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1 Introduction

The so called Burniat surfaces were constructed by Pol Burniat in 1966 [7],
where the method of singular bidouble covers was introduced in order to solve
the geography problem for surfaces of general type.

The special construction of surfaces with geometric genus p,(S) = 0, done
in [7], was brought to attention by [30], which explained Burniat’s calculation
of invariants in the modern language of algebraic geometry, and nowadays the
name of Burniat surfaces is reserved for these surfaces with p,(S) =0.

Burniat surfaces are especially interesting examples for the nonbirational-
ity of the bicanonical map (see [19]). For all the Burniat surfaces S with
K § > 3 the bicanonical map turns out to be a Galois morphism of degree 4.

We refer to our joint paper with Grunewald and Pignatelli [2] for a gen-
eral introduction on the classification and moduli problem for surfaces with
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560 1. Bauer, F. Catanese

Pg(S) =0 and its applications: as an example we mention our final corollary
here on the validity of Bloch’s conjecture for all deformations of secondary
Burniat surfaces.

The main achievement of the present series of three articles is to com-
pletely solve the moduli problem for Burniat surfaces, determining the con-
nected components of the moduli space of surfaces of general type containing
the Burniat surfaces, and describing their geometry.

The minimal models S of Burniat surfaces have as invariant the positive
integer K Z, which can take values K§ =6,5,4,3,2.

We get a rationally parametrized family of dimension K§ — 2 for each
value of K§ =6,5,3,2, and two such families for K§ =4, one called of
nonnodal type, the other of nodal type. We proposed in [4] to call primary
Burniat surfaces those with K2 = 6, secondary Burniat surfaces those with
K § =5, 4, and tertiary Burniat surfaces those with K § = 3. The reason not
to consider the Burniat surface with K _% =2 is that it is just one special ele-
ment of the family of standard Campedelli surfaces (i.e., with torsion group
(Z)27)%) (see [4, 24]), whose geometry is completely understood (see [26,
32)).

An important result was obtained by Mendes Lopes and Pardini in [25]
who proved that primary Burniat surfaces form a connected component of
the moduli space of surfaces of general type. A stronger result concerning
primary Burniat surfaces was proved in part one [4], namely that any surface
homotopically equivalent to a primary Burniat surface is a primary Burniat
surface. Alexeev and Pardini (cf. [1]) reproved the result of Mendes Lopes
and Pardini by studying more generally the component of the moduli space
of stable surfaces of general type containing primary Burniat surfaces.

Here, we shall prove in one go that each of the 4 families of Burniat sur-
faces with K § >4, i.e., of primary and secondary Burniat surfaces, is a con-
nected component of the moduli space of surfaces of general type.

The case of tertiary Burniat surfaces will be treated in the third one of this
series of papers, and we limit ourselves here to say that the general deforma-
tion of a Burniat surface with K § =3 is not a Burniat surface, but it is always
a bidouble cover (through the bicanonical map) of a cubic surface with three
nodes.

At the moment when we started the redactional work for the present paper
we became aware of the fact that a weaker result was stated in [24], namely
that each family of Burniat surfaces of secondary type yields a dense set in an
irreducible component of the moduli space. The result is derived by Kulikov
from the assertion that the base of the Kuranishi family of deformations is
smooth. This result is definitely false for the Burniat surfaces with K § =4 of
nodal type (Proposition 4.12 and Corollary 4.23(iii) of [24]), as we shall now
see.
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Burniat surfaces II: secondary Burniat surfaces 561

Indeed one of the main technical contributions of this paper is the study of
the deformations of secondary Burniat surfaces, through diverse techniques.

A very surprising and new phenomenon occurs for nodal surfaces, con-
firming Vakil’s ‘Murphy’s law’ philosophy [35].

To explain it, recall that indeed there are two different structures as com-
plex analytic spaces for the moduli spaces of surfaces of general type.

One is the moduli space 93?’)’(“1’22 for minimal models S having x (Og) =

K § = K2, the other is the Gieseker moduli space EITIC“” for canonical models

X having x(Ox) = g, K}z{ =K? (cf. [20]). The Gleseker moduli space is a
quasi projective scheme and there is a natural holomorphic map Dﬁ;”l’éz —
EUE;“’I’(Q which is a homeomorphism in the Hausdorff topology. Their local
structure as complex analytic spaces is the respective quotient of the base of
the Kuranishi family by the action of the finite group Aut(S) = Aut(X).

In [14] series of examples were exhibited where sm;a';d was smooth, but

zm;“;;z was everywhere nonreduced.

For nodal Burniat surfaces with K g = 4 both spaces are everywhere nonre-

duced, but the nilpotence order is higher for 9)?””” this is a further pathol-

,K2?
ogy, which adds to the ones presented in [14] and in [35].

More precisely, this is one of our two main results:

Theorem 1.1 The subset of the Gieseker moduli space I’} of canonical

surfaces of general type X corresponding to Burniat surfaces S with K% = 4
and of nodal type is an irreducible connected component of dimension 2,
rational and everywhere nonreduced.

More precisely, there exists an integer m > 2 such that the base Def(X)
of the Kuranishi family of X is locally analytically isomorphic to C* x
Spec(C[t]/(™)).

The corresponding subset of the moduli space im’” of minimal sur-
faces S of general type is also everywhere nonreduced and the base Def(S)
of the Kuranishi family of S is locally analytically isomorphic to C* x
Spec(Clt1/ (™).

For the general such surface Aut(S) = Aut(X) = (Z/27)?, and this group
acts trivially on the bases Def(S), Def(X) of the respective Kuranishi fami-
lies.

Whereas for the nonnodal case we get the following second main result:

Theorem 1.2 The three respective subsets of the moduli spaces of mini-

mal surfaces of general type ﬁﬁT’K”Z corresponding to Burniat surfaces with

= 6, resp. with K? =5, resp. Burniat surfaces with K* = 4 of nonnodal
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562 1. Bauer, F. Catanese

type, are irreducible connected components, normal, rational of respective
dimensions 4, 3, 2.
Moreover, the base of the Kuranishi family of such surfaces S is smooth.

Theorem 1.1 poses the challenging deformation theoretic question to cal-
culate the number m giving the order of nilpotence of the local moduli space
(and also of the moduli space at the general point).

2 The local moduli spaces of Burniat surfaces
2.1 Definition of the Burniat surfaces

Burniat surfaces are minimal surfaces of general type with K 2-6,5,4,3,2
and p, = 0, which were constructed in [7] as minimal resolutions of singular
bidouble covers (Galois covers with group (Z/27)?) of the projective plane
branched on 9 lines.

We briefly recall their construction: this will also be useful to fix our no-
tation. For more details, and for the proof that Burniat surfaces are exactly
certain Inoue surfaces we refer to [4].

Let Py, Py, P3 € P? be three noncollinear points (which we assume to
be the points (1:0:0), (0:1:0) and (0:0: 1)) and let’s denote by
Y = I@’Z(Pl, P>, P3) the Del Pezzo surface of degree 6, blow up of P? in
Py, P, P3.

Y is ‘the’ smooth Del Pezzo surface of degree 6, and it is the closure of the
graph of the rational map

e: P2 sP L x P! x P!
such that

€(yr:y2:y3) =((2:3)(3:yD (1 : y2)).
One sees immediately that ¥ € P! x P! x P! is the hypersurface of type
(1,1, 1):

Y = {((x] 1 x1), (x5 2 x2), (x5 1 x3)) | X123 = x]x5x5 ).

We denote by L the total transform of a general line in P, by E; the
exceptional curve lying over P;, and by D; ; the unique effective divisor in
|L — E; — Ei11], i.e., the proper transform of the line y;_; = 0, side of the
triangle joining the points P;, P;y1.

Consider on Y, for each i € Z/37Z = {1, 2, 3}, the following divisors

Di=Dj1+Dix+ D3+ Eij2€|3L-3E; — Eiy1+ Ei;2],

@ Springer



Burniat surfaces II: secondary Burniat surfaces 563

where D; ; € |[L — E;|, for j =2, 3, is the proper transform of another line
through P;. Assume further that all the nine corresponding lines in P? are
distinct, so that D := ). D; is a reduced divisor.

