
DOI: 10.1007/s00222-005-0454-z
Invent. math. 162, 551–647 (2005)

Pullbacks of Saito-Kurokawa lifts

Atsushi Ichino

Department of Mathematics, Graduate School of Science, Osaka City University, 3-3-138
Sugimoto, Sumiyoshi-ku, Osaka 558-8585, Japan
(e-mail: ichino@sci.osaka-cu.ac.jp)

Oblatum 28-IX-2004 & 11-IV-2005
Published online: 18 July 2005 – © Springer-Verlag 2005

Introduction

Pullbacks of Siegel Eisenstein series have been studied by Garrett [17], [18],
Böcherer [6], [7], Heim [26], and play a key role in the proof of the algebraic-
ity of critical values of certain automorphic L-functions. More generally,
one might consider pullbacks of Siegel cusp forms. For example, Ikeda
[30] gave a conjectural formula for pullbacks of Ikeda lifts [29] in terms of
critical values of L-functions for Spn × GL2. Also, the Gross-Prasad con-
jecture [22], [23], [8], [27, §8] would relate pullbacks of Siegel cusp forms
of degree 2 to central critical values of L-functions for GSp2 × GL2 × GL2.
Indeed, Böcherer, Furusawa, and Schulze-Pillot [8] gave an explicit formula
for pullbacks of Yoshida lifts [57]. In this paper, we give an explicit formula
for pullbacks of Saito-Kurokawa lifts and prove the algebraicity of central
critical values of certain L-functions for Sp1 × GL2.

To be precise, let κ be an odd positive integer. Let f ∈ S2κ(SL2(Z)) be
a normalized Hecke eigenform and h ∈ S+

κ+1/2(Γ0(4)) a Hecke eigenform
associated to f by the Shimura correspondence. Let F ∈ Sκ+1(Sp2(Z))
be the Saito-Kurokawa lift of h. For each normalized Hecke eigenform
g ∈ Sκ+1(SL2(Z)), we consider the period integral 〈F|H×H, g × g〉 given by

〈F|H×H, g × g〉
=

∫
SL2(Z)\H

∫
SL2(Z)\H

F

((
τ1 0
0 τ2

))
g(τ1)g(τ2)yκ−1

1 yκ−1
2 dτ1 dτ2.

Let Λ(s, Sym2(g) ⊗ f ) be the completed L-function given by

Λ(s, Sym2(g) ⊗ f ) = ΓC(s)ΓC(s − κ)ΓC(s − 2κ + 1)L(s, Sym2(g) ⊗ f ),

where ΓC(s) = 2(2π)−sΓ(s). It satisfies the functional equation

Λ(4κ − s, Sym2(g) ⊗ f ) = Λ(s, Sym2(g) ⊗ f ).
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Our main result is as follows.

Theorem 2.1.

Λ(2κ, Sym2(g) ⊗ f ) = 2κ+1 〈 f, f 〉
〈h, h〉

|〈F|H×H, g × g〉|2
〈g, g〉2

.

Theorem 2.1 has an application to Deligne’s conjecture [13].

Corollary 2.6. For σ ∈ Aut(C),
(

Λ(2κ, Sym2(g) ⊗ f )

〈g, g〉2c+( f )

)σ

= Λ(2κ, Sym2(gσ ) ⊗ f σ )

〈gσ , gσ 〉2c+( f σ )
.

Here c+( f ) is the period of f as in [52].

This paper is organized as follows. In Sect. 1, we review the theory
of Saito-Kurokawa lifts. In Sect. 2, we state our main result. In Sects. 3
and 4, we recall the basic facts about automorphic forms and theta lifts,
respectively. In Sect. 5, we state three seesaw identities, and show that
these identities and the Kohnen-Zagier formula imply the main theorem.
The rest of this paper is devoted to the proof of these identities. First, we
study the Jacquet-Langlands-Shimizu correspondence in Sect. 6 and the
Saito-Kurokawa lifting in Sect. 7. In Sect. 8, we prove an identity for the
seesaw
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Next, we study the Shimura-Waldspurger correspondence in Sect. 9 and the
base change for GL2 from Q to an imaginary quadratic field K in Sect. 10.
In Sect. 11, we prove an identity for the seesaw
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Finally, we study the local zeta integrals of Garrett, Piatetski-Shapiro and
Rallis in Sect. 12. In Sect. 13, we prove an identity for the seesaw
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.
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Notation. Let F be a local field of characteristic not 2 and ψ a non-trivial
additive character of F. Let ( , )F denote the quadratic Hilbert symbol of
F and γF(ψ) the Weil index [47]. For a ∈ F×, define a non-trivial additive
character aψ of F by (aψ)(x) = ψ(ax), and put γF (a, ψ) = γF(aψ)/γF(ψ).
See Sect. A.1 for more details.

Let ψ0 = ⊗vψv be the non-trivial additive character of AQ/Q defined
as follows:

• If v = p, then ψp(x) = e−2π
√−1x for x ∈ Z[p−1].

• If v = ∞, then ψ∞(x) = e2π
√−1x for x ∈ R.

We call ψ0 (resp. ψv) the standard additive character of AQ (resp. Qv).
For n ∈ N, let

GSpn =
{

g ∈ GL2n

∣∣∣∣ g

(
0 1n

−1n 0

)
tg = ν(g)

(
0 1n

−1n 0

)
, ν(g) ∈ Gm

}

be the symplectic similitude group and ν : GSpn → Gm the scale map. Let
Spn = ker(ν) denote the symplectic group. When n = 1, GSp1 = GL2 and
Sp1 = SL2. Note that ν(g) = det(g) for g ∈ GL2.

Let

B =
{(∗ ∗

0 ∗
)

∈ GL2

}
and B =

{(∗ ∗
0 ∗

)
∈ SL2

}

be the standard Borel subgroups of GL2 and SL2, respectively. Let

U =
{

u(x) =
(

1 x
0 1

) ∣∣∣∣ x ∈ Ga

}

be the unipotent radical of B (and of B). We write

a(ν) =
(

ν 0
0 1

)
, d(ν) =

(
1 0
0 ν

)
, t(a) =

(
a 0
0 a−1

)
.

Put

w =
(

0 1
−1 0

)
, k1 =

(
1 0
2 1

)
.

Let

SO(2) =
{

kθ =
(

cos θ sin θ
− sin θ cos θ

) ∣∣∣∣ θ ∈ R/2πZ

}
,

SU(2) =
{(

α β

−β̄ ᾱ

) ∣∣∣∣ α, β ∈ C, |α|2 + |β|2 = 1
}

.

For n ∈ Z≥0, let ρn denote the irreducible representation of SU(2) of
dimension n + 1. Put

k∞ = 1√
2

(
1 −√−1

−√−1 1

)
∈ SU(2).
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Let su(2) be the Lie algebra of SU(2) and su(2)C = su(2) ⊗R C its com-
plexification. We define H, X, Y ∈ su(2)C by

H = −X1 ⊗ √−1,

X = 1

2
(X2 ⊗ √−1 − X3 ⊗ 1),

Y = 1

2
(X2 ⊗ √−1 + X3 ⊗ 1),

where

X1 =
(√−1 0

0 −√−1

)
, X2 =

(
0

√−1√−1 0

)
, X3 =

(
0 1

−1 0

)
.

Then

[H, X] = 2X, [H, Y ] = −2Y, [X, Y ] = H.

The Siegel upper half space Hn is defined by

Hn = {
Z ∈ Mn(C) | t Z = Z, Im(Z) > 0

}
.

When n = 1, H = H1 is the upper half plane. For τ = x + √−1y ∈ H,
put dτ = dx dy and q = e2π

√−1τ . Here dx, dy are the Lebesgue measures.
Note that

vol
(

SL2(Z)\H, y−2 dτ
) = π

3
.

For z ∈ C, let |z| = √
zz̄, and define z1/2 so that −π/2 < arg(z1/2) ≤

π/2. Let
(

c
d

)
be the quadratic residue symbol as in [50]. We put ΓR(s) =

π−s/2Γ(s/2) and ΓC(s) = 2(2π)−sΓ(s). Let Kν(z) denote the modified
Bessel function and 2 F1(α, β; γ ; z) the hypergeometric function. Recall
that

Kν(z) = 1

2

∫ ∞

0
e−z(t+t−1)/2tν−1 dt

if Re(z) > 0, and

2 F1(α, β; γ ; z) = Γ(γ)

Γ(α)Γ(β)

∞∑
n=0

Γ(α + n)Γ(β + n)

n!Γ(γ + n)
zn

if |z| < 1.

Measures. Let F be a number field. For a connected linear algebraic
group G over F, we take the Tamagawa measure on G(AF ). If V is
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a quadratic space over F, the Haar measure on O(V )(AF ) is normalized so
that

vol(O(V )(F)\ O(V )(AF )) = 1.

Let F = Q. For each prime p, let dxp (resp. d×ap) be the Haar measure
on Qp (resp. Q×

p ) with

vol(Zp, dxp) = vol
(
Z

×
p , d×ap

) = 1.

Let dx∞, da∞ be the Lebesgue measures on R and d×a∞ = |a∞|−1
R

da∞
the Haar measure on R×. We take the Haar measure dk = ∏

v dkv on
SO(2) SL2(Ẑ) with

vol(SO(2) SL2(Ẑ), dk) = ξQ(2)−1.

Here ξQ(s) = ΓR(s)ζ(s). Define a Haar measure dgv on SL2(Qv) by

dgv = |av|−2
Qv

dxv d×av dkv

for gv = u(xv)t(av)kv with xv ∈ Qv, av ∈ Q×
v ,

kv ∈
{

SL2(Zp) if v = p,
SO(2) if v = ∞.

Then the product measure dg = ∏
v dgv is the Tamagawa measure on

SL2(AQ).
Let F = K be an imaginary quadratic field with discriminant −D < 0

and O the ring of integers of K . For each prime p, let dxp (resp. d×ap) be
the Haar measure on Kp (resp. K×

p ) with

vol(Op, dxp) = vol
(
O×

p , d×ap
) = 1.

Let dx∞, da∞ be the Lebesgue measures on C and d×a∞ = |a∞|−1
C

da∞
the Haar measure on C×. We take the Haar measure dk = ∏

v dkv on
SU(2) SL2(Ô) with

vol(SU(2) SL2(Ô), dk) = π−1ξK(2)−1.

Here ξK(s) = Ds/2ΓC(s)ζK(s). Define a Haar measure dgv on SL2(Kv) by

dgv =
{

|ap|−2
Kp

dxp d×ap dkp if v = p,

|a∞|−2
C

(
2D−1/2 dx∞

)
(2 d×a∞) dk∞ if v = ∞,

for gv = u(xv)t(av)kv with xv ∈ Kv, av ∈ K×
v ,

kv ∈
{

SL2(Op) if v = p,
SU(2) if v = ∞.

Then the product measure dg = ∏
v dgv is the Tamagawa measure on

SL2(AK).



556 A. Ichino

1. Saito-Kurokawa lifts

In this section, we review the theory of Saito-Kurokawa lifts [38], [40], [1],
[59].

Let κ be a positive integer. We put

Γ0(4) =
{(

a b
c d

)
∈ SL2(Z)

∣∣∣∣ c ≡ 0 mod 4
}

and define a factor of automorphy j(γ, τ) by

j(γ, τ) =
(

c

d

)
ε−1

d (cτ + d)1/2 for γ =
(

a b
c d

)
∈ Γ0(4), τ ∈ H.

Here

εd =
{

1 if d ≡ 1 mod 4,√−1 if d ≡ 3 mod 4.

Let Mκ+1/2(Γ0(4)) (resp. Sκ+1/2(Γ0(4))) denote the space of all holomorphic
functions h on H which satisfy

h(γ(τ)) = j(γ, τ)2κ+1h(τ)

for every γ ∈ Γ0(4) and which are holomorphic (resp. which vanish) at
every cusp. Kohnen [32] introduced the space M+

κ+1/2(Γ0(4)) of all modular
forms

h(τ) =
∞∑

n=0

ch(n)qn ∈ Mκ+1/2(Γ0(4))

such that

ch(n) = 0 unless (−1)κn ≡ 0, 1 mod 4.

We put

S+
κ+1/2(Γ0(4)) = Sκ+1/2(Γ0(4)) ∩ M+

κ+1/2(Γ0(4)).

Assume that κ is odd. There is an injective linear map

S+
κ+1/2(Γ0(4)) −→ Sκ+1(Sp2(Z)).

h 
−→ F

Here the Fourier expansion of F is given by

F(Z) =
∑

B

A(B)e2π
√−1 tr(BZ)
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for Z ∈ H2, where B runs over all positive definite half-integral symmetric
matrices of size 2, and

A

((
n r/2

r/2 m

))
=

∑
d|(n,r,m)

dκch

(
4nm − r2

d2

)

for n, r, m ∈ Z such that n, m > 0 and 4nm > r2. We call F the Saito-
Kurokawa lift of h.

Lemma 1.1. Let h ∈ S+
κ+1/2(Γ0(4)). Let F ∈ Sκ+1(Sp2(Z)) be the Saito-

Kurokawa lift of h and F|H×H ∈ Sκ+1(SL2(Z))⊗Sκ+1(SL2(Z)) the pullback
of F via the embedding

H× H −→ H2.

(τ1, τ2) 
−→
(

τ1 0
0 τ2

)

Then

(T(p) ⊗ id)(F|H×H) = (id ⊗T(p))(F|H×H)

for all primes p. Here T(p) is the Hecke operator on Sκ+1(SL2(Z)).

Proof. Since

F

((
τ1 0
0 τ2

))
=

∞∑
n=1

∞∑
m=1

∑
r∈Z

r2<4nm

∑
d|(n,r,m)

dκch

(
4nm − r2

d2

)
qn

1 qm
2 ,

(T(p) ⊗ id)(F|H×H)(τ1, τ2) is equal to
∞∑

n=1

∞∑
m=1

∑
r∈Z

r2<4pnm

∑
d|(pn,r,m)

dκch

(
4pnm − r2

d2

)
qn

1 qm
2

+ pκ

∞∑
n=1

∞∑
m=1

∑
r∈Z

r2<4nm

∑
d|(n,r,m)

dκch

(
4nm − r2

d2

)
q pn

1 qm
2

=
∞∑

n=1

∞∑
m=1

∑
r∈Z

r2<4pnm

∑
d|(n,r,m)

p�d

dκch

(
4pnm − r2

d2

)
qn

1 qm
2

+ pκ

∞∑
n=1

∞∑
m=1

∑
r∈Z

r2<4nm

∑
d|(n,r,m)

dκch

(
4nm − r2

d2

)
qn

1 q pm
2

+ pκ

∞∑
n=1

∞∑
m=1

∑
r∈Z

r2<4nm

∑
d|(n,r,m)

dκch

(
4nm − r2

d2

)
q pn

1 qm
2 .

This completes the proof. ��
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2. Statement of the main theorem

Let κ be an odd positive integer. Let

f(τ) =
∞∑

n=1

af (n)qn ∈ S2κ(SL2(Z))

be a normalized Hecke eigenform and

h(τ) =
∞∑

n=1

ch(n)qn ∈ S+
κ+1/2(Γ0(4))

a Hecke eigenform associated to f by the Shimura correspondence [50],
[32]. Note that h is unique up to scalars. Let F ∈ Sκ+1(Sp2(Z)) be the
Saito-Kurokawa lift of h. For each normalized Hecke eigenform

g(τ) =
∞∑

n=1

ag(n)qn ∈ Sκ+1(SL2(Z)),

we consider the period integral 〈F|H×H, g × g〉 given by

〈F|H×H, g × g〉
=

∫
SL2(Z)\H

∫
SL2(Z)\H

F

((
τ1 0
0 τ2

))
g(τ1)g(τ2)yκ−1

1 yκ−1
2 dτ1 dτ2.

Define the Petersson norms of f , g, h by

〈 f, f 〉 =
∫

SL2(Z)\H
| f(τ)|2y2κ−2 dτ,

〈g, g〉 =
∫

SL2(Z)\H
|g(τ)|2 yκ−1 dτ,

〈h, h〉 = 1

6

∫
Γ0(4)\H

|h(τ)|2 yκ−3/2 dτ,

respectively.
For each prime p, let {αp, α

−1
p } and {βp, β

−1
p } denote the Satake param-

eters of g and f at p, respectively. Then

1 − ag(p)X + pκ X2 = (
1 − pκ/2αp X

)(
1 − pκ/2α−1

p X
)
,

1 − af (p)X + p2κ−1 X2 = (
1 − pκ−1/2βp X

)(
1 − pκ−1/2β−1

p X
)
.

We put

Ap = pκ

⎛
⎝α2

p 0 0
0 1 0
0 0 α−2

p

⎞
⎠ , Bp = pκ−1/2

(
βp 0
0 β−1

p

)
.
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Define the L-function L(s, Sym2(g) ⊗ f ) by an Euler product

L(s, Sym2(g) ⊗ f ) =
∏

p

det(16 − Ap ⊗ Bp · p−s)−1

for Re(s) � 0. Let Λ(s, Sym2(g) ⊗ f ) be the completed L-function given
by

Λ(s, Sym2(g) ⊗ f ) = ΓC(s)ΓC(s − κ)ΓC(s − 2κ + 1)L(s, Sym2(g) ⊗ f ),

where ΓC(s) = 2(2π)−sΓ(s). It has an analytic continuation to the whole
s-plane and satisfies the functional equation

Λ(4κ − s, Sym2(g) ⊗ f ) = Λ(s, Sym2(g) ⊗ f ).

Our main result is as follows.

Theorem 2.1.

Λ(2κ, Sym2(g) ⊗ f ) = 2κ+1 〈 f, f 〉
〈h, h〉

|〈F|H×H, g × g〉|2
〈g, g〉2

.

Remark 2.2. Theorem 2.1 is compatible with Ikeda’s conjecture [30] and
the Gross-Prasad conjecture [22], [23], [8], [27, §8].

Remark 2.3. Let g1, g2 ∈ Sκ+1(SL2(Z)) be normalized Hecke eigenforms.
If g1 �= g2, then

〈F|H×H, g1 × g2〉 = 0

by Lemma 1.1 and the multiplicity one theorem. The assertion also follows
from Theorem 1.1 of [30].

Remark 2.4. Let E ∈ Mκ+1(Sp2(Z)) be either a Siegel Eisenstein series or
a Klingen Eisenstein series. An explicit formula for 〈E|H×H, g1 × g2〉 was
proved by Garrett [17], [18], Böcherer [6], [7].

Example 2.5. We discuss the case κ = 11. Let f ∈ S22(SL2(Z)) be the
normalized Hecke eigenform and h ∈ S+

23/2(Γ0(4)) the Hecke eigenform
given by

h(τ) = q3 + 10q4 − 88q7 − 132q8 + · · · .

Then h corresponds to f by the Shimura correspondence. Let F ∈
S12(Sp2(Z)) be the Saito-Kurokawa lift of h and g ∈ S12(SL2(Z)) the
normalized Hecke eigenform. Then

〈F|H×H, g × g〉
〈g, g〉2

=
∑
r∈Z
r2<4

A

((
1 r/2

r/2 1

))
= 2ch(3) + ch(4) = 12.
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By computer calculation,

〈g, g〉 = 0.0000010353620568043209223478168122251645 . . . ,

〈 f, f 〉〈h, h〉−1 = 1197338.2132758251275951506817254810499696 . . . ,

Λ(22, Sym2(g) ⊗ f ) = 0.7570486229780282956208657580257776451825 . . . .

Here we have used Dokchitser’s program [14]. Therefore the numerical
value of

〈g, g〉−2〈 f, f 〉−1〈h, h〉Λ(22, Sym2(g) ⊗ f )

coincides with

212 · 〈F|H×H, g × g〉2

〈g, g〉4
= 216 · 32.

Theorem 2.1 has an application to Deligne’s conjecture [13].

Corollary 2.6. For σ ∈ Aut(C),(
Λ(2κ, Sym2(g) ⊗ f )

〈g, g〉2c+( f )

)σ

= Λ(2κ, Sym2(gσ ) ⊗ f σ )

〈gσ , gσ 〉2c+( f σ )
.

Here c+( f ) is the period of f as in [52].

Proof. We may assume that the Fourier coefficients of F (and hence that
of h) are in Q( f ), where Q( f ) is the field generated over Q by the Fourier
coefficients of f . In particular, 〈F|H×H, g × g〉 ∈ R.

For a fundamental discriminant −D < 0, let χ−D denote the Dirichlet
character associated to Q(

√−D)/Q. Let Λ(s, f, χ−D) be the completed
L-function given by

Λ(s, f, χ−D) = DsΓC(s)L(s, f, χ−D).

Then the Kohnen-Zagier formula [33] says that

Λ(κ, f, χ−D) = 2−κ+1 D1/2ch(D)2 〈 f, f 〉
〈h, h〉 .

Note that there exists a fundamental discriminant −D < 0 such that
ch(D) �= 0.

Let σ ∈ Aut(C). Then Fσ is the Saito-Kurokawa lift of hσ , and

ch(D)σ = chσ (D).

By the property of the period c+( f ),(
D−1/2Λ(κ, f, χ−D)

c+( f )

)σ

= D−1/2Λ(κ, f σ , χ−D)

c+( f σ)
.

Obviously, (〈F|H×H, g × g〉
〈g, g〉2

)σ

= 〈Fσ |H×H, gσ × gσ 〉
〈gσ , gσ 〉2

.

This completes the proof. ��
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Remark 2.7. It seems that Corollary 2.6 does not follow from the algebraic-
ity of central critical values of triple product L-functions [18], [42], [48],
[19], [24], [4]. Notice that

Λ(2κ, g ⊗ g ⊗ f ) = Λ(2κ, Sym2(g) ⊗ f )Λ(κ, f ) = 0.

Remark 2.8. Let κ, κ′ be odd positive integers such that κ ≤ κ′. Using differ-
ential operators as in [6], [8], one might prove the analogue of Corollary 2.6
for normalized Hecke eigenforms f ∈ S2κ(SL2(Z)) and g ∈ Sκ′+1(SL2(Z)).

3. Automorphic forms

3.1. Automorphic forms on GL2. Let F be a number field and AF

(resp. A f
F) the ring of adeles (resp. finite adeles) of F. Fix a non-trivial

additive character ψ of AF/F. Let f be an automorphic form on GL2(AF ).
For ξ ∈ F, define the ξ-th Fourier coefficient Wf,ξ of f by

Wf,ξ (h) =
∫

F\AF

f(u(x)h)ψ(ξx) dx.

Note that

Wf,ξ1(d(ξ2)h) = Wf,ξ1ξ
−1
2

(h)

for ξ1, ξ2 ∈ F×.
Fix an even positive integer l and a normalized Hecke eigenform

g(τ) =
∞∑

n=1

ag(n)qn ∈ Sl(SL2(Z)).

For each prime p, let {αp, α
−1
p } denote the Satake parameter of g at p. Then

1 − ag(p)X + pl−1 X2 = (
1 − p(l−1)/2αp X

)(
1 − p(l−1)/2α−1

p X
)
.

We fix sp ∈ C such that αp = p−sp . Note that Re(sp) = 0 by the Ramanujan
conjecture.

Let F = Q and ψ = ψ0. Here ψ0 is the standard additive character
of AQ. Then g determines a cusp form g on GL2(AQ) by the formula

g(h) = det(h∞)l/2(c
√−1 + d)−lg(h∞(

√−1))

for h = γh∞k ∈ GL2(AQ) with γ ∈ GL2(Q),

h∞ =
(

a b
c d

)
∈ GL+

2 (R),
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and k ∈ GL2(Ẑ). By definition, g satisfies

g(hk) = g(h),(3.1)

g(hkθ) = e
√−1lθg(h),(3.2)

for h ∈ GL2(AQ), k ∈ GL2(Ẑ), kθ ∈ SO(2). Moreover,

Wg,n(1) = ag(n)e−2πn

for n ∈ N. Let π = ⊗vπv be the irreducible cuspidal automorphic rep-
resentation of GL2(AQ) generated by g. Then πp is the principal series
representation

Ind
GL2(Qp)

B(Qp)

(| |sp

Qp
� | |−sp

Qp

)

for each prime p, and π∞ is the discrete series representation of weight l.
In the space of π, the conditions (3.1), (3.2) characterize the cusp form g
up to scalars. We define a cusp form g� ∈ π by

g�(h) = g
(
ht(2−1)2

)
(3.3)

for h ∈ GL2(AQ), where

t(2−1)2 =
(

2−1 0
0 2

)
∈ GL2(Q2).

