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Abstract. We prove the complete asymptotic expansion of the integrated
density of states of a two-dimensional Schrodinger operator with a smooth
periodic potential.

1. Introduction

Let H be a Schrodinger operator
(1.1) H=-A+V

acting in R?. The potential V is assumed to be infinitely smooth and periodic
with I' ¢ R? being its lattice of periods. We denote by @ = R?/T" the
fundamental quotient of I and by v the L>°-norm of V. We also denote by I'f
a dual lattice to I' and put of = R? / I'f. Denote by N(») the (integrated)
density of states of the operator H. The density of states is defined by the
formula

. N(x; HE
(1.2) N() = lim M
L—00 L4

Here, H(DL) is the restriction of H to the cube [0, L]¢ with the Dirichlet
boundary conditions, and N(X; A) is the counting function of the discrete
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spectrum of (a bounded below operator with compact resolvent) A. If we
denote by Ny (1) the density of states of the unperturbed operator Hy = —A,
one can easily see that for positive A one has

1.3 No(W) = A2,
(1.3) 0(A) o
where

/2
14 = -
(1.4) Y= T+ d0)

is the volume of the unit ball in R?. There is a long-standing conjecture
that for large A the density of states of the perturbed operator enjoys the
following asymptotic behaviour as A — o0:

(1.5) Ny ~ N1+ ea ),

j=1

meaning that for each K € N one has

K
(1.6) Ny = N1+ e ) + Re ()

j=1

with Rg(L) = o(k%_K ). In these formulas, e; are real numbers which
depend on the potential V. They can be calculated relatively easily using the
heat kernel invariants (computed in [2]); they are equal to certain integrals
of the potential V and its derivatives. Indeed, in [7], all these coefficients
were computed; in particular, it turned out that if d is even, then e; vanish
whenever j > d/2.

So far, (1.5) has been proved only in the case d = 1 in [11]. In the
multidimensional case, only partial results are known, see [1,4,5,9,12,13].
In particular, in [13] it was shown that when d = 2 formula (1.6) is valid
with K = 2 and R(A) = O(A‘g+5) for any positive €; in [4] it was shown
that when d > 3 formula (1.6) is valid with K = 1 and R(A) = O(A~%)
with some small § when d = 3 and R(\) = 0()\% InA) when d > 3.

The aim of this paper is to establish the complete asymptotic for-
mula (1.5) in the 2-dimensional case. Namely, we will prove that if d = 2,
we have:

(1.7) N = %(/\ —b)+ 00

for each K € N as A — oo with

1
(1.8) b= Vol((g)/@\/(x)dx.
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Note that in view of [7], it is enough to establish that (1.6) holds for each K
with some constants e;; then (1.7) will follow automatically. Moreover,
suppose that we have proved the following asymptotic formula:

2K 2K
(1.9) NGy = NG (14 Y en 2+ 38 n() +06.575).
Jj=1 j=1

Then, applying the same arguments as in [7], together with some straight-
forward calculations (one needs to compute the Laplace transform of
A%In}), it is easy to show that (1.9) still implies (1.7). Therefore, our
aim will be to prove (1.9). It was quite surprising for us when we were per-
forming the calculations that the terms containing logarithms were actually
‘present’ in the asymptotics of N, although the coefficients éj in front of
these terms turned out to be zero.

Remark 1.1. The coefficients ¢; in front of logarithmic terms can be non-
zero if one allows non-local pseudo-differential perturbations V. For ex-
ample, suppose, I' = Z? and V is a pseudo-differential operator of order
zero with the following symbol:

(1.10)
v(x, §) = [cos(2mx) + cos(2mx2) + cos(2m(xy — x2))]x1(1&]) x2(arg(§)),

where x; is a smooth cut-off to the interval [1, +00), and x, is a smooth
cut-off to [—0.1, w/4]. Then (1.9) is still valid, with &, # 0. This can be
seen by repeating the arguments of our paper for non-local operators and
a careful computation of all coefficients. Since in our paper we do not
consider non-local perturbations, we will not go into more details, but we
may return to this example in a further publication.

The method we apply to establish (1.9) consists of two parts. The
first part is, essentially, the method used in [8] in order to prove the
Bethe—Sommerfeld conjecture in all dimensions, while the second part
consists of a detailed analysis of the eigenvalues coming from the different
zones (resonance and non-resonance ones); when working in the resonance
regions, we use some arguments from the theory of analytic functions of
several complex variables. Dealing with the resonance regions is the part
of the proof which at the moment we cannot extend to higher dimensions
(more on this later). Now let us discuss the general strategy of the proof in
detail (but still on a not too formal level).

The first step of the proof, as usual, consists of performing the Floquet—
Bloch decomposition to our operator (1.1):

(1.11) H:fH@A,
(&)

where H(kK) = Hy+ V(x) is the family of ‘twisted” operators with the same
symbol as H acting in
9 = L*(0).
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These auxiliary operators are labelled by the quasi-momentum k € OT;
the domain D (k) of H(k) consists of functions f € H?*(®) which are

restrictions of functions f € H}.(R?) satisfying the following condition:

f (y +x) = e f (x), y € I'. We refer the reader to [10] for more details
about this decomposition. Now it would be useful to introduce a different
density of states

(1.12) N(A) ::/ N(A, H(k))dk
of
which is more convenient to deal with. It is known (see e.g. [10]) that
~ 1
(1.13) N@Q) = —NQ).
4
Therefore, for our purposes it would be enough to prove (1.9) for N instead

of N.
Note that we can assume without any loss of generality that

/ V(x)dx = 0.

o

Indeed, otherwise we consider a new operator H; := H — b (b is defined
in (1.8)). Note that H; = —A + V; and the constant Fourier coefficient

of Vi := V — b vanishes. Since N(A; H) = N(A — b, H,), we see that
asymptotic formulas (1.7) for H and H, are equivalent. Therefore, we can
(and will) always assume that f o V(X)dx = 0.

Next, instead of trying to prove (1.9) for all values of A, we will prove it
assuming that X is inside a fixed interval: A € [A,, 161, ], where A,, = 4" A
is a large number, and we will allow the coefficients in (1.9) to depend on n,
although the remainder should be uniform in #. In Sect. 3, we will show that
if we can prove these asymptotic formulae for all n with coefficients growing
not too fast, this would imply the validity (1.9) for all A. The reason we
require this reduction is the following: on later stages of the proof, we will
decompose the phase space (i.e. the space where the dual variable & lives)
into two regions: resonant and non-resonant zones. The resonant zones are,
roughly speaking, the strips of some width a. The value of a cannot be
chosen the same for all values of A, since we need a to be of order A!/°.
Thus, when we increase X, at some stage we will have to increase the value
of a, and this can result in changes of the asymptotic coefficients in (1.9).
However, if A runs over a fixed interval [A,, 161, ], we can keep a fixed and
thus the coefficients of our asymptotic expansion (1.9) will be fixed as well.
Thus, starting from Sect. 4, we will be assuming that A € [A,, 16A,] and n
is fixed.

The next step is to assume that the potential V is a finite trigonometric
polynomial whose Fourier coefficients

(1.14) V(m) := / V(x)e ™dx, mell
[¢]

1
A/ vol(0)
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vanish when |m| > R. More precisely, we replace the original potential

1 . .
(1.15) V(x) = VRl > Vime ™
mel't

by the truncated potential

(1.16) V/(x) = V(m)e ™,

>

vol(9) meB(R)NI'
where B(R) is a ball of radius R centered at the origin. Here, R = R,
is a parameter which grows as a small positive power of A, (for example,
R, =1 48). Itis easy to justify the fact that the error introduced by changing
the potential in such a way is small; this is where we use the fact that the
original potential is infinitely smooth. However, this truncation leaves us
with an additional tedious job of checking how all the important estimates
depend on R,,.

Next, our aim is to construct a good approximation of all the eigen-
values of all operators H(Kk) simultaneously (to be precise, we will need
to approximate only eigenvalues which are inside the interval [A, — 100v,
16A,, + 100v]). In Sect. 4, we discuss what exactly we mean by such a simul-
taneous approximation and prove that, if this approximation satisfies a bunch
of additional properties (in particular, the approximating function needs to
behave in a proper way in a specially chosen coordinate system which
should also satisfy certain properties), then asymptotic formula (1.9) would
follow automatically. This is done in Lemma 4.10. Unfortunately, we will
not be able to use this lemma without modifications further on in the paper,
but at least this lemma (and the proof of it) shows us which properties we
are aiming for.

The main part of the paper, Sects. 5-7, is devoted to the construction
of an approximation of all the eigenvalues of all operators H(k); the exist-
ence of such an approximation was assumed in Sect. 4. The main tool
during this construction will be an abstract result from perturbation the-
ory — Lemma 5.1. This lemma allows us, under certain conditions, to study
the spectrum of an operator PHP instead of the spectrum of an operator H.
Here, H = Hy + V is a bounded below operator with compact resolvent,
V is bounded, and P is a spectral projection of Hy. Since the formulation
of this lemma is rather involved, let us illustrate what it says by considering
a special case. Assume that P is a further sum of spectral projections of H,
P = Z]J.:O P such that the matrix of V in the basis corresponding to Py,
Py, ..., P;, Pjyy := 1 — P is block-three-diagonal (i.e. F; VP, = 0 when-
ever |j —t| > 1). Assume also that A = A(H) is an eigenvalue of H and
that the distance from the spectra of BHyF, (j = 1,...,J + 1) to A is at
least a, where a is sufficiently large, so that PyHP, is ‘essentially respon-
sible’ for the eigenvalue A. Then the operator PHP has an eigenvalue A’
such that [A — 1’| < a~2/. In applications, a will be of order 1'/®, so by
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choosing sufficiently large J, we can make our approximation as precise as
we wish.

We are going to apply Lemma 5.1 by constructing various projections P
such that the operator PHP has an eigenvalue close to an eigenvalue of H.
Roughly speaking, each point £ from the phase space such that |&|? is close
to A generates such a projection P = P(€). The structure of P(¢) depends on
the exact location of & in the phase space. There are two types of points &:
resonant and non-resonant ones. For non-resonant points &, the structure
of P(&) is relatively simple, the operator PHP has a unique eigenvalue close
to A, and we can find this eigenvalue using the standard approximating
procedure (for example, the Banach contraction mapping theorem). Having
constructed this approximation, we are ready to start computing N(A); it
is a relatively straightforward (but slightly tedious) task to compute the
contribution to the density of states coming from the non-resonant regions.
The logarithmic terms appear on this stage (resonant regions do not produce
any logarithms).

In the case of the resonant &, the structure of P(§) is more complicated,
and therefore it is much more difficult to compute a contribution to the
density of states coming from the resonance zones. The main problem lies
in the fact that the approximation formula for the resonant eigenvalues is
not explicit: it expresses eigenvalues of PHP in terms of the eigenvalues
of an expression A + B, where A and B are explicitly given symmetric
matrices and & ~ |£|~! is a small parameter which also depends on & in an
explicit way. Of course, one can expand the eigenvalues of A+-¢B in powers
of &, but the coefficients in this expansion will not be uniformly bounded
in &, so we will not be able to integrate this expansion in &. Thus, we need
to analyse the situation deeper. Let us denote by P the projection onto
the kernel of A. (We are interested in the perturbation of zero eigenvalues
of A.) Then a priori there are two reasons why the coefficients in the
asymptotic expansion of A 4+ ¢B can be large: either A has eigenvalues
close to zero (not the case in our situation), or the operator PBP has
eigenvalues close to each other. The latter possibility is actually occurring
in our problem. However, it turns out that PBP is ‘essentially’ unitary
equivalent to a one-dimensional Schrodinger operator with quasi-periodic
boundary conditions on the interval. Therefore, there could be no more
than two eigenvalues of this operator located near each other (at this place
we strongly use the fact that our operator H is two-dimensional). The rest
of the computations is similar to the non-resonance regions, only instead
of solving equation u + G(u) = A!'/? like we did in the non-resonance
region (and where we used implicit function theorem), now we have to
solve the equation u? 4+ X () + X2(w) = 0. The tool for dealing with
equations of this type comes from the theory of functions of several complex
variables and is called the Weierstrass preparation theorem. After using this
theorem, we obtain the expressions for eigenvalues in the non-resonance
regions; these expressions are no longer analytic in A!/2, but contain square
roots of analytic functions; however, these square roots will cancel after



Density of states 281

integration in & to produce an asymptotic formula which contains only
powers of 1!/2.