Note that, if we define the divisor £; :=3L — 2E;_; — E; 41, then

Di 1+ Diy1 =6L—4E; | —2E;11 =2L;,

and we can consider (cf. [15]) the associated bidouble cover X' — Y
branched on D :=); D; (but we take a different ordering of the indices of
the fibre coordinates u;, using the same choice as the one made in [4], where
however X’ was denoted by X).

We recall that this precisely means the following: let §; be a section of the
line bundle Oy (D;) such that D; = div(§;), and let u; be a fibre coordinate
of the geometric line bundle IL; 1, whose sheaf of holomorphic sections is
Oy (Liy1).

Then X C L; @ L, @ L3 is given by the equations:

uiuy = 81u3, u? = 8381;
upuz = duy, u%=3132;
uszu|] = d3uy, u% = §7983.

From the birational point of view, as done by Burniat, we are simply
adjoining to the function field of P? two square roots, namely \/% and

Ay

A3’
D; — E; > as strict transform.

This shows clearly that we have a Galois cover X’ — Y with group
(Z.)27)2.

The equations above give a biregular model X’ which is nonsingular ex-
actly when the divisor D does not have points of multiplicity 3 (there cannot
be points of higher multiplicities). These points give then quotient singular-
ities of type }‘(1, 1), i.e., isomorphic to the quotient of C? by the action of
(Z/47Z) sending (u, v) — (iu,iv) (or, equivalently , the affine cone over the
4-th Veronese embedding of P).

where A; is the cubic polynomial in C[xg, x1, x2] whose zero set has

Definition 2.1 A primary Burniat surface is a surface constructed as above,
and which is moreover smooth. It is then a minimal surface S with K¢ ample,
and with K% =6, p,(S) = q(S) =0.

A secondary Burniat surface is the minimal resolution of a surface X’
constructed as above, and which moreover has 1 < m < 2 singular points
(necessarily of the type described above). Its minimal resolution is then a
minimal surface S with Kg nef and big, and with K% =6—m, pg(S) =
q(S)=0.
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564 1. Bauer, F. Catanese

A tertiary (respectively, quaternary) Burniat surface is the minimal reso-
lution of a surface X’ constructed as above, and which moreover has m = 3
(respectively m = 4) singular points (necessarily of the type described above).
Its minimal resolution is then a minimal surface S with K¢ nef and big, but
not ample, and with K2 =6 —m, p,(S) = q(S) =0.

Remark 2.2

(1) We remark that for K2 = 4 there are two possible types of configurations.
The one where there are three collinear points of multiplicity at least 3 for
the plane curve formed by the 9 lines leads to a Burniat surface S which
we call of nodal type, and with K¢ not ample, since the inverse image of
the line joining the 3 collinear points is a (-2)-curve (a smooth rational
curve of self intersection —2).

In the other cases with K § =4,5, 6, instead, K is ample.

(2) In the nodal case, if we blow up the two (1, 1, 1) points of D, we obtain a
weak Del Pezzo surface Y , 1.e., a surface with nef and big anticanonical
divisor —Ky. In fact, —K ; =4 but —K contains a (-2)-curve, hence
— K, which is nef, is not ample.

Its anticanonical model Y’ has a node (an A-singularity, correspond-
ing to the contraction of the (-2)-curve). In the nonnodal case, we obtain
a smooth Del Pezzo surface Y = ¥’ of degree 4.

(3) We illustrated the possible configurations of the lines in the plane in

Fig. 1.

We will mostly restrict ourselves in the following to secondary Burniat
surfaces. In this cases the branch divisor D on Y has either one or two singular
points of type (1, 1, 1). In the case K2 = 5 there is one point, denoted by Py,
in the case K § = 4 there are two such points, denoted by P4, Ps; in the nodal
case we shall assume that Py, P4, Ps are collinear.

We finally let Y — Y be the blow up of Y in P4 (in the case K § =5),
respectively in the points Py, Ps (if K> = 4). We let E4 (resp. Es) be the
exceptional curve lying over Py (resp. over Ps).

We have summarized in Tables 1, 2, 3 the linear equivalence classes of the
divisors D; j, which are the strict transforms of lines D] ;jin P2,

2.2 Local deformations of the Burniat surfaces

In order to get some grip on the local deformations of a Burniat surface, we
show a preliminary result, which, although not used in the sequel, suggests the
main idea, namely that for K _% > 4 all deformations carry along the (Z/27)>-

action.
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K=2
P3 P4
P6
. p7

/’ ~ \ 7 P3 [ZIANY
/

Fig. 1 Configurations of lines
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566 1. Bauer, F. Catanese

Table1 KZ=5

@ J) D
@1 L—E;—Ejyy
(i,2) L—E; —Ey4
(i,3) L—E;
2 _ 4.
Table 2 Kg =4: nonnodal G, j) D
@1 L—E;—Ejyy
(i,2) L—E;—E4
i3 L—E; — Es
2 _y.
Table 3 Kg=4:nodal ) D;
@1 L—E;—Eiy
1,2) L—-FEy—E4—E;5
(1,3) L—E
2,2 L—E)—Ey
2,3) L—E;—Es
(3,2 L—E3—Ey4
(3,3 L — E3 — Es

Proposition 2.3 Let S be the minimal model of a Burniat surface, given as
Galois (Z./27)*-cover of the (weak) Del Pezzo surface Y. Then all natural
deformations of m: S — Y are Galois (Z.)27)*-covers on

Proof The natural deformations of a bidouble cover (we refer to [11], Defin-
ition 2.8, p. 494, and to [15], p. 106 for the definition of the family of natural
deformations of a bidouble cover) are parametrized by the direct sum of the
vector spaces HO(Y, Oy (D;)) with the vector spaces HOY, Oy (D; — Ly)).
The second summand is zero exactly when all the natural deformations are
Galois.

As easily read off from Tables 1, 2, 3, in all cases we have

D;i—L;=-3E;+3E;i1», Vie{l,2,3}

Assume that there exists an effective divisor C € |D; — L;|. Then C - E; 5 =
—3, whence C > 3E;». Therefore we can write C = C' + 3E; ., with C’ €
|—3E;|, a contradiction. This implies that |D; — L;| = . Ol

Remark 2.4 Tt is easy to see that the respective dimensions of the families of
Burniat surfaces are
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Burniat surfaces II: secondary Burniat surfaces 567

4 for K2 =6;

3for K2=35;

2 for K% =4, nonnodal;
2 for K2 =4, nodal;

— 1for K?=3.

An important feature of each family of Burniat surfaces is that the canoni-
cal models do not get worse singularities for special elements of the family.

The minimal model S of a Burniat surface is a smooth bidouble cover of a
smooth weak Del Pezzo surface ¥, branched over a normal crossing divisor.
K is ample for K § > 4 unless we are in the nodal case with K g =4,

In this nodal case one has a singular Del Pezzo surface Y’ with an A;-
singularity obtained contracting the (-2) curve Dy ».

The canonical model X of § is obtained contracting the (-2) curve E which
is the inverse image of Dj 2. X is a finite bidouble cover of Y.

Our strategy is to preliminarly investigate the tangent space and the ob-
struction space for the Kuranishi family of S as representations of the group
G = (Z/27)?, and to later use this information to describe the Kuranishi
family of X, showing in particular that all the deformations preserve the G-
action.

First of all, we determine the several character spaces and their dimension.
Here, Vi, for i € 1,2, 3 is the character spaces and their respective dimen-
sions.

Proposition 2.5 Let S be the minimal model of a Burniat surface.
Then the dimensions of the eigenspaces of the cohomology groups of the
tangent sheaf O (for the natural (Z./27.)*-action) are as follows.

o K2=6:h'(S,05)"™ =4, h*(S,05)™ =0,
hl(s, @S)l =0, h*(S, ©®5)" =2, fori e{l 2,3});
o K2=5:h!(S, @S)mv 3, h*(S, ©5)™ =
KIS, @) =0, h2(S, @S)l =1, fori 6{1,2,3};
e K2 =4 of nonnodal type: h' (S, ©5)™ =2, h*(S, ©O5)™ =0,
h'(S, ®g) = h>(S, @S), =0, fori €{1,2,3}.
e K2 =4 ofnodal type: h' (S, ®g)™ =2, hZ(S Oy =
(S, 09! =1=hn%(S,05)!, hi(S,O5) =0, fori e {2, 3}.

