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Abstract. In this paper, we shall prove that Axiom A maps are dense in
the space of C? interval maps (endowed with the C? topology). As a step of
the proof, we shall prove real and complex a priori bounds for (first return
maps to certain small neighborhoods of the critical points of) real analytic
multimodal interval maps with non-degenerate critical points. We shall also
discuss rigidity for interval maps without large bounds.
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1. Introduction

It is a basic problem in the theory of dynamical systems to describe typical
systems. In the one-dimensional case, it is conjectured that generic systems
are structurally stable, and even more, they are Axiom A systems.

For any r € N, let C"([0, 1], [0, 1]) be the space of all C" maps from
[0, 1] into itself, endowed with the C" topology. A map f in this space is
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called C"-structurally stable if there is a C" neighborhood U of f such that
every g € U is topologically conjugate to f. A C! map f satisfies Axiom A
if the following hold:

(A1) all periodic points are hyperbolic;

(A2) letting B( f) denote the union of basins of attracting periodic points
of f and letting 2 = [0, 1] — B(f), then Q is a hyperbolic set, that is, there
are constants C > 0 and A > 1, such that

|5 ()| = cat
holds for all x € 2 and k € N.

Conjecture 1. For any r € N, any f € C’([0, 1], [0, 1]) can be approxi-
mated in the C" topology by maps g € C" ([0, 1], [0, 1]) satisfying Axiom A.

An Axiom A map has very simple dynamics. In fact, it is easy to
see that the set 2 as in (A2) is a nowhere dense compact set with zero
Lebesgue measure. It is also rather easy to show that for any r > 1, C”
Axiom A maps form an open subset of C"([0, 1], [0, 1]). Moreover, it is
well known that if » > 2, then Axiom A, together with a few other mild
conditions, implies C"-structurally stability. So an affirmative answer to the
above conjecture implies the following: for any r > 1, C"-structurally stable
maps are Axiom A. See [35] for more details.

Conjecture 1 has been studied by many authors. For r = 1, it was proved
by Jakobson [18] using a purely real method. His approach was based on
a closing lemma, and thus seemed irremediably tied to the C' topology.
In [5], Blokh and Misiurewicz noticed that one can do a better C? closing
perturbation under a geometric assumption: arbitrarily big space for certain
first return maps (large bounds, see Definition 2.5). From this observation
they derived that C2([0, 1], [0, 1]) contains a dense subset consisting of
maps for which each critical point has a minimal w-limit set. (For an Ax-
iom A map f, the w-limit set of each critical point is a periodic orbit, and
hence obviously minimal.) The gain from C' to C? comes from the critical
point, and does not seem possible to improve using these methods.

There was, however, much progress in the unimodal case in 1990s,
due to successful application of “complex” tools. First, through a rigidity
approach, Lyubich [27] and Graczyk and Swiatek [11] proved that Ax-
iom A maps are dense in the family of real quadratic polynomials. Using
Sullivan’s deformation trick [46], one observes that it is enough to prove
that for any two topologically conjugate real quadratic maps (without at-
tracting cycles) are quasisymmetrically conjugate on their postcritical sets.
Later, Kozlovski [20,21] solved the conjecture for general smooth unimodal
maps. He first developed some real tools to address the problem of lack of
negative Schwarzian derivative. This allows him to extend earlier work by
Lyubich [25] and Levin and van Strien [22] to obtain suitable complex
extensions for certain first return maps in the real analytic case. Then he
introduced a new deformation trick, which essentially shows that a good
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complex extension, rigidity and absence of invariant line fields, imply dens-
ity of Axiom A in any C” topology. See also [24,2].
The goal of this paper is to prove the following

Main Theorem. Axiom A is open and dense in the space C*([0, 1], [0, 1]).

Main Corollary. C2-structurally stable maps satisfy Axiom A, and form
an open and dense subset of C*([0, 11, [0, 1]).

The strategy of this paper is as follows. We shall first study the real
geometry of a smooth interval map f with non-degenerate critical points,
and show that at any non-periodic recurrent critical point, f either has large
bounds or essentially bounded geometry (Theorem 1). Based on a careful
analysis of the macrostructure of the postcritical set, we shall show that the
geometry of this (Cantor) set is quasisymmetrically rigid for maps without
large bounds (Theorem 2). Furthermore, modifying the method of [31],
we shall show that if f is real analytic, then for any non-periodic recur-
rent critical point ¢ with a minimal w-limit set, there exists a generalized-
renormalization with respect to ¢ which can be extended to a generalized
polynomial-like mapping (Theorem 3). For precise statements of these theo-
rems, see Sect. 2.

The main theorem will then be derived from these results. Essentially
it suffices to show that a smooth interval map f cannot be C>-structurally
stable if it has a non-periodic recurrent critical point, c. In the case that f has
large bounds at c, this follows from the argument in [5]. In the remaining
case, we shall apply Kozlovski’s deformation trick.

It should be noted that in [26,27], Lyubich already noticed that lack of
large bounds gives severe restrictions on the geometry of unimodal interval
maps. It turns out that a unimodal interval map with a non-degenerate
critical point has large bounds unless it is infinitely renormalizable (in
the classical sense) of “essentially bounded type”. The situation is quite
different when we consider more general interval maps. In particular, the
so-called Fibonacci unimodal map, while non-renormalizable, has bounded
geometry, provided that the critical order is greater than 2, see [19,6].
A concrete example of a non-renormalizable bimodal cubic polynomial
with bounded geometry has also been constructed in [48].

The proof of Theorem 1 will be given in Sect. 4, where we shall prove
a slightly stronger result (Theorem 1°), which asserts that in the case of
lack of large bounds, a smaller nice interval can not be geometrically deep
inside a bigger one unless it is combinatorially deep inside as well. A proof
of this result for unimodal maps can be found in [26], but the combinatorial
arguments (return graph, ranks, essential periods, and so on) extensively
used therein seem difficult to generalize to the multimodal case. We shall
prove this result by an induction on a certain object. This argument provides
an example showing how we deal with the combinatorial complexity of
multimodal maps, and very similar ideas will also be used in the proof of
Theorems 2 and 3.
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Theorem 3 essentially reduces problems on the dynamics of real analytic
interval maps to the polynomial-like case. Polynomial-like maps have many
good properties which general interval maps themselves do not share. In
particular, the good external structure of a polynomial-like mapping is of
importance in this paper (to apply Kozlovski’s deformation trick). There
have been a lot of papers written in the literature on the polynomial-like
extension property for interval maps. For all unimodal maps f in the so-
called Epstein class, Levin and van Strien [22] obtained this property, by
improving earlier work of Sullivan [46] and Lyubich [26]. See also Graczyk
and Swiatek [12], and Lyubich and Yampolsky [26,31] for alternative proofs
in this case. In the real analytic unimodal case, this property was obtained
by Kozlovski [21]. However, for multimodal maps, only a very special case
has been treated before: infinitely renormalizable maps of bounded type,
see [15,45]. Our approach to Theorem 3 is based on a careful analysis of
the real geometry and motivated by Lyubich and Yampolsky’s argument,
and also borrows an idea from [24] (see Sect. 8.1). We shall deal with
all possible combinatorics, except when w(c) is non-minimal, in which
case the argument has to be slightly different since there are infinitely many
branches in a generalized renormalization. This case will be done elsewhere.
We should note that as in all the papers cited above, our approach also gives
the “complex bounds” property, which asserts that for certain extensions,
each domain is universally well inside the range. This property, which will
be proved in the appendix, should be useful for further development on the
dynamics of multimodal interval maps, although we shall not make use of
it here.

The rigidity conjecture asserts that the quasisymmetric and topological
conjugacy classes of an interval map (without periodic attractors) are equal.
An affirmative answer to this conjecture would imply Conjecture 1 together
with our Theorem 3. Theorem 2 can be considered as a weaker version of
this conjecture. Currently, the rigidity conjecture was only proved for real
quadratic polynomials, in the papers [11,27] cited above. See also [44] for
an alternative proof by considering iteration on the universal Teichmiiller
space. All these proofs use complex analysis, quasiconformal mapping
theory, and complex a priori bounds. Unfortunately, all of them rely heavily
on the fact that the map has a unique non-degenerate critical point, and do
not admit trivial generalization to the multimodal case. In fact we do not
even know if the large bounds property is topological.

Let us outline the structure of this paper. In Sect. 2, we shall review
basic concepts in real one-dimensional dynamics which will be used in our
arguments, and give precise statements of Theorems 1, 2 and 3. In Sect. 3,
we shall prove several lemmas concerning the real dynamics. The next two
sections, Sect. 4 and Sect. 5 are due to the analysis of the geometry of the
postcritical set. In Sect. 4, we shall prove Theorem 1, where the main step
is to prove a more technical result Proposition 4.1, through an induction
argument. In Sect. 5 we shall give a more detailed analysis for the case of
essentially bounded geometry. We shall see that in this case, the geometry
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is close to being bounded, and the only exception is caused by the presence
of a long central cascade of saddle node type. In Sect. 6, we shall prove
Theorem 2. In Sect. 7, we collect a few known facts in complex analysis
and complex dynamics, which will be used in Sect. 8, where we prove
Theorem 3. The proof of the main theorem will be completed in Sect. 9. In
the appendix, we shall show how to obtain “complex bounds”.

General notation. We use N to denote the set of positive integers.

We use dom( f) to denote the domain of a map f.

For any topological space A and a connected subset Ay, we use
Comp,,(A) to denote the connected component of A which contains Ay.
Moreover, for x € A, Comp, (A) 1= Comp{x} (A).

For any subset X C C, we use CI(X) to denote the closure of X in C.

For any bounded open interval I and any A > 0, we use A/ to denote
the open interval which has the same middle point as I and length A|/|. The
interval (1 4 28)1 is often referred to as the §-neighborhood of 1.

A map f from an open set U C C into C is called real symmetric if for
any z € U, we have 7 € U, and f(z) = f(2).

A € B means that A is compactly contained in B.
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I would also like to thank M. Lyubich for his inspiring talks at Hiroshima in 2000, J. Hu,
0. Kozlovski, G. Levin, D. Sands for useful comments. Special thanks go to A. Avila,
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exposition of this work, and to M. Todd for his help with English. This work was partially
supported by a Japanese Government Scholarship, and the final version of this paper is
written under the support of an EPSRC grant.

2. Some definitions and statements of results

The central part of this work is to gain control on the geometry of a multi-
modal interval map. Our analysis is inspired by recent research on unimodal
interval maps, and exploits the powerful renormalization idea.

2.1. Nice open sets and first return maps. Unless otherwise stated, f
stands for a smooth map f : [0, 1] — [0, 1] such that f({0, 1}) C {0, 1},
and such that all the critical points of f are contained in (0, 1) and non-
degenerate. Let N denote the collection of all such maps f, and let Crit( f)
denote the set of critical points of f. (In fact, many of the following argu-
ments also work for C? interval maps with C* non-flat critical points which
are all of turning type.)

We say an interval / is symmetric if it contains exactly one critical point
of f and f(9I) consists of a single point.

By a chain we mean a sequence of open intervals {G;}?_, contained in
(0, 1) such that G; is a component of f~!(G;,) forevery0 <i <n — 1.
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Note that f(0G;) C 0G;y;. The order of the chain is the number of the
integers i with 0 < i < n, such that G; contains a critical point, and
the intersection multiplicity is the maximal number of the intervals G;,
0 < i < n, which have a non-empty intersection. We shall also say that G
is a pull back of G,,.

Definition 2.1. Let f € N. Anopenset T C [0, 1] is called nice if for any
x € dT,and any n € N we have f"(x) € T.

This concept was introduced by Martens [34]. We shall use Dy to denote
the set of points which enter 7 under forward iterates of f, that is,

Dy = {x e dom(f): forsomek € N, f*(x) € T}.

For any x € Dy, the minimal positive integer k = k(x) such that f*(x) € T
will be called the entry time of x to T. The map

RT:DT—>T

defined by Ry (x) = f*¥)(x) is the first entry map to T. The first return map
to T is the restriction of Ry to Dy N T. A component of Dy is called an
entry domain to T, and also a return domain if it is contained in 7.

We shall repeatedly use the following (well-known) properties of a nice
open set T':

e any two pull backs of components of T are disjoint or nested, i.e., one
is contained in the other;

e the entry time k(x) is constant in any entry domain J, and the first entry
map Ry is proper: Ry (dJ) C dT;

e a finite union of components of Dy is again a nice open set.

Note. For any x € Dr, we shall use £,(T') to denote the component of Dy
which contains x, and define inductively, OC;“ (T) = L (L(T)) for any i.

Given a nice open interval T C (0, 1), and x € Dr, if k € N is the (first)
entry time of x to 7', then there is a unique chain {Ti}f.‘:0 with T, = T and
Ty > x, which will be referred to as the chain corresponding to the first
entry of x to T. As the intervals 7;, 0 < i < k, are pairwise disjoint, the
intersection multiplicity of this chain is at most 2, and the order is bounded
by the number of critical points of f.

2.2. Generalized renormalization and real box mappings. Let ¢ be
a non-periodic recurrent critical point of f. Note that there exist arbitrarily
small nice intervals which contain this point. Indeed, it is well-known that
¢ is accumulated by periodic points of f. Given a periodic point p close
to ¢, let I be the maximal symmetric open interval which contains ¢ and is
disjoint from the orbit of p. Then [ is a nice interval.

For a symmetric nice interval / > ¢, we denote by D; the union of
all components of D; which intersect w(c) N I, and define the generalized



C? density of Axiom A 307

renormalization R; to be the first return map to / restricted to D;. Here w(c)
denotes the w-limit set of c.
By a (principal) nest (around c¢), we mean a sequence of nice intervals

(1) I={’>1'">P*>-..},

where 1° 5 ¢ is a symmetric nice interval, and I"*! = £.(1") for alln > 0.
Given such a nest I, consider the generalized renormalizations,

R[n :D]n — I".

The configuration (/”, D;») provides a parameter to describe the geometric
property of w(c). As every branch of R;.+1 is an iterate of R, the general-
ized renormalizations also contain fruitful combinatorial information.

Note. Once a symmetric nice interval / is given, we define the correspond-
ing nestas I = I and I' = L.(I'"") for all i > 1, where c is the critical
point in /.

Definition 2.2. Aninterval / is called properly periodic if there is a positive
integer s such that the interiors of I, f(I), ..., f*~'(I) are pairwise disjoint,
f5U) c I, and f*(dl) C dl. The integer s is called the period of 1. We
say that f is infinitely renormalizable at a critical point c, if there is an
arbitrarily small properly periodic interval / > c. Otherwise, we say that f
is only finitely renormalizable at c.

If f is only finitely renormalizable at c, then for each small symmetric
nice interval  containing c, I" — {c}asn — oo. However, if f is infinitely
renormalizable at ¢, then for any such an interval I, (), I" is a properly
periodic interval.

In the unimodal case, a generalized renormalization defined as above
has a unique critical point, but in the multimodal case, it may have a large
number of critical branches, and each branch may have many critical points.
In the following we shall introduce the notion real box mapping, which can
be considered as a different type of generalized renormalization. Compared
to the generalized renormalization introduced above, a real box mapping has
less critical points and simpler branches, and so serves as a more convenient
notion for us to apply Kozlovski’s “deformation trick”.

Definition 2.3. Let ¢ be a non-periodic recurrent critical point of f. Let
[c] = {d € Crit(f) : w(d) = w(c) 2 ¢,d}, and b = #[c]. Let I > ¢ be
a symmetric nice interval. For any ¢’ € [c], let I(¢’) = Comp,(D; U I).
Denoteby I = Iy, I1, I, ... , I,_; these intervals I(¢'), ¢’ € [c]. Notice that
U?:_ol I; is a nice open set. The real box mapping associated to I, denoted
by By, is defined to be the first return map to this nice open set, restricted to
those return domains which intersect w(c).

We shall only use real box mappings in the case that w(c) is minimal,
and [ is a small strictly nice or properly periodic interval, where a strictly
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nice interval is, by definition, a nice interval for which the endpoints stay
away from its closure under forward iterates of f. In this case, the real box
mapping B; falls into the class #; defined below, see Lemma 3.2.

Definition 2.4. For any b € N, let §, be the collection of smooth maps

b— b—

@ f:(LmJJ,,')u(Ull,')»Ulli

j=0 i=1 i=0
with the following properties:

e [;’s are open intervals with pairwise disjoint closures;

e m is a non-negative integer;

e J;’s are open intervals contained in Iy, and the closures of J;’s are
pairwise disjoint and contained in /y unless m = 0 in which case we
also allow Jy = Ip;

e [ is aproper map;

e [ extends to a smooth map defined on the closure of its domain such
that f” does not vanish at the boundary;

e foreach 1 < j <m, f|J; is a diffeomorphism;

e forany U € {Jy, I1, I, ..., I,_1}, f|U has a unique critical point ¢y,
which is non-degenerate, i.e., f”(cy) # 0.

Moreover, let £}, be the subspace of &, consisting of maps f for which the
following hold:

e all the critical points do not escape under forward iterates of f,
e all the critical points are non-periodic and recurrent, and they have the
same w-limit set which is a minimal set.

A map f € &, extends naturally to a smooth map defined on the closure
of dom(f). Let §, denote the collection of maps in ¥, whose natural
extensions have only hyperbolic repelling periodic points.

The set Uf:ol I; is called the range of f.

Remark 2.1. For a map f in the class &, the concepts of nice open sets,
properly periodic intervals, renormalizations, etc, can be formulated sim-
ilarly as in the case that f is an interval endomorphism. For example, an
open set T contained in the range of f is called nice, if for any x € 0T
and for any n € N, we have f"(x) & T as long as x, f(x),..., f"~'(x) are
defined.

Note. We use N’ to denote the family & U (U,—; &b).

2.3. Scaling factors and large bounds. In what follows, f is a map in
the class N'. Let ¢ be a non-periodic recurrent critical point of f, and let
1> I' > ... be anest around c. Among many geometric parameters, the
scaling factors Ay = |I"|/|I"*!| are of particular interest. In general, they
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can be arbitrarily close to 1 or arbitrarily large. But a remarkable fact in
one-dimensional dynamics (real bounds) is that they can only be close to
1 in special situations. To be more precise we need a few definitions. Let
us say that R;. displays a central return, if Ryx(c) € I"*'. By a central
cascade, we mean a subnest

3) "D o N

such that R;.+: display central returns for all 0 < i < N — 2. In other
words, the return times of ¢ to these intervals 77, I"t', ..., "N~ are all
the same. The following theorem of van Strien and Vargas says that the
scaling factor A« is uniformly bounded away from 1 unless /" is contained
in a long central cascade.

Theorem 2.1 ([47], see also [49,42]).

1. There exists A = A#Crit(f)) > 1 with the following property. Let us
consider a nest I° D I' > 1> D - with |1°] sufficiently small. If Ry
does not display a central return, then

| 1n+] |
)\,1n+l == W Z )\,

2. Forany & > 0, there exists & = &' (&, #Crit(f)) > 0 with the following
property. If (1 +2&)I"*! C I", then for each return domain J to 1",
we have

(1+2&)J c 1"

Real bounds were proved for S-unimodal maps earlier by Martens [34].
These bounds will play an important role in our consideration. But clearly
they do not yet give a satisfactory description of the geometry of w(c).
Most of our analysis will be done under the assumption that the scaling
factors are uniformly bounded from above. It turns out that this assumption
gives severe restrictions on the geometric properties, in a similar way to that
noticed by Lyubich [26,27] in the unimodal case.

Remark 2.2. In the unimodal case, the scaling factors give distortion control
of the generalized renormalizations: if A;» is bounded away from 1, then each
branch of R;.+1 can be expressed as Lo f, where L is a diffeomorphism with
uniformly bounded distortion. This can be seen as follows: if J is a return
domain to /""" with return time s, and if {G Y=o 1s the chain with G, = I"
and Gy D J, then for every 0 < j < s — 1, G; is disjoint from /"',
and thus does not contain the critical point, which implies that £5~!| f(J)
has bounded distortion, by the real Koebe principle (Lemma 3.5). However,
this argument fails in the multimodal case, because there are critical points
outside /"' which may enter the intervals G ; arbitrarily many times.

Our first theorem says that if the scaling factors are not uniformly
bounded, then f will have large bounds, defined as follows.
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Definition 2.5. Let ¢ be a non-periodic recurrent critical point of f. A sym-
metric nice interval I > c is called C-nice if for any x € w(c) N I, we have

(14+20)Ly(I) C 1.

We say that f has large bounds at c if for any C > 0, there is an arbitrarily
small symmetric C-nice interval which contains c. We say that f has essen-
tially bounded geometry at c if there is a constant C > 1 such that for any
symmetric nice interval / > ¢, we have

1] = ClLcD)].

Theorem 1. Let f be a map in N' and let ¢ be a non-periodic recurrent
critical point of f. If f does not have large bounds at c, then it has essentially
bounded geometry at c.

Note that the large bounds property is exactly the geometric condition
needed in Blokh and Misiurewicz’s C? closing lemma.

Theorem 1 follows immediately from the usual Koebe principle in the
unimodal case, but the situation is much more complicated in the multimodal
case. In fact, we shall prove the following more general result, from which
Theorem 1 follows immediately.

Theorem 1’. Let f and c be as above. For any d € N and any & > 0,
there exists & = &'(&, d, #Crit(f)) > 0 such that the following holds.
Let I be a sufficiently small symmetric nice interval which contains c. Let
x € w)NIand J = LY. If I D (1 + 28)J, then for any y € orb(c),
we have

Ly(1) D (1 +28)Ly(J),
Moreover, for fixed d and #Crit(f), we have
4) £ — ocoasé — oo.

The first part of this theorem is a special case of Theorem B.1 in [47],
which asserts that this part holds even without the assumption that J =
£L4(I). To us, the second part, the dependence (4) is very important. Note
that without the combinatorial hypothesis, it is impossible to obtain this
dependence. A typical example where (4) does not hold is when J is deep
inside a saddle node central cascade.

Remark 2.3. 1t is easy to see that if f has large bounds at a non-periodic
recurrent critical point ¢, then it also has large bounds at any other recurrent
critical point d with the same w-limit set. Thus for a map f in the class %,
it makes sense to say whether f has large bounds or not, without referring
to a specified critical point.
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Essentially bounded geometry. The definition of “essentially bounded
geometry” does not tell us much, but in Sect. 5, we shall justify the name
by showing that the geometry of a smooth interval map with “essentially
bounded geometry” is close to being bounded, and the only exception is
caused by the presence of a long central cascade of saddle node type.

To be more precisely, let us consider a nest I > I' O ... As a conse-
quence of Theorem 1°, we shall prove that a return domain to I"*! which
intersects w(c) cannot be deep inside /", see Corollary 5.3. So if the scal-
ing factors A;n = |I"|/|I"""| are bounded away from 1, then for any n,
any return domain to /"*!' must be commensurable to I"*! (for otherwise it
would be deep inside I"). Together with Theorem 2.1, it follows that if there
are no long central cascades in the nest, then the whole nest has bounded
geometry.

If a long central cascade does exist, then the geometry is no longer
bounded: the scaling factors can be close to 1. We shall show, however, that
a long maximal central cascade can only be essentially of saddle node type,
and thus the geometry is still under satisfactory control, see Proposition 5.1
and Theorem 5.4. Here we say that a central cascade as in (3) is maximal if
Rn+n-1 displays a non-central return.

In Sect. 5.5, we consider the case that f is infinitely renormalizable
at ¢, and show that the geometry of an appropriate initial partition at each
renormalization level is also uniformly bounded. See Theorem 5.6.

2.4. Rigidity.
Definition 2.6. Two maps f : (U_, J;) U U ) — Uy 1and f -
Uiz J) U (Uﬁ:ll I) — Uf;ol I; in the class %, are combinatorially

equivalent if there is a homeomorphism /4 : R — R such that for each
0<i<b-—1land0 < j < m, we have

h(Jj) = Jj h(l) = Ii;

if ¢; is the critical point of f in [;, then ¢; = h(c;) is a critical point of f ;
forany k € N, h(f*(ci) = F*(@);

for each z € d(dom(f)), h(f(2)) = f(h(2)).

Such a map & will be called a combinatorial equivalence between f and f.

Definition 2.7. A homeomorphism /# : R — R is called quasisymmetric
(gs in short) if there exists M > 1, such that for any x, y,z € R with
y—x=2z—y#0, wehave

L _h@—ho) _

M = h(y) = h(x) —

Theorem 2. Let f, f € G, be two combinatorially equivalent maps which
have essentially bounded geometry. Then they are quasisymmetrically con-
jugate on the postcritical sets, i.e., the combinatorial equivalence can be
realized by a quasisymmetric map.
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We should remark that in case that both of the maps f and f have
good complex extensions (polynomial-like box mappings, see the next sub-
section), then by a well-known pull-back argument due to Thurston, the
gs partial conjugacy between the postcritical sets can be promoted to a gs
global conjugacy. See [9] and also Sect. 9.

As we have noted before, it is conjectured that this theorem is true even
without the assumption that f and f have essentially bounded geometry (the
rigidity conjecture). This conjecture has been verified in the unimodal case
in [11,27] using complex tools, but the multimodal case is still essentially
open. A main property, “the linear growth of the principal moduli”, which
holds for a unimodal map (with a non-degenerate critical point) fails in the
multimodal case. Theorem 2 is a weaker version of this conjecture, and will
be proved using a purely real argument, motivated by Sullivan’s proof in
[46] for the quadratic Feigenbaum polynomials.

2.5. Polynomial-like extension.

Definition 2.8. Let V;, 0 < i < b — 1 be pairwise disjoint topological
disks. Let U;, 0 < j < m be topological disks with pairwise disjoint
closures which are contained in V. A map

m b—1

b—1

) F:<UUJ~)U<UW)—>U\4
j=0 i=1 i=

is called a polynomial-like mapping if for each component U of dom(F),

F|U is a holomorphic proper map onto a component of Uf;(; V;. The filled

Julia set of F is defined to be the set of non-escaping points. The boundary

of this set is called the Julia set of F.

Polynomial-like mappings first appeared in Douady and Hubbard’s work
[8] on quadratic polynomials, and the notion has been generalized several
times since then. Douady and Hubbard’s original definition requires b = 1
and m = 0, in which case, we say that F is a DH-polynomial-like mapping.

Definition 2.9. A polynomial-like map F is called a (holomorphic) polyno-
mial-like box mapping if the following hold:

e foreach 1 < j <m, F|U, is a conformal map onto some V; and
e forany U € {Uy, Vi, Vo, ..., Vy_1}, F|U has a unique critical point of
order 2.

Theorem 3. Let f be a real analytic map in the class ¥, and let ¢ be
a critical point of f. If f has essentially bounded geometry at c, then there
exists an arbitrarily small nice interval I containing c such that the real box
mapping associated to 1 extends to a polynomial-like box mapping.
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In fact, if f has large bounds at c, the same result holds as well, and
the proof is even much simpler, although it is unnecessary for our main
theorem. Our approach is motivated by previous works in the unimodal
case, specially [31]. As is expected, the proof gives complex bounds for
appropriate extensions, see Theorem 3’ in the appendix.

3. Background in real dynamics

In this section, we recall some known results and prove a few lemmas
in real one-dimensional dynamics which will be used later. Recall that
N =NU(Upe &)

3.1. No wandering interval theorem. For an interval map f, a wandering
interval is an interval J such that f*|J is well-defined for all s € N, and
such that the intervals J, f(J), f2(J), ... are pairwise disjoint, and such
that J is not contained in the basin of a periodic attractor.

Theorem 3.1. A map f € N’ has no wandering interval. Equivalently, if
J is an interval such that f*|J is well defined for all s € N and such that
liminf,_, o | f*(J)| = O, then there is a periodic point p such that

lim supd(f*(x). () =0.

This theorem follows from the work by Guckenheimer, de Melo and van
Strien, Lyubich, Blokh and Lyubich, and Martens, de Melo and van Strien.
See [14,35,25,3,37]. In particular, this implies

Lemma 3.1. Let f € N' and let ¢ be a non-periodic critical point of f.
Then for any § > 0, there is a §' > 0 such that the following hold.

(1) Forany interval J and any non-negative integer s, if f*|J is well-defined
and f*(J) C (c =&, c+ &), then |J| < §;

(2) Assume that c is recurrent and that w(c) is minimal. For any interval J
and any non-negative integer s, if °|J is well-defined, and if there is
a point x € w(c) such that {*(J) C (x = §,x+ &), then |J| < 6.

Proof. We shall only prove the first statement. The second one can be done
in a similar way. Arguing by contradiction, assume that this statement is
false. Then for any k = 1,2, ..., there exist an interval J; and a non-
negative integer s, such that f*|J; is well-defined, limy |J;] > O and
limy sup, . ;, d(c, f*(x)) = 0. By passing to a subsequence, we may assume
that (1), Ji contains a non-degenerate interval J. Then

lim supd(c, f*(x)) = 0.

k=00 ycJ
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It follows immediately that s, — oo as k tends to co. So f*|J is well-define
for all s € N. By Theorem 3.1, there is a periodic point p such that

Jim supd(f*(p). f*(x)) = 0.

But this implies that ¢ is contained in the orbit of p, and hence periodic,
a contradiction. O

Lemma 3.2. Let [ be a map in N, and let ¢ be a non-periodic recurrent
critical point with a minimal w-limit set. There exists § > 0, such that for
any symmetric interval 1 > ¢ with |I| < §, if it is strictly nice or properly
periodic, then the real box mapping B belongs to the class ¥, where b is
the number of critical points contained in w(c).

Proof. LetBy : (UTI0 Jj)u (Uf.’;ll I) — U?:o I; be the real box mapping
associated to /.

Since w(c) is a compact set contained in Dy, there are only finitely many
entry domains to / which intersect w(c). Since each J; is an entry domain
tol,m < oo.

If I is a properly periodic interval, then we have Jy = Iy. If [ is strictly
nice, then for each 0 < j < m, J; is compactly contained in /, and the
closures of the J;’s are pairwise disjoint.

Let [c] denote the set of critical points which are contained in w(c). Let
81 = d(w(c), Crit(f) — w(c)) > 0. By Lemma 3.1, if |/| is sufficiently
small, then each pull back of I has length less than §;. For any component
M of dom(By), let s be the entry time of M to | J; I;, and let 0 < i’ < b — 1
be such that f*(M) C Iy. Let us consider the chain {G};_, with G, = I
and Go D M. For each 0 < k < s, |Gi| < §;. Since G; N w(c) # 0,
Gy N (Crit(f) — [c]) = @. Since s is the entry time of M to | J; I;,
GyNY;I; = ¥ foreach 1 < k < s — 1, and in particular, G, N [c]
= (. Consequently, f*~'|G, is a diffeomorphism. Therefore, B; has ex-
actly b critical branches Jy, I, ... , I,_; each of which has a unique critical
point. The orbits of these critical points under iterates of B; are contained
in w(c) N (Y, I;), and hence compactly contained in  J; I;. O

We shall also use the following theorem of [37].

Theorem 3.2. For any map f € N, there exist p > 1 and N € N, such
that if p is a periodic point of period n > N, then we have

(Y (p)| = e

3.2. The real Koebe principle. Let J € I be two intervals, and let L and
R be the components of / — J. The cross ratios A(I, J), B(I, J) are defined
to be

1111 J] _ Uil

—————— B(,J)= ——
ILUJ||RUJ|

AL J) = = .
(.7) [L||R|
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For any C® maps h : I — R with h’ # 0, the Schwarzian derivative is

defined as
" 3 /K 2
Sh=———-|—1] .
h 2 (h’)

As is well known, a diffeomorphism with negative Schwarzian derivative
expands the cross ratios ([35]). For a general smooth map, the distortion of
cross ratios is described in the following lemma.