The rest of the paper is organised as follows: in the next section we
give all necessary definitions and basic facts (the Weierstrass preparation
theorem and corollaries from it). In Sect. 3 we reduce the problem of finding
an asymptotic formula valid for all A to the problem of finding such a formula
valid only for X inside a fixed interval. In Sect. 4 we describe what exactly
we mean by a simultaneous approximation of all eigenvalues of all H(k)
and give some idea about the general strategy of the proof. In Sect. 5
we formulate auxiliary results which were proved in [8] and introduce the
partition of the &-plane into resonance and non-resonance regions. In Sect. 6
we deal with the non-resonance regions, and, finally, in Sect. 7 (the most
complicated one) we compute the contribution to the density of states from
the resonance zones.
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2. Notation and basic facts

Let I' be a lattice in R?. We denote by @ = R?/T" the fundamental domain
of T, by I'f the lattice dual to I, and by @ = R?/I'! its fundamental
domain.

For each Vector x € R? we denote by x the result of rotation of x by —Z
and n(x) := ‘X‘, assuming x # 0. If x|, X, € R? are two non-zero Vectors
we denote by ¢(x1, X;) the angle between them (0 < ¢ < ).

If & € R?, there exists unique decomposition £ = y + k with y € I'f
and k € OF. We call y =: [£] and k =: {&} resp. the integer part and the
fractional part of &.

If H is a bounded below self-adjoint operator with compact resolvent,
then p;(H) is its j-th eigenvalue (counting multiplicities).

We also assume that the average of V over O is zero.

By C or ¢ we denote positive constants, the exact value of which can be
different each time they occur in the text, possibly even each time they occur
in the same formula. On the other hand, the constants which are labeled
(like Cy, c3, etc) have their values being fixed throughout the text. Given
two positive functions f and g, we say that f > g,org < f,or g = O(f)
if the ratio % is bounded. We say f < gif f > gand f < g.

The results in the rest of this section are quoted from [3].

Theorem 2.1. (The Weierstrass preparation theorem). Let F be analytic
and bounded in a neighborhood w of 0 in C" and assume that F(0, z,,)/z}, is
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analytic and ;é 0 at 0. (In other words it means that (37 F/3Zn)(0 0) = 0 for
j=1,...,p—1,and (3" F/3z,)(0, 0) # 0). Then one can find a polydisc
DCcow such that every G which is analytic and bounded in D can be written
in the form

(2.1) G =qF +r,

where q and r are analytic in D, r is a polynomial in z,, of degree < p (with
coefficients depending on 7' = (z1, ..., 2,-1)) and

(2.2) sup |g| < Csup |G].
D D

The representation is unique.

Remark 2.2. It follows from the proof that polydisc D and constant C can
be chosen to depend only on sup,, |F|, p and ((d” F/ az2y(0, 0)) L.

Now, choose G := z- and put W= X —r h= q* . We have

Corollary 2.3. If F satisfies the hypothesis of Theorem 2.1, then one can
write F in a unique way in the form

(2.3) F =hW,

where h and W are analytic in a neighborhood o' of 0, h(0) # 0, and W is
a Weierstrass polynomial, that is,

p—1
(2.4) W) =20+ Y a2z,

j=0
where a; are analytic functions in a neighborhood of 0 vanishing when
7 =0.

Moreover,

(2.5) sup(li] + |h|™") +sup W] < Ci,

and o' and C| depend only on sup,, | F|, p and (8" F/dz4)(0, 0))~'.

Corollary 2.4. Assume that a set of functions ¥ := {F} satisfies the fol-
lowing properties:

1. Functions F are analytic in a neighborhood w of 0.

2. For some p we have (3'F/dz})(0,0) = O0for j = 1,...,p— 1, and
(3P F/3z1)(0, 0) # 0.

3. We have the bounds

(2.6) supsup |F| < C, sup (3" F/9z2)(0, 0)|7] <
FeF

FeF o

Then there exist a neighborhood o' and a constant C; such that for any
F € F the representation (2.3) and estimate (2.5) hold. Moreover, ' and C,
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are uniform with respect to {F} and depend only on w, p and constant C
from (2.6).

3. Reduction to a finite interval of spectral parameter

The main result of our paper is the following theorem (or, rather, the corol-
lary from it; we put p := +/A):

Theorem 3.1. For each K € N we have:

K K
(3.1) N») =7p>+ ejp +Inp Y &p~ +o(p™™)
j=0 j=2

as p — Q.

Once the theorem is proved, it immediately implies

Corollary 3.2. For each K € N we have:

8 1 1
(3.2) N = —2

——— | Vx)dx+ oK
T dme) ), YR 00

as A — 00.

Proof. First of all, we notice that [2] implies that

00 o0
(3.3) f e NWydx ~ DN g,
0 1=0

as t — 0+, where g; are constants depending on the potential. Now the
corollary follows from Theorem 3.1, property (1.13), and calculations simi-
lar to that of [7]. Indeed, [7] implies that if all coefficients é; vanish, then
all coefficients e;, j > 0, vanish as well. It remains to show that all co-
efficients ¢; vanish. Suppose, this is not the case. We consider separately
even and odd values of j. Suppose first that é,; is the first non-zero even
coefficient with hats. Then we consider the following integral:

(3.4) 1(f) := / e A% In Adx
1

and, after elementary calculations, find that the asymptotic expansion of /()
as t — 0+ contains a term #*~! In? # with a non-zero coefficient. This term
is absent in the Laplace transform of other terms from the expansion (3.1).
Thus, our assumption that é;; # 0 contradicts (3.3).

Suppose now that €5, is the first non-zero odd coefficient with hats.
Then, similarly to the previous case, we consider the following integral:

(3.3) I(t) := / e M AT D2 10 3 d
1
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and find that the asymptotic expansion of /(f) as t — 0+ contains a term
t@*=D/21n ¢ with a non-zero coefficient. This term is absent from the Laplace
transform of other terms from the expansion (3.1). Once again, we have
reached a contradiction with (3.3). Thus, all coefficients é,, vanish, and our
corollary follows from [7]. O

The rest of the paper is devoted to proving Theorem 3.1.

To begin with, we choose sufficiently large py > 1 (to be fixed later on)
and put p, = 20,1 = 2" pp; we also define the interval 1, = [p,, 4p,]. The
proof of the main theorem will be based on the following lemma:

Lemma 3.3. For each M € N and p € I, we have:

oM oM
(36)  N(p)=mp>+ Y ejmp ' +Inp» &m)p~ + 0(p,").

j=0 j=2
Here, ej(n), &;(n) are some real numbers depending on j and n (and M)
satisfying
2j+1

(3.7) e =0(p" ). &m=0(p." ).

The constants in the O-terms do not depend on n (but they may depend
on M).

Remark 3.4. Note that (3.6) is not a ‘proper’ asymptotic formula, since the
coefficients ¢;(n) are allowed to grow with n (and, therefore, with p).

Let us prove Theorem 3.1 assuming that we have proved Lemma 3.3.
Let M be fixed. Denote

oM oM
B8 N =7p ) eimp +Inp )y gmp.
Jj=0 j=2

Then whenever p € J, := 1,1 NI, = [p,, 20,], we have:

oM oM
B9 Nu(p) = Naa () = Y _t;(mp™ +1np Y ()7,
j=0 j=2

where
(3.10) tj(n) :=ej(n) —ej(n — 1), fj(n) =2ej(n) —¢j(n—1).

On the other hand, since for p € J, we have both N(p) = N,(p) +
O(p,; ™M) and N(p) = N,_1(p)+ O(p,; ™), this implies that Z?fo ti(n)p~7 +
Inp Y 5% i (m)p~ = 0(o,™).
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Claim 3.5. For each j = 0,...,6M we have: t;j(n) = O(p,{fMln p,) and
f(n) = O(p,r’”>.
Proof. Put x := p . Then Z M t(n)x/ — Inx ZGM fi(n)x! = O(p;M)

whenever x € [ : ,pn . Puty := xp,, 7j(n) ;= (t;(n) +t (n) lnpn)pn -
and 7;(n) := —t](n),on / Then

oM . oM '
3.11) P(y) =Y ti(m)y + Y %)y Iny = 0(1)

j=0 j=2

whenever y € [%, 1]. Consider the following 12M functions: y/ (j =

,6M)andy/ Iny(j =2, . 6M)and1abelthemh1(y) s hiom(y).
These functions are linearly mdependent on the interval [2, 1] Therefore
there exist points yi, ..., Yiom € [ 1] such that the determinant of the
matrix (h; (y))] 12M is non-zero. Now (3.11) and the Cramer’s rule imply that
for each j the Values 7j(n) and %;(n) are fractions with a bounded expression
in the numerator and a fixed non-zero number in the denominator. Therefore,
7j(n) = O(1) and %;(n) = O(1). This shows first that ij(n) = O(pi ™) and
then that #;(n) = O(,o,, M1n 0,) as claimed. O

Thus, for j < M, the series ) . #;(m) is absolutely convergent; more-
over, for such j we have:

ej(n) =¢;(0) + th(m) =¢;(0) + Z tj(m) + O(p,{_M In pn)

m=1 m=1

=:¢;+ O(p) M1np,),

(3.12)

where we have denoted ¢; := ¢;(0)+ Y _,-_, #;(m). Similarly, for j < M we
have

&i(n) = &;(0) + Y _f(m) = &;(0) + Y _ i5(m) + O(p] ™)

m=1 m=1

=&+ 0(p)™"),

(3.13)

where we have denoted &; := &;(0) + Y - 7;(m).
4j+7
Since ej(n) = O(p,’ ) (it was one of the assumptions of lemma), we
have:

(3.14) Z lemlo;? = 0(ps~
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assuming as we can without loss of generality that M is sufficiently large.
The sum with hats on is estimated similarly. Thus, when p € I,,, we have:

(3.15)

M-1 M—1
—7 A —7 _ _M
Np) =mp*+ Y ejp? + Y 7 Inp+0(p™Inp) + O~ *).
j=0 j=2

Since constants in O do not depend on n, for all p > py we have:

M—1 M—1
i A ] _M
N(p) = mp* + Zejp_’ + Zej,o ‘Inp+ O(p~¢)
3.16 =0 =2
(3.16) [M/6] L0 ' .
= p° + Z ejp ) + Z éip/Inp+ O(p~©).
j=0 j=2

Taking M = 6K + 1, we obtain (3.1).
The rest of the paper is devoted to proving Lemma 3.3.

4. Description of the approach. Integration in new coordinates

From the previous section it is clear that we can study the density of states
N(p) assuming that p € I,,. Throughout the paper we will assume that n
1s fixed and sometimes will omit index n from the notation; however, we
will carefully follow how all estimates depend on n. If we need to make
sure that p, is sufficiently large, we will achieve this by increasing pg,
keeping n fixed.

First, we discuss the general strategy. In this section we describe how to
construct the asymptotic formula for N(p) using certain objects (mappings f
and g and coordinates (r, ®) satisfying certain properties); in the next
sections, we will construct these objects.

Let us fix sufficiently large n, A = p? with p € I,,, and denote

4.1) A = A(p) := {€ € R?, |E]* € [» — 1000, A + 100v]},

where v := ||V||s. Obviously, + is an annulus of width ~p~!. We also
fix a number M € N. Our aim is to construct good approximation of the
eigenvalues lying close to A. Namely, we will construct two mappings
f.g : R? — R such that for each &, f(§) is an eigenvalue of H({£});
moreover, f : {§ € R?, (£} = k} — o(H(K)) is a bijection for each k
(here, we count all eigenvalues of H(K) according to their multiplicities;
the functions f, g depend on n, M and p). The difference | f(§) — g(&)] is
required to be sufficiently small at least when & € -+, namely, we postulate
that the following two properties hold:

(i) [f(€) —g®)| < p," for& € A;
(i) | (&) — |E°]] < 2v, similarly, |g(§) — [°]] < 2v.
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Notice that the second property implies that if & ¢ A, then the following
three inequalities are equivalent: f(§) < X if and only if g(§) < A, and this
in turn happens if and only if |&| < p.

Remark 4.1. Rigorously speaking, the functions we will construct will sat-
isfy property (i) not in the whole annulus +, but in a slightly smaller annulus
(& € R?, &> € [ — 90v, A + 90v]}. Indeed, in the process of construct-
ing f and g we will have to reduce the width of the set 4 by 2v several
times. One obvious solution to this problem would be to introduce sets
A = [ € R?, |€]? € [ — 98v, A + 98]}, +A,, etc. However, this would
introduce extra notational complexity to a paper which is already over-
burdened with notation. Thus, we will keep calling + all annuli of slightly
smaller width whenever necessary.

Finally, we will construct function g in such a way that it satisfies some
asymptotic formulas. The next lemmas describe why these functions are
going to be useful. Denote

By(A) i= (=00, AD).

