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Abstract We prove many cases of a conjecture of Buzzard, Diamond and
Jarvis on the possible weights of mod p Hilbert modular forms, by making
use of modularity lifting theorems and computations in p-adic Hodge theory.
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1 Introduction

If a representation
p:Gg— GLa(F))

is continuous, odd, and irreducible, then a conjecture of Serre (now a theorem
of Khare-Wintenberger and Kisin) predicts that p is modular. More precisely,
Serre predicted a minimal weight k(o) and a minimal level N (p) for a mod-
ular form giving rise to p.
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2 T. Gee

It is natural to try to extend these results to totally real fields F. The natural
generalisation of Serre’s conjecture is to conjecture that if

p:Gp— GLy(F))

is continuous, irreducible and totally odd, then it is modular (in the sense that
it arises from a Hilbert modular form). It is straightforward to generalise the
definition of N ()p) to this setting, and there has been much progress on “level-
lowering” for Hilbert modular forms. It is, however, much harder to generalise
the definition of k(p). For example, there is no longer a total ordering on the
weights, and the p-adic Hodge theory is much more complicated than in the
classical case.

Suppose that p is unramified in F. Recently (see [3]), Buzzard, Diamond
and Jarvis have proposed a conjectural set W () of weights attached to p,
from which in the classical case one can deduce the weight part of Serre’s
conjecture (see [3] for more details). In this paper we prove many cases of
a closely related conjecture (we work with a definite, rather than indefinite
quaternion algebra; as we discuss below, it should be straightforward to prove
the corresponding results in the setting of [3]). To be precise, a weight is
an irreducible E,—representation of GL2(OF/p), and such a representation
factors as a tensor product

® %a.b

vlp

where @, b are [ky : Fp]-tuples indexed by embeddings 7 : ky, — Fp, and
0<a; <p-—1,1<b; < p. Then we say that a weight is regular if in fact
2 < b; < p — 2 for all 7. Our main theorem requires a technical condition
which we prefer to define later, that of a weight being partially ordinary of
type I for p, I a set of places of F dividing p; see Sect. 2.

Theorem Suppose that p is modular, that p > 5, and that p|g Fep) is irre-
ducible. Then if o is a regular weight and p is modular of weight o then
o € W(p). Conversely, if o € W(p) and o is non-ordinary for p, then p is
modular of weight o. If o is partially ordinary of type I for p and p has a
partially ordinary modular lift of type I then p is modular of weight o .

Before we discuss the proof, we make some remarks about the assumptions
in the theorem. The assumption that p is modular is essential to our methods.
The assumption that p > 5 is needed in order for there to be any regular
weights at all; it is possible that this could be relaxed in future work, as there is
no essential obstruction to the application of the techniques that we employ in
characteristic 3. In characteristic 2 the results from 2-adic Hodge theory that
we would require have not yet been developed in sufficient generality, but this
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On the weights of mod p Hilbert modular forms 3

too does not appear to be an insurmountable difficulty. The assumption that
Plc Fep) is irreducible, and the assumption on partial ordinarity, are needed in
order to apply R = T theorems.

The main idea of our proof is the same as that for our proof of a companion
forms theorem for totally real fields (see [14]), namely that we use a lifting
theorem to construct lifts of o satisfying certain local properties at places v|p,
and then use a modularity lifting theorem of Kisin to prove that these repre-
sentations are modular. In fact, Kisin’s theorem is not general enough for our
applications, and we need to use the main theorem of [13]. The arguments are
much more complicated than those in [14] because we need to construct lift-
ings with more delicate local properties; rather than just considering ordinary
lifts, we must consider potentially Barsotti-Tate lifts of specified type.

The other complication which intervenes is that the connection between
being modular of a certain weight and having a lift of a certain type is rather
subtle, and this is the reason for our hypothesis that the weight be regular. One
needs to consider many liftings for each weight, and we have only obtained
the necessary combinatorial results in the case where the weight is regular.
However, while these results appear to hold for most non-regular weights,
there are cases where they do not hold, so it seems that it is not possible to
give a general proof that the list of weights is correct by simply considering
the types of potentially Barsotti-Tate lifts. It is possible to give a complete
proof in the case where p splits completely in F', and we do this in [15].

We now outline the structure of the paper. Rather than working with the
“geometric” conventions of [3], we prefer to work with more “arithmetic”
ones. In particular, we work with automorphic forms on definite quaternion
algebras. We set out our conventions in Sect. 2, and we state the appropriate
reformulation of the conjectures of [3] here. In Sect. 3 we carry out the re-
quired local analysis in the case where the local representation is reducible.
Sections 3.1 and 3.2 use Breuil modules and strongly divisible modules to de-
termine when reducible representations arise as the generic fibres of certain
finite flat group schemes. In Sect. 3.4 we relate these finite flat group schemes
to certain crystalline representations considered in [3], and in Sect. 3.5 we
prove the necessary combinatorial results relating types and regular weights.

We then repeat this analysis in the irreducible case in Sect. 4, and finally in
Sect. 5 we combine these results with the lifting theorems mentioned above
to deduce our main results. Firstly, we use our local results to show that if p is
modular of weight o with o regular, then o € W(p). For each regular weight
o € W(p) we then produce a modular lift of 0 which is potentially Barsotti-
Tate of a specific type, so that p must be modular of some weight occurring
in the mod p reduction of this type. We then check that o is the only element
of W(p) occurring in this reduction, so that p is modular of weight o, as
required. In fact, we do not quite do this; the combinatorics is slightly more
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4 T. Gee

involved, and we are forced to make use of a notion of a “weakly regular”
weight. See Sect. 5 for the details.

It is a pleasure to thank Fred Diamond for numerous helpful discussions
regarding this work; without his patient advice this paper could never have
been written. We would like to thank David Savitt for pointing out several
errors and omissions in an earlier version of this paper, and for writing [21].
We would like to thank Florian Herzig for pointing out an inconsistency be-
tween our conventions and those of [3], which led to the writing of Sect. 2. We
are extremely grateful to Xavier Caruso and Christophe Breuil for their many
helpful comments and corrections; in particular, the material in Sect. 3.4 owes
a considerable debt to Caruso’s efforts to correct a number of inaccuracies,
and the proof of Lemma 3.6 is based on an argument of his. We would also
like to thank the anonymous referee for a careful reading, and for pointing
out a number of serious errors in an earlier version of the paper.

2 Definitions
2.1

Rather than use the conventions of [3], we choose to state a closely related
variant of their conjectures by working on totally definite quaternion algebras.
This formulation is more suited to applications to modularity lifting theorems,
and indeed to the application of modularity lifting theorems to proving cases
of the conjecture.

We begin by recalling some standard facts from the theory of quaternionic
modular forms; see either [23], Sect. 3 of [17] or Sect. 2 of [18] for more
details, and in particular the proofs of the results claimed below. We will
follow Kisin’s approach closely. We fix throughout this paper an algebraic
closure Q of Q, and regard all algebraic extensions of Q as subfields of Q. For
each prime p we fix an algebraic closure @p of Q,, and we fix an embedding
Q— @p. In this way, if v is a finite place of a number field F, we have a
homomorphism G, < GF.

Let F be a totally real field in which p > 2 is unramified, and let D be
a quaternion algebra with center F' which is ramified at all infinite places of
F and at a set ¥ of finite places, which contains no places above p. Fix a
maximal order Op of D and for each finite place v ¢ X fix an isomorphism
Op)y AN M>(OF,). For any finite place v let m, denote a uniformiser of
Fy.
Let U = ]_[U U, C(D®F A‘I{:)X be a compact subgroup, with each U, C
(Op) ). Furthermore, assume that U, = (Op),’ for all v € X, and that U, =
GL2(OF,) if v|p.
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On the weights of mod p Hilbert modular forms 5

Take A a topological Zj-algebra. For each v|p, fix a continuous rep-
resentation oy : Uy — Aut(W,,) with W, a finite free A-module. Write
Wy = ®U| p.AWo, and let 0 = ]_[U| »0v. We regard o as a representation
of U in the obvious way (that is, we let U, act trivially if v { p). Fix also

a character i : FX\(Af)X — A’ such that for any place v of F, o, noy,

is multlphcatlon by ¥ ~!. Then we can think of W,, asa U (A )X—module by

letting (A )< act via Y.
Let Sg,w(U A) denote the set of continuous functions

f DX\(D®FA) — Wo
such that for all g € (D ®FA )* we have

flgu)=0c@)~ ' f(g) forallueU,
fg) =¥ f(g) foralle(A) .

We can write (D Q@ ¢ A =]l;e; D*t:U (A )* for some finite index set [
and some t; € (D QF Af ). Then we have

WA N D) F*
Soy (U, A) — P Ws :

iel

the isomorphism being given by the direct sum of the maps f +— {f(#;)}.
From now on we make the following assumption:

Forallte(D@FA )* the group (U(A YNt DX /F* =1.

One can always replace U by a subgroup (obeying the assumptions above)
for which this holds (cf. Sect. 3.1.1 of [19]). Under this assumption, which
we make from now on, Sy (U, A) is a finite free A-module, and the functor
Wo = So,y (U, A) is exactin W,,.

We now define some Hecke algebras. Let S be a set of finite places con-
taining ¥, the places dividing p, and the primes of F such that U, is not
a maximal compact subgroup of D). Let ']I“;vnkV = A[Ty]lvgs be the com-
mutative polyn0m1al ring in the formal variables Ty. Cons1der the left ac-
tion of (D ®F AF)X on W,-valued functions on (D ®p AL ) given by
(gf)(z) = f(zg). For each finite place v of F we fix a unlformlser 7, of

F,. Then we make Sy y (U, A) a T§")-module by letting 7, act via the dou-
ble coset U (’B” l)U . These are 1ndependent of the choices of m,. We will
write To, y (U, A) or Ty  (U) for the image of 'H‘g‘fi‘v in End S5 (U, A).
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6 T. Gee

Let m be a maximal ideal of ’]I‘““‘V We say that m is in the support of
(0, %) if S5y (U, A)m # 0. Now let O be the ring of integers in @p, with
residue field F = Fp, and suppose that A = O in the above discussion, and
that o has open kernel. Consider a maximal ideal m C T“mv which is induced
by a maximal ideal of T, y (U, O). Then there is a semlslmple Galois rep-
resentation p,, : G — GLy(IF) associated to m which is characterised up to
equivalence by the property that if v ¢ S and Frob, is an arithmetic Frobenius
at v, then the trace of p, (Frob,) is the image of T} in FF.

We are now in a position to define what it means for a Galois represen-
tation to be modular of some weight. Let v|p be a place of F, let F, have
ring of integers O, and residue field k,, and let o be an irreducible Fp—
representation of G := Hvl » GL;(ky). We also denote by o the representation
of Hvl » GL7(0O,) induced by the surjections O, — ky .

Definition 2.1 We say that an irreducible representation p : G — GL, (E,)
is modular of weight o if for some D, S, U, ¥, and m as above we have

So.y (U, F) # 0 and pp =75

We now show how one can gain information about the weights associated
to a particular Galois representation by considering lifts to characteristic zero.

