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Abstract We study microscopic convexity property of fully nonlinear elliptic and par-
abolic partial differential equations. Under certain general structure condition, we estab-
lish that the rank of Hessian V2u is of constant rank for any convex solution u of equation
F(V%u,Vu,u,x) =0. The similar result is also proved for parabolic equations. Some of
geometric applications are also discussed.

1 Introduction

Caffarelli-Friedman [7] proved a constant rank theorem for convex solutions of semilinear
elliptic equations in R?; a similar result was also discovered by Yau [28] at about the same
time. Shortly thereafter, the result in [7] was generalized to R" by Korevaar-Lewis [27].
This type of constant rank theorem is called a microscopic convexity principle. It is a pow-
erful tool in the study of geometric properties of solutions of nonlinear differential equations
and is particularly useful in producing convex solutions of differential equations via homo-
topic deformations. The great advantage of the microscopic convexity principle is that it can
treat geometric nonlinear differential equations involving tensors on general manifolds. The
proof of such a microscopic convexity principle for a o; type equation on the unit sphere
S" by Guan-Ma [15] is crucial in their study of the Christoffel-Minkowski problem. The
microscopic convexity principle also provides some interesting geometric properties of so-
lutions. For a symmetric Codazzi tensor, the microscopic convexity principle implies that
the distribution of null space of the tensor is of constant dimension and is parallel.
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The microscopic convexity principle has been validated for a variety of fully nonlinear
differential equations involving the second fundamental form of hypersurfaces [9, 15-17].
Understanding under what structural conditions the microscopic convexity principle is valid
is central. Caffarelli-Guan-Ma [9] established such a principle for fully nonlinear equations
of the form:

F(uij(x)) = @(x, u(x), Vu(x)), (1.1)

where F(A) is symmetric and F(A™!) is locally convex in A. Similar results were also
proved for symmetric tensors on manifolds in [9]. Several interesting geometric applica-
tions were also given there. For applications, it is important to consider equations F involv-
ing other variables in addition to the Hessian (u;;). For example, it is desirable to include
linear elliptic equations and quasilinear equations with variable coefficients. In many cases,
a solution v to an equation may not be convex yet some transformation # = h(v) of it may
be convex (see e.g., [6, 7]). If v is a solution of (1.1), then u = h(v) is a solution of equation

F(Vu,Vu,u,x)=0. (1.2)

A similar situation also arises in the case of geometric flow for hypersurfaces.

In this paper, we study the microscopic convexity property for an equation of the gen-
eral form (1.2) and related geometric nonlinear equations of elliptic and parabolic type. The
core idea in the proof of a microscopic convexity principle is to establish a strong maximum
principle for an appropriate auxiliary function. There have been significant contributions
in the literature [7, 9, 15-17, 27] developing analytic techniques for this purpose. All of
these methods break down for a general fully nonlinear elliptic equation of the form (1.2).
The main contribution of this paper is the introduction of new analytic techniques involv-
ing quotients of elementary symmetric functions near the null set of det(u;;). The analysis
is delicate as both symmetric functions in the quotient will vanish on the null set. This is a
novel feature of this paper. It is another indication that these quotient functions of elementary
symmetric functions are naturally embedded in the study of fully nonlinear equations. In a
different context, the importance of quotient functions has been demonstrated in the beau-
tiful work of Huisken-Sinestrari [22]. We believe our techniques will be useful in solving
other problems in geometric analysis.

To illustrate our main results, we first consider equations in a flat domain. Let 2 be a
domain in R" and denote by S" the space of real symmetric n x n matrices and S} the
space of positive definite real symmetric n x n matrices. Let F = F(r, p, u, x) defined in
S" x R" x R x 2 be elliptic in the sense that

or _,
—(V*u,Vu,u,x) | >0, VxeQ. (1.3)
Braﬁ

Theorem 1.1 Suppose F = F(r, p,u,x) € C>'(S" x R"* x R x Q) satisfies condition (1.3)
and

F(A_l, p,u,x) islocally convex in (A, u, x) for each p. (1.4)
If u e C>'(Q) is a convex solution of (1.2), then the rank of the Hessian (Vu(x)) is a
constant | in Q. For each xy € 2, there exist a neighborhood U of xo and (n — 1) fixed
directions Vi, ..., V,_; such that Vu(x) Vi=0foralll<j<n-—landxeU.

There is also a parabolic version.
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Theorem 1.2 Suppose F = F(r, p,u,x,t) € C>'(S" x R" x R x Q x [0,T)) satisfies
condition (1.3) and

F(A™Y, p,u,x,1t) is locally convex in (A, u, x) for each pair (p, 1) . (1.5)

Suppose u € C*'(Q2 x [0, T)) is a convex solution of the equation

u s
EZF(V u,Vu,u,x,t). (1.6)

For each t € (0,T), let I(t) be the minimal rank of (V?u(x,t)) in Q, then the rank of
(V2u(x,t)) is constant [(t) and I(s) <I(t) forall s <t <T. Foreach0 <t < T, x9 € Q
there exist a neighborhood U of xo and (n — I(t)) fixed directions Vi, ..., V,_(t) such that
Vzu(x,t)Vj =0 forall 1 <j<n-—1I(t) and x € U. Furthermore, for any ty € [0, T),
there is a § > 0, such that the null space of (V*u(x,t)) is parallel in (x,t) for all
x € Q,t e (ty, to+96).

An immediate consequence of Theorem 1.1 is the proof of a conjecture raised by
Korevaar-Lewis in [27] for convex solutions of mean curvature type elliptic equation

3 a (V) () = £ e u(x), Vu(x)) > 0. (1.7)

ij

Corollary 1.3 Let Q@ C R" and suppose u is a convex solution of the elliptic equation (1.7).

If
f(x,u, p) islocally convex in (x, u) for each p, (1.8)

then the Hessian (V*u(x)) is of constant rank in Q.

Korevaar-Lewis [27] proved that the Hessian of any convex solution u of an elliptic equa-
tion (1.7) is of constant rank and u is constant in n — [ coordinate directions, provided that
ﬁ is strictly convex for any p fixed. They conjectured that the constant rank result still
holds if —— is only assumed to be convex. They observed that when n = 2, this can be

deduced fréfn the proofs of Caffarelli-Friedman in [7]. Set

1 1
S @ (Va0 | f o (), Va(o)’

F(V*u,Vu,u,x)=—

Then (1.7) is equivalent to F(V2u, Vu, u, x) = 0. It is straightforward to check that F sat-
isfies Conditions (1.3) and (1.4) under the assumptions in Corollary 1.3.

We now discuss some geometric equations on general manifolds. Preservation of con-
vexity is an important issue for the geometric flows of hypersurfaces (see e.g., [5, 21] and
the references therein). We have the following general result.

Theorem 1.4 Suppose F(A, X, 1) is elliptic in A and F(A™', X, 1) is locally convex in

(A, X) for each fixed i € S". Let M(t) C R"™! be a compact hypersurface satisfying the
geometric flow equation

X, =—F(g 'h, X, )i, te(0,T), M(0)=M,, (1.9)
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where X, n, g, h are, respectively, the position vector, outer normal, induced metric and
the second fundamental form of M (t). If My is convex, then M(t) is strictly convex for all
te(0,7).

Alexandrov in [1, 3] studied existence and uniqueness of solutions of general nonlinear
curvature equations,

F(g'h, X, (X)) =0, VXeM, (1.10)

where X is the position function of M and 7(X) is the unit normal of M at X. The following
theorem addresses the convexity property of problems studied in [1, 3].

Theorem 1.5 Suppose F(A, X, i) is elliptic in A and F(A™', X, #i) is locally convex in
(A, X) for each fixed n € §". Let M be an oriented immersed connected hypersurface in
R with a nonnegative definite second fundamental form h satisfying (1.10). Then h is of
constant rank and its null space is parallel. In particular, if M is complete, then there is
0 <1 <n such that M = M' x R"™ for a strictly convex compact hypersurface M' in R'*!
(ifl > 0). If in addition M is compact, then M is the boundary of a strongly convex bounded
domain in R"+!,

Theorem 1.5 has similarities with the classical result of Hartman-Nirenberg in [20].