Lemma 3.3. (de Melo, van Strien, [36]). Let h : [0,1] — [0, 1] be
a C? diffeomorphism. There exists a constant C > 0 such that for any
J &I C|0,1], we have

A(h(), h(J))

(6) exp (CIL||R]) = AT

> exp (— CILIIR),

and

BRD. D) o (—cip)

2
(7 exp (Cl11%) = BLT) =

where L, R are the components of I — J.

Lemma3.4. Let § > 0 and C € (0, 1] be constants. Let h : T — (-3,
1 + 8) be a C' diffeomorphism. Assume that for any intervals J € I C T,
we have

B(h(I), h(J)) -
B(,J) ~

Then for any x, y € T with h(x), h(y) € [0, 1], we have
2 / 2
6 1+6 <h(x)<i 1+6 .
) ~h(y) — C° )

Proof. This is a well-known lemma. For a proof, see [35] Theorem IV.1.2.
O

Lemma 3.5. For any map f € N', and for any § > 0 and N € N, there
are constants ¢ = €(5, N, f) > 0, §; = 61(8) > 0and K = K(5) > 1 with
the following property. Let n € N, and let I  J be intervals contained in
dom( f") such that "|I is a diffeomorphism and f"(1) D (1 4+ 28) f"(J).
Assume that

®) #Ho<i<n—1:f )2 f'(NH}<N
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and that maxg<;j<p—1 | Fi(I)| < &. Then

(1) I>A+28)J;
(2) forany x,y € J,

(f")'(x) <K
"y (y)
Moreover, §; — 0o as § — o0.
Proof. See [20] or Lemma 2.3 in [42]. O

Lemma 3.6. Let f be amap in N'. For any p,q € N and any § > 0, there
exist constants € = ¢(f, 6, p,q) > 0and 8; = §,(8, p) > 0 such that the
following holds. Let G = {G}}_, and G = {G’j %o be chains such that
maxg<;<s IG’jI <eand G; C G’j forany 0 < j <s. Assume that the order
of the chain G’ is at most p and that

©) #H0<j<s:G,2G}<q

If (1 428G, C G, then (1 +28,)Gy C G,. Moreover, for a fixed p,
81(8, p) = oo as § — oo.

Proof. See Proposition 2.2 in [42]. m|

Remark 3.1. Before the work [20], to apply the real Koebe principle for
smooth interval maps, one usually had to estimate the intersection multipli-
city of the chains involved, which in practice is not always straightforward.
As we shall see, the conditions (8) and (9) in the above lemmas are much
easier to check in many cases. For instance, let {G’j };—o be a chain such that
G’ is a nice interval, and let G, be a subinterval of G,. Assume that for
some x € G,, we have G, D L7(G}). Then

#H0<j<s—1:G;2G}=r

Indeed, if 0 < j; < j, < --+ < j, < s — 1 be all the integers such that
G’jl_ 3 G,, then G, @ G’jl C OCX(G’J.Z) C - CLYG,) and hence n < r.

Remark 3.2. Keep the notation in the previous lemma. Let s; < 5, <
- < s, be all the integers between 1 and s — 1 such that G, contains
a critical pomt and let so = 0, 5,41 = 5. Then forany 0 <i < n, the map
[T Gy — Gy, 18 a diffeomorphism with uniformly bounded
distortion (which depends only on § and p). Thus f*|G( can be written as
the composition of at most p functions of the form L o f, with L being
a diffeomorphism with uniformly bounded distortion. In this sense, we
shall say that the map f"|Gy has (p, 8)-uniformly good distortion, or just
uniformly good distortion when we do not specify the constants p and §.
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In [20], Kozlovski proved that for a smooth unimodal map with a non-flat
critical point, the first entry map to a small neighborhood of the critical value
has negative Schwarzian. This result has been extended to the multimodal
case in [47].

Lemma 3.7. Let f be an interval map in N'. There exist neighborhoods
U; of the critical points so that whenever f"(x) € U; for some x € [0, 1]
and some n € N, then the Schwarzian derivative of f"*' at x is negative:

St (x) < 0.

Proof. See Theorem B.3 in [47]. m]

As we shall work on neighborhoods of critical points rather than the
critical values, it is often more convenient for us to use Lemmas 3.5 and
3.6 rather than the previous one. Actually, in Sect. 5.6, we shall show that
if f has essentially bounded geometry at a critical point c, then the real box
mapping associated to a small nice interval / > ¢ has negative Schwarzian
derivative.

Lemma 3.8. Let f € F, and let ¢ € Crit(f). Let I be a nice interval,
and let I' O I be an open interval with (I' — I) N w(c) = @. Let J be
a component of Dy with J N w(c) # ¥, and let s be the entry time of J to I.
Then the chain G’ = {G;}‘;:O with G, = I' and G|, D J has order < b, and
intersection multiplicity < 4.

Proof. LetG = {G j};=o be the chain with G, = I and Gy = J. Then these
intervals G;,0 < j < s — 1, are pairwise disjoint, and thus the chain G has
order at most b. Since I’ — [ is disjoint from w(c), so is G’j — G for any
0 < j <s.Asw(c) D Crit(f), it follows that the chain G’ has the same
order as G.

Assume that the intersection multiplicity of G’ is > 5. Then we can find
0 < ji < j» < j3 < s—1suchthatthereisapointx € ﬂ?zl G’jl_—U?:1 Gj,.
Choose 1 < k < m < 3 such that G, and G, are on the same side of x.
Then G’jk D Gy, or G’jm D Gj,. Since Gy = J intersects w(c), it follows
that (G’jl_ — Gj) Nw(c) # @ fori = k or m, a contradiction. |

3.3. An improved macroscopic Koebe principle. In [47], the following
result was derived from the real bounds:

Theorem 3.3 (Improved macroscopic Koebe principle). Let f be a map
in N'. For each & > 0, there exists & > 0 with the following property. Let
I be a nice interval and J a subinterval of I such that (1 42&)J C I. Then
for any x € [0, 1] and any k € N with f*(x) € J,

(1 + 28" Comp, (f (1)) C Ly(I).
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Proof. This is exactly Theorem B.1 in [47] if x € [. In the case that
x & I,let ¥ € N be the entry time of x to /. Then by that theorem,
Comp v, (f ~*&=k)( 1)) is well inside 1. Applying Lemma 3.6 to the chain
corresponding to the first entry of x to I, we complete the proof. m|

We should remark that the constant & depends only on & and the number
of critical points of f, provided that each interval in D; is sufficiently small.

We shall need the following result in Sect. 9, which was proved in [42]
by a Yoccoz type t-function argument. Using the previous theorem, we can
now give it a very short proof.

Theorem 3.4. Let f be a map in N' and let ¢ be a non-periodic recurrent
critical point. If w(c) is non-minimal, then f has large bounds at c.

Proof. 1t is not difficult to see that f is not infinitely renormalizable at c,
using the no wandering interval theorem (Theorem 3.1). Let I := I° 5 ¢ be
a small symmetric nice interval such that / does not contain any properly
periodic interval of f, and let /"' = £.(1") for all n > 0. Then |I"| — 0
asn — oo.

Moreover, by replacing I with a smaller symmetric nice interval if
necessary, we may assume that D; have infinitely many components Jy > c,
Ji, Jo, ... intersecting orb(c) N I. For any i > 1, let r; € N be the entry
time of J; to I, let n; € N be the entry time of ¢ to J;, and let A; = L.(J;).
Then |A;| — 0asi — oo.

For any x € orb(c) N A;, f/(x) & A; for all 1 < j < n;. Thus
S (Lx(A)) C oL pnir)(A;). By Lemma 3.6, if £ ¢n () (A;) is deep inside J;,
then so is £, (A;) in A;.

Letm(1) < m(2) < --- beall the positive integers such that R juw-1 (¢) €
I"® By Theorem 2.1, for any k, |I"®+1|/|1"®| is uniformly bounded
away from 1. Take a large i € N. Then there are many n’s such that
1"t > A; and |1"|/|1"*"] is uniformly bounded away from 1. Applying
Theorem 3.3, we see that & ;) (A;) is deep inside o&L i) (I) = J;. So A;
is a C-nice interval for a large C. The proof is completed. m|

3.4. Measure of the postcritical set. Later on we shall need to estimate
the total length of a sequence of intervals, where the following result will
be convenient to us.

Proposition 3.5. Let f € %, and ¢ € Crit(f). Then w(c) has (one-
dimensional) Lebesgue measure zero.

For a proof of this proposition, see [47]. The infinitely renormalizable
case was proved earlier in [4]. The finitely renormalizable case was also
claimed in [49], but the proof seems incomplete. The proposition will be
used in the following form:
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Corollary 3.6. Let [ € F, and ¢ € Crit(f). For any ¢ > 0, there is a
8 > 0 with the following property. Let {G;};_, be a chain with intersection
multiplicity N. If Go N w(c) # O and if |G| < 6, then

i |G;| < Ne.
i=0

Proof. Since G; is contained in a small neighborhood of a point in w(c), any
pull back of this interval has a small length, by Lemma 3.1. Thus, max; |G|
is small, and so (_J ; G is contained in a small neighborhood of w(c). Since
w(c) has measure zero, a small neighborhood of w(c) has a small measure.
The corollary follows. m|

4. Essentially bounded geometry and large bounds

In this section, we begin to analyze the geometry of the postcritical set of
asmooth interval map f. The goal is to prove Theorems 1 and 1°. As we have
mentioned before, Theorem 1’ will also play a crucial role in our further
geometrical analysis for maps without large bounds in the next section.

For a nice open set K, let M(K) be the collection of all intervals which
are pull backs of components of K. Then any two intervals in M(K) are
either disjoint, or nested, i.e., one is contained in the other.

Definition 4.1. Let J C I beintervals in M (K). The (combinatorial) depth
of J in 1, denoted by Dep(/, J), is the minimal non-negative integer d such
that there exists a point x € J with J D £9(1).

For instance, Dep(/, 1) = 0, and if J is a return domain to / then
Dep(1, J) = 1 as long as J # I. Note that if Dep(/, J) = d, then for any
y € J, we have QC”V’(I) C J. By Theorem 3.3, Theorem 1’ follows from the
following: ’

Proposition 4.1. Let d € N and let C > 0. For any f € N, there exist
constants & = E#Crit(f),C,d) > 0and e = ¢(f, C,d) > 0 such that the
following holds. Let K be a nice open set such that every interval in M(K)
has length less than €. Let I O J be intervals belonging to M(K) such that
Dep(1,J) <dand I D (1 +2&)J. Then for any x € D,, we have

(10) L:(1) D (1+2C)L(J).

If the entry time s of x to J coincides with that to 7, then the chain {/;}}_,
with I; = I and Iy > x has bounded order, and thus the proposition follows
immediately from the real Koebe principle (Lemma 3.6). In general, the
entry times can be different, and we shall consider all the entries of x to /
before the first one to J. If the pull backs of I corresponding to these earlier
entries are monotone, then we are again able to use the real Koebe principle
directly to conclude the proof. To deal with the critical return branches, we
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shall show that we can pull back a big space along an arbitrarily long central
cascade without too much loss, while at each time passing a central cascade
we get a definite amount of bound by results on real bounds. The formal
proof of this proposition will be organized by induction on the cardinality
of the critical points involved in the pull backs of I corresponding to the
earlier entries. It is rather complicated, and will occupy most of the rest of
this section. Let us first show how Theorem 1 follows.

Proof of Theorem 1. Assume that f does not have essentially bounded
geometry at a non-periodic recurrent critical point c. Then by definition,
there is a sequence {7;}7°, of symmetric nice intervals which contain c,
such that |T,'|/|Tl.1| — o0 as i — 00, where Tl.1 = L.(T;). Note that
|T;| — 0 as i — oco. By Proposition 4.1, for any C > 0, T is a C-nice

interval for i sufficiently large. This proves that f has large bounds. m|

4.1. Preparatory lemmas.

Lemma 4.1. Letd € N and let K be an arbitrary nice open set. Let 1, J, H
be intervals in M(K) such that J C I and H C D;. Let x € H N Dy, and
let s be the entry time of x to J. Assume that f'(x) ¢ H forall1 <i <s—1,
and that J D °C”}S(x)(l). Then

L(J) D LUH).

Proof. We first prove the lemma for d = 1. Let {J;}]_, be the chain with
Jo=Jand Jy > x. Then ;N H =@ forall 1 <i < s — 1. Indeed, for
1 <i<s—1,J; C Himplies fi(x) € H,andif H C J;then f*~/(H) C J,
which implies f*~(x) € J. Both cases contradict the hypothesis. Now
assume L (H) ¢ L.(J), and consider z € (dL,(J)) N L (H). Since
fi(z) ¢ Hforall1 <i <s—1, f(z) is contained in H U Dy C D;. But
f¥(z) € 9J, contradicting the hypothesis J D £ s(x)(1).

Now let us consider the general case. Let [; = £if5(x>(l ) for each i > 0.
Let H) = H and H; = L,(I;) foreachi > 1.Let 0 < d < d — 1 be an
integer such that

IDLDLD---DIyDJDIyy.

Then we have H; 1 D L,(H;) for all i > 0 and also £,(J) D Hy+1 D
L (Hy). Therefore,

L(J) D LI (H) D LYH). q

Lemma 4.2. There exist §; > 0 and N which depend only on #Crit( f) with
the following property. Let I be a small symmetric nice interval containing
c € Crit(f) and let s be the return time of c to 1. Then one of the following
holds:
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(1) I contains the §,-neighborhood of I1';
(2) the intersection multiplicity of the chain {T;};_, with T, = (1 4+ 28,)1
and Ty O I' is at most N.

Proof. This follows from Lemmas 2 and 3 of [47]. m]

Lemma 4.3. There exist constants §; > 0 and C > 1 depending only
on #Crit(f) with the following property. Let I be a small symmetric nice
interval containing ¢ € Crit(f). If |I|/|1'| < 1 + 285, then we have

(11) (@] <C
forall x € I', where s is the return time of c to I.

Proof. Let 8, = §;/2, where §; > 0 is as in the previous lemma. Then we
are in the latter case of that lemma, and thus f*|/' can be written as the
composition of a bounded number of functions of the form L o f, where L
has uniformly bounded distortion. Since

lFan|
< — 1+ 26,
o S ST

the lemma follows. O

4.2. Proof of Proposition 4.1. The proof will be done by induction on the
cardinality of the critical set Crit(/, J, x) defined as follows.

Let s € N be the entry time of x to J, letng =0andlet0 <n; < --- <
n, = s be all the positive integers such that " (x) € I, 1 < i < k. For
any 0 < i < k — 1, consider the chain {G"}}%;™" with G},  , = I and
Gf, > f"(x). Let

k—1njy1—ni—1
Crit(1, J, x) = Crit(f) N (U U G?)-
i=0  j=0

We are going to prove the following two inductive statements.

Statement N. For any C > 0 and d € N, there exist Ey = Ex(C,d) > 0
and ¢ = ¢(f, N, C, d) with the following property. Let K be a nice open
set, let I, J be intervals in M(K) with I D J and Dep(l, J) < d, and let
x € Dj. Assume that the following hold:

e cvery interval in M(K) has length less than &;
o (1+2&y)J C I, and #Crit(1, J,x) < N.

Then (10) holds.

Statement N'. For any C > 0 and d € N, there exist £, = &\, (C,d) > 0
and & = & (N, f, C,d) > 0 with the following property. Let K, I, J, x be
as above. Assume that the following hold:
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e cvery interval in M(K) has length less than €';
o (1+2&\)J C 1, and #Crit(1, J,x) = N;
e there exists ¢ € Crit(1, J, x) such that I is symmetric and I > c.

Then (10) holds.

Obviously, Statement N’ follows from Statement N. We shall prove
Statement 0, and (Statement N'+ Statement N — 1 — Statement N) in
this subsection, and prove (Statement (N — 1) — Statement N’) in the
next subsection.

Proof of Statement 0. Since Crit(l, J,x) = (, the chain {G j}j':o with
G, = I and Gy > x is monotone. Since {0 < j <5 : G; D J} <d (ct.
Remark 3.1), by Lemma 3.5, £, (J) is deep inside Gy C £L,(1), provided
that J is deep inside /. m|

Proof of (Statement N'+ Statement (N — 1) = Statement N). Let I, J, x
be as in Statement N. Let ny = 0, ny, ..., n; = s be as above. Then there
exist0 <i <k—1and 0 < j < n;y; —n; — 1 such that Gi- contains
a critical point of f, say ¢’. Let us choose i, j with this property and such
that (i, j) is maximal in the lexicographical order. Let I’ = G; and J' =
L it (). Since (G}, 4y With Gy = Tand Gy j41 3 [ () is
amonotone chain, by Lemma 3.5, J' is deep inside Gy C I’, provided that J
is sufficiently deep inside /. If n; 4 j = 0, then this proves what we want. So
assume that n; + j # 0. To prove that £, (J) is deep inside £, (1), it suffices
to prove that /£, (J’) is deep inside £,(/"). By Lemma 4.1, Dep(I’, J') <
Dep(1, J) = d. Clearly we have Crit(I’, J', x) C Crit(/, J, x). If these two
sets do not coincide, then #Crit(I’, J', x) < N—1, and so Statement (N — 1)
applies. Otherwise, Crit(1’, J', x) > ¢/, and Statement N’ applies. O

4.3. Induction step. In this subsection, we shall prove
Statement N — 1 — Statement N'.

So let us assume that / is a symmetric nice interval, #Crit(/, J, x) = N, and
Crit(l, J, x) > ¢, where c is the critical point in /.

By definition, the height x; of I is the number of positive integers m
such that R;»—1 displays a non-central return, i.e., R;»-1(c) ¢ I"™. Note that
if x; = 0, then the first return of ¢ to I° enters I/ for all j > 0, which
implies that w(c) N (I° — 1) = ¢, and that [ i J is a periodic interval.

If J 5 ¢, we define e(I, J) = oo. Otherwise, we define e(/, J) to be the
non-negative integer such that J ¢ 1¢/) — 1¢0:))*1 Note that in the latter
case,

e(1,J) <Dep(l, J) — 1.

Furthermore, define m(1) to be the minimal positive integer such that
Rymi-1(c) & IV if x; > 1, and define m (1) = oo otherwise.
We shall fix a constant C > 0 throughout this subsection.
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Lemma 4.4. There exists C; = C,(C) > 0, and for any ¥ > 0 there exists
©1(X) > X with the following property. Assume that (1 + 2¢,(%))J C I,
and that (10) fails. Then the following hold:

o [I° <CyII');
o there exists 1 < s; < s such that f*'(x) € 1', and such that

Dep(I', L 1())) <d, Crit(I', £ p10)(J), x) = Crit(1, J, x);
° (1 +22)°Cf“1(x)(-]) C I'.

Proof. Let 0 < s; < s be maximal such that f*'(x) € I'. (Such an in-
teger exists because Crit(/, J, x) 3 c.) Then Crit(Z, J, f*'*!(x)) C Crit(/,
J, x)—{c}. Assume that I contains a large neighborhood of J. Then it follows
from Statement N — 1 that &£ z+1(,)(I) contains a large neighborhood of
oL psi+1((J), and thus, I' = o&L ki (1) contains a large neighborhood of
J' = &L 10 (J). If 51 = 0, then we have (10). So assume that s; > 0.

Note that Crit(Z, I', x) C Crit(1, J,x) — {c}. If I° D> (1 + 2&y_)1",
where &y_; is as in Statement N — 1, then by that statement, (14
20)L,(IY) C L,(I). Since L(J) C L (I"), (10) follows, which con-
tradicts the hypothesis. Thus, [1°|/|I'| is bounded from above.

By Lemma 4.1, Dep(I',J') < Dep(l,J) < d. Clearly, Crit(1',
J'.x) C Crit(1, J,x). If these two sets do not coincide, then
#Crit(I', J', x) < N, and so by Statement N — 1, £,(I) D £L,(I") con-
tains a large neighborhood of L£,(J') = £,(J), which is ruled out by the
assumption. So Crit(I', J!, x) = Crit(I, J, x). ]

Lemma 4.5. For any ¥ > 0, there exists ¢2(X) > X such that if (1 +
2¢,(%))J C I and if (10) fails, then for any 1 < i < d + 1, the following
hold:

(1) |I'7' < C,|I|, where C; = C,(C) is as in'Lemma 4.4;
(2) there exists 1 < s; < s such that f*i(x) € I', and such that
Dep(I', £ psi(0())) < d, Crit(I', L psi(vy(J), x) = Crit(1, J, x);
3) I +2X)Lpsin(J) C I'.
Proof. Define ¢,(X) = ¢"'(Z). Then by Lemma 4.4, we can prove in-
ductively that for any 1 <i < d + 1, there exists 0 < s; < s such that

W [ <o, ,

(2) f(x) € I', Dep(I', £ psi((J)) < d and Crit(I', £ s (J), x) =
Crit(1, J, x); _

3) (142" (2N Ly (J) C I

This proves the lemma. m|
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Lemma 4.6. There exist C,, C3 > 0depending on C such that the following
holds. Assume that (1 +2C3)J C I and that (10) is false. [f m(1) > d, then
forany 0 <i <d,

[ =1 > 1° = I')/ Cs.

Proof. If |I°|/|I'| < 1 + 26,, then by Lemma 4.3, |(f)'(y)| is bounded
from above on I', where ¢ is the return time of c to I. Since f/(I' — I'T!)
contains a component of '~/ — I'=/*! for any j < i < m(1) — 1, this
lemma follows.

Now assume that [1°]/|I'| > 1+ 28,. Then by Theorem 2.1, I contains
a definite neighborhood of I'*! for all i < d. In particular, |I' — I'*!| is
comparable to |I|. Taking C3 = ¢,(1) and applying Lemma 4.5, we see
that all these |/;| are comparable to |/°|. The lemma follows. O

Lemma 4.7. For any ¥ > 0, there exists ¢3(X) > X with the following
property. Assume that (1 + 2¢3(X))J C I and that (10) is false. Then there
exists py < s such that one of the following holds.

(D) m(1) < oo, (I + 28)Lynw(l) C I™V, and Dep(I™D,
Lsrw(J))) < d;

(2) e(l, J) < 00, and there exists k' > 1 such that {7 (x) € I¥ —[¥+e]),
and

(1 +2%)L (0 (J) C I¥, and Dep(1¥, £ pri((J)) < d.

Proof. Let M > C;l be a large constant, and assume that I D (1 +2M)J.
First let us show that J Z c. Otherwise, from Dep(/, J) < d we obtain
that J O I?. But Lemma 4.6 asserts that |1|/|1¢| < C¢; a contradiction. It
follows that e ;== e(I, J) <d — 1and J C I¢ — I°t!.
If m(1) < d, then taking p; to be s,,(1) as in Lemma 4.5, we see that the
first alternative of this lemma holds. So let us assume that m (1) > d. Let
k > ko > max{1, k — m(1) + e} be the minimal integer such that

fret(x) e I, -, fo(x) e TFRote,

Let Jo = J and let J; = &£ pu-i()(J) for each 0 < i < k. Note that for
0<i<k—ky—1, wehave

Ji C Ii+€ _ Il'+€+l‘

Let T be the component of / — I°*? which contains J. Then provided
that we have chosen the constant M sufficiently large, T contains a large
neighborhood of J because by Lemma 4.6, 1¢t! — 1¢¥2 is not much smaller
than 7° — I°T!. Consider the chain {Y}}f;gko with TS_,,kO =T and Ty, D
Ji—i,- Obviously, the chain has intersection multiplicity e + 2, and hence
its order is at most (e + 2)#Crit(f) < (d 4+ D)#Crit(f). By Lemma 3.6, Tj
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contains a large neighborhood of J;_,. In particular, 7*=% contains a large
neighborhood of J;_y,. Note that Dep(77%, J; ;) < d by Lemma 4.1.
By the definition of k,, we have the following three possibilities:

1) ko = 1. Let us show that this case cannot happen if M has been chosen
sufficiently large. In fact, in this case, the first entry of x to I¥7% coincides
with that to J;_,, and so by Lemma 3.6, £, (I) D £, (%) contains the
C-neighborhood of £, (J) = £L,(J;_y,), a contradiction.

2)ko =k —m(1) +e. Thenk — kg =m(l) —eand m(1) < 0o0. Ase < d,
applying Lemma 4.5 to the triple (1"V=¢, J,,(1)—, x), we conclude that the
first alternative of this lemma holds.

3) ko > max(1, k—m(1)+e) and f"o-1(x) g [¥Fo+et! Letk; < k—ko+e
be such that

frho-t(x) e 1M — [,
Let us first deal with the case
(12) ki <k — ko.

Inthis case, I 1= oL g1, (IF770) C 10 =1 Let J' = L g1 () (Jito):
Then by Lemma 3.6, I’ contains a large neighborhood of J'. If Crit(/’,
J',x) # c, then #Crit(I', J',x) < N, and hence by Statement N — 1,
L (I) D L (I") contains a large neighborhood of £,(J) = £L,(J'), a con-
tradiction. Thus Crit(I’, J', x) 3 c. Note that this implies that ¢ € Dy.
Since Ri(c) ¢ I" — [N+ for any i < m(1) — ky, we have m(1) < oo and
£L.(1") C 1™V By the definition of Crit(1’, J', x), there exists a maximal in-
teger p; with 0 < p; < ny,_; and such that 7! (x) € IV Applying State-
ment N — 1 to the triple (I, J/, f71*!(x)), we see that oL ppi+1 () (J') is deep
inside on]r]+l(x)(I/), from which it follows that £ sr1 () (J) = L pr1(x(J') is
deep inside oL pr1 () (I'). As L pm(I') C I"™DY, the first alternative of this
lemma holds. This proves the lemma under the assumption (12).

If (12) is false, then k — kg + e > k; > k — ko + 1, and thus

fnk0_|(x) c Ik7k0+1 o Ik*k()‘i’e(l,.])‘i’]‘

Setting p; = ny,—; and k' = k — ko + 1, the second alternative of this lemma
holds. O

Lemma 4.8. For any ¥ > 0, there exists p,(X) > X with the following
property. Assume that (1 + 2¢4(%))J C I and that (10) is false. Then

m(1) < oo and there exists g, < s such that

(14 2%)L a1 (J) C 1™, and Dep(I"V, L 011y (J)) < d.
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Proof. This statement follows from Lemma 4.7 by induction on e(/, J).
Note thatif e(1, J) = 0, then certainly the second case of that lemma cannot
happen. This proves the starting step. For the induction step, we observe that

in the second case of that lemma, Crit(I¥, £ (), x) C Crit(1, J, x),
and e(I¥, &L rri(n(J)) 18 either oo or < e(1, J). |

Proof of (Statement N — 1 = Statement N’). Let [ be a large positive
integer (to be determined below). Let us assume that / contains the goi(C )-
neighborhood of J, and prove that (10) holds. Arguing by contradiction,
assume that (10) fails. Then by Lemma 4.8, we can find positive integers
m(1) and g; < s such that

e Rumm-1(c) ¢ o,
o (14205 (O Lpar(J) C I"D,
° Dep(lm(l), OCftn (x)(J)) <d.

Clearly, Crit(I"™"V, &£ a1 (+y(J), x) C Crit(/, J, x). We may assume that these
two sets coincide, for otherwise, #Crit(1™", &L ra1(x(J), x) < N and State-
ment N — 1 implies that the C-neighborhood of £, (J) = &L (L pa1 () (J))
is contained in L£,(I"V) C £.(I); a contradiction. So we can apply
Lemma 4.8 to the triple (/™(1, &L ra1(x)(J), x), and obtain positive integers
m(2) > m(1) and ¢» < ¢; such that

° R]m(2)—] (C) ¢ Im(2>;

o (1+2¢, (D)L jariy(J) C 1™

e Dep(I"?, Ly (J)) < d.

Applying the argument to the triple (@, &£ fa2(5)(J), x), and so on, we

findm(l) > m(l—1) > --->m(l) >0and q; > g, > ---¢q; > 0 such
that forall 1 <i <,

Rpmi-1(c) ¢ 1™V, and L o (J) C 1™,

By Theorem 2.1, for each 1 < i < [ — 1, [I"?|/|1™P+!| is uniformly
bounded away from 1, and thus by the Theorem 3.3, £, (I"®) contains
a definite neighborhood of £, (/"™"*1!). In particular, if / has been chosen
large enough, then

(14+20)L(J) C (1 +20)L(UI™D) C £,(D),

a contradiction. The proof is completed. m|

5. Essentially bounded geometry

The goal of this section is to give a more detailed analysis of the geometry
of amap f € ¥, which does not have large bounds, and justify the name of
“essentially bounded geometry”.
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We first study the properties of a long central cascade. Recall that a cen-
tral cascade is a finite sequence of symmetric nice intervals

(13) °’>r'>...orm

such that I'*! = £,.(I") foreach 0 < i < m — 1, where c is the critical point
contained in /°, and such that R;i (c) € I'*! for each 0 <i < m — 2. Such
a central cascade is called maximal if R;»—1 displays a non-central return,
i.e., Rym-1(c) & I'. We say that the central cascade is of saddle node type
if R;o|I" has all the critical points in /™, and does not have a fixed point.

Definition 5.1. For a symmetric nice interval / containing ¢ € Crit(f), we
define the scaling factor to be

RV L
el

For a nice open set K with K Nw(c) # @, we define the limit scaling factor
to be

Ax = sup)vf,
1

where the supremum is taken over all symmetric nice intervals in M (K).
The limit scaling factor may be infinity.

For a map without large bounds, it turns out that a maximal long central
cascade must be essentially of saddle node type. More precisely,

Proposition 5.1. For any b € N, 6 > 0 and p > 1, there exists | =
[(8, p, b) € N with the following property. For any [ € F, there exists
e = ¢e(f,8,p) > 0 such that the following holds. Consider a maximal
central cascade 1° D I' > .- D I". Assume that |I°] < & Ap < p,
19> (1 +28)1', and m > 31. Then

(1) the central cascade I' > I't' > ... > " is of saddle node type;
(2) for any x € I"!, we have

14 R — x| ——1°
(14) |Rpo(x) x|_l(8,,0,n)| I

The proof is based on an idea of Sullivan: the first return map R;:|I>
is C! close to a map in the Epstein class, considered up to rescaling. The
conclusion is drawn by a limit argument: if it takes a long time for a critical
point to escape the central cascade, then the orbit of the first escaping critical
point will create a fixed point in the limit, which is forced to be parabolic
by the upper bounds on the scaling factors. In Sect. 5.1, we shall review this
principle of Sullivan in more details, and the proof of this proposition will
be done in Sect. 5.2.

Another important ingredient of our analysis is the following
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Proposition 5.2. Let f € ¥}, and let ¢ € Crit(f). Then for any p > 1 and
any d € N, there exist e = e(f, p,d) > 0and C = C(b, p,d) > O with the
following property. Let K C (c — €, ¢ + ¢) be a nice open set with Agx < p.
Let J C I be intervals in M(K) intersecting w(c) such that Dep(I, J) < d.
(See Definition 4.1.) Then

|£(D)] < Cl£o()].