Lemma 4.2. Suppose f : R? — R is a measurable mapping such that
f:{& € R%, (&) = k} — o(H(K)) is a bijection (including multiplicities)
for each K. Then N(1) = vol(By(1)).

Proof. Denote by xp, () the characteristic function of B(2). By Fubini’s
theorem we have:

vol(By(2)) =/ X8y () (§)dE =/ #{&,{§} =k and f(§) < A}dk
4.2) R2 of

— / N K)dk = N(L).
ot O

Our next task is two-fold: to show that under certain conditions we can
replace By in Lemma 4.2 by By so that the error is not too big and, secondly,
to compute vol(B, (1)) (or, at least, to expand this volume in powers of 1).
Unfortunately, assumptions (i) and (ii) on functions f and g made above
are not the only necessary requirements to do this job: we also need to
check that function g behaves in a ‘nice’ way in some suitable coordinates.
Since the complete set of required conditions looks rather nasty, we will
introduce these conditions slowly, one at a time, to show why each particular
condition is required. First, we check that the polar coordinates could do
the trick.

Lemma 4.3. Let A = p? be fixed and let N be a fixed natural number.
Suppose f : R> — R is a measurable mapping such that f : {§ € R?,
{&} =k} — o(H(K)) is a bijection for each K (counting multiplicities).
Suppose, g : R*> — R is a measurable mapping and that f, g satisfy
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properties (i) and (ii) above. Suppose also that g—f(rei¢) > p whenever
& =re® € A. Then N(\) = vol(B, (1)) + O(p™™).

Proof. Assumptions of lemma (namely, property (ii) above) imply that the
symmetric difference By (1) AB,(A) C +. The boundary of the ‘ball’ B, (1)
is a subset of «4; since the function g = g(r, ¢) is increasing in r, for any
fixed @y the intersection of B,()) with any semi-infinite interval {re,
r € [0, 00)} is an interval {re®, r € [0, Z]}, where Z = Z(¢y) is a well-
defined function. Since g—f > C;p, we also have that if r < Z(¢) —
Ci'p=M-1 then A — g(re’®) > p=™, and so f(re’®) < A and & = re’ e
B;(1). Similarly, if r > Z(¢) + C;'p™™"!, then g(re) — 1 > p~™M,
and so f(re'’) > A and & = re” ¢ By()). Thus, the symmetric differ-
ence By (AM)ABy(A) C {§ =re? e R, |[r — Z(¢)| < C;'p™™~'} and thus
vol(Br (M) ABg (M) < p~ M. Together with Lemma 4.2, this finishes the
proof. |

Later on, we will apply Lemma 4.3 in a more general situation, when r
is not precisely the radial coordinate, but ‘close’ to the radial coordinate in
a certain sense; more precisely, we will need the following statement (with
proof being exactly the same as proof of Lemma 4.3):

Corollary 4.4. Let 8 be a curve of length < 1, and let (r, ®) (r € RT,

® € 4) be coordinates in A(p) such that the Jacobian |§((;f’qy>;| < p.
Suppose, f : R? — R is a measurable mapping such that f : {§ € R?,
{&} = Kk} — o(H(K)) is a bijection for each Kk (counting multiplicities).
Suppose, g : R> — R is a measurable mapping and that f, g satisfy
properties (i) and (ii) above. Suppose also that g—f(r, ®) > p. Then N(A) =

vol(B, (1)) + O(p™").
Remark 4.5. Obviously, Lemma 4.3 is a special case of Corollary 4.4 with

8 = S! being a circle of radius 1 centered at the origin and (r, ®) being the
usual polar coordinates.

Remark 4.6. Suppose that another set of coordinates (7, ®) satisfy slightly
different conditions: ® € &, where & is a curse of length < p, but the

Jacobian | g((x qy))I < 1. Then the coordinates (r, ®) = (7, p) satisfy all
assumptions of Corollary 4.4, so the conclusion of this corollary will also
be valid for such coordinates. We will be using both types of coordinates,

depending upon convenience.

Remark 4.7. The coordinates (r, &) which we will introduce in further
sections will be defined simultaneously for all p € I,, i.e. they will be
defined for all points

(4.3) EeA =] A®.

pEly
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Unfortunately, we need to make our assumptions about the coordinate sys-
tem (7, ) even more complicated. First of all, we will need to use different
coordinates systems in different parts of A", so we assume that we have
a decomposition of 4™ as a disjoint union:

L
(4.4) A® =] AP
=1

for simplicity, we assume that all sets CAE") are open, and treat (4.4) mod-

ulo points on the boundaries of these sets. We also assume that there is
a coordinate system (r, ®) in each .Al(”) (r(§) € RT, ®(&) € 4, where 4,
is a curve of length < 1) and that this system satisfies all assumptions of

Corollary 4.4. Whenever we talk about the Jacobian | g((fqy))) |, we will assume

that it is defined only at points & located inside some .Al(”), i.e. the Jacobian is
not defined for points on the boundary of .A»E"). Other conditions we always
assume are: r(€) ~ |&|, and for each fixed @ the intersection

45)  AYN{E= (. ). r €[0,00)} = (£ = (r, D). 7 € [r1, 7]}

is an interval with endpoints & = (ry, ®¢) and & = (r, ®y) satisfying
&> = p> — 100v and |&|* = (4p,)* + 100v. The latter condition, while
looking rather horrific, is easy to check and will be always automatically
satisfied in our constructions. Roughly speaking, it is needed to ensure that
the curve {§ = (r, @), r € [0, o0)} (which happens to be a semi-infinite
interval in all our constructions) cannot enter or leave Al(") from the ‘sides’.
Technically, it is required to make sure that formulas (4.18) and (4.19)
imply (4.20).

Let us introduce more notation. Put

(4.6) At =R g&) < p” < &}
and

4.7) AT = {E e R &) < p” < g(®)).
Lemma 4.8.

(4.8) vol (By(p?)) = wp* + vol AT — vol A™.

Proof. We obviously have B,(p?) = B(p*) U A*\ A~. Since A~ C B(p?)
and A* N B(p?) = @, this implies (4.8). O

Remark 4.9. Property (ii) of the mapping g implies that we have At,
A~ C . Thus, statements 4.2-4.8 imply that in order to compute N(A),
we need to analyse the behaviour of g only inside .
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In order to apply Corollary 4.4 and Lemma 4.8 for computing the asymp-
totic behaviour of N(p), we need even more assumptions. Roughly speaking,
the next lemma says that whenever all objects involved enjoy a power
asymptotics at infinity, then so does B,(1).

Lemma 4.10. Letl € Nand a € (0, 1) be fixed. Suppose that all assump-
tions of Corollary 4.4 and Remark 4.7 are satisfied and that for fixed ® the

point & = (r, ®) € Al(") has an absolute value |E| which has an asymptotic
expansion in powers of r:
[

(4.9) & = "(S)(l + > aj(CD(E))r(E)_j) + 0™

j=1
and this formula can be formally differentiated once with respect to r, i.e.

[M+l]

I—a

0
@i o Z (j = Da (@@ ® 7 + 0 ® ")

Suppose also that the function g enjoys the following asymptotic behaviour
inr(§) when & € a‘\al("):

(4.11) 88 = r(§)2(1 Z dj@(’é))r(é)_j) +0(r(&)~")
j=1

Finally, suppose that the Jacobian also satisfies an asymptotic formula:

412 o) _ = ® it o

(4.12) o)~ O+ Z a;(@ENrE 7 + 0w

All functions a;, d;, etc. are measurable and bounded (but not necessarily
continuous) functions of ® and are O(p*/), a < 1. Then

[M+2]

4.13) vol (A* N A™) —vol (A~ N A”) = Z 0+ 0(p™)

and all b; are O(p*).

Remark 4.11. It may seem strange that absolute value of the power in the
remainder term in the above formulas is smaller than the upper summation
limit. This is caused by the fact that the coefficients a;, d;, b;, etc. are allowed
to grow together with p: compare this with Remark 3.4.
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Proof. First of all we notice that without loss of generality we can assume
that

[¥52]

(4.14) g&) = r(§)2(1 + > é;(¢(§))r(8)_j),

j=1

since Corollary 4.4 implies that the error caused by using this approximation
is O(p~™). Let us for a moment fix some value ®,. The RHS of (4.14) is
an increasing function of r for sufficiently large r. Let us call by Q' = Q},
the inverse function to (4.14), i.e.

1)
(4.15) (Ql(t))z(l + > dj(CP(E))(Ql(t))j> =1
j=1

Itis an easy exercise to show that the function Q' also enjoys the asymptotic
behaviour as || — oo:

(]
(4.16) Qo) = t‘/z(l + 2 Ej(cl><£>>tf'/2) + 0%
j=1

and that the coefficients b = O(,o"‘f ). Note that Q! is also monotone
increasing, so the 1nequahty g(&) < p?is equivalent to r(E) < Q<D(,02)

Equation (4.10) implies that the RHS of (4.9) is an increasing function
of . Let us denote by Q> = Q7% the inverse function to it. Then again it is
easy to show that Q2 also enjoys the asymptotic behaviour:

M+l]

(4.17) 0*(H) = t(l + > B,(cb(.s))zf') +o@u™)

j=1

with l3j = O(p*/). Moreover, Q*(f) is a monotone function for large ¢, so
the inequality |&] < p is equivalent to 7(§) < Q% (p).
Now we can re-write definitions (4.6) and (4.7) in the following way:

(4.18) AT = {E e R, Q5 (p) < r(§) < 0L (pD)}
and

(4.19) A™ =18 e R 0407 < 1) < 0%(0)}.
Therefore,

050 A(x, y)
dr
2 O, @)

Now (4.13) follows from (4.16), (4.17), and (4.12). O

(4.20) vol (A* N A") — vol (A~ N A™) = / /
470
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Remark 4.12. When applying Lemma 4.10 later, we will first establish
asymptotic formula (4.11) only for & € A(p) with a fixed p € I,,. After this
formula is established for each p € I, we just check that the coefficients
do not( c}epend on the particular choice of p, so this formula holds for all
Eec Al

Remark 4.13. Note that logarithms have made a brief appearance in the
RHS of (4.20) before being canceled out.

Remark 4.14. Lemma 4.10 gives us only a priori estimates on coeffi-
cients b;. In fact, we will be able to say more about them. For example,
since A*, A= C 4 and vol A < 1, this implies that the LHS of (4.13)
is bounded and, thus, leads to additional restrictions on the first several
coefficients b;. Later we will come back to this discussion.

5. Abstract perturbation results and decomposition into invariant
subspaces

In this section, we begin the construction of the mappings f, g with prop-
erties (i), (ii) stated in the previous section.

First, we formulate the abstract result which was proved in
[8, Lemma 3.2 and Corollary 3.3]; see introduction for an informal dis-
cussion of this result.

Lemma 5.1. Let Hy, and V be self-adjoint operators such that Hy is
bounded below and has compact resolvent and V is bounded. Let {P'}
(I =0,...,L) be a collection of orthogonal projections commuting with
Hy such that if | # n then P'P" = P'VP" = 0. Denote Q := 1 —Y_ P..
Suppose that each P' is a further sum of orthogonal projections commuting
with Hy: P' = Zj'l:o le such that le VP! = 0for|j—t| > 1 and le VO =0
if j < ji. Letv := ||V || and let us fix an interval J = [A1, A,] on the spectral
axis which satisfies the following properties: spectra of the operators Q Hy Q
and le H, P}l, j =1 lie outside J; moreover, the distance from the spectrum
of OHyQ to J is greater than 4v and the distance from the spectrum of
le Hof;l (j = 1) to J, which we denote by aj., is greater than 12v. Denote
by w, < --- < ug all eigenvalues of H = Hy + V which are inside J. Then
the corresponding eigenvalues i, ..., ji, of the operator

H:=Y"PHP'+ QHQ
1
are eigenvalues of ), P'HP!, and they satisfy
Ji

e =) < max [ (60 T (a] — 60)

j=1
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all other eigenvalues of H are outside the interval [A 4+ v, Ay — v]. More
precisely, there exists an injection G defined on the set of eigenvalues of
the operator ), P'HP' (all eigenvalues are counted according to their
multiplicities) and mapping them to the subset of the set of eigenvalues of H
(again considered counting multiplicities) such that:

(a) all eigenvalues of H inside J have a pre-image,
(b) if i, € [A + 2v, Ay — 2v] is an eigenvalue of ), P!HP', then

Ji
G (@) = el = max [ 602+ T () = 6v) ],

j=1

and
(c) G(i;) = prar(H), where T is the number of eigenvalues of Q HyQ
which are smaller than A,.

Finally, we have: ||H — I:I|| < 2v.