The microscopic convexity principle also can be used to prove some uniqueness theo-
rems in differential geometry in the large. A surface immersed in R? is called a Weingarten
surface if its principle curvatures «, k, satisfy a relationship F(«1, k) = 0 for some ellip-
tic F (i.e., F satisfies condition (1.3)). Alexandrov [2] and Chern [12] proved that if M is
a closed convex Weingarten surface in R?, then M is a sphere. In higher dimensions, there
is an extensive literature (see e.g., [11, 13]) devoted to showing immersed hypersurfaces are
spheres. We prove the following sphere theorem.

Theorem 1.6 Suppose (M, g) is a compact connected Riemannian manifold of dimension n
with nonnegative sectional curvature which is positive at one point. Suppose F (A) is elliptic,
and W is a Codazzi tensor on M satisfying the equation

F(g™'W)y=0 onM. (L.1D)

If either (1) n =2, or (2) n > 3, W is semi-positive definite and F(A™") is locally convex
for A >0, then W = cg for some constant ¢ > (.

Theorem 1.6 was proved by Ecker-Huisken in [13] under the assumption F is concave.
Refer to Remark 5.7 for the relationship between concavity of F(A) and the condition on
F in case (2) of Theorem 1.6. Note that when n = 2, only the ellipticity assumption on F is
needed in Theorem 1.6. Refer to [9, 15, 17] for other applications of the microscopic con-
vexity principle in classical and conformal geometry and to [18] for applications in Kéhler
geometry.

A vast literature exists devoted to the study of the convexity of solutions of partial dif-
ferential equations. There is a theory of macroscopic nature, where the problem is always
considered in a convex domain in R" with appropriate boundary conditions. In 1983, Kore-
vaar made breakthroughs in [25, 26] where he obtained concavity maximum principles for a
class of quasilinear elliptic equations. His results were improved by Kennington [24] and by
Kawhol [23]. The theory was further developed to great generality by Alvarez-Lasry-Lions
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[4] in 1997. They established the existence of a convex solution of (1.2) for state constraint
boundary values under conditions (1.3)—(1.4) assuming that F' satisfies a comparison prin-
ciple. Microscopic convexity implies macroscopic convexity if there is a deformation path
(e.g., via the method of continuity or parabolic flow). Theorem 1.1 is the microscopic ver-
sion of the macroscopic convexity principle in [4].

The rest of the paper is organized as follows. In Sect. 2, we introduce a key auxiliary
112 (V2u(x))
0141 (V2 (x))
Proposition 2.1 we demonstrate a key concavity inequality for g(x) and in Corollary 2.2,
we conclude that ¢ has optimal C"! regularity. In Sect. 3, we establish a strong maximum
principle for the function ¢ (x) = 0741 (V?u(x)) + g(x) which is the main technical tool
of the paper. In Sect. 4, we discuss condition (1.4) and related results. The last section is
devoted to geometric equations on manifolds.

function g (x) = which is well defined by the Newton-Maclaurin inequalities. In

2 An auxiliary function

V2u is of constant rank if and only if 6, (V2u) = 0, where [ is the minimum rank of V2u.
It was first shown by Caffarelli-Friedman in [7] that there is a strong maximum principle
for o741(V2u) for any convex solution of Au = f when 1is locally convex (see also sub-
sequential works [15-17, 27]). When F in (1.1) is a general symmetric function, such a
maximum principle for o7, (V2u) is difficult to prove. A major achievement in [9] is the
establishment of a maximum principle for function ;. (V2u) + Ac;12(VZu) when A > 0
is sufficient large. For the general equation (1.2), we do not know how to prove the corre-
sponding maximum principle for the previously known test functions. This lead us to search
o] v2y
this section is devoted to the analysis of this function near the null set N = {07, (V?u) = 0}.

With the assumptions of F and u in Theorem 1.1 and Theorem 1.2, u is automati-
cally in C*!. This will be assumed in the rest of this paper. Let W(x) = V2u(x) and
[ = min,cqrank(V2u(x)). [ <n — 1 may also be assumed. Suppose 7 €  is a point where
W is of minimal rank /.

Throughout this paper we assume that o;(W) =0 if j <0 or j > n. Define for W =
(u;j) € 8"

for a new auxiliary function. It turns out o4 (V2u) + is the function! The rest of

o142(W) :
qW) =1z Lo (W) >0, @.1)
0, if 071 (W) =0.
For any symmetric function f(W), we denote
iYW BTN
8u,-j ’ E)uijaukm

For each zp € 2 where W is of minimal rank /. We pick an open neighborhood O of z,
forany x € O, let 11 (x) < Ay(x)--- < X, (x) be the eigenvalues of W at x. There is a positive
constant C > 0 depending only on ||u| 3.1, W(zo) and O, such that X, (x) > A,_;(x)--- >
Mipi(x)>Cforallx e O.LetG={n—-I1+1,n—14+2,...,n}and B={1,...,n—1} be
the “good” and “bad” sets of indices respectively. Let Ag = (A,—j+1, .- -, A,) be the “good”
eigenvalues of W at x and Agp = (A4, ..., A,—;) be the “bad” eigenvalues of W at x. For the
simplicity, write G = A, B = A if there is no confusion. Note that for any § > 0, we may
choose O small enough such that A;(x) <6 foralli € B and x € O.
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Set
¢ =011.1(W)+q(W) (2.2)

where ¢ defined as in (2.1). Use notation 2 = O(f) if |h(x)| < Cf(x) for x € O with the
positive constant C under control. It is clear that A; = O(¢) for alli € B.
To get around oy (W) = 0, consider for € > 0 sufficient small,

0142(We)
Ol+1 (We) ’

where W, = W + el. We will also denote G, = (Ay—141 + €,..., Ay +€), Bc = +
€, ..., Ay +€).

We will work on ¢, to obtain a uniform C? estimate independent of €. One may also
work directly on ¢ at the points where o7, (V?1) # 0 to obtained the same results in the rest
of this section (with all relative constants independent of chosen point).

Set

qe(W) = e (W) = 0111 (We) + g (W), (2.3)

€ 2
vg(x):u(x)+§|x| ; 249

then W, = (V2v,). To simplify the notation, we will write v for v, g for g., W for W,, G
for G, and B for B, with the understanding that all the estimates will be independent of .
In this setting, with O is small enough, there is C > 0 independent of € such that

011 (W(x))>Ce, and o(B(x))>Ce, forallxecO. (2.5)

Similarly write 7 = O(f) if |h(x)| < Cf(x) for x € O with positive constant C under
control independent of €.
The importance of the function ¢ is reflected in the following proposition. Set

Vie = iiq01(B) — vn(ZWm)- (2.6)
JjeB
Proposition 2.1 For each z € O with W(2) is diagonal, for any a, 8 € {1, ..., n},
i ol (Bli) — oa(Bli)
S o i = 09+ T 1vul) -2 3 AELEEE
irjkm i,jeB i€B.jeG o (B)A;

e ViaVis D jenisj VijaVjip
o} (B) o1(B) .

2.7)

The last two terms in (2.7) will play a key role in estimating linear terms of v;j, (i, j € B)
in our proof of Theorem 1.1 in the next section.

Corollary 2.2 Let u € C>'(Q) be a convex function. W(x) = (uij(x)),x € Q and | =
min,cq rank(W (x)). Then the function q(x) = q(W (x)) defined in (2.1) is in C"' ().

