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1. Introduction

In this paper, we consider the H' critical non-linear Schrodinger equation

i+ Austulv2u=0 (x.f)eR¥xR
Ul—o = up € H'(RM).

Here the — sign corresponds to the defocusing problem, while the + sign
corresponds to the focusing problem. The theory of the Cauchy problem
(CP) for this equation was developed in [8] (Cazenave and Weissler). They
show that if |ugllgn < 6, 6 small, there exists a unique solution u €
C(R; H'(RY)) with the norm ||u|| 242 < 00 (i.e. the solution scatters in
H'(RM)). See Sect. 2 of this paper for a review of these results.

In the defocusing case, Bourgain [5,6] proved that, for N = 3,4 and
uo radial, this also holds for |jug|| ;1 < 400, and that for more regular u,
the solution preserves the smoothness for all time. (Another proof of this
last fact is due to Grillakis [13] for N = 3). Bourgain’s result was then
extended to N > 5 by Tao [26], still under the assumption that u is radial.
Then in [9] (Colliander, Keel, Staffilani, Takaoka and Tao) the result was
obtained for general uy, when N = 3. This was extended to N = 4 in [24]
(Ryckman, Visan) and finally to N > 5 in [28] (Visan).

* The first author was supported in part by NSF, and the second one in part by CNRS.
Part of this research was carried out during visits of the second author to the University of
Chicago
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In the focusing case, these results do not hold. In fact, the classical virial
identity (see for example Glassey in [12] and Sect. 5)

d? 2N
dr? / I Juo(x, n)|* dx = 8 {/ [vu®]® - IM(I)IN-Z}

. 2N
shows thatif E(ug) = ) [ |vuel*=",7 [ luol ¥ < Oand |x|ug € L*(R"),
the solution must break down in finite time. Moreover,

Wx) = W(x, ) = !

N-2
1 x|? 2
( + N(N72)>

is in H'(RV) and solves the elliptic equation

4
AW + |W|v-2 W =0,
so that scattering cannot always occur even for global (in time) solutions.

In this paper we initiate the detailed study of the focusing case. We show
(Corollary 5.14):

Theorem 1.1. Assume that E(ug) < E(W), lluollgn < |Wllg, N =3,4,5
and ug is radial. Then the solution u with data uy at t = 0 is defined for all
time and there exists uq ., uo— in H' such that

Jim Ju@) — " uo i |y =0, tim Ju(@) — " uo | ;i =0.

Antecedents to this kind of result can be found in the L? critical case,
in the work of Weinstein [29] and in the H' subcritical case in the works
of Beresticky and Cazenave [3], and Zhang [30]. In particular in [3], the
authors use variational ideas and the relationship with the virial identity.

We expect that our arguments will extend to the case of radial data, for
N > 6 using arguments similar to those in the appendix of [26-28] (Tao
and Visan). (It remains an interesting problem to remove the radiality.) The
result is optimal in that clearly the solution W does not scatter. We also show
that for u radial, |x|ug € L* (RY), E(ug) < E(W), but |[ugll g > [|W ||z,
the solution must break down in finite time.

Our proof introduces a new point of view for these problems. Using
a concentration compactness argument (Sect. 4), we reduce matters to
a rigidity theorem, which we prove in Sect. 5, with the aid of a local-
ized virial identity (in the spirit of Merle [17, 18]). The radiality enters only
at one point, in our proof of the rigidity theorem (see Remark 5.2). We think
that the general strategy of our proof with one extra ingredient should also
apply in the non-radial case. In Sect. 3, we prove some elementary vari-
ational estimates which yield the necessary coercivity for our arguments.
These are automatic in the defocusing case and thus our proof gives an
alternative approach to [5] and [26] for N = 3, 4, 5.
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2. A review of the Cauchy problem

In this section we will review the Cauchy problem

(CP) ia,u—i—Au—i—lulNiZu:O (x,f) e RV xR
uli—o = uo € H'(RY)

i.e., the H! critical, focusing, Cauchy problem for NLS. We need two
preliminary results.

Lemma 2.1 (Strichartz estimate [7,14]). We say that a pair of exponents
(g, r) is admissible if; + ’;] = ’; and?2 < q,r < oo. Then, if2 <r < 1\?17\]2
(N>3)(or2<r<oo,N=2and?2 <r <oo, N = 1) we have

i)
HeitAhHL;’L; = Clinll.
ii)
+oo
‘ / el(t—‘L')Ag(_’ _[) dt

o0
iii)

=Clizl

t
/ 8 e(— 1) dr
0

i

!
Liry
L;I L: t X

+oo
H / et g(—, 1) dr

Lemma 2.2 (Sobolev embedding). For v € C°(RV™), we have

LiL;

L SClely,
X

vl 2042 20vi2) < C HVXUH sy vy (N > 3).
L N2 L N2 L2 L, N2+4

(Note that Z%Vf;) =q, 21;’\52]\’ ;f) = r is admissible.)

10, fu)| < Clu| 2, |3, f(u)| < Clu|¥*2. Moreover, for 3 < N < 6,
|0, fu) — 9. f(v)| ox e
9. f(u) — azf(vn} < Clu ol [l 4 ol |
Also, note that (v f)(u(x)) = 0, f(u(x)u(x) + 9, f(u(x))u(x), so that
| ) — f@)] < |u — v|{|u| ¥ + [v]¥"2}. Moreover,
V. () — Vo (f0@)) = (v @@)ve — (7))
= (VH@E)vr — (v ) @)y
Y fw®)) — v )} v,

Remark 2.3. Let f(u) = |u|v2u, then clearly |f(u)| < |u|N-2,



648 C.E. Kenig, F. Merle

4 6—N
SO 6Ijxf(bt(ﬁc)) = V()| = Clu|v-2|vu — vv| + Clvvl{|u|v-2 +
[v|¥-2}u — vl.

Remark 2.4. In the estimate ii) in Lemma 2.1, one can actually show: ([14])

ii’)
+oo
H / TI%g(—, D) dr

where (g, r), (m, n) are any pair of admissible indices as in i) of Lemma 2.1.

=< C ”g”L’”'L"/ P
L9 t bx

Let us define S(/), W(I) norm for an interval / by

Iollsy = ol 2o 202 and N[ullyy = 01 age) 25002
L1 LN L, N-2p N2 44

Theorem 2.5 (See [8]). Assume uy € H'(RN), 1y € I an interval, and
luollgn < A. Then, (for 3 < N < 5) there exists 5 = 6(A) such that, if
||ei([_’°)Auo||5(,) < &, there exists a unique solution u to (CP) in I x RV,
withu € C(I; H'(RV)),

||qu||W(1) <00, |lullsq < 28.

Moreover, if ugr — ug in H! (so that, as we will see, for k large
||el(”’0>Auo,k||S(1) < 8) the corresponding solutions u, — u in
C(I; H'(RM)).

Sketch of proof. Let us assume, without loss of generality, that 7y = 0. (CP)
is equivalent to the integral equation

t
u(t) = €”Au()+/ el(t—t )Af(u) dl/,
0

4

where f(u) = |u|¥—2u. We now let B, = {fvonl x R" : |v|lsq) < a,
Ivvllway < b} and @,y (v) = e"ug + [y € f(v) dt’. We will next
choose §, a, b so that ®,,(v) : B, — B, and is a contraction there: note
that

990y, = CA+C |90

XN+2 ’
This follows, for the first term, by i) (¢ = 2(1\1/v_+22)’r = 21;/\%\/;2))in Lemma 2.1
and by ii) in Remark 2.4, with the same ¢, r and m' =2,n = 2V But

N+2°
Vo fux) = v Hux)v,u = 0(vul-|u| ol 2) so that, using Holder in-
equality we obtain: (for v € B, ;)

4
||V(Du0(v)H W(I) S CA + C ”v”S(]) ”VUHW(I) S CA + CaN72b_
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Using Lemma 2.2 for the second term in ®,,, and the argument above
together with our assumption on u for the first term, we obtain:

H @, (v) ”S(I) <é+ Ca N b.