This proposition will be proved in Sect. 5.3. Together with Proposi-
tion 4.1, it implies that a nice interval can not be geometrically deep inside
another one unless it is combinatorially deep inside as well.

Corollary 5.3. Under the circumstances of Proposition 5.2, (1+2C")J ¢ I,
where C' > 0 is a constant depending only on p, d and b.

Proof. By Proposition 4.1, if I contains a large neighborhood of J, then
L.(J) is deep inside L.(1). m]

With these results in hand, we then proceed to describe the geometric
properties of f. We shall need one more definition.

Definition 5.2. Let ¢ € Crit(f). For each nice interval /, let D; denote the
union of all components of D; which intersect I N w(c). We say that [ has
C-bounded geometry if the following hold:

0 (1+1/0I -1+ 1/0)7' ) Nwl) = v
(ii) for each component J of I — 0D;, we have |J| > |I|/C.

Note that by Lemma 3.8 and Lemma 3.6, the condition (i) implies that
the first return map R;|D; has uniformly good distortion when [ is small.
(See also Proposition 5.8 for a more detailed description of the distortion.)
The following two theorems, which will be proved in Sect. 5.4, describe
the properties of “essentially bounded geometry” in a nest: the second one
shows that the geometry is bounded unless we are deep in a long central
cascade; while the first one, complementary to Proposition 5.1, gives more
detailed control of the geometry of a long maximal central cascade.

Theorem 5.4. For any § > 0, p > 1 and b € N, there exist C > 0 and
q € N with the following property. Let f € F, and let ¢ € Crit(f). Let
us consider a maximal central cascade I° > 1' D --- > I" withm > 3I,
where | = [(8, p, b) is as in Proposition 5.1. Assume that Ap < p and
19D (1 +28) 1" If |1°] is sufficiently small, then the following hold:

(1) foreach0 <i <m — 1, we have
11 [Il — [+ 1
— < < ,
Ck+1)?2~ |10 (k4 1)2

where k = min(i, m — i);
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(2) forany0 <i <[, and any x € (I' — I''") N w(c), we have

Ryi(x) & 19— ",

Theorem 5.5. Let f € ¥}, and let ¢ € Crit(f). Forany 6 > 0, p > 0 and
p € N, there are ¢ = €(6, p, f) > 0and C = n(3, b, p, p) > 0 with the
following property. Let us consider anest I := 1° D I' > ... Assume that

[I| <e, A;<p, and I D (1+28)1".

Let m(0) = 0 and let m(1) < m(2) < --- be all the non-central return
moments. Then for any n > 2 with inf>o [n —m(k)| < p, I" has C-bounded
geometry.

In Sect. 5.5, we shall consider the case that f is infinitely renormalizable,
and show that the initial geometry of a sufficiently deep renormalization is
uniformly bounded. To be more precise, we need to introduce some notation.
Let ¢ be a critical point of f, and let 7" be the component of the domain
of f containing c. Let T : T — T be the involution with the property that
fot= fholdson T. Let

(15) BiD>DB,D---

be all the symmetric open properly periodic intervals which contain ¢, and
let1 <s; <s; <--- be the corresponding periods. For any n € N, f*" has
a fixed point in 0B, which we denote by 8,. (So B, = (B,, t(8,)).) Let o,
be the innermost fixed point of f**|B,, i.e., &, is the fixed point of f*'|B,
such that f** does not have a fixed pointin A, := («,, t(®,)). Note that f*
reverses the orientation at a,,. Let x,, be the point in ( f**|B,)~"(a,,) which
is closest to B, and let E,, = B,, — {x,, ©(x,)} U {a,,, () }.

Theorem 5.6. Let f € F;, be an infinitely renormalizable map with essen-
tially bounded geometry. Then there exists C > 1 such that for any n € N,
and for any component J of E,, the following hold.

o |J| = [B,|/C;
e J has C-bounded geometry.

5.1. Extension to a quasi-regular function. Sullivan [46] observed that
the first return map to a small interval extends to a quasi-regular map with
a small dilatation, from which various geometric estimates are deduced by
limit arguments. In this subsection, we review this subtle observation of
Sullivan, which we shall also use several times.

LemmaS5.1. Let h : [0,1] — [0,1] be a C' diffeomorphism. Then h
extends to a real symmetric K-qc map H : C — C, where

h//(l,)
h@|)

K =exp { sup
te(0,1]
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Proof. Without loss of generality, let us assume that / is orientation-
preserving. Let us first extend /4 to a homeomorphism of the real line by
defining i (x) = x for all x ¢ [0, 1], and then define a homeomorphism H
of the complex plane by H(x, y) = (h(x), y). Direct computation shows
that H is a K-qc map with

K = sup {h'(x),h'(x)""}.

x€[0,1]

Take x¢ € [0, 1] such that 4'(xg) = 1. Then we have

X h//(t)
/xo h'(0)

and thus the lemma holds. O

h//

h/

’

, , h//
llog i’ (x) — log i (x0)| = < |x — xo| sup m

< sup

Proposition 5.7. Let f € F. Let J C dom(f) be an open interval which
does not contain a critical point of f. Then f~' : f(J) — J extends to
a real symmetric O(|J|)-qgc map from C gy to an open set of C;.

Proof. Let A = Comp (dom(f)) and let B = Compﬂ 7 (range(f)).

Assume first that A does not contain a critical point. Let y, and y;
be the orientation-preserving affine homeomorphisms of the real line such
that yo(J) = y1(f(J)) = (0, 1). Consider the map F = yy0 f~' o yf] :
[0, 1] — [O, 1]. It follows from the previous lemma that F' extends to a real
symmetric K-qc map from C onto itself with

= 0(J)),

F//(l,)
K =exp sup -
refo,17] F'(0)

Direct computation shows that

F'o 1D (o)
F@ v (Y (o)

and thus the proposition holds.

Now assume that A contains a critical point c of f. Then f|A = Q o ¢,
where Q is a quadratic map, and ¢ is a smooth diffeomorphism defined on A.
Similarly as above, we show that ¢~!|¢(J) extends to a real symmetric
O(]J])-qc map from C onto itself. As the square root function extends
naturally to a conformal map from Cyy onto an open set of Cy,), this
proposition follows. m|

For any Cy, C, > 1, we say that a diffecomorphism ¢ : [—1,1] —
[—1, 1] is in the class K (C,, C») if the C'*!/2 norm of ¢ is at most C;, and
¢~ '[(—=1, 1) extends to a real symmetric C»-qc map from C(-1,1) into itself.
For any u € [—1/2,1/2], let Q,(z) = u(z> — 1) + z. For any v € (0, 2],
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let P,(z) = v(z> — 1) 4+ 1. Let & (C,, C», k) denote the set of all functions
@ :[—1,1] — [—1, 1] which can be written as

O =y,0¢p,0---0Yr0¢ 0 0,

for some m < k, where foreach 1 <i <m, ¢; € K(Cy, Cy);and ¥; = Q,,,
for some u; € [-1/2,1/2], or ¥; = P,, for some v; € [1/Cy, 2].

Proposition 5.8. For any 6 > 0 and b, N € N, there is a constant C > 1
with the following property. For any f € ¥y, and any n > 0, there is an
e > 0 such that the following holds. Let c € Crit(f). Let G' = {G}}}_, and
G = {G;};_, be chains such that G; C G}, GoNw(c) # V. Assume that the
intersection multiplicity of G’ is at most N, and that |G| < e. Moreover,
assume that

(1428)G, C G}, and | f*(Go)| = 8|G,|.

For any O <i < s, let y; be the orientation-preserving homeomorphism of
R such that y;(G;) = (—1, 1). Then the map

d=yo0f oy i [-1,1]—[-1,1]
belongs to the class 8&(C, 1 + n, 2Nb).

Proof. Let us fix a constant n > 0 and assume that |G| is small. By
Corollary 3.6, > i_,|G.| is small. We first consider the case that G’ is
a monotone chain, and prove that & € K (C, 1 + n) for some constant

= C(8) > 1. By Proposition 5.7, ®~! extends to a real symmetric
K-qc map from C_, j into itself with K = 1 4 O(Zf;é |G;|) which is
close to 1. It remains to estimate the C'*!/>-norm of ®. To this end, take
x,y € Go,andletT C G| bethed/|G|/(4] f*(x) — f*(y)])-neighborhood
of (f*(x), f°(y)). Let {T;}}_, be the chain with 7, = T and Tj > x, y. Since
G’ contains a definite nelghborhood of T;, the map f*|Ty has uniformly
bounded distortion by Lemma 3.5. Thus for all 0 < i < s — 1, we have
that

ITi1/1Gil < IT1/1Gl.

Therefore

- |50 — £
Z (Z'G'>|G|_0\/ |Gy

i=0
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So for any intervals U € V C Ty,

B(f(V), f(U)) UL
AT ;v(w)

=—-0 SX_EITA)

i=0

|f0) = ()]

=-0
|G
Applying Lemma 3.4, we obtain
(£ _ \/ F@ = o)
(f S)’(y) B |G| ’

where C > 1 is a constant depending only on § > 0. It follows that the
1/2-Holder norm of @ is uniformly bounded.

Now assume that the chain G’ is not monotone. Let s; < s be maximal
such that G, contains a critical point, say c. Then by what we have proved,

the map ;0 f5~517! oy, +1 belongs to the class K (C, 1+n). By Lemma 3.6,

fosil |G,+1 has bounded distortion. Since | f*(Gg)|/|Gs| > 6, it follows
that |f“+1(G0)|/|GS]+1| can not be too small. Since f(Gy,) D S(Gy),
this implies that | f(Gy,)|/|Gg,+1| is bounded away from zero, and so
Vsi+10 f o y;] € 86(C, 1+ n, 1). Moreover, | f*'(Go)|/|Gs, | is bounded
away from zero, and so the proof of the proposition is completed by induc-
tion on the order of G'. |

Amap ® : [—1, 1] — [—1, 1]isinthe Epstein class if ® € 8&(C, 1, N)
for some C > 1 and N € N. For such a map ® and for any affine homeo-
morphisms y,  of the real axis, we shall also say that the map y o ® o y is
in the Epstein class.

Remark that for any C > 1 and N € N, the family 4&(C, oo, N) =
o2, 8&(C, n, N) is compact in the C' topology. Moreover, for any § > 0,
the family 8&(C, 1 + 8, N) is also compact in the C' topology, and any
possible limit of a sequence f, € 46(C, 1 + 1/n, N) is contained in the
Epstein class. We shall use the following two lemmas frequently.

Lemma 5.2. For any C > 1, N € N, there is a constant § > 0 with
the following property. Let ® : [—1,1] — [—1, 1] be a map in the class
86(C,00,N) and let F = t® for some t € [1, C]. Assume that F does
not have a hyperbolic attracting fixed point in (—1, 1). Let c € (—1, 1) be
a critical point of F, i.e., F'(c) = 0. Then d(F(c),c) > 8. Moreover, if
x € [—1, 1] is a fixed point of F, then d(x, c) > .
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Proof. The latter statement follows from the former one since F has
bounded C'*!/2 norm. So it suffices to prove the former one. Arguing by
contradiction, assume that the statement fails. Then for any n € N, we can
find ®, € 86(C,00,N), t, € [1,C], and ¢, € (—1,1) with F,(c,) = 0,
and d(F,(c,), ¢,) < 1/n, where F, = 1,®,. As & (C, oo, N) is a compact
family in the C' topology, by passing to a subsequence we may assume
that ®, converges to a map ® € 8&(C, oo, N) in the C! topology. We may
also assume that t, — ¢t and ¢, — ¢. Then F,, > F = t® and F(c) = c.
So c is a hyperbolic attracting fixed point of F. Note that d(c,, {—1, 1}) is
bounded away from zero and thus ¢ € (—1, 1). It follows that for n suffi-
ciently large, F,, has a hyperbolic attracting fixed point, which contradicts
our assumption. m|

Lemma 5.3. Let J C I be intervals and let P : J — [ be a map in the
Epstein class with P # id. If u, v € J are distinct fixed points of P such
that P|(u, v) is monotone, then either 0 < P'(u) < 1 or0 < P'(v) < L.

Proof. By an observation of Sullivan ([46]), P has non-positive Schwarzian
derivative. Thus the map P’|[u, v] takes its minimum at either u or v. The
lemma follows easily. |

5.2. All central cascades are essentially of saddle node type.

Proof of Proposition 5.1. Let0 < m; < m be the minimal integer such that
Ro|I' has a critical value which is not contained in /"!. Below we shall
prove:

() if m is sufficiently large, then for some /(6, p, b), (14) holds for all
xelm.

Let us first show how (x) implies the proposition. Assume first that m;
is large. Note that () implies that R;o does not have a fixed point in /™!. By
definition of m, R;1 does not have a fixed point in 1° — "1 either. So I° D
I' D --- D I" is a saddle node central cascade. Now take an arbitrarily
point x € I™. Note that x, Rjo(x), Ry (x), ... , Ry ™" (x) € I" lie in order,

and hence |x — Ry ™" (x)| = (m — ml)l((S 0, b) '1°|. Consequently,

o= Ry )

m —m;j 51(87 P b) |IO| —

<1, p, b).
This proves the proposition in the case that m is sufficiently large. If m is
not large, then by Theorem 2.1, [I”!|/|I™*!] is bounded away from 1, and
so we may apply () to the central cascade I D I"™*! 5 ... 5 I". As
Ro|I' has at most b critical values, the proposition is proved by repeating
this argument at most b times.

The statement () will be shown by contradiction. Assume that () fails.

Then for each n = 1,2, ..., there exists a map f, € F; such that for any
&, > 0, there exists a max1mal central cascade {I/ (n)}m(") with respect to

fn around ¢, € Crit(f,) with the following properties:
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(i) ()| < &
(i) 1°(n) D (14 28)1'(n), AJs ) < p;
(ii1) my(n) — oo asn — o0; and
(iv) there exists x,, € 1™ (n) such that

Jn
|R10(n) (xn) — Xn |
[19(n)]

— 0, asn — o0,

In

1) has a critical

where m(n) is the minimal positive integer such that R

value not contained in I (n).

Let ¢, : I>(n) — I'(n) denote the first return map (under f,) of 1%(n)
to 1'(n). Let h,, be the orientation-preserving affine homeomorphism of R
such that I, (n) := h,(L(n)) = (=1, 1), and let &, = h, o ©p © h;]. By
assuming ¢, sufficiently small, it follows from Proposition 5.8 that

[P ()]
|11 (n)|

where C = C(b, §) is a constant. Thus after passing to a subsequence,
we may assume that &, converges in the C' topology to a map ® :
I'" — I°, which is in the Epstein class. The map ® is even: ®(z) = ®(—z),
and it does not have a hyperbolic attracting cycle in (—1, 1) because @,
does not. Since ®'(0) = 0, ®(0) # 0. Therefore |I"™'W~1(n)|/|I'(n)|
and hence |I"™ ™ (n)|/|I'(n)| is bounded away from 0. It follows that
|, (I ™ (n))|/|I'(n)] is bounded away from zero as well.

1
CI>,,€58<C,1+—,b),
n

Claim 1. There is a constant o > 0, such that for any n € N, we have
|1 )| = (1 +20)[ 1™ ™M (n)].

We may assume that m(n) > 1. Let u,, be a critical point of ¢, with
©n(uy) € M= () — "), Let s be the return time of ' (n) to 1°(n),
and let 0 < k < s — 1 be the minimal integer such that f*(u,) = p €

Crit(f,). Let J = £ (I"™=1(n)). Then
L Ll () c MO ) — 1M ().

Assume that |I™ ™= (n)|/|I™ ™ (n)| is close to 1. Then I"®~1(n) —
1™ (n) is tiny compared to I'(n). Since f7%(J) D @,(I™™(n)), its
length is comparable to that of /' (n). Since the map f*¥|J has uniformly
good distortion, it follows that OC{,” (J) is deep inside J, which contradicts
the hypothesis that Ao,y < p. The proof of the claim is completed.

Let us continue the proof of (x). To fix the notation, let us assume that
@, maps 31°(n) to the left endpoint of 1'(n) for all n. Let K~ (n) and K*(n)
denote the left and right component of ' (n) — I (n) respectively. Let
u, € I*(n) be a critical point of ¢, such that ¢,(u,) ¢ 1™ (n) and let
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v, € I*(n) be the critical point of ¢, which is closest to the left endpoint
of I*(n). Let i1, and ¥, be the corresponding critical points of ®,. We may
assume that iz, — u and U, — v asn — oo. Note that ®' (1) = ®’(v) = 0.

Claim 2. For n sufficiently large, we have
@, (it,) € K™ (n).

Arguing by contradiction, assume that the claim fails. By passing to a sub-
sequence, we may assume that ®,(ii,) € K*(n) for all n. Notice that
®,(,) > ®,(x) forall x € I'. So ®,(v,) € K*(n). By a straightforward
combinatorial argument, we obtain

=) =W = S PW) = —P() S v = —v = D).

Lety = lim;_, o ®/(v). Then ®(y) = y. Since ® does not have a hyperbolic
attracting fixed point, ®(v) > v. Let us show that y = —®(v). Arguing
by contradiction, assume that y < —®(v). Then ®(—®(v)) = (P (v)) =
®%(v) < —®(v). Since ®(v) > v, it follows that ® has a fixed point
y' in the open interval (—®(v), v). Notice that ® is monotone on (y, y').
Since @ is in the Epstein class, by Lemma 5.3 we know that either y or
y' is a hyperbolic attracting fixed point of @, which is absurd. This proves
that y = —®(v). Therefore —®(v) = ®*(v) = D3 (v) is a fixed point
of @. Since (—®,(v,), ®>(v,)) contains a component of ["1"M~2(n) —
Jmm= (n), it follows that |I”‘1(”> 2(n)|/|1”‘1(”) '(n)| is close to 1 for all
large n. Consequently |1 [ = Ym)|/11 [ ()] is close to 1 for all large n,
which, however, is ruled out by Claim 1. The proof of Claim 2 is completed.
Therefore, ®,,(ii,) € K~ (n) for all large n. From this it follows that

u>dw) = Ou)=--- .

Let y = lim;_,o, ®/(u). Then ®(y) = y.

Let us define a point &/, for each n € N, such that this point is contained
in the left component of 1™ (n) — {v,} and such that ®,, x)—% —0
as n — oo. This can be done as follows. If ®,, has a fixed point in the left
component of [mo (n) —{¥,}, then we take X/, to be any of such fixed points.
Otherwise, ®,(v,) < v,.If v, — ®,(v,) > |x,, d,(x,)| (X, = h,(x,) and
Xy 1s as in (iv)), then X, belongs to the left component of [ [ () — {D,)}
and we take X, = %,,. If ¥, — ®,(V,) < |%, — P, (X,)|, then we take X, = .
Itis easy to check that such defined points ), satisfy the requirements stated
at the beginning of this paragraph.

Passing to a subsequence, let us assume that lim,_, X, exists, and
denote it by x. Then ®(x) = x > ®(u). Assume that ®>(u) < P(u).
Then we obtain a non-degenerate interval [y, x] which is mapped by &
onto itself monotonically, which is ruled out by Lemma 5.3 again. So
®(u) = ®>(u) = y. As in the proof of Claim 2, this implies that as
n — oo, [IMW=1(n)|/|[I"™™| — 1, contradicting Claim 1. The proof of
(x) is completed. m|



336 W. Shen

5.3. “Geometrically deep’ implies “‘combinatorially deep”. Letus prove
Proposition 5.2. We need the following lemma.

Lemma 5.4. Let f € F, and let ¢ € Crit(f). Let I° D I' > .- D I" be
a central cascade such that 1° > c is a small nice interval with A < p.
Then

1% < p'l1"),
where p' is constant depending only on p and b.

Proof. Let§; > Obethe constantasin Lemma4.2.IfI° > (14-8,/2)1', then
the statement follows from Proposition 5.1. So letus assume 1° C (148;)1".
Let s be the return time of ¢ to I'. By Lemma 4.2, the chain {G’j}j'.:0
with G, = (1 + 28;)1° and G, D I' has uniformly bounded intersection
multiplicity. Since f*(c) € I"~! and since [I"™~!| < p|I™|, it suffices to
show that d(f*(c), ¢)/|I°| is bounded away from zero. So we may assume
that d(f*(c), ¢)/|I°] < 1/4. Then | f*(I1")|/|1°| is bounded away from zero
because f*(I') contains a component of I° — { f*(c)}. Let y, and y, be
affine homeomorphisms of R such that y(I') = y,(I°) = (=1, 1). By
Proposition 5.8, y;0 f* o yofl :[—1,1] — [—1, 1] belongs to 8&(C, 2, N),
where C > 1 and N € N depend only on b (and §;). As |I°] < p|I'|,
applying Lemma 5.2, we obtain that d( f*(c), c)/|1°| is bounded away from
Zero. |

Proof of Proposition 5.2. Let I = L(I) and J = L(J). Let us first
prove that if 1| / |J| is sufficiently large, then for any x € w(c), £L,(D)
contains a large neighborhood of °Cx(f ). As before, let us write =7 ,and
[r+l = OCC(IA") foralln > 0. Let m(0) =0, and let m(1) < m(2) < --- be
all the positive integers such that R}, (¢) & I"®. By the previous lemma,
| [m® |/ Jma+D | is uniformly bounded from above. Let k be the maximal non-
negative integer such that m® 2 J. Then k is large provided that \11/1J] s
sufficiently large. By Theorem 2.1, ["® contains a definite neighborhood
of ™M+ By Theorem 3.3, £, (I"®*1) is well inside £, (/@) for all i.
Thus £,(J) C L,(I"®) is deep inside L. (1).

Let us now prove the proposition in the case d = 1. Of course, we may
assume that J does not contain c. Let y be an arbitrary point in w(c) N J,and
s the entry time of J to J. Then fs(oCy(f)) C ons(y)(JA) since fi(y) & J
forall 1 <i < s. Arguing by contradiction, assume that \11/1J] is large.
Then £ fs(,(J) is deep inside £ s, (). As

Ly (D) € Ly (D) C .

it follows that &£ ;s(,)(J) is deep inside J. By Lemma 3.6, £,(J) is deep

inside J. In particular, A ; is large, which contradicts the hypothesis that
Ag < p.
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To deal with the case d > 1, let yo be a point in w(c) N J, and define
T, = °CfVO(I) forall i > 0. Let d’ < d be maximal such that / C T,. Then
by what we have proved above, |L.(T;)|/|L.(T;+1)| is uniformly bounded
from above for any 7, and so is |L.(Ty)|/|L(J)| as well. Thus |f|/|f| is
bounded from above. |

5.4. Geometry of a nest. In this subsection, we prove Theorems 5.4 and
5.5.

Proof of Theorem 5.4. By Proposition 5.1, I' > I'*! > ... 5> 1" is
a saddle node central cascade. Without loss of generality, assume that
R;|I'! contains the left component of I' — I'*!. For each i, let a; be
the left endpoint of I’ and let a; = f(a;). Consider the diffeomorphism
ffa, . a;H) — (a,_,_,,a;). By Lemma 3.7, this map has negative
Schwarzian. By Proposition 5.1, |@,—; — @m_i—1|/|1°| is bounded away
from zero, and thus so is |a, , —a,_, ,|/la,,_, — a|. By Theorem 2.1
and by the assumption A; < p, |a; — a;1]/|1°] is bounded away from
zero, and thus so is |a; — a;, ,|/|a; — a;,_,|. By Yoccoz’s lemma (see [10]
Sect. 4.1 and Appendix B), it follows that |a; — a;_,|/|a; — a,,_,|, and thus
la; — ai11/|a; — ay—;| is comparable to (min(i — I, m — [ — i) + 1)72, for
alll <i <m — [ — 1. This proves the first statement.

Now let us prove the second statement. Take a point x € (I' — I't1) N
w(c) for some 0 < i < [, and let P be the component of I’ — CI(I'*")
containing x. Then P is a nice interval. Arguing by contradiction, assume
that R;i(x) € 19 — I"™~9 for a large ¢. Since (017 U dI""9) N Dp = @,
we have R;i(L,(P)) C OCR,,.(X)(P) C 19 — ['"~1, By the first statement of
this theorem, this implies that £ R, v (P) is deep inside / i, By Lemma 3.6,

it follows that £,(P) is deep inside L£(I') C P, which is ruled out by
Corollary 5.3. i

Proposition 5.9. Let f € F, and let c € Crit(f). Forany§ > Oand p > 1,
there are ¢ = €(5, p, f) > 0 and C = n(8, p,b) > 0 with the following
property. Let I > ¢ be a symmetric nice interval such that |I| < &, Aj < p,
and I D (1 +28)1'. Then

(1) each component of D1 is C-commensurable to |I'|;
(2) I? has C-bounded geometry.

Proof. (1) Let J be a component of D,i. If |J|/|I'| were small, then J
would be deep inside in ° := I, which is ruled out by Corollary 5.3.

(2) Since U;’OIO fm@1"y N I° = @, each component of D, is compactly
contained in /'. Let us first prove that each component J of I' — D1 with
9J N AI' # ¢ is commensurable to /'. To see this, let J; be the component
of D;1 which has a common endpoint with J. By the first statement of this
proposition, |J;|/|1'| is bounded away from zero. By Theorem 2.1, so is
[J|/1J1]. Therefore | J|/|1'| is bounded away from zero.
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It follows that there exists a constant o = o(8, p, b) > 0 such that
(I' =1 =20)1") Nw() = 0.
By choosing o smaller, Lemma 3.6 implies that for any component J of D1,
(J— (1 =20)J) Nw() =9.

In particular, this holds for J = I?. Moreover, this implies that a definite
neighborhood of 12 is disjoint from w(c) — I°.

Now let J be a component of 12 — 9D 2. We need to prove that | J|/|I?|
is bounded away from zero. If J C Dj2, then this follows from the first
statement of this proposition since |I'|/|I?| is also bounded away from 1
by Theorem 2.1. If J is a component of 1> — D> with 3J N 81* # @, then
this follows from a similar argument as above.

So let us assume that 3J N 91> = @. Let J; and J, be the components
of D;2 which have common boundary points with J. Let s; be the return
times of J; to I2. Without loss of generality, assume s; < s,. Let K C I'
be a definite neighborhood of I? such that K — I? is disjoint from w(c).
Let {K j}j'z:o be the chain with K, = K and Ky D J,. Then by Lemma 3.8,
the order and the intersection multiplicity of this chain are both bounded
from above. Thus, by Lemma 3.6, K contains a definite neighborhood of
J. It suffices to show that K is disjoint from J;. Arguing by contradiction,
assume that there exists x € Ky N J;. Notice that forany 0 < j < s, — 1,
K; C D1, and hence K; N I? = ¢ since f/(Jo) N I? = @. It follows that
s1 = s, and f*2(x) e I*. But this is absurd because 2| K has all its critical
points in J;. i

Proof of Theorem 5.5. By Theorems 2.1 and 5.4, |1"2|/|I""| is bounded
away from 1, which implies that /" has uniformly bounded geometry by
Proposition 5.9. m|

5.5. Initial geometry of infinitely renormalizable maps. Letus now con-
sider a map f € %, which is infinitely renormalizable. Let ¢ be a critical
point of f, and let B,, A,,, E,, etc. be defined as before (above Sect. 5.1).

The goal of this subsection is to prove Theorem 5.6. Together with the
control of the geometry of the nests AY D A} O - .- which connect two con-
secutive renormalization levels, this will give us a satisfactory description
of the geometric properties of f.

If £.(A,) = A,, then A, = B, 11, and 5,1 = 2s,. In this case, we say
that the n-th renormalization of f is immediately renormalizable, and define
Xx» = —1. In all other cases, let x, be the height of A, that is, the number
of positive integers m such that R An-1 (c) ¢ A. Moreover, let m,(0) =0
and let m,(1) < m,(2) < --- < m,(x,) be all the positive integers such
that

RA;Lnn(i)—] (c) & Anm”(i>.
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The integer y,, will be referred to as the height of the n-th renormalization

of f.

Lemma 5.5. Thereis a constant § = §(b) > 0 such that for all n sufficiently
large, the §-neighborhood of B, does not contain f'(B,) for any 1 <i <
s, — 1. Moreover, if G = {Gj}‘;-"zo is the chain with G, = (1 4+ 26)B,, and
Go D B, then

e G has intersection multiplicity at most 4; and
e % does not have a critical point in Gy — B,,.

Proof. (cf. Proposition 3.2 in [42]) The first statement follows from the
“shortest interval argument”. Let 1 < k < s, be such that | f*(B,)| =
min", | f'(B,)|. Let M be the 1/2-neighborhood of f*(B,). Then for any
1 <i<s,withi £k, fi(B,) ¢ M.LetM = {Mj}’;:0 be the chain with
M, = M and My D B,.Letus prove that the order of this chain is uniformly
bounded from above. Let M = {M} ’;:0 be the chain with M; = f*(B,)
and M, D By. As the intervals M}, 1 < j < k are pairwise disjoint, the
order of M’ is uniformly bounded from above. If there is a critical point
deM;— M} forsome0 < j <k—1,then M; — M} contains a component
of L (B,) —{c}, and thus M} — M, contains f*J (L (B,)) which is of the
form f(B,), contradicting the choice of M. This proves that the oder of
M coincides with that of M/, and thus it is uniformly bounded from above.
By Lemma 3.6, My O (1 + 26) B, for some § = §(b) > 0. Obviously, for
any 1 <i <s, — 1, f/(B,) ¢ M.

Let us consider the chain G. Using a similar argument as above, we prove
that f** does not have a critical point in Gy — B,,. To show the intersection
multiplicity is at most 4, first note that for any 1 < i, j < s, with i # j,
G; 2 f1(B,). Assume that there are 1 < jy < j; < j» < j3 < s, such that
G;,NG; NG ;NG contains a point, say x. Then thereare 0 </ <m < 3
such that x ¢ f/(B,) U f/»(B,) and such that f/(B,) and f/»(B,) are
on the same side of x. It follows that G, D f/m(B,) or G;, D fI(B,);
a contradiction. m|

Lemma 5.6. For any k € N, there exists a constant C = C(k, b) > 1 such
that for all n sufficiently large, if u is a critical point of f**|CI(B,) and x
is a fixed point of f*|CI(B,), then

| f* @) —u| = |B,|/C, and |u — x| = |B,|/C.

Proof. Let us fix a large positive integer n. Let 6 > 0 is as in the previous
lemma, andlet 7, = (1+-26) B,,, S, = Compy (f~*"(T})). Then f*|S, does
not have a critical point in S,, — B,,. It follows that S,, C T, because otherwise
f* would have an attracting fixed point in S, — B,, which contradicts
Theorem 3.2.

Let G' = {G'}") and G = {G,}}, be the chains with G}, = T,,
Gis, = By and Gy D Go = B,. Then G}, D G|;_;), D ---G; D G,
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Sy

By the previous lemma, for each 1 < i < k, the subchain {G’j } P i—1)sn has
intersection multiplicity < 4. Thus the intersection multiplicity of G’ is at
most 4k.

Let 4 : R — R be an affine homeomorphism so that #(B,)) = (—1, 1),
and let ® = h o f o h='|[—1, 1]. By Proposition 5.8, there exist C’ > 1
and Ny € N such that ® € $&(C’, 2, Ny). Applying Lemma 5.2 completes
the proof. m|

Lemma 5.7. There exists a constant § = 5(b) € (0, 1), such that for all n
sufficiently large, if x, > 0, then each component of A, — A} has length at
least 8| B,,|. Moreover, (1 4 28)B,+1 — B+ is disjoint from w(c).

