
7—1
T
|CFDlt =10, < Byar' ™ (x — 7o) " |k|' ™4 / |CFL™, )l de.
T—1

Proof This is standard. O

It follows from the above lemma applied to ¢ = 6, the restriction on t’, t”,
and the relation between ¢* and ¢ that

T.//
/ (1 + (r — )| CE e
T
< Btstepa)o_gf r Y CEL P drt
7—1

T
BT%tep 8/ lr_z(hpklz+€_1J§e[1ﬁk]m;+)dl‘+.
—

We remark that the powers of rstep and ~! can be chosen arbitrarily above,

at the expense of the constant B and powers of wo~!, but this would give no
advantage in what follows. Thus,

/ (1 + (r = ")} CEY?
R/,

< Z Brggwo " f 2l +r e e [yl )
Rt(r—1,1)

<Brgtqf,wo‘8 sup f r2@p ) +r e Ty,
—1<t<t JT+(?)

Brstep “lwy8 sup /;ﬂ_)JE]e[]/r]m;h
T

T—1<t<t

where we have used (95). On the other hand, by conservation of energy we
have that

swp [ Wielo<2 s [ g,
(1)

T—1<t<t —1<7<t JZ(T)

and thus,
/ (14 (x =) CE)?dr*
R/, ")

<Br§te% “lay8 sup Jge[w]m’é
1-1<7<t JE(%)
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<Brgoe 'wp™®  sup /E (_)qe[W]
T

T—1<7t<7

<BTstep 1w0—8 sup / B q.[V]
(1)

0<t<rt

Clearly, an identical bound holds for

/ (1 + t*)?&(lFb‘L')Z dt*
’R(‘L’/,‘L’”)

Let us consider first the cases where V # X. For V=T, N, we have

/ Er'[y]]= / VEIVY(W0)y + 2FFV  (y),
R, ") R(t',t")
< / 1+ F)?
7—\’,(‘[/,‘[”)
+ / (1 + 73V ())?
R(‘L”,‘L’”)
+/ (14 (x =) CF)?
R(T’,T”)
+ / (1+ (T = N3V (Y))?
R(‘[,,‘[”)
Btstep wO_S sup / qe[¥]
0<t<tJX(7)
+B/ (1473 QY]]
R(t',t")

+ B/ (1+ @ =) qlyf]
R(‘(/,‘[//)

<Brgtep Loy 8 sup / qe[¥]
(%)

0<t<rt

+ Bt 2
= (sttep l +TstepB(wO +a)0 e
X SUP/ qe[V]
0<t<tJX(7)
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A proof of the uniform boundedness of solutions to the wave 537

where for the last inequality we have used Proposition 6.3. We argue similarly
for ErV[y/]].
For the case of Er” where V = X, we have an additional error term
1—n AM1 — ) fp
f b— P wt;[ be .

r

X T 1 /
Er [wb]:—z (2fb+4

Recall that | f,| < By, and | f;| < Br—2x, where x is a cutoff function such
that x = 0 in 7* < 0. Arguing as in the previous bound we obtain

~X
/ Er [y]] < / (1+1%3 (P FD?
R(t',t") R(t',T")
+B f 1+ 22 ()
R(T’ ‘L'”)
+ / (1 + (r = ") CEY?
R(‘E’,‘E”)
+ B / (14 (t =) 2r 2 ()2
'R,(T/ ‘[”)
<BTstep lwo_g sup / qe[V]
0<t<tJX(7)
+/ 1+ qoly]
R(‘L”,T”)

+f (1+ (=) q. [yl
R(‘E/,‘E”)

Brstep 1w0_8 sup / qe[V]
(1)

0<t<rt
T

+ Bty sup / (/ qe[wb’])df

Tstep ST <T—Tstep ¥ T—1 %(7)

1
(Brstep +TstepB(w0 +w0 e step))
X SUP/ QelV].