Lemma 2.2 Let y : F* \(A}c) X — O be a continuous character, and write
W for the composite of Y with the projection O* — F*. Fix a representation
o of Hvl pUvona finite free O-module W, and an irreducible representa-

tion o' on a finite free F-module W,:. Suppose that for each v|p we have
oly,n o7, = ‘/’_1|U noj, and o'l noy, = v |Umo;v-
Letm be a maximal ldeal of T“’”V
Suppose that W, occurs as a ]_[v| » Uy,-module subquotient of Wg :=
W, @ F. If m is in the support of (6', ), then wm is in the support of (o, V).
Conversely, if m is in the support of (o, V), then m is in the support of
(o', ) for some irreducible [ |, Uy-module subquotient Wy of Ws.
Proof The first part is proved just as in Lemma 3.1.4 of [17], and the second
part follows from Proposition 1.2.3 of [1]. 0

We note a special case of this result, relating the existence of poten-
tially Barsotti-Tate lifts of a particular tame type to information about Serre
weights. Firstly, we recall some particular representations of GLj(k,). For
any pair of distinct characters xi, x2 : k;" — O we let I (x1, x2) denote the
irreducible (g + 1)-dimensional @p—representation of GL; (k) induced from
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On the weights of mod p Hilbert modular forms 7

the character of B (the upper triangular matrices in GL;(k,)) given by

(;; ‘;) = X1x00)-

We let oy, ,, denote the representation of GLj(k,) on an O-lattice in
I (x1, x2); we also regard this as a representation of GL,(QO,) via the natural
projection. Let 7(oy,,4,) be the inertial type x1 @ x2 (regarded as a repre-
sentation of /r, via local class field theory, normalised so that a uniformiser
corresponds to a geometric Frobenius element).

Let k; be the quadratic extension of k,. For any character 6 : k, — O*
which does not factor through the norm k¢ — k., there is an irreducible
(g — 1)-dimensional cuspidal representation ®(6) of GL;(k,) (see Sect. 1
of [11] for the definition of ®(0)). Let og ) denote the representation of
GLy(ky) on an O-lattice in ®(#); we also regard this as a representation of
GL,(0O,) via the natural projection. Let g, be the cardinality of k,, and let
7(0e()) be the inertial type 6 @ 69 (again regarded as a representation of
IF, vialocal class field theory).

Definition 2.3 Let t be an inertial type, and let v|p be a place of F. We
say that a lift p of p|G,, is potentially Barsotti-Tate of type t if p is poten-
tially Barsotti-Tate, has determinant a finite order character of order prime to
p times the cyclotomic character, and the corresponding Weil-Deligne repre-
sentation (see Appendix B of [9]), when restricted to If,, is isomorphic to 7.

Lemma 2.4 For each v|p, fix a representation o, of the type just considered
(that is, isomorphic to oy, y, or to 0g)). Let T, = T(0y) be the correspond-
ing inertial type. Suppose that p is modular of weight o, and that o is a
nvlp GL;(ky)-subquotient of ®v|p oy @0 F. Then p lifts to a modular Ga-
lois representation which is potentially Barsotti-Tate of type T, for each v|p.
Conversely, suppose that p lifts to a modular Galois representation which
is potentially Barsotti-Tate of type T, for each v|p. Then p is modular of

weight o for some [],,, GLa(ky)-subquotient o of @), , 0y Qo F.

v|p v|p

Proof This follows from Lemma 2.2, the Jacquet-Langlands correspondence,
and the compatibility of the local and global Langlands correspondences at
places dividing p (see [18]). O

We now state a conjecture on Serre weights, following [3]. Note that our
conjecture is only valid for regular weights (a notion which we will define
shortly); there are some additional complications when dealing with non-
regular weights. Let p : Gr — GLZ(FP) be modular. We propose a conjec-
tural set of regular weights W (p) for p.
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8 T. Gee

In fact, for each place v|p we propose a set of weights W (p|cg, ), and we
define

W(p) = {®av|ov 8 W(mGFv)}.
vlp
Let S, be the set of embeddings k, — Fp. A weight for GL;(k,) is an

isomorphism class of irreducible F p-representations of GL; (k,), which auto-
matically contains one of the form

with 0 <a; < p—1and 1 <b; < p for each 7 € S,. We demand further
that some a; < p — 1, in which case the representations o ; are pairwise
non-isomorphic.

Definition 2.5 We say that a weight o, ; is regular if 2 < by < p — 2 for
all . We say that it is weakly regular if 1 <b;<p-—1forallr.

For each 7 € S, we have the fundamental character . of Ir, given by
composing t with the homomorphism /r, — k¢ given by local class field
theory, normalised so that uniformisers correspond to geometric Frobenius
elements. Let k;, denote the quadratic extension of k,. Let S, denote the set
of embeddings o : k, < F,, and let w, denote the fundamental character
corresponding to o .

Suppose firstly that p|c, is irreducible. There is a natural 2 — 1 map 7 :
S/ — S, given by restriction to k,, and we say that a subset J C S, is a full
subset if |J| = |7 (J)| = |Sy|. Then we have

Definition 2.6 Let o ; be a regular weight for GLy(ky). Then o ab €
W(plGp,) if and only 1f there exists a full subset J C S, such that

boyy.,

v

5 ~ a oeJ Yo 0

p|IFv | | w7’ ( boly, ) ’

€S, 0 [logs @0

Suppose now that |, is reducible, say plg, ~ ('/61 l;‘2) We define the set

W(plGp,) in two stages. Firstly, define a set W (p|c, )’ of regular weights as
follows.

Definition 2.7 Let o ; be a regular weight for GLy(ky). Then o ; €
W (BlG,)" if and only if there exists J C S, such that Y17, =[],cg, @7 X

by
[lees @7 and Yolrp, =[1res, @7 [1rgy w?*. We say that o;5 € WPlgg)
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On the weights of mod p Hilbert modular forms 9

is ordinary for p if furthermore J = S, or J = (note that the set J is
uniquely determined, because o7 7 is regular).

Suppose that we have a regular weight 0,5 € Wolc Fv)/ and a corre-
sponding subset J C S,. We now define crystalline lifts 1;1, Jg of 1,
Yo If ¥ 1 Gp, — @px is a crystalline character, and 7 : F, — @p, we
say that the Hodge-Tate weight of ¢ with respect to 7 is the i for which
gr i (Y ®q, Byr)C ®@p@@p Fyi®r Qp) # 0. Then we demand that for

some fixed Frobenius element Frob, of Gp,, J,- (Frob,) is the Teichmiiller
lift of ¥; (Frob,), and that:

° % is crystalline, and the Hodge-Tate weight of % with respect to 7 is
a;+bifreJ,anda; ift ¢ J.

° Jz is crystalline, and the Hodge-Tate weight of Jg with respect to T is
ar+brifr ¢ J,anda;ifr € J.

The existence and uniqueness (for our fixed choice of Frob,) of %, Jz is
straightforward (see [3]). Then we have

Definition 2.8 9.5 € W(plG,) if and only if p|G ., has alift to a crystalline

representation (‘/(’)1 ;;‘ )-
2

Note that by Remark 3.10 of [3], and the regularity of o7; 7, this definition is
independent of the choice of Frob,,.

For future reference, we say that a weight o is partially ordinary of type
I for p if I is the set of places v|p for which o, is ordinary for p. We say
that p has a partially ordinary modular lift of type [ if it has a potentially
Barsotti-Tate modular lift which is potentially ordinary at precisely the places
in /.

2.2 Relation to the Buzzard-Diamond-Jarvis conjecture

Our conjectured sets of regular weights are exactly the same as the regular
weights predicted in [3]. However, they work with indefinite quaternion alge-
bras rather than the definite ones of this paper, and in the absence of a mod
p Jacquet-Langlands correspondence our results do not automatically prove
cases of their conjectures. That said, our arguments are for the most part
purely local, with the only global input being in characteristic zero, where
one does have a Jacquet-Langlands correspondence. In particular, given the
analogue of Lemma 2.4 in the setting of [3] (cf. Proposition 2.10 of [3]) our
arguments will go over unchanged to their setting.
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10 T. Gee

3 Local analysis—the reducible case
3.1 Breuil modules

Let p > 2 be prime, let k be a finite extension of IF,, let Ko = W (k)[1/p], and
let K be a finite Galois totally tamely ramified extension of Ky, of degree e.
Fix a subfield M of K, and assume that there is a uniformiser 7 of Og such
that 7¢ € M, and fix such a 7. Since K /M is tamely ramified (and automat-
ically Galois), the category of Breuil modules with coefficients and descent
data is easy to describe (see [21]). Let k € [2, p — 1] be an integer (there
will never be any ambiguity in our two uses of the symbol &, one being a fi-
nite field and the other a positive integer). Let E be a finite extension field of
IF,. The category BrMod];;,lM consists of quintuples (M, My_1, ¢pr—1,&, N)
where:

e M is a finitely generated (k ®, E)[u]/u“’-module, free over k[u]/u’.

o My isa (k®f, E)[ul/u‘’-submodule of M containing u¢®=DAq,

® ¢p—1: My_1 —> M is E-linear and ¢-semilinear (where ¢ : k[u]/u’ —
k[u]/uP is the p-th power map) with image generating M as a (k QF,
E)[u]/u’P-module.

o N: M — uMis (k ®, E)-linear and satisfies N(ux) = uN(x) — ux
for all x € M, u*N(Mjy_1) C My_1, and ¢p_1(u°N(x)) = (—7¢/p) x
N (¢g—1(x)) for all x € My_y.

e ¢: M — M are additive bijections for each g € Gal(K /M), preserving
M1, commuting with the ¢x_1-, E-, and N-actions, and satisfying g; o
$,=231 08, forall g1, g» € Gal(K/M), and 1 is the identity. Furthermore,
ifa € k®p, E, m € M then glau'm) = g(a)((g(m)/m) @ Dulg(m).

We will omit M from the notation in the case M = Ky. We write
BrModyg m = BrMod:M’ - The category BrModggq, p is equivalent to the
category of finite flat group schemes over Ok together with an E-action and
descent data on the generic fibre from K to M (this equivalence depends on
). In this case it follows from the other axioms that there is always a unique
N which satisfies the required properties, and we will frequently omit the
details of this operator when we are working in the case k = 2. In Sect. 3.4
we will also use the case k = p — 1, and here we will make the operators N
explicit.

We choose in this paper (except in Sect. 3.4) to adopt the conventions of
[4] and [20], rather than those of [2]; thus rather than working with the usual
contravariant equivalence of categories, we work with a covariant version of
it, so that our formulae for generic fibres will differ by duality and a twist
from those following the conventions of [2]. To be precise, we obtain the
associated G ys-representation (which we will refer to as the generic fibre) of
an object of BrMod,, via the functor TSI;’{Z, which is defined in Sect. 4 of [20].
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On the weights of mod p Hilbert modular forms 11

Let p : Gk, — GL2(E) be a continuous representation. We assume from
now on that E contains k. Suppose for the rest of this section that p is
reducible but not scalar, say p ~ (%‘ ;2) Fix 7 = (—p)/?" =D, where
r=[k:F,], and fix K = Ko(), so that 7 is a uniformiser of Ok, the ring
of integers of K. By class field theory 1|7, and y»|y, are trivial.