Let us fix n and M, and let A = p? be a real number with p € I,.
Consider the truncated potential

(5.1) V= Y Vimey(x),
meB(R,)NTt
where
- 1 i(m,x) T
em(x)._me , mel',
and
(5.2) V(m) = /@ V(X)e_m (X)dx

are the Fourier coefficients of V. R, is a large parameter the precise value
of which will be chosen later; at the moment we just state that R, ~ p}
with p > 0 being small. Throughout the text, we will prove various state-
ments which will hold under conditions of the type R, < p, . After each
statement of this type, we will always assume, without possibly specifically
mentioning, that these conditions are always satisfied in what follows; at
the end, we will choose p = min p;.
Since V is smooth, for each m we have

(5.3) sup [V(x) — V/(x)| < R, ™.

xeR?

This implies that if we denote H'(K) := Hy(k) + V' with the domain D (k),
the following estimate holds for all n:

(5.4 | (HK)) — p; (H'(K)| < R,™ < p,"™.



294 L. Parnovski, R. Shterenberg

Thus, if we choose sufficiently large m, namely m > M/ p, we can safely
work with the truncated operator H' instead of the original operator H.
For each natural j we denote

(5.5) Q; = N BGR,), O :={0}, ®J’. = 0;\ {0}

We also choose a number M := 3M. Each vector from y € @’GM
generates a one-dimensional linear space {ty,t € R}. The intersection
{ty,t € R} N @’6 i contains two vectors with the smallest length. We
call such vectors the primitive vectors. Note that if @ is a primitive vec-
tor, then so is —@. Let 0y, ..., 0, be the set of all the primitive elements
of @’6 e We choose the labeling in such a way that if we take n(#;) and
start rotating it counterclockwise, we meet n(6,), n(6s), etc. in consecutive
order.

Lemma 5.2. Ify,v € @’l sy are two linearly independent vectors, then the

angle ¢(y,v) > R, for large R,.

Proof. 1tis a simple geometry (and was proved, e.g. in [8], Lemma 4.2 and
Corollary 4.3). |

Corollary 5.3. Under assumptions of Lemma 5.2 we have |(n(y), n(v'))]
> R, for large R,.

Let @ = 6, be a primitive vector which we consider fixed for the moment.
Let us introduce Cartesian coordinates on a plane where the first axis goes
along @, and the second axis goes along #. We call this set of coordinates
coordinates generated by 6. Sometimes, we will also need the Cartesian
coordinates which are fixed and independent of the choice of 6;; we will
call such set of coordinates universal coordinates.

This choice of coordinates generated by # means that each § € R? has
coordinates (&, &), where £ = (&£, n(#+)) and & = (£, n(#)). Let us fix
this coordinate system for now. We also define a = a, to be the smallest
real number which satisfies two conditions:

(5.6) a>p/? and 2_a

1
——€eN
" o] 2

In particular, we have ,0,1,/3 <a< p,i/3 +101/2+1< 2p,1/3. Now we can
make the following definitions:

(5.7) A(9) = {£ € R?, |(£,n(0))] < a},
(5.8) E1(0) := {&§ € A(p) N A@®), (£,6") > 0}

Obviously, the intersection 4 (p) N A (@) consists of two connected compo-
nents, and the condition (£, ) > 0 chooses one of them. We also define
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(5.9) E,0)={n=E4+10,E € E1(0),1 € R}
(5.10) E3(0) := E,(0) N A(0),

and

(5.11) E4(0) := (A(p) N E2(0)) \ E3(0).

P777,2227777727,

2277

Z2(0)

=72
72!

7777722

22

Lemma 54. Suppose R, < ,0,1/10, E¢d ANO)andy = t0 € O . Then
13 6M
€ +p 1P — 18171 > p”.

Proof. Indeed, we have

&+ pP — 1P| = 1E 2 = IvIP > a = p)°.
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Lemma 5.5. Letn € 2,(0). Then |n; — p| < p~'/3.

Proof. Indeed, since n € #4(p), we have |9> = n} + 3 = p*> + O(1).
However, since 5 € A(8), we have n3 = O(p*/?). Thus,

m = (p* + 0 *)'* = p(1 + 0(p™)2
= p(1+ 0(p™") = p+ 0(p™"").
which finishes the proof (recall that 7, is positive). |

Since points in E, have the same first coordinate as the points from &y,
we immediately obtain:

Corollary 5.6. Let & € B5(0). Then |&, — p| < p~'/3.
Let us denote
p- =p-0) :==inf{n;, n = (m, n2) € E1(0)}
and
p+ = p+(0) :=sup{ni, n = (1, m2) € E1(0)}.

Then Lemma 5.5 implies p, — p_ < p~!/3. Moreover, we can give another
equivalent definition of E,:

(5.12) E2(0) = {n = (1, m2), m € (p-, p1)}.
Note that we obviously have the following equalities:
(5.13) p- =inf{ni, n = (11, m2) € E4(0)}
and

(5.14) a = inf{[nl, n = (m, m2) € Ea(6)}.
Denote

(5.15) p— = sup{ni, n = (1, 1m2) € E4(0)}
and

(5.16) a = sup{|m|,n = (N1, n2) € E4(0)}.

Lemma 5.7. We have: p_ — p_ = O(p Y andd —a = O(p~'/3).

Proof. Let ) := (p_,a), § := (p_,a), and § := (p_, a). Then all these
points belong to E4(8). Thus, |§|> —|§|*> = p> — p*> = O(1). Since p_ ~ p,
this implies p_ — p_ = O(p~"). Similarly, |§|> — |§|> = @*> — a®> = O(1).
Since a ~ p'/3, this implies @ —a = O(p~'/3). O
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Lemma 5.8. Suppose R, < ,o,i/lo, & € (E3(0)UTL(0), and let y € ®/15M
be linearly independent of 0. Put  := & + y. Then ||3|> — p*| > p*> and,

in particular, n ¢ A(p).

Proof. Since y and @ are linearly independent, y; # 0; moreover, Corol-
lary 5.3 implies |y;| 3> R.2 > p~'/5. Corollary 5.6 implies |£§;, — p| <
o~ 13 Thus, [n; — p| > p~'/° and

Imt — %> o~ P+ p) > o'
Since n% & p?/3, this implies ||71|2 — p2| > p*3, 50 ¢ A(p). O

Now we make one more definition

(5.17) 250) = 20) \ (240 + [ JUj#)).

JEZ
Lemma 5.9. Suppose &€ € E5(0) and j € 7. If & + jO € A(@), then
&+ jO € E5(0).

Proof. Indeed, our assumptions imply that & + j# € E5(6). Moreover,

g+70 ¢ (240 +J10)).

JEL
Lemmas 5.8 and 5.9 immediately imply

Lemma 5.10. Suppose R, < o, §e€Bs0),andy € ® . If§+y €
A(p), then & +y € Es(0).

Proof. If y is linearly independent from 6, this is proved in Lemma 5.8.
Suppose that y = j@, j € Z. Then & + y € E,(0), so if we assume
&+ y € A(p), this means that either § +y € E3(0),orE +y € E4(0). The
last possibility contradicts the definition of E5(@). Thus, & +y € A(#) and
now the statement follows from Lemma 5.9. m|

Lemma 5.11. E,(0) C E5(0).

Proof. Definitions of the sets E; immediately imply that E;(0) C E3(0).
Thus, it remains to prove that if & € E4(0) and j € Z, j # 0, we have
n:=§&+ jO ¢ A. Without loss of generality we may assume that & > 0.
Then & € [a,a] (see (5.14) and (5.16)), and thus Lemma 5.7 implies
£ = a + O(p~'/?). The second condition in (5.6) implies that the distance
between each point of the set {a+ j|0|, j € Z, j # 0} and %a is at least "%.
Thus, ||n2] — |&]] = 91 for sufficiently large p. Since n; = &, this implies
[1n)*> — |€]*| > p'/?|0]. Since & € A, this means that § ¢ . This finishes
the proof. O
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Now we discuss the relationship between Es5(6;) for various j.

Lemma 5.12. Suppose, R, < p,/'* and j, # jo. Then (E5(8;,) + ©,557) N
8s5(0,,) = 0.

Proof. Denote 3; := pn(OJ.l). Then the definition of Es and Corollary 5.6
imply that the distance between any point § € E5(6;) and y; is O(p'/?). On
the other hand, Lemma 5.2 implies that |p;, —5;,| > R;Zp > p!'/2. Thus, if
§ € B5(0,,) and & € E5(0;,), we have [§ — &| > p'/2. Since p'? > R,
this finishes the proof. |

Now we define

L

(5.18) D=2 =]
=1

and

(5.19) B = B(p) 1= A(p) \ D(p).

The sets E5(f) are called resonance regions corresponding to 6. The set
D is called the resonance region. Finally, the set 8B is called the non-
resonance region. Obviously, 8 consists of L connected components, each
one is located ‘between’ ;- and 6;;, for some I, where of course we use
the convention that 6, | = 6,. We call this connected component (located
‘between’ ;- and 0lfH) B;. More precisely, we define (see Fig. 4 at the
beginning of the Sect. 6)

(5.20) B :={xe B, (&, 0,)>0and (§6,,) <0}
We also define

(5.21) Eo(0) := E5(0) + O,

and

(5.22) Eo(B) := B + Oy.

Lemma 5.13. We have:

(5.23) (Eo(0;)) + Og) N Ep(0),) =0

when j| # j, and

(5.24) (Eo(B) + 05) N Eo(0) =10.

Proof. Formula (5.23) follows from Lemma 5.12. Suppose (5.24) does
not hold. Then there exists a point § € Es5(0;) and y € @’l 5y Such that

n:=£&+y € B C A. Lemma 5.10 implies that € Es5(6;). This means
that n ¢ B in view of (5.18) and (5.19). O
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Let us introduce more notation. Let @ C R? be a measurable set. We
denote by 2® (@) the orthogonal projection in $ = L2([0, 27r]¢) onto the
subspace spanned by the exponentials e (x), § € C, {§} = k.

Lemma 5.14. For arbitrary set C C R? and arbitrary k we have:
(5.25) ve®e)=2%e +opveie).

Proof. This follows from the obvious observation that if § = m +k € C
and In| < R,,then £ + n € (C + ®y). O

We are going to apply Lemma 5.1 and now we will specify what are
the projections le . The construction will be the same for all values of

quasi-momenta, so often we will skip k from the superscripts. We denote
Pl = P®(Ey#)),l=1,...,Land P° := PW(Ey(B)). We also put

Pl := PY(Es5(6) + Oy ) \ (Es(B) + Ogyiy; 1)),
I=1,...,L, j=1,..., M,
Pl =P8 (Es(0) +Ogy), I=1,....L,
P =2PR(B+0)\(B+0;1), j=1....M,
Py := P¥(B).

Finally, we define Q := I—-Y"r, P!, H(k) := Y1, P'H'(K) P'+Q Hy(k) O,
and J := [A — 90v, A 4+ 90v].

Lemma 5.15. Let 1, (H'(K)) € J. Then
in (A(K)) — o (H'(K))| < p~ 23 = p=2M

Proof. This follows from Lemma 5.1 and from properties of the sets &
formulated in Lemmas 5.4-5.11. Indeed, let us check that all the assump-
tions of Lemma 5.1 are satisfied. Lemma 5.13 implies that if [ # n then
P'P" = P'V'P" = 0. The properties P/V'P! = 0 for |j — | > 1 and
P'V'Q = 0if j < j follow from Lemma 5.14. The distance from the
spectrum of Q HyQ to J is greater than 4v: this follows from the fact that
Q is a projection to all the exponentials e; with & lying outside of the union
Eo(B) U, Eo(8) and, thus, satisfying & ¢ . Finally, let us show that the
distance from the spectrum of le Honl (j = 1) to J is greater than c,o,i/ 3,
When [ = 0, this follows from Lemma 5.4 and the fact that A(6,) N B = ¢
for any primitive vector 6, from @’6 7+ Suppose, [ 7 0. It is enough to prove

that if
N € ((Es() + O757) \ (Es(0) + Ogj7))
with 0, € @’GM, then

(5.26) |Inl> = p*| > p'”.
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Since n € (Es5(60)) + ©5y;), we can write itas n = & + y with § € E5(6))
and y € ©,y. If y and 6, are linearly independent, (5.26) follows from
Lemma 5.8. Suppose, p is a multiple of ;. Let us introduce coordinates
generated by 6, as above (after Corollary 5.3). Then we have n; = & €
[p—, p+]. Moreover, since § ¢ Es(0)) + Oy, we have 2| > a + 16,].
Indeed, suppose |17;| < a+6;|. Assume as we can without loss of generality
that 7, > 0. Then n — 6, € E3(6,). Since & € E5(0,), we have: n — 0, =
&+ )6, ¢ 24(0,) + Z6,. Therefore, n — 0, € E5(6;), son € Es5(0;) + Ogj;.
This contradiction shows that |n;| > a + |6;].