O<t<t JX(7)

In the above, we have used again Proposition 6.3 as well as the inequality

2 27
r2 /0 W)2dg <1 fo @p¥)?dé < Q7]
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538 M. Dafermos, I. Rodnianski

in the support of x. The other terms of Er® can be handled as in the argument
for Er’, Erle. Again, the argument for wﬁ’ is identical. O

6.6 Revisiting the relation between q.[ ], q.[¥] and q.[V/]

With the Proposition of the previous section, we may now refine Proposi-
tion 6.3 to a pointwise-in-time bound:

Proposition 6.5 Let wy <1 < Tgep < 7' < T — Tyep. Then

/ QY 1< B sup / qe[V]
() T —Tstep <T<T +Tstep ¥ 2 (T)

+Bag b 152 sup f qelv].
(%)

0<t<t

f qe[%f] <B sup / qe[¥]
%(t)) T/ —Tstep STST +Tstep 2(7)

+Bw0_8e_lrsfezp sup / Q]
(1)

0<t<rt

Proof Once again it is sufficient to establish this for /.
We write the energy identity (45) for the vector field N, to obtain

/ el Il + / e[y Inf + f K[y
H(zo,7’) (')

R(r0,7")

- / Ere[y[]+ / Iy ..
R(r0,7")

(7o)

By (57), (59), and the nonnegativity of the first term on the left hand side
above, we obtain

_[/
/ QU] < eB / / qe[w;]dr*w‘ / Ere[y7]
(7)) 9 JE@*) R(t9,7")

+ B / Qe 1.
% (0)
We integrate the above inequality with respect to 7y between t/ — 1 and 7’
and use Propositions 6.3, 6.4 to obtain the desired estimate. O
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A proof of the uniform boundedness of solutions to the wave 539
7 The main estimates
7.1 Estimates for the superradiant part v,
Let us assume always
Tsiep < T <77 < T — Tyep. 97)

Proposition 7.1 For ] we have

"

/ (f q:[w;])deB/ (K* + K ) (9]
T/ 2(7) R(t'.T")

+B sup/ qel].
X(7)

0<t<t

Proof Recall that [, y7d¢ = 0.
In the region r < ry, we have immediately from (74) that

2 2
fo QX[v]1dg < B/o (K* + KY)[y] 1dg.
Similarly, in the region r > R, we have from (72) that
2 2
/ qX (¥ 1de < Bf KX+ KN) [y 1dg.
0 0
For ry <r < R, we have from (73) that
2 2
/O QX [yi1de < B/o (KX + KNy dg
2
—fo (BIVYT 2 — B@wH?) do.
Note also that
2w 2w
fo Py Pdg > b/o 0s T P de
for constant (r, 6, 7) curves in the region ryy <r < R. We have thus
2 2
/ QY 1dé < B/ (K 4 KN [y ] dg
0 0

27
- /0 (b@p¥D) — B do.
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540 M. Dafermos, I. Rodnianski

The Proposition follows now from Proposition 6.1 for wg chosen appropri-
ately, in view also of our remarks on the measure of integration. g

In what follows we shall consider wq to have been chosen and absorb such
factors into the constants B.

Proposition 7.2 For ], we have

4

/ (f qe*[w;])dfsB(/ Jﬁe[wﬁ]m’g+f Betyrn
T/ (1) (1) (")

+/ Jﬁe[wglmﬁ>+3 sup / qe[V].
'H(r’,l’”) 2(1‘—)

0<t<rt

Proof To prove Proposition 7.2 from Proposition 7.1, note that from (45)
applied to the current J* + JN¢ we have

f (K* + KN [y7] <
R(T/,‘L'//)

FE+ IOyl Ink
,/E(r/) "w " wb z

+

JX—FJN(‘) Ty M
fmﬁ)( X 4 g [y I

+ f T+ I [y I
et R

+ ' / Er ey
R(',7")
Ng T w Ne T ®
53(] Py ol +/ Ity Iy
() 2(t”)

+ f Iy Jmé@)
H(‘E/,‘[”)

+st?e%)eil sup / qe[V].
()

0<t<rt

Above we have used (75) and Proposition 6.4. It will be important for later
that e B <« 1. The Proposition now follows immediately. O

Proposition 7.3

/ T lyr I, + f gt
H(',T") (")

() 2(7)

0<t<t
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A proof of the uniform boundedness of solutions to the wave 541

Proof This follows from the divergence identity (45) for the current JT[wa ]
and the fact that KT = 0 and the inequality

/ Er'[y]]< Brgle™" sup / qe[v]
R(t',1") %(7)