The rest of this section is devoted to proving Proposition 2.1, and it involves some subtle
analysis of the function ¢g. The proof of Corollary 2.2 will be given at the end of this section.
In preparation, several well known lemmas are listed. For the sake of completeness, proofs
are provided. If W is any n x n diagonal matrix, denote by (W|i) the (n — 1) x (n — 1)
matrix with ith row and ith column deleted, and (W|ij) the (n — 2) x (n — 2) matrix with
i, jthrows and i, jth columns deleted.
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Lemma 2.3 Suppose W is diagonal. Then we have

Ofy (W) ifi=j,

0, ifi#].

(@) ifi=m,j=k,iF#j,then

o141 (W)op41 (Wli)—op 40 (W)ay (W1i)
q" = ’

_aWlij)  ora(W)o1(Wlij)

qij,km —
o141 (W) UI%H(W)
) ifi =j=k=m,then
ij.km UI(W|i) . .
g7 = =2———[o111 (W)o111(W]i) — 01(W|i)o12(W)]
o (W)

(©) ifi=j,k=m,iF#k, then
o (Wlik) — ori(WlHo(WIk) o1 (Wk)oy (W]i)

qij,km —
o111(W) 0'12+1(W) szJr](W)
_ o (W)oi_ (Wlik) +201+2(W)01(W|i)01(W|k)
o7 (W) 071 (W)
(d) otherwise
qij,km =0.

Proof Since W is diagonal, it follows from Proposition 2.2 in [15]

do, (W) {ay_l(wu), ifi = j,

dv; 0, ifi

and
- oy (Wiik),  ifi=jk=m.i#k,
ELB(): —0, o (Wlij), ifi=m,j=ki#]
Vij OVkm 0, otherwise

for 1 <y < n. We obtain thus

ol — 00141 _ o (Wli), ifi=j,
9w, o, ifij
and
ik 30141 o (Wlik), ifi=j k=m,i#k,

o) = —— =1 —o(Wlij), ifi=m,j=ki#], 28)
OW;;0 Wi, 0, otherwise.

Direct computation yields

_ 1 8apW)  an(W) do (W)
o1 (W) vy o (W) vy

ij

(2.9)
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314 B. Bian, P. Guan

and
ijdom _ 1 9%0142(W) b 80145(W) 80141 (W)
o141(W) 0v;;0vim ‘712+1(W) ov;; OVim
L 80n(W) 3o (W) ara(W) 90140 (W)
0[2+1(W) 8vkm avij O'[2+1(W) 3U,‘j3vk,,,
0142(W) d0711(W) 30141 (W) 2.10)
op (W) dvy MV '
The lemma follows from (2.9) and (2.10). O

Lemma 2.4 Suppose W is diagonal, then

o2 (Bli)—oy(Bli) e .
o1 (Pl)— (51D _
2) 4+ O0(¢p), ifi=jeB,

7" =1 0(¢), ifi=jeG,
0, ifi  j.
ij.km

Furthermore g can be computed as follows:

) Ifi, j, k,m e G,
qij,kmzo(d))
2 IfjeG,ieB,

ij,ji _012(B|i)_62(B|i)

Jiij _ =" 210
1 4 ol (B)vj; @
(3) Ifi,jeB,i#],
ij.Jji — _ o1
o (B) +0(Q)
4) IfieB,
2
qll,tt — (O—I(B)GI(B|1)—02(B))+0(1)

~oi(B)
() Ifie B,k eG,
qkk,ii =qii,kk — 0(1)
6) Ifi,k€B,i £k,

gk 202(B) = 0} (B) 4 (vii + v)o1(B)
= o7 (B)

+0(1)

(7) Otherwise

qij,km =0.
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Proof From [15], for W = (G, B) and y >,

1
oy (W)= 01(G)oy_i(B),

k=0

and

!
oy (Wli) =) 01(G)oy, «(Bli), forie B;
k=0
-1

oy (Wli) = _0x(Gli)ay_«(B), forieG;
k=0

-2

oy (Wlij) =Y _ou(Glij)o,(B), fori,jeG;
k=0

-1

o, (Wlij) = Zak(G|i)Uy_k(B|j), fori € G, j € B;
k=0
1

oy, (Wlij)= Y ou(G)oy «(Blij), fori,jeB,
k=0

where o, _(B) =0if y —k > n—1. The lemma follows directly from Lemma 2.3 and above
formulae. 0

Next lemma provides an estimate for third order derivatives of convex functions.

Lemma 2.5 Assume v € C>'(Q) is a convex function. Then there exists a positive constant
C depending only on dist{O, 02} and ||v||c3.1(q) such that

[0 (0] = € (Vi) + V() @.11)
forallx e Oand 1 <i, j,a <n.
Proof 1t follows from convexity of v that for any direction n € R" with |n| =1
Uy (x) =0

for all x € Q. It’s well known that for any nonnegative C"! function &, |Vh(x)| < Ch? (x)
for all x € O, where C depends only on ||&|c1.1 g and dist{O, 3€2} (e.g., see [29]). Hence

[V ()| < Cy/vygy (x),
where C is a positive constant depending only on dist{O, 92} and [|v,[lc1.1q) (Which can

be controlled by [lul|c3.1(q)). Now set n =i if i = j and n = %(e,- +e;) if i # j. The proof
of Lemma 2.5 is complete. O
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Proof of Proposition 2.1 Let us divide Y_, ;g™ vijqvinp into three parts according to

Lemma 2.3:
Z L]ij’km(W(Z))Uijavkmﬁ =l + 1 + 1l 4,
i,j,k.m
where
Iop = Zqij’ji VijaVjig,
i#j
g = Zﬁlﬁ'iivimviiﬂ
i=1
and

5 = Z g Vg Vg
itk
Lemma 2.4 yields (using Lemma 2.5 and A; = O(¢))

Iaﬁ=< )IEEID DD DD S )qij’jivz:favjiﬁ

i,jeG,i#j i€B,jeG jeB,ieG i,jeB,i#]j

1
= O(¢) + 0(2 |Vvij|> — ()'I(B) Z v,-javji,g;

ijeB i,jeB.i]

5 Z i (Bli) — o2 (Bli)

VijgVjig-
2 ijaVjip
o (B)vj;

ieB,jeG
Again from Lemma 2.4

5 = <Z + Z)q”'”vim Viig

ieG ieB

— 0@+ O(Z |Vv,-,|> Loy BB )

3
i,jeB ieB i (B)
and

ZZEY 0D S SIEED DI D Mt

i,jeG,i#j ieB,jeG  jeB,ieG i jeB.i#j

= 0(¢) + 0(2 |Vvl~,«|>

i,jeB

4 Z 20‘2(3)—0'12(3)+(Uii+Ujj)Ul(B)

Viia Vjjp-
o} (B)

i#j,i,jeB

The algebraic identity

Z [202(B) — o 2(B) + (vii + v;;)01(B)viiavjjs
i jeBitj
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—2) [01(B)o1 (Bli) — 02(Bli)]viiaviip

ieB
=— Z(Ul (B)Viig — Vi Z Ujja) <01(B)Uuﬁ — Vi Z Ujjﬁ) (2.16)
ieB jeB JjeB
implies
ics Vie Vi
11aﬂ+111aﬂ:0(¢)+0(2 |Vvif|> —@, (2.17)
“ ' o7 (B)
i,jeB
where V;, defined in (2.6). a

Proof of Corollary 2.2 We only need to consider a small neighborhood O of these points
in  where that the minimal rank is attained. For such fixed point z € O, we may assume
W (z) is diagonal by a rotation. Thus, for any fixed « and B

02q()
0x,0x8 B

D4 W @uiup + D ¢ W @uijattins. @18)

i,j.k.m

ol (Bli)—o(Bli)

i <
Since 0 < 2)

<1,by Lemma?2.4

lg”" (W)l <C
for some constant C under control. This yields the estimate for the first term in (2.18)
llg"” (W (@)uijapll < Cllullesigy < C.

