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Abstract. We consider the question of future global non-linear stability in
the case of Einstein’s equations coupled to a non-linear scalar field. The
class of potentials V' to which our results apply is defined by the conditions
V() > 0, V/(0) = 0 and V”(0) > 0. Thus Einstein’s equations with
a positive cosmological constant represents a special case, obtained by
demanding that the scalar field be zero. In that context, there are stability
results due to Helmut Friedrich, the methods of which are, however, not
so easy to adapt to the presence of matter. The goal of the present paper
is to develop methods that are more easily adaptable. Due to the extreme
nature of the causal structure in models of this type, it is possible to prove
a stability result which only makes local assumptions concerning the initial
data and yields global conclusions in time. To be more specific, we make
assumptions in a set of the form By, (p) for some ry > 0 on the initial
hypersurface, and obtain the conclusion that all causal geodesics in the
maximal globally hyperbolic development that start in B, (p) are future
complete. Furthermore, we derive expansions for the unknowns in a set that
contains the future of B,,(p). The advantage of such a result is that it can
be applied regardless of the global topology of the initial hypersurface. As
an application, we prove future global non-linear stability of a large class of
spatially locally homogeneous spacetimes with compact spatial topology.

1. Introduction
1.1. Background, previous results
This paper is concerned with cosmological solutions to Einstein’s equations

with accelerated expansion, one motivation being that, at present, physicists
use such solutions to model the universe. The problem we wish to study is
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that of stability. What we mean by stability here is the question of whether
acosmological solution, which is future causally geodesically complete, has
the property that if we make small perturbations of the initial data of this
solution, then the resulting spacetimes are also future causally geodesically
complete. In other words, we do not concern ourselves with the question of
whether the perturbed solution decays to the background solution, though
we shall derive asymptotic expansions in the cases where we prove future
causal geodesic completeness. The first results on stability were obtained
by Helmut Friedrich in [15] in the 3 + 1-dimensional case. These were
later extended by Michael Anderson in [1] to the n 4+ 1-dimensional case
for n odd. The specific situation the above authors consider is Einstein’s
equations with a positive cosmological constant, though the methods can
also be generalized to include matter of Maxwell and Yang—Mills type,
cf. [17]. Let us try to sketch the ideas on which [15] is based. The first
important result is that a solution to Einstein’s vacuum equations with
a positive cosmological constant A in 4 spacetime dimensions,

Ric[g] = Ag. ©)

can be considered to be a solution to the conformal field equations, de-
veloped by Helmut Friedrich, the variables of which include a conformal
factor §2, and conversely, a solution to the conformal field equations gives
a solution to Einstein’s equations on the region where £2 > 0. Given the
metric g produced by the conformal field equations, the metric solving (1) is
given by § = £272g. In fact, the set defined by £2 = 0 corresponds to “infin-
ity” from the point of the Lorentz manifold with metric g in some suitable
sense, cf. [15,16] and references cited therein. On the other hand, from the
point of view of the conformal field equations, there are no complications
associated with £2 being zero. The de Sitter metric

—dr* + cosh?() g1, (2)

where + € R and g; is the standard metric on S, allows a rescaling by
a conformal factor so that it becomes —ds? + g; where s € (—m/2, 7/2),
cf. [1]. The question of stability of the de Sitter metric, which from a PDE
point of view would seem to be a global in time question, can then be
reduced to local in time stability of a specific solution to the conformal field
equations. Since the local stability follows from the fact that the conformal
field equations, after suitable gauge choices, form a symmetric hyperbolic
system, the stability of de Sitter space follows immediately. Another very
interesting result which follows from [15] is that one can specify data at
“infinity”, and that there are no topological restrictions for doing so. Thus
one gets a large family of solutions to (1) with arbitrary spatial topology
which are future causally geodesically complete and, furthermore, future
stable. Note that in the case of 0 cosmological constant, there are no results
of this type, and perhaps one should not even expect the corresponding
statement to be true. To conclude, the method is very elegant and geometric
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in nature and makes it possible to avoid proving global existence of solutions
to a non-linear hyperbolic PDE. However, it does suffer from a lack of
robustness. A first indication of this is the fact that the conformal field
equations developed by Friedrich are specific to 341 dimensions. However,
in the n 4+ 1-dimensional case, n odd, Anderson [1] showed that the equation
H# = 0, where J is the ambient obstruction tensor of Fefferman and
Graham, cf. [13], has properties analogous to the conformal field equations.
Consequently, for constants H > 0, metrics of the form

—dr* + cosh?(H1) gx 3)

on R x ¥, where (X, g5) is a compact odd dimensional Riemannian mani-
fold with Ric[gx] = (n — 1) H?gyx, are stable solutions to Einstein’s vacuum
equations with a positive cosmological constant A = n(n — 1)H?/2. One
can also specify data at “infinity”” on odd dimensional manifolds of arbitrary
topology.

1.2. Motivation

The question then arises why any further consideration of the question of
stability in the context of accelerated expansion should be of interest. The
answer lies in the lack of robustness of the above method; if one wants
to go beyond Einstein’s equations with a positive cosmological constant,
possibly coupled to Maxwell or Yang—Mills type matter, the method does
not give clear indications concerning how to proceed. At present, many
different mechanisms that yield accelerated expansion are being considered,
the simplest one being a positive cosmological constant. Other mechanisms
of interest involve a scalar field with a non-linear potential, whence the
desire to understand the stability properties of such models. Furthermore,
in order to be able to say something concerning the models of the universe
physicists consider, one does in the end need to study the stability of models
which include matter. The motivation for developing the methods described
in this paper is the hope that they will be of use in the treatment of the above
mentioned problems.

The formulation of the main result is non-standard in the sense that we
do not make assumptions concerning an entire initial hypersurface, but only
concerning a subset. Let us motivate this type of formulation. Consider the
metric

—dr* + Mg, “)

on M = R xR" (or R x T"), where g is the ordinary Euclidean metric. This
is a solution to Einstein’s equations with a positive cosmological constant
A = n(n—1)H?/2. Consider a future directed causal curve y : [0, a] — M
(we always assume 9, to be future oriented) such that (0) € {ty} x R". The
length of the projection of this curve to R”, measured with respect to the
Riemannian metric induced on {fy} x R", is bounded from above by H~!.
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Say now, for the sake of argument, that we wish to determine a solution
to the wave equation with respect to the metric (4) in the causal future
of {ty} x By-1(p), where the radius of the ball is measured with respect to
the Riemannian metric induced on {79} x R". Then all we need to know is
what the initial data look like on the set {#y} x B;y-1(p). In other words

J {10} x By-1(p)] € D™ {10} x B3y-1(p)], &)

using the notation of Subsect. 3.2. This should be compared with Minkowski
space, for which it is only possible to determine a solution to the wave
equation on the causal future of a point if one controls the initial data on an
entire Cauchy hypersurface. The above example indicates that it might be
enough to make local assumptions concerning the initial data in order to get
global in time conclusions concerning the solution. The advantage of such
a formulation is that it could be applied regardless of the topology of the
initial hypersurface.

The above observations suggest that in the context of accelerated expan-
sion, the connection between the global topology of the Cauchy hyper-
surfaces and the dynamics is less strong than in the context of non-acceler-
ated expansion. In fact, it is tempting to make the following conjecture.
Let (M, g) be a globally hyperbolic and future causally geodesically com-
plete Lorentz manifold. We shall say that late time observers are oblivious
to topology if there is a Cauchy hypersurface X' such that there is no causal
curve whose past contains X and we shall say that late time observers
are not oblivious to topology if for every Cauchy hypersurface X there
is a causal curve whose past contains X'. A stronger version would be to
say that late time observers in M are completely oblivious to topology if
there is a Cauchy hypersurface X' such that for every causal curve y, the
intersection of the causal past of y with X' is contained in a coordinate chart
on X, the domain of which is diffeomorphic to a ball in R”. The conjecture
is then that if (M, g) is a future causally geodesically complete vacuum
solution to Einstein’s equations with a positive cosmological constant and
compact Cauchy hypersurfaces, then late time observers in M are oblivious
to topology. That the corresponding conjecture with the word “oblivious”
replaced by “completely oblivious™ is incorrect follows by an important
example which is due to an anonymous referee. The example is given by
the metric

gr = —dt* + cosh?(Hdx> + H *ge (6)

on Mp = RxS'xS? where A > 0, H = A'/? and g« is the standard metric
on the unit 2-sphere. Then (Mg, ggr) is causally geodesically complete,
satisfies Einstein’s vacuum equations with a cosmological constant A and
if X is an arbitrary Cauchy hypersurface in (Mg, gg) and y is an arbi-
trary inextendible causal curve, then the intersection of the causal past
of y with X is not contained in a subset of X' homeomorphic to a 3-ball,
cf. Lemma 21. The spacetime (Mg, gg) is sometimes referred to as the
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Nariai spacetime. It is also of interest to note that the conjecture that late
time observers are oblivious to topology is false in the class of solutions
to the Einstein—-Maxwell equations with a positive cosmological constant
(again, the example is due to an anonymous referee). In fact, let A > 0,
Ay =2A, v = (2A)"? and

gm = —di* + dx* + Aglggz, F = y(dt @ dx — dx ® dt). (7)

Then gs is a Lorentz metric and F' a 2-form on Mg. Furthermore, one can
compute that

VOlF,LLV = 0,

where V is the Levi—Civita connection associated with gg;:. Consequently,
F satisfies Maxwell’s equations without sources:

V=0, VigFu =0,

cf. [32, p. 70]. Furthermore g,z and F satisfy Einstein’s equations with
a positive cosmological constant A:

Gaﬁ + Agozﬂ = Taﬂ,

where the stress energy tensor 7 is given by
_ wo_ l v
Taﬁ = Fa/LFﬁ 4ga/3Fqu .

To conclude, (Mg, g, F) is a globally hyperbolic and geodesically com-
plete solution to the Einstein—-Maxwell equations with a positive cosmo-
logical constant A but late time observers are not oblivious to topology,
cf. [24, Corollary 57, p. 89] and the arguments presented in the proof
of Lemma 21.

In view of the above conjecture, there is reason to expect that the global
topology should not play an important role when studying the stability
of future causally geodesically complete vacuum models with a positive
cosmological constant, since one can restrict one’s attention to the future of
any fixed Cauchy hypersurface when doing the analysis. Nevertheless, the
example (6) should be kept in mind; if the Cauchy hypersurfaces are such
that they allow a metric of positive scalar curvature, the situation might be
more complicated. If one instead considers vacuum solutions to Einstein’s
equations without a cosmological constant, the situation is, however, quite
different, cf. [14,2] and references cited therein. In fact, the existing con-
jectures, with which all understood solutions conform, imply that in the
vacuum context without a cosmological constant, the global spatial top-
ology plays a crucial role in the asymptotic behaviour. Furthermore, it is
natural to conjecture that if (M, g) is a future causally geodesically com-
plete vacuum solution to Einstein’s equations with a vanishing cosmological
constant and compact Cauchy hypersurfaces, then late time observers in M
are not oblivious to topology.
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1.3. Matter models, initial value problem

Let us be more specific concerning the models we wish to study. We are
interested in Einstein’s equations

Gp,u = T,uv s (8)

where
1
Gp,u = Rp,u - ESglw,

R, is the Ricci tensor of a Lorentz metric g on an n + I-dimensional
manifold M, and S is the associated scalar curvature. Concerning the stress
energy tensor, we assume it to be of the form

1
T,uv = u¢vv¢ - |:§Vy¢vy¢ + V(¢)]guu’ (9)

where ¢ € C®°(M) and V € C*°(R) is a function such that V(0) = V, > 0,
V/(0) = 0 and V”(0) > 0. For the sake of future convenience, let us
define H to be the positive solution to

2

n—1

nH? = Vo (10)

and define x by
x = V"(0)/H. (11)

By assumption H, x > 0. With this choice of H, (3) and (4) are solutions
to (8) with ¢ = 0 since they are both solutions to Einstein’s equations
with a positive cosmological constant A = n(n — 1) H?/2. Note that (8) is
equivalent to

2
R,uv = u(pvvd) + mv((b)g/w- (12)
It should of course be coupled to a matter equation for ¢, which is given by
VAV, — V'(9) = 0. (13)

Asaconsequence, V#T,, = 0,i.e. T, is divergence free. Thus this equation
ensures the compatibility of a stress energy tensor of the form (9) with (8),
since the Bianchi identities imply that V#G,, = 0. Note, however, that
V#T,, = 0 does not imply (13), since if ¢ = ¢, is a constant such that
V'(¢o) # 0, then V#T,, = 0, but (13) is not satisfied. The system of
equations of interest is thus (12) and (13). The main motivation for studying
these equations comes from the n = 3 case, but since the dimension does
not play any significant role in the arguments, we shall only assume n > 3
in what follows.
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Let us recall some basic facts concerning spacelike hypersurfaces in
Lorentz manifolds that we shall need in what follows. Assume we have
an n + 1-dimensional Lorentz manifold (M, g) and a scalar function ¢
satisfying (12) and (13). If X is a spacelike hypersurface in M, and the
future directed unit normal to this surface is &V, then

1 ..
NEN'G, = E[r — kiyk7 + (trk)*], (14)

where all the objects that appear on the right hand side are intrinsic to the
hypersurface X: if & is the Riemannian metric induced on X' by g, then r is
the scalar curvature of /%, k is the second fundamental form, defined by

k(X,Y) = (VxN,Y),

for vectors X, Y tangent to the surface X (where V is the Levi—Civita
connection associated with g), and indices are raised and lowered by /. For
a derivation of (14), see [32]. Combining (14) with (8), we obtain

: Kk + (k)] = ~[(N@)? + DipD Vi 15
E[r_z'j +(r)]—5[( 9 + D'¢Dig]| + V(¢) (15)
where D is the Levi—Civita connection on X induced by /4. We refer to (15)
as the Hamiltonian constraint. For any vector X tangent to X', we have

X“N'G ., = [D'k; — D;(tr k)] X",
cf. [32]. Combining this with (8), we obtain
D'ky; — Di(trk) = N(¢)D;, (16)

the so-called momentum constraint. This leads to the following initial value
problem.

Definition 1. Initial data for (12) and (13) consist of an n-dimensional
manifold X, a Riemannian metric h, a covariant 2-tensor k and two func-
tions ¢y and ¢1 on X, all assumed to be smooth and to satisfy

r —kikV + (trk)* = @7 + D'¢o Dipy + 2V(hp), (17)
D’kj; — D;(trk) = ¢1 D;gbo, (18)

where D is the Levi—Civita connection of h, r is the associated scalar
curvature and indices are raised and lowered by h. Given initial data, the
initial value problem is that of finding an n + 1-dimensional manifold M
with a Lorentz metric g and a ¢ € C*(M) such that (12) and (13) are
satisfied, and an embedding i : ¥ — M such that i(X) is a Cauchy
hypersurface in (M, g), i*g = h, ¢ oi = ¢, and if N is the future directed
unit normal and « is the second fundamental form of i(X), theni*x = k and
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(N@) oi = ¢1. Such atriple (M, g, @) is referred to as a globally hyperbolic
development of the initial data, the existence of an embedding i being tacit.

Remark. The concept of a Cauchy hypersurface is defined in Subsect. 3.2.
One can of course define the concept of initial data and development for
a lower degree of regularity. We shall, however, restrict our attention to the
smooth case in this paper.

For results concerning the existence of initial data in the current setting,
we refer the reader to [9].

Definition 2. Given initial data for (12) and (13), a maximal globally
hyperbolic development of the data is a globally hyperbolic development
(M, g, ¢), with embedding i : X — M, such that if (M',g',¢’) is any
other globally hyperbolic development of the same data, with embedding
i": X — M, then there is amap v : M' — M which is a diffeomorphism
onto its image such that y*g = g', v*¢p = ¢ and Y o i’ = i.

Theorem 1. Giveninitial datafor (12) and (13), there is a maximal globally
hyperbolic development of the data which is unique up to isometry.

Remark. When we say that (M, g, ¢) is unique up to isometry, we mean
that if (M’, g’, ¢') is another maximal globally hyperbolic development,
then there is a diffeomorphism ¢ : M — M’ such that *¢' = g, *¢' = ¢
and ¥ oi = i’, where i and i’ are the embeddings of X into M and M’
respectively.

The proof is as in [8]. This is an important result and will be of use
to us in this paper. However, it does not yield any conclusions concerning
e.g. causal geodesic completeness.

1.4. Results

Recall that the constants H > 0 and x > 0 are determined by the po-
tential V' through (10) and (11). Before we state the main result, we need
to introduce some terminology. Let X' be an n-dimensional manifold. We
shall be interested in coordinate systems x on open subsets U of X such
that x : U — B;(0) is a diffeomorphism. If § is a tensor field on X, we
shall use the notation

1/2

_ i1-+is —112 ;.1

it =( X X e facav)
i eeis =1 1, jr=1 Ja <1 ¥ ¥U)

where the components of S are computed with respect to x and the deriva-
tives are with respect to x. When we write || S| ;). we shall take it to be
understood that there are coordinates x as above. Below, we shall use § to



Future stability of the Einstein-non-linear scalar field system 131

denote the Kronecker delta with respect to the x coordinates. In particular,
we shall use the notation

n 1/2
112
Hg—aﬂmm”::(E § /i p%gu—a%)ox‘|dﬂ-udw> .
x(U)

i,j=1la|<l

Theorem 2. Let V be a smooth function such that V(0) = Vy > 0,
V'(0) =0 and V'(0) > 0. Let H, x > 0 be defined by (10) and (11)
respectively and let n > 3. There is an € > 0, depending on n and V, such
that if (X, h, k, ¢o, ¢1) are initial data for (12) and (13) with dim X = n,
x : U — B;(0) are coordinates as above and

I — 16H 28| yro1 1y + Ik — 16H ™8| 10 1
+ ||¢0||H’<o+'(U) + [l ”Hk()(U) =€, (19)

where kg is the smallest integer satisfying ky > n/2+1, the maximal globally
hyperbolic development (M, g, @) has the property that ifi : X — M is the
associated embedding, then all causal geodesics that start ini{x~'[B, /4(0)1}
are future complete. Furthermore, there is at_ < 0 and a smooth map

Y (1-,00) X Bs;3(0) — M, (20)

which is a diffeomorphism onto its image such that all causal curves that
start in i{x"'[B),4(0)]} remain in the image of Y to the future and g and ¢
have expansions (21)—(31) in the solid cylinder [0, 00) x Bs;3(0) when
pulled back by . Finally, (0, p) =i ox~'(p) for p € Bs3(0). In the
formulas below, Latin indices refer to the natural Euclidean coordinates
on Bs3(0) and t is the natural time coordinate on the solid cylinder. Define
C=dyx/n?’ k=n[l -1 —=0Y22for¢ € (0,1), A =n/2for¢ > 1and
Am = min{1, A}. There is a smooth Riemannian metric p on Bs;3(0) and
constants K; such that

eV (1, ) = pllcr + e gy (t, ) — pyj|| o < Kie™?»H1,(21)

Hefzma[gij (t,-) — 2Hp; || o < Kje 2t (22)

foreveryl > 0, where p' are the components of the inverse. Here C' denotes
the C' norm on Bs /8(0). Concerning gop, there is an a > 0 and constants K,
such that for all | > 0,

| gomtt, ) — P, + N0gon e, Ve < i, (23)

(n —2)H

where yiy; are the Christoffel symbols of the metric p. Let k(t, -) be the
second fundamental form induced on {t} x Bs;3(0). The estimates for gy
and k;; depend on the value of An. If Am < 1, we have

Igoo(t, ) + Ll + 10goo(t, et < Kye 2, (24)
le "k (2, ) — Hpy | c = Kje i, (25)
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but for Ay, = 1, we have
1130800 + 2Am H(goo + DI, )|l < Kje ™, (26)
ligoo(t, ) + e < Ky (1 + 1) 22 (27)

H€72Htkij(la .) — Hp; ||C1 < K)(1 4 12)/2e7211 (28)

Concerning ¢ there are three cases to consider. Let us define ¢ = ¢,
If ¢ < 1, then there is a smooth function ¢, such that

lp(t, ) — @ollcr + 30pllcr < Kie™ ™. (29)
If ¢ = 1, there are smooth functions @y and ¢ such that

190g(t, ) — @iller + llo(t, ) — it — @oller < Kie ™. (30)

Finally, if ¢ > 1, there is an anti symmetric matrix A, given by
0 O6H
A= <—8H 0 )

where § = n(¢ — 1)'/2/2, and smooth functions ¢y and ¢, such that

—ar (6Hyp _ (%o
[ (@)= ()

Remark. Since the metric 4 is essentially 16 H 2§ with respect to the x-co-
ordinates, the ball of radius 1 with respect to the x-coordinates is approxi-
mately a ball of radius 4H~! with respect to h. Recall the discussion con-
cerning the linear wave equation on a background of the form (4). In order
to predict what happens to geodesics that start inside a ball of radius H~!,
we need to control the initial data in a ball of radius 3H !, cf. (5). In fact,
we then control the behaviour in a cylinder of radius 2H~!, t > t,. In our
case, we make assumptions on a ball of radius 4H~!, the reason being that
we need a margin, which we have arbitrarily chosen to be H~! in the above
statement. If one is interested in having a smaller margin or only interested
in getting conclusions in a smaller region, one can reformulate the theorem
accordingly. It would be nice to have a result with purely geometric con-
ditions and it should be possible to reformulate the theorem in such a way
using harmonic coordinates. However, that would require an unwarranted
effort, since the statement is technical anyway and a geometric formulation
is not needed in the applications. It is of interest to note that the estimates
break down as x — 0+; in this limit, { — 04 so that A, A,, — 04. In
other words, we certainly need the condition V”(0) > 0. The reason the
condition on the initial data involves more than n/2 + 2 derivatives of the
metric is that we need this condition in the global existence proof. Let us
note that the expansions obtained here are not complete in the sense that
the number of free functions appearing in the expansions is less than the
number of free functions one gets to specify as initial data. For a thorough
analysis of the question of asymptotic expansions in the case of a positive

< Kje o, 31)
Cl
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cosmological constant, we refer the reader to the work of Alan Rendall [28].
Note, however, that this analysis is based on a Gaussian foliation, which is
not the type of foliation we obtain in the above result, cf. (23). For a dis-
cussion of asymptotics on a formal level in the case of curvature coupled
scalar field models, we refer the reader to [7]. Finally, let us observe that the
example (6) is such that regardless of the choice of Cauchy hypersurface X
in (Mg, gg) and of the choice of open set U in X, the above theorem is not
applicable to U and the initial data induced on X' by gg. The reason is as
follows. Assume the theorem were applicable and let ¢ be an inextendible
causal curve in (Mg, gr), i.e. the maximal globally hyperbolic development
of X with the appropriate induced initial data, passing through the subset
of U corresponding to Bj,4(0) under x. Then the proof of the theorem im-
plies that /= (y) N 2 would be contained in a set diffeomorphic to a 3-ball,
in contradiction with Lemma 21.