Let F = K be an imaginary quadratic field with discriminant −D < 0
and O the ring of integers of K . Let ψ = 1

2(ψ0 ◦ trK/Q). We put δ = √−D,

Ô = O⊗Z Ẑ, and Kv = K ⊗QQv for each place v ofQ. Let πK = ⊗vπK,v

be the base change of π to K , which is an irreducible cuspidal automorphic
representation of GL2(AK). Then πK,p is the principal series representation

Ind
GL2(Kp)

B(Kp)

(| |sp

Kp
� | |−sp

Kp

)

for each prime p, and πK,∞ is the principal series representation

IndGL2(C)

B(C) (µl−1 � µ−l+1)

with minimal SU(2)-type ρ2l−2. Here µ(z) = (z/z̄)1/2 for z ∈ C×. There is
a unique cusp form gK ∈ πK such that

gK(hk) = gK(h),(3.4)
H · gK = (2l − 2)gK ,(3.5)
X · gK = 0,(3.6)

for h ∈ GL2(AK), k ∈ GL2(Ô), and such that

WgK ,2δ−1(1) = Kl−1(4πD−1/2).
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We remark that the conditions (3.5), (3.6) mean that gK is a highest weight
vector of the minimal SU(2)-type. In the space of πK , the conditions (3.4)–
(3.6) characterize the cusp form gK up to scalars. We define cusp forms
g�

K, g�

K ∈ πK by

g�

K(h) = gK(hk∞),(3.7)

g�
K(h) = gK(hd(2−1δ) f ),(3.8)

for h ∈ GL2(AK). Here

k∞ = 1√
2

(
1 −√−1

−√−1 1

)
∈ GL2(C)

and

d(2−1δ) f =
(

1 0
0 2−1δ

)
∈ GL2

(
A

f
K

)
.

3.2. Automorphic forms on S̃L2. If F is a local field of characteristic

not 2, let S̃L2(F) be the 2-fold metaplectic cover of SL2(F). Let c(g1, g2)
denote Kubota’s 2-cocycle defined by

c(g1, g2) = (
x(g1g2)x(g1)

−1, x(g1g2)x(g2)
−1

)
F

for g1, g2 ∈ SL2(F). Here

x(g) =
{

c if c �= 0
d if c = 0

for g =
(

a b
c d

)
∈ SL2(F).

Then

S̃L2(F) � SL2(F) × {±1},
where the multiplication on the right-hand side is given by

(g1, ε1) · (g2, ε2) = (g1g2, ε1ε2 · c(g1, g2)).

Note that the map

U(F) −→ S̃L2(F)

u 
−→ (u, 1)

is a homomorphism. By abuse of notation, we write g for the element

(g, 1) ∈ S̃L2(F). For any subgroup H of SL2(F), let H̃ denote the inverse

image of H in S̃L2(F).
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Let F = Qp. Let ψp denote the standard additive character of Qp and
χ−1,p the quadratic character of Q×

p associated to Qp(
√−1)/Qp by class

field theory. Let

K0(4;Zp) =
{(

a b
c d

)
∈ SL2(Zp)

∣∣∣∣ c ≡ 0 mod 4Zp

}
,

K1(4;Zp) =
{(

a b
c d

)
∈ SL2(Zp)

∣∣∣∣ c ≡ 0, d ≡ 1 mod 4Zp

}
.

Note that SL2(Zp) = K0(4;Zp) = K1(4;Zp) if p �= 2. We put

sp(k) =
{
(c, d)Qp if cd �= 0, ordQp(c) is odd,
1 otherwise,

for

k =
(

a b
c d

)
∈ K1(4;Zp).

Then the map

K1(4;Zp) −→ ˜SL2(Qp)

k 
−→ (k, sp(k))

defines a splitting homomorphism. If p = 2, put

ε2(k) =
{
γQ2(d, ψ2)(c, d)Q2 if c �= 0,
γQ2(d, ψ2)

−1 if c = 0,

for

k =
(

a b
c d

)
∈ K0(4;Z2).

Note that ε2(k) = s2(k) for k ∈ K1(4;Z2) and

ε2(k)
2 = χ−1,2(d) for k =

(
a b
c d

)
∈ K0(4;Z2).

Then the map

˜K0(4;Z2) −→ C
×

(k, ε) 
−→ ε · ε2(k)

defines a character of ˜K0(4;Z2).
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Let F = R. There is a splitting homomorphism

Γ1(4) −→ S̃L2(R),(
a b
c d

)

−→

((
a b
c d

)
,

(
c

d

))

where

Γ1(4) =
{(

a b
c d

)
∈ SL2(Z)

∣∣∣∣ c ≡ 0, d ≡ 1 mod 4

}
.

Note that (
c

d

)
=

∏
p

sp

((
a b
c d

))
for

(
a b
c d

)
∈ Γ1(4).

Let

R/4πZ −→ S̃O(2)

θ 
−→ k̃θ

be the isomorphism determined by

k̃θ =
{
(kθ, 1) if −π < θ ≤ π,
(kθ,−1) if π < θ ≤ 3π.

The metaplectic cover S̃L2(R) acts onH through SL2(R). We define a factor
of automorphy

j̃ : S̃L2(R) ×H −→ C

by

j̃

(((
a b
c d

)
, ε

)
, τ

)
=

⎧⎨
⎩

ε
√

d if c = 0, d > 0,
−ε

√
d if c = 0, d < 0,

ε(cτ + d)1/2 if c �= 0.

Now we consider automorphic forms on the 2-fold metaplectic cover
˜SL2(AQ) of SL2(AQ). We identify SL2(Q) with its image under the canon-

ical splitting homomorphism SL2(Q) → ˜SL2(AQ). The metaplectic cover
˜SL2(AQ) also splits over U(AQ) and K1(4; Ẑ).

Let l be a positive integer. Let

h(τ) =
∞∑

n=0

ch(n)qn ∈ Ml+1/2(Γ0(4)).
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Then h determines an automorphic form h on ˜SL2(AQ) by the formula

h(g) = j̃(g∞,
√−1)−2l−1h(g∞(

√−1))

for g = γg∞k ∈ ˜SL2(AQ) with γ ∈ SL2(Q), g∞ ∈ S̃L2(R), and k ∈
K1(4; Ẑ). By Proposition 3 of [55], h satisfies

h(g(k, sp(k))) = h(g)(3.9)

for g ∈ ˜SL2(AQ), k ∈ SL2(Zp) if p �= 2, and

h(gk) = ε2(k)
(−1)l

h(g),(3.10)

h(gk̃θ) = e
√−1(l+1/2)θh(g),(3.11)

for g ∈ ˜SL2(AQ), k ∈ K0(4;Z2), k̃θ ∈ S̃O(2). For ξ ∈ Q, define the ξ-th
Fourier coefficient Wh,ξ of h by

Wh,ξ (g) =
∫
Q\AQ

h(u(x)g)ψ(ξx) dx,

where ψ is the standard additive character of AQ. Note that

Wh,ξ1(t(ξ2)g) = Wh,ξ1ξ
2
2
(g)

for ξ1, ξ2 ∈ Q×. Moreover,

Wh,n(1) = ch(n)e−2πn

for n ∈ Z≥0.
We will give an adelic interpretation of Kohnen’s plus space. We define

h|U4, h|W4 ∈ Ml+1/2(Γ0(4)) by

(h|U4)(τ) = 1

4

∑
x∈Z/4Z

h

(
τ + x

4

)
,

(h|W4)(τ) = (−2
√−1τ)−l−1/2h

(
− 1

4τ

)
,

for τ ∈ H. We also define automorphic forms U(h), W(h) by

U(h)(g) =
∫
Z2

h(gu(x)t(2)2) dx,

W(h)(g) = h
(
gw−1

2 t(2)2
)
,

for g ∈ ˜SL2(AQ).
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Lemma 3.1. The automorphic form on ˜SL2(AQ) associated to h|U4 is

2l+1/2U(h).

Proof. It suffices to show that

(h|U4)(τ) = 2l+1/2j̃(g∞,
√−1)2l+1U(h)(g∞)

for g∞ ∈ S̃L2(R) and τ = g∞(
√−1) ∈ H. Let x ∈ Z. Since

t(2)−1
∞ u(x)∞ =

(
2−1 2−1x
0 2

)

in S̃L2(R), we have

t(2)−1
∞ u(x)∞(τ) = τ + x

4

and

j̃
(
t(2)−1

∞ u(x)∞, τ
) = √

2.

Hence (h|U4)(τ) is equal to

4−1
∑

x∈Z/4Z

h
(
t(2)−1

∞ u(x)∞(τ)
)

= 4−1
∑

x∈Z/4Z

j̃
(
t(2)−1

∞ u(x)∞g∞,
√−1

)2l+1
h
(
t(2)−1

∞ u(x)∞g∞
)

= 2l−3/2j̃(g∞,
√−1)2l+1

∑
x∈Z/4Z

h
(
t(2)−1

∞ u(x)∞g∞
)

= 2l−3/2j̃(g∞,
√−1)2l+1

∑
x∈Z/4Z

h
(
g∞u(x)−1

2 t(2)2
)

= 2l+1/2j̃(g∞,
√−1)2l+1U(h)(g∞).

��
Lemma 3.2. The automorphic form on ˜SL2(AQ) associated to h|W4 is

ζ−2l−1
8 W(h).

Proof. It suffices to show that

(h|W4)(τ) = ζ−2l−1
8 j̃(g∞,

√−1)2l+1W(h)(g∞)

for g∞ ∈ S̃L2(R) and τ = g∞(
√−1) ∈ H. Since

t(2)−1
∞ w∞ =

(
0 2−1

−2 0

)
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in S̃L2(R), we have

t(2)−1
∞ w∞(τ) = − 1

4τ

and

j̃
(
t(2)−1

∞ w∞, τ
) = (−2τ)1/2 = ζ−1

8 (−2
√−1τ)1/2.

Hence (h|W4)(τ) is equal to

(−2
√−1τ)−l−1/2h

(
t(2)−1

∞ w∞(τ)
)

= (−2
√−1τ)−l−1/2j̃

(
t(2)−1

∞ w∞g∞,
√−1

)2l+1
h
(
t(2)−1

∞ w∞g∞
)

= ζ−2l−1
8 j̃(g∞,

√−1)2l+1h
(
t(2)−1

∞ w∞g∞
)

= ζ−2l−1
8 j̃(g∞,

√−1)2l+1h
(
g∞w−1

2 t(2)2
)

= ζ−2l−1
8 j̃(g∞,

√−1)2l+1W(h)(g∞).
��

Lemma 3.3. Let h ∈ Ml+1/2(Γ0(4)). Let h denote the automorphic form

on ˜SL2(AQ) associated to h. Then h belongs to M+
l+1/2(Γ0(4)) if and only if

W(U(h)) = 2−1/2ζ
(−1)l

8 h.(3.12)

Proof. By Proposition 2 of [32], h belongs to M+
l+1/2(Γ0(4)) if and only if

h|U4W4 = 2l(
√−1)l2+lh.

Hence the assertion follows from Lemmas 3.1 and 3.2. ��
Baruch and Mao [3, §9] also gave an adelic interpretation of Kohnen’s

plus space. We check that Lemma 3.3 is consistent with their result. Let ρ

be an admissible representation of ˜SL2(Q2) on V. We fix a positive integer
l and put

V0 = {
f ∈ V |ρ(k) f = ε2(k)

(−1)l
f for k ∈ K0(4;Z2)

}
.

For f ∈ V, define U( f ), W( f ) ∈ V by

U( f ) =
∫
Z2

ρ(u(x)t(2)) f dx,

W( f ) = ρ(w−1t(2)) f.

Lemma 3.4. If f ∈ V0, then

U( f ) ∈ V0.
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Proof. Let

k =
(

a b
c d

)
∈ K0(4;Z2).

Since

k =
(

a 0
c a−1

)(
1 a−1b
0 1

)

in ˜SL2(Q2), we may assume that b = 0 and d = a−1. Let x ∈ Z2. We put

k′(x) = t(2)−1u(x)−1ku(x)t(2) ∈ ˜SL2(Q2).

Then

k′(x) =
(

a − cx 4−1x(a − d − cx)
4c d + cx

)

in ˜SL2(Q2). Since k′(x) ∈ K0(4;Z2), we have

ρ(ku(x)t(2)) f = ε2(k
′(x))(−1)l

ρ(u(x)t(2)) f.

It remains to show that

ε2(k
′(x)) = ε2(k).

If c = 0, then

ε2(k
′(x)) = γQ2(d, ψ2)

−1 = ε2(k).

If c �= 0, then

ε2(k
′(x)) = γQ2(d + cx, ψ2)(4c, d + cx)Q2 = γQ2(d, ψ2)(c, d)Q2 = ε2(k).

This completes the proof. ��
Lemma 3.5. If f ∈ V0, then

W( f ) ∈ V0.

Proof. Let

k =
(

a b
c d

)
∈ K0(4;Z2).

We put

(k′, ε′) = t(2)−1wkw−1t(2) ∈ ˜SL2(Q2).
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Since

k′ =
(

d −4−1c
−4b a

)
∈ K0(4;Z2),

we have

ρ(k)W( f ) = ε′ε2(k
′)(−1)l

W( f ).

It remains to show that

ε2(k
′) = ε′ε2(k).

If b = c = 0, then ε′ = 1,

ε2(k) = γQ2(d, ψ2)
−1 = γQ2(a, ψ2)

−1,

ε2(k
′) = γQ2(a, ψ2)

−1.

If b = 0 and c �= 0, then ε′ = (a,−c)Q2 ,

ε2(k) = γQ2(d, ψ2)(c, d)Q2 = γQ2(a, ψ2)(a, c)Q2,

ε2(k
′) = γQ2(a, ψ2)

−1 = γQ2(a, ψ2)(a,−1)Q2 .

If b �= 0 and c = 0, then ε′ = (a, b)Q2 ,

ε2(k) = γQ2(d, ψ2)
−1 = γQ2(a, ψ2)(a,−1)Q2,

ε2(k
′) = γQ2(a, ψ2)(−4b, a)Q2 = γQ2(a, ψ2)(a,−b)Q2 .

If b �= 0 and c �= 0, then ε′ = (a,−bc)Q2 ,

ε2(k) = γQ2(d, ψ2)(c, d)Q2 = γQ2(a, ψ2)(c, d)Q2,

ε2(k
′) = γQ2(a, ψ2)(−4b, a)Q2 = γQ2(a, ψ2)(a,−b)Q2,

hence

(ε′ε2(k))
−1ε2(k

′) = (ad, c)Q2 = (1 + bc, c)Q2 = 1.

This completes the proof. ��
Assume that ρ is a principal series representation

Ind
˜SL2(Q2)

B̃(Q2)

((
χl

−1,2

)ψ2 | |s
Q2

)

(see Sect. A.3 for the notation). Then

dimCV0 = 2
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by Proposition 12 of [55]. There are elements f1, fw ∈ V0 determined by

f1(1) = 1, f1(w) = 0, f1(k1) = 0,

fw(1) = 0, fw(w) = 1, fw(k1) = 0.

With the notation of [55, p. 427],

f1 = F[2, 22], fw = (
√−1)(−1)l

F[2, 1].
Put α = 2−s and

f + = α−2 f1 + 2−3/2ζ
(−1)l+1

8 fw.

Note that f + = α−2ϕ̃2, where ϕ̃2 is as in (9.4) of [3].

Lemma 3.6. Let V+
0 be the subspace of V0 given by

V+
0 = {

f ∈ V0 | W(U( f )) = 2−1/2ζ
(−1)l

8 f
}
.

Then

dimCV+
0 = 1

and

f + ∈ V+
0 .

Proof. Let f = c1 f1 + cw fw ∈ V0 with c1, cw ∈ C. Then

W(U( f ))(w) = f(t(4)) = 4−1α2c1.

If f ∈ V+
0 , then 2−1/2ζ

(−1)l

8 cw = 4−1α2c1. Hence dimCV+
0 ≤ 1.

To prove f + ∈ V+
0 , it suffices to show that

W(U( f +))(g) = 2−1/2ζ
(−1)l

8 f +(g)

for g = 1, k1. For x ∈ Q2, we have

f1(w
−1u(x)) =

{
0 if x ∈ 2−1

Z2,

γQ2(x, ψ2)
−1((−1)l+1, x)Q2 |x|−s−1

Q2
otherwise,

fw(w−1u(x)) =
{

(−1)l
√−1 if x ∈ Z2,

0 otherwise.
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Let G̃ξ (a) be the Gauss sum as in Sect. A.2. Since w−1t(2)u(x)t(2) =
t(4−1)w−1u(4−1x) in ˜SL2(Q2), we have

W(U( f +))(1)

= 4α−2
∫
Z2

f +(w−1u(4−1x)) dx

= 4α−2 · 2−3/2ζ
(−1)l+1

8 · 4−1(−1)l
√−1

+ 4α−2 · α−2 ·
∫
Z

×
2

γQ2

(
4−1x, ψ2

)−1
((−1)l+1, 4−1x)Q2 |4−1x|−s−1

Q2
dx

= 2−3/2ζ
(−1)l

8 α−2 + α−2G̃0((−1)l+1)

= 2−3/2ζ
(−1)l

8 α−2 + 2−3/2ζ
(−1)l

8 α−2

= 2−1/2ζ
(−1)l

8 α−2.

Since k1w
−1t(2)u(x)t(2) = t(4−1)w−1u(−8−1+4−1x) in ˜SL2(Q2), we have

W(U( f +))(k1)

= 4α−2
∫
Z2

f +(w−1u(−8−1 + 4−1x)) dx

= 4α−2 · α−2

×
∫
Z2

γQ2

( − 8−1 + 4−1x, ψ2
)−1

((−1)l+1,−8−1 + 4−1x)Q2

× | − 8−1 + 4−1x|−s−1
Q2

dx

= α−1
∫
Z

×
2

γQ2

(
8−1x, ψ2

)−1
((−1)l+1, 8−1x)Q2 dx

= α−1
G̃0((−1)l+18−1)

= 0.

This completes the proof. ��
Let h ∈ S+

l+1/2(Γ0(4)) be a Hecke eigenform and f ∈ S2l(SL2(Z)) the
normalized Hecke eigenform associated to h. For each prime p, let {αp, α

−1
p }

denote the Satake parameter of f at p. We fix sp ∈ C such that αp = p−sp .

Let h denote the cusp form on ˜SL2(AQ) associated to h and π̃ = ⊗vπ̃v

the irreducible genuine cuspidal automorphic representation of ˜SL2(AQ)
generated by h. By [54], π̃p is the principal series representation

Ind
˜SL2(Qp)

B̃(Qp)

((
χl

−1,p

)ψp | |sp

Qp

)
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for each prime p, and π̃∞ is the holomorphic discrete series representation
of weight l + 1/2. Moreover, the multiplicity of π̃ in the space of cusp

forms on ˜SL2(AQ) is one. In the space of π̃, the conditions (3.9)–(3.12)
characterize the cusp form h up to scalars by Lemma 3.6.

4. Theta lifts

4.1. Quadratic spaces. Let F be a field of characteristic not 2 and V
a quadratic space over F. Namely, V is a vector space over F of dimension
m equipped with a non-degenerate symmetric bilinear form ( , ). Let Q
denote the associated quadratic form on V . Then

Q[x] = 1

2
(x, x)

for x ∈ V . We fix a basis {v1, . . . , vm} of V and identify V with the space
of column vectors Fm . Define Q ∈ GLm(F) by

Q = ((vi, v j)),

and let det(V ) denote the image of det(Q) in F×/F×,2. Then

(x, y) = t xQy

for x, y ∈ V = Fm . For n ∈ N and x, y ∈ V n = Mm,n(F), we also write
(x, y) = t xQy and Q[x] = 1

2 (x, x). Let

GO(V ) = {
h ∈ GLm | thQh = ν(h)Q, ν(h) ∈ Gm

}
be the orthogonal similitude group and ν : GO(V ) → Gm the scale map.
We let

GSO(V ) = {h ∈ GO(V ) | det(h) = ν(h)m/2}
when m is even. Let O(V ) = ker(ν) denote the orthogonal group and
SO(V ) = O(V ) ∩ SLm the special orthogonal group.

4.2. Weil representations. Let F be a local field of characteristic not 2 and
V a quadratic space over F of dimension m. We fix a non-trivial additive
character ψ of F. Define a quadratic character χV of F× by

χV (a) = ((−1)m(m−1)/2 det(V ), a)F

for a ∈ F×, and an 8th root of unity γV by

γV = γF
(

det(V ), 1
2ψ

)
γF

(
1
2ψ

)m
hF(V ).

Here hF(V ) is the Hasse invariant of V . Note that χV and γV depend only
on the Witt class of V .
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Let S̃pn(F) be the 2-fold metaplectic cover of Spn(F). By abuse of

notation, we write g for the element (g, 1) ∈ S̃pn(F) � Spn(F) × {±1}.
Let ω = ωV,n,ψ denote the Weil representation of S̃pn(F) × O(V )(F) on
S(V n) = S(Mm,n(F)) with respect to ψ (cf. [36, §5]). Let ϕ ∈ S(V n) and
x ∈ V n. Then

ω(1, h)ϕ(x) = ϕ(h−1x)

for h ∈ O(V )(F). The action of S̃pn(F) is given by the following formulas:

ω

((
a 0
0 ta−1

)
, 1

)
ϕ(x) = χV (det(a))| det(a)|m/2

F ϕ(xa)

×
{

1 if m is even,

γF
(
a, 1

2ψ
)−1

if m is odd,

ω

((
1n b
0 1n

)
, 1

)
ϕ(x) = ϕ(x)ψ(tr(bQ[x])),

ω

((
0 −1n
1n 0

)
, 1

)
ϕ(x) = γ−n

V

∫
V n

ϕ(y)ψ(− tr(x, y)) dy,

ω((1, ε), 1)ϕ(x) = εϕ(x),

for a ∈ GLn(F), b ∈ Symn(F), and ε ∈ {±1}. Here dy is the self-dual
measure on V n with respect to the pairing ψ(tr(x, y)), and is given by

dy = | det(Q)|n/2
F

∏
i, j

dyij

for y = (yij) ∈ V n = Mm,n(F), where dyij is the self-dual measure on F
with respect to ψ. If m is even, then we may regard ω as a representation of
Spn(F) × O(V )(F).

Following [25, §5.1], we extend the Weil representation ω. For simpli-
city, we assume that m is even. Put R = G(Spn × O(V )), where

G(Spn × O(V )) = {(g, h) ∈ GSpn × GO(V ) | ν(g) = ν(h)}.
Then the Weil representation ω of R(F) on S(V n) is defined by

ω(g, h)ϕ = ω

(
g

(
1n 0
0 ν(g)−11n

)
, 1

)
L(h)ϕ

for (g, h) ∈ R(F) and ϕ ∈ S(V n), where

L(h)ϕ(x) = |ν(h)|−mn/4
F ϕ(h−1x)

for x ∈ V n.
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4.3. Theta functions and theta lifts. Let F be a number field and V
a quadratic space over F of dimension m. We fix a non-trivial additive

character ψ of AF/F. Let ω denote the Weil representation of ˜Spn(AF ) ×
O(V )(AF ) on S(V n(AF )) with respect to ψ. Let S(V n(AF )) be the subspace
of S(V n(AF )) consisting of functions which correspond to polynomials

in the Fock model at every archimedean place. For (g, h) ∈ ˜Spn(AF ) ×
O(V )(AF ) and ϕ ∈ S(V n(AF )), put

θ(g, h;ϕ) =
∑

x∈V n(F)

ω(g, h)ϕ(x).(4.1)

Then θ(g, h;ϕ) is an automorphic form on ˜Spn(AF ) × O(V )(AF ) and is
called a theta function. If m is even, then we may regard θ(g, h;ϕ) as an
automorphic form on Spn(AF ) × O(V )(AF ).

Example 4.1. Let F = Q, m = n = 1, and ψ = ψ0. Here ψ0 is the standard
additive character of AQ. Let V = Q be the quadratic space with bilinear
form

(x, y) = 2xy.

We define ϕ = ⊗vϕ
(1)
v ∈ S(AQ) as follows:

• If v = p, then ϕ(1)
p is the characteristic function of Zp.

• If v = ∞, then ϕ(1)∞ (x) = e−2πx2
.

Note that

ω((k, sp(k)), 1)ϕ(1)
p = ϕ(1)

p

for k ∈ SL2(Zp) if p �= 2, and

ω(k, 1)ϕ
(1)
2 = ε2(k)ϕ

(1)
2 ,

ω(k̃θ, 1)ϕ(1)
∞ = e

√−1θ/2ϕ(1)
∞ ,

for k ∈ K0(4;Z2), k̃θ ∈ S̃O(2). For g ∈ ˜SL2(AQ), put

Θ(g) =
∑
x∈Q

ω(g, 1)ϕ(x).

Then Θ is the automorphic form on ˜SL2(AQ) associated to the classical
theta function

θ(τ) =
∑
n∈Z

qn2 ∈ M+
1/2(Γ0(4)).
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Let f be a cusp form on Spn(AF ) (resp. a genuine cusp form on ˜Spn(AF ))
when m is even (resp. odd). For h ∈ O(V )(AF ) and ϕ ∈ S(V n(AF )), put

θ(h; f, ϕ) =
∫

Spn(F)\ Spn(AF )

θ(g, h;ϕ) f(g) dg.