0<t<rt

of Proposition 6.4. O
Proposition 7.4

/ ety Il + f Iyt
H(t', 7" (")

5/ Jﬁe[w;]mgwe/ (f q:[w;])df
() T’ %(7)

+st?e%€_l sup / qe[v].
(%)

0<t<rt

Proof This follows just from the divergence identity (45) for JN¢ together
with the bounds (57) and (93). O

Proposition 7.5

4

/ qe[¢§]+f (/ qZ‘[zﬁJ])d%
(") T/ (1)

58/ q.[y, 1+ B sup/ qe[V].
() X(7)

0<t<rt

Proof This follows immediately from Propositions 7.2 and 7.4 in view of
(59) and the fact that for e small we have Be < 1. Il

Proposition 7.6

/ g1t
(")

=< B/ qew/bt] + (Bts:ezpe_l + Beclosee_l) sup f qe[V].
=(t') %(7)

0<t<rt

Proof This follows from Propositions 7.3, 7.4 and 7.5 together with the one-
sided bound

—/ JE[%’]H\% = Beclosee_lf JE‘"[%T]H\% 0
H(z',t") H(',T")
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542 M. Dafermos, I. Rodnianski

7.2 Estimates for the non-superradiant part wﬁf
We assume always (97).

Proposition 7.7 For /],

1
- Iy i +/ Iyl
2 /;‘((‘L’/,‘L’”)’ H W]j H‘ E(‘L’”) K wﬁ

5/ J Wi + Brgle ! sup / o
() (@)

0<t<t

‘f’Beclose‘e_1 sup / Jge[W][ﬂ%
H(T,T+1)

0<t<rt

Proof From (45) applied to wﬁt with V=T we have
el = [ sk - [ gl
/;J(r”) pETE TR () whe = H(t', ") pAVRITH

+f - ECu
R, t")

On the other hand, by (30), we have the one-sided bound

—/ JE[W{]W% = BEclose/ aﬂ//gadﬂpﬁt - bf (8twgt)2
H(T/,‘[//) H(t/,T//) H( /

T ’.[//)

<Beane [ G =b[ @l
H(e' ") H(', ")

and thus by Proposition 6.2 we have

- / JiWI Ik, < Becoee ™" sup / Iy Ind.
H(t', ") H(z,T+1)

0<t<rt

The desired result now follows from Proposition 6.4. O

Proposition 7.8

/E(t/’) JIZIe [W&:]mg * / KNe [wﬁ[]

R(t',7")

5/ Jﬁe[w:r]m%_'_Brs?e%eil sup / qelv].
=(t) 2(7)

0<t<t
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Proof This is the energy identity (45) for N, in view of the nonnegativity of

the flux on the horizon and the estimate (94). Il
Proposition 7.9
7://
b/ Ql¥7] +bf (/ qe[wg]> a7
(") T (7)
<@ -7 Iy Ink + B f qel¥;]
2 (Tstep) ()

+(r”—f/+1)<stte2pel sup L(_)qe[w]
T

0<t<t

‘f‘Beclosee_1 sup f Jgf[lﬂ]mﬁ)
H(T,T+1)

0<t<rt

Proof The proof follows from Propositions 7.7 (applied with 7/ = Tstep and
7" = T), Proposition 7.8 applied to the given 7" and t”, (58) and (59). O

8 The bootstrap

Given a solution v as in the assumptions of Theorem 4.1 and a parameter
e > 0, then for each C > 0, consider the set 7~ ¢eC [0, 00) consisting of all T
such that for 0 < 7 < 1, we have

f Qlyl<C / Qel¥]. (98)
>(7) >(0)

In view of (40), which holds for €cjose < e, the statement of Theorem 4.1
would follow from

Proposition 8.1 There exist constants €close > 0, € > 0, C > 0, depending
only M, such that (40) holds, and such that for all r as in the statement of
Theorem 4.1, then

7¢ =10, 00),
i.e. (98) holds for all T > 0.

