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Abstract. In this paper we establish dispersive estimates for solutions to
the linear Schrédinger equation in three dimensions

1
0.1) Ty =AY+ V=0, v(s) = f
where V(z, x) is a time-dependent potential that satisfies the conditions
[e¢)
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Here ¢( is some small constant and V(7, x) denotes the Fourier transform
with respect to the first variable. We show that under these conditions (0.1)
admits solutions () € L;’O(Li(ﬂ@)) N Ltz(Lg(RS)) for any f € L*(R%)
satisfying the dispersive inequality

0.2) 1Dl < Clt — 5|72 || £]I, for all times 1, s.

For the case of time independent potentials V(x), (0.2) remains true if

[ YOO gy a2 ana 17 s [ LEOL
RS
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< 4.

We also establish the dispersive estimate with an e-loss for large energies
provided |V x + [V < oc.

Finally, we prove Strichartz estimates for the Schrodinger equations with
potentials that decay like |x|~>~¢ in dimensions n > 3, thus solving an open
problem posed by Journé, Soffer, and Sogge.
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1. Introduction

It follows from the explicit expression for the kernel of e~# that the free
Schrodinger evolution in R", n > 1, satisfies the dispersive inequality

(1.1) le ™ flleo < C %) £l

Closely related are the classical Strichartz estimate [Str]
—IitA
le™ Fll 2ot gner, = CF ez
or more generally
(1.2) IIe’”AfIILg'mw) < Clfll2@n

forany’é—l—% = 3,2 < p < 00. The case p = 00, g = 2 is the energy
estimate (in fact ||e~" f||, = || f||,), whereas the range 2 < p < oo can be
obtained from the case p = 2 and (1.1) by means of a well-known argument
(see for example [KT]). The endpoint p =2, g = 2 result, which in fact
fails in dimension n = 2, is more difficult and was recently settled forn > 3
by Keel and Tao [KT].

The question whether these bounds also hold for more general Schro-
dinger equations has been considered by various authors. From a physical
perspective it is of course natural to consider the case of ¢ with H =
—A + V. For the purposes of the present discussion we assume that the
potential V is real and has enough regularity to ensure that H is a self-
adjoint operator on L2(R"), see Simon’s review [Si2] for explicit conditions
on V. One obstacle to having decay in time for ¢ are eigenvalues of the
operator H = —A + V and a result as in (1.1) and (1.2) therefore requires
that f be orthogonal to any eigenfunction of H. In fact, Journé, Soffer,
and Sogge [JSS] have shown that, with P. being the projection onto the
continuous subspace of L*(R") with respect to H,

(1.3) 1" P fllo < CH 3 f

for all dimensions n > 3 provided that zero is neither an eigenvalue nor
a resonance of H. In addition, they need to assume that, roughly speaking,
V) < (1 + |x[)™** and Ve L'(R"). Recall that a resonance is a dis-
tributional solution of Hyr = 0 so that ¢ ¢ L but (1 + |x|2)*%1ﬁ(x) eL?
for any o > %, see [JK]. It is well-known that under the assumptions on V/

used in [JSS] the spectrum o(H) satisfies
o(H)=[0,00) U{A;|j=1,...,N}

where [0, 00) =0, (H)and Ay < Ay_; < ... < A; < 0are adiscrete and
finite set of eigenvalues of finite multiplicity. Indeed, since V is bounded
and decays at infinity Weyl’s criterion (Theorem XIII.14 in [RS]) implies
that o, (H) = 0,,(—A) = [0, 00), whereas the finiteness follows from
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the Cwikel-Lieb-Rosebljum bound. Furthermore, since V is bounded and
decays faster than |x|~! at infinity it follows from Kato’s theorem (Theo-
rem XIII.58 in [RS]) that there are no positive eigenvalues of H. Finally,
since any V asin [JSS]is an Agmon potential, oy;,, (H) = {) by the Agmon-
Kato-Kuroda theorem (Theorem XIII.33 in [RS]).

The work by Journé, Soffer, and Sogge was preceded by related results of
Rauch [R], Jensen, Kato [JK], and Jensen [J1], [J2]. The fact that one cannot
have =3 decay in the presence of a resonance at zero energy was observed
by these authors. Moreover, the small energy asymptotic expansions of the
resolvent developed in [JK], [J1], [J2] are used in [JSS]. However, the actual
time decay estimates obtained by Rauch, Jensen, and Kato are formulated
in terms of weighted L2-spaces rather than in the much stronger L' — L*
sense of Journé, Soffer, and Sogge. The appearance of weighted L? spaces
is natural in view of the so called limiting absorption principle. This refers to
boundedness of the resolvents (—A—A=4i0)~! for A > 0on certain weighted
L? spaces as proved by Agmon [Ag] and Kuroda [Ku2], [Kul]. It is also
with respect to these weighted norms that the asymptotic expansions of the
resolvents (H — z)~! as z — 0 with J(z) > 0, N(z) > 0in [JK], [J1], [J2]
hold. Jensen and Kato need to assume that |V(x)| < (1 + |x|)~# for certain
B > 1 (most of their results require 8 > 3). For a more detailed discussion
of the limiting absorption principle see our Strichartz estimates in Sect. 4.