We fix some general notation for elements of BrModg,. Let S denote the

set of embeddings t : k < E. We have an isomorphism k ®F, E— ®DsE;,
where E; :=k ®i ; E, and we let €; denote the idempotent corresponding
to the embedding t. Then any element M of BrMod,;; can be decomposed
into E[u]/u’-modules M* := e, M, 7 € S, so that g : M* - M7, and
¢1: M7 — M’°¢_l, so that M is free over (k ®F, E)[u]/u?. We now write
S ={11,..., 7}, numbered so that 7,4 = 7; o ¢_1, where we identify 7,4
with 71. In fact, it will often be useful to consider the indexing set of S to be
Z]rZ, and we will do so without further comment.

Fix J C S. We wish to single out particular representations p depend-
ing on J. Firstly, we need some notation. Recall that (as in Appendix B of
9] if p" : Gk, = GL2(Op) is potentially Barsotti-Tate, where L is a fi-
nite extension of W(E)[1/p], then there is a Weil-Deligne representation
WD(p'): Wk, > GLQ(@],) associated to p’, and we say that p’ has type
WD)\,

Definition 3.1 We say that p has a [ift of type J if there is a representation p’ :
Gk, — GL(Oy) lifting p, where L is a finite extension of W (E)[1/p], such
that p’ becomes Barsotti-Tate over K, with ¢ ~! det p equal to the Teichmiiller
lift of e~ detp (with & denoting the cyclotomic character) and p’ has type
1 |7k, [T,y @: " @ lelKo [Tegs @, ”. Here a tilde denotes the Teichmiiller
lift.

Definition 3.2 For any subset H C S, we say that an element M of BrMod4
is of class H if it is of rank one, and for all T € S we can choose a basis e; of
M such that M is generated by u/7e;, where

. |0 ifrogp !¢ H,
T = e ifrogp~!eH.

Definition 3.3 We say that an element M of BrMody is of type J if M is
an extension of an element of class J¢ by an element of class J, and we say
that p has a model of type J if there is an element of BrMod,;, of type J with
generic fibre p.

We will also refer to finite flat group schemes with descent data as being of
class J or of type J if they correspond to Breuil modules with descent data of
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12 T. Gee

this kind. The notions of having a model of type J and having a lift of type J
are closely related, although not in general equivalent. We will see in Sect. 3.3
that in sufficiently generic cases, if p has a model of type J then it has a lift
of type J, and in Sect. 3.5 we prove a partial converse (see Proposition 3.13).

3.2 Strongly divisible modules

In this section we prove that if p has a model of type J then it has a lift of
type J. We begin by recalling the definition and basic properties of strongly
divisible modules from [20]. For the purpose of giving these definitions we
return briefly to the general setting of K¢ an unramified finite extension of
Qp and K a totally tamely ramified Galois extension of K of degree e, with
uniformiser 7, satisfying w¢ € M for some subfield M of Kj.

Let L be a finite extension of Q, with ring of integers Oy, and residue field
E. Let Sk be the ring

00 .
J

E ,»j.u—, ri € W(k), rj — 0 p-adically as j — oo ¢ ,

—  Li/el!

and let Sk 0, = Sk ®z, Op. Let Fil! Sk, o, be the p-adic completion of the
ideal generated by E (1)’ /j!, j > 1, where E (u) is the minimal polynomial of
m over Ko. Let ¢ : Sk, 0, — Sk,0, be the unique O-linear, W (k)-semilinear
ring homomorphism with ¢ (u) = u”, and let N be the unique W (k) ® O -
linear derivation such that N (#) = —u (so that N¢ = p¢N). One can check
that ¢ (Fil' Sk 0,) C pSk.0,, and we define ¢; : Fill Sx.0, — Sk.0, by
¢1 = (¢|FillSK,oL)/p' One can check (see Sect. 4 of [20]) that if / is an

ideal of Oy, then ISk o, NFill Sk 0, = I Fil' Sk 0, . We give Sk an ac-
tion of Gal(K /M) via ring isomorphisms via the usual action on W (k), and
by letting g(u) = (g(r)/m)u. We extend this action Oy -linearly to Sk o, .

We now define the category Oy — Modiri s.da. - the category of strongly
divisible O -modules with descent data from K to M.

Definition 3.4 A strongly divisible Oy -module with descent data from K to
M is a finitely generated free Sk o, -module M, together with a sub-Sg o, -
module Fil' M and a map ¢ : M — M, and additive bijections § : M — M
for each g € Gal(K /M), satisfying the following conditions:

(1) Fil! M contains (Fil' Sx.0,)M,

(2) Fil' M N IM = IFil' M for all ideals I in O,

(3) ¢(sx) =¢(s)¢p(x) fors € Sk, 0, and x € M,

(4) ¢ (Fil' M) is contained in p.M and generates it over § K.Op>
(5) g(sx)=g(s)g(x) forall s € Sk 0,, x € M, g € Gal(K /M),
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On the weights of mod p Hilbert modular forms 13

(6) 1082 =31 08, forall g, g2 € Gal(K/M),
(7) g(Fil' M) C Fil' M for all g € Gal(K /M), and
(8) ¢ commutes with g for all g € Gal(K/M).

Note that it is not immediately obvious that this definition is equivalent
to Definition 4.1 of [20], as we have made no mention of the operator N
of loc. cit. However, since O, is finite over Z, it follows from part (1) of
Proposition 5.1.3 of [7] that any such operator N is unique. The existence
of an operator N satisfying all of the conditions of Definition 4.1 of [20]
except possibly for Oy -linearity follows from the argument at the beginning
of Sect. 3.5 of [20]. To check Oy -linearity it is enough (by Z,-linearity) to
check that N is compatible with the action of the units in Oy, but this is clear
from the uniqueness of N.

By Proposition 4.13 of [20] (and the remarks immediately preceding it),
there is a functor T , from the category O — Mod! cris.dd.m O the category
of Gys-stable Op - lattlces in representations of Gy which become Barsotti-
Tate on restriction to G . This functor preserves dimensions in the obvious
sense.

Recall also from Sect. 4.1 of [20] that there is a functor Ty, compatible
with T[ 5, from Of — Modcm dd.m O BrMod;4, p. The functor 7y is given
by M= (M/my M) ®s, k /uel’

3.3 Models of type J

We now wish to discuss the relationships between models of type J and lifts
of type J. With an eye to our future applications, we will often make a sim-
plifying assumption.

Definition 3.5 Say that p is J-regular if 1y ' |1¢, = [T;e; @7 [Trese 07"
for some 2 <b, < p —2.

Suppose now that p has a model of type J. Recall that this means that,
with the notation of Sect. 3.1, we can write down a Breuil module M with
descent data whose generic fibre is p, which is an extension of a Breuil mod-
ule with descent data B by a Breuil module with descent data A, where A is
of class J and B is of class J¢. Let ¥ denote ;| Ix, regarded as a character

of Gal(K/Kp). By Theorem 3.5 and Example 3.7 of [21] we see that we can
choose bases for A and B so that they take the following form:

A% = E[ul/u’ - e,
Al = E[u)/u? - uFie,,

ir. -1
dr(wier) =(a")ieq,,,
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14 T. Gee

8leq) = ((1//{ I w;”) (g)) e,
oelJ

B = E[ul/u’ - f,

BI" = E[u]/u®?’ cu® I ?W

pL@ i f ) =0 fr,

§(f) = ((wg ] w;f’) <g>> f

o¢J

where a, b € E*, the notation (x); means x if i = 1 and 1 otherwise, and

. Je ifry e,
=00 ifry ¢ J.

We now seek to choose a basis for M extending the basis {e;} for A. Such
a basis will be given by lifting the f to elements f; (where we mean lifting
under the map e; — 0).

Lemma 3.6 Assume that p is J-regular and has a model M of type J. Then
for some choice of basis, we can write

M = E[u]/u? - e, + E[ul/u? - fr,
M? — E[u]/uep . ujr,- er, + E[u]/uep . (ue—jt,' fTi + Kfiuiri e-[,-),
Jr: =15
Gr(wiier) =(a ieq,,,

¢1 (ue_jri f‘L’,‘ + )"‘L'iuiri e‘[,') = (b_l)if‘fi+1 ’

seo=((v1T1057) )
oelJ

8(fa) = ((wg I w;f’) (g)) fu
o¢J
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On the weights of mod p Hilbert modular forms 15

where Ay, € E, with Ay; =0 if 1,41 € J, the iy, are such that M is Galois-
stable and 0 <i; <e—1, and

. _Je fry€eld,
=10 it g

Proof Assume firstly that J # S, and choose k so that 744 ¢ J. One can lift
S, to an element f7, of ¢, (M™-1), and in fact one can choose f, so that
for all g € Gal(K/Ko) we have

§(fo) = ((wg I1 wgp) (g)) fa

o¢J

(the obstruction to doing this is easily checked to vanish, as the degree of
K /Ky is prime to p). As 1,41 ¢ J, we have j;, =0, so that e, and u® f7,
must generate M *.

Now, suppose inductively that for some i we have chosen f7, and A so

that M? is geqerated by u{fi e, and (ue_jfi fr, + )»rl.u"fi er;). Then we put
Frio = 017 fr + dgu'ier)/(b7")i. Then fy,, is alift of f, . and
the commutativity of ¢ and the action of Gal(K /K() ensures that

8(fr) = ((wg [1 w;") <g>> Frimr-
o¢J

Then the fact that M is Gal(K /Ky)-stable ensures that for some A;,, € E
we must have that u/%i+1 er,, and (ue_j’i+l S+ Kri+lui’i+1 er;,,) generate
/\/l?“, and of course if 7,45 ¢ J we can take A, =0.

So, beginning at k we inductively define f;, and A, for all i, which au-
tomatically satisfy all the required properties, except that we do not know
that

¢1 (ue_jrk71 f‘L’k_l + )\'Tk—l uirkil eTk—l) = (bil)k—lffk .
However, because k 4+ 1 ¢ J, we may replace f;, with ¢, (ue_j’k—1 So_, +
Ay u'™1eq_)/(b~1)k—1 without altering the fact that

11 fr) = (b i frrrs

so we are done.

Suppose now that J = S. Then we may carry out a similar inductive pro-
cedure starting with 71, and we again define f7, and A, for all i, satisfying all
the required properties, except that we do not know that

¢1 (ffr + )\‘Truirr efr) = fTI .