The proof of the above theorem is to be found in Sect. 16. In [15], no
results of the above form were stated, but it should be possible to derive
a result such as Theorem 2, possibly with more detailed information con-
cerning the asymptotics, for Einstein’s equations with a positive cosmo-
logical constant using the results of [15]. The reason it should be possible is
that the main tool that is needed is the stability of metrics of the form (4) to
the future. In fact, one needs to have a hyperbolic reduction of the equations
which is such that one can prove stability even for data that do not satisfy
the constraints. Since global non-linear stability from the point of view of
Friedrich’s conformal field equations corresponds to local stability, this is
not a problem.

One consequence of the above result is that if one perturbs initial data
corresponding to solutions of the form (3), for any dimension n > 3, inside
the class of models we are considering, one gets a causally geodesically
complete spacetime with asymptotic behaviour of the form given in the
statement of Theorem 2 both to the future and to the past.

Theorem 3. Let V be a smooth function such that V(0) = V, > 0,
V'(0) =0and V"(0) > 0. Let H, x > 0 be defined by (10) and (11) respect-
ively. Finally, let X be an n > 3 dimensional compact manifold and assume
that it admits a Riemannian metric gs such that Ric[gs] = (n — 1)H?gs.
Given ty and a fixed choice of Sobolev norms || - | on tensors on X, there
is an € > 0 such that if (X, h, k, ¢g, ¢1) are initial data for (12) and (13)

satisfying
”h - COShz(HtO)gEHHkOH + l[Poll gro+r + ld1 1l o
+ |[k — H sinh(Hty) cosh(Htp)gs ||yt < €
where ky is the smallest integer satisfying ky > n/2 + 1, then the max-
imal globally hyperbolic development associated with (X, h, k, ¢g, ¢1) is

causally geodesically complete and admits expansions as stated in The-
orem 2 both to the future and to the past.
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Remark. The metric (3) is a solution to (12) and (13) with ¢ = 0. Con-
cerning the definition of Sobolev norms on tensorfields on manifolds, we
refer the reader to Subsect. 3.4. The above statement constitutes a general-
ization of some of the stability results of [15] and [1], but we are of course
not able to prove any results starting at infinity. The statement that there
are expansions to the future should be interpreted as saying that there is
a Cauchy hypersurface S in the maximal globally hyperbolic development
of (X, h, k, ¢y, ¢1) such that for every p € S, there is a neighbourhood of p
to which Theorem 2 applies. The statement concerning the past is similar. In
particular, all the spacetimes M constructed in the above theorem have the
property that late time observers in M are completely oblivious to topology.

The proof of the above theorem is to be found at the end of Sect. 17.

Let us consider spatially locally homogeneous solutions to Einstein’s
equations with a positive cosmological constant. Concerning this situation,
there are results due to Wald, cf. [33], in the case of n = 3. Since the next
theorem is partly based on the results of [33], we shall thus restrict our
attention to the dimension n = 3 for the remainder of this subsection. Due
to the analysis presented in [33], one would expect most spatially locally
homogeneous solutions to Einstein’s equations with a positive cosmological
constant to have the property that at a “late enough” Cauchy hypersurface,
Theorem 2 would be applicable in a neighourhood of every point. The pos-
sible exceptions would be spacetimes whose Cauchy hypersurfaces have
universal covering spaces diffeomorphic to S* or S* x R, cf. (6) and the
remark made after the statement of Theorem 2. In this paper, we shall
only consider spatially locally homogeneous spacetimes that have com-
pact spatial topology, and we shall exclude solutions whose Cauchy hyper-
surfaces have universal covering spaces diffeomorphic to S* or S* x R. One
could of course also consider the case of non-compact spatial topology, but
as far as we know, there are no methods that would guarantee the existence
of suitable non-trivial perturbations of homogeneous initial data that do not
admit a compact quotient.

Theorem 4. Let V be a smooth function such that V(0) = V, > 0,
V') = 0 and V"(0) > 0. Let H, x > 0 be defined by (10) and (11)
respectively, let M be a connected and simply connected 3-dimensional
manifold and let (M, g, k) be initial data for Einstein’s equations with
a positive cosmological constant A = 3H?. Assume, furthermore, that one
of the following conditions are satisfied:

— M is a unimodular Lie group different from SU(2) and g and k are left
invariant under the action of this group.

— M = HP, where H" is n-dimensional hyperbolic space, and the initial
data 3are invariant under the full isometry group of the standard metric
on H-.

— M = H? x R and the initial data are invariant under the full isometry
group of the standard metric on H* x R.
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Assume finally that try k > 0. Let I' be a cocompact subgroup of M in the
case that M is a unimodular Lie group and a cocompact subgroup of the
isometry group otherwise. Let X be the compact quotient. Then (X, g, k)
are initial data. Make a choice of Sobolev norms || - || on tensorfields
on X. Then there is an € > 0 such that if (X, p, k, ¢o, ¢1) are initial data
for (12) and (13) satisfying

o — &llgro+r + Ik = kllgro + lldoll o+t + NP1l o < €,

where kg is the smallest integer satisfying ko > n/2 + 1, then the maximal
globally hyperbolic development corresponding to (X, p, k, ¢1, ¢o) is future
causally geodesically complete and there are expansions of the form given
in the statement of Theorem 2 to the future.

Remark. If M is a 3-dimensional unimodular Lie group it contains a co-
compact subgroup I, cf. [26]. Concerning the definition of Sobolev norms
on tensorfields on manifolds, we refer the reader to Subsect. 3.4. The state-
ment that there are expansions to the future should be interpreted as saying
that there is a Cauchy hypersurface S in the maximal globally hyperbolic
development of (X, p, «, ¢, ¢1) such that for every p € S, there is a neigh-
bourhood of p to which Theorem 2 applies. As a consequence, all the
spacetimes M constructed in the above theorem have the property that late
time observers in M are completely oblivious to topology.

The proof of the above theorem is to be found in Sect. 17.

The proof of Theorem 4 is based on Theorem 2 and illustrates the useful-
ness of a result in which local (in space) assumptions yield global (in time)
conclusions; one can ignore the global topology of the compact spacelike
hypersurfaces in the argument. Since Theorem 2 could probably have been
proved in the case of a positive cosmological constant using the methods
of [15], Theorem 4 could reasonably also have been proved in that context
quite some time ago. The latter theorem constitutes a quite general stability
result for spatially locally homogeneous solutions to Einstein’s equations
with a positive cosmological constant and compact Cauchy hypersurfaces.
It should also be noted that the spacetimes resulting from the perturbed
initial data are not only future causally geodesically complete; they also
have asymptotics “similar” to those of the spacetimes around which one is
perturbing, cf. the asymptotics obtained as a result of Theorem 2. Note that
the corresponding result is not to be expected in the case of a vanishing
cosmological constant. As a justification for this statement, let us quote
the following result from [31] (based on the results of [29]). Consider the
maximal globally hyperbolic development (M, g) of left invariant vacuum
initial data on §1(2, R), the universal covering group of SI(2, R) (which is
a unimodular Lie group). Let X' be a Cauchy hypersurface of homogeneity
and for p € M, let ts(p) be the proper time distance from X' to p. Define

ns =sup{a > 0]3C < 0o : |(t&RapsR*)(p)| < CV¥p € TT(D)}.
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Then ny = 6 if the initial data have an extra rotational symmetry and
ny = 2 if not. In particular, nx does not depend on X'. This proves that
the initial data with an additional rotational symmetry lead to developments
with radically different behaviour from those corresponding to initial data
without this symmetry.

Let us make a brief comment concerning the topologies allowed in
Theorem 4. In the case of H? x R, the resulting topologies are trivial circle
bundles over a higher genus surface, in the case of H? one gets compact
3-dimensional hyperbolic manifolds, and in the case that the initial data are
left invariant under the group action of a unimodular Lie group, we refer the
reader to [26] for a discussion of the resulting topologies. The restriction
to cocompact subgroups of unimodular Lie groups is in a sense artificial.
Most unimodular Lie groups admit metrics with a 4-dimensional isometry
group, and such metrics admit a much larger class of cocompact subgroups
of the isometry group. The reason we have excluded these possibilities is
mainly technical; complications arise when analyzing how isometries of
the development resulting from isometries of the data relate to the specific
foliation under consideration. Since these technical issues are not the main
subject of this paper, we shall not treat them here, though there is no reason
to believe that it could not be done. Note, however, that restricting one’s
attention to more symmetric metrics reduces the freedom in specifying
initial data.

The above result is only intended to give an example of results that
follow from Theorem 2. As another example, Alan Rendall has obtained
results concerning spatially homogeneous solutions to exactly the type of
model considered in this paper, cf. [27]. Combining those results with the
ones obtained in this paper, it should be possible to prove stability results
for spatially locally homogeneous spacetimes with compact spatial Cauchy
hypersurfaces for which the scalar field is not necessarily small initially.

In Sect. 18 we demonstrate that there are initial data on manifolds of
arbitrary compact topology that yield future causally geodesically complete
maximal globally hyperbolic developments.

1.5. Outline of the proof of Theorem 2

As we shall explain in more detail below, the essential problem is that of
proving stability of the metric (4) on R x T". In order to obtain a hyperbolic
problem, we shall use gauge source functions, cf. [18]. The idea is to
replace R, in (12) with Iéw given by (47), where F, are the gauge source
functions. In other words, we have the relations (49) and (50). The F}, are
allowed to depend on the spacetime coordinates and on the metric, but not on
any derivatives of the metric. The modified system, obtained by replacing
R, with Ié,w in (12) and (13), is then a system of hyperbolic PDE’s. If
the constraint equations are satisfied originally and the initial data for the
modified system are set up in the right way, one can prove that OD,,, defined
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in (50), vanishes where the solution is defined so that one obtains solutions
to the original equations by solving the modified system, cf. Sect. 4 for
the details. However, for practical reasons, we shall be interested in initial
data that do not satisfy the constraint equations. The most naive choice of
gauge source functions would be the contracted Christoffel symbols of the
background. When considering a solution such as Minkowski space, there
is a natural candidate, namely F,, = 0. In the case of the metric (4), there
are, however, at least two choices. For (4), Iy, = —nH and I; = 0 with
respect to the standard coordinates on R x T". As a consequence, there
are two naive choices; either one fixes F* to be the contracted Christoffel
symbols of the background with indices upstairs or one fixes F, to be the
contracted Christoffel symbols of the background with indices downstairs.
It turns out to be useful to choose the former of these possibilities; our
choice F,, = nHg, yields

1
V(;/,Fv) = EnHaog,w,

cf. the proof of Lemma 4 (for the case under discussion here, ® = H),
which acts as a damping term. Unfortunately, it turns out to be insufficient
to only use gauge source functions, we need to add corrections as well,
cf. (53) and (54), where the M, and My vanish when D, vanishes and
contain at most first derivatives of the metric and scalar field. The reason
we need to add these corrections is because we are interested in initial data
that violate the constraints. The specific choices we make, cf. (51) and (52),
lead to (144)—(147), where u = goo + 1, u; = go; and h; = e "' g;. In
order to indicate on a heuristic level why these equations are to be preferred
over the ones obtained without using the corrections, let us consider the
equations that result, starting with (144)—(147), when we ignore terms that
are quadratic in expressions that vanish for the background solution and
when we replace g*#9,95 with —3? + ¢ 2" A, where A is the ordinary
Laplace operator on T" (these equations give a rough impression of the
asymptotic behaviour, but they do not give the correct decay rates). The
corresponding equations for u, h; and ¢ then decouple and we obtain
exponential decay for u and ¢ and convergence for / using straightforward
energy estimates. Let us illustrate how one obtains decay by considering
the idealized equation for u:

Uy — e M Ay + (n + 2) Hoou + 2nH*u = 0. (32)
One can find positive constants, y, 8, ¢, n such that
1
€ = 3 / [”12 + e 25\ Vu|* + 2yHuu, + 8H2u2]dx,
T}’l

where V is the ordinary gradient on T", satisfies

9,6 < —nHE, €= 5/ [u7 + e |Vu* + H*u?]dx.
"
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The argument to prove this is similar to, but simpler than, the proof of
Lemma 15. As a consequence, & decays exponentially and by applying
spatial derivatives to (32), we can use the same argument to obtain expo-
nential decay of u in any C’ norm. The equation for u; does not decouple, but
it is possible to use the information already obtained concerning the other
components of the metric to analyze its behaviour. If we had not added
the corrections, we would not have obtained this structure. Considering the
proof of Lemma 6, we see that if we had not added the term My, then
the equation for u obtained after ignoring quadratic terms etc. would have
coupled to both u,, and h;;. Similarly, had we not added M, the equation
for u; resulting after the above idealizations would have been even less
decoupled than before. However, the worst aspect of not adding the cor-
rections would be that the “damping structure” of the equations for u and u;
would be lost, where by “damping structure” we mean the second and third
terms on the left hand side of (144) and (145) (note also that in order to get
this damping structure, we need to have n > 3 due to (145)).

When proving future global existence of solutions to (144)—(147), the
main problem is of course to find bootstrap assumptions that

— make it easy to estimate the non-linear terms that are quadratic in ex-
pressions that vanish on the background (in the end we devise a method
whereby it is enough to compute the number of spatial indices of such
a term and the number of derivatives it contains in order to estimate it in
the Sobolev space of interest),

— can be expressed naturally in terms of energies that, in their turn, fit
together naturally with the structure of the equations (144)—(147).

Ideally, one would like the bootstrap assumptions to be such that they
yield optimal control of the solutions. However, it is difficult to see how that
could be achieved in the present situation due to the fact that the leading
order part of the energies naturally associated with the equations is, up to
some factor, equivalent to

Ey = Z/ [(3a3zv)2 + g¥(8;0%v) (9;0%v) Jdx, (33)
jI‘n

la| =l

where v should be thought of as one of u, u;, h;; and ¢. The problem
arises due to the fact that gV is of the order of magnitude e 2"". This
has as a consequence that for a given bound on E),;, we typically obtain
a much worse estimate for the highest order spatial derivatives of v than
for the spatial derivatives of v of order / (in the latter case, integration of
the estimate for the first part of the integrand in (33) typically produces
an improved estimate). However, there is no reason to expect the spatial
derivatives of order [/ 4+ 1 to have worse decay than the spatial derivatives
of order /, and, in the end, this is of course not the case. The bootstrap
assumptions are therefore not optimal and, in particular, they allow for an
exponentially increasing go;, even though gy; can be proved to converge
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after global existence has been proved. In fact, the main motivation for the
particular bootstrap assumptions we have chosen is that they ensure that it is
easy to estimate the non-linear terms, as opposed to bootstrap assumptions
chosen to fit the actual behaviour.

The essence of the proof of global existence is in proving that the
bootstrap assumptions can be improved if the initial data are close enough
to what one is perturbing around. The means by which one achieves this
goal are (144)—(147). It is very important to note that, given the bootstrap
assumptions, these equations have a hierarchical structure. The bootstrap
assumptions can be used to estimate Agy, ..., Ay appearing in (144)—(147),
to estimate the commutators that appear when differentiating these equations
with respect to the spatial variables and to estimate various terms arising in
connection with the time differentiation of the energies. As a consequence,
the equations for u, h;; and ¢ can in practice be treated as if though they were
decoupled, and it is possible to improve the bootstrap assumptions for the
energies associated with these quantities before turning to the improvement
of the energy associated with u;. In other words, it is here crucial that we
are dealing with a system of hyperbolic equations as opposed to a scalar
hyperbolic equation.

Concerning the asymptotics, let us note that it is necessary to improve
what one obtains in the bootstrap argument significantly after having proved
global existence, cf. Sect. 14.

The rough idea of the proof of Theorem 2 is to take the given initial
data with respect to the local coordinates assumed to exist and to interpret
them as the components of initial data on a subset of T" with respect to
standard coordinates. By using a cut-off function, one obtains a metric and
a second fundamental form on T" coinciding with the original data on an
open subset, say U, and which are close to the initial data corresponding
to (4). As a consequence of the construction, the constraints will typically
be violated outside of U. However, the stability argument on T" described
above works even for initial data violating the constraints, so that one
obtains a global solution to the future, and this is the main step. In the
Cauchy development of U, one obtains a solution to the Einstein-scalar
field equations, and this can be used as one patch in the construction of
a globally hyperbolic development of the initial data given in the statement
of Theorem 2. This globally hyperbolic development can then be embedded
into the maximal globally hyperbolic development (MGHD) by the abstract
properties of the MGHD.

Let us compare the arguments carried out here with other proofs of
stability in the case of Einstein’s equations. Beyond the work of Helmut
Friedrich, which has already been mentioned, it is natural to mention
the work of Christodoulou and Klainerman [11], the work of Andersson
and Moncrief [3] and the work of Lindblad and Rodnianski [22,23]. The
methods used in the work of Friedrich, in [11] and in [3] are very different
from the ones used in the present work and consequently, making a com-
parison is not very fruitful. In the case of [22], the situation studied is very
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different. In particular, [22] represents a more subtle situation due to the
fact that the rate of decay is on the borderline of what can be handled; it
is necessary to find additional structure in the non-linearity such as a null-
condition, cf. [10,21] or weak null condition, cf. [22,23]. Consequently, as
far as the rate of decay is concerned, the present situation is easier to deal
with. Nevertheless, there are similarities between the present argument and
the one presented in [22]. Let us focus on two aspects: the fact that the
equations under consideration are systems, as opposed to scalar equations,
and the use of the wave coordinate condition in the case of [22]. In [22],
the metrics of interest are close to that of Minkowski space, and it turns out
that derivatives tangential to the future Minkowski light cones have better
decay than the derivatives transverse to these cones. As a consequence, it is
natural to divide the equation for the components of the metric into differ-
ent parts with respect to a null frame and pay special attention to the terms
that correspond to two vectors transverse to the future light cone. In this
process, two important observations are made in [22]. First, the solutions
obtained obey not only the Einstein equations but also the wave coordi-
nate condition; this can be used to improve the decay estimates for certain
components of the metric. Second, the components can be divided into two
groups, let us call them “good” and “bad”. Acting with the wave operator
on the good components yields terms for which there are good estimates,
and acting with the wave operator on the bad components yields terms for
which there are good estimates and terms that can be estimated in terms
of the good components. In other words, there is a hierarchy similar to
the one described above; one can improve one’s knowledge concerning the
good components first, and then turn to the bad components. We refer the
reader to [22] for a careful discussion of these issues, cf. in particular (2.19)
and (2.20) of [22]. There are also some similarities as far as the importance
of the wave coordinate condition is concerned. In our case, we wish to study
the equations in a setting where the constraint equations are violated, and
consequently, we cannot assume that we have the condition analogous to
the wave coordinates gauge. However, the corrections fill a function similar
to that of using the wave coordinates condition. If we were to solve the
equations on T" and were to assume that the constraints were satisfied, it
would not be necessary to add the corrections; we could simply use the
fact that the gauge source functions in that case would equal the contracted
Christoffel symbols. It would be of interest to know if one could add correc-
tions to the equations in [22], similar to the ones used in the present paper,
in such a way that one could avoid using the wave coordinates condition
and prove a stability result for initial data violating the constraints. Such
a result might be of interest to numerical analysts. Finally, let us note that in
recent numerical work concerning Einstein’s equations, methods similar to
the use of gauge source functions have been employed, cf. [25]. However,
there is one significant difference; in the present paper, as well as in [22], the
gauge source functions are given explicitly in terms of the metric whereas
in [25], the gauge source functions obey certain equations, so that one ob-
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tains a coupled system for the metric components, the scalar field and the
gauge source functions.

1.6. Further applications

In this paper we discuss the case of a non-linear scalar field with a potential
satisfying V(0) > 0, V/(0) = 0 and V”(0) > 0. The methods developed
here can, however, be used as a basis for proving similar stability results
in the case that the potential is of the form V(¢) = Vyexp(—Ai¢) where
A < /2 for n = 3, as we shall demonstrate in a future paper. These types
of scalar fields have been used by physicists as a mechanism for generating
accelerated expansion.

2. Linear algebra

The proof that certain causal geodesics are future complete is based on
a PDE argument in which the basic unknowns are the scalar field and the
components of the metric. It will be natural to divide the latter part of the
unknowns into three different types according to their asymptotic behaviour,
and in the present section, we wish to specify the notation and make some
observations that will be of use in making this division.

Let g be a symmetric (n + 1) x (n + 1)-dimensional real valued matrix
with components g, i, v = 0, ..., n. We shall denote the n x n-matrix
with components g;;, i, j = 1,...,n, by g, and if g is invertible, we shall
denote the components of the inverse by g"**, u,v = 0,...,n and the
n x n-matrix with components g7, i, j =1, ..., n, by g*. We shall use v[g]
to denote the n-vector with components go;, i = 1,...,n and for any
symmetric and positive definite n x n-matrix £ and any n-vector v, we shall
write

n C\I12
|U|s=(251jvlvj) .

ij=1

We shall also use the notation |v| = |v[s, where §;; is the Kronecker delta.
Furthermore, if A is an n x n real valued matrix (not necessarily sym-
metric), we shall denote the (n + 1) x (n + 1)-dimensional matrix with
00-component 1, 0i and i0-components 0 and ij components given by A;;
by M. Finally, if p is a symmetric, real valued (n + 1) x (n + 1)-matrix
with one negative eigenvalue and n positive ones, we shall say that it is
a Lorentz matrix.