Let us now denote by v the point with coordinates vi = p_ and v, = a.
Then v € 44, so ||v|> — p?| < 1. But

P = v? =03 —a® = @+ 16 —a* > a = p'".
Thus, [9|> — p? > p'/3, which finishes the proof. O
Now we are going to construct mappings f, g : R> — R with properties

stated in the previous section. Let & € R? with {£§} = k. Then we are going
to define

(5.27) f&) = u,(HK))
and
(5.28) g(&) = u,(HK)),

where p = p(&) is a natural number chosen in a certain canonical way so
that the mapping p : {§ € R?, {§} = k} — N is a bijection. Leaving aside
for a moment the question of the precise definition of this mapping, we
notice that if we define the functions f and g by formulas (5.27) and (5.28),
then the properties (i) and (ii) formulated in the previous section will be
satisfied due to Lemmas 5.15 and 5.1. So, now we discuss how to define
the mapping p. Before doing it, we need more definitions. Let & € .
Then & belongs to exactly one of the sets B, E5(0;), ..., E5(0.).If§ € B,
we define

(5.29) Y () =&+ Oy.
If & € E5(0,), we define
(5.30) Y () =7Y&;0):=1{§+ 0, € E5(0), ) € Z} + O

We call two vectors & and & equivalent, if Y(&) = Y(&). Note that
&, & € A could be equivalent only if they belong to the same E5(6).
Now suppose that § € R2. Then we can define Y'(3) in the following
way:ifg € E¢(B),thenwehaven € Y (&) foraunique & € A (then& € B);
if n € Ey(6)), then we have n € Y(€) for a unique (up to the equivalence)
& € D (then & € E5()). In both these cases we put Y(n) := Y(§).
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Finally, if n ¢ (Eo(B) U UIL:I Eo(0)), we put Y(n) := {n}. We also define
P(n) == P (Y ().

Lemma 5.4 implies that the operator P° H' (k) P° admits a decomposition
into invariant subspaces:

(5.31) PPH®)P = P PEH K PE).
§eB,{E)=k

Similarly, Lemma 5.8 implies that for each/ =1, ..., L we have:

(5.32) P'H' (k) P' = @5 P& H' (k) P(&).

where the union in the RHS is over all classes of equivalence of & € E5(6))
with {§} = k. Finally, we obviously have:

(5.33) QHy(k)Q = @ P(n) Hy(k) P(n),

where the union is over all y ¢ (Ey(B) U UIL:I E0(0)), {n} = k. More-
over, since all projections P(3) in (5.33) are one-dimensional and we have
assumed that f o V(X)dx = 0, we can replace Hy(k) with H'(k) for the sake
of uniformity so that

(5.34) OHy(k)Q = @ P(n)H' (k) P(n).
Thus,
(5.35) H(k) = @ P(n)H' (k) P(),

where the union is over all (non-equivalent) 5 € R?, {5} = k.
Suppose now i € R?, {5} = k. Then |5|? is an eigenvalue of the operator

P(n) Hy(k) P(n), say
(5.36) nl* = 1 (P(n) Ho(K) P(1)).

If |p|? is a simple eigenvalue of P(1) Hy(K) P(1), then this defines the number
t uniquely. Suppose now that ||? is a multiple eigenvalue, say |3|* = |ij|?,
7 € Y(n), and there are precisely t — 1 eigenvalues of P(y) Hy(K) P(1)
below |n|%. In this case, we label these eigenvalues according to the crystal-
lographic order of their universal coordinates. More precisely, we write
1> = (P Ho(k) P(y)) and (7> = p,1(P() Ho(K) P(y)) if either
N < M1, orn = i and n, < . Thus, we have put into correspon-
dence to any point # a number ¢t = #(n), t varies between 1 and the number
of elements in Y (). (Although we will not use this function #(x) in this
section, it will be of much use for us later on). Next, we define

(5.37) V() = Ly (P H' (K) P()).

Due to (5.35), the set {v(y), {n} = k} coincides with the set of all eigenvalues
of H(k) (including multiplicities). Let us label these eigenvalues in an
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increasing order; in the case of multiple eigenvalues we, as before, label
them in accordance with the crystallographic order of their coordinates.
Then to each point 5, {5y} = Kk, we have put into correspondence a number
p = p(n) such that

(5.38) v(n) = pp(H(K)).

Thus defined mapping p is the mapping we are using in the definitions (5.27)
and (5.28). The rest of this paper is devoted to introducing the coordinates
(r, @) and checking that the conditions of Lemma 4.10 are satisfied. We
start from the non-resonance region 3.

6. Non-resonance regions

Suppose that & € B, (recall that B; is defined in (5.20) and ¢(xy, X;) is
the angle between two non-zero vectors X; and x,). Put ¢, := %.
Throughout this section, we fix the coordinate (£, &,) introduced after
Corollary 5.3 and related to ;. Namely, we put & = (&, n(OIL)) and & =
(§,n(0;)). There is a unique point v = v(/) satisfying the following two
properties: (v, n(6;)) = a and (v, n(0,,)) = —a; we have v; = acot ¢y,
vy =a,so |y =2

sin¢y
A(0:]]
A(B1:1)
Alp)
Fig. 4

We introduce the following pseudo-polar coordinates (r, ®) on B;:
r(§) .= |& — v and (&) = P& — v, 0#) when & € 8B,;. Obviously,
®(&) € [0,2¢;] =: 8, = &} and r(§) ~ p when & € B;. We also have the
following formulas: & = v +r(&) cos(®(&)) and & = v, +r (&) sin(P(§)).
Therefore,

E2 = (r(&) cos(D(&)) + [v] cos ¢)? + (r(&) sin(®(&)) + |v] sin )’
2
= (r(&) cos(® (&) + a— ¢’> + (r(§) sin(® (&) + a)2.

sin ¢1

(6.1)
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This implies that there is a complete asymptotic formula:
(6.2) E1~r®(1+ Y bi@@r@~)
j=1

with b; = bj(®(§) < @Ry < pi’* as r(€) — oo, uniformly over
& € B, and this formula can be differentiated once. (Here we assumed that

R, < pi'"%)

The following lemma was proved in [8] (Lemma 6.1 there):

Lemma 6.1. Lef R, K ,o,],/ ** Then the following asymptotic formula holds:

(6.3)

s=1 nl,...,nse@[’q my+--4mg>2

in a sense that for each natural K we have

(6.4)
3K
g® =P+ Y Y Amm Em) T (E )™

s=1 g ,‘.‘,17.;6(");‘;, my+-+mg>2

+0(p™ %)

uniformly over R, < ,o,i/ * and § € B. Here, Ay,,...m, is a polynomial

of the Fourier coefficients V(nj) and V(nj — 1) of the potential and the

,,,,,

exponents my, ..., mg are positive integers. Moreover,
(6.5) [Amy..om,| K1
uniformly over n (but with the implied constant depending on V and m,
S ,My).
Mp

Remark 6.2. Estimate (6.5) was not stated in [8], but it follows easily from
the proof of Lemma 6.1 there.

Corollary 6.3. We have:
(6.6) g&) = &7+ G©&) +o(p™™),

where

(6.7)

M
GE =) > D A E) T (E )T

S=1 1, s€0 2<my ot <M
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Remark 6.4. Since, as we have seen in Lemma 4.3 and Corollary 4.4, the
terms of order O(p~™) do not contribute to asymptotic formula (3.6), we
can re-define

(6.8) g =& + G(®).

Lemma 6.5. Assume R, < p,i/ . For each m € N and n € @’6 i such

that 3 is not a multiple of 0, or 0,y there is a complete asymptotic formula:

o0

(6.9) (Em)" ~ ) r® T (@E)

j=m
uniformly over & € 8B;, where |c]’-”| < p,{/ %, Similar formulas are valid
if § is a multiple of 6,1 and 0 < O (&) < ¢, or if p is a multiple of 6, and
o < P(§) <29,

Proof. We have: &€ = v + r(§)n(§ — v). Therefore, (§,5) = (v, ) +
r(&)(n(& —v), n). Our constructions and Corollary 5.3 imply |[(n(§ —v), )|
> R2. Thus,

& =rtmE—v), ) A+ r T mE —v), ) (v, g) !
6.10 ad o . .
(©10) —rlnGE —v), )Y~ g — v), ) (v, )]

j=0

and (€ — v), n) (v, 0) < RYpi” <« pi>. Now (6.9) is obtained
from (6.10) by raising both sides to the m-th power. The proof of the
last two statements is similar. O

Unfortunately, Lemma 6.5 does no longer hold if » is a multiple of 6,
or 0. and ®(&) is close to 0 or 2¢; respectively. Therefore, we cannot
apply Lemma 4.10 without modifications. This means, we need to do some
extra work. We can assume, without loss of generality, that ¢; < 1/100,
which is certainly the case for sufficiently large n.

Let us fix an angle ® for a moment, 0 < ® < 2¢; and let & = (r, )
where only r varies. Denote by ryp = ro(®; p) a unique value of r which
corresponds to & satisfying || = p?. It is easy to check that the partial
derivative &2 = O(p~*/3). Therefore, there is a unique value of r such that
corresponding point £ = (r, ®) satisfies g(§) = p?; we denote this value of
rby ri =ri(®; p).

Lemma 6.6. There is an asymptotic decomposition

(6.11) r0~p<l+ipj/0_j),
j=1
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where p; = p;j(®) = 0(,0,{/2) uniformly over ®. Moreover, we have p; =

—acos(¢y — P)(sing) ™!, pan = (/7)) (=1)"a®" sin> (¢ — ®)(sin ) ~>",
and pyyy1 = 0 form € N.

Proof. This follows from the explicit formula which can be easily obtained
using the cosine theorem:

(6.12)
ro = —acos(¢ — ®)(singy) ™! + y/p2 — a? sin2(¢y — ) (sin ¢) 2.

Lemma 6.7. We have:

(6.13)
R R 1 2
vol (A* N B;) —vol(A” N B)) = 3 f (r(®; p)* = ro(®; p)*)dD.
0

Proof. Integrating in polar coordinates, we have:
(6.14)
~ n 2¢1 il 2¢; ro
vol (A* N B;) — vol(A~ N B)) :/ dd)/ rdr —/ dd)/ rdr
0 0 0 0

2 2 2
:/@i;@w
0

2
O

The last two lemmas show that in order to compute vol(AT N B) —
vol(A™ N By), it remains to compute r;. We do it using the sequence of
approximations. Assume as above that & is fixed. Put 7y := ry and & :=
(7o, ®@). The further elements of the sequence are defined like this: &, =
(Fi1, @) is a unique point satisfying |&,.1]°> = p> — G(&).

Lemma 6.8. For each m € N we have:
(6.15) ro =i+ 0(@").
Proof. Put

H(r) := —acos(¢; — ®)(sin )"
+p? = G(r, @) — @ sin?(¢ — ®)(singy) 2.

(6.16)

Then H'(r) = O(p~*?). Moreover, r| is a unique solution of equation
ri = H(ry). Thus, Banach contraction mapping theorem tells us that the
sequence 7, satisfying 7,1 = H(¥,) converges to ri and |r| — 71| <K
p~r1 — Ful. Since r; = ro + O(1), this finishes the proof. |
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Corollary 6.9. We have:

vol(At N B)) — vol(A~ N B))
1

2¢;
=5 [ @0 = @ ) + 0057,

Analogously to (6.12), we have:
Fmy1 = —acos(¢y — ®)(singy) !
+ /07 = G 1y, @) — @ sin®(¢y — ) (sin ) 2.

Taking into account (6.7), (6.10), (6.12), (6.18), and Lemma 6.5, we obtain
that

(6.19)
Fupi=ro+p" D Ciam(®)p 7§, n(@0))

Jos=>0; j+s>2

=ro+p" Y. Crm(@p (& n@O)) " + 0"

j.5>0:2<j+s<2M

(6.17)

(6.18)

for 0 < & < ¢;. Similarly,

(6.20)
~ _ —1 ~ —J —s
P =ro+p"" D Cram(®)p (o, n(0111))
Jos=>0; j+s>2
=r+p" Y. Ciun@p (&, n@0)) " + 00"

Jis20;2<j+s<2M

for ¢ < ® < 2¢;. Here, Cj; (P) and CJ,S,M(CD) are polynomials of
cos(¢; — @), sin(¢; — @), and expressions of the form ((n(§ —v), n(y,))) ",
where 7, € @;‘;1 are not multiples of 6, or 6,;;. Each term in the poly-
nomial C;; y(®) and C Gsm(P) 1s O(p,ﬁ/ 2), and the number of such terms
is O(R}V™).