For this it suffices to show that 7 , is non-empty, open and closed. The non-

emptyness is clear for sufficiently large C. 1t thus suffices to show that C can
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544 M. Dafermos, I. Rodnianski

be chosen depending only on M such that for all T € 74 ,, then

C
/ alvl=s / @] 99)
(1) 2 (0)

forO<t<T.
8.1 Evolution for time Tgep

We will need the following proposition

Proposition 8.2 Let Ty be given. For small enough e depending on tep,
Eclose K e, it follows that for all Ty and T € [70, To + Tstepl

/ qe[y] =< 2f qely]. (100)
%(7) (7o)

Proof We write the energy identity (45) for the vector field N, to obtain

/ Tyt + / T fyInt + f Kpyl= [ Feryint.
H(70,7) 2(7) R(70,7)

X (0)

By (57), (59), and the nonnegativity of the first term on the left hand side
above, we obtain

f QY] <eB f / Qv + / Q@lv]
(%) 0 J2(T) X (70)

and thus
/ qe[V¥] <exp(eB(T — 10)) qe[V].
%(7) % (10)
The result follows thus if e is chosen so that
exp(eBTstep) <2 O
8.2 Estimate for the local horizon flux of J Ele (V]

A corollary of the proof of the previous Proposition is the following

Proposition 8.3

/ Jelyln® < B f a[v.
H(T,7+1) %(7)

Of course, if we choose e to be sufficiently small as in the previous Proposi-
tion, we may replace B with 2.
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8.3 Bounds for v/,
From Proposition 7.5 applied for t/ = ntgep, 7 = (n + Dsep, 1 =
1,2,...,ny where n is the largest integer such that (n f + 1) Tstep < T — Tstep,

Proposition 6.5 and the bootstrap assumption (98), it follows that in each in-
terval [nTgep, (7 + 1) Tsep], we can find a 7, such that

*rT B B .
q, [, ]=< sup qe[V]+ qe[v, ]
=(t0) Tstep 0<7<t J (%) Tstep J = (nTstep)

for appropriate choice of Tgep. On the other hand, by Proposition 7.6 applied
with T/ = Tgep, T/ = 1, Proposition 6.5, (100) applied to 7o = 0 and again to
T( = Tstep» and the bootstrap assumption (98), we have

[ Swswtsn [ atu)
()

b (fstep)

+ (st?e%e_l + Béciosee ) sup / qe[v]
(%)

0<t<rt

<B sup /;(_)Qe[‘//]

0<t fz'fstep

+ (Brs:ei)e_l + Beclosee_l) sup f qe[V]
2(7)

0<7<rt
< B+ Brde '€+ Beanee 1€)- [ aqutyl. (10D
2(0)
It follows that

f qe[w;]SB/ qe*[w;H/ It
() () ()

< (B + Becosee ' C + Brgge ' C + By, C) / Q]
> (0)
(102)

8.4 Bounds for wg

Since

Tyl < B/ qe[v{],

>(7) %(7)
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it follows from Proposition 7.9 applied to " = ntyep, T/ = (n 4+ D Tyep, n =
1,2,...,ny, Proposition 8.3 and (100) applied (twice) with 79 = 0 and 79 =
Tstep, and Proposition 6.5 that in each interval [nTgep, (7 + 1)Tgepl, We can
find an 1,, such that

b / qelyi]l < f T Ink + 1 B f qelv!]
() z (Tstep) X(n Tstep)

+Br;ezpe—lé/ q[v]
X (0)

+ Béclose  SUP / Il Ind,
H(z,T+1)

0<t<t-1
=< B/ qe[%’] + Ts?elpB/ qe[l/fﬁr]
D) (Tstep) X(n Tstep)

+ (Brgge '€ + Béciose0) f QY]
2(0)

=B sup L(_)qe[w]

0=<7<27sep

+ (Ts?elpBé + Ts?ezpe_l BC + BécioscC) qelv]
2(0)

< (B + BryyC + Brggpe™ ' C + Beaiose0) - /E o 4V

(103)
8.5 Bounds for i

Choosing C sufficiently large, tyep sufficiently large, e sufficiently small so
that Proposition 8.2 holds, and €jose < e sufficiently small, from (87), (102),
and (103) it follows that

c
/ qe[V] < §/ qe[V].
X(tn) (0)

From Proposition 8.2 it follows that for T € [1,, Ty+1]

C
/ qew]sz/ qe[w]szf Q1.
2(7) 2(tn) 2(0)
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For 7 € [0, t1] we apply twice Proposition 8.2

C
/ qew]szf qew]szxf qe[w]szf @],
(1) 2 (Tstep) 2(0) 2(0)

as long as we assume C > 8. Similarly, for 7 € [z, , 7], we apply Proposi-
tion 8.2 twice to obtain

C
/ qe[w] =< 2/ Qe[lﬁ] =< 4/ Qe[lﬂ] =< 5/ Qe[lﬂ]
(1) 2 (T—Tstep) (T g ) (V)]

We have shown (99), thus Proposition 8.1, and thus Theorem 4.1.