Proof. Let U be the component of A, — A} which contains «, in its closure.
To prove the former statement, it suffices to show that |U|/| B, | is bounded
away from zero. Note that the return time of U to A, is 2s,. If f Zn|U is
not monotone, then Cl(U) contains a critical point of f>"|B,,, as well as
a fixed point, «,, of this map, so the statement follows from Lemma 5.6.
If £2|U is monotone, then f*"(U) = A,. By Lemma 5.6, |A,|/|B,| is
bounded away from zero. By Lemma 4.3, f*'|B, has uniformly bounded
derivative. The statement follows.

Now let us show that a definite neighborhood of B, is disjoint from
w(c) — Byy1. Since A" — B, .| is disjoint from w(c), it suffices to show
that A™ ") contains a definite neighborhood of A O+ e 5 — 0, this

is just the former statement which we have proved. If x, > 0, then this
follows from Theorem 2.1. O

Lemma 5.8. For any p > 1 and any non-negative integer k, there exists
a constant C = C(p, k, b) > 0 such that if n is a sufficiently large positive
integer and if A, < p, then each component of B, — f " (a,,) has length
at least | B,|/C.

Proof. Note that inbetween «,, and 8, f* has a critical point, and thus by
Lemma 5.6, |8, — a,|/|B,| is bounded from zero. Since f* ((«,, 7(B,))) D
(atn, By), and since f**|B, has uniformly bounded derivative,
loe, — ©(B,)]/| By is also bounded away from zero.

Let (x, y) be a component of B, — f % (a,). If f*|(x, y) is monotone,
then £ ((x, y)) is a component of B, — {a,}, which has length comparable
to |B,|. Again because f*'|B, has uniformly bounded derivative, |x —
y|/|B,]| is not very small. Now assume that f*|(x, y) is not monotone. Let
0 <i < ks, — 1 be minimal such that f*([x, y]) contains a critical point ¢’
of f.

If i =0, then ¢’ = c. Let I = Comp,(B, — {a,}). Notice that both
I and (x, y) belong to M(B, — {a,}), and that Dep(l, (x, y)) < k. By
Corollary 5.3, (x, y) cannot be deep inside /. As both components of I — {c}
have length comparable to | B,|, it follows that |y —x|/| B, | is bounded away
from zero. If i > 0, let B, = L(B,) and &, = f'(a,). Let x' = f'(x),
y = fi(y), and let I’ = Comp, (B! — a). Then the same argument as
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above shows that |y’ — x’|/| B}, | is bounded away from zero, which implies
that so is |y — x|/| B,|. |

Proposition 5.10. Let f € F, and ¢ € Crit(f) be as above. For any p > 0,
there exist § = §(p,b) > 0 and N = N(p,b) € N such that for any
sufficiently large n € N with Ag, < p, the following hold.

(i) Forany x € w(c) N (B, — (x,, 1(x,))), there is m < N with f"(x) €
(Xns T(X0))-
(ii) (1 +28)B, — (1 —=28)B,) Nw(c) = 0.
(iii) If moreover x, > 0 or Ag,., < p, then (1 +28)A, — (1 —28)A,) N
w(c) = 0.

Proof. (i) Notice that f** maps (B,, x,) diffeomorphically onto the interval
(Bn, ay). Define yo = o, y1 = x,, and y; € (B,, x,) to be such that
[ (yi) = yi—p forall i > 2. Let us first prove the following

Claim. There exists u = u(b) € (0, 1) such that

i = yicil < W'[Bul,
provided that n is large enough.

Let T, be the component of (1 + 28) B, — B,, which contains ,, where
§ is as in Lemma 5.5. Let Hy = T," U [B,, ) C (1 + 28)B,. Let H;
be the component of f~*'(H,) which contains B,. Consider the chain
{G j}j.”: o With G;, = Hy and Gy = H;. This is a monotone chain with
intersection multiplicity bounded by 4. By Lemma 5.6, H, contains a definite
neighborhood of [8,, yi], and so by Lemma 3.5, H; contains a definite
neighborhood of [B,, y»]. For i > 1, consider the map f** : f(H;, ;) —
J(H;), which is a diffeomorphism with negative Schwarzian by Lemma 3.7.
Since £ (f([Bu» Yiz2])) C [Bn, f(y2)]1is well inside f(H,), it follows that
f(H;11) contains a definite neighborhood of f(8,, yi+2), and thus |8, —
vix1l/1Bn — yi| is bounded away from 1. The claim follows.

Let m be the maximal positive integer (if it exists) such that (y,,, yu+1) U
(t(ym), T(ym+1)) intersects w(c). (If such an integer does not exist, then
we have nothing to show.) It suffices to show that m is not very large.
Arguing by contradiction, assume that m is large. Let us show that this
contradicts the assumption Ag, < p. To this end, let k € N be such that
FB1(c) € Wms Yma1) U (T(Vm)s T(¥m41)). Then by the maximality of m,
7= f&Du(e) e (x,, T(xy)). Let K = Comp,_(E,). Notice that

o (°CZ(K)) C (Yms Ym+1) U (f(ym)a T(mer]))-

It follows that | £, (K)|/| B, | is small. On the other hand, for each component
L of K —{z}, f*(L) D (f™(2),®,) is commensurable to B,, and thus
|L|/|B,| is bounded away from zero. Therefore .£,(K) is deep inside K,
which is a contradiction by Corollary 5.3.
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(i1) The statement (B, —(1—28) B,,)Nw(c) = @ follows from (i). Let us prove
that w(c) cannot be too close to B, from outside either. If x,,_; > 0, then this
follows from Lemma 5.7. Assume that x,_; = —1, then B, = A,_. Let
B, = &L psu-1(¢(By). Then w(c) N B,y C B, U B;,. Since |B,| < |B,| and
since the convex hull of B/, N w(c) is well inside B, the statement follows.

(iii) If x, = —1, then A, = B,41, so the statement follows from (ii). Now
let us turn to the case that y, > 0.

Let Uy = A, and for j > 0, let U be the return domain to U; which
has o, in its closure. Then the return time of U;i; to U; is always 2s,,.
Notice that U; # c since x, > 0. We claim that f2*|U, is monotone. To
see this, assume that £2|U, is not monotone and let u be the critical point
of f2|U, which is closest to «,. Then we have 2" (U;) = [ f>"(u), a,).
Since w(u) 3 ¢, f>"(u) ¢ Uy, and thus U, C (a,, u), which implies the
claim.

To complete the proof, we shall prove that there exists a positive integer
N = N(p, b) such that Uy Nw(c) = @. This is enough because |Uy|/|B,| is
bounded from below by a positive constant (depending on N) and because
f* reverses the orientation at «,.

First let us show that there exists © = w(b) € (0, 1) suchthat |U;|/|B,| <
w’ holds for all j > 0. To see this, we observe that f2|B, has a a critical
point on the opposite side of «, to c. Let a be such a critical point which
is closest to «,. By Lemma 5.6, |a — «,|/|B,| is uniformly bounded away
from zero. Note that (/> (a), a,) > a for otherwise f*'|B, would have
a periodic attractor. Let Hy = (a, o, ] U Uy and for i > 1, let H; denote the
component of f ~2%is2 (H,y) which contains «,,. Clearly, H, contains a definite
neighborhood of U,. Arguing as in the proof of the claim in (i), we obtain
that |U,|/|B,| decreases exponentially fast.

Let m be the maximal non-negative integer such that U,, N w(c) # .
Arguing by contradiction, assume that m is very large. Then U, is contained
in a tiny neighborhood of «,,. Let

o0
P=|f*@U,), and X = B, — P.
i=0

Then P > «, is an f*'-invariant finite set and X is a nice open set. Let
Xo = Uy U f*(U,) which is a union of components of X. Let » > 2 be
a positive integer such that f"(c) € U,,. If both fU=Ds:(¢) and fU=2%(c)
are contained in X, then we have £ 2% (¢) € U,u+1, which is ruled out by
the maximality of m. So there is a maximal integer " such thatr—2 <’ < r
and such that y = f"*(¢) is contained in a component X; of X — Xy. Note
that f*(L£,(X)) is contained in U,, or f*"(U,,4+) according tor —r' =1
or not. This implies that £,(X) is contained in a small neighborhood of
a point in (f*|B,)"'(a,). Finally, let X, = Compy, (B, — Xo). Noting
X N (f*|By) Nan) = ¥, and L3(X}) C L,(X1), we obtain that L3 (X))
is deep inside X'|; a contradiction. O
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Proof of Theorem 5.6. Let I be a component of E,. Since Ag, and Ag, .,
are both uniformly bounded, it follows from Lemma 5.7 and the previous
proposition that there exists § > 0 such that

1] = 8By, and ((1+28)1 — (1 —28)1) N w(c) = ¥.

By choosing § smaller, we may assume that I’ := (1 + 28)7 satisfies the
following property: dE, N I' C dl.

Let J be a component of I — dD;. We need to show that |J|/|I] is
bounded away from 0. If J C Dy, then this is true for otherwise J would be
deep inside /, which is ruled out by Corollary 5.3. Now let us assume that
J is a component of I — Dj.

Case 1. 9J N dl # (. Let z be the common endpoint of / and J. Assume
first that z € {«,, B,}. Then D; has a component Jy with dJy > z. Moreover,
the return time of Jy to [ is either s, or 2s,. Note that |R;(Jy)|/|I| is not
small, because if R;|Jyis monotone, then R, (Jy) = I, and otherwise, R;(J)
contains a point of w(c). Since f*'|B, has uniformly bounded derivative,
it follows that |Jy|/|I| is bounded away from zero. Since J D Jy, |J|/|I]
is bounded away from zero. Now we assume that z € {«,, 8,}. Let J; be
the component of D; which has a common endpoint with J. Let r be the
return time of J; to /. Consider the chain {/]}/_, with I = I’ as above
and /; O J;. By Lemma 3.8, this chain has intersection multiplicity at
most 4, and thus by Lemma 3.6, /) contains a definite neighborhood of J;.
If 1) 2 CI(J), then |J|/|Ji| is bounded away from zero, and thus we are
done. Assume I; O CI(J). Then z € I, and hence f"(z) € I’ = I. Let
¢ = f"(z) € {a,, Bn}. Note that r is a multiple of s,,, and hence f"(z) = ¢,
which implies that ¢ € I’. By our choice of I, ¢ € dI. As 8, and (8,)
belong to different components of E,, we have { = «, and I = (o, 2).
Therefore D; has a component Jy with dJy N d] = {z}, and the return time
of Jy to I is either s, or 2s,. As above, we show that |J|/|I| = |Jo|/|1] is
bounded away from zero.

Case 2. 9J N 3l = (. Then there are two components J; and J, of D; such
that 0J N dJ; # @, i = 1, 2. Let r; be the return time of J; to /. Without
loss of generality, assume that r; < r,. Let I’ be as above, and consider
the chain {//};2, with I], = I" and I O J,. Then as before, /; contains
a definite neighborhood of J,. It suffices to show that J; N [) = ). Arguing
by contradiction, assume that there is a point y € 9J; N [j). Let y’ # y be the
other endpoint of J. Since f"> does not have a critical point in I — J,, we
must have r; < r,. Note that r, — r; is a multiple of s,. Since "' (y) € 91,
f(y) =, or B,. Since f2(y) € I, by the choice of I’, it is contained in
the boundary of . But f"2(y") € dl, and f"2(J,) C I, so f2(y) € CI(1),
a contradiction. O

For later use, let us include the following lemma to conclude this sub-
section.

Lemma 5.9. Assume x, > 0. Then 3" has a critical point in A, — Al
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Proof. Let k € N be such that Ry, |A} = f*n|AL. If k = 1, then f*
has a critical point in A, — A,]l, because f*r (8A,Il) C 0A, and because
[ reverses the orientation at «,,. Now assume that k > 2. Let U be the
component of Dy, such that U C A,, and dU > «,,. The return time of U
to A, under f is 2s,. Since x, > 0, U N Al = ¢. If f2|U is monotone,
then f2"(U) = A, > c, and thus f3*|U has a critical point. O

5.6. Negative Schwarzian derivative property of real box mappings.

Proposition 5.11. Let f € F,. If f has essentially bounded geometry, or
if f is infinitely renormalizable, then the real box mapping B, associated
to a sufficiently small symmetric nice interval I has negative Schwarzian
derivative.

Proof. Let ¢ € Crit(f). Let us first show that there exist C > 1 and § > 0
such that we can find an arbitrarily small symmetric nice interval / > ¢ with
the following properties:

e cach component of dom(B;) N I has length at least |/|/C;
o (14+28)I—-1Nuw()=47.

If f is finitely renormalizable, then for a sufficiently small symmetric
nice interval K, there are infinitely many positive integers n such that
Ry display non-central returns. By Theorem 2.1, K"*! contains a definite
neighborhood of K"*2, and so by Proposition 5.9, the statement holds. Let
us now consider the case that f is infinitely renormalizable. In this case, it
suffices to show that there are infinitely many properly periodic intervals
B, 1 which have definite neighborhoods disjoint from w(c) — B, 4. If there
are infinitely many » such that x,, > 0, then this follows from Lemma 5.7. If
xn = —1 for all large n, then Ag, = 1 for all large E,,, and so the assertion
follows from Proposition 5.10 (ii).

Now fix a small symmetric nice interval / with these properties. Let J
be a component of dom(B;) and let V be the component of D; U I which
contains B;(J). Write B;|J = f*|J. Then for any x € J, we have

k=2

SF () = 0 SFF @) (Y (f) )

i=0

2

Let {Ji}fzo be the chain with J;, = V and Jy, = J. Provided that [ is
sufficiently small, f’ : J; — Ji4; has distortion bounded by a constant
C, =Ci(8) > 1foreach0 <i <k — 1. Therefore,

k
SHNf@) < CHAIT sup SFG) Y 1%
i=1

yedom(f)
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Since the J;’s are pairwise disjoint, Zf: L i |? is small (provided that | /] is
small). As Sf is uniformly bounded from above, this implies that
_ 1
SFNf@) < o(D)—.
[J1]
Let a € Crit(f) be the critical point closest to J. Then d(a, J) < C|J]|,
and so S f(x) < _(xj—a)z for all x € J. Thus

SfE) = SFHF0) f1@)? + Sfx) < 0.

So far we have proved that f has a small symmetric nice interval I > ¢
such that the associated real box mapping B; has negative Schwarzian
derivative. For any symmetric nice interval /" C I, each branch of B is
a restriction of iterates of B;, and hence has negative Schwarzian derivative
as well. O

6. A rigidity theorem

In this section, we shall prove the following rigidity theorem:

Theorem 2. If f : (U7, J) U 1) = UiZ Lrand £ - (U7 Jp) U
(Uﬁ:ll I) — Ui‘:ol I; are two combinatorially equivalent maps in G, which
have essentially bounded geometry, then they are gqs conjugate between
the postcritical sets, that is, there is a gs map h : R — R such that for
any 0 < i < b—1and any n € NU {0}, we have h(f"(c;)) = f”(E,),
where c; (¢;, respectively) is the critical point of f ( f, respectively) in I; (1,
respectively).

The proof of the theorem uses a purely real argument. The idea goes back
to Sullivan’s proof of rigidity for real quadratic Feigenbaum maps, where the
maps automatically have bounded geometry, [46]. Roughly speaking, the
postcritical set of f can be written as the intersection of a nested sequence
E, D E, D --- of combinatorially defined open sets. The essentially
bounded geometry condition will enable us to find a C-qgs map ¢ : J — J
for each k and each component J of Ej, which maps J N E;,; to EH] NnJ,
where C is a constant independent of J. These maps can in fact be chosen
appropriately to satisfy additional conditions, and can then be “glued” to
provide a gs conjugacy between the postcritical sets. However, the presence
of long central cascades makes the argument somewhat complicated.

By Proposition 5.11, we may assume that both of f and f have negative
Schwarzian derivative. Let A be an upper bound for the scaling factors of
all symmetric nice intervals with respect to either f or f.

We shall first show that these two maps are topologically conjugate, by
a well-known pull back argument. See Sect. 6.1.
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Lemma 6.1. Let f and f be two maps in G, which are combinatorially
equivalent. Then they are topologically equivalent.

Then we fix a topological conjugacy between f and f, and denote it
by h. For any X C Ub_(} I;, set X = h(X). Similarly, for any x € U
set X = h(x).

For any interval / C range(f) and any U C I, define

I
Ao(I, U) = max {H : J is a component of I — dU, and 9J N dl # @} ,

and let Q(/, U) be the set of all gs maps ¢ : I — I, such that ¢ = h on
0l UdU. Forany ¢ € Q(1, U), let ay(1, U) be the minimal number Q > 1
such that

e forany u,v,w e I withu <v<wandv—u=w — v,

I o) — o)
16 — _—_—
(16) 0= 60 —pw =&

e forany a € d/,and any x € I,

L] _ ¢ —o@ _ |¢D],

17
(an Q Ul - x—a 7 |

e if J is a component of U consisting of more than one point (i.e., J is
a non-degenerate interval), then for any a € dJ, and any x € int(J),

Lo _ ¢ —g@ _ |6
o U T x-a ~ I

(18)

Moreover, let

ALU)= inf ay(l,U),
#Q(,U)

and
A(1,U) = max (Ao(I, U), Ay(1, U)).

Given a nice interval [ with respect to f, define

Qan= U L.

n=1 xew(c)NI

Note that if / does not contain a properly periodic interval, then Q; =
w(c) N I; otherwise, Q; is the union of maximal properly periodic intervals
which are contained in /. The main step is to prove the following proposition,
see Sect. 6.4.
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Proposition 6.1. For any C > 1, there exists C' = C(C, f, ) > 1, such
that if both I and I have C-bounded geometry with respect to f and f
respectively (see Definition 5.2), then A(1,Q;) < C'.

This will complete the proof of Theorem 2 in the case that f is finitely
renormalizable. In the infinitely renormalizable case, together with the con-
trol of the initial geometry for renormalizations, as proved in Sect. 5.5, this
implies the following corollary.

Corollary 6.2. Assume that f (and so f) is infinitely renormalizable. Then
there exists C > 1 such that for any n,

A(By,Eg,, ) =C,

n+1

where B, is a symmetric properly periodic interval as in Sect. 5.5, and Ep, |
is the union of all components of Dg,  , which intersect the critical orbits

of f.

Then the proof of Theorem 2 is completed by the following gluing
lemma, which will be proved in Sect. 6.2.

Lemma 6.2. (“Gluing” lemma). Let C > 1 be a constant. Let I be an
open interval in the range of f. Let | = Ty D T\ D --- T, be a sequence
of subsets of I such that each T; is a finite union of disjoint open intervals.
Assume that for any 0 < i < n, and any component P of T;, the following
hold: (i) A(P, T;x1 N P) < C; (ii) if J is a component of P — 9T;+ with
dJ N AP # @, then either J N T;y 1 =W or J C T,. Then

AL T, <C,
where C' is a constant depending only on C (independent of n).

To show Proposition 6.1, we introduce an object, called an admissible
triple, defined as follows:

Definition 6.1. Let f € §;, and let ¢ € Crit(f). A triple [ = (I, U, V) of
open sets is called admissible (with respect to f) if the following hold:

(1) I is anice interval;
(2) U C Iis anice open set with U N w(c) # ¥ and 0U N D; = ¥;
(3) V is the union of all components of D; N I which intersect w(c) —

The critical set Crit(I) of the admissible triple I is defined as follows
For each component J of V, let {GJ }S(J) denote the f-chain with G/ oy =
and G(J) = J, where s(J) is the return time of J to / (under f). Then

s(J)—1

(19) Crit(I) = Crit(f) N (U U Gj.),
J j=0

where J runs over all components of V.
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For any C > 1, we say that the triple I has C-bounded geometry if
(1 +1/C)I — (1 +1/C)7'I) N w(c) = @, and if each component of
I — 0U U 0V has length at least |I]/C.

Furthermore, for any admissible triple I = (/, U, V), we define W(I) to
be the union of all components of Dy which intersect w(c) N V.

In Sect. 6.4, we shall prove the following proposition by induction on
#Crit(T), which is the key step to Proposition 6.1. Some preparation for the
proof is done in Sect. 6.3.

Proposition 6.3. Let f and f be as in Theorem 2. For any C > 1, there
exists Cy = C1(C, f, ) > 1such that the following holds. Let 1 = UV)
be an admissible triple with respect to f. Assume that 1 and 1 have C-

bounded geometry with respect to f and f respectively. Then A(1, U U
W) < Ci.

6.1. Topological conjugacy.

Proof of Lemma 6.1. Let A =R — dom(f), C = UceCrit(f) U2 (" (o)},

and let A, C be the corresponding objects for f.Lethg : R — R be a combi-
natorial equivalence between f and f. Then there exists a homeomorphism
h; : R — R such that i, = ho on A and such that f o h; = hg o f holds
on dom( f). Moreover, h; = hy on C, and so it is again a combinatorial
equivalence between f and f. Repeating the argument by replacing /( with
h1, and so on, we obtain a sequence of homeomorphisms /; : R — R such
that for any k > 0, the following hold:

o fohi =hyo fholds on dom(f);
o iy =hon U, fI(AUC).

Since f does not have no periodic attractor, the set X = Uf':ol I —
U, f -k (A U C) does not contain an interval. Similarly, x=U'I -
U, f7%(A U C) does not contain an interval either. Thus there exists
a homeomorphism 4 : R — R which coincides with & on f=* (:4 U C) for
all k£ € N, which gives a topological conjugacy between f and f. m|

6.2. Gluing lemma.

Proof of Lemma 6.2. For each 0 < i < n and each component P of T;, let
hpbeamapin Q(P, PNT;y) withoy,, (P, T4 N P) < C,where T, = ¥;
moreover, in the case that P C T;y; ori = n, we take hp to be affine. Let
¢ : I — I be the homeomorphism such that for any 0 < i < n and any
x € T; — Tity, ¢(x) = hp(x), where P = Comp,(7;). Let us prove that
ay (1, T,) is bounded from above. Notice that (17) and (18) obviously hold
for an appropriate choice of the constant Q. So it suffices to prove that ¢ is
a qs map with a bound on the dilatation.
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Claim. There exists a constant C; = C;(C) > 1 with the following prop-
erty. For any 0 <i < n — 1 and any component P of T;, if u,v € P and
[u, v] & Ti1y, then

L_ low —ow]| _ .

20 — .
e Ci = Jnp) = hp@)] =

To prove this claim, we only need to consider the case that either u or v is
contained in the boundary of 7y and (u, v) C P — 974, since the general
case can be reduced to this one. Let K be the component of P — 97,
which contains (u, v). If K ¢ T;.1, then ¢(u) = hp(u) and ¢p(v) = hp(v),
and thus the inequality (20) holds. So we may assume K C 7;,;. By the
property of the map 4 p, we have

[hp@) —hp@)]|  [A(K))|
v—ul Ikl

So it suffices to show that

[$(v) — )| _ |h(K)]
o—ul T IK|

21

To see this, let us distinguish two cases.

Case 1. |[v — u| < |K|/C. Then (u,v) C K — 97T;;, by the hypothesis (i).
Let L be the component of K — d7;., which contains u, v. If L ¢ T;,,, then
¢ = hg on L, and hence (21) follows from the property of hg. If L C T},
then by condition (ii), either i +2 = n or L C T;,3. By construction,
¢|L = hy is affine, and so

[p(v) — dp(w)| = [v—ullh(L)]/|L].
Since |L| = |K|and |h(L)| < |h(K)|, (21) follows.

Case 2. |[v — u|/|K| > C~'. For definiteness, assume that # € 9K and
u < v. Letv' = u + C~'|K|. Then by what we have proved in Case 1,

o) — ¢(w)| < [v" — ullh(K)|/IK| = |h(K)|/C.

Since |[p(v') — p(u)| < |p(v) — dp(u)| < |h(K)|, (21) follows again. The
proof of Claim 1 is completed.

Now let u < v < w be three points in / with w — v = v — u. Let us
show that

_ ) — ¢
- () — )
is bounded from above by a constant.

To this end, let 0 < i < n be maximal such that u, v, w are contained
in a component of 7;. Without loss of generality, let us assume i = 0. Let
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ho = hg,. By Claim 1, we may assume that one of the intervals [u, v]
and [v, w] is contained in 7. To fix the notation, let us assume that [u, v] is
contained inacomponent P of 7;. Thenw ¢ P.By Claim 1, |¢p(w)—¢(v)| =<
|ho(w) — ho(v)|. So it suffices to show that

(22) |p(v) — P(w)| < |ho(v) — hou)|.

Let v' > v be an endpoint of P. We first assume that (v — v)/| P| is very
small. If [v' — v|/|v —u| is also small, then |ho (V") — ho(v)|/|ho(V") — ho(u)]
is very small. By Claim 1, |¢(V') — ¢(u)| < |ho(v') — ho(u)|, and |p (V') —
¢(v)| < |ho(v') — ho(v)|. The inequality (22) follows. If [v" — v|/|v — u]|
is not small, then we have |[v' — u| < |P|/C. Let P, be the component of
P — 0T, which contains (u, V). If P, ¢ T5, then

) — p()| = |hp(u) — hp(V)| < |hp(v) — hp(V)|
< |ho(v) — ho(V)|
= |ho(u) — ho(v)|.

In the case P, C T», we have |¢p(u) — ¢(v)| = |hp,(u) — hp,(v)|, and so
(22) can be proved in a similar way.

Now let us assume that |v' —v| < |P|. Since [v—u| = lw—v| > [V —v],
it follows that |v — u| < |P|. Let 1 < k < n be the minimal integer such
that [u, v] ¢ Ty and denote by P; the component of 7; which contains
[u,v] forall 0 <i < k.Let1 < m < k be minimal such that P, = P,,.
By the assumption (i), |P|/|P;r1| = 1+ C~! forall 1 < i < m. Since
P, = P, D [u, v] which is commensurable to P = P;, m is uniformly
bounded from above. If m = k, then [u, v] ¢ T, and thus by the claim
above,

(23) |p(v) — p(w)| < |hp, (V) — hp, w)|.

If m < k, then by the assumption (ii), P, = P,1, which implies that
¢|P, = hp,, and hence (23) holds as well. Since |P|| < |P] < -+ =
| Py < |v — ul, since all the maps / p, are C-gs, (22) follows easily. O

6.3. Creating new triples. In this subsection, let f € 4, and let ¢ €
Crit(f).

Let I = (I, U, V) be an admissible triple. For any component I’ of
D; with I' N w(c) # @, I' N U = @, there exists a new triple P (I, I') =
(I', U, V'), where U’ is the union of components J of Dy which inter-
sect I' N w(c) and satisfy Ryyp(J) C U and V' is the union of all other
components of Dy intersecting I’ N w(c). (Notice that U U I’ is a nice
open set.) It is clear that £ (I, I') is again an admissible triple.

Lemma 6.3. For any C > 1, there is C' > 1 such that if the triple
I = (I,U, V) is admissible and has C-bounded geometry, and if I' is
a component of Dywith I' Nw(c) 0, I' NU =0, thenl! = P, I') has
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C’-bounded geometry. Moreover, if r is the entry time of I' to I under f,
and {G;},_ is the f-chain with G, = I and Gy = I', then

r—1
(24) Crit(I'y C Crit(l) U (U G,-).

i=0

Remark 6.1. If I’ appears as one of the intervals GJJ., 0<j<s;,—1in(19),
then U;;(; G, C U‘;":_Ol GJJ. , and hence Crit(I') C Crit(Il). In particular, it is
the case if I’ = L (I) for some ¢’ € Crit(I).

Proof of Lemma 6.3. Let us write I' = (I’, U’, V). Let T be the union of
components of V which are components of D U I'. For any x € w(c) N
I', let k = k(x) be the minimal positive integer such that R’,‘ (x) belongs
to a component A of U U T. Then the pull back of A along the orbit
{x, f(x), ..., R’; (x)} is exactly Comp, (U’ U V). It follows easily from this
observation that (24) holds.

By assumption, (1 + 1/C)I — (1 + 1/C)~'I is disjoint from w(c). By
Lemmas 3.8 and 3.6, there exists 6 = 6(C) > 0, such that for any entry
domain M to I, we have

(25) (1 +28)M — (1 —28)M) Nw(c) = ¥.

It follows that for any x € M Nw(c), we have |L,(M)| < |M|, because oth-
erwise £, (M) would be deep inside M, which contradicts the assumption
that f has essentially bounded geometry by Corollary 5.3. In particular, the
length of each component of U’ U V' is comparable to |I’| since it contains
an interval of the form £, (/") with x € I' N w(c). To complete the proof of
this lemma, it remains to show that for any non-degenerate component J of
I'—=U"U V' |J|/|I'| is not so small. To this end, we first prove

Claim. For any component M of D;, and any x € w(c) N M, if L is
a component of M — L, (U UT), then |L|/|M]| is uniformly bounded away
from zero.

As above, let k = k(x) be the minimal positive integer such that R’,‘ (x) €
U UT. Let Hy denote the component of U U T" which contains R’I‘ (x), and
let Hi = oCRi(x)(U U T) = °CRi(x)(Hk) for any 1 < i < k—1.

Let us prove that for any & > 0O there exists & > 0 such that if (1 +
28)H; C I holds for some 1 < i < k, then each component of M —
L, (UUT) has length > &'|M]|. In fact, by Theorem 3.3, there exists &’ > 0
such that M D (1 4 2&")L,(U U T). Together with (25), this implies the
statement.

If 0H, N 9l = (@, then it follows from the bounded geometry property of
I that I contains a definite neighborhood of Hj, and thus the claim holds.
Assume 0H; N dl #= @. Let Y, = QCR/;fl(X)(I). Let us prove that each

component P of Y;_; — Hy_; is commensurable to Y;_;. In fact, since the
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first entry map R;|Y;_; has uniformly good distortion, it suffices to show
that |R;(P)|/|I] is bounded away from zero. But R;(P) is either equal to
I or it is bounded by an endpoint of / and a point in w(c) N I, and so this
follows from the bounded geometry property of L.

In particular, the claim holds if k = 1. Assume k > 2. In this case, by
what we have proved above, either dH;._; N dl # ) or I contains a definite
neighborhood of H;_;. As we have already proved, the claim holds in the
latter case. Let us consider the former case. Let Y,_», = /£ R () (1). Then by

a similar argument as above, we prove that each component of Y;,_, — H;_»
is commensurable to Y;_,, and in particular, the claim holds if k = 2. If
k>3and H,_; N3l # ¥ fori =0, 1, then H;_, is well inside / since it is
disjoint from H; U H;_;, and thus the claim follows again. The proof of the
claim is completed.

Let us continue the proof of this lemma. Let J be a non-degenerate
component of I’ — U" U V' with 9J N dl' # @. Let J; be the component of
U'U V' with dJ; N dJ # @. Then J is a component of I’ — J;, and so by
the claim above, |J|/|J;| is bounded away from zero. Since |J;|/|I’| is also
bounded away from zero, so is |J|/|I'|.

Now let J be a non-degenerate component of I’ — U’ U V' with
dJNaI' = @. Then there are two distinct components J;, J, of U’ UV’ such
that J N aJ; = @, i = 1,2. Let n; € N be the entry time of J; to U U I’
under f,i = 1, 2. Let us assume n; < n,. To show that |J|/|I’| is bounded
away from zero, it suffices to show that |J|/|J;| is not small.