We shall postpone the proof of the above proposition to the next subsection
and state right away the main result of this subsection.

Recall that for surfaces of general type we have two moduli spaces: one is
the moduli space Sﬁmi” for minimal models S having x (Os) = x, K2 = K2,

the other is the moduh space SDTC“ for canonical models X having x (Ox) =

X, K 2 — K?2: the latter is called the Gieseker moduli space. Both are complex
analytic spaces and there is a natural morphism Sm;"’["(z — i)ﬁf(“?(z which is
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568 1. Bauer, F. Catanese

a bijection. Their local analytic structure is the quotient of the base of the
Kuranishi family by the action of the finite group Aut(S) = Aut(X). Usually,
S)JT';”" , tends to be more singular than the one of smm 12 (seee.g. [14]).

Recall moreover that in the following theorem K s is always ample, thus
the minimal and canonical model coincide. Instead, later on, for surfaces with
K? =4 of nodal type, S contains exactly one -2 curve E, thus the canonical
model X has always exactly one singular point, an Aj-singularity.

Theorem 2.6 The three respective subsets of the moduli spaces of mini-
mal surfaces of general type im"”"z corresponding to Burniat surfaces with

= 6, resp. with K? =5, resp. Burniat surfaces with K> = 4 of nonnodal
type, are irreducible open sets, normal, unirational of respective dimensions
4,3, 2.
Moreover, the base of the Kuranishi family of S is smooth.

Proof By Proposition 2.5 the tangent space to the Kuranishi family of S,
H'(®y), consists of invariants for the action of the group G := (Z/27)>.

It follows then (cf. [13] lecture three, page 23) that all the local deforma-
tions admit the G-action, hence they are bidouble covers of a deformation of
the smooth Del Pezzo surface Y.

Moreover, the dimension of H!(®g) coincides with the dimension of the

image of the Burniat family containing S in the moduli space zmml;;z, hence

the Kuranishi family of S is smooth, and coincides with the Burnlat family
by the above argument.

Alternatively, one could show directly that the Kodaira Spencer map is
bijective, or simply observe that a finite morphism between smooth manifolds
of the same dimension is open.

Observe then that the quotient of a smooth variety by the action of a finite
group is normal.

Finally, the Burniat family is parametrized by a (smooth) rational vari-
ety. O

We shall see in the final section that these irreducible components are not
only unirational, but indeed rational.

2.3 The proof of Proposition 2.5
This subsection is dedicated to the technical details of the proof of Proposi-
tion 2.5.

We see easily from Tables 1, 2, 3 the following formulae which hold uni-

formly for all Burniat surfaces:
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Burniat surfaces II: secondary Burniat surfaces 569

Remark 2.7
(i) Di=—-K; —2E; +2E;4>
(ii) £; = Oy(—Ky+E; —E;_1)since £; = Oy(L;), where L; = $(Di—1 +
Dji1).
This yields L; =3L — E;y1 — 2E;_ — E4 for K> =5, and L; =
3L —Ei4 1 —2Ej_| — E4 — Es, for K* = 4.
(i) D; — L;=-3E; +3E;_;.

In order to determine dim H (S, ®), we use the following special case of
Theorem 2.16 of [11]:

Proposition 2.8 Let 7 : S — Y be a Galois (Z)27)*-cover of smooth pro-
Jective surfaces with branch divisor D := D1 + D, 4+ D3. Then

7.(Q ® Q5) = (@ (log Dy, log D2, log D3) ® Q)

3
o) (@ Qli(log D) ® Q% ® sz(Li)),

i=1

where Q; (log D1, log D3, log D3) is the subsheaf of the sheaf of rational 1-

forms generated by Q% and by dlog(81),dlog(82), dlog(83), and where D; =
div(é;).

Moreover the first summand is the invariant one, and the other three cor-
respond to the three nontrivial characters of (Z.)27).

We are able to use the above result observing in fact that the sheaf €2 qu ®

Q% = Q;(K s) is the Serre dual of ®g, and that for each locally free sheaf
F on S we have (the second formula is duality for a finite map, cf. [21],
Exercise 6.10, p. 239):

(1) H'(F) = H' (m(F)),
(2) m(FY(Ks)) = (e F) Y (Ky),
(3) Ks=n*(Ky + Ly + Ly + L3),
@) H'(05)" = H* " (1,(Q} ® Q2)).
Moreover, we use the following exact residue sequence
k
0— Qi; — Qi;(long,...,long) — @OD,- -0

i=1

holding more generally if the divisors D; are reduced and Y is a factorial
variety (see e.g. Lemma 3, p. 675 of [17]).
We are left with the calculation of the cohomology groups of the sheaves:

Q; (log D1, log D2, log D3)(K ),
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570 1. Bauer, F. Catanese

respectively
Q; (log D)) (K + Ly).

However, the second cohomology groups vanish since S is of general type,
hence H%(©g) = 0. The Riemann Roch theorem tells us what are the alter-
nating sums of the dimensions, thus in the end it suffices to calculate the H
of these sheaves.

Let us look at the invariant part, using the exact sequence

3
0— Q%(Kf,) — Q%(log Dy, log Dy, log D3)(Ky) — @OD,-(KY) — 0.

i=l

The space HO(Q},(K);)) vanishes since HO(Q;;) = 0and —Kjy is effective.

Moreover, if Y is a Del Pezzo surface, then —Ky is ample and also
H°(Op, (Ky)) =0.

Thus HO(Q;(log Dy, log D3, log D3)(Ky)) = 0 unless we are in the nodal
case. Here there is the (-2) curve D which is a connected component of
D1, hence in this case HO((’)Dl (K;)) =C.

On the other hand the coboundary in the long exact cohomology sequence

is given by cup product with the extension class, which is the direct sum of
the Chern classes of the divisors D;, ¢1(D;) € H! (QIY).

Note, in the nodal case, that |[-Ky|=[3L — Z?:l E;| is base point free.
Therefore there is a morphism O (K;) — Oy, which is not identically zero

on any component of the D;’s.
We get the commutative diagram with exact rows

0 —= Q(Ky) —= QpogDy,logDalog D3)(Ky) ——= @} Op,(Ky) —> 0

| | |

0 Q} Qli(long,logDz,long)

@ Op, —— 0.

(1

From this we get the commutative diagram

C=ZHOY, P, Op (Ky)) " H\@, Q. (K7))

Ww\f i

HO(Y ., Op,) H'(Y, Q).
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Burniat surfaces II: secondary Burniat surfaces 571

Note that by a straightforward extension of the argument given in [11],
Lemma 3.7, the image of the function identically equal to 1 on D; 2 maps
under ¥ to the first Chern class of Dj 3. Therefore ¢ = 1 o ¥r2 # 0, hence
also § is nonzero.

We have thus accomplished the proof of

Lemma 2.9 For a primary or secondary Burniat surface the G := (Z./27,)*-
invariant part HO(Q§ ® Q%)G of HO(Qg ® Q%) vanishes.

Let us now turn to the other characters.
We have then the other exact sequence

0— Q%(Kf +L;)— Q;(log D)(Ky + Li) — Op,(Ky +L;) > 0
and we recall that, by Remark 2.7
Qy (log D;)(Kg + Li) = @y (log Di)(E; — Ej12).
We shall calculate the dimension of the space
H%(Q (log D)) (E; — Ei12))

taking its direct image sheaf on P2.
We need a lemma which we state for simplicity in the case of dimension 2:
it shows what the effect is of blowing down a (—1) curve.