Next, we note that (&, n(6))) = a + rysin ® and (&, n(0,1)) = —a —
ro sin(2¢; — ®@). Thus, in order to use Corollary 6.9, we need to compute
integrals of the form

Y Cism(D)ro(P)°dd
/0 (a + ro(®) sin(P))*’
g Cj,s,M(q’)ro(q’)adq’
/¢ (—a — ro(®) sin2p; — ®))*

(6.21) 6=0,1.

(

Taking into account Lemma 6.6 and properties of Cj p(P), C’j,s, m (D)
stated above, we can decompose all functions of @ in (6.21) into Taylor’s
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series in the neighborhoods of ® = 0 and ® = 2¢;. At the same time we
apply the following transform of the denominator:

(6.22)
(a+ro(®)sin(P)) ™" = (a+ pP(1 + p(p, ))(1 + $(P)))™"

= (a+ ,oCID)_S<1 +

=pa/p+ P

¢ —5
m@(ﬂa D) + (@) + p(p, cI>)¢(cI))))

00 . d kN s
X (1 +Y (=1 (m(mp, ®) + $(®) + p(p, <I>)¢><d>>)) ) :

k=1

where (see Lemma 6.6)

p(o, ®) =Y pr(®)p~*
k=1
and

o0

H(P) 1= Z D o
2 2k + 1)!

recall that we are assuming that ¢; < 1/100, so that there is no doubt about
the convergence of the last series in (6.22). Thus, decomposing p;(®) into
Taylor’s series we reduce the problem to computing the following model
integrals:

7 Pkdd
o (a/p+ @)
After substitution x := a/p + ® we can explicitly calculate these integrals.
Note, thatif 1 < m < k4 1 then the term In p appears. Combining together

all contributions we obtain the following lemma, which is the main result
of this section:

1/24

Lemma 6.10. Assume that R, < p,'~ . Then
(6.23) i i
vol (AT N 8B)) —vol(A~ N B)) = Z Cip™/ +1Inp Z Cip™/ +0(p™),
j=l1 j=2
~1/6 2j/3

where |C1| < pn /", 1C1, 1G]l < o’ j = 2.

7. Resonance regions

We now consider n € D and try to compute g(n). The key result in this
section is Corollary 7.11, where we compute g(#) in this setting. In the rest
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of this section, we fix [ and omit it from the notation, so that @ := 6,. We
also assume that 7 is fixed and will frequently omit it from the notation. As
above, we introduce the coordinates § = (11, 172) so that n; = (3, n(64))
and 7, = (n,n(#)). We obviously have 1, ~ p and |n:| < p'/3. It is
convenient to denote » := n; and ® := n,, to indicate that (r, ) are
going to play the same role as in Corollary 4.4 (or rather Remark 4.6) and
Lemma 4.10; note that (r, ®) satisfy all properties of Remark 4.6. We also
fix an element & € E5(6;) in each set Y and assume that € Y (&); the point
is that we will frequently treat & as fixed and study how g(#) varies when 5
runs over Y (&).

Let vy = 0, vy, ..., v, be a complete system of representatives of ®,;;
modulo #. That means that v; € ®,;; and each vector y € ©;;; has a unique
representation y = v; + m#, m € Z. We denote the coordinates of v; by
(UJ’., vJ’.’) and put ¥, = W;(§) := (§ + v; + (Z0)) N Y (§). Then each set ¥;
consists of points having the same first coordinate; the distances between
points in ¥; are multiples of [f|. Moreover,

(7.1) 1@ =Jw.
J

and this is a disjoint union.
Let us compute diagonal elements of H(§) := P(&§)H' (k) P(§), where
k = {&}. Put $H(&) := P(§)9, so that H(&) can be thought of as an operator

acting in H(§).
Let n € Y(&). Then y can be uniquely decomposed as
(7.2) n=~&+mb+v;

with m € Z. Recall that H(§) = P(§)(Hy(k) + V') P(§) and Hy(§)e, =

|77|2e,7 whenever n € Y(&). We obviously have:

P = 1§+ v; +mb® = (r + ) + (& + v/ +mlg])’
=2+ 20+ (& + )+ mlg])”.

This simple computation implies that

(7.4) HE) =r* I +rA+ B.

Here, A = A(§) and B = B(&) are self-adjoint operators acting in P(§)$)
in the following way:

(7.3)

p
(7.5) A=2)"vP® (W)
j=0
in other words, for n € ¥; we have
(7.6) Aey =2vie, =21 — &)ey,
and
(7.7) Be, = (v* + (& + v/ +m|8])" + PE)V')e,
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for all » € ¥;(§) with v; and m being defined by (7.2). These definitions
imply that

(7.8) U :=ker A = PO (W) H(&).
Notice that

(7.9) 1A < R, < p)f?
and

(7.10) IBE| < p;°.

Let us state more properties of A and B.

Lemma 7.1. Let j be a non-zero eigenvalue of A. Then || > R;2.

Proof. Formula (7.6) implies that the eigenvalues of A equal {v]’.}. We also
have: vj’. = (v, n(#+)). Now the statement follows from Corollary 5.3. O

Let us define P to be the orthogonal projection onto % = ker A acting
in (£) and B := PBP : 0 — 9. Note that considering operators acting
in ¥ means considering only j = 0 (and thus vy = 0) in (7.5) and (7.7).
Thus, in particular, we have:

(7.11) Be, = (&2 +ml8))° + P(§)V')e,

if n = &+ mO € ¥(E). We also denote 71, := [Iol] and ky = {IOI} (note
that 71, is not the second coordinate of n = [£]; this is why we did not call
it n,).

Lemma 7.2. We have:
(7.12) 1js2(B) — wi(B) > 1

uniformly over j, n, l and & € E5(6).

Proof. Denote by T the number of elements in {§ + j@, j € Z} N A(0).
Inequality (7.12) obviously holds if j > T" — 2. Indeed, denote by Bo the
operator B with potential V being identical zero. Then we have | M](B)
M (Bo)| < v. Onthe other hand, itis easy to check that u; > (Bo) I (Bo) >
a~ p'/3.

L/::t us assume now that j < 7 — 2. Then we will compare eigenvalues
of operator B with the eigenvalues of a certain one-dimensional Sturm-—
Liouville operator. Let Y‘(’g‘) ={&+ j0, ] € Z} P(’g‘) = O(")('Y‘(.S)) and
f)(&) = P(E)f) Consider an operator B = B, (later on in the proof we
will need to remember that these operators depend on n) acting in 5’_)(&) by
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the formula
(7.13) Be, = ((&+ jlOD* + P(E)V)e,

for each n = & 4+ jO € Y(£). Then, in the same way as we proved
Lemma 5.15 using Lemma 5.1, we can show that if j < T, we have

(7.14) 1 (B) — 1;(B)| < o, MV,

However, the operator Bis unitary equivalent to a one-dimensional Schro-
dinger operator —y” + V on the interval [0, 277|@|~!] with a potential

. 101\"* . .
(7.15) V = V(),R,L = Z <_) elX(Sz-‘rmI(?‘l)V(mo)

meZ,iml|<R,
and quasi-periodic boundary conditions y(%) = ki y(0) and y’(l%”l) =
e¥™21y/(0). Indeed, the isometry S which establishes this unitary equivalence
is given by S : €t > (‘2%‘)1/ 2eixE+ml6D - Standard results about one-
dimensional Schrodinger operators (see e.g. [10]) imply that

(7.16) 1j2(B) — j(B) > |0]°.

The simplest way to see why this inequality holds is to notice that the
distance between eigenvalues of B and the unperturbed eigenvalues
{(m + k2)?|0|*}nez is at most the Lo-norm of the potential Vp r . This
shows that (7.16) holds when j > Cv, whereas for finitely many j satisfy-
ing j < Cv we can use the fact that u;,» (é) * I (é), since an eigenvalue of
a one-dimensional differential operator of second order cannot have multi-
plicity three. Inequalities (7.16) and (7.14) prove (7.12) for j < T. Let
us prove that this estimate is uniform in j, n, and /. Indeed, the uniformity
of (7.14) follows from Lemma 5.1. Consider (7.16). Uniformity in j follows
from the remark after (7.16). It follows immediately from the same remark
that (7.16) is uniform when L ,-norm of the potential \70, R, satisfies

- 0 2
(7.17) 1Vo.r, oo < %

Since the potential V is infinitely smooth, we have |\7(y)| & |y|~2, which
shows that there are only finitely many @ for which (7.17) is not satisfied.
This shows uniformity of (7.16) in /. It remains to prove the uniformity
of (7.16) in n when @ is fixed. First, we notice that (7.16) holds for suffi-
ciently large j > jo, where jj depends only on || V||, but not on n. Suppose
now that (7.16) is not uniform in n. Then there is a value of j such that

(7.18) lim 142(B,) = lim j41(B,) = lim 14;(B,) =:
n—00 n—00 n—o0
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(strictly speaking, we need to pass to a subsequence 7 if necessary). How-
ever, these limits are the eigenvalues of the limit operator B,, with the
potential

; 81\ "? iwcersmiony
(7.19) Voo = Z (E e (éermlol)V(mO).
mez
The required result now follows from the fact we already used above that
a second order one-dimensional differential operator B, cannot have an
eigenvalue of multiplicity three. O

Our next task is to compare eigenvalues of H(§) and H(&') when £
and & are two different vectors lying in E5(6). This is not a straightforward
task, since these operators act in different Hilbert spaces ($(&) and $(&')
correspondingly). Thus, first of all we need to be able to map these Hilbert
spaces onto each other. The natural candidate for such a mapping is

(7.20) Fre(e,) = eie ¢

Ideally, we would like this mapping to act as follows: Fg ¢ : $(§) — H(&)
and be an isomorphism. Unfortunately, in general this is not the case since
the sets Y (&) and Y (£’) can contain different number of elements. In fact,
it may well happen that n € Y(§), but (n + & — &) ¢ Y (&'). However, the
mapping F has the suggested property in one very important special case:
when ©(§) = ®(&') (in other words, when the second coordinates of &
and & coincide). Indeed, suppose that ® (&) = O (&’). Then obviously

{4+ )0, € B30),j€Z}+ (E —& ={& + j0, € B30, j € Z}.

Thus, we also have

Y+ E -8 =",

and so the mapping Fg g is an isometry between $(&) and $(§) with
F, _E’ = Fg ¢. Moreover, if we look carefully on (7.6) (the first equality
there) and (7.7), we realize that the definitions of operators A(£) and B(£)
do not depend on &;, so we have Fy :A(§')Fy = A(§) and, similarly,
Fe ¢B(&')Fe e = B(§). Thus, all operators A(§) are unitary equivalent
when & runs along any horizontal line ® (&) = ®; the same statement holds
for B(&). It is convenient to think of all such operators as being identical
operators A(®y) and B(P() acting in the same Hilbert space (D). We
also notice that if ®(§) = ®(&’), then the isometry F ¢ leaves the function ¢
(defined after (5.36)) invariant. This means that whenever n € Y (&) and
W =n+§& — & e Y(&), we have 1(y) = t(y'); this is true even if |y|?
is a multiple eigenvalue of Hy(n) (and, correspondingly, |3'|? is a multiple
eigenvalue of Hy(y')).

Denote 8 = 8L .= [—a,a],l =1, ..., L (recall that 8’ were already
introduced in the previous section). Now it seems to be a straightforward
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task to apply Lemma 4.10 in the resonance region similarly to how we did it
in the non-resonance region. Indeed, (4.9), (4.10), and (4.12) are immediate
corollaries of |§]*> = r(§)?> 4+ ®(£)?, and (4.11) follows from the standard
results of perturbation theory (see, e.g., [6]) applied to the operator pencil
rA(®) + B(®) = r(A(®) 4 r~' B(®)). The problem with this approach
is that the coefficients @;(®) in (4.11) are not bounded in general. This
unboundedness of the coefficients is caused by the fact that the eigenvalues
of B can be located very close to each other. However, Lemma 7.2 shows
that the multiplicity of any cluster of eigenvalues of B cannot be greater
than 2. This observation will be of a great help to us.

It will be slightly more convenient to introduce new operators A =
A, = R’Aand B = B, := R?B (and B := R?B = PBP); we will be
assuming from now on that R, < pl/ %3 The reason for this change is that
Lemmas 7.1 and 7.2 can be reformulated in a more uniform way:

Lemma 7.3. There is a positive constant C, which satisfies two properties:
if 1 is a non-zero eigenvalue of A, then || > C, and

(7.21) wj+2(B) — 1;(B) = 3C;
uniformly over j, n, [ and &.