Lemma 1. Let p be a symmetric (n + 1) x (n 4+ 1) real valued matrix.
Assume that pyy < 0 and that p, is positive definite. Then p is a Lorentz
matrix.
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Proof. Let A be an orthogonal n x n-matrix diagonalizing p, and h =
M pM,. Then h, = A'p,A is diagonal, with diagonal elements A; > 0,
i = 1,...,n. Furthermore hoy = pg9 < 0 and the eigenvalues of p and h
coincide. If we compute the determinant of 27 — A1d, we obtain

hiy hg
A = —_ A — ... = L A —A) (A — D).
P </Ooo P An_k)(l ) oo G = )
Let us define
h? h?
A = — A= o _ O
f) = poo oY oY

If we differentiate this function, we obtain
2 2
hiy g,

ffo)y=—-1- 7()” — )2 - .= 7@” 2

Note that Ay, ..., A, are all positive. Let us denote the smallest of the X;
bY Amin- For A belonging to the interval (—o0, Ay, ), we obtain the conclusion
that f'(A) < 0. Furthermore, f(—o0) = oo and f(0) < 0. Thus there is
a unique negative value of A, say X, for which f(1) = 0. This is clearly an
eigenvalue of /. Since it is easy to see that p’(Ag) # 0, we see that X is a root
with multiplicity one to the polynomial equation p(A) = 0. There is in other
words only one eigenvalue in the interval (—o0, Ay, ). Since £ is a symmetric
matrix, it only has real eigenvalues, so the remaining n eigenvalues have to
be positive. m|

Lemma 2. Let g be a symmetric (n + 1) x (n + 1) real valued matrix.
Assume gy < 0 and that g, is positive definite. Then g is a Lorentz ma-
trix,

1
00 _
g8 = m, (34)

where d = |v[g]|g;1, g% is positive definite, with

800 2 2 2
mhﬂg;l = |w|gn = |w|g;1 (35)
for any w € R" and
1
v[g™' = ——g; 'vlgl. (36)
d* — goo

Note that g% is negative, since gy is negative, and that there is an upper
bound on this quantity depending only on gy and d.
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Proof. The first statement of the lemma is a direct consequence of Lemma 1.
To prove the remaining statements, let A be the square root of g, ! ie. the
positive definite, symmetric matrix with the property that A> = g° ' Then
A[gbA = Id. Consider h = MAgMA- Then h()() = £00> hb = Id and
v[h] = A'v[g]. Let B be an orthogonal matrix such that

B'A'v[g] = |A"v[g]ley, (37
where ¢; = (1,0, ..., 0)". Note that
|A"v[g]| = lulgllg—+ = d. (33)

Consider p = MM/ gMsMg. Then poy = goo, p» = Id and v[p] = de,.
Note that the inverse of the 2 x 2-matrix with components p,,, i, v =0, 1

is given by
1 1 —d
goo — d? (—d 800)’

g = MyMpp ' MuM,,

Since

and the matrices M, and Mp preserve the 00-component of a matrix, we
obtain (34). Furthermore

g" = ABp*B'A".
We are interested in the supremum and infimum, for w # 0, of

Wi (gw.w)  (p'B'A'w, B'A'w)
|w|§_, ~ (Aw, Aw)  (B'A'w, B'A'w) ’
b

where we have used the fact that B is orthogonal and A is symmetric.
Since p* is diagonal with 11-component equal to go/(goo — d*) < 1 and
the ii-components equal 1 fori > 1, we obtain (35). Since

d
E——2
goo — d?

where we have used (37), (38) and the fact that B is orthogonal to obtain
the second equality, we obtain

v[p ' = 1, dBey = A'v[gl,

1 1
vlg™'] = ABulp~' = ————5A%g] = ————¢, "vlg],
goo — d? Qoo —d>”
which implies (36). Note that one could also have obtained this equality by
applying g, "to
gOigij + gOOng =0
and using the fact that (34) holds. O



144 H. Ringstrom

3. Background material

In this section we state the background material we shall be needing. For
most statements, we shall not provide any proofs, but we wish to make pre-
cise statements. Let us start by local existence of non-linear wave equations.

3.1. Standard local existence

Let g be a smooth function from R™V+2N+1+1 o the set of symmetric real
valued (n + 1) x (n + 1)-matrices. We shall denote the components g,,, and
assume that for every multiindex o = («ay, ..., ¢ynion+n+1) and compact
interval I = [T, T3], there is a continuous, increasing function;, : R — R
such that

(8% 8,00) (1, %, &) < hyw(IE]) (39)

forall u,v=0,...,n,tel,x € R" and £ € R"¥*2N_ Assume that there
are constants ay, a>, az > 0 such that goo < —ay, g > a> and |g,,| < az,
with notation as in Sect. 2. Then g is a Lorentz matrix valued function due
to Lemma 1 and we shall denote the components of the inverse by g"".
As a consequence of our assumptions, the components of the inverse are
bounded, and there are constants by, b, > 0 such that g% < —b; and
g" > b,. Given a C! function u : 2 — RY for some 2 C R, we
define g[u] to be the function on £2 given by

glul(t, x) = g{t, x, u(t, x), du(t, x), ..., o,u(t, x)}.

Let f be a smooth function from R™+2N+1+1 to RV satisfying an estimate
of the form (39). We shall use similar conventions concerning f as we do
concerning g, in particular we shall write f[u], the meaning being analogous
to the case of g. Sometimes it will be convenient to view f as the sum of
two functions, f = f, + f», where f;, only depends on ¢ and x and f, has
the property that f,(¢, x, 0, ...,0) = 0. Given the above division, we shall
assume that f;, is of locally x-compact support; a function 4 : R"*! — R”
is said to be of locally x-compact support if for any compact interval [T, T5]
there is a compact set K such that h(t,x) = 0if ¢t € [T}, T;] and x ¢ K.
Note that a smooth function u : R"*! — R™ of locally x-compact support
can be viewed as an element of C/[R, H*(R", R™)] for any [, k. This is
no longer true if we consider smooth functions with the property that for
every fixed ¢, u(z, -) has compact support. A simple counterexample is
obtained by taking ¢ € C3°(R") which is not identically zero and defining

u(t,x) = ¢x' —1/t,x%, ..., x" fort > 0and u(t, x) = 0 fort <0.
Consider the initial value problem
g"va,ou = f, (40)
u(0,-) = U 41
ou(0, ) = Uy, (42)

where we write g instead of g[u] and f instead of flu].
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Theorem 5. Let Uy, Uy € C°(R", RN). Then there are T_ < 0 < T and
a unique solution u € C®[(T_, T,) x R", RN] to (40)—(42). The solution is
of locally x-compact support and T, can be chosen so that either T, = 00
or

lim sup Z sup|8°‘8tju(t,x)|:oo,
=Ty —0<r<z xeRn

lo|+j=<2
where the o are spatial multiindices o = («y, . . ., o). The statement con-
cerning T_ is similar.

This can be proved e.g. along the lines of [20, Theorem 6.4.11].

3.2. Causality

Letus remind the reader of the basic causality concepts in Lorentz geometry,
cf. [24, Chap. 14]. If (M, g) is a time oriented Lorentz manifold, we shall
use the notation that p < ¢ if there is a future pointing causal curve from p
togand p < qif p < g or p = q. Given a subset A of M, define

JYA)={peM|IgeA:q=<p)
J(A)={peM|3ge A:p=<q}

The sets J 7 (A) and J~ (A) are called the causal future and past of A respect-
ively. The strong causality condition is said to hold at p € M provided that
given any neighbourhood U of p there is a neighbourhood V C U of p
such that every causal curve segment with endpoints in V lies entirely
in U. A Lorentz manifold is said to be globally hyperbolic if the strong
causality condition holds at each of its points and if for each pair p < g, the
set J(p,q) = JT(p) N J (q) is compact. The assumption that a Lorentz
manifold M be globally hyperbolic has many consequences, e.g.if p, g € M
and p < g, then there is a causal geodesic from p to g such that no causal
curve from p to g can have greater length, cf. [24, Proposition 19, p. 411].
Furthermore, the causality relation <isclosedon M,i.e.if p, — p,q, — ¢
and p, < q,,then p < g, cf. [24, Lemma 22, p. 412].

A subset A of a Lorentz manifold (M, g) is said to be achronal if there
is no pair of points p, g € A that can be connected by a timelike curve and
it is said to be acausal if no pair of points in A can be connected by a causal
curve. Given an achronal subset A of M, the future Cauchy development of A
is the set DT (A) of all points p of M such that every past inextendible causal
curve through p meets A. The past Cauchy development D~ (A) is defined
analogously and we write D(A) = D(A)UD™ (A). A Cauchy hypersurface
in M is a subset S that is met exactly once by every inextendible timelike
curve in M. Then D(S) = M due to Lemma 29, p. 415 of [24]. One can
prove that a Lorentz manifold is globally hyperbolic if and only if it admits
a Cauchy hypersurface, cf. [24, Corollary 39, p. 422] and [19]. Furthermore,
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a globally hyperbolic Lorentz manifold admits a smooth spacelike Cauchy
hypersurface, cf. [4-6].

In the end, we shall need the following, somewhat more technical, state-
ments.

Lemma 3. Let (M, g) be a Lorentz manifold and assume it admits a smooth
spacelike Cauchy hypersurface S. Then, for p € J*(S), J=(p) N J*(S) is
compact. If S is compact and §2 C § is open, with respect to the topology
induced on S, then D(82) is open. If U C M is open, ¢ € J*(S) and
J (g N JT(S) C U, then if q; € JT(S) are such that q; — q, we have
J(g) N JT(S) C U fori large enough. If 2 C S is closed, then D(S2) is
closed. If q; < q, q € I'T(S) and q; — q, then the closure of the union of
the J=(q;) N JT(S) is J~(g) N JT(S).

Proof. The first statement follows from Lemma 40, p. 423 of [24]. Assume
£2 C S is open with respect to the topology induced on S and that D(£2) is
not open. Then there is a ¢ € D(§2) and g; — ¢ such that ¢; ¢ D(£2). We
conclude that there are r; € § — £2 such that r; < g; or vice versa. Assume,
without loss of generality, that r; < g; for all i. Since S — §2 is compact, we
can assume r; — r € § — £2. Since the relation < is closed on a globally
hyperbolic manifold, » < g, contradicting the factthatg € D($2). In order to
prove the third statement, let p be such that there is a future directed timelike
curve from g to p. Then J~(p) N J*(S) is compact and J~(p) contains g
in its interior, cf. [24, Lemma 3, p. 403]. Since ¢; — ¢, J (¢;) € J (p)
for i large enough. Assuming the desired statement is not true, there is
a subsequence ¢;, and points r;, € J~(g;) N JT(S) such that r;, ¢ U. Since
the r;, are in the compact set J~(p) N J7(S) — U for k large enough, we
can assume that they converge to a point . Thenr € J~(¢) N J*(S) — U,
a contradiction. To prove the fourth statement, assume, in order to obtain
a contradiction, that g; € D(£2) and ¢; — g ¢ D(£2). Assume, without loss
of generality, that ¢, g; € JT(S) and let p € S — £2 be such that p < q.
Then, due to the time reversal of the third statement, there is an r in the
timelike past of p such that J*(r) does not intersect §2. Thus g is in the
timelike future of r, cf. [24, Corollary 1, p. 402], so that g; € J*(r) for i
large enough, so that ¢; ¢ D(£2), contradicting the assumptions. To prove
the last statement, let p € J(g). If p € I11(S), let p — p be such that
pr € JT(S) is in the timelike past of p. Then ¢ is in the timelike future
of pi. Thus there is an i such that g;, is in the timelike future of p;. Thus
all the py are in the union of the J~(g;), so that p is in the closure of the
union of J~(g;) N J(S). Assume p € SN J (g). Let pr < p be such that
DPr — D, letii be such that g;, is in the timelike future of p; and let y; be
a timelike curve from py to g;,. Denote the point of intersection between y
and S by pj. Since p|, € J~(g) N J1(S), which is compact, we can choose
a subsequence so that it converges to, say, 7. Since p; < p, and p; converges
to p, we conclude that p < r. Since p € § and S is a spacelike Cauchy
hypersurface, we have to have p = r. The conclusion follows. O
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3.3. Uniqueness

We shall need the following uniqueness result.

Theorem 6. Let (M, g) be a globally hyperbolic n+ 1-dimensional Lorentz
manifold and let S be a smooth spacelike Cauchy hypersurface. Let 2 C S
and assume that U is an open set containing D(2). Assume u : U — R!
is a smooth solution to the equation

V*Vu +Xu+cu =0,

where X is an | x [-matrix of smooth vectorfields on U and c is a smooth
[ x l-matrix valued function on U. Assume furthermore that u and grad u
vanish on $2. Then u and grad u vanish on D" (£2).

Remark. The equation need only be satisfied in D" (§2). There is a similar
statement concerning D~ (£2).

3.4. Stability

In order to prove Theorems 3 and 4, we need to have a Cauchy stability
result. Let us start by specifying the topology we shall be using.

Definition 3. Let M be a compact n-dimensional manifold, and assume ¢;,
i = 1,...,1 is a finite partition of unity such that supp¢; C U; for
open sets U;. Assume furthermore that (x;, U;) are coordinates. Given
T € 7/ (M), define

HTHm—(Z > Z S [ olwira

i=1 ji,..., Jr=1it,.is=1 la|<k

1/2
--dx:-’) (43)

where T,{ 'lsj " are the components of T relative to the coordinates x; and 9*
signifies differentiation with respect to x;.

Remark. In order not to get too cumbersome notation we abuse notation
by not clearly indicating with respect to which coordinates we compute
components of tensors etc.

Note that (43) defines a norm on the space of smooth tensorfields 7" (M).
If one uses a different partition of unity one clearly gets a different norm but
they are all equivalent. Consequently, they define the same topology, and it
makes sense to say that 7; — T with respect to H k¥ without any reference
to a partition of unity.

In order to make a precise statement concerning stability, we need to be
specific concerning the requirements of the background solution.
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Definition 4. Let M be a compact n-dimensional manifold. Let g be
a smooth Lorentz metric on I x M where I = (T_, T). Assume that 0, is
timelike and that the hypersurfaces {t} x M are spacelike with respect to g
for © € 1. Finally, assume that there is a ¢ € C°( x M) such that ¢
and g satisfy (12) and (13). Then we shall call (I x M, g, ¢) a background
solution.

Definition 5. Let g be a Lorentz metric on I x M, with I = (T_, Ty), let
¢ € C*( x M) and let T € 1. Assume {t} X M is spacelike with respect
togandleti : M — I x M be defined by i(p) = (t, p). Let h be the
Riemannian metric on M obtained by using i to pull back the Riemannian
metric induced on {t} x M by g, let k be the covariant 2-tensor obtained by
using i to pull back the second fundamental form induced on {t} x M by g,
let g9 = ¢ oi and let ¢y = (N@) o i, where N is the future directed unit
normal to {t} x M with respect to g. Then we shall refer to (h, k, ¢o, ¢1)
as the initial data induced on {t} x M by (g, ¢), or simply the initial data
induced on {t} x M if the solution is understood from the context.

Theorem 7. Let (I x M, g, ¢) be a background solution. Let (p, k, ¢o, ¢1)
be the initial data induced on {To} x M by (g, ¢). Assume p; is a sequence
of Riemannian metrics on M, k; a sequence of covariant 2-tensors and Y ;
and ry j are a sequence of smooth functions such that p; and Yo _; converge
to p and ¢ respectivelyin H+' and kjand Jry j converge to k and ¢, respect-
ively in H', where | > n/2+ 1. Assume furthermore that (p;, ki, Yo j, V1,;)
satisfy the constraint equations (17) and (18) with (h, k, ¢g, ¢1) replaced
by (pj, kj, Vo, j, ¥1,;). Then there are T; _ < Ty < T 4, a Lorentz metric h;
on Mj = (T;-,T;4+) x M and a smooth function {; on Mj such that
(hj, ¥;) satisfy (12) and (13) on M ;. Furthermore, the initial data induced
on {To} x M by (h;, y;) are (pj, kj, Yo, j, ¥1,j), 0; is timelike with respect
to hj and {t} x M is a spacelike Cauchy hypersurface with respect to h; for
allt € (T;_,T; ). If T € I, thenT € (T; _, T; ;) for j large enough and the
initial data induced on {T'} x M by (hj, ¥;) converge to the corresponding
initial data of (g, ¢).

Remark. The topology we have in mind when we speak of convergence of
the initial data induced on {7’} x M is the same as we used for the data
induced on {7y} x M. In other words, H*! for the induced metric and
scalar field and H' for the second fundamental form and time derivative of
the scalar field.

4. Equations on T"

In the introduction, we formulated the initial value problem for a general X.
In practice, due to the causal structure of the type of spacetimes we are inter-
ested in, the global topology of X' will turn out to be irrelevant. For conveni-
ence we shall thus assume ¥ = T” and consider the equations on R x T".
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On this manifold, we have coordinates x = (x°, ..., x"); x* giving the uth
coordinate. Strictly speaking, these coordinates are of course not globally
well defined, but in the end, we are only interested in d,. = 9, and these
vectorfields are globally well defined. In what follows, we shall take for
granted that everything is computed with respect to these coordinates, or, to
be more precise, with respect to the frame given by 0,,.

Let us start by describing the type of metric around which we wish to
perturb. The model metric is given by

g = —dl‘2 —+ eZQSijdxi ® dxj, (44)

where £2 is a smooth function of ¢. For the purposes of the present paper,
it is enough to think of §2 as being Ht where H is a constant, but in a later
paper, we shall apply the same methods to the case £2 = pInt, where p > 1
is constant. We shall also use the notation

w=S2. (45)

A metric of the form (44) has the property that I'® = nw and I'' = 0, where,
as always, Latin indices range from 1 to n, Greek indices range from O to n
and where

1
I = 288" (Bugpy + Dpgav = Dn8up)-
Let us define
F, = nwgo, (46)

and, following the ideas of [18], let

R, = —%g"‘ﬁ 30810 + Vi F)
+ 8P " [Ty Tpsv + TayuT s + TayuTus], 47)
where
Tyyp = %(axgﬂy + 088ay — 0y 8ap)s
V.F, =0, F, — I;,F, (48)

and a parenthesis denotes symmetrization, i.e.
1
V. Fy = E(VMFU + WV, E).

In other words,

A

Ry = Ry + Vi Dy, (49)
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where
D, =F, —1T1,. (50)

Observe that the notation (48) is somewhat questionable since F,, will not
in general be the components of a covector. We shall, however, use it.
Note that R,w, considered as a differential operator acting on the metric, is
hyperbolic.

Let us define

Moo = —2a)g0"i)ﬂ, MO[ = 261)9(0,', (51)
M;; =0, My = —g"" Dy, 0,9, (52)
and consider the equations

A

2
R;w - M¢Vu¢ - nT]V((P)g;w + M/w =0 (53)
8*P 3,05 — 0,0 — V'(¢) + My = 0. (54)

Note that the system (53) and (54) is a quasi-linear system of hyperbolic
PDE’s for the metric and the scalar field. In other words, if we specify g,,.,
d0g,v> ¢ and dp¢p at t = 0, we obtain a unique local solution to the system
(at least if we assume ggo < 0 and g;; to be the components of a positive
definite matrix initially). Let us assume we have solutions to (53) and (54).
Due to (53), we have

1 1
G;w - Tp,u = _V(p,i)u) + E(Vyi)y)g;w - Mp,u + E(gaﬂMaﬂ)glw- (55)

Furthermore, G, is divergence free due to the Bianchi identities and 7,,
satisfies

VHT, = —MyV,¢
due to (54). Consequently, taking the divergence of (55), we obtain
V,VED, + R 1D, = —2MyV,p — 2V* M, + g*PV,Mu5.  (56)

Assuming that there are smooth solutions to (53) and (54) on some set
(T, Ty) x R*" with T_ < 0 < T, we see that there are smooth functions
Aqpy and Byg such that D satisfies

87 0,05D, + A, *P0,Dp + B,* D, = 0. (57)

If it is possible to set up initial data for (53) and (54) in such a way that D,,
and 09D, are zero for t = 0, we are thus allowed to conclude that D, is
zero where the solution is defined. Consequently, M, and M, are also zero,
and we get a solution to (12) and (13).
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4.1. Initial data

In practice, we shall be interested in initial data that do not satisfy the
constraint equations on the entire initial manifold. We shall thus assume
that we are given (/, «, g, ¢1) on T", where & is a Riemannian metric, « is
a covariant 2-tensor and ¢y, ¢; are smooth functions on T”. Furthermore,
we shall assume that (17) and (18) are satisfied on S € T". Starting with
these initial data, let us construct initial data for (53) and (54). The spatial
part of the metric, g;; is determined by h:

8ijli=0 = h(9;, 9)), (58)
fori,j = 1,...,n. However, goo and go; are not specified by the initial
data. Let us choose them to satisfy

gooli=o = —1,  goili=0 = 0. (59)

Due to this choice, the future directed unit normal to the hypersurface t = 0
is d,, so that if we had a metric g whose second fundamental form were «,
we would have

1
Kij = angij-
It is thus natural to require that
008ijli=0 = 2(0;, 9;). (60)
Concerning ¢, we require

Pli=o = do,  (3P)li=0 = ¢1, (61)

since 0, is the future directed unit normal to {0} x T". The only objects
that remain to be determined are dyggo and dypgo;. We shall let the condition
D, li=0 = 0 determine these quantities. Assuming we had a metric g, we
would obtain, for t = 0,

1
Iy = —angoo —1trx
where we have used (59) and (60). We thus require
90800li=0 = —2Fpli=0 — 2trk. (62)

Note that since F; only depends on the coordinates and on the metric, the
right hand side has already been defined for + = 0. We also have, assuming
we had a metric g,

1 ..
It = —0dogo + Eglj (20:8j1 — 918ij)-

Consequently we require

|
dogolio = [~ Fi + 58 Coign — gy || . (©3)

1=l
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4.2. Development of the data

Due to (62) and (63), we know that £,, = 0 for t = 0. However, in order to
be allowed to conclude that £D,, is zero, we need to know that dyD,, is zero
for + = 0. On the other hand, we have no more freedom left in specifying
initial data. However, it will turn out that the last condition is a consequence
of the constraint equations. We thus obtain the following result.