Then θ( f, ϕ) is an automorphic form on O(V )(AF ). Let π be an irreducible
cuspidal automorphic representation of Spn(AF ) (resp. an irreducible gen-

uine cuspidal automorphic representation of ˜Spn(AF )) when m is even
(resp. odd). We put

θ(π) = {
θ( f, ϕ) | f ∈ π, ϕ ∈ S

(
V n(AF )

)}
.(4.2)

Then θ(π) is an automorphic representation of O(V )(AF ) and is called
the theta lift of π. Similarly, we define θ( f ′, ϕ) for a cusp form f ′ on
O(V )(AF ), and θ(π ′) for an irreducible cuspidal automorphic representation
π ′ of O(V )(AF ).

Following [25, §5.1], we also extend the theta lift. For simplicity, we
assume that m is even again. For (g, h) ∈ R(AF ) and ϕ ∈ S(V n(AF )),
we can define θ(g, h;ϕ) by (4.1). Let f be a cusp form on GSpn(AF ). For
h ∈ GO(V )(AF ), choose g′ ∈ GSpn(AF ) such that ν(g′) = ν(h), and put

θ(h; f, ϕ) =
∫

Spn(F)\ Spn(AF )

θ(gg′, h;ϕ) f(gg′) dg.

Note that this integral does not depend on the choice of g′. Then θ( f, ϕ) is an
automorphic form on GO(V )(AF ). For an irreducible cuspidal automorphic
representation π of GSpn(AF ), the theta lift θ(π) of π is also defined by
(4.2).

4.4. Change of polarizations. Let n = 1. We assume that the matrix
Q ∈ GLm(F) associated to V is of the form

Q =
(

0 0 r
0 Q1 0
r 0 0

)
.

Here Q1 ∈ GLm−2(F) and r ∈ F×. Let V1 = Fm−2 be the quadratic space
with bilinear form

(v,w) = tvQ1w.

The associated quadratic form on V1 is also denoted by Q1. For v ∈ V1,
define an element �(v) ∈ O(V )(F) by

�(v) =
⎛
⎝1 −r−1tvQ1 −r−1 Q1[v]

0 1m−2 v
0 0 1

⎞
⎠ .
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If F is a local field of characteristic not 2, let

S(V ) −→ S(V1) ⊗ S(F2)

ϕ 
−→ ϕ̂

be the partial Fourier transform given by

ϕ̂(x1; y) = |r|1/2
F

∫
F

ϕ

(
z
x1
y1

)
ψ(ry2z) dz

for x1 ∈ V1, y = (y1, y2) ∈ F2. Here dz is the self-dual measure on F

with respect to ψ. We define a representation ω̂ of S̃L2(F) × O(V )(F) on
S(V1) ⊗ S(F2) by

ω̂(g, h)ϕ̂ = (ω(g, h)ϕ)̂.

If ϕ̂ = ϕ1 ⊗ ϕ2 with ϕ1 ∈ S(V1) and ϕ2 ∈ S(F2), then

ω̂((g, ε), 1)ϕ̂(x1; y) = ω((g, ε), 1)ϕ1(x1) · ϕ2(yg)

for (g, ε) ∈ S̃L2(F). Also,

ω̂

⎛
⎝1,

⎛
⎝a 0 0

0 h1 0
0 0 a−1

⎞
⎠

⎞
⎠ ϕ̂(x1; y) = |a|F ϕ̂

(
h−1

1 x1; ay
)

for a ∈ F× and h1 ∈ O(V1)(F), and

ω̂(1, �(v))ϕ̂(x1; y) = ϕ̂(x1 − vy1; y)ψ(−(v, x1)y2 + Q1[v]y1 y2)

for v ∈ V1.
If F is a number field, then we also obtain a representation ω̂ of
˜SL2(AF )× O(V )(AF ) on S(V1(AF ))⊗S(A2

F) via the partial Fourier trans-
form

S(V(AF)) −→ S(V1(AF )) ⊗ S
(
A

2
F

)
ϕ 
−→ ϕ̂

given by

ϕ̂(x1; y) =
∫
AF

ϕ

(
z
x1
y1

)
ψ(ry2z) dz.

Let f be a cusp form on SL2(AF ) (resp. a genuine cusp form on ˜SL2(AF ))
when m is even (resp. odd). For ξ ∈ F, the ξ-th Fourier coefficient Wξ =
Wf,ξ of f is defined by

Wξ(g) =
∫

F\AF

f(u(x)g)ψ(ξx) dx.
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Let ϕ ∈ S(V(AF)). For Ξ ∈ V1(F), define the Ξ-th Fourier coefficient
WΞ = Wθ( f,ϕ),Ξ of θ( f, ϕ) by

WΞ(h) =
∫

V1(F)\V1(AF )

θ(�(v)h; f, ϕ)ψ((Ξ, v)) dv.

Lemma 4.2. If Ξ = 0, then

W0(h) =
∫

SL2(F)\ SL2(AF )

∑
x1∈V1(F)

ω̂(g, h)ϕ̂(x1; 0, 0) f(g) dg.

If Ξ �= 0, then

WΞ(h) =
∫

U(AF )\ SL2(AF )

ω̂(g, h)ϕ̂(−Ξ; 0, 1)W−Q1[Ξ](g) dg.

Proof. The lemma follows from (5.5)–(5.7) of [43] with slight modifica-
tions. We include the proof for the sake of completeness.

By the Poisson summation formula,

θ(g, h;ϕ) =
∑

x1∈V1(F)

∑
y∈F2

ω̂(g, h)ϕ̂(x1; y).

Since the map

U(F)\ SL2(F) −→ {y ∈ F2 | y �= 0}
γ 
−→ (0, 1)γ

is bijective, we have

θ(g, h;ϕ) =
∑

x1∈V1(F)

ω̂(g, h)ϕ̂(x1; 0, 0)

+
∑

γ∈U(F)\ SL2(F)

∑
x1∈V1(F)

ω̂(γg, h)ϕ̂(x1; 0, 1),

hence

θ(h; f, ϕ) =
∫

SL2(F)\ SL2(AF )

∑
x1∈V1(F)

ω̂(g, h)ϕ̂(x1; 0, 0) f(g) dg

+
∫

U(F)\ SL2(AF )

∑
x1∈V1(F)

ω̂(g, h)ϕ̂(x1; 0, 1) f(g) dg.

Note that

ω̂(g, �(v)h)ϕ̂(x1; 0, 0) = ω̂(g, h)ϕ̂(x1; 0, 0),

ω̂(g, �(v)h)ϕ̂(x1; 0, 1) = ω̂(g, h)ϕ̂(x1; 0, 1)ψ(−(x1, v)).
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The integral∫
V1(F)\V1(AF)

∫
SL2(F)\ SL2(AF)

∑
x1∈V1(F)

ω̂(g,�(v)h)ϕ̂(x1;0,0) f(g)ψ((Ξ, v)) dg dv

is equal to ∫
SL2(F)\ SL2(AF )

∑
x1∈V1(F)

ω̂(g, h)ϕ̂(x1; 0, 0) f(g) dg

if Ξ = 0, and vanishes if Ξ �= 0. The integral∫
V1(F)\V1(AF )

∫
U(F)\ SL2(AF )

∑
x1∈V1(F)

ω̂(g, �(v)h)ϕ̂(x1; 0, 1) f(g)ψ((Ξ, v)) dg dv

is equal to∫
U(F)\ SL2(AF )

ω̂(g, h)ϕ̂(−Ξ; 0, 1) f(g) dg

=
∫

U(AF )\ SL2(AF )

∫
F\AF

ω̂(g, h)ϕ̂(−Ξ; 0, 1)ψ(xQ1[Ξ]) f(u(x)g) dx dg

=
∫

U(AF )\ SL2(AF )

ω̂(g, h)ϕ̂(−Ξ; 0, 1)W−Q1[Ξ](g) dg.

This completes the proof. ��

5. Seesaw identities and proof of the main theorem

In this section, we state three seesaw identities, and show that these identities
and the Kohnen-Zagier formula imply the main theorem.

We retain the notation of Sect. 2. Let κ be an odd positive integer. Let
f ∈ S2κ(SL2(Z)) and g ∈ Sκ+1(SL2(Z)) be normalized Hecke eigenforms.
Let

h(τ) =
∞∑

n=1

ch(n)qn ∈ S+
κ+1/2(Γ0(4))

be a Hecke eigenform associated to f and F ∈ Sκ+1(Sp2(Z)) the Saito-
Kurokawa lift of h. We may assume that ch(n) ∈ R for all n ∈ N. In
particular, 〈F|H×H, g × g〉 ∈ R.

Fix a fundamental discriminant −D < 0 with −D ≡ 1 mod 8 such
that Λ(κ, f, χ−D) �= 0 (and hence ch(D) �= 0). Here χ−D is the Dirichlet
character associated to Q(

√−D)/Q and Λ(s, f, χ−D) is the completed
L-function given by

Λ(s, f, χ−D) = DsΓC(s)L(s, f, χ−D).

Such a discriminant exists by [56], [10]. Let K = Q(
√−D).
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Let f and g denote the cusp forms on GL2(AQ) associated to f and g,
respectively. Let π be the irreducible cuspidal automorphic representation
of GL2(AQ) generated by g and πK the base change of π to K . We define
cusp forms g� ∈ π and g�

K ∈ πK by (3.3) and (3.7), respectively. Let h

and Θ denote the automorphic forms on ˜SL2(AQ) associated to h and θ,
respectively. Here

θ(τ) =
∑
n∈Z

qn2 ∈ M+
1/2(Γ0(4))

is the classical theta function. We put

〈hΘ, g�〉 =
∫

SL2(Q)\ SL2(AQ)

h(g)Θ(g)g�(g) dg,

�
(
g�

K, f
) =

∫
A

×
Q

GL2(Q)\ GL2(AQ)

g�

K(h)f(h) dh.

Let ξQ(s) = ΓR(s)ζ(s).
Our seesaw identities are as follows.

Proposition 5.1.

〈F|H×H, g × g〉 = 2κ+2ξQ(2)〈g, g〉〈hΘ, g�〉.
Proposition 5.2.

〈hΘ, g�〉 = (
√−1)κ D−1/2ch(D)−1〈 f, f 〉−1〈h, h〉�(

g�
K, f

)
.

Proposition 5.3.

Λ(2κ, Sym2(g) ⊗ f )Λ(κ, f, χ−D) = −22κ+6 D−1/2ξQ(2)2�
(
g�

K, f
)2

.

Assuming Propositions 5.1–5.3, we now prove Theorem 2.1. By Propo-
sitions 5.1 and 5.2,

2κ+1〈 f, f 〉〈h, h〉−1〈g, g〉−2〈F|H×H, g × g〉2

= 23κ+5ξQ(2)2〈 f, f 〉〈h, h〉−1〈hΘ, g�〉2

= −23κ+5 D−1ch(D)−2ξQ(2)2〈 f, f 〉−1〈h, h〉�(
g�

K, f
)2

.

By the Kohnen-Zagier formula [33],

Λ(κ, f, χ−D) = 2−κ+1 D1/2ch(D)2〈 f, f 〉〈h, h〉−1,

hence

Λ(2κ, Sym2(g) ⊗ f )

= −23κ+5 D−1ch(D)−2ξQ(2)2〈 f, f 〉−1〈h, h〉� (g�
K , f)2

by Proposition 5.3. This completes the proof of Theorem 2.1.
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6. Theta correspondence for (GL2, GO(2, 2))

In this section, we study the Jacquet-Langlands-Shimizu correspondence in
terms of theta lifts [49].

6.1. Preliminaries. Let F be a field of characteristic not 2. Let ∗ denote
the involution on M2(F) given by

x∗ =
(

x4 −x2
−x3 x1

)
for x =

(
x1 x2
x3 x4

)
∈ M2(F).

Let V = M2(F) be the quadratic space with bilinear form

(x, y) = tr(xy∗).

Then the associated quadratic form is given by

Q[x] = det(x).

Recall that there is an exact sequence

1 −→ Gm
ι−→ GL2 × GL2

ρ−→ GSO(V ) −→ 1.

Here

ι(a) = (a12, a12), ρ(h1, h2)x = h1xh−1
2 ,

for a ∈ Gm , h1, h2 ∈ GL2, and x ∈ V . Note that ν(ρ(h1, h2)) = det(h1h−1
2 ).

If F is a local field, let ω be the Weil representation of R(F) on S(V )
with respect to a fixed additive character ψ. Here R = G(SL2 × O(V )). Let

S(V ) −→ S(V )

ϕ 
−→ ϕ̌

be the partial Fourier transform given by

ϕ̌

((
x1 x2
x3 x4

))
=

∫
F2

ϕ

((
x1 y2
x3 y4

))
ψ(−x4 y2 + x2 y4) dy2 dy4.

Here dy2, dy4 are the self-dual measures on F with respect to ψ. Then
ˇ̌ϕ = ϕ. We define a representation ω̌ of R(F) on S(V ) by

ω̌(g, h)ϕ̌ = (ω(g, h)ϕ)̌.

Note that

ω̌(g, 1)ϕ̌(x) = ϕ̌(xg),

ω̌(1, (d(ν), d(ν)))ϕ̌(x) = |ν|−1
F ϕ̌(d(ν−1)x),

for g ∈ SL2(F), ν ∈ F×.
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6.2. Theta lifts. Let F be a number field and fix a non-trivial additive
character ψ of AF/F. Let π be an irreducible cuspidal automorphic rep-
resentation of GL2(AF ). We may regard π � π∨ as a representation of
GSO(V )(AF ). Let Π be a unique extension of π � π∨ to GO(V )(AF ) on
which there is a non-zero O(V ′)(AF )-invariant distribution, where V ′ =
{x ∈ V | tr(x) = 0}. By [49], [24, §7],

θ(π) = Π, θ(Π∨) = π∨.

Let f be a cusp form on GL2(AF ). Let ϕ ∈ S(V(AF)). We may regard
θ( f, ϕ) as an automorphic form on GL2(AF ) × GL2(AF ). For ξ1, ξ2 ∈ F,
define the (ξ1, ξ2)-th Fourier coefficient Wθ( f,ϕ),ξ1,ξ2 of θ( f, ϕ) by

Wθ( f,ϕ),ξ1,ξ2(h)

=
∫

F\AF

∫
F\AF

θ((u(x1), u(x2))h; f, ϕ)ψ(ξ1x1)ψ(ξ2x2) dx1 dx2.

Lemma 6.1. Let ξ ∈ F×. Then

Wθ( f,ϕ),ξ,ξ(h) =
∫

SL2(AF )

ω̌(g′, h)ϕ̌(gd(ξ))Wf,ξ (gd(ξ)g′) dg

with g′ ∈ GL2(AF ) such that ν(g′) = ν(h).

Proof. By Lemma 5.1 of [27],

Wθ( f,ϕ),1,1(h) =
∫

SL2(AF )

ω̌(g′, h)ϕ̌(g)Wf,1(gg′) dg.

Hence Wθ( f,ϕ),ξ,ξ(h) is equal to

Wθ( f,ϕ),1,1((d(ξ−1), d(ξ−1))h)

=
∫

SL2(AF )

ω̌(g′, (d(ξ−1), d(ξ−1))h)ϕ̌(g)Wf,1(gg′) dg

=
∫

SL2(AF )

ω̌(g′, h)ϕ̌(d(ξ)g)Wf,ξ (d(ξ)gg′) dg

=
∫

SL2(AF )

ω̌(g′, h)ϕ̌(gd(ξ))Wf,ξ (gd(ξ)g′) dg.

��
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6.3. The case F = Q. Let ψ = ψ0. For a normalized Hecke eigenform
g ∈ Sl(SL2(Z)), let g denote the cusp form on GL2(AQ) associated to g.
We can extend the cusp form g ⊗ g on GSO(V )(AQ) to a cusp form G
on GO(V )(AQ) such that G(hh ′) = G(h) for h ∈ GO(V )(AQ) and h ′ ∈
µ2(AQ). Here µ2 is the subgroup of O(V ) generated by the involution ∗
on V . We define ϕ = ⊗vϕ

(2)
v ∈ S(V(AQ)) as follows:

• If v = p, then ϕ(2)
p is the characteristic function of V(Zp).

• If v = ∞, then

ϕ(2)
∞ (x) = (x1 + √−1x2 + √−1x3 − x4)

le−π tr(xt x).

Note that

ω(k, k′)ϕ(2)
p = ϕ(2)

p ,(6.1)

ω(kθ, (kθ1, kθ2))ϕ
(2)
∞ = e−√−1lθe

√−1lθ1e
√−1lθ2ϕ(2)

∞ ,(6.2)

for (k, k′) ∈ R(Zp), kθ, kθ1, kθ2 ∈ SO(2).

Lemma 6.2.

θ(g, ϕ) = 2lξQ(2)−1G.

Proof. See Proposition 5.2 of [27]. ��
Let g� be the cusp form on GL2(AQ) defined by (3.3). We define ϕ� =

⊗vϕ
(3)
v ∈ S(V(AQ)) as follows:

• If v �= 2, then ϕ(3)
v = ϕ(2)

v .

• If v = 2, then ϕ
(3)
2 is the characteristic function of V(2Z2).

Lemma 6.3.

θ(Ḡ, ϕ�) = 2l−3ξQ(2)−2〈g, g〉ḡ�.

Proof. Since ϕ
(3)
2 = 2−2ω(t(2−1), 1)ϕ

(2)
2 , it suffices to show that

θ(Ḡ, ϕ) = 2l−1ξQ(2)−2〈g, g〉ḡ.

By (6.1), (6.2), there exists a constant C such that

θ(Ḡ, ϕ) = Cḡ.

Hence

〈θ(Ḡ, ϕ), ḡ〉 = 〈ḡ, ḡ〉C = 2−1ξQ(2)−1〈g, g〉C.

On the other hand,

〈θ(Ḡ, ϕ), ḡ〉 = 〈Ḡ, θ(g, ϕ)〉 = 2lξQ(2)−1〈Ḡ, Ḡ〉 = 2l−2ξQ(2)−3〈g, g〉2

by Lemma 6.2. Therefore C = 2l−1ξQ(2)−2〈g, g〉. ��
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6.4. The case F = K . Let K be an imaginary quadratic field with dis-
criminant −D < 0 and O the ring of integers of K . Let ψ = 1

2(ψ0 ◦ trK/Q).
We put δ = √−D. For a normalized Hecke eigenform g ∈ Sκ+1(SL2(Z)),
let g denote the cusp form on GL2(AQ) associated to g. Let π = ⊗vπv be
the irreducible cuspidal automorphic representation of GL2(AQ) generated
by g and πK = ⊗vπK,v the base change of π to K . Let g�

K, g�

K ∈ πK be
the cusp forms on GL2(AK) defined by (3.7), (3.8), respectively. We define
ϕ = ⊗vϕ

(4)
v ∈ S(V(AK)) as follows:

• If v = p, then ϕ(4)
p is the characteristic function of V(Op).

• If v = ∞, then ϕ(4)∞ = (2κ + 1)ω(1, (k∞, k∞))ϕ′∞. Here

ϕ′
∞(x) = x2κ

3 e−π tr(xt x̄).

Note that

ω(k, k′)ϕ(4)
p = ϕ(4)

p(6.3)

for k ∈ d(2δ−1)−1 GL2(Op)d(2δ−1), k′ ∈ GO(V )(Op) such that ν(k) =
ν(k′), and

(H, 0) · ϕ′
∞ = 2κϕ′

∞, (X, 0) · ϕ′
∞ = 0,(6.4)

(0, H) · ϕ′
∞ = 2κϕ′

∞, (0, X) · ϕ′
∞ = 0.(6.5)

Here su(2) ⊕ su(2) is a subalgebra of the Lie algebra of O(V )(C). We may
regard θ(ḡ�

K, ϕ) as an automorphic form on GL2(AK) × GL2(AK).

Lemma 6.4.

θ
(
ḡ�

K , ϕ
) = 2κ+4(

√−1)κ D−κ/2−1ξK(2)−1(g�

K ⊗ g�

K

)
.

The rest of this section is devoted to the proof of Lemma 6.4. We will
compute the Fourier coefficient W = W

θ(ḡ�
K ,ϕ),2δ−1,2δ−1 of θ(ḡ�

K, ϕ). Let Wv

be the Whittaker function of πK,v with respect to 2δ−1ψv which satisfies
the following conditions:

• If v = p, then Wp(1) = 1, and

Wp(gk) = Wp(g)

for g ∈ GL2(Kp), k ∈ GL2(Op).
• If v = ∞, then W∞(1) = Kκ(4πD−1/2), and

H · W∞ = 2κW∞, X · W∞ = 0.
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Then

Wg�
K ,−2δ−1 =

∏
v

W �
v ,

where

W �
v(g) =

{
Wp(d(−1)gd(2δ−1)−1) if v = p,
W∞(d(−1)g) if v = ∞.

By Lemma 6.1,

W = π−1ξK(2)−1
∏
v

Wv,

where

Wv(h) =
∫

SL2(Kv)

ω̌(g′, h)ϕ̌(4)
v (gd(2δ−1))W �

v(gd(2δ−1)g′) dg

×
{

vol(SL2(Op))
−1 if v = p,

vol(SU(2))−1 if v = ∞,

with g′ ∈ GL2(Kv) such that ν(g′) = ν(h).

Lemma 6.5.

Wp(1) = |2−1δ|Kp .

Proof. Since

ϕ̌(4)
p = |2−1δ|Kp × the characteristic function of M2(Op)d(2δ−1),

the assertion follows. ��
Lemma 6.6. Let n ∈ Z≥0. For each 0 ≤ i ≤ n, let φi be the function on
SU(2) defined by

φi

((
α β

−β̄ ᾱ

))
= αn−i β̄

i
.

Then

H · φi = nφi, X · φi = 0,

and

vol(SU(2))−1
∫

SU(2)

φi(k)φ j(k) dk =
⎧⎨
⎩

(n + 1)−1

(
n

i

)−1

if i = j,

0 if i �= j.
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Proof. Let Vn be the space of homogeneous polynomials of degree n in
C[z1, z2]. Then ρn is realized on Vn by the formula

(ρn(k)v)(z) = v(zk)

for k ∈ SU(2), v ∈ Vn, and z = (z1, z2). Let ( , ) be the SU(2)-invariant
hermitian form on Vn given by

(v,w) =
n∑

i=0

(
n

i

)−1

ai b̄i

for

v(z) =
n∑

i=0

ai z
n−i
1 zi

2, w(z) =
n∑

i=0

bi z
n−i
1 zi

2.

For each 0 ≤ i ≤ n, define vi ∈ Vn by

vi(z) = (−1)i zn−i
1 zi

2.

Then

φi(k) = (ρn(k)v0, vi)

for k ∈ SU(2). Moreover,

vol(SU(2))−1
∫

SU(2)

φi(k)φ j(k) dk = (n + 1)−1(v0, v0)(vi, v j)

by the Schur orthogonality relation. This yields the lemma. ��
Lemma 6.7.

W∞
((

k−1
∞ , k−1

∞
)) = 2κ+2π(

√−1)κ D−κ/2 Kκ(4πD−1/2)2.

Proof. Let x ∈ C, a ∈ R×+, and

k =
(

α β

−β̄ ᾱ

)
∈ SU(2).

Then

W �
∞(d(2δ−1)u(x)t(a)k) = 2−κ−1 D(κ+1)/2eπ

√−1 trC/R(x)a2κ+2

×
2κ∑

m=0

(
2κ

m

)
(
√−1)κ+m ᾱ2κ−mβm Kκ−m(2πa2)

(cf. [58, Appendix I, §2.4]). Since ϕ̌′∞ = ϕ′∞, we have

ϕ̌′
∞(d(2δ−1)u(x)t(a)k) = 22κ(

√−1)2κ D−κa−2κβ̄
2κ

e−π(a2+4D−1a−2+a−2|x|2).
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Hence W∞((k−1∞ , k−1∞ )) is equal to

(2κ + 1) vol(SU(2))−1
∫

SL2(C)

ϕ̌′
∞(d(2δ−1)g)W �∞(d(2δ−1)g) dg

= 22 D−1/2(2κ + 1) vol(SU(2))−1

×
∫
C×C××SU(2)̌

ϕ′
∞(d(2δ−1)u(x)t(a)k)W �∞(d(2δ−1)u(x)t(a)k)|a|−2

C
dx d×a dk

= 2κ+2π(
√−1)κ D−κ/2

×
∫
C×R×+

a−2 K−κ(2πa2)e−π(a2+4D−1a−2+a−2|x|2)eπ
√−1 trC/R(x) dx d×a

by Lemma 6.6.
Recall that∫ ∞

0
e−2−1a−2−1(z2+w2)a−1

Kν(zwa−1) d×a = 2Kν(z)Kν(w)

if | arg(z)| < π, | arg(w)| < π, and | arg(z + w)| < π/4 (cf. [20, 6.653.2]).
Since ∫

C

e−πa−2|x|2eπ
√−1 trC/R(x) dx = a2e−πa2

,

we have∫
C×R×+

a−2 K−κ(2πa2)e−π(a2+4D−1a−2+a−2|x|2)eπ
√−1 trC/R(x) dx d×a

=
∫ ∞

0
e−2πa2−4πD−1a−2

K−κ(2πa2) d×a

= 2−1
∫ ∞

0
e−2−1a−16π2 D−1a−1

Kκ(16π2 D−1a−1) d×a

= Kκ(4πD−1/2)2.