Lemma 2.10 Consider a finite set of distinct linear forms
ly:=y—cqx, a€A

vanishing at the origin in C?. Let p: Z — C? be the blow up of the origin,
let Dy, be the strict transform of the line Ly := {l, = 0}, and let E be the
exceptional divisor.

Let Q é:z ((dlogly)qeca) be the sheaf of rational 1-forms n generated by 2 é;z
and by the differential forms dlogly as an O¢2-module and define similarly
Q) ((log Da)aea). Then:

(1) p«2;(log E)(—E) = Q.

() p«QY(log E, (10g Da)aca) = p+2Y ((10g Do)aeca) (E) =
Q2 ((d1ogly)aen),

(3) p«QY((log Do)aen) = {1 € QL ((d10gla)aea)ln =

Yy 8adlogly +w,w € Qé:z, Y o 8a(0) =0}.
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572 1. Bauer, F. Catanese

Proof The sheaf Q}Cz((d logly)qea) is locally free outside of the origin, and
torsion free in view of the residue sequence, since @, 4 Or, has no section
with a 0-dimensional support.

Likewise, all other direct image sheaves are torsion free, and those in 2.
and 3. are equal to Q(1C2 ((dlogly)qeca) outside of the origin.

(1) psQL(log E)(—E) C sz}cz holds since the left hand side is torsion free
and coincides with the right hand side outside the origin. But Q}Cz is locally
free, hence it enjoys the Hartogs property, so the desired inclusion holds. It
suffices then to show that p*(Q(ICQ) C SZ‘Z(log E)(—E). This follows since in
the affine chart (x, ¢) — (x, y = xt) of the blow up, we have dx = xd logx,
dy = x(dt + tdlogx) (and similarly on the other chart).

(2) It suffices to show the chain of inclusions (where m > 1)

Q2 ((d1ogla)aca) C psQy(10g E, (Iog Dy)aen)
C p«R((10g Da)aca)(ME) C Qo ((d10gla)aea)-

The first inclusion follows, the two sheaves being torsion free and equal
outside of the origin, from the assertion that p*(Q(lcz((d logly)aea)) C
Q7 (log E, (log Da)ae)-

This assertion is easily verified in each affine chart, since dlogl, =
dlogx + dlog(*) = dlogx + dlog(t — c4).

The second inclusion is obvious, while, for the third,

P«Q2Y((log Dy)aea)(ME)

consists of rational differential 1-forms @ which, when restricted to C2 \ {0},
yield sections of Qéﬂ ((dlogly)aca)-

Therefore in particular @ [ [, 4 Ly is a regular holomorphic 1-form on C2.
Thus, modulo holomorphic 1-forms, we can write

w= f dx + g

HaGA lO‘ HaGA lOl

where f, g are pseudopolynomials of degree in y less than r := card(A).
By Hermite interpolation we can write f =Y ,ca faly ' Tlgealp, & =

dy,

> wea 8aly ' Tlpea L so that finally, up to a holomorphic 1-form,

_ Jadx + gody
w = Z T.

aEA

The condition that o restricted to C2 \ {0} yields a section of
Q(lcz((d logly)qea) implies that f, = —cy gq-
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Whence, finally, modulo holomorphic 1-forms, we can write w =

Y wea 8adlogly.
To prove the last statement, pull back such a I-form w: p*w =

Y wen P (8adlogly) = (Q yca 8a)dlogx + ) 4 8udlog(t — cq).
This form lies in le((log Dy)aea) if and only if (ZaeA g4(0)=0. O

~.

Corollary 2.11 The dimension of the space HO(Q;(log D) (E; — Ei12)) is

equal to

e 2 in the case K§ =0,

o 1 in the case K% =35,

o 0 in the nonnodal case K g =4,

e 0,1 in the nodal case K§ =4, according toi #1,i = 1.

Proof The previous lemma shows that, since D; = D; 1+ D; 2+ D; 3+ Ei 12,
which by the way consists of four disjoint curves, then H O(Q%(log Di)(E; —
E; 1)) maps onto HO(SZ]%D2 (log Dz{,l ,log le’z, log D;vs)), where le’j is the
line image of the curve D; ;.

By the residue exact sequence

HO(Qzlpz(lOg D;,log D; 5, log D; 3)) = {(Cj) eC’

Zc,:o}z(cz.
J

By 3. we get the subspace of {(c;) € C3 Zj cj =0} such that ¢; = 0 iff le’ .
contains P4 or Ps. The rest is a trivial verification. ﬁ

We deal now with the first cohomology groups using Riemann Roch, as
already announced.

Lemma 2.12

) x(Op,(Ei — Ei+2)) =8,
(D) x(2p(Ei — Ei2) = —e(Y) =K — 12.

In particular, it follows that x (Qly(log D) (E;i — Ei;2))=8— e(l?) =
Kg — 4.

Proof The third assertion follows from the first two in view of the exact se-
quence of locally free sheaves on Y:

0 — QL(E; — Ei+2) — Q(log D)(E; — Ei12) = Op,(Ej — Ei42) = 0.

(i) Observe that for 1 <i, j <3, we have (E; — E;2) - D j =1=(E; —
Eii2) - Eit2, whence x(Op, (E; — Ei12)) =4 x(Op1 (1)) =8.
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(i1) In order to calculate X(Q%(Ei — E;47)) we use the splitting princi-
ple and write formally Q% = 0;(A1) ® O5(Az), where Ay, Ay are ‘di-
visors” such that Aj + A> = Ky, A1 - Ax = e(Y) = 12 — K. Using that
(E; — Ei42)* = -2, Ky - (E; — Ei1») = 0, we obtain

X(Q(E; — Ei42))
= x(O5(A1 + Ei — Ei12)) + x(O5(A2 + Ei — Eit2))

=2+ %((Al +Ei — Ei2)(Ei — Eit2 — A2)
+ (A2 + Ei — Eit2)(Ei — Eiy2 — A1)
=2+%(—2—2—2A1-A2)=—e(17). 0
Now Proposition 2.5 follows immediately:

Proof of Proposition 2.5 It is a straightforward consequence of Corol-
lary 2.11, of Lemma 2.12, and of the Enriques-Kuranishi formula x (®g) =
—10x(Os) + 2K3. O

2.4 The component of nodal Burniat surfaces is everywhere nonreduced
This section is dedicated to the proof of one of our main results:

Theorem 2.13
can

The subset of the Gieseker moduli space M%) of canonical surfaces of

general type X corresponding to Burniat surfaces S with K% = 4 and of nodal
type is an irreducible open set of dimension 2, unirational and everywhere
nonreduced.

More precisely, there exists an integer m > 2 such that the base Def(X)
of the Kuranishi family of X is locally analytically isomorphic to C* x
Spec(Clr1/ (™). |

The corresponding subset of the moduli space im’ﬁ‘f of minimal sur-
faces S of general type is also everywhere non reduced and the base
Def(S) of the Kuranishi family of S is locally analytically isomorphic to
C? x Spec(C[t]/(*™)).

For the general such surface Aut(S) = Aut(X) = (Z/ 27)%, and this group
acts trivially on the bases Def(S), Def(X) of the respective Kuranishi fami-
lies.

Since there are some technicalities in the proof of Theorem 2.13, let us first
explain the structure of our proof.
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Let S be the minimal model of a Burniat surface with K § =4 and of nodal
type, let X be its canonical model, and denote by 7 : § — X the blow down
of the unique (—2)-curve E of S (lying over D1 2).

We have the following G- equivariant diagram.

Ks

Def(S) —— T =H!(S, O5) TZ=H*(S,05)=C (2)

’ }

Kx

Def(X) — Ty =Ext}, (Q,0x) —— T3 = H*(X,Ox).

Its rows express the fact that the Kuranishi base is the zero set of the Ku-
ranishi function (which has order > 2), the left vertical maps express that each
deformation (respectively infinitesimal deformation) of S induces a deforma-
tion of X. The diagram is indeed commutative as we shall show using the
results of Burns and Wahl and Pinkham [8, 31].

By [8] we know that 7,®¢ = Oy and that Hé(@s) has dimension 1. It
follows then from the Leray spectral sequence for m,:

— H?(S,05) = H*(X, Oy),
- H'(S,05) = H!(X,0x) ® R'7,.05 = H (Ox) ® H.(Oy).

