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Introduction

Pullbacks of Siegel Eisenstein series have been studied by Garrett [17], [18],
Bocherer [6], [7], Heim [26], and play a key role in the proof of the algebraic-
ity of critical values of certain automorphic L-functions. More generally,
one might consider pullbacks of Siegel cusp forms. For example, Ikeda
[30] gave a conjectural formula for pullbacks of Ikeda lifts [29] in terms of
critical values of L-functions for Sp, x GL,. Also, the Gross-Prasad con-
jecture [22], [23], [8], [27, §8] would relate pullbacks of Siegel cusp forms
of degree 2 to central critical values of L-functions for GSp, x GL;, x GL,.
Indeed, Bocherer, Furusawa, and Schulze-Pillot [8] gave an explicit formula
for pullbacks of Yoshida lifts [57]. In this paper, we give an explicit formula
for pullbacks of Saito-Kurokawa lifts and prove the algebraicity of central
critical values of certain L-functions for Sp; x GL,.

To be precise, let ¥ be an odd positive integer Let f € 8,.(SL,(Z)) be
a normalized Hecke eigenform and € S +1,2(I'0(4)) a Hecke eigenform
associated to f by the Shimura correspondence. Let F € S,41(Sp,(Z))
be the Saito-Kurokawa lift of 4. For each normalized Hecke eigenform
g € S¢+1(SLy(Z)), we consider the period integral (F|¢x g, g X &) given by

(Floxsn, & X &)

O — —
/ / <( T )) g(t1)g(m)yy ]y'z( Yz, dr,.
SL2(Z)\$ JSLa(Z)\$ 2

Let A(s, Sym?(g) ® f) be the completed L-function given by
A(s, Sym*(8) ® f) = Te(®)Te(s —1)Tels — 2¢ + DL(s, Sym*(g) ® f),
where I'c(s) = 2(2m) ~*I'(s). It satisfies the functional equation

A4k — 5, Sym*(g) ® f) = A(s, Sym*(g) ® f).
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Our main result is as follows.
Theorem 2.1.

_ pert (- FV [{F g5, 8 X 3k
(h,h) (8. 8)° '

Theorem 2.1 has an application to Deligne’s conjecture [13].

A2k, Sym*(g) ® f)

Corollary 2.6. For o € Aut(C),

<A(2/<, Sym*(g) ® f))a _ AQ2x, Sym*(g°) ® f°)

(g, 8)*ct(f) (g7, 87)2ct(f°)
Here ¢t (f) is the period of f as in [52].

This paper is organized as follows. In Sect. 1, we review the theory
of Saito-Kurokawa lifts. In Sect. 2, we state our main result. In Sects. 3
and 4, we recall the basic facts about automorphic forms and theta lifts,
respectively. In Sect. 5, we state three seesaw identities, and show that
these identities and the Kohnen-Zagier formula imply the main theorem.
The rest of this paper is devoted to the proof of these identities. First, we
study the Jacquet-Langlands-Shimizu correspondence in Sect. 6 and the

Saito-Kurokawa lifting in Sect. 7. In Sect. 8, we prove an identity for the
seesaw

0@3,2) SL, xSL, .

0(2,2) x O(1) SL,

Next, we study the Shimura-Waldspurger correspondence in Sect. 9 and the
base change for GL, from Q to an imaginary quadratic field X in Sect. 10.
In Sect. 11, we prove an identity for the seesaw

SL, x SL, 0@, D

SL, 02, 1) x O(1)

Finally, we study the local zeta integrals of Garrett, Piatetski-Shapiro and
Rallis in Sect. 12. In Sect. 13, we prove an identity for the seesaw

Sp; Ry/00(2,2) x 0(2,2) .

RJ{/Q SL2 X SLz 0(2, 2)
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Notation. Let F be a local field of characteristic not 2 and v a non-trivial
additive character of F. Let (, ) denote the quadratic Hilbert symbol of
F and yr () the Weil index [47]. For a € F*, define a non-trivial additive

character ays of F by (ay)(x) = ¥(ax),and put yr(a, ¥) = yr(ay)/yr(¥).
See Sect. A.1 for more details.

Let ¥y = ®,¥, be the non-trivial additive character of Ag/Q defined
as follows:

o Ifv=p,then ¥,(x) = e >V~ forx € Z[p~'].
o If v = 00, then Yoo (x) = ™~ for x € R.
We call v (resp. ¥,) the standard additive character of Ag (resp. Q,).

Forn e N, let
0 1, 0 1,
8 (_ln 0) tg = v(g) (_ln 0) ,V(g) € Gm}

be the symplectic similitude group and v : GSp,, — G, the scale map. Let
Sp,, = ker(v) denote the symplectic group. When n = 1, GSp;, = GL, and
Sp, = SL,. Note that v(g) = det(g) for g € GL,.

Let
B:{(S :)GGLZ} and B:{((’; :)ESLz}

be the standard Borel subgroups of GL, and SL,, respectively. Let

o= o0 1

be the unipotent radical of B (and of B). We write

(5 ). a0 (39 - 2
0 1 10
w2<—1 0)* kl:(z 1)'

cosf sinf
SOQ2) = {k@ = (_ sin 0 cos@) ‘ 0 e ]R/ZnZ} ,

a p
war|( 2

For n € Zs, let p, denote the irreducible representation of SU(2) of
dimension n + 1. Put

ke = jz (_\}_1 _*{_1> € SUQ).

GSp, = { ¢ € GLy,

xeGa}

Put

Let

a,ﬂeC,la|2+|ﬁ|2=1}-
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Let su(2) be the Lie algebra of SU(2) and su(2)¢ = su(2) Qg C its com-
plexification. We define H, X, Y € su(2)¢ by

H=-X,®+v—1,

1
X = 2(X2®J—1—X3®1>,
1

Y = 2(x2®¢—1 +X3® 1),

() () w8 )

[H, X]=2X, [HY]=-2Y, [X,Y]=H.
The Siegel upper half space 5, is defined by
9 ={ZeM,(C)|'Z=2,Im(Z) > 0}.

When n = 1, § = 9, is the upper half plane. For T = x + «/—ly €9,

put dv = dxdy and g = €*™~!7. Here dx, dy are the Lebesgue measures.
Note that

vol (SLy(Z)\$), y 2 dr) = 73’

For z € C, let |z| = +/zZ, and define z!/? so that —77/2 < arg(z!/?) <
/2. Let (9) be the quadratic residue symbol as in [50]. We put T'r(s) =
77%/?I'(s/2) and T'c(s) = 2(2m)~°T'(s). Let K,(z) denote the modified

Bessel function and , Fi(«, B; v; z) the hypergeometric function. Recall
that

L[ “H/2 v-1
K,(z) = 2/ e T2 gy
0

if Re(z) > 0, and

]

L'(y) Z Fla+n)(B + n)z,,

2Fi(a, Bryiz) = T(@)T(B) n!l'(y +n)

n=0

if |z] < 1.

Measures. Let /' be a number field. For a connected linear algebraic
group G over F, we take the Tamagawa measure on G(Ag). If V is
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a quadratic space over F, the Haar measure on O(V)(Af) is normalized so
that

Vol(O(V)(F)\ O(V)(AF)) = 1.

Let F = Q. For each prime p, let dx,, (resp. d*a,) be the Haar measure
on Q, (resp. Q;‘) with

Vol(Zy, dx,) = vol (2, d*a,) = 1.

Let dxo, da, be the Lebesgue measures on R and d*as = |axolg Ydas,
the Haar measure on R*. We take the Haar measure dk = [],dk, on

SO(2) SL,(Z) with
vol(SO(2) SL,(Z), dk) = Eo(2)h.
Here &g (s) = I'r(s)¢(s). Define a Haar measure dg, on SL,(Q,) by
dg, = la,|g. dx, d*a, dk,
for g, = u(x,)t(a,)k, with x, € Q,, a, € Q7,

L S, (Z),) ifv = p,
! SO(2) if v = o0.

Then the product measure dg = [][,dg, is the Tamagawa measure on
SL,(Ag).

Let FF = X be an imaginary quadratic field with discriminant —D < 0
and O the ring of integers of K. For each prime p, let dx, (resp. d*a,) be
the Haar measure on X, (resp. JCPX) with

vol(0,, dx,) = vol (O, d*a,) = 1.

Let dx, day, be the Lebesgue measures on C and d*aq = |ax|c Vdas
the Haar measure on C*. We take the Haar measure dk = [, dk, on

SU(2) SL,(0) with
vol(SU(2) SL»(0), dk) = 4 (2) 7.
Here £ (s) = D*/?T'c(s)¢x (s). Define a Haar measure dg, on SL,(.X,) by
dor — {|ap|x_izdxp dap dk, ifv=p,
laoolc” (2D % dxog) (2 d* ass) dkos  if v = 00,
for g, = u(x,)t(a,)k, with x,, € K,, a, € K,

p e SLy(0,) ifv=p,
"7 ISUQR) ifv=o0.

Then the product measure dg = [][,dg, is the Tamagawa measure on
SLy(Ag).
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1. Saito-Kurokawa lifts
In this section, we review the theory of Saito-Kurokawa lifts [38], [40], [1],

[59].
Let « be a positive integer. We put

To(4) = { (‘C’ Z) € SL,(Z)

and define a factor of automorphy j(y, t) by

cz0m0d4}

i) = (Z)Edl(c‘t +d)'? fory = (CCZ Z) elTyd),t€e9.

Here
o 1 ifd =1 mod 4,
47 1/=1 ifd=3mod4.

Let M, 1,2(T'9(4)) (resp. Sc11/2(I'g(4))) denote the space of all holomorphic
functions /4 on $ which satisfy

h(y() = j(y, 0> h(z)

for every y € I'g(4) and which are holomorphic (resp. which vanish) at
every cusp. Kohnen [32] introduced the space M:H /2(F0 (4)) of all modular
forms

o0
h(D) =Y cr(n)q" € Mep1p(To(4)
n=0
such that
¢cy(n) =0 unless (—1)n =0, 1 mod 4.
We put

Seii12(Co@) = Ser12(Co(#) N ML, 5 (To(4)).
Assume that « is odd. There is an injective linear map

S5 pTo@) —> Sei1(Spy(2)).
h+— F

Here the Fourier expansion of F is given by

F(Z) = Z A(B)eZJI\/—ltr(BZ)
B
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for Z € 9,, where B runs over all positive definite half-integral symmetric
matrices of size 2, and

2 . dnm — r?
(G W)= 2w (M)
|(n,r,m)

for n,r,m € Z such that n,m > 0 and 4nm > r>. We call F the Saito-
Kurokawa lift of /.

Lemma 1.1. Let h € S,j+]/2(F0(4)). Let F € S,11(Sp,(Z)) be the Saito-

Kurokawa lift of h and Fgx ¢ € Sk+1(SLa(Z)) ® S¢+1(SLo(Z)) the pullback
of F via the embedding

HXH— N

0
(t1, ) > (8 fz)

(T(p) ®id)(Flpxs) = (d®T(p))(Flgxg)
for all primes p. Here T(p) is the Hecke operator on S,11(SLy(Z)).

Then

Proof. Since

00 o0
. 0 dnm — r?
(G 2)-22 2 X aa(™ " )ae
n=1 m=1 reZ d|(n,r,m)
re<4nm

(T(p) ®id)(Flgx6)(T1, T2) is equal to

[Sle ] _ 2
20> X du (4me; r)é]i’é]?

n=1 m=1 _reZ d|(pn,r,m)
r2<4pnm

[l _ 2
XY Y X a(M

n=1 m=1 reZ d|(n,r,m)
r2 <dnm

n=1 m=1 reZ d|(n,r,m)
rc<4nm

[SJe ] _ 2
D3I M BT G

n=1 m=1 reZ d|(n,r,m)
r2<dnm

This completes the proof. O
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2. Statement of the main theorem

Let « be an odd positive integer. Let

@ =Y "ayn)q" € 5 (SLa(2))

n=1
be a normalized Hecke eigenform and

o0

h(D) =) an)g" € S5 HTo@)

n=1

a Hecke eigenform associated to f by the Shimura correspondence [50],
[32]. Note that & is unique up to scalars. Let F' € S,1(Sp,(Z)) be the
Saito-Kurokawa lift of 4. For each normalized Hecke eigenform

80 =Y a,()q" € i1 (SLa(2)).

n=1

we consider the period integral (F|g«s, g X g) given by

(Floxsn, & X &)

0 o— K
f f (( ))g(rl)g(rz)y Lys~! dry d,.
SLo(Z)\$ JSLa(Z)\H 2

Define the Petersson norms of f, g, h by

U f) = / Oy d,
SLy (Z)\$)

(6 8) = f g2y dr,
SLy (Z)\$)

1
(h,h) = f |h(0)|*y** dx,
6 Jro@ns

respectively.
For each prime p, let {«,, '} and {8,, B,'} denote the Satake param-
eters of g and f at p, respectively. Then

L= a,(DX + pX* = (1= p"0, X)(1 = pP%, ' X).
1 —af(p)X —|—p2K71X2 — (1 N p:c—l/zﬁpx)(l _ pK—l/zﬁglx)_

We put
0
_ wip (B O
o, m=rn (G 4h),
p
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Define the L-function L(s, Sym?(g) ® f) by an Euler product
L(s, Sym*(g) ® f) = [ [ det(le — A, ® B, - p™)~"
p

for Re(s) > 0. Let A(s, Sym2 (g) ® f) be the completed L-function given
by

A(s, Sym*(g) ® f) = Te($)Tels — i)Tels — 2 + 1 L(s, Sym*(g) ® f),

where ['c(s) = 2(2m)*T'(s). It has an analytic continuation to the whole
s-plane and satisfies the functional equation

A4k — 5, Sym*(g) ® f) = A(s, Sym*(g) ® f).
Our main result is as follows.
Theorem 2.1.

— ol (fs )1 FlfJXfJ gxg)l
(h,h) (g, 8)* '

Remark 2.2. Theorem 2.1 is compatible with Ikeda’s conjecture [30] and
the Gross-Prasad conjecture [22], [23], [8], [27, §8].

A2k, Sym*(g) ® f)

Remark 2.3. Let g1, g2 € S,+1(SL»(Z)) be normalized Hecke eigenforms.
If g1 # g2, then

(Floxsn, 81 X &) =0

by Lemma 1.1 and the multiplicity one theorem. The assertion also follows
from Theorem 1.1 of [30].

Remark 2.4. Let E € M,(Sp,(Z)) be either a Siegel Eisenstein series or
a Klingen Eisenstein series. An explicit formula for (E|gxg, g1 X g2) was
proved by Garrett [17], [18], Bocherer [6], [7].

Example 2.5. We discuss the case x = 11. Let f € 5,,(SL2(Z)) be the
normalized Hecke eigenform and & € S;g /2(F0(4)) the Hecke eigenform
given by

h(t) = ¢° + 10g* — 88¢" — 132¢% + - --

Then h corresponds to f by the Shimura correspondence. Let F €
S12(Sp,(Z)) be the Saito-Kurokawa lift of # and g € S12(SL,(Z)) the
normalized Hecke eigenform. Then

(Floxs, g X g) 1 r/2
(8. 8)? ;Z:A((r/z ! )) = 2o tal® =

r2<4
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By computer calculation,
(g, g) = 0.0000010353620568043209223478168122251645 . . .,
(f, f){h, h)~" = 1197338.2132758251275951506817254810499696 . . .,
A(22, Sym%(g) ® f) = 0.7570486229780282956208657580257776451825 ... .

Here we have used Dokchitser’s program [14]. Therefore the numerical
value of

)7 ) A2, Sym® (9) ® f)

coincides with
12 (Floxsn, & g)?
(g, 8)*
Theorem 2.1 has an application to Deligne’s conjecture [13].
Corollary 2.6. For o € Aut(C),

<A(2f<, Sym*(g) ® f))" _ A2k Sym*(87) ® f°)

(g, 8)2c™(f) (g7, 8%)%ct(fo)
Here ¢t (f) is the period of f as in [52].
Proof. We may assume that the Fourier coefficients of F' (and hence that
of h) are in Q(f), where Q(f) is the field generated over QQ by the Fourier
coefficients of f. In particular, (F|gxs, g X &) € R.

For a fundamental discriminant —D < 0, let x_p denote the Dirichlet

character associated to Q(+v/—D)/Q. Let A(s, f, x_p) be the completed
L-function given by

AGs, f, x-p) = D'T'c()L(s, f, x-p)-
Then the Kohnen-Zagier formula [33] says that

— 2]6 . 32.

Ak, f, x_p) =2 <TI'p/? DZ<f’f>.
(«, fs x-p) cp (D) o h)
Note that there exists a fundamental discriminant —D < O such that

cn(D) # 0.
Let 0 € Aut(C). Then F? is the Saito-Kurokawa lift of £, and

¢ (D)’ = cpo (D).
By the property of the period ¢t ( f),
(D_I/ZA(K’ f’ XD))U . D_I/ZA(K’ fd’ X*D)

ct(f) ct(f) '

Obviously,
((Flmy«), g X g))” _ (F7loxs, 87 x &%)

(s, 8)? (87, 8%)?

This completes the proof. O
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Remark 2.7. It seems that Corollary 2.6 does not follow from the algebraic-
ity of central critical values of triple product L-functions [18], [42], [48],
[19], [24], [4]. Notice that

Ak, g®g® f) = A2k, Sym*(g) ® f)A(k, ) =0.

Remark 2.8. Letk, x' be odd positive integers such that k. < «’. Using differ-
ential operators as in [6], [8], one might prove the analogue of Corollary 2.6
for normalized Hecke eigenforms f € S$5,(SL,(Z)) and g € S,11(SLy(Z)).

3. Automorphic forms

3.1. Automorphic forms on GL,. Let F be a number field and Ap

(resp. A],;) the ring of adeles (resp. finite adeles) of F. Fix a non-trivial
additive character ¢ of Ar/F. Let f be an automorphic form on GL,(Af).
For & € F, define the &-th Fourier coefficient Wy of f by

Wie(h) = Ju(x)h)y(5x) dx.

F\Ap
Note that
Wf,5| (d(&)h) = Wf,flfz_l (h)
fOI'E], %_2 e F*.
Fix an even positive integer / and a normalized Hecke eigenform
o
g0 = _a,(n)q" € Si(SLy(Z)).

n=1

For each prime p, let {a),, a;l} denote the Satake parameter of g at p. Then
1 — ag(p)X + p1—1X2 _ (1 _ p(l—l)/ZOle)(l _ p(l—l)/2a;lx).

We fix 5, € C such that «, = p~*». Note that Re(s,) = 0 by the Ramanujan
conjecture.