Now choose b = 2AC, and a so that CaNAiz < 1/2. Then ||y ®,, (V) |lwu)

< b.Next, if § = a/2, and Ca‘'v2=Db < 1/2 (possible if N < 6) we obtain
| Py, (V) Isry < a, so that @, : B, ), — B, . Next, for the contraction, we
use the same argument in conjunction with Remark 2.3.

|7 @iy (v) = v@uy () |y = C [V f0) = v, f )||

N+2

<CH|v|N 2 |VU—

N+2

+CH‘v—v‘|v|N2‘vv|

2 N+2

|l = v | v

N+2 :

The first term is bounded as before by C||v||S(,) Vv — vV lway. For
the second and third terms we use Holder s inequality to bound them by

C”v -V ||S(I)||vv ”W(l)(”U”S(I) + ”U ||5(1)) so that

/ 4 /
|V ®Pu, () = v Pu, )|, < Car=2lIvv — vV llwary
w(I)
6—N ,
+ CaN*ZbHU — v ”S(I)-

Lemma 2.2 gives

||(I)u0(v) _ q)uo ('U/) ||S(1) < C ||VCDMO(U) - vcbuo(v/)”W(I)
< Cav2 || yv — vv' lway + Ca¥2bllv — V50

and thus we establish the contraction property (N < 6). We then find
u € B,y solving ®, (u) = u. To show that u € C(I; H"Y), note that
e"uy e C; Hl)w1thnorrnb0undedby A.Forthetermf0 A fu) dr,
we use iii) in Lemma 2.1, with (¢, ) = (2,2N/N + 2). The proof of
Theorem 2.5 is easily concluded from this. (The last continuity statement is
an easy consequence of the fixed point argument, see also Remark 2.17.) O

Remark 2.6. Using Remark 2.4, it is easy to see that yu € L{L" for any
admissible index pair (g, r).

Remark 2.7. There exists 3 such that if luoll g1 < 5 the conclusion of Theo-
itA <C || veltA

Uo ” sy = o ” Wy =

Cg, by virtue of Lemma 2.1 i) and the claim follows.
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Remark 2.8. Given ug € H', there exists (0 €) I such that the hypotheses
of Theorem 2.5 is verified on /. This is clear because of ||e”A

C |ve" and the fact that || ve'*

o ” sy =

< oo by Lemma 2.1 i).

o H WD) Uo H W(R)

Remark 2.9 (Energy identity). If u is the solution constructed in Theo-
rem 2.5, we have (with 2]* = ; — 1]\/) that

1 , 1 .
E(u(t))=/ 5 |vu(t, x)|” — o lu(t, x)|” ¢ dx
RN

is constant for r € 1. If ug € Cg° (R™) this follows from a classical integra-
tion by parts, the general general case follows from a limiting argument.

Definition 2.10. Lets, € I. Wesay thatu € C(I; H' (RV))N{vu € W(I)}
is a solution of the (CP) if

t
uly = uo, and u(f :e’(’_“’muo-i-/ O fuy dr

fo

with f(u) = |u|Ni2 u. Note that if u", u® are solutions of (CP) on I,
uM(ty) = u® (), then uV’ = u® on I x RY. This is because we can
partition / into a finite collection of subintervals /;, so that, with A =
sup,c; max;—1 2 |[u®(?)| g1, the S(I;) norm of u” and the W(I;) norm of
vu® are less than a, b, where a, b are obtained in the proof of Theorem 2.5.
If jo is then such that #y € I}, the uniqueness of the fixed point in the
proof of Theorem 2.5, combined with Remark 2.8 gives an interval I3 to
so that uV(r) = u®(#), t € I. A continuation argument now easily gives
u® = u@ t e I. This allows us to define a maximal interval I(ug) =
(to — T_(up), to + T4 (ug)), with T (1) > 0, where the solution is defined.
It 7 < to+ Ty(uo), To > to — T—(uo), T < 1o < Ti, then u solves
(CP)in [T», T;] x RY, sothat u € C([T», T1]; H'(RY)), vu € W([T», T;])
andu € S([Tz, T]]).

Lemma 2.11 (Standard finite blow-up criterion, see [7]). If T} (uo) < oo,
then

et s(110.10+7 uypy = +00-

A corresponding result holds for T_(uy).

Sketch of proof. Assume T, (ug) < +oo and that |[ullsq,i+7 @)D
< +o00. Let M = |lull st1, 10+ (o)1) and, for € to be chosen, find N = N(e)
intervals 1, U;V:l I; = [to, to + Ty (up)], such that ||ulls,) < €. Our first
step is to show that [|u|| oo (10 10+74 woyi: 1) T I VU W(it0.00+T4 (o)) < 00- We
write the integral equation on each interval /;, to deduce (using the proof
of Theorem 2.5 and iii) in Lemma 2.1) that

4

sup [lu®l g + IVullway < Cllu@p)la + C lullsg, - Ivullwa,),

[EIj
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where ¢; is any fixed point in /;. Our desired estimate follows inductively

then, by choosing Ce W < 1/2. Once the first step is done, we then choose
t, 1 to + Ty (up) and show, using the integral equation once more, that
€2 U () || 5.1+ wo)y < 8/2, for n large. But then, for n large but
fixed, and some €y > 0, €™ 2u(t,) | 5(11,.104+T+ (wo)l+e) < 8- Now, Theo-
rem 2.5 applies and together with Definition 2.10 we reach a contradiction.

O

Definition 2.12. Letvy € H', v(r) = ¢"® vy and let {1,} be a sequence, with
lim, .o t, =t € [—00, +00]. We say that u(x, f) is a non-linear profile
associated with (vg, {z,}) if there exists an interval I, with ¢t € I (if t = +o00,
I = [a, +00) or (—o0, a]) such that u is a solution of (CP) in I and

lim [lu(—, #,) —v(—, 1)z = 0.
n—00

Remark 2.13. There always exists a non-linear profile associated to
(vo, {t,}). In fact, if € (—00, +00), this is clear by Remark 2.8, with
ug = v(x, t). If t = +00, we solve the integral equation

+o0
u®) = vy + / SN fuy dt
t

in (t,,, +00) x R, for ng so large that ||e”Avo||5((,n o)) < 8, where § is as

in Theorem 2.5. Then, if n is large u(t,) —v(t,) = f+°° =" fy) dr’, and
we have || f(u)]| - (2NN < 00, a8 in the proof of Theorem 2.5. But then,
(t>1tngn)

using iii) in Lemma 2.1 we obtain |[u(z,) —v(#) || g1 < Cll fw) 2, 2vw+2,
(t>tp) =X

which clearly goes to 0 as n goes infinity. A similar argument applies when
t = —00.

Note also that if u", u® are both non-linear profiles associated to
(vo, {t,}) in an interval I with ¢t € I, then u¥ = u® on I. In fact, if
t € (—00, +00), this is clear from the Definition 2.13 and the uniqueness
result in Definition 2.10. Ift = 400, smce ||vu(’>||w(1) < oo, for n > ny,
we have [|vu® ||y, +o00) < 8, where 8 is as small as we like. By the proof
of Theorem 2.5, we have (with a constant independent of u) that for n > ny

sup | vu'l @) — vu®? @ |,, < C|vuP @) — vu® @) | -

1E€(tng),tn)

This easily shows that " = u® on (t,,, +00) and hence on , as claimed.
The case t = —oo is similar. Because of this remark, we can always define
a maximal interval [ of existence for the non-linear profile associated to
(vo, {t,}). If t € (=00, +00), I = (a,b), I' € I, then sup,., [[u(@®)| g <
00, |lullsiy < oo, [[vullway < oo, butif either a or b are finite ||ul|s;) =
4o00.Ift = +oo,sayt = +00,I = (a, +0), I’ = (o, +00), ¢ > a, similar
statements can be made. If a > —o0o, we can also say |lu||s) = +00.
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Theorem 2.14 (Long-time perturbation theory, see also [27]). Let I C R
be a time interval and let ty € I. Let i be defined on I x RN (3 < N <5)
and satisfy sup,.; |ull ;1 < A, |ullsqy < M for some constants M, A > 0.
Assume that

(3,0 4+ At + f(0) =e (t,x) e I x RY
(in the sense of the appropriate integral equation) and that

Hw—ﬁmwmsAﬁnv% z~§e|w“mﬁw—ﬁmMH”§e

Then, there exists € = €g(M, A, A', N) such that there exists a solution
of (CP) with u(ty) = ug in I x RN, for 0 < € < €, with |ullsqy <
C(M, A, A", N)andVt € I, ||u(t) —u ()| ;0 < C(A, A", M, N)(A" + ¢).