For the rest of this paper, all small quantities can be considered fixed. In
particular, we may now write q.[v] ~ q[y¥]. We note, however, that once
Proposition 8.1 has been obtained for some value ¢ > 0, it holds for any ¢ > e,
for appropriate C = C (). On the other hand, for 0 < & < e, the statement can
only be inferred for choices of ¢ for which (40) holds, and in principle, c (e)
grows as e is taken smaller. This is in sharp distinction with the Schwarzschild
case, where the Proposition holds with ¢ = 0 and C=1.

9 Estimate for the total horizon and null-infinity flux of J ’TL[l/I]

An immediate corollary of Theorem 4.1 is the statement

/ iyt < B / alvl (104)
H(0,7) ¥ (0)

Note, however, that the left hand of (104) is not necessarily a nonnegative
quantity. As it is the ‘superradiant’ part of the solution for which this expres-
sion fails to be nonnegative, and we have better control for this, it turns out
that from the estimates derived in the course of the proof of Theorem 4.1, one
can in fact strengthen (104) to obtain

Theorem 9.1 Ler €ciose be the constant of Theorem 4.1. Then there exists a
positive constant C depending only on M such that the following holds. Let
Y be as in Sect. 4.1 where Y satisfies (2). Then, for all T > 0 we have

L(O,r)

Proof For (105), in view of the relations

JEW]”\%( Séf Qlv]. (105)
%(0)

T = B (3w

+ WEwr)

)
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validin R(1,t — 1), and
T < B 1w o, (106)

on H, it follows from Proposition 8.3 and Proposition 8.1, that it suffices to
show

/ et <5 [ al (107)
H(fstep T _fstep) 2(0)
[ pEwiet| <5 [ avl (108)
H(Tstep T _Tstep) %(0)

Inequality (107) follows immediately from (106) applied to v, , and Propo-
sitions 7.4, 7.5, 6.5 and 8.1.
For (108), in view of the bound

JT T1. M SB/ . T
—/E(r/) wVs Iny qe[¥ ]

(7))

we need only apply Propositions 6.5, 7.7, 8.3, and 8.1. 0

Corollary 9.1 Under the assumptions of the above theorem,
[ st <¢ [ atn (109)
T+ 2(0)

Proof This follows immediately (after redefinition of C) from Theorems 4.1
and 9.1 and the statement KT[w] = 0. The definition of the left hand side of
the above inequality is as in immediately following the statement of Theo-
rem 1.1, with r replacing 7. O

When specialised to the Kerr or Kerr-Newman case, Theorems 9.1 and
Corollary 9.1 give in particular (7) and (8). The complete statement of Theo-
rem 1.1 is thus proven.

10 Higher order energies and pointwise bounds

A limitation of previous understanding of boundedness, even in the Schwarz-
schild case, is that it relied on commuting the wave equation (2) with a full
basis of angular momentum operators €2;, i = 1,..., 3. In view of the loss
of symmetry when passing from Schwarzschild to Kerr, this approach is no
longer tenable. A much more robust approach to boundedness is via commu-
tation with ny, or equivalently, the vector field Y to be discussed below. It
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A proof of the uniform boundedness of solutions to the wave 549

turns out that the dangerous extra terms arising have a good sign. This can be
viewed of as yet another manifestation of the redshift effect.

In Sect. 10.1 below, we will first derive L? estimates for higher order ener-
gies. These will rely on certain elliptic estimates derived in Sect. 10.2. Point-
wise estimates will then follow in Sect. 10.3 from standard Sobolev inequali-
ties.

10.1 Higher order energies

Let us consider now the quantity

J
QW] =) I (0)Ink,
i=0

where n’ W denotes n(n(n...1)) where i n’s appear. Under our smoothness
assumptions, coupled with our assumptions about the support, we have that

/ q’/[¥] < oo.
(1)

We have the following

Theorem 10.1 There exists a positive constant €close depending only on M,
such that the following holds.