Let F = Q and ¢ = . Here v is the standard additive character
of Ag. Then g determines a cusp form g on GL,(Aq) by the formula

g(h) = det(hoo)*(cV/ =1+ d) ' g(hoo (V1))
for h = yhook € GLa(Ag) with y € GL,(Q),

hoo = (‘C’ Z) e GLI (R),
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and k € GL,(Z). By definition, g satisfies

(3.1) g(hk) = g(h),
(3.2) g(hky) = e¥V~g(n),

for h € GLy(Ag), k € GLZ(Z), ko € SO(2). Moreover,
Wen(1) = ag(n)e ™

forn € N. Let 7 = ®,7m, be the irreducible cuspidal automorphic rep-
resentation of GL,(Ag) generated by g. Then m, is the principal series
representation

GL2(Qp) Sp —5p
Indg g, (I lg, ®1lg, )

for each prime p, and 7, is the discrete series representation of weight /.
In the space of mr, the conditions (3.1), (3.2) characterize the cusp form g
up to scalars. We define a cusp form g* € 7 by

(3.3) g’ (h) = g(ht(27"),)
for h € GL,(Ag), where

-1
127", = (20 g) € GLy(Qy).

Let F = X be an imaginary quadratic field with discriminant —D < 0
and O the ring of integers of K. Let ¢ = ;(Wo otryg). Weput§ = V-D,

O=0 Rz Z, and KX, = K ®q Q, for each place vof Q. Let mx = ®,7x 4
be the base change of 7 to X', which is an irreducible cuspidal automorphic
representation of GL, (A x ). Then 7 x , is the principal series representation

GLa(Kp) /1 15p —sp
IndB(x,,>p (| Uc,, X | |J<,,])

for each prime p, and 7 x  is the principal series representation
GLy(C) 11 —I+1
Indp )™ (! R

with minimal SU(2)-type py_». Here nu(z) = (z/2)'/? for z € C*. There is
a unique cusp form gy € mwx such that

(3.4 8y (hk) = gx (h),
(3.5 H gy = (2l —2)gx,
(3.6) X-gx =0,

forh € GLy(Ay), k € GL2((§), and such that

W,

ar2-1(1) = Ki_i(4xD™'/?).
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We remark that the conditions (3.5), (3.6) mean that g4 is a highest weight
vector of the minimal SU(2)-type. In the space of 7, the conditions (3.4)—
(3.6) characterize the cusp form gx up to scalars. We define cusp forms

gux, g[)K € mwy by

(3.7) g () = gy (hkso),

(3.8) gbx (h) = gx (hd(27'8) ),
for h € GL,(Ax). Here

koo = \}2 (—J—l _‘{_1) € GL,(C)

and

B 1 0
d27'8); = (0 215> € GL, (A}).

3.2. Automorphic forms on SL,. If F is a local field of characteristic

not 2, let Si—z\(?) be the 2-fold metaplectic cover of SL,(F). Let c(g1, g2)
denote Kubota’s 2-cocycle defined by

(g1, 82) = (x(g182)x(gD) " x(g182)x(82) ")
for g1, g» € SL,(F). Here

_Je ifc#0 _fa b
x(g)_{d om0 forg_(c d)eSLz(F).

Then
SL,(F) ~ SLy(F) x {1},
where the multiplication on the right-hand side is given by

(&1, €1) - (g2, €2) = (8182, €1€2 - (g1, &2))-
Note that the map
U(F) —> SL,(F)
ur— (u, 1)

is a homomorphism. By abuse of notation, we write g for the element
(g, 1) € SLy(F). For any subgroup H of SL,(F), let H denote the inverse
image of H in SL,(F).
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Let F' = Q,. Let ¥, denote the standard additive character of Q, and

X-1,p the quadratic character of Q associated to Qp(\/ —1)/Q, by class
field theory. Let

Ko Z,) = { (i Z) € SLa(Z,)

CEOm0d4Zp},

K\(4:2,) = { (C Z) e SLa(Z,)

Q

CEO,dElmOd4Zp}.

Note that SL,(Z,) = Ko(4; Z,) = K (4; Z,,) if p # 2. We put

sp(k) = (c.d)q, ifcd ;é 0, ordg, (c) is odd,
1 otherwise,
for
k = (Z Z) € K](4;Zp),
Then the map

Ki(4;2,) —> SLy(Q,)
k +— (k, sp(k))

defines a splitting homomorphism. If p = 2, put

Yo, (d, ¥2)(c,d)g, ifc#0,

el = {y@z(d, vy ife =0,

for
k = (‘C‘ Z) € Ko(4: 7).

Note that €;(k) = s,(k) for k € K,(4; Z,) and

b
(k) = X 12(d) for k = (ﬁ d) € Ko(4: 7).

Then the map

Ko(4; Zy) —> C*
(k, €) —> € - ex(k)

—~—

defines a character of Ko (4; Z,).
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Let F = R. There is a splitting homomorphism

—_—~——

I'1(4) — SLy(R),

0= (¢ 9)-0)

where
@) = { (‘C‘ Z) €SL,(Z) | c=0,d=1 mod4} .
Note that
(-1t ) (e oo
p
Let

R/477 —> SO(2)
60— 129
be the isomorphism determined by

ko =

- (kg, 1) if—m <0 <m,
(kg, —1) ifmr <6 <3m.

The metaplectic cover Sf;(i) acts on $) through SL,(R). We define a factor
of automorphy

—_—~—

J:SLL(R) x $H — C
by
ed ifc=0,d>0,

j<((i Z,),e),r): —e/d ifc=0,d <0,
e(ct+d)'? ifc#0.

Now we consider automorphic forms on the 2-fold metaplectic cover
SI;TA/Q) of SL,(Ag). We identify SL,(Q) with its image under the canon-
ical splitting homomorphism SL,(Q) — SL;EA/(@). The metaplectic cover
SIZEE@) also splits over U(Ag) and K (4; Z).

Let [ be a positive integer. Let

h(D) = cn(n)g" € Mip12(To(4)).

n=0
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—_~—

Then h determines an automorphic form h on SL,(Ag) by the formula

h(g) = J(geo, V=1 h(gao(/—1))

—_~—

for g = ygsck € SLy(Ag) with y € SL,(Q), g € SLy(R), and k €
K (4; Z). By Proposition 3 of [55], h satisfies

(3.9) h(g(k, s,(k))) = h(g)
for g € SL(Ag), k € SLy(Z,) if p # 2, and

(3.10) h(gk) = &) V'h(g),
(.11) h(gky) = ¥/~ +1/2n(g),

for g € SLa(Ag), k € Ko(4; Zs), ks € SO(2). For & € Q, define the &-th
Fourier coefficient Wy, ¢ of h by

Whe(g) = / h(u(x)g)y(&x) dx,
Q\Aq

where ¥ is the standard additive character of Ag. Note that
Whee, (1(52)8) = Wy £,2(8)
for &, & € Q*. Moreover,
Wh (1) = ¢ (n)e” ™

for n € Zxy.
We will give an adelic interpretation of Kohnen’s plus space. We define
h|Us, h|Wy € Myy12(T9(4)) by

1
U@ =, 3 h(’:x),

xX€Z/AZ

(h| W) (1) = (=24/—17) 7?1 (— : ) :
47

for T € . We also define automorphic forms U(h), W(h) by

Uh)(g) = / h(gu(x)i(2)2) dx,

Zy

W(h)(g) = h(gw; '1(2),),

for g € SITZ?A/@).
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—_~—

Lemma 3.1. The automorphic form on SL,(Ag) associated to h|Uy is
2412y (h).
Proof. 1t suffices to show that
(hUD (D) = 2712 J(goo, /=11 U(h) (80)
for g, € Sm) and T = g (v/—1) € H. Let x € Z. Since

erdums = (% 25"

—~—

in SL,(R), we have

T+x

12) L u(¥)(v) = A

and
J(12) U0, T) = V2.
Hence (h|U,)(7) is equal to

4703 Rt u (X))

X€L/AZ

=47 Z ]N(Z(Z);Olu(x)oogoo, \/—1)21+1h(t(2);o]u(x)oogoo)

X€L/AZ

=27 (goe VD' YT () u(Wn8)

X€L/AZ

= 232 (g, = 1) Z h(goou(x)z_lt(z)z)

X€L/AZ
=212 5( g0, /= 1)U (M) (g00)-

Lemma 3.2. The automorphic form on SI/JZ—EA/Q) associated to h|Wy is
;g”*‘W(h).
Proof. 1t suffices to show that
(WD) = &7 (80, V=1 W (h) (g0)

for g, € SL,(R) and 7 = g..(v/—1) € §. Since

_ 0o 27!
1(2) Jweo = (_2 0 )
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—_~—

in SL,(R), we have

~1 1
1(2) g Weo(T) = — 4z

and
J(t Q)L wee, ) = (20" = ¢ (=27~ 1D)'/%
Hence (h|W,)(7) is equal to
(—27/ =19 7720 (1(2) L weo (D))
= (V=102 (1) 2 woegoos V1) (1) 2 wecgoo)
=05 (8o V=1H(1(2) 1) Woo8oo)
= & 77 J(goos V=1 h(geow; '1(2),)

= g 27 (800 V=1 T'W(h) (g00)-
O

Lemma 3.3. Let h € M1 2(I'g(4)). Let h denote the automorphic form
on SL,(Aq) associated to h. Then h belongs to MIJ; | /2(1"0 (4)) if and only if

(3.12) W(U()) =272 Vh,

Proof. By Proposition 2 of [32], & belongs to M IJ-FH 2(To(4) if and only if
hUsW, = 2L(/— 1) Hh,

Hence the assertion follows from Lemmas 3.1 and 3.2. O

Baruch and Mao [3, §9] also gave an adelic interpretation of Kohnen’s
plus space. We check that Lemma 3.3 is consistent with their result. Let p

be an admissible representation of SE;E@/Z) on V. We fix a positive integer
[ and put

Vo={feVipkf= ()Y f for k € Ko(4: Z5)}.
For f € 'V, define U(f), W(f) € V by
U = fZ p(u(x)t(2)) f dx,
W(f) = p(;‘lt(Z))f.
Lemma 3.4. If f € Vo, then
u(f) € V.
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Proof. Let

k= (‘C‘ Z) € Ko(4:; 7»).

_fa O 1 a'b
()6 )

in SL,(Q,), we may assume that b = 0 and d = a~!. Let x € Z,. We put

Since

—_—~—

K (x) = 12) 'u(x) ku(x)t(2) € SLy(Qa).
Then

v fa—cx 47'x(a—d—cx)
k(x)_( 4c d+cx )

in SL/;@). Since k' (x) € Ky(4; Z,), we have

plku(012)) f = &K @) p(u(x)1(2) £.

It remains to show that

e (k'(x)) = ex(k).

If ¢ = 0, then
e (K (X)) = yo,(d, ¥2) ' = e2(k).
If ¢ # 0, then
e(K'(x)) = yo,(d + cx, ¥2)(de, d + cx)q, = vg,(d, ¥2)(c, d)g, = (k).
This completes the proof. O

Lemma 3.5. If f € 'V, then
W(f) € V.

Proof. Let

We put

K, €) = 12) " wkw'1(2) € SLy(Qy).
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Since
K= (_ﬁb - ]C) € Kold: Z2),
we have
PIROW(f) = €'ex(K) VWP
It remains to show that
e(k') = €' ey (k).
Ifb=c=0,thene =1,
e2(k) = yo,(d, ¥2) ™' = v, (a, ¥2) 7,
e2(k) = yoy(a, y) .
If b=0and c # 0, then € = (a, —¢)q,,
e2(k) = v, (d, ¥n)(c, d)g, = vg,(a, ¥2)(a, O)g,,
e(k) = yo,(a. ¥2) ™' = yg,(@. ¥2)(a, —1q,.
If b #0and ¢ =0, then € = (a, b)q,,
(k) = yg,(d. ¥2) ™' = yg, (@, ¥o)(a. —1)q,.
e(K') = yg,(a, ¥2)(—4b, a)q, = v, (a, ¥2)(a, —=b)qg,.
If b # 0 and ¢ # 0, then €' = (a, —bc)q,,
€2(k) = yo,(d, Y2)(c, d)g, = va,(a, Y2)(c, d)q,,
e (k') = yg,(a, ¥2)(—4b, a)q, = yo,(a, ¥2)(a, —b)q,,
hence
(€e(k)'ex(k') = (ad, ¢)g, = (1 + be, 0)g, = 1.
This completes the proof.

Assume that p is a principal series representation

12(Q v
Ind%%%” ((Xl—l,z) ’| |bz)

(see Sect. A.3 for the notation). Then

dim(c rVO =2

A. Ichino
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by Proposition 12 of [55]. There are elements fi, f,, € Vy determined by

fi) =1, fi(w) =0, fitk) =0,
Sw() =0, fww) =1, fu(k)) =0.

With the notation of [55, p. 427],
A=F2,2%,  fu=K/-DVFIR2, 10,
Puto =27 and
fr=af + 273/2§§§_I)I+1fw-
Note that f = a~2®,, where @, is as in (9.4) of [3].

Lemma 3.6. Let 'Va” be the subspace of 'V, given by

Vi = {f € Vol WU(f)) =227V £},
Then
dime Vi =1
and
frevs.
Proof. Let f = ¢\ fi + cw f € Vo with ¢1, ¢,y € C. Then
WU w) = @) = 4 'ae.

If f eV, then 2*]/2§§71>lcw = 4 'o%c,. Hence dim¢ 'V(;r <1
To prove fT € V;, it suffices to show that
1
WU N =27 f(g)
for g = 1, ky. For x € Q,, we have
A () 0 if x € 277,
1(w u(x)) = . .
Yo, (6, ) TN (=D X)g, x|y otherwise,

(—DI/ =1 ifx € Zy,
0 otherwise.

fuw™ux) = {
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Let @g(d) be the Gauss sum as in Sect. A.2. Since w™'tQ)u(x)t(2) =
t4 Hw 'u(@'x) in SL,(Q,), we have

WU )()

=42 | fFw 'u@d 'x)dx

Zy
e S B A e G VA
-~ _ _ -1 — — —5—
+4a? « 2-/ Ve, (47 ¥2) T (=D 47 g, 147 x|
ZX

2

)l+l

— 273/24-55—1)10[72 + a72q~50((_1)l+1)
:2_3/24_51)1“—2_’_2_3/2 é’”la‘z
_ 2—1/2§é71)1a—2.
Since kyw ™ 1(2)u(x)1(2) = 14w u(—8"'+4"x) in SL,(Q,), we have
WU(f ) (k)
:401_2/ Frwu(—81 +471x) dx
Zy
—da? o
_ _ —1 _ _
x/ vo,(— 87+ 47, yn) " (=D, =87 +47 1),
Zy
—1 —1_—s—1
| =8 +47 x|, dx
:a_l/ o, (87 'x, wz)"((—l)’“,s—lx)@2 dx
Z
=a '& (=D’
=0.

X

This completes the proof. m|

Leth € S;_’H /2(F0(4)) be a Hecke eigenform and f € S,,(SL,(Z)) the
normalized Hecke eigenform associated to /. For each prime p, let {«,, a;l }
denote the Satake parameter of f at p. We fix s, € C such that o, = p~°.

—_—~—

Let h denote the cusp form on SL,(Aq) associated to 4 and 7 = ®,7,

—_—~——

the irreducible genuine cuspidal automorphic representation of SL;(Ag)
generated by h. By [54], 7, is the principal series representation

SE\@.)/;) 1 Vp, S,
IndBf(f@/)’ ((X_l,,,) d |«;§,,)
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for each prime p, and 7, is the holomorphic discrete series representation
of weight / + 1/2. Moreover, the multiplicity of 7 in the space of cusp

forms on SL,(Ag) is one. In the space of 7, the conditions (3.9)—(3.12)
characterize the cusp form h up to scalars by Lemma 3.6.

4. Theta lifts

4.1. Quadratic spaces. Let F be a field of characteristic not 2 and V
a quadratic space over F. Namely, V is a vector space over F of dimension
m equipped with a non-degenerate symmetric bilinear form (, ). Let Q
denote the associated quadratic form on V. Then

Qlx] = ;(x, x)

for x € V. We fix a basis {vy, ..., v,} of V and identify V with the space
of column vectors F™. Define Q € GL,,(F) by

0 = ((v;, Uj)),
and let det(V) denote the image of det(Q) in F*/F**2. Then
(x,y) ="xQy

forx,ye V=F".ForneNandx,y € V' =M, ,(F), we also write
(x,y) ='xQy and Q[x] = ) (x, x). Let

GO(V) = {h € GL,, |'"hQh = v(h) Q, v(h) € G, }

be the orthogonal similitude group and v : GO(V) — G, the scale map.
We let

GSO(V) = {h € GO(V) | det(h) = v(h)™?}

when m is even. Let O(V) = ker(v) denote the orthogonal group and
SO(V) = O(V) N SL,, the special orthogonal group.

4.2. Weil representations. Let F be alocal field of characteristic not 2 and
V a quadratic space over F of dimension m. We fix a non-trivial additive
character ¢ of F. Define a quadratic character xy of F* by

xv(@) = (=1)"" D2 det(V), a)r
for a € F*, and an 8th root of unity yy by

yv = yr(det(V), J9)yr(39) " hp(V).

Here h (V) is the Hasse invariant of V. Note that xy and yy depend only
on the Witt class of V.
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Let Sp,(F) be the 2-fold metaplectic cover of Sp,(F). By abuse of
notation, we write g for the element (g, 1) € Sp,(F) =~ Sp,(F) x {£1}.

Let w = wy,, y denote the Weil representation of Sp,(F) x O(V)(F) on
S(V") = 8(M,,.»(F)) with respect to v (cf. [36, §5]). Let ¢ € 8(V") and
x € V". Then

o1, e(x) = g(h~'x)

for h € O(V)(F). The action of Sp,, (F) is given by the following formulas:

o((5 1) 1) o0 = et ey o)

1 if m is even,
X 1 —1 . .
VF (a, 21#) if m is odd,

@ ((10 f) , 1) P) = (Y (bOIXD).
-1

w (<10 o") ; 1) P(x) = Vv”/ (MY (—tr(x, y)) dy,
n V"
w((1, €), Dp(x) = ep(x),

for a € GL,(F), b € Sym, (F), and € € {£1}. Here dy is the self-dual
measure on V" with respect to the pairing (tr(x, y)), and is given by

dy = |det(Q)}* | [dyy
iJ

for y = (y;) € V" = M,, ,(F), where dy;; is the self-dual measure on F
with respect to ¥. If m is even, then we may regard w as a representation of
Sp,(F) x O(V)(F).