Let m € N be the minimal positive integer such that R} (J,) C UUT.
Let P; be the component of U UV which contains R’ (J,) forany 1 <i < m.
Then forall 1 <i <m —1,wehave P, C V—T.Letl <m; < m be
minimal such that

(26) Ji ¢ Comp , (R7) ™ (Pu)).

Such an integer m exists since J, = Comp Jz((R;")_l (P,,)) is disjoint from
Ji. Let g be the positive integer such that R} | J, = f4|J,. By the minimality
of my, we have

fiUD =R C L.

Let O, = Comp g, (UUV).Let P = Py, if my = mand <L g4, (UUT)
otherwise. Let Q = Q,,, if Q,,, CUUT, and &L 4(,)(U U T) otherwise.
From the bounded geometry property of I, it follows that there is a def-
inite neighborhood P’ of P which is disjoint from w(c) — P. Consider the
chain {G'}|_, with G;, = P"and G{, D J,. Then by Lemmas 3.8 and 3.6, G|,
contains a definite neighborhood of J,. So we may assume that G,N J; # 9.
Since f9|G, has all its critical points in J, and since dJ; N dJ, = #, it fol-
lows that dP N9Q = ¥. By the claim above, this implies that dist(P, Q)/|P|
is bounded from zero. Thus there is a definite neighborhood P” of P which
is contained in P’ and disjoint from Q. Applying Lemmas 3.8 and 3.6 to
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the chain {G}}9_, with G, = P” and G D J,, we see that G{j contains
a definite neighborhood of J,. As G; N J; = ¢, it follows that |J|/|J>] is
not small. O

Corollary 6.4. If I is a nice interval which has C-bounded geometry, and
if I' is a component of Dy which intersects w(c), then I' has C'-bounded
geometry.

Proof. Let U be a component of D; which is also contained in D;. Such
a component exists since w(c) N I" # @. Let V be all other components of
D;NI intersecting w(c). Applying the previous proposition to the admissible
triple (I, U, V), we see that P (I, I') = (I’, U’, V') has bounded geometry.
Noticing that U’ U V' is exactly Dy, the corollary follows. O

6.4. The main step. Throughout this subsection, let f and f be as in
Theorem 2. Our goal is to prove Proposition 6.3. We are going to use the
following lemma frequently.

Forany C > 1, let U denote the collection of open intervals / contained
in the range of f with the property that (1+1/C)I — (1+1/C)~'1 is disjoint
from the critical orbits of f. Similarly we define U

Lemma 6.4. For each C > 1 and p € N, there exists a constant C' =
C'(C, p) > 1 with the following property. Let I be an open interval, and
let U C I be an open set. Let {I;}}_, be a chain with Iy = I, and let

= f5(U) N Iy. Assume that I and each component of U belong to U,
and that I and each component of U belong to Uc. If the order of the chain
{1;}i_, is not greater than p, and if A(I, U) < C, then

(i) Iy and each component of Uy belong to U¢;
(ii) Iy and each component of Uy belong to Uc;
(iti) A(lo, Up) < C'.

Proof. The first and second statements follow from Lemma 3.6. An upper
bound on Ay (1, Up) also follows from that lemma. o

To check that A (1y, Uyp) is bounded, let¢ : (I, U) — (I, U) be amap in
Q(I, U), with ag(I, U) = Ay (I, U). We only need to treat the case where
the chain {/;}}_, is monotone and the case where s = 1 and I, contains
a critical point, since the general case then follows by induction. If the chain
{I;} is monotone, then ¢, =~(]§V|I~0)—l oo fIy € Qly, Up). Since the
diffeomorphisms f*|/y and f*|I, have bounded distortion, o, (1o, Up) is of
order ay (1, U). Thus A (1y, Up) is bounded from above. Now assume that
s = 1 and Iy contains a critical point, say c. Let J be the component of
U which contains f(c). By assumption, f(c) ( f (¢), respectively) divides J
(J, respectively) into two commensurable parts. Since ¢ is a C-gs map,
¢(f(c)) divides J into commensurable parts as well. Thus there is a diffeo-
morphism ¥ of I, with bounded distortion, such that Y(p(f(c))) = f (©),
and such that ¥ = id outside J. The map v o ¢ belongs to Q(/, U),
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and oy is again bounded. By pulling back this map, we define a map
oo € Q(ly, Up). It is not difficult to check that ay, (1o, Up) is bounded, and
thus so is A (y, Uy). O

Proof of Proposition 6.3. We shall prove this proposition by induction on
#Crit(I).

Starting step. Assume that #Crit(I) = 0. Then for each component J of V,
R; : J — [ is a diffeomorphism, where R; is the first return map under f
to I. Forany n € N, let

Sy, ={xel:Rj(x)eVforall0<k<n},
and

Sh={xel:Ri(x)eViorall0<k<n-—1, and R}(x) € U}.

For each component J of S, R;’H |J : J — [ is a diffeomorphism, with
bounded distortion (since it extends to a diffeomorphism onto (1 + 1/C)I
with negative Schwarzian). By the bounded geometry of the configuration
(I, U U V), there exist constants 0 < u; < u, < 1 depending only on C,
such that for any component J' of S, U S/,

Wit < |/ < pstt

Thus, for each n, A(I, S, U (", S,)) is bounded by a constant depending
on C and n. So it suffices to show that there exists p = p(C, f) € N such
that §, Nw(c) = 9.

To this end, let n be the maximal non-negative integer such that S, has
a component J which intersects w(c). Arguing by contradiction, assume
that n is large. Then |J|/|I| is small and thus J is deep inside I, since
I — (1 4+1/C)~'Iis disjoint from w(c).

Let us show that this contradicts the hypothesis that f has essentially
bounded geometry. Let x be an arbitrary point in U N w(c). Let 0 = 59 <
51 < sy < --- be all the nonnegative integers such that R} (x) € U. Let s be
the minimal positive integer such that R} (x) € J. Such an s exists because
w(x) = w(c) > x. Let k be maximal such that 5, < s, and write z = R‘,'k (x),
w = R (x). Note that R, (L. (U)) C £L,(U),and R}~ (L£,(U)) C J.
Since the pull back of I along the orbit {w, f(w), ..., R}(x)} is monotone,
L, (U) is deep inside 1. The chain corresponding to R;|L,(/) has bounded
order, and thus /£.(U) is deep inside «£,(/) C U, which is ruled out by
Corollary 5.3.

Induction step. Let N be a positive integer and assume that the proposition
holds in the case #Crit(I) < N. We shall prove it in the case #Crit(I) = N.
For that purpose, we shall first prove the following proposition.
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Proposition 6.5. For any C > 1, there exists C' > 1 with the following
property. Let I = (I, U, V) be an admissible triple such that I is a sym-
metric nice interval which contains a critical point c, #Crit(I) = N, and
Crit() > c. Assume that 1 and I have C-bounded geometry with respect to
f and f respectively. Then A(I, U UW()) < C'.

Proof. Let L = L.(U). Since U contains a component of D;, L contains an
interval from M (/). Therefore, there exists a maximal non-negative integer
n > 0 such that I" D L. Note that L C I', soif n = 0, then I' = L. In this
case, the proposition follows from the induction hypothesis, applying to the
triple (I, UU I', V — I'). So let us assume that n > 1. Let m(0) = 0 and
let m(1) < m(2) < --- < m(k) be all the positive integers which are not
greater than n and satisfy Rmo-1(c) & I™®,1 < i < k. Note that m(k) = n,
andletm(k +1) =n+ 1.

Lemma 6.5. There exists N = N(f) such that k < N(f).

Proof. By Theorems 2.1 and 3.3, £.(I"P*!) is uniformly well inside
Lo(I"D) for each 1 < j < k — 1. Let J be an arbitrary component of U.
By Proposition 5.2, £.(J) C L is commensurable to £.(1) = I', and so k
is bounded. O

Let L; = I' foreach 0 < i < n, and let L,.; =L.Foreachl <i <
n+ 1, let R; denote the first entry map to U U L; under f, and let S; denote
the union of all the components of U U L; U Dy, which intersect w(c) N 1.
Let Uy := U, Vy := V and [ := . For each 0 < i < n — 1, inductively
define

Lyt i= P@, I = (I, Uiy, Vi),

By maximality of n, L;y; C V;forall0 <i <n—1and L C U,. For each
0<i<nletU =U;ULjyyand V! =V, — Liyy, let, = (I', U}, V)
and let W; = W(I}). Then U U W; = S;11 N I'. By Lemma 6.3 (see also
Remark 6.1), foreach 0 < i < n—1,we have Crit(I; ;) C Crit(I;). Thus for
each 0 <i < n, Crit(I}) C Crit(I;) — {c} C Crit(I) — {c}, and in particular,

#Crit(M) < N — 1.

Lemma 6.6. For any q € N, there exists C, > 1 such that for any 0 < i <
min{q, n}, the following hold:

(D) AL Sip1) = Cy;
(2) the triple I; has C,-bounded geometry.

Proof. The second statement follows from Lemma 6.3 by induction on i.
Moreover by induction hypothesis applying to the triples I, it follows that
for each 0 < i < min(g, n), A(I', Sy N 1) = A(I', U U W,) is bounded
from above by a constant depending only on C and q.
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To prove that A(/, S;1;) is bounded from above we shall apply
Lemma 6.2. Set Ty, = I, and T; = §; for 1 < i < min(g,n) + 1. To
check the conditions in that lemma, fix an i < min(g, n), and let P be
a component of S;. Let us first show that A(P, S;;1) is bounded from above.
This is true for P = I’ as checked above, and also true if R;(P) C U since
in this case, P C ;1. The only remaining case is that P is an entry domain
to I', when the claim follows from Lemma 6.4. Now let us check the second
condition. To this end, let J be an outermost component of P — 95,4, and
assume that it is a component of S; ;. Note that L;,; is compactly contained
in L;, and hence R;(J) C U. It follows that J C §; forall j > i + 1.
So both of the conditions in Lemma 6.2 are satisfied, and the proof of this
lemma is completed. |

Lemma 6.7. There exists C' > 1 such that

() AU, Spay) = C';
(2) the triple 1,1y has C'-bounded geometry.

Proof. Letl = I(C™', A, b) be as in Proposition 5.1. By Lemma 6.6, we
may assume that m (1) is large. In particular, we may assume that m (1) > 3/
and that / is so small that Proposition 5.1 applies. Then we have a saddle
node central cascade

Il ) Il+] BEE 'Im(])*l.

It suffices to show that

() A, Sy1y—1 N I') is uniformly bounded;
(ii) the triple I,,(1)—; has uniformly bounded geometry.

In fact, assume that these two statements are true, then by the previous
lemma, we see that both of I,y and A(I', S,y N I') are bounded. Set
To =1, T, =S, and T?> = m(l)- Arguing similarly as in the proof of
the previous lemma, we see that these open sets satisfy the conditions in
Lemma 6.2, and thus A(Z, $™() is uniformly bounded.

To prove (i) and (ii), let P be the interior of the component of I’ — I'*!
which is contained in R;o(/*!). Note that P U I~ is a nice open set.
LetU = PNU;,and V' = PNV, Let X, be the union of the components
J of Dp_ma— which intersect V' N w(c) such that R(J) C IV~ where
R denotes the first entry map (under f)to I"V="U P and D p ma) is the
domain of R. Let X = X, U U’, and let Y be the union of components J of
D p_my— which intersect V' N w(c) such that R(J) C P.

Notice that for each x € w(c) N V', if Ru(x) € I' — I'*! for some
I <i<m(l)—1—1,then Comp,(XoUY) CY,and itisacomponent of
(Ry)~M(IT — I'*Yy;if Ry(x) € 1™~ then Comp, (X, U Y) C Xo, and it
is a component of (R;)~'(I"M~!). Moreover, if R;(x) € I' — I't!, then
max(l — i, m(1) — [ — i) can not be too large by Theorem 5.4. It follows
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easily from these observations that (P, X, Y) is an admissible triple with
uniformly bounded geometry and

Crit(P, X, Y) C Crit(T)).

Similarly, we show that (P, X, Y) is an admissible triple with uniformly
bounded geometry for f. Let Z = W((P, X, Y)). Then by the induction
hypothesis, A(P, X U Z) = A(P, S,,1y—1) is uniformly bounded.

Let J be a component of I'~! — I’ forany [ + 1 <i < m(1) — L. Let
us show that A(J, J N S,,1)—1) is uniformly bounded. For J = P this has
been verified above. If J is the other component of I' — I'*!, then this
follows from symmetry. In all other cases, this follows from the fact that
Rf)_l_l :J — Pand Ré‘l_l : J — P are diffeomorphisms with uniformly
bounded distortion.

LetTy = I', Ty = Ty— /' 81, and T, = S,,(1y_,NI'. By Theorem 5.4,
A(Ty, Ty) is uniformly bounded. By Lemma 6.2, it follows that A(I', I' N
Sm)—1) is bounded. This completes the proof of (i).

Finally, let us prove (ii). Let A be the union of components K of
D my-1yp such that K N 1" D=1N w(c) # ) and Rmy-1yp(K) C =
and let B be the union of all other components of Dmm-1,p Which in-
tersect I"D=1 N w(c). Notice that each component of A is a component
of (R)™'(I"M=!), and each component of B is a component of
(Rp)~LamM=1=1_ pm=ly Thus (I"MD~! B, A) is an admissible triple with
uniformly bounded geometry. By Lemma 6.3, for any component K of B,
P ((P, X,Y), K) hasuniformly bounded geometry. By construction, neither
component of Y can be an entry domain to K, and so P((P, X,Y), K) =
(K, (Uny-1 Y Viuay—1) N K, ¥). The statement (ii) follows. m]

Applying Lemma 6.7 to the triple I, (), and so on, we prove that
A(Lyiy—=1, Sm(y) 1s uniformly bounded for all 0 < i < k + 1. Here we
use the fact that k is uniformly bounded. Applying Lemma 6.2 once again,
we conclude that A(Z, U UW(I)) = A(, S,+1) is bounded. The proof of
Proposition 6.5 is completed. m|

Completion of the induction step. Let us consider a triple [ = (I, U, V) with
Crit(T) = N. Let ¢ be a critical point of f which is contained in Crit(T), let
I'=L.(I),andletl .= P A, I') = (I',U’, V'). By Remark 6.1, Crit(I') C
Crit(I). Note that for any x € w(c) N I’, Comp, (U U W) = L,(U).
Let Ey denote the union of components of Dy which intersect w(c). By
Proposition 6.5, A(I', Ey N I') is bounded.

For each component J of V, there is a minimal non-negative integer j
such that f/(J) is a component of D; which contains a critical point in
Crit(I). Moreover, the diffeomorphisms f/|J and f J |f have uniformly
bounded distortion. Since f/ maps each component of E;; N J onto a com-
ponent of Ey; N £/(J), it follows that A(J, Ey N J) is bounded. Finally,
setting To = I, Ty = UUV,and T, = W) U U, and applying Lemma 6.2,
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we conclude that A(Z, U U W(T) is uniformly bounded. The proof of the
induction step, and thus the proof of Proposition 6.3 is completed. m|

Proof of Proposition 6.1. Let us first consider the case that / is a symmetric
nice interval. Let m(0) = 0, and m(1) < m(2) < --- be all the positive
integers such that R;»»-1 displays a non-central return. Let y = x; be the
height of /, i.e., the number of all the positive integers m (). The height x
is finite if and only if T(/) := ("), I" is a properly periodic interval. For
n=20,1,...,let S, denote the union of all the components of /" U D
which intersect w(c¢) N I. Then Dy D Dy D - --.

By Theorem 5.5, the intervals mi) )<< X > have uniformly bounded
geometry. Using the same argument as in the proof of Lemma 6.7, but
replacing the induction hypothesis with Proposition 6.3, we prove that there
exists a constant C’ such that for any 0 < i < x — 1, A(I"?, Sy N
™Dy < C'. By Lemma 6.4, there exists a constant C” such that for any
other component P of S, A(P, Spi+1) N P) < C”. By Lemma 6.2, there
exists a C-qs map ¢ : [ — I, which coincides with # on U, S,

IfT(I) = {c}, thenforany x € w(c)NI, wehave ﬂ;’lozo Comp, (S,) ={x}.
So ¢ is a map in the class Q(/, Q;) and oy, (1, Q;) is bounded.

Assume now that T(/) is a properly periodic interval of f. Note that each
component of Q; is well inside a component of D,,(,,. So by redefining the
map ¢ in the open set S,,(,) appropriately, we can obtainamap v € Q(Z, Q,)
with a bound on ay, (1, Q;).

Now let us consider the general case. Let U be the union of components
of D; on which the first return map R; is not monotone, and let V be the
other components of D;. Note that U # (. Applying Proposition 6.3 to the
triple (I, U, V), we see that A(/, W) is uniformly bounded, where W is the
union of components of UU Dy intersecting w(c) N 1. For each component J
of U, there exists a minimal integer j > 0 such that J' = f/(J) is a critical
return domain to /. Then J' is a symmetric nice interval, so by what we
have proved above, A(J’, Q,/) is uniformly bounded. As f/|J and f7|J
are diffeomorphisms with bounded distortion, this implies that A(J, Q)
is uniformly bounded. Note that Q; = Q; N J, and so A(J,Q; N J) is
uniformly bounded. For each component of W — U, the corresponding
statement remains true by Lemma 6.4. By Lemma 6.2, the proposition
follows. m|

6.5. Completion of the proof of Theorem 2.

Proof of Theorem 2 in the finitely renormalizable case. Let c be a critical
point of f,and let I > ¢ be a sufficiently small symmetric nice interval such
that T(I) = (=, I' = {c}. By Proposition 6.1, for each component U of
D; U I which intersects w(c), there exists a qs map ¢y : U — U such that
for each n € N with f"(c¢) € U, we have ¢y (f"(c)) = f"(E). As there are
only finitely many such components U, there exists a qs homeomorphism
¢ of the real line which coincides with ¢y on U for each U. This map ¢ is
the partial conjugacy as desired. m|
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Now we turn to the proof of Theorem 2 in the case that f is infinitely
renormalizable. Let ¢ be a critical point of f, and let s,, «,,, B,,, A,,, E, be
as defined in Sect. 5.5.

Proposition 6.6. Assume that f is infinitely renormalizable. Then there is
a C > 1 such that for any n, A(B,,Ep,,, N B,) < C.

Proof. We distinguish two cases.

Case 1. A, is a properly periodic interval of f. That is, the n-th renormaliza-
tion f** : B, — B, is immediately renormalizable. In this case, Ep, ., N B,
consists of two adjacent intervals. Each of them is commensurable to, and
well inside in /. The same holds for the objects with tilde. So the proposition
holds.

Case 2. A, is not properly periodic. Then by Theorem 5.6, each component
J of E,, has uniformly bounded geometry. By Proposition 6.1, it follows that
A(J,Eg,.,NJ)is uniformly bounded. Thus A(B,, E,,, N B,) is uniformly
bounded. m|

Proof of Theorem 2 in the infinitely renormalizable case. By Lemma 6.2,
it suffices to prove that for any n and any component P of Eg,, A(P, P N
Ep,.,) is uniformly bounded. If P = B,, then this has been proved by
Proposition 6.6. For any other component, this follows from Theorem 5.6
and Lemma 6.4. o

7. Background in complex analysis

7.1. Poincaré disks and the Schwarz lemma. For an open interval I, we
define C; = C— (R —1). This is a simply connected Riemann surface con-
formally equivalent to the upper half plane H, and thus carries a hyperbolic
metric. For any 8 € (0, ), we define the Poincaré disk Dy(I) by

Dy(I) ={z € C; :d(z,I) < logtan(r/2 — 6/4)},

where d denote the hyperbolic distance in C;. As noticed in [46], if 6 < 7/2,
then Dy (1) is the union of two Euclidean disks which are symmetric with
respect to R and intersect R on / with external angle 6 at each intersection
point. We shall also use the notation D,.(1) := Dy,>(I).

For any a € R and any ¢ € (0, ), define

St(a, &) = {z=a+rei9:r20, 10| 58},
S‘(a,s):{z=a+rei9:rzo,n—sfé’gn—i—e}.

Moreover, for any bounded interval I = (a, b) with a < b and any ¢ €
(0, m), let

S(1,e) =S (a,e) UST(b,e).
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Lemma 7.1. (Schwarz). Let 0 < ¢ < 0 < 7 and let h be a univalent
function defined on D.((0, 1)) which maps (0, 1) onto itself. Then

B(Do((0. 1)) € Dz 0-((0, 1).

Proof. Choosing an appropriate branch, we define a conformal map ¢ :
D,(0, 1) — H by the following formula

¢>(z):i( ‘ )
1—z

Notice that ¢(Dy((0, 1))) is a domain bounded by two radial lines through
the origin which have angle

T—60 7

o =
2 m—¢

with the imaginary axis I. Thus
¢(D9((0, l))) = {z € H:d(z,T) < logtan <% + %)} ,

where d is the hyperbolic distance in H. Considering the holomorphic map
ho¢~':H — C. and applying the Schwarz lemma, we see that for any
z € Dyp((0, 1)),

d (1, 0,1) =d'(ho¢™ (#(2)), ©. )
<d(¢(2), 1)
log t (71’ n a>
<logtan (—+ =),
S VIR

where d’ is the hyperbolic distance in C ;). The lemma follows. O
Lemma 7.2. For any ¢ € (0,m) and § > 0, there exist 6y = 6y(e) €
(0, /2) and C = C(¢, §) > 1 such that the following holds. Let 6 € (0, 6,)

and let h be a univalent function defined on Dy((—6, 1 + §)) which maps
(0, 1) onto itself. Then for any z € Dy((0, 1)) — S((0, 1), &), we have

(27) d(¢(2), (0, 1)) < Cd(z, (0, 1),
where d denotes the Euclidean distance.

Proof. Let A = {z € C — S((0,1),¢) : d(z,(0,1)) < 1}. Choose 6
sufficiently small so that A C Cl(Dyg,((0, 1))). Then for z € A, (27) follows
from the Koebe distortion theorem. For z € D,y ((0, 1)) — (S((0, 1), &) UA),
let ¢t > 26 be the maximal positive number such that z € CI(D,((0, 1))).
Then there exists C’ = C’(¢) > 1 such that

/

1 C
o = d(z, (0, 1) < —

By Lemma 7.1, ¢(z) € D,((0,1)) for « = “5(r —6) > t/2. So
d(¢(z), (0, 1)) is of order 1/¢, and (27) follows. m]
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Lemma 7.3. Let 6 € (0,7/2) and § > 0. Let ¥ : Dgp((—8,1+8)) — C
be a real symmetric univalent map whose restriction to the real line is
monotone increasing. Let 0 < a < b < 1. Then for any ¢ € (0, ), there
are constants &' = & 4(¢) € (0, 1) and " = &5 4(¢) € (0, ) such that

e forany z € Dy((0, 1)) N S} (a), we have

Y(z) € S5 (v(@);
e forany z € Dy((0, 1)) — S.((a, b)), we have

¥(2) & Ser(V(a), Y(b)).
Moreover, for fixed 6 and 8, & — 0as e — 0.

Proof. We may assume that i fixes 0, 1. Then the maps i with these
properties form a compact family in the topology of uniform convergence
on compact sets. The lemma follows easily from compactness arguments.

O

7.2. The quadratic map.

Lemma 7.4. Let K > 1 be a constant and P(z) = z°. Then there exists
a constant C = C(K) > 1 such that for any 0 € (0, ), we have

P (Du((=K. 1)) € Deig((=1, 1),

Proof. Arguing by contradiction, assume that the lemma fails. Then for
every n € N, there exist 6, € (0, 7) and z,, € C such that

Zn & Do,/ ((—1, 1)) and w, := z; € Dy, ((—K, D).

After passing to a subsequence, we may assume that 6, converges as
n — oo. Obviously, the limit is zero. We may assume that z,, and w, are
contained in the upper half plane H since Dg, /, ((—1, 1)) is symmetric with
respect to both the real axis and the origin. Write z,, = r,e', with r, > 0
and t, € (0, 1/2).

Let us prove that {r,} are uniformly bounded from above. First notice
that, if r, is big, then

Re(™ =1\ 2t _ k42K — Deos2t, > 0.

From z,, ¢ Dg,/,((—1, 1)), we obtain

Zn_

(28) tan arg <tanb,/n;

Zn
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and from w, € Dy, ((—K, 1)), we obtain

Wy,
29 t > tan6,.
29) an arg 1K an

n

2

Substituting z, = r,e’™ in (28) and w, = r2e'* in (29), we obtain

2r, sint,
30) a1 = an;,
and
2(K + 1)sin 21,
31) r, (K 4 1)sin > tan6,.

rt — K +r2(K — 1) cos 2t,

Dividing (31) by (30), we obtain

T (r,% - 1) sin 2t,
(32) - — 00, asn — oo.
rd — K +r2(K — 1) cos2t, sint,
Thus,
ro(r2 —1
(33) (i —1) — 00, asn — oo.

rt— K +r2(K —1)cos2t,
It follows that r, are uniformly bounded. Consequently, for large n,
arg z, = t, is close to 0, and so arg(w, — 1)/(w, + K) < arg(w, — 1) and

arg(z,—1)/(z,+1) =< arg(z,—1), whichimplies that arg (w,, —1) /arg(z,—1)
is very large. On the other hand,

arg(w, — 1) = arg(z;, — 1) = arg(z, — 1) + arg(z, + 1) < 2arg(z, — 1),
a contradiction. a
Lemma 7.5. Let P(z) = z%, a > 0 and ¢ € (0, w/2). Then
Si@) ¢ P7H(S (@) N{z: Rez = 0} C S} (a);
S (@) N{z:Rez>0} C P7'(S;(a®) N{z:Rez >0} C Sz. (@),
Proof. Let z be apointin the first quadrant. Then arg(z—a) > arg(z+a) > 0.

Together with arg(z> — a®) = arg(z + a) + arg(z — a), this implies the first
formula. The proof of the second one is similar. m|
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7.3. Proper maps. We shall also use the following lemma.

Lemma 7.6. Let U C V be topological disks, and let F : U — V be
a holomorphic proper map of degree N. Assume that

K ={zeU:F'z) eU forallk € N}

is a connected compact set. Then there exist U C U and V' C V, such
that F : U — V' is a DH-polynomial-like map of degree N. Moreover,
if mod(V — K) > 8, then we can choose U' and V' appropriately so that
mod(V' — U’) > &', where §' > 0 is a constant depending only on § > 0
and N.

For a proof, see Lemma 2.4 in [31].

8. Polynomial-like extension properties of the first return maps

In this section we shall prove Theorem 3. The proof is based on the analysis
on the real geometry of f which we have done in Sects. 4 and 5, and uses
many ideas coming from Lyubich and Yampolsky [31].

Theorem 3. Let f be a real analytic map in the class ¥, which has es-
sentially bounded geometry, and let c be a critical point of f. Then for any
e > 0, there is a symmetric nice interval I > cwith|l| < &, such that the real
box mapping associated to 1 extends to a real symmetric polynomial-like
box mapping.

As usual let us say that f is non-renormalizable if it does not have
any properly periodic interval. Since the finitely renormalizable case can
be reduced to the non-renormalizable case (by considering the real box
mapping associated to a small symmetric nice interval), we shall assume
throughout this section that the map f is either non-renormalizable or
infinitely renormalizable. Moreover, by Proposition 5.11, we may assume
that f has negative Schwarzian.

Recall that the height of a symmetric nice interval / is the number of
positive integers m such that R;»-1 displays a non-central return.

In Sect. 8.1, we follow an idea of Levin & van Strien [24] to extend f
to a smooth polynomial-like mapping F which is holomorphic near the real
line. This extension is proper, but not necessarily holomorphic on the whole
domain. We shall explain there how to get a polynomial-like extension from
a quasi-polynomial-like one.

Most of our effort is put into looking for a small symmetric nice inter-
val I for which the associated real box mapping has a quasi-polynomial-
like extension. To this end, following an idea of [31], we shall prove that
there exists a constant C > 1 which depends only on f with the follow-
ing property. For any A > 0, there exists a small symmetric nice inter-
val I such that each branch of the generalized renormalization R;|J =
f*|J extends to a holomorphic branched covering F* : U — V with
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V = D.((1 +2A)I) N Cy, and such that for all z € U, the following
Lyubich-Yampolsky type inequality holds:

2 N
34) (d(z, J)) “Cmaxl1 d(F*(2), 1) .
|1 ]

In Sect. 8.2, we shall prove several geometric estimates on complex
extensions of first return maps to nice intervals, by applying the well-known
Schwarz lemma and Koebe distortion theorem in complex analysis, coupled
with the essentially bounded nest geometry. In particular, we shall study the
complex pull back of a truncated Poincaré disk of the form Dy(K) N C;
corresponding to the first return map to /, where K O [ are symmetric nice
intervals, and / is a real pull back of K; and obtain a priori control on this
complex pull back. See Propositions 8.2 and 8.3.

In Sect. 8.3, we shall prove Theorem 3 under the assumption that f
has an arbitrarily small symmetric nice interval with a sufficiently large
height. This assumption is satisfied by all non-renormalizable maps as well
as some infinitely renormalizable maps. More precisely, let / be a small
symmetric nice interval which contains a critical point ¢, let m(0) = 0, and
let m(1) < m(2) < --- be all the positive integers such that Rmo-1(c) &
1™ Combining Propositions 8.2 and 8.3, with a jump argument introduced
in [31], we shall prove that for any k > 3, each branch of the first return
map R;nw|J = f°|J extends to a holomorphic map F* : U — V with
V = D,(I"®) N Cnw, and that the extension satisfies the inequality (34)
for some C which depends only on f. If I is well defined for a large k,
then it follows that the real box mapping B;»w® has a quasi-polynomial-like
extension.

In Sect. 8.4, we shall deal with the remaining situation. In this case, for
any symmetric nice interval /, and a large constant A, (1 4+ 2A)I contains
properly periodic intervals larger than /, and so we have to investigate the
property of complex extensions corresponding to the renormalization levels.
By adopting another jump argument introduced in [31] (Lemma 8.10), we
shall prove another a priori estimate, Lemma 8.13. Using this lemma instead
of Propositions 8.2 and 8.3, and arguing in the same way as in Sect. 8.3,
we show that the real box mapping associated to a small properly periodic
interval has a quasi-polynomial-like extension.

8.1. Extension to a smooth polynomial-like box mapping. Let us con-
sider a real analytic map
m b—1 b—1
fr (ngJ.)u(UI,.) -z
j=0 i=1 i=0

in the class #;, which is either non-renormalizable or infinitely renormaliz-
able.
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Following Levin and van Strien [24], let us first extend f to a real sym-
metric smooth polynomial-like box mapping F - (UT:O Uju (Uf;ll V) —
Uf;& V; such that F is holomorphic in a neighborhood of dom( f). Here,
by a smooth polynomial-like box mapping, we mean that

e V;’s,0 <i <b—1 are topological disks with disjoint closures;

e U;’s, 0 < j < m are topological disks with disjoint closures which are
compactly contained in Vy;

e foreach U € {Up, V; : 1 <i <b— 1}, thereexists 0 < i’ <b—1such
that F|U : U — V; is a C! double branched covering;

e foreachl < j <m, F|U;isa C'! diffeomorphism onto some V;.

This kind of extension obviously exists and is certainly not unique. By
choosing the extension appropriately, we may assume that the U ;’s and V;’s
are Jordan domains with C' boundary. We may also assume that for any
component U of dom(F), F|U extends to a C' map defined on CI(U) such
that the derivative DF is non-degenerate on d U. In the following, we shall
fix such an extension F'. Note that F and f have the same critical points.