Now treat the second term in (2.18). By Lemma 2.5, for i, j € B

ltijel < C(/uii(x) + y/uj;(x)) < C/o1(B). (2.19)
Nofi . o(Bli)—o2(Bli) .. .
oting that u;; > C >0,j € G and 0 < 25 < 1. From Proposition 2.1 it now
1
follows that,
2
3*q(W(2)) <c
0x,0xg
forall z € O. O

3 A strong maximum principle

In this section, we prove a strong maximum principle for ¢ defined in (2.2) for (1.2). The
same result for (1.6) could be proved making Theorem 1.1 a corollary of Theorem 1.2. How-
ever we prefer to work on elliptic case first. With some minor modifications, the parabolic
version will be proved at the end of next section.
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Denote by S” the set of all real symmetric n x n matrices, and denote by S} C S" to be
the set of all positive definite symmetric n x n matrices. Let O, be the space consisting all
n x n orthogonal matrices. Define

3"*1={Q<8 g)QT V0 €0, VB es! }

and for given Q € Q,,
S01(Q) = {Q (g g) 0" | VBes! }

Therefore S,_1, S,—1(Q) C S". For any function F(r, p, u, x), we denote

2
Ff — IF , u:a_F’ in:a_F’ Faﬁ,yn:aiF,
07ap ou 0X; 0rqg 01y,
d2F 9°F °F
Fc(ﬁ,u — , Fotﬂ,xk — , FLl,u =—, (3'1)
drepdu drapdxy 92u
. 9*F . ’F
Fu,x, — , XisXj — .
ouox; 0x;0x;
For any p fixedand Q € O,, (A, u,x) € S,—1(Q) x R x R", we set
X = ((FP(A, pu,x)), —F“(A, p,u,x), =F"' (A, p,u,x), ..., —F" (A, p,u, x))
as a vectorin §"” x R x R". Set
1“;; ={XeS, 1(Q)xRxR" | (X,X})=0). (3.2)

Let BeS, ', A=B"and

~ 0 0 ~ 0 0
-(30) a0
For any given Q € O, and X = ((Xij), Y, Zy,...,Z,) € S,-1(Q) x R x R", we define a
quadratic form

Q'(X, X)= Y FMXyXu+2 Y FUQAQuXuX;+ Y Fi9ZZ,

ijk =1 i gk =1 ij=1

—2) FUMXyY =2 ) FUNX;Z+2) FUNYZ+ FUUY (3.3)
ij=1 ijk=1 i=1

where functions FU-K | Fii | puu pijlu pijx pusi i are evaluated at (QBQT, p, u, x).
We first state a lemma to be proven in next section (after Corollary 4.2).

Lemma 3.1 If F satisfies condition (1.4), then for each p € R",

0"(X,X)z0, VXely. (3.4)
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Roughly speaking, the condition Q*(X, X) >0,VX €T )%*F is equivalent to the convex-
ity of level set {(A, u, x)| F(A™!, p,u,x) =0} for each p fixed (implied in the proof of
Lemma 4.1 in the next section). By restricting A € S, (Q), we reduce dimension require-
ment for A. This is useful in some applications, in particular when n = 2. We refer the next
section for further discussions.

The following theorem is the core result of this paper. Theorem 1.1 is a direct conse-
quence of Theorem 3.2 and Lemma 3.1.

Theorem 3.2 Suppose that the function F satisfies conditions (1.3) and (3.4) and let u €
C*1(Q) is a convex solution of (1.2). If V*u attains its minimum rank [ at certain point
Xo € 2, then there exist a neighborhood O of xy and a positive constant C independent of ¢
(defined in (2.2)), such that

3 FP pup(x) < Clp@) + Vo)), Vx €. (3.5)
a,p

In turn, V>u is of constant rank in ©O. Moreover, for each x, € Q, there exist a neighborhood
U of xo and (n —1) fixed directions Vi, ..., V,_; such that Vzu(x)Vj =0foralll <j<n-—I
andx elU.

Proof of Theorem 3.2 Let u € C>'(2) be a convex solution of (1.2) and W (x) = (i (x)).
Let zo € 2 be a point where W = (V?u) attains minimal rank /. We may assume [ <n — 1,
otherwise there is nothing to prove. As in the previous section, pick an open neighborhood
Oof zg,foranyx e O, letG={n—-1+1,n—142,...,n}and B={1,...,n — 1} be the
“good” and “bad” sets of indices for eigenvalues of V?u(x) respectively.

Setting ¢ as (2.2), then we see from Corollary 2.2 that ¢ € C'!(©),

¢(x) =0, ¢(z0) =0

and there is a constant C > 0 such that for all x € O,

1 1
rabd (B)(x) = ¢(x) = Cor(B)(x), rabd (B)(x) = 0111 (W(x)) = Cor(B)(x).

Fix a point z € O and prove (3.5) at z. For each z € O fixed, letting A; < A,--- <A, be
the eigenvalues of W (z) = (u;;(z)) at z, one may assume W (z) = (u;;(z)) is diagonal with
proper choice of orthonormal coordinates, and u;; (z) =A;,i =1, ..., n.

Again, as in the previous section, we will avoid o, (W) = 0 by considering W, (defined
in (2.3)) for € > O sufficient small, with W, = W +€l, G = (Ay_j11 + €,..., Ay + €),
B.= (A1 +¢€,..., ,—; +€). Note that W, is the Hessian of function u.(x) = u(x) + §|x|2.
This function u. (x) satisfies equation

F(Vzues Vue; Ue, X) = Rés (36)
where R, (x) = F(V?uc, Ve, ue, x) — F(V?u, Vu, u, x). Since u € C>', we have
|R:(x)| < Ce, [VR:(x)| < Ce, |V*R.(x)| < Ce, VxeO. 3.7

We will work on (3.6) to obtain the differential inequality (3.5) for ¢, defined in (2.3)
with constant C;, C, independent of €. Theorem 3.2 would follow by letting ¢ — 0.
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Set v = u,, in the rest of this section. Write W for W,, G for G, B for B,, g for g. and
¢ for ¢, with the understanding that all the estimates will be independent of €. Note that
(2.5) implies

€e<Co¢(x), forallxeO, 3.8)
and v satisfies the equation
F(V?v, Vv,v,x) = R(x), (3.9)

with R(x) under control as follows:

IV/R(x)| < C¢(x), forall j=0,1,2,andforall x € O. (3.10)
Then
a¢ ij 82¢ ij ij,km
Qo = Fr = ¢ Vija, Pup = 9300 =Y vjjup + @'k Vija Vkmg -

Differentiate (3.9) in x; and then x; and use (3.10) to obtain

S Fug+ 3 Flhug + Foo + FY = 0(9), G
af k

ap af yn k

k

k ap !

+ Fluj +v; (Z F*Puypg + 3 " FPiy; 4+ FVy; + F“*"f')
aff !

+ Y g Y F Ry FVy; 4 FY = 0(¢). (3.12)
af k

AS Vggij = Vjjep (this will have to be modified later by a commutator formula when we deal
with symmetric curvature tensors on general manifolds), we get

D F s =Y FP¢viag + Y FPG 00 v
= 3 P vy — YT F vy — Y @Y [2 3 FeP g0y
+Fvy Y PRy 2 Pt 2y Py
—> ¢ [F“‘ﬁ’”va,si Vynj +2 Y F P 00, 42 F P,
Y P+ Y F e 4 Y P ]+ 0(9). (3.13)

We will estimate the terms in the right hand side of (3.13). The analysis will be devoted
to those third order derivatives terms which have with at least two indices in B. Some of
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these are linear. Controlling these linear term is the main challenge. This is the place where
the function ¢ in (2.1) plays key role. The concavity results of ¢ in last section will be used
in crucial way. As for the remaining terms in (3.13), we will sort them out in a way such that
condition (4.3) can be used to obtain appropriate control.

Note that since W = (v;;) is diagonal at z, Lemma 2.3 and Lemma 2.4 imply,

ol (Bli)—o2(Bli)

= {GI(G)—I—T—FO(@, ifi=jeB,

(3.14)
0(9), otherwise.

