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1. Introduction

The purpose of this paper is to give a simple proof of global existence for
quadratic quasilinear Dirichlet-wave equations outside of a wide class of
compact obstacles in the critical case where the spatial dimension is three.
Our results improve on earlier ones in Keel, Smith and Sogge [9] in several
ways. First, and most important, we can drop the star-shaped hypothesis and
handle non-trapping obstacles as well as any obstacle that has exponential
local decay rate of energy for H? data for the linear equation (see (1.4)
below). This hypothesis is fulfilled in the non-trapping case where there is
actually exponential local decay of energy [19] with no loss of derivatives.
This hypothesis (1.4) is also known to hold in several examples involv-
ing hyperbolic trapped rays. For instance, our results apply to situations
where the obstacle is a finite union of convex bodies with smooth boundary
(see [7], [8]). In addition to improving the hypotheses on the obstacles, we
can also improve considerably on the decay assumptions on the initial data
at infinity compared to the results in [9] which were obtained by the confor-
mal method. Lastly, we are able to handle non-diagonal systems involving
multiple wave speeds.

We shall use a refinement of techniques developed in earlier work of
Keel, Smith and Sogge [10], [11]. In particular, we shall use a modifica-
tion of Klainerman’s commuting vector fields method [13] that only uses
the collection of vector fields that seems “admissible” for boundary value
problems.

The main innovation in this approach versus the classical one for the
boundaryless case is the use of weighted space-time L? estimates to handle
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the various lower order terms that necessarily arise in obstacle problems.
The weights involved are just negative powers of (x). These couple well
with the pointwise estimates that we use, which involve O({x)~!) decay of
solutions of linear inhomogeneous Dirichlet-wave equations, as opposed to
the more standard O(t~') decay for the boundaryless case, which are much
more difficult to obtain for obstacle problems. Because of the fact that we
are dealing with such problems, it does not seem that we can use vector
fields such as the generators of hyperbolic rotations, x;0, + t9;,i = 1, 2, 3.
Additionally, it seems that these cannot be used for multiple wave speed
problems since they have an associated speed (one in the above case).
So, unlike in Klainerman’s argument [13] for the Minkowski space case,
we are only able to use the generators of spatial rotations and space-time
translations

(L) Z={(3 % —xd; 0<i<3,1<j<k<3},
as well as the scaling vector field
(1.2) L=1d,+rd,.

Here, and in what follows, we are using the notation that (x1, x,, x3) denote
the spacial coordinates, while either x, or ¢ will denote the time coordinate,
depending on the context. Also, r = |x|, and (x) = (r) = +/1+r2. We
shall also let ¥’ = du = 9, ,u denote the space-time gradient.

Another difficulty that we encounter in the obstacle case is related to the
simple fact that while the vector fields

(1.3) Q,‘j :x,-aj—xjai, 1<i<j<3

and L preserve the equation (3> — A)u = 0 in the Minkowski space case if
u is replaced by either Lu or ;;u, this is not true in the obstacle case due
to the fact that the Dirichlet boundary conditions are not preserved by these
operators. Since the generators of spatial rotations, €2;;, have coefficients
that are small near our compact obstacle, this fact is somewhat easy to get
around when dealing with them; however, it is a bit harder to deal with the
scaling vector field, L, since its coefficients become large on the obstacle
as t goes to infinity. As a result, we are forced to consider in our estimates
combinations of the Z operators and the L operators that involve relatively
few of the scaling vector fields. This, together with the fact that there is
necessarily a loss of smoothness in the local energy estimates for obstacles
with trapped rays, makes the combinatorics that arise more complicated
than in the Minkowski space case first studied by Klainerman [13].

In earlier works [9], [11] the obstacle was assumed to be star-shaped.
This was a convenient assumption in proving energy estimates involving
the scaling operator L. For instance, in proving energy estimates for Lu for
solutions of (3> — A)u = 0 one finds that if X is star-shaped then, although
energy is not conserved, the contribution from the boundary to energy
identities has a favorable sign. This is in the spirit of Morawetz’s original
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argument [18]. If one drops the star-shaped assumption this argument of
course breaks down. However, in this paper we exploit the fact that we
still can prove favorable estimates for solutions of nonlinear equations.
The additional terms arising from the boundary can be estimated using
Lemma 2.9 and the L?L2({x)~'/?dxdr) estimates since the forcing terms
are nonlinear functions of (du, du?) that vanish to second order.

Let us now describe more precisely our assumptions on our obstacles
K C R3. We shall assume that X that is smooth and compact. We do not
assume that X is connected. Without loss of generality, we may assume
throughout that

Kc{xeR: |x| <1}
Our only additional assumption is that there is exponential local decay of

energy with a possible loss of derivatives. To be specific, we require that
there be a ¢ > 0, a constant C so that

12
14 ! ‘, 2d <C —ct 80[ ’ O, )
49 (/{xeR3\x:|x|<10} e e, ) x) =te Z |02u’ 0, -)

lee|<1

if Ou =0, and u(0, x) = d;u(0, x) =0, for |x| > 10.

20

We remark that our results do not actually require exponential decay of
local energy. A decay rate of O((t)~>7?%), § > 0 would suffice since our
main L2-estimates involve 3 or fewer powers of the scaling operator L. By
tightening the arguments one might even be able to show that O({t)~'7%)
is sufficient. On the other hand, we shall assume (1.4) throughout since the
proofs under this weaker decay rate would be more technical. Moreover,
in the 3-dimensional case, all of the examples that we know that involve
polynomial decay actually have exponential decay of local energy. For
related problems in general relativity, though, it might be much easier to
establish local polynomial decay of energy.

Recall that if the obstacle is star-shaped or non-trapping a stronger
version of (1.4) is always valid where in the right one just takes the H' x L>-
norm of (u(0, -), o,u(0, -)) (see Lax, Morawetz and Phillips [15] for the
star-shaped case, and Morawetz, Ralston and Strauss [19] for the non-
trapping case, and Melrose [17] for further results of this type). On the
other hand, if R*\ X contains any trapped rays, then Ralston [20] showed
that this stronger inequality cannot hold. So there must be some “loss”
£ > 0 of regularity if there is energy decay when there are trapped rays.
In (1.4) we are assuming that £ = 1. By interpolation, there is no loss of
generality in making this assumption since if the analog of (1.4) held where
the sum was taken over a given £ > 1 then (1.4) would still be valid (with
a different constant in the exponential). (The same argument shows that
a variant of (1.4) holds where one has ||« (0, - )“Hll)+8 + ||0,u(0, )| H?) in the

right for § > 0.)
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In other direction, Ikawa [7], [8] was able to show that if K is a finite
union of convex obstacles with smooth boundary then one has exponential
decay of local energy with a loss of £ = 7 derivatives, which as we just
pointed out leads to (1.4) here. Ikawa’s theorem requires additional technical
assumptions that we shall not describe (see [8]); however, they are always
satisfied for instance in the case where J is the union of two disjoint convex
obstacles or any number of balls that are sufficiently separated. Thus, even
for the case where X is the union of 3 sufficiently separated balls one
can always have infinitely many trapped rays and still have (1.4) (and the
nonlinear results to follows). We also mention the work of Burq [1] who
showed that for any compact obstacle K with smooth boundary, one has
a local decay that is O((log(2 + 1)) for any k if one takes the loss of
regularity to be £ = k. Such a decay rate is not fast enough for us to
be able to prove global existence for this class of obstacles, and it seems
doubtful that such results could hold in this context since Burq’s results
include the case where R*\ X has trapped elliptic rays. On the other hand,
an interesting question would be whether our hypothesis (1.4) might hold
under the assumption that R3\ X only contains hyperbolic trapped rays.

For obstacles KX C R, as above satisfying (1.4) we shall consider
smooth, quadratic, quasilinear systems of the form

Ou = Q(du, d*u), (t,x) € Ry x R\ X
(1.5) u(t, ox =0
u(0, ) = f, du(, ) =g.

Here,

(1.6) 0= OO0 Doy,

is a vector-valued multiple speed D’ Alembertian with
O, = 87 — A,

where we assume that the wave speeds c; are all positive but not necessarily
distinct. Also, A = 97+0335+097 is the standard Laplacian. By a simple scaling
argument, in showing that (1.5) admits global small amplitude solutions,
as mentioned before, we shall assume without loss of generality that K C
(xeRY: x| <1}

By quasilinear we mean that the nonlinear term Q(du, d*u) is linear
in the second derivatives of u. We shall also assume that the highest order
nonlinear terms are symmetric, by which we mean that, if we let dy = 9;,
then

(1.7 Q'(du,d’u) = B'(duw)y+ Y B oud0u’. 1<1<D,

0<j,k,1<3
1<J,K<D
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with B! (du) a quadratic form in the gradient of u, and Bg’/k real constants
satisfying the symmetry conditions

1jk _ pJdljk _ pllkj
(1.8) By =By =By -

To obtain global existence, we shall also require that the equations sat-
isfy a form of the null condition of Christodoulou and Klainerman. Let us
first assume, for simplicity that the wave speeds ¢;, I = 1, ..., D are dis-
tinct. In this case, the null condition for the quasilinear terms only involves
self-interactions of each wave family. Specifically, we require that self-
interactions among the quasilinear terms satisfy the standard null condition
for the various wave speeds:

1J, jk

> B MEE&=0

0<j,k,I<3

(1.9) £

whenever —2—512—522—532=0, I,J=1,...,D.
c

J

For the quasilinear terms, if one allows repeated wave speeds, it will be
required that the interactions of families with the same speed satisfy a null
condition. Specifically if welet T, = {I : ¢; =c¢;,, 1 <1 < D} then the
above null condition is extended to

17, jk
> BYEEE =0

Jik =<3

2
whenever 570—53—522—532:0, (J,K)elI,x I, 1<I<D.
I,

To describe the null condition for the lower order terms, we note that we
can expand
I _ Ljka Jaq K
Bl(duy= Y Ajgou’ gu.
1<J,K<D
0<j,k<3
We then require that each component satisfy the standard null condition for
multiple wave speeds

(1100 > AlfE& =0 forall §eRxR, 1<JK=<D.
0<j.k<3

This means that B’ (du) is an asymmetric quadratic form in du. That is, it
must be a linear combination of the gauge-type null forms

Ok pldu) = (9;u’ 3™ —8;u®du’), 0< j<k<3,1<J<K<D.