Iffoof. We start the proof by showing that ||vullwg) < ]\7, where M =
M(A, M, N), for € < €. In fact, for = n(N) small, to be determined,
split I into y = y(M, n) interval I; so that ||z]| sy =< 1. Using the integral

equation, we have
||VM||W(1 y<A+C ||M||5(1 Y ||V”||W(1 y+C ||V€||L2 2N/N+42,

as in the proof of Theorem 2.5, and the claim follows if Cn v <] /2. Next,
we write u = u + w and notice that

w~+ Aw+ [ fu +w) — f(w)] =e.

Let I; = [aj, aj41], so that, in order to solve for w we need to solve, in /;,
the integral equation

w(t) = DD y(a;) + / DN G+ w) — f@)]di

aij

t
+ f R gy
aj

J

The proof of Theorem 2.5 (which holds for 3 < N < 5) now shows
that, for n = n(N) small enough, and ¢y = €;(/N) small enough, we can
solve the integral equation (assuming fy = a; say) in /; and obtain w
with the bounds [|wl|si) < 2€, [[Vwllwa,) < C(A, A"), sup,o;, [w®)ll g <
C(A, A')(A’ + €). We now estimate [le’22w(ay)|| (1), using the inte-
gral equation. Since ¢/ ~%)2¢1@2=1008y)(15) = /=102y (1y), by assumption
||t A gil@=10) Ay (13) || 51,y < €. For the integral term, we use Lemma?2.1,

iii) to obtain a bound for its H' norm at a, by C||w||s(,])||vw||5(ll) <

C(2¢) e C(A, A'). Clearly this procedure can be iterated y = p(M, N)
times, provided €, is small enough, yielding the theorem. O
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Remark 2.15 (See [7]). If u is a solution of (CP) in I x RV, I = [a, +00)
(or I = (—00, a]) there exists u* € H' such that

. it A .
tinlloo ||u(t) — e ”+||H1 =0.

To see this, note that v f(u) € W(I) and hence || [ DA fw) dr' ||
— 0ast — +o0o. Then, u(f) = =2y, + fa[ =2 f(y) df’ and hence
ut = e yg+ [ e7"'A f(u) dt’ has the desired property. In fact note that
the argument used at the beginning of the proof of Theorem 2.14 shows that

it suffices to assume u to be a solution of (CP) in I’ x R, I’ € I, such that
lullsay < oo.

Remark 2.16. We recall that, since we are working in the focusing case,
we have from the argument of Glassey [12] that if f lx|2|ug|> < 400,
E(ug) < 0, there exists a finite time 7 such that the solution cannot be
extended for + > T. Clearly, for such a u(, the maximal interval of ex-
istence must be finite. (See Definition 2.10.) Note that it is unknown if
lim;y7 [|u(?)||fn = +oo for a general initial data that doesn’t exist for all
time.

Remark 2.17. Theorem 2.14 also yields the following continuity fact, which
will be used later: let g € H', ||[iigl|;n < A, and let % be the solution
of (CP), with maximal inteval of existence (7_(io), T, (o)) (see Defin-
ition 2.10). Let ug, — up in H ! and let u, be the corresponding solution
of (CP), with maximal interval of existence (7_(uo,), T+ (uo,)). Then,
T_(up) > lim oo T—(10.n), Ty (o) < lim,_ 10Ty (up,) and for each
t € (T_(ity), Ty (o)), un () — u(f) in H'.

Indeed, let I CC (T-(uy), Ty (4p)), so that Sup,c/|u@)|lm; = A <
+oo, [ () ||sy = M < +o00. We will show that, for n large, u, exists on
Iand Vr € I, |lu,(t) —u(D)||zn < C(M, A, N)|lug,, — Upll g1- This clearly
yields the remark. To show this, apply Theorem 2.14, with u = u,,, uy =
ug.»- Then, if €y = €9(M, A, 2A, N) and n is so large that ||ug , — o | g1 < €0
and || [uo.n — Uolllsay < €o, using the uniqueness of the solutions we
obtained in Definition 2.10, the claim follows.

3. Some variational estimates

Let

W(x) = W(x, 1) = :

5 N2—2 ’
||
<1 + N(I)\C/—Z))
be a stationary solution of (CP). That is, W solves the non-linear elliptic
equation

3.1) AW + [W[Ve W =0,
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Moreover, W > 0 and it is radially symmetric and decreasing. Note that
W e H',but W need not belong to L2(R"). By invariances of the equation,
for 0y € [—m, ], Ao > 0, xo € RV,

. N-2
Wi 10,10 (X) = €™ > W(ho(x — X0))

is still a solution. By the work of Aubin [1], Talenti [25] we have the
following characterization of W:

(3.2) Yue H', |lull <Cylvulp;
moreover,

(3.3)
If [lull,> = Cy [vull 2, u # 0, then 3Gy, Ao, xo) such that u = Wy, «.,»

where Cy is the best constant of the Sobolev inequality in dimension N.
The equation (3.1) gives [|vyW|> = [|W|*. Also, (3.3) yields

C [IgWP = (JIWP) ™Y, so that G, [I9WP = ([ IvWP) ™~
Hence,

1
[ 1w = oy E<w>=( )/| WP = NCN

Lemma 3.4. Assume that

Ivuly. < IVWI3.

Assume moreover that E(u) < (1 — 80) E(W) where 8y > 0. Then, there
exists 5 = 8(8g, N) > 0 such that

(3.5) flvw|2 < (1—8)/IVW|2
(3.6) /Ivul *>5/|vu|2
(3.7) E(u) > 0.

Proof. Consider the function fi(y) = ; y— C;* yzz* and let y = ||vu||

Because of (3.2), fi (y) < E(u) < (1 —S8)E(W) = (1 —80)N ey Note that
f1(0) =0, fl(y) — ¥ y2 1, so that f(y) = 01fand only if y = ye,
where yc = CN = f|vW|2 Note also that fi(yc) = NCN = E(W). But

then, since 0 < y < y¢c and f1(y) < (1 — d8y) f1(y¢) and f1 is nonnegative
and strictly increasing between 0 and yc, f'(yc) # 0, we have 0 < f;(y)

and y < (1 —9) f |y W|?. Thus (3.5) and (3.7) hold. To show (3.6), con-
sider the function g{(y) = y — CZN*y V2. Because of (3.2) we have that
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. . 2%/2

J1vul=u® = [1vulP =% ([ 1vul?)”" = g1(y). Note that g, (y) = 0
if and only if y = 0 or y = y¢ and that g} (0) = 1, g{(yc) = _Niz' We
then have, for 0 < y < y¢, g1(y) = Cmin{y, (y¢ — y)}, and so, since
0 <y < (1—-358ycby(3.5),(3.6) follows. Note that § ~~ 805. |

Note that the relevance of (3.6) comes from the virial identity (see
introduction).

Corollary 3.8. Assume that u € H' and that [ |vu> < [|vW|% Then
E() > 0.

Proof. If E(u) = E(W) = N(le’ this is obvious. If E(u) < E(W), the
N

claim follows from (3.7). O

Theorem 3.9 (Energy trapping). Let u be a solution of the (CP), with
to = 0, ul;—9 = ug such that for o > 0

f IVuol? < f YW and E(uo) < (1 — S)E(W),

Let I 3 0 be the maximal interval of existence given by Definition 2.10. Let
8 = 6(8g, N) be as in Lemma 3.4. Then, for each t € I, we have

(3.10) /Ivu(t)lzf (1 —8)/IVW|2
3.11) /Ivu(t)lz—lu(t)lz* zéflvu(t)lz
(3.12) E(u(t)) = 0.

Proof. By Remark 2.9, E(u(f)) = E(ug), t € I and the Theorem follows
directly from Lemma 3.4 and a continuity argument. O

Corollary 3.13. Let u, ug be as in Theorem 3.9. Then for all t € I we have
E(u(t) ~ f [vu())® ~ f |Vuo|?, with comparability constants which
depend only on §y.