Proposition 1. Let (h, «, ¢, ¢1) be given on T", where h is a Riemannian
metric, K is a covariant 2-tensor and ¢g, ¢1 are functions. Assume

(h, k) € HH'[T", M,(R)] x H*[T", M,(R)],
(¢o, $1) € H'(T") x HY(T"),

where k > n/2+ 1. Define g,,|,=o by (58) and (59), (8:&,.v) li=0 by (60), (62)
and (63) and define ¢|;—y, (0:9)|;=0 by (61). Then there are T_ < 0 < T,
and a unique solution

geC[I xT", My (R)], ¢ €C’[I xT" R] (64)

to (53) and (54), where I = (T_, Ty), such that goo < 0 and g;; are the
components of a positive definite matrix. Furthermore

g e L2 H T, My R}, ¢ € LU H (T (65)
dg € L1 HT", M, (R)]}, 8,9 € LI, HY(TM].  (66)

Let Thax be the supremum of the times T > 0 such that there is a solu-
tion (g, ) on [0, Ty) satisfying the above conditions. If Ty, < 00 one
of the following two statements have to be true. 1. There is a sequence
(t;, x;) € [0, Trnax) X T" such that either gy (t;, x;) — O or the smallest
eigenvalue of {g;;(1;, x;)} tends to zero as | tends to infinity. 2. We have the
following limit:

lim sup Z sup [[[8%8/ g(z, x| + |878] ¢(z, )|] = 0.

t— Tnax— o<t<t Ia\+j<2xe

There is an analogous statement concerning Ty, which is defined analo-
gously to Tmax. In particular, Ty and Ty, are independent of k. If we
assume the initial data to be smooth, we get a unique smooth solution
(g, @) to (53) and (54) on Inax = (Thin, Tmax) Such that goo < 0 and g;;
are the components of a positive definite matrix. Then g is a smooth
Lorentz metric on M = I, x T" and {t} x T" are Cauchy hypersur-
faces in the Lorentz manifold (M, g) for t € Iax. If we furthermore assume
that (17) and (18) are satisfied on an open subset S < T", then (g, @)
satisfy (12) and (13) on D(S), where D(S) is defined with respect to the
metric g.
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Remark. Here M, (R) denotes the set of n x n-matrices and we think of &
and k as such matrices whose elements are given by the corresponding
components with respect to the standard basis {d;} of the tangent space
of T". Furthermore, we think of g as being M, (R) valued, the elements of
the matrix being the the components of g with respect to {9, }. The regularity
condition in the existence statement is of course far from optimal. However,
with the methods we use to close the bootstrap, we need this degree of
regularity. When we write D(S), we, strictly speaking, mean D({0} x §),
cf. the notation of Subsect. 3.2.

Proof. The existence result and continuation criterion can, up to small
modifications, be found in standard textbooks on non-linear hyperbolic
PDE’s, so we shall take this for granted. Since goo < O and g;; are the
components of a positive definite metric, a linear algebra argument suf-
fices to conclude that g,, are the components of a Lorentz metric and
that g® < 0, cf. Lemma 2. This means that the gradient of the func-
tion  : M — R defined by #(x’, ..., x") = x is past directed timelike
(here we use the convention that 9, is future directed). Consequently, if
y : (s_,s4) — M is a future directed causal curve, f o y is a strictly
monotonically increasing function. Thus a causal curve can intersect the
hypersurfaces {t} x T" at most once. If the image of y is contained in
the past of, say, {r} x T", then y([so,s.)) is contained in a compact
subset of M for 5o € (s_,s;). Using this fact, the causality of y, the
fact that goo < O and the fact that g; are the components of a posi-
tive definite metric, one can conclude that y is extendible to the future.
We conclude that all the hypersurfaces {t} x T" are Cauchy hypersur-
faces.

In order to prove that (g, ¢) satisfy (12) and (13) on D(S), all we need
to prove is that D, and 9yD,, equal zero on S. The reason for this is that
on M, we have (57). Given that the initial data for &£, are zero on S, stan-
dard uniqueness results for linear equations on globally hyperbolic Lorentz
manifolds yield the desired conclusion, cf. Theorem 6. We already know
that O,, = 0 initially due to our choice of initial data, but we need to prove
that 99D, = O initially.

The solution we obtain solves (55). Note that in this equation, M,z = 0
initially, since &£,, = 0 initially. Let us contract (55) with N* X" for r = 0,
where X is orthogonal to N. Then, on S, the left hand side is zero since the
constraints are fulfilled and the right hand side is

1
—EN“X"(EJM:D,, + 0,D,).
Note that the part of the covariant derivative involving Christoffel symbols

vanishes due to the fact that D, = 0 initially. Since X"9,0, = Ofort =0,
we obtain

090D; =0
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on Sfort =0,i = 1,...,n. If we contract (55) with N*N", we ob-
tain

90Dy =0
on S by a similar argument. The proposition follows. m|

4.3. The equations

To sum up, we shall in the end restrict our attention to the equations

5 0 2 2 2

Roo + 20" — 2nw” — (0,¢)° — mv(@goo =0 (67)
~ 2

Roi — 20(I; — nwgoi) — 0,¢0:¢ — nTlV(@gol' =0 (68)
A 2

Rjj — 0;¢0;¢ — nT]V((Z))gij =0 (69)

8" a0pp — nwdop — V'(@) =0, (70)

where the indices i, j run from 1 to n and Ié,w is given by (47). Furthermore,
we shall only consider these equations on R x T" and one should not think
of any of the objects appearing as tensors but rather as the components with
respect to the standard basis for the tangent space of R x T". The advantage
of this system is that it behaves well even when the initial data do not satisfy
the constraints, cf. the comments made in the introduction.

5. The modified Ricci tensor

Lemmad4. Let R wv be given by (47), where F, is defined in (46). Then

A

1 1
Ry = —Egaﬁaaaﬁguv +180u 0@ + S8y + Apv.

where

Ap,u = gaﬂgys[aagvyaﬂglw - Fauyrﬂué]-

Proof. Consider
V. F, =0,F, — I_ZfluFa‘
Note that
1
FguFa = nngaF,ilu = nwFuOv = Enw(ap.gOu + 8vg0u - 3og;w)-

Since

9, F, = nw(d,w)go, + nwd, gov,
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we obtain
1
ViuFyy = ngowdyw + Ena)aogw.

Let us turn to the squares of the Christoffel symbols. The expression of
interest is

Ap,u = gaﬁgyg[Faquﬂﬁv + Fayp,FﬁvS + Favaﬂ;LS]-
Since
Tgsy + T'gos = 0p8s,
we have
A/w = gaﬂgya[rayuaﬁg(h + Fayvrﬁué]
= gaﬁgy(s[rﬁ(maagyv + Fayvrﬁ/w]
= gaﬂgya[aﬁguéaagyv + (Fayv - aagyv)rﬂu(S]
= gaﬂgya[aﬁguéaagyv - Favyrﬁ;w]a

where the second step only involves a renaming of indices. The lemma
follows. O

Note that we can write

Ay =1, +10,, +1I,, +1V,, +V,, + VI,

where
Lo = 88" (3080.:9080» — Tou0T0v0) (71)
1., = 88 [3080, (30ps + 3pgov) + 3080308y + Bp€0s)
—2Tou0 1 0vp — 21000 0y p] (72)
1L, = g%g" (30gpudogn + 980, 01800 — 2T 0p T ort) (73)
IV, = g% g°18080,.9;8p + 3089 80v + 380, 00&pv + 3;8py 080w
— Iouod jvp — 200upT0vj — Ljplov0] (74)
Vo = 87 8% (308pudj g1 + 3;8p3081 + 3180,3p8jv + 91811 0p&ov
— 20, p T — 215, 1 0u) (75)
Vi = 8”87 (3:8pu ;81w — T Tin)- (76)

Before we start separating the relevant parts from the irrelevant ones in these
terms, let us comment on what can be considered to be small and what has
to be taken into account. In the end, we shall be perturbing around a metric
of the form (44). For the metric (44), 9,;8; = 2wg;;. Consequently, from
a perturbation point of view, all terms that involve spatial derivatives can
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be considered to be small, as well as goo + 1, g% + 1, goi» 8%, 308005 9080
and dpg;; — 2wg;;. The relevant part of A, is the one which involves terms
consisting of at most one small factor. From this point of view, we see that
I, II,, and IV, do not contain any relevant terms.

Lemma 5. Given the definitions (71)—(76), we have

1
Mo, = 208" (3080m — 50m800) + Anton, W
I = 20g™dg; — 20°¢" g + Ay (78)
Vou = =207 gom + Av.om, (79)
Vi = no® — wgdogij + 208" d;gj0 + Avi.oo, (80)
Viy = 08" Timj + Aviom, (81)

where Amiom, Amvij, Av.om Avioo and Ayiom are given by (82)—(36)
respectively.

Remark. In the end, we shall not need to know much concerning the struc-
ture of the non-linear terms in order to be able to estimate them in H*. In
fact, it will be enough to count that the number of factors that are “small”,
cf. the discussion prior to the statement of the lemma, is two or greater,
something which is automatically true due to our definition of error terms,
and to count the number of downstairs spatial indices minus the number of
upstairs spatial indices, something which is also clear from the context, in
order to be able to write down the estimate in H* immediately.

Proof. The result is obtained by straightforward computations. The irrele-
vant terms are given by

1
Anom = 8 (8" 00gim — 2wk <308po - 53p800>
1
+ Egoogplapgoo(azgom + Om8or), (82)

for Illy,,,

1
Anij = googpl[apgoialgoj - 5(3,7805 — 0;80p) (0180 — 3/6’01)]
1
- 5800[(8’713081‘;7 — 208) (9180; — 3;801)
+ (8" dogjt — 287) (3,801 — Bigop) ]

1
+ wg™(gig” — 5;))3081‘;7 + 5800(8’7130&19 —2w8!) (Bogj — 28,
(83)
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[ p 0
for III; (note that g;;g?”" — 8j = —gjog™),

Av.om = 8" 8% (308p09j &m + 3;808081m + 318009,8jm
+ 0:8j00p80m — 21 00p L jimt)

- gplgoj[(ajgpo + 9,8j0) Lomi — %30&';;(3180”1 - 3m801)]
+ 8" (dogm — 2wgm) + %gOf (8908 — 2w8}) dogmi  (84)
for Vo,
Avioo = 878" 9:8p09; 810 + %gpl (87 30gip — 2605{,)(3]'810 + 9:18j0)
- ig"fg"’(aig,,o + 0p810) (3810 + Digj0)
— %(gij dogip — 287) (8" dogji — 2w8) (85)

for Vg and

. 1
Aviom = g"'g" [3igp03j81m - 5(31‘8190 + 8pgi0)r}'ml]
1 ..
+ Egl] (gpla()gpi - 2(,()55)1—}"1] (86)
for VI,,. O

Let

AI,[LV = Iu,v’ AH,[LV = IIMU? AIV,MU = IV/w’ AHI,OO = III00»

Avoo = Voo, Av,i =V, Avy; = VI,

and
Ap gy = A + .o+ Avi . 87)
Then
Ao = nw® — wg'dog; + 208" d;gjo + Au o0

Aom = 208" 0g0m — 20”8 gom — @™ 3800 + w8 Ty + A s om
Ay = 20g%80g; — 207" g + Ay (88)

Let us turn our attention to the correction terms introduced.
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Lemma 6. We have

Ago + 20" — 2ne’ = wdogoo + I’la)z(goo +1)+ nw2g00

+ Ax00 + Ac.oo (89)
Aom — 20(Ty — nwgom) = 2(n — D’ gom — 08" T + A om + Acoms
(90)

where Ac oo and Ac o are given by (92) and (93) respectively.
Proof. Note that
(& + Dgoo = g%g00 + 8" goi — 8" g0i + 800 = goo + 1 — g” g0,

so that

1 .
g0+ 1=—(goo+1—g"g0) 1)
800

Using this observation, one can compute that
200" = wdgoy + wg" dogi + 2nw*(goo + 1) — 208" ;810 + Ac 00,
where

2nw?

Aco0 = — [(1 + g00)* — 8% g0i ] — (8™ + 1)(g"00g; — 2n0)

800
+20(g% + 1)g"3;8j0 + w(g g™ — 1)dpg00
+208%g" (Toio + 2T00) + 4wg” 8% Tyji + 208" % Ty (92)
Thus we obtain (89). Let us compute

—20(Ly — nwgom) = —2wg" dogom + 08" dmgoo + 20°8 gom
- 2wgljnmj + 2(” - l)wngm + AC,Om,
where

Ac.om = 20> (8" + D gom — 208" (do&mi — 208mi + 9:8mo0 — Ingio)-
(93)

Consequently, (90) holds. O

6. Rough control

The precise form of the equations depends on the particular potential, and
therefore we wish to postpone writing down the equations for as long as
possible. Some of the bootstrap assumptions we shall make in the end do,
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however, have consequences independent of the potential, and so we wish
to begin with them.

Assume we have a solution to (67)—(70) on some time interval [#y, 7). On
this interval we make the following bootstrap assumptions. Assume that
there are constants K and ¢; > 1 such that, using the notation u[g] = gpo+1
and the notation of Sect. 2,

i Mwl < e K )} < of|wl, (94)
lulgll < n, (95)
lwlgll* < ney' 97K, (96)

for all w € R”*, and all (¢, x) € [ty, T) x T". Here 2 and r are non-negative
functions of ¢ in [#y, o0) and n € (0, 1) is a constant. At a later stage, we
shall impose more strict conditions on these quantities. Due to the bootstrap
assumptions (94) and (95) and Lemma 1, we conclude that g,, are the
components of a Lorentz metric. Thus we can speak of the inverse of g and
we denote the components of the inverse by g"".

Lemma 7. Let g,, be the components of a matrix valued function on
[0, T) x T" satisfying the conditions (94)—(96) where §2,r > 0 for t > t,.
Then g is a Lorentz metric and there is a numerical constant ny > 0 such
that if we assume n < ng in (95) and (96), we have

lolg ™| < 2cre 2K u[g]| 97)
|(vigl, vIg ' DI < 2cre 222K u[g])? (98)

lulg™"1| < 4n, (99)

2 3¢

3o 1l = @7l < S (100)

forallw e R", t € [ty, T) and x € T". Here we use the notation (&, {) for
the ordinary scalar product of &, ¢ € R".

Proof. Let A be the square root of g, ! Using (94), we get

g 117 < cre > g1

However, multiplying (36) with A~! and taking absolute values, we get

—22-2K

c|e 2
5 vlgll”,

1
g2, = ————|Avgl)* <
! (@ - goo)2 (d* — goo)

where we have also used (94). Combining these two inequalities, we get

) 0%3749741( 2
olg ™ IP = L lolgl
(d* — goo)
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Since 1/(d* — g00)* < 1/g3,, which can be assumed to be arbitrarily close
to 1 by imposing conditions on 7y, we get (97). The estimate (98) is then an
immediate consequence of this.

In order to prove (99), let us first note that

d* = |vlg]P? o= = |Av[g])* < cre K lgll* < 1, (101)

where we have used (94), (96) and the fact that » > 0. Using (34) we get

_ lulgl| + d*
ulg | < =
d* — goo
Combining this estimate with (95) and (101), we see that for 1y small
enough, (99) holds.
Finally, note that due to (35) and (94), we have

2.!’2—2K| 2

lwlg, < le -1 = |Aw® < cje w|”.

gt =
Similarly,

12, > &| 2, ﬂ 16—29 2K

2
. w>, >
g T g — |

|w w|”.

Since goo/ (d*>—goo) can be assumed to be arbitrarily close to 1 by demanding
that o be small enough, the lemma follows. O

7. Energies

The exact form of the energies will in the end depend on the particular
potential, but in the cases we are interested in, they will be equivalent to
objects we now define. In some cases, the background scalar field converges
to zero, but in others it tends to infinity. Consequently, it is sometimes
necessary to subtract the background solution.

Definition 6. Assume that the scalar field corresponding to the background
solution around which we are perturbing is ¢o. Then we let

Vv =¢ —¢o. (102)
Furthermore, we define

u=go+1, =gy h;j=eTg;. (103)
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Let us also introduce the notation

70 = (X [ @rras) "

la|<k
where
glal
%f = f ,
A(xHyer - .. J(xm)en
and « is a multiindex, o = («y, ..., ;) for non-negative integers «;. Even

when f € C*(I x T") for some interval /, we shall take it to be understood
that 0“f only means differentiation with respect to the last n variables.
When we write d,, f on the other hand, we take it to be understood that . is
a number from O to n.

We shall express the estimates in terms of the following quantities

Epi = - Z/ {(8“0)” + (0°9,0)" + " (0" Bud* 0y + 90,0° D, )

\a|<k

+ &’ [(0%u)* + (3*¥)*}dx

Z Z/ (0%0,u;)” + &" 90 tt; + ?(8%u;)” |lx

\a|<k i

Z Z/ a 8t l] —i—glma"‘alh,-j-a“amhij

\Ot|<k 0]

_ 2
+ agw’e 2’(E)"‘hij) ]dx,

where a, = 0 for « = 0 and a, = 1 otherwise. The reason we have to
introduce a,, is that we want all of these quantities to be zero for the solution
around which we are perturbing. The reason we include the factor e~?" is
that we want E,, to decay, which is also not to be expected without this

added factor. It will be more natural to express the bootstrap assumptions
in terms of the following quantities:

Elp,k _ w—zeerlp’k’ Es,k — w2 MUK
Eni =0 2 E . (104)
We shall also use the notation
Ev = Epi + Esi + Enu.
The main bootstrap assumption we shall be making in the end is that
Elm) <e (105)

for some kg > n/2+ 1, € < 1 and for all ¢ in some time interval [fy, T).
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Lemma 8. Assuming (94)—(96) hold on [ty, T) x T" where n < no, n >3
and $2,r > 0 fort > ty, we have, on [ty, T) x T":

Il + @ oyl + e 2 Ko 89 lm] < CE;
(106)

e [ull + o Ndullm + e 2 Ko oull ] < CELS

(107)
1/2

(108)
1/2

(109)
1/2

(110)

—24r—K —1 —2-K -1
e T N Nl e + @™ 1By |l e + € 18|l ] < CE;

e 22K w8 gy — 20gii e + e 0 191g 1t ] < CE]

e 0%, = CE

where the last estimate is valid for 0 < |a| < k and the constants depend
oncj.

Remark. The constant 1y is the one appearing in the statement of Lemma 7.
There is structure in the above estimates which is worth keeping in mind.
The number of (—£2 — K)’s appearing in the exponent corresponds to the
number of spatial indices downstairs inside the H* norm, including spatial
derivatives. Note also that there is a gain of ¢” in all the estimates except
one, namely (110). All the norms appearing on the left hand side are on
a fixed time slice. In other words, when we write || || z«, we strictly speaking
mean ||Y(t, - )| g«. Below, we shall quite consistently abuse notation in this
fashion.

Proof. Using (100), the estimates are immediate consequences of the defin-
itions. Note for instance that

dhy = e (3,8 — 20g;).

The lemma follows. O

8. Sobolev estimates for the inverse

Let us turn to estimating the derivatives of the components of the inverse of
the metric. We shall use the following standard result, where || - ||, signifies
the L? norm of a measurable function defined on T".

Theorem 8. Assume fi, ..., f; € H"(T") N L°°(T"). Then there is a con-
stant C depending on n, m and | such that if B, ..., B; are multiindices
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with |B1] + ...+ |81l = m, then

l
[0% 074, < ST 10 32 19571

i=1 j#i |Bl=m

Due to this theorem and the bootstrap assumptions, we obtain estimates
for the inverse of the metric.

Lemma9. Let g,, be the components of a matrix valued function on
(20, T) x T" satisfying the conditions (94)—(96), where n < ng and £2,r > 0
fort > ty. Then g is a Lorentz metric, and if we denote the components of
the inverse by g"’, we have, for 0 < |o| <k,

e8¢, < CE?, (111)
22K ge g, < CE,?, (112)
K g e < CEP. (113)

Proof. Note that
98" = —g" " digun-
In general, 3%g*° is, up to numerical factors, a sum of terms of the form

gmxguzvl gl g g (114)

where oy + ... + o = «, and o; # O (note that here «y,..., o are
multiindices, not the components of «). Let us introduce the notation that
the number of g° factors in (114) is /,, the number of g% factors is /, and the
number of g¥ factors is /.. Furthermore, let us denote the number of factors
of the form 8# g for some multiindex f by [y, the number of factors of the
form 9% gy, by [, and the number of factors of the form 9P gij by I3. It is of
interest to analyze how these numbers change when we apply 0; to (114).
If 9; hits a factor of the form 9# &uv- then the numbers do not change. If 9;
hits a factor of the form g%, there are three possibilities for how the numbers
can change

(o) > U+ 1,4+ 1) (115)
(o, ) > p+1,L+1) (116)
(s lps 3) = (g = 1,1, + 2,13+ 1). (117)

By this notation we mean that only the numbers that appear on the left
hand side are changed. Thus in the first case, [,, 3, [;,, [ remain unchanged.
Consider the case when 9; hits a g factor. There are four cases to consider:

(o i) = (Ua+ 1,5+ 1) (118)
(lp, ) = p+1, L+ 1) (119)
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(e.l3) = e+ 1,154+ 1) (120)
Uas lps Lo ) = Ao + 1,0 = 1, L+ 1,1+ 1). (121)

Finally, let us assume 9; hits a g™ factor. We have

(Up Lo 1) >y + 2,1 — 1,5+ 1) (122)
(Ip, ) = (p+1, L+ 1) (123)
(le;3) > (e + 1,13+ 1). (124)

Note that /1, [, [3 are monotonically increasing, but that /,, I, [. are not.
Let us estimate an expression of the form (114) using Theorem 8. Due
to (96), (97), (99) and (100), we have the estimates

—2-r—K —22-2K
b b

8% <5, [1§%l0e < Ce lg" |00 < Ce

where C is a constant depending on c;. For this reason, we rewrite the
factors of the form g"¥ in the following way:

0i __ —.Q—r—K(eQ-‘rr-‘rK

g =e )

ij 222K/ 2Q2+42K _ij
g, g =e (e g").