Let g, (1) be as in Sect. 3.2, such that in addition g € CI*! for an integer
J = 0. Then there exists a constant C j depending on M, j and g, such that the
following holds. Let y, /', ¥ be as in Sect. 4.1 where \ satisfies (2). Then,

for Tt >0,
/ [yl <C; f q’[¥].
> (1) >(0)

Proof We shall give the proof only for the case j = 1, as this will be sufficient
for deriving pointwise bounds for . The dependence of C; on g can be
expressed in terms of the C? norm of the components of g with respect to the
atlas (26), restricted say to r < r§ .

Commute (2) with T. One obtains from (39) that for r > 0

[ amvi=s [ amu (110)
(1) %(0)
Note that from (39) we have for t”/ > t/ > 0,
/ qy1<B(E" -1 q[v], (111)
R(t',T") Z(0)
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and from (110),

/ qITy1 < B(r" -1 q[Ty]. (112)
R(‘(/,‘[”)

2(0)
Now commute (2) with the vector field

~ 1
l—pn

where 0, refers to the coordinate system described in Sect. 5.2. We obtain

Lemma 10.1 Let i satisfy (2). Then we may write
N 24 & 4 . 2 A
U (Yy) = ;Y(Y[I/f]) - ;(Y(Tl/f)) + Py — ;leﬁ +[Y, P ]y

where P is the first order operator Py = %(Tiﬁ - Ylﬁ), and P, is the
second order operator Py =g, — L.

Now apply the basic identity (45) to ¥ = 3?1# with V =Y. We have that
forr < rys

K'[Yy] = bq[Yy]
while for r > rys

K'[Yy] < BalYyl.
On the other hand,

~ 24 & 4 2 A -
Er'[Yy]=- (;Y(Yiﬂ)—;(Y(Tlﬁ)) + Py — ;P2W+[Y, Pz]iﬂ) Y(Yv)

2 o S 4 o 2 S
5_Gnﬂwmyw—;Wﬂw»+Hw—;&W+W1ﬂ@

x Y(Y ).

Recall also that the above expression is supported in {r < r§ }.
The following lemmas are immediate:

Lemma 10.2

6.
[ Sdapi=s[
R R, ")

(. T

f <ﬁstB/ qlv].
R(t',t") R(t',T")
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Lemma 10.3

4

(Par)? .
/ S+ ([P, YIy)?
R/, T)N(r<ry} r

< B . / o' V1 + Ba(e) alvl
R/, t") R/t

(Here B»(g) is a constant depending on the C 2 norm of gij in the atlas (26)
restricted to r < r§ )

Lemma 10.4 Given rg > 2M, we may choose a 8, (with 85, — 0 as rg —
2M) such that

4 . .
f (@ —v)¥y)? < Bs, f q'[v]
R R, t")N{

(@ rsr)

+ B / q'[v].
R(t/,7")N{r=rg}

For convenience, let us require in what follows that re <ry.
It follows from (45), the above lemmas and Cauchy-Schwarz (applied with
a small parameter A) that

f q[Yy]
R/, t")N{r<ry}

<B / a1+ BA! / alTY] + q[y]
R, 7N {r=ry } R(t/,T")

+ Brleczlose/ q' v+ BA‘18§{/ q'[v]
R, ") R(r/,r”)ﬂ{rfry}

+ Ba(g)r ! / qly ]+ Br~! / q'[v]
R, ") R(r’,r”)ﬂ{rzr@

+ Bx / Y (§y)? + B / Ay,
R(t',t") (1)

Since (Y(§(1ﬂ))2 < Bq[§(1ﬂ], it follows that A can be chosen so that

f q[Yy]
R/, t")N{r<ry}

<5 aiyi+s [ qTv
R/, 7" )N {r=ry} R(t/,t")
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+ (B + Ba(9)) alv]+ Bed, f a1

R(t', ") R(t,7")

+ Bsg / q'[v]+B / q'[v]
R(r/,r//)ﬂ{r§r§{} R(rﬂr”)ﬂ{rzr@

+B / qlYy]
(')

<5 [ aiyi+s [ qTv
R/, 7" )N {r=ry} R(t/,t")