Hence at z

26" [F”v,j +2)  FP Uy + Y PRy, 42 (F% g, + F95 U“)]

iJ
n
= Z(b” I:FUU,',' +2 Z Fobdi VogiVii + F1 T ;05 + 2F% v 0, 4 2F 70 U,',']
i=1

=0+ 4" [F” +2 " iy + o0y, 4 2y, + 2Fq“x"]v,-,-
ieB

i (Bli) — o2 (Bli)

<0+ CZ@(G) + (B)

ieB

)vii = 0(9), (3.15)

since A; = O(¢),i € B and 07,1 (W) > 0,(G)o(B). This takes care of the third term on the
right hand side of (3.13). For the second term we have

> ¢ Fhu = 0(@) + Y ¢ Fhug = 0 <¢ +) |Vvij|). (3.16)
ieB i,jeB
For the third term in (3.13), by (3.14) we have,
¢ij [Faﬂ.)/ﬂvaﬁi U}/nj =+ ZFO‘ﬂ‘”vaﬁ,- Uj =+ 2Faﬂ,x]- Uotﬁi =+ FU’UU,' Uj =+ 2Fv,x,- Uj + inxi]

= 0@)+ 3" [ X F P Muggiv +23 F v

ieB

+ 23 Py + FU0F 4 2F S+ P

ol (Bli) — o2(Bli)
= 0<¢ + Z |Vvi_f|) + Z(UI(G) + 12 - 7 (B) >

i,jeB ieB

X [ Z Faﬂ,ynviaﬁviyn +2 Z F“ﬂ’”viaﬁvi +2 Z Faﬂ‘xiviaﬁ
o, B,7,nEG a,eG o,BeG

+ FUv? 4 2F iy, + F] (3.17)
Now deal with the term > F*#¢!/*"y;;, vj,,6 in (3.13). Note that
¢ij,km — aziilkm _{_qij,km.
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Since 0,1 (W]ij) = O(¢) fori, j € G,i # j, for «, B fixed, by (2.8),

ij.km _ iikk i o
E 011 VijaVkmp = 2 0141 Uuavkkﬂ+§ 0141 VijeVjip

i2k i%]
= ZUI—I(W”k)Uiiavkkﬁ - Zal—l(Wlij)vijaniﬁ
ik i)
= 0(¢ +) |w,-_,-|) -2 > 011Gl vijavijp-
ijeB icB.jcG

As 01_1(G|j) = %2, j € G, we have
J

ij,km 1
Uli’lk VijaVkmp = 0<¢ + Z |VUij|> —201(G) Z 3 VijaVij-

i,jeB ieB,jeG "/

By Proposition 2.1,

N 02(Bli) — o2 (Bli)
> 4 Vi = 0(¢ +y IVvijl) —2 Y v

2 )
ij.km i.jeB i€B,jeG 91 (B))‘/
n Via Vi 1
_ Zleg ia Vip Z VijaUigs
i (B) o1(B) i,jeB.i#]

where V;, is defined in (2.6). We conclude that

> FP Gy v = O (¢ + )|V |)

i.jeB

_ ZFaﬂ[ZieB VieVig. Yijes.izj VijaViip
o o} (B) o1(B)

+2§<01(G)+ 2B) )Ajv,jmu,,ﬁ] (3.18)

Combining (3.15)—(3.18), one reduces (3.13) to

ieg VieVi Zi ieB.ij VijaVjip
FoP wg = O V| ) = FoB ZlEB B LjEBi#]
Z Pap <¢>+ Z I v_,l) Z [ >3 (B) + B

i,jeB o.p

2 N .
_ Z[GI(G) + M] |: Z F(xﬁ.yn(A)viaﬁ Viyn

2
ieB o (B) o.B.y.n€G

+2 Z F“ﬂz %Uijozvijﬂ +2 Z FP vigpv;
j

afeG jeG o,feCG

+2 ) FPius 4+ FUU0] +2F 5y, + F] (3.19)
a,peG
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At this point, we have succeeded in regrouping the terms involving third order derivatives
in terms of “B” and “G”. First consider the last term on the right hand side of (3.19). For
each i € B, let

Ji =|: Z Fepm ViapViyy +2 Z Faﬂz U”“U”ﬂ

a,B,y.neG o,feG jeG

+2 ) F P00 +2 ) F v 4+ F07 + 2F 0, + F""”"':|. (3.20)
o,BeG a,BeG

By Condition (1.3), since v € C>!'(so F*¥ € C%!) and O C Q, there exists a constant
8o > 0, such that

(F*%y > 8,1, VyeO. (3.21)
In particular F™" > §y. If G # @, son € G. Since v;, = §;xA; at z, (3.11) implies, fori € B
> FPuupi+ F'v + F5 = 0<¢ +y |Vv,~j|>.
a,feG i,jeB
If G =0, (3.11) also yields
F™ v, + F'v; + FY = 0<¢+ > |Vvij|>.
i,jeB

In any case, set X3 =0 ifeithern —1>a € Born—1>B€B,

Xon = Vign — |:§ F* vaﬂ,+F“v +FX':| ifG#0
an
o, feCG

1
Xnn:vinn_ an[ U; +FY'] lfG:@7

Xop = Viap Otherwise, ¥ = —v; and Zy = —8;. Thus (X.p) € S, (identity matrix) and
X =((Xap), Y, Z1, ..., Z,) € ', . Condition (3.4) implies
F

Ji > —c<¢+ > |Vv,~j|).

i,jeB

o (Bli)—o(Bli)

Since C > 0;(G) + > 0, thus we obtain

ol (B)
ZF P s < C<¢>+ > |Vv,,|)
i,jeB
B ZF“ﬂ<ZiE§ ViaVip D jenit) Uijotvjiﬂ) (3.22)
oy (B) o1(B)

The object of the final stage of the proof is to control the term
using the remaind terms on the right hand side.

i jes IVVij| in (3.22)
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By (3.21),

n
ZFﬁVzaVlﬂ>5OZ s D F v = 80 Y Vg
a,f a=1

Inserting above inequalities into (3.22), we then obtain

@, ie Zi,’e i '|vi‘0f|2
ZFﬂ¢aﬁ§C(¢+Z|Vvij|> aoZ[ ;fB) T } (3.23)

a,p i,jeB

From Lemma 2.4, it follows that

o), 324

du = 0(9) + Z(m(G) - 2 2(5)

ieB
The key differential inequality (3.5) is the consequence of (3.23) and the following lemma. [J
Lemma 3.3 Suppose M > Xx; >0, M > y; > %,Vi =1,...,m for some M > 0, and sup-

pose that vijo =Vjio, Vi, j=1,...,m,a=1,...,n. Then there is a constant C depending
only on n and M, such that for each o, for any D > 0,8 > 0

m m
2D § Yivjlvijel* Y, v2
ijel <Cl14+—+D A i Viia — =7 — ==
(3.25)
where Vi, = vjiq01(A) — A,«(Z'}Ll Vjja)-
Proof of Lemma 3.3 Use a trick devised in [14]. Foreach o =1, ..., n fixed,
Z vijal =) [vijal + Z |Viial-
i,j=1 i#j
Ifi # j, for any D > 0, the Cauchy-Schwarz inequality yields
D 8 |vijal®
jal < =87 . 3.26
[vijel| < 01()+2D01(A) (3.26)
The linear terms involving v;;4, i =1, ..., m still need to be controlled. Set

P = {i| vij > 0}, N = {i| vjja <0}, R = {i] vjja =0},

and consider two separate cases.
Case 1. Either P =) or N = (J. In this case, v;;, has the same sign foralli =1, ..., m.
We derive easily

3.27)

m
E YiViia

i=1

[viie| < Cy

)

with C; under control.
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Case 2. P # ¢, N # (. We may assume },_p vi; > )~y vj; (changing vjjq to —v;jq if
necessary). Fori € P,

Viig < E Vikka < Cz(

keP

m
E YiViia
i=1

-3 uj_,«a>, (3.28)

JjeN

for some positive constant C, under control. At this point, we have reduced the estimation
of vjjq, i € P to the estimation of —v;j,, j € N.