In particular hl(©x)=2.

The maps ks, kx are the Kuranishi obstruction maps and we shall prove
that the derivative dkx (whence also dkg) vanishes identically on Def(X) (cf.
Corollary 2.15).

We have that H é(@s) = C is the space of infinitesimal smoothings of the
node. Since we shall show that all deformations of X are equisingular (i.e.,
preserve the node), we obtain that xg| H é (®g) vanishes only at the origin. On
the other hand ks|H!'(®©x) =0, and we get that set theoretically Def(X) =
HY(®y).

Choosing coordinates (1, 2, t3) for Extéx (Y, Oy) such that {r; = 0} is
the hyperplane H'!(®y), we see that the Kuranishi equation is a power of 3,
say t3'. Since the Kuranishi equation has differential vanishing at the origin,
it follows that m > 2.

Now, the local map H'(®g) > Ext}ox (L, Ox) (cf. Theorem 2.6 of [8],
see also [14]) is given by (s1, 52, 53) > (sl,sz,sg), and Def(S) is the pull
back of Def(X). Hence Def(S) is the subscheme s32’” =0.

In the sequel, we shall provide more details for the above scheme of proof.
By the local to global Ext-spectral sequence, we have the “five term exact

sequence’:
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0— H'(X,0x) — Exty (2%, Ox) = H(X, Exty (2. Ox))
— H*(X, ©x) — Exty, (., Ox) — 0. (3)

Note that the above exact sequence is a G = (Z/27)>-equivariant sequence
of C-vector spaces, since all sheaves have a natural G-linearization. More-
over, observe that the map H°(X, <5’)ct(19X(S21 ,0x)) = H*(X,Oy) is just
the first infinitesimal obstruction map to deforming the singularity.

We proceed now to calculate the decomposition in character spaces of the
single terms appearing in the exact sequence.

Lemma 2.14 The 1-dimensional space H(X, Sxt(lox (Y, Ox)) is a space
of invariants for the G-action.

Proof Recall that D1 5 is a (—2)-curve on Y and X is a bidouble cover of the
nodal Del Pezzo surface Y’ of degree 4 obtained contracting D ».

Moreover, the curve Dj 7 intersects exactly two other irreducible compo-
nents of the branch locus, namely, D> 1 and E1, which is also a component of
D>.

We want to describe the structure of the morphism f: X — Y’ locally
around the Ai-singular point P’.

Locally around P’ we can assume that ¥ = {z% = xy}.

Then, locally around the node P of X, X = {w2 = uv}, and the bidouble
covering f: X — Y’ is given by the equations: w? =z, u?> = x, v> = y.

In fact, the intermediate double cover branched only on D1 » corresponds
to the double cover branched only on P’, and given by & : C> — Y’, such
that ®(u, v) = (uz, v2, uv) ;= (x, y, z), while X is the double cover w? = uv
branched on the inverse images of the lines x =z =0 and y = z = 0 (observe
that for A the two G actions listed in Table 3 of [12], page 93 are conjugate
to each other).

The local deformation of the A{-singularity on X is given by
X; = {w2 =uv +1}.

Then ¢ € C is a trivial representation of G and therefore X; yields a family

of G-coverings of Y’ described by the equations w? =z + ¢, u?> = x, v> = y.

This proves the claim. U

Corollary 2.15 The first infinitesimal obstruction map to deforming the sin-
gularity

ob: H'(X, Ext}, (2. Ox)) — H*(X, Ox)

is identically zero.
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Proof Recall that ob is a G-equivariant homomorphism. Since H°(X,
Exty, (R, Ox)) is a trivial G-representation, while H*(X, ©x) = H>(S, ©s)
is a nontrivial G-representation (cf. Proposition 2.5), it follows that 0b = 0. J

Corollary 2.16 Extg, (Y, Ox) =Ext, (R}, Ox)'.

Proof Follows immediately from the exact sequence (3) and the above corol-
lary. O

Lemma 2.17 H(X, R!n,05) = Hé(@s) is a nontrivial character of G.

Proof By the theorem of Brieskorn-Tjurina [5, 34], the simultaneous resolu-

tion of the node on X is given by “--* = X~ where one has made the base

change t2 =, using the notation of the proof of Lemma 2.14. The action
of G lifts in a unique way to the simultaneous resolution of the family since
7 must be an eigenvector with character equal to the same character of w
(observe that both w — t, w + T are eigenvectors).

Since Ct = H ,lg(@)s) as G-representation, we have proven that H é(@ s)1is
an eigenspace corresponding to a nontrivial character of G. U

Since H'(S, ®5) = H'(Ox) & Hé(@s), the above lemma and Proposi-
tion 2.5 immediately imply the following

Corollary 2.18 H YX,0x) is a trivial G -representation, hence also
Ext), (Y, Ox).

Now we are ready to prove the following

Proposition 2.19 Let X be the canonical model of a Burniat surface with
K§ =4 of nodal type. Then all deformations of X are deformations of the
pair (X, G).

Proof Since, by the above considerations, G acts trivially on the base of the
Kuranishi family of X, it follows that Def(X) = Def(X)% = Def(X, G).
g

The consequence is then that also all deformations of S are deformations
of the pair (S, G).

Now we can conclude the

Proof of Theorem 2.13 Let S be the minimal model of a Burniat surface with
K § =4 of nodal type. Then S/G =Y, where Y is a weak Del Pezzo surface.
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Now, by Proposition 2.19, any small deformation S; of § is in fact a de-
formation of (S, G). It suffices to show that S; /G is again a weak Del Pezzo
surface, i.e., the (—2)-curve remains under a small deformation.

We remark that the (—2)-curve on Y is D », which is a connected compo-
nent of D, hence E is a connected component of the fixed point set Fix(o7)
of an element 0» € G.

Let now § — T be a one parameter family of minimal models, such that
G actson S — T, with trivial action on T and the given action on the central
fibre. Then the component of Fix(o7) in S has dimension 2, whence all the
deformations S; of S carry a -2 curve E; deformation of E. It follows that the
quotient of E, yields a -2 curve on Y.

In other words, we have shown that all deformations of X are equisingular,
therefore Def(X) C H'(®y). The Burniat family shows that dim(Def(X)) >
2, whence set theoretically Def(X) = H L@y).

Choosing coordinates (t1, t2, t3) for Ext}ox(Q1 , Ox) such that {t3 =0} is
the hyperplane H'!(®y), we see that the Kuranishi equation is a power of 13,
say t3'. Since the Kuranishi equation has differential vanishing at the origin,
it follows that m > 2.

Now, the local map H'(®5) — Extj, (R, Ox) (cf. Theorem 2.6 of [8],

see also [14]) is given by (sy, 52, 53) > (sl,sz,s32), and Def(S) is the pull
back of Def(X). Hence Def(S) is the subscheme 532’" =0.

The last assertion Aut(S) =G = (Z/ZZ)2 will be shown in Sect. 4, cf.
Remark 4.2. O

3 One parameter limits of secondary Burniat surfaces

In this section we shall show that Burniat surfaces with K2 > 4 form a closed
set of the moduli space.
In fact, we shall prove the following:

Theorem 3.1 Each family of Burniat surfaces with K> = 4,5,6 yields a
closed subset of the moduli space.

This will be accomplished through the study of limits of one parameter
families of such Burniat surfaces.

Note that for K2 = 6, the above was already shown in [25], in [1] and in
part I [4].

Let Y’ be a normal Q- Gorenstein surface and denote the dualizing sheaf
of Y’ by wy.

Then there is a minimal natural number m such that the reflexive power
w?,’” = i*(w%m) (where U := Y’ \ Sing(Y’)) is an invertible sheaf and it
makes sense to define wy to be ample, respectively anti-ample; Y’ is Goren-
stein iff m = 1.
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We shall need the following

Proposition 3.2 Let Y’ be a normal Q-Gorenstein Del Pezzo surface (i.e.,
wy' is anti-ample) with K 12,, > 4. Then Y' is in fact Gorenstein.