@ Springer



16 T. Gee

We wish to redefine f7, to be ¢1(fz, + Ager,), and we claim that doing so
does not affect the relation

1 (frl + )\rluirl erl) = b_lftz-

To see this, note that we are modifying fr, by a multiple of e;; which is in the
image of ¢, which by considering the action of Gal(K/Ko) must in fact be
of the form QuP'w e, , with 6 € E and pi,, = i, mod e. Now, the assumption
that p is S-regular means thati;, =e — Z;zl p’_l(bmrl —1)=—b;, mod p,
with 2 < by, < p — 2. Now, if we write pi;, =i + me, we see that m =

iz, = —b;, mod p, and since 2 < b;; < p — 2 we see that m > 2. But then
b1 (OuP er)) = ¢ (Qu'n T Deyee ) is divisible by u?™~1¢ and is thus 0,
as required. O

Theorem 3.7 Assume that p is J-regular and has a model of type J. Then
p has a lift of type J, which is potentially ordinary if and only if J = S or
J=0.

Proof We will write down an element M ; of W(E) — Mod,is,44,k, Such
that To(M ;) = M, where M is as in Lemma 3.6. We can write Sk w(g) as
D, s Sk, and we then define

MY =Sk we) - ex, + Sk wE)  fr

gler) = ((J{ I1 Fo;”) (g)) e,
oelJ

8(fy) = ((% I1 ?o;f’) <g>> -

o
Ifti4 € J,

Fil' MY =Fil' Sk wee) - M5 + Sk wee) - (fy + Aqu'ies),
pler) = (@ e,
O (fr +Aqu'er) = b ")ipfe,,-
If tip1 ¢ J,
Fil! M;’ = Fil! SK,W(E) . M;l + SK,W(E) -eq,
pler) =@ ipes,,,

O(fr) =BV fri-
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On the weights of mod p Hilbert modular forms 17

Here a tilde denotes a Teichmiiller lift.

Firstly we verify that this really is an element of W(E) — Modim’ dd. Ky
Of the properties in Definition 3.4, the only non-obvious points are that
Fil! M; N IM; = I Fil' M for all ideals I of Oy, and that ¢ (Fil' M) is
contained in pM ; and generates it over Sk w (k). But these are both straight-
forward; that Fil! M; N I M = I Fil' M follows at once from the defini-
tion of Fil' M and the corresponding assertion for Sk, and that ¢ (Fil' M)
is contained in pM ; and generates it over Sk w (g) follows by inspection and
the corresponding assertions for Sk .

It is immediate from the definition of T that To(M ;) >~ M. To see that

TK%(M 7) is a lift of p of type J, note firstly that the Hodge-Tate weights

st,
of Tsli(’z (M) can be read off from the form of the filtration, exactly as in the
last two paragraphs of the proof of Theorem 6.1 of [16]. This shows that the
determinant is a finite order character times the cyclotomic character, and it
also shows that the representation is potentially ordinary if and only if J = §
or J = (). That the lift is of type J is then immediate from the form of the

Gal(K /Kg)-action and Proposition 5.1 of [16]. O
3.4 Breuil modules and Fontaine-Laffaille theory

In this section we relate the notion of having a model of type J to that of
possessing a certain crystalline lift. Suppose as usual that p ~ (%1 1/;kz), and

that we can write 1//1|1K0 =[l,es wff, 1//2|1K0 = ]_[r¢] a)?f with 2 < b, <
p — 2 (note that for a fixed J it is not always possible to do this, even after
twisting - indeed, up to twisting it is equivalent to p being J-regular). In
this case we define canonical crystalline lifts 1 s, Y2, s of ¥, ¥, as in
Sect. 2. That is, we demand that for some choice of a Frobenius element
Frobg, € Gg,, ¥i,j(Frobg,) is the Teichmiiller lift of ; (Frobg,), and that:

e Y, is crystalline, and the Hodge-Tate weight of 1 ; with respect to 7 is
briftreJ,and0ift ¢ J.

e Yr ; is crystalline, and the Hodge-Tate weight of > ; with respect to 7 is
b:ift¢J,and0Oifr € J.

The main result of this section is

Proposition 3.8 Under the above hypotheses, p has a model of type J if and

only if p has a lift to a crystalline representation (W(I)J w:} )

Proof The idea of the proof is to express both the condition of having a model
of type J and the condition of having a crystalline lift of the prescribed type
in terms of conditions on strongly divisible modules. In fact, we already have
a description of the general model of type J in terms of Breuil modules with
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18 T. Gee

descent data, and it is easy to write down the general crystalline representation

(1//8] 1//;1) in terms of Fontaine-Laffaille theory. The only difficulty comes in
relating’the generic fibres of the Breuil modules to the generic fibres of the
Fontaine-Laffaille modules, as the image of the functors describing passage
to the generic fibre is in general too complicated to describe directly. For-
tunately, it is relatively easy to compare the two generic fibres we obtain,
without explicitly determining either.

Let M € BrMod’(};1 for some k € [2, p — 1]. Let A be the filtered ring
defined in Sect. 2.1 of [8]. There is a contravariant functor 7,; from BrModZ;l
to the category of E-representations of G g, given by

Tg; (M) :=Homy,/uer ¢, N,Fil (M, A)

(where compatibility with Fil' means that the image of My is contained in
Filk—! A). The action of Gg, on T,;(M) is given by

€)x)=gf@ (),

where ¢ is the image of g in Gal(K/Kjy), and the action of Gal(K/Kp) on
A=A k 1s defined in Sect. 4.2 of [8]. For the compatibility of this definition
with those used in [6], [10] and [20], see Lemma 3.3.1.2 of [5]. This functor is
exact and faithful, and preserves dimension in the obvious sense. To see these
properties, it is enough to work with the category BrMod*~! without descent
data, and it is also straightforward to see that it suffices to consider the case
E =T . In this case, the fact that 7} is faithful is Corollary 2.3.3 of [10], and
exactness follows from Proposition 2.3.1 of [8] and the duality explained in
Sect. 2.1 of [8]. The preservation of dimension is Lemma 2.3.1.2 of [6].

We will see below that by Breuil’s generalisation of Fontaine-Laffaille the-
ory (see [5]) there are objects of BrMod dd % which correspond via Ty to the
reductions mod 7 of crystalline representations with Hodge-Tate weights in
[0, p — 2]. In order to compare the generic fibres of these Breuil modules
to those of finite flat group schemes with descent data, we need to be able
to compare elements of BrModgll 4 and BrModf;(;Z. This is straightforward:
it is easy to check that there is a fully faithful functor from BrMod}i PR
BrModZJz, given by defining (for M € BrModL]id) Mp_p = uP=I My,
qbp_z(ue(l’ 3 x) = ¢ (x) for all x € My, and leaving the other structures un-

changed. This functor commutes with 7;.

Because we are now using the functor 7, rather than Tz 5> the form of

the Breuil modules (and in particular their descent data) corresponding to
models of type J under 7} is slightly different. We will simultaneously write
it as an element of BrModcll 4 and BrModéZJ2 (making use of the fully faithful
functor of the previous paragraph), by specifying My, M, _>, ¢1 and ¢, _».
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On the weights of mod p Hilbert modular forms 19

Explicitly, we see (recalling that the operator N is uniquely determined for an
element of BrMod}i 4 So it suffices to check that it satisfies N (M) C uM and
the commutation relations with ¢ and g, which we will check below) from
Lemma 3.6 that p has a model of type J if and only if there are A, € E with
Ay =0if 7,41 ¢ J, and elements a, b € E* such that p = T, (M), where

M =E[ul/u®? - eq; + E[ul/u? - fr,,
M = E[ul/u? - ui eq + E[ulu? - (u™F foy + hguiiey),

MZ—Z — E[u]/uep Ly (P=3etiy er,

+ E[ul/u? - PP fr 4 hqu P e,
pr(uhier) = (a Ve,
G1(W T fr A hqulien) = (b7 )i fup
Gp2P VMo ) = (@ ey, ,,

Gpa@ P fr 4 hpuPTI N ey = (b7 frn

g(er) = ((l_[ wé’”“) (g)) es;,
o¢J

st ((I1o™ o) .
oelJ

N(e'[j) = Oa

(D)i-1
(@)i-1
where Ay, € E, with A;; =01if 7,1 ¢ J, the iy, are such that M ,_; is Galois-
stable and 0 <i;, <e — 1, and

: Dir;_,
Iy A uli-ley

N(f‘[i)=_

. e ifmiyed,
T =010 ifry ¢ J.

To see that N (M) C uM, it is enough to check that i, > 0 for all i. In fact,
we claim that we have pi;, > e for all i. To see this, note that by definition we
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20 T. Gee

have iy, | = piy; (mod e). If pi;; < e for some i, then this congruence forces
ir,.; = pir;. However, it is easy to check that since 2 < b, < p — 2 for all i,
no i, is divisible by p (for example, by (6) below we have

iy, = by (8yc(7;) — 8(7i)) — 8ye(rig1) (mod p),

which is never 0 (mod p)), so the claim follows. The compatibility of N with
g is evident from the definition of i,.

To see that u¢ N(Mj) C M, and that ¢1(u*N(x)) = N(¢1(x)) for all
x € M1, we compute as follows (recalling that the Leibniz rule implies that
N@'x)=u'N(x) —iu'x):

N@liey) = —jpulie, € My,
so that

1N W'ie;)) =0=N((a Vier,,) = N(p1('iey)).

Similarly, we have

. . b)i_ -
N(ue_]‘[i fl’i + )"‘[iulri e'[i) — _( )l 1 l.‘rl.il)\,-[l. lue_J‘L'i“Fpl‘ri_l el'l'
(@)i-1

- ((6 - j‘[,')ue_jri f‘[,' + iTi)"‘EiuiTi e‘[l') .
Recalling that if y € M then ¢1(u°y) = 0, we see that it is enough to com-
pute the right hand side modulo M. Since pi;, |, > e, the exponent of u in
the first term on the right hand side is at least 2e — j;; > jy,, so this term is

contained in M. We thus see that modulo M, the right hand side is con-
gruent to

(€ - j‘[l' - iti))"‘[iuiti e‘[i = _i‘[i)"‘[iuiri e‘[,'
(since if A, # 0, we have 7,41 € J, so that j; = e). Then
¢1 (_Mei‘[,' )\"L'i uiri et,') = ¢1 (_iri)\ri Miti ujri e‘[,‘)
- _i‘[i)"‘fiuplri (a_l )ie‘EH_l
—1
=0 )iN(frp)
= N (1“7 fr, + Aqu'tier,))
as required.

It is an easy exercise to write down the reductions mod p of the strongly

divisible modules corresponding to crystalline representations (Wé” wf; ), as

@ Springer



On the weights of mod p Hilbert modular forms 21

we now explain. Firstly, we must recall one of the main results of [12]. Let
L be a finite extension of (@, with residue field E. We say that an admissible
O -lattice is a finite free (O, ®z, Op)-module M together with a decreas-

ing filtration Fil' M by Ok, -direct summands and ¢-linear, Oy -linear maps
¢i *Fil' M — M for all 0 <i < p — 2 such that

e Fil’M =M and Fil’~!' M =0.

e Forall 0 <i < p —3, ¢jlgi+1 3y = PPi+1.

o Y72 ¢i(Fill M)y =M

There is an exact functor 7. from the category of admissible O, -lattices to
the category of G g, -representations on free Oy -lattices defined by

M) =Homo, Fir ¢ (M, Acris).