Proof. E(u(t)) < f |vu(t)|?, but by (3.11) we have

Eu(®) > (; - ;*)f|vu<r>|2+2l* (f|vu(t)|2—|u<r>|2*)

> caf Ivu(P.

so the first equivalence follows. For the second one note that E(u(f)) =
E(ug) >~ f [vuo|?, by the first equivalence when ¢ = 0. O
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Remark 3.14. Assume that uy € H' and that |x|ug € L2(RY). Assume that

E(up) < E(W), but / |vuol* > f VW[

If we choose & so that E(ug) < (1 — §p) E(W), arguing as in Lemma 3.4
we can conclude that [ |[vuol> > (1+8) [|[vW|%, 8 = §(8, N). But then,

JIvuol® = |uo* = 2*E(uo) — (2,) [ Ivuol® < 2°E(W) — %, clx -

2 1 _ -2 . _ L
W2 el = (v-aeh- Since E(u(t)) = E(ug), a continuity argument shows

that for all # € I, the maximal interval of existence, we have f [vu@®)|* >
(148 [IvyW|? and [|vu@®)> — [|lu@®* < 2 .. But the virial

(N-2)CN*
identity ([12]) shows that, if |x|ug € L?>(R") then 5[22 [ 1xPluo(x, 1) dx =
8{/ Ivu@®*—lu(®)*} < ' .. This shows that I must be finite, i.e., the

(N=2)CN "
maximal interval of existence is finite. This argument is the critical analoge
of the H'! subcritical result in [3].
Note that in the case where uy € H! and ug € L2(R"), the same result
holds. Indeed, one can use a local version of the virial identity (See Sect. 5

for such a version) and the extra conservation law of the L? norm in time
. s d? 2 -85

to control correction terms to obtain e f d(xDuo(x, H)|” dx < N-2cl”

where ¢ is a regular and compactetly supported function (See for example

Ogawa and Tsutsumi [22]).

4. Existence and compactness of a critical element

Let us consider the statement:

(SC) Forallug € H'(RY), with [ |vue> < [ |vW|*and E(up) < E(W),
if u is the corresponding solution to the (CP), with maximal inter-
val of existence I (see Definition 2.10), then I = (—o0, +00) and

2|l 5((—00,4-00)) < 00

We say that (SC)(u) holds if for this particular ug, with [ [vuo|* <
f |vyW|? and E(ug) < E(W) and u the corresponding solution to the
(CP), with maximal interval of existence I, we have I = (—o0, +00) and
el 5((~00,+00)) < 0.

Note that, because of Remark 2.7, if |vugll;2 < 8, (SC)(up) holds.
Thus, in light of Corollary 3.13, there exists 1y > 0 such that, if i« is as
in (SC) and E(up) < no, then (SC)(up) holds. Moreover, for any u as in
(SC), E(ug) > 0, in light of Theorem 3.9. Thus, there exists a number E¢,
with ng < Ec < E(W), such that, if uq is as in (SC) and E(uy) < Ec,
(SC)(up) holds and E¢ is optimal with this property. For the rest of this
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section we will assume that Ec < E(W). We now prove that there exits
a critical element u ¢ at the critical level of energy E¢ so that (SC)(ug, ¢)
does not hold and from the minimality, this element has a compactness
property up to the symetries of this equation. This is in fact a general
principle which follows from the concentration compactness ideas. More
precisely,

Proposition 4.1. There exists ug ¢ in H', with

E(o.c) = Ec < E(W), / Vol < / oW

such that, if uc is the solution of (CP) with data u, c, and maximal interval
of existence 1, 0 € I, then |luc| sy = +00.

Proposition 4.2. Assume uc is as in Proposition 4.1 and that (say)
lucllsa,) = 400, where 1, = (0, +00) N 1. Then there exists x(t) € RN
and A(f) € RT, for t € I, such that

1 x — x(1)
K = {v(x, H:ovlx, = A(t)(N—z)/zuC( A0 ,t)}

has the property that K is compact in H'. A corresponding conclusion is
reached if ||uc||sg_y = 400, where I_ = (—00,0) N I.

The main tools that we will need in order to prove Propositions 4.1 and
4.2 are the following lemmas.

Lemma 4.3 (Concentration compactness). Let {vy,} € H', [|yvo,[?
< A. Assume that |e"®vq || 2vion2 > 8 > 0, where § = 8(N) is as in
Theorem 2.5. Then there exists a sequence {Vy ;}72 | in H !, a subsequence of
{vo,n} (whichwe still call {vy ,}) and a triple (X} ,; X 5 tjn) € R*xRY xR,
with

)\j,n )"j’,n |tj,n_2tj/,n| |xj,n_xj’,n| = 00

kj/vn )\‘j,n )"/,n )\‘j,n
asn — oo for j # j' (we say that (Aj,; Xjna;t),) is orthogonal if this
property is verified) such that
(4.4) Voillg = ao(A) > 0.

If Vj (x,0) = €® Vo, j, then, given €y > 0, there exists J = J(eg) and

J
. 1 X—Xi, —t;
4.5) {w,}2, e H', so that Vo.n =Z No=Y le- ( . . )sz,n) + w,
j=1 Mjn Jjn jn

itA
2wy s((—00,400)) < €0, for n large

with ||e
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J

(4.6) /|Vvo,n|2=Zf|VV0,j|2+/|an|2+0(1)asn—> 00
j=1

J
(4.7)  E(vo,) = Z E(VI(=tju/23,)) + Ew,) + o(1) as n — oo.
j=1

Remark 4.8. Lemma 4.3 is due to Keraani [15]. It is based on the “refined
Sobolev inequality” (N = 3)

1/3 2/3
Vel o) < CIVANL g, 1VAIG
where B(z) ~ 18 the standard Besov space [4,11]. (4.4) is a consequence

of the proof of Corollary 1.9 in [15], (here, we use the hypothesis
e v |l 2v+2v—2 > & > 0) while (4.7) follows from the orthogonal-
ity of (Aj,;xj,;t;,) as in the proof of (4.6). The rest of the lemma is
contained in the proof of Theorem 1.6 in [15]. See also [2,10,16,21].

Lemma 4.9. Let{zo,} € H', with [ |vzo.> < [ IvW|*and E(zo,,) — Ec
and with | e"*z., | s((—00,+00)) = 6, with § as in Theorem 2.5. Let {V; ;} be
as in Lemma 4.3. Assume that one of the two hypothesis

(4.10) lim E(V{(—t1../A1,)) < Ec
n—oo
or after passing to a subsequence, we have that, with s, = —t;, /Ain,

E(Vll(s,,)) — E¢, and s, — s, € [—00, +00], and if Uy is the non-linear
profile (see Definition 2.12 and Remark 2.13) associated to (Vy 1, {s,}) we
have that the maximal interval of existence of U, is I = (—00, +00) and
NU11l5((~00,+00)) < 00 and

4.11) lim E(V(—1.,/33,)) = Ec.

n—o00

Then (after passing to a subsequence), for n large, if z, is the solution of
(CP) with data at t = 0 equal to 2, then (SC)(zo,,) holds.

Let us first assume the validity of Lemma 4.9 and use it (together with
Lemma 4.3) to establish Propositions 4.1 and 4.2.

Proof of Proposition 4.1. By the definition of Ec, and the assumption
that Ec < E(W), we can find ug, € H', with [|vug,l* < [IvW]?
E(uo,) — Ec, and such that if i, is the solution of (CP) with data at r = 0,
up, and maximal interval of existence I, = (—7_(ug.), T+ (uo.)), then
€210 ]l s((—00. 400y = 8 = 8(N) > 0, where § is as in Theorem 2.5 and
lltenllscryy = +oo. (Here we are also using Lemma 2.1 and Theorem 2.5.)
Note also that, since Ec < E(W), there exists 5o > 0 so that, for all n,
we have E(ug,) < (1 — §p) E(W). Because of Theorem 3.9, we can find
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§ so that [ |vu,()* < (1 —68) [|yW|* for all t € I,, all n. Apply now
Lemma 4.3 for €5 > 0 and Lemma 4.9. We then have, for J = J(¢;), that

J
1 (X —Xjn —tjin
(4.12) o = X_: -2 4 ( w32 ) + Wy,

J
@.13) /|Vuo,n|2=Z/|VV0,1|2+/|an|2+0(1),
@i Bu =Y F (v’ ( AQ‘ )) T Ew) + o).

j=l1

Note that because of (4.13) we have, for all n large, that f [vw,|? <
(1-68/2) [IvW|*and [ |[v Vo ;1> < (1—68/2) [ |y W|*. From Corollary 3.8
it now follows that E(V!(—t;,/23,)) = 0 and E(w,) > 0. From this
and (4.14) it follows that E(Vll(_tl,n/)"in)) < E(up,) + o(1) and hence
lim E(Vf(—tl,,,/)\in)) < E¢. If the left-hand side is strictly less than

n— o0
Ec, Lemma 4.9 gives us a contradiction with the choice of u ,, for n large

(after passing to a subsequence). Hence, the left-hand side must equal E.
Let then U; be the non-linear profile associated to (Vll, {s,}), with
=—t, /Ain (after passing to a subsequence). We first note that we must

have J = 1. This is because (4.14) and E(uo ,) — Ec, E(Vl( Sp)) — EC

now imply that E(w,) — 0 and E(Vl( tin/33,)) = 0, j =2,.