Proof Assume that m > 2. Then (cf. [33], Proposition on p. 362), there is a
7/ mZ-Galois covering p: W — Y’ such that W is Gorenstein and such that
Kw = p*Kyr, where wy- is the sheaf associated to the Weil divisor Ky'. p is
only branched on the singular points of ¥’ which are not Gorenstein.

Since wy- is anti-ample, it follows that Ky is anti-ample, hence W is a
normal Gorenstein Del Pezzo surface. As it is well known (cf. e.g. [18], The-
orem 4.3) W is smoothable and in particular K %V <9, indeed K ‘%V <8if Wis
singular.

On the other hand: K ‘%V =mK 12// > 4m and this implies that m = 2,
K?, =4.

Therefore K %V = 8, whence either W is the blow up of the plane in one
point, or W = Q a quadric in P3.

If W is smooth then Y’ = W/(Z/27Z) has only A;-singularities and is
Gorenstein.

It remains therefore to exclude the case that W is the quadric cone.

In this case Y/ = Q/i, where i is an involution on Q: since the quotient
is not Gorenstein (see [12],Table 2 and Theorem 2.2, page 90) it acts on the
tangent space at the node of Q as —Id.

The involution i on Q acts linearly on the anticanonical model of Q, thus
i extends to a linear involution / on 3.

The vertex v € Q is an isolated fixed point of /, and I acts as — Id on the
tangent space of v. Therefore H(Q, Op(1)) splits into two eigenspaces of
respective dimensions 3, 1.

In particular there is a pointwise fixed hyperplane H C P3 for 1. Since then
C := Q N H is pointwise fixed by I, we contradict the fact that / has only
isolated fixed points on Q.

This implies that ¥’ is Gorenstein. O

Proposition 3.3 Let T be a smooth affine curve, to € T, and let f: X — T
be a flat family of canonical surfaces. Suppose that X; is the canonical model
of a Burniat surface with 4 < K%G fort #ty € T. Then there is an action of

G = (Z/27)?* on X yielding a one parameter family of finite (Z)27)*-covers

N

T )

X

y
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(i.e., Xy — ); is a finite (Z/ZZ)Z—cover), such that Y; is a Gorenstein Del
Pezzo surface for eacht € T.

Proof Note that X' is Gorenstein, since 7" is smooth and the fibres have hy-
persurface singularities.

Since X\ f~!(to) = T \ {to} is a family of canonical models of Burniat
surfaces, we have a (Z/27)?-action on X'\ f~!(1) (this is the Galois group
action for the bicanonical map).

By [9], thm. 1.8, the (Z/ 27,)%-action extends to X.

We set Y := X' /(Z/27)* and we denote by ® the finite morphism X — ).

We have forall r € T':

e Ky, =Kyly,;
° KX[ =K/y|/y[.

Moreover,
2Kx =20 (Ky) + ®*(B),

where B is the branch divisor of &: X — ).
Since for ¢ # to we have 2K x, = —®*(Ky),), it follows that

2Ky + ®*(Ky)=0 on X\ AX,.

Since however X;, = f ~I(19) is irreducible, we obtain (after possibly re-
stricting T') that 2K y + ®*(Ky) =0on X.

In particular, 2K y, = —®*(Ky,) for all t € T, which implies that — Ky, is
ample forallr € T.

Moreover, K%G =K f,t forallteT.

By construction, ) is a Gorenstein Del Pezzo surface for 7 # 19, and ), is
a normal Q-Gorenstein Del Pezzo surface, whence it is Gorenstein by Propo-
sition 3.2. Il

This implies immediately the following:

Corollary 3.4 Consider a one parameter family of bidouble covers X — )
as in Proposition 3.3. Then the branch locus of Xy — Y, is the limit of the
branch locus of Xy — Yy, and it is reduced.

Note that the limit of a line on the Del Pezzo surfaces ) is a line on the
Del Pezzo surface ), and, as a consequence of the above assertion, two lines
in the branch locus in }; cannot tend to the same line in V.

Remark 3.5 Let X be the canonical model of a Burniat surface with 4 <
K }2( < 6. Recall once more that X is smooth for K )2( =06, 5, and for K }2( =4in
the nonnodal case. For K }2( =4 and the nodal case, X has one ordinary node.
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In all three cases the branch locus consists of the union of 3 hyperplane
sections, containing v lines and %(3[( )2( — v) conics, where

(a) v=6forK)2(=6,

(b) v=9 for K% =5,

(¢) v=12for K}z( = 4 nonnodal,
(d) v =10 for K)Z( =4 nodal.

In fact, in case (a) the 6 lines contained in the branch locus are: D; 1, 1 <
i <3, E, Ep, E3. In case (b) the 9 lines contained in the branch locus are:
D,‘J,lfl’ S3,1§j§2,E1,E2,E3.

In case (c) the 12 lines in the branch locus of the bidouble cover are: D; ;,
1<i,j <3, E1, Ep, E3, and finally in case (d) the 10 lines are: D; 1, 1 <
i <3, D23, Dy3, D33, D33, Ey, E3, E3.

We shall use the following:

Proposition 3.6 [10, Propostion 1.7] A weak Del Pezzo surface W, i.e., a
smooth projective surface with nef and big anticanonical divisor —Kyy, is
either

~- Pl x Pl, or
— Iy, or .
— the blow up P>(Py, ..., P), r <8,

at r distinct points Py, ..., P, satisfying the following three conditions:

(1) no more than 3 P;’s are collinear;

(i) no more than 6 P;’s lie on a conic;
(iii) the set {Py,..., P} can be partitioned into subsets {P;, ..., P;} with
P € P2, P; infinitely near to P;;, but not lying on the proper trans-
Jorm of P;

G+D
G=-D-"

Since weak Del Pezzo surfaces W are exactly the minimal resolutions of
singularities of normal Gorenstein Del Pezzo surfaces Z, we use the above
result to show the following technical, possibly well known result:

Proposition 3.7 Let Z be a normal Gorenstein Del Pezzo surface of degree d.

Then Z contains no line for d =9, 8 unless Z = IF{, which contains one
line.

Ford =77 Z contains 2 or 3 lines, and is smooth in the latter case.

Ifd =6,5,4, Z contains at most 6, respectively 10, respectively 16 lines.
If Z contains at least 6, respectively 9, respectively 13 lines (i.e., irreducible
curves C with C - Ky = —1), then Z is smooth.

Assume that d = 4 and that Z contains at least 10 lines.

Then we have the following possibilities:
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(1) Z is smooth and has 16 lines;

(i1) Z has exactly one singular point, of type A1, Z has 12 lines and Z is the
anticanonical model of the weak Del Pezzo surface obtained blowing up
the plane in 5 distinct points such that three of them are collinear.

We postpone the proof of the above result to the Appendix, and conclude
instead the proof of the main result of this section.

Proof of Theorem 3.1 Consider a one parameter family of bidouble covers
X — Y as in Proposition 3.3, such that X; — ) is the bicanonical map of
a Burniat surface for t # f9. Then &}, — )/, is a bidouble cover of a normal
Gorenstein Del Pezzo surface of degree K %G and X}, has canonical singulari-
ties.

Moreover, the branch locus of X;, — ), is the limit of the branch locus
of Xy — ), hence it contains at least 3(8 — K gft) lines in the nonnodal case,
and 10 in the nodal case.

Then by Proposition 3.7 ), is smooth for K;ZV, > 5, while for K)z(l =41t
has at most one node.

Thus, for Ki > 5, &, is again a Burniat surface.

Assume that K /2“ =4 and that we are in the nonnodal case. We are done
unless ), has a node.

In this case every line of ), is a component of the branch locus.

Note that through the node of ), pass 4 lines. By [12], Table 3, p. 93, a
bidouble cover of a node branched in 4 lines is no longer a rational double
point, and we have reached a contradiction.

Finally, in the nodal case, we have seen that the family ) is equisingular.
By Proposition 3.7 the minimal resolution of ), is the blow up of P2 in 5
distinct points, none infinitely near, with Py, P4, Ps collinear.