Given a topological disk V contained in the range of F, and an F-orbit
(F! (2)}!_, with F"(z) € V, by considering the complex pull back of V along
this orbit, we obtain a sequence of topological disks Uy > z, U; o F(z),

-, U, =V > F"(z), with the property that for each 0 < i < n — 1,
U; is a component of F~'(U;,;). We say that this complex pull back is
holomorphic if F|U; is holomorphic for each 0 < i < n — 1. We shall
reserve the notion “chain” for a sequence of intervals obtained by (real)
pull back of the (real) map f. To avoid confusion, we shall only talk of
a complex pull back of a topological disk and a real pull back of an interval.

Given a symmetric nice interval / and a real symmetric topological
disk Vwithl Cc VcCC/n (Uf;(; V;), the associated real box mapping
B; : (L_J;:O Ji)u (Uf.’;ll 1) — Ui’;(} I; admits the following extension to
the complex plane. For any 1 < i < b — 1, let s; be the entry time of I;
to 1, and let V; = Comp, (F™*(V)). Forany 0 < j < r, let p; be the
return time of J; to /, and let U; = Compjj(F*Pf(V)). Then it is easy to
check that foreach 0 < j <r (1 <i < b — 1, respectively), the map B,|J;
(B|1;, respectively) extends to a proper map from U; (V;, respectively) onto
some V; without increasing the number of critical points. Remark that if V
is a Jordan domain with C' boundary, then so are the topological disks U j
are V.

To show that B; extends to a polynomial-like box mapping, it suffices to
find an appropriate topological disk V' such that the objects defined above
satisfy the following:

(E1) the closures of U;’s are pairwise disjoint;
(E2) U; e V;
(E3) the extended maps F*|V;, F?i|U; are holomorphic.
Note that (E3) implies that the corresponding extension of B; is holo-
morphic.
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If the objects defined above satisfy the conditions (E1) and (E2) (but
maybe not (E3)), then we shall say that B; has a smooth polynomial-like
extension determined by V. If they satisfy (E3) (but maybe not (E1) or (E2))
and

(B2)) U; C V,and CI(U;) — V C R,

then we say that B; has a quasi-polynomial-like extension determined by V .
The following is a useful observation in [24]:

Lemma 8.1. Let I be a symmetric nice interval, and let V and V' be two
real symmetric topological disks in Uf;ol V; which contain 1. Assume that
V' is a Jordan domain with CI(V') N R = CI(I). If B; has a smooth
polynomial-like extension determined by V' and a quasi-polynomial-like
extension determined by V, then B; has a polynomial-like extension deter-
mined by V"' = Comp,(V N V’).

Proof. Let J;, I; and s;, p; be as above. Let U;, V;, and U}, V! be defined
as above for V and V' respectively. Let U] = Comp 5, W N U}) and
V" = Comp, (V; N V/). Then these topological disks are the corresponding
objects as defined above for V”. It is obvious that these objects satisfy (E1)
and (E3). To complete the proof, we need to check that U} € V" for each
0<j<r.

Take a point z € Cl(U}’), and let us show that z € V”. Note that z €
Cl(U }) C V'. So it suffices to prove that z € V. Arguing by contradiction,
assume that z ¢ V. Then z € CI(U;) — V C R. But this implies that
zZ€ Cl(U}) NR = CI(J;) C V, a contradiction. O

Recall that M (Zy) is the collection of all (nice) intervals which are
(real) pull backs of Ij. For any I € M(Iy), there is a natural way as
described in the following, to construct a smooth polynomial-like exten-
sion of B;. Let {Gi}fzo be the chain with G, = I, and Gy = I, and let
P = Comp, (F ~%('Vy)). Then B; has a smooth polynomial-like extension
determined by P. To see this, we observe that for any non-negative integer n,
any component U of F~"(Vy) is a Jordan domain. Moreover, if n; < nj,
and U; and U, are components of F~"1(Vy) and F~"2('V,) respectively,
then either U; N U, = @ or U, € U,. Note also that P has C' boundary,
and hence CI(P) NR = CI(PNR) = CI(I). Together with Lemma 8.1, this
implies

Lemma 8.2. For any symmetric nice interval 1 € M(1y), if the real box
mapping B; has a quasi-polynomial-like extension determined by a real
symmetric topological disk V, then it has a polynomial-like extension de-
termined by a real symmetric topological disk V' C V.

The lemma will only be used in the non-renormalizable case. If f is
infinitely renormalizable, then we shall use a more geometric method to
construct a polynomial-like extension from a quasi-polynomial-like one.
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Lemma 8.3. Assume that f is infinitely renormalizable. Let B be a sym-
metric properly periodic interval and let s be its period. Assume that Bg
has a quasi-polynomial-like extension determined by a real symmetric topo-
logical disk V, and that there exists v € N such that

Compy (FfVS(V)) c V.

Then there exists a real symmetric topological disk V' C V, which deter-
mines a polynomial-like extension of Bp.

Proof. Let U = Compg(F~*(V)), and let
K ={zeU:F°@) eUforallk € N}.
Note that X is the filled Julia set of the DH-polynomial-like map
F¥ CompB(F_”S(V)) -V,

and thus it is compact. This DH-polynomial-like mapping, as an extension
of f : B — B, has all critical points contained in its filled Julia set X', and
thus X is connected. By Lemma 7.6, there exist topological disks V' C V
and U’ C U, such that F* : U" — V' is a DH-polynomial-like mapping.
Clearly, V' determines a polynomial-like extension of Bg. m|

8.2. Control of complex pull backs by real geometry. Given a (real)
chain {G}’_, and a topological disk V O G, information on the complex
pull back of V along {G;} can often be read from the real axis. In this
subsection, we collect lemmas on this kind of control. We begin with a few
little lemmas.

Lemma 8.4. For any 6y € (0, w), there is an n > 0 with the following
property. Let I be an open interval in Uf;& 1;, and let J be a component
of fYI). If INw(c) # 0, |I| < n, and f|J is monotone, then for any
0 € (6y, ), we have

U= CO’"PJ<F71(D0(1))> C Dg_mn(J),

where M > 0 is a constant depending only on F. In particular, F : U —
Dy (1) is a conformal map.

Proof. This follows from Lemma 7.1 (the Schwarz lemma). To be more
precise, let K = Comp,(dom(f)) and L = Comp,(range(f)). We first
consider the case that f|K is a diffeomorphism. Then the corresponding
branch of F~! is holomorphic and univalent on a neighborhood of L, which
contains D, (/) for e = M|J|, where M > 0 is a constant depending only
on F. Thus by Lemma 7.1, U C D,(J), where

g

o= @—e)=0—ec>0—M|J|.

T — €&
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So the lemma holds in this case. Now assume that f|K has a critical
point. Then F can be written in the form Q o ¢, where Q is a quadratic
map. Note that Q! extends to a univalent map from C; into Cg ), thus

d(U) C Dy(¢p(J)). As ¢! is holomorphic and univalent on a neighborhood
of ¢(K), arguing as above gives us the desired estimate. m|

Lemma 8.5. Forany é > 0, N € N and any 0 € (0, «), there isann > 0
such that the following holds. Let {G ;}}_ be a chain of order < N, such
that Gy N w(c) # O. Let {G’j}‘j.zo be another chain with G', = (1 + 26)G;,
and G, D Gy. Assume that

(i) forany 0 < j < s, we have (G’j —Gy)NCrit(f) =0;

(ii) | £*(Go)| > 3IG,;

(iii) 301Gl <.
Let V = Dg(Gy) and U = Compg, (F~*(V)). Then for each0 < j < s—1,
we have

F/(U) C Dy;c(G)),

where C = C(N, ) > 1 is a constant (independent of 0). In particular,
F* : U — V is holomorphic.

Proof. If {G};_, is a monotone chain, then by the previous lemma, we
have F/(U) C DB—MZ§:} IG,-I(G!')’ forany 0 < j <s— 1, where M > O is
a constant depending only on F. Provided that n < 6/2M, it follows that
FI/(U) C Dgjp(Gj) forany 0 < j < s — 1.

Assume now that {G j}j':o is not monotone. Let s; < s be maxi-
mal such that G, contains a critical point. Then by the above argument,
Ft(U) ¢ Dg/>(Gy,41). Since fS*S'*]lGSlH has bounded distortion,
and since fS*S'*l(f(GSl)) D f*(Gyp) is not so small compared to Gy,
| f(Gs)1/1Gs,+1] is bounded away from zero. Therefore by Lemma 7.1 and
Lemma 7.4, F*'(U) C Dg;c,(Gy,) for some constant C; = C(5) > 1.

Note that the assumptions (i)—(iii) are true for the shorter chains {G j}“;.]zo
and {G’j}‘;‘zo if we replace § > 0 with a smaller constant §' > 0, and that
{G j}‘;‘zo has order < N — 1. Thus, the lemma follows by induction. O

Remark 8.1. The assumptions (i) and (ii) are true provided that (14+28)G, —
(1 —28)Gy is disjoint from w(c). This lemma will often be used in the case
that G, is a small nice interval which intersects w(c), and {G j}}v':o is a chain
corresponding to the first entry of some x € w(c) to G,;. We remind the
reader that in this case, the order of this chain is bounded from above by the
number of critical points of f.

Proposition 8.1. For any ¢ € (0,7m), § > 0 and 60 € (0, ), there are
n = n(,d8,0) > 0and C = C(e,8§) > 1 with the following property.
Let I be a nice interval intersecting w(c) with |I| < n and ((1 + 28)1—
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(1 =281)Nw(c) =@. Let J be a component of Dy intersecting w(c) and
s the entry time of J to 1. Let V. = Dy(I) and U = Comp ;(F~*(V)). Then
forany w e V — S(I, ¢), and any z € U with F*(z) = w, we have

dz, J) < C max {1, dw, I)}.
[J] |1]

Moreover, if there exists a critical point ¢’ of f such that d(J,c") < |J|/6,

then
dz, J) < Cmax {1, dw, I) )
[J] |1]

(In particular, this holds in the case J > c'.)

Proof. Let V' = Dg;»((1 4 6)1), and let U" = Comp;(F~*V’). Let us first
prove that F* : U" — V'’ is holomorphic provided that 1 is small enough.
To this end, let {G’j}j.:0 and {G,}}_, be the chains with G, = (1421,
Gy = (1+46)1,and G, D Gy D J.By Lemma 3.8, {G’j}j.:0 has intersection
multiplicity bounded by 4, and thus by Corollary 3.6, > j |G’j| is small
provided that n is sufficiently small. Applying Lemma 8.5, we obtain that
F*|U’ is holomorphic. Similarly, for any K > 1, there exists n > 0 such
that if /| < n, then for any 0 < s; < s, < s, the pull back of Dy (G,)
along the chain {G j}j'zzsl is holomorphic.

Let us now prove the first inequality. If the chain {G ;}_ is monotone,
then this inequality follows from Lemma 7.2. So let us assume that the
chain {Gj}j.:0 is not monotone. Let 0 < n; < np, < --- < ng < s be
all the integers such that G,, contains a critical point. Let A = {w € C :
dw,I)=1}.If w e A — S, ¢), then d(z, J)/|J| is bounded from above
by a constant and so the inequality holds. Assume w € V — (A U S(/, ¢)).
Let {Ij}j.:0 be the chain with Iy = I and Iy = J. Lett = t; € (0, ) be
the positive number such that w € dD,(/) and foreach 0 < j < s — 1,
let ; € (0, ) be such that F/(z) € dD;;(I;). Arguing as in the proof of
Lemma 7.2, we obtain t,, 1/t > 1/2. By Lemma 7.4, t,, /t,, +1 is bounded
away from zero. As k < #Crit(f), by repeating this argument a few times,
we conclude that 7y/7 is bounded away from zero. Since d(w, I)/|1]| < 1/t,
the first inequality follows.

To prove the second inequality, just notice that f|J is of the form Q o ¢,
where Q is a quadratic map and ¢ is a real symmetric conformal map
from a neighborhood of ¢’ to a neighborhood of 0. By the argument above,
d(F*~'(2), f())/|f(J)] is of order d(w, I)/|I|. Considering the behavior
of the quadratic polynomial z > z? near 0, the second inequality follows
easily. m|

Let us now state a lemma concerning pull back along a long central
cascade. This lemma can be shown in the same way as Lemma 6.2 in [31],
but we shall give a more elementary proof here.
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Lemma 8.6. For any § > 0 and 6 € (0, w), there exists 0; € (0, ) with
the following property. Let

’>1'>r>...o1m

be a central cascade such that R does not have a critical point in 1' — I,
and let r be the return time of I' to I°. Let J C I' — I" be an interval such
that J;, = f"(J) C I' foreachi =0,1,...,p—1.LetV = Dg(lo)ﬂCJpr,
and U = Comp ;(F~7"(V)). Assume that

"> A+291" (1+281°—(1-281°) Nw) =0,
and |I°| is sufficiently small. Then
U C Dy, (I").

Remark 8.2. Applying this lemma to the interval f7(J) instead of J,
0 < i < p, we obtain that F"(U) C Dy, (I°). By choosing 6; smaller
if necessary, we have F/(U) C Dy, (£Jj(ld)) forall0 < j < pr—1, by
Lemma 8.5.

Proof. By Lemma 8.5, there is a &’ > 0 such that
W := Comp;: (F_’(DQ(IO))) C Do (Ih).

Take a point z € U, and let us prove that z € Dy, (I°) for an appropriate
choice of 6;. For each 0 < i < p, write {; = F"(z). We may assume that
there is 0 < g < p such that {, ¢ Dy (1%, for otherwise z € Dg/(I') U
Dy(I°). Let g be maximal with this property. Then

¢, € W— Dy(1%).

Note that J C 19 — I"™. Let T, be the component of /¢ — I" which contains
Jand foreach0 <i < g,letT; = f @ *"”(Tq), which is the component of
1" — I"=9% containing f“~97(J). Moreover, for each 0 < i < g, let P, be
the component of I’ — CI(I'*") which is contained in 7;.

Since I° O (1 + 28)I', there exists a constant 8” € (0, 7) such
that W — V C Dy (Py) C Dgr(Ty). Let Yy = Dy (Ty), and let Y; =
Compj(qﬂ_)r(F*"(Yo)) foreach 0 <i < g. Then F¥" : Y, — Y is a diffeo-
morphism, and §; € Y,,_; foreach0 < i < g. Moreover, since {, € Dy (F),
we have z = ¢y € Y, N (F9(Dy(Py))). Note that P is a nice interval and
f7 Py — Pyis afirst entry to Py. By Corollary 3.6, Y 9" [ f/(P,)| is
small. Applying Lemma 8.4, we obtain that

z € Dy, (P,) C Dy, (1",

where 60; is a constant. O
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We are going to prove two propositions in a more complicated situation.
For any nice interval / which intersects w(c), as in Sect. 6, define

Qn= U L.

k=1 xew(c)NI

Recall that if that / does not contain a properly periodic interval of f, then
Q(/) is just the Cantor set w(c) N I, and otherwise, it is the union of all
maximal properly periodic intervals contained in /.

Proposition 8.2. Forany0 € (0,7),8 >0, p>1,C > land q € N, there
existn =n(0,6,p,C,q, F) > 0and 6, = 06,(6, 6, p, C, q,b) € (0, w) with
the following property. Let I be a nice interval intersecting w(c) such that
[I| <n, A; < p, and
(A +28)1 — (1 —=281) Nw(c) =0

Let x € w(c) N 1, and let x, f" (x), ..., f™(x) be successive returns to 1.
Let 1= {I;}}%, be the chain with I, = I and Iy > x, and let J = {J;}%,
be a chain with J = J,, C I, and Jy > x. Assume that the following hold:

(i) the maximal number of elements of {x, f"'(x), ..., f"(x)} contained

in the same component of Q(I) is at most g;

(ii) the chain J has intersection multiplicity at most q; and
(iii) |Iy| > |1|/C.
Let V.= Dy(I) N Cy and U = Comp (F~"(V)). Then for any 0 < j <
n; — 1, we have

FI(U) C Dy, (L i (1) NCy,.

Remark 8.3. We shall often apply this proposition in the following situation:
J is apull back of 7, and f"*(x) is the first entry of x to J. In this case, both
of the conditions (i) and (ii) are clearly satisfied for ¢ = 2. Condition (iii)
is usually very easy to check. For instance, if the orbit { f/ (x)};'.": | does not

enter L' (/) at all, then /; contains QC;*] (I), and thus is commensurable to
I by Corollary 5.3. Similarly, for any nice interval K which has bounded
geometry, if x € K C [ and if the sequence {f/ (x)}?k: , does not enter
L' (K), then I is commensurable to K.

Proof of Proposition 8.2. Let {G;};'.":(')_"" be the chain with G}, . =1
and Gf) > f"(x)forall 0 <i <k — 1, where ng = 0. Let

Crit = Crit(], {x, @), ..., f"k(x)}>

(35) k—1nit1—n;i—1 '
=J U &incriy.
i=0 =0

We shall use induction on #Crit. Let U; = F J(U) foreach 0 < j < ny.
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Starting step. Assume #Crit = 0. Then {G’)}2; ™" is a monotone chain for

each 0 < i < k — 1. Let us prove that & is uniformly bounded from above
by a constant depending only on C, § and p, from which the proposition
follows by Lemma 8.4.

To this end we first observe that D; has a component intersecting w(c)N/
on which R; has a critical point, since w(c) contains all critical points of f.
Thus, D; has at least two components intersecting w(c) N I. Each of these
components is commensurable to / for otherwise it would be deep inside
I since (I — (1 —28)I) N w(c) = @, which is ruled out by the assumption
A < p (Corollary 5.3). For any 0 < i < k, let 7; > x be a subinterval
of I such that RQ(Ti) = [. Then Rﬂ (T Tig) — L, Lyni(D)) is
a diffeomorphism, which extends to a diffeomorphism onto (1 + 24)1.
Since f has negative Schwarzian derivative, it follows that the maps R’ |T;,
0 < i < k — 1, have uniformly bounded distortion. Thus, |7;.|/|T;| is
uniformly bounded from 1. Since 7y = Iy, and since |ly|/|I| is bounded
away from zero, we conclude that s is uniformly bounded.

Induction step. Assuming that the proposition holds when #Crit < N, let
us consider the case #Crit = N.

For the same reason as stated in the proof of Proposition 4.1, we may
assume that / is a symmetric nice interval and that Crit = Crit(/, {x,
fM(x), ..., f™(x)}) contains the critical point in 7, say c. If x; = 0, then
forany i > 0, R;i(c) € I'™'. So T(I) := () I' is a periodic interval, and
I —T(1) is disjoint from w(c). Thus all these points f"/(x) are contained in
T(I) = Q(I). By assumption (i), this implies that k < g. So the proposition
follows easily from Lemma 8.5. Now let us assume that x; > 1. Let m =
m(1) be the minimal positive integer with Rym-1(c) ¢ I"™. Let0 < k; < k
be the maximal integer with /" (x) € I'. We first prove

Claim 1. For any ny, < j < n; — 1, we have
FI(U) C Do, (£ 1igy(1)),
where o7 > 0 is a constant.

To prove this claim, we first notice that

Crit<1, {Frav ), fr2 (), . f”k(x)})
c Crit(], {x, @), ... ,f"k(x)}> — {e}.

Next let us show that |Ink] w1 I/ is uniformly bounded away from zero.
Arguing by contradiction, assume that [/, ,|/|I] is very small. Then
[, |/|1'] is also very small. Since Ly, D oLy (x)(ll), |£fnk, (x)(11)|/|1|
is small, and so /£ ey 1) is deep inside I, which is absurd by Corol-
lary 5.3. Applying the induction hypothesis gives us the desired estimate
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for all ny, y1 < j < ny. Finally applying Lemma 8.5, we obtain the desired
estimate for ny, < j < ng 1.

Claim 2. There exists a constant 6" € (0, i), such that one of the following
holds:

e forall 0 < j < ny, we have
(36) F/(U) C Dy(L4ioy(D)NCy 3

e there exists an integer k' with 1 < k" < k, suchthat /,, C I, F"¥ (U) C
Dy (I™), and such that (36) holds for all ny < j < ny.

Of course we may assume k; > 0. Let 0 < k| < k; be minimal with
f i (x) € I'. Remark that if (36) holds for ny, < J < ny, then it holds for
all 0 < j < ny as well (with a smaller 6"). Indeed, if k| > 0, then ny is the
first entry time of x to /', and so this follows from Lemma 8.5.

Note that 1, C I ! For a similar reason as in the proof of Claim 1, the

pull back of 1! along the orbit { f' (x)}?i'nk, is commensurable to /'. Since
1

cm(ﬂ, [ K <i <k, fr(x) € 11}>
c crit(1 {0 i <k}),

we may assume that these two sets coincide, for otherwise the induction
hypothesis applies. In particular, there is a maximal integer k, < ki, with
f™a (x) e I?. Similarly as in Claim 1, we find a constant o, > 0 such that
forall ny, < j < ny,, F/(U) C Do-z(onj(x)(Il)) nCy,.

Since x; > 1, (I —I"YNw(c) # ¥, and thus I D (1+28)I" provided that
|1] is sufficiently small. Here we use 1/(1 —28) > 1+424. Letl = I(5, p, b)
be as in Proposition 5.1. Repeating the above argument, we conclude that for
an appropriately chosen constant 6’ > 0, either (36) holds forall0 < j < ny,
or there is a sequence of integers

kol:k>k1>k2>"'>kmin(m,3l)>0

such that Iy, C I', and such that F/(U) C Dg/(ocfj(x)(]"*])) holds for
ng, < j < ng,_,.In particular, it follows that Claim 2 holds if m < 3/.

So assume that m > 3[ and that we are in the latter case. Then I' C
["1 ¢ ... "~is a saddle node central cascade. Let k] < k; be minimal
with f " (x) e I'. Similarly as above, it suffices to prove that (36) holds for
all j > ny, (with an appropriately chosen positive constant 6'). Let k" > k;
be minimal such that

fnk//+i(x) g IO _ IH—I
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forall 1 <i < k; — k”. Then either f"' (x) € I° — I'*! or k" = kJ. Let us
show that there exists a constant #” > 0 such that

37 FI(U) C Dy (L fiy(I"))
holds for all ny» < j < ny,. To this end, we distinguish two cases:

Case 1. ™ (x) € I"'. Then for each k" < t < k;, we have f"(x) € I"!
since

RIO(II+] _ Imfl) C Il _ Imflfl

is disjoint from 1”~!. By Proposition 5.1, k; — kK < [ and so (37) follows
from Lemma 8.5.

Case2. f™i(x) e I' =I'*' forsomel <t <m—I—1.Let0 <r <m—I[—t
be maximal such that

frat(x) e I a2 () e 1772 - fer(x) e I

Since the chain {J j}’}": o has intersection multiplicity < ¢, we have J,, ; C
I' — " forall g < j <r — q. Thus by Lemma 8.6, and Lemma 8.5 we
conclude that (37) holds for all j > ny,_, (for some 6” > 0). Moreover, by
Lemma 8.5 again, to prove that (37) holds for ny» < j < ny,_,, it suffices to
show that k, — r — k” is uniformly bounded from above. If "~ (x) € 1",
then as in the proof of Case 1, we know that k; —r —k” < [.If f"™—(x) & "~
and k" < k; —r, then by the combinatorics of a saddle node central cascade,
we have k" = k; — r — 1. This proves that (37) holds for all ny < j < ny,.

Now let us complete the proof of Claim 2. We may assume that k" > k;.
Then f™ (x) € I — I"*! for some 0 < [; </, and so

K = on”k”(x)(Il) C 111 _ Ill"rl,

which implies £.(K) C I™. Note that I,,, C K.
Let k" < k" be the minimal non-negative integer such that "+ (x) € K.
Let us consider

K = (K, [F900 k" < j <k, frix) e K}).

Obviously, Crit(K) C Crit(/, {x, f™(x), ..., f*(x)}).

Let {G j}’}i’nw be the chain with G,,, = K, and G,,, > f""(x). By
Theorem 5.5, there exists a constant 8 > 0 such that (1+28")K —(1—-28)K
is disjoint from w(c). Let us show that |G, |/|K| is uniformly bounded
away from zero. Assume not. Then G,,, is deep inside K. Since ny» is
the entry time of x to K, it follows that Iy C £.(G,,,) is deep inside
L, (K) C I, which contradicts the assumption (iii).

Assume Crit(K) Z c. Then it follows from the induction hypothesis that
FI(U) C Dy (L 1i((K)) for some 6 € (0, ) and for all ngr < j < ngo.
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Since ny» is the entry time of x to K, it follows from Lemma 8.5 that (36)
holds for all 0 < j < ny», and thus Claim 2 holds in this case.

Let us assume Crit(KK) > c¢. Then there exists a maximal positive in-
teger k' with k" < k' < k” and f™ (x) € I'"". From £L.(K) C I and
I, C K, we obtain I,, C I". Moreover, it follows from the induction
hypothesis and Lemma 8.5 in the same way as in the proof of Claim 1, that
FI(U) C Dy (L i (K)) for some ¢ > 0, and for all ny < j < ngr. In
particular, F* (U) C Dy (I"™). So Claim 2 holds in this case as well. We
have completed the proof of Claim 2.

In other words, we have found a constant v; € (0, ), such that either of
the following holds:

e forany 0 < j < ny, we have

(38) FI(U) C Dy, (LyioD);

e x; > 1, and there exists p; < po := k such that (38) holds for all
n, < j<ng and

I

n,,l

C [m(l)’ F'(U) C D, ([m(l))‘

Let 0 < p} < p; be minimal such that "% (x) € I, Note that the pull
back of 1"V along the orbit { f/ (x)}ji‘n _ is commensurable to /™", Then
7y

by the same argument as above, we have a constant v, € (0, ), such that
either of the following holds:

° foranynp/] < j < n,,, we have

(39) F/(U) C Dy, (£ iy (I™"));

e x; > 2,and there is po < p; such that (39) holds for alln,, < j <n,,
and

I

Tpy

c I™?, F'»(U) C D,,(I"?).

If the former case happens, then by Lemma 8.5, there exists v, € (0, vy)
such that F/(U) C Dv/z(oﬁfj(x)(l’"“))) holds for all 0 < j < n,. So the
proposition holds for 6; = vj in this case. Similarly, for any ¢ € N there exist
constants v, v; € (0, ) such that either the proposition holds for 6; = v;,
or x; > t and there is a p, < k such that I, C I"®. The latter case cannot
happen for a large ¢, for otherwise Iy C £,(1,,) C L, (I"?) is deep inside
I by Theorems 2.1 and 3.3, which contradicts the assumption (iii). This
completes the proof of the induction step. O

We shall also need the following estimate:
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Proposition 8.3. In the situation of the previous proposition, if I is a small
symmetric nice interval with x; > 1, and if the orbit {x, ... , f"™(x)} enters
1" at least 31(8, p, b) times, where m(1) € N is minimal such that R -1
displays a non-central return, and (8, p, b) is the positive integer as in
Proposition 5.1, then there exists k' < k such that

o #Hk' <i<k: fri(x)el"V} <3IS, p,b);
e for any z € Comp (F~"(Dy(I) N Cy)), we have f"¥(z) € Dy, (I™V),
where 0, € (0, m) is a constant depending on §, p, q, C and b.

Proof. Letl = [(6, p,b). If m(1) < 3, then let ky = k, and for each
0 <i <m(1) — 1, define inductively k;;; to be the maximal integer such
that k;; < k; and such that f™+1 (x) € I'*!. By assumption, these integers
are well defined. Applying the previous proposition, we prove inductively
that foreach 0 <i < m(1), F"i () € D(,i(li) for some o; € (0, ). Setting
k' = ky1) and 6, = min:”:((])) o;, we conclude the proof.
Now assume that m(1) > 3[. Then define inductively k = ky > ki >
- > kj to be such that k;;| is the maximal integer less than k; with the
property that f™+1 (x) € I'*!. Then as above, we obtain F"(z) € D,(I')
for some o € (0, 7). Note that {x, ..., f™ (x)} enters IV at least 2/ times.
Let K/ < k; be minimal such that f"+i(x) ¢ I° — I'*! forall 1 <i <
k; — k”. Proceeding as in the induction step of the previous proposition, by
distinguishing two cases according to whether £ (x) € IV~ or not, we
find that k" is positive, and that #{k” < i < k; : f"(x) € 1™V} > [. Let
k' < k" be maximal such that £ (x) € IV, Then using the same argument
as in the proof of the previous proposition, we obtain F"¥ (z) € Dy, (I™).
The proof is completed. m|

8.3. Large height case. In this subsection, we shall prove Theorem 3
for maps satisfying a further assumption that there is an arbitrarily small
symmetric interval with an arbitrarily large height. More precisely, we shall
show

Proposition 8.4. For each p > 1, there exists Ny = Ny(p, b) € N such
that if there is an arbitrarily small symmetric nice interval I with A; < p
and y; > Ny, then Theorem 3 holds.

Throughout this subsection, we shall use the following notation:

e [ is a symmetric nice interval with A; < p, and x = y; is the height
of I;

m(0) = 0, and m(1) < m(2) < --- are all the positive integers such
that Ryma-1(c) ¢ [m(i);

3 <k < k < x are positive integers;

J is a component of D which intersects w(c) N I"™® s is the return
time of J to I"®, and {Jj}j.zo is the chain with J; = I"® and J, = J;

o V=D, (I")NCmw,and U = Comp,(F5(V)).
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By Theorems 2.1 and 5.5, there exists § = 5(b, p) > 0 such that for all
i>3,((14+28)1™D — (1 =281 N w(c) =@, and |[I"D|/| 1O+ | >
1+ 265. Letl = 1(4, p, b) be as in Proposition 5.1.

The main step is to prove the following proposition.

Proposition 8.5. For any N € N, p > 1, there exist constants C =
C,p) > 1and 0 = 0(b, p, N) € (0, ) such that if k — ky < N, and
if |1] is sufficiently small, then for each 0 < j < s, we have

(40) FI(U) C Dy(Ly,(1"*)).
Moreover, for any z € U, we have
d J 2 d(F* , Im(k)
(41) @DV _ 6 max 1,M .
[/ |7 @]

Proof. Note that the pull back of 1) along the orbit {J, f(J), ..., f*(J)}
contains J, and thus is not so small compared to 1"*1, Applying Proposi-
tion 8.2 we obtain (40). (The constant 6 does, however, depend on N.) Let
us now turn to the proof of (41).

Take a point z € U, and let w = F*(z). If w € D,(I"*3~19) then
as above, Proposition 8.2 implies z € Dy(I"™*=3~19) for some constant
0 € (0, m). In particular, (41) holds for an appropriately chosen constant C.
So let us assume that w ¢ D, (I"*3719) Letk; < k' <k —31— 11 be
the maximal positive integer such that w € D,(I"*®)). Let z; = F/(z) for
all0 < j <s.

Definition. Let ¢ > 0 be a small quantifier. We say that z; e-jumps if
zj & S(Jj, ), and that j is an e-good time if | J;|/|Js| > &.

Statement 1. For any q € N, there is a constant v, = v(8, p, q) > 0 such
that for any ki < p < kand any i < s, if J; C I, and if

#i<j<s:J,cI"M}<q.
then i is a v,-good time, i.e., [/ [T R > V.