It seems likely that one could also allow diagonal terms involving the
relativistic null forms QJ(du) = (dou’)* — c7|V,u!|*, by using a gauge
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transformation to reduce to the above types of equations; however, this case
will not be explored here. One should also be able to allow cubic quasilinear
nonlinearities of the form R(u, du, d*u) that vanish to second order in the
last two variables. Doing this, though, would require handling more powers
of L, which would complicate the combinatorics in the continuity argument
used to prove global existence.

In order to solve (1.5) we must also assume that the data satisfies the rele-
vant compatibility conditions. Since these are well known (see e.g., [9]), we
shall describe them briefly. To do so we first let Jyu = {9%u : 0 < |o| < k}
denote the collection of all spatial derivatives of u of order up to k. Then
if m is fixed and if u is a formal H™ solution of (1.5) we can write
3*u(0, ) = Y (Ui fr Jk-18), 0 < k < m, for certain compatibility functions
Y, which depend on the nonlinear term Q as well as J; f and J;_; g. Having
done this, the compatibility condition for (1.5) with (f, g) € H™ x H" ' is
just the requirement that the v, vanish on 9K when 0 < k < m — 1. Addi-
tionally, we shall say that (f, g) € C* satisfy the compatibility conditions
to infinite order if this condition holds for all m.

We can now state our main result:

Theorem 1.1. Let K be a fixed compact obstacle with smooth boundary
that satisfies (1.4). Assume also that Q(du, d*u) and O are as above. Sup-
pose that (f,g) € C®(R3\X) satisfies the compatibility conditions to
infinite order. Then there is a constant gy > 0, and an integer N > 0 so that
forall e < g, if

(1.11) Yol rl,+ Do oz, <,

le|<N le| <N—1
then (1.5) has a unique solution u € C*([0, 00) x R*\ X).

This paper is organized as follows. In the next section we shall collect
the L? estimates that will be needed for the proof of this existence theorem.
In Sect. 3 we shall prove the necessary pointwise decay estimates that
will be needed. The results in these two sections involve variants of those
in [11]. Section 4 will include weighted estimates that are related to the
null condition, which are obstacle variants of ones for the Minkowski space
setting (cf. Hidano [4], Sideris and Tu [24], Sogge [27], and Yokoyama [28]).
Finally, in Sect. 5, we shall use all of these estimates to prove the global
existence theorem.

Acknowledgements. We are very grateful to S. Zelditch for pointing out the work of Ikawa
and many other suggestions. It is also a pleasure to thank N. Burq and S. Klainerman for
helpful conversations that simplified the exposition. We would also like to thank Makoto
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author is also grateful for his collaboration with M. Keel and H. Smith that preceded this

paper.
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2. L? estimates

We shall be concerned with solutions # € C®(R . x R*\ X) of the Dirichlet-
wave equation

Uu=F
(2.1) ulpx =0
ul=o = f, Otl=0 = g,
where
D 3
Oy’ = (7 —cjA)' + YY"y x)d;9u’, 1 <1 < D.
J=1 j.k=0

We shall assume that the y//-/*

satisfy the symmetry conditions
(22) )/IJ,jk — yJI,jk — yIJ,kj’
as well as the size condition
D 3
(2.3) DY Il <8/ 41D

1,J=1j k=0

for § > O sufficiently small (depending only on the wave speeds). The
energy estimate will involve bounds for the gradient of the perturbation
terms

D 3
1Y@ o= D> > oy @]

1J=1 jkI=0

and it will of course involve the energy form associated with [1,,, eo(u) =
P eb(u), where

3
@4 ehw) = (dou’ )+ (o)’
D 3
yIJ,OkaoulakuJ _ Z Z ]/Ij’jkajulakuj.

J=1 k=0 J=1 j,k=0

The most basic estimate will involve

M
Ey(®) = Ey@)® = / > " eo(du) (t, x) dx.
j=0
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Lemma 2.1. Fix M =0, 1,2, ... and assume that the perturbation terms
vy are as above. Suppose also that u € C* solves (2.1), and for every t,
u(t, x) = 0 for large x. Then there is an absolute constant C so that

(2.5) ”2(z><CZ||D lut, )|, + Clly'(t, s Eyy (0.
j=0

Although the result is standard, we shall present its proof since it serves
as a model for the more difficult variations that are to follow. We first notice
that it suffices to prove the result for M = 0 in view of our assumption that

the 0/ u satisfy the Dirichlet boundary conditions for 1 < j < M.
To proceed, we need to define the other components of the energy-
momentum vector. For / = 1,2,...,D,and k = 1, 2, 3, we let

D 3
(2.6) ef = eq(u) = =27 oo’ du' +2 > "y Koo’ du’.
J=1 j=0

Then if ¢ is the component defined before in (2.4), we have

2.7)
3

D 3
doeq = 2du’ dgu’ +2) " o’ dodu’ +230u" Y Y "y % g deu’

k=1 J=1 k=0
D

J=1k

D
J=1

le,Okagu/akuJ

[\

-

+

Mw

y" (000 u" pu’ + 0;u’ dodu’ | + Ry,

J,k=0
where
D 3 D 3
R(’):ZX:X:(E)O)/”O]C dou’ dpu’ ZZ ”fké)uauj.
J=1 k=0 J=1 j k=0
Also,

3

3
Q28) D def =—20u' ;A" =2 ;o dodyu’
= k=1

3
Z ]/Ij’jkajakuj

k=1

+ 2 dou’

WE
L]

1j

3 3
>y R agd du’ +> Ry,

k=1 k=1

er

D
+2Z

J=1 j=

(=)



Global existence for wave equations 83

where

D 3
Rlﬁ = 222(8k)/”’jk)80u18juj.

J=1 j=0

Note that by the symmetry conditions (2.2) if we sum the second to last
term and the third to last terms in (2.7) over I, we get

D 3 3
-2 Z ZZy"’jkaoakulajuj,

Li=1 j=0 k=1

which is —1 times the sum over I of the second to last term of (2.8). From
this, we conclude that if we set

D
e; =e;(u) = Ze;-, j=0,1,2,3,
=1

and

D 3
R=R@u u)= ZZR',
I=1 k=0
then
3
deo+ Y dker = 2(du, Dyu) + R(u' ),
k=1

with (-, -) denoting the standard inner product in R”.
If we integrate this identity over R*\ KX and apply the divergence theo-
rem, we obtain

3
(2.9) a,/ eo(t, x)dx—/ > ejnjdo
ROX ax i

= 2/ (Ou, Oyu) dx + / R, u")dx .
RI\X R3\KX

Here, n = (ny, ny, n3) is the outward normal to K, and do is surface
measure on 9.K.

Since we are assuming that u solves (2.1), and hence d,u vanishes on
d.K, the integrand in the last term in the left side of (2.9) vanishes identically.
Therefore, we have

8,/ eo(t, x) dx = 2[ (0pu, Oy u) dx + f R/, u')dx.
R3\ X R3I\ X R3I\ X
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Note that if § in (2.3) is small, then
(2.10) (2 mlax{cf, c;z})fl lu/(t, x)|> < ey(t, x) < Zm?x{ci, c;2}|u’(t, x)|?.

This yields

1/2
([, enttna)” < CIT, . oo
R3\ X

FCY S o ol (f et v dx)

1,J=11i,j,k=0

as desired. O

We require a minor modification of this energy estimate that involves
a slight variant of the scaling vector field L = rd, + f0;.

Before stating the next result, let us introduce some notation. If P =
P(t, x, D,, D,) is a differential operator, we shall let

[P, yklakal]u — Z Z |[P, )/Ij’klakal]uj|.
1<1,J<DO0<k,I<3

We can now state the simple variant of Lemma 2.1 that we require.

Lemma 2.2. Fix a bump function n € C>®(R?) satisfying n(x) = 0, for
x € Kandn(x) =1, |x| > 1. Let L = n(x)ro, + td,, and set

X, = /eo(ivafu)(t, X) dx.