A similar representation holds for the minimal resolution W; of );; by the
above argument two of the lines passing through the node cannot be part of
the branch locus. Thus the branch locus for each W; consists of the -2 curve,
of 10 (Del Pezzo) lines and a (Del Pezzo) conic. Thus the configuration of
the branch locus remains of the same type and the central fibre X}, is again a
nodal Burniat surface. U

4 Proof of the main theorems and corollaries

All the statements (except the one concerning rationality) of the two main
theorems follow combining the two Theorems 2.6 and 2.13, showing that the
Burniat families for K § > 4 form open sets, with Theorem 3.1, showing that

they form closed sets.
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There remains to prove the rationality of the four connected components C
of the moduli space constituted by Burniat surfaces with K § > 4. This is au-
tomatical for K g =4 since C has dimension 2, and by Castelnuovo’s criterion
every unirational surface (over C) is rational.

We deal next with the case K § =5.

Theorem 4.1 Let C be the connected component of the moduli space consti-
tuted by Burniat surfaces with K2 =5.
Then C is a rational 3-fold.

Proof The bicanonical map of S yields a bidouble cover ®;: S — Y, where
Y is the Del Pezzo of degree 5 obtained blowing up the plane in the 4 refer-
ence points.

As we saw, the branch locus consists of nine Del Pezzo lines and of 3
Del Pezzo conics. Thus there is exactly one line which is not contained in
the branch locus, and we can contract it, obtaining a Del Pezzo surface Y of
degree 6. The branch locus contains now the six lines of Y.

Let us fix an identification of the Galois group of ®, with G = (Z/27)>.
Then these 6 lines, which form a hexagon, are such that each pair of opposite
sides is labelled by an element in G \ {0}.

There are two ways to contract three such lines (one for each pair) and
obtain the projective plane P?, and they are related by the standard Cremona
transformation (xy : x2 : x3) > (x| ! 1Xy ! X3 1) associated to the linear sys-
tem |2L — E| — E» — E3|.

We chose the points Pi, P>, P3, P4 as the reference points (Py =
(1:1:1)), and we consider now the triples of lines corresponding to D; 3,
which have necessarily an equation of type x;+2 = a@; X;+1.

The Cremona transformation acts by a; — alfl , the cyclical permutation of
coordinates cyclically permutes the three numbers ap, az, az, while the trans-
position exchanging 1 with 2 sends

-1 -1 -1
(ai,az,a3) > (a, ",a; ,az ).

Composing the action of such a transposition with the action of the Cremona
transformation we get the transposition of a; and a,.

We conclude that there is a subgroup of index two, isomorphic to G3, act-
ing on the three numbers ay, a;, a3 via the standard permutation action of the
symmetric group G3.

The full group by which we want to divide is generated by this subgroup
and by the Cremona transformation. The invariants for the permutation repre-
sentation of &3 are the three elementary symmetric functions o1, 02, 3. The
Cremona transformation acts on the field K of G3-invariants by

O’3I—>O’3_1, 01|—>(7203_1, azr—>0103_1.
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Obvious invariants are
—-1._ -1 ._ —-1._
o1 + 0205  =Y1, 02 + 0103 = Yy2, 03+ 05 =)3.

Let F be the field C(y1, y2, ¥3): to show that F is the whole field of invari-
ants it will suffice to show that [K : F] = 2.

Now, F(03) is a quadratic extension of F , and the two linear equations in
02,01

-1 -1
01+ 0205 " =)1, 02 +0103 =¥

have determinant 1 — o 2, thus 02, 01 € F(03) hence F(03) =K. O

Remark 4.2 The group Aut(S) = Aut(X) operates on the bicanonical model,
with kernel G. Hence G is normal and Aut(X)/G operates on the normal Del
Pezzo surface Z of degree 4 through a linear action. This action preserves the
set of lines, and also the set of lines contained in the branch locus. Thus
E4, Es5 are left invariant and the quotient group acts on the Del Pezzo sur-
face Y of degree 6 leaving the branch locus D invariant. As in the previous
theorem, we have only two ways of representing the pair (Y, D) as a Bur-
niat configuration, and the corresponding involution on the parameter space
is nontrivial.
Hence the general surface has Aut(X) =G.

We only recall the following

Theorem 4.3 Let C be the connected component of the moduli space consti-
tuted by the primary Burniat surfaces (K2 = 6).
Then C is a rational 4-fold.

For a proof we refer to [4].
We derive now some easy consequences of the main theorems:

Corollary 4.4 All surfaces S which are deformations of Burniat surfaces
with K% > 4 are again Burniat surfaces, and the bicanonical map of their
canonical model is a finite morphism ®,: X — Y', Galois with group G =
(Z.)27)?%, and with image a Del Pezzo surface Y' of degree K g Y’ is singular
exactly for the nodal familys with K% = 4 (it has precisely one Ay singularity
then). In particular, Bloch’s conjecture Ay(S) = Z holds for all the surfaces
in these 4 connected components of the moduli space.

Proof The last statement follows from our main theorems and the work of
Inose and Mizukami [22].
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In fact Inose and Mizukami show that Bloch’s conjecture holds for certain
classes of Inoue surfaces, which we have shown in part one [4] to coincide
with the classes of Burniat surfaces. [l
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Appendix: Proof of Proposition 3.7

If Wis Fg=P' x P!, F, or P2, then obviously W contains no line.

Thus we may assume that W is the blow up of the plane at Py, ... P, with
r =9 —d. For r = 1 there is only the line £, where we denote as customary
by E; the full transform of the point P;.

Any line C is in particular an effective divisor such that C?> = CKy =
—1, and in particular it is contained in some anticanonical divisor H = 3L —
> j Ej, where L is the nef and big divisor pull back of a line of P2,

Thus C =al — Zj b;E; and since LC >0, L(H — C) > 0, one gets
0<a<3.

As usual C? = CKy = —1 implies

a’+1=Y b3,
j

D bj=3a—1=> bjbj—1)=(a—1)(a—2).

J J

The right hand side vanishes for a = 1, 2 and equals 2 for a = 0, 3 while
each summand on the left side of the last equality is at least 2 unless b; =0
orb; =1.

Not considering the b;’s equal to zero, for a = 0 one has one b; = —1, for
a =1 one has two b; =1, for a =2 one has five b; = 1.

While a = 3 can only occur for » > 7, with one b; equal to 2, and six equal
to 1.

This gives the a priori bound that the number of lines is at most

e ()+6)

This gives the number of lines in the case where —Kw is ample, namely,
ford =7,6,5,4wegetr=2,3,4,5and N =3,6, 10, 16.
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Since, if —Kw is ample, each such divisor is linearly equivalent to an
unique effective one which is irreducible.

If —Kw is not ample but nef, then there are -2 curves D, i.e., irreducible
divisors D with D =al — Zj b;E;,0<a<3,and D?=-2, DKy =0.
These conditions are equivalent to

a’+2=Y b3,
j
> bj=3a=) bjbj—1)=(a—1)(a-2).
j j

By the same token a = 1,2 implies b; = 1,0 and we get for a = 1 three
bj=1,fora=2six bj = 1. For a =0 we get a divisor of the form E; — E},
for a =3 must be r > 8 and one bj; =2, seven b; = 1.

What is left is to show that each -2 curve D makes the number of lines
diminish sufficiently.

For a = 2, we must have r > 6 (and then we lose 6 lines); for a = 1,
D=L—-E; —Ej— E, welose 3 lines, since L — E; — Ej =D + E;. We
also lose, if r > 5, C(r — 3, 2) lines of the form D + (L — E, — Ej).

Since we assume r < 7, let us see what happens if D = E; — E; is effective.
This means that P; is infinitely near to P;, so we have a string of infinitely
near points as in (iii) of Proposition 3.6.

Assume that this string is P;, ..., P;,. Then each E;, is not irreducible for
h=1,...,k— 1. Also the effective divisor L — E; — Ej, is not irreducible
forh =2, ..., k, and for P; not infinitely near to P;,. Moreover L — E;; — E;,
is effective, and contained in L — E;, — E;, whenever h </ are not equal to
1,2.