Usmg (3.6) and the argument in the proof of Corollary 3.13, we have
_ZflvVl( tln/k2 W+ [Ivw,> — 0. We then have, since

[|vvl( /M) = [IvVol* that Vo = 0 j =2,...,J and

[ Ivw,|* = 0. Hence (4.12) becomes ug, = N L Vl(x L sn) A wy.

Letvy , = A(N 2)/2u0 n(A1.n(x+x1 ,)) and note that scaling gives us that vy ,

verifies the same hypothesis as u ,. Moreover, w, = )\(1]\2 272 wy (A p(x +
x1,,)) still verifies [ |vw,|* — 0. Thus

Vo,n = Vll(sn) + 17),,, f |v77)n|2 — 0.

Let us return to Uj, the non-linear profile associated to (Vy 1, {s,})
and let I; = (T_(U,), T+ (U;)) be its maximal interval of existence (see
Remark 2.13). Note that, by definition of non-linear profile, we have
[1vUs)I? = [1v Vi) + o(1) and E(U;(s,)) = E(V{(sy)) + o(1).
Note that in this case E(V/(s,)) = Ec + o(1) and that [ |vV{(s,)]* =
J19Voil> = [Ivuoal> + o(1) < [|vW|?* for n large by Theorem 3.9.
Let’s fix s € 1. Then E(U,(s,)) = E(U,(s)), so that

EU(s)) = Ec.
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Moreover, [ |vU(s,)|*> < [|vW|* for n large and hence by (3.10)
[IvUi()I* < [IYW If |Uillsq,) < 00, Lemma 2.11 gives us that
I, = (—o0, +00) and we then obtain a contradiction from Lemma 4.9.
Thus,

U1l s,y = o0
and we then set uc = U, (after a translation in time to make s = 0). |

Proof of Proposition 4.2. We argue by contradiction. For brevity of notation,
letussetu(x, t) = uc(x, t). If not, there exists ny > O and asequence {7, };2 |,
t, > 0 such that, for all 1y € R, xo € R", we have

1 X — Xp ; o t)
u , —u(x, ty
Angz)/z Ao n n

Note that (after passing to a subsequence, so that t, — ¢ € [0, T (uo)D),
we must have t = T (up), in view of the contmulty of the flow in H!, as
guaranteed by Theorem 2.5. Note that, in view of Theorem 2.5 we must
also have ||€itAM(l‘n)”S((01+oo)) > 4.

Let us apply Lemma 4.3 to vy, = u(t,) with ¢y > 0. We next prove
that J = 1. In fact, iflimn_)ooE(Vll(—tl,,,/)\in)) < E¢, since f [vu()> <
(1 - 8)f |vW|? by Theorem 3.9, for all t € I, and E(u(t)) = E(ug) =
Ec < E(W), by Lemma 4.9 we obtain a contradiction. Hence, we must
have lim ,HOOE(VII(—th/kin)) = E¢. The argument used in the proof of
Proposition 4.1 now applies and gives J = 1, [ |vw,|*> — 0. Thus, we
have

>ny, forn#n'.
H}

(4.15) ‘

1 X —X1, —h,
(4.16) ”(t"):)h(zv—z)/zvll( Klnn’ Az >+wn, flvwn — 0.

1,n

Our next step is to show that s, = ‘A’;’" must be bounded. To see this note

1,n
that

X — X1 r—h .
”Au(ln) — )" (N 2)/2‘/11( vn’ J;) +€”Awn.
)"l,n ()"l,n)

Assume that #;, n/ A2
||el[A

— X t—t
h (N 2)/2V1( - 1;21)
Aan (Aia)

n = —Cy, Cy alarge positive constant. Then, since
Wy | $((—00,400)) < 8/2 for n large, and

< [VIOs 9 | gy ooy = 872
S((0,4+00))

for Cy large, we get a contradiction.
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If, on the other hand, ilz‘" > Cy, for a large positive constant Cy, n large,

1.n

we have

(N X — X1 r—n
g (0 )
’ A (A

= H Vll(y’ 5) H S((—00,—Cp))
$((=00,0))

<4é/2,
for Cy large. Hence, ||e"®u(t,) | s((—00.0y) < 8, for n large and hence, Theo-
rem 2.5 now gives ||ulls(—oo.s,)) < 26, which, since #, — T4 (up) gives us

a contradiction. Thus |#; ,,/ k% .| < Co and after passing to a subsequence,
tin/ M, = to € (—00, +00).

But then, since (4.15) and (4.16) imply that, for n # n’ large (independently
of Ao, xo) we have

1 1 I x;;co — X1,n )
(ho) V=212 ()y ) (N-2)/2 Vi Ma —tin/(A1n)

1 Vl X — X1, . 5
B ()»1 n,)(N72)/2 1 A n ’ _tl’”//( 1,n’)

>no/2

H!
or

)"l n' N=2)72 1 y)"l n' ~ ~ )
’ V ’ Xo o — X0, —tin/ (A n
H(Al,nxo) Hgha,, T T /)

Vi (v —tiw/230) || = mo/2,

H!

where X, , is a suitable point in R¥ and A, X are arbitrary. But if we choose
Ao = A /Alns Xo = Xn., We reach a contradiction since —tl,,,/()\l,,,)z —
—to and —l]’n//()\.l’n/)z — —1y. O

Thus, to complete the proofs of Propositions 4.1 and 4.2 we only need
to provide the proof of Lemma 4.9.

Proof of Lemma 4.9. Let us assume first that (4.11) holds and set A =
[IVWE A = [IvW]A, M = |Uills(-oco+o0y- Arguing (for some
€0 > 0 in Lemma 4.3) as in the proof of Proposition 4.1, we see that
lim, oo E(V{(—=t1n/21,)) = Ec and Ec < E(W), imply that J = 1,
f |vw,|*> — 0. Moreover, if

N-2)/2 ~ N-2)/2
Vo,n = )‘(l,n )/ ZO,n()\l,n(x +xl,n)), w, = )‘(l,n )/ wn(kl,n(x +xl,n))’

tl,n
T2
)“l,n

sn— ’
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we have [ |vW,]|* = 0and vy, = V|(s,) + Wy, while [[€"*vg , [l s(—o0,+00))

> 8, [|Ivvoal* < [IVWI? E(v,) — Ec. Note now that | |vVll(sn) —
U, (sy)|> = o(1) by definition of non-linear profile. We then have

=~ ~ |2
UO,n:Ul(sn)"i_wna f|an| — 0.

Moreover, as in the proof of Proposition 4.1, E(U,(0)) = E¢ and
[IvUi®* < [IyW|* for all . We now apply Theorem 2.14, with
€ < €0o(M, A, A’, N) and n large, withu = Uy, e = 0,19 = 0, up = vg ».
This case now follows.

Assume next that (4.10) holds. The first claim is that for j > 2 we
also have lim ,HOOE(VJI.(—tj,n/)\?’n)) < E¢. In fact, after passing to a sub-

sequence, assume lim,_ o E(Vll(—tl,n/kl,n)) < Ec. Because of (4.6) we
have

J
f|VZO,n|2 > Zf 1V Vo 1?4+ o(1),
j=1

and since Ec < E(W), for n large we have E(zp,) < (1 — ) E(W),
by Lemma 3.4, [|vzo,*> < (1 —38) [|vW|* and hence [|vVp |* <
(1=8) [IvW/|* Similarly, [ [yw,|* < (1-29) [ [vW|*. By Corollory 3.8,
we have E(V;(—fj,n/)»in)) > 0, E(w,) = 0. Also, from (4.4) and the
proof of Corollary 3.13, we have, for n large, that E(Vf(—tl,n/kin)) >
Cf v Vo1 1> > cap = ay > 0, so that, from (4.7) we obtain, for n large

J
E(zon) = a0+ Y E(VI(—=1;0/43,)) + o(D),

j=2

so that the claim follows from E(zg,) — Ec.