Remark 7.4. 1) It will be convenient to assume that C; < 1/10, which we
will be doing from now on. ~

2) Of course, we have slightly better estimate for eigenvalues of j1;(B). The
distance between /4;,,(B) and w;(B) is > R2. But (7.21) is enough for
our purposes.

The importance of Lemma 7.3 can be seen from the following remark.
Suppose that we could establish the inequality (7.21) with 1 (B) instead
of ji2 (B). Then, using the approach from the previous section, we could
prove that the coefficients @;(®) in (4.11) are bounded, and this would finish
the proof of our main theorem. However, in general it could happen that
two eigenvalues of B lie close to each other. Our further course of action
will reflect this possibility. We will divide the segment § = [—a, a] into
two disjoint parts, § = 8 U 8. Roughly speaking, 8 will be the region
where the eigenvalues of B are far from each other, and 8 will be the
region corresponding to couples of eigenvalues of B lying close to each
other. To be more precise, we need yet more notation. Let £ € E5(0) and
= (m,m) € Y(&) (recall that Wy = {£ + ZO} N X (§), s0 P = PX (W);
this means, in particular, that ; = &;). Then (1,)? is an eigenvalue of the
unperturbed operator ﬁo(i‘;), say (112)? = Hr(y) (ﬁo). Here, as above, we use
the convention that if two eigenvalues (1,)? and say (v,)? coincide, we label
them according to the crystallographic order of their universal coordinates
(of course, this could happen only if the quasi-momentum k is either 0
or 1/2). Thus, we have defined a mapping 7 : ¥, (§) — N. Notice that we
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can talk simply about the value (), without specifying what £ is, since if
ne W), j=1,2, then ¥ (&) = ¥(&). Next, for any point n € ¥,(§),
we define

(7.22) h(n) = pon) (B(E))
and
(7.23) h(n) := po BE) = R2h(p).

Then, we can reformulate (7.21) like this: for each n € ¥,(€), there is at
most one point v € ¥y (&), v 7~ 5 such that |h(v) —h(y)| < 3C,. Notice that
this whole construction does not depend on the first coordinate 1, (we can
recall the paragraph after the proof of Lemma 7.2 at this stage), so we can
think of t as a mapping t : 7, — ©(), where 5 is any point with second
coordinate 1, such that n € ¥ (§) for some & € Es(#). Then the domain
of thus defined mapping t is some interval  which consist of all second
coordinates 7, of points § € Wy (&) with & € E5(0); obviously, I D [—a, a].
Similarly, 2 : g, +— u,(nz>(]§(§)) is a well-defined function on I. Let s
be a small parameter which we will fix later on. At the moment, we put
s = %Cz, but we will decrease s later. We define I; = I (s) to consist of
all points 7, from I such that there exists a non-zero integer m such that
m +m|6| € I and

(7.24) lh(n2) —h(n2 +m|0])] < s.

In other words, I; consists of all points 7, such that the eigenvalue of B
corresponding to 7, is close to being multiple. We also put Iy = Io(s) 1=
I\ I;(s). Let us study the properties of this partition. First of all, due to
Lemma 7.3, foreach n, € I, (7.24) is satisfied for precisely one value of m;
obv10usly, then 17, +m|@)| also belongs to I;. Thus, we can define a mapping

: I — I, by the formula ¢(172) = 1, + m|6|, where m # 0 is chosen so
that (7.24) is satisfied. Obviously, then (> = Id. We can extend the mapping ¢
to the whole 7 by requesting that ¢(1,) = 1, whenever 1, € Io Sometimes
we will slightly abuse this notation by writing () := (171, t(172)).

Lemma 7.5. Suppose n, € [—a, al. Then «(n,) € [—a, al.

Proof. It n; € io, the statement is obvious. Suppose, 17, € (i 1 N [—a,al]).
Without loss of generality we can assume that 7, is positive. Notice that
|h(n2) — |n2)*| < v. This implies that whenever 1, < a/2, the statement

holds. Suppose, 17, > a/2 > p,l/ 3 Then if (7.24) is satisfied, we have
2

(7.25) [l = |2 +mBl]"| <s+2v,

and thus

(7.26) |1n2] = |m2 + ml8]]]| < o'
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Since 7, is assumed to be positive and 1, +m|0] is negative (otherwise there
is no chance for (7.26) to hold), this means

m

(7.27) 2+ 16| < 0, 1.

Obviously, we will have the same inequality for ¢(7;):
m

(7.28) )| + Z161] < o7,

so both 1, and ¢(1,) are close to (i.e. within distance o(1)) points of the form
:I:% |#]. Now the second condition (5.6) implies that the distance from a to
any point of the form +%0| is at least |@| /4. Thus, if || < a, this implies
that [t(12)] < a. O

Now let us establish the relationship between the labeling 7 : ¥(§) — N
used to define mapping 4 and the labeling ¢ : Y(§) — N defined by (5.36).

Lemma 7.6. Let T be the number of elements in Y (&) whose first coordinate
is strictly less than &;. Then for each 5 € ¥ (&) we have

(7.29) t) =t(n) +T.

Proof. 1t follows from the proof of Lemma 5.8 that whenever u € Y (&) \
¥, (&) and n € ¥y(€), the following two conditions are equivalent: | < 1y
and || < |n|. Indeed, to say that u ¢ (&) is equivalent to saying that
1 # 1. Suppose that iy < ;. then ny — g > R, %, s0 (7)) — (u1)* >
puR2 > pa°. Since o] < a < py”, this implies || < [p]. The
case (q > n; is treated similarly. The rest follows from the definitions of
mappings ¢ and 7. O

Now let us recall that because of (7.4), we are interested in studying
eigenvalues of the operator pencil

(7.30) Zor) =rA+B=r(A+r'B) = R2Z(r),
where
(7.31) Z(r) =rA + B,

r = &, and operators A and B depend on ®(§) = &, for some point
& = (&1, &) € E5(0). These operators act in the Hilbert space which we have
denoted by $H(D(&)); see the paragraph after the proof of Lemma 7.2 for the
discussion of this Hilbert space. To be more precise, we fix a point n € Y (&)
and study the function g(n). We are only interested in eigenvalues of Z(r)
which are bounded as »r — oo (which means, they can be considered as
perturbations of zero eigenvalues of A or, equivalently, that n € ¥, (&)). The
first order of approximation of such eigenvalues as r — oo are eigenvalues
of B. We will consider separately two cases: 7, € I, and 1, € Iy. The
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former case is much more difficult, and we give all necessary details. The
latter case is much simpler and can be treated analogously to the first case
(alternatively, one can apply methods similar to those we used in the previous
section); we will make some remarks on this case later. So, let us assume
that n, € 1. .

Recall that P is a projection onto ker A = ker A; we also denote P’ :=
P(£) — P. Let Py(< P) be projector onto span of two eigenfunctions of B
corresponding to h(n,) and h(«(1,)); put P} := P — P, By u we denote
a spectral parameter, which at the moment we assume satisfies || < 2||B]|.
Operator P’AP’ + P is invertible and ||(P’AP’ 4+ P)~'| < ¢ with constant
¢ > 0 uniform with respect to n and n,. Thus, for sufficiently large p,
operator

|
(7.32) Sy = PAP +P+—-B —pn)
r
1s invertible. We have
(7.33) rA+B— = (I—PS;")rS,.

Then p is an eigenvalue of rA + B if and only if 0 is an eigenvalue of
I — PS;I. Obviously, corresponding eigenfunction z belongs to PH(®P).
Thus,

(7.34) z=S"z+y
for some y € P'$)(P). We have S,z — z = S, y. Then

(7.35) P'S,Pz=P'S, Py, y=(PS,P)'PS, Pz
Thus,
(7.36)
0= (PS,P—P—PS,P(P'S,P)'P'S,P)z
1/ - 8
= —( B—wPr
p

— %P(B — ,u)P’(P’AP’ + %P’(B — M)P’)_IP’(B — u)lﬁ)z.
Therefore, zero is an eigenvalue of operator PB— )P — }K u» Where
(7.37) K, = P(B— M)P’(P’AP’ + %P’(B — M)P’>1P’(B —w)Pp.
Note that since PBP’ = R2PVP’ we have

K,| < C(N)R?,

N dj
(7.38) I Ky ll + —
nw ; dﬂj
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where C(N) depends only on N and V, provided r > ,0,2/ * and po(V) is
sufficiently large.

Next, we want to narrow the range of u’s which serve as the candidates
for being the eigenvalues of rA + B. Let us at the moment only look for
eigenvalues pu such that

(7.39) Il —h(n)| < C.

If we assume that (7.39) is satisfied, the operator P(B — M)I3 + Py is
invertible (on *U) and inverse operator is bounded uniformly in n and 7,.
We have

. |
(7.40) PB— P —-K,=(I-PD;")D,,
r

where D, := PB— ,u)]3 + Py — %K,L.

Now we repeat the same construction as in (7.34)—(7.37), only with
respect to the pair of projections Py, P instead of P, P(€). As a result, we
obtain that p is an eigenvalue of Z(r) = rA + B if and only if zero is an
eigenvalue of the operator Po(B — ) Py — G, where

(7.41)
1 1 1 -1
G, = ;<P0K,LLP0 + ;POK#P(;(P(;(B — P, — ;P(;KMP(;) P(’)KMPO).

The operator Po(B — )Py — G, is, in fact, a (2 x 2)-matrix. Note that
in a suitable basis, Po(B — @) Py is a diagonal matrix with h(n;) —
and h(¢(n,)) — p standing on the diagonal. Calculating the determinant of
Py(B — )Py — G, in this basis, we obtain that u satisfying (7.39) is an
eigenvalue of Z(r) if and only if

1 1 1
(7.42) (h(nz) —u+ ;al) (h(t(nz)) —u+ ;az) — r—zﬂz =0.

Here, o1, ap, and B are functions of n and r (depending on 7, as a parameter)
P 3/4 . .

analytic in |u — h(n,)| < Ca, ¥ > p;,’ " and satisfying

(7.43)

djO[l

du’

dj()lz

du’

@'p

du’

N
loei | + lea| + 18] + < ) < C(N)R;,

j=1
with constant C(N) uniform in n and 1, € 1, provided py is sufficiently

large. We put v :=  — h(n), € = 2 and § := h(n) — h(u()).
Then (7.42) is equivalent to

(7.44)

0.

o]+ a o a0 — 2
F(v,8, € m) := 1"+ V<5 ENL ) - 65p3/4 +¢é -
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Here, we temporarily consider § as independent variable, and «, o, and
are considered as functions of v and €, depending on 1, and p,, as parameters.
It follows from Corollary 2.3 that there exists aneighborhood w of (v, §, €) =
(0, 0, 0) such that F = 0 in w if and only if

(7.45) V2 —2X,(8, €:m)v+ Xa(8, €;1m2) = 0.

Here, X, X, are analytic in 6, € in w and X;(0, 0; n2) = X,(0,0; ) =0
(the difference between (7.45) and (7.44) is that functions X;, X, do not
depend on v). Moreover, it follows from Corollary 2.4 and uniformness of
our estimates that @ can be chosen to depend on V only; we also can achieve
that w contains the set €] < €, |§] < &y, where, € and &y do not depend on n
and 1, € I, (they depend only on V). We also have uniform upper bounds
for X, X, and its derivatives. Indeed, we have uniform upper bound (2.5).
Then analyticity of W (which is equal to v — 2X (8, €; n2)v + X»(8, €; 12)
in our case), (2.5), and Cauchy’s integral formula imply upper bounds for
the coefficients X, X,. Now we can solve quadratic equation (7.45) and
obtain v, = X £ v X% — X, or 2 =h(m) + X, £~ X% — X». Thus,
recalling that H(§) = r* + Z(r) = r* + R, *Z(r), we deduce that the points

r*+ R *h(n) + R* (X1 £ VX] — X»)
=r’+h(n) + R* (X1 £ VX — X»)

are eigenvalues of H(&); notice that, since H(£) is a self-adjoint operator,
this implies that X% — X, > 0 when all the variables take real values.
Now, the definition of the mapping g implies that there exist two points,
o, - € Y(&) such that gay) = r* + h(n) + R, > (X1 £V X] — X2).
Lemma 5.8 implies that o € ¥y(&).