Since we have the estimates
Q-r+K 20242K
Igool <2, lgoil < Ce® "X, gyl < Ce™“TE,

due to (94)—(96), we shall also rewrite the factors of the form 3¢ 8uv accord-
ing to

97r+1<( —2+r—K op 29+2K( —2802-2K 5p

o =e e g), gi=e e 8i)-

We get the estimate

”g)»mguzvl .. gll-lvl—lgulaaalguwl . aazgulw ”2
= Cexp{—=(2+ K)[2(c —l3) + 1 = L] —r(l, + 1)}

X Z (11 107 g00 |, + e K Z 107 g0,
|Bl=lel I

152N g,
I,m

where ¢ = o) 4 ... 4 «; (note that before applying Theorem 8, we take
out all the g"” factors in the L*°-norm). The reason we have included the
factors /; is that we wish to distinguish between the cases /; = O and /; > 0.
The point is to consider how the expressions

ln=lp—-0bL+2(.—0h), Ip=LL+Dh (125)

change when applying 0; to (114). Due to (115)—(124), we conclude that /5
is conserved, but that [, is monotonically increasing. That [ is conserved is
not so surprising since it simply counts the number of upstairs spatial indices
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minus the number of downstairs spatial indices (disregarding derivatives).
Note that the operations that increase [p are (116), (117), (119), (122)
and (123).

Let us estimate 9%g% for some « # 0. Note that

38" = —g"¢" 9,800 — 28" dig0r — 8" ¢"" i gim- (126)

Let us start with g%°g%9;g00. In this case, Iy = Ip = 0. However, if,
when differentiating, we are supposed to obtain a term with a factor of the
form 9;go; or 0;g;,, then we have to go through one of the processes (116)
or (117) both of which increase [, by 2. Consequently, we get an estimate

[8°(s""8:800) [, < C D (Hf’ﬁgoo |, +e 7> 19%ul,

|Bl=lee|+1 l
4 em22-2r-2K Z ” aﬁglm Hz)
I,m

For the other two terms in the right hand side of (126), [z = 0 initially and
Ip = 2. The estimates for the last two terms are thus better than the estimate
for the first term. Adding up, we obtain

19", < CS;,
where

= 2 (<10l +e Y Jofsul,
l

0<|Bl=<k

+ o 22-2K Z H 3ﬁglm ||2>
I,m

In fact, we obtain a somewhat better result as far as the factors of ¢’ in front
of different terms are concerned, but we shall have no reason to use this
improvement. Using (107), (108) and (110), this proves (111). Let us turn
to 9%g”. We have

38" = —g"¢" 3800 — " g 9igom — "¢ digom — &% " Vigjm.-

For all the terms in the right hand side except for the second one, we have
Iy = 1 and Ip = 1. For the second term, we have /[y = 1 and [ = 3, but
this improvement will not be of any use to us. We thus obtain

Q+K o
T[98 2 < €Sy,

which, in combination with (97) and (108) (note that these are necessary to
deal with the case o = 0), implies (113). Finally,

3ig™ = —g"¢" ;800 — 8780800 — 808 digpo — 7™,y

We obtain (112) by arguments similar to ones presented above. O
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9. Estimates for the non-linearity

In this section we shall be making the bootstrap assumptions that (105)
holds as well as (94)—(96), where n < ng and $2,r > 0 for t > f,. Before
we write down the consequences of these assumptions, let us observe that
due to Theorem 8, we have an estimate of the form

Lfi e filla
-1
§C< S 1AL T T o + 1 fillso - 11 fis ||oo||f1||Hk>- (127)
O<|ar|<k i=1 J#i

The point of this estimate is that the only function we estimate in L is f;,
cf. (111) and (112), which are only valid for |«| > 0. It will be of interest
to estimate e.g. 1/goo in H* and in order to be able to do that, we need the
following result.

Lemma 10. Let F € C®(I) for some open interval I and let f € H*(T")N
L>®(T"), where k > 0. Let J = [a, b], where a is the essential infimum
and b is the essential supremum of f and assume that J C 1. Then there
is a constant, depending on k, the supremum of F and its derivatives up to
order k on J and on || f ||~ such that for any a with || = k,

10°F o flla < C Y 19°Fll2.
|Bl=k

Remark. The case « = 0 is special. If F(0) = 0, it can be dealt with
similarly, but not otherwise.

Proof. The result follows from the fact that 0*F o f is, up to numerical
factors, a sum of terms of the form

(0'F) o fOUIf - 3“f,
where oy + -+ = «. O

Lemma 11. Let g,,, be the components of a matrix valued function satisfy-
ing (105) and (94)—(96) where n < no and §2,r > 0 fort > ty. Then g,,, are
the components of a Lorentz metric and we have the following estimates:

e 2 o N8, gl < C, (128)

Ko [0 g, < CEY 129)

m,k>?
the last inequality being valid for 0 < || < k. Furthermore,
ot ||g" digim — 208, |, < Ce, (130)

o |7 0,gm — 208, |, < CE, (131)
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¢ 1% + 1| < CE?, (132)
118" + 100 < Ce, (133)

(i)
a -
800

for 0 < |a| < k. Note that the constants in the estimates are allowed to
depend on cy. Finally,

r

e < CE/%. (134)

2

[  ahyll g + e Ko  Ouhyllm] < CELG. (135)
¢ [0 0,0hlle + €K 901k lloo ] < Ce. (136)

Proof. The estimate (128) follows from (94), (105), (109), (110) and
Sobolev embedding (note that ky > n/2 + 1). The inequality (129) follows
from (110) and (109). Note that

890,gim — 208, = §7(318jm — 208jm) — 208" gmo-

Using (100), (105), (108), (109), (112), (113) and (127), we obtain (130)
and (131). If we apply Lemma 10 with F(f) = 1/f and f = goo,
keeping (95) in mind, we obtain (134) for 0 < || < k. Due to (91), we
conclude that (132) and (133) hold. Finally, (135) and (136) are immediate
consequences of the definition of the energies and (105). O

9.1. Algorithm for estimating the non-linear terms

Let us write down a general algorithm for dealing with the non-linear terms,
assuming the bootstrap assumptions hold as stated in the beginning of the
present section. A general term will consist of factors of the form F(g),
G(g") and R(v), where F, G and R are smooth in the intervals ggo, g%
and v belong to. Furthermore, there will be I, I, I, l4, I, and [ factors of

the form g7, g%, 1+ goo, 1 + g%, goi and g;; respectively. Finally, let us
denote the number of 8g;;, ;800 :800- 0:80i» 0:&0j» 0i&ji» " 01871 — 208},
0:&jm — 2wgjm, ¥, ;Y and 0;y factors by [y, ..., [y respectively.

Step 1. Rescale all the factors. The relevant factor to take out is
(6—2.{2—21()1,1 (e—.Q—r—K)lb (e—r)lc (e—r)ld (e.Q—r-‘rK)le (829+2K)lf
% (weZQ+ZK)l| (a)efr)lz (a)eﬂfr%’l()lj; (weﬂfr+/()l4 (a)€297r+2]()l5

% (we:’)ﬂ—r-‘r:’)[()lﬁ ((,()e_r)l7 (weZQ—r-‘rZK)lg (e—r)lg ((,()e_r)llo (weﬂ—r-‘rK)lll .

Note that F(goo), G(g), R(y), e*¥TKgli ¢72972Kg. as well as

e 272K =19, g;; are bounded in L. All the remaining factors are bounded
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by Ce in L™ and by CE,i/ *in H* after rescaling. Let us define

le=l+l.+lz+lL+L+...+1
Iy ==2lg =l +1o+2l; + 20y + 13+ 14 + 2ls + 3lg + 213 + [11,
ly=4L+...+1lg+ 1o+ 1.

Note that /,, coincides with the number of downstairs spatial indices minus
the number of upstairs spatial indices, including derivatives, and that /; is
the number of factors that are derivatives (note that we e.g. regard terms of
the form 9,g;; — 2wg;; as derivatives). With this notation, the factor we have
taken out is

a)la elh (2+K)—ler .

Step 2. Assume [, > 1 and € < 1. Then the rescaled quantity is bounded in
the H*-norm by CRy, where

Ry = E?<". (137)

In order to prove this statement, let us apply (127) to the rescaled quantity
with f; chosen to be one of the factors that contribute to /.. In other words,
if we have to estimate one of

F(go0), G(&%), R(Gy), 92K 729072k,

—202-2K, —1
ii> e w08

in anything but L*°, there will always be a derivative hitting these factors.
If the derivatives hit one of

Flgo), G(&™), R,

we can estimate the result by Ce™"€R;. If the derivatives hit one of

2042K _ij 202K 202K, —1
g, 8ij» € @™ 0,&ij

4 1

e

we get an estimate CeRy. The remaining terms are bounded by CRy. Since
€ < 1and r > 0, we obtain the desired conclusion.

Step 3. The estimate we obtain in the end is
Cwlaelh(Q+K)*lerEA‘]i/ZEle*]. (138)
Assuming [, > 2 and € < 1, we obtain

Cer e @HO—ler 112 (139)

Algorithm. Given a term of the above type, compute that [, > 1. Note
that one obtains /. simply by adding all the factors that are assumed small
in the perturbation argument. After that, compute [, i.e. the number of
downstairs spatial indices minus the number of upstairs spatial indices,
including derivatives. Finally, compute /5, the number of derivatives. The
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estimate for the corresponding term is then of the form (138) if /[, = 1 and
of the form (139) if [, > 2.

9.2. Estimates for the non-linearity

The algorithm we have developed makes it trivial to estimate Ay ., Ac,00
and AC,Om-

Lemma 12. Let g,, be the components of a smooth matrix valued function
on [ty, T) x T" satisfying (105) and (94)—(96) where n < ng and §2,r > 0
fort > to. Then

2 2y pl1/2
I Axoollzt + | Acoollge < Cew?e > E}/

2 Q+K-=2r p1/2
IA A omllt + | Acomll e < Cew?e* X2 E}/

_or pl)2
1Al < Cea?PH K2 B2,

where Ay .0, Ac,o0 and Ac o are given by (87), (92) and (93) respectively.

Proof. By construction, for any term appearing in A, ,, or Ac . Iy 1S
simply the number of spatial indices in the set {x, v}. That [ > 2 is again
true by construction. The reason for the factor w® on the right hand side
is that whenever a derivative is missing it is compensated for by a factor
of w. O

One object one has to estimate is the commutator between [, =
—ghv0,0, and 9%, acting on some suitable function, say v. In order to

be able to do so one needs to know something about Elgv. However, since
we do not wish to write down the equations, we shall make assumptions

on E!gv in the statement of the lemma.

Lemma 13. Let g,,, be the components of a smooth matrix valued function
on [ty, T) x T" satisfying (105) and (94)—(96) where n < ng and 2,r > 0
fort > ty. Let v be a smooth function on [ty, T) x T" such that

B Ry -2 —r pl/2
o 100l + e Ko 0l + 0Tl < CMETOTE

(140)
for some k > n/2 + 1. Then, for 0 < |o| <k,
|[E,, 8°]v], < Cea?e @+ 2, (141)
where the constant depends on
sup w e KA (142)

telto,T)

which we assume to be finite.
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Proof. Note that
[8"‘, g’“’auau]v
is, up to constant factors, a sum of terms of the form
910;8""9*29,,0,v,

where |a;| + || = || — 1. It is natural to divide these terms into two
different categories. Either 4 = v = 0 or one of u,v # 0. Let us consider
the second case first. Assuming || < k, we have the estimate

I 3“1a,-gf'”a‘”zajavvH2

< CY {8 ]| Nvvlla + 18;000ll00]| 387 | s . (143)
J

where we take it to be understood that we sum over v and over j in the left
hand side. Due to (112) and (113), we obtain

I 30‘1a,-gf'”amajavv||2

< Ce Ky "[e(e 0l + e 7 o)
Jil

+ (e N80 vll0 + e K8 0lI00) E 7]

where we have used the bootstrap assumptions and Sobolev embedding, in
view of the fact that ky > n/2 4+ 1. Due to (140), the fact that » > 0 and the
fact that (142) is bounded, we obtain an estimate of the form (141).

In order to deal with the case © = v = 0, we rewrite the corresponding
term

1 . .
3"19,09%20%y = —aalaigooa“Z[m(ngJaja,v + g/ d;9v + F)],
8
where F' = ﬁgv and |o; + ap| = || — 1 < k — 1. Let us consider the term

1 .
o 00 qo 0
0%19;¢°°0 2[—g00g Jaja,v}
— we(lh—l)(ﬂ-‘rK)—:%raa] (eraigOO)

x 9% [%(EQJrrJrKng)(w]elh(Q+K)+rajatv)i| )
8

We can estimate this expression in L? by

we(lh—l)(Q+K)—3r62EAv]1/2‘
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Using the fact that € < 1, that » > 0 and that we allow the constants
to depend on an upper bound of (142), we get the desired estimate. The
argument to deal with

1.
919,809 [@gﬂaja,v}

is similar, though the estimate is somewhat worse. Finally, using (127),
(111), (140) and the bootstrap assumptions, we can estimate

00

1
9°19;8%9* [— F]
8

2

as desired. O

10. Equations

From now on, we shall restrict our attention to potentials of the form de-
scribed in connection with (10) and (11). In the general setup we have
been considering up till now, the background metric is given by (44) with
§2 = Ht, where H > 0 is defined by (10). Consequently w = H is con-
stant. We shall choose r = aHt for some constant ¢ > 0, which is to be
determined. From now on, we shall also let fy = 0, so that the conditions
that r, £2 > 0 will be satisfied automatically. The background ¢, around
which we are perturbing is 0, and we shall use the variables defined in (102)
and (103).

Lemma 14. Let V € C*®(R) be such that V(0) > 0, V'(0) = 0 and
V"(0) > 0 and define H > 0 and x by (10) and (11). Then (67)—(70) are

equivalent to

Olgu + (n + 2)Hoou + 2nH?u + Agg =0, (144)

Olgtty, + nHdout,, + 2(n — 2) H*u,y — 2Hg" T 4 Aoy =0, (145)
Olghy 4 nHdohy + A =0, (146)

Clyp 4+ nHdop + H*xp + Ay =0,  (147)

where A, ..., Ag are given by (151)—(154) and we use the notation
0, = —g*d,0p.
Proof. Let us define

2
Ag v = —0,¢0,¢ — m[v(fﬁ) — Volgu (148)

Ay = V'(¢) — H*xo, (149)
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where x was defined in (11). Letting A¢ ;; = 0,

~

A;w = AA,/w + AC,/LU + A¢,;uu (150)

and using Lemma 4, Lemma 6 and (88), the equations (67)—(70) take the
form

1 1 ~
—Egaﬁaaaﬂgoo + 5(" +2) Hdpgoo +nH*(goo + 1) + Agp =0

1 1 . ~
—Eg“f‘ 0u0pgom + 511 HOogon + (1 — 2)H?gom — Hg" Tyyj+ Aoy =0

1 1 o
_Egaﬁaaaﬁgij + EnHaogij +2Hg"00g; —2H g% g —nH’g;j + A =0
— 883,05 + nHdop + H>xp + Ay = 0.

We obtain (144)—(147), where Ay, ..., A, are given by

Aoy =24p asn)
Ay = 24, (152)
Aij = —4Hg0p3ph,'j + 23_2H[AAij (153)
Ay = Ay (154)

Here AA,W is defined in (150), in which Ay ,, is defined by (148), and AA(,, is
defined by (149). |

11. Energy estimates
Lemma 15. Consider a solution to the equation
Oy 4 aHdgv + pH*v = F, (155)

where o > 0 and B > 0. Then there are constants n., ¢ > 0 and y, 5 > 0,
depending on o and B, such that if

18+ 1] < ne, (156)

and

1 3
&, slv] = 2 / [—gOO(aov)2 + g dvojv — 2yHg®vdgv + 8H2v2]dx,
TVL
(157)
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then

&,5lvl = ¢ [ [(Bov)* + g/ 0;v0;v + 1 H v |dx, (158)
’JI‘”
where 1g = 0if B =0and 1g = 1 if B > 0. Furthermore

deg, s
dt

< -nHE, s+ | {(Bov+ yHV)F + Ag, s[v]}dx,
’H‘VL

where Ag ,, s[v] is given by (159).
Remark. If 8 =0,theny =§=0.

Proof. If B > 0, choose ¥y = /2 and § = B + /2. Then y? < §, and it
is clear that there is a constant ¢ > 0 such that (158) holds, assuming g% is
close enough to 1. If 8 = 0, we simply let y = § = 0, and the existence of
a ¢ > 0 such that (158) holds again follows from the assumption that g% is
close enough to 1. Compute

de
d:"a = f {—(a = ) H(3v)* + (8§ — B — yo) Hvov — ByH v’
— (1 + ) Hg 8,080+ (Bov + YHV)F + Ap,5[v]}dx,
where

Agyslv] = —yH(Big’j)vajv — 2)/H(8ig0i)v80v — 2)/Hg0i8iv80v
— (3i8") (80v)* — (3;8")8;v80v — %(30800)(301))2
+ (%8oglj + Hg’7>8iv8jv — yH3,g" vdyv
— YH(" + 1) (3v)*. (159)
Due to our choices, we have, assuming 8 > 0,

dé, s
dt

1 )
= H / [(30v)* + (« + 2)g" 3;v0;v + aBH*v|dx
T"

+ [ {(@ov + yHv)F + Ag, s[v]l}dx.
Tn

Since the opposite inequality to (158) also holds, provided we replace ¢
by ¢~! for ¢ small enough, we obtain the conclusion of the lemma for
B > 0. The conclusion in the case 8 = 0 follows for similar reasons. O



174 H. Ringstrom

Corollary 1. Under the assumptions of Lemma 15, let

G = &,4[07v.
loe|<k
Then
de;

=k < _jeHE
dr — Ne k

+ Y /Tn{(aoa“v + yH") (3 F + [, 8*]v) + A, 5[3°v]} dx.

| <k

Proof. Given that v satisfies (155), 0%v satisfies
[, (8%v) + a Hao(3*v) + BH(3*v) = 8°F + [, 8*]v.
The statement follows from Lemma 15. O

We are now in a position to define the energies with which we shall be
working. Note that all the equations (144)—(147) are of the form considered
in Lemma 15. In the case of (144), (145) and (147), we simply identify the
first three terms on the left hand side with the terms on the left hand side
of (155) and identify the remaining terms with — F'. In the case of (146), we
proceed similarly, but in this case, 8 = 0. With u, u,,, h;; and ¢, we can thus
associate constants (aq, B1), (@, Bs), (0¢m, Bm) and (o, Bsr) respectively.
Due to Lemma 15 we get y, 6, n. and ¢ with corresponding indices (we
replace the index ¢ with the corresponding index as well). Note that all these
constants only depend on n and x. From now on we shall assume 7 < 1,
in (95) and (96), where

Nmin += min{la 1o, N> Nss Mms nsf}/4 (160)

Note that if (94)—(96) are satisfied with n < nyin, then (156) is satisfied
with 7. replaced by 7, . .. ,ns due to (99). Note also that 1, only depends
on n and x. Let us define

Hyi= Y &,4[0%ul, Hy=)_ Y & s[0°,],

|| <k i o<k

Hypo= Y Eyps,[0%9].

| <k
Since there is no advantage in separating u and ¢, let us introduce
Hyp o = Hyx + Hg i
and 7y, = min{ny, ns}. Finally, let us introduce

Hop=3" 3" [e:ym,gm [0%h;] + % / aaHze_Z“H’(a"‘h,j)zdx], (161)

ij lal<k ™
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where a, = 0 if « = 0 and a, = 1 otherwise, Y, = &, = 0, cf. the proof
of Lemma 15, and a is given by

277min
3
Note that, since Ny, < 1/4, we have a < 1/6. Note also that Ey, x and Hyp x

are equivalent in the sense that there is a constant cg > 1 depending on n
and x such that

a =

(162)

—1
g Epi < Hpix < ceEpi

assuming (94)—(96) are satisfied with n < npi,. Similarly, E; and Hg
are equivalent and Ep,; and H,,; are equivalent. Let us rescale similarly
to (104). Since w = H, r = aHt and §2 = Ht, we define

ﬁ]p,k — H_zezaH[H]p,k, ﬁs,k — H_ze_ZH[JrzaHI_ZKHqu,
ﬁm’k — H72820H174KHm’k
Finally, we let
Hy = Hipx + Hy g + Hu. (163)

Note that in the current context, E « and I:Ik are equivalent.

12. Differential inequalities

The purpose of this section is to prove the differential inequalities that will
be the essential tools for proving future global existence. When we say
that the bootstrap assumptions hold, we here mean that we have smooth
solutions g, and ¢ to (144)—(147) such that (94)—(96) hold on some time
interval [0, T'), where 1 < N, cf. (160), and that

A1) <e (164)

on the same time interval for some ¢ and ko such that € <1 and ky >

n/2 + 1. Note that under these assumptions, Hy and E; are equivalent, the
relevant constants only depending on n and yx, so that we, for all practical
purposes, can assume that (105) holds. Recall that r, 2 > 0 for r > 0 by
construction in the current setting. Let us write down the estimates that will
be of relevance.