Then if u € C®°R, x R3\X) solves (2.1) and vanishes for large x for
everyt

Q11 9,X,; < CX,/F| LY/ 0,u, )|, + Cly't, HllooXus
+ X2 (Lo, yMadn]uc, )],
+Cx,7 Y L/ O, |,

n<v—1

172
+ CX/ Z IL0% (¢, )Nl L2 (xerd\ K 1x]<1)) -

ptla|<j+v
u=<v—1

Proof. Note that like u, Z”B,j u(t, x) vanishes when x € d.K. Therefore by
the special case where M = 0 in Lemma 2.1 we have

212 8Xu; < CX/F|O, L0 u, |, + Cly' ¢t HllsoXo.
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To proceed we need to estimate the first term in the right by noting that

0, L70]u| < |L¥o/0u| +|[L78], v 88, Ju| + [[L*, 018/ u|
< |L"8/0u| + |[L8], y"8di]u| + |IL, D18/ u]
+|[LY — L, 013/ ul
< |L*8/0yul + |[L°0], yM 00 Ju] +2 > |L*8/Cu|

p=<v—1

+ CXjxj<1(X) Z [L*9%u'(t, x)|.

Htle|<j+v
p=<v—I1

In the last step we used the fact that [[1, L] = 2UJ, and V,n(x) = 0, |x| > 1.
If we combine the last inequality and (2.12) we get (2.11). O

The last lemma involved estimates for powers of L and 0d,. Let us now
prove a simple result which shows how these lead to estimates for powers
of L and 0 = 9, 4.

Lemma 2.3. Fix Ny and v and suppose that u € C* (R, x R3\ X) solves
(2.1) and vanishes for large x for each t. Then

@13) YL o =C Y L )|,

loe| <No Jtu=<v+No
U=V

+C LR O, ..

o]+ <No+v—1
U=V

Proof. We shall prove this inequality by induction on v. Since, by elliptic
regularity estimates, the inequality holds when v = 0, let us therefore
assume that it is valid when v is replaced by v — 1 and use this to prove it
foragivenv=1,2,3,....

Since KX C {|x| < 1} it is straightforward to see that

Z 1LY 3%/ (1, )l 2(aj>1)

loe| <No

is dominated by the right side of (2.13). Therefore, it suffices to show that
we can prove the analog of (2.13) where the norm is taken over |x| < 2.
For the latter, we shall use the fact that

Z IL"3%u'(t, ) lL2(x<2) = C Z o LA RTACD] FPRy

loe| <No loe|+1<No+v
U=y
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By elliptic regularity, if we fix R > 2 then

Z H 9y u' (¢, ')||L2(|x|<R) =C Z ||8tj+uul(l’ ')HLz(\x\<R+2)

lee| -+ <No+v JHu=<No+v
n=v n=v

+C D |88 Ou,

loe|+pu<No+v—1
W=V

*) ||L2(|x|<R+2)'

Therefore,

Q@14) DLW, ) l2ge<py

lee] <No
paktj s .
=C Z ”t o u(t, )||L2(|x|<R+2)
Jj+n<No+v
H=v
Haktaa .
+C Z ”t 9, 9*Lu(z, )HLZ(\X\<R+2)
|| +pu<No+v—1
p<v
<y |Lojue H),+C D LM )l
J=<No loe|+1<No+v
pn=<v—1
+C D LM Ou(t, ).
|ot]+p<No+v—1
n<v

As a result, we get (2.13) by the inductive step and the fact that, we can
control the norms over the set where |x| > 1. O

Using (2.13) we can prove the following estimate.

Proposition 2.4. Suppose that the constant § in (2.3) is small. Suppose
further that

(2.15) '@, oo <8/(1+1),

and

@16 > <||zuatf'gyu(t, IR .)”2>
J+n=<No+voy
H=Vvo
<— > L@ )], + Higwo O,

14+
J+n=No+voy
H=Vvg

)
t
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where Ny and vy are fixed. Then

(2.17) Z

IL"0%' (2, )l

lee|+1<No+vp
H=Vo
<C Y ILCu Dl +CA+0® Y X500
let] 4+ <No+vo—1 u+j<No+vo
K=vo M=vo

+C(1+t)A8</t 3

loe|+p<No+vo—1

0

t
1L 8Cu s, -)||2ds+/ HVO,NO(s)ds)
0

n=<vp—1

t
+cd +t)A8/ D LR (s, )l 2gai<ry ds,

O a4+ <No+vo
u=<vp—1

where the constants C and A depend only on the constants in (2.11).

Note that because of (2.16) the term in (2.17) involving H,, y, must
involve bounds for derivatives of [, u. For our application to equations

with quadratic nonlinearities (1.5), it will mainly involve involve L? norms

of |L*9%u'|? with 1 + || much smaller than Ny + vp, and so the integral
involving H,,, v, can be dealt with using an inductive argument and weighted

L?L? estimates that will be presented at the end of this section.
Proof. We first note that by (2.3) and the definition (2.4) of the energy form

(2.18) 3 > x .

JHr<No+vo J+r=<No+vo
H=Vo n=<vg

if § is sufficiently small. Therefore, by (2.11) and (2.15)—(2.16) we have

Ad

9 X720 <

! . Z M,J() 14t
I+MM§<1Y)(())+VO

|L7ofu'e )], <2

Y X0+ AH, 0

JHur<No+vo
H=vo

+4 )

putj<No+vo—1
u=<vp—1

+A4 )

lot|+1<No+vo
u=<vp—1

| L8/ 0u, )|,
|L*9%u'(t, M r2xi<nys

where A depends on the constants in (2.11). By Gronwall’s inequality

172
Z Xu,j
JHur<No+vy
H=vo

is dominated by the right side of (2.17). By applying (2.13) and (2.18), we
conclude that (2.17) must be valid. ]
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In proving our existence results for (1.5) the key step will be to obtain
a priori L2-estimates involving L* Z%u’. The next result indicates how these
can be obtained from ones involving L*9%u’.

Proposition 2.5. Fix Ny and vy, and set

(2.19) Yvw® = Y. eo(L" Z%u)(t, x) dx.

lee|+1<Nop+vp
M=Vo

Suppose that the constant § in (2.3) is small and that (2.15) holds. Then

(2200 3 Yy <CYVZ > |0, L 2%, ],

— No,vo
lee|+p<No+vo
M=Vo

+CIY (oY +C D LU (s ) Faae)-

lee|+p<No+vo+1
H=vo

Proof. 1f we argue as in the proof of Lemma 2.1 we find that

Q221) 8 ¥y <CYy2 > |O,LPZ0u, ),

No,vo
lee|+p<No+vo
H=vo

3
O MY + € [ 3 leamaldo,
3K a=1

where n = (ny, n, n3) is the outward normal at a given point in 9K, and

=), el'Zu@x). a=123,

lee|+1<No+vo
H=vo

are the components of the energy-momentum tensor defined in (2.6). Since
K C {|x| < 1} and since

S zZuxn<C Y LMut x|, xedX,

lee|+1<No+vo o]+ <No+vo
H=Vvg H=Vvg
we have

3
/ Zleana|do < c/ Z |L*0%u/ (1, x)|* dx.
K a=1

3\ K-
{xeR\K: |x|<1} let|+1<No+vo+1
H=vo
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Asin [10] and [11] we shall control the local L? norms, such as the last
term in (2.20) by using weighted L?L? estimates. They will also be used in
obtaining decay estimate for solutions of the nonlinear equation. To avoid
cumbersome notation, for the rest of the section we shall abuse notation a bit
by letting () = 8> — A denote the unit speed D’ Alembertian. The passing
from the ensuing estimates involving this case to ones involving (1.6) is
straightforward. Also, in what follows, we shall let

St = {10, T1 x R*\ X}
denote the time strip of height 7 in R, x R3\ X.

Proposition 2.6. Fix Ny and vy. Suppose that K satisfies the local expo-
nential energy decay bounds (1.4). Suppose also that u € C* solves (2.1)
and satisfies u(t,x) = 0, t < 0. Then there is a constant C = Cy, y, x SO
that if u vanishes for large x for every fixed t

222) (log2+ 1) 3 @) V2L | sy

lee| -+ <No+vo
H=vo

T
sc[ Y o lkds

0 loe|+p<No+vo+1
H=Vvg

+C Y IOL" Ul sy

lee|+1=<No+vo
H=Vo
Also, if Ny and vy are fixed

2.23) (log+1)""" 3 1) VPLEZ |2

o]+ <No+vo
H=vo

T
scf Y izt Ol

O Ja+u<No+vp+1
H=vo

+C Y O Z%Ull sy

lee|+1<No+vo
H=Vvg

The constants in (2.22) and (2.23) of course do not depend on the size
of the set where u does not vanish. To prove these estimates we shall need
a couple of lemmas. The first says that these estimates hold (with no loss of
derivatives) in the boundaryless case.
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Lemma 2.7. Suppose that v € C®(R x R3) vanishes for large x for every .
Then there is a uniform constant C so that if v has vanishing Cauchy data

T
(224) (In(2+ T))_I/ZH<x>_1/2v/”L2([O,T]><R3) <C [ I0v(s, )23 ds.
0

Also, given u and «,
(2.25) (In@2 + 1)) 21 (x) 2L Z%0) || 20,7155

T
< C/ |||:|LMZO['U(S, ')||L2(R3) ds.
0

The first inequality, (2.24), was proved in [10]. The second follows from
the first.

As was shown in [10], (2.24) follows immediately from the fact that
stronger bounds hold when one restricts the norms in the left to regions
where |x| is bounded. In particular, just by using Huygens principle, one
can show that if R is fixed then there is a uniform constant C = Cp so that

(2.26) ”UI||L2([0,T]><{xeR3:\x\<R}) + ||U||L,ZLg([o,T]x{xeR3:|x|<R})

T
<c / 10, )2, ds.
0

To prove Proposition 2.6 we shall need the following local estimates
which follow from the local exponential energy decay (1.4).