Following [25, §5.1], we extend the Weil representation w. For simpli-
city, we assume that m is even. Put R = G(Sp,, x O(V)), where

G(Sp, x O(V)) = {(g, h) € GSp, x GO(V) | v(g) = v(h)}.
Then the Weil representation @ of R(F) on 4(V") is defined by

oteing=o (e (G g, ) 1) L0

for (g, h) € R(F) and ¢ € §(V"), where

L) = vh) [ oth~'x)

forx € V".
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4.3. Theta functions and theta lifts. Let F be a number field and V
a quadratic space over F of dimension m. We fix a non-trivial additive

character { of Ap/F. Let w denote the Weil representation of Sp, (Ar) x
O(V)(Ap)on 8(V"(Afr)) withrespect to . Let S(V"(AFr)) be the subspace
of 8(V"(AF)) consisting of functions which correspond to polynomials

in the Fock model at every archimedean place. For (g, h) € Sp,(Af) X
O(V)(Ar) and ¢ € S(V"(AF)), put

4.1) (g hip) = Y g he).

xeVI(F)

Then 6(g, h; ¢) is an automorphic form on SE,,:(K/F) x O(V)(Afr) and is
called a theta function. If m is even, then we may regard 6(g, i; ¢) as an
automorphic form on Sp,(Ar) x O(V)(Ap).

Example 4.1. Let F = Q,m = n = 1,and ¥ = . Here 1 is the standard
additive character of Ag. Let V = Q be the quadratic space with bilinear
form

(x, y) = 2xy.
We define ¢ = ®,¢" € S(Ag) as follows:

e If v = p, then (p(]) is the characteristic function of Z,,.
o If v = o0, then ¢ (x) = e~ 2,

Note that
o((k, s,(k)), Del = oV
for k € SLy(Z)) if p # 2, and

w(k, DE = e,() e,
kg, Dl = V120,

for k € Ko(4; Z,), ko € S/—OV(Z) For g € SL/Q—EE@), put

O(g) =Y w(g, D).
xeQ

—_—~——

Then ® is the automorphic form on SL,(Ag) associated to the classical
theta function

0(r) =Y q" € M;,(To(4)).

nez
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Let f be acusp form on Sp, (Ar) (resp. a genuine cusp form on Sp, (Afr))
when m is even (resp. odd). For 4 € O(V)(Ap) and ¢ € S(V"(AF)), put

O(h; f, ) = / 0(g, h; @) f(g) dg.

Sp, (F)\ Sp,, (AF)

Then 6( f, ) is an automorphic form on O(V)(Ar). Let & be an irreducible
cuspidal automorphic representation of Sp, (Ar) (resp. an irreducible gen-

uine cuspidal automorphic representation of Sp,(Ar)) when m is even
(resp. odd). We put

4.2) 00 = {0(f. @) | f e, ¢ € S(V'(AR)}.

Then 6(rr) is an automorphic representation of O(V)(Ap) and is called
the theta lift of 7. Similarly, we define 6(f’, ¢) for a cusp form f’ on
O(V)(AF), and 6(xt’) for an irreducible cuspidal automorphic representation
7' of O(V)(Ap).

Following [25, §5.1], we also extend the theta lift. For simplicity, we
assume that m is even again. For (g, h) € R(Ap) and ¢ € S(V'(Ap)),
we can define 6(g, h; @) by (4.1). Let f be a cusp form on GSp, (Ar). For
h € GO(V)(AFr), choose g’ € GSp,,(Ar) such that v(g’) = v(h), and put

Oh; f, @) = / 0(gg', h; o) f(gg) dg.

Sp, (F)\ Sp, (AF)

Note that this integral does not depend on the choice of g’. Then (£, ¢) is an
automorphic form on GO(V)(Af). For an irreducible cuspidal automorphic
representation 7 of GSp,(Ar), the theta lift 8(xr) of m is also defined by
(4.2).

4.4. Change of polarizations. Let n = 1. We assume that the matrix
0 € GL,,(F) associated to V is of the form

0O 0 r
Q:(O 0, 0).
r 0 O

Here Q) € GL,,_»(F) and r € F*. Let V; = F"? be the quadratic space
with bilinear form

(v, w) ="vO,w.

The associated quadratic form on V; is also denoted by Q. For v € Vi,
define an element £(v) € O(V)(F) by

1 —r "0, —r'04[v]
Lv)y =10 1, v
0 0 1
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If F is a local field of characteristic not 2, let
(V) — $(V1) ® $(F?)
pr— ¢

be the partial Fourier transform given by

Z
WWWZW%]¢GJW%@W
F Y1

for x; € Vi, y = (y1, y2) € F?. Here dz is the self-dual measure on F
with respect to 1. We define a representation @ of SL,(F) x O(V)(F) on
$(V1) @ 8(F?) by
B(g, M = ((g, hg).
If ) = ¢ ® > with ¢, € (V) and ¢, € $(F?), then
a((g, €), DP(x1; y) = w((g, €), D1 (x1) - 2(yg)

—~—

for (g, €) € SL,(F). Also,

a 0 O
&L {0 A 0 )] oGy =lalrd(hi'xi; ay)
0 0 a!

fora € F* and hy € O(V})(F), and

o1, £()P(x1; y) = @(x1 — vyi; WY(—=(v, x1)y2 + Q1[vlyiy2)

forv e V.
If F is a number field, then we also obtain a representation @& of

SLy(Ar) x O(V)(Ap) on 8(Vi(Ar)) ® 8(A2) via the partial Fourier trans-
form

S(V(Ap)) —> $(Vi(Ar)) ® $(A2)
o

given by

z
Pxr;y) = / 1% (M) Y(ry)z) dz.
ar \y

Let f be a cusp form on SL,(Af) (resp. a genuine cusp form on S%))
when m is even (resp. odd). For § € F, the £-th Fourier coefficient Wy =
Wy of f is defined by

We(g) = Ju(x)g)¥(éx) dx.

F\Ap
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Let ¢ € S(V(Af)). For E € V (F), define the E-th Fourier coefficient
Wz = Wy(s¢),2 of O(f, @) by

We(h) = / O )h; f, )Y ((E, v)) dv.
VI(tF)\Vi(AF)
Lemma4.2. If £ =0, then
i = [ S (e pen: 0,0) f(g) de.
SLa(F)\ SLa(AF)

x1€VI(F)

If 8 # 0, then
Wa(h) = / (g, MP(—E: 0, DW_gyz)(2) de.
U(Ar)\ SLa(AF)

Proof. The lemma follows from (5.5)—(5.7) of [43] with slight modifica-
tions. We include the proof for the sake of completeness.
By the Poisson summation formula,

0 o)=Y Y dlgmplx;y).
x1€Vi(F) yeF?
Since the map
U(F)\SLy(F) — {y € F*|y # 0}
y —> (0, Dy
is bijective, we have

(g h;p) =Y & Mplxi;0,0)

x1€Vi(F)

i Z Z o(yg, p(x; 0, 1),

YU\ SLa(F) x1€V1i(F)

hence
ouh £ = [ S (g e 0,0) fig) dg
SLa(F\SLa(AF) , Evr ()
4 / (g, Mp(r: 0. 1) f(g) d.
U(F)\SLZ(AF) X]GV](F)
Note that

(g, LWh)P(x1; 0, 0) = a(g, h)P(x1; 0, 0),
(g, LWh)P(x1: 0, 1) = a(g, h)@(x1; 0, (= (x1, v)).
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The integral

/ | 3™ (g, L1 0,0) AQVY((E, ) dg do
VitE\VI(AF) JSLa(F)\ SLa(AF)

x1€Vi(F)

is equal to

(g, h)p(x1;0,0) f(g) dg

/S,Lz(m\ SLa(AF) o evy(F)

if & = 0, and vanishes if & # 0. The integral

/ / > d(g. th)p(x1: 0. 1) Q) Y((E, v)) dg dv
VitE\Vi(Ar) JUF)\ SLa(Ap)

x1€Vi(F)

is equal to

/ (g, MP(—E; 0, 1) f(g) dg
U(F)\SLy(AF)

_ / / (g, P(—E: 0, DY(rO1[ED fu(x)g) d dg
UAR)\SLa(Afr) J F\AFp

f (g, MP(—F: 0, DW_o(1(2) dg.
UAp)\ SLa(AF)

This completes the proof. O

5. Seesaw identities and proof of the main theorem

In this section, we state three seesaw identities, and show that these identities
and the Kohnen-Zagier formula imply the main theorem.

We retain the notation of Sect. 2. Let k¥ be an odd positive integer. Let
f € $(SLy(Z)) and g € S,+1(SL,(Z)) be normalized Hecke eigenforms.
Let

o
h(D) =) cnng" € Sty H(To()
n=1
be a Hecke eigenform associated to f and F € S,1;(Sp,(Z)) the Saito-
Kurokawa lift of 4. We may assume that ¢,(n) € R for all n € N. In
particular, (F|gx5, g X &) € R.

Fix a fundamental discriminant —D < 0 with —D = 1 mod 8 such
that A(k, f, x_p) # 0 (and hence ¢, (D) # 0). Here x_p is the Dirichlet
character associated to Q(+/—D)/Q and A(s, f, x_p) is the completed
L-function given by

AC(s, f, x-p) = D'Tc(s)L(s, f, Xx-p)-
Such a discriminant exists by [56], [10]. Let X = Q(+v/—D).
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Let f and g denote the cusp forms on GL,(Ag) associated to f and g,
respectively. Let 7w be the irreducible cuspidal automorphic representation
of GL,(Ag) generated by g and wx the base change of 7 to K. We define

cusp forms g* € 7 and g{iK € g by (3.3) and (3.7), respectively. Let h

and ® denote the automorphic forms on SL,(Ag) associated to /4 and 6,
respectively. Here

o) =Y q" € M, (To(4)

nez

is the classical theta function. We put
mo.¢) = [ h(5)©(9)g"(8) ds,
SLy(Q\ SLa(Ag)

(g5, f) = g (WE(h) dh.

fA@ GL2(W\ GLa(Ag)

Let £o(s) = Tr()¢(s).
Our seesaw identities are as follows.

Proposition 5.1.
(Flgxs, & X 8) = 2T%£0(2)(g, g)(hO, g°).
Proposition 5.2.
(hO, &) = (V—1)D™ 2, (D) f, /Y7 b, h) I (5. ).

Proposition 5.3.

AQk, Sym*(9) ® )A(K, f, x_p) = 22D 1265221 (g, 1)

Assuming Propositions 5.1-5.3, we now prove Theorem 2.1. By Propo-
sitions 5.1 and 5.2,

2N ) )T g ) A (Floxsy 8 X 8)°
= 2% &% (f. f)(h, )~ (WO, gF)°
= 2Dl (D) 2602 (f, ) ) T (g5 )
By the Kohnen-Zagier formula [33],
Ak, f, x-p) =27 D'2c, (DY (f. f)(h, h)~",
hence
A2k, Sym*(g) ® f)
= =27 D7, (D) g% f ) b, ) T (g5, )
by Proposition 5.3. This completes the proof of Theorem 2.1.
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6. Theta correspondence for (GL,, GO(2, 2))

In this section, we study the Jacquet-Langlands-Shimizu correspondence in
terms of theta lifts [49].

6.1. Preliminaries. Let F be a field of characteristic not 2. Let % denote
the involution on M, (F) given by

o A I G B!
Let V = M, (F) be the quadratic space with bilinear form
(x, y) = tr(xy™).
Then the associated quadratic form is given by
Qlx] = det(x).
Recall that there is an exact sequence
1 — G, —> GLy x GL, %> GSO(V) —> 1.
Here
t(a) = (aly,aly),  p(hi, hy)x = hixhy',

fora € G,,, hy, h, € GL,,and x € V. Note that v(p(hy, hy)) = det(hlhz_l).
If F is a local field, let @ be the Weil representation of R(F) on (V)
with respect to a fixed additive character ¢. Here R = G(SL; x O(V)). Let

S(V) — 8(V)
P>

be the partial Fourier transform given by

Y (<x3 x4>> a /Fz v (<X3 y4>> V(=xay2 + X2y4) dy2 dys.

Here dy,, dy4 are the self-dual measures on F with respect to . Then
¢ = ¢. We define a representation @ of R(F) on $(V) by

B(g. Mp = (w(g, h)p).
Note that
a(g, Do(x) = ¢(xg),
a(1, (dW), dW))P(x) = vl pdv ),
for g € SLy(F), v e F*.
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6.2. Theta lifts. Let F be a number field and fix a non-trivial additive
character ¢ of Ar/F. Let m be an irreducible cuspidal automorphic rep-
resentation of GL,(Ar). We may regard w X 7V as a representation of
GSO(V)(AF). Let IT be a unique extension of 7 X 7 to GO(V)(Af) on
which there is a non-zero O(V')(Ar)-invariant distribution, where V' =
{x € V| tr(x) = 0}. By [49], [24, §7],
Om) =TI, OI1Y)=m".
Let f be a cusp form on GL,(Af). Let ¢ € S(V(AFr)). We may regard

O(f, ¢) as an automorphic form on GL;(Afr) x GL,(Af). For &,&, € F,
define the (&, &)-th Fourier coefficient Wy 1.y ¢, & of O(f, ¢) by

Woct.0).61.6, (h)

_ / / O ). u ) fr @V (Ex)Y(Eana) dx, d.
F\Ar J F\AF

Lemma 6.1. Let & € F*. Then

Wiy ect) = /S O B Wy (sdE)8) d

with g’ € GLy(AF) such that v(g") = v(h).
Proof. By Lemma 5.1 of [27],
Wi ) = [ G bW (58 .

SLy(AF)

Hence Wy(y,¢) e (h) is equal to
W11 ((dE), dE))h)

_ / (g, (dE), dE NP W,1 (38) dg
SLo(AF)

- f (g P Wy (d(E) ) dg
SLa(AFr)

- / (g’ P(ed(E) Wy e (gd(®)g) d.
SLa(AF)
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6.3. The case F = Q. Let ¢ = . For a normalized Hecke eigenform
g € Si(SLy(Z)), let g denote the cusp form on GL,(Ag) associated to g.
We can extend the cusp form g ® g on GSO(V)(Ag) to a cusp form §
on GO(V)(Ag) such that §(hh') = G(h) for h € GO(V)(Ag) and h' €
n2(Ag). Here u, is the subgroup of O(V) generated by the involution *
on V. We define ¢ = ®v<pf)2> € S(V(Ag)) as follows:

o If v = p, then ¢ is the characteristic function of V(Z,).
o If v = 00, then

<P§?(X) = (x; + \/—lxz + \/—1x3 — x4)le*mr(x’x).

Note that
(6.1) ok, K)g? = ¢,
(6.2) ko, kg, kg,)) 9 = ¢ V710V =110 V1102 ;D)

for (k, k') € R(Z,), kg, ko, , kg, € SO(2).
Lemma 6.2.
0(g. ¢) =252 7'G.
Proof. See Proposition 5.2 of [27]. O

Let g* be the cusp form on GL;(Aq) defined by (3.3). We define ¢* =
®v(p£3) € S(V(Ag)) as follows:

o If v #2, then 9 = ¢p?.
e If v =2, then <p§3> is the characteristic function of V(2Z,).

Lemma 6.3.

0§, ¢") =269(2) (g, 8)8".
Proof. Since gof) =2"2w(27"), l)gof), it suffices to show that

0(G. ) =2"'€5(2) (g, 8)8.
By (6.1), (6.2), there exists a constant C such that

6(G, ) = Cg.
Hence
05, 9),8) = (8 8C=2"6(2)"(s.9C.
On the other hand,
(03, 9),8) = (§.0(8. 9) =262 7§, §) =262 (g, 8)’

by Lemma 6.2. Therefore C = 2/"1£,(2) (g, g). o
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6.4. The case F = K. Let K be an imaginary quadratic field with dis-
criminant —D < 0 and O the ring of integers of K. Let ¢ = ;(1//0 otry /).

We put § = /—D. For a normalized Hecke eigenform g € S, (SLy(Z)),
let g denote the cusp form on GL,(Ag) associated to g. Let 7 = ®,, be
the irreducible cuspidal automorphic representation of GL,(Ag) generated

by g and mx = ®,7x,, the base change of 7w to K. Let gic, g_bK € my be
the cusp forms on GL, (A x) defined by (3.7), (3.8), respectively. We define
9 = ®,0% € S(V(Ax)) as follows:

o If v = p, then ¢ is the characteristic function of V().
e If v = oo, then (p(4) = 2« + Dow(1, (koo, ko)) ¢l . Here

(poo(x) — )C Ke—ntr(x x)

Note that

(6.3) w(k, k)l = ¢l

for k € d267") 7' GL,(0,)d(267"), K € GO(V)(0,) such that v(k) =
v(k"), and

(6.4) (H,0) - ¢, = 2k, (X,0) - ¢, =0,
(6.5) 0, H) - ¢, = 2Kq., 0, X) - ¢, =0.

Here su(2) @ su(2) is a subalgebra of the Lie algebra of O(V)(C). We may
regard e(g_bx, @) as an automorphic form on GL; (A x) x GL,(Ax).

Lemma 6.4.

0(8x. ¢) = 21D g (2) ! (g @ £).

The rest of this section is devoted to the proof of Lemma 6.4. We will

compute the Fourier coefficient W = 'Wg(gb 0.26-125-1 of 9@3(’ ). Let W,

be the Whittaker function of mx , with respect to 26"y, which satisfies
the following conditions:

o If v= p, then W,(1) =1, and
Wp(gk) = Wp(g)

for g € GLy(K,,), k € GL,(0,).
e If v = o0, then Woo(1) = K, (4w D~1/?), and

H Wy =2cWy, X -Wi=0.
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Then
b
ngx,fza—l = 1_[ W,
v
where
_ T NETIN
W (g) = Wp(d(—1)gd(2677)™") ¥fv p
Weo(d(—1)g) if v = o0.
By Lemma 6.1,
W=n1"e@ " [ W
where

W, (h) = f (g 3P (gd 25~ )W (gd(25-1)g) dg
SLo (Ky)

Vol(SLz(Op))*] if v =p,
vol(SU(2))~! if v = o0,

with g’ € GL,(X,) such that v(g’) = v(h).
Lemma 6.5.
W,(1) = 12715,
Proof. Since
V(4) = 271§ x, X the characteristic function of M(0,)d(25~ ,
the assertion follows. O

Lemma 6.6. Let n € Zsg. For each 0 < i < n, let ¢; be the function on
SU(2) defined by

Then

and

-1

— n op e .

vlsU@) ™" [ diog o dk= 1D 1(l.) ifi =
SU) 0 _—
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Proof. Let V, be the space of homogeneous polynomials of degree n in

Clz1, z2]. Then p, is realized on V,, by the formula

(on (k)v)(2) = v(zk)

for k € SUQ2), v € V,,, and z = (21, 22). Let (, ) be the SU(2)-invariant
hermitian form on V,, given by

n -1
(v, w) = Z (7) Clil_?i
i=0

for

v(z) = Za 2, wi) = Zb 27
For each 0 < i < n, define v; € V, by
vi(z) = (=D'z} "2
Then

¢i(k) = (pa(k)vo, v;)
for k € SU(2). Moreover,

vol(SU(2))~" o) i (k) (k) dk = (n 4 1) (vo, vo) (v, v))

by the Schur orthogonality relation. This yields the lemma. m|
Lemma 6.7.