Now we recall that é in fact is not an independent parameter, but § =
h(1,) —h(¢(172)). Then our functions X, X, will be analytic in € for |€| < €,
provided |h(;) — h(t(12))| < 0. Thus, we have proved the following
statement:

Lemma 7.7. There exist positive numbers py, 8o and €y and two func-
tions X1, Xa, X; = X;(8, €; n2), such that X; are analytic in § and € when
18] < 8o and |€| < €y and the following property is satisfied. Suppose,
£ = (§1.&) € Bs(0) and n € (&) with 1, € I1(s), s < min(8p, 3C2).
Then, there exist two points o = o (12) € V(&) such that

(7.46) glas) =r* 4+ h(m) + R* (X1 £ VX — X»),

3/4
where X; = X;(h(n2) — h(u(n2)), 22=; m2). Moreover, each point v €

r

W, (&) N I, can be expressed as v = o (1,) for some p € Yo(£).

Proof. The last statement is the only one we have not proved so far. However,
it follows from the standard pigeonhole arguments based on the fact that
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the number~ of pairs (e, ) is the same as the number of pairs (173, t(172))
with 1, € I;(s). O

Remark 7.8. Instead of assuming that n (and thus p,) is sufficiently large,
we prefer to assume that p, is large enough and prove that estimates hold
uniformly for all n (recall that p, = 2"pg). Also, since we always have
8 = h(n2) — h(«(n2)) depending only on n,, we will often skip mentioning
the dependence of the functions X; on the first variable and write X; =

Xj(e; m).

Note that X; and their derivatives enjoy uniform upper bounds and we
also have X;(0, 0; no) = 0. Therefore, by decreasing the values of §y and €
if necessary, we can achieve that | X & \/X% — X»| < C,/10 when |§] < &
and |e| < €p uniformly over 7,. Now we can fix the value of the parameter s
which we used to define the sets I(s) and I (s): weputs := min(%&), %Cz).

Suppose now that n € Iy(s). We have:

Lemma 7.9. There exist positive numbers py and €y and a function Y =
Y(e; mp), such that Y is analytic in € when |€| < €y and the following
property is satisfied. Suppose, § = (§1,&,) € Es5(0) and n € ¥ (§) with
m € Io(s). Then, there exists a point 8 = B(n2) € Y(&) such that g(B) =

r+hwﬁ+R2ﬂ”,n)

The proof is similar to the above and is even simpler; in fact, this proof
essentially is equivalent to the proof of Lemma 6.1 from [8]. That is why we
just give the sketch of the proof and make some remarks on uniformness.
We start with (7.37). Now, P, is a projector onto one-dimensional subspace
corresponding to eigenvalue h(1,) of B. We consider w such that (cf. (7.39))

lw —h@m)| < s/3.

Then operator P(B — 1) P + Py is invertible. If necessary we increase pg to
ensure that operator D,, is invertible. Next, we repeat all further arguments
from the proof of Lemma 7.7 which are simpler in this case since G, is
a scalar-valued function now. We obtain that u is an eigenvalue of Z(r) if
and only if

- 1
Fi:h(’?z)—ﬂ‘i‘;azo,

where « is analytic in |[u — h(ny)| < s/3, r > ,03/4 and depends on 7,
as a parameter. It also satisfies estimate similar to (7.43) uniformly in n
and n, € I,. Applying Corollary 2.3 (alternatively, we can just use the
implicit function theorem) we obtain that F = 0 in some neighborhood @

of (. ) = (h(12), 0) if and only if ;2 = h(n) + Y(Z: ) for some

. . . . 3/4
analytic function Y. The neighbourhood @ contains the set | p"7| = |e| < €,
where €, does not depend on n and n, € I.
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Asabove, we have Y(0; ,) = 0and Y and its derivatives being uniformly
bounded (actually, the bound depends on &y only). Thus, by decreasing ¢
again if necessary, we can achieve that |Y| < s/3 whenever |¢| < €.

Lemma 7.10. (A) Suppose, n, € I1,(s). Then we either have o, = n and
oy = 1(n), or oy = n and a; = (7).
(B) Suppose, n, € Iy(s). Then we have B = 3.

Proof. Suppose, 5 and v are two different points from ¥ (&) and v # ().
Suppose for definiteness that t(») < (), i.e. that h (1) < h(v,). Then:
(a) if both 71, and v, belong to Iy, we have h(v;) — h(n,) > s, so

(7.47) h(nz) +Y(-5m2) <h() +Y(-;1),

and thus g(B(n)) < g(B()). 5
(b) if both 1, and v, belong to I;, we have h(v;) — h(#n,) > 3C,, so

h(n2) + X1(-3m) £ VX5 m0) — Xa (-5 1m2)
<h() + X1(-5v2) £VX3(-5 ) — Xa (-5 1),

and thus g(a(n)) < g(a(v)). . _
(c) finally, if we have say 1, € I;(s) and v, € Iy(s), we have h(v;) —
h(n2) > 3G, so

(7.49)
h(m) 4+ X1 (5 m) VX35 m) — Xa(-5m) < h(v) + Y(-5 vy),

and thus g(ee(n)) < g(B(v)).
In all these cases, we have #(5) < #(v). Now the proof follows from the

pigeonhole argument. O

Corollary 7.11. Let§ = (&1, 4) € Es(0).
(a) Suppose, 1 € V(&) with n, € I,(s). Then, we either have

(7.50) g =r*+h(n) + R, (X1 + VX — X2)

and

(7.51) g(m) =r* +h(p) + R* (X1 — VX1 — X2),

or

(7.52) g =r*+h(n) + R (X1 — VX; — X2)

and
(7.53) gm) = r’ + h(m) + R (X1 +VXi — X2).
(b) Suppose, n € Wy (&) with n, € io(s). Then, we have

(7.48)

3/4
(7.54) g() = r* +h(m) + R,,ZY(” ’; ; 7)2)-
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Remark 7.12. Suppose, n and ' are two different points with the same
second coordinate 7, € I,. Then we either have both t(y) > t(t(n)) and
t(y) > t(t(n)), or both t(n) < r(t(n)) and 1(y') < t(¢(x’)). This shows that
we either have (7.50) and (7.51) or (7.52) and (7.53) simultaneously for
both 5 and #’.

Since the derivative of Y is bounded in {|e| < €}, (7.54) is increasing
function of r (assuming, as we always do, that py is sufficiently large).
We denote by g = g(172) (= g(®)) the value of r which makes the RHS
of (7.54) equal to p?. Unfortunately, the same argument will not work
with (7.50) or (7.52) (when we differentiate the RHS of these formulas,
we obtain square root in the denominator). It turns out, however, that if we
fix n,, the equations

(7.55) P 4+h(n) + R (X1 + VX —X2)=p
and
(7.56) P4+hm)+ R (X — VXTI —X2)=p"

have exactly one solution each. Indeed, the intermediate value theorem
implies that there is at least one solution to each equation, and later on
in Remark 7.13 we will see that the total number of solutions of (7.55)
and (7.56) is at most two. We denote by g = g(12) (= g(®)) the value of r
which makes the RHS of the relevant equation (7.50) or (7.52) equal to p>.

Then similarly to our proof of Lemma 4.10 (more precisely, of (4.20)),
we obtain the following formula:

(7.57)
vol (AJF N A(L"J)rl) —vol (Af N .Ag?rl) = / (q(m2) — vV p* — 3 )dn,.

Thus, in order to compute vol(A* N A(L"J)rl) —vol(A— N .A)gﬁ,), we need
to compute g(n,). We will consider the case where 1, € I (another case
is simpler and can be dealt with in the same way). We also assume for
definiteness that (7.50) and (7.51) are the valid ones, so we need to solve
equation

(7.58) r*+h(m) + R (X1 + VX —X2) =

Thus, g(n,) is the (only) value of » which makes (7.58) valid, and g(¢(n;))
is the (only) value of » which solves the following equation:

(7.59) P 4+h(m) + R (X — VX — X2) = A

Now we introduce a new unknown variable
r

(7.60) o:=——1,
P
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so that

(7.61) r = p(l +0);
we also put

(7.62) é:=p/p.

Then direct calculations show that (7.58) is equivalent to

(0% 420) + p, ?&(h(m) + R, X1 (€0 +0)7'; m))

(7.63)
= —p, 2R, 2EVXI(E(1 + o) ) — X2 (E(1 +0) 15 ).

Taking square of the last equality we obtain

(7.64) W(o, & 1) := (o + 2)%0> + & p > w(o, & 1) =0,

n

where w is a certain function; the properties of w follow from the properties
of X;. In particular, w is analytic in |o| < 1/2 and [€] < €;/2. Moreover,

the bounds for w and its derivatives are uniform in n and 1, € I 1. We see
that

W(0,0; m) = W,(0,0;7) =0 and W, (0,0;n,) =8 # 0.

Applying again Theorem 2.1, we obtain that (in the neighborhood of
(0,€6) = (0,0)) W(o, € np) = 0if and only if

(7.65) o® = 2X3(& m)o + X4(& m) =0,
where X (€; n,) are analytic in € and X;(0; o) = 0 for j = 3, 4.

Remark 7.13. Since (7.65) has two o-solutions, this implies that the total
number of solutions of (7.55) and (7.56) is at most two.

The solutions of (7.65) are o (€; 1) := X3+ X% — Xyand oy (€; np) =
X3 — ~/ X3 — X4. Thus, we either have g(n,) = p(1 + o) and q(1(172)) =
p(1 + 02), or g(1n2) = p(1 + 02) and g(t(n2)) = p(1 + o1); for the sake of
definiteness we assume the former possibility.

Put

T(n2, p) = T,(m2, p) == q(n2) + q(t(2)) = p(2 + 01 + 02)
=2p(1 + X3).

According to Corollary 2.4, X3 and consequently p~'7,, is analytic in &
for |€] < ¢(V) with some constant ¢(V) > 0 uniform in n and n, € 1.
Function p~!7,, and its derivatives are bounded uniformly in n and 1, € I 1.

Thus, for n, € I; we have p~!'T, is analytic (while o, 05 are only
algebraic).
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Now assume that 1, € fo. As usual, this case is similar to the case
n, € I, but simpler. We solve equation

3/4
(7.66) 2+ h(p) + R;2Y<pnT; 772) = A,

where Y is analytic in 1/r. Using arguments similar to the first case, we
obtain that (7.66) has a unique solution r =: g(n,). We define T(n,, p) =
T(n2, p) := 2q(n2) for n; € I.

Next, notice that [&] < c(V) is satisfied if » > p2/*2(c(V))~! =
p;‘/ S(p,l,/ 2Oc(V) /2)~!. Thus if we assume that p, is large enough, we en-
sure that the set {r > ,oi/ 5} is included into domains of analyticity of all our
analytic functions.

According to (7.57) we have

(7.67)
vol (AJF N Ag’ll) — vol (A_ N .A)(L"J)rl)
a

a 1
=/‘@mﬂ—¢ﬁ—nbmn=5/'UMﬁ—2 p? =13 )dna.

—a —a

Note that although ¢(7,) is not an analytic function of p (it involves square
root of analytic functions), the function 7(7,) is analytic.

The proof is almost finished, since the RHS of (7.67) is analytic in p for
sufficiently large p (recall that || < a K ,o,],/ 3). The only remaining thing
is to obtain some estimates for coefficients in the analytic expansion of 7,
(and thus of (7.67)). We have

= 1
(7.68) T=p Y t(n.m)—.
j=0 p

It easily follows from (7.63), (7.66) and definition of 7,, that f, = 2 and
t; = 0. Since p~!|T,| < C uniformly in 1, for any p > ,03/ 5, we obtain

(7.69) |t;(n, m2)| < C'pil>

with constant C’ > 0 uniform in n and 5,. Substituting it into (7.67), we

derive

7.70 (AT N Al (A= N A® ) = X 2 (m)-

(7.70)  vol ( L'+1) = vol ( L) = EPZ;,%'(”);’
J:

where é;(n) = ffa (tj(n, 1) —1;(12))dn,. Here, we denoted by 7; coefficients

in analytic expansion

o0
- 1
2Vp? =y = /0(2+ ij(ﬂz);)-
=
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We have
(7.71) |8j] < 4C'plPH1/3,
Next,

o0 o0
o1 _. . .
(7.72) pu Y 1) — < Cpy* Y~ p, 71 < Cp, SMPIHS < Cp M
j=6M Pn j=6M

with constant C > O uniform inn. Pute;(n) := %EJH (n). Thus, using (7.70)
and estimates of the coefficients obtained above, we arrive at

Lemma 7.14.

oM
(7.73) vol (A* N oA")) —vol (A™ NAY) =D eim)p™ + O(p, ™)
j=1

for p € [p,, 4p,],

with |ej(n)| < p> .

Lemma 3.3 now follows after summation over [ from Lemmas 7.14,
6.10, 4.8 and Corollary 4.4. This finishes the proof of Lemma 3.3 and,
therefore, of Theorem 3.1.
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