We next claim that (after passing to a subsequence so that, for each j,
lim, E(V](—tj,/A7,)) exists and lim, (—t;,,/3%,) = s; € [-00, +00] ex-
ists) if U; is the non-linear profile associated to V!, {—tj,,,/)»in}), then U;
verifies (SC). In fact, by definition of non-linear profile, E(U;) < Ec, since
lim, E(V{(—tj./23,)) < Ec. Moreover, since [ |V Vi(=t;./33)I> <
(1-9) f | W2, by the definition of non-linear profile and Theorem 3.9, if
t € I, the maximal interval for U;, [ |vU;(#)|* < [ |vW|? so that, by the
definition of E¢ our claim follows. Note that the argument in the proof of
Theorem 2.14 also gives that ||V U; || w((—oo,+00)) < +00.

Our final claim is that there exists jgy so that, for j > j, we have

wm oS e f s
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In fact, from (4.6), for fixed J we see that (choosing n large) Z/J':I f v Vo. j|2
< [1vz04*40(1) <2 [ |yW|. Thus, for j > jo, wehave [ |7V ;|* <3,
where § is so small that [|¢/2 Vo, lls((~00.+00)) < 8, with & as in Theorem 2.5.
From Remark 2.13 it then follows that ||U;lls((—cc,+00)) < 28, and using
the integral equation in Remark 2.13, that |U;(0)||;n < C||Vo,llz and
VU llw((=c0,400)) = ClIVo,jll g1, which gives (4.17).

For ¢; > 0, to be chosen, define now

Heo) 1 X—Xi, t—t;
N N
(4.18) H,., = § w22 Ui R
21 A Ajm A

We then have:

(419) ||Hn,50”S((—oo,+oo)) =< CO,

uniformly in €y, for n > n(ep). In fact,

2([\1/v+22)
J(eo) -
PN/ - 1 u. [ Xin t—tin
H n,€o ” S((—00,400)) Z 3 (V=22 J A Y
j=1 Mjn Jin jon
2(N+2)
J(€) N-2
1 X—Xi, t—1t;
J.n Jin
: Z// A‘NZWU’( Aiw A2 )
j=1 jon Jon Jin
1 X—Xi, —t;
]7” ]’n
rem [yt
J#E Jn Jn Jon
1 X—Xp, —ty N
U. I I =1+1L
N-2)/2"J y )
)»5-,’,! ) < Ajn )"j/,n

For n large, I — 0, by the orthogonality of (A;,; x;.:;,) (see Ker-
aani [15], Lemma 2.7, (2.95), (2.96), etc.) Hence, for n large we have
II < I. But (with jj as in (4.17)),

L 2(N+2)/(N-2) S 2(N42)/(N—-2)
1=y il + 2 Uil
j=1

§((—00,+00)) S((—00,+00))
Jj=Jo
/o 2(N+2)/(N-2) @ N+2/(N=2)
= IRy + e Yo ([ 9v,®) Y < o2
Jj=1 Jj=Jo

because of (4.6).
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For ¢; > 0, to be chosen, define

(4.20)
4
J(€g) N-2
4 1 X—X;i, t—1t;
Ry = |[—In,60|1\/72 Hy o= Z (N=2)/2 Uj A . A2 "
j=1 )“j,n Jon Jn

« 1 U X = Xjn l—ljﬁn
N=2)/2 7J ’ 2 :
)\.5"" )/ )"j,n )"j,n

We then have
4.21) Forn = n(ep) large, [V Ruell;2,20m+2 — 0 asn — oo.

This follows from the orthogonality of (A;,; x;,;?;,), the fact that
MU jlls((=00,400)) < 00, IVUllw((=c0,400)) < 00, and arguments of Ker-
aani [15] (see in particular (2.95), (2.96)).

We now will apply Theorem 2.14. Let # = H, ,, € = R,.¢,, Where €

1 1 : _ J(€g) 1 1 X—Xjn —tjn
is still to be determined. Recall that zp, = ) =1 L Vj< /\j,: , A{n )
+ w,, where [[e"®w,||s(—co.+00) < €o. By the definition of non-linear
profile, we now have

(4.22) 20,0(X) = Hy g, (x, 0) + W, (x),

where, for n large [|€"2W, || s((—co.+00)) < 2€0-

Notice also that, because of the orthogonality of (A;,; x; . ;,), for
n = n(ep) large, we have (using also Corollary 3.13), that f |V H, e B <

251V Eo(Ui('27)) = ACKIY [ 19 Vo, and Y [ 19 Vo,

< [1vzonl* [ IVzonl* +0(1) <2 [|yW|% Let now M = Cy, with Cy as
in(419,A=C[|vW3 A =A+ [IYW[% & < (M, A, A", N)/2,
where €y(M, A, A’, N) is as in Theorem 2.14. Fix ¢ and choose n so large
that ||V R, ¢ || 22N < € and so that all the above properties hold. Then

Theorem 2.14 gives the conclusion of Lemma 4.9 in the case when (4.10)
holds. O

Remark 4.23. Assume that {z¢ ,} in Lemma 4.3 are all radial. Then Vj ;, w,
can be chosen to be radial and we can choose x , = 0. This follows directly
from Keraani’s proof [15]. If we then define (SC) and E¢ by restricting only
to radial functions, we obtain a u¢ as in Proposition 4.1 which is radial, and
we can establish Proposition 4.2 with x(f) = 0.
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5. Rigidity theorem

In this section we will prove the following:

Theorem 5.1. Assume that ug € H' is such that

Euo) < E(W), / (Vuol? < / v WP

Let u be the solution of (CP) with u|,—g = ug, with maximal interval of
existence (—T_(ug), T (ug)) (see Definition 2.10). Assume that there exists
At > O, fort € [0, T (ug)), with the property that

X

K= {v(x, n = k(l)(zv—z)ﬂu <A(t)’t

) c 1 el0, T+(uo))}

is such that K is compact in H'. Then T, (up) = 400, uy = 0.

Remark 5.2. We conjecture that Theorem 5.1 remains true if v(x,f) =
1 — .

W)(N_Mu(xkégt), 1), with x(t) € R", t € [0, T (up)). In other words, for

“energy subcritical” initial data, compactness up to the invariances of the

equation, for solutions, is only true for u = 0.

We start out with a special case of the strengthened form of Theorem 5.1,
namely:

Proposition 5.3. Assume that u, v, A(t), x(t) are as in Remark 5.2, that
[x(©)] < Cy and that M(t) > Ay > 0. Then the conclusion of Theo-
rem 5.1 holds. Moreover, if Ty (uy) < +o0o, the hypothesis |x(t)] < Cy
is not needed.

Remark 5.4. Because of the continuity of u(¢) in H', it is clear that in
proving Proposition 5.3 we can assume that A(7), x(¥) € C*([0, T+ (uo)))
and that A(f) > O for each r > 0. Indeed, first by the compactness of
K and the theory of (CP), we construct piecewise contant (with small
jumps) Aq (), x1(f) such that the corresponding set K is included in K, =
{w(z) solution of (CP) with initial data in K,t € [0, ty]}, fo small. Then

we can contruct regular A,(f), x,(¢) such that K, is included in the precom-
(N=2

) -
pact set {)‘o 2 w((x—xo)kal), for we Ky, 1/2 <Ap <2, |x0] < 1}.
The continuity of A(¢), x(¢) will not be used in our proof.
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In the next lemma we will collect some useful facts:

Lemma 5.5. Let u, v be as in Proposition 5.3.

i) Let 8y > 0 be such that E(ug) < (1 — 80)E(W). Then for all t €
[0, T, (ug)), we have

/Ivu(t)|2§ (1 —8)/IVW|2
/Ivu(t)lz— o zéflvu(t)lz

C1,50/|VM0|2 < E(ug) < sz |Vuo)?