This completes the proof. ��
Now we prove Lemma 6.4. By (6.3)–(6.5), there exists a constant C such

that

θ
(
ḡ�

K , ϕ
) = C

(
g�

K ⊗ g�

K

)
.

Hence

C = Kκ(4πD−1/2)−2W
((

k−1
∞ , k−1

∞
)) = 2κ+4(

√−1)κ D−κ/2−1ξK(2)−1.

This completes the proof of Lemma 6.4.
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7. Theta correspondence for (S̃L2, PGSp2)

In this section, we study the Saito-Kurokawa lifting in terms of theta lifts
[43].

7.1. Preliminaries. Let F be a field of characteristic not 2. The symplectic
similitude group GSp2 acts on the space of column vectors F4 on the left.
Let

e1 =
⎛
⎜⎝

1
0
0
0

⎞
⎟⎠ , e2 =

⎛
⎜⎝

0
1
0
0

⎞
⎟⎠ , e3 =

⎛
⎜⎝

0
0
1
0

⎞
⎟⎠ , e4 =

⎛
⎜⎝

0
0
0
1

⎞
⎟⎠ .

Then Ṽ = ∧2(F4) is equipped with a non-degenerate symmetric bilinear
form ( , ) given by

x ∧ y = (x, y) · (e1 ∧ e2 ∧ e3 ∧ e4)

for x, y ∈ Ṽ . Let x0 = e1 ∧ e3 + e2 ∧ e4 ∈ Ṽ and

V = {x ∈ Ṽ | (x, x0) = 0}.
Let ρ̃ : GSp2 → SO(Ṽ ) be the homomorphism defined by

ρ̃(h) = ν(h)−1 ∧2 (h)

for h ∈ GSp2. Since ρ̃(h)x0 = x0, this homomorphism induces an exact
sequence

1 −→ Gm
ι−→ GSp2

ρ−→ SO(V ) −→ 1.

Here ι(a) = a14 for a ∈ Gm .
We identify V with the space of column vectors F5 via

V −→ F5,

5∑
i=1

xiei 
−→

⎛
⎜⎜⎜⎝

x1
x2
x3
x4
x5

⎞
⎟⎟⎟⎠

where

e1 = e2 ∧ e1, e2 = e1 ∧ e4, e3 = e1 ∧ e3 − e2 ∧ e4,

e4 = e2 ∧ e3, e5 = e3 ∧ e4.
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Put

Q1 =
(

0 0 1
0 2 0
1 0 0

)
, Q =

(
0 0 −1
0 Q1 0

−1 0 0

)
.

Then (x, y) = t xQy for x, y ∈ V = F5. Let V1 = F3 be the quadratic space
with bilinear form

(v,w) = tvQ1w.

Note that

ρ(n(X)) =

⎛
⎜⎜⎜⎝

1 −x3 −2x2 x1 x2
2 − x1x3

0 1 0 0 x1
0 0 1 0 −x2
0 0 0 1 −x3
0 0 0 0 1

⎞
⎟⎟⎟⎠

for

n(X) =
(

12 X
0 12

)
with X =

(
x1 x2
x2 x3

)
∈ Sym2,

and

ρ(m(A, ν)) = det(A)−1

⎛
⎜⎜⎜⎝

ν−1 det(A)2 0 0 0 0
0 a2

1 −2a1a2 −a2
2 0

0 −a1a3 a1a4 + a2a3 a2a4 0
0 −a2

3 2a3a4 a2
4 0

0 0 0 0 ν

⎞
⎟⎟⎟⎠

for

m(A, ν) =
(

A 0
0 νt A−1

)
with A =

(
a1 a2
a3 a4

)
∈ GL2, ν ∈ Gm .

If F is a local field, let ω be the Weil representation of S̃L2(F)×O(V )(F)
on S(V ) with respect to a fixed additive character ψ. As in Sect. 4.4, let

S(V ) −→ S(V1) ⊗ S(F2)

ϕ 
−→ ϕ̂

be the partial Fourier transform given by

ϕ̂(x1; y) =
∫

F
ϕ

(
z
x1
y1

)
ψ(−y2z) dz

for x1 ∈ V1, y = (y1, y2) ∈ F2. Note that

ω̂(t(a), 1)ϕ̂(x1; y) = γF(a, ψ)−1|a|3/2
F ϕ̂

(
ax1; ay1, a−1 y2

)
for a ∈ F×.
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7.2. Theta lifts. Let F = Q and ψ = ψ0. Let κ be an odd positive inte-
ger. Let h ∈ S+

κ+1/2(Γ0(4)) be a Hecke eigenform and f ∈ S2κ(SL2(Z))

the normalized Hecke eigenform associated to h. We may assume that
ch(n) ∈ R for all n ∈ N. For each prime p, let {αp, α

−1
p } denote the Satake

parameter of f at p. Let h denote the cusp form on ˜SL2(AQ) associated
to h and π̃ = ⊗vπ̃v the irreducible cuspidal automorphic representation of
˜SL2(AQ) generated by h. Let ξ ∈ Q. If ξ > 0, write ξ = dξ f2ξ with dξ ∈ N,
fξ ∈ Q×

+ so that −dξ is the discriminant of Q(
√−ξ)/Q. Then

Wh,ξ =
{

ch(dξ)f
κ−1/2
ξ

∏
v Wξ,v if ξ > 0,

0 if ξ ≤ 0,

where Wξ,p is the Whittaker function of π̃p as in Sect. A.3 with l = κ and
α = αp, and Wξ,∞ is the Whittaker function of π̃∞ defined by

Wξ,∞(u(x)t(a)k̃θ) = e2π
√−1ξxaκ+1/2e−2πξa2

e
√−1(κ+1/2)θ(7.1)

for x ∈ R, a ∈ R×
+, θ ∈ R/4πZ.

Let

F(Z) =
∑

B

A(B)e2π
√−1 tr(BZ) ∈ Sκ+1(Sp2(Z))

be the Saito-Kurokawa lift of h. Here B runs over all positive definite half-
integral symmetric matrices of size 2. Then F determines a cusp form F on
GSp2(AQ) by the formula

F(h) = det(h∞)(κ+1)/2 det(C
√−1 + D)−κ−1 F(h∞(

√−1))

for h = γh∞k ∈ GSp2(AQ) with γ ∈ GSp2(Q),

h∞ =
(

A B
C D

)
∈ GSp+

2 (R),

and k ∈ GSp2(Ẑ). For B ∈ Sym2(Q), define the B-th Fourier coefficient
WF,B of F by

WF,B(h) =
∫

Sym2(Q)\ Sym2(AQ)

F(n(X)h)ψ(tr(BX)) dX.

Let

h∞ =
(

z12 0
0 z12

)(
12 X
0 12

)(
A 0
0 t A−1

)(
α β

−β α

)
∈ GSp+

2 (R)
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with z ∈ R×
+, X ∈ Sym2(R), A ∈ GL+

2 (R), and k = α + √−1β ∈ U(2).
Then WF,B(h∞) = 0 unless B is a positive definite half-integral symmetric
matrix, in which case,

WF,B(h∞) = A(B) det(Y )(κ+1)/2e2π
√−1 tr(BZ) det(k)κ+1,

where Y = At A and Z = X + √−1Y ∈ H2.
We define ϕ = ⊗vϕ

(5)
v ∈ S(V(AQ)) as follows:

• If v = p �= 2, then ϕ(5)
p is the characteristic function of V(Zp).

• If v = 2, then ϕ
(5)
2 is the characteristic function of Z2e3 + V(2Z2).

• If v = ∞, then

ϕ(5)
∞ (x) = (x2 + √−1x1 + √−1x5 − x4)

κ+1e−π(x2
1+x2

2+2x2
3+x2

4+x2
5).

We may regard θ(h, ϕ) as an automorphic form on GSp2(AQ).

Lemma 7.1.

θ(h, ϕ) = 2−2ξQ(2)−1F.

The rest of this section is devoted to the proof of Lemma 7.1. Let

B =
(

b1 b2/2
b2/2 b3

)
∈ Sym2(Q)

and ξ = det(B). We will compute the B-th Fourier coefficient WB of θ(h, ϕ)
defined by

WB(h) =
∫

Sym2(Q)\ Sym2(AQ)

θ(n(X)h; h, ϕ)ψ(tr(BX)) dX.

By Lemma 4.2 and the result of Waldspurger [54],

WB =
{

ch(dξ)f
κ−1/2
ξ ξQ(2)−1 ∏

v WB,v if ξ > 0,
0 if ξ ≤ 0,

where

WB,v(h) =
∫

U(Qv)\ SL2(Qv)

ω̂(g, h)ϕ̂(5)
v (β; 0, 1)Wξ,v(g) dg

×
{

vol(SL2(Zp))
−1 if v = p,

vol(SO(2))−1 if v = ∞,

with

β =
(

b3
b2/2
−b1

)
.
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7.3. The unramified case. Let v = p �= 2. In this case, γV = 1. Let ϕ be
the characteristic function of V(Zp). Note that

ω((k, sp(k)), k′)ϕ = ϕ(7.2)

for k ∈ SL2(Zp), k′ ∈ GSp2(Zp), and

ϕ̂ = ϕ1 ⊗ ϕ2

where ϕ1 ∈ S(V1(Qp)) and ϕ2 ∈ S(Q2
p) are the characteristic functions of

V1(Zp) and Z2
p, respectively.

Assume that ξ �= 0. Then

WB,p(1) =
∫
Q

×
p

ω̂(t(a), 1)ϕ̂(β; 0, 1)Wξ,p(t(a))|a|−2
Qp

d×a

=
∑
n∈Z

p−n/2ϕ̂(pnβ; 0, p−n )Ψp

(
p2nξ;αp

)
.

Since ϕ̂(pnβ; 0, p−n) = 0 unless − min(ordQp(bi)) ≤ n ≤ 0, we have

WB,p(1) =
{∑min(ordQp (bi))

n=0 pn/2Ψp
(

p−2nξ;αp
)

if b1, b2, b3 ∈ Zp,

0 otherwise.

7.4. The 2-adic case. Let v = 2. In this case, γV = ζ−1
8 . Let φn denote

the characteristic function of 2n
Z2. Let ϕ be the characteristic function of

Z2e3 + V(2Z2). Note that

ω(k, k′)ϕ = ε2(k)ϕ(7.3)

for k ∈ K0(4;Z2), k′ ∈ GSp2(Z2).

Lemma 7.2. We define ϕ1, ϕ
′
1, ϕ

′′
1 ∈ S(V1(Q2)) by

ϕ1(x1) = φ1(x11)φ0(x12)φ1(x13),

ϕ′
1(x1) = φ−1(x11)φ−1(x12)φ−1(x13),

ϕ′′
1(x1) = φ0(x11)[φ−1 − φ0](x12)φ0(x13)ψ2

(
2−1 Q1[x1]

)
,

for x1 = t(x11, x12, x13) ∈ V1(Q2), respectively. We also define ϕ2, ϕ
′
2, ϕ

′′
2 ∈

S(Q2
2) by

ϕ2(y) = φ1(y1)φ−1(y2),

ϕ′
2(y) = φ−1(y1)φ1(y2),

ϕ′′
2(y) = φ1(y1)φ0(y2) + [φ0 − φ1](y1)[φ−1 − φ0](y2),

for y = (y1, y2) ∈ Q2
2, respectively. Then

ϕ̂ = 2−1(ϕ1 ⊗ ϕ2),

ω̂(w, 1)ϕ̂ = 2−7/2ζ−1
8 (ϕ′

1 ⊗ ϕ′
2),

ω̂(k1, 1)ϕ̂ = 2−2ζ8(ϕ
′′
1 ⊗ ϕ′′

2).



Pullbacks of Saito-Kurokawa lifts 593

Proof. We only check that ω(k1, 1)ϕ1 = 2−1ζ8ϕ
′′
1 . Note that k1 =

t(2−1)u(2)w−1u(2−1) in ˜SL2(Q2). Since

ω(u(2−1), 1)ϕ1(x1) = φ1(x11)φ0(x12)φ1(x13)ψ2
(
2−1

(
x11x13 + x2

12

))
= φ1(x11)[2φ1 − φ0](x12)φ1(x13),

we have

ω(w−1u(2−1), 1)ϕ1(x1) = 2−5/2ζ8φ−1(x11)[φ−2 − φ−1](x12)φ−1(x13),

hence

ω(k1, 1)ϕ1(x1) = 23/2ω(w−1u(2−1), 1)ϕ1
(
2−1x1

)
ψ2

(
2−1 Q1[x1]

)
= 2−1ζ8φ0(x11)[φ−1 − φ0](x12)φ0(x13)ψ2

(
2−1 Q1[x1]

)
.

��
Lemma 7.3. Assume that ξ �= 0. Then

WB,2(1) =
{

2−7/2 ∑min(ordQ2 (bi))

n=0 2n/2Ψ2
(
2−2n+2ξ;α2

)
if b1, b2, b3 ∈ Z2,

0 otherwise.

Proof. Let

J(k) =
∑
n∈Z

2n/2ω̂(k, 1)ϕ̂(2nβ; 0, 2−n)Wξ,2(t(2
n)k).

Then WB,2(1) is equal to

6−1
∫
Q

×
2

∑
k∈SL2(Z2)/K0(4;Z2)

ω̂(t(a)k, 1)ϕ̂(β; 0, 1)Wξ,2(t(a)k)|a|−2
Q2

d×a

= 6−1

⎡
⎣J(1) +

∑
b∈Z2/4Z2

J(u(b)w) + J(k1)

⎤
⎦

= 6−1 [
J(1) + 4J(w) + J(k1)

]
.

Put mi = ordQ2(bi), m0 = min(ordQ2(bi)), and

m′
0 = min(ordQ2(b1), ordQ2(b2) − 1, ordQ2(b3)).

Since ω̂(k, 1)ϕ̂(2nβ; 0, 2−n) = 0 unless
⎧⎨
⎩

−m0 + 1 ≤ n ≤ 1 if k = 1,
−m′

0 − 1 ≤ n ≤ −1 if k = w,
− min(m1, m3) ≤ −m2 = n ≤ 0 if k = k1,

we have WB,2(1) = 0 unless b1, b2, b3 ∈ Z2.
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Assume that b1, b2, b3 ∈ Z2. We write ξ = b1b3 − b2
2/4 = 2mu with

u ∈ Z×
2 . If m2 ≤ min(m1, m3), then m′

0 = m0 − 1, m = 2m0 − 2, and
u ≡ −1 mod 4, hence

J(1) = 2−1
m0−1∑
n=−1

2n/2Ψ2
(
2−2nξ;α2

)
,

J(w) = 2−5
m0∑

n=1

2n/2Ψ2
(
2−2n+4ξ;α2

)
,

J(k1) = 2(m0−5)/2ζ8ψ2(−2−2m0−1ξ)(2, ξ)Q2 = 2(m0−5)/2.

If m2 > min(m1, m3), then m′
0 = m0 and m ≥ 2m0, hence

J(1) = 2−1
m0−1∑
n=−1

2n/2Ψ2
(
2−2nξ;α2

)
,

J(w) = 2−5
m0+1∑
n=1

2n/2Ψ2
(
2−2n+4ξ;α2

)
,

J(k1) = 0.

This completes the proof. ��

7.5. The archimedean case. Let v = ∞. In this case, γV = ζ8. For each
n ∈ Z≥0, let

Hn(x) = (−1)nex2 dn

dxn

(
e−x2)

denote the Hermite polynomial. Note that

Hn+1(x) = 2xHn(x) − H ′
n(x).

Lemma 7.4. Let r ∈ R×+, c ∈ C, and x ∈ R. Then

√
r
∫ ∞

−∞
(c − √−1y)ne−πry2

e2π
√−1rxy dy

= (2
√

πr)−n Hn(
√

πr(c + x))e−πrx2
.

Proof. The lemma follows by induction on n. ��
Lemma 7.5. Let r ∈ R×. For each n ∈ Z≥0, put

Jn =
∫ ∞

0
an−2 Hn(

√
π(ra + a−1))e−π(ra+a−1)2

da.
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If r > 0, then

Jn = 22n−1πn/2e−4πr .

If r < 0, then

Jn =
{

2−1 if n = 0,
0 otherwise.

Proof. It is easy to check that

∞∑
n=0

1

n!(−
√

πx)n Jn =
∫ ∞

0
a−2e−π(ra+a−1+xa)2

da = 2−1e−2π(r+x)e−2π|r+x|.

This yields the lemma. ��
We define ϕ ∈ S(V(R)) by

ϕ(x) = (x2 + √−1x1 + √−1x5 − x4)
κ+1e−π(x2

1+x2
2+2x2

3+x2
4+x2

5).

Note that

ω(k̃θ, k′)ϕ = e−√−1(κ+1/2)θ det(k)κ+1ϕ(7.4)

for k̃θ ∈ S̃O(2),

k′ =
(

α β
−β α

)
∈ Sp2(R)

with k = α + √−1β ∈ U(2). By Lemma 7.4,

ϕ̂(x1; y) = (2
√

π)−κ−1 Hκ+1(
√

π(x11 − x13 + √−1y1 + y2))

× e−π(x2
11+2x2

12+x2
13+y2

1+y2
2)

for x1 = t(x11, x12, x13) ∈ V1(R), y = (y1, y2) ∈ R2.

Lemma 7.6. Assume that ξ > 0. For A ∈ GL+
2 (R) and X ∈ Sym2(R), put

Y = At A and Z = X + √−1Y. Then

WB,∞(n(X)m(A, 1)) =
{

2κ+1 det(Y )(κ+1)/2e2π
√−1 tr(BZ) if B > 0,

0 if B < 0.
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Proof. Put

h1 = det(A)−1

⎛
⎝ a2

1 −2a1a2 −a2
2−a1a3 a1a4 + a2a3 a2a4

−a2
3 2a3a4 a2

4

⎞
⎠ for A =

(
a1 a2
a3 a4

)
.

Then WB,∞(n(X)m(A, 1)) is equal to

∫
R×

ω̂(t(a), n(X)m(A, 1))ϕ̂(β; 0, 1)Wξ,∞(t(a))|a|−2
R

d×a

= 2 det(A)e2π
√−1 tr(BX )

∫ ∞

0
aκ−1ϕ̂

(
ah−1

1 β; 0, det(A)a−1)e−2πξa2
da.

Since

h−1
1 β = det(A)−1

⎛
⎝ a2

2b1 + a2a4b2 + a2
4b3

a1a2b1 + (a1a4 + a2a3)b2/2 + a3a4b3

−a2
1b1 − a1a3b2 − a2

3b3

⎞
⎠ ,

we have

ϕ̂
(
ah−1

1 β; 0, det(A)a−1
)

= (2
√

π)−κ−1 Hκ+1(
√

π(det(A)−1 tr(BY )a + det(A)a−1))

× e−π(det(A)−1 tr(BY )a+det(A)a−1)2
e2πξa2+2π tr(BY ).

Hence

∫ ∞

0
aκ−1ϕ̂

(
ah−1

1 β; 0, det(A)a−1
)
e−2πξa2

da

= (2
√

π)−κ−1 det(A)κe2π tr(BY )

×
∫ ∞

0
aκ−1 Hκ+1(

√
π(tr(BY )a + a−1))e−π(tr(BY )a+a−1)2

da

=
{

2κ det(A)κe−2π tr(BY ) if B > 0,
0 if B < 0,

by Lemma 7.5. This completes the proof. ��

7.6. Proof of Lemma 7.1. By (7.2)–(7.4), it suffices to show that

WB(h∞) = 2−2ξQ(2)−1WF,B(h∞)
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for h∞ = n(X)m(A, 1) ∈ Sp2(R) with X ∈ Sym2(R), A ∈ GL+
2 (R). We

may assume that B > 0 and b1, b2, b3 ∈ Z. Then WB(h∞) is equal to

2κ−5/2ξQ(2)−1 det(Y )(κ+1)/2e2π
√−1 tr(BZ)

× ch(dξ)f
κ−1/2
ξ

∏
p

min(ordQp (bi))∑
n=0

pn/2Ψp

(
4ξ

p2n
;αp

)

= 2−2ξQ(2)−1 det(Y )(κ+1)/2e2π
√−1 tr(BZ)

× ch(d4ξ)f
κ−1/2
4ξ

∑
d|(b1,b2,b3)

d1/2
∏

p

Ψp

(
4ξ

d2
;αp

)

= 2−2ξQ(2)−1 det(Y )(κ+1)/2e2π
√−1 tr(BZ)

∑
d|(b1,b2,b3)

dκch

(
4ξ

d2

)

= 2−2ξQ(2)−1WF,B(h∞).

This completes the proof of Lemma 7.1.

8. Proof of Proposition 5.1

Let F = Q. Let V and V ′ be the quadratic spaces as in Sects. 7.1 and 6.1,
respectively. We may identify the quadratic space {x ∈ V | (x, e3) = 0} with
V ′ via

{x ∈ V | (x, e3) = 0} −→ V ′.

x1e2 + x2e1 + x3e5 + x4e4 
−→
(

x1 x2
x3 x4

)

Then the homomorphisms ρ and the embedding

G(SL2 × SL2) −→ GSp2

((
a1 b1
c1 d1

)
,

(
a2 b2
c2 d2

))

−→

⎛
⎜⎝

a1 0 b1 0
0 a2 0 b2
c1 0 d1 0
0 c2 0 d2

⎞
⎟⎠

induce a natural embedding SO(V ′) ⊂ SO(V ).
Let l = κ + 1. We define

ϕ = ⊗vϕ
(5)
v ∈ S(V(AQ)),

ϕ′ = ⊗vϕ
(3)
v ∈ S(V ′(AQ)),

ϕ′′ = ⊗vϕ
(1)
v ∈ S(AQ),
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as in Sect. 7.2, Sect. 6.3, Example 4.1, respectively. Note that ϕ = ϕ′ ⊗ ϕ′′.
Then a seesaw identity

∫
O(V ′)(Q)\ O(V ′)(AQ)

θ(h; h, ϕ)G(h) dh = 〈h, θ(Ḡ, ϕ′)Θ〉

holds. The left-hand side is equal to

2−3ξQ(2)−1
∫

SO(V ′)(Q)\ SO(V ′)(AQ)

F(h)G(h) dh = 2−4ξQ(2)−3〈F|H×H, g × g〉

by Lemma 7.1, and the right-hand side is equal to

2κ−2ξQ(2)−2〈g, g〉〈hΘ, g�〉
by Lemma 6.3. This completes the proof of Proposition 5.1.

9. Theta correspondence for (S̃L2, PGL2)

In this section, we study the Shimura-Waldspurger correspondence in terms
of theta lifts [53], [41], [54].

9.1. Preliminaries. Let F be a field of characteristic not 2. Fix ∆ ∈ F×.
Let

V = {x ∈ M2(F) | tr(x) = 0}
=

{(
x1 x2
x3 −x1

) ∣∣∣∣ x1, x2, x3 ∈ F

}

be the quadratic space with bilinear form

(x, y) = −∆ tr(xy) = −∆(2x1 y1 + x2 y3 + x3 y2).

Then the associated quadratic form is given by

Q[x] = ∆ det(x) = −∆
(
x2

1 + x2x3
)
.

Also, let V1 = F be the quadratic space with bilinear form

(v,w) = −2∆vw.

Recall that there is an exact sequence

1 −→ Gm
ι−→ GL2

ρ−→ SO(V ) −→ 1.

Here

ι(a) = a12, ρ(h)x = hxh−1,
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for a ∈ Gm , h ∈ GL2, and x ∈ V . Note that ρ(h)x is equal to

det(h)−1

(
(ad + bc)x1 − acx2 + bdx3 −2abx1 + a2x2 − b2x3

2cdx1 − c2x2 + d2x3 −(ad + bc)x1 + acx2 − bdx3

)

for

h =
(

a b
c d

)
∈ GL2, x =

(
x1 x2
x3 −x1

)
∈ V.