Lemma 16. Assume that the bootstrap assumptions hold. Then
| Aollgt < CH?ee M B!/2,
| Aol < CH?ee™+K -2t 112
| Al < CH?ee*®~ 2“H’Hk

| Apll e < CH?ee M [,/
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where the constants depend on n, k, x, ¢ and the Ck3 norm of V/Vy in
a neighbourhood of 0.

Remark. The bootstrap assumptions, via Sobolev embedding, imply a bound
for ¢ only depending on n and x (recall that e < 1). This bound corresponds
to the neighbourhood mentioned in the lemma.

Proof. Let us first consider A wv- The terms arising from Ay ,, and Ac )
are already under control due to Lemma 12. Concerning Ay ., note that

V() — Vo = H*¢*R(¢)),

where

Ry = "=V [ ysrana
(¢)—27V0/0/0 (t¢)dds.

Since R is a smooth function, we can use the algorithm for estimating Ay ...
The argument to deal with Ay is similar. This yields all the estimates except
the one for Aj;. The first term on the right hand side of (153) is the only term
we have not yet estimated, but it can be dealt with using the algorithm. O

Lemma 17. Assume that the bootstrap assumptions hold. Then
[0 8°]u, < CH?ee A2,
1[Cler 89Tt |, < CHPeet+E =20t 112,
” [ﬁg’ 3*]hy ”2 < CHzeeZK_Z“H’ﬁk‘/z,
” [mg’ 3a]¢||2 < CHzee*Z“”’]-A]lj/z,

for all |o| < k, where the constants depend on n, k, x, ci, the C*3 norm
of V/Vy in a neighbourhood of 0 and on an upper bound on H™'e X,

Proof. This follows from Lemma 13, Lemma 16, (144)—(147), (106)—(110)
and the algorithm (138) (note that we have used a < 1). Strictly speaking,

the estimate for [[J,, 3*]h;; is obtained by applying Lemma 13 to e X 7;;. O

In preparation for the final estimate, let us note that the following esti-
mates hold.

Lemma 18. Assume that the bootstrap assumptions hold. Then

S CHee—th—zKe—aHt

o0

’

1 g y
H 508" + Hg'

130g™ | . < CHee ™",

Proof. The estimates follow in a straightforward way from estimates we
have already written down. O
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Finally, we need the following estimates.

Lemma 19. Assume that the bootstrap assumptions hold. Then

| Agy.5[0%ul||, < CHee ™ Hy, (165)
HAE%,(SS [aaum]ul < CHee™“M'H,,, (166)
| Ay s [09h] ||, < CHee™ ™ Hi s, (167)
| Ak 5010901, < CHee ™ Hy,, (168)

for |a| < k, where Ag s is defined in (159) and the constants depend

on n, x and an upper bound for H='e=X,

Proof. Let &, s be defined as in Lemma 15, Ag ,, s be defined as in (159)
and recall that y;, = &, = 0. If the bootstrap assumptions hold, we see that

IAE., sVl < CHee '€, 5[v].
This proves the lemma. m|

Lemma 20. Assume that the bootstrap assumptions hold. Then

dH, . P

dltp*" < —4aH By + CHee ™™ A7 A/} (169)
dI:]s,k A ~1/2 5172 —aHr {y1/2 7y1/2

< —daHH, o+ CHEAY + CHee ™ BP A (170)
dH,, . P

- L < He M A, + CHee ™ AP A, (171)

where the constants depend an upper bound on H e X n, k, x, c1, and
the C**3 norm of V/Vy in a neighbourhood of 0.

Proof. Recall that a is defined by (162), so that e.g. 1; > 6a, a fact we shall
use. The inequalities (169) and (171) follow from the estimates we have
written down so far. In the derivation of (171), recall that ¥, = §,, = 0 and
note that when 0, hits the last factor in the last term of (161), the estimate

1
aaHZefthtao{hij ataahij < EHefaHtaa [H287261Ht(8ahij)2 _ gOO (8t8ahij)2

+ (€% + 1)(3,0%4)7]

is of use. If the second to last term on the left hand side of (145) did not
exist, we would get (170) without the middle term on the right hand side.
What remains to be estimated is a constant times

—2 —2Ht+2aHt—2K ry1/2 ij —Ht+aHt—K ¢31/2] ij
H™"e Hy ||Hg I Hj ||g I

| e = € s
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Note that

||gffnm,~||,,ksC[||gff||oo||nm,~||Hk+ > ||8°‘g"f'||zllﬂmjlloo]-

O<|a|<k

In order to estimate the right hand side, let us use (110), (109) and (112).
We use (110), the bootstrap assumptions and the fact that ky > n/2 + 1 to
estimate || 1l We then obtain

|87 e < Ce(l—a)Ht-&-KH[fIél/’l% + CeA.

The lemma follows. O

13. Global existence

We are now in a position to prove global existence of solutions to
(144)—(147), given that the initial energy is small enough.

Theorem 9. Let V be a smooth function such that V(0) = V, > 0,
V'(0) = 0and V"(0) > 0. Let H, x > 0 be defined by (10) and (11) respect-
ively. Let (p, k, ¢o, ¢1) be given on T", where p is a smooth Riemannian
metric, k is a smooth covariant 2-tensor and ¢y, ¢ are smooth func-
tions. Define g,.,|;=o by (58) and (59) (with h replaced by p), (9;8,,) =0
by (60), (62), and (63) (with F, given by (46) where w = H), and
define @li—o, (0;9)|,=0 by (61). This defines initial data for (144)—(147).

Assume that there are constants ¢y > 2 and K such that

C1 2
—|v|~, 172
5 vl (172)

2 o
—v]* < e gy (0, x)v'v/ <
(&

forallv e R" and x € T". Let ky > n/2+ 1 and define I-Alk0 by (163). There
are €, co € (0, 1), where €y and co should be small enough, depending on
an upper bound on H'e X on x, n, ko, c| and the sup norm of V(’)/Vo,
i=1,...,ko+ 3 inaneighbourhood of zero, such that if

Hy”(0) < coe, (173)

for some € < €, then the solution to (144)—(147) with initial data specified

as above exists for all future times, (94)—(96) are satisfied with 1 = Nmin
forallt > 0 and

H(0) <e (174)

0

forallt > 0.

Remark. The size of the neighbourhood on which we need to estimate V/Vj
is determined by n and y, cf. the remark following Lemma 16.
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Proof. Let A denote the set of s € [0, co0) such that

— there exists a smooth solution to (144)—(147) on [0, s),
— (94)—(96) are satisfied on [0, s) with B = i,
— (174) is satisfied on [0, s).

Note that if s € A, then the conditions necessary for deriving the different
inequalities above are satisfied on [0, s). In particular, (169)—(171) hold.
Note also that (144)—(147) are equivalent to (67)—(70), which, in their turn,
are equivalent to (53) and (54), given the choices (46), (51) and (52). Thus,
due to Proposition 1, we have a unique smooth solution to (144)—(147) on
some interval (Tinin, Tmax). Assume ¢y < 1/2. Then (174) is satisfied with
amargin for t = 0 and so it will be satisfied on an open interval containing 0.
Since (172) holds, as well as goo = —1 and go; = 0 for = 0, (94)-(96)
are satisfied on an open interval containing 0. We conclude that there is
a T > 0such that T € A. That 4 is closed and connected follows from the
definition. What remains to be proved is that it is open.

Assume 0 < T < oo is such that T € ~. Note that the bootstrap
assumptions together with the equations ensure that the C?> norms of g
and ¢ do not blow up and that goo and the smallest eigenvalue of {g;}
stay bounded well away from zero on [0, 7). Consequently, T < Tax
due to Proposition 1. We thus have a smooth solution beyond 7', and we
conclude that (94)-(96), with n = Npin, and (174) hold on [0, T']. In order
to go beyond T, let us first prove that an improvement of (94)—(96) holds
in [0, T']. Due to (174) and Sobolev embedding, we obtain

H™ e 28180k |00 < Ce.
Consequently,
722K gyt ) — e g0, )|, < Ca'e (175)
for all t € [0, T']. By assuming ¢ to be small enough, we obtain (94) with ¢,
replaced by 2c¢; /3. By assuming € to be small enough, we also obtain (95)
and (96) with 1y, replaced by 1min/2, due to the definition of the energies

and Sobolev embedding. Thus (94)—(96) hold in an open neighbourhood
of T. In the interval [0, T'], we have, due to (169) and (174),

Integrating this inequality and assuming € to be small enough, we get,
51/2
Hy 1o (0 = 2co€ (176)

for all ¢ € [0, T]. Note that the bound on € depends on ¢y which we have not
specified. We shall, however, specify ¢ in the end and it will only depend
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on the mentioned constants, so that this is not a problem. In order to get an
estimate for Hy, x,, let us define

f =exp [l(e“”f - 1)}.
a

Note that exp(—1/a) < f < 1forall ¢t € [0, T]. Defining Flm,ko = fI-AIm,kO,

we get, using (171) and (174),
dek° < CHe3e M,
dt

so that
Hunty () < /9y 10 (0) + €/4Ca™ '3

Assuming € to be small enough, depending on the quantities mentioned
and ¢, we obtain
gl
m ko
where C,,, = 2exp[1/(2a)]. Consider (170). In the last term, there is one
part which can be written

(1) < Cincoe, (177)

CHee ™ H .

By assuming € to be small enough, we can absorb this term in the first one,
at the price of reducing the constant. All that remains of the last two terms
in (170) can be estimated by

C HcoeHl/2
due to (176) and (177). We get

dH .
d—;”‘“ < —3aHH,y, + CsHeoeH, ..

Thus I-Als,k0 decays as soon as 3aﬁs{§(§ (t) = Cycpe. Assuming ¢ to be small
enough, only depending on a, C and Cy, and € to be small enough only
depending on the stated quantities, we obtain (174) with € in the right hand
side replaced by €/2. Thus A is open. O

The conclusions of Theorem 9 are global existence and that we have
estimates of the form (174). It is, however, of interest to obtain estimates
for the higher derivatives.

Theorem 10. Consider a solution to (144)—(147) corresponding to smooth
initial data satisfying the conditions of Theorem 9. Then for every k, there
is a constant Cy such that

(0 < C, (178)
forallt > 0.
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Proof. Since we have (174) and (94)—(96), with n = ny,, for all £ > 0, we
have (169)—(171) for all k and all # > 0. Let us define

—aHt ¥y
Hs,k =e€ Hs,k

Then
dH - -
d;”‘ < —S5aHH,; + CHe " AYF A7 + CHee M2 B A7
Due to this inequality, (169) and (171), we obtain
d 7,
< CH 76[HI/2J_€ ,

dt g

where

Hy = ﬁl,k + Hyy + ﬁm,k + [:Isf,k-

Consequently #; is bounded. This leads to the conclusion that ﬁlp,k and Flm, k
are both bounded. If we insert this information into (170), we get

dH,
dt

< —4aHH,; + CHe " A, + CHA.}.

By assuming ¢ to be great enough, the second term on the right hand side
can be absorbed in the first. The inequality that results immediately implies
that I:Is,k is bounded, since it implies that FIS, « decays as soon as it exceeds
a certain value. The theorem follows. O

14. Asymptotics

The estimates we have obtained so far, i.e. (178), are what naturally comes
out of the bootstrap assumptions, and they are far from optimal. Let us try
to improve them.

Proposition 2. Consider a solution to (144)—(147) corresponding to smooth
initial data satisfying the conditions of Theorem 9. Let us define ¢ = 4x/n*
and

R B V7
K—z[l 1=

for¢ € (0,1)and A = n/2 for { > 1. We shall also need the notation Ay, =
min{1, A}. There is a smooth Riemannian metric p on T" and constants K,
such that

187 (1) — pllcr + e gy () — oy || o < Kie™> ™, (179)

e 0,851, ) = 2Hpy | o < Kie™n™, (180)
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for every | > 0 and t > 0, where p are the components of the inverse.
Here and below, we shall, for the sake of brevity, write C! instead of C'(T").
Concerning gom, there is an o > 0 and constants K; such that for all | > 0
andt > 0,

1 i }
n—oa’ rm
where yj,; are the Christoffel symbols of the metric p. The estimates for gy
and k;j, the components of the second fundamental form induced on the
hypersurfaces t = const. with respect to the standard coordinates on T",
depend on the value of . If Ay < 1, there are constants K; such that for
everyl > 0andt > 0,

| gontt, ) - L+ 1808om (0 ller = Kie™®™, (181)

oot ) + Uit + 130800(t, )l < Kpe 2
|le > ki (2, -) — Hpjj|| o1 < Kie™ ™

and if Ay = 1, there are constants K; such that for everyl > O and t > 1,

1180800 + 2AmH(goo + D1, )l < Kje 2,
llgoo(t, ) + Ll < Kyte 2,

—2H, —2H,
le " k;j (¢, -) — Hpjj| 0 < Kize ™.
Concerning ¢ there are three cases to consider. Let us define ¢ = e*'¢.

If ¢ < 1, then there is a smooth function ¢y and constants K;, o > 0 such
that for alll > 0 and t > 0,

llo(z,-) = goller + 1dopllcr < Kie™ ™. (182)

If ¢ = 1, there are smooth functions ¢y and ¢, and constants K;, o« > 0
such that for alll > 0 and t > 0,

180(t, ) — @iller + o, ) — it — @oller < Kje™™. (183)

Finally, if ¢ > 1, there is an anti symmetric matrix A, given in (193), where
8§ = n(¢ — 1)'2/2, smooth functions ¢y and ¢, and constants K;,a > 0
such that for alll > 0 and t > 0,

—ar (06Hyp _ (%o
[ () - ()

Remark. Inthe above proposition all constants are allowed to depend on H.
The statement is certainly not a complete result concerning the asymptotics;
it is possible to get more information. However, we shall be content with
the above estimates.

< Kie ™. (184)

c!
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Proof. Note that due to (178), we have

2HE i —2H) Hi+aHt ) 0 — Hi-+aH
Mg e+ e gl + e NgM e + e T I goill e < Ko,
(185)

and similarly for other quantities. Note in particular that we do not lose any
decay by taking derivatives; in order to bound 9;go,, in H', we use the fact

that ﬁ[+1 is bounded. Our first goal is to prove that Hy; is bounded. Let us
estimate A,,. We wish to prove that

| Agm | < Ce™(1 + HL?), (186)

for some b > 0. Since ¢, 9;¢ and 9,¢ are decaying exponentially in any C’
norm, we have this sort of estimate for Ay, (in this case we can in fact
choose b = 2a). Using the fact that

. 1 ..
go’ = ——g’fgoj, (187)
8oo

we obtain a similar estimate for Ac ,,. Before we turn to estimating A 4 o,
let us consider the case that we have the type of term dealt with by the
algorithm for estimating the non-linearity with [, > 2 and [, = 1, and let
us assume that the term includes a factor g%. By rewriting g% according
to (187) and considering what remains after taking away the factor go;, we
get a term such as the ones estimated by the algorithm with [, > 1 and
[, = 0. In other words, the term we started with is go; times something
which decays exponentially in any C’ norm, cf. (138). This allows us to
estimate Ily,,, IVy, and Ay g, by the right hand side of (186). That Iy,
Anrom and Avyy o, satisfy the same sort of estimate follows from (178).
Consequently (186) holds. We conclude that

|8t < €+ CH,J.
By arguments similar to, but simpler than, the proof of Lemma 13, we
conclude that for || <,
~ - 1/2
|59, 8Jun [, = Ce™™ (1 + HETY).
Finally note that we have (166) and that

| Fomllm < C + Ce "M H!1?

s,/

where — Fp,, is given by the last two terms on the left hand side of (145),
cf. (185). Combining these observations with Corollary 1, we conclude that

dHg,
dt

which proves that H;; remains bounded to the future. Note that as a con-
sequence, ¢ g% || is bounded.

< —nsHHy, + CH))” + Ce " Hy,
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Let us turn to ¢. Note that if we introduce ¢ = *™¢, (147) can be
rewritten

—¢%82¢ + (n — 20 Hdop + (\* — ni + x)H>¢ = R, (188)
where
R = (g% + 1)(—21Haop + 1*H?¢p) — ' A,
+2¢" 0 (dop — 2 Hyp) + " 0,9;¢.
Let us introduce the quantity
L= %l{;:l [(8“80<p)2 + e—Zth(aagD)Z],

where b is a positive constant such that for every m > 0, there are con-
stants C,, such that

Igoo(t, +) + Ulen + 118, ) + Llen + 19(1, ) + Lllen < Ce™ ™
for all r > 0. Assume furthermore that there are constants C,,, ¢ such that
lpllem + 1B0@llen < Ce 2™ (189)
for all m and r > 0. Then, for all |«| <,
|0°R| < Ce ™ PM'L|"> 4 Cect, (190)
Note that, due to (188), for |a| <[,
0%83¢| < Cet™'L,”? + Cect,

Thus 3°[(g” + 1)33¢] can be estimated by the right hand side of (190) for
|| <[ and (188) turns into

Bw + (n —20) Hdpp + (A\> — ni + ) H?>¢ = R, (191)

where we have modified R in an obvious way in order to obtain Rand R
satisfies an estimate of the form (190). Let us introduce ¢ by n?¢/4 = x.
Then the solutions to the equation A> — nA + x = 0 are given by

i = %[1 +(1-9'72.

If we consider the ODE that results by putting the right hand side of (191)
to zero, the behaviour is quite different depending on whether ¢ € (0, 1),
¢ =1or¢ > 1. Let A be defined as in the statement of the proposition and
let us consider the first case. Letting § = n(1 — ¢)!/2, (191) turns into



Future stability of the Einstein-non-linear scalar field system 185

Consequently

% < —2min{8, bYHL; + Ce 'L, 4+ Ce™"'L, ", (192)
Since & and b are positive, the second term on the right hand side can be
absorbed by the first. We conclude that for ¢ > 0, L; can be estimated
by Ce*, and for ¢ < 0, L, is exponentially decaying. If ¢ > 0, dy¢ can
be estimated by Ce™ in any C' norm. By integrating this estimate, we
get the same conclusion for ¢. In other words, if ¢ > 0 and we have the
estimate (189), we can improve this estimate and replace ¢ by ¢ — 2. By
carrying out this argument a finite number of times, we get the conclusion
that L; decays exponentially. Thus dy¢ decays exponentially in any C norm
and there is a smooth function ¢, such that (182) holds. In the case ¢ = 1,
we still have (192), but in that case, § = 0. All the same, for ¢ > 0, we get
the conclusion that L; can be estimated by Ce*". Thus we can improve
the estimate (189) until ¢ becomes negative. Since § = 0, (192) only yields
the conclusion that L; is bounded for ¢ < 0. Consequently "¢ may grow
linearly. This is, however, not a great surprise, since ¢ is a solution of the
ODE resulting by putting the right hand side of (191) to zero. On the other
hand, by inserting the fact that L, is bounded into the equation, we get the
conclusion that d35¢ converges to zero exponentially in any C' norm, so that
there are smooth ¢y and ¢; such that (183) holds. Let us turn to the case
¢ > 1. Letting § = n(¢ — 1)'/2/2, (191) turns into

83@ +8°H>p = R.
Defining uy = §Hp and u; = dyg, we obtain
ou = Au+ R,

0
A:(_?H 55’), u:(Z?) R:(é). (193)

Letting i = e~“"u, we obtain

where

9= e "R, (194)
Note that e=4’ is an orthogonal matrix and define

1
M= > Z(a“ﬁ)f(a“ﬁ).

loe| <l

Assuming that (189) holds, we obtain

My < Ce ™M, + Ce''M, ",
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by arguments similar to ones given above. After using this a finite number of
times, we conclude that we can assume c in (189) to be negative. After a finite
number of iterates, we thus get the conclusion that M; is bounded. Con-
sequently (189) holds with ¢ = —2. Inserting this information into (194),
we obtain the existence of two smooth functions ¢y and ¢; such that (184)
holds.

Let us improve our control of u,,. Note that since dph;; converges to zero
exponentially in any C’ norm, there are smooth functions pij such that

He_zmg,y (t.) — py H o< Kje . (195)

Note that for a given x, p;;(x) are necessarily the components of a symmetric
positive semi definite matrix. One can also check that dy(e*/ g/) converges
to zero exponentially in any C’ norm. Consequently, we have an estimate
similar to (195), and we shall use the notation p¥ for the limit of e?/g¥.
Since g¥gj + g¥gm = 8 and g"go converges to zero exponentially in
any C' norm, we conclude that p” pj = §;. In other words, p; must be the

components of a positive definite matrix and p¥ are the components of its
inverse. If we let

1
Yijk = 5(31',01(; + Okpij — 9;Pik)s
we thus get
H (gljnmj) (t’ : ) - :Olesz“ cl = Kleiat~
Note that due to (186) and the fact that H; is bounded for any /, A, decays
exponentially in any C' norm. By (145), we conclude that 83u,, is bounded
in any C' norm, which leads to the conclusion that (g% + 1)d3u,, is

exponentially decaying in any C' norm. The same is true of 87 0;0;u,,
and g% 9y9;u,,. We conclude from (145) that

3ttty +nHdoit,, +2(n — 2)H*dt,, = R,

where R decays exponentially in any C’ norm and

1

L iy
noa’ m

Uy = Uy,

Consequently i, and 9dyit, converge to zero exponentially, so that (181)
holds.