E(u(n) = E(uo)

C],aO/Ivuolszlvu(t)lzf Cz/|VM0|2-
flvv(t)|2 < Cz/ WP

WOl < [ Igwe
iii) For all xo € RV

2
ot
SR P

2 —
|x — xo

vi) For each € > 0, there exists R(ey) > 0, such that, for 0 <t < T, (uy),
we have

2 2% vf?
Vol + v[” +  , < e€o.
x|= R(o) x|

Proof. 1) follows from Theorem 3.9 and Corollary 3.13. ii) follows from
i) by Sobolev embedding, while iii) follows from i) by Hardy’s inequality.
iv) follows (using Sobolev embedding and the Hardy inequality) from the
compactness of K. O

The next lemma is a localized virial identity, in the spirit of Merle [17],
Lemma 3.6.
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Lemma 5.6. Let ¢ € CP(RY), 1 € [0, T4 (ug)). Then:
i)

d 2

& lul“pdx =2Im | uyuvedx
i)

d2
dtz/lulzgodx=4ZRef8x,8xj(p-8x,u-8xju

1j

4 «
—/MmW—N/AmW.

The proof of Lemma 5.6 is standard, see [17] and Glassey [12].

Proof of Proposition 5.3. The proof splits in two cases, the finite time
blow-up case for u and the infinite time of existence for u.

Case 1: T (ug) < oo.(Inthis case we don’t need the assumption |x(¢)| < Cy
or the energy constraints on u, only sup;c(o, 7. (ug)) f |vu(?)|? < oois needed.
Note that this rules out the existence of self similar solutions in H', i.e.
solutions for which A(f) ~ (T —1)~1/2))

Note first that A(f) — oo ast — T, (up). If not, there exists t; 1 T (ug),

with A(t;)) = Ao < +oo. Let v;(x) = A(z,-)<%v—2>/2”(x;égi)’ ;) and let v(x) €

H' be such that v; — v in H' (from the compactness of K). Hence,
u(x =50, 6) = 1)V 2Py )x) — A5 Pu(rox) in H' (since
At;) = Ap, Ao = Ap). Let now h(x,t) be the solution of (CP), given
by Remark 2.8 with data ngfz)/ 2v()»ox) at time 7 (up), in an interval
(T4 (uo) — 8, Ty (o) + 8), with [|Alls((T, (up)—8, 7, wo)+8)) < 00. Let h;(x, 1)
be the solution with data at T (1) equal to u(x — 18’3, ti). Then, the (CP)
theory guarantees that

SUp ill sz uy— 3.7 o+ 3y < O°-
1

But, u(x — ﬂg;, t+t — T+(u0)) = h;(x, f), contradicting Lemma 2.11,
since Ty (ug) < o0.

Let us prove now a decay result for # from the concentration properties
in L% of u at Ty (uo). Let us now fix ¢ € CP(RY), ¢ radial, ¢ = 1 for

|x] < 1,9 =0 for |x| > 2 and set pg(x) = ¢(x/R). Define
(5.7) yr(t) = f lu(x, I pr(x)dx, 1 € [0, Ty (up)).
We then have:

(5.8) wwscy/WWH
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In fact, by Lemma 4.6, 1)

, 2
e L e

12 |u|2 1/2
<C Ivul*| - <Cy [ VW[

by ii) in Lemma 5.5.
We also have:

(5.9) Foral R >0, /

|x|<R

/ luCx, )] dx — 0 ast — Ty (uo).
In fact, u(y, 1) = AON=220(A(H)y + x(1), 1), so that

/ e, O dx = x(zﬂ/ (4 x(0), DI dy
|x|<R

[yI<RA ()

— A / vz, D2 dz
B(x(t),RA(1))

= k(t)‘Z/ lu(z, D|? dz
B(x(t),RA(1))NB(0,e RA (1))

+/\(r)2f lv(z, )| dz
B(x(t),RL())\ B(0,e RA(1))
= A+ B.

By Holder's inequality, A < A(1) 2(eRA(1)V ¥ [[v]2,. < ERCs [|vW/,
which is small with e.

. 2
B S )"(t) Z(R)\'(t))NN ”vHZLZ*(IX\ZeRk(t))

211112
= ROl yzerry = 0 a8t = T (uo),

by iv) in Lemma 5.5, since A(f) — +oo ast — T (ug).
From (5.9) and (5.8), we have:

yr(0) < yr(T1(u0)) + CnT; (o) f |V W|* = CnT; (o) f Iy W2
Thus, letting R — 400 we obtain
uy € L>(RY).

Arguing as before, |yg(1) — yr(Ty(u0))| < Cn(Ty(uo) — 1) [ |[VW|* s0
that yg(f) < Cn(Ty(uo) — 1) [|vW[*. Letting R — oo, we see that
lu@®3, < Cn(Ty(ug) — 1) [|vW|* and so by the conservation of the
L? norm [lu(Ty(uo)|l;2 = llugll,2 = 0. But then u = 0, contradicting
Ty (ug) < o0.
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Case 2: T (ug) = +o00.
In this case we assume, in addition, that |x(¢)| < Cy. We first note that

(5.10) For each € > 0, there exists R(¢) > 0 such that,

for all t € [0, c0), we have:
2
* u
f vul 1+ <
x> R(e) x|

In fact, u(y, 1) = A(ON=220(A(1)y + x(1), 1), so that

/ u(y, 2 dy = / AN [TV D)y + (), O dy
[y|>R(€)

[¥I>R(€)

:/ Ivv(z + x(0, )|? dz
|z|>R(e)A(1)

< / vz + 50, D2 dz
|z|=R(€)Ag

< / \vo(e, ) da,
|a|=R(e€)Ag—Co

and the statement for this term now follows from Lemma 5.5 iv). The other
terms are handled similarly.

(5.11) There exists Ry > 0 such that, for all r € [0, +00), we have

Sf |vu|2—8f |u|2*zcaof|vuo|2.
[x]|<Ro |x|<Ro

In fact, (3.11) combined with Lemma 5.5 i) yields 8 [ [vu|®> — 8 [ |u|>" >
Cs, | |vuol*. Now combine this with (5.10), with € = € [ [Vuo|? to obtain
(5.11).

To prove Case 2, we choose ¢ € C° (RM), radial, with ¢(x) = |x|? for
lx| <1, @(x) = 0 for |x| > 2. Define zz(1) = [ |u(x, )|*R*p () dx. We
then have:

for t >0, [Zx(0| < Cns, f |vuol* R
for R large enough, ¢ > 0, Z’,’e > Cp.s, / IVM0|2-

In fact, from Lemma 5.6, 1),

‘Z’R(t)‘ <2R ‘Im /uvuvgo(é) dx

cooe(f ) (/21

|x|
= CnyR Il |ul
0

<ix|<2R 1XI
12

< cNsz |Vuol?,
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because of Lemma 5.5 1), while from Lemma 5.6, ii),
/ X x\ Jul?
) = 4;Re/ 001,60 () Bt - B0 — f 8 () o

4 / * *
[ ApP = 8[/ vul - |u|2}
N lx|<R

lu|? .
— CN/ [Ivul2 + P | = Cns,y [ IVuol
R<|x|<2R | x|

for R large, in view of (5.11) and (5.10).

If we now integrate in 7, we have zx (1) — 23, (0) > Cy 5,1 [ [Vuol?, but
we also have |2 (1) — Zx(0)| < 2CyR? [ |vuo|?, a contradiction for 7 large,
unless [ |vuol* = 0. O

Proof of Theorem 5.1. (See [19] for similar proof) Assume that u#y # 0 so
that f |vugl? > 0 and because of Lemma 5.5 i) (which is still valid here),
E(ug) > Cy 4, f |vuo|* and hence E(ug) > 0. Because of Proposition 5.3,
we only need to treat the case where there exists {7,},2 .1, > 0,7, T T (uo),
so that

A(t,) — 0.