The loss is therefore at least

(k—1)+(k—1)(r—k)+%(k+1)(k—2)
= (k= Dlr — (k= 1)]+%(k+ Dk —2).

For k =2 we get a loss of » — 1 lines, otherwise a bigger loss.

We want to finally show that the case r =5 and k = 2 yields the same sur-
face which is encountered for r = 5, no infinitely near points, but 3 collinear
points.

Consider then, as in the nodal case, 5 points such that Py, P4, Ps are
collinear, and let W : P2 --» P2 be the birational standard Cremona transfor-
mation based on the points Py, P, Ps. On the Del Pezzo Y obtained blowing
up the 5 points W corresponds to the linear system 2L — E; — E» — Es.
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This system contracts the -2 curve to a point, as well as the lines E4, E3,
L—FE—E,, L—E,— Es.

Since the -2 curve intersects E4, we get also a representation of ¥ as the
blow up of the plane in five points, of which one infinitely near to the other.

References

1. Alexeev, V., Pardini, R.: Explicit compactifications of moduli spaces of Campedelli and
Burniat surfaces. arXiv:0901.4431

2. Bauer, L., Catanese, F., Grunewald, F., Pignatelli, R.: Quotients of a product of curves by
a finite group and their fundamental groups. arXiv:0809.3420

3. Bauer, L., Catanese, F.: The moduli space of Keum—Naie surfaces. arXiv:0909.1733, to
appear in Groups Geom. Dyn.

4. Bauer, 1., Catanese, F.: Burniat surfaces I: fundamental groups and moduli of primary
Burniat surfaces. arXiv:0909.3699

5. Brieskorn, E.: Die Auflosung der rationalen Singularititen holomorpher Abbildungen.
Math. Ann. 178, 255-270 (1968)

6. Brieskorn, E.: Singular elements of semi-simple algebraic groups. In: Actes du Congrés
International des Mathématiciens (Nice, 1970), Tome 2, pp. 279-284. Gauthier-Villars,
Paris (1971)

7. Burniat, P.: Sur les surfaces de genre P15 > 1. Ann. Mat. Pura Appl. (4) 71, 1-24 (1966)

8. Burns, D.M., Jr., Wahl, J.: Local contributions to global deformations of surfaces. Invent.
Math. 26, 67-88 (1974)

9. Catanese, F.: Moduli of surfaces of general type. In: Algebraic Geometry—Open Prob-
lems, Ravello, 1982. Lecture Notes in Math., vol. 997, pp. 90-112. Springer, Berlin (1983)

10. Catanese, F.: Commutative algebra methods and equations of regular surfaces. In: Alge-
braic Geometry, Bucharest, 1982. Lecture Notes in Math., vol. 1056, pp. 68—111. Springer,
Berlin (1984)

11. Catanese, F.: On the moduli spaces of surfaces of general type. J. Differ. Geom. 19(2),
483-515 (1984)

12. Catanese, F.: Automorphisms of rational double points and moduli spaces of surfaces of
general type. Compos. Math. 61(1), 81-102 (1987)

13. Catanese, F.: Moduli of algebraic surfaces. In: Theory of Moduli, Montecatini Terme,
1985. Lecture Notes in Math., vol. 1337, pp. 1-83. Springer, Berlin (1988)

14. Catanese, F.: Everywhere nonreduced moduli spaces. Invent. Math. 98(2), 293-310
(1989)

15. Catanese, F.: Singular bidouble covers and the construction of interesting algebraic sur-
faces. In: Algebraic Geometry: Hirzebruch 70, Warsaw, 1998. Contemp. Math., vol. 241,
pp- 97-120. Am. Math. Soc., Providence (1999)

16. Catanese, F.: Differentiable and deformation type of algebraic surfaces, real and symplec-
tic structures. In: Symplectic 4-Manifolds and Algebraic Surfaces. Lecture Notes in Math.,
vol. 1938, pp. 55-167. Springer, Berlin (2008)

17. Catanese, F., Hosten, S., Khetan, A., Sturmfels, B.: The maximum likelihood degree. Am.
J. Math. 128(3), 671-697 (2006)

18. Catanese, F., Mangolte, F.: Real singular del Pezzo surfaces and 3-folds fibred by rational
curves. I. Mich. Math. J. 56(2), 357-373 (2008)

19. Ciliberto, C.: The bicanonical map for surfaces of general type. In: Algebraic Geometry—
Santa Cruz 1995. Proc. Sympos. Pure Math., vol. 62, pp. 57-84. Am. Math. Soc., Provi-
dence (1997)

20. Gieseker, D.: Global moduli for surfaces of general type. Invent. Math. 43(3), 233-282
1977

@ Springer


http://arxiv.org/abs/arXiv:0901.4431
http://arxiv.org/abs/arXiv:0809.3420
http://arxiv.org/abs/arXiv:0909.1733
http://arxiv.org/abs/arXiv:0909.3699

588 1. Bauer, F. Catanese

21. Hartshorne, R.: Algebraic Geometry. Graduate Texts in Mathematics, vol. 52. Springer,
New York (1977)

22. Inose, H., Mizukami, M.: Rational equivalence of 0-cycles on some surfaces of general
type with py = 0. Math. Ann. 244(3), 205-217 (1979)

23. Inoue, M.: Some new surfaces of general type. Tokyo J. Math. 17(2), 295-319 (1994)

24. Kulikov, V.S.: Old examples and a new example of surfaces of general type with pg = 0.
Izv. Ross. Akad. Nauk Ser. Mat. 68(5), 123—-170 (2004) (in Russian, translation in Izv.
Math. 68(5), 965-1008 (2004))

25. Mendes Lopes, M., Pardini, R.: A connected component of the moduli space of surfaces
with pg = 0. Topology 40(5), 977-991 (2001)

26. Miyaoka, Y.: On numerical Campedelli surfaces. In: Complex Analysis and Algebraic
Geometry, pp. 113-118. Iwanami Shoten, Tokyo, (1977)

27. Mumford, D.: Rational equivalence of O-cycles on surfaces. J. Math. Kyoto Univ. 9, 195—
204 (1968)

28. Mumford, D.: Hirzebruch’s proportionality theorem in the noncompact case. Invent. Math.
42,239-272 (1977)

29. Pardini, R.: Abelian covers of algebraic varieties. J. Reine Angew. Math. 417, 191-213
(1991)

30. Peters, C.A.M.: On certain examples of surfaces with py = 0 due to Burniat. Nagoya
Math. J. 66, 109-119 (1977)

31. Pinkham, H.: Some local obstructions to deforming global surfaces. Nova Acta Leopold-
ina (N.F.) 52(240), 173-178 (1981)

32. Reid, M.: Surfaces with pg =0, K 2=2. Preprint available at http://www.warwick.ac.uk/
masda/surf/

33. Reid, M.: Young person’s guide to canonical singularities. In: Algebraic Geometry,
Brunswick, Maine, 1985. Proc. Sympos. Pure Math., vol. 46, pp. 345-414. Am. Math.
Soc., Providence (1987)

34. Tjurina, G.N.: Resolution of singularities of flat deformations of double rational points.
Funkc. Anal. Prilozh. 4(1), 77-83 (1970)

35. Vakil, R.: Murphy’s law in algebraic geometry: badly-behaved deformation spaces. Invent.
Math. 164(3), 569-590 (2006)

@ Springer


http://www.warwick.ac.uk/masda/surf/
http://www.warwick.ac.uk/masda/surf/

	Burniat surfaces II: secondary Burniat surfaces form three connected components of the moduli space
	Introduction
	The local moduli spaces of Burniat surfaces
	Definition of the Burniat surfaces
	Local deformations of the Burniat surfaces
	The proof of Proposition 2.5
	The component of nodal Burniat surfaces is everywhere nonreduced

	One parameter limits of secondary Burniat surfaces
	Proof of the main theorems and corollaries
	Acknowledgements
	Appendix: Proof of Proposition 3.7
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