If F is a local field, let ω be the Weil representation of S̃L2(F)×O(V )(F)
on S(V ) with respect to a fixed additive character ψ. As in Sect. 4.4, let

S(V ) −→ S(V1) ⊗ S(F2)

ϕ 
−→ ϕ̂

be the partial Fourier transform given by

ϕ̂(x1; y) = |∆|1/2
F

∫
F

ϕ

((
x1 z
y1 −x1

))
ψ(−∆y2z) dz

for x1 ∈ V1, y = (y1, y2) ∈ F2. Note that

ω̂(t(a), 1)ϕ̂(x1; y) = γF(a, ψ)(∆, a)F |a|1/2
F ϕ̂

(
ax1; ay1, a−1 y2

)
,

ω̂(1, u(b))ϕ̂(x1; y) = ϕ̂(x1 − by1; y)ψ
(
2∆bx1 y2 − ∆b2 y1y2

)
,

ω̂(1, w)ϕ̂(x1; y) = |∆|F

∫
F2

ϕ̂(−x1; z1, z2)ψ(∆(y2z1 − y1z2)) dz1 dz2,

for a ∈ F×, b ∈ F.

9.2. Theta lifts. Let F = Q, ∆ = −D, and ψ = ψ0. Here −D < 0 is
a fundamental discriminant with −D ≡ 1 mod 8. Let κ be an odd posi-
tive integer. Let f ∈ S2κ(SL2(Z)) be a normalized Hecke eigenform and
h ∈ S+

κ+1/2(Γ0(4)) a Hecke eigenform associated to f . We may assume
that ch(n) ∈ R for all n ∈ N. Let f (resp. h) denote the cusp form

on GL2(AQ) (resp. ˜SL2(AQ)) associated to f (resp. h) and σ = ⊗vσv

(resp. π̃ = ⊗vπ̃v) the irreducible cuspidal automorphic representation of

GL2(AQ) (resp. ˜SL2(AQ)) generated by f (resp. h). Let Wp (resp. W∞) be
the Whittaker function of π̃p (resp. π̃∞) as in Sect. A.3 (resp. (7.1)) with
ξ = D, l = κ, and α = αp. Here {αp, α

−1
p } is the Satake parameter of f

at p. Then

Wh,D = ch(D)
∏
v

Wv.
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We assume that Λ(κ, f, χ−D) �= 0. By [54],

θ(π ⊗ χ−D) = σ, θ(σ∨) = (π ⊗ χ−D)∨.

We define ϕ = ⊗vϕ
(6)
v ∈ S(V(AQ)) as follows:

• If v = p with p � 2D, then ϕ(6)
p is the characteristic function of V(Zp).

• If v = q with q | D, then

ϕ(6)
q = (1 + q)−1

∑
k,k′∈SL2(Zq)/K0(q;Zq)

ω((k, sq(k)), k′)ϕ′
q.

Here

ϕ′
q(x) =

{
(∆, x2)Qq if x1 ∈ Zq, x2 ∈ q−1

Z
×
q , x3 ∈ Zq,

0 otherwise.

• If v = 2, then

ϕ
(6)
2 (x) =

{
1 if x1 ∈ Z2, x2 ∈ 2Z2, x3 ∈ 2Z2,
0 otherwise.

• If v = ∞, then

ϕ(6)
∞ (x) = (2x1 − √−1x2 − √−1x3)

κe−πD tr(xt x).

Lemma 9.1.

θ(f ⊗ χ−D, ϕ) = −2−1
√−1D−κ+1/2ch(D)ξQ(2)−1〈 f, f 〉〈h, h〉−1h.

The rest of this section is devoted to the proof of Lemma 9.1. We will
compute the Fourier coefficient W of θ(h̄, ϕ) defined by

W(h) =
∫
Q\AQ

θ(u(x)h; h̄, ϕ)ψ(−x) dx.

By Lemma 4.2,

W = ch(D)ξQ(2)−1
∏
v

Wv,

where

Wv(h) =
∫

U(Qv)\ SL2(Qv)

ω̂(g, h)ϕ̂(6)
v (−2−1∆−1; 0, 1)Wv(t(−2−1∆−1)g) dg

×
{

vol(SL2(Zp))
−1 if v = p,

vol(SO(2))−1 if v = ∞.
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9.3. The unramified case. Let v = p with p � 2D. In this case, ∆ ∈ Z×
p

and γV = 1. Let ϕ be the characteristic function of V(Zp). Note that

ω((k, sp(k)), k′)ϕ = ϕ(9.1)

for k ∈ SL2(Zp), k′ ∈ GL2(Zp), and

ϕ̂ = ϕ1 ⊗ ϕ2

where ϕ1 ∈ S(V1(Qp)) and ϕ2 ∈ S(Q2
p) are the characteristic functions of

V1(Zp) and Z2
p, respectively. Then

Wp(1) =
∫
Q

×
p

ω̂(t(a), 1)ϕ̂(−2−1∆−1; 0, 1)Wp(t(−2−1∆−1)t(a))|a|−2
Qp

d×a

=
∑
n∈Z

pn/2(∆, pn)Qp ϕ̂(−2−1∆−1 pn; 0, p−n)Ψp
(

p2n D;αp
)
.

Since ϕ̂(−2−1∆−1 pn; 0, p−n ) = 0 unless n = 0, we have

Wp(1) = 1.

9.4. The ramified case. Let v = q with q | D. In this case, ∆ ∈ qZ×
q and

γV = γQq(∆, ψq)
−1. Let χ be the quadratic character of Q×

q associated to

Qq(
√

∆)/Qq by class field theory. Let φn denote the characteristic function
of qn

Zq. We define φχ ∈ S(Qq) by

φχ(x) =
{
χ(x) if x ∈ q−1

Z
×
q ,

0 otherwise.

Let

K0 =
{(

a b
c d

)
∈ SL2(Zq)

∣∣∣∣ c ≡ 0 mod qZq

}
,

K0 =
{(

a b
c d

)
∈ GL2(Zq)

∣∣∣∣ c ≡ 0 mod qZq

}
.

We define ϕ′ ∈ S(V(Qq)) by

ϕ′(x) = φ0(x1)φχ(x2)φ0(x3).

Note that

ω((k, sq(k)), k′)ϕ′ = χ(det(k′))ϕ′

for k ∈ K0, k′ ∈ K0. Let

ϕ = (1 + q)−1
∑

k,k′∈SL2(Zq)/K0

ω((k, sq(k)), k′)ϕ′.
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Since SL2(Zq)/K0 � GL2(Zq)/K0, we have

ω((k, sq(k)), k′)ϕ = χ(det(k′))ϕ(9.2)

for k ∈ SL2(Zq), k′ ∈ GL2(Zq).

Lemma 9.2.

ϕ̂′(x1; y) = γQq(∆, ψq)
−1φ0(x1)φ0(y1)φχ(y2),

ω̂(1, w)ϕ̂′(x1; y) = q−1/2χ(−1)φ0(x1)φχ(y1)φ−1(y2),

ω̂(w, 1)ϕ̂′(x1; y) = q−1/2χ(−1)φ−1(x1)φχ(y1)φ0(y2),

ω̂(w,w)ϕ̂′(x1; y) = q−1γQq(∆, ψq)
−1φ−1(x1)φ−1(y1)φχ(y2).

Proof. By the result of Kahn [31], we have ε(1/2, χ,ψq) = γQq(∆, ψq)
−1,

hence

φ̂χ(−∆x) = q1/2γQq(∆, ψq)
−1φχ(x)

for x ∈ Qq. Here φ̂χ is the Fourier transform of φχ . This yields the lemma.
��

Lemma 9.3.

Wq(1) = q3/2(∆, 2)Qq .

Proof. Let

J(k, k′) =
∑
n∈Z

q3n/2γQq

(
∆n, ψq

)
(−2,∆n)Qq

× ω̂(k, k′)ϕ̂′(−2−1∆n−1; 0,∆−n)Wq(t(−2−1∆n−1)).

Then Wq(1) is equal to∫
Q

×
q

ω̂(t(a), 1)ϕ̂(−2−1∆−1; 0, 1)Wq(t(−2−1∆−1)t(a))|a|−2
Qq

d×a

= (1 + q)−1

[
J(1, 1) +

∑
b′∈Zq/qZq

J(1, u(b′)w) +
∑

b∈Zq/qZq

J(u(b)w, 1)

+
∑

b,b′∈Zq/qZq

J(u(b)w, u(b′)w)

]

= (1 + q)−1
[
J(1, 1) + qJ(1, w) + qJ(w, 1) + q2J(w,w)

]
.

Since ω̂(k, k′)ϕ̂′(−2−1∆n−1; 0,∆−n) = 0⎧⎪⎪⎪⎨
⎪⎪⎪⎩

unless n = 1 if k = 1, k′ = 1,
for all n if k = 1, k′ = w,
for all n if k = w, k′ = 1,
unless n = 1 if k = w, k′ = w,
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we have

J(1, 1) = q3/2(∆, 2)Qq ,

J(1, w) = 0,

J(w, 1) = 0,

J(w,w) = q1/2(∆, 2)Qq .

This completes the proof. ��

9.5. The 2-adic case. Let v = 2. In this case, ∆ ∈ Z×
2 ∩Q×,2

2 and γV = ζ8.
Let φn denote the characteristic function of 2n

Z2. We define ϕ ∈ S(V(Q2))
by

ϕ(x) = φ0(x1)φ1(x2)φ1(x3).

Note that

ω(k, k′)ϕ = ε2(k)
−1ϕ(9.3)

for k ∈ K0(4;Z2), k′ ∈ GL2(Z2).

Lemma 9.4. Let

W(U(ϕ)) =
∫
Z2

ω(w−1t(2)u(b)t(2), 1)ϕ db.

Then

W(U(ϕ)) = 2−1/2ζ−1
8 ϕ.

Proof. Note that w−1t(2)u(b)t(2) = t(4−1)w−1u(4−1b) in ˜SL2(Q2). Let

ϕ′ =
∫
Z2

ω(u(4−1b), 1)ϕ db.

Since

ϕ′(x) =
∫
Z2

ϕ(x)ψ2
( − 4−1∆

(
x2

1 + x2x3
)
b
)

db = φ1(x1)φ1(x2)φ1(x3),

we have

ω(w−1, 1)ϕ′(x) = 2−7/2ζ−1
8 φ−2(x1)φ−1(x2)φ−1(x3),

hence

W(U(ϕ))(x) = 23ω(w−1, 1)ϕ′(4−1x) = 2−1/2ζ−1
8 φ0(x1)φ1(x2)φ1(x3). ��
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Lemma 9.5. We define ϕ2, ϕ
′
2, ϕ

′′
2 ∈ S(Q2

2) by

ϕ2(y) = φ1(y1)φ−1(y2),

ϕ′
2(y) = φ−1(y1)φ1(y2),

ϕ′′
2(y) = φ1(y1)φ0(y2) + [φ0 − φ1](y1)[φ−1 − φ0](y2),

for y = (y1, y2) ∈ Q2
2, respectively. Then

ϕ̂ = 2−1(φ0 ⊗ ϕ2),

ω̂(w, 1)ϕ̂ = 2−3/2ζ8(φ−1 ⊗ ϕ′
2),

ω̂(k1, 1)ϕ̂ = 2−1([φ−1 − φ0] ⊗ ϕ′′
2).

Proof. We only check that ω(k1, 1)φ0 = φ−1 − φ0. Note that k1 =
t(2−1)u(2)w−1u(2−1) in ˜SL2(Q2). Since

ω(u(2−1), 1)φ0(x1) = φ0(x1)ψ2
( − 2−1∆x2

1

) = [2φ1 − φ0](x1),

we have

ω(w−1u(2−1), 1)φ0(x1) = 2−1/2ζ−1
8 [φ−2 − φ−1](x1),

hence

ω(k1, 1)φ0(x1) = 21/2ω(w−1u(2−1), 1)φ0
(
2−1x1

)
ψ2

( − 2−1∆x2
1

)
= [φ−1 − φ0](x1). ��

Lemma 9.6.

W2(1) = −2−3/2
√−1.

Proof. Let

J(k) =
∑
n∈Z

23n/2ω̂(k, 1)ϕ̂(−2n−1∆−1; 0, 2−n)W2(t(−2n−1∆−1)k).

Then W2(1) is equal to

6−1
∫
Q

×
2

∑
k∈SL2(Z2)/K0(4;Z2)

ω̂(t(a)k, 1)ϕ̂(−2−1∆−1; 0, 1)

× W2(t(−2−1∆−1)t(a)k)|a|−2
Q2

d×a

= 6−1

⎡
⎣J(1) +

∑
b∈Z2/4Z2

J(u(b)w) + J(k1)

⎤
⎦

= 6−1
[
J(1) + 4J(w) + J(k1)

]
.
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Since ω̂(k, 1)ϕ̂(−2n−1∆−1; 0, 2−n) = 0⎧⎨
⎩

unless n = 1 if k = 1,
for all n if k = w,
unless n = 0 if k = k1,

we have

J(1) = 21/2W2(t(−∆−1)) = −21/2
√−1,

J(w) = 0,

J(k1) = 2−1W2
(
t(−2−1∆−1)k1

) = −2−1/2
√−1.

This completes the proof. ��
9.6. The archimedean case. Let v = ∞. In this case, ∆ < 0 and γV = ζ8.
We define ϕ ∈ S(V(R)) by

ϕ(x) = (2x1 − √−1x2 − √−1x3)
κe−πD(2x2

1+x2
2+x2

3).

Note that

ω(k̃θ, kθ ′)ϕ = e
√−1(κ+1/2)θe−2

√−1κθ ′
ϕ(9.4)

for k̃θ ∈ S̃O(2), kθ ′ ∈ SO(2). By Lemma 7.4,

ϕ̂(x1; y) = (2
√

πD)−κ Hκ(
√

πD(2x1 − √−1y1 + y2))e
−πD(2x2

1+y2
1+y2

2)

for x1 ∈ V1(R), y = (y1, y2) ∈ R2.

Lemma 9.7.

W∞(1) = 2−1/2 D−κ−1e−2π.

Proof. The quantity W∞(1) is equal to∫
R×

ω̂(t(a), 1)ϕ̂(−2−1∆−1; 0, 1)W∞(t(−2−1∆−1)t(a))|a|−2
R

d×a

= 2
∫ ∞

0
a−5/2ϕ̂(2−1 D−1a; 0, a−1)W∞(t(2−1 D−1a)) da

= 2−2κ+1/2π−κ/2 D−(3κ+1)/2

×
∫ ∞

0
aκ−2 Hκ(

√
πD(D−1a + a−1))e−π(D−1a2+Da−2) da.

By Lemma 7.5,∫ ∞

0
aκ−2 Hκ(

√
πD(D−1a + a−1))e−π(D−1a2+Da−2) da

= 22κ−1πκ/2 D(κ−1)/2e−2π.

This completes the proof. ��
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9.7. Proof of Lemma 9.1. By (9.1)–(9.4), there exists a constant C such
that

θ(h̄, ϕ) = Cf ⊗ χ−D.

Since
∏

q|D(∆, 2)Qq = 1, we have

C = e2πW(1) = −2−2
√−1D−κ+1/2ch(D)ξQ(2)−1.

Again, by (9.1)–(9.4) and Lemma 9.4, there exists a constant C′ such that

θ(f ⊗ χ−D, ϕ) = C ′h.

Hence

〈θ(f ⊗ χ−D, ϕ), h〉 = 〈h, h〉C′ = 2−1ξQ(2)−1〈h, h〉C ′.

On the other hand,

〈θ(f ⊗ χ−D, ϕ), h〉 = 〈f ⊗ χ−D, θ(h̄, ϕ)〉 = 〈f ⊗ χ−D, f ⊗ χ−D〉C
= ξQ(2)−1〈 f, f 〉C.

Therefore C ′ = 2〈 f, f 〉〈h, h〉−1C. This completes the proof of Lemma 9.1.

10. Theta correspondence for (GL2, GO(3, 1))

In this section, we study the base change for GL2 from Q to an imaginary
quadratic field K in terms of theta lifts [34], [2], [16], [11], [12].

10.1. Preliminaries. Let F be a field of characteristic not 2 and E an
abelian semisimple algebra over F of dimension 2. Let τ denote the non-
trivial automorphism of E over F. Fix δ ∈ E× such that δτ = −δ and put
∆ = δ2 ∈ F×. Let ∗ denote the involution on M2(E) given by

x∗ =
(

xτ
4 −xτ

2−xτ
3 xτ

1

)
for x =

(
x1 x2
x3 x4

)
∈ M2(E).

Let

V = {
x ∈ M2(E) | x∗ = x

}

=
{(

x1 δx2
δx3 xτ

1

) ∣∣∣∣ x1 ∈ E, x2, x3 ∈ F

}

be the quadratic space with bilinear form

(x, y) = tr(xyτ ) = trE/F
(
x1 yτ

1

) − ∆(x2 y3 + x3 y2).
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Then the associated quadratic form is given by

Q[x] = det(x) = NE/F(x1) − ∆x2x3.

Also, let V1 = E be the quadratic space with bilinear form

(v,w) = trE/F(vwτ).

Recall that there is an exact sequence

1 −→ RE/F Gm
ι−→ Gm × RE/F GL2

ρ−→ GSO(V ) −→ 1.

Here

ι(a) = (
NE/F(a)−1, a12

)
, ρ(z, h)x = zhxh∗,

for a ∈ RE/F Gm , z ∈ Gm , h ∈ RE/F GL2, and x ∈ V . Note that ν(ρ(z, h)) =
z2 NE/F(det(h)), and

ρ(1, h)x =
(

x̃1 δx̃2
δx̃3 x̃τ

1

)

with

x̃1 = adτ x1 − bcτ xτ
1 − δacτ x2 + δbdτ x3,

x̃2 = trE/F

(
δ−1aτbxτ

1

) + NE/F(a)x2 − NE/F(b)x3,

x̃3 = trE/F
(
δ−1cdτ x1

) − NE/F(c)x2 + NE/F(d)x3,

for

h =
(

a b
c d

)
∈ RE/F GL2, x =

(
x1 δx2
δx3 xτ

1

)
∈ V.

If F is a local field, let ω be the Weil representation of R(F) on S(V )
with respect to a fixed additive character ψ. Here R = G(SL2 × O(V )). As
in Sect. 4.4, let

S(V ) −→ S(V1) ⊗ S(F2)

ϕ 
−→ ϕ̂

be the partial Fourier transform given by

ϕ̂(x1; y) = |∆|1/2
F

∫
F

ϕ

((
x1 δz
δy1 xτ

1

))
ψ(−∆y2z) dz

for x1 ∈ V1, y = (y1, y2) ∈ F2. Note that

ω̂(t(a), 1)ϕ̂(x1; y) = (∆, a)F |a|F ϕ̂
(
ax1; ay1, a−1 y2

)
,

ω̂(1, u(b))ϕ̂(x1; y) = ϕ̂(x1 − δby1; y)

× ψ
( − trE/F

(
δbxτ

1

)
y2 − ∆ NE/F(b)y1 y2

)
,
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ω̂(1, w)ϕ̂(x1; y) = |∆|F

∫
F2

ϕ̂
(
xτ

1; z1, z2
)
ψ(∆(y2z1 − y1z2)) dz1 dz2,

ω̂(ν12, a(ν))ϕ̂(x1; y) = |ν|F ϕ̂(x1; νy),

for a ∈ F×, b ∈ E, ν ∈ F×.

10.2. Theta lifts. Let F = Q, E = K , and ψ = ψ0. Here K is an
imaginary quadratic field with discriminant −D < 0. We assume that
−D ≡ 1 mod 8. Let O be the ring of integers of K . We put δ = √−D. Let
g ∈ Sκ+1(SL2(Z)) be a normalized Hecke eigenform. Let g denote the cusp
form on GL2(AQ) associated to g and π = ⊗vπv the irreducible cuspidal
automorphic representation of GL2(AQ) generated by g. Let πK = ⊗vπK,v

be the base change of π to K , which is an irreducible cuspidal automorphic
representation of GL2(AK). We define cusp forms g� ∈ π and g�

K ∈ πK

by (3.3) and (3.7), respectively. We may regard θ(π) as a representation of
AQ × GL2(AK). By the strong multiplicity one theorem,

θ(π) = χ−D � πK .

We define ϕ = ⊗vϕ
(7)
v ∈ S(V(AQ)) as follows:

• If v = p with p � 2D, then ϕ(7)
p is the characteristic function of V(Zp).

• If v = q with q | D, then

ϕ(7)
q = (1 + q)−1

∑
k,k′∈SL2(Zq)/K0(q;Zq)

ω(k, k′)ϕ′
q.

Here

ϕ′
q(x) =

{
(∆, x2)Qq if x1 ∈ Oq, x2 ∈ q−1

Z
×
q , x3 ∈ Zq,

0 otherwise.

• If v = 2, then

ϕ
(7)

2 (x) =
{

1 if x1 ∈ Z2 + 2O2, x2 ∈ 2Z2, x3 ∈ 2Z2,
0 otherwise.

• If v = ∞, then ϕ(7)∞ = (−2δ−1)κω(1, k∞)ϕ′∞. Here

ϕ′
∞(x) = x̄κ

1 e−π tr(xt x̄).

We may regard θ(ḡ�, ϕ) as an automorphic form on GL2(AK).

Lemma 10.1.

θ(ḡ�, ϕ) = −2−1(
√−1)κ+1 D−κξQ(2)−1g�

K .
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The rest of this section is devoted to the proof of Lemma 10.1. We will
compute the Fourier coefficient W of θ(ḡ�, ϕ) defined by

W(h) =
∫

K\AK

θ(u(x)h; ḡ�, ϕ)ψ
(

trK/Q(δ−1x)
)

dx.

Let Wv be the Whittaker function of πv with respect to ψv which satisfies
the following conditions:

• If v = p, then Wp(1) = 1, and

Wp(gk) = Wp(g)

for g ∈ GL2(Qp), k ∈ GL2(Zp).
• If v = ∞, then W∞(1) = e−2π , and

W∞(gkθ) = e
√−1(κ+1)θW∞(g)

for g ∈ GL2(R), θ ∈ R/2πZ.

Then

Wg�,∆−2 =
∏
v

W �
v ,

where

W �
v (g) =

{
Wv(a(∆−2)g) if v �= 2,

W2(a(∆−2)gt(2−1)) if v = 2.

By Lemma 4.2,

W = ξQ(2)−1
∏
v

Wv,

where

Wv(h) =
∫

U(Qv)\ SL2(Qv)

ω̂(gg′, h)ϕ̂(7)
v (−∆−1; 0, 1)W �

v (gg′) dg

×
{

vol(SL2(Zp))
−1 if v = p,

vol(SO(2))−1 if v = ∞,

with g′ ∈ GL2(Qv) such that ν(g′) = ν(h).



610 A. Ichino

10.3. The unramified case. Let v = p with p � 2D. In this case, ∆ ∈ Z×
p

and γV = 1. Let ϕ be the characteristic function of V(Zp). Note that

ω(k, k′)ϕ = ϕ(10.1)

for k ∈ GL2(Zp), k′ ∈ GL2(Op) such that ν(k) = ν(k′), and

ϕ̂ = ϕ1 ⊗ ϕ2

where ϕ1 ∈ S(V1(Qp)) and ϕ2 ∈ S(Q2
p) are the characteristic functions of

V1(Zp) and Z2
p, respectively. Then

Wp(1) =
∫
Q

×
p

ω̂(t(a), 1)ϕ̂(−∆−1; 0, 1)W �
p(t(a))|a|−2

Qp
d×a

=
∑
n∈Z

pn(∆, pn)Qp ϕ̂(−∆−1 pn; 0, p−n)W �
p(t(pn)).

Since ϕ̂(−∆−1 pn; 0, p−n) = 0 unless n = 0, we have

Wp(1) = 1.

10.4. The ramified case. Let v = q with q | D. In this case, ∆ ∈ qZ×
q

and γV = γQq(∆, ψq)
−1. Let χ be the quadratic character of Q×

q associated
to Kq/Qq by class field theory. Let φn (resp. Φn) denote the characteristic
function of qn

Zq (resp. δnOq). We define φχ ∈ S(Qq) by

φχ(x) =
{

χ(x) if x ∈ q−1
Z

×
q ,

0 otherwise.

Let

K0 =
{(

a b
c d

)
∈ SL2(Zq)

∣∣∣∣ c ≡ 0 mod qZq

}
,

K0 =
{(

a b
c d

)
∈ GL2(Zq)

∣∣∣∣ c ≡ 0 mod qZq

}
,

K0 =
{(

a b
c d

)
∈ GL2(Oq)

∣∣∣∣ c ≡ 0 mod δOq

}
.

We define ϕ′ ∈ S(V(Qq)) by

ϕ′(x) = Φ0(x1)φχ(x2)φ0(x3).

Note that

ω(k, k′)ϕ′ = ϕ′
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for k ∈ K0, k′ ∈ K0 such that ν(k) = ν(k′). Let

ϕ = (1 + q)−1
∑

k,k′∈SL2(Zq)/K0

ω(k, k′)ϕ′.

Since SL2(Zq)/K0 � GL2(Zq)/K0 � GL2(Oq)/K0, we have

ω(k, k′)ϕ = ϕ(10.2)

for k ∈ GL2(Zq), k′ ∈ GL2(Oq) such that ν(k) = ν(k′).