Claim IfP ;ﬁ Qj, N ;ﬁ @, ZieP Vi > ZjeN Vjj, then
2 2
4n 2
Sue) = s SV
(jeN 9 *) ieB
Assuming the Claim is true, we get for all k € N,

2
Vg 4n?y". V2
(Z/EN JJ ) < DO_l ()\) + n ZlEB i

—Vkka < — Vjia < Do (A) +
b =D Uy 1) Doy (h) Do} (A)

JEN

(3.29)

Consequently we also control terms involving v;;4, i € P by (3.28).
We now validate the Claim.

Proof of Claim First, by the Cauchy-Schwarz inequality
2 m
(Zw) = Tvize v
ieN ieN i=1
It follows from the definitions of the sets P, N, R and V;, that

~Y :Z<xi(2um+2vkka> —U,‘ia<;)»j +j§kj +k;xk>)

ieN ieN JjeN keP

_ (ZQ(ZU,&&) - ( > M) (Zu,-,-a). (3.30)

ieN keP ke PUR ieN

Since in this case

Z}»i>0, kakot>07 Zvjjafoa

ieN keP JEN
all the terms on the right hand side of (3.30) are nonnegative, hence
2 2 2 2 2 2 2
1 oy ()
(z v) > ( 3 xk) (z ) > (2 m) (z ) = (T
ieN ke PUR ieN ieN ieN

The lemma is proved. |
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By Lemma 3.3 and (3.23), there exist positive constants C;, C, independent of €, such
that

Y PP <Cild+ VoD — C2 Y [Vl (3.31)

a.p i,jeB

Taking € — 0, (3.31) is proven with v replaced by u. By the Strong Maximum Principle,
¢ =01in O. Since Q is flat, following the arguments in [7, 27], for any x, € €2, there is a
neighborhood ¢/ and (n — [) fixed directions Vi, ..., V,_; such that V2u(x) V; =0 for all
1 < j<n—1Iandx €U. The proof of Theorem 3.2 is complete. O

Remark 3.4 The main step in the above proof is to control linear terms of v;jq, i, j € B.
If F is symmetric in (1.1), all terms involving v;;, (i, j € B) are quadratic. In [9], a test
function ¢ (x) = 0741 (Vu(x)) + Aoy42(V2u(x)) was introduced. For § = Aoy (VZu(x)),
it was proved in [9] that

Z qij‘kmvijavkmﬁ = 0(¢) —A Z Uijavijﬂ~ (332)

i,j.k.m ijeB

The terms on the right hand side of (3.32) was used there to overcome quadratic terms of
Vijo (i, j € B). For general F in (1.2), we encounter linear terms of vjjq, i, j € B. (3.32) is
not good enough. The function ¢ introduced in (2.1) produces (2.7) in Proposition 2.1 which
was used in a crucial way in the proof here. It should also be noted that, with Lemma 2.5,
the quadratic terms of v;j«, i, j € B can in fact be controlled by 0141(V?u(x)). Therefore,
all the arguments in [9] can carry through for simpler test function ¢ (x) = 07, (VZu(x)).

4 Condition (1.4) and discussions

We discuss the convexity condition (1.4) in this section. Write A~! = (A") for the inverse
matrix A~! of positive definite matrix A.

Lemma 4.1 F satisfies Condition (1.4) if and only if

n

Z FIM (A, pLu, x)Xij X +2 Z FU(A, pyu, x)A" Xy X j; + F“"Y?
i,j k=1 i jk =1

n n n n
2 FUXuY —2 Y FUNX,Z 423 FUNYZi4 Y FUNZZ 20 ()
i,j=1 i,j.k=1 i=1 i,j=1

forevery X =(X;;) €S", Y €eRand Z =(Z;) e R".

Proof From the convexity of F(B, u,x)=F(B™!, p, u, x) (for each p fixed),
> FNB ) XapXyy +2 Y FP X opY + FUUY?
o,f.y.n=1 a,f=1
+2 ) FUNRpZy+2) FUNYZ+ Y FNNZZ20 4.2)
a.Bk=1 k=1 ij=1
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forevery X € S", Y €R, Z=(Z;)€R"and B € S . A direct computation yields

F(B,u,x) = —F"j(Bf',p, u,x)B“BIP,
F*"(B,u,x)=—F7""(B™", p,u,x)B"*B*,
FePY"(B u, x) = FI* (B! p,u, x)B'*B/# B B
+ FY(B™', p,u,x)(B"Y B/ B™ + B'*B/"BFY).
Other derivatives can be calculated in a similar way. Substituting these into (4.2), (4.1)

follows directly. D

Let Q € O,, define

Fo(A u,x)= F(Q <g AO,I) o, p,u,x>

for (A,u,x) € Sf’[l x R x € and fixed p. Condition (1.4) implies the following condition
I:"Q (A,u,x) islocally convex 4.3)

in 77! x R x Q for any fixed n x n orthogonal matrix Q.
The approximation Lemma 4.1 yields

Corollary 4.2 Let Q € Q,. Assume F satisfies condition (4.3), then
0" (X. X) =0, (4.4)

for every X = ((Xij), Y, Zy, ..., Zy) € 5,21(Q) x Rx R", where Q* is defined in (3.3).

In particular, by Corollary 4.2, condition (4.3) implies (3.4). Since condition (1.4) implies
(4.3), Lemma 3.1 is a consequence of Corollary 4.2.

Condition (4.3) is weaker than condition (1.4). In particular condition (4.3) is empty
when n = 1. There is a wide class of functions which satisfy (4.4). The most important
examples are o} and ;’—]’( (I > k). The study of fully nonlinear equations related to these form
of elementary symmetric functions was initiated in [10]. If g is non-decreasing and convex,
Fy, ..., F, are in this class, then F = g(Fy,..., F,,) is also in this class. In particular, if
F; > 0 and F, > 0 are in the class, so is F = F{' + Fzﬁ for any « > 1, B > 1. Another
property of condition (4.3) is the following.

Corollary 4.3 If F satisfies (4.4), then so does the function G(A) = F(A + E) for any
nonnegative definite matrix E.

We also have the following lemma.

Lemma 4.4 Suppose n =2 and F(A) > 0 is symmetric and homogeneous of degree k. If
either k <0 ork > 1, then F satisfies (4.4).

Proof Since n = 2, condition (4.4) is equivalent to F*2*2 > 0. By homogeneity, we have

> Fltiahy =k — DF.

ij=1

n=2and A =0 yields F*>*2)3 =k(k — 1)F(0, Ay) > 0. ]
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The simple example u = Y \_, xlf‘, F(A) = 0,(A) indicates that some condition is needed
in Theorem 1.1. If F is independent of x, u, one may ask if the convexity assumption of
F(A™!, p) for A in condition (1.4) (or condition (3.4)) is necessary for Theorem 1.1. As
remarked earlier, when n = 1, this assumption is not necessary. For general n > 2, there is

the following theorem.

Theorem 4.5 Suppose F(A, p) is elliptic and u is a convex solution of
F(Vu,Vu) =0, (4.5)

then W = (V?u) is either of constant rank, or its minimal rank is at least 2. In particular, if
n =2, then W is of constant rank.