Let us study the behaviour of 4;; in greater detail. The contribution of
the scalar field to A;; is Ze*ZH’ij. If we let A, = min{1, A}, we get

e Agyller < Kie

for any /. Since Ac;; = 0, let us turn to Ay j;. It is clear that VI;; is bounded

in any C’ norm, but there is no better bound. It is easy to see that L, 1L,
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IV;; and V;; are bounded in any C! norm as well. What remains is A,
given by (83). The only term we do not already know to be bounded in
any C' norm is the last one. However, this term can be written as a factor
times doh;; where the factor can be bounded by ¢*#~*#" in any C' norm.
We conclude that if we define

1 2
Ni=3 D) (8700hy)”
le|<l i, j
we get, for || <,
|8aAij| < Ce—ZAmHt + Ce_bH’Nll/z, (196)

since the first term on the right hand side of (153) is, up to constants,
bounded by e~ with respect to any C' norm. We conclude from (146)
that

—gooagh,'j + I’lHa()]’l,'j = ﬁ,’j,

where R;; satisfies an estimate of the form (196). From this we conclude
that (g% + 1)83h;; satisfies the same sort of estimate so that

Iyhi; + nHdhyy = R,
where ﬁij satisfies the same sort of estimate as R;;. Consequently,
0,N; < —2nHN, + Ce*”mH’Nll/z + Ce PN,
As a consequence,
N; < Ce™*mHt,

In particular, (179) and (180) hold.
Let us turn to ggo. Letting

Pi= " [(8%00u)” + H2(0°u)?],
=<l
one can, by arguments similar to ones given above, prove that
du + (n + 2)Hdou + 2nH*u = Ry,
where, for |o| < [,
|8°‘Ro| < Ce~VmHi | Ce’bH’P,l/z.

Am Ht

Changing variables to v = ¢y, we obtain

320+ (n 42 — 2hm) Hdpw + [A2, — (n + 2hum + 20| H?v = TR,
(197)
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Note that if we consider the factor in front of H?v as a polynomial in A,
it has zeros at 2 and at n. Below and above it is positive and in between
it is negative. Since A, < 1, the factor in front of H?v is thus positive.
Consequently, there are y and § such that

N 1
Pi= 2 3 [(300v)” + 2y Ho"vd" dov + SH (3*)°]
<l
is equivalent to e**n P; and

3tﬁ1 < _nHﬁl + Ce_metﬁll/z + Ce_bH[ﬁl

for some 1 > 0. We conclude that 131 is bounded (in fact we’re allowed to
conclude that it decays to zero exponentially). This leads to the improved
estimate

IRollct < Ce™ ™,

Changing variables again to = ¢**mfy, we obtain (197) with A, replaced
by 2Am. Since A, < 1, the factor in front of H?v is still non-negative,
but if A, = 1 it is zero. The factor in front of Hoyv is, however, always
positive, assuming n > 3. Regardless of whether A, = 1 or not, we get the
conclusion that

|80 u)| ., < K.
In the case that A, < 1, we get the additional conclusion that

le* ™ ullcr < K;.

Finally, let us turn to the second fundamental form. Note that the future
directed unit normal is given by

N = _(_gOO)—l/ZgO[LaM‘
Thus
kij = (Va,N, 9;) = —0i[(—g") "2 18,5 — (—g™) "% I,
so that

1
H |:li _ 5(_g00)1/280giji|(t’ ) < K.

c!

The proposition follows from the inequalities already derived. O



Future stability of the Einstein-non-linear scalar field system 189

15. Causal structure

Let us first prove the statements made in the introduction concerning the
metric (6).

Lemma 21. Let A > 0, H = A'/? and let gg be the metric given by (6) and
defined on Mg = R x S' x S2. Then (Mg, gr) is causally geodesically com-
plete and satisfies Einstein’s vacuum equations with a cosmological con-
stant A. Furthermore, if X is an arbitrary Cauchy hypersurface in (Mg, ggr)
and vy is an arbitrary inextendible causal curve, then the intersection of the
causal past of y with X is not contained in a subset of X homeomorphic to

a 3-ball.

Proof. That (Mg, gg) solves Einstein’s vacuum equations with a positive
cosmological constant A follows by a computation. Furthermore, for every
t eR, S, = {t} xS x §?is a Cauchy hypersurface in (Mg, gg). Let y
be a future directed causal geodesic and let sy be such that y%(sp) = 0.
The zeroth component of the geodesic equation then implies that #s) <0
when s > soand 7°(s) > Owhens < so. Thus 0 < 7°(s) < 7%(s), i.e. 0 is
bounded. This implies that y is complete, since y has to intersect every S,.
Let X and y be as in the statement of the lemma. Then X' is homeomorphic
to S! x S? due to Corollary 32, p. 417 of [24]. In particular, ¥ is compact,
so that there is a 7 such that S; is strictly to the future of X'. Considering
the metric (6), it is clear that there is 0 < T € R such that if (¢, p, g) € Mk,
then {t — T} x {p} x S* € J=({(¢, p, g¢)}). Thus, since y and S, 7 intersect,
J~(y) contains {t} x {p} x S? for some p € S'. Assume J~(y) N X is
contained in a set B, homeomorphic to a 3-ball. Let f; : S> — {t} x {p} xS?
be defined by fi(q) = (1, p, q). Let f> : {t} x {p} x S* — B be defined
by following the flow lines of 9;; note that following the flow lines of o, to
the past from {t} x {p} x S? to X implies that we end up in ¥ N J~(y),
i.e. in a subset of B. Let f3 : B — S? be defined by projection onto the S?
factor in Mg. Due to Proposition 31, p. 417 of O’Neill, f, is continuous.
Furthermore f3 o f> o f; is the identity on S?, so that our assumptions lead
to the conclusion that we have factored the identity map from S? to itself
through the 3-ball. Since the second homology group of S? is Z and the
second homology group of B is {0}, we obtain a contradiction, and the
lemma follows. O

Let us turn to the causal structure of the metrics constructed in The-
orem 9.

Proposition 3. Consider a future directed causal curve y with domain
[S0, Smax) in the Lorentz manifold constructed in Theorem 9 such that
y%(s0) = 0. Let y* denote the coordinates of this curve in the uni-
versal covering space of the spacetime, i.e. [0,00) x R". Assuming €
to be small enough (independent of K, H and y), y° > 0 and the length
of the spatial part of the curve with respect to the metric at t = 0
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satisfies

Smax i 1172 _
f (250, )7 77]""ds < d(e)H ™", (198)

50

where d(€) — 1 as e — 0 and y, = w o y where w : [0, 00) x T" — T"
is given by m(t,x) = x. Finally, if y is future inextendible, y°(s) — oo
as s = Smax-

Remark. The timelike vectorfield 9, is defined to be future directed.
Proof. Due to causality, we have
gy 7" =0, (199)
and the condition that the curve be future directed is equivalent to
800’ + g0’ < 0. (200)
Let us work out the consequences of this. Due to (96), we have

. _ .12
2190”4+ l/zlgOiV’\

|y | 4 7’] 2Ht+2K—2aHt8

|280i)'/0)'/i| =n
n'/? iV

Note that when we write 7 in this equation, we of course mean y". Since the
last term can be bounded by n'/2g; 7'/, due to (94), we obtain

gi 7' v < ey, (201)

where ¢(n) — 1 as n — 0 and we have used (95) and (199). Due to (94),
we conclude that

8v' v < crc(me 2Ky 090, (202)
Combining (175) and (202), we obtain

|20, y) 7'y — e M gyy'y| < Calecre(me M p0p0.

This observation, together with (201), yields

gi (0, y)y'y) < d*(e)e Hy0y°, (203)

where d(¢) — 1 as € — 0 (note that n — 0 as € — 0). Consider (200).
Note that

g0 < [ 22K 8V gug0; ]2 [+ K 87 7] 2 < ()17,

where £(e) — 0 as € — 0, due to (96) and (202). Assuming € to be
small enough we conclude that ° > 0, which yields the first conclusion of
the proposition. Combining this observation with (203), we obtain (198).
Finally, let y be future inextendible and assume y° does not tend to oo.
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Since y° > 0, ° has to converge to a finite number and since we have (202),
the same holds for y'. We have a contradiction. O

Proposition 4. Consider a spacetime of the type constructed in Theorem 9.
Assuming € to be small enough (independent of K and H), this spacetime
is future causally geodesically complete.

Proof. Let y be a future directed causal geodesic (i.e. a map y from an
open interval into the spacetime satisfying y” = 0) and assume that the
maximal existence interval is given by (Smin, Smax)- We shall use the notation
t = y%(s). Due to the equation for a geodesic, we have

)+ 0yt = 0. (204)
Due to (174),
|F(§)()| < CEHefaHt, 1‘;5) _ Hgtj| < CEHeZHH»ZKfaHt,
|1—v(g| S CEHth+K7aHI-

Consequently, I7)y'y/ > 0 for ¢ large enough. Due to (202), we conclude
that

|F(§)0)./O]./O| + 2|I—8)’/0)'/l| < CEHefach'/OlZ.
Combining these pieces of information with (204), we obtain
J-/-0 S CeHefaHlJ-/O)-/O

fors > s;. Since y° > 0 assuming ¢ is small enough (independent of ), we
can divide by p? in this equation and integrate in order to obtain, for s > s,

<0 s 0 s
In < ) _ / ’,’O(“) do < CeH / e 1 @500 dor
Y (sl) S1 Y (U) S1

A0
= CeH/ e~ dr < Cea ' exp [yo(s])]
YOG

(recall that t = y°(s)) so that 3° is bounded for s > s,. Thus

VO(s) — Y051 = / Po)do < Cls — 1.

51

Since y(s) — 00 as s — Smax, We conclude that sy = 00. ]

16. Proof of the main theorem

Proof of Theorem 2. Consider T" to be [—m, w]" with the ends identified.

Construction of a global in time patch. Let us start by constructing
a patch of spacetime which is essentially the development of the piece of
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the data over which we have some control. Let f. € C°[B;(0)] be such
that f.(p) = 1 for |p|] < 15/16 and 0 < f. < 1. Define initial data for
a Lorentz metric g and a function @ on {0} x T" by

800(0, ) = —1
80i(0,-) =0
2;(0,-) = fehjox™" +16H (1 — f)5;
9,80, -) =2 fuxy ox™ ' +32H (1 — f.)8
@0, ) = feppox™
0,20, ) = feprox™,

where the indices on the right hand side refer to the coordinates x assumed
to exist in the statement of the theorem, §; are the components of the
Kronecker delta and the indices on the left hand side refer to the standard
coordinates on T". Define, furthermore,

308000, ) = [—2nHgo — 8" 8,8;](0, )
_ _ 1 _; _ _
P50, ) = [~nHgy + 38232, - 98, |0, ).

Note that the last two equations are simply (62) and (63) given that we define

kij = 9,8;;/2. For € small enough, Theorem 9 applies to these initial data
and we get solutions to (144)—(147) on (z_, oo) x T" for some r_ < 0. Let
us justify this statement and check that the bound only depends on n and V.
By the assumptions, g; — 16H~28;; is small in H*™!(T"). Assuming € to
be small enough, we get (172) with ¢, = 4 and e > = H?/16. In our
case, ko is determined by n, so that the constants ¢y and €, appearing in
the statement of Theorem 9 only depend on n and V. If we can prove that
ﬁko (0) < Ce for some C depending only on n and V, we are thus done.
However, for t = 0, ﬁko is equivalent to the sum of H,, x,, Hs x, and Hp, x,,
with the constant only depending on H. On the other hand, by the arguments
given in Sect. 11, this sum is equivalent to the sum of Eyp s, Es x, and Ep, g,
(recall that in the expressions for these quantities, »r = aHt, @ = H and
Y = ¢). However, for t = 0, one sees that this sum is bounded by Ce, where
the constant only depends on n and V. The statement follows. Note that
we also get asymptotics as in the statement of Proposition 2. Furthermore,
on Bys/16(0), the constraint equations are satisfied, and we have chosen 9y g
and dpg; in such a way that D, |,—o = 0. Due to Proposition 1, we conclude
that in D[{0} x Bjs,16(0)], (g, @) satisfy (12) and (13). If € is small enough,
Proposition 3 implies that

(1, 00) X Bs;3(0) S D[{0} X Byo3:(0)], (205)

where we increase ¢_ if necessary. The reason for this is that, first of all, the
assumptions concerning /2 and Sobolev embedding yield

16H2|v]*> < d}(€);(0, - )v'v
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for all v € R", where d;(¢) — 1 as € — 0. Due to (198), we then obtain
Smax 12
4H™! f [8;7'7/] "ds < d(e)di(e)H™".
S0

For € small enough we thus get

Smax L 9
8.7 12, <2
/;0 [ iy ] S = 32
which implies (205). Note that due to Lemma 3,
Up.exe = DI{0} x Bis;16(0)],  Utexe = DI{0} X B2g;32(0)],
Us,exe = DI{0} X Bag/3(0)]

are open, open and closed subsets of R x x(U) respectively. Consequently,
Wiexe = (Id xx_l)(Ui,exc) for i = 0, 1,2 are also open, open and closed
respectively.

Construction of a reference metric. In order to prove that the patches that
we construct fit together to form a globally hyperbolic development, it is
convenient to construct a reference metric. Let

§=(1— foox)(—=dt* +h) + (f. ox)(Id xx)*g.

Here h is the Riemannian metric on X given by the initial data. Note
that 9, is timelike with respect to g so that 9, is timelike with respect to g.
The hypersurfaces {t} x X are spacelike with respect to —dt> + h and with
respect to (Id xx)*g for T € (z_, 00), so that they are spacelike with respect
to g. As a consequence, g is a Lorentz metric on (f_, co) x X, cf. Lemma 1.

Construction of local patches. In order to construct a globally hyperbolic
development, we need to have patches starting with open subsets of the
initial data for which we have no control beyond the fact that the constraints
are satisfied. Let p € X. Let O > p be an open subset of X such that
we have coordinates y',...,y" on O and define coordinates y°, ..., y"
on R x O by y° = t. Consider the equations

A

2
R;w - M¢Vu¢ - mv((b)guv = Ov (206)
VAV,p — V'(¢) =0, (207)
where

A

Ry =Ry +VuDy., Dy=F, —T, F,=gug’l,, (208)

f‘; are the Christoffel symbols of the background metric g, the curvature is
computed for the unknown metric g, all indices are raised and lowered by g,
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etc. We would like to apply the local existence result given in Theorem 5,
but this result does not immediately apply to the present situation due to the
global restrictions on g made and the fact that a Lorentz metric on R"*! can
never have compact support. Let O > p be an open set such that its closure
is compact and contained in O. Let A, be the components of a Lorentz
matrix valued function depending smoothly on the components g, of g
with respect to the coordinates y. Let Agy = goo for all ggo € [—3/2, —1/2]
and have the property that the range of A is contained in [—2, —1/4]. Let
Ao = goi for go; € [—1, 1] and have the property that the range of Ay;
is contained in [—2, 2]. Let U be an open subset of the set of symmetric
n x n-matrices such that the matrices with components h;;(¢g) forg € Q are
contained in U and that the closure of U in the set of all n x n-matrices
is compact and contained in the set of positive definite ones. Let A;; be
such that A;; = g; for {g;} € U and A;; is everywhere positive definite
with a positive lower bound and an upper bound. Finally, assume that A,
is constant outside of a compact set. Note that A satisfies the conditions
described in Subsect. 3.1 (with g replaced by A). In particular, the derivative
estimates follow easily from the fact that the derivatives of A with respect
to the metric coefficients have compact support. Let 0, € C°[(—1,1) x O]
be such that 6,(q) = 1 for ¢ € [-1/2,1/2] x Q. In considering (206)
and (207), we replace g"”, Wherever it appears, with A*Y, the components
of the inverse of A and we replace F , by 61 re - With these modifications,

the resulting f, using the termlnology of Subsect. 3.1, has the properties
required for applying Theorem 5. The reason is that f is a sum of terms
that are smooth functions of & times functions of ¢ and x that have compact
support. Since V'(0) = 0, f, = 0 using the terminology of Subsect. 3.1. As
initial data we would ideally like to prescribe that (58)—(63) hold. However,
that does not lead to an equation of the type considered in Theorem 5. Let
0y € C5°(0) be such that 6y(q) = 1 for all g € 0. Modify all the initial
data by multiplying them with 6,. Let u be the vector which collects ¢
and g,, for u,v = 0,...,n. We can consider the resulting equation as
an equation on R"*!. Furthermore, it is of such a form that Theorem 5 is
applicable. We thus get a smooth local solution. Due to the smoothness of
the solution, there is an open neighbourhood W of p in R x X with the
property that 6; = 1 and g, are such that A,,, = g, in W. Furthermore, we
can assume that ¥, := WN {0} x ¥ C {0} x QO and that every inextendible
causal curve in W intersects X,. Thus, (W, g) is globally hyperbolic with
a Cauchy hypersurface X, (note that since g” is negative, grad 7 is timelike
on W and the time coordinate is strictly monotonically increasing along any
causal curve so that causal curves intersect X, at most once). Consequently,
J=(g) N JT(X,) is compact and contained in W for every g € W with
positive ¢-coordinate and similarly for points of W with negative ¢-coordin-
ate, cf. Lemma 3. If we let D, = F,, — I, then D,, = 9pD, =0 on X,
by an argument similar to the one presented at the end of the proof of
Proposition 1 (in the present setting M, = My = 0, which only simplifies
the argument). Furthermore, D,, satisfies (56) with M,,, and M, set to zero.



Future stability of the Einstein-non-linear scalar field system 195

Applying Theorem 6 on (W, g), which is globally hyperbolic, we conclude
that D, = 0 in all of W. Let W, be an open neighbourhood of p with the
same properties as W and whose closure is compact and contained in W.

Patching together. We would like to define the manifold M to be the union
of all the W, and W/ cx.. The first problem we are confronted with is that
of constructing a metric on M. In other words, proving that the metrics
we have constructed on the different patches coincide in the intersection.
Let us consider the intersection of W, and W, and comment on the changes
one has to make if one replaces W, by W .. as we go along. Say that
W, N W, # @. The closures of W, and W, are compact and contained in
open sets Wy, W,, with properties as above, on which we have coordinates
z=(z%...,7") and y = (yo, ..., ¥") respectively, where 20 = yo =t.In
the exceptional case, note that W . is contained in W, .., which is closed.
Consequently, we shall in the exceptional case replace Wp with W exc.
Furthermore, W, exc € Wy exc and the latter set is open, so that in the excep-
tional case, we replace W, with W x.. On W, and W,, we have metrics g;
and g, and smooth functions ¢, and ¢, respectively, both satisfying (206)
and (207) when expressed with respect to the coordinates z and y respect-
ively. Let us express both g; and g, with respect to the coordinates z in
Wi N W, and refer to the components as g, and g, respectively. Let us
also use the notation X; = W; N {0} x X.

Both are solutions. Note that the equations (206) and (207) are geometric,
i.e. coordinate invariant. The reason is the following. Let V be the Levi—
Civita connection associated with the reference metric g. Define A by

A(X,Y,n) = n(VxY — VxY), (209)

for vectorfields X, Y and a 1-form field n. We see that A is multilinear over
the functions, so that it is a tensor field. Writing it out in components, we
get

Alyy = A(3. p. dx™) = Iy — Ty,

where
A 1 =y ~ ~ -~
Fup = 58" 0uBpo + 9p8uy = 98up)-
Compute
guvgaﬂAZﬁ = Fv - gwgaﬂl:'gﬂ = Fv — Fv — _Qv-

The left hand side is clearly the components of a covector, so that D, are
the components of a covector as well. Due to (208), we conclude that the
left hand sides of (206) and (207) transform as tensors under a change
of coordinates. We conclude that both gy,..,, ¢, and g2,.,, ¢, satisty (206)
and (207). Furthermore, since D, are the components of a covector and
vanishes with respect to one of the coordinate systems, it vanishes with
respect to the other coordinate system.
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The initial data coincide. By the construction and the specific form of
the coordinate systems, it is clear that gi;; = g2, &100 = &200 and that
g20i = &ioi for t = 0. Since D;, = 0 and the metrics coincide for t = 0,
the contracted Christoffel symbols for g; and g, with respect to the z-co-
ordinates have to coincide. Since k;; = 9dpg;;/2, and the coordinates have
the above special form, we conclude that 0;g1,, = 0;82,, for t = 0. Finally,
it is clear that ¢, = ¢, and 0,¢, = 0,;¢,, for t = 0.

The solutions coincide. We wish to prove that the solutions coincide in
W, W,.Fort >0, let

S, =10t x TNW,NW,.

Note that S; is compact, and this is still the case if we replace Wp by W2 exc-
Let 4 be the set of ¢ € [0, oo0) such that gy = g, and ¢, = ¢, in S, and that
forr € §,,

JrNIHE) =I5 (N2, (210)

where J; (r) is the causal past of » with respect to the metric g; in W,
etc. Note that 0 € A, so that 4 is non-empty. Assume ¢ € A and r € S,
with r = (¢, §). Note that J;” (r) N Ji+(2,~) C WiNW, If t > tis close
enough to ¢, the same is true with r replaced by (z, &) due to Lemma 3.
Taking the difference of (206) and (207) for the two solutions, keeping in
mind that sg; 4+ (1 — s)g; is a Lorentz metric for s € [0, 1] due to the fact
that g00 < O and g;, is positive definite for i = 1,2, we conclude that
Theorem 6 is applicable with two choices for the coefficients of the highest
order derivatives; either g{"" or gb". We conclude that g; = g, and ¢, = ¢
in

@ HINJH(ZD}U UL [(m HTN TS ().