(,I"IS(

This gives an equivalence of categories between the category of admissi-
ble Oy -lattices and the category of G g, -stable Oy -lattices in crystalline L-
representations in G g, with all Hodge-Tate weights in [0, p — 2].

In particular, one can easily write down the form of the rank one O -
lattices corresponding to the characters v ; and ¥ ;, and we must then
compute the possible form of extensions of these two lattices. As usual, we
decompose M as a direct sum of O -modules M%. We obtain the following
general form:

M" =OLE; +OLFy,,
Fil' M% =M™,
Fil’w ! M7 =0,
ifr; e, FilVM"=0pF, foralll<j<b,,
ift; € J¢, FilVM%"=0OLE, foralll<j<b,,

ifr;eld, ¢o(Eg) = (5’71)1'Eti+1 and

Py, (Fr) = (b)) (Fyyy = Ay Egy)s

ifr; ¢ J, ¢brl, (Er) = (&_l)iEle and
¢O(Fr,-) = (E_l)i(FTH-l - )‘/t; Efi+1)

where @, b € Oy, )J € Or, and )J =0if 7,41 ¢ J. To see this, note that
the form of the ﬁltratlon is easily deduced from the relationship between the

@ Springer



22 T. Gee

filtration of a Fontaine-Laffaille module, and the Hodge-Tate weights of the
corresponding Galois representation, and the form of the Frobenius action on
the E; is also determined. To see that we can arrange the Frobenius action as
claimed, suppose firstly that J # ¢4, and choose 7; € J. Then F7, is determined
(by the form of the filtration) up to an element of O}, and we fix a choice of
Fp, . If ;41 ¢ J, we can simply define Fy,, |, = (l;)i%,i (Fy). If i1 € J, then
there is a unique )\/r,- € Oy, such that

i+1

Filist MT+1 = OL((B)iw, (Fr,) + A}, Ex,,,).

and we set

TH,] (b) ¢br (F‘L'l) +)\' E‘EH,]

We can then continue in the same fashion, defining F,, and so on, and the
fact that 7; € J gives us the freedom to choose A7, so that

B ()b, (Fr_)) = (b~ )io1(Fy — A7, Eq).

The case J = @ is similar, except that one may need to modify the initial
choice of Fy,; the argument is very similar to that used in the case J =S
in the proof of Lemma 3.6. In this case one also needs to use the fact that
b~! —a~! pXresbt € OF, which holds as Y s br > 0.

Breuil’s generalisation of Fontaine-Laffaille theory ([5]) allows us to re-
duce these modules mod 77, and obtain the corresponding elements of the

category Ko — BrModfij d.Ko of Breuil modules with descent data for the case
K = Ky (so that the descent data is trivial, as the group Gal(K /Kj) is trivial).
We find that they are of the form:

Q% = E[ul/u” - Ey, + E[u]/u” - F;,

Qp Z—E[u]/up uP—2- brl5jc(fz))E -+ Eul/uP - u (p—2—by 51(71))1:
Gpo @ P F 0@y = (@) Eq
Gp-2(u P20 Fe) = (071 (Foyy = Ay Er ),
N(E;)=0
N(F;)=0

where A7 € E, with A7, =0if 7;4.1 ¢ J.

Of course, we wish to know the corresponding objects of BrModZd_z. This
is straightforward: by Proposition 4.2.2 of [8], and the discussion preceding
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and following it, we see that we can obtain the requisite modules by simply
taking the extension of scalars k[u]/u? — k[u]/u®P given by u — u®, and al-
lowing Gal(K /Ky) to act via its action on k[u]/u®’. We obtain the following
general form:

N% = Eul/u®’ - E;, + E[u]/u? - Fy,
N;l—z _ E[Lt]/uep ) ue(p—2—brl-510(l'i))Eri + E[u]/uep . ME(P—Z—bTilSJ(Ti))F_L_i’

¢p_2(u€(P—2—bz,~5/C(Ti))ETi) — (ail),’E

Ti+1°

p-2 P2 F ) = (b7 (F

i+1

— A, Eq, )
8(Ey) = Ex,
8(Fy) = F,
N(E) =0,

N(F;)=0

where A7, € E, with A7, = 0if 7,41 ¢ J. We claim that if for each i we have
Az (b)i = Ay, (@) (3.1)

then 75 (M) = T,5(N). This is of course enough to demonstrate the proposi-
tion, as given any set of A, (respectively )Jri) such that A, = 0 (respectively
)‘/ri =0)if tj41 ¢ J, we may choose a set of )“/r,- (respectively A, ) so that (3.1)
holds.

Assume now that (3.1) holds. Note that we may write both M and N as
extensions

0> M' > M—-> M —0,

0->N"->N->N -0
with T (M) = TEWN™) = g, THM) S TN = .
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To prove that 75 (M) = T,5(N), we will construct a commutative diagram

0 M’ M M 0
e o

0 P P P’ 0
T I T N T I

0 N N N’ 0

such that each of T (far), Toi(famr), T (far) and TJ5(far) are isomor-
phisms. From the five lemma it then follows that T (faq) and T ( far) are
isomorphisms, and we will be done.

In fact, we take

Pt = E[ul/u? - €, + E[u]/u? - f}.
P;i_z = E[ul/u‘? -u"u e/rl, + E[ul/u‘? - (Mn/ff fr/,» + A u"i _ﬂr"“e;),
dpauiel) =@ e, .
Bp2 W fL 4 hqu™i Pl y = 07 f
g(e) =vir(9)el,,

S(f1) =v24(8) [y,

N(e,) =0,
D)i-1 . o
N /( —_Yasl. . piy;_, —pox; /A
(f‘[,) (a)i_llfz—l rl—lu e‘[,
where
r—1
o = Zpr_l_j (b ;8¢ (Tig j) — 8¢ (Tin j11)) -
j=0
r—1 4
B = 0" (bry 81 (Tig ) — 81(Tig 1),
j=0
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—b, .
Tley @™ (o) g,
‘““w_il if 7 € J,

_b .
Ny @5 () iftiel,
‘““w_{l ifz ¢ J,

neg =(p —2—38¢(ti)br,)e + pdye(Ti)og; — 8ye(Tit1)Ag s

n =(p—2=38;(t)by)e+ pdj(ti) By, — 87 (Tit1)Buy, -
We then define faq and far by

— (T
fM(eti)=M po; J(Tz)e_/[i’

Fim(fe) = u=PPadse gl

fN(Er,-) — ul’arl-Sjc(ri)e/n ,

v (Fp) = upﬂ’i’sf(r")f;i.

We define P’ to be the submodule generated by the e/, and P” to be the
quotient obtained by e’rl, + 0. The remaining maps are then defined by the
commutativity of the diagram.

Before we verify that this construction behaves as claimed, we pause to
record a number of useful identities and inequalities.

(1) If ti41 ¢ J, then Ay, = A;i = 0 by definition.
(2)

pay, —dg = e(bgde(ti) — 8yc(Tit1)),

PBr; — Briyy = e(br;65(Ti) — 85 (Tit+1)).
These both follow immediately from the definitions of o, B, .

(3)
Ny = O[‘L',‘_HSJ (Ti-l-]) - Pariaj(fi) + e(p - 3) + 85.1 (Ti+1)’

o = Briy81¢(Tig1) — pBr8ye(wi) +e(p —3) + ed e (Tit1).

These both follow from the definitions of n,, ”/r,« and property (2) above.
(4) We have t; € J if and only if B;, > 0 if and only if oy, <0. To see this,
note that from the definition, the sign of «; is determined by the sign
of the first non-zero term in the sum (this uses that 2 < b, =D — 2).
If 7; ¢ J then the first term is positive, and thus so is the whole sum.
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If 7; € J then either every term in the sum is zero, or the first non-zero
term must be negative. A similar analysis applies to the sign of B;.

&)
—e/(p—1) <oy, By <e(p=2)/(p—1).

This is immediate from the definitions, and the fact that 2 < b, i =<p— 2
for all j.

(6)
i‘E,;] =0y — ﬂl’,‘ + 68‘1(7'—1')'

It follows straightforwardly from the forms of the g-actions that the two
side are congruent modulo e, so it suffices to check that the right hand
side is an element of [0, e — 1]. This follows from points (4) and (5).

(7
(p—2e>ny, ng>0.

We demonstrate these inequalities for n;, the argument for n’tl, being
formally identical after exchanging o+, and B;;, J and J¢. We examine
4 cases in turn. If 7; € J and 7,41 € J, then ny;, = (p — 2)e and there is
nothing to prove. If ; € J and 7,41 ¢ J, then ny; = (p — 2)e — ay,,
and the inequalities follow from points (4) and (5) above. If 7; ¢ J and
Ti+1 € J then by point (3) above we have ny, = (p —2)e + ay, ., and
the inequalities follow from (4) and (5). Finally, if t; ¢ J and t;41 ¢ J,
thenny, = (p — 2 — by)e + poy; — g, =e(p —3) by (2).
(8) If tj41 € J, we have

ney — ﬁTH_] = e(p - 3) - patig./ (f[) + il’i .

This follows from (3) and (6) above.
9) If tj11 € J, then

ny _/3'[[+1 En{[‘i +iti (mOd p)

This follows from (3) and (8).
(10) If tj+1 € J, then ny; > By, . This follows from (4) and ().
(11) If ;41 € J, then

l’l;l, + ﬂTH_] =< e(p - 2)
From (2) and (3), we obtain

o+ By = e(p —2) + 8 () (pBr; — eby),
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so we must check that if 7; € J, then pB;, — eb; < 0. But by the defini-
tion of B, if 7; € J then we have

r—1

PPy, —eby, = —p" + by, + Zpr_j (briy ;87 (Tit)) — 85 (Tigj41))
=1

and the result follows as 2 < b, i <p— 2 forall j.
(12) If t; € J, then

! .
n-[i + Pl — DUy = ne.

To see this, by (2), (3) and (6) we have that if ;| € J, then

n{fi + pi‘[l-,l — POy — Ny = (P - 1)6 - pﬂ'[[

p(p—2)>
——F e

z((p—l) -

>0
by (5). If on the other hand ;4| ¢ J, we find that

n{:i + pi‘L',‘,l — PQr; — Ny = (P +1- bri)e + Pl

> 3e + poy,
Z(3——p )e

p—1
>0

by (5).
We now verify that P is indeed an object of BrModgd_z.

e To see that we have defined a (k QF, E)[u])/u®?-module, we must check
that all of the exponents of  in the definition are nonnegative; so, we need
to check the inequalities n;;, > 0, n/rl, > 0, and if A, # 0 we need to verify
that ny; > By, . These follow from (1), (7) and (10) above.

e To see that u¢?=2P c Pp—2, we need to verify that (p — 2)e > ny,, that
(p—2)e> n’fi, and if A, # 0 then (p —2)e > ”/r,- + Br., - These follow
from (1), (7) and (11).

e To see that N(P) C u’P, we need to check thatif A, | #0theni_ |, > ay,.
This follows from (1), (5) and (6).

o To see that u® N(P,_2) C Pp—2, we note by the Leibniz rule we have

ne )/ ng /
N@™ier)=—nqu'mie;, € Pp_n
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and
N n,. . A ne;—Bri oy
W' f] + hgu"iPrin ] )

_ _(b)i—li o Mnlfi—’_pifi—l_‘pafie/‘
(a). | Ti—17Ti—1 Ti
i—

n’. ; —Pr;
_”/n” i fr/, — Ay (ng — ﬂTiH)MnI' ﬁzl+]e/fi'

By (1) and (12), the first time on the right hand side is contained in P, _».
By (9), the remaining terms are equal to

’
/ ne. pf ne, —PBr; / . ng—fr /
_n‘L'i (u lffi +)\‘L’,‘u i l+lefi) — )\'Tilfiu i H—leti'

The first term is contained in P, _» by definition, and if we multiply the
second term by u°, we obtain

ny; +e—Pr

. . /
—AglgU i+le,

which is contained in P, _; by (5).
o To see that ¢, (N (x)) = N(¢p—2(x)) for all x € P,_», we recall that
¢p—2uy)=0if y € P,_5. Thus

G2 NW"™ie,)) =0=N((a e, ) =N(pa("ie,)).