Woo (ks k) = 2P (v/=1)* DK, (4 D™/?)%.

o0 ? Yoo

Proof. Letx € C,a € R}, and

@ pB
k= (—B &> e SUQ).

Then

Wgo(d(25*1)u(x)t(a)k) — 271(7] D(K+])/2€n\/71trC/R(x)a2K+2
x Z( )(J D@ K,y (27)

(cf. [58, Appendix I, §2.4]). Since ¢., = ¢, we have

(d(za l)u(x)l,(a)k) _ 22/{(\/ 1)2KD—K —2Kﬂ2 —n(a2+4D_'a_2+a_2|x|2)‘
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Hence Wq ((kZ!, k1)) is equal to

o0 2 Yoo

2k + 1) vol(SU(2)) ! f P (d257 ) g) Wi (d(2571)g) dg
SL>(C)

=2°D712(2k + 1) vol(SU(2)) !

X/ gbgo(d(%_l)u(x)t(a)k)Wgo(d(28*])u(x)t(a)k)lal(gzdxdxadk
CxC*xSU(2)

= 2P(/=1)*D

« / a—2K_K(2na2)e—n(a2+4D_]a_2+a_2|x|2)eyr\/—ltrc/R(x) dx d*a
(Ciji

by Lemma 6.6.
Recall that

oo
/ 872716!7271(224’11)2)[171KV(Zwafl) d*a = 2Kv(Z)Ku(w)
0

if |arg(z)| < &, |arg(w)| < =, and | arg(z + w)| < /4 (cf. [20, 6.653.2]).
Since

202 _ 2
fe a2 |x| €7u/ 1 tre/r (x) dx :aZe ma®
C
we have

_ (2 —1,-2, —2y.2 - :
/ a ZK_,((27m2)e w(a*+4D a2 4+a?|x| )en\/ Ltre/m(x) dxd”a
(C><]Ri
o 2 —-1,-2
— / 8727'[01 —4xD a KfK(QJTaz) dxa
0

_ -1 /0062_]a]6n2D_]a_'KK(16jT2D]al)dxa
0
= K.(4xD~ /%),
This completes the proof. O

Now we prove Lemma 6.4. By (6.3)—(6.5), there exists a constant C such
that

6(g). ¢) = C(& ® %)
Hence
o0 o0

C = KK(47TD71/2)72'W((](71 k*])) — 2K+4(\/—1)KD7K/27]$J<(2)7].

This completes the proof of Lemma 6.4.
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7. Theta correspondence for (§f42, PGSp,)

In this section, we study the Saito-Kurokawa lifting in terms of theta lifts
[43].

7.1. Preliminaries. Let F be a field of characteristic not 2. The symplectic
similitude group GSp, acts on the space of column vectors F* on the left.
Let

, €4 =

0
0
1
0

— o OO

1 0
0 1

el - O ’ 32 = 0 ’ 63 =
0 0

Then V = A2(F*) is equipped with a non-degenerate symmetric bilinear
form (, ) given by

XAY=(x,y)-(e1 Nex ANes A ey)
for x, y € V.Letxo =e Nes+ e Ney € V and
V ={xe V|, xy) =0}.
Let § : GSp, — SO(V) be the homomorphism defined by
p(h) = v(h)™" A% (h)

for h € GSp,. Since p(h)xg = xp, this homomorphism induces an exact
sequence

1 — G, —> GSp, = SO(V) —> 1.

Here («(a) = al, fora € G,,.
We identify V with the space of column vectors F> via

V—>F5,

X1
X2

5
E Xi€ ——> | X3
i=1

X4
X5

where

e =eyNe, € =e Ney, €e3=e Ne3— ey ey,
e =ey Ne3, e€es=e3ANey.
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0 0 1 0 0 -1
Q1=<020>, Q=(0 0, 0)_
1 00 -1 0 0

Then (x, y) ='xQyforx,y € V = F>.Let V| = F? be the quadratic space
with bilinear form

Put

(v, w) ="vOw.

Note that
1 —x3 —2x x x% — X1X3
0 1 0 0 X
on(X)=1]10 0 1 0 —X7
0 0 0 1 —X3
0 0 0 0 1
for
o 1, X . _ (X1 X2
n(X) = (0 12) with X = <x2 x3) € Sym,,
and
p~!det(A)? 0 0 0 O
0 a% —2a1a —a% 0
p(m(A, v)) = det(A)™! 0 —aja3 ayas + araz aas 0
0 —a% 2azay aﬁ 0
0 0 0 0 v

for

A .
m(A, v) = (0 w(x)]> with A = (Z; Zi) € GL,, v € G,,

—_—~—

If Fisalocal field, let w be the Weil representation of SL,(F) x O(V)(F)
on 4(V) with respect to a fixed additive character ¥. As in Sect. 4.4, let

(V) — 8(V1) ® 8(F?)

pr—9¢

be the partial Fourier transform given by

Z
oxr;y) = f % (xl) Y(—y22)dz
F Y1

forx; € Vi, y = (y1, y2) € F?. Note that

a(1(@), Ve y) = yr(a, )" al}*@(ax; ayi, a” ' ys)

fora € F*.
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7.2. Theta lifts. Let F = Q and v = . Let k be an odd positive inte-
ger. Let h € S;’H /2(F0(4)) be a Hecke eigenform and f € S,,.(SL,(Z))
the normalized Hecke eigenform associated to 4. We may assume that
cp(n) € Rfor all n € N. For each prime p, let {a,,, a;l} /dglgte the Satake

parameter of f at p. Let h denote the cusp form on SL,(Ag) associated
to h and 7 = ®,7, the irreducible cuspidal automorphic representation of

SI/JRAT@) generated by h. Let £ € Q. If § > 0, write £ = 0.} with 0; € N,
fz € QX so that —0g is the discriminant of Q(y/—§)/Q. Then

cn@)fs T, Weo  ifE> 0,

Wy, « =
S ife <0,

where W; , is the Whittaker function of 77, as in Sect. A.3 with / = « and
a = o, and W o is the Whittaker function of 77, defined by

71 W OO o) = 6271\/—leaK-H/Ze—ZJrEaze\/—l(K+l/2)0
(7.1) £.00(U(x)t(a)ko)

forx e R,a € R}, 0 € R/4nZ.
Let

F(Z) =Y A(B)e™ "5 5, (Sp,(Z))
B

be the Saito-Kurokawa lift of 4. Here B runs over all positive definite half-
integral symmetric matrices of size 2. Then F determines a cusp form F on
GSp,(Ag) by the formula

F(h) = det(hs)* T2 det(Cv/—1 + D) * ' F(hoo(v/—1))

for h = yhok € GSp,(Ag) with y € GSp,(Q),
A B
hoo = <c D) € GSp; (R),

and k € GSp, (Z). For B € Sym,(Q), define the B-th Fourier coefficient
Wy g of F by

Wr,p(h) = f F(n(X)h)y(r(BX)) dX.
Sym, (Q@)\ Sym; (Ag)

Let

heo = (Z(l)z Z(L) (102 1’2 ) (/3 t A01> (_“/3 g) € GSp; (R)
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with z € RY, X € Sym,(R), A € GL; (R), and k = a + /=18 € U(2).
Then Wr p(h) = O unless B is a positive definite half-integral symmetric
matrix, in which case,

WF,B(hOO) — A(B) det(y)(KJrl)/ZeZ?T\/fltr(BZ) det(k)KJrl,

where Y = A’A and Z = X + /—1Y € 9,.
We define ¢ = ®v(p£5) € S(V(Ag)) as follows:

o If v=p # 2, then <p](,5> is the characteristic function of V(Z,).

o If v =2, then gof) is the characteristic function of Z,e; + V(27Z,).

o If v = o0, then
PO () = (2 + V= 1x1 + /= lxs — xg)< e (it 2515,
We may regard 6(h, ¢) as an automorphic form on GSp,(Ag).

Lemma 7.1.
6(h, ) = 27%55(2)"'F.
The rest of this section is devoted to the proof of Lemma 7.1. Let
o b b2
B = (b2/2 bs ) € Sym,(Q)

and & = det(B). We will compute the B-th Fourier coefficient Wy of 6(h, ¢)
defined by

Wg(h) = / O(n(X)h; h, )Y (tr(BX)) dX.
Sym, (Q)\ Symy (Ag)

By Lemma 4.2 and the result of Waldspurger [54],

Wp = {gh(ag)fg_l/zg@(z)‘ [T, Ws, if&>0,

ifE <0,
where
Wa(h) = / (g, WP (B; 0, 1) W o(g) dg
U(Qy)\ SL2(Qy)
VOl(SLz(Zp))_1 ifv=p,
vol(SO(2))~! if v = o0,
with
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7.3. The unramified case. Let v = p # 2. In this case, yy = 1. Let ¢ be
the characteristic function of V(Z,). Note that

(7.2) w((k, s,(k), KNp = ¢
for k € SL,(Z,), k' € GSp,(Z,,), and
b= Q¢

where ¢ € 8(Vi(Q,)) and ¢, € 8(@%) are the characteristic functions of

Vi(Z,) and Z;, respectively.
Assume that & #~ 0. Then

Wa,p(1) = / d(t(@), DP(B; 0, W, (t(a)laly, d”a
Q)

= Zp*"/zs??(p"ﬁ; 0, p "W, (p*"E; ).

nez
Since @(p"B; 0, p~") = 0 unless — min(ordg, (b;)) < n < 0, we have

in(ordg, (b)), om .
W ,(1) = an;)or T p /Z‘I’p(p ME; 0‘19) if by, by, by € Zp,
B,p( ) 0

otherwise.

7.4. The 2-adic case. Let v = 2. In this case, yy = g ! Let ¢, denote
the characteristic function of 2"7Z,. Let ¢ be the characteristic function of
Zoes + V(27,). Note that

(7.3) w(k, K)p = e2(k)g
for k € Ko(4; Zy), k' € GSp,(Zy,).
Lemma 7.2. We define ¢\, ¢, ¢| € 8(Vi(Q>)) by

@1(x1) = @1 (x11)Po(x12)P1(x13),

@1(x1) = d_1 (1)1 (x12)p-1 (x13),

91 (1) = go(x1)l-1 — Gol(x12)do(x13)¥2 (271 01 [x11),
forx; ="(x11, x12, x13) € Vi(Qo), respectively. We also define ¢,, ¢, ¢ €
8(Q3) by

©2(y) = o1 (y1)P-1(32),
9 () = o1 (YD1 (),
@3 (¥) = d1(yD)Po(y2) + [P0 — 11D [P—1 — Bol(y2),
fory = (y1, ) € Q%, respectively. Then
»=2""(p1 @ ).
dw, D§ =275 (¢h ® 9)),
ok, DY = 272534 ® ¢)).
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Proof. We only check tlﬂ_ﬁ)(kl, Do = 27'¢3¢]. Note that k; =
t2 " Hu@)w'u(27") in SL,(Q,). Since
o7, De1(x1) = ¢1(x1)do(x12)1 (x13)¥2 (27! (x11x13 + x7,))
= ¢1(x1)[2¢1 — ¢ol(x12)¢1(x13),

we have

o 'u@™"), Do (xy) = 272801 (xiD)[d—2 — d-11(x12)¢—1 (x13),
hence

ki, Dei () = 22w u@™h), Der (27201)v2(271 01lx])

=27z (x1)[P—1 — Pol(x12)o(x13)¥2(27" Q1 [x1]).

O

Lemma 7.3. Assume that & # 0. Then

— {27/2Z;“;"J"“‘@z(”"”znﬂwz(z2"+2s;a2) if b1 b2, bs € L,
B2 =

otherwise.

Proof. Let

gk = 2"k, DP2"B; 0,27 We 2 (12")K).

nez

Then Wg»(1) is equal to

/Q o(t(a)k, DP(B; 0, 1)W§,2(t(a)k)|a|@22 d*a

2 kESLz(Zz)/K0(4 Z)

=6 g+ Y Fu®dw) + gk)

beT, /47
M) + 4G w) + Fk)] .
Put m; = ordg, (b;), my = min(ordg, (;)), and
my, = min(ordg, (b;), ordg, (b2) — 1, ordg, (b3)).
Since w(k, 1)@(2"B; 0,27") = 0 unless

—mop+1<n<l ifk=1,
—my—1<n<-1 ifk =w,
—min(my,m3) < —mp=n<0 ifk=k,

we have Wg2(1) = O unless by, by, bz € Z;.
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Assume that by, by, by € Z. We write § = byby — b3/4 = 2™u with
u € Z3. If my < min(m,, ms), then my = my — 1, m = 2mg — 2, and
u = —1 mod 4, hence

mo—1

g =27 2P0 (27 ),

n=—1

Fw) =27 2P0, (27 HE; ),

n=1

g(kl) = 2(m0_5)/2§8w2(_2_2m0_1$)(2, S)@z — 2(m0—5)/2.

If my > min(m;, m3), then my, = my and m > 2m,, hence

mo—1

gy =27 2027 ),
n=—1
mo+1

Fw) =27 2" (27 ),
n=1

F k) =0.

This completes the proof. m|

7.5. The archimedean case. Let v = oo. In this case, yy = {g. For each

n

> d 2
Hy(x) = (=D"e" (e)
denote the Hermite polynomial. Note that
Hy1(x) = 2xH, (x) — H,(%).

Lemma 7.4. Letr € R}, c € C, and x € R. Then

\/I"/ (C _ \/_ly)nefnryze2n\/7]rxy dy

— /r) " Hy (7 (e 4 x))e ™
Proof. The lemma follows by induction on 7. O

Lemma 7.5. Letr € R*. For each n € Zxq, put

o0
J, = f A" H, (V7 (ra 4+ aY))e et gg.
0
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Ifr > 0, then

J, = 22 g2 =4
Ifr <0, then

7= 21 ifn=0,
"o otherwise.

Proof. 1Tt is easy to check that
[e¢) 1 o0
Z (—\/JTX)”J — f a72ef7r(ra+a’1+xa)2 da = 27]ef2n(r+x)€72n\r+x\
n! 8 0 ’
n=0

This yields the lemma. m|
We define ¢ € $(V(R)) by
@(X) = (x2 + v/—1x1 + +/— x5 _x4)x+1e—n(xf+x§+2x§+x§+x§)_
Note that

(7.4) w(ke, K)p = eV 16H1/D0 gey(k)<H g

—_—~—

for kg € SO(2),

’ o
K= (_,3 5) € Spy(R)
withk = o + v/—18 € U(2). By Lemma 7.4,

s y) = V) T He (W (e — x13 + =1y + y2))

2 92 L2 202
« e (T2 +yi+yd)

for x; = "(x11, x12, X13) € Vi(R), y = (1, y2) € R%

Lemma 7.6. Assume that & > 0. For A € GL;r (R) and X € Sym,(R), put
Y=A'Aand Z = X + /—1Y. Then

-+l det(y)(fc+l)/2€2n\/—ltr(BZ) ifB >0,

Wpoo(n(X)m(A, 1)) = ifB<0
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Proof. Put

2

a —2aya; —a% 4 a
hy =det(A)~ | —ayas ajas + araz aray | for A = o)
A

—a% 2azay ai 3

Then Wg oo (n(X)m(A, 1)) is equal to

/ a(t(a), n(X)m(A, 1)P(B; 0, )W oo (1(a))|al” d*a

o0
= 2det(A)€2”“/m(Bx)f a'p(ah7' B; 0, det(A)a~")e > da.
0

Since

a%bl + arasby + aﬁb3
hi'B = det(A) " | ajanby + (a1as + ara3)by /2 + azasbs |,
—a%bl — a1a3b2 — a§b3

we have

@(ahi'B; 0, det(A)a")
= /1) " Hey i (Y (det(A) " tr(BY )a + det(A)a™ "))

< e—n(det(A)_] tr(BY )a+det(A)a—1)? ezn§a2+2n tr(BY)
Hence

/ a! @(ahl_lﬁ; 0, det(A)a™! )6727{&12 da
0

— (2«/71,)71671 det(A)KeZHtr(BY)

71)2

oo
x/ a"*lHKH(«/rt(tr(BY)a—I—afl))e*”(”(gy)"*“ da
0

_[2¢det(A)< e B if B > 0,
o if B <0,

by Lemma 7.5. This completes the proof. m|
7.6. Proof of Lemma 7.1. By (7.2)—(7.4), it suffices to show that

Wi (hoo) =27 %60(2) ™ Wi p(hoo)
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for hoo = n(X)m(A, 1) € Sp,(R) with X € Sym,(R), A € GL;(R). We
may assume that B > 0 and by, b,, b3 € Z. Then ‘Wp(h) is equal to

2K_5/2§Q (2)—1 det(y)(l(-‘rl)/ZeZﬂ\/—l tr(BZ)
min(orde (by))

K— n 4
RS | D DR (e
P n=0

p2n ’
— 2—25@(2)—1 det(y)(l(-‘rl)/ZeZﬂ\/—ltr(BZ)

— 4
X Cp (D4§)f4g 2 Z d'? 1_[ v, (diz:; Ol,,)
p

d|(b1,b2,b3)

4
— 272%.@(2)7] det(Y)(K+])/2€2ﬂ\/71tr(BZ) Z dKCh ( E)

2
d|(b1,b2,b3) d
) -1
=2"0(2)" Wr (hoo).

This completes the proof of Lemma 7.1.

8. Proof of Proposition 5.1

Let F = Q. Let V and V' be the quadratic spaces as in Sects. 7.1 and 6.1,
respectively. We may identify the quadratic space {x € V| (x, e3) = 0} with
V' via

(xe V]|, e)=0 — V.

X1 X2
Xx1€y + xze; + x3€s + xq€4 > ( )
X3 X4

Then the homomorphisms p and the embedding

G(SL, x SL,) — GSp,

ay 0 b] 0

ay b a b 0 aa 0 by
<(C1 d])’(Cz dz))}_> C1 0 d] 0
0 C 0 dz

induce a natural embedding SO(V’) c SO(V).
Let! = k + 1. We define

¢ = ®,0") € S(V(Ag)),
¢ =R, € S(V'(Ag)),
9" = ®,0\" € S(Ag),
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as in Sect. 7.2, Sect. 6.3, Example 4.1, respectively. Note that ¢ = ¢’ ® ¢”.
Then a seesaw identity

/ 6(h; b, )§(h) dh = (h, (G, ¢')O)
O(V)Y(@\O(V")(Ag)

holds. The left-hand side is equal to

27355(2)"! / F(h)§ () dh = 27*60(2) " (Flgs. & X 8)
SOV (Q)\ SO(V") (Ag)

by Lemma 7.1, and the right-hand side is equal to

2%50(2) (g, 8)(hO, )

by Lemma 6.3. This completes the proof of Proposition 5.1.