Lemma 10.2.

ϕ̂′(x1; y) = γQq(∆, ψq)
−1Φ0(x1)φ0(y1)φχ(y2),

ω̂(w, 1)ϕ̂′(x1; y) = q−1/2χ(−1)Φ−1(x1)φχ(y1)φ0(y2),

ω̂(1, w)ϕ̂′(x1; y) = q−1/2χ(−1)Φ0(x1)φχ(y1)φ−1(y2),

ω̂(w,w)ϕ̂′(x1; y) = q−1γQq(∆, ψq)
−1Φ−1(x1)φ−1(y1)φχ(y2).

Proof. See the proof of Lemma 9.2. ��
Lemma 10.3.

Wq(1) = qγQq(∆, ψq)
−1.

Proof. Let

J(k, k′) =
∑
n∈Z

qn(∆,∆n)Qq ω̂(k, k′)ϕ̂′(−∆n−1; 0,∆−n)W �
q(t(∆n)).

Then Wq(1) is equal to∫
Q

×
q

ω̂(t(a), 1)ϕ̂(−∆−1; 0, 1)W �
q (t(a))|a|−2

Qq
d×a

= (1 + q)−1

[
J(1, 1) +

∑
b′∈Zq/qZq

J(1, u(b′)w)

+
∑

b∈Zq/qZq

J(u(b)w, 1) +
∑

b,b′∈Zq/qZq

J(u(b)w, u(b′)w)

]

= (1 + q)−1
[
J(1, 1) + qJ(1, w) + qJ(w, 1) + q2J(w,w)

]
.

Since ω̂(k, k′)ϕ̂′(−∆n−1; 0,∆−n) = 0⎧⎪⎪⎪⎨
⎪⎪⎪⎩

unless n = 1 if k = 1, k′ = 1,
for all n if k = 1, k′ = w,
for all n if k = w, k′ = 1,
unless n = 1 if k = w, k′ = w,
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we have

J(1, 1) = qγQq(∆, ψq)
−1,

J(1, w) = 0,

J(w, 1) = 0,

J(w,w) = γQq(∆, ψq)
−1.

This completes the proof. ��

10.5. The 2-adic case. Let v = 2. In this case, ∆ ∈ Z×
2 ∩Q×,2

2 and γV = 1.
Fix δ0 ∈ Z×

2 such that ∆ = δ2
0. We identify K2 with Q2 ⊕Q2 via

K2 −→ Q2 ⊕Q2.

x1 + δx2 
−→ (x1 + δ0x2, x1 − δ0x2)

Let O�

2 = Z2 + 2O2. Note that {(1, 0), (0, 1)} (resp. {1, δ}) is a basis of O2

(resp. O�

2) over Z2. Let φn (resp. Φ�) denote the characteristic function of
2n
Z2 (resp. O�

2). Then

Φ�(x) = φ1(x
′)φ1(x

′′) + [φ0 − φ1](x ′)[φ0 − φ1](x ′′)

for x = (x ′, x ′′) ∈ K2. Let

K0(4;Z2) =
{(

a b
c d

)
∈ GL2(Z2)

∣∣∣∣ c ≡ 0 mod 4Z2

}
,

� = {h ∈ GL2(Z2) | h ≡ 12 mod 2Z2} .

We define ϕ ∈ S(V(Q2)) by

ϕ(x) = Φ�(x1)φ1(x2)φ1(x3).

Note that

ω(k, k′)ϕ = ϕ(10.3)

for k ∈ K0(4;Z2), k′ ∈ (� × � ) GL2(Z2) such that ν(k) = ν(k′).

Lemma 10.4. We define ϕ1, ϕ
′
1, ϕ

′′
1 ∈ S(V1(Q2)) by

ϕ1(x1) = Φ�(x1),

ϕ′
1(x1) = Φ�(2x1),

ϕ′′
1(x1) = φ1(x

′
1)[φ0 − φ1](x ′′

1) + [φ0 − φ1](x ′
1)φ1(x

′′
1),
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for x1 = (x ′
1, x ′′

1) ∈ V1(Q2), respectively. We also define ϕ2, ϕ
′
2, ϕ

′′
2 , ϕ3,

ϕ′
3, ϕ

′′
3 ∈ S(Q2

2) by

ϕ2(y) = φ1(y1)φ−1(y2),

ϕ′
2(y) = φ−1(y1)φ1(y2),

ϕ′′
2(y) = φ1(y1)φ0(y2) + [φ0 − φ1](y1)[φ−1 − φ0](y2),

ϕ3(y) = φ2(y1)φ0(y2),

ϕ′
3(y) = φ0(y1)φ2(y2),

ϕ′′
3(y) = φ2(y1)φ1(y2) + [φ1 − φ2](y1)[φ0 − φ1](y2),

for y = (y1, y2) ∈ Q2
2, respectively. Then

ϕ̂ = 2−1(ϕ1 ⊗ ϕ2),

ω̂(w, 1)ϕ̂ = 2−2(ϕ′
1 ⊗ ϕ′

2),

ω̂(k1, 1)ϕ̂ = 2−1(ϕ′′
1 ⊗ ϕ′′

2),

ω̂(2−1, a(2−1))ϕ̂ = ϕ1 ⊗ ϕ3,

ω̂(2−1w, a(2−1))ϕ̂ = 2−1(ϕ′
1 ⊗ ϕ′

3),

ω̂(2−1k1, a(2−1))ϕ̂ = ϕ′′
1 ⊗ ϕ′′

3 .

Proof. We only check that ω(k1, 1)ϕ1 = ϕ′′
1 . Note that k1 = t(2−1)u(2)w−1

× u(2−1). Since

ω(u(2−1), 1)ϕ1(x1) = (
φ1(x

′
1)φ1(x

′′
1) + [φ0 − φ1](x ′

1)[φ0 − φ1](x ′′
1 )

)
× ψ2

(
2−1x ′

1x ′′
1

)
= φ1(x

′
1)φ0(x

′′
1) + φ0(x

′
1)φ1(x

′′
1) − φ0(x

′
1)φ0(x

′′
1),

we have

ω(w−1u(2−1), 1)ϕ1(x1) = 2−1φ0(x
′
1)φ−1(x

′′
1 ) + 2−1φ−1(x

′
1)φ0(x

′′
1)

− φ0(x
′
1)φ0(x

′′
1),

hence

ω(k1, 1)ϕ1(x1) = 2ω(w−1u(2−1), 1)ϕ1
(
2−1x1

)
ψ2

(
2−1x ′

1x ′′
1

)
= φ1(x

′
1)φ0(x

′′
1 ) + φ0(x

′
1)φ1(x

′′
1 ) − 2φ1(x

′
1)φ1(x

′′
1 ).

��
Lemma 10.5.

W2(1) = 2−2.
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Proof. Let

J(k) =
∑
n∈Z

2nω̂(k, 1)ϕ̂(−2n∆−1; 0, 2−n)W �

2(t(2
n)k).

Then W2(1) is equal to

6−1
∫
Q

×
2

∑
k∈SL2(Z2)/K0(4;Z2)

ω̂(t(a)k, 1)ϕ̂(−∆−1; 0, 1)W �

2 (t(a)k)|a|−2
Q2

d×a

= 6−1

⎡
⎣J(1) +

∑
b∈Z2/4Z2

J(u(b)w) + J(k1)

⎤
⎦

= 6−1 [
J(1) + 4J(w) + J(k1)

]
.

Since ω̂(k, 1)ϕ̂(−2n∆−1; 0, 2−n) = 0⎧⎨
⎩

unless n = 0, 1 if k = 1,
unless n = −1 if k = w,
for all n if k = k1,

we have

J(1) = 2−1W �

2(1) + W �

2(t(2)) = 1,

J(w) = 2−3W �

2(t(2
−1)w) = 2−3,

J(k1) = 0.

This completes the proof. ��
Lemma 10.6.

W2(a(2−1)) = 0.

Proof. Let

J′(k) =
∑
n∈Z

2nω̂(2−1k, a(2−1))ϕ̂(−2n∆−1; 0, 2−n)W �

2 (2−1t(2n)k).

Then W2(a(2−1)) is equal to

6−1
∫
Q

×
2

∑
k∈SL2(Z2)/K0(4;Z2)

ω̂(2−1t(a)k, a(2−1))ϕ̂(−∆−1; 0, 1)

× W �

2(2
−1t(a)k)|a|−2

Q2
d×a

= 6−1

⎡
⎣J′(1) +

∑
b∈Z2/4Z2

J′(u(b)w) + J′(k1)

⎤
⎦

= 6−1
[
J′(1) + 4J′(w) + J′(k1)

]
.
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Since ω̂(2−1k, a(2−1))ϕ̂(−2n∆−1; 0, 2−n) = 0
⎧⎨
⎩

unless n = 0 if k = 1,
for all n if k = w,
for all n if k = k1,

we have

J′(1) = W �

2(1) = 0,

J′(w) = 0,

J′(k1) = 0.

This completes the proof. ��
Lemma 10.7. The Whittaker function W2 of πK,2 satisfies

W2(hk′) = W2(h)

for h ∈ GL2(K2), k′ ∈ GL2(O2).

Proof. For convenience, we write π = π2 and Π = πK,2. Since π is the
principal series representation

IndGL2(Q2)

B(Q2)

(| |s2
Q2
� | |−s2

Q2

)
,

we have dimC π� = 3. We may regard π� as a representation of GL2(Z2)/�
� GL2(F2). Then

π� � 1 ⊕ r,

where r is the irreducible representation of GL2(F2) of dimension 2. Define
elements f0, f1, f2, f3 ∈ π so that f0|GL2(Z2) ≡ 1,

f1|� ≡ 1, supp( f1) = B(Q2)� ,

f2|w� ≡ 1, supp( f2) = B(Q2)w� ,

f3|wu(1)� ≡ 1, supp( f3) = B(Q2)wu(1)� .

Note that { f1, f2, f3} is a basis of π� .
We may regard Π as a representation π � π of GL2(Q2) × GL2(Q2).

Computing the multiplicity of the trivial representation of GL2(F2) in
π� ⊗ π� , we obtain

dimCΠ(�×� ) GL2(Z2) = 2.

Define elements F0,F1 ∈ Π by

F0 = f0 ⊗ f0,

F1 = f1 ⊗ f1 + f2 ⊗ f2 + f3 ⊗ f3.
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Note that {F0,F1} is a basis of Π(�×� ) GL2(Z2). Let WFi be the Whittaker
function of Π defined by

WFi (h) =
∫

K2

Fi(w
−1u(x)h)ψ2

(
trK2/Q2(δ

−1x)
)

dx.

A routine calculation shows that

WF0(a(2−1)) = 0,

WF1(a(2−1)) �= 0.

Hence the assertion follows from (10.3) and Lemma 10.6. ��
10.6. The archimedean case. Let v = ∞. In this case, ∆ < 0 and γV =√−1. We define ϕ′ ∈ S(V(R)) by

ϕ′(x) = x̄κ
1 e−π(2|x1|2+Dx2

2+Dx2
3).

Note that

ω(kθ, 1)ϕ′ = e
√−1(κ+1)θϕ′

for kθ ∈ SO(2),

H · ϕ′ = 2κϕ′, X · ϕ′ = 0,(10.4)

and

ϕ̂′(x1; y) = x̄κ
1 e−π(2|x1|2+Dy2

1+Dy2
2)

for x1 ∈ V1(R), y = (y1, y2) ∈ R2.

Lemma 10.8.

W∞(k−1
∞ ) = 2(

√−1)κ D−κ−1 Kκ(4πD−1/2).

Proof. The quantity W∞(k−1∞ ) is equal to

(−2δ−1)κ

∫
R×

ω̂(t(a), 1)ϕ̂′(−∆−1; 0, 1)W �∞(t(a))|a|−2
R

d×a

= 2κ+1(
√−1)κ D−κ/2

∫ ∞

0
a−1ϕ̂′(D−1a; 0, a−1)W �∞(t(a)) d×a.

Since

W �
∞(t(a)) = D−κ−1aκ+1e−2πD−2a2

for a ∈ R×
+, we have∫ ∞

0
a−1ϕ̂′(D−1a; 0, a−1)W �(t(a)) d×a

= D−2κ−1
∫ ∞

0
a2κe−4πD−2a2−πDa−2

d×a

= 2−κ D−κ/2−1Kκ(4πD1/2).

This completes the proof. ��



Pullbacks of Saito-Kurokawa lifts 617

10.7. Proof of Lemma 10.1. By (10.1), (10.2), (10.4), and Lemma 10.7,
there exists a constant C such that

θ(ḡ�, ϕ) = Cg�

K .

Since
∏

q|D γQq(∆, ψq)
−1 = γR(∆, ψ∞) = −√−1, we have

C = Kκ(4πD−1/2)−1W
(
k−1
∞

) = −2−1(
√−1)κ+1 D−κξQ(2)−1.

This completes the proof of Lemma 10.1.

11. Proof of Proposition 5.2

Let F = Q and E = K . Let V and V ′ be the quadratic spaces as in
Sects. 10.1 and 9.1, respectively. We may identify the quadratic space
{x ∈ V | (x, 12) = 0} with V ′ via

{x ∈ V | (x, 12) = 0} −→ V ′.

δ

(
x1 x2
x3 −x1

)

−→

(
x1 x2
x3 −x1

)

Then the homomorphisms ρ and the embedding

GL2 −→ Gm × RK/QGL2

h 
−→ (det(h)−1, h)

induce a natural embedding SO(V ′) ⊂ SO(V ).
We define

ϕ = ⊗vϕ
(7)
v ∈ S(V(AQ)),

ϕ′ = ⊗vϕ
(6)
v ∈ S(V ′(AQ)),

ϕ′′ = ⊗vϕ
(1)
v ∈ S(AQ),

as in Sect. 10.2, Sect. 9.2, Example 4.1, respectively. Note that ϕ = ϕ′ ⊗ϕ′′.
Then a seesaw identity

〈θ(f ⊗ χ−D, ϕ′)Θ, g�〉 =
∫
A

×
Q

GL2(Q)\ GL2(AQ)

(f ⊗ χ−D)(h)θ(h; ḡ�, ϕ) dh

holds. The left-hand side is equal to

−2−1
√−1D−κ+1/2ch(D)ξQ(2)−1〈 f, f 〉〈h, h〉−1〈hΘ, g�〉

by Lemma 9.1, and the right-hand side is equal to

−2−1(
√−1)κ+1 D−κξQ(2)−1�

(
g�

K, f
)

by Lemma 10.1. This completes the proof of Proposition 5.2.
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12. Triple product L-functions

In this section, we study the local zeta integrals of Garrett [18], Piatetski-
Shapiro and Rallis [44].

12.1. Preliminaries. Let F be a local field of characteristic not 2 and fix
a non-trivial additive character ψ of F. Let E be an abelian semisimple
algebra over F of dimension 2. Let τ denote the non-trivial automorphism
of E over F. Fix δ ∈ E× such that δτ = −δ and put ∆ = δ2 ∈ F×. Let
G = GSp3(F) and

G = {(g, g′) ∈ GL2(E) × GL2(F) | ν(g) = ν(g′)}.
Let ZG denote the center of G. We identify G with its image under the
embedding

G −→ G.

((
a b
c d

)
,

(
a′ b′
c′ d′

))

−→

⎛
⎜⎜⎜⎜⎜⎝

a1 a2 0 b1 ∆b2 0
∆a2 a1 0 ∆b2 ∆b1 0

0 0 a′ 0 0 b′
c1 c2 0 d1 ∆d2 0
c2 ∆−1c1 0 d2 d1 0
0 0 c′ 0 0 d′

⎞
⎟⎟⎟⎟⎟⎠

Here a = a1 + δa2, b = b1 + δb2, c = c1 + δc2, d = d1 + δd2.
Let V be the quadratic space as in Sect. 6.1. Put R = G(SL2 × O(V )).

Then R(F) (resp. R(E)) acts on S(V(F)) (resp. S(V(E))) via the Weil repre-
sentation ω with respect to ψ (resp. 1

2(ψ ◦ trE/F)). Also, G(Sp3 × O(V ))(F)

acts on S(V 3(F)) via the Weil representation ω with respect to ψ. Let Φ ∈
S(V(E)) and ϕ ∈ S(V(F)). We identify S(V 3(F)) with S(V(E))⊗S(V(F))
via

V 3(F) −→ V(E) ⊕ V(F).

(y1, y2, y3) 
−→ (y1 + δy2, y3)

Then

ω((g, g′), h)(Φ ⊗ ϕ) = ω(g, h)Φ ⊗ ω(g′, h)ϕ

for (g, g′) ∈ G, h ∈ GO(V )(F) such that ν(g) = ν(g′) = ν(h).
Let

P =
{(

A ∗
0 νt A−1

)
∈ G

∣∣∣∣ A ∈ GL3(F), ν ∈ F×
}

be the Siegel parabolic subgroup of G. For s ∈ C, let I(s) = IndG
P (ρs

P)
denote the degenerate principal series representation of G consisting of
smooth functions f (s) on G which satisfy

f (s)

((
A ∗
0 νt A−1

)
g

)
= | det(A)|2(s+1)

F |ν|−3(s+1)
F f (s)(g).
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Let Ψ ∈ S(V(E)) ⊗ S(V(F)). For g ∈ G, choose h ∈ GO(V )(F) such that
ν(h) = ν(g), and put

f (0)
Ψ (g) = ω(g, h)Ψ(0).

It does not depend on the choice of h and defines an element f (0)
Ψ of I(0).

Put

η =

⎛
⎜⎜⎜⎜⎜⎝

0 0 0 0 0 −1
0 1 0 0 0 0
1 0 0 0 0 0
1 0 1 0 0 0
0 0 0 0 1 0
0 0 0 1 0 −1

⎞
⎟⎟⎟⎟⎟⎠

∈ Sp3(Z).

Lemma 12.1. Let Ψ = Φ ⊗ ϕ with Φ ∈ S(V(E)) and ϕ ∈ S(V(F)). Then

f (0)
Ψ (η) =

∫
V(F)

Φ(y)ϕ(y) dy.

Here V(F) ⊂ V(E) is a natural embedding and dy is the self-dual measure
on V(F) with respect to the pairing ψ((x, y)).

Proof. We may regard Ψ as an element of S(V 3(F)). Let η = pw′ p′ be the
Bruhat decomposition of η given by

p =

⎛
⎜⎜⎜⎜⎜⎝

0 0 −1 −1 0 0
0 1 0 0 0 0

−1 0 0 0 0 −1
0 0 0 0 0 −1
0 0 0 0 1 0
0 0 0 −1 0 0

⎞
⎟⎟⎟⎟⎟⎠

,

w′ =

⎛
⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0
0 0 −1 0 0 0

⎞
⎟⎟⎟⎟⎟⎠

,

p′ =

⎛
⎜⎜⎜⎜⎜⎝

0 0 1 0 0 0
0 1 0 0 0 0
1 0 1 0 0 0
0 0 0 −1 0 1
0 0 0 0 1 0
0 0 0 1 0 0

⎞
⎟⎟⎟⎟⎟⎠

.
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Since

ω(w′ p′, 1)Ψ(y1, y2, y3) =
∫

V(F)

ω(p′, 1)Ψ(y1, y2, y′)ψ((y3, y′)) dy′

=
∫

V(F)

Ψ(y′, y2, y1 + y′)ψ((y3, y′)) dy′,

we have

f (0)
Ψ (η) = f (0)

Ψ (w′ p′) = ω(w′ p′, 1)Ψ(0) =
∫

V(F)

Ψ(y′, 0, y′) dy′.

This completes the proof. ��

12.2. Local zeta integrals. Let K be an imaginary quadratic field with
discriminant −D < 0. We assume that −D ≡ 1 mod 8. Let O be the ring of
integers of K . We put δ = √−D and fix δ0 ∈ Z×

2 such that −D = δ2
0. Let

κ be an odd positive integer. Let g ∈ Sκ+1(SL2(Z)) and f ∈ S2κ(SL2(Z))
be normalized Hecke eigenforms. Let g (resp. f) denote the cusp form on
GL2(AQ) associated to g (resp. f ) and π = ⊗vπv (resp. σ = ⊗vσv) the
irreducible cuspidal automorphic representation of GL2(AQ) generated by
g (resp. f). Let πK = ⊗vπK,v be the base change of π to K , which is
an irreducible cuspidal automorphic representation of GL2(AK). We define
cusp forms g�

K , g�

K ∈ πK by (3.7), (3.8), respectively.
For each prime p, let {αp, α

−1
p } and {βp, β

−1
p } denote the Satake pa-

rameters of g and f at p, respectively. Note that |αp| = |βp| = 1 by the
Ramanujan conjecture. Let L(s, πK,p ⊗ σp) be the local L-factor given by

L(s, πK,p ⊗ σp) = [(
1 − α2

pβp p−s
)(

1 − α2
pβ

−1
p p−s

)(
1 − βp p−s

)2

× (
1 − β−1

p p−s
)2(

1 − α−2
p βp p−s

)(
1 − α−2

p β−1
p p−s

)]−1

if p splits in K ,

L(s, πK,p ⊗ σp) = [(
1 − α2

pβp p−s
)(

1 − α2
pβ

−1
p p−s

)(
1 − β2

p p−2s
)

× (
1 − β−2

p p−2s
)(

1 − α−2
p βp p−s

)(
1 − α−2

p β−1
p p−s

)]−1

if p is inert in K ,

L(s, πK,p ⊗ σp) = [(
1 − α2

pβp p−s
)(

1 − α2
pβ

−1
p p−s

)(
1 − βp p−s

)
× (

1 − β−1
p p−s

)(
1 − α−2

p βp p−s
)(

1 − α−2
p β−1

p p−s
)]−1

if p is ramified in K .
Let ψ0 = ⊗vψv be the standard additive character of AQ. Let Wv be the

Whittaker function of πK,v with respect to δ−1(ψv ◦ trKv/Qv
) which satisfies

the following conditions:
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• If v = p, then Wp(1) = 1, and

Wp(gk) = Wp(g)

for g ∈ GL2(Kp), k ∈ GL2(Op).
• If v = ∞, then W∞(1) = Kκ(4πD−1/2), and

H · W∞ = 2κW∞, X · W∞ = 0.

Then

Wg�
K ,−2δ−1 =

∏
v

W �
v ,

where

W �
v(g) =

{
Wp(d(−1)gd(2δ−1)−1) if v = p,
W∞(d(−1)g) if v = ∞.

Also, let W ′
v be the Whittaker function of σv with respect to ψv which

satisfies the following conditions:

• If v = p, then W ′
p(1) = 1, and

W ′
p(gk) = W ′

p(g)

for g ∈ GL2(Qp), k ∈ GL2(Zp).
• If v = ∞, then W ′∞(1) = e−2π , and

W ′
∞(gkθ) = e2

√−1κθ W ′
∞(g)

for g ∈ GL2(R), θ ∈ R/2πZ.

Then

Wf,1 =
∏
v

W ′
v.

Let F = Qv, E = Kv, and ψ = ψv. Let KG = GSp3(Zp) if v = p, and

KG =
{(

α β
−β α

) ∣∣∣∣ α + √−1β ∈ U(3)

}

if v = ∞. Put K ′
G = γ̃ KGγ̃−1, where

γ̃ =
(

γ 0
0 tγ−1

)
∈ G with γ =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

13 if v = p �= 2,⎛
⎝ 1 1 0

δ0 −δ0 0
0 0 1

⎞
⎠ if v = 2,

⎛
⎜⎝

1 0 0
0

√
D 0

0 0 1

⎞
⎟⎠ if v = ∞.
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Let

KG =
{

G ∩ (
d(2δ−1)−1 GL2(Op)d(2δ−1) × GL2(Zp)

)
if v = p,

SU(2) × SO(2) if v = ∞.

Then

KG ⊂ K ′
G.

Let l = 2κ. We define Φ = ϕ(4)
v ∈ S(V(Kv)) and ϕ = ϕ(2)

v ∈ S(V(Qv))

as in Sects. 6.4 and 6.3, respectively. Put Ψ = Φ ⊗ ϕ. We extend f (0)
Ψ to

a holomorphic section f (s)
Ψ of I(s) so that its restriction to K ′

G is independent
of s. As in [44], define the local zeta integral Zv(s) by

Zv(s) =
∫

ZGU0\G
f (s)
Ψ (η(g, g′))W �

v(d(2δ−1)g)W ′
v(g

′) dg dg′

×
{

vol(SL2(Op))
−1 vol(SL2(Zp))

−1 if v = p,
vol(SU(2))−1 vol(SO(2))−1 if v = ∞,

where

U0 =
{
(u(x), u(x ′))

∣∣∣∣ x ∈ Kv, x ′ ∈ Qv,
1

2
trKv/Qv

(x) + x ′ = 0

}
.