Ti+1

We also have, using (1), (6) and the calculation of the previous bullet point,

$p—2WEN WS f + hgus~Prsrel))
= pp2(—Agigu"i T Pl )
= —)L,iifl.u”("*ﬂ"“)(0171),-6/,[+1
= —gigul _O‘THI)(a_l),-e;i+1
=N,
= N(@pa " f} + hgu"s Piiel ).

e That P,_» is g-stable follows directly from the definitions of B, n;, and
/
n..
e That the action of ¢ commutes with ¢,_» follows from the definition of n,
and n’_ .

e That the action of ¢ commutes with N follows from (6).

We now verify the claimed properties of faq and far.
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In order that the maps faq and fa be defined, it is necessary that the ex-
ponents of u in their definition be non-negative. This follows from (4).

To see that fa((M,_2) C Pp—2 and fN(Np_z) C Pp—2, we compute as
follows.

Iy (u(p—3)e+jf,. er) = y Pty —ny —pay8;(n)  ny e/r,-

_ 0 (Tit1)oy; ne )/
=u ! Ti+l (g eti)

by (3) and the definition of j,. Similarly, by using (1), (3) and (6), we find
that

P P20 fogop uPIetin g )
— ]/[_'Bri+1 SJC (tH*l)(un{[i f-;l + )\"L'[ unri _'BTH»I e‘/[i)‘
In the same way, using (1) and the definitions of n, and n/fl_ ,

fN(ue(P—2—bz,-5/c (Ti))Er,-) = e iver (U™ e;i)’

fN(ue(P*Z*briisj(Ti))Fn)
— u£l("-’i+l)ﬁri+l (unri fl{, + )\.-,;ilztnzi _ﬂri+1 e'/[,-) _ )\‘_[iunrl- e;i .

The result then follows from (4).
To check that faq and fnr commute with ¢, >, we again compute directly.
We have

Fr(@pa@P IV ier )y = frq((@ ey, )

1y —par., 85 (z
=(a l)iu Pz, J(Tlﬂ)e/fiﬂ’

while

bp2(fr P o)) = (™™ T (i )

— — ) .
:(a 1)iu Pl J(Tl+l)e‘/[,~+]'

Similarly, we find
fm (¢p—2(”(p_2)e_jri Ju + Ay uP=Ietts er;))
= (@D frr)

- —pBr. 8¢ (T
= l)iu PBri18) (T+l)f1fi+1,
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Gp—2(fara@ P2 fr 4 u PN o))
— ¢p72(u—ﬂq+15Jv(fi+1)(u"/r,- fr,, + )»riunti =B e/r,-)))

— —pPBr. 1 6yc(Ti
z(b l)il/t p5l+] J (t+])f‘[li+1’

I (pp—2 P20 TN E Yy = frr((a™ )i Exyyy)

_ =1 pd e (Tit1)oy; /
= (a” )l ey
¢p_2(fN(ue(P—2—bz;510(‘[1‘))E_[i)) — ¢p_2(u81c(r,-+1)ari+l (u"fi e,ri)

_ (a—l )iup81‘7(fi+l)ari+1 e/r_

i+1°
IN(pp—a(ut P27 P ) pryy
= (O Di(Fryy — N Ex, )
_ (b—l)i(upﬁj(ri+1)ﬁz,«+l f'[,i+1 _ )\’{[iMPSJC(TH»I)(Xqule;H—l)’

$p—2(fa P20t D)
_ ¢p_2(u51(fi+l)/3ri+] (un/fi fr/i + dg,u'"i P e/r,-) — A u'"i e;l,)

8 i T; - -
= l,tp Gt )p i+1 (b ])iff/z#l - )\"[i (a l)ie/

Titl®

The result follows, because A, (a~'); = A, (b™"); by ((3.1)), and if A, # 0
then §¢(ti+1) =0 by (1).

e To check that faq and fn commute with N, we again compute directly.
We have

N(faler) = NPt/ ey )
= —pay, 8 (T)uPoads (T")e/r[.
=0
= fMm(N(ey)).
Similarly,
N(fm(fe) = N PPt gy
— y~PBrdse (@) N )
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(b)l 1. A Plrl | T DPY%; — pﬂrlajc(fz)/
(Cl)lf Tl 174Ti— l ‘C,

while

b l iz,
fM(N(fri)) fM( E ;_1 27 1)\11 u pfl—len)

(b)l ll Plr _1 T Poy; 5!(71)/
(a)z | Ti—17Ti— 1 ‘[l

and these two expressions are equal by (1). In the same fashion, we find
that

N(fn(Er)) = fn(N(Er)) =0
while
IN(N(Fy)) = far(0) =0
and

N(fn(Fy)) = N (PP gl

_(B)i-1,
— = iz 1)“[,‘,1Mplr’ 1 P“rl“‘Plgr,(SJ(fz) ;,

(a)l 1
If 7; ¢ J, this expression is 0 by (1). On the other hand, if 7; € J, then the
exponent of u in this expression is p(iy;_, — ay, + By;) = pe by (6), so the
expression is again 0, as required.
e Finally, that o and fnr commute with g follows directly from the defini-
tions of o7, and B, .

It is clear from the construction that the maps faq, far, far and far are
nonzero. Since T, is faithful, the maps 75 (far7), Toi(farr), Ty (farr) and

T,i(fan) are all nonzero, and are thus isomorphisms (as they are maps be-
tween one-dimensional E-vector spaces). The result follows. O

3.5 Weights and types
We recall some definitions and results from [11]. Fix, as ever, p ~ (%1 1;2)
We make the following definitions:

Definition 3.9 A weight o ; is compatible with p (via J) if and only if there
exists a subset J € § so that

b b
Vil = [ [t [ 1o vali, =[]t [] o

TesS ted Tes t¢J
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Suppose that these equations hold. We define

o — by, —85(Tit1) ifr; e,
fi p—by —6;(tiy1) ifr;¢J

where 4 is the characteristic function of J. Define a character x ; ; by

R dr; br;_p
tass=[led []en

T eS Ti¢J

Suppose that the c; are not all equal to either O or p — 1. Then we define a
representation I ; ; of GL (k) and a type 7; ; ; by

- — YN 5 o ~C
Lig=1 (X&,b,]’ Xa.b,J szf) ;

TesS

N T o 5 ~C
Tabg = Xa bt ®Xapy 1_[ Wy’

Tes

Note that if p is compatible with o7 7, then a lift of type J is precisely a lift
of type 7; j ; with specified determinant.

Proposition 3.10 Suppose that o- a.p is regular. If p is compatible with o ;
via J, then p is compatible with preczsely one of the Jordan-Holder factors
of the reduction mod p of I j ;, and that factor is isomorphic to o ;.

Proof We use the explicit computations of [11]. Firstly, note that reduction
mod p and the notion of compatibility both commute with twisting, so we
may replace p by p ® Xa_é I By Proposition 1.1 of [11], we have I 5 ; ~

P KCSTag bk where ag and bk are defined as follows:

4 _ 0 ift;eK,
Ki= Ve, + 0k (i) ifu¢K,

be . — ] Cu + 8k (Tit1) ifr; €K,
Ko p—cy — 8k (Tit1) ift ¢ K.

By the definition of the c;, we see at once that o>, 7 =07 7, and in fact
J,0J a,

ayj, b‘/, aj, by,
Vilig, = [ ot [T valig, =" []er"

Tes tel Tes t¢J
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If p is compatible with another Jordan-Holder factor, there are subsets J',
K’ C S, J’' # J such that

ay, bJ, ay. bj/y
Vilg = [ e [ o =[] [] o

Tes ted Tes ek’
ay, bJ’ aJ/, bJ/’
Valig, = [ Joe" [ =]Jo"" [] o
Tes T¢J Tes T¢K’

Using the formulae above, the first equation simplifies to

cg; +87(Tit1) cg;+8, (Tig1)
M= 1 ™ ]

GeS i €(J'NK)U(JCNK'C) i1 €K'NJ’C

By the assumption that 04k isregular, wehave 1 <c¢,, < p—2and2 <c +
8y (ti+1) < p — 2 for each i. Then we see that we can equate the exponents
of w., on each side of each equation, and we easily obtain (J' N K") U (J“N
K'®) =8, whence J' = K. But then the equation becomes

8y (Ti+1) 3y (Tit1)
[Tt = T

T,’ES '[,'ES
whence J = J’, a contradiction. |

Remark 3.11 Note that it follows from the formulae in the proof of Propo-
sition 3.10 that if o ; is regular, then all the Jordan-Hdlder factors of the
reduction mod p of I ; ; are weakly regular.

Proposition 3.12 Let 01, 02 be two tamely ramified characters of Ik, which
extend to G, . If p has a potentially Barsotti-Tate lift (with determinant equal
to a finite order character times the p-adic cyclotomic character) of type 61 @
02, then p is compatible with some weight occurring in the mod p reduction
of 1(01,62).

Proof This follows easily from consideration of the possible Breuil modules
corresponding to the rz -torsion in the p-divisible group of such a lift (where
the corresponding Galois representation is valued in Oy, and 7y is a uni-
formiser of Q). The case #; = 6, is easier, so from now on we assume that
01 # 6>. The my -torsion must contain a closed sub-group-scheme (with de-
scent data) with generic fibre vr;. Suppose that this group scheme corresponds
to a Breuil module with descent data M. Then we can choose a basis so that
M takes the following form:

MY = Eul/u? - xq,,
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M? = Eul/u®’ - u" x,
A 1
¢1 (url-xl’i) = (a )ixt,ur] s

§(x) =0 (g)xs,.

Here 0 <r; <e is an integer, and ol Gal(K/Kop) — E* is a character.
Now, by Corollary 5.2 of [16], because the lift is of type 61 @ 6>, we must
have 6% = 6; or 6, for each i (here and below we denote the reduction mod p
of the 6; by the same symbol). Define subsets Y, Z by

Y ={r; € S|6' #£6'H1y,

Z={7; €S|0' =6;}.