Another approach to decay estimates for ¢”~“*") was taken by Ya-
jima [Y2], [Y3], and Artbazar and Yajima [AY], who relied on scattering
theory. Recall that if the so called wave-operator

W = s — lim e il(-A+V) p—ita
—00
exists, where the limit is understood in the strong L? sense, then it is an
isometry that intertwines the evolutions, i.e.,

We™ 18 = J"AHVIW for all times ¢.

In [Y2] Yajima proved that the wave operators W are bounded from
LP(R") — LP(R") withn > 3 for 1 < p < oo provided V has a cer-
tain explicit amount of decay, and provided zero is neither an eigenvalue
nor a resonance. Since WW* = P, ., he concludes from the free dispersive
estimate (1.1) that

e ATVIP, oo = [[We ™ W || 1o < CE72

under the usual assumption on the zero energy but imposing weaker condi-
tions on V than [JSS]. Moreover, [ Y3] contains the first results on dispersive
and Strichartz estimates for ¢/(=2+") in two dimensions. The dispersive es-
timates in dimension n = 1 have been established in the work of Weder [W]
using methods of inverse scattering.

The relatively strong decay and regularity assumptions that appear in
all aforementioned works are by far sufficient to ensure scattering, i.e,
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the existence of wave operators on L2, even though Yajima was the first
to exploit this link explicitly in the context of dispersive estimates. The
connection with scattering is of course natural, as the decay of V (and
possibly that of derivatives of V) at infinity allows one to reduce matters to
the free equation by methods that are to a large extent perturbative.

On the other hand, the existence of scattering (in the traditional L? sense)
is known for potentials that are small in some global sense, but without any
explicit rate of decay. Indeed, it is a classical result of Kato [Ka] that under
the sole assumption that the real potential V satisfies

Vi Vi
(1.4) / VONTVON ey < (amy?
Re X —yl
the operator H = —A + V on R? is self-adjoint and unitarily equivalent

to — A via the wave operators. The left-hand side of (1.4) is usually referred
to as the Rollnik norm, see [Sil]. Observe that (1.4) roughly corresponds to
the potential decaying at infinity as |x|~>7%.

The appearance of the Rollnik norm in the context of small potentials
is natural from several perspectives, one of which is scaling. The Rollnik
norm is invariant under the scaling R?V(Rx) forced by the Schrodinger
operator H onto the potential V. It is well-known that the Rollnik norm

defines a class of potentials that is slightly wider than L: (R?), which is also
scaling invariant. Another natural occurrence of a scaling invariant condition
arises in connection with bounds on the number of negative eigenstates.
Indeed, in dimension n it is precisely the scaling invariant L2 norm of the
negative part of the potential that governs the number of negative eigenvalues
of —A + V via the Cwikel-Lieb-Rosebljum bound.

We show in this work that dispersive estimates lead naturally to what
we call the “global Kato norm” of the potential. Recall that the Kato norm

of V is defined to be
Vi
sup / [Vl dy.
xer? Jx—yi<1 X =yl

whereas the scaling invariant analogue is given by (1.5) below. The Kato
norm, or more precisely the closely related Kato class, arise in the study of
self-adjoint extensions of H, as well as in the study of the properties of the
heat semigroup e, see [AS], [Si2], and Sect. 3 below.

One of the goals of our paper is to bridge the gap between the “classical”
perturbation results of spectral theory that involve Rollnik and Kato classes
of potentials (or other scaling invariant classes) and the results concernning
the dispersive properties of the time-dependent Schrédinger equation.

In our first result, see Theorem 2.6 below, we show that the dispersive
estimates are stable under perturbations by small potentials that belong to
the intersection of the Rollnik and the global Kato classes.
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Theorem 1.1. Suppose V is real and satisfies (1.4). Suppose in addition
that

(1.5) sup/ V)l dy < 4m.

xeR3 JR3 lx — yl

Then one has the estimate

it(—A+V -3
e A i S 172
forallt > Q.

The proof relies on a Born series expansion for the resolvent with a sub-
sequent estimate of an arising oscillatory integral. The convergence of
the resulting geometric series is guaranteed by (1.5). See Sect. 2 for de-
tails.

The main focus of this paper is on the dispersive properties of solu-
tions of the Schrodinger equation (0.1) with time dependent potentials, see
Sects. 5-7. It appears that not much is known on the long time behavior
of solutions to Schrodinger equations with time dependent potentials. See,
however, Bourgain [Bo2], on the issue of slow growth of higher Sobolev
norms in the space-periodic setting. In this paper we establish dispersive
and §trichartz estimates for a class of scaling invariant small potentials
on R,

Theorem 1.2. Let V(t, x) be a real-valued measurable function on R* such
that

|V(Z, X)I
(1.6) sup 1V, - s ———dtdx < ¢
e T GR; wJ X —

for some small constant ¢y > 0. Here V(T, x) denotes the Fourier transform
in the first variable, and if V(%, x) happens to be a measure then the L'—
norm in t gets replaced with the norm in the sense of measures. Then for
every initial time s and every \; € L*(R?) the equation