9. Theta correspondence for (§I:2, PGL,)

In this section, we study the Shimura-Waldspurger correspondence in terms
of theta lifts [53], [41], [54].

9.1. Preliminaries. Let F be a field of characteristic not 2. Fix A € F*.
Let

V={xeMy(F)| tr(x) =0}

-1 2)

be the quadratic space with bilinear form

X1, X2, X3 € F}

(x,y) = —Atr(xy) = —AQ2x1y1 + x2y3 + x3)2).
Then the associated quadratic form is given by
Olx] = Adet(x) = —A(x% +XZX3).
Also, let Vi = F be the quadratic space with bilinear form
(v, w) = =2Avw.

Recall that there is an exact sequence

1 — G, — GL, - SO(V) —> 1.
Here

t(a) =al,, ph)x = hxh™!,
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for a € G,,, h € GL,, and x € V. Note that p(h)x is equal to

det(h)fl ((ad + bc)x; — acxy + bdxs —2abx, + a*x, — b*x3 )

2cdx) — *xy + d*x3 —(ad + bc)xy 4+ acx, — bdxs

for

h:(“ b)eGLz, xz(xl x2)ev.
c d X3 —X

If Fisalocal field, let w be the Weil representation of SL,(F) x O(V)(F)
on §(V) with respect to a fixed additive character ¥. As in Sect. 4.4, let

(V) — 8(V1) ® 8(F?)

pr— ¢

be the partial Fourier transform given by

plxizy) = |A|}!2sto((’y“1 _Z)Cl)) Y(—=Ay22) dz

forx; € Vi, y = (y1, y2) € F?. Note that

a(t(@), DY y) = yr(a, Y)(A, a)plaly*p(axss ayr, a'y,),
AL, ub)P(xi; y) = @lxi — by MY (2Abx1y, — Ay y2),

(L, wp(xi: y) = |A|Ff

R P(=x15 21, 2) V(A (221 — Y122)) dzy dza,
F

forae F*,be F.

9.2. Theta lifts. Let F = Q, A = —D, and ¥ = . Here —D < 0 is
a fundamental discriminant with —D = 1 mod 8. Let « be an odd posi-
tive integer. Let f € S,,.(SL,(Z)) be a normalized Hecke eigenform and
h € S:H /2(F0(4)) a Hecke eigenform associated to f. We may assume

that ¢,(n) € R for all n € N. Let f (resp. h) denote the cusp form

on GL,(Ag) (resp. SI:EE@)) associated to f (resp. h) and 0 = ®,0,
(resp. T = ®,7,) the irreducible cuspidal automorphic representation of

GL,(Ag) (resp. SLy(Ag)) generated by f (resp. h). Let W), (resp. W) be
the Whittaker function of 77, (resp. ) as in Sect. A.3 (resp. (7.1)) with
§ =D,] =«,and a = «,. Here {a),, a;]} is the Satake parameter of f
at p. Then

Wh.p = ca(D) [ [ W

v
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We assume that A(«, f, x_p) # 0. By [54],
Ot ®x-p)=0, 60c)=@E®xp).
We define ¢ = ®v<p(6> € S(V(Ag)) as follows:

o If v = p with p{ 2D, then ¢\ is the characteristic function of V(Z,).
o If v =g withq | D, then

o =1+q~! > o((k, 54(k)), K ).

k.k'€SLa(Zg) [ Ko(q;Zq)
Here

o (x) = (A,xz)Qq ifx; € Zy, x5 € q’]Z;,x3 € Zqg,
9 0 otherwise.

e If v =2, then

© () = 1 ifx) € Zy, x3 € 279, X3 € 27,
|0 otherwise.

e If v = oo, then
(pc(g)(x) = (2x; — v/ —1x; — \/—1x3)'<e—7thr(X’x)‘
Lemma 9.1.
0f® x—p,p) = —2_1\/_1D—K+1/2ch(D)%—Q(2)—l<f, !

The rest of this section is devoted to the proof of Lemma 9.1. We will
compute the Fourier coefficient ‘W of 6(h, ¢) defined by

W) = / 0(u(x)h: b, @)y(—x) dx.
Q\Ag
By Lemma 4.2,
W= (D@ [[ W,

where

Wv(h):f a(g, PP (=27 AT 0, HW, (1(=271 A 1)) dg
U@\ SLa(@y)

" Vol(SLz(Zl,))_1 ifv=p,
vol(SO(2))~! if v = 00.
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9.3. The unramified case. Let v = p with p 1 2D. In this case, A € Z,
and yy = 1. Let ¢ be the characteristic function of V(Z,). Note that

9.1 w((k, s,(k), K)p = ¢
for k € SL,(Z,), k' € GL,(Z,), and

O=¢1 Q¢

where ¢; € 8(V(Q))) and ¢, € 5(@%) are the characteristic functions of
Vi(Zp) and Zf,, respectively. Then

W) = [ a0t o271 870 DW, (=27 A ) alg? "

P
= > P, P, (=27 AT P 0, pTYWL (P2 Ds ).
nez

Since (—2"'A~!p"; 0, p™) = O unless n = 0, we have
W,(1) = 1.

9.4. The ramified case. Let v =g with g | D. In this case, A € gZ; and
Yv = v, (A, wq)_l. Let x be the quadratic character of Q associated to

Qq(«/ A)/Q, by class field theory. Let ¢, denote the characteristic function
of ¢"7Z,. We define ¢, € §(Q,) by

_x ifxeq'zy,
x(x) = {0 otherwise.
Let
a b
Ky = { (C d) S SLz(Zq) ¢ = 0 mod qu} ,
a b _
Ky = c d) € GLy(Zy) | c =0mod gZ ¢ .

We define ¢ € $(V(Q,)) by
@' (x) = do(x1)¢y (x2)¢o(x3).
Note that
w((k, s4(k)), k)¢’ = x(det(k')¢'
for k € Ky, k' € K. Let

o=+ > ok s,k), k).

k,k’ESLz(Zq)/KO
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Since SL»(Zy)/ Ko = GL,(Z,) /Ko, we have

9.2) w((k, s4(k)), K)o = x(det(k"))p
for k € SL,(Zy), k' € GLy(Zy).
Lemma 9.2.

@' (015 Y) = vg, (A, ¥) ™ do(xD)do (V)b (32),
A1, w)@' (x1: ) = ¢~ (=D (x)y (Y1) -1 (32),
d(w, DY (x15y) = ¢~ x(=D -1 (x1) by (y1) o (32),
A(w, WP (x15y) = g~ vg, (A, Y) " d1(x1)P_1 (Y1), (¥2).

Proof. By the result of Kahn [31], we have €(1/2, x, ¥,) = yg, (A, wq)*l,
hence

¢, (—Ax) = q"Pyg, (A, ¥) 'y (x)

for x € Q,. Here ‘ng is the Fourier transform of ¢, .. This yields the lemma.

|
Lemma 9.3.
W,(1) = ¢"*(A, 2)q,.
Proof. Let
FUK) =D a"yg, (A", ¥) (=2, A"q,

nez
x &k, k)@ (=27 A" 0, AT W, (1(=271 A1),
Then W, (1) is equal to

/ O(1(@), DP(=27" A 0, HW, (=271 A" Dr(@))lalg; d*a
Q

X
q

=<1+q>‘[g<1,1)+ Y g uw+ Y Fubdw, 1)

b'ely/qZq beZy/qZq
+ Y Fubdw, u(b’)w)}
bb'e€Zy/qZ
=1+ [ D) +qF(1w) +qFw, D)+ ¢*F(w, w)].
Since &(k, k’)@’(—Z‘lA”‘l; 0,A™) =0
unlessn =1 ifk=1k =1,
for all n ifk=1kK=w,

for all n ifk=w,k =1,
unlessn =1 ifk=w, k' =w,
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we have
FA. D =q"(A,2)q,,
F(,w) =0,
Fw, 1) =0,
F(w, w) =q'*(A, 2)q,-
This completes the proof. m|

9.5. The 2-adic case. Letv = 2. In this case, A € ZJ ﬂ(@;’z and yy = &g.
Let ¢,, denote the characteristic function of 2"7Z,. We define ¢ € $(V(Qy))
by

@(x) = Po(x1)P1(x2)1(x3).
Note that
9.3) ok, K)p = ex(k)'p
for k € Ko(4; Z»), k' € GLy(Z5).

Lemma 9.4. Let

W(U(e) =f o 1Q)ub)i(2), 1)g db.

Zn

Then
W(U(p) =27 2¢ "o

Proof. Note that w='1(2)u(b)#(2) = 14~ yw~"u(4~'b) in SL(Q). Let
@ :/Z o4 'b), g db.
Since
¢'(x) = fz 2 PP (=47 AT + x2x3)b) db = ¢ (x) 1 (x2) i1 (x3),

we have

o™, De'(x) = 27728 o (x1)p—1 (x2) 1 (x3),

hence

W(U(@)(x) = 22w, 1)¢' (4 %) = 27225 o (1) 1 (x2) b (x3).
O
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Lemma 9.5. We define ¢,, ¢}, ¢, € 5(@%) by

() = d1(y)P-1(y2),
O, = d_1(y)P1 (),
5 = d1(y)Po(2) + [do — P11y [P—1 — Pol(y2),

fory = (1, y2) € Q3, respectively. Then

¢ =2"(¢o ® 9.
d(w, NP =27 5(¢-1 @ ¢h),
dk, DY =2""([p_1 — ¢l ® ¥3).
Proof. We only check th/aE\_ai(kl, Dpg = ¢_1 — ¢p. Note that k; =
27 Hu@)w'u(2"") in SL,(Q»). Since
o2, Do (x1) = go ey — 27 AxT) = [2¢1 — ol (x1),

we have

o™ u@™), Do) =275 g0 — 11 (x),

hence
w(ky, Dgo(x1) = 22w ™ u@™"), Do (27 x1 ) (— 27" Ax))
= [¢—1 — ¢ol(x1).
O
Lemma 9.6.
Wy (1) = —2732/—1.
Proof. Let

Fh) =D 270k, DP(—2"" AT 0,27 Wa(r(=2+ A=)k,

nez

Then W,(1) is equal to

/ o)k, DP(—2"'A71; 0, 1)
Q5

2 keSLy (Zz)/K0(4 Z)

x Wa(t(=2"'A~N(a)k)|alg, d”a

B [2(1) + Y Jubdw) +g(k1)}

beln /A7

g +4Fw) + Fk)].
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Since &k, DP(=2""TA"1:0,27") =0

unlessn =1 ifk=1,
for all n ifk=w,
unlessn =0 ifk =k,

we have
g() =2"2Wa(r(—A=h) = =212/~
Fw) =0,
Gki) = 27" Wa (1(=2"1 A" Vky) = =272/~ 1.
This completes the proof. O

9.6. The archimedean case. Let v = co. In this case, A < 0and yy = s.
We define ¢ € (V(R)) by

0(xX) = (2] — v/ —1x3 — /—1x3) e P @eiH )
Note that
(9.4) w (i, kg ) = eV 10+1/D0=2V=1t
for 7<9 € 5/6?2/), ke € SO(2). By Lemma 7.4,

P11 y) = QVAD) “Ho(VrDQ2xi — v/ —1y; + yp))e "PEiH103)
for x; € Vi(R), y = (y1, y2) € R*.
Lemma 9.7.
Wo(1) =272 ple72m,
Proof. The quantity ‘W, (1) is equal to

f (@), DP(—2""AT1 0, DWao ((—271 AN t(a)) |alz* d*a
® o0
= 2/ a2 'D'a; 0, a YW (12~ D~'a)) da
0
— 0~ 2H1/2—K/2 = (Bk+1)/2
o0
X / d?H, (v7D(D 'a —I—cfl))eﬂT(LTl“er[)‘r2> da.
0
By Lemma 7.5,

o0
/ a2H (VaD(D'a + a_l))e_”(D_]“erD“_z) da
0
— 22K—17TI(/2D(K—1)/2€—271.

This completes the proof. O
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9.7. Proof of Lemma 9.1. By (9.1)—(9.4), there exists a constant C such
that

6(h, ¢) = Cf® x_p.

Since [, (A, 2)q, = 1, we have

C=e"W(1) =-272/—-1D"" ¢, (D)gx(2)7".

Again, by (9.1)—(9.4) and Lemma 9.4, there exists a constant C’ such that
0 ® x-p,¢) = Ch.

Hence

(0F ® x-p, 9), h) = (h,h)C" = 27"'6,2) " (h, 1)C".
On the other hand,
O ® x—p.9),h) = (£® x_p,0(h, 9)) = f® x_p.f® x_p)C
= @7/, N)C.
Therefore C’' = 2(f, f)(h, h)~'C. This completes the proof of Lemma 9.1.

10. Theta correspondence for (GL,, GO(3, 1))

In this section, we study the base change for GL, from Q to an imaginary
quadratic field J in terms of theta lifts [34], [2], [16], [11], [12].

10.1. Preliminaries. Let F be a field of characteristic not 2 and E an
abelian semisimple algebra over F of dimension 2. Let t denote the non-
trivial automorphism of E over F. Fix § € E* such that §* = —§ and put
A = 8% € F*. Let * denote the involution on M,(E) given by

[ x5 —x3 _(x1 x2
Xt = <—x§ X7 ) for x = (x3 x4) € M,(E).
Let
V={xeMyE)|x" =x]

. X1 8)(2
- Sx3  x{

be the quadratic space with bilinear form

X1 EE,)Cz,X3 S F}

(x,y) = tr(xy") = trgyp (x13]) — Alxays + x3)2).
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Then the associated quadratic form is given by
Q[x] = det(x) = Ng/r(x1) — Axax3.
Also, let V| = E be the quadratic space with bilinear form
(v, w) = trg/r(Vw").
Recall that there is an exact sequence
1 —> Rg/r Gy —> G,y X Riyr GLy —25 GSO(V) — 1.
Here
@) = (Ngr(@~ ', aly),  p(z, h)x = zhxh*,
fora € Rg/r G,z € Gy, h € Rgyp Gy, and x € V. Note that v(p(z, h)) =

2> Ng/r(det(h)), and
(1, h)x = <i1 8322)

8%y il
with

X1 =ad'xy — bc*x]{ — dac’x, + 8bd" x3,

% = trgyr (87 'a"bx]) + Ngyr(a)xa — Ngyp(b)xs,

%5 = trgyr (87 ed™x1) — Ngyp(0)xa 4+ Ng/p(d)xs,
for

_fa b _(*1 éx2
h= <C d) € RE/FGLz, X = <5X3 xf) e V.

If F is alocal field, let @ be the Weil representation of R(F) on (V)
with respect to a fixed additive character . Here R = G(SL,; x O(V)). As
in Sect. 4.4, let

3(V) — 8(V)) ® 8(F?)
o

be the partial Fourier transform given by

. 5
Plxi;y) = IA#Z/F‘” (((Sxyll xf)) VAR

for x; € Vi, y = (y1, y2) € F2. Note that
(@), De(x; y) = (A, a)plalpd(ax; ayr,a™'ys),
@1, u(b))p(x1; y) = @(x1 — dbyy; y)
X EZ’( — trg/p (bef)yz —A NE/F(b)y1y2)a
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o1, wp(xrs y) = Al / BT 200 ) W(AOz1 — z2)) e dea,
F?
By, a)Prs y) = vl p(ars vy),
forae F*,be E,v e F*.

10.2. Theta lifts. Let F = Q, E = X, and ¥ = . Here KX is an
imaginary quadratic field with discriminant —D < 0. We assume that
—D =1 mod 8. Let O be the ring of integers of K. We put § = +/—D. Let
g € S¢+1(SLy(Z)) be a normalized Hecke eigenform. Let g denote the cusp
form on GL,(Ag) associated to g and m = ®,, the irreducible cuspidal
automorphic representation of GL,(Ag) generated by g. Let mx = ®,7x
be the base change of 7 to X', which is an irreducible cuspidal automorphic
representation of GL,(A ). We define cusp forms g* € 7 and gux € my
by (3.3) and (3.7), respectively. We may regard 6(sr) as a representation of
Ag x GLy(Ax). By the strong multiplicity one theorem,

0() = x-p My,
We define ¢ = ®v<p(7> € S(V(Ag)) as follows:

o If v=pwith p{ 2D, then ¢7 is the characteristic function of V(Z,).
e If v =g with g | D, then

o =1+q Y ok ke
kK €SL2(Zg)/Ko(q;Zg)
Here
q 0 otherwise.
o Ifv= 2, then

D () = 1 ifx; € Zo 4+ 20,, x5 € 27y, X3 € 275,
~ |0 otherwise.

o If v = o0, then 9D = (=28 *w(l, koo )¢l,.. Here

(poo(x) _ x/cefn tr(x! x)

We may regard 6(g*, ¢) as an automorphic form on GL; (A x).

Lemma 10.1.

0, @) = 27 (V=D*""D gy (2) g
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The rest of this section is devoted to the proof of Lemma 10.1. We will
compute the Fourier coefficient ‘W of 8(g°, ¢) defined by

W(h) = f O(u(x)h; 8, ) (trac)o(8-1x)) dx.
F\A g

Let W, be the Whittaker function of m, with respect to ¥, which satisfies
the following conditions:

o If v = p, then W,(1) =1, and

W, (gk) = Wy (g)

for g € GLy(Q,), k € GLa(Z,).
e If v = 00, then W (1) = ¢27, and

Wao (gk) = ¥ (g)

for g € GL,(R), 0 € R/2nZ.

Then

Wy a2 = [ Wi,

v

where

W, (a(A™?)g) ifv #2,

Wi(g) = P

Wola(A=)gt(27")) ifv=2.

By Lemma 4.2,
W= [ W

where

W, (h) = f (a2 M7 (A5 0, 1) Wi(gg)) dg
UQu)\ SL2(Qy)

VOl(SLz(Zp))_l ifv=np,
X
vol(SO(2))~! if v = o0,

with ¢’ € GL,(Q,) such that v(g") = v(h).
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10.3. The unramified case. Let v = p with p { 2D. In this case, A € Z,
and yy = 1. Let ¢ be the characteristic function of V(Z,). Note that

(10.1) w(k, kg = ¢
for k € GLy(Z,), k' € GL,(O,,) such that v(k) = v(k’), and

O=¢1 ¢

where ¢; € 8(Vi(Q))) and ¢, € 5(@?,) are the characteristic functions of
Vi(Z,) and Z2, respectively. Then

W,(1) = / _a(t@), DP(=A""30, DWj(H(@)aly] d*a

P

=Y P, Pg, @A P 0, WL ().

nez
Since p(—=A~!'p"; 0, p™) = 0 unless n = 0, we have
W,(1) = 1.
10.4. The ramified case. Let v = g with ¢ | D. In this case, A € gZ;

and yy = yg, (A, ¥,) . Let x be the quadratic character of Q, associated

to K,/Q, by class field theory. Let ¢, (resp. ®,) denote the characteristic
function of ¢"Z, (resp. §"0,). We define ¢, € 4(Q,) by

B x(x) ifxe q’lZ;‘,
x () = {0 otherwise.
Let

a b

Ky = <C d) € SLz(Zq) ¢ = 0 mod qu} s
a b

Ky = <c d) € GLy(Z,) | ¢ =0 mod qu} ,
a b

Ko = <c d) € GL,(09,) | c =0 mod 8(94} .