+ (B + Ba(g)) qly]+ Belo / q'[v]
R(t', ") R, v )N {r<ry}

+Bdy / q'[¥]+ Beiose / q'[y]
R(t’,r”)ﬂ{rfry} R, )N r=ry'}

+Bf ql[w]+Bf q[Yyl.
R, 1) {r=rg} (1))

From the Propositions of Sect. 10.2 below, we obtain

/ q[Yy]
R, t")N{r<ry)

< B / AT ]+ (B + Ba(2)) alv]
R/, ") R(',t")

+ B(€Zo5e + 85 Ay ]+ q[Ty] + qlv]
R(r’,r”)ﬂ{r§r§}

+ B(rg) a[Ty]+qly] + B / alfy ],

R(t',t") (1)

and thus, for small enough €gjose, and choosing ry close enough to 2M (and
thus small enough d5,), we obtain

f qlYy1<B f alTy 1+ (B + Ba(g)) alv]
R/, t")N{r<ry} R(t',T") R(t',T")

+Bf qlYv].
(1)

(The choice of re having been made, we have written above B(ry) as B
following our convention.) From (111) and (112), it now follows that
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/ alYy] < B+ Ba(g)(r" - T/)/ @[Ty1+qly D)
R(,t)N{r<ry) 2(0)

+ B/ q[Yy].
(1))

It follows immediately that there exists a sequence 0 = 19 < 7; < T;4+] such
that

lti —7j|<B, 7 —>00 (113)

with

(@[Ty1+qly]) + B f q[Yy 1.

f qlYv] < (B + Ba(g))
Z(r)N{r<ry} 2(0)

(0)

From (110), we have on the other hand

/E ICLGEY. / a[TY]+qlv ],

2(0)

and from (39)

/ aly] < B / alv].
() >(0)

From Proposition 10.1 below it follows that
/ Q') =B+ Bz(g))/ q[Yy 1+ qITy]+qlv],
Z(r)N{r<ry ) %(0)
while from Proposition 10.2 below, it follows that

/ q'[V]< (B + Bx(g)) q[Ty ]+ q[v].
Z(m)N{r=ry} 2(0)

Thus in fact,

/ q'[¥]< (B+ Bx(g)) QY v+ q(Ty] + qly].
(1) % (0)

In view of (113), we obtain now easily
/ q'(¥) < (B + Ba(g)) f q[Yy ]+ q[Ty]+qlv]
(1) 2(0)

<5+ 520) [ d'tyl -
2(0)
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10.2 Elliptic estimates
We have the following elliptic estimate on spheres:

Proposition 10.1 Let S, denote a set of constant r ina t*, r, x4, x8B coordi-

nate system. For r a solution of Ugyy =0, we have
f q'ly]1<B /S ATy + a1 + qry
Proof Note first that
a'(v1 < B (1P P + 9@ P + 9P + [TTy
HITY P+ TTY 2+ qv])
= B (1P 2 +alTy1+alTv]+aiy1). (114)

Let Ag denote the standard Laplacian on the unit sphere. In the coordinates
of the first paragraph of Sect. 5.2, we may write

1 N 2 ~
r—zﬁgﬂﬂ =0y (Yyr) — ;(TW —Yv) — Py

Integrating over S, endowed with metric of the standard unit sphere, we ob-
tain the elliptic estimate

1 N
5 [ VRuPdAs <5 [ ity eyl +a+ (P2 das,
Sr Sy
i.e., in view of the assumptions (28) on the metric,

) IV*y|> < B /S qlTy ]+ a1+ qly]+ (Py)>. (115)

On the other hand, from (28), (29) we have

(P2¥)? < Bécloseq' [¥].

The above, (115) and (114) yield the proposition, for €cse sufficiently
small. O

In addition, we have the following elliptic estimates away from the event
horizon.