Lemma 2.8. Suppose that (1.4) holds and that Ou(t, x) = 0 for |x| > 4
and t > 0. Suppose also that u(t, x) = 0 fort < 0. Then if Ny and vy are
fixed and if c > O is as in (1.4)

227) > ILFU G )l K pei<ap

lee|+p<No+vo
H=vo

<C > L0k, )k

lee|+u<No+vo—1
M=Vo

t
LC / o~ (/D) IL*0“Clus, -)|lds.
0 >

loe|+p<No+vo+1
H=vo
The proof is quite simple. By (1.4) we have that

Z || (”Matuatj”/(t’ )“ L2({R3\ X : |x|<6})

JHu=No+vo
H=Vvg
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is dominated by the last term in the right side of (2.27). By the first inequality
in (2.14) with R = 4, this implies (2.27) since

Z 7o 8*Clur, ')HLZ(\x\<6)

lee|+pn<No+vp—1
H=Vvo

is dominated by the first term in the right side of (2.27).

Proof of Proposition 2.6. We shall only prove (2.22) since (2.23) follows
from the same argument. When x is near the obstacle, our proof will rely
mostly on the local energy decay (1.4). Away from the obstacle, we will
refer to the related bounds for the free wave equation from Lemma 2.7.
The first step in proving (2.22) will be to show that if we take the L?L>
norm over a region where |x| is bounded then we have better estimates, i.e.,

(2.28)
T
S ML s < C f S 0L 8 uGs, -)lads
0

lee|+p<No+vo loe|+p<No+vo+1
H=Vo M=Vo

+C Y IOL % ull sy
loe|+1<No+vp—1
H=vo
To prove this, let us first assume that u is as in Lemma 2.8. Thus, if
we assume that [Ju(z, x) = 0 when |x| > 4, then by (2.27) we have for
O<t<T

Z ”Luaau/(tv : )”iZ(\x‘<2)

lot|+1<No+vo
H=Vvg

<C Y IL*Ou(r, I3

lee|+1<No+vo—1
H=vo

T 2
+c<f o (/D=9 L2 99D (s, -)|| ds) .
i > 2

loe|+1<No+vo+1
H=Vvg

After integrating t from O to 7 we obtain (2.28) under the support assump-
tions of Lemma 2.8.
Note that if we had applied Young’s inequality, we would have gotten

229 Y LU ey SC YL ILPO Dy, -

loe|+1<No+vo loe|+1<No+vo+1
H=Vvg n=vo

it Ou(t,x) =0, |x| > 4.

This inequality will be useful in the last part of the proof of (2.28).
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We now need to show that the inequality (2.28) holds when we assume
that CJu(¢, x) vanishes for |x| < 3. To do this, we fix p € C*®(R?) satisfying
p(x) =1 for |x| < 2 and p(x) = O for |x| > 3. We then write u = uy + u,
where u solves the boundaryless wave equation Uug(¢f, x) = Uu(t, x) if
|x] > 3 and O otherwise with vanishing initial data . It then follows that &z =
puo~+ u, solves the Dirichlet-wave equation it = —2V,p -V, ug— (Ap)ug
with zero initial data. Therefore, by (2.29), we have

waa. /2 _ § : nagas/12
E I L"0%u ||L2(Srﬂ\x\<2) - IL"0"a ||L2(ST0|X|<2)
lerl+11<No-+vo leel+1=No+vo
n<vo H=vp

~n2
< D> LD,
loe|+1<No+vo+1
H=vo

a2 o 2
=C Z <HL“8 ”OHLZ(STm|x|<4) + HL“E) ”0”L2(Sm|x|<4))‘
||+ <No+vo+1
H=vo
One now gets (2.28) for this by applying (2.26) since (ug = Cu in R\ X .
To finish the proof of (2.22) we must show that

—1/2 — o/
230) (log@+ 1) 3 @)L [ sy

lee|+p<No+vo
H=vo

T
sc[ Y o lkds

0 loe|+p<No+vo+1
H=Vvo
+C > IOL % ull sy

loe|+1<No+vp—1
H=vo

To do this, we fix B € C®(R?) satisfying f(x) = 1, |x| > 2 and
B(x) = 0, |x| < 3/2. By assumption the obstacle is contained in the set
|x|] < 1.Itfollows that v = Bu solves the boundaryless wave equation [Jv =
BUu—2V, B-V.u—(APB)u with vanishing initial data. Also u(¢, x) = v(t, x)
for |x| > 2. We split v = v + v, where v; solves vy = BUu and v, solves
Uv, = =2V, B8 - V,u — (AB)u and both have zero initial data. By (2.25) if
we replace u by v; in the left side of (2.30), then the resulting quantity is
dominated by the right side of (2.30).

Therefore, to finish the proof, we must show that

@31 Aog@+TN™ 3 0L pagsynagen

e[+ <No+vo
H=vo

T
§C/ > IOL*%uls, lads+C > IOL0%ull s,

0\ pe<No+vo+1 let| 4L <No+vo—1
) H=Vvo
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To prove this, we note that G = —2V,8 - V,u — (AB)u = v, vanishes
unless 1 < |x| < 2. To use this, fix x € C5°(R) satisfying x(s) = 0 for s ¢
[1/2,2] and Zj x(s — j) = 1. We then split G = Zj G where G (s, x) =
x(s — ))G(s, x), and let vy ; be the solution of the inhomogeneous wave
equation v, ; = G in Minkowski space with zero initial data. Since v, also
has vanishing Cauchy data, by the sharp Huygens principle the functions
vy, ; have finite overlap, so that we have |LEo“vy)* < C Zj |L"8"‘v’2’j|2 for

some uniform constant C. Therefore, by (2.25), the square of the left side
of (2.31) is dominated by

2
Z Z(/ HLuaaG (s, - )HLZ(R3) )

Ia\+M<No+VO J
V

<C Y MERGlTago ryery,

lee| -+ <No+vo
H=vo

naa,,’2 naa,, 12
=C Z <”L %u ||L2([0,T]><|x|<2) + ”L 9 u||L2([0,T]><|x|<2)>

lee| -+ <No+vo
H=vo

naa, /2
= Z ILE W72 57010 <2

loe|+1<No+vo
H=Vvg

Consequently, the bound (2.31) follows from (2.28).
This finishes the proof of (2.22). Since the other part of the proposition
follow from the same argument, this completes the proof of Proposition 2.6.
0

To be able to handle the last term in the right side of (2.17) we shall
need the following result which follows from a similar argument.

Lemma 2.9. Suppose that (1.4) holds, and suppose that u € C* solves
(2.1) and satisfies u(t,x) = 0, t < 0. Then if vy and Ny are fixed and if
c>0isasin(14)

(2.32) Yo ML ) llizgeen)

o]+ <No+vo
H=Vo

t
<c Y U e FI LR Tuls, )l 2 )<a) dS
0

lee|+u<No+vo+1
H=vo

+ || L7 0%Clu(t, -)||L2<|x|<4)}
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t N
+C Z /o ef('”(fo IL*3*Clu(t, )l 22 1x)—(s—n |<10) df)ds

lee|+u<No+vo+1
H=Vvg

t
+C Z / IL#0%0Iu(s, )Nl 12 1x|—(t—s) |<10) GS-
0

lee| -+ <No+vo+1
H=Vo

Additionally, if t > 2,

t
(2.33) Z IL#9%u' (s, )l 12(1x)<2) dS

leel+12<No+v ¥ 0
H=Vvg

t s
=< C Z /0 (/0 ||L“8aDu(‘L', . )||L2(| |x]—(s—1) |<10) dt) ds.

loe|+pu<No+vo+1
H=Vvo

Proof. Since the first inequality obviously implies the second, we shall only
prove (2.32).

If Clu (s, x) vanishes when |x| > 4, the result follows from (2.27). In this
case a stronger inequality holds where the last two terms in the right are not
present.

To finish we need to show that the inequality is valid when Uu(s, x)
vanishes for |x| < 3. In this case, as in the proof of Proposition 2.6 we
write u = uy + u, where ug solves [Juy = [u with vanishing Cauchy data.
Then if as above p € C*®°(R?) equals 1 for |x| < 2 and O for |x| > 3, then
it = pug+ u, has vanishing Cauchy data and solves Uit = —2V,p- V uy —
(Ap)ug. Thus, since Uz = 0 for |x| > 3, by the above case

Z L 9%/ (t, )l 12(x)<2)

e[+ <No+vo
H=vo

= > LR D<o

lee|+p<No+vo
H=vo

t
<C Z [/ e*%(tfs>||LM8a|jﬁ(s, N ads + ||L*9*Dice, )”2]
0

loe|+p<No+vo+1
H=Vvg

t
s Y [[ e e g,
0

loe|+p<No+vo+1
H=Vvg

+ | L#8%uo(s, )| L2(|x|<4))ds

Sl LACRTICRD] RN o § A R TATCARD] L2<|x|<4>]'
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Since [Ju = [ugp one can use the sharp Huygens principle to see that the
last term is dominated by the last term in the right side of (2.32), which
finishes the proof. m|

3. Pointwise estimates

We will estimate solutions of the scalar inhomogeneous wave equation

(02 — Mw(t, x) = F(t,x), (t,x) € Ry x RI\X
(3.1) wt,x)=0, xecdX
w(t,x)=0, r=<O0.