(If t, — 1ty € [0, T (up)), we obtain for all R > 0, lv(to)|** = 0 but
+ x|>R

f |vv(fp)|?> > 0). After possibly redefining {t.}72, we can assume that

M) < 2inf,ci0., A (0

and from our hypothesis

1 X .
w, (x) = )L(tn)(Nszzu ()»(fn)’ t,,) — wy in H".

By Theorem 3.9 we have E(W) > E(wg) = E(ug) > 0, flvu(t)l2 <
(1 =28 [IvW|*so that [ |ywol* < [|vW/|*. Thus wy # 0. Let us now
consider solutions of (CP), w, (x, 1), wo(x, t) with data w, (—, 0), wo(—, 0)
att = 0, defined in maximal intervals T € (—7T_(w,), 0], T € (—=T_(wy), 0]
respectively. )

Since w, — wy in H', lim ,,_, oo T_(w,) > T_(wy) and

for each 7 € (—=T_(wy), 0], w,(x, T) — wo(x, 7) in H'.
(See Remark 2.17)

Note that by umqueness in (CP) (see Definition 2.10), for 0 < t, +1/A(t,)?,
w,(x,7) = k(t )(N 2)/ZIA(WVL), t, + AL )2) Remark that lim, .17, =

lim ,,_, o0 t,A(1,)> > T_(wy) and thus for all T € (—T_(wy), 0] for n large,
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0< In + 7/M(t,)? < t,. Indeed,if T, — 19 < T_(wy), then w, (x, —1,) =
o )(N to(5 ) = wo(x, —70) in H' with A(#,) — 0 which is a contra-
diction from ug # 0, wy # 0.

Fix now t € (—=T_(wy), 0], for n sufficiently large v(x, t, + T/A(t,)?),
A(t, + T/A(t,)?) are defined and we have

(5.12) v(x, t, + T/A(t,)?)
B 1 X
= A+ /AN (/\(tn + T/M(1,)?)

e ()
=~ — wn iong ’ T ’
(D)2 A (T)

th + r/A(rn)z)

with

~ A, At,)? 1
(5.13) 5 (0) = (tn + /A (#)7) .

A(t) 2
(because of the fact k(tn) < 2in fiep0.4,1A(1).) One can assume after passing
to a subsequence that A (t, + /M (1)) — )\.0(‘[) Wlth < Ao(t) < 4o
and v(x, t, + T/A(t,)?) — vo(x, T) in H', asn — oo. Remark that ko(t) <

1 x Ly .
+oo. If not, we will have -2 wo(xn(t), ) — vo(x, 7) which implies

wo(x, ) = 0 which contradicts E(wy) = E(ug) > 0. Thus Io(r) < 400

1 .
and vy(x, ) = (-2 wo(%};r)’ r) where vy(t) € K. We thus obtain

a contradiction from Proposition 5.3. Note that the same proof applies in
the nonradial situation with the extra parameter x(z,). O

Corollary 5.14. Assume that E(ug) < E(W), f |vuol> < f v W |? and ug
is radial. Then the solution u of the Cauchy problem (CP) with data uq at
t = 0 has time interval of existence I = (—00, +00), ||u|| s((=c0.+00)) < 00
and there exists uq_y, uo. in H' such that

Jim u@) = e Cuo |y =0, limJu() — € Cuo || 4 =0,

Moreover, if we define 8y so that E(uy) < (1 — 80)E(W), there exists
a function M(8y) so that

21l 5¢(—o00, 100y < M(80)-

Proof. From the integral equation in Theorem 2.5, it is clear that u(¢) is
radial for each ¢ € I. Using Remark (4.23) and Theorem 5.1 we obtain (SC)
or [ = (=00, +090), [[ulls((~00,+00)) < +00. Now Remark 2.15 finishes the
proof of the first statement.
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For the last statement, let

Ds, = {uo € H' radial, /Ivuol2 <f|VW|2 and

E(uo) = (1 — 5o)E(W)}

M(8O) = SupueDgo ||M”S((7OO,+OO)) .

We need to show M(8y) < +oo. If not there is a sequence ug, in Dy,
and the corresponding solutions u, such that |[u,||s(—co,+0c)) —> 400 as
n — +o00. Note that we can assume that || , || s((—co.+00)) > 8, With §
as in Theorem 2.5. Arguing as in the proof of Proposition 4.1, we would
conclude that first / = 1 in the decomposition given in Lemma 4.3 and
then since [|U] || s((—oo,+00)) < +00 We reach a contradiction (See also [15],
Corollary 1.14). m|

Remark 5.15. Note that Corollary 5.14 is sharp. In fact, W(x) is radial
and clearly ||[W||s((—oco.+00)) = +00. Moreover, Remark 3.14 shows that if
uo € H' radial, E(ug) < E(W), but [ |vuel* > [|vW/|?, we have that 1,
the maximal interval of existence, is finite.

Let us remark that we have, in fact, proved a slightly stronger result:

Corollary 5.16. Let ug € H' be radially symetric and assume that for all
t € (—T_(ug), T+ (ug)) we have flvu(l‘)|2 < f|vW|2 — &, for 69 > 0.
Then the solution u of the Cauchy problem (CP) with data uy at t = 0 has
time interval of existence I = (—00, +00), ||t || s((—o0,+00)) < +00.

Proof. Note first that if E(ug) < E(W), Corollary 5.14 yields the result, so
that we can assume that E(ug) > E(W). Observe that the end of the proof
of Lemma 3.4 gives us that, for t € (—7_(ug), T (up)),

(5.17) /|vu(r>|2—/|u(r>|2* > Csoflvu(t)lz

and that energy conservation, the assumption that E(u) > E(W) yields

INfre(—T_(up), T (uo)) / |vu(n)* > C.

From the Remark 2.7, if §, is close to f |7 W|?, our conclusion holds.
We can then find 0 < §. < f |v W2, so that if for € (=T_(ug), Ty (1)),
[lvu@®* < [IYW|* =80, 89 > 8., our desired conclusion holds and §, is
optimal with this property. We assume §. > 0 and reach a contradiction by
establishing the analogs of Propositions 4.1, 4.2 and using (5.17). In order
to do so, we just need to modify the statement of Lemma 4.9, by replacing
(4.10), say, by fort € I, [ |[vU, (0> < [|vW|* — 8., where U () is the
non-linear profile in Lemma 4.9 and [ its maximal interval of existence as in
Remark 2.13. (4.11) is replaced analogously. The proofs are then identical
to those given in Sect. 4 and that of Corollary 5.14. O
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As a consequence of Corollaries 5.14 and 5.16, we obtain the following
concentration phenomenon for all radial type II finite blow-up solutions.
Here by type 11 finite blow-up solution, we mean a solution # whose maximal
interval of existence I is finite and for which there is a C, such that for all
tel, | |vu(f)|> < C. On the other hand, type / finite blow-up solution is

such that what the time of existence is finite but the H' norm blows up.

Corollary 5.18. Letug € H' (no size restrictions) be radially symetric and
assume that Ty (uy) < +o00o, and that Vt € [0, T (up)), f Ivu()|> < C,.
Then, for all R > 0, we have

M 7, / VP = / WP
|x|<R

im o 7, / IvuP = / WP,
[x|<R

Proof. Consider t, — T, (up) and apply Lemma 4.3 to the sequence u(t,).
Arguing in an analogous manner to the proof of Theorem 2.14, we must
have A;, — 400 for some j and the corresponding non-linear profile U,
has ||U; | sqo.7, ;) = +oo. If the first inequality does not hold, we can find
a sequence {#,} as before and Ry > 0, 9 > 0 so that

2 2 2
[vu(t,)|” < [YWI™ — no.
lx|<Ro N

In addition,we must have (since A, — +00) that

/IVU A2, /IVWI — o < /IVWI /IVWI

Thus E(U;) < E(W) = f |vW|? and Corollary 5.14 gives a contradic-
tion.

If the second inequality does not hold, we can find Ry > 0, 9 > 0 so that
forallt € I, f|x|<R0 |vu@®|* < [ |vW|*—no. By the argument at the begin-
ing of the proof of case 1 of Proposition 5.13, we must have —7; ,/ Ain < C.
Thus, we obtain, for > M, that [ |[vU;®|* < [[VW|* —no, so that
Corollary 5.16 concludes the proof. O

Remark 5.19. Note that we have not yet shown that u as in Lemma 5.18
exist, but we expect that this is the case. We also expect to have data u for
which type I blow-up occurs.

Remark 5.20. In the case N > 4, consider now uy, € H' radial as in
Corollary 5.18 (but not type II), then using the L? conservation and energy
laws, estimates as in [20] yield for any sequence ¢, such that f [vu(t,)|> —
+o00 that for all R > 0, we have f\x\sR |vu(t,)|> — +oo which leads to the
same conclusions as in Corollary 5.18. Note that when N = 3, one expects
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that the conclusion in this remark is false in light of examples analogous
to the ones constructed by Raphael in [23] which give a radial solution
blowing up exactly on a sphere.
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