@ Springer



A proof of the uniform boundedness of solutions to the wave 555

Proposition 10.2 For v a solution of L,y =0, and ro a parameter with
ro > 2M, then, for €close Sufficiently small, we have

f q'[¥] < B(ro) q(Ty ]+ qlv],

2 (t)N{r=ro} (7))

f q'[¥] < B(ro) qlTy ]+ qlv].
R, t"N{r>=rg} R(t',t")

Proof The proof of this straightforward elliptic estimate is left to the
reader. O

10.3 Pointwise bounds

We have the following Sobolev-type estimate on Schwarzschild

Proposition 10.3 Let ¥ be a smooth function on X, of compact support.
Then

sup W2 < B/ |v21\11|%gM)Er + |V>3rq’|%gM)zf'
>, %,

This in turn follows from the following Euclidean space estimate:

Proposition 10.4 There exists a constant K such that the following holds.
Let W be a smooth function on R3 N {r > 1} of compact support. Then

sup\Ilng (VU2 + VU2 dx! dx? dx3.

r>1 {r>1}
Proof Omitted. O
We obtain

Theorem 10.2 There exists a positive constant €close, depending only on M,
such that the following holds.

Let g, X (1) be as in Sect. 3.2, such that in addition, g € C"*2. There exists
a positive constant Cy,, depending on M, n and g, such that the following
holds. Let y, ', ¥ be as in Sect. 4.1 where \ satisfies (2). Then, for T > 0,

n),r.12 : 2 n+1
VO, < lim v +cn/2(0)q W

Here, VW denotes the n’th order spacetime covariant derivative tensor
and |- |y denotes the induced Riemannian supremum norm. The dependence
of C, on g is inherited from the dependence in Theorem 10.1.

Theorem 1.2 in particular follows from the above.
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11 Further notes
11.1 The Schwarzschild case

In the Schwarzschild case, we may apply the estimates proven here for vy
in Sects. 7.2 and 8.4 directly to the whole . Since no frequency decompo-
sition need be made, no associated error terms arise and the whole argument
can be reduced to a few pages. The resulting energy estimate, coupled with
the higher order and pointwise estimates of Sect. 10, yield a new proof for
uniform boundedness of solutions to the wave equation on Schwarzschild
which is in some sense the simplest one yet—using neither the discrete isom-
etry exploited by Kay-Wald [35], nor the vector field X of our [19] or [20],
nor commuting with angular momentum operators. Moreover, one shows the
uniform boundedness of all derivatives on the event horizon up to all order,
whereas previous results could control only tangential derivatives.

In fact, one can obtain a much more general statement applying to all static
spherically symmetric non-extremal black holes. We have

Theorem 11.1 Letr (D, g) be a static spherically symmetric asymptotically
flat exterior black hole spacetime bounded by a non-extremal event hori-
zon H™. Then the estimates of Theorems 1.1 and 1.2 hold.

11.2 Kerr-de Sitter

Our argument is easily adapted to spacetimes which are small perturbations
of non-extremal Schwarzschild-de Sitter, in particular to slowly rotating non-
extremal Kerr-de Sitter, or Kerr-Newman-de Sitter. See [21] for the setting.
One fixes the manifold structure on a subregion D N J*(X() where D is here
the region between a set of black/white hole and cosmological horizons and
3o is a Cauchy surface crossing both horizons to the future of the bifurcate
spheres (see Fig. 3).

One continues as in the Schwarzschild case. The argument is in fact easier
at several points. Because r is bounded in D, the zero-order terms pose no
difficulty. In particular, one need not introduce the ©* and X~ surfaces, nor
must one modify J¥« by the addition of J*»*». We leave the details for a
subsequent paper.

Fig. 3 The
Schwarzschild-de Sitter
metric
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11.3 Non-quantitative decay

As a final application, we note that uniform boundedness is sufficient to trans-
late non-quantitative results for fixed angular frequency into non-quantitative
results for 1 itself. For instance, Theorem 10.2 immediately gives:

Corollary 11.3.1 Under the assumptions of Theorem 10.2 with n = 0, sup-
pose in addition that (r, 0, @) is such that for each k we have

lim P (t*,r,0,¢) =0, (116)
t*—o00
where Py denotes the projection of W to the k’th azimuthal mode. Then

lim ¥ (t*,r,0,¢)=0.
t*—00

The statement (116) is contained in [27] for g exactly Kerr, with r re-
stricted however to r > 2M (i.e. Boyer-Lindquist # > M + ~/M? — a?), and
where 1 must be assumed to admit an extension to D of Sect. 1.1 (as a solu-
tion of (2)) vanishing in a neighborhood of the bifurcation sphere H™ N H ™.
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