If we assume, as before, that X C {x € R®: |x| < 1} then we have the
following

Theorem 3.1. Suppose that the local energy decay bounds (1.4) hold for XK.
Suppose also that \«| = M. Then

(3.2) (I+t+[xD|IL"Z%w(t, x)|

f dyd
< C/ f Yo Lz )
0 JENK g u<Mv7 Al

n<v+l

t
+ C/ Z IL"8P F(s, )l 12 (qrerdac: 1x)<2y 95-

0 |Blru<Mtvia
u=<v+l

The special case of this estimate where v = 0 was handled in [11] in
the non-trapping case. Since it is technically harder to handle pointwise
bounds involving powers of L, we shall give the proof of (3.2) for the sake
of completeness. Handling the case where there is a loss of regularity in the
energy decay as in (1.4) does not present any added difficulty. The fact that
(1.4) involves a loss of one derivative accounts why when v = 0 the right
side of (3.2) involves on extra derivative versus the results in [11].

The proof will resemble that of Proposition 2.6. We shall prove the
estimate when x is near the obstacle primarily by using the local energy
decay estimates (1.4), while away from the obstacle we shall mainly use the
fact that related bounds hold in Minkowski space.

The Minkowski space estimates we shall use say that if wy is a solution
of the inhomogeneous wave equation

(07 — A)wo(t, x) = G(t,x), (1,x) €Ry x R?

3-3) {wo(O, x) = J,wp(0, x) =0,
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then
(3.4)
N ! 8 dyds
(1+1+ xD|L"Z%wo(t, x)| < C > IL*ZPGs. )l IR
0 IR 514y <lal+u+3 Y
u<v+l1

This follows from inequalities (2.3) and (2.9) in [11] and the fact that
[0> — A, Z] = 0, and [0? — A, L] = 2(3? — A). The estimate where the
weight in the left is (1 + ) was the main pointwise estimate in [11], while
the contribution of the weight |x| in the left just follows from the fact that

t [x[4+(t—s)
(3.5 x| |we(t, x)| < C/ / sup |G (s, r0)| rdrds
0 Ji

Ixl—~-s) | BI=1

! dyds
scf | 3190 Gs, ) 22,
0 JyeR3:Iylel] xl==5) L Ixl+(=9)1) (4= |y

Recall that we are assuming that X C {x € R? : |x| < 1}. With this in
mind, the first step is to see that (3.4) and (3.5) yield

(3.6)
! dyds
aresmpzueois [ [ 3 W zRe S
0 IRNK g1t y<al+v+3 Il
p<v+l
+C sup (1+9(L"Z*W (s, )|+ L' Z%w(s, y)l).

[y|=2,0=<s<t

The proof is exactly like that of Lemma 4.2 in [11]. One fixes p € C*(R)
satisfying p(r) = 1, r > 2, p(r) = 0, r < 1, and then applies (3.4)—(3.5)
to wo(t, x) = p(|x])L"Z%w(t, x), which solves the inhomogeneous wave
equation

(87 — A)wo(t, x) = p(Ix (37 — A) LY Z%w(t, x)
=20/l VL Z ) = (Ap(x)L 2w, ),

with zero initial data. When one applies (3.4), the first term in the right side
of this equation results in the first term in the right side of of (3.6), while
if one applies the first inequality in (3.5) one sees that the last two terms of
the equation result in the last two terms of (3.6).

It remains to prove pointwise bounds in the region where |x| < 2.
Additionally since the coefficients of Z are bounded, it suffices to show that
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if |y| <|a|+ 1= M + 1, then

(3.7 tsup|L 8 w(t, x)|

|x|<2
! dyd.
scf [ % Wz Sr
0 JrRO\X [yl

|Bl+n<M+v+7
n<v+l

t
* C/ Z IL" 9P F(s, )| 12 (pxeri - x| <ay) S
0

|Bl+u=<M+v+4
n<v+l

Using cutoffs for the forcing terms, we can split things into proving (3.7)
for the following two cases

e Casel: F(s,y) =0if |y| > 4
e Case2: F(s,y) =0if |y| < 3.

For either case, we shall use the following immediate consequence of
the Fundamental Theorem of Calculus:

t
tLY 97 w(t, x)| < Z/ |(s3,) LY 97 w(s, x)| ds.
0

j=0,1

If we apply the Sobolev lemma, using the fact that |y| < M + 1, and that
Dirichlet conditions allow us to control w locally by w’, then we get

t sup |L"97w(t, x)|

|x]<2

t
= C/ Do 1o LW s ) g e gy 95
0 1pI=M+2,u<1
t
< Cf Z IL 9P w' (s, )l 2\ s x| <a) dS-
O |Bl+u<M+v+3
n<v+l

If we are in Case 1, we apply (2.27) to get the variant of (3.7) involving
only the second term in the right.

In Case 2, we need to write w = wy + w, where wy solves the boundary-
less wave equation (8[2 — A)wy = F with zero initial data. Fix n € C3° (R?)
satisfying n(x) = 1, x| < 2 and n(x) = 0, |x| > 3. It then follows that
if we set 0 = nwg + w,, then since nF = 0, w solves the Dirichlet-wave
equation

(37 — A) = G = =2V, - Voawy — (An)wy
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with zero initial data. The forcing term vanishes unless 2 < |x| < 4. Hence,
by Case 1

t sup |LY8Yw(t, x)| =t sup |LV87(t, x)|

[x]<2 [x]<2
t
< C/ Z IL*8P G (s, )l 2o\ ac) ds
O |Bl+usM+v+a
n<v+1
t
B
= C/ Z | 278" wo s, ')||Lw(zs|x|s4>ds‘
O | Bl+u=M+v+5
n<v+l1

To finish the argument, we apply (3.5) to obtain

”Luaﬁw()(s’ ')”Lw(zg\x\gzt)
s dydt
5C2f ILF9PQ¢ F(z, y)| 228
=0 Jis—r-pyii<a |yl

Note that the sets Ay, = {(r,y) : 0 <1 < s,|s — T — |y|| < 4} satisfy
A; N Ay =@ if |s —s'| > 10. Therefore, if in the preceding inequality we
sumover |B|+u < M+v+5, u < v+1, and then integrate over s € [0, 7]
we conclude that (3.7) must hold for Case 2, which finishes the proof. O

4. Estimates related to the null condition

Here we shall prove simple bounds for the null forms. They must involve
the weight < ¢, —r > due to the fact that we are not using the generators of
Lorentz rotations. The estimates will involve the admissible homogeneous
vector fields that we are using {I"} = {Z, L}. Also, as before, d denotes the
space-time gradient V, ,.

Lemma 4.1. Suppose that the quasilinear null condition (1.9) holds. Then

4.1) ‘ 3 Bj{;f"alua,akv‘

0<j,k,i<3
<cjyt—r >
= T dul 8%,

<C<r>""(Tul19%v| + |9u| |dTv|) + C
<t+r>

Also, if the asymmetric semilinear null condition (1.10) holds

4y | X affouan] = C <=7t (ITullav] + loul ITol).
0<j,k<3
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Proof. The first estimate is well known. See, e.g., [24], [27]. It also follows
from the proof of (4.2).

Proving (4.2) is straightforward. Since we are assuming (1.10) the
quadratic form involved must be skew symmetric. If we write V, = 79, +
riz A € where A is the usual vector cross product and Q2 = (253, 213, 212),

then since [(5 A Q)u| < C (r)~'ITu|, we conclude that the left side of (4.2)
must be dominated by

()" (1Qul |v] + [3u] |Q]) + [8ud,v — d,ud,v|.
If we write 9, = r 'L + fa, then we can estimate the last term

|9ued,v — Budy] < L(ILul 13,v] + 13| |Lv]).

Combining these two steps yields (4.2). m|
We also need the following result.

Lemma 4.2. Ifh € Ci° has Dirichlet boundary conditions then if R < t/2
andt > 1

(4.3) ||on'(z, - M 2R 2<ix1<R)
< Ct—1< Z IT*R' (¢, )l 12(Rja<|x1<2R)

lee| <1
2
+t|| (8, - A)h(t’ ')||L2(R/4<|x|<2R)>
+ Cll¢x) ™', M r2rja<ixi<2r) + Cll{x)2h(t, M r2r/a<ix1<2r)-
Also,

(44) |l<t—r>an'Q, M r2xi>1/4)
<CY TR N2+ C|| <t 47> (97 — A)h(t, )

lee|<1

and if § > 0 is fixed then

>

4.5) W@ ) sqeiga—sy, a1, x1>60
= (MR @ e+ 1l < 47> (32 = A)he, le).

lo]<1
Proof. To prove (4.3) we need to use the fact (see [14], Lemma 2.3) that
(4.6) (1 —r)(100,h(t, x)| + |Ah(t, x)|)
< C Y TRt 0)| + Ct +r)|(97 — A)h(z,x)|.

loe|<1
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Also, elliptic regularity gives

VLRt ) 2guierrzry < CIARE, )|l 12qxjerr/4.2R)
+ CRn' (1, M r2qxierrya2r) + CR?|h(t, - M 22(xelr/4,2R) -

If we combine these two inequalities then we get (4.3).
To prove (4.4) we need to use another estimate from [14], namely, if
g € CF Ry x RY),

[t =) Viet, I ags < C Y ITG @ 2w

lee|<1

+ C” {t+ r>(at2 - A)g” L2(R3)"

If we fix n € C®(R?) satisfying n(x) = 1, |x| > 1/4 and n(x) = 0,
|x] < 1/8 and let g(t, x) = n(x/(t))h(¢, x) then we conclude that the analog
of (4.4) must hold where VA’ is replaced by V,A'. Since (4.6) yields the
same bounds for 9,4’, we get (4.4).