We first observe that the generalized renormalization R;u(), i.€., the first
return map restricted to the return domains intersecting I” N w(c), has
uniformly bounded derivative. As £~ : J; — I"® is a restriction of R?;( -
for some ¢’ < g, its derivative is also uniformly bounded. Since f*~(J;)
contains a point in w(c) as well as an endpoint of 7® it is commensurable
to I™®_ Thus |J;|/|1"®| is bounded away from zero.

Let fp = s and #; < s be maximal such that J,, C I"**+3+D For
1 <i<k—k—=31-—11,lett;;; < t; be the maximal non-negative integer
such that J,,, C I"®+35H+D Jif it exists. Let

A = {_] s> ] > 1, Jj C Im(k/+3l+i)}, andq,- = #A;.
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Statement 2. Foreach 1 <i <k —k' — 31 — 10, t; exists and

(42) gi < max{qi, q, ... ,qi-1,10}.

We shall prove this statement by induction on i. For i = 1, we have
g1 = 1, and so (42) is obviously true. Now assuming that the statement
holds for some 1 <i <k — k' — 31 — 11, let us prove it for i 4+ 1. For the
existence of #; 1, it suffices to show that #; > 0. To this end, remark that for
any p € Nand any y € w(c) N I"™P*? we have R (y) & I"P+?_ Thus

k=K —31—i
2

#l0<j<s:J; ey > ol I'>32 > 10,

and hence ; > 0.

It remains to prove that (42) holds for i + 1. Arguing by contradiction,
assume that this is false. Notice that each integer in -, can be written as
ty forsome 1 <i’ <i+1.Letl <1i; < i, <i-+ 1 be the smallest two
integers such that #;, t;, € A;1;. Then ¢, < i —i, 4 3. On the other hand,
le(k’+3l+i+1) (Jtiz) C Jtil . Let r € N be such that

.
Rynwaivivy |Jt,2 = le(k’+"il+i2)|‘,fi2‘

Then

p > olli+1=i2)/2]

In particular, ¢;, > r > 2U+1=2V/2 Since ¢, > q,,
oli+l=i2]/2 ir+3

and hence g;;1 < i — iy + 3 < 10, which contradicts the assumption that
gi+1 > 10. This completes the proof of the induction step, and hence that
of Statement 2.

It follows that foreach 1 <i <k —k"— 3] — 10, ¢; < 10, and thus ¢; is
a vjg-good time.

Statement 3. There is a constant 0; = 6,(p) € (0, ) (independent of N),
such that the following holds. For each 1 < i < k—k' — 31 — 10, if
2, € D (I"®+=D), then

Zti c DO] (Im(k’+i)+] )

Notice that {J; } t enters I"*+) more than 3/ times. By Proposi-
tion 8.3, there is an integer ; < #; < #;_; such that J; C [ %+ and
zy € Dy, (I"*HDY et 1; < t! < t; be the minimal 1nteger such that
Jy C 1 mK+) Tt suffices to show that there exists a constant 8, € (0, 7)
such that 2y € Do, (1 ""(k/*’)) If t/ = ¢/, then this is true. Assume ¢ < f].

Consider the pull back {G } _y With Gy =1 m®+D and Gy D Jy. Then
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|G /|G| cannot too small. In fact, R mw +y maps Comp,;, (D mw+31+i) into
G’f” and so if |thg/ |/ |G’§| were very small, then Comp 7 (b m&+3i+y) would
be much smaller than I"*+) and hence much smaller than [7®+3+0)
which contradicts A; < p by Corollary 5.3. Applying Proposition 8.2, we
obtain the desired estimate.

It follows that for some constant ¢ = g(p) > 0, either z;, e-jumps, or
2 € D*(Im(k'Jr])).

In the former case, by Proposition 8.1, we obtain

d(Z’ J) S CmaX 1’ d(Z[], Jt|) ,
| /] [

for some C = C(8, &) > 1. Since d(F"(z), J;,)/|I"**V| is bounded from
above by a constant depending only on 6y, and since |J;,|/|1"®| > vy, we
have

d(F"(z), Jy,) _ A, 1)
|3 | T W

The inequality (41) follows.

In the latter case, by Statement 3 again, either z,, e-jumps, or z;, €
D, (I"*+2) 1f 2, €-jumps, then we are done again. Repeating this argu-
ment, we reach at either (41), or z,_, ., € D,(I"*73710) In the latter
case, applying Proposition 8.2 once again gives us z € Dy(I"* =310 for
some constant 0 € (0, ), and so the inequality (41) holds as well. The
proof of this proposition is completed. m|

Corollary 8.6. There exists N, = N\(p, b) € N such that in the situation of
the previous proposition, if k —k; = N, then U C V and Cl(U) —V C R.

Proof. 1t follows easily from (41) that CI(U) € CI(V). Noticing also that
UNR=J C V, the corollary follows. O

Proof of Proposition 8.4. Let p be a constant such that for any sufficiently
small symmetric nice interval I, we have A; = |I|/|I'| < p. We shall prove
the proposition for Ny = Nj+3, where N, = Nj(p, b) is as in Corollary 8.6.
First let us assume that f is non-renormalizable. Let I € M () be a small
symmetric nice interval. Let k; = 3 and let k = N,. By Proposition 8.5,
V = D,(I"*)) N Cuw determines a quasi-polynomial-like extension of
the real box mapping B associated to I”®. Thus by Lemma 8.2, B can be
extended to a real symmetric polynomial-like box mapping.

Now assume that f is infinitely renormalizable. Let / be a small sym-
metric nice interval so that N = x; > No. Let ¥ = "™, and let B be
the largest symmetric properly periodic interval contained in /. Let s be the
return time of ¢ to B. Note that this is the return time of ¢ to Y as well. Set
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V =D, (I" ™ M)NCy,and U = Compy: (F~°V). Then as in the previous
case, we have U C V. Let us show that

Compy (F’GIN{)“)S(V)) eV,

which then implies the existence of a polynomial-like extension of By by
Lemma 8.3.
To this end, let us consider the chain {J ﬁ;go with Jy, = Y and J > c.

This chain enters IV=No+D at least 3/ times, but enters ¥ only 3/+ 1 times.
Applying Propositions 8.3 and 8.2, we obtain that

(FlUY (V) C Dy, (1" N0HD),

for some 6; € (0, ). Similarly, for each 1 < i < N) — 1, we find some
6; > 0 such that

(FS|U)731(D9i(1m(N7N6+i)) N (Cy) C D@,-_H (Im(N*N6+i+1))_
In particular, (F|U)73™No (V) C Dy(Y) for some 6 > 0, and thus
Comp (F~C™MNotDs(vy) ¢ Dy (Y.

The closure of the former set is contained in CI(U) C V UR, and thus it is
contained (V UR) N Cl(Dg (Y')) C V. This completes the proof. |

8.4. Bounded height case. In this subsection, we assume that f is infinitely
renormalizable. Let ¢ be the critical point of f in Zj. Let

BiD>DB,DB3D -

be all the properly periodic intervals containing c, and let 1 < s1 < 5, <
s3 < --- be the periods. We continue to use the notation introduced in
Sect. 5.5: B, is the endpoint of 0B, satisfying f*(B8,) = B, o, is the
innermost fixed point of f**|B,,, x, is the preimage of «,, under f*'| B, which
is closest to B,, A, = (a,, ©(®,)), and E,, = B, — {o,, X, T(e,), T(x,)}.
(Here 7 : Iy — 1y is the involution with f o T = f.) Moreover, for each
n,let m,(0) = 0,and let 0 < m,,(1) < m,(2) < --- < m,(x,) be all the
integers such that R A w-1(c) & A9 The goal of this subsection is to

prove the following proposition, which implies Theorem 3 together with
Proposition 8.4.

Proposition 8.7. Assume that limsup x, < oo and that Ag, < p for all
sufficiently large n. Then for n sufficiently large, the real box mapping
associated to B, extends to a real symmetric polynomial-like box mapping.
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The proof of this proposition is very similar to that of Proposition 8.4
which we have done in the previous subsection, except that Propositions 8.2
and 8.3 will be replaced by Lemma 8.13 below. More precisely, we first
associate to each interval B,, (n > 2) two definite neighborhoods S, C T,
with the property that S, is well inside 7},, and set

Q, = Dy/u(T,,), and Q) = Comp, (F~*"Q,).

For sufficiently large n’ < n, we shall prove that f* : B, — B, extends
to a holomorphic branched covering onto 2, N Cz, which satisfies the
Lyubich—Yampolsky type inequality with C independent of n" and n. The
proof is again a combination of the a priori estimate given by Lemma 8.13
with the jump argument we have used before.

To prove Lemma 8.13, we shall modify another “jump” argument intro-
duced in [31], formulated in Lemma 8.10.

The intervals 7,, and S,, are defined as follows. If x,_; = —1, then T}, is
defined to be the largest open interval such that 7,, D B, = A,,_; and such

that f|T,, has no critical point in 7, — B,. Otherwise, T, := A"} (-4
In both cases, S, := Compy, (" (T,)).

Lemma 8.7. There is a constant o > 0, such that for all sufficiently large n,
the following hold:

e (14 20)T, does not contain f/(B,) forany 1 < j <s, — 1;
e (1+20)°B,C (1+20)S, CT,.

m(xn—1)+1
n—1

Proof. Assume first that x,_; > 0. Then by Lemma 5.7, 7, = A

is well inside An”‘:l(xn_l)

holds. Noting that A”"'*"~" _ T, is disjoint from e(c), the first statement
follows.

Assume now that y,_; = —1. Then, s, = 2s,_; and «,_; = B,. By
Lemma 5.6, for any critical point ¢’ of f*|B,_1, both of d(¢’, f*(¢’)) and
d(c’, a,_1) are comparable to | B, |. Noting also that 7,, O S,,, the statements
follow. m|

, and thus by Theorem 3.3 the second statement

Lemma 8.8. Let {G; }j.”: o be a chain such that G, is a symmetric open
interval with B, C G,, C (1 +0)T, and Gy D B,,. Let 6 € (0, m), and let
V = Dy(Gy,), U = Compy (F~*"V). Then provided that n is sufficiently
large, we have

FI(U) C Dgyc(G)) forall 0 < j <s,,

where o > 0 is as in the previous lemma, and C > 1 is a constant indepen-

dent of 6.

Proof. Let {G’j}j.”zo be the chain with G| = (1 4 20)T,, and G D B,.
Since (1 + 20)T, does not contain f(B,) forany 1 <i <s, — 1, we have
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° G’j — Compyjg) f —s+ti(B,) does not contain a critical point of f. In
particular, G’j — G is disjoint from the critical set of f;

e the chain {G’j}f”zo has intersection multiplicity < 4. (See the proof of
Lemma 5.5.) In particular, ) |G’j| is small provided that n is large
(Corollary 3.6);

e | *"(Gy)|/|Gs,| is uniformly bounded from zero. Indeed, f**(Gg) con-
tains a component of G, — {c}.

By Lemma 8.5 the lemma follows. O

Lemma 8.9. Let 6 € (0, ) be a constant. Assume that n is sufficiently
large and let {J j}‘;”: o be a chain such that J,, C B, and Jy C B,. Let

z € Comp (F~"Dy(T,)) and z; = F/(z). Then the following hold.

(1) For any & € (0, w/2) there exists & = &y(s) € (0, w/2) such that if
Zj, & S(Jj,, €) for some 1 < jo < s,, then for any 0 < j < jo, we
have

z; & S(J;, 8).

(2) There is a constant gy = &o(0) € (0, w/10), such that if z; € Sg,(J;)
forall 0 < j < s,, and if a; is the endpoint of J; with the property
that z; is contained in the component of S, (J;) which contains a; in
its boundary, then F(a;) = aj; forany 0 < j <s, — 1.

Proof. Let {G j}‘j.": o be the chain with G;, = T, and Gy = S,. Then by
Lemma 8.8, there is a constant C > 1 such that z; € Dg,c(G;) for any
0<j=<s.

Let {G/, j'n:o be the chain with G| = (1 + 0)T,, and G; > c. Then
similarly as in the proof of Lemma 8.8, we can show that for any y € (0, n),
provided that n is sufficiently large, the following holds: Forany 1 < j < s,

F/: Compy (F~/Dy(G')) = Dy(G))

is a holomorphic proper map. Moreover, it can be written in the form
Qro¢ro---0 Qg oy, with k < b, where each Q; is a real quadratic
map, and each ¢; is a real symmetric univalent map onto D, (K;) for some
interval K; > 0.

By Lemmas 7.3 and 7.5, the lemma follows. m|

Lemma 8.10. For any 6 € (0, w) and r € N, there exist ¢, = €1(0,r) > 0
and ng = ny(0, r, f) € N with the following property. Let n > nq and let
{J j};Sio be a chain such that Ji5,’s, 0 < i < r are open intervals compactly
contained in B,. Let z be a point in Comp ; (F~""(Dy(T,) N Cy,,)) and let
z;j=F I(z) forany0 < j < rs,. Assume that ™" has a critical point in each
component of B, — Jy, and let Jj D Jy be the maximal open interval such
that f"™|J has no critical point in Jj — Jo. Assume that z;s, € S(Jjg,, €1)
foreach O <i <r. Then

20 € D%(J(/)).
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Proof. 1f n is sufficiently large, then by Lemma 8.8, there exists a constant
0" = 0'(r,0) € (0, m) such that all these points z;;,, 0 < i < r are contained
in Dy (Ty,). Let g9 = £9(0’) and & = &y (gp) be constants as in Lemma 8.9,
and let &; = min(ey, &). For constants chosen in this way, if z;;, € S(Jj;,, €1)
for all 0 < i < r, then for each 0 < j < rs,, we have z; € S(J;, &9).
Moreover, if a; € 9J; is such that z; belongs to the component of S(J;, &)
whose closure contains a;, then F(a;) = aj; foreach 0 < j < rs, — 1.
Let x be the endpoint of J| closer to ag, and x; = F J(x0). Then there exists
a maximal integer g with 0 < g < rs, — 1, such that x, is a critical point,
say ¢, of f.

In a neighborhood of ¢, F can be written as F(z) = ®(z)> + F(c), where
® is a real symmetric conformal map defined in a neighborhood of c. Note
that ®(z,) is contained in the triangle bounded by the vertical line through
®(c)(= 0), and the radial lines through ®(a,) which are in the boundary
of S(®(J,), €9). Thus ®(z,) € Day/5((P(c), P(ay))), which implies that

Zq S DIT/3((C’ aq)),

provided that n is sufficiently large. Since Y9_ | f/(ao) — f7(xo)| is small,
Lemma 8.4 implies that zg € Dy/4((ag, x0)) C Dy/a(J)). O

Lemma 8.11. For any 0 € (0, ), there exists e, = &,(0) > 0, such that if
n is sufficiently large, then for any

w € Compy, (Ffs" (De(Tn))) — Dy(T,,),
and any interval J C B,, we have
w & S(J, &).

Proof. By Lemma 8.8, there exists C = C(o,b) > 1 such that if n is
sufficiently large, then Compy (F~ (Dy(T,,))) C Dg;c(S,). As T, contains
a definite neighborhood of §,,, the lemma follows easily. i

Lemma 8.12. Forany 6 € (0,7), p > 1, g € N, there exists 6’ € (0, )
with the following property. Let n be a large positive integer such that
Xn = 0, Ag, , < p, and Ag, < p. Let ] = {Jj}‘j.zo be a chain with

Jo C E, Jo C A,ll, and Jy N w(c) # @. Assume that the chain J has
intersection multiplicity at most q, and that

#HO<j<s:J;CB}=3 #{0<j<s:J,CA}=q

Let V.= Dy(T,) NC,,, and U = Comp ; (F~*V). Then for any 0 < j <s,
Fi(U) c Dy (L), (Bn-1)). Moreover, we have

(43) U C Dy(A)).
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Proof. Clearly a := s/s, € N.Let z be a point in U, and let z; = F/(z) for
any 0 < j < s. By Lemma 8.8, it suffices to prove the following:

Claim. There exists a constant 6" € (0, 7) (independent of z), such that
(44) z € Dy (Ay).
Moreover, for each 0 < i < a, z;5, € Do (T},).

Let &y = £1(0,3) > 0 be as in Lemma 8.10, let &, = &,(0) be as in the
previous lemma, and let ¢ = min{e;, &,}. To prove the claim, we distinguish
two cases.

Case 1. z;, € S(Ji,,¢) for all 0 < i < a. In particular, this implies
that z;;,, € Dy(T,). To show (44), first recall that by Lemma 5.9, f 3 has
a critical point in each component of A2 — A!. Next, applying Lemma 8.10

to the chain {J j}is:no’ we obtain that z € D/4(A,).

Case 2. z;,5, & S(Jiys,» €) for some 0 < iy < a. Letip < a be maximal with
this property. Then for any ig < i < a, z;;, € Dg(T,). Thus, z;, € Dg;c(T),),
where C > 1 is a constant as in Lemma 8.8. Let K be the component of E,,
which contains J;,,. Note that z;,, € Dy, (K) for some 6, > 0 depending
only on 0, ¢ and p. Here we use the fact that |K| is comparable to |7,,|:
from Ag, , < p and from the construction of 7, it follows that |T},| is
comparable to |B,|; while from Ag, < p, by Lemma 5.8, it follows that
| K| is comparable to |B,,|.

If K =A,, thenleti; = iy. If K # A,, then iy > 0 and leti; < iy
be maximal such that J;;, C A,. By Proposition 8.2, to prove the claim
it suffices to prove that there exists a constant 3 € (0, m) such that the
following hold.

(1) zis, € Dg,(T,) foreachi; <i < ip;
(2) ziys, € Dog;(Ap).

To this end, of course we may assume that K # A,. Let i; < i, < ij be
minimal with J;,;,, C K. Consider the chain {G /}393'2 5 with G,,;, = K and
Giys, D Jiys,- Let us show that the ratio |Gy, |/| K| cannot be too small.
Arguing by contradiction, assume that |G;,, |/| K| is small. By Theorem 5.6,

there exists a constant § = 5(p, b) > 0 such that
(45) (A +20)K — (1 —-280)K)Nw(c) = 0.

So Gy, is deep inside K. By maximality of i;, f@2~)s (L, (An)) C
G5, 1t follows that £ Jiion (A,) is deep inside A,, which contradicts the

hypothesis that A, < p by Corollary 5.3. This proves that |G, |/|K]| is
bounded away from zero. Applying Proposition 8.2, we obtain

o F¥(2) € Dy, (Ly, (K)) forir <s, < io;
e 7,5, € Dy, (K) for some 64 > 0.



C? density of Axiom A 385

Since (i, — i1)s, is the entry time of J;;, to K, and since (45) holds,
Lemma 8.5 implies that

Zis, € D93 ("Cjisn (K)) ’

for each iy < i < i,. This proves (1) and (2), where we use QCJ,.W (K) C A,.
The proof of the lemma is completed. m|

Lemma 8.13. For any 6 € (0,7m), p > 1, g € N, x € N, there exist
0" € (0, ) and ly = ly(p, x) with the following property. Let n be a large
positive integer such that Ag, | < p, Ag, < pand x, < x.Let] = {Jj}‘;:o
be a chain such that J; C E,NDg, ., Jo C B, and JoNw(c) # @. Assume
that the intersection multiplicity of I is at most q. Let V. = Dy(T,) N C,,
and U = Comp ; (F~*(V)). Then the following hold.

() If#0 < j <s:J; C Byp1} < q, then U C Dy (T,), and for any
1<j<s—1,

(46) F/(U) C Dy (L£y,(Bu-1)).
() If#{0 < j <s:J; C Byy1} = lo, then
U C Dg(Sn+1)-

Proof. Let a := s/s, € N U {0}. First notice that if a < 2, then the first
statement follows easily from Lemma 8.5, and the second one is null if we
take [y > 3. So let us assume a > 3. We shall distinguish two cases.

Case 1. x, > 0. Let 0 < p < s be maximal such that J, C A,ll and
(s — p)/s, = 3. Such an integer p exists because we are assuming a > 3
and because Jy C B,+1 C A,L. By Lemma 8.12, there exists a constant
6" > 0, such that F/(U) C Dy (L;(B,-1)) forall p < j < s, and such that
FP(U) C Dy (A,). Note that the pull back of A, along the orbit {J 1}7:0
contains B,;, and hence is commensurable to A,. By Proposition 8.2,
FI(U) C Dy (L);(An)) C Do/ (Ly;,(B,-1)) forall 0 < j < p as well (with
a smaller 6’). This proves the first statement of the lemma.

Let us prove the second statement. By Theorem 5.6, there is a § =
8(p) > 0 such that A™® > (1 4 28)A™ O+ Let [ = (8, p, b) be as in
Proposition 5.1, and let [y = 10/x. Then {J;}}_, enters A gt Jeast
lp — 2 > 3l, times, and thus by Proposition 8.3, we can inductively define
p = jo> ji1 >+ > jy.suchthat foreach 1 <i < x,, we have

o J;, CAPD and #{ji < j < jio1 2 J; C Apn@) < 305
o Fii(U) C Dy (A™"), where o; > 0 is a constant.
In particular, there exists an integer 0 < s’ < s such that Jy C T, and

F'(U) C Dy(T,41). Since §'/sns1 < ¢, applying Lemma 8.8 gives us
U C Do (Sp41).
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Case 2. x, = —1. Then 5,41 = 2s,, and so s/s, <2#{0 < j <5 :J; C
B,11} < 2q. Applying Lemma 8.8 gives us the first statement of this lemma.
Next let us prove that the second statement holds if [y > 3. Let jj < s be
the maximal positive integer with J;; C By, and let j; = jo — Sy41.
Note that jo, = s or jo = s — s,. By Lemma 8.8, it suffices to prove
Fi'(U) C Dy, (T,,41) for some 6, € (0, 7). To this end, take a point z € U,
and write z; = Fi(z) forall 0 < j < s. As (s — ji)/s, < 3, there exists
a constant o € (0, ), such that z;,z;, € Dy(T,). Let ¢ = &(0,2) be
as in Lemma 8.10. If z;,;, € S(Jj,4i5,,¢) for all 0 < i < 2, then that
lemma implies that z;, € Dy/4(T,41), since 07T, are critical points of f 280
Otherwise, by Lemma 8.9, z;, & S(J},, ') for some definite &' > 0, which
implies z;, € Dy, (T,41) as well. Here we use the fact that |7,| and |7},
are comparable to each other. The proof of the lemma is completed. m|

Lemma 8.14. For any m € NU {0}, 6 € (0,7), p > 1, and q, x € N,
there exists 6" € (0, ) with the following property. Let n be a large positive
integer such that x,_; < x for all 0 <i < m and such that Ag, , < p for
any 0 <i <m—+ 1. Let {Jj}‘j.zo be a chain such that J; C E,_, N Dg,_,,
Jo C By, and Jy N w(c) # O. Assume that the intersection multiplicity
of this chain is at most q, and that #{0 < j < s : J; C B,41} < q. Let
V = D¢(T,,—n) NCy, and U = Comp ; (F~*(V)). Then

U C Dy (T,_).
Moreover, for any 0 < j < s, F/(U) C Dy (L, (Byr—m-1))-

Proof. Let us prove this lemma by induction on m. For m = 0, it fol-
lows from Lemma 8.13 (1). Now let m( be a positive integer. Assum-
ing that this lemma is true for m < myg, let us prove it for m = my.
Let Iy = lo(p, x) be as in Lemma 8.13 (2). If #{0 < j < s : J; C
By _py+1} <lo, then the lemma follows again from Lemma 8.13 (1). Oth-
erwise, let s; < s be such that #{s; < j < s : J; C By_pys1} = lo
and J;;, C B,_my+1. Then by Lemma 8.13 (2), there exists 6’ € (0, ),
such that F/(U) C Dy (L), (By-m-1)) for all s; < j < s, and such that
F'(U) C Dyg(Ty—my+1). Applying the induction hypothesis to the chain
{J;}Ly, we complete the proof. i

Proposition 8.8. For any p > 1 and x € N, there is a constant C > 1
with the following property. Fix a positive integer N. Let n be a sufficiently
large positive integer such that x,_; < x for all 1 < i < N and such
that Ag, , < pforalll <i < N+ 1. Let V = Q,_yNCy, and
U = Compy (F~*"(V)). Then forany 0 < j < s, — 1,

FI(U) € Dy(L i) (Ba-n-1)),

where 6 > 0 is a constant which may depend on N. Moreover, for any
zeU,
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2 Sn
47 (d(z, Bn)) §Cmax{1,d(F (Z),Bn)}.
| B, | | B, |

Proof. The first statement follows from Lemma 8.14, and so our task is
to show (47). Let V' = Q,_y N Cp, and U’ = Compy (F~*(V')). If
z € U — U’ then (47) follows from Lemma 8.8. So let us assume that
z e U'. Write z; = Fi(z)forall0 < j <s,. Let {Jj}‘;"zo be the chain with
Js = Jo = B,. As before, fore > 0and 0 < j < s,, we say that z; e-jumps
if z; & S(Jj, €), and that j is an e-good time if |J;|/|J;,| > e. Letn’ <n
be maximal with z;, € Q,. Let [y = [p(p, x) be as in Lemma 8.13.

Claim. There exist constants ¢ > 0 and C > 1 which depend only on p
and x such that if n is sufficiently large, then either of the following holds:

e there is an e-good e-jump time j > 1 with d(z;, B,) < C|By|;
e thereis 0 < j < s, such that J; C B,_;, and z; € Q,,_y,.

To prove this claim, we may assume that n’ < n — [, since otherwise
the second alternation in this claim holds for j = s,. Let ty = s,, and for
any 1 <i <n—n'—1Iy,lett; < s, denote the maximal non-negative integer
with J;, C Byy44y4i. Thenfori > 1,1 = s, —$,/44,+; and thus #; are pairwise
distinct.

Forany 0 < j; < j, <s, and any n’ <i < n, define

X ji, ) ={1=j=<j:J; CB}.
Then,
X + 1ty t0) = (fo — 1) /Swr1 + 1 > St /Swr = 210 > Iy,
andforany 1 <i<n—n'—1y—1,
#X(' +i+ Lt ) = 6 — tig) /Swvin + 1= Swsigri/Sw+ivr > lo.

By a similar argument as in the proof of Statement 1 of Proposition 8.5,
we find a constant v = v(p, ly) > 0 such that all these #;’s are v-good times.

Lett; <t < t;_; be such that #X(n’ +i; ¢/, #;_1) = lp and Ji C By
By Lemma 8.13 (2), we have F'i (U) C Dy, (T}y41) for a definite constant 6;.
Furthermore by Lemma 8.14, we get F''(U) C Dy, (S,/+1) for a definite
constant 6,. Thus, for an appropriately chosen small constant ¢ > 0, either
2y, &-jumps or z;, € 2,/41. In the former case, the first alternation of the
claim holds for j = #,. In the latter case, for the same reasoning as above,
we obtain z,, € Dy, (S,42), so either the first alternation of the claim holds
for j = 1, or z,, € Q,/4+2. Repeating this argument, we prove the claim.

If the former alternation in the claim holds, then the inequality (47)
follows from Proposition 8.1. If the latter holds, then it follows from
Lemma 8.14 that zop € Dy(T,—;,) for a universal 6 > 0, and thus (47)
holds as well. |
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Proof of Proposition 8.7. Choose N appropriately large and then fix it.
Let n be a large positive integer, and let V = Q,_y N Cy, and U =
Comp,.(F(V)) be as in the previous proposition. Then by the first
statement of the previous proposition, F|F/(U) is holomorphic for each
0 < j <s, — 1. Moreover, by (47), we have U C V and CI(U) — V C R.
Thus V determines a quasi-polynomial-like extension of B, . To show that
Bp, has a polynomial-like extension, by Lemma 8.3, it suffices to show that
there exists g € N such that

Compy (F~%"(V)) € V.

Let V/ = Q,_nyNCg,. Letly = ly(p, x) be as in Lemma 8.13 (2), and
let ¢ = Nlo. Let {J;}%, be the chain with J,, = Jo = B,. Since J;’s enter
B, _n+1 more than [y times, there exists p; < s, such that J,, C B,_n41,
and such that

#Hp1 < j=<s,:J;j CBy_nq1} =1

By Lemma 8.13 (2), Compjm (F~@n=PD(V')) C Dg,(T,_n+1) for some
01 € (0, 7). Note that #{0 < j < py —1: J; D B,} > Nly — ly. Thus we
can inductively define positive integers py < --- < p» < pi such that for
eachi < N, there exists 6; € (0, ) such that

Comp,, (F~“"=P)(V')) C Dg(Ty-n+i), and Jp, C Ty

Furthermore, applying Lemma 8.8 gives us Compy (F~%"(V’)) C Dg/(S,),
where 0’ € (0, ) is a constant. Again by Lemma 8.8, F~%"(2,,) C Dy~ (S,)
for some 0" € (0, 7). Thus

Compy (F~%"(V)) C Comp, (F~ %" (V")) U Compy (F~%"(,))

is compactly contained in V. The proof is completed. O

9. Proof of main theorem

In this section, we shall complete the proof of our main theorem and corol-
lary. Recall that C?%([0, 11, [0, 1]) is the space of all C? maps from [0, 1]
into itself, endowed with the C? topology. This is a complete metric space.

Recall that  is the family of all smooth maps f : [0, 1] — [0, 1] such
that f({0, 1}) C {0, 1} and such that all critical points are non-degenerate
and contained in the open interval (0, 1). In the following we shall consider
N as asubspace of C>([0, 1], [0, 1]), so .V is endowed with the C? topology.

Forany f € N, let Crit( f) denote the set of its critical points, and define

Crit; (f) := { c € Crit(f) : cis attracted by a hyperbolic attracting cycle},
Crity(f) := {c € Crit(f) : ¢ € Crit; (f), oris precritical },
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where a critical point ¢ is called precritical if f*(c) e Crit(f) for some
positive integer k. Let N; : N — N U {0}, i = 1, 2 be the functions defined
by N;(f) = #Crit;(f). We say that f is (C?-)locally best if N; is locally
constant and N, is locally maximal at f. Notice that N; is lower semi-
continuous and N, is locally bounded from above. So locally best maps
form a dense subset of &. The main step is to prove the following:

Theorem 9.1. If f € N is locally best, then
(48) N> (f) = #Crit(f).

We shall prove this theorem by contradiction. Assume that f is a locally
best map with Crit(f) # Crit(f). First, it is well-known that any critical
point ¢ not in Crit, ( f) is non-periodic and recurrent, which is a consequence
of the non-existence of wandering intervals. Next, applying the C? closing
lemma of Blokh and Misiurewicz, we show that f cannot have large bounds
at ¢. So by Theorem 1, f must have essentially bounded geometry at c.
Finally we use Kozlovski’s deformation trick and apply Theorems 2 and 3
to show that this cannot happen either, and then complete the proof.

Lemma 9.1. Assume that f is locally best. Then each critical point ¢ €
Crit(f) — Crity(f) is recurrent.

Proof. Assume not. Then we can perturb f in C? topology (in factin any C”
topology as long as fis C") to getamap f; € U such that Ny (f;) > N;(f)
or Np(f1) > N,(f), which contradicts the locally best property of f. For
details of the proof, see for example Lemmas 3.10 and 3.12 in [5]. m|

Recall that f has large bounds at c if for any C > 0 and any ¢ > 0, there
is a C-nice symmetric interval / containing ¢ with |/| < e.

Lemma 9.2. Assume that f is locally best. If c € Crit(f) — Crit,(f), then
f does not have large bounds at c. In particular, w(c) is a minimal set.