We define ¢’ € $(V(Q,)) by
@' (x) = Po(x1)Py (x2)0(x3).
Note that

a)(k, k/)(p/ — ¢/
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for k € Ko, k' € K such that v(k) = v(k'). Let

o=+~ > kK.
kK eSLa(Zg)/ Ko

Since SLy(Zy)/ Ko >~ GLy(Zy) /Ko >~ GL,(0,) /Ko, we have
(10.2) ok, K)p = ¢
for k € GLy(Zy), k' € GL,(0,) such that v(k) = v(k’).
Lemma 10.2.
@'(x13y) = vg, (A, V)~ @0 (x1)Po(y1)y (12),
d(w, NP (x1:y) = ¢~ x(=1)P_1 (x1)y (y1)bo(12).
A1, )P (x1: y) = ¢~ x(=1)Po(x))d, (Y1) -1 (12).

Aw, WP (x15y) =g yg, (A, Y) ' D1 (x)P_1 (Y1) By (12).

Proof. See the proof of Lemma 9.2.
Lemma 10.3.

Wy (1) = gy, (A, ¥) ™.
Proof. Let

Gl k) =D q" (A, A")g,dk, k)P (=A™ 0, AW (r(AM)).

nez
Then ‘W, (1) is equal to
/ @(ta). DP(—A™" 0, )W (@) lalg2 d*a
Qg

=+ [g(l, D+ Y F0u@)w

b'€Zq/qZ,

+ Y gudw h+ Y Fub)w u®)w)

beZq/q7q bb'eZy/qZ,

=1+ '3, D +qF(1w) +qFw, 1)+ ¢*F(w, w)].

Since &k, K@ (A" 0, A™") =0

unlessn =1 ifk=1k =1,
for all n ifk=1kK=w,
for all n ifk=w, k' =1,
unlessn =1 ifk=w,k =w,

611
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we have
g(la 1) == ‘]VQ,,(A» ‘/’q)_l,
F(1, w) =0,
F(w, 1) =0,
F(w, w) =y, (A, ¥ "
This completes the proof. O

10.5. The 2-adic case. Let v = 2. In this case, A € ZJ ﬂ(@;’z and yy = 1.
Fix §y € Z; such that A = 8(2). We identify K, with Q, & Q, via

Ky —> Q & Qo.
X1 4+ 8xp —> (x1 + Sox2, X1 — Spx2)

Let (95 = Z, + 20,. Note that {(1, 0), (0, 1)} (resp. {1, §}) is a basis of 9,
(resp. (95) over Z,. Let ¢, (resp. ®%) denote the characteristic function of
2"7, (resp. (95). Then

D7 (x) = 1 ()1 (X" + [do — $11(x")[po — 1 1(x")
for x = (&', x”) € K». Let

Ko(d: Zs) = { (‘C’ Z) € GLa(Z2)

I = {h S GLz(Zz) | h =1, mod 222} .

CEOm0d4ZZ},

We define ¢ € 8(V(Q,)) by
@(x) = D (x1)¢1 (x2) 1 (x3).
Note that
(10.3) w(k, K)o =¢
for k € Ko(4; Z,), k' € (T x T') GLy(Z,) such that v(k) = v(k).

Lemma 10.4. We define @1, ¢}, ¢| € 8(V1(Qy)) by

@1(x)) = D (x)),
@) (x1) = D(2x),
@l (x1) = 1 (xXDIpo — P11(x)) + [do — d11(x) 1 (x]),
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for xi = (x},x]) € Vi(Qy), respectively. We also define ¢», ¢, ¢35, ¢3,
@3 95 € $(Q)) by

©2(y) = dr1(y1)d-1(y2),

@ (¥) = -1 (D)P1 (),

03 (¥) = d1(yDPo(y2) + [0 — d11(yD)[P-1 — Pol(2),

©3(y) = 2 (y1)Po(y2),

@3(y) = o (y)P2(y2).

P3(») = G211 (v2) + (91 — P21V B0 — B11(32),

fory = (y1, y2) € Q3, respectively. Then

o =2""(¢1 ® ),
d(w, P =272(¢] ® ¢)),
ok, Do =2""(¢] ® ¢5),
A2 a9 =01 ® 3,
A2 'w, a2 =2""(¢] ® ¢}),
A2 ki, a9 = o] ® ¢f.
Proof. We only check that w(ky, 1)¢; = ¢/. Note that k; = 12~ Hu(2)w™!
x u(271). Since
™). D1 (1) = (¢1 DG () + [90 = $11GDIP — $i1))
x Y2 (27 xx))
= 1 (x)Po(x]) + o (x))P1(x]) — Po(x))do(x7),

we have
o u@™), De1(x1) =27 o (x)g-1 (x]) + 27 p_1 (x]) o (x])
— do(x))o(x7),
hence

ki, D1 (1) = 20w u@"), Doy (27 x1) Yo (27 x(x])
= ¢1(XDPo(x)) + Go(x)d1 (x) — 261 (x))1 (x]).

Lemma 10.5.

Wy(1) =272,
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Proof. Let

Gy =Y 2"k, DP(=2" A7 0, 27" WS (1H(2)k).

nez

Then ‘W,(1) is equal to

- Y a@k DE(—A0, DWE @kl d*a
Q3 keSLy(Z2)/ Ko(:Z2)

=67 g+ Y Fu®dw) + k)

beZ, /47,
FM) +4Fw) + Fkp)] .
Since &(k, 1)@(—2”A‘1; 0,27y =0

[unless n=0,1 ifk=1,
unlessn = —1  ifk=w,
for all n ifk =k,
we have
g =27"Wi() + W;(2)) = 1,
Fw) =27 W2 "Hw) =277,
k1) =0.
This completes the proof. O
Lemma 10.6.
Wa(a2™") =0.
Proof. Let

9/ (k) = 22"63(2*‘1(, a2 NP(=2" A7 0,27 WS (2= 12m)k).

nez
Then ‘W, (a(27")) is equal to
f &2 '@k, a " NP(—AT; 0, 1)
Q; kGSLz(Zz)/K0(4 72)

x W52 (a)k)|alg? d*a

=6 gD+ Y Fubw +F k)

beln /A7

D) +4F (w) + k)]
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Since d(2 "'k, a2 NP(=2"A';0,27) =0

unlessn =0 ifk=1,

for all n ifk=w,
for all n ifk =k,
we have
g'(1) = Wi(1) =0,
F'(w) =0,
J (ki) = 0.
This completes the proof. O

Lemma 10.7. The Whittaker function ‘W, of 7 x » satisfies
Wa(hk') = Wa(h)
fO}” h e GLz(Kz), k' e GLz(Oz)

Proof. For convenience, we write m = m; and I1 = ;g . Since 7 is the
principal series representation

GL2(Qy) K —5
IndB(éz) ’ (l |62 | |Q)22)’
we have dim¢ 77 = 3. We may regard ¥ as arepresentation of GL,(Z,)/T
~ GL2 (Fz) Then
Al ~1&r,

where r is the irreducible representation of GL, (IF,) of dimension 2. Define
elements fy, f1, f2, f3 € m so that fylcL,z,) = 1,

filr =1, supp(f1) = B(Q)T',
Llur =1, supp(f2) = B(Q)wI',
Slweeyr = 1, supp(f3) = B(Q)wu(1)I.

Note that { f1, f», f3} is a basis of 7T .

We may regard IT as a representation 7w X 7 of GL,(Q,) x GL,(Q3).
Computing the multiplicity of the trivial representation of GL,(F;) in
7T ® 7T, we obtain

dim(c H(r xI') GLa(Z>) — 2
Define elements ¥y, 1 € I1 by

Fo = fo® fo.
F=hn® N+ L& L+ e f
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Note that {Fo, 1} is a basis of [TT*T G222 et Wy be the Whittaker
function of IT defined by

We(h) = | F(w u)h)yn(trx, g, (67'x)) dx.
Ko
A routine calculation shows that
Wr(a2™h) =0,
W (@27) #0.
Hence the assertion follows from (10.3) and Lemma 10.6. O

10.6. The archimedean case. Let v = oo. In this case, A < 0 and yy =
V/—1. We define ¢’ € 8(V(R)) by

(ﬂ/(X) — )Eflce—n(Z\xllz—&-Dx%—&-Dx%)‘
Note that
ko, g/ = /10y
for ky € SO(2),
(10.4) H-¢ =2k¢', X -¢ =0,

and
@ (x1; y) = Fye T CRIDDY)
for x; € Vi(R), y = (y1, y2) € R%.
Lemma 10.8.
Was (k) = 2(+/=1)* D 'K, (4mD~ /).

Proof. The quantity Wy, (k2!) is equal to
(—2871)" f a(t(a), DY (=A™ 0, YW (t(a))|alg> d*a
]RX

= 2K+1(J—1)KDK/2/ a '@/ (D'a; 0,a YW (1(a)) d*a.
0

Since
W]j (l,(a)) — D*I(*]alc+lef27TD_za2
o0

for a € R}, we have
o
/ a '@/ (D7 'a; 0,a " HYWi(t(a)) d*a
0
o
— D—2K—l/ 612/(6—471D_2a2—7rDa_2 d><a
0

=2"“D** 'K, (4nD'?).
This completes the proof. O
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10.7. Proof of Lemma 10.1. By (10.1), (10.2), (10.4), and Lemma 10.7,
there exists a constant C such that

0E. ¢) = Cgy.
Since [T, v, (A, ¥) ™" = yr(A, Yoo) = —+/—1, we have
C =K. @4xD )7 Wk!) = 27 (V=)D (27"

This completes the proof of Lemma 10.1.

11. Proof of Proposition 5.2

Let F = Qand E = K. Let V and V' be the quadratic spaces as in
Sects. 10.1 and 9.1, respectively. We may identify the quadratic space
{x € V|(x,1,) = 0} with V' via

xeV|ikx,1)=0 — V.
()= %)
X3 =X X3 =X
Then the homomorphisms p and the embedding
GLZ — Gm X RJ(/QGLZ
h —> (det(h)™", h)

induce a natural embedding SO(V’) c SO(V).
We define

0 =@ € S(V(Ag)),
¢ =@ € S(V'(Ag)),
¢ =@, € S(Ag),
as in Sect. 10.2, Sect. 9.2, Example 4.1, respectively. Note that ¢ = ¢’ ® ¢”.
Then a seesaw identity
Of® x-p. ¢)O, &) = / ® x_p)(WO(h; &, ¢) dh
A)GL2(Q\ GlLa(Ag)

holds. The left-hand side is equal to
=27 =1D™ 2, (D)) (£, £)(h, h) ! (hO, &)
by Lemma 9.1, and the right-hand side is equal to
27 (W=D D () T (g f)
by Lemma 10.1. This completes the proof of Proposition 5.2.
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12. Triple product L-functions

In this section, we study the local zeta integrals of Garrett [18], Piatetski-
Shapiro and Rallis [44].

12.1. Preliminaries. Let F be a local field of characteristic not 2 and fix
a non-trivial additive character ¢ of F. Let E be an abelian semisimple
algebra over F of dimension 2. Let 7 denote the non-trivial automorphism
of E over F. Fix § € E* such that 8" = —§ and put A = §? € F*. Let
G = GSp;(F) and

G = {(g, &) € GL2(E) x GL2(F) [ v(g) = v(g)}.

Let Zg denote the center of G. We identify G with its image under the
embedding

G — G.
ay a 0 b] Abz 0
Aa2 a 0 Abz Abl 0
a b a b 0 0 a 0 0 b
<(C d) ’ <C/ d/)) — C1 C 0 d] Adz 0
C A_lcl 0 d d; 0
0 0 ¢ 0 0 J

Here a = da +8a2,b:b1 +8b2,C:C1 +5C2,d:d1 +(Sd2

Let V be the quadratic space as in Sect. 6.1. Put R = G(SL, x O(V)).
Then R(F) (resp. R(E)) actson 8(V(F)) (resp. 8(V(E))) via the Weil repre-
sentation w with respect to ¥ (resp. 5(1// otrg/r)). Also, G(Sp; x O(V))(F)

acts on 8(V?3(F)) via the Weil representation w with respect to . Let @ €
S(V(E))and ¢ € $(V(F)). We identify 8(V3(F)) with 8(V(E))®48(V(F))
via
V3(F) — V(E) @ V(F).
1, ¥2, y3) = (y1 + 82, y3)
Then

(8, 8), MNP R¢) =w(g hPRw( he

for (g, g') € G, h € GO(V)(F) such that v(g) = v(g') = v(h).
Let

P:{(’S v,:_l) GG‘ AeGL3(F),veFX}

be the Siegel parabolic subgroup of G. For s € C, let I(s) = Indg(pf,)
denote the degenerate principal series representation of G consisting of
smooth functions £ on G which satisfy

s A * s —3(s s
1o ((0 U,Al)g> = [ det(A)|F IV 9 ().
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Let¥ € $(V(E)) ® 8(V(F)). For g € G, choose h € GO(V)(F) such that
v(h) = v(g), and put

O(g) = w(g, h)¥(0).

It does not depend on the choice of / and defines an element fq(,o) of 1(0).

Put

00000 —1I
01000 0
10000 0

=11 0100 o]€5PD
00001 0
00010 —1

Lemma 12.1. Let ¥V = @ ® ¢ with @ € $(V(E)) and ¢ € 8(V(F)). Then
(0) —
P = [ omemad,
V(F)

Here V(F) C V(E) is a natural embedding and dy is the self-dual measure
on V(F) with respect to the pairing ¥((x, y)).

Proof. We may regard ¥ as an element of 8(V3(F)). Let n = pw'p’ be the
Bruhat decomposition of n given by

0 0 -1 —10 0
01 0 0 0 0
|-10 0 0 0 -1
P=1o0 0o 0o 0o 0o -1
000 0 1 0
\0 0 0 -1 0 0
10 0 00 0
01 0 000
, oo 0o oo 1
“Zloo o 100
00 0 010
\0 0 —1 0 0 0
001 0 0 0)
0100 00
, ]lto1 0 00
P=looo -10 1|
000 0 10
\0 00 1 00
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Since

oW'p’, DW(y1, y2, y3) = f o(p', D¥(y1, y2, V)V ((y3, y)) dy'
V(F)

= f V(' ya. y1 + Y)Y ((y3, ¥)) dY,
V(F)
we have
0) O, 7 N //1lI/O_ l]//() /d/
fo ) = fy (Wp)=owwp, H¥0) = (', 0,y)dy".
V(F)
This completes the proof. O

12.2. Local zeta integrals. Let J be an imaginary quadratic field with
discriminant —D < 0. We assume that —D = 1 mod 8. Let O be the ring of
integers of K. We put § = /—D and fix §y € Z5 such that —D = 8. Let
k be an odd positive integer. Let g € S,41(SLy(Z)) and f € $5,.(SL,(Z))
be normalized Hecke eigenforms. Let g (resp. f) denote the cusp form on
GL,(Aq) associated to g (resp. f) and 7 = ®,m, (resp. 0 = ®,0,) the
irreducible cuspidal automorphic representation of GL,(Ag) generated by
g (resp. f). Let mx = ®,mx., be the base change of 7 to K, which is
an irreducible cuspidal automorphic representation of GL, (A ). We define
cusp forms gg,c, g?c € x by (3.7), (3.8), respectively.

For each prime p, let {«), a;]} and {B,, ﬂ;l} denote the Satake pa-
rameters of g and f at p, respectively. Note that |«,| = |B,| = 1 by the
Ramanujan conjecture. Let L(s, mx , ® 0,) be the local L-factor given by

L(s, 75, ®0,) = [(1 = a2Bp™") (1 = 2B, p~) (1= Bpp ™)’
(1= 8 0 (= o B ) (1 - 25 )]
if p splits in X,
L(s,mtx,,®0,) = [(1 — azﬂpp”)(l —aﬁﬁ;lp”)( ,32 72““)
x (1= 8,2p7) (1= a2 B,p ") (1 — e, 28, p™)]
if p isinert in JC,
Lis.7xp ®0p) = [(1 = epBpp™) (1 — B, ' p™) (1 = Bpp ™)
x (1= 8,"p) (1=, Bpp ™) (1 =, B, " p)]

if p is ramified in XK.

Let ¥y = ®,, be the standard additive character of Ag. Let W, be the
Whittaker function of w4 , with respect to s '(Wyotr %,/0,) Which satisfies
the following conditions:

1
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o If v= p, then W,(1) =1, and
Wp(gk) = Wp(g)

for g € GLy(K,), k € GL1(0O)).
e If v = 00, then Wy (1) = K, (4rD~'/?), and

H Wy =2kWy, X -Wyx=0.

Then
Wy =]
where
Wo(g) = {Wp(d(—l)gd(%l)l) ifv=p,
v Weo (d(—1)g) if v = 00.

Also, let W, be the Whittaker function of o, with respect to v, which
satisfies the following conditions:

e If v = p, then W/ (1) = 1, and
W (gk) = W,(g)

for g € GL,(Q)), k € GLy(Z),).
o If v = 00, then W/ (1) = ¢~27, and

W (gko) = V"W, (g)
for g € GL,(R), 0 € R/2nZ.
Then

Wer =W,
v

Let F = Q,, E = K,,and ¥ = ,. Let Kg = GSp;(Z),) if v = p, and

el

a++/—1p¢e U(3)}

if v = 00. Put K; = 7Kgy, where

15 ifv=p#2,
1 1 0
s —6 O ifv=2,

- y 0 .

)/z(o [_1>€G with y = 0 0 1

14

1 0 O
0 VD 0 ifv=o0.
0 0 1
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Let

_[GN(d257) T GLy(0,)d(257") x GLa(Z,)) if v = p,
Y7 1SUQ) x SOQ2) if v = oo.

Then
K¢g C Ké

Let ! = 2x. We define @ = ¢ € 8(V(X,)) and ¢ = ¢ € 8§(V(Q,))
as in Sects. 6.4 and 6.3, respectively. Put ¥ = @ ® ¢. We extend f;,o) to
a holomorphic section fq(f) of I(s) so that its restriction to K is independent
of 5. As in [44], define the local zeta integral Z,(s) by

Z,(s) = f D(n(g, €))Wo(d(25~)g)W!(g) dg dg’
ZgUo\G

. [volSLa(@,) Vol (SLa(Z,)) ™! if v = p,
vol(SU(2)) " vol(SO(2)) ! if v = o0,

where

Uo = {(M(X), u(x))

1
x € Ky, x' € Qy, ’ trye,/q,(x) +x' = 0} .
If v = p with p {1 2D, then
1
Zp(s) = §p(2s + 2)_l§p(4s + 2)_1L <S + 5’ Tx,p® gp)

by Theorem 3.1 of [44]. Here ¢,(s) = (1 — p~H~ L
Lemma 12.2. (i) Let v = p. Then

1
Z,(0) = 127181 x,5,(2) L (2, Tx.p ® a,,> :

(1) Let v = oo. Then
ZOO(O) — 273K727T74K+2(\/_1)7KD(K+1)/2F(K)2F(2K).