Inequality (4.5) follows from the fact that its left side is dominated by

i
VR (&, ) L2qigrc—s/2, (1482001, x=st2) + 1 IR (& ) 2.

Since the proof of (4.4) implies that the first term is dominated by the right
side of (4.5) if § > 01is fixed, we are done. m]

The following result will be useful for dealing with waves interacting at
different speeds.

Corollary 4.3. Fix ci, c; > 0 satisfying ¢\ # c3. Then ifu, v € C°(Ry x
R3\X) vanish on Ry x 9K

4.7) 10%u(t, )| |V (1, x)] <x>""dx
R3\ X
= (I Ol + | <1+ > (02 = dA)ut, ],
lee|<1

x| <x>"1v@ Dl
+C Z (||(x>_lul(l, M r2r2<ix<r) + I1{x) 2ult, ')||L2(R/2<\x\<R))
R=2k<1/2
x || <x>""v(, M r2r2<x1<p)
+ Ct_4/3(z T (8, o+ | <t 47> (02 — AA)ut, .)Hz)

lee|<1

X (Z IV (e, o+ | <t4+7r> (8] — 3A)v(, .)||2).

lee|<1
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Proof. Let 8§ < |c; — ¢;]. Then if we use Schwarz’s inequality, (4.3) and
(4.4) we see that we can bound

f 10%u(t, x)| |V (1, x)| < x>""dx
|x|¢((1=8)cyt,(1+8)c11)

by the first two terms in the right side of (4.7).
Foragiven j =0, 1,2, ... we can use Holder’s inequality, to find that

f 10%u(t, )| |V (1, x)] <x>""dx
<cit—r>g[2/,2/+1)
< Cr'P2RY0%u(, )| 2ty V', )| /2
= utr, L2(<cit—r>e(2i 2i+1) [V T, LS(<cit—r>€(2] 27+1))s

assuming that r is bounded below by a fixed multiple of # when < ¢t —r >¢€
[27,2/t1).Since § < |c] — ey, if {x i< it —r>e [2,27H)N{x:r e
(1 = 8)cyt, 1 4+ d)c1t)} # @, we can apply (4.4) and (4.5) to see that the
right side is bounded by 272//3 times the third term in the right side of (4.7).
After summing over j, this implies that when we restrict the integration in
the left side of (4.7) to the the set where r € ((1 — 8)cit, (1 + 8)cy1), the
resulting expression is dominated by the third term in the right of (4.7). This
completes the proof. O

To handle same-speed interactions, we shall need the following similar
result.

Corollary 4.4. Let u,v € C°(Ry x R3\K) vanish on R, x 3.K. Then,

(4.8) . %lazu(t, X)| [V, x)| (x) " dx
Ct*‘(z ITu' (&, o + 14t 4+ r)8ude, ) l1x) '@ e
lee| <1

+C Z (||(x)_lul(f, M r2r/a<ixj<2r) + Il x) " u, ')||L2(R/4<|x|<2R))
R=2k<1/2

-1
X [[(x) 7' (e, M z2r/a<ix<2R)-

Proof of Corollary 4.4. To prove (4.8) we just use Schwarz’s inequality and
(4.3) and (4.4) to see that its left side is dominated by

I — )32M(f ')”Lz(\x\>t/4)”<x>7]v/(t’ M L2(x1>1/4)

—1
+ Y = 0 e <m0 TV D lmp<r)
R=2k<t/2
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< Ct_l(z T (2, )|z + 1+ r)Oud, ) l2) I1x) ™', )l

le]<1
+C Y (107" Dllarpiv<ary + 10020t )l 2kja<ixi<20)
R=2kK<t/2
X [4x) T () 2 erja<ini<2r)s
which completes the proof. m|

We also need the following consequence of the Sobolev lemma (see [13]).

Lemma 4.5. Suppose that h € C*°(R?). Then for R > 1

—1
]l Loo(r/2<ix)<r) < CR § : ||Qaa)€h||L2(R/4<|x|<2R)'
loe|+IB1<2

Also,

—1
|Ih”L°°(R<|x|<R+1) = CR Z ||Qaafh ||L2(R—l<\x\<R+2)'
loe|+Bl=2

5. Continuity argument

In this section we shall prove our main result, Theorem 1.1. We shall take
N = 101 in its smallness hypothesis (1.11), but this certainly is not optimal.

We start out with a number of straightforward reductions that will allow
us to use the estimates from Sects. 2—4.

First, let us assume that the wave speeds c; all are distinct since straight-
forward modifications of the argument give the more general case where
the various components are allowed to have the same speed.

To prove our global existence theorem we shall need a standard local
existence theorem:

Theorem 5.1. Suppose that f and g are as in Theorem 1.1 with N > 6 in
(1.11). Then there is a T > 0 so that the initial value problem (1.5) with this
initial data has a C* solution satisfying

u € L=([0, T1; HYN R}\X)) n c®' ([0, T1; H¥ ' (R3\X)).

The supremum of such T is equal to the supremum of all T such that the
initial value problem has a C? solution with 3*u bounded for |a| < 2. Also,
one can take T > 2 if | fllyn + |Igll gv—1 is sufficiently small.

This essentially follows from the local existence results Theorem 9.4
and Lemma 9.6 in [9]. The latter were only stated for diagonal single-speed
systems; however, since the proof relied only on energy estimates, it extends
to the multi-speed non-diagonal case if the symmetry assumptions (1.8) are
satisfied.



Global existence for wave equations 103

Next, as in [11], in order to avoid dealing with compatibility conditions
for the Cauchy data, it is convenient to reduce the Cauchy problem (1.5) to
an equivalent equation with a nonlinear driving force but vanishing Cauchy
data. We then can set up a continuity argument for the new equation using
the estimates from Sects. 2—4 to prove Theorem 1.1.

Recall that our smallness condition on the data is

GO Y S g+ O 10 0] e < -

la|<101 || <100

To make the reduction to an equation with zero initial data, we first note
that if the data satisfies (5.1) with & > 0 small, then we can find a solution u
to the system (1.5) on a set of the form 0 < ¢t < |x| where ¢ = 5max; ¢y,
and that this solution satisfies

(5.2) sup > )8 ult, )l 2k rimay < Cofs

O<t<oo <101

where Cy is an absolute constant.

To prove this we shall repeat an argument from [11]. We note that by
scaling in the t-variable we may assume that max; c; = 1/2. The above
local existence theorem yields a solution « to (1.5) on the set 0 < ¢ < 2
satisfying the bounds (5.2). To see that this solution extends to the larger
set 0 < ¢t < |x|, we let R > 4 and consider data (fr, gr) supported
in the set R/4 < |x| < 4R which agrees with the data (f, g) on the set
R/2 < |x| < 2R. Let ug(t, x) satisfy the boundaryless equation

DMR = Q(dMR, RildzuR)

with Cauchy data (fz(R-), Rggr(R-)). The solution ug then exists for 0 <
t < 1 by standard results (see [5]) and satisfies

sup flug(t, )|l gior g3y < C(||fR(R')||H101(R3) + R||gR(R')||H100(R3))

O<t<l

= CR™( Y (RO ful oy + B D (RO gl ).

la|<101 || <100

The smallness condition on |uy| implies that the wave speeds for the quasi-
linear equation are bounded above by 1. A domain of dependence argument
shows that the solutions ugx(R~'t, R'x) restricted to | |x| — R| < g —t
agree on their overlaps, and also with the local solution, yielding a solution
to (1.5) on the set {R3\ K : 2t < |x|}. A partition of unity argument now
yields (5.2).

We use the local solution u to set up the continuity argument. Fix a cutoff
function x € C*®(R) satisfying x(s) = 1 if s < 5- and x(s) = 0if s > 1,
and set

uo(t, x) = n(t, x)u(t, x), n(t, x) = x(|x|7'0),
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assuming as we may that 0 € K. Note that since |x| is bounded below on
the complement of X, the function 5(t, x) is smooth and homogeneous of
degree O in (z, x). Also

DMO = UQ(dM, dzu) + [D’ 7)]“

Thus, u solves Ou = Q(du, d*u) for 0 < t < T if and only if w = u — ug
solves

w(t,x)=0, <0
forO<rtr<T.
The key step in proving that (5.3) admits a global solution is to prove
uniform dispersive estimates for w on intervals of existence. To do this, let

us first note that since 1y = nu by (5.2) and Lemma 4.5 there is an absolute
constant C; so that

G4 (+r+1xD) D [L*Z%uo(t, x)|
utla<99
Y ez, |, < Cre.
ptla|+|p1<101
Furthermore, if we let v be the solution of the linear equation
Uv = —[0, n]u
(5.5) vlox =0
v(t,x) =0, =<0,

then (5.2) and Theorem 3.1 implies that there is an absolute constant C, so
that

(5.6) A+r41xD) Y [LFZ%(1x)] < Coe.

pta|<90
Indeed, by (3.2) the left side of (5.6) is dominated by

! dxd
[ ¥ wzames S5
0 Jlx|>cs |x|

puta]<97

t
+/ Z I8P (10, nlu) (s, M 2@ x: x)<2) ds
0

o] <94

which by the Schwarz inequality is bounded by

o0

3/2
Z Z sup (1) 2LEZo 0, mluds, )l 2K 27 <x<2it) -
p+lal <97 j=0 0<cs <27+t
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Since this is bounded by

sup > ALz, pludt, -l

O<t<oo L] <97
one gets (5.6) by (5.2) and the homogeneity of 7.