Consequently (210) holds with r replaced by (z, £). This proves that 4 is
open, due to the following argument. Assume there is no € > 0 such that
[¢, t + €] C . Then there is a sequence r; = (¢;, p;) such that t;, — 7+ and
either g1 (r;) # g2(ri), ¢a(r;) # ¢p(r;) or (210) does not hold for r = r;.
Due to compactness, we can assume p; to converge to, say, p. Applying
the above argument with £ = p, i.e.r = (¢, p), we arrive at a contradiction
for i large enough. We conclude that [¢, f + €] € 4 for € > 0 small enough.
The closedness is less complicated to prove, though some care is required
in the proof of (210). However, (210) follows from Lemma 3. Since 4 is
connected, we conclude that A4 = [0, co) so that g; = g; and ¢, = ¢, in
W,NW, fort > 0. Due to the same argument in the opposite time direction,
we conclude that we have a solution to (12) and (13) on M, defined to be
the union of all the W, and W, ... The embedding i : X' — M is simply the
inclusion i(p) = (0, p). By construction, it is clear that if K is the induced
second fundamental form, i*g = h,i*K =k, poi = ¢y and (Np) oi = ¢;.
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Let y be an inextendible causal curve in M. Then the image of y has to
intersect some W, and y|,-1(y,) is an inextendible causal curve in W, which
by construction has to intersect X'. Since grad ¢ is timelike by construction,
the 7-coordinate of y is strictly monotone, so that y intersects X exactly
once.

Embedding into the maximal globally hyperbolic development. Above,
we have constructed a globally hyperbolic development of the initial data,
say (M, g, ¢). Furthermore, all causal geodesics that start in {0} x Bj/4(0)
are future complete in M due to Proposition 4 and there is an embedding v
of the form (20) due to the inclusion (205). Finally, this embedding has
the properties stated in the theorem. To get the desired conclusion, we
need only observe that by the definition of a maximal globally hyperbolic
development, there is an embedding of (M, g, ¢) into the maximal globally
hyperbolic development (M, g, ¢). m|

17. Stability of locally spatially homogeneous spacetimes

Proof of Theorem 4. Given the initial data, let us start by constructing
a development.

Construction of a development. Let us first consider the case in which
the background initial data are (G, g, k), where G is a simply connected
unimodular Lie group and the isometry group of the initial data contains
the left translations in G. The arguments presented below are based on
a formulation of Einstein’s equations, in the context of interest, that was
introduced by Ellis and MacCallum, cf. [12]. Our presentation, however,
follows the presentation given in the appendix of [30] quite closely. Let ; be
an orthonormal basis of the Lie algebra and define the structure constants y;,
by the relation

[e’-, el = yj’ke;.

The fact that G is unimodular is equivalent to V, = 0 which is equivalent
to the statement that there is a symmetric matrlx v such that y; i = ejklvl
where €123 = 1 and € is antisymmetric in all its indices. In fact one can
compute v/ by the formula

Vi = LylihH (211)

2
where the parenthesis signifies symmetrization. According to Lemma 21.1
of [30], one can apply an orthogonal matrix to the basis ¢}, so that v/ with
respect to this new basis is diagonal. Let us denote this new basis by e as
well and let k;; = k(e;, e]’.). The content of the momentum constraint (18) is
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that {k;;} and {v;;} commute:
kilvlj — v,.lklj =0 (212)

(note that ¢9 = ¢; = 0 when we apply (18) here). In the above equation,
and below, we raise and lower indices with §;;. In other words, there is no
difference between upstairs and downstairs indices, and the only reason for
making a distinction is aesthetical. As a consequence, we can assume e; to
be such that k;; are the components of a diagonal matrix as well. Define
n(0) = v, 0(0) = trg k and 0;;(0) = k; — 0(0)§;; /3. Define n, 0, o to be the
solution to
1

fij = 2mpi0p" — 30 (213)
(3',']' = —90’1‘]' — sij (2]4)
. P
0 = —O’ijO'J - 59 + A. (215)

In these equations s;; = b;; — tr(b)d;;/3, where b;; = Zn/nlj — tr(n)ny;.
Let (z_, z,) be the maximal existence interval. Note that, since V(0) = A,
(17) is equivalent to

ij i 2 25
oyo” + (nyn” - S(trm) )+24= = (216)
att = 0. Due to (213)—(215) and the fact that (216) holds at t = 0, (216) is
satisfied at all times. The reason is that if you move all the terms in (216) to
the left hand side and denote the resulting expression by f, then (213)—(215)
imply f = —26f/3. Let v be a vector collecting all the off-diagonal com-
ponents of n and o. Using (213) and (214) one can derive an equation of
the form v = Cv for some matrix C depending on the unknowns. Since
v(0) = 0, we conclude that v(f) = 0 for all € (¢_, ¢,.). In other words n
and o remain diagonal. As a consequence, (212) holds forall t € (z_, t,) if
we replace k£ with o and v with n. )
Let us define f; by the condition that f;(0) = 1 and f; = (20; —0/3) f;,
where o; denotes the diagonal components of o. Define

~1/2
a=([Tm™"
J#
define ¢; = a; ]eg (no summation on i) and ey = 9;. The point of this
definition is that the matrix 7 obtained from the basis e; using the right
hand side of (211), where y}, are the structure constants associated with
the basis e;, coincides with n. Let M = (¢_,t,) x G and define a metric
on M by requiring that e, be an orthonormal basis with ey timelike and e;
spacelike. In other words,

3
g=—d+) G E ®E, 217)
i=1
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where the &' are the duals of the €. Let V be the associated Levi-Civita
connection and compute (V,e;, ¢;) = 0. If

é(X’ Y) = <VX60$ Y>, é;,w = é(e,u, eu),

then 6oy = Bo; = B9 = 0. Furthermore,

ajeo(a; )8y = =0y

(no summation over j) so that éij is diagonal and tr@ = 6. Finally,

~ 1
0ii 0; + 30 0.

Let us now check that (M, g) is a globally hyperbolic development of the
initial data we started with. That the metric and second fundamental form
induced on {0} x G correspond to the initial data is clear from the con-
struction. That (M, g) is globally hyperbolic and that all the hypersurfaces
{t} x G are Cauchy hypersurfaces follows by an argument which is identical
to the proof of Lemma 21.4 of [30]. What remains to be checked is that the
equations,

Ric[g] = Ag,

are satisfied. However, (212), with k;; replaced by 6;; and v;; replaced by n;,
is equivalent to the 0i components of Einstein’s equations, (215) is the 00
component of the equations, (214) is the traceless part of the ij components
of the equations and the trace part of the ij equations satisfy the correct
equation due to (215) and (216). We conclude that the constructed metric
satisfies Einstein’s equations with a positive cosmological constant.

Let us consider the case that the initial data are invariant under the
full isometry group of the standard metric on H>. Let ¢ be a symmetric
covariant 2-tensor field on H? with such invariance properties and assume
thatat p =0 € B>,

qp = bydx'|, ® dx'|,,

where x' are the standard coordinates in the ball model. Since, for each
A € O(3), there is an isometry of the standard metric of H? that fixes p

and maps 9;|, to A,/9;|,, we conclude that b = AbA’ for all A € O(3). As
a consequence, b has to be a multiple of the identity (since b is symmetric
there is an orthogonal matrix diagonalizing it, so that b has to be diagonal,
and the fact that the diagonal components have to coincide then follows by
applying permutation matrices). Using the full isometry group, we see that
there must be a number § such that

dx® + dy?* + dz?
(1 _x2_y2_Z2)2'

q=PBgw, gw=4
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We conclude that the initial data are given by ¢ = ogys and k = Bogys
where o,  are constants such thate, 8 > Osince try k > 0. The Hamiltonian
constraint (17) is equivalent to

1 2
evo(t) =24
o o

and the momentum constraint (18) is automatically satisfied. Let a satisfy

a= %Aa (218)
al0) =«
a0) = B.

Let I = (z_, t;) be the interval on which a > 0 and let

Then f = —2df/a, so that f = 0 on I, since it is zero initially. As
a consequence, a satisfies
a\> 2 i
21-) —5t-=4A (219)
a a a

Using (218), (219) and [24, Formulas (1)—(3), p. 211], we conclude that
—dt® 4+ a* (1) g (220)

is a solution to Einstein’s vacuum equations with a cosmological constant A.
Furthermore, the induced metric and second fundamental form onthe t = 0
hypersurface give the initial data when pulled back to H? using the standard
embedding. Note that

a(t) = acosh(Hf) + BH ' sinh(H),
where H = (A/3)"/? and that I contains [0, co). Consequently

lim e ?a(t) = (@ + BH1)/2 > 0, lim aw _

t—00 —00 a(t)
Let us consider the case that the initial data are invariant under the full
isometry group of H? x R. Let ¢ be a symmetric covariant 2-tensor field on
H? x R with such invariance properties and assume thatat p = 0 € B x R,

q, = a;dx'|, ® dx’|, —i—bi(dxilp ®dz|, +dz|, ®dxi|p) + cdz|, ® dz|,

where x!, x? are the standard coordinates on the open unit disc and z is the
standard coordinate on R. Due to the invariance properties of ¢, we see that
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b; = 0 and that a;; must be the components of a multiple of the identity
matrix. Using the full isometry group, we conclude that

q = cpegme + cRdzz, g =

for some constants ¢y and cg. As a consequence of the above observation,
we can assume that the initial data are given by

g= aggHz + bédzz, k=aapgme + blbodzz,

where ag, by > 0. That the initial data satisfy the Hamiltonian constraint is
equivalent to

i (a>2 1
-+ (=) —5=4 (221)
a a a
b i ab A ..
Sy Tot = (222)
(a(0), b(0)) = (ao, bo) (223)
(@(0), b(0)) = (a1, by) (224)

and let / be the intersection of the maximal existence interval and the
maximal interval containing 0 on which a and b are both positive. Let

P 0 I R Y.
\a ab a2 ’ b a

Then f = —6f so that f(r) = 0 Vr € I, since f(0) = 0. Define the metric g
on I x H? x R by

g = —di* + &> (g + b*(1)dz°. (225)

Then g satisfies Einstein’s equations with a cosmological constant A and
the metric and second fundamental form induced on the hypersurface t = 0
yield the initial data when pulled back to H? x R by the standard embedding.
The fact that f = 0 can be reformulated to

SR 2y’ (226)
37 a@ 3\a b))’

Note that 6 is the trace of the second fundamental form of the hypersurfaces
of constant ¢ and that as a consequence of (226) and the assumption that
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6(0) > 0, we have § > 3H, where H = (A/3)'/?. Furthermore, as long
as 0 remains finite, the solution to (221)—(224) cannot blow up, so that the
only obstruction to global existence to the future is finite in time blow up
of 6. The reason is as follows. Assume 6 is bounded on [0, T) C I for
some T < oo. Then a/a and b/b are bounded on [0, T') due to (226). As
a consequence, a and b are bounded and thus ¢ and b are bounded. That a is
bounded away from 0 is clear from (226) and that b cannot converge to
zero as t — T — follows from the fact that there is a uniform bound on b/b
on [0, T'); the assumption that b does converge to zero would lead to the
conclusion that » = 0 in all of [0, T)). We conclude that the solution can
be extended beyond 7. Combining (221) with the fact that f = 0 yields
i = ab/b. Combining this with (222) yields b/b+2ii/a = A, which implies

. 1, 2(a b\
a

Since 6?/3 > A, we conclude that @ is strictly monotonically decreasing.
Consequently, it is bounded to the future, so that we have future global exis-
tence. By an argument which is identical to one given below in the Bianchi
class A case (unimodular Lie groups), cf. (230) and the two equations fol-
lowing it, we can use (226) and (227) to conclude that 6 — 3 H converges to
zero exponentially. As a consequence of (226), we conclude that a/a — b/b
converges to zero exponentially, whence
im @ = lim @ =H, lime P a(t) =0y, lim e #b) =By
=00 a(t) =00 b(t) t—00 t—00

for some constants o, By > 0.

Note that the n-dimensional hyperbolic space can be viewed as a Lie
group. Let 4, be the set of n x n-matrices of the following form: the first row
is any x € R” such that the first element of x is positive and the remaining
rows are the second to nth rows of the n x n identity matrix. Then 4, is
a group under matrix multiplication and we can identify it with the upper
half plane. If x and y are elements of the n-dimensional upper half plane,
so that the first components x;, y; are positive, then the corresponding
product xy is given by first multiplying y by x; and then translating the
last n — 1 components of the result by the last n — 1 components of x.
Thus the hyperbolic metric is a left invariant metric on the Lie group 4§,,. As
a consequence, (225) and (220) can be considered to be of the form (217),
where the g;’s satisfy (231). As in the unimodular case, we can then use an
argument which is identical to the proof of Lemma 21.4 of [30] in order to
prove that the metrics (220) and (225) yield globally hyperbolic spacetimes.

Analyzing the asymptotics. The analysis of the asymptotics of solutions
to (213)~(216) follows as in Wald [33]. Note first of all that n;n¥ —
(trn)?/2 > 0 unless all the n; (the diagonal components of njj) are non-zero
and have the same sign. However, all the n; being non-zero and having the
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same sign corresponds to a universal covering group of SU(2), which we
have excluded. Since we assume that 6(0) > 0, (216) then implies that

0() > BAN)? =: « (228)

for all ¢. Combining this with (215), we get the conclusion that
. 1
6 < —592 + A <0. (229)

Due to this equation, 6 is bounded to the future. Combining this fact
with (216) and the fact that the expression involving the n;; is non-negative,
we conclude that oy (#) is bounded to the future. Thus n;; cannot blow up in
finite time to the future due to (213). Since none of 0, o;; and n;; can blow
up in a finite time to the future, we conclude that r, = oco. Concerning 6,
we have two possibilities. Either 0(f) > « for all t € (¢_, ¢, ), or there is
aty € (t_,ty) such that 6(fy) = «. Let us consider the second case first.
Then, due to (228) and (229), we conclude that 6(f) = « for all ¢ € [, t.).
Combining this fact with (216) and the fact that the expression involving
the n;; is non-negative, we conclude that 0 (1) = 0 for r > 7. In the case
that 6(f) > « for all ¢, we can proceed as in [33]. Due to (229), we have
f < : 230
02 —a2 — 3 (230)
Integrating this inequality, we get

0 —«a
0+ o

2a
<v, ¥=exp [—?wc},

where C is an integration constant. For 7 large enough, ¥ < 1, and then we
get

I+ 2Y

0<oao——, O0<fb—-—a<ua .

-y 11—y
As a consequence, & — « and the error is exponentially small. Combin-
ing this observation with (216), we conclude that o; converges to zero
exponentially. Going through the definitions above, one then sees that
a;(t) = «a; explat/3 + p; ()], for some functions p; that converge to zero
exponentially and that d;/a; — H. Note that this statement also holds if
0(typ) = o for some ty € (_, t,).

Stability. Let us assume we have a metric of the form

3
g=—d +) G (E ®E,
i=1



204 H. Ringstrom

on I x G, where G is a 3-dimensional Lie group, / is an open interval
containing (fy, o0) for ty large enough and &' are the duals of a basis {e;}
for the Lie algebra. Assume furthermore that

lim e "oty = ;, lim & = H, (231)

1—>00 1—00 @
where H is as in the statement of the theorem, and some «; > 0. Assume
finally that there is a group of diffeomorphisms I” acting freely and properly
discontinuously on G such that Id x I" is a group of isometries of g and such
that the quotient of G under I” is compact (it is clear that the groups under
consideration in the theorem are of this type in the unimodular case, due to
our assumptions, and in the remaining cases due to the fact that the metrics
are either of the form (225) or of the form (220)). Let X' denote the quotient
and let 7 : G — X be the covering projection. Let us define a reference
metric

3
h=Y o @&
i=1

on G. Note that since
3

€—2Ht Za?(t)sl ® %—i

i=1

h

converges to the metric 7 as + — oo and I is a group of isometries of h,
I’ is a group of isometries of s. Consequently, /4 induces a metric on X.
In what follows it will be useful to compare d,; for some coordinates y
with the basis e;. Unfortunately, we cannot assume that the ¢; are well
defined on X, since the group I" may contain diffeomorphisms that do not
map e; to itself. On the other hand, there is an €y > 0 such that if € < ¢
and p € X, then B.(p) (measured with respect to the metric %) is such
that w~!'[B.(p)] consists of a disjoint collection of open sets such that ,
restricted to any connected member of the disjoint union, is an isometry
onto B.(p). One can use one of these isometries to push the basis e; (and
thus &) forward to B.(p). However, the result will in general depend on
the choice of connected member of w~![B.(p)]; below we shall speak of
a choice of £ on B.(p). We now wish to prove that there is an € > 0 and
a K > Osuch that forevery p € X, there are normal coordinates y' on B.(p)
with respect to the metric 4, and a ch01ce of & such that if g = &'(0,;), then
all the derivatives of {; with respect to y' up to order ky+1 are bounded by K
in the sup norm on B, «(p). In order to obtain a contradiction, let us assume
that the statement is not true. Given any n > 0 such that 1/n < ¢ is smaller
than the injectivity radius of (X, h), there is thus a p,, such that regardless
of the choice of £ and normal coordinates on B /n(pn), there is a multi-
index o with || < ko + 1 such that |8°‘§ | exceeds n on By/,(p,). Since X'is
compact, there is a subsequence of the p,,, which we shall also denote by p,,,

converging to a point p € X. There is an € > 0 such that € < €y and B.(p)
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is contained in a convex neighbourhood U of p. Let v; be an orthonormal
basis of the tangent space on U. For n large enough, B, m(pn) C U. We
can define normal coordinates x’ on U by letting x! (¢) be the coefficients
of exp;ﬂ1 (q) with respect to v;|,,. We define normal coordinates x' on U
similarly by replacing p, by p. Since exp;'(g) is a smooth function in
both coordinates on a convex set, cf. [24, Lemma 9, p. 131], we conclude
that xfl, considered as smooth functions on B.(p), converge to x' with
respect to any C* norm and coordinates that contain the closure of Be( p)
in their domain of definition. For any choice of & on B (p) £1(d,)) is
bounded in the C**! norm with respect to the coordinates x’ on B, 12(p).
Fix a choice of &'. For n large enough, this also corresponds to a choice of &'
on By,,(p,), and by the above observation concerning the relation between
the coordinate systems x’ and x' we conclude that &’ . ,) is bounded
with respect to the C*0*! norm in the x’ coordinates. This contradlcts the
assumption.

Let € > 0 and K > 0 be as above and p € X. Let y' be normal
coordinates on B,(p) with respect to the metric /, and make a choice of &
such that if ¢/ = £(9,,), then all the derivatives of ¢/ with respect to y' up
to order ko + 1 are bounded by K in the sup norm on B.(p). The initial data
induced on the hypersurface {t} x G is given by

3 3
g=Y aqWE @&, k=) a®a®E @F.
i=1 i=1

Let us introduce coordinates x' = He"y' /4. For t large enough, the range
of x' contain the ball of radius 1. Note that

3
g =80y, 0) = 16H > e Maj (i) (€' ® £) (3, ).
=1

Since e "a;(f) — a; ast — oo, h(dyi, dyj) = &; at p, the derivatives
of & (9,i) with respect to y/ are bounded by K on Bc(p) and the ball of
radius 1 with respect to the x' coordinates corresponds to a ball of an
arbitrarily small radius with respect to the y' coordinates for ¢ large enough,
we conclude that for ¢ large enough (the bound being independent of p),
gj — 16H *28,7 is arbitrarily small in the ball of radius 1 with respect to
the x' coordinates. Since

0 — 4H—l —Ht 0

axi 8y"’
and £'(9,,) is bounded in C*!, the spatial derivatives of g; with respect
to x! are arbitrarily small for ¢ large enough (independent of p). Similarly,

3
kij = k(3,0,9,0) = 16H> > " e My, (&' @ &)(Dy1, 0).
=1
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Since, in addition to the above observations, e 2% d; (1) — Ha;, we conclude
that k; — 16H~'8;; is arbitrarily small in a ball of radius 1 with respect to
the x’-coordinates. Furthermore, the derivatives of k;; with respect to d,: are
arbitrarily small. To conclude, there is a fy such that (g, &, 0, 0) for t = ¢
satisfy (19) with € replaced by €/2, where the coordinates are of the form
described above (regardless of the point p). Using Theorem 7, we get the
desired stability statement. O

Proof of Theorem 3. The proof is similar to the end of the proof of The-
orem 4, but easier. Let X' and gy be as in the statement of the theorem.
The metric we wish to consider is of the form (3). Similarly to the above
proof, one can prove that there is an € > 0 and a K > 0 such that for
every p € X, there are normal coordinates y' on B.(p) with the property
that all derivatives up to order ky + 1 of gy (By,-, 8),,-) with respect to the
y-coordinates are bounded by K. Given this observation, the end of the
proof is essentially the same as the end of the above proof. O

18. Appropriate initial data on an arbitrary manifold

Let (M, g) be a closed n-dimensional Riemannian manifold such that g has
constant scalar curvature. Let g, = ¢*g for « € R. Then, if r is the scalar
curvature of g, r, = e~ “r is the scalar curvature of g,. Let kg = Bg,. Then,
assuming all indices are raised and lowered with g,, we have

Fo — k,f,,,-kg’ + (trkg)? — 2V(0) = e “r — np* + n*p* — n(n — 1) H>.
Choose 8 to be the positive solution to

,62 — H2 _ 1 e @ r,
nn—1)

which exists, assuming o to be big enough. Then (g, kg, 0, 0) satisfy (17)
and (18). Furthermore, for « large enough, the data will be such that The-
orem 2 is applicable in a neighbourhood of each p € M, the argument being
similar to the end of the proof of Theorem 4. Thus they yield future causally
geodesically complete spacetimes and we have the expansions stated in
Theorem 2 to the future.

Assuming g is a Riemannian metric on a closed n-dimensional mani-
fold M with associated scalar curvature r (which is not necessarily constant),
let g, and kg be as above. Let

€q = sup [re(p)| +e 7.
peM

Define

12
¢]a:(6a+ra)l/2, (f)oa:(), /3: H2+6—a .
’ ’ nn—1)
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Then (gq, kg, $o,a, P1,o) satisfy (17) and (18), and if « is large enough,
there is a neighbourhood of each p € M such that Theorem 2 applies to
that neighbourhood, the argument being similar to the end of the proof
of Theorem 4. In particular, the resulting spacetimes are future causally
geodesically complete and we obtain expansions to the future as stated in
Theorem 2.
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