The rest of this section is devoted to the proof of Lemma 12.2. Following
[21], [27, §6], we will compute the local zeta integral Z,(s).

Lemma 12.3. Let v = p. Then

max(p™", |xlg,) " ¥(p"x) dx
Q/r

_ p”‘(S*])(l _ pf(m+n+1)(s71))(1 _ pfs)(l _ p7s+1)71 lfm > —n,
0 otherwise.
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Proof. See [44, p. 54]. O
Lemma 12.4. Let v = p. Then
Z,(5) = 12781, (Z0() + Z(s),

where
200 = [ O1(1(@), u (i)
Qpx Ky xQp
x Wy(d28~)i(@) Wy (u(x)a))lalylld |y} dx d*ad*d,
ZM(s) = / s (n(a(p)t(a), a(pyu(x)i(d)))
Qpx Ky xQp

x Wp(d@5~Ya(p)ra) W, (a(pyuya)lallld g, p* dxd*ad*d.

Proof. Tt is easy to check that the function

(3.8) — f5)(n(g. &) Wp(d(25~) )W) (g))

on G is right Ks-invariant. Hence the assertion follows as in [21, §4], [27,
§6.2]. O

12.3. The ramified case. Let v = g with ¢ | D. For convenience, we write
a = g and B = B,. Then Z{?(s) is equal to

> f@ £ (@), u(x)(g™)))

n1=0n,=0
a2n]+] _ a72n|7] 132n2+1 _ 1372}1271

xq " L YogT™ 5 pi

2n1+42
B . 1212
o —o

and Z{"(s) is equal to

> /Q g~ ) @), u(®)Kg™)))

ni=—1n=0
2n1+3 —2n1-3
o —
% q—nl—l )
o — o
/32"2+2 _ 1372}1272
% 1p_(qx)qfnzfl/Z . 2n1+2ny+2 dx.
B—p!
Lemma 12.5.

(™), u(x)(g"™)))
B q—(4m+2n2)(s+l) max (q—2min(m,n2)’ |X|Qq)—2s—2 ifl’l] _ 2m,

; —2s—2 .
617(4m+2nz+2)(s+])n,laX (q72mm(m,n2), |x|@q) s lfﬂl —m + 1.
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Proof. A routine calculation shows that fq(f)(n(t((S"] ), u(x)t(q™))) is equal
to
("), u(x)1(g")))
y q7(4m+2n2)s max (q72min(m,n2), |x|@q)72s 1fn1 _ 2m,
q—(4m+2n2+2)s max (q—Zmin(m,nz)’ |X|Qq)—2s ifl’l] —2m + 1

By Lemma 12.1,

(8™, u(x)1(g")))
B q7(4m+2n2) max (q72min(m,n2), |x|Q)q)72 1fn1 _ 2m,
q7(4m+2n2+2) max (q72min(m,n2), |x|@q)72 1fn1 —2m + 1.

This completes the proof. m|
Let X = ¢g—*~!/2. Foreach a, b € Z, put
00 o0
Pa,b(X) — Z Z x4m+2n—4 min(m.n) (a4m+a . a—4m—a)(ﬂ2n+b _ ﬁ—Zn—b)’
m=0 n=0
00 o0
P;,’b(X) — Z Z X4m+2n(a4m+a _ a74m7a)(ﬂ2n+b _ 1372n7b).
m=0 n=0
Then P, ;(X) is equal to
(1 _ ﬁzxz)il[aaﬁb(l _ a4ﬁ2x2)71 _ a*dﬁb(] _ 0674,32)(2)71]
_ (1 _ ﬂ_zxz)_l[aaﬂ_b(l _ 0[4/3_2X2)_1 _ O[_a,B_b(l _ (X_4 —2x2)—1]

+a4x4(1 _ a4x4)7] [Otaﬂb(l _a4/32xz)7] _aaﬁfb(l _a4ﬂ72x2)71]
_ a—4x4(1 _ (X_4X4)_1
% [O[_aﬁb(l _ O[_4 2x2)—1 _ O[_a —b(] _ O(_4 —2x2)—l]’
and P, ,(X) is equal to
[aa(l _ a4x4)7] _afa(l _ a74x4)7]]
X [B°(1 = g2X*) = g7 = g2 X7
By Lemma 12.3, Z(qo> (s) is equal to
1—g'xXHA =X a—a ) '(B-p""

0o o0
% E E X4m+2n74mm(m,n)

m=0 n=0
% (1 _ X4min(m,n)+2)(a4m+] _ a74m71)(132n+] _ /372”7])

+ (=g ' X0 =XH " a—a ) '(B-8H"
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00 o0
% E :E :X4m+2n74mm(m,n)+2

m=0 n=0
% (1 _ X4min(m,n)+2)(a4m+3 _ a—4m—3)(ﬂ2n+l _ ,3_2"_1),

and Z{"(s) is equal to
(I—g'XHA =X a—a Y 'p-pH"!

0o 00
% § :E :X4m+2n74mm(m,n)+]

m=0 n=0

X (1 _ X4min(m,n)+4)(a4m+3 _ a74m73)(ﬂ2n+2 _ /372}'!72)
+ (- ' XHA =X a—aH ' B-pH!

0o o0
% 2 :E :X4m+2n—4min(m,n)+3

m=0 n=0

x (1 — X4minGmm+dy qdm+S _ o —4m=5) gon+2 _ g=dn-2y
Hence
29+ 20 = (1 — g ' X1 - XD @ —a )BT POD,
where
P(X) = P11 (X) = X*P{ ;(X) + X* P31 (X) — X* Py 1 (X)
+ XP35(X) — X°P,,(X) + X’ Ps 5(X) — X P, (X).
By a direct calculation, P(X) is equal to

(@—a HB—pHA-X)(1-XYH
x [(1 —a?BX)(1 —a?B7'X)(1 — BX)(1 — B7'X)
x (1—a2BX)1 —a 271X

Therefore

1
ZV(s) + 21 (s) = ¢,2s +2) 7', (4s +2)7 'L (s + 0T ® oq> .

This completes the proof of (i) of Lemma 12.2 in this case.

12.4. The 2-adic case. Let v = 2. We identify K, with Q, & Q; via

Ky —> Q & Q.
X1+ 8xp > (x1 + Sox2, x1 — 8px2)
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For convenience, we write « = o, and 8 = ,. Then Zgo) (s) is equal to

oo 00 o0

SN m@e, @), umieny)

n1=0ny=0n3=0 Q

o a2n1+l _ a—2n1—l a2n2+l _ a—2n2—l
x 27"
a—ao! a—a!
/32n3+l _ /3—2113—1
—n 2n1+2n2+2n
X Y(x)27" b g < QAT

and Zél)(s) is equal to

oo o0 X

Y3 /Q 277 £ (@), 12)), u(x0)1(2")))

n1=0n,=0n3=0

1a2n1+2 _ a—2n1—2 a2n2+2 _ a—2n2—2
> QM
a—o ! a—o!
/32"3+2 _ 1372;1372
x Yo T g g,

Lemma 12.6.

2 (@), 12")), u(0)1(2")))

_ —2mi —25—2
=2 (2n14+2n242n3)(s+1) max (2 2m1n(n1,n2,n3)’ |X|Q2)

Proof. A routine calculation shows that f3 (7((1(2"), 1(2"2)), u(x)1(2"3)))
is equal to

3 (@), 12")), u(@)K(2")))
y 2—(2n1+2n2+2n3)5 max (2—2min(n1,nz,n3)’ |X|Q2)723-

By Lemma 12.1,
O (@™, 12)), u()12")))

— 27(2n1+2n2+2n3) max (272min(n1,n2,n3), |x|@2)72.
This completes the proof. m|
Let X = 27°71/2, By Lemma 12.3, Z;O) (s) is equal to
1=27" X1 = X) N a—aH 2B -p "

oo 0 o0

% § : E : E :X2n|+2n2+2n374min(m,nz,ng)(l _X4min(n1,n2,n3)+2)

n1=0ny=0n3=0

% (a2n1+l _ a—2n1—l)(a2n2+l _ a—2n2—l)(/32n3+1 _ /3—2113—1)’
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and Zé“(s) is equal to
(1-27"X)1 - X) N a—aH2(B-pH!

oo 00 o0

¢ Z Z Z X2n1+2n2+2n374min(n1,nz,n3)+](1 _ X4min(n1,n2,n3)+4)

n1=0ny=0n3=0
% (a2n1+2 _ a—2n1—2)(a2n2+2 _ a—2n2—2)(/32n3+2 _ /3—2113—2)‘

Hence
© M 1 1 1
Z,' () +Z57(8) =02s+2) H@s+2) L|s+ 2,7TJ<,2®02

as in the proof of Theorem 3.1 of [44]. This completes the proof of (i) of
Lemma 12.2 in this case.

12.5. The archimedean case. Let v = oo.

Lemma 12.7.

n

) n . . rQrz+ w)I'(w —n)
(1) (.)F(Z+1)F(w—l) = .
; i 'z+w—n)

e (M T+  T@T(w—z+n)
i ;(_1) (i)[‘(w—l—i) T Tw—2Tw+n)’

Proof. 1Tt is easy to verify (i) by induction on n. For (ii), see Lemma 2.1
of [28]. |

Lemma 12.8. For each n € Z=, put

L(a, B, Q)Zf / 1+ V=101 —+/—1x)7F
0 —00
X P — 1 = V=10 + 1 — V—=1x) 0" dx d*1.
IfRe(o) > Re(w+ B — 1) > 0, then

MNa+B8-DI'G+m)lo—a—p+1)

— 2fg+l
It 5. 0) " P)T (BT (0 —a+n+1)

Proof. Recall that

> 8 %, apl@I(B—a)
/0 tt+z2)7Pdt=z¢ ()

if |arg(z)| < 7w and Re(B) > Re(w) > 0, and

Fla+p-1

* _ —a _ _ —-B __"2—a—p
/oo(1+d 1)1 —/—1x)Pdx =2 " @)
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if Re(a + B) > 1 (cf. [18], [28, §2]). Put ¥ = 2(1 + +~/—1x)"! for x € R.
Then

/ PP — 1 = =10+ 1 — V=170 d% ¢
0

_Z( )( 1= V/=1x)"" l/oot“+ﬂ+i_l(t+1—x/—lx)_g_”dxt
0

_Z< )( 1 — V=1x)"" (1 — /—1x)"0tethnti-l

xTa+p+i—Dlo—a—B+n—i+ Dl o+n)"
= (=1 — V/=10)"(1 — V/=1x)" ¢t F=1=1p(o 4 n)~!

" n . . =\
X§<i>r(a+ﬁ+l_1)F(Q_a_ﬁ+n_l+l)(l_X)

= (=1 — V/=10)"(1 — V/=1x)" ¢t F=1=1p(o 4 n)~!

n i

XZZC’)( )F(a+,3+z—1)F(Q—oz—ﬂ+n—z+1)( —5)/
i=0 j=0

= (=1 —V/=10)"(1 — V/—=1x)"2t*F=1=1p(o 4 pn)~!

XZXJ:(”)( )F(oz-l—ﬂ-i—l-i-j—l)

j=0 i=0
xTe—a—p+n—i—j+ (-5’
= (=1 —/=10)"(1 = /—1x) 0TI (0 —aq — B+ 1)

! n F(O(+/3+j_1) LY
X;(i) ro+py

Hence I,(«, B, 0) is equal to

Fla+p+j—-1
D'T(o—a— 1§: 172/
(=D'Te—a—-p+1) 0( ) (;) Mo+ j)

x/ (14 +/—1x)"2 =i (1 — /—1x)"0re 1 gx

e Te—a— B ,<)F(a+ﬂ+1—1>
= (=172 ”r(g—a+n+1>2( D) re-n+p
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Ne+B-DI'(-+Dl'e—a—B+1)
M) r(=g—n+Hl'lc—a+n+1)

FNoe+B8—-DIr+mllo—a—B+1)

M) r(p)rlo —a+n+1) '

— (_ l)nzngr] T

— 2_Q+17T

Lemma 12.9. Put
I, i, v, ny,no)
o o0 o0
= / / / (a+a + V=1 a, +a — V/—1x)7H
0 0 —00
X KU(al)eidﬁ\/fuaiﬁr"la?r"2 dxd*a; d”a.
Then

I(ny + 1, w, v, ny, n2)
_ 273s7n|7n2+1n_3/2r(s —pt+v+nPlts—pn—v+n)l(s +n2).
F(s—u—i—nl + ;)F(s+n2+ 1)

Proof. Recall that

/ e K, (Br)d*t
0

@Y T+ T — ) I la—pg
= (@4 p M+ ) 2F1(M+v,v+2,li+2,a+ﬂ)

if Re(i) > |Re(v)| and Re(a + B) > 0 (cf. [20, 6.621.3]). Since

o
,/o Ku(al)e*(t—\/—lx)a.a%sﬂ, d*ay
I2s+v+n)lQ2s —v+n;)
T(2s+n1+,)

1 1 t—1—+/—1x
Fi|2 , ;2 ;
X21<s+v+n1v+2 s+n1+2t+1_\/_1x>

— 2V7T1/2(t +1— «/_lx)72sfv7n]

and
o
/ e—(t-‘rl—\/—lx)aza;-‘rnz d><a2 — (l + 1 — \/_1x)—s—n21"(s 4 l’lz),
0

C'@2s+A+pu— DI, @, v, ny,ny) is equal to
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00 P00 P00 POO
f / / / ef(a]+a2)tt2s+)»+l»b*1(l 4+ \/_lx)fsf)‘(l S — L)~
0 0 0 -

% Kv(al)e\/71a|xefa2(l7\/71x)a%S+nla;+n2 dx dxal dxa2 4%t
IF'2s+v+n)l'@s —v+n)I'(s + ny)
I'(2s+ni+ )

o0 o
X/ / (1+\/_1x)—s—k(1 _\/_lx)—.Y—[,LIZS-&-)L-&-[,L—l
0 —00

% ([ 4 1 — \/_lx)—3s—v—n1—n2

— 2\)7_[1/2

1 1 t—1—-4+/-1
X Fil2s+v+n, v+ ;1 2s+n; + _; V=l dxd*t.
2 27t +1—+/—1x

Fort € R and x € R, we have

t—1—4/—lx

<1,
t+1—+/—lx

hence I(A, u, v, ny, ny) is equal to

v 12 '2s —v+n)I'(s +ny)
2'n
FQs+r+p—D0(v+ 1)
Xir(zs+v+n]+n)rl(v+§+n)
= n!F(2s+n1 +, +n)
X I,(s+ A, s+ u,3s+v+n; +ny).

Therefore I(n, + 1, u, v, ny, ny) is equal to

273s7n,7n2+1n_3/zr(5 —u+v+n)l2s —v+n)l(s +ny)
T(s+mwT(v+ ) +n+ 1)

i[‘(s—i—u—i—n)r‘(v—i-;—i-n)

s n!l'(2s +ny + ; +n) ’

By the Gauss summation formula,

nd F(s+u+n)r(u+;+n)_F(s—u—u+n1)r(s+u)r(v+;)
~ pl@s+n+,+n  De—pt+n+Pr@s—v+ny)

This completes the proof. O



Pullbacks of Saito-Kurokawa lifts 631

Now we compute the local zeta integral Z..(s). Asin [21, §6], [27, §6.3],
Z(s) is equal to

vol(SU(2))~! vol(SO(2)) !

x / / 5)(’7(’(“1)"’ u(x)t(az)ky))
RxC* xR* JSU(2)xSO(2)

X Wao (d(28~V)t(ay) k) W, (u(x)t(ar)ke)|ay |52 az |52 dk dke dx d*a) d* as
= 227 vol(SU(2)) ! vol(SO(2)) !

) / / y @k, u(0i(a)ky))
RxRY xR} JSU(2)xSO(2)
X 27K~ ID(K+1)/2 2K+22< )(J 1)K+m 2k— mﬁ K, m(2na1)

X ez’“/flxag"872’“’282*/7]’“9 a; 4a2 2 dk dky dx d*a, d* a.

Lemma 12.10. Letx € R, a;, a; € R},

k= < * 5) € SU(2),
and kg € SO(2). Then
D (tan)k, u(x)1(a)k))
=7 *Q2k + 1)!(a% + a3 + «/—lx)_s_z'(_l(a% + a3 — «/—1x)_s_l

2k
2K —m
% a??+2l{+4a§$‘+2k+2 § : ( («/—I)ZK_mO(ZK_mIH 6—2\/—11(0‘
m
m=0

Proof. Aroutine calculation shows that f,, ) (n(t(ay)k, u(x)t(ay)ky)) is equal
to

IO (t(ank, ux)iar)ky)) - a*ad (@ + ad)’ + %)~
By Lemma 12.1, f,, (O>(r](t(a])k, u(x)t(az)ky)) is equal to the product of

2 2K(2K+1)a%K+4 2K+ZZ( )(\/ 1)2/{ m 2K Wlﬁ 72\/7]/(0

m=0

and

f (01 + 207 + G2 + 7))
R4

x e (@) (T3 H5) o= 27V = L1239 gy dy, dys dy.
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By Lemma 6.9 of [27], this integral is equal to
22"7T72"(2/<)!(a% + a% + «/—1)6)72'671 (a% + a% — \/—lx)fl .
This completes the proof. m|

By Lemma 6.6, Z,,(s) is equal to

2k

2_K+17T_2K+1(\/—1)_KD(K+1)/2(2K)! Z <2K)
m

m=0
o° o o —s—2k—1 —s—1

x/ / / (a%—l—a%—i—\/—lx) ‘ (a%—l—a%—\/—lx) ‘

0 0 —00
x Koy, (zﬂa%)e—27m%+27r\/—lxaélls+4/<+2a§s+4/< dxd*a, d*a,
— 2_S_3K_177_S_4K+1(\/—1)_KD(K+1)/2(2K)!

2k o

1(2 1,1,k —m,2 1, 2k).
xn;(m)(/c+ Kk —m,2x +1,2)
Hence Z,,(0) is equal to

(k)
I'(2c+ 1)

2K
x Z <i’;)r(/< +m)[ Bk — m)
m=0

— 277/(7]n74K+5/2(\/_1)7KD(K+])/2

277K717T74K+5/2(\/—1)7KD(K+1>/2

['(1)*T (4)
(2 + )
— 2_3K_27T_4K+2(\/—1)_KD(K+1)/2F(K)2F(2K)

by Lemmas 12.7, 12.9, and the duplication formula. This completes the
proof of (ii) of Lemma 12.2.