Proof The proof follows the same lines of proof as Theorem 3.2 with the following observa-
tions: condition (4.3) was only used to control J; as defined in (3.20). Let / be the minimum
rank of W.If [ =0, that is G = J, the proof of Theorem 3.2 works without any change since
F is independent of (u, x) in our case. This leaves the case [ =1 i.e. |G| = 1 and we may
assume o = n € G. Note that (3.19) still holds. Since F(V?u, Vu) =0, and

0=V, F(V?u,Vu) = F"t,; + 0<¢ + Z |V’/lij|>-

i,jeB

This gives

|t < c<¢ +y |Vul;,»|>.

i.jeB
Of course, the treatment of terms involving u;;g for i, j € B follows the same way as in the

proof of Theorem 3.2. One may deduce that W is of constant rank. Finally, if n = 2, the only
other case is / = 2. In this case, W is of full rank everywhere. O

Remark 4.6 The above proof of Theorem 4.5 indicates that if the minimal rank of W is
either 0 or 1, then the rank of (V2u) is the same everywhere. There is no structure condition
imposed on F except the ellipticity condition (1.3). This observation will be used in the
proof of Theorem 1.6 in the next section. In general, for a nonlinear eigenvalue problem
F(V?v) = Av, the function u = —logv satisfies (4.5) if F is of homogeneous degree of
one. This is useful in the study of the log-concavity property (c.f. [6, 8, 28]) of nonlinear
eigenvalue problem.

We conclude this section with the proof of Theorem 1.2. We have the following.
Proposition 4.7 Let F and u as in Theorem 1.2. For each 0 <ty <T, iszu attains mini-
mum rank | at certain point x, € 2, then there exist a neighborhood O of xy and a positive

constant C independent of ¢ (defined in (2.2)), such that for t close to ty, o;(u;;(x,t)) >0
forx € O, and

Z FPPup(x, 1) — i (x,1) < C(@(x,1) + Ve (x,0)]), VxeO. (4.6)
o,pB
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Proof of Proposition 4.7 The proof is similar to the proof of Theorem 3.2. Since u € C?,
the assumptions on F automatically imply u € C*. Suppose (VZu(x, ty)) attains its min-
imal rank / at some point xo € 2. We may assume / < n — 1, otherwise there is noth-
ing to prove. By continuity, o;(u;;(x,t)) > 0 in a neighborhood of (xo,#). With u, =
F(V?u,Vu,u,x,t), using the same notations as in the proof of Theorem 3.2, (3.12) be-
comes

af af k

yn

k k 1

ap

it (Z FUPvgy ) F oy + F"Vo; + Fw)
af 1

+ ) PPy 4y F Gy Py F6
af k

— 0(@) + vij, @7

and accordingly, (3.13) becomes
Z F¢op = Z FP v 0 + Z T
= Z FP @My Vimp — Z¢>U Fhug; — ZQW [22 FeP Oy vy
+ Fuij + Z Fa v + ZZ F®%Pyv; + 22 P Uki]
- Zd)ij [F“‘ﬁ’”vaﬂ[ Vynj +2 Z FPVyugi0; +2 Z FP%iy,e
+ 3 F Y F 4 F"""l‘] HO@) + v (48)
Note that since ¢, = Y ¢"/ v;; ., (4.8) can be written as
D FPup — =Y FP v vimp — Y Y Fuy;
- Z(]bij [F”v,-j + ZZ FoPky g0 + Z Fe Uy, vy;
+2) v, 42 FR Uki]
- Z¢ij I:Faﬂ.ynvaﬂi Vynj + 22 Faﬂ’vvaﬂivj + 22 FeBxj Vapi
+ Y P+ Y F e 4 Y P ]+ 0(9). 4.9)

The right hand side of (4.9) is the same as the right hand side of (3.13). Using Corollary 4.2
in place of Lemma 3.1 in the proof of Theorem 3.2, the same analysis yields

> Fup(x.1) — i (x.1) < L@@ D) + [V (. ) = C2 Y Vol (4.10)

i,jeB

a
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Proof of Theorem 1.2 1t follows from Proposition 4.7 and the Strong Maximum Principle
for parabolic equations that ¢ = 0 locally. That is V2u(x, t) is of constant rank /(t) for each
t > 0. Since 2 is flat, by the arguments in [7, 27], foreach 0 <t < T, x € 2, there exist a
neighborhood ¢/ of xg and (n —I(t)) fixed directions Vi, ..., V,_j) such that Vu(x,t) V=
Oforall 1 <j <n—I(t) and x € U. Going back to (4.10), we have Zi,st [Vu;j(x,t)| =0
and therefore the null space of V?u is parallel. |

Remark 4.8 Examining the proof of Theorem 1.1 shows that the local convexity condition
in (1.4) is only needed near the set \V = {det(V?u) = 0}. Vx € \V, we let

Dyx) = {r diagonal| r = O (V*u(x)) Q7 for some Q € O(n)). 4.11)
For each 6 > 0, set IL‘E(X) ={s||s —u(x)| <6}, and
D}, ={A| [A™" —r|| <8, for some r € Dy)}.

The condition (1.4) in Theorem 1.1 can be replaced by: there is § > 0 and for p = QVu(x)
(Q€O0m)),

F(A™', p,u,x) 1islocally convex in (A, u, x) in ng x I’ xO. 4.12)

u(x)

Similarly, condition (1.5) and condition (4.3) only need to be valid for (A, u, x) in bi(x) X
If( o x O for each . Note that the regularity assumptions on u and F in Theorem 1.2 and

Theorem 4.7 can be reduced to C2.

5 Geometric applications
We discuss geometric nonlinear differential equations in this section.

Proposition 5.1 Suppose F(A, X, n,t) is elliptic in A and satisfies condition (4.4) for each
fixedn € S", t € [0, T for some T > 0. Let M(t) be an oriented immersed connected hyper-
surface in R with a nonnegative definite second fundamental form h(t) satisfying (1.9).
Then h(t) is of constant rank [(t) for each t € (0, T] and I(s) <I(t) forall0 <s <t <T.
Moreover the null space of h is parallel for each t.

Proof Fore >0,let W = (gi”‘hmj + €8;;), where h = (h;;) is the second fundamental form
of M(t). Let [(¢) be the minimal rank of /(). For a fixed #, € (0, T'), let xo € M such that
h(t) attains minimal rank at xy. Set ¢ (x, ) = 0. (W (x, 1)) + :—ﬁ (W(x,1)). By the results
of Sect. 2, ¢ isin C"!. The proposition will follow if we can establish that there are constants
Cy, C, independent of € such that

FU¢ij — ¢ < Ci¢p+ C2|V|,  near (xo, o). (CRY)

X = (X",..., X" be the position vector and let h> = (hfhlj.). We note that under (1.9),
the Weingarten form h’] = g"™h,,; satisfies the equation

dhl, =V'V,;F + F(h*)}. (5.2)
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The same arguments used in the proof of Theorem 3.2 carry through with some mod-
ifications to prove a parabolic version of (3.12) using (5.2). In this case, Wijk, and Wyy;;
may be different. But as W is Codazzi, the commutator term can be controlled using the
Ricci identity. Here 7 replaces p and the Gauss equation will be used. All these terms are
controlled by CW;;. Notice that W;; < ¢ for all i € B, so we have the following formula
corresponding to (3.19):

Y Fl e —
1
_ ) - By, . .
_0<¢+.Z 'VW”'> B 2 F W Wi
i,JEB o,B i,jEB,i#]
1
~ B Z Z F*f (Wiiaal(B) - Wi Z W/'ja) <Wii/301(3) - Wi Z Wjjﬂ)
o (B) «.p icB jeB jeB
o2(Bli) — 02(Bli) " «
- Z[“’(G) * TM D PRI Wiap Wiy + ) FY X,
ieB 1 o, B,y,n€G o
1 n+1 n+1
PO WATRTNED 3D LA RS WAER 2
aBeG jec «,BeG y=1 y.n=1

(5.3)

The term involving X;; is controlled by Ch;; (and in turn by C W;;) using the Weingarten
formula. We obtain