Using this we can set up the continuity argument. If ¢ > 0 is as above we
shall assume that we have a C? solution of our equation (1.5)for0 <t < T
such that for r € [0, T] and small ¢ > 0 we have the pointwise dispersive
estimates

6D A+r+n Y (12w 01+ 12w, 0l) < Ae
| <40

(5.8) (1+t+7r) Z ILY Z%w(t, x)| < Bie(1 + )/ log(2 + 1),

la|+v<55
v<2

as well as the L? and weighted L?L? estimates

(5.9) D 8w/, ll2 < Bae(1+ 0"
|| <100
(5.10) D IL Zw @, )llp < Bse(1+ 0!
lae]4+v<70
v<3
GAD Y )T PLYZ%w s, < Bas(1 40" (log(2 + 1),
|o]+v<68
v<3

Here, as before the L2-norms are taken over R*\ K, and the weighted L?L?2-
norms are taken over S; = [0, 1] x R\ .X.

In our main estimate, (5.7), Ag = 4C,, where C is the constant occurring
for the bounds (5.6) for v. Clearly if ¢ is small then all of these estimates
are valid if 7 = 2, by Theorem 5.1. Keeping this in mind, we shall then
prove that for ¢ > 0 smaller than some number depending on the constants
Bl, ey B4 that

i) (5.7)is valid with Ag replaced by Ay/2;
ii) (5.8)—(5.11) are a consequence of (5.7) for suitable constants B;.

By the local existence theorem it will follow that a solution exists for all
t > 0if ¢ is small enough.

Let us first deal with i). Since we already know that v satisfies (5.6) to
achieve i), by Theorem 3.1 it suffices to show that

(5.12) [+ 11 <Cé?,
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where

(5.13) 1_/ f L Z9 O du, ) (5, y)| B
]R\J(

|aH—,u<48 | |

(5.14) 11_/ > ILH*Q(du, d*u)(s, )12y <2 ds.
0 lal+u<45
n=<

since this implies the same sort of bounds where Q is replaced by (1 —n)Q
in (5.13) and (5.14).

Let us first deal with . This term was the only one that had to be dealt
with in the boundaryless case, and the argument for it is similar to the
corresponding one in [27].

To handle I we shall have to employ a different argument for the
quadratic terms satisfying the null condition and the quasilinear ones that
do not. Therefore, let us write

(5.15) Q=0u=Nu' u")+ ) Z B auX o007, u = ug + w,
J#K j k=0

where the “null term” N(u’, u”) satisfies the bounds in Lemma 4.1, while
the second term in the right of (5.15) involves interactions between waves
of different speeds.

Let us first handle the contribution of N(u’, u”) to I. By Lemma 4.1

C
(5.16) Y |LFZON@ . u) < — Y |LFZ%| Y |L*Z%/|

| <48 Y] eso o] <50
n=l n=2 n=2
le
+C§ § |L*Z%0u| § L*Z29ul.
) Ja|+pn=<48 lo|+u<48
n=l n<l

To handle the contribution of the first term in the right side of (5.16)
to /, we apply (5.8) to get that

Y IL*Z%u(y, )| < Ce(lyl +9) " log2 + 9),

o] +p <50
n=2

which means that the first term in the right side of (5.16) has a contribution
to I which is dominated by
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.y log(2 + s) dyds
f Lo B e
R\K‘a|+ﬂ<50 IyI“(yl+s

: C‘S‘gf Do T RLEZU s, ) lals) T s,

0 |otH—,u<50

if § > 0. But if § is chosen small enough so that 4/5 —§ > 1/2 4+ 1/10
then we can use Schwarz’s inequality along with (5.11) to see that the last
expression is O(g?). We are using here the fact that u = uy + w, as well
as the fact that u satisfies better bounds than those in (5.11) because of
(5.4).

Let us see that the contribution of the second term in the right side of
(5.16) enjoys the same bound. For a given J we can use (4.8) to see that the
contribution is dominated by

(5.17)
t
/ O (X Iz e+ Y e AL Z T, o)
0 lo| <51 o +<50
n=2 n=l

x> T LR ZMU (s, )l ds

ler|+p <50
u=l

/ > 2 < )L ZM (s, Dy

R=2k< Q" lo|+1 =50
u<l

1) L7, D )

-1
X E l{y) LMZ&M/(S")”L2(|y|%R)ds’
lee| 4+ <50
n=l

with ¢y = min; ¢;, and L?(]y| &~ R) indicating L?-norms over {y € R}\ X :
|y| € [R/4,2R]}. If one uses (5.4) and (5.8) to estimate the first factor in
the last term, one concludes that this term is dominated by

8/ (log2+)*(s)™° >~ Iy~ PL 27U/ (s, )2 ds = O,
0

lee| -+ <50
n=l

using (5.11) and (5.4) in the last step. For the first term of (5.17), we note
that by (5.8)
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(5.18) (s+r) Z IL*Z*Clu| < Cls +r) Z |L*Z%u|)?

Je|+1<50 lee] 4+ <51
n=l u<l
< Celog+s)(1+9'° > L'z,
loe|+p <51

n=l

assuming, as we may, that ¢ < 1. Thus, by (5.10) and (5.4) the contribution
of the first term in the right side of (5.17) must be dominated by

ft<S>1(g<s>1/10 +810g(2+s)<s>1/1o+1/5>
0

XY I TILEZMU (s, )l ds,

loe|+p <51
n<2

which is also O(g?) by (5.11) and (5.4).
This concludes the proof that the null form terms have O(g?) contribu-
tions to 1. If we use (4.7) it is clear that the multi-speed quadratic terms

3
> B oo’ T £K
.k, I=0

will have the same contribution. This completes the proof that I satisfies
the bounds in (5.12).

It is also easy to see now that 11 is O(g?). If we use (5.18), we see that
11 is dominated by

t
[ og2 4 30 L2 . Vi
0

loe|+p <51
p<l

which is O(g?) by (5.11) and (5.4).

This completes step i) of the proof, which was to show that (5.8)—(5.11)
imply (5.7).

To finish the proof of Theorem 1.1 we need to show how (5.7) implies
(5.8)—~(5.12). In proving the L? estimates we shall use the fact that, in the
notation of Sect. 1, L1, u = B(du), where the quadratic form B(du) is the
semilinear part of the nonlinearity Q, and

I, jk _ L] jko N _ U, jkq K
y =y W) = — E B ou”.
0<I<3
1<K<D

Depending on the linear estimates we shall employ, at times we shall prove
certain L? bounds for u while at other times, we shall prove them for w.
Since u = w + uy and u satisfies the bounds in (5.4) it will always be the
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case that bounds for w will imply those for u and vice versa. Also note that
by (5.7)

Ce
(1+s)

Using these facts we can prove (5.9). Let us first notice that if we use

(2.5) and (5.7) then we can estimate the energy of d/u for j < M < 100.
We shall use induction on M.
We first notice that by (2.5) and (5.19) we have

(5.19) 1y (s, oo <

(5200 HEw(® < C Y [|O,8u, )||2—|——E1/2( )(@).

=M

Note that for M =1, 2, ...

S a0ul = (X foiw |+ Y [oiotul) Y- 10wl

=M <M j<M-1 | <40
+C D Y 8]
le|<M—41 40<|a|<M/2
S O S )
14t ! !
j=M j<M—1
+C Z |a(xu/| Z |8au/|,
|| <M—41 le|<M/2

since (5.7) and (5.4) imply |3%u’| < Ce/(1 + 1) if |a| < 40. Also, if we use
elliptic regularity and repeat this argument we get

2. 180 D], =c ) [o/ua D, +C Y |80 ],

Jj<M-1 j<M j<M 1
<C Z |8/u'(z, I, +
J<M §M7]

+C Z 19/ (1, )3Pu (2, ) 2.

la|=M—41,|8|=M/2

|8/ 0%ue, )|,

If ¢ is small we can absorb the second to last term into the left side of the
preceding inequality. Therefore, if we combine the last two inequalities we
conclude that

;HD yoju(, |, < 1—+t Z |ofu't, )|,

+C Y e )P )

la|<M—41,|8|<M/2
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If we combine this with (5.20) we get that for small ¢ > 0
(5.21) BEL2 w0 < —— B} @)

141

+C Y 0 )P )

la|<M—41,|8|<M/2

since when e is small 1E)*(u)(5) < 32,2y 18/u/(t, )1l < 2B () (0).
If M = 40, the last term in (5.21) drops out and so

1/2 1/2

o W)(®) =< C—E

=1+ o W)(@).