Because 0; # 0;,if i € Y then the compatibility of the ¢;- and Gal(K / K¢)-
actions determines r; uniquely, and if i € Y¢ then we can take either r; = 0 or
r; = e. Having written down all possible M, we now need to determine their
generic fibres. This is a straightforward calculation using Example 3.7 of [21].
Without loss of generality, we may twist and assume that ) = ]—[rl,E s w,
6, =1, with 0 < ¢; < p — 1. Then one easily obtains

mi+n
wll[[(o:w‘[ll ! l_[ (22 1_[ wr; ,

T e{Y¢|ri=e} GeEYNZ
where
o ift ¢ Z,
= ci+pe,+--+p ey ifriez,

1 L , o
m=- 3 PGt Met+ ottt +p )
eYNzZe

1 o . .
- = Z P+ p e, 44 piei i+ P ).
¢ Le¥YNzZ

Now, consider the coefficient of ¢; in n. The sets Y N Z¢ and Y N Z have
equal cardinality, so this coefficient is in fact zero. Thus the coefficient of ¢}
inmj 4+ nyis 1if r; € Z, and O otherwise. By cyclic symmetry, we obtain

— Ci
WI“KO - 1_[ a)f,{ 1_[ w‘l.’ia
ez rieX
where

X={teYr=e}U¥NZ).
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We wish to show that p is compatible with some weight in the reduction
mod p of 1(61, 6>). It is easy to check that the determinant of p is correct, so
it suffices to examine /1; in the notation of Proposition 3.10, we see that p is
compatible with Oar ik via L if and only if

C‘+8K(r(‘['+1) 8KOL(T‘+1)
wl |1K0 = 1_[ a).[; i l_[ C()-L—l. i

7, €(KNL)U(KNL®) 5 eS

(note that our convention that 8, = 1 causes K¢ to appear in this formula
rather than K).
The result now follows upon taking, for example,

K={tlt_1€(XNYNZ)UXNY NZ))

and

L=(K‘NZ)U K NZ°. .

Proposition 3.13 Suppose that o j is regular. If p is compatible with o
via J, and p has a lift of type J, then p has a model of type J.

Proof This follows from similar considerations to those involved in the proof
of Proposition 3.12. Consider the 7y -torsion in the p-divisible group corre-
sponding to the lift of type J. It contains a closed sub-group-scheme (with
descent data) with generic fibre v1. Suppose that this group scheme corre-
sponds to a Breuil module with descent data M. Then we can choose a basis
so that M takes the following form:

MY = Eul/u - x,
M? = E[ul/u? - u"ix,,
G (u'xg) = (@ Vixe,

8(xr) = 0" (g)xr,.

Again, by Corollary 5.2 of [16] and the definition of a lift of type J, for each
i we must have 0' = 6; or 0' = 6, where

o= [Tt TTot

Tes tel
po=or T o™
Tes telJ¢
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Note that 1 [7,, = 61 [ |5 @ W (T”l). Without loss of generality, we can twist

so that 6; = ]_[nesa),,, 0, = 1, With 0 <c¢; < p — 1. Then we obtain

_ br. =8y (tit1) p—br. =67 (7i 1)
01 :0192 1 — 1_[ a)fi] L 1—[ a).,:l T i+

el T,eJ¢

Since 0 <¢; <p—1and2 <b; < p— 2, we obtain

o by, — 8y (Tiv1) ifr; € J,
l p—by —48;(tiv1) ifrgJ.

Note that this implies that 2 < ¢; 4+ §;(ti+1) < p — 2. Now, using the same
definitions of X, Y and Z as in the proof of Proposition 3.12, we can compare
the two expressions we have for 1| K, 1O obtain

Cz+31(fz+1) ci
[Tes ™" = [t [T on

T eS T,€Z r;eX

Since 2 <c¢; + 85(ti+1) < p — 2, this gives Z =S, and X = {7;|ti+1 € J}.
Since Z = S, we have Y = @, and thus the fact that X = {7;|t;41 € J} means
that M is in fact of class J. It is then clear that the 7r; -torsion is a model of
p of type J, as required. 0

4 Local analysis—the irreducible case
4.1

We now prove the analogues of some of the results of Sect. 3 in the case
where p is irreducible.

We assume that p is irreducible from now on. In addition to the assump-
tions made at the beginning of Sect. 3, we now also assume that I » C E,
where p : Gk, — GL2(E). Let k' be the (unique) quadratic extension of k.

Label the embeddings k' < IF' as 8'={0;},0<i <2r—1,sothato;| =
o; o¢ ,and oj |k = Tx(;), Where  : Z/2r 7 — 7./ r Z is the natural surjection.
For snnplicity of notation we will sometimes refer to the elements of S” as
elements of Z/2rZ, and the elements of S as elements of Z/rZ.

Recall that we say that a subset H C S’ is a full subset if |H| = |w(H)| =r.

Definition 4.1 We say that p is compatible with a weight 0, 5 (via J) if there
exists a full subset J C S’ such that

by
1) 0
p|IK/N1_[a) ( GEJ 7 1—[ bo-)v

oeS’ O’¢J C()o-
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where we write a,, by 101 Az (o), by () TESpECtively.

Note that the predicted set of weights W(pp) is just the set of compatible
weights; this is one way in which the irreducible case is simpler than the
reducible one.

Given a regular weight o ; and a full subset J C S’, we wish to define a
representation and a type. Let K; =n(J N{1,...,r}). Then let

bi + 6k, (1) — 1 if0=ieckKy,
) p=bitsk, (-1 if0=i¢K,,
PE Y b=k, G+ 1) if0£ieky,

p—bi—8k,(i+1) if0£i¢K,.

Define a character
—sx, (1) b
wﬁ b,J = @t ! l_[a)?r 1_[ e’ P,

Then we define

Proposition 4.2 Recall that o j, 5, is regular. If p is compatible with o ; v
J, then p is compatible with preczsely one of the Jordan-Holder factors of the
reduction mod p of Ia L and that factor is isomorphic to o j.

Proof We may twist and assume without loss of generality that Vaips =1
Then by Proposition 1.3 of [11] (note here that Diamond’s conventions on
the numbering of the elements of S” are the opposite of ours, so that his o;
is our o_;), the Jordan-Holder factors of the reduction mod p of Ia/ ;. are

{05, 5, JKCS» Where

Sk (1) if0=icKk,
e+ if0=i¢K,
K5 =10 if0£ieKk,

¢ +ok(i+1) if0#i¢K,
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ci+1—268g(1) ifo=ieck,
b _lPp—citsk()—1 if0=igK,
Ka=1¢ +8xkG+1) if0£ieKk,

p—ci—086g(i+1) ifO#£i¢K.
From the definition of the ¢; and of 1[/57 by We have GﬁK,, ,;K] =0, Sup-
pose that p is compatible with s by via J'. Then, replacing J' by (J') if
necessary, we must have

l_[ akal—[ bK,z l_[ agr l_[wa/’i
g .

ies ieJ ieS ieJ'

Using the formulae above, this becomes

8y (1) 8y gr(r+1) ci+8gr i+1) 8 =1 (xrye) G+ 1D
o0 Wo, l_[ Wo; 1_[ Wo;

ieT’ ieS
S5k, (1) 8 +1 i+k, (i+1 8 rrn—1 (&) +1)
—a)géKJ()wojKJ(r )l—lwgi Ky G )l—lwajm K9 ’ 4.1)
ieT ieS
where
T=UnNa " KU Nz ' K) ={1,...,r},

7= na ' (KN U W) na (K,

o [1-6k, G+ 1) ifieT,
‘SJva(l“)—{aK,(iH) ifigT,

o [1-sg+D) fieT
8”’K'(l+l)_{81</(i+l) ifigT

Note that (since o7 ; : is regular) all the exponents on the right hand side of
(4.1) are in the range [0, p — 1]. On the left hand side, this is true except
possibly for the exponents of wy,, @, . Since T = {1, ..., r}, it is easy to see
that the only opportunity for this not to hold is for the exponent of @, to be
p on the left hand side and 0 on the right hand side. However, in order for the
exponent of wy, to be p on the left hand side we require ¢y = p — 2, which
requires that 1 € K ;. But then the exponent of wy, on the right hand side is
1, a contradiction.

Thus we may equate exponents on each side of (4.1). In particular, if i # 0,
we have (again because %5 is regular) ¢; + 8k, (i + 1) € [2, p — 2], so that
we must have {1,...,r — 1} C T'. We alsohave co € [1,p —2]. If 0 € T,
we see that the exponent of wy, on the left hand side of (4.1) is co + 1 +
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8 yrm-1((kye) (1) = co + 1 (because 1 € T’), which is at least 2. However the
exponent of wg, on the right hand side of (4.1)is O or 1, as 0 ¢ T, which is a
contradiction. Thus 7/ =T = {1, ..., r}.

Then (4.1) simplifies to

— 2r—1 r—1 . 2r—1 8 (i+1)
Sgr(i+1) 5(1( )¢ @i+1) 8KJ(1+1) K; !
[T T o =TTt T
i=0 i=r i=0 i=r
whence K’ = K, as required. 0

Remark 4.3 Note that it follows easily from the formulae in the proof of
Proposition 4.2 that if o, ; is regular, then all the Jordan-Holder factors of the

reduction mod p of Icil ;. are weakly regular.

Theorem 4.4 Assume that o j is regular and that p is compatible with o ¢
via J. Then p has a lift of type raf P which is not potentially ordinary.

Proof A simple computation shows that we in fact have
. a bs—p a by — P
5, =[Tet [Tob @ [Tot [ ot
Tes oelJ Tes o¢J

This means that we only need to make a very minor modification to the proof
of Theorem 3.7. Let K, = W(k)[1/p]. Fix 7’ = (—p)"/?” =1 and let K’ =
K((7"). Let g¢ be the nontrivial element of Gal(K’/Ko) which fixes 7. It is
clear from the proof of Theorem 3.7 that for some choice of a € W(E)* the
following object of W (E) — Modi”. s.dd. K, Provides us with the required lift.

M‘O]—i :SK 'e()’l’ +SK 'f(ri’

g(b(e(fl‘) = f(’i+r’

8o (fo;) =€, -
If g € Gal(K'/K}),

8leq) = ((]"[ o 1] aii’:—f’) (g)) Coi»

Tes oel

8(for) = ((1‘[ | w”a—f’) ) for.

reS  od¢J
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If Oi+1 € J,
Fil' M5 =Fil' Sx - M5 + Sk - fo,,
¢(eq) = (a Dieo,,
¢ (fo) =@ ), pfos,-
Ifoiv1 ¢ J,
Fil' M9 =Fil' Sg - M7 + Sk - e,
¢(es) = (@ Vipes,,,
O (fo) =@V for,-
Here the notation (x); means x if i =r + 1 and 1 otherwise. Il

5 Global results
5.1

We now show how the local results obtained in the previous sections can be
combined with lifting theorems to prove results about the possible weights
of mod p Hilbert modular forms. Firstly, we show that if p is modular of
some regular weight, then p is compatible with that weight, by making use of
Lemma 2.4 and Proposition 3.12. We then turn this analysis around. We take
a conjectural regular weight o for p, and using modularity lifting theorems
we produce a modular lift of p of a specific type, which is enough to prove
that p is modular of weight o by Propositions 3.10 and 4.2.