13. Proof of Proposition 5.3

We retain the notation of Sect. 12.2. Let V be the quadratic space as in
Sect. 6.1. Let / = 2«x. We define

® =®,0 " € S(V(Ay)),
9 = ®,0? € S(V(Ag)),

as in Sect. 6.4, Sect. 6.3, respectively. Put ¥ = @ ® ¢. We may regard
Q(Q[)K ® f, W) as an automorphic form on

GLz(AJ{) X GLz(AJ{) X GLz(AQ) X GLz(AQ)
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Let S be a finite set of places of (Q which contains co and all primes
dividing 2D. As in the proof of Main Identity 9.1 of [24], the integral
representation of the triple product L-function [44] and the regularized
Siegel-Weil formula [37] imply a seesaw identity

—1 -1 -1 se-275( 1
T8 Ex(2Q)T Zs(O @) LY .k @0
= 2vol(Aj GL2(Q)\ GL, (Ag)) 2

x/ O((hy, ha, i, ha); 8 @ £, W) dhy dhy.
(Aa GL2(Q)\ GLy(Aq))?

The left-hand side is equal to
2P =)TDTID () Pk ()T A K, Sym? (9) © AWK, f. X-p)
by Lemma 12.2, and the right-hand side is equal to
¥ (/=1 D () 5 (2) T T (g, )
by Lemmas 6.2 and 6.4. This completes the proof of Proposition 5.3.
Remark 13.1. By [45], [46], [39],
dim¢ Homgy, g, (Tx,0 ® 0, C) =1

for all places v of Q.

Appendix. Whittaker functions on SL,

—~—

In this appendix, we compute certain Whittaker functions on SL,(Q)).

A.1. Weil indices. Let F be a local field of characteristic not 2 and fix
a non-trivial additive character v of F. Let

$(F) — 4(F)
¢ ¢
be the Fourier transform given by

() = /F SOV (xy) dy.

Here dy is the self-dual measure on F with respect to ¥. There is an 8th
root of unity yr () such that

f P Y(x?) dx = yr)2],"? f ()Y (—x?/4) dx.
F F
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Following the appendix of [47], we put yr(a, ¥) = yr(ay)/yr(y) for
a € F*. It satisfies yr(ac?, ¥) = yr(a, ¥) and

yr(ab, ) = (a, b)ryr(a, Y)yr (b, ¥).
When F = Q,, the Weil index is given by the following formulas.
Lemma A.1. Let  be the standard additive character of Q,.
(1) Letv=p # 2 Then yg,(a¥) = yg,(a, V) =1 fora € Z;, and

if p=1mod 4,

1
)/Q],(pl//) = yQp(p’ V) = {_\/_1 if p =3 mod 4.

(1) Letv =2. Then

é-g] ifaE]HlOd“‘,

s if a =3 mod 4,
1 ifa=1mod 4,

V(Q)z(a’ 1ﬁ)_{\/_] ifaE3mOd4,

Y, (QW) = {

and
1 ifa=1mod 8,
» _\/_1 ifa =3 mod 8§,
Yo, Qay) = & ¢ v, (2a, ¥) = 1 ifa=>5mod 8,

V=1 ifa=7mod8,

fora e 5.
(iii) Let v = o0. Then
_ )& ifa>0, 1 ifa >0,
VR(CIW)—{§81 ifa <0, J/R(a,l//)—{_\/_l ifa <0,

A.2. Gauss sums. Let ¢/ be the standard additive character of Q,. For
§e€Qpanda e Q;,put

Be@) = [ (@00, p0 v,

&) = [ o, 507 @ 00, w60

Then
B¢ (ab®) = G (au) = & (a),
B (ab*) = G (au) = G (a),
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fora, b e Q; and

veff, HrE2
1 +47, ifp=2.

Moreover, &¢(a) = Q~5§ (a) if p # 2. An easy computation proves the
following formulas for the Gauss sum.

Lemma A.2. (i) Let p # 2. Then

1—p! ifé € 7y,

G()=-p  ifEcp 'z
0 otherwise,

—1/2 ; _ 1 X
_ p (p’ M)QPEP Zfs =p uu S Z 5

e(p) = {0 otherwise.

Here
. = 1 if p=1mod 4,
P7 V-1 ifp=3mod4

(i) Let p =2. Then

2! ifé € 7y,
Ge(l) = 1 —27" if§ e27'Z5,
0 otherwise,
G:(—1) = 27 (=L g,V =1 if§ =4""u u ez,
3 o otherwise,
-3/2(49 +1 ife =8"! 75
B2y = |2 O W VEL FE =8 uel,,
0 otherwise.
(i) Let p = 2. Then
273/2§-§F] if¢€ € 7o,
N —03/2F! if€ =2""uuecZ
Be(£1) = s ez
e(£1) 2732 /=gl ifE =47 u, u e 73,
0 otherwise,
B —leu 3 — g1 X =
Bk = |2 & UE=8wucly u=zFlmodd,
0 otherwise.
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A.3. Principal series representations. Let i be the standard additive
character of Q, and x_; , the quadratic character of Q; associated to
QP(J—I)/QP by class field theory. We fix a positive integer /. Let £ € Q7.
We write £ = Dgfg with 9; € N, fz € Q7 so that (—1)105 is the discriminant
of Q(\/ (—1)!&)/Q. Let X(—1y¢ denote the primitive Dirichlet character asso-

ciated to Q(\/(—l)lé)/(@. Asin [29, p. 647], define W, (§; X) € CIX+X1]
by

N e
U, (& X) = X — x-! EDEMT x  x-1

0 ife <0,

ife>0,

where e = ordg, (fs). Note that W, (&; X) = 1 if ordg, (f) = 0.
Let

L2 (@) 4
p = IndB/(;)Tp/)p ((Xl—],p) | |pr)

be a principal series representation of SE;E@,) on the space V of all locally
constant functions f such that

fw@ia), g) = eyg,(a, v) ™" xL, @laly! f(g)

forx € Qp a € Q€€ {£l},and g € SL,(Q,). Putw = p~*. Let Wy , be
the Whittaker function of p with respect to £y which satisfies the following
conditions:

o We(t(7:) = 15, v, () xly, (1)
o If p £ 2, then

We p(g(k, 5,(k))) = We, ,(2)

for g € SL,(Q)), k € SLy(Z),).
o If p =2, then

We(gh) = e2(0) "V Wea(g)
for g € SL,(Qy), k € Ko(4; Zy), and
WU(Wz2) = 2725 W,
Lemma A.3. (i) Let p # 2. Then
We o (t(p") = p "y, (0" ) Xy, (P, (P E: ).
(i) Let p = 2. Let &€ = 2"u withu € Z5 . Then
Weo(1(2") = 27" W, (2%€; a).
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If m is even and u = (—1)! mod 4, then

_ 1+l .
Wert@ywy = 127776 W@ @) ifn = —mj2—1,
& 0 otherwise,

27122, &o, ifn=-m/2—1,
0 otherwise.

We (t(2M)ky) = {

If m is even and u = (—1)*' mod 4, or m is odd, then

_1\+1
We o (12" w) = 2720w, 220 M o),
Wg,z(t(2”)k1) = 0.

These formulas for W , will be proved by computing the integral
Wielo) = [ o ugwien dr
Qp

for feV, g€ SE;E@,). Note that

Wi (t(@)g) = vo, (@ 1) xy @lalg ™ Wy (g)

fora € Q;.

A.4. The unramified case. Let p # 2. We may assume that / is even since
X—1,p 18 unramified. Define an element f € 'V so that f(1) = 1 and

ok, sp()) f = f
for k € SL»(Z,). To prove (i) of Lemma A.3, it suffices to compute Wy, (1).

Lemma A4. Let§ = p"u withu € Z;. If m > 0 and m is even, then

Wee(D) = o™?(14 p~'2(p, &g a) (@ —a™ )"
% [am/2+1 _ afm/27] _ pfl/Z(p S)Q) (am/Z _ afm/Z)]
’ P .

If m > 0 and m is odd, then
Wpe(l) = Qm=D2(1 p*]az)(a — @) (@D g m=D/21y

Ifm < 0, then Wye(1) = 0.
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Proof. 1f & ¢ Z,, then Wy (1) = O since
Wie() = Wee(u(x)) = h(Ex) Wre(1)

for x € Z,,.
Assume that § € Z,. For x € Z,,,

wilu(x) = (((1) _xl> , 1)

with
(¢ e ()
Forx € Q, — Z,,
v =((f0 3 cr) (5 9))
with
(L) esn o((L )=
Hence

Wye(l) = vol(Z,) + Y / (10, v, 67 W T I 0 dx
p

n=I1 "Zp

—1+Zp fy@p(px L )Y(péx) dx

=1+ Za"y@,,(p", VIS, e (P").

n=1

If m is even, then

m/2
Wee(D) =1+ =p )Y o+ p (. &g,
n=1
=@ =D (1+p (P, §g,)
% [am+2 — 1= 71/2(p S)Qp(am+] —O()] .
If m 1s odd, then
(m—1)/2

Wj,g(l) — 1 + (1 _ p—l) Z (in _ p—lam+l

— (0[2 o 1)7](1 o p71a2)(am+l o 1)
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A.5. The 2-adic case. Let p = 2. We put
Vo={f € VIok) f =)V ffork e Ko(4: Zs)).
Define elements f, f,, € Vy so that

fi(l) =1, fi(w) =0, filky) =0,
fuw() =0, fu(w) =1, fulky) = 0.

Lemma A.5. Let & =2"u withu € Z5.
() Ifm >0, mis even, and u = (—1) mod 4, then
Wye(D) =272 (@ —a !
% [(Xm+3 —a+ 21/2(2, S)@z((xm-‘rét _ am+2)] )
Ifm >0, mis even, and u = (—1)*' mod 4, then
Wie(h) = =272 @ — a7y @ = 20" 1 @),
If m > 0 and m is odd, then
Wie(D) = =276 @ —a™) @™ = 20" + ).

If m < 0, then Wy, £(1) = 0.
(1) If m = 0, then

Wy, :(1) = (=1D)'v/~1.
Ifm <0, then Wy, (1) =0.
Proof. Let f € Vo.1If & & Zy, then Wy (1) = O since
Wie(1) = Wee(u(x)) = ¥ (Ex) Wre (1)

for x € Z,.
Assume that & € Z,. For x € 7Zo,,

w*]u(x) = ((_01 _01> ,(—1, —1)Q2> (w, 1) - (((1) T) , 1)
<(1) ’f) € K\(4;7,), s2(<(1) ’1‘)) = 1.

For x € 2*]sz,

—1 _
wlu(x) = ((xo x1> ) (-Lx)@z) (ki 1) ((—Z—il-x] (1)> ’ 1)

with
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with

1 0 1 0
(_2+x—l 1) € K](4, Zz), A\ ((_2+x_1 1)) =1.

Forx € Q, —27'Z,,
_ -1 1 0
o =((f 3 cre) (1))
<X£l (1)> € K1(4; Zz), 52 (<X£l (1))) =1.

with

Hence
Wflg(n—z f y@z(x*‘ )7 (=D ), I Ex) dx

—Zz—'“ / Yor @ ) (=D, 1), (2 dx

=Y " Brae((—1)H12Y),
n=2

and

W, 6(1) = yo, (=1, )~ (=D, =g, vol(Zy) = (- 1)'vV/—1.
If m is even and u = (—1)! mod 4, then

m/2
_ BRI n _ (=D —1eu_m
Wi e(1) = 272703 "o 4 272 (V=)D o 4 27 g

n=1
! !
_ 273/2%5—1) @ —1)" [am+4 - 21/245—(—1) ("5 — am+3)] _

If m is even and u = (—1)"*! mod 4, then

m/2
Wy e(1) = 27700 S o2 42732 (=T 2

n=1

_2 3/2§8(_1)1(a2 _ 1)—l(am+4 _ 2am+2 + a2).
If m is odd, then

l(m /2 1
Wieh =277 30 0 -2 e

_2—3/24.8(*1) ((X _ 1)— ((Xm+3 _ 2(Xm+l +(X2).
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Lemma A.6. Let £ = 2"u withu € 7.
(1) Ifm > =2, then
Wfl,g(w) = 2_2.

Ifm < =2, then Wy, ¢(w) = 0.
(i) Ifm > —2, m is even, and u = (—1)! mod 4, then

wa,é(w) — 2—3/2§.§*1)1(a _ O[_l)_l
% [(Xm+3 _ Olil + 21/2(2, S)Qz(am+4 _ aerZ)] .

Ifm > =2, mis even, and u = (—1)"*! mod 4, then

W, e(w) = =272 (@ — o) @ — 20 407,

If m > =2 and m is odd, then
Wi, e(w) = =22 (@ — ™)@ — 20" +a7Y).
Ifm < =2, then Wy, «(w) = 0.
Proof. Let f € V. If & ¢ 477, then Wy (w) = 0 since

Wre(w) = Wi <w <_1x (1))) = Wy w) = Y(Ex) Wre(w)

for x € 47Z,.
Assume that £ € 47'7Z,. For x € 47,,

wilu(x)w = ((—1x (1)> , 1)

with
(1 D erez. (L 1))-
For x € 277,
wlu@w = (ky, 1) - ((_21_ ; ?) : 1)
with

(Lo, Yemam. w((L0, 9)-1

For x € Qz — 2Z2,

wlu(x)w = ((x(;l _xl> , (—l,x)Q2> - (w, 1) - ((é _)i_l> , 1)

641



642 A. Ichino

with
1 —x! 1 —x!
<0 1 >€K1(4;Zz), s2(<0 1 ))zl.
Hence
Wy, e(w) = vol(4Z,) =272,
and

Wy, £ (w) = Z / y@z(x (=DM g, 5 Ex) dx
= 22*'” fz 7@ YT (=D g, Y2 Ex) dx
n=0 2

— Z anéz—ng((—l)l+12n).
n=0

If m is even and u = (—1)! mod 4, then

m/2
! _
ij,g(w) :2—3/2§8( 1) Za2n+2—3/2(«/_1)u§8( 1) m+2+2 é.Ll m+3
n=0

— 2—3/2§8(*])1(a2 _ 1)—l[am+4 _ 1 + 21/2§.§¢*(*])1 (am+5 _ am+3)].

If m is even and u = (—1)"*! mod 4, then

m/2

Wy, e (w) =27 3/2§§ 1 Z Q¥ 42 3/z(¢ 1) g( D! o2
n=0

_2_3/258(7”[(&2 _ 1)_1((Xm+4 _ 2am+2 + 1)
If m is odd, then

(m=1)/2
Wy, e(w) = 273/2§é—1)1 Z o2 — 273/2§é—1)1am+1
n=0

_2_3/258(7”[(@2 _ 1)—l(am+3 m+l 1)

Lemma A.7. Let £ =2"u withu € 75 .
() If m = =2 and u = (—1)" mod 4, then

Wy elk) =27" ¢t
Ifm # =2 oru # (—1)" mod 4, then W, (ki) = 0.
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(i) If m = —2 and u = (—1)! mod 4, then
Wy, (k) = (=1D)'V/~1.
Ifm # =2 oru % (—1)' mod 4, then Wy, (ki) = 0.
Proof. Let f € V. If & ¢ 47'Z,, then Wy ¢(k;) = 0 since

1+ 2x X
Wre(ky) = Wy (kl ( —4x 11— 2x>>

= Wye (ki) = Y(Ex) Wye (k)

for x € 47Z,.
Assume that £ € 47'7,. For x € Z,,

wlu(x)k

-1 2 1+2
= ((0 _1>s(_1’_1)(@2>(w’ 1) (( j4xx 1 _xzx>’l>

with
14 2x X . 14 2x X o -
( —ax 1—2x> € Ko Z), & (( —4x l—2x>> = v 0.
For x € 27175,
_ US| —1—-4x —2x
w 1M(x)kl = <(x0 X) ’ (—1,X)@2) : (<2+x—l 1 ) ’ 1)
with
—1—4x —2x —1—-4x —2x
(2+x1 1 )€K1(4,Zz), 2 (<2+x1 1 ))zl.

For x € Q, —27'Z,,

-1 _
w ok = <<x0 xl) , (—1,x>@2) YCR'R <(x1_1 ?) , 1)
with
(xll (1)) [S K1(4; Zz), 52 (<x11 (1))) =1.
Hence

Wy e(kr) = /

2-17

Y07 THD T 00, T G i Ex) dx

= 2_S/ vo,2x L ) (=D, 00, Y27 6x) dx
ZX

2

= a&y 1 (—D'2),
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and

Wy, e (k) = yo,(— 1) (=D, =g, [ v@ 0D y(Ex) dx
Zy

— (—D-1 / P((=D'4™ — £)x) d.
Zo

This completes the proof. O
Put
oo f + 2—3/2§é71)”‘fw.
Then
W) =272
by Lemma 3.6. It is easy to verify the following formulas for W+ ¢.

Lemma A.8. Let & =2"u withu € Z5.
G) If m = 0, m is even, and u = (—1)' mod 4, then

W ¢ (1) = 27120 am2(1 427122, &) g, (@ — o) !
% [am/2+1 _ afm/Zfl _ 27]/2(2, S)Q)z (am/Z _ afm/Z)] )
Ifm >0, m is even, and u = (—1)'""' mod 4, then
Wf‘*"%'(]) — 27]/2;8(*1)lam/27](1 _ 27]a2)(a _ a*l)*l(am/2 _ afm/z)‘
If m > 0 and m is odd, then

Wiee(h) =272 o921 — 27 gy @ —a )
X (a(m—l)/Z _ a—(m—l)/Z).

Ifm <O, then W+ (1) = 0.
(i) If m > =2, m is even, and u = (—1)! mod 4, then

W e(w) = 27%a™(1 + 2722, &)g,a) (@ —a™ ') ™!
% [(Xm/2+3 _ a—m/2—3 _ 2—1/2(2, S)Q)z (am/2+2 _ a—m/2—2)] .
Ifm > =2, miseven, and u = (—1)"*! mod 4, then
Wj*,g(w) — 2720[”1/27] (1 _ 271a2)(a _ a*])*l (am/2+2 _ afm/272).
If m > —2 and m is odd, then
Wf+ .{:(w) — 27206(”[73)/2(1 _ 2710[2)(05 o 0571)71 (a(m+3)/2 _ a*(m+3)/2)‘

Ifm < =2, then Wy+ ¢(w) = 0.
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(iii) If m = —2 and u = (—1)! mod 4, then

Weee(k)) =27 "¢¢a (1 + 27122, §)g,).

Ifm # =2 oru # (=1)' mod 4, then Wy (k1) = 0.

This completes the proof of (ii) of Lemma A.3.
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