Since E %3 (u)(0) < Ce, an application of Gronwall’s inequality yields
(5.22) Y ofu' @ ), < 287w @) < Ce(1 + 0.
j<40
By elliptic regularity and (5.7) this leads to the bounds
Do 19, )2 < Ce(1+ D
lor| <40

If M > 40 we have to deal with the last term in (5.21). To do this we
first note that by Lemma 4.5 we have

D A RS T LA (AR P

la|<M—41,|8|<M/2

<C > 1)~ 27u' (2, )13,

|y |<max(M—39,2+M/2)

which means that for 40 < M < 100, (5.21) and Gronwall’s inequality
yield

(5.23)
Efw®n sca+n®le+ Y 16722 g, |

|oe] <max(M—39,2+M/2)
if, as before, S, = [0, f] x R}\ K.
If we use (5.22) and (5.23) along with a simple induction argument we
conclude that we would have the desired bounds

(5.24) E\ )2 (u)(t) < Ce(1 4 1)Cte

for arbitrarily small o > 0 if we could prove the following
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Lemma 5.2. Under the above assumptions if M < 100 and

(525) Y l0W' D+ Y 1) T8 s,

le|<M le|<M—3
+ Yz D+ Y T2 sy < Ce(1 41,

lo|l<M—4 lo|<M—6

with o > 0, then there is a constant C' so that

526) > e ay + Y 12 )]

lo|<M—2 lo|<M—3

+ Y T2 gy < Cle(1+ T
le|<M—5

Proof of Lemma 5.2. Let us start out by estimating the first term in the right
side of (5.26). By (5.4) and (2.22) we have

(527) (og2+ )~ D> )"0 I 125,

la|<M -2
< Ce+ (log+ )" Y ) 20w s,
le|<M—2
t
<Ce+C ) f 10°Chw(s, Hlads +C Y 130wl s,
joa<m—1+0 lal<M—2

Since 0w = 0“Uu — 9*0ug, (5.4) implies that the right side is

t
=Ce+C Y f 19°Chuts, lads +C Y 10Dl agsy.
0

le|<M—1 loe|<M—2

If M < 40 we can use (5.7) and (5.25) to see that the last two terms are
< Ce(1 4+ 0+, 1f 40 < M < 100 we can repeat the proof of (5.23) to
conclude that they are

S C8(1 + t)2C6+20 + C Z ||<x>71/2zaul||iz(st)
|a|<max(M—39,24+M/2)

tCswp (X Nz k) Y TRz s,
0=s=1 Y 1<M—6 || <max(M—39,2+M/2)
< C8(1 +t)2C8+20,
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using the induction hypothesis (5.25) and the fact that max(M — 39,2 +
M/2) < M—6if M > 40. Thus, the left side of (5.27) is < Ce(1 4 1)>¢e+27,
which by (5.4) means that

D% | sy < Ce(1+ 07T log(2 4 1)

la|<M -2

Thus, we have the desired bounds for the first term in the left side of (5.26).

We need to control the second term in the left side of (5.26). Here we
need to use (2.20). In order to do so, we need to estimate the first term in its
right side. We note that if Yy,_3 ¢(¢) is as in (2.20), then

Y I8,z0ua |,
le|<M—3

<C Y 2@ 2@ )
|Bl+lyl=M-3
<C D 2% )2 )

|Bl=M—3,|y|<40

+C Y NZPda, HZW @ )
|Bl.ly|=M—43

< 1_y1/230(l)+c ST Pz @ I
|Bl<M—41

In the last step, we used (5.7) and Lemma 4.5. By plugging this into (2.20),

we conclude that

Ce /
9 Yy-3,000) = ?YM 3000+ C Z ) VRZPU A, D I3Y 500
|Bl<M—41

+C Y )T )13

le|<M—2
Therefore, by Gronwall’s inequality, we have
D 1Z4u @ )3 < CYis o)
lo|<M—3

=Cc+0“(2+ Y 100722001 s, S0P YifZa0(6)
<s<t

|Bl=M—41
-1/2 ’ 2
+ > T, ->||L2(s,>)-

le|<M—2

In the previous step we estimated the last term in the right. Since the
inductive hypothesis handles the first factor of the second term, we conclude
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that the second term in (5.26) also satisfies the desired bounds. Using (2.23),
this in turn implies that the third term satisfies the bounds, which completes
the proof. m|

This proves (5.24). By elliptic regularity, we get

D 0% (2 )2 < Ce(1+ <,
|a] <100

which in turn yields (5.9). We also get from Lemma 5.2 that

(528) D )P0t w ey + D 12w

| <98 la| <97

+ Y T2 s,y < Cle(l 409,
|| <95

since the same sort of bounds hold when « is replaced by w.

Here and in what follows o denotes a small constant that must be taken
to be larger and larger at each occurrence. Note that in terms of the number
of Z derivatives (5.26) is considerably stronger than the variants of (5.10)
and (5.11) where one just takes the terms with v = 0. This is because just
as in going from (5.9) to (5.28) there is a loss of derivatives, there will be
a loss of derivatives in going from L? bounds for terms of the form L' Z*w/’
to those of the form L""!Z%w'.

The proof of the estimates involving powers of L is a bit more compli-
cated. Still we shall follow the above strategy. First we shall estimate L"9%u’
in L2 when « is small using (5.7). Then we shall estimate the remaining
parts of (5.10) and (5.11) for this value of v by an inductive argument that
is similar to the one in Lemma 5.2.

The main part of the next step will be to show that

(5.29) > ILFeu (t, - )lla < Ce(1 + et
lor|+p <92
p<l
For this we shall want to use (2.17). We first must establish appropriate
versions of (2.16) for Ny + vy < 92, vy = 1. For this we note that for
M <92

> (1279/0u] + [[L#0], 0 - 0, Jul)

Jtu<m
n=l

<C Lo/u'| + Lo/ 9%u 10%u/|
(X [Zow|+ Y [Loforul) 3

j<M-1 j=M-2 ler| <40

+C D LW Y] 9%+ C Y [0%] > |0%u'|.

la| <M—41 lal<M lal<M lor] <max(M/2, M—40)
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From this, (5.7), Lemma 4.5 and elliptic regularity we get that for M < 92
Y- (I2o/O,ut |, + |[E"9.0 - 0, Juc. )

C L
SN e ],

Jtu=Mm
n<l

=

+C Y T PL @ Dl Y TPz @ )

la|<M—41 lor| <94

+C > TPz 5

|| <max(M,2+M/2)

Based on this if € is small then (2.16) holds with 6 = Ce and

Hiya()=C Y Ilx)"Low'a, )3

|| <M—41

+C YTz @ )l

lee|<94

Therefore since the conditions on the data give X, ;(0) < Ceif u+; < 100
it follows from (2.17) and (5.28) that for M < 92

(5.30) Y ILF0U (. )2 < Ce(1+

loe|+pu<M
p<l

+CA+0" > Lo |7,

|| <M—41

t
+ C( +t)cgf Z 0%’ (s, )l L2(x)<1) ds-

O jal<M+1

(S1)

If we apply (2.33) and (5.4) we get that the last integral is dominated by
¢log(2 + 1) plus

t
/ 3 18w (s, )llzqe<nds
O Jaj<M+1
t s
=C Z /(/ ”8a|:|w(r")”Lz(\|x|—(s—r)\<10)d77)ds-
0o o

le| <M+2

By (5.4) if we replace w by uy we see that the analog of the last term is
O(log(2 + t)e). We therefore conclude that
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t
S [ llizgugends = Clog(2+ e

| <M+1Y0
t s
+C Z / (f IIE)“Du(r, . )“LZU |x|7(s7f)‘<1o)d‘[)ds‘
0 0

le|<M+2
Since
Do lCul=C Yo o 1],
le| <M+2 le|<M+3 lal<1+M/2

an application of Lemma 4.5 yields

> 19 0ur, 2 ixi—g—n <10
loe|<M+2

12,12
<C DI ZU T2 o <20y
||<95

since 3+M/2 < 95if M < 92. Since the sets {(z, x) : | |x|—(j—1) | < 20},
j=0,1,2,... have finite overlap, we conclude that for M < 92

t
> f 199U’ (s, )l 2qxj<1yds < Celog(2 +1)
la|<M+1 Y0

+C Y TPz
|a|<95
< CS(] 4 [)CS—HT_

Therefore, by (5.30) we have that

S°ILH U )l < Ce(l 4O

loe|+p<M
p<l

+CA+0% > )L (7o,
lo|<M—41

This gives the desired bounds when M < 40.

If we now use (2.22) with vy = 1 and Ny 4 vy = 92, then the analog of
Lemma 5.2 where M = 100 is replaced by M = 92 and u is replaced by
Lu is valid. By an induction argument we get (5.29) from this as well as

B30 D TP W sy + Y ILFZHW T )]

et] 4+ <90 |oe| 41 <89

n=l n=l
+ Y )T LI ZW | sy < Ce(1 4 S,
loe|+1 <87

n=l
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If we repeat this argument we can estimate L>Z%’ and L3Z%u’ for
appropriate Z¢. Using (5.29) and (5.31) and the last argument gives

Do ILrewa Dl Y LAz )l

o]+ <84 lo|+p <81
n=2 n=2
+ Y )T PLE 2 s, < Ce(l 4 HETE.
loe| -+ <79
n=2

Then using the estimates for L*#Z%’, u < 2 we can argue as above to
finally get

DI Ew e Y Y ILZ W )l

|+ =76 la[+p<73
n=<3 n<3
+ Y )T PLEZ s, < Ce(l 4 HEHE
loe| -+ <71
n=3

If we combine this with our earlier bounds, we conclude that (5.10) and
(5.11) must be valid.

It remains to prove (5.8). This is straightforward. If we use Theorem 3.1
we find that its left side is dominated by the square of that of (5.11). Hence
(5.11) implies (5.8), which finishes the proof.
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