Assume now that F is a totally real field in which p > 2 is unramified, and
that p : G — GLy(E) is a continuous representation, known to be modular,
where E is a finite extension of [F',.

Let W (p) be the conjectural set of Serre weights for p, as defined in Sect. 2.
Recall that the elements of W (jp) are just the tensor products of elements of
Wy(p), for v|p, and that such elements are of the form o ; apr as described
above. We say that a weight is (weakly) regular if and only if it is a tensor
product of (weakly) regular weights.

The following argument is based on an argument of Michael Schein (cf.
Proposition 5.11 of [22]), and is due to him in the case that p|g,, is irre-
ducible.

Lemma 5.1 Suppose that p > 3, that p is modular of weight o = ), o
and that o is weakly regular. Then for each v, either p|G, is compatlble
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with o? jor o? i is not regular and p|G, is not compatible with any regular
d, a,

weight.

Proof Suppose firstly that p|g,, is reducible. We will assume for the rest of
this proof that F, # Q,; the argument needed when F,, = Q,, is slightly dif-
ferent, although much simpler, and the result follows from Lemma 4.4.6 of
[15]. We will also assume that there is at least one b;, # 1; the case where
all b;; =1 is much easier, and we leave it to the reader. Then for any type
T = x1 @ x2 (with x1 # x2 tame characters of I, which extend to G r,) such
that o? Qi occurs in the reduction of 7(x1, x2), it follows from Lemma 2.4
and Proposmon 3.12 that there must be a weight 0% i in the reduction of

I(x1, x2) which is compatible with p|¢, . Since we are working purely lo-
cally, we return to the notation of Sect. 3.5.
Twisting, we may without loss of generality suppose that a; =0 for all 7.

By Proposition 1.1 of [11] (and the fact that o is weakly regular, with at least
one by, ;é 1) there is for each J C S a unique pair of characters [ [, g @,

[lies@ df (with 0 < ¢, d? < p — 1) such that if we define
J
=1 (1, ]‘[a)dr’> ® [ [ @7 odet
Tes Tes

then, with the same notation for reductions as in [11], extended to be com-
patible with twisting, o JJ ~ o 7. Then there must (by the argument above) be

some subset K; C S, such that aéj is compatible with p. If aéj ~ O ﬁ»{(
J

this means that there must be a subset L ; C S such that
J J
Mk, k.
l»0l|11<0=1_[w‘[ I l_[a)fjt-
By Proposition 1.1 of [11], this is equal to
o » df +38k ; (Ti41)
et T1 o 1 el
TEeS ‘[,‘GLJQKS T[E(LJOK‘])U(L(‘}QK‘?)

Now, since o7 ~ o= =, we have
J a,b

CTJi dl +51(fz+1) a;

GeS Ti¢J 5eS
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by the assumption that a; = 0 for all 7, so that in fact

—(d] +8, (ti41))
Vil =[] @ " [T «f

TEeJe TiELJﬂKj
df +3k ; (Ti41)
N |
T[G(LJQK_])U(L;ﬁKj)
J

Since o; ~ 0.5 We have

d’ = by, — 8 (Tit1) %f‘[iej,
i p—by —08;(tiy1) ifri¢J.

Substituting, we see that
_ bTi aijKj (Ti+1)_8T;'mJC(Ti+1)
‘ﬂl |IK0 - We; Wr;
‘[,‘G(TJQJ)U(TJCQJC) GeS

8k 5 (Tit1) =8y (Ti1)
ne: ,

€Ty

where we write 7y = (K; N L) U(K5NLY).
Putting J = §, we obtain

_ by, Sgnkg (Ti+1) 8k (Tiy1)—1
l/’l |IK0 - w‘L’,‘ w‘L’,‘ a)fi

tieTs 5 eS tieTs
brl- _8KCﬂLC (Ti+1) (SL mKC(TiJrl)
— sEs STRs
=[] @ [] e : (5.1)
tieTs ‘L’,'GT§

Now, suppose that o ; is not compatible with p, so that for all J we have
Kj # J. We can uniquely write

Cr:
Wl |]K0 == 1_[ wr;[

‘L','GS

with 0 < ¢;; < p — 1 not all equal to p — 1 (in fact, an examination of the
product just written shows that the exponents are already in this range). Ex-
amining the formula just established, we see that after possibly exchanging
Y1 and y¥r» (which we can do, as the definition of “compatible” is unchanged
by this exchange), there must be some j such that b,j #1, cr; = b, ;= 1,
7 € Ts,and ;41 € KgN LS C Ts (else p would be compatible with O’a,z;)-
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Now take J = {7}, so that

be,
‘WI |1K0 == l_[ a)‘[il
fiG(T{zj]ﬂ{fj})U(T{C,j)ﬂ{fj}c)

8 . i+1)—0pc
L[Tj)mké .}(Tz+1) Tcr]-

) ey (@)

5K{T],}(fi+l )—5(rj)(fi+1)

x wr, . (5.2)

It is easy to see that the exponent of w;, in this product is always between
Oand p — 1, unless i = j — 1 or i = j. If the exponent is always between
0 and p — 1, then we have a contradiction, because we already know that
cr; = b, = 1, but from (5.2) we see that the exponent of w, ; can only be 0,
b,j or b; o+ 1.

So, at least one of the exponents of g and wr; must be —1 or p. We
now analyse when this can occur. It’s easy to see that the exponent of w; is
—1ifand only if 7; ¢ T{7;; and 741 € L?Tj} N Kiz;}, and it is p if and only
if b,j =p—1,715€ T{Tj} and 74 € L{Tj} N K{Tj}. Similarly, the exponent
of wy; | is —1if and only if 7j_| € T{¢;) and 7 € L?rj} N K{er}, and it is p
ifandonly if by, , =p—1,7;_1 € T{er} and 7; € L{z;) N K{er}. Thus it is
impossible for both exponents to be p, or both to be —1.

Suppose now that the exponent of w.; in (5.2) is —1. If we multiply each of
the expressions (5.1), (5.2) by Wz}, write each side as a product [, wyt with
0 <n; < p — I and equate coefficients of w,; in the resulting expression, we
obtain br; =0 or 1 (the second case only a possibility when the exponent of
wr; in (5.2) is p), a contradiction.

Suppose that the exponent of w¢; in (5.2) is p. Then we again easily see that
p—2=by; —1=0o0r 1. Thus p —2 =1, and we additionally need to have
(T{rj} N{z;}U (T{er} N{z;}c =S, so that Tirjy= {z;}. But for the exponent of
wr; 1o be p we need that 71 € L{rj} N K{,j} C T{fj}, a contradiction.

Suppose that the exponent of w;; , in (5.2) is p. Then in the same fashion
we obtain by; — 1=0, or 1. The only possibility is that br; =2, when we
in addition (in order that the necessary carrying should occur) require that
by, =p—1foralli#j.

Finally, suppose that the exponent of w; , in (5.2) is —1. Multiply each
of (5.1), (5.2) by wy;_,. Then we see that the only way for equality to hold is
again if b;, = p — 1 forall i # j.

So, we have deduced that b, = p — 1 for all i # j, so that Oik is certainly
not regular. It now remains to show that p is not compatible with any regular
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weight. Examining the above argument, we see that we have in fact deduced
that (again, after possibly exchanging vy, ¥2)

be,—1 bl
Vil =[]l
i#]
1//2|IK:wTj’

with2 <b;; <p—1.
If p is compatible with some regular weight, then we have by definition

that
—1 nr —n
1pl|[](1p2|[K =1_[Cl).[ 1_[('()'[

tel telJ¢

for some J C § and 2 <n, < p — 2. Substituting, we obtain
br.—1

w,jllla)’za)rj l—[a)

telJ teJ¢

If 7; € J then we can immediately equate coefficients of wr, , and deduce
a contradiction. If not, then because ng; + btj < 2p we see that we can still
equate coefficients of w; , to obtain a contradiction.

The proof in the irreducible case is very similar, and rather simpler, as
less “carrying” is possible. In fact, the argument gives the stronger result that
PG, is compatible with o 3 for all v. A proof is given in the proof of Propo-

sition 5.11 of [22]; note that [22] works in the setting of [3] (using indefinite
quaternion algebras), but the proof of Proposition 5.11 is purely local (using
Raynaud’s theory of finite flat group schemes of type (p, ..., p) in place of
the Breuil module calculations used in this paper), and applies equally well
in our setting. 0

The following theorem is due to Michael Schein in the case that p|g, is
irreducible for all places v|p (see [22]).

Theorem 5.2 If p is modular of weight o, and o is regular, then o € W (p).

Proof Suppose that o = ), aq i SO that we need to show that cr ;€ W, (p)
for all v|p. By Lemma 5.1, o? ik is compatible with |G, , via J, say If plGp,

is irreducible, we are done, so assume that it is reducible. By Lemma 2.4,
P1G, has alift to a potentially Barsotti-Tate representation of type 7; ; ;. By
definition, this is, up to an unramified twist, a lift of type J. By Proposition
3.13, plGp, has a model of type J. Twisting, we may without loss of gener-
ality suppose that each a; = 0. Then by Proposition 3.8, and the definition of
Wy (p), we see that oa” ;€ W, (0), as required. O
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Theorem 5.3 If o € W(p) is a regular weight, and o is non-ordinary, then p
is modular of weight o. If o € W () is regular, and o is partially ordinary of
type I and p has a partially ordinary modular lift of type I then p is modular
of weight o .

Proof Suppose that 0 = ), o , so that a i € W, (p) for all v|p. F1rst1y,
we note that (by the definition of Wy (0)) a 3 1s compatible with plg,, ,
Jy, say.

Consider firstly the case where p|g,, is reducible. We claim that p|c,
has a model of type J,. To see this, we may twist, and without loss of
generality suppose that a; = 0 for all 7, so that plg,, ~ (%1 J ), with

Vilig, = HreJ,, a)?’, Vol = H‘L’¢] a)r Now, by Proposition 3.8 (and the
definition of W(p,)) plG, has a model of type J,, as required. Then Theo-
rem 3.7 shows that p|¢,, has a potentially Barsotti-Tate deformation of type
Yab,J,

If o|G, is irreducible, then Theorem 4.4 shows that shows that p|G, has

a potentially Barsotti-Tate deformation of type 7’ TR
)

By Corollary 3.1.7 of [15] there is a modular lift p : G — GL» (@p) of p
which is potentially Barsotti-Tate of type 7 7 7 for each v|p for which plc,

is reducible, and of type T’ S5 for each v|p for which p|g,, is irreducible.

a,n,Jy

Then by Lemma 2.4, 5 is modular of weight o’ for some Jordan-Holder con-
stituent o’ of the reduction modulo p of ®,1,, where I, = I B if plGy, i

reducible, and [, = I - otherwise. The result then follows from Prop051—
tions 3.10 and 4.2, Remarks 3.11 and 4.3, and Lemma 5.1. U
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