Proof. Arguing by contradiction, assume that f has large bounds at c. Let
C > 0 be a large number, and ¢ > 0 a small one. Let / > ¢ be a C-
nice interval with |I| < &. Let s be the return time of ¢ to /. Consider
the chain {Jj}j.:0 with Jg = I and Jy > c. Let K = Lys((1), and let
K, = Compf(c)(f*("*])(l()). By Lemma 3.6, K; is deep inside J;. In
particular, |K|/| f(Jo)| is small.
Let v be an endpoint of K;. Let ¢ : Jo — R be a smooth map defined

as follows. Let A : [0, 1] — R be a fixed smooth map such that 2(0) = 1,
h(l) =0and h”(f) = 0 fort = 0,1 and any i € N. Write Jy = (c — 7/,
¢+ n), and let

(v - f(c))h(%) ifx € [c,c+7n)

P(x) =
(v - f(c))h(ﬂ) otherwise.

T]/
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Then ¢(c) = v — f(c), ¢'(c) = 0, and for any a € 9Jy and any i € N U {0},
¢ (a) = 0. Moreover, ¢ has a small C? norm because |v — f(c)|/|Jo|? is
small.

Define f; = f outside Jy, and f; = f + ¢ in Jy. Then f; € N and
it is close to f in C? topology. Since f; and f only differ on a small
neighborhood of ¢, Crit,(f) C Crita(f;). By the locally best property of f,
these two sets must coincide, and f; is also locally best. So ¢ & Crity( f1).
But fi(c) = 1o fite) = f(v) € 9K, and so c is a non-recurrent
critical point of f}, which contradicts Lemma 9.1.

The latter statement of the lemma follows from the former one by Theo-
rem 3.4. O

Remark 9.1. The argument which we used above comes from [5]. In order
to get a small C? norm, the perturbation ¢ has to be supported on a neigh-
borhood of a critical point. If we want to keep the map f unchanged near
the critical points, then we can only get C! closing. Similarly, for f and f;
constructed as above, if ¢ and ¢; are diffeomorphisms defined on Jy such
that f(x) = ¢(x)> + f(c) and f,(x) = ¢;(x)*> + fi(c) hold for x € Jy, then
these maps ¢, and ¢ are only C'-close to each other (although f, and f
are C? close). This is nevertheless an improvement of Jakobson’s closing
lemma [18], which only gives C° approximation in both cases.

So far we have shown that if a locally best map f has a critical point
¢ € Crit(f) — Critp(f), then ¢ is non-periodic, recurrent and has a minimal
o-limit set, and f does not have large bounds at c. In the following, we
are going to prove that this is absurd. First we shall prove that the real box
mappings associated to certain small symmetric nice intervals are stable in
an appropriate sense.

Recall that an open interval [ is strictly nice if inf e cear d(f*(x), I) > 0.
Remark that if f is only finitely renormalizable at c, then there exists an
arbitrarily small symmetric strictly nice interval containing c. In fact, for
any symmetric nice interval I > ¢ with L.(I) # I, L.(1) is strictly nice.

Let I > ¢ be a small symmetric interval which is properly periodic
if f is infinitely renormalizable at ¢ and strictly nice otherwise. Let B; :
(ALY, (U 1) — U2, 1; be the real box mapping associated to 1.
Let n = n(I) > 0 be a small constant such that

e for any ¢’ € Crit;(f) and any k > 0, we have d( f*(c'), dom(B;)) > n;
e for any ¢’ € Crity(f) — Crit,(f), if k is the minimal positive integer
such that f*(¢’) e Crit(f), then d(f'(¢’), dom(B;)) > n for any 1 <
i<k—1;
e the n-neighborhoods of any two distinct components of dom(B;) are
disjoint.
Remark that for any ¢’ € Crit(B;) N Crito(f), if &k € N is minimal with
(') e Crit(f), then B;(¢) = fX(c') e Crit(B;).
Now let 8B; denote the space consisting of maps B in &, such that
dom(B) = dom(B;), range(B) = range(B;), Crit(B) = Crit(B;) and such
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that the following holds: for all x € d(dom(B;)) U (Crit(B;) — {c}), B(x) =
B;(x). (For x € ddom(B;), B(x) and B;(x) are defined by continuation.)
For any By, B, € 8By, define

d;(By, B;) = sup max {|B§i)(x) — Béi)(x)‘}.

xedom(B;) 0=i<2

For any B € $B;, we construct a piecewise smooth, continuous map fp :
[0, 1] — [0, 1] as follows. For each component J of dom(B;), let s = s(J)
be the positive integer such that B;|J = f*|Jandlet0 <i =i(J) <b—1
be such that B;(J) C I;. Let K be the component of f~**!(I;) which
contains f(J). As noted in the proof of Lemma 3.2, f*~! : K — I; is
a diffeomorphism. Define f3|J = (f*~'|K)~! o B forevery J and fz = f
on [0, 1] — dom(B;).

Lemma 9.3. There exists a constant § = (1) > 0, such that for any
B e B; withd;(B,B;) <, the following hold:

(1) forany ¢’ € Crit(B) and k € N, B*(¢') € dom(B);

(2) forany c, " € Crit(B) and any non-negative integers k, m, B*(c') <
B" (") if and only ifB]; (c") < B(c"). Furthermore, B(¢') = B™(c")
if and only if B (c') = B7'(¢");

(3) B € F, and B has essentially bounded geometry.

Proof. Let B, = (1 — )B; +tB,t € [0, 1] be a one-parameter family of
maps defined on dom(B). When § is sufficiently small, all these maps B,
are contained in &. In particular, B, does not have a wandering interval for
any t € [0, 1].

(1) In the case that [ is a properly periodic interval, this is clear. So let us
assume that / is a strictly nice interval. Arguing by contradiction, assume
that the assertion fails. Then there exists a minimal ky € N such that

(49) B*(c;)) ¢ dom(B)

holds for some iy € {0,1,...,b — 1}. By the minimality of k¢, ¢;, &
Crita (f).

By continuity, there exists #y € [0, 1] such that B, (c;,) € ddom(B,).
Let us show that this contradicts the hypothesis that f is locally best. Let
fiy = I8, be defined as above. Note that f;, has ¢;, as a non-recurrent
critical point, but may not be smooth. Since / is strictly nice, there exists
n = (1) > 0, such that the following hold:

e if J is a component of D; intersecting w(c) — dom(B), then
d(J, dom(B)) > n1;
e forany x € 9/ and any k > 1, d(f*(x), I) > n;.
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Provided that § is sufficiently small, there exists a map g,, € N such that

o g, (x) = f;,(x) for any x € dom(B) and for any x with d(x, dom(B)) >
n1; and

e sup | g,(é) - f[gi)| is small for all 0 < i < 2, where the supremum is taken

over all points where f; is C%.

Then g, is close to f in the C? topology and Crity(g,,) D Crity(f).
By the locally best property of f, it follows that g is also locally best
and Crity(g,,) = Crita(f). In particular, ¢;, € Crit(g,) — Crita(g,,). But
8 (ciy) = f,’; (cj,) for all n > 0 and so ¢;, is a non-recurrent critical point of
81,» Which contradicts Lemma 9.1.

(2) Let us first prove the following

Claim. For any 0 < ip, iy < b— 1, any ¢t € [0,1], and any k € N,
BX(ci,) — ¢, and B¥(c;,) — c;, have the same sign.

In the case that [ is strictly nice, this claim can be proved using the same
argument as above. Now let us assume that / is a properly periodic interval.
The argument above is not valid since D; may have a component U with
UN(orb(c)—1) # Wand CI(U)NCI(I) # ¥, but can be refined as follows.

Since f is infinitely renormalizable, there is a symmetric properly
periodic interval J = (a,d’) € I. Let s be the positive integer such
that B§(J) C J. Then | J2, B} (J) = U,:é B! (J) is compactly con-
tained in dom(B;). When B is sufficiently close to By, there is an interval
J = (a(B), d (B)) = J(B) such that B*(J) C J, and such that a(B) is close
to @ and a'(B) is close to a'. In particular, | J;°, B'(J(B)) is uniformly well
separated from ddom(B). Note that the critical orbits of B are contained in
U?io Bi(J(B)). It follows that there is a constant ; > 0, such that for any
B € B; which is sufficiently close to B;, and for any ¢’ € Crit(B), we have
inf?°, d(d(dom(B)), B*(c")) > n.

Arguing by contradiction, assume that the claim fails. Then there exists
aminimal ky € N such that for some 0 < iy,i; < b—1, forsomet € [0, 1],
Bf” (ciy) — ¢i, and Blo (ciy) — ci, have different signs. Obviously kg > 1if §
is sufficiently small. By the minimality of ko, ¢;, & Crit,(f). By continuity,
there exists ¢ty € [0, 1] such that Bﬁ)" (ciy) = ciy. Let fi, = thO be as defined
above the lemma. Then there exists a map g = g, € N such that g(x) =
f1,(x) for any x & dom(B) and for any x with d(x, d(dom(B))) > n;, and
such that g is close to f in the C? topology. But Crity(g) D Crita(f) U{c;, },
which contradicts the assumption that f is locally best. The proof of the
claim is completed.

Thus, for any ¢’ € Crit(B), t € [0, 1] and k € N, B¥(¢) and B¥(¢') are
contained in the closure of the same component of dom(B) — Crit(B). (In
the language of [41], the maps B,’s have the same kneading sequences.)

Assume that for some ¢/, ¢’ € Crit(B) and some non-negative integers
k, m, we have Bi(c') < Bg'(c”) but B¥(c¢') > B'(¢”). Then by continuity
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there exists ¢ € [0, 1] such that Bf‘(c’) = B/"(c"). For any i > 0, since
Bii(c'y = B"i(¢”), B§T(c)) and BJ'T(¢”) are contained in the closure
of the same component of dom(By) — Crit(By). Thus B(i)|[B’5(c’), Bj'(c")]
is well-defined and monotone for all i > 0. By Theorem 3.1, this implies
that w¢(c’) is a periodic orbit, which is absurd. Similarly, we can show that
BE(c¢') = Bp'(¢”) implies that B¥(¢') = B"(¢”), and that BS(¢') > By'(¢”)
implies that B’l‘(c’ ) > B{'(c"). The proof of the second assertion of this
lemma is completed.

(3) We have shown that the closure of the critical orbits of B is compactly
contained in the range of B. In fact, if [ is strictly nice, then dom(B)
is compactly contained in range(B), and thus this follows from the first
assertion of this lemma; if [ is properly periodic, this has been shown in
the proof of the second assertion. If B has a non-recurrent critical point
¢ € Crit(f) — Critp(f), then as above we can construct a map g; which
also has ¢’ as a non-recurrent critical point, which is absurd by Lemma 9.1.
Similarly, by Lemma 9.2, we conclude that B has essentially bounded
geometry at ¢’.

Finally, let us show that the critical points of B have the same w-limit
set. Let ¢ # ¢” be critical points of B. By the construction of B;, there is
a sequence of positive integers {n;}° , such that ny — oo and B} (¢’) — ¢”
as k — oo. For any m € N, provided that k is sufficiently large, the interval
[¢”, B}*(c))] is very small, and thus B} is monotone on this interval. By
the second assertion of this lemma, B™ is monotone on [¢”, B"*(c")]. This
implies that B"(¢') — ¢” since B does not have a wandering interval. O

It is easy to see that there exists a real analytic map B in $B; which
is arbitrarily close to B;. So we can find a map g in V, arbitrarily close
to f, such that / is a nice interval with respect to g and such that the
corresponding real box mapping B is real analytic. Moreover, Crit(g) =
Crit(f) and Crity(g) D Crita(f). Since f is locally best, it follows that
Crity(g) = Critp(f) and g is also locally best. Thus, we may assume that
B; is real analytic.

By Theorem 3, there is an arbitrarily small symmetric nice interval
K > c, such that the real box mapping B associated to K can be extended
to a real symmetric polynomial-like box mapping. To simplify the notation,
let us assume that B; itself has such an extension

F:(guj)u(Uw)egw

=

We may assume that the boundaries of U;’s and V;’s are all real analytic
curves. Moreover, in the case that [ is strictly nice, we may assume that
VlﬂR:I, and Uj NR = Jj.

Letip € {0,1,...,b — 1} be such that F(c) = B;(c) € Vj,. Fort €
Vi, NR, let o; be the conformal automorphism of V;;, such that o;(F(c)) > 0
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and o, (F(c)) = t, and define

by declaring that ;|Uy = a0 F|Ug and F, = Fyon (__, UpU(U;Z| V).
In this way we obtain a real analytic family of polynomial-like box map-
pings. Let F,]R denote the real trace of F;, which is a map in &,. Let " be
the subset of V;; N R, consisting of those ¢ such that F,]R is in ¥, is com-
binatorially equivalent to the real trace of F' and has essentially bounded
geometry (at c).

Lemma 9.4. F(c) is in the interior of T.

Proof. Assume first that [ is strictly nice. When ¢ is sufficiently close to
F(c), a; is close to the identity map, and thus the real trace of F; is a map
in the class 8B; and close to B, in the d; distance. By Lemma 9.3 it follows
that ¢ € I'. Thus F(c) is in the interior of I'.

Now let I be a properly periodic interval. Let p be the fixed point of F” in
01. Note that p is a repelling fixed point of F” (provided that I was chosen to
be sufficiently small). Thus for all 7 sufficiently close to F(c), F, [b has a fixed
point p, in Vo N R which is close to p. Define /1 (f) = (t.(p;), p;). Here t.
is the involution of Uy N R such that f o7, = f.Forany 1 <i < b — 1,
let 0 < i’ < b —1be such that F(V;) C Vy, and define I;(#) C V; to be
the preimage of I () under FIR. Rescaling F;| Uf;(; I1;(t), we obtain a map
B, : Uf':ol I, — U?:_ol I;. As above, B, € B; and d;(B;, B;) is small, which
implies that ¢ € I'. The lemma follows. m|

We are now ready to apply the deformation trick from [21] to deduce
the necessary contradiction to complete the proof of Theorem 9.1. To this
end, we need the following.

Proposition 9.2. A real symmetric polynomial-like box mapping F carries
no invariant line field on its Julia set.

The proposition was proved in [43] for real rational functions (other
than Lattés examples), and the proof extends to the set-up of real symmetric
polynomial-like box mappings in a straightforward way. Here by an invari-
ant line field of F, we mean a measurable F-invariant Beltrami differential.
The proposition means that if ¢ : C — Cis a qc map such that ¢p o F o ¢~
is a holomorphic map on ¢(dom(F)), then d¢ = 0, a.e. on the Julia set
of F.

Completion of Theorem 9.1 Keep the notation as above. Let X = Ui:ol V.
Forany r € V;y "R, let ¢, : X — X be a real symmetric qc map such that

o ¢|0Vy = idyy,;
e ¢; 0 F = F, o ¢; on d(dom(F)).
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We choose the maps ¢, to satisfy the following conditions:

e Forany z € X, t — ¢,(z) is a real analytic function;
e The complex dilatation 1, = d¢;/d¢, depends real analytically on ¢.

Define a Beltrami differential v, on X such that v,(z) = (F")*(u,)(z) for
ae.ze F"(Vy— UT:O U;), and v;(z) = O on the filled Julia set of . Then
v, depends real analytically on ¢. By the Measurable Riemann Mapping
Theorem, there is a family {p,};ev, nr of qc homeomorphisms of X with
the following properties:

p:(V;) = Viforeach0 <i <b—1;
51’1 = v, 0p;, a.e.;
p; fixes the critical points of F' and the endpoints of each V; N R;

[ ]
[ ]
[ ]
e foreach z € X, t — p,(z) is a real analytic function.

Now let ¢ be a point in I". Note that the real trace of F; has only repelling
periodic points. By Theorem 2, there is a qs map s, which is a conjugacy
between F|wr(c) and Fy|wp, (c). So we can construct a real symmetric qc

map qb? : X — X which coincides with ¢, on (V) — UT:O Uju (Uf.’;ll aV;)
and coincides with i, on wg(c). The gc map ¢? provides a Thurston equiva-
lence between F and F;, from which a qc conjugacy ¢7° can be constructed

as follows. For any j > 0, define ¢,j i
map such that

tj+l = ¢zj on (VO - U'jn:() Uj) U (U?:_ll 8V,');
e Fo ¢/t = ¢/ o F on dom(F);
o ¢/ is real symmetric.

: X — X inductively to be the qc

Then ¢/ converges to a gc map ¢ : X — X, which coincides with ¢, on
(Vo — U?:o U U (Ui:ll aV;), and satisfies F; o ¢>° = ¢ o F. Here we
use the fact that the filled Julia set of F' has no interior point. Moreover, by
Proposition 9.2, the complex dilatation of ¢;° is equal to v;. It follows that
¢° =p forallr eT.

For any z € d(dom(F)), ¢,(z) = p,(z) for all t € I'. Since I contains
aneighborhood of F(c), by the real analytical dependence on ¢, we conclude
that ¢,(z) = p:(z) for all z € d(dom(F)) and all # € V;; N R. This implies
that p, maps a component of dom(F) onto itself for all € V;, N R.

Let £, = p,oFo p; . Then F, is a real symmetric polynomial-like
box mapping which has the same domain and image as F. Since F, =F,

for all + € I', by analytic continuation, ﬁ, = F; forall t € V;; N R. Thus
I' = V;, N R, which is absurd since the combinatorics clearly change in the
family F;, t € Vi NR. ]

Proof of main theorem. Given any f € C*([0, 1], [0, 1]), we need to ap-
proximate it by maps satisfying Axiom A in the C? topology.
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We first consider the case f € M. Since locally best maps are dense
in N, we may assume that f is locally best. Then all the critical points of f
are contained in the basin of a hyperbolic attracting cycle. The last property
is also satisfied by maps in a neighborhood U of f in C%([0, 11, [0, 1]). It
is well known that there is a map g € U which is arbitrarily close to f and
has no neutral cycles. By a theorem of Maiié [32], g is hyperbolic.

For an arbitrarily f € C%([0, 1], [0, 1]), we can do as follows. First note
that we may assume that f([0, 1]) C (0, 1), since

e+ f
14 2¢

satisfies this property for all £ > 0. We may also assume that f is smooth.
Then we extend f to be a smooth map f : [—1,2] — [—1, 2] such that
f({—1,2}) C {—1,2}. Let F be the map in C2([0, 11, [0, 1]) which is affine
conjugate to f, then F can be approximated by maps in A in C? topology.
It follows that F and hence f can be approximated in the C? topology by
Axiom A maps. m|

It is well-known that the main corollary follows from the main theorem.
The proof uses the following.

Proposition 9.3. Let r > 2 be a positive integer, and let f € C"([0, 1],
[0, 1]) be a map which satisfies Axiom A. Assume that

e for any c € Crit(f), we have ¢ € (0, 1) and f"(c) # 0;

e both of 0 and 1 are attracted by periodic attractors of f; and

e for any c,c’ € Crit(f) U {0, 1}, and any non-negative integers m, n, if
f™(c) # f*(c), then ¢ = ¢’ and m = n.

Then f is C"-structurally stable.

For a proof of this proposition, see Theorem I11.2.5 of [35]. (In that
book, the authors considered only maps which map {0, 1} into itself. But
the method extends easily to our setting.)

Appendix: Complex bounds for analytic interval maps

This appendix is an elaboration on Sect. 8. The goal is to to show that the
real box mappings associated to certain symmetric nice intervals extend to
polynomial-like box mappings with “complex bounds”.

Theorem 3°. For any b € N, there exist u € (0, ) and p € N with the
following property. Let f be a real analytic map in the class ¥}, and let c
be a critical point of f. Then the following hold.
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(1) For any € > 0, there is a symmetric nice interval I which contains c,
such that |1 < ¢ and (1 +2pn)I — 1) Nw(c) = ¥, and such that the
real box mapping B, extends to a real symmetric polynomial-like box
mapping ®. Moreover, for any x € w(c) N I, we have

Comp, (dom(®")) C D, ((1 —2w)I'),

where I' O I is the maximal symmetric open interval disjoint from
w(c) — 1.

(2) If f is infinitely renormalizable, and if I is a small properly periodic
interval with period s, then the first return map f* : 1 — I extends to
a DH-polynomial-like mapping ¥ : U — V of degree 2 such that

mod (V — Cl(U)) = p.

Both statements have been proved in the unimodal case before, see [22,
12,31]. In this case, there have also appeared many applications of these
bounds. For example, these bounds were used to prove the local connectivity
of Julia sets for real unicritical polynomials with connected Julia sets, and
to simplify the proof of the non-existence of invariant line fields for such
polynomials, see [16,22,38,23]. Moreover, the second statement was an
important ingredient in dealing with the rigidity problem [27,11], and in
the renormalization theory [46,38,29]. We believe that the complex bounds
claimed in our Theorem 3’ will be useful in further understanding the
dynamics of a multimodal real polynomial.

Remark that for a properly periodic interval I with period s, all DH-
polynomial-like extensions of f*: I — I of degree 2” have the same Julia
set. See Proposition 2.2 in [22].

We shall continue using the notation introduced in 8. In particular, we
have a smooth polynomial-like extension F. We shall first prove Theorem 3’
in case that f has large bounds. Then we shall point out how to refine the
arguments in Sect. 8 to get “complex bounds” in the non-renormalizable
case. Finally, combining these methods we prove “complex bounds” for
infinitely renormalizable maps.

Al. The case that f has large bounds.

Proposition A.1. There exists a constant k = k(b) > 0 with the following
property. Let ¢ € Crit(f), and let I > ¢ be a sufficiently small nice interval
such that

(A +2) 1" =TI Nw(c) =0, and (14 2c)*1' C I,

where I' = L.(I). Let x € w(c) NI, and let s be the return time of x
tol'.Let V.= D,((1+2)I"), and U = Comp . (F~*(V)). Then for each
0<j<s, wehave

FI(U) € D*(C‘ij(x)(l))'
In particular, U € D, (I') C V.
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Proof. Let k > 0 be a large constant. Let us consider the chains {G’j}“;.:0
and {G;}’_, with G| = (1 + 261", Gy = (14 26)1', and G D Gy > x.
By Lemma 3.8 and Corollary 3.6, ijo |G’j| is small provided that |/] is
sufficiently small. By Lemma 8.5, there is a universal constant 6, such that
forany 0 < j < s, F/(U) C Dg(G/). (In fact, 8 — 7/2 as k — 00.)
By Lemma 3.6, G; is deep inside G’j. Since G’j C Dy, it follows that
FI(U) € D(L i) forall 0 < j < s — 1. As £L,(I) = I', we have
U e D,(I". o

Corollary A.2. There exists p = p(b) > 0 with the following property.
Let ¢ € Crit(f) and let K € M(1y) be a sufficiently small symmetric
nice interval such that the limit scaling factor Ak is > p. Then there is
a symmetric nice interval I with ¢ € I € M(K), such that

o (1421 —1)Nw(c) =Y;
e B, extends to a polynomial-like box mapping ®;
e forany x € w(c) NI, we have

Comp, (dom(CD)) C D.(1I),
where k is as in the previous proposition.

Proof. By Proposition 4.1, there is a C-nice symmetric interval in M (K),
where C = C(p, b) is a large constant provided that p is sufficiently large.
If C is sufficiently large, then by Corollary 4.6 in [42], there is a symmetric
nice interval M > ¢, which is again contained in M (K) and satisfies (1 +
26)>M" € M and ((1 +2«)°M' — M"Y Nw(c) = . Set I = M. It follows
from the previous proposition that B, has a quasi-polynomial-like extension
determined by V = D, ((1 4+ 2«)I). By Lemma 8.2, B, has a polynomial-
like extension @ determined by a real symmetric topological disk V' C V.
Obviously, for any x € w(c) N I, if s is the return time of x to /, then

Comp, (dom(®)) C Comp (F*V) € D,(I). 5
Corollary A.3. There exists p = p(b) > 0 with the following property.
Assume that f is infinitely renormalizable. Let K be a small symmetric
nice interval with Ax > p, and let B = (o, K k be the maximal prop-
erly periodic interval contained in K. Then the real box mapping By has
a polynomial-like extension.

Proof. Let ¢ be the critical point in K, and let s be the period of B. As
in the proof of the previous corollary, we find a symmetric nice interval
I > ¢ which is contained in M (K), such that B; has a quasi-polynomial-
like extension determined by a real symmetric topological disk V =
D, ((1 4+ 2k)I). Moreover, for any x € w(c) N I, if g is the return time
of x to I, then

Comp, (F~9(V)) € D.(I) C V.
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Let m be a positive integer such that /™ — B is disjoint from w(c). Such
an integer exists because (o, I* = Ny K = B. Let n be such that
I"™ is a component of f~"(I), let V' = Comp,(F~"(V)), and let U’' =
Comp, (F7"7%(V)). Then F* : U’ — V' is holomorphic and U’ € V'. It
follows that Bz has a polynomial-like extension (determined by V’). |

A2. Bounds for non-renormalizable maps.

Proposition A.4. Assume that f is non-renormalizable. Ifthereisane > 0
such that for any symmetric nice interval I with |I| < &, we have A; < p,
then Theorem 3’ holds.

Proof. Let I be a symmetric nice interval in M (1j), with |I| < &. Then
A; < p. Let m(0) = 0, and let m(1) < m(2) < --- be all the positive
integers such that Rmo-1(c) & [ m@® where ¢ is the critical point in /. Let
ki < kbelarge positive integers with k—k; = N, where N = N (p, b) is as
in Corollary 8.6, andlet V = D, (I"%*)NC ;uw . Then V determines a quasi-
polynomial-like extension of B ;»® . By Lemma 8.2, B;»® has a polynomial-
like extension ® determined by a topological disk V' C V.

Let 5 =6(p) > 0and ! = I(3, p, b) € N be determined as in Sect. 8.3
(after the statement of Proposition 8.4). Let p = 3IN; + 1. To complete
the proof we shall show that there exists & € (0, ) such that for any
x € I"® N w(c), we have Comp, (dom(®?)) C Dy (I"®),

To this end, let s € N be such that Rfm(k) = f* near x. It suffices to show
that Comp (F~*V) C Dy(I"®). Let {Jj};'.zo be the chain with J, = 1"®
and Jy > x. Then by Propositions 8.2 and 8.3, (arguing similarly as in the
proof of Proposition 8.4 for the infinitely renormalizable case,) there exist
s’ < sand 0’ € (0, ) such that J;, C I"™® and Compjy,(F*(S*S”(V)) -

Dy (1™®), Finally, applying Lemma 8.5 we obtain the desired estimate. O

A3. Bounds for infinitely renormalizable maps. Now let us assume that
f is infinitely renormalizable. Let ¢ be the critical point of f in I,. We
shall continue to use the notation introduced in Sect. 8.4. Let p > 0 be the
constant as in Corollary A.3.

Proof of Theorem 3’(2). Let us say that the n-th renormalization has
a complex bound p if f** : B, — B, extends to a DH-polynomial-like
map ¥ : U — V of degree 2° such that mod(V — U) > u. By Theorem 3
and Corollary A.3, we may assume that f*' : By — B has a polynomial-
like extension F*! : U; — V;. Then for any n > 2, the real box map-
ping associated to B, has a quasi-polynomial-like extension determined by
V, = Vi NCy,. By Lemma 7.6, to prove that f* : B, — B, has a definite
complex bound, it suffices to show that it has a DH-polynomial-like exten-
sion of degree 2°, and that the filled Julia set of this extension is contained
in Dy(S,) for some definite 8 > 0. The proof is completed by the following
statements.
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Statement 1. [f I € M(E),) is a symmetric nice interval with A; < p and
x1 = Nj + 3, where Ny = N((p, b) is as in Corollary 8.6, then provided
that n is sufficiently large, the (n + 1)-th renormalization has a complex
bound py = i (b) > 0.

In fact, we have proved in Proposition 8.4 that f*+! : B,,; — By,
extends to a DH-polynomial like mapping ¥ : U — V of degree 2”, and
that there exists a constant 8’ € (0, ) such that ¥~ C™ (V) © Dy(Tj41),
which implies that the filled Julia set of i is contained in Dy(S,,+1) for some
constant 6 € (0, ). By the remark above, the (n + 1)-th renormalization
has a definite complex bound.

Statement 2. There exists a constant C = C(b) > 1 such that if |B,| >
C|B,,+1|, then provided that n is sufficiently large, the (n + 1)-th renormal-
ization has a complex bound p, = 11,(b) > 0.

First assume that Ag, < p. When C is large, this implies that x, >
N + 3. Applying Statement 1 to / = A,, we conclude the proof. Now
assume that Ag, > p. Then there exists a symmetric nice interval K in
M(E,) such that Ax > p. By Corollary A.3, f*+!| B, has a polynomial-
like extension Y. Denote by K the filled Julia set of . In fact, it was
proved there that there is a pull back / C K! of K which contains ¢, such
that (1+42«) I —1I is disjoint from w(c), and such that X' C D, (). If A; > p,
then for the same reason, we can find a symmetric nice interval J > ¢, such
that J ¢ I' € K2, (1 +2)J — J) Naw(c) = @, and X C D, (J). If
A > p, then we repeat the argument. Obviously, this argument must stop
within finitely many steps, so without loss of generality, let us assume that
A < p.If x; = Nj+3, then the proof is again completed by Statement 1. So
assume x; < N;+3.By asimilar argument as in the proof of Proposition 8.4,
there exist p € N and 0 € (0, x), such that

Comp, (F~P+1(D,(1) N C,,)) € Dy(I"x0+).

In particular, X C Dy(I"*D+3). Note that Ay"*~" contains a point in
w(c) — Byy1, while "0 does not. Therefore ™) c A= and

hence 1"(xD+3 AZ"(X”)H = Sy+1.- S0 Kyp1 C Dy(S,+1). The statement
follows.

Statement 3. There is a positive integer N = N(b), such that if | B, ;| <
C|Butiv1| foralli = 0,1,..., N — 1, then provided that n is sufficiently
large, the (n+ N)-th renormalization has a complex bound 3 = s (b) > 0.

Notice that Ag,,, < Cforall0 <i < N—1. Moreover, there is an upper
bound on yx,4;’s. So this statement follows from the argument in Sect. 8.4.

Statement 4. For each k € N, there exists u = u(k, b) > 0 such that if
|Bu—1| > C|B,| and |B,+i| < C|Bytivi|l forany 0 <i <k —1, and ifn
is sufficiently large, then for each 1 < i < k the (n + i)-th renormalization
has a complex bound 1.
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By Statement 2, f** : B, — B, has a polynomial-like extension ¢ :
U — V of degree 2°. Moreover, the proof shows that there exists an interval
f"n with ¢ € f"n C T, such that

° |f"n |/|B,| is uniformly bounded from above, and
e we can choose V so that it is contained in a Poincaré disk Dg(f",,),

Fix1 <i <k,andlet V' =V NCy_, and U" = Comp, (F~*+ (V')). Then
F*+i . U’ — V’isaholomorphic proper map of degree 2°. By Lemmas 8.13
and 8.14, arguing in the same away as in the proof of Proposition 8.7, we
show that there exist a positive integer p, and a constant 8’ € (0, 7) such
that

Comp, (F~ 7"+ (V")) CompC<F’pS"+i(D9(fn) n (CTM)) C Dy (Sps),

which implies that the renormalization f**+/|B,.; has a complex bound. We
should remark that in Lemma 8.13, the assumption Ag, , < p was only

used to obtain an upper bound on |7;,_;|/| B,|. |
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