D F s — o,
1 {7
= 0<¢+ Z |VWij|> - mz Z FPWijo Wijp
i.jeB 1 a.B i jeB.i#]
1
- 3B) Z Z F* <Wnaﬂl(3) - Wi Z Wjjoz) <Wiiﬁ01(3) - Wi Z W/'_/'/S)
o1 o, icB jeB jeB
o2(Bli) — 02(Bli)
_ Z[UI(G) + %} |: Z FeBrn(p) Wiap Wiy
ieB o (B) o,B,y,n€G
1 n+1 n+1
2 FPY Wi Wip +2 )0 ) PP Wi X+ FXV.X”X"VX"W]‘
aBeG jeGg «,BeC y=1 ya=1

5.4

The right hand side of (5.4) is the same as in (3.19) and the analysis in the proof of
Theorem 3.2 can be used to show the right hand side of (5.4) can be controlled by
¢+ |Vl - C Zl jeB |[VW;;|. The theorem follows by the same argument as in the end
of the proof of Theorem 4.7. ]

Note that Theorem 1.5 follows directly from Proposition 5.1 (since (1.10) is a special case
of (1.9) by making M independent of ¢) and a splitting theorem for complete hypersurfaces
in R"*!. We now prove Theorem 1.4. In fact, the local convexity condition on F in that
theorem can be weakened to condition (4.4).
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Theorem 5.2 Suppose F(A, X, n,t) is elliptic in A and satisfies condition (4.4) for each
fixedii €S",t € [0, T] for some T > 0. Let M(t) C R"*! be a compact hypersurface satis-
fying (1.9). If My is convex, then M (t) is strictly convex for all t € (0, T).

Proof of Theorem 5.2 First, My may be approximated by a strictly convex M. By conti-
nuity, there is 6 > 0 (independent of €), such that there is a solution M€ (¢) to (1.9) with
M<(0) = Mg for t € [0, §]. We argue that M (¢) is strictly convex for ¢ € [0, §]. If not, there
is fp > 0 so that M€ (¢) is strictly convex for 0 <t < t,. But there is one point x, such that
(hij(xo, 1)) is not of full rank, contradicting Proposition 5.1. Taking € — 0, we conclude
that M (¢) is convex for all ¢ € [0, §]. This implies that the set + where M (¢) is convex is
open. It is obviously closed. Therefore, M (¢) is convex for all ¢ € [0, T']. Again, by Propo-
sition 5.1, M (t) is strictly convex for all t € (0, T']. O

Remark 5.3 If n =2, by Lemma 4.4, if F(A) is homogeneous of degree k for either £ > 1
or k <0, then F satisfies condition (4.4) automatically.

Let (M, g) be a Riemannian manifold (not necessary compact). A symmetric 2-tensor
W is called a Codazzi tensor if w;j; is symmetric with respect to indices i, j, k in local
orthonormal frames. One of the important examples of the Codazzi tensor is the second
fundamental form of hypersurfaces.

Theorem 5.4 Let F(A,x) is elliptic and F(A™', x) is locally convex in (A, x). Suppose
(M, g) is a connected Riemannian manifold with nonnegative sectional curvature, and W is
a semi-positive definite Codazzi tensor on M satisfying equation

F(g'W,x)=0 onM, (5.5)
then W is of constant rank and its null space is parallel.

Proof Since the proof is similar to the proof of Theorem 1.1 and we only indicate some
necessary modifications.

We use the same notations as in the proof of Theorem 1.1. As before, we set ¢(x) =
o1 (W(x)) + % as in (2.2). As before, we want to establish corresponding differen-
tial inequality (3.5) in this case for the Codazzi tensor W. We note that all the analysis in
Sect. 3 carries through without any change if we use local orthonormal frames, except for the
commutators of derivatives. Since W is Codazzi, we only need to take care of commutators

of the form Wy, g8 — Wpgg,«a- The Ricci identity states
Wea,ps = Wag aa + Rapap(Waa — Wpp), (5.6)

where R,pqp are the sectional curvatures of (M, g). Following the same lines of the proof of
Theorem 3.2, we have the corresponding differential inequality

D FPup(x) < Ci(¢() + IV = 01(G) Y F*RupapWaa —C2 Y [VWil.

op aeG.peB i.jeB

(5.7

Since Rypap > 0, the strong maximum principle implies ¢ = 0 in M. Therefore W is of
constant rank /. Again, by (5.7), Zi.jeB [VW;;| =0, so the null space of W is parallel. [
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Proof of Theorem 1.6 Deal with case (2) of thg theorem first. Let ¢ = mip,(e u Wi (x), where
W, (x) is smallest eigenvalue of W at x. Set W = g~' (W — cg). Then W is also a Codazzi
tensor, it’s rank is strictly less than n at some point, and it satisfies

F(W)=F(g~'W + cI) = constant. (5.8)

By our assumption, ¢ > 0, it follows from Corollary 4.3 that F satisfies condition (1.4).
For ¢ (x) = 0144 (W(x)) + %, inequality (5.7) is valid. It follows from the proof of
Theorem 3.2 that ¢ =0 in M. This implies that the left hand side of (5.7) is identically O,
so is the right hand side. By assumption, Ruges > 0 at some point. It follows that G must be
empty, that is W =0.

In case (1) we follow the arguments in the proof of Theorem 4.5 and Remark 4.6. Let w
defined as before (¢ may not be nonnegative in this case). Then W is a semi-positive definite
Codazzi tensor with minimal rank strictly less than 2 at some point, satisfying F(W) =
F(g™! W4el)=0, F is elliptic. If [ = 0, the proof for case (2) carries through without
change. Assume / = 1, |G| = 1. At the given point, we may assume W is diagonal and
n € G. Differentiate equation F (W) =0, as in the proof of Theorem 4.5, to obtain

VW = 0(2 vvi/,,-).
i.jeB

Therefore, VW,, can be controlled. It follows from the proof of Theorem 3.2 that inequality
(5.7) is valid. In turn, we get ¢ =0 in M. As in case (2), Rypap > 0 forces W = 0. |

Remark 5.5 In spirit, our results are similar to Hamilton’s strong maximum principle [19]
for the tensor equation

W, =AW + &(W), (5.9)

under the assumption that V7 ®(W)V > 0 for any null direction of W. In our situation,
the tensor equation for W is more complicated. For example, in the case of Theorem 4.7,
W = (V?u) satisfies

W, =FiV;V;W +®&(VW, W, Vu,u,x,1t), (5.10)

where @ involves VW, W, Vu, u, x,t. Our main aim is to show that ® is controlled by
¢ + |V | near the null set of ¢.

Remark 5.6 Assume F in (1.9) is nonnegative and depends only on A. Set

Amin (1) = mA/iIr(l){smallest eigenvalue of h(x,1)}, W= (hi- (x,1)) — Amin(s) 1.
X€E t

If W has zero eigenvalue at some time ¢ > s, using Corollary 4.3 and (5.2), the above argu-
ment above can be used to show that

3 FPup(x) — ¢ < C1o (1) + ColVY W) = 01(G) Y F“RupopWe.  (5.11)

af aeG,BeB

By Theorem 1.4, the sectional curvature of M (¢) is strictly positive and therefore the last
term in (5.11) must vanish, that is W = 0. In turn, Theorem 1.4 can be strengthened as
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follow:
Amin(®) = Apin(s), VO<s=<t<T,

and if equality holds for some s < 1y, then (hﬂ. (x,1)) = Apin(s)1 is constant for all s <t and
for all x, that is M (¢) is a sphere for all 7 > s.

Remark 5.7 Applying the same argument as in Remark 4.8, we can weaken the local con-
vexity condition on F in Theorem 1.6 and Theorem 5.4. Let

Dw () = {r diagonal| r = ngl (X)W (x) QT for some Q € O(n)},

Diyy ={Al|A™" = r|| <8, for some r € Dy }-

In this case, we only need the condition: there is § > 0,
F(A™',x) islocally convex in f)‘;,(x) x O. (5.12)

Note that when M is compact, for given Codazzi tensor W on M, there exists A > 0 such that
W = Ag — W > 0 everywhere. If F(W) is concave in W, then F(g~'W)=—F(\I —g~'W)
satisfies condition (5.12).
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