If v = p with p � 2D, then

Zp(s) = ζp(2s + 2)−1ζp(4s + 2)−1 L

(
s + 1

2
, πK,p ⊗ σp

)

by Theorem 3.1 of [44]. Here ζp(s) = (1 − p−s)−1.

Lemma 12.2. (i) Let v = p. Then

Zp(0) = |2−1δ|Kpζp(2)−2L

(
1

2
, πK,p ⊗ σp

)
.

(ii) Let v = ∞. Then

Z∞(0) = 2−3κ−2π−4κ+2(
√−1)−κ D(κ+1)/2Γ(κ)2Γ(2κ).

The rest of this section is devoted to the proof of Lemma 12.2. Following
[21], [27, §6], we will compute the local zeta integral Zv(s).

Lemma 12.3. Let v = p. Then∫
Qp

max(p−m, |x|Qp)
−sψ(pn x) dx

=
{

pm(s−1)(1 − p−(m+n+1)(s−1))(1 − p−s)(1 − p−s+1)−1 if m ≥ −n,
0 otherwise.
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Proof. See [44, p. 54]. ��
Lemma 12.4. Let v = p. Then

Zp(s) = |2−1δ|Kp

(
Z(0)

p (s) + Z(1)
p (s)

)
,

where

Z(0)
p (s) =

∫
Qp×K×

p ×Q×
p

f (s)
Ψ (η(t(a), u(x)t(a′)))

× W �
p(d(2δ−1)t(a))W ′

p(u(x)t(a′))|a|−2
Kp

|a′|−2
Qp

dx d×a d×a′,

Z(1)
p (s) =

∫
Qp×K×

p ×Q×
p

f (s)
Ψ (η(a(p)t(a), a(p)u(x)t(a′)))

× W �
p(d(2δ−1)a(p)t(a))W ′

p(a(p)u(x)t(a′))|a|−2
Kp

|a′|−2
Qp

p2 dx d×a d×a′.

Proof. It is easy to check that the function

(g, g′) 
−→ f (s)
Ψ (η(g, g′))W �

p(d(2δ−1)g)W ′
p(g

′)

on G is right KG-invariant. Hence the assertion follows as in [21, §4], [27,
§6.2]. ��
12.3. The ramified case. Let v = q with q | D. For convenience, we write
α = αq and β = βq . Then Z(0)

q (s) is equal to

∞∑
n1=0

∞∑
n2=0

∫
Qq

f (s)
Ψ (η(t(δn1), u(x)t(qn2)))

× q−n1
α2n1+1 − α−2n1−1

α − α−1
· ψ(x)q−n2

β2n2+1 − β−2n2−1

β − β−1
· q2n1+2n2 dx,

and Z(1)
q (s) is equal to

∞∑
n1=−1

∞∑
n2=0

∫
Qq

q−s−1 f (s)
Ψ (η(t(δn1), u(x)t(qn2)))

× q−n1−1 α2n1+3 − α−2n1−3

α − α−1

× ψ(qx)q−n2−1/2 β2n2+2 − β−2n2−2

β − β−1
· q2n1+2n2+2 dx.

Lemma 12.5.

f (s)
Ψ (η(t(δn1), u(x)t(qn2)))

=
{

q−(4m+2n2)(s+1) max
(
q−2 min(m,n2), |x|Qq

)−2s−2
if n1 = 2m,

q−(4m+2n2+2)(s+1) max
(
q−2 min(m,n2), |x|Qq

)−2s−2
if n1 = 2m + 1.
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Proof. A routine calculation shows that f (s)
Ψ (η(t(δn1), u(x)t(qn2))) is equal

to

f (0)
Ψ (η(t(δn1), u(x)t(qn2)))

×
{

q−(4m+2n2)s max
(
q−2 min(m,n2), |x|Qq

)−2s
if n1 = 2m,

q−(4m+2n2+2)s max
(
q−2 min(m,n2), |x|Qq

)−2s
if n1 = 2m + 1.

By Lemma 12.1,

f (0)
Ψ (η(t(δn1), u(x)t(qn2)))

=
{

q−(4m+2n2) max
(
q−2 min(m,n2), |x|Qq

)−2
if n1 = 2m,

q−(4m+2n2+2) max
(
q−2 min(m,n2), |x|Qq

)−2
if n1 = 2m + 1.

This completes the proof. ��
Let X = q−s−1/2. For each a, b ∈ Z, put

Pa,b(X) =
∞∑

m=0

∞∑
n=0

X4m+2n−4 min(m,n)(α4m+a − α−4m−a)(β2n+b − β−2n−b),

P′
a,b(X) =

∞∑
m=0

∞∑
n=0

X4m+2n(α4m+a − α−4m−a)(β2n+b − β−2n−b).

Then Pa,b(X) is equal to

(1 − β2 X2)−1[αaβb(1 − α4β2 X2)−1 − α−aβb(1 − α−4β2 X2)−1]
− (1 − β−2 X2)−1[αaβ−b(1 − α4β−2 X2)−1 − α−aβ−b(1 − α−4β−2 X2)−1]
+ α4 X4(1 − α4 X4)−1[αaβb(1 − α4β2 X2)−1 − αaβ−b(1 − α4β−2 X2)−1]
− α−4 X4(1 − α−4 X4)−1

× [α−aβb(1 − α−4β2 X2)−1 − α−aβ−b(1 − α−4β−2 X2)−1],
and P′

a,b(X) is equal to

[αa(1 − α4 X4)−1 − α−a(1 − α−4 X4)−1]
× [βb(1 − β2 X2)−1 − β−b(1 − β−2 X2)−1].

By Lemma 12.3, Z(0)
q (s) is equal to

(1 − q−1 X2)(1 − X2)−1(α − α−1)−1(β − β−1)−1

×
∞∑

m=0

∞∑
n=0

X4m+2n−4 min(m,n)

× (1 − X4 min(m,n)+2)(α4m+1 − α−4m−1)(β2n+1 − β−2n−1)

+ (1 − q−1 X2)(1 − X2)−1(α − α−1)−1(β − β−1)−1
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×
∞∑

m=0

∞∑
n=0

X4m+2n−4 min(m,n)+2

× (1 − X4 min(m,n)+2)(α4m+3 − α−4m−3)(β2n+1 − β−2n−1),

and Z(1)
q (s) is equal to

(1 − q−1 X2)(1 − X2)−1(α − α−1)−1(β − β−1)−1

×
∞∑

m=0

∞∑
n=0

X4m+2n−4 min(m,n)+1

× (1 − X4 min(m,n)+4)(α4m+3 − α−4m−3)(β2n+2 − β−2n−2)

+ (1 − q−1 X2)(1 − X2)−1(α − α−1)−1(β − β−1)−1

×
∞∑

m=0

∞∑
n=0

X4m+2n−4 min(m,n)+3

× (1 − X4 min(m,n)+4)(α4m+5 − α−4m−5)(β2n+2 − β−2n−2).

Hence

Z(0)
q (s) + Z(1)

q (s) = (1 − q−1 X2)(1 − X2)−1(α − α−1)−1(β − β−1)−1 P(X),

where

P(X) = P1,1(X) − X2 P′
1,1(X) + X2 P3,1(X) − X4 P′

3,1(X)

+ X P3,2(X) − X5 P′
3,2(X) + X3 P5,2(X) − X7 P′

5,2(X).

By a direct calculation, P(X) is equal to

(α − α−1)(β − β−1)(1 − X2)(1 − X4)

× [(1 − α2βX)(1 − α2β−1 X)(1 − βX)(1 − β−1 X)

× (1 − α−2βX)(1 − α−2β−1 X)]−1.

Therefore

Z(0)
q (s) + Z(1)

q (s) = ζq(2s + 2)−1ζq(4s + 2)−1L

(
s + 1

2
, πK,q ⊗ σq

)
.

This completes the proof of (i) of Lemma 12.2 in this case.

12.4. The 2-adic case. Let v = 2. We identify K2 with Q2 ⊕Q2 via

K2 −→ Q2 ⊕Q2.

x1 + δx2 
−→ (x1 + δ0x2, x1 − δ0x2)
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For convenience, we write α = α2 and β = β2. Then Z(0)
2 (s) is equal to

∞∑
n1=0

∞∑
n2=0

∞∑
n3=0

∫
Q2

f (s)
Ψ (η((t(2n1), t(2n2)), u(x)t(2n3)))

× 2−n1−n2
α2n1+1 − α−2n1−1

α − α−1

α2n2+1 − α−2n2−1

α − α−1

× ψ(x)2−n3
β2n3+1 − β−2n3−1

β − β−1
· 22n1+2n2+2n3 dx,

and Z(1)
2 (s) is equal to

∞∑
n1=0

∞∑
n2=0

∞∑
n3=0

∫
Q2

2−s−1 f (s)
Ψ (η((t(2n1), t(2n2)), u(x)t(2n3)))

× 2−n1−n2−1 α2n1+2 − α−2n1−2

α − α−1

α2n2+2 − α−2n2−2

α − α−1

× ψ(2x)2−n3−1/2 β2n3+2 − β−2n3−2

β − β−1
· 22n1+2n2+2n3+2 dx.

Lemma 12.6.

f (s)
Ψ (η((t(2n1), t(2n2)), u(x)t(2n3)))

= 2−(2n1+2n2+2n3)(s+1) max
(
2−2 min(n1,n2,n3), |x|Q2

)−2s−2
.

Proof. A routine calculation shows that f (s)
Ψ (η((t(2n1), t(2n2)), u(x)t(2n3)))

is equal to

f (0)
Ψ (η((t(2n1), t(2n2)), u(x)t(2n3)))

× 2−(2n1+2n2+2n3)s max
(
2−2 min(n1,n2,n3), |x|Q2

)−2s
.

By Lemma 12.1,

f (0)
Ψ (η((t(2n1), t(2n2)), u(x)t(2n3)))

= 2−(2n1+2n2+2n3) max
(
2−2 min(n1,n2,n3), |x|Q2

)−2
.

This completes the proof. ��
Let X = 2−s−1/2. By Lemma 12.3, Z(0)

2 (s) is equal to

(1 − 2−1 X2)(1 − X2)−1(α − α−1)−2(β − β−1)−1

×
∞∑

n1=0

∞∑
n2=0

∞∑
n3=0

X2n1+2n2+2n3−4 min(n1,n2,n3)(1 − X4 min(n1,n2,n3)+2)

× (α2n1+1 − α−2n1−1)(α2n2+1 − α−2n2−1)(β2n3+1 − β−2n3−1),
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and Z(1)
2 (s) is equal to

(1 − 2−1 X2)(1 − X2)−1(α − α−1)−2(β − β−1)−1

×
∞∑

n1=0

∞∑
n2=0

∞∑
n3=0

X2n1+2n2+2n3−4 min(n1,n2,n3)+1(1 − X4 min(n1,n2,n3)+4)

× (α2n1+2 − α−2n1−2)(α2n2+2 − α−2n2−2)(β2n3+2 − β−2n3−2).

Hence

Z(0)
2 (s) + Z(1)

2 (s) = ζ2(2s + 2)−1ζ2(4s + 2)−1L

(
s + 1

2
, πK,2 ⊗ σ2

)

as in the proof of Theorem 3.1 of [44]. This completes the proof of (i) of
Lemma 12.2 in this case.

12.5. The archimedean case. Let v = ∞.

Lemma 12.7.

(i)
n∑

i=0

(
n

i

)
Γ(z + i)Γ(w − i) = Γ(z)Γ(z + w)Γ(w − n)

Γ(z + w − n)
.

(ii)
n∑

i=0

(−1)i

(
n

i

)
Γ(z + i)

Γ(w + i)
= Γ(z)Γ(w − z + n)

Γ(w − z)Γ(w + n)
.

Proof. It is easy to verify (i) by induction on n. For (ii), see Lemma 2.1
of [28]. ��
Lemma 12.8. For each n ∈ Z≥0, put

In(α, β, �) =
∫ ∞

0

∫ ∞

−∞
(1 + √−1x)−α(1 − √−1x)−β

× tα+β−1(t − 1 − √−1x)n(t + 1 − √−1x)−�−n dx d×t.

If Re(�) > Re(α + β − 1) > 0, then

In(α, β, �) = 2−�+1π
Γ(α + β − 1)Γ(β + n)Γ(� − α − β + 1)

Γ(α)Γ(β)Γ(� − α + n + 1)
.

Proof. Recall that∫ ∞

0
tα(t + z)−β d×t = zα−β Γ(α)Γ(β − α)

Γ(β)

if | arg(z)| < π and Re(β) > Re(α) > 0, and∫ ∞

−∞
(1 + √−1x)−α(1 − √−1x)−β dx = 22−α−βπ

Γ(α + β − 1)

Γ(α)Γ(β)
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if Re(α + β) > 1 (cf. [18], [28, §2]). Put x̃ = 2(1 + √−1x)−1 for x ∈ R.
Then

∫ ∞

0
tα+β−1(t − 1 − √−1x)n(t + 1 − √−1x)−�−n d×t

=
n∑

i=0

(
n

i

)
(−1 − √−1x)n−i

∫ ∞

0
tα+β+i−1(t + 1 − √−1x)−�−n d×t

=
n∑

i=0

(
n

i

)
(−1 − √−1x)n−i(1 − √−1x)−�+α+β−n+i−1

× Γ(α + β + i − 1)Γ(� − α − β + n − i + 1)Γ(� + n)−1

= (−1 − √−1x)n(1 − √−1x)−�+α+β−n−1Γ(� + n)−1

×
n∑

i=0

(
n

i

)
Γ(α + β + i − 1)Γ(� − α − β + n − i + 1)(1 − x̃)i

= (−1 − √−1x)n(1 − √−1x)−�+α+β−n−1Γ(� + n)−1

×
n∑

i=0

i∑
j=0

(
n

i

)(
i

j

)
Γ(α + β + i − 1)Γ(� − α − β + n − i + 1)(−x̃) j

= (−1 − √−1x)n(1 − √−1x)−�+α+β−n−1Γ(� + n)−1

×
n∑

j=0

n− j∑
i=0

(
n

j

)(
n − j

i

)
Γ(α + β + i + j − 1)

× Γ(� − α − β + n − i − j + 1)(−x̃) j

= (−1 − √−1x)n(1 − √−1x)−�+α+β−n−1Γ(� − α − β + 1)

×
n∑

j=0

(
n

j

)
Γ(α + β + j − 1)

Γ(� + j)
(−x̃) j .

Hence In(α, β, �) is equal to

(−1)nΓ(� − α − β + 1)

n∑
j=0

(−1) j2 j

(
n

j

)
Γ(α + β + j − 1)

Γ(� + j)

×
∫ ∞

−∞
(1 + √−1x)−α+n− j(1 − √−1x)−�+α−n−1 dx

= (−1)n2−�+1π
Γ(� − α − β + 1)

Γ(� − α + n + 1)

n∑
j=0

(−1) j

(
n

j

)
Γ(α + β + j − 1)

Γ(α − n + j)
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= (−1)n2−�+1π
Γ(α + β − 1)Γ(−β + 1)Γ(� − α − β + 1)

Γ(α)Γ(−β − n + 1)Γ(� − α + n + 1)

= 2−�+1π
Γ(α + β − 1)Γ(β + n)Γ(� − α − β + 1)

Γ(α)Γ(β)Γ(� − α + n + 1)
.

��
Lemma 12.9. Put

I(λ,µ, ν, n1, n2)

=
∫ ∞

0

∫ ∞

0

∫ ∞

−∞
(a1 + a2 + √−1x)−s−λ(a1 + a2 − √−1x)−s−µ

× Kν(a1)e
−a2+

√−1xa2s+n1
1 as+n2

2 dx d×a1 d×a2.

Then

I(n2 + 1, µ, ν, n1, n2)

= 2−3s−n1−n2+1π3/2 Γ(s − µ + ν + n1)Γ(s − µ − ν + n1)Γ(s + n2)

Γ
(
s − µ + n1 + 1

2

)
Γ(s + n2 + 1)

.

Proof. Recall that

∫ ∞

0
tµe−αt Kν(βt) d×t

=
√

π(2β)ν

(α + β)µ+ν

Γ(µ + ν)Γ(µ − ν)

Γ
(
µ + 1

2

) 2 F1

(
µ + ν, ν + 1

2
;µ + 1

2
; α − β

α + β

)

if Re(µ) > |Re(ν)| and Re(α + β) > 0 (cf. [20, 6.621.3]). Since

∫ ∞

0
Kν(a1)e

−(t−√−1x)a1a2s+n1
1 d×a1

= 2νπ1/2(t + 1 − √−1x)−2s−ν−n1
Γ(2s + ν + n1)Γ(2s − ν + n1)

Γ
(
2s + n1 + 1

2

)

× 2 F1

(
2s + ν + n1, ν + 1

2
; 2s + n1 + 1

2
; t − 1 − √−1x

t + 1 − √−1x

)

and
∫ ∞

0
e−(t+1−√−1x)a2as+n2

2 d×a2 = (t + 1 − √−1x)−s−n2Γ(s + n2),

Γ(2s + λ + µ − 1)I(λ,µ, ν, n1, n2) is equal to
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∫ ∞

0

∫ ∞

0

∫ ∞

0

∫ ∞

−∞
e−(a1+a2)t t2s+λ+µ−1(1 + √−1x)−s−λ(1 − √−1x)−s−µ

× Kν(a1)e
√−1a1xe−a2(1−√−1x)a2s+n1

1 as+n2
2 dx d×a1 d×a2 d×t

= 2νπ1/2 Γ(2s + ν + n1)Γ(2s − ν + n1)Γ(s + n2)

Γ
(
2s + n1 + 1

2

)

×
∫ ∞

0

∫ ∞

−∞
(1 + √−1x)−s−λ(1 − √−1x)−s−µt2s+λ+µ−1

× (t + 1 − √−1x)−3s−ν−n1−n2

× 2 F1

(
2s + ν + n1, ν + 1

2
; 2s + n1 + 1

2
; t − 1 − √−1x

t + 1 − √−1x

)
dx d×t.

For t ∈ R×
+ and x ∈ R, we have

∣∣∣∣∣
t − 1 − √−1x

t + 1 − √−1x

∣∣∣∣∣ < 1,

hence I(λ,µ, ν, n1, n2) is equal to

2νπ1/2 Γ(2s − ν + n1)Γ(s + n2)

Γ(2s + λ + µ − 1)Γ
(
ν + 1

2

)

×
∞∑

n=0

Γ(2s + ν + n1 + n)Γ
(
ν + 1

2 + n
)

n!Γ(
2s + n1 + 1

2 + n
)

× In(s + λ, s + µ, 3s + ν + n1 + n2).

Therefore I(n2 + 1, µ, ν, n1, n2) is equal to

2−3s−n1−n2+1π3/2 Γ(s − µ + ν + n1)Γ(2s − ν + n1)Γ(s + n2)

Γ(s + µ)Γ
(
ν + 1

2

)
Γ(s + n2 + 1)

×
∞∑

n=0

Γ(s + µ + n)Γ
(
ν + 1

2 + n
)

n!Γ(
2s + n1 + 1

2 + n
) .

By the Gauss summation formula,

∞∑
n=0

Γ(s + µ + n)Γ(ν + 1
2 + n)

n!Γ(2s + n1 + 1
2 + n)

= Γ(s − µ − ν + n1)Γ(s + µ)Γ(ν + 1
2 )

Γ(s − µ + n1 + 1
2 )Γ(2s − ν + n1)

.

This completes the proof. ��
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Now we compute the local zeta integral Z∞(s). As in [21, §6], [27, §6.3],
Z∞(s) is equal to

vol(SU(2))−1 vol(SO(2))−1

×
∫
R×C××R×

∫
SU(2)×SO(2)

f (s)
Ψ (η(t(a1)k, u(x)t(a2)kθ))

× W �∞(d(2δ−1)t(a1)k)W
′
∞(u(x)t(a2)kθ)|a1|−2

C
|a2|−2

R
dk dkθ dx d×a1 d×a2

= 22π vol(SU(2))−1 vol(SO(2))−1

×
∫
R×R×+×R×+

∫
SU(2)×SO(2)

f (s)
Ψ (η(t(a1)k, u(x)t(a2)kθ))

× 2−κ−1 D(κ+1)/2a2κ+2
1

2κ∑
m=0

(
2κ

m

)
(
√−1)κ+m ᾱ2κ−mβm Kκ−m(2πa2

1)

× e2π
√−1xa2κ

2 e−2πa2
2e2

√−1κθ · a−4
1 a−2

2 dk dkθ dx d×a1 d×a2.

Lemma 12.10. Let x ∈ R, a1, a2 ∈ R×
+,

k =
(

α β

−β̄ ᾱ

)
∈ SU(2),

and kθ ∈ SO(2). Then

f (s)
Ψ (η(t(a1)k, u(x)t(a2)kθ))

= π−2κ(2κ + 1)!(a2
1 + a2

2 + √−1x
)−s−2κ−1(

a2
1 + a2

2 − √−1x
)−s−1

× a4s+2κ+4
1 a2s+2κ+2

2

2κ∑
m=0

(
2κ

m

)
(
√−1)2κ−mα2κ−mβ̄

m
e−2

√−1κθ.

Proof. A routine calculation shows that f (s)
Ψ (η(t(a1)k, u(x)t(a2)kθ)) is equal

to

f (0)
Ψ (η(t(a1)k, u(x)t(a2)kθ)) · a4s

1 a2s
2

((
a2

1 + a2
2

)2 + x2)−s
.

By Lemma 12.1, f (0)
Ψ (η(t(a1)k, u(x)t(a2)kθ)) is equal to the product of

2−2κ(2κ + 1)a2κ+4
1 a2κ+2

2

2κ∑
m=0

(
2κ

m

)
(
√−1)2κ−mα2κ−m β̄

m
e−2

√−1κθ

and ∫
R4

(
(y1 + y4)

2 + (y2 + y3)
2
)2κ

× e−π(a2
1+a2

2)(y2
1+y2

2+y2
3+y2

4)e−2π
√−1x(y1y4+y2 y3) dy1 dy2 dy3 dy4.
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By Lemma 6.9 of [27], this integral is equal to

22κπ−2κ(2κ)!(a2
1 + a2

2 + √−1x
)−2κ−1(

a2
1 + a2

2 − √−1x
)−1

.

This completes the proof. ��
By Lemma 6.6, Z∞(s) is equal to

2−κ+1π−2κ+1(
√−1)−κ D(κ+1)/2(2κ)!

2κ∑
m=0

(
2κ

m

)

×
∫ ∞

0

∫ ∞

0

∫ ∞

−∞

(
a2

1 + a2
2 + √−1x

)−s−2κ−1(
a2

1 + a2
2 − √−1x

)−s−1

× Kκ−m

(
2πa2

1

)
e−2πa2

2+2π
√−1xa4s+4κ+2

1 a2s+4κ
2 dx d×a1 d×a2

= 2−s−3κ−1π−s−4κ+1(
√−1)−κ D(κ+1)/2(2κ)!

×
2κ∑

m=0

(
2κ

m

)
I(2κ + 1, 1, κ − m, 2κ + 1, 2κ).

Hence Z∞(0) is equal to

2−7κ−1π−4κ+5/2(
√−1)−κ D(κ+1)/2 Γ(2κ)

Γ
(
2κ + 1

2

)

×
2κ∑

m=0

(
2κ

m

)
Γ(κ + m)Γ(3κ − m)

= 2−7κ−1π−4κ+5/2(
√−1)−κ D(κ+1)/2 Γ(κ)2Γ(4κ)

Γ
(
2κ + 1

2

)
= 2−3κ−2π−4κ+2(

√−1)−κ D(κ+1)/2Γ(κ)2Γ(2κ)

by Lemmas 12.7, 12.9, and the duplication formula. This completes the
proof of (ii) of Lemma 12.2.

13. Proof of Proposition 5.3

We retain the notation of Sect. 12.2. Let V be the quadratic space as in
Sect. 6.1. Let l = 2κ. We define

Φ = ⊗vϕ
(4)
v ∈ S(V(AK)),

ϕ = ⊗vϕ
(2)
v ∈ S(V(AQ)),

as in Sect. 6.4, Sect. 6.3, respectively. Put Ψ = Φ ⊗ ϕ. We may regard
θ(ḡ�

K ⊗ f, Ψ) as an automorphic form on

GL2(AK) × GL2(AK) × GL2(AQ) × GL2(AQ).
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Let S be a finite set of places of Q which contains ∞ and all primes
dividing 2D. As in the proof of Main Identity 9.1 of [24], the integral
representation of the triple product L-function [44] and the regularized
Siegel-Weil formula [37] imply a seesaw identity

π−1ξQ(2)−1ξK(2)−1 ZS(0)ζ S(2)−2L S

(
1

2
, πK ⊗ σ

)

= 2 vol(A×
Q

GL2(Q)\ GL2(AQ))
−2

×
∫

(A×
Q

GL2(Q)\ GL2(AQ))2
θ((h1, h2, h1, h2); ḡ�

K ⊗ f, Ψ) dh1 dh2.

The left-hand side is equal to

2κ−3(
√−1)−κ D−(κ+1)/2ξQ(2)−3ξK(2)−1Λ(2κ, Sym2(g) ⊗ f )Λ(κ, f, χ−D)

by Lemma 12.2, and the right-hand side is equal to

23κ+3(
√−1)κ D−κ/2−1ξQ(2)−1ξK(2)−1� (g�

K, f)2

by Lemmas 6.2 and 6.4. This completes the proof of Proposition 5.3.

Remark 13.1. By [45], [46], [39],

dimCHomGL2(Qv)(πK,v ⊗ σv,C) = 1

for all places v of Q.

Appendix. Whittaker functions on S̃L2

In this appendix, we compute certain Whittaker functions on ˜SL2(Qp).

A.1. Weil indices. Let F be a local field of characteristic not 2 and fix
a non-trivial additive character ψ of F. Let

S(F) −→ S(F)

φ 
−→ φ̂

be the Fourier transform given by

φ̂(x) =
∫

F
φ(y)ψ(xy) dy.

Here dy is the self-dual measure on F with respect to ψ. There is an 8th
root of unity γF(ψ) such that∫

F
φ(x)ψ(x2) dx = γF(ψ)|2|−1/2

F

∫
F

φ̂(x)ψ(−x2/4) dx.
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Following the appendix of [47], we put γF(a, ψ) = γF(aψ)/γF(ψ) for
a ∈ F×. It satisfies γF(ac2, ψ) = γF(a, ψ) and

γF(ab, ψ) = (a, b)FγF(a, ψ)γF(b, ψ).

When F = Qv, the Weil index is given by the following formulas.

Lemma A.1. Let ψ be the standard additive character of Qv.

(i) Let v = p �= 2. Then γQp(aψ) = γQp(a, ψ) = 1 for a ∈ Z×
p , and

γQp(pψ) = γQp(p, ψ) =
{

1 if p ≡ 1 mod 4,
−√−1 if p ≡ 3 mod 4.

(ii) Let v = 2. Then

γQ2(aψ) =
{
ζ−1

8 if a ≡ 1 mod 4,
ζ8 if a ≡ 3 mod 4,

γQ2(a, ψ) =
{

1 if a ≡ 1 mod 4,√−1 if a ≡ 3 mod 4,

and

γQ2(2aψ) = ζ−a
8 , γQ2(2a, ψ) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1 if a ≡ 1 mod 8,
−√−1 if a ≡ 3 mod 8,
−1 if a ≡ 5 mod 8,√−1 if a ≡ 7 mod 8,

for a ∈ Z×
2 .

(iii) Let v = ∞. Then

γR(aψ) =
{
ζ8 if a > 0,
ζ−1

8 if a < 0,
γR(a, ψ) =

{
1 if a > 0,
−√−1 if a < 0.

A.2. Gauss sums. Let ψ be the standard additive character of Qp. For
ξ ∈ Qp and a ∈ Q×

p , put

Gξ(a) =
∫
Z

×
p

(a, x)Qpψ(ξx) dx,

G̃ξ(a) =
∫
Z

×
p

γQp(x, ψ)−1(a, x)Qpψ(ξx) dx.

Then

Gξ (ab2) = Gξ(au) = Gξ (a),

G̃ξ (ab2) = G̃ξ(au) = G̃ξ (a),
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for a, b ∈ Q×
p and

u ∈
{
Z

×
p if p �= 2,

1 + 4Z2 if p = 2.

Moreover, Gξ (a) = G̃ξ (a) if p �= 2. An easy computation proves the
following formulas for the Gauss sum.

Lemma A.2. (i) Let p �= 2. Then

Gξ(1) =
⎧⎨
⎩

1 − p−1 if ξ ∈ Zp,
−p−1 if ξ ∈ p−1

Z
×
p ,

0 otherwise,

Gξ (p) =
{

p−1/2(p, u)Qpεp if ξ = p−1u, u ∈ Z×
p ,

0 otherwise.

Here

εp =
{

1 if p ≡ 1 mod 4,√−1 if p ≡ 3 mod 4.

(ii) Let p = 2. Then

Gξ (1) =
⎧⎨
⎩

2−1 if ξ ∈ Z2,
−2−1 if ξ ∈ 2−1

Z
×
2 ,

0 otherwise,

Gξ (−1) =
{

2−1(−1, u)Q2

√−1 if ξ = 4−1u, u ∈ Z×
2 ,

0 otherwise,

Gξ (±2) =
{

2−3/2(±2, u)Q2

√±1 if ξ = 8−1u, u ∈ Z×
2 ,

0 otherwise.

(iii) Let p = 2. Then

G̃ξ (±1) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

2−3/2ζ∓1
8 if ξ ∈ Z2,

−2−3/2ζ∓1
8 if ξ = 2−1u, u ∈ Z×

2 ,
2−3/2(

√−1)uζ±1
8 if ξ = 4−1u, u ∈ Z×

2 ,
0 otherwise,

G̃ξ (±2) =
{

2−1ζu
8 if ξ = 8−1u, u ∈ Z×

2 , u ≡ ∓1 mod 4,
0 otherwise.
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A.3. Principal series representations. Let ψ be the standard additive
character of Qp and χ−1,p the quadratic character of Q×

p associated to
Qp(

√−1)/Qp by class field theory. We fix a positive integer l. Let ξ ∈ Q×+.
We write ξ = dξ f2ξ with dξ ∈ N, fξ ∈ Q×

+ so that (−1)ldξ is the discriminant

ofQ(
√

(−1)lξ)/Q. Let χ(−1)lξ denote the primitive Dirichlet character asso-
ciated toQ(

√
(−1)lξ)/Q. As in [29, p. 647], define Ψp(ξ; X) ∈ C[X+ X−1]

by

Ψp(ξ; X) =
⎧⎨
⎩

Xe+1 − X−e−1

X − X−1
− p−1/2χ(−1)lξ(p)

Xe − X−e

X − X−1
if e ≥ 0,

0 if e < 0,

where e = ordQp(fξ). Note that Ψp(ξ; X) = 1 if ordQp(fξ) = 0.
Let

ρ = Ind
˜SL2(Qp)

B̃(Qp)

((
χl

−1,p

)ψ| |s
Qp

)

be a principal series representation of ˜SL2(Qp) on the space V of all locally
constant functions f such that

f((u(x)t(a), ε)g) = εγQp(a, ψ)−1χl
−1,p(a)|a|s+1

Qp
f(g)

for x ∈ Qp, a ∈ Q×
p , ε ∈ {±1}, and g ∈ ˜SL2(Qp). Put α = p−s . Let Wξ,p be

the Whittaker function of ρ with respect to ξψ which satisfies the following
conditions:

• Wξ,p
(
t
(
f
−1
ξ

)) = ∣∣f−1
ξ

∣∣
Qp

γQp

(
f
−1
ξ , ψ

)−1
χl

−1,p

(
f
−1
ξ

)
.

• If p �= 2, then

Wξ,p(g(k, sp(k))) = Wξ,p(g)

for g ∈ ˜SL2(Qp), k ∈ SL2(Zp).
• If p = 2, then

Wξ,2(gk) = ε2(k)
(−1)l

Wξ,2(g)

for g ∈ ˜SL2(Q2), k ∈ K0(4;Z2), and

W(U(Wξ,2)) = 2−1/2ζ
(−1)l

8 Wξ,2.

Lemma A.3. (i) Let p �= 2. Then

Wξ,p(t(pn)) = p−nγQp(pn, ψ)−1χl
−1,p(pn)Ψp(p2nξ;α).

(ii) Let p = 2. Let ξ = 2mu with u ∈ Z×
2 . Then

Wξ,2(t(2
n)) = 2−nΨ2(2

2nξ;α).
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If m is even and u ≡ (−1)l mod 4, then

Wξ,2(t(2
n)w) =

{
2−n−3/2ζ

(−1)l+1

8 Ψ2(22n+4ξ;α) if n ≥ −m/2 − 1,
0 otherwise,

Wξ,2(t(2
n)k1) =

{
2−n−1/2(2, ξ)Q2 if n = −m/2 − 1,
0 otherwise.

If m is even and u ≡ (−1)l+1 mod 4, or m is odd, then

Wξ,2(t(2
n)w) = 2−n−3/2ζ

(−1)l+1

8 Ψ2(2
2n+4ξ;α),

Wξ,2(t(2
n)k1) = 0.

These formulas for Wξ,p will be proved by computing the integral

Wf,ξ (g) =
∫
Qp

f(w−1u(x)g)ψ(ξx) dx

for f ∈ V, g ∈ ˜SL2(Qp). Note that

Wf,ξ (t(a)g) = γQp(a, ψ)−1χl
−1,p(a)|a|−s+1

Qp
Wf,a2ξ(g)

for a ∈ Q×
p .

A.4. The unramified case. Let p �= 2. We may assume that l is even since
χ−1,p is unramified. Define an element f ∈ V so that f(1) = 1 and

ρ((k, sp(k))) f = f

for k ∈ SL2(Zp). To prove (i) of Lemma A.3, it suffices to compute Wf,ξ (1).

Lemma A.4. Let ξ = pmu with u ∈ Z×
p . If m ≥ 0 and m is even, then

Wf,ξ (1) = αm/2(1 + p−1/2(p, ξ)Qpα
)
(α − α−1)−1

× [
αm/2+1 − α−m/2−1 − p−1/2(p, ξ)Qp(α

m/2 − α−m/2)
]
.

If m ≥ 0 and m is odd, then

Wf,ξ (1) = α(m−1)/2(1 − p−1α2)(α − α−1)−1(α(m−1)/2+1 − α−(m−1)/2−1).

If m < 0, then Wf,ξ (1) = 0.
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Proof. If ξ /∈ Zp, then Wf,ξ (1) = 0 since

Wf,ξ (1) = Wf,ξ (u(x)) = ψ(ξx)Wf,ξ (1)

for x ∈ Zp.
Assume that ξ ∈ Zp. For x ∈ Zp,

w−1u(x) =
((

0 −1
1 x

)
, 1

)

with (
0 −1
1 x

)
∈ SL2(Zp), sp

((
0 −1
1 x

))
= 1.

For x ∈ Qp − Zp,

w−1u(x) =
((

x−1 −1
0 x

)
, (−1, x)Qp

)
·
((

1 0
x−1 1

)
, 1

)

with (
1 0

x−1 1

)
∈ SL2(Zp), sp

((
1 0

x−1 1

))
= 1.

Hence

Wf,ξ (1) = vol(Zp) +
∞∑

n=1

∫
p−nZ×

p

(−1, x)QpγQp(x
−1, ψ)−1|x−1|s+1

Qp
ψ(ξx) dx

= 1 +
∞∑

n=1

p−ns
∫
Z

×
p

γQp(pn x−1, ψ)ψ(p−nξx) dx

= 1 +
∞∑

n=1

αnγQp(pn, ψ)Gp−nξ(pn).

If m is even, then

Wf,ξ (1) = 1 + (1 − p−1)

m/2∑
n=1

α2n + p−1/2(p, ξ)Qpα
m+1

= (α2 − 1)−1
(
1 + p−1/2(p, ξ)Qpα

)
× [

αm+2 − 1 − p−1/2(p, ξ)Qp(α
m+1 − α)

]
.

If m is odd, then

Wf,ξ (1) = 1 + (1 − p−1)

(m−1)/2∑
n=1

α2n − p−1αm+1

= (α2 − 1)−1(1 − p−1α2)(αm+1 − 1). ��
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A.5. The 2-adic case. Let p = 2. We put

V0 = { f ∈ V |ρ(k) f = ε2(k)
(−1)l

f for k ∈ K0(4;Z2)}.
Define elements f1, fw ∈ V0 so that

f1(1) = 1, f1(w) = 0, f1(k1) = 0,

fw(1) = 0, fw(w) = 1, fw(k1) = 0.

Lemma A.5. Let ξ = 2mu with u ∈ Z×
2 .

(i) If m ≥ 0, m is even, and u ≡ (−1)l mod 4, then

Wf1,ξ (1) = 2−3/2ζ
(−1)l

8 (α − α−1)−1

× [
αm+3 − α + 21/2(2, ξ)Q2(α

m+4 − αm+2)
]
.

If m ≥ 0, m is even, and u ≡ (−1)l+1 mod 4, then

Wf1,ξ (1) = −2−3/2ζ
(−1)l

8 (α − α−1)−1(αm+3 − 2αm+1 + α).

If m ≥ 0 and m is odd, then

Wf1,ξ (1) = −2−3/2ζ
(−1)l

8 (α − α−1)−1(αm+2 − 2αm + α).

If m < 0, then Wf1,ξ (1) = 0.
(ii) If m ≥ 0, then

Wfw,ξ(1) = (−1)l
√−1.

If m < 0, then Wfw,ξ(1) = 0.

Proof. Let f ∈ V0. If ξ /∈ Z2, then Wf,ξ (1) = 0 since

Wf,ξ (1) = Wf,ξ (u(x)) = ψ(ξx)Wf,ξ (1)

for x ∈ Z2.
Assume that ξ ∈ Z2. For x ∈ Z2,

w−1u(x) =
((−1 0

0 −1

)
, (−1,−1)Q2

)
· (w, 1) ·

((
1 x
0 1

)
, 1

)

with (
1 x
0 1

)
∈ K1(4;Z2), s2

((
1 x
0 1

))
= 1.

For x ∈ 2−1
Z

×
2 ,

w−1u(x) =
((

x−1 −1
0 x

)
, (−1, x)Q2

)
· (k1, 1) ·

((
1 0

−2 + x−1 1

)
, 1

)
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with (
1 0

−2 + x−1 1

)
∈ K1(4;Z2), s2

((
1 0

−2 + x−1 1

))
= 1.

For x ∈ Q2 − 2−1
Z2,

w−1u(x) =
((

x−1 −1
0 x

)
, (−1, x)Q2

)
·
((

1 0
x−1 1

)
, 1

)

with (
1 0

x−1 1

)
∈ K1(4;Z2), s2

((
1 0

x−1 1

))
= 1.

Hence

Wf1,ξ (1) =
∞∑

n=2

∫
2−nZ

×
2

γQ2(x
−1, ψ)−1((−1)l+1, x)Q2 |x−1|s+1

Q2
ψ(ξx) dx

=
∞∑

n=2

2−ns
∫
Z

×
2

γQ2(2
nx−1, ψ)−1((−1)l+1, x)Q2ψ(2−nξx) dx

=
∞∑

n=2

αnG̃2−nξ((−1)l+12n),

and

Wfw,ξ(1) = γQ2(−1, ψ)−1((−1)l+1,−1)Q2 vol(Z2) = (−1)l
√−1.

If m is even and u ≡ (−1)l mod 4, then

Wf1,ξ (1) = 2−3/2ζ
(−1)l

8

m/2∑
n=1

α2n + 2−3/2(
√−1)uζ

(−1)l+1

8 αm+2 + 2−1ζu
8 αm+3

= 2−3/2ζ
(−1)l

8 (α2 − 1)−1
[
αm+4 − α2 + 21/2ζ

u−(−1)l

8 (αm+5 − αm+3)
]
.

If m is even and u ≡ (−1)l+1 mod 4, then

Wf1,ξ (1) = 2−3/2ζ
(−1)l

8

m/2∑
n=1

α2n + 2−3/2(
√−1)uζ

(−1)l+1

8 αm+2

= −2−3/2ζ
(−1)l

8 (α2 − 1)−1(αm+4 − 2αm+2 + α2).

If m is odd, then

Wf1,ξ (1) = 2−3/2ζ
(−1)l

8

(m−1)/2∑
n=1

α2n − 2−3/2ζ
(−1)l

8 αm+1

= −2−3/2ζ
(−1)l

8 (α2 − 1)−1(αm+3 − 2αm+1 + α2). ��
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Lemma A.6. Let ξ = 2mu with u ∈ Z×
2 .

(i) If m ≥ −2, then

Wf1,ξ (w) = 2−2.

If m < −2, then Wf1,ξ (w) = 0.
(ii) If m ≥ −2, m is even, and u ≡ (−1)l mod 4, then

Wfw,ξ(w) = 2−3/2ζ
(−1)l

8 (α − α−1)−1

× [
αm+3 − α−1 + 21/2(2, ξ)Q2(α

m+4 − αm+2)
]
.

If m ≥ −2, m is even, and u ≡ (−1)l+1 mod 4, then

Wfw,ξ(w) = −2−3/2ζ
(−1)l

8 (α − α−1)−1(αm+3 − 2αm+1 + α−1).

If m ≥ −2 and m is odd, then

Wfw,ξ(w) = −2−3/2ζ
(−1)l

8 (α − α−1)−1(αm+2 − 2αm + α−1).

If m < −2, then Wfw,ξ(w) = 0.

Proof. Let f ∈ V0. If ξ /∈ 4−1
Z2, then Wf,ξ (w) = 0 since

Wf,ξ (w) = Wf,ξ

(
w

(
1 0

−x 1

))
= Wf,ξ (u(x)w) = ψ(ξx)Wf,ξ (w)

for x ∈ 4Z2.
Assume that ξ ∈ 4−1

Z2. For x ∈ 4Z2,

w−1u(x)w =
((

1 0
−x 1

)
, 1

)

with (
1 0

−x 1

)
∈ K1(4;Z2), s2

((
1 0

−x 1

))
= 1.

For x ∈ 2Z×
2 ,

w−1u(x)w = (k1, 1) ·
((

1 0
−2 − x 1

)
, 1

)

with (
1 0

−2 − x 1

)
∈ K1(4;Z2), s2

((
1 0

−2 − x 1

))
= 1.

For x ∈ Q2 − 2Z2,

w−1u(x)w =
((

x−1 −1
0 x

)
, (−1, x)Q2

)
· (w, 1) ·

((
1 −x−1

0 1

)
, 1

)
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with (
1 −x−1

0 1

)
∈ K1(4;Z2), s2

((
1 −x−1

0 1

))
= 1.

Hence

Wf1,ξ (w) = vol(4Z2) = 2−2,

and

Wfw,ξ(w) =
∞∑

n=0

∫
2−nZ×

2

γQ2(x
−1, ψ)−1((−1)l+1, x)Q2 |x−1|s+1

Q2
ψ(ξx) dx

=
∞∑

n=0

2−ns
∫
Z

×
2

γQ2(2
nx−1, ψ)−1((−1)l+1, x)Q2ψ(2−nξx) dx

=
∞∑

n=0

αn
G̃2−nξ((−1)l+12n).

If m is even and u ≡ (−1)l mod 4, then

Wfw,ξ(w) = 2−3/2ζ
(−1)l

8

m/2∑
n=0

α2n + 2−3/2(
√−1)uζ

(−1)l+1

8 αm+2 + 2−1ζu
8 αm+3

= 2−3/2ζ
(−1)l

8 (α2 − 1)−1[αm+4 − 1 + 21/2ζ
u−(−1)l

8 (αm+5 − αm+3)
]
.

If m is even and u ≡ (−1)l+1 mod 4, then

Wfw,ξ(w) = 2−3/2ζ
(−1)l

8

m/2∑
n=0

α2n + 2−3/2(
√−1)uζ

(−1)l+1

8 αm+2

= −2−3/2ζ
(−1)l

8 (α2 − 1)−1(αm+4 − 2αm+2 + 1).

If m is odd, then

Wfw,ξ(w) = 2−3/2ζ
(−1)l

8

(m−1)/2∑
n=0

α2n − 2−3/2ζ
(−1)l

8 αm+1

= −2−3/2ζ
(−1)l

8 (α2 − 1)−1(αm+3 − 2αm+1 + 1).

��
Lemma A.7. Let ξ = 2mu with u ∈ Z×

2 .
(i) If m = −2 and u ≡ (−1)l mod 4, then

Wf1,ξ (k1) = 2−1ζu
8 α.

If m �= −2 or u �≡ (−1)l mod 4, then Wf1,ξ (k1) = 0.
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(ii) If m = −2 and u ≡ (−1)l mod 4, then

Wfw,ξ(k1) = (−1)l
√−1.

If m �= −2 or u �≡ (−1)l mod 4, then Wfw,ξ(k1) = 0.

Proof. Let f ∈ V0. If ξ /∈ 4−1
Z2, then Wf,ξ (k1) = 0 since

Wf,ξ (k1) = Wf,ξ

(
k1

(
1 + 2x x
−4x 1 − 2x

))

= Wf,ξ (u(x)k1) = ψ(ξx)Wf,ξ (k1)

for x ∈ 4Z2.
Assume that ξ ∈ 4−1

Z2. For x ∈ Z2,

w−1u(x)k1

=
((−1 2

0 −1

)
, (−1,−1)Q2

)
· (w, 1) ·

((
1 + 2x x
−4x 1 − 2x

)
, 1

)

with(
1 + 2x x
−4x 1 − 2x

)
∈ K0(4;Z2), ε2

((
1 + 2x x
−4x 1 − 2x

))
= ψ(4−1x).

For x ∈ 2−1
Z

×
2 ,

w−1u(x)k1 =
((

x−1 1
0 x

)
, (−1, x)Q2

)
·
((−1 − 4x −2x

2 + x−1 1

)
, 1

)

with(−1 − 4x −2x
2 + x−1 1

)
∈ K1(4;Z2), s2

((−1 − 4x −2x
2 + x−1 1

))
= 1.

For x ∈ Q2 − 2−1
Z2,

w−1u(x)k1 =
((

x−1 −1
0 x

)
, (−1, x)Q2

)
· (k1, 1) ·

((
1 0

x−1 1

)
, 1

)

with (
1 0

x−1 1

)
∈ K1(4;Z2), s2

((
1 0

x−1 1

))
= 1.

Hence

Wf1,ξ (k1) =
∫

2−1Z×
2

γQ2(x
−1, ψ)−1((−1)l+1, x)Q2 |x−1|s+1

Q2
ψ(ξx) dx

= 2−s
∫
Z

×
2

γQ2(2x−1, ψ)−1((−1)l+1, x)Q2ψ(2−1ξx) dx

= αG̃2−1ξ((−1)l+12),
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and

Wfw,ξ(k1) = γQ2(−1, ψ)−1((−1)l+1,−1)Q2

∫
Z2

ψ(4−1x)(−1)l
ψ(ξx) dx

= (−1)l
√−1

∫
Z2

ψ(((−1)l4−1 − ξ)x) dx.

This completes the proof. ��
Put

f + = α−2 f1 + 2−3/2ζ
(−1)l+1

8 fw.

Then

W(U( f +)) = 2−1/2ζ
(−1)l

8 f +

by Lemma 3.6. It is easy to verify the following formulas for Wf +,ξ .

Lemma A.8. Let ξ = 2mu with u ∈ Z×
2 .

(i) If m ≥ 0, m is even, and u ≡ (−1)l mod 4, then

Wf +,ξ (1) = 2−1/2ζ
(−1)l

8 αm/2(1 + 2−1/2(2, ξ)Q2α)(α − α−1)−1

× [
αm/2+1 − α−m/2−1 − 2−1/2(2, ξ)Q2(α

m/2 − α−m/2)
]
.

If m ≥ 0, m is even, and u ≡ (−1)l+1 mod 4, then

Wf +,ξ (1) = 2−1/2ζ
(−1)l

8 αm/2−1(1 − 2−1α2)(α − α−1)−1(αm/2 − α−m/2).

If m ≥ 0 and m is odd, then

Wf +,ξ (1) = 2−1/2ζ
(−1)l

8 α(m−3)/2(1 − 2−1α2)(α − α−1)−1

× (α(m−1)/2 − α−(m−1)/2).

If m < 0, then Wf +,ξ (1) = 0.
(ii) If m ≥ −2, m is even, and u ≡ (−1)l mod 4, then

Wf +,ξ (w) = 2−2αm/2(1 + 2−1/2(2, ξ)Q2α)(α − α−1)−1

× [
αm/2+3 − α−m/2−3 − 2−1/2(2, ξ)Q2(α

m/2+2 − α−m/2−2)
]
.

If m ≥ −2, m is even, and u ≡ (−1)l+1 mod 4, then

Wf +,ξ (w) = 2−2αm/2−1(1 − 2−1α2)(α − α−1)−1(αm/2+2 − α−m/2−2).

If m ≥ −2 and m is odd, then

Wf +,ξ (w) = 2−2α(m−3)/2(1 − 2−1α2)(α − α−1)−1(α(m+3)/2 − α−(m+3)/2).

If m < −2, then Wf +,ξ (w) = 0.
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(iii) If m = −2 and u ≡ (−1)l mod 4, then

Wf +,ξ (k1) = 2−1ζu
8 α−1(1 + 2−1/2(2, ξ)Q2α

)
.

If m �= −2 or u �≡ (−1)l mod 4, then Wf +,ξ (k1) = 0.

This completes the proof of (ii) of Lemma A.3.

Acknowledgements. The author expresses gratitude to Masaaki Furusawa and Tamotsu
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comments.
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