(1.7) :78,1[/ — Ay + V(t, x)y =0,

Vli=s(x) = ¥5(x)

admits a (weak) solution ¥ (t, -) = U(t, s)¥, (via the Duhamel formula). The
propagator U(-, s) satisfies U(-, s) : L>(R®) — L>®(L2(R*))NL2(LS(R?)),
t — Y(t, ) is weakly continuous as a map into L*(R3), and || U(t, s)Ys||» <
1Y ll2. Finally, U(t, s) satisfies the dispersive inequality

(1.8)
U@, $)Ygllpe < Clt — s|*% sl for all times t, s and any ¥y € L.
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Examples of potentials to which the theorem applies are V(¢, x) =cos (f) Vo (x)
where || V0||L% ®) < ¢y, and for which (1.5) holds. More generally, one can
take potentials that are quasi-periodic in time, such as V(¢, x) = ¢(¥) Vp(x)
with

¢(l) — Z CueZJIita)-v

vezd

and ) _,alcy| < 00, w € [0, 1) arbitrary.
Note that Theorem 1.2 also applies to time independent potentials Vj(x)
via V(t, x) := Vj(x). Clearly, in that case the conditions become

Vi
Vol 2 —|—sup/ Vo)l dy < ¢p.

LZ®RY) p3 Jps [x — Y

Since by fractional integration

f [V V()
RO

== dxdy < C||V|?;
x — I L3

)

it follows that these conditions are strictly stronger than those in Theo-
rem 1.1.

Whereas our main emphasis is of course on the decay estimate (1.8),
it appears that even the easier question of solvability of equation (1.7) for
rough potentials that do not decay in time had not been addressed before,
at least under the conditions of Theorem 1.2. Yajima [Y 1] considered the
problem of existence of solutions to the Schrodinger equation with time-
dependent potentials. In his paper he proves the existence of the strongly
continuous semigroup U(t, s) on L?(R") provided that the potential satisfies
VelLlL?for0 <!l <1- 35 Notice that in our case ¢ = 00, p = %,
which corresponds to the endpoint of this condition not covered in [Y1].
We use the endpoint Strichartz estimate [KT] for the free problem for that
purpose, which automatically yields the endpoint Strichartz estimate in the
context of Theorem 1.2.

For time-dependent potentials the analogue of Kato’s scattering re-
sult [Ka] was proved by Howland [H1]. More precisely, under the condition
that for a sufficiently large time #y > 0, V(z, x) < V;(x) for some time in-
dependent potential Vj(x) obeying the small Rollnik condition (1.4), there
exist a unitary wave operator W intertwining U(t, s) and e"~®). In case
V(t, x) does decay in time (in the sense of a small amount of integrability),
wave operators were constructed by Howland [H2] and Davies [D]. In con-
trast to Theorem 1.2 they do not require smallness (the latter being replaced
by time decay of the potential) and they also obtain strong continuity of the
evolution.

One of the difficulties in this case is the absence of the connection
between the semigroup generated by the Schrodinger equation and the
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spectral properties of the operator —A + V. Recall that for time independent
potentials V/,

eitHf — \/‘eitkdE()\)f

where dE(}) is the spectral measure of the operator —A + V. This is no
longer available for time-dependent potentials.

The proof of (1.8) is similar to that of Theorem 1.1 but much more
involved. Since we can no longer rely on the spectral theorem, resolvents,
and Born series to construct the evolution of (1.7), we use the Duhamel
formula instead (we note in passing that the Fourier transform in the spectral
parameter establishes an equivalence between the representation of the
evolution in terms of a Born series and an infinite expansion of the solution
by means of Duhamel’s principle). One of the novelties in our paper is
the formula representing the time evolution of the Schrodinger equation
with a time-dependent potential as an infinite series of oscillatory integrals
involving the resolvents of the free problem. Most of the work in the proof
of Theorem 1.2 is devoted to estimating these oscillatory integrals, whose
phases typically have a critical point with degeneracies of the third order.
See Sects. 57 for details.

Two sections of this paper are devoted to time independent potentials
without any restrictions on their sizes. In Sect. 3 we prove the following
result. As before, H = —A + V and P, refers to the projection onto the
absolutely continuous subspace of L? relative to H.

Proposition 1.3. Let

Vo)l
VI = V]2 + sup/ dy < 00

xeR3 JR3 lx — yl

Then for every ¢ > 0 there exists some positive Ly = Lo(||V |, €) so that
(1.9) "™ X(H/ho) Pac 1y < C3F°
forallt > Q.

The proof is again perturbative. For the case of large energies, and for those
only, the required smallness is provided by the following estimate on the
resolvents, which can be viewed as some instance of the limited absorption
principle:

1
(1.10) =2 =2 +i0)7 fllps@y < CLTHSN 8 o -
The proof of (1.10) is an immediate consequence of the Stein-Tomas theo-
rem [St]. The appearance of the Stein-Tomas theorem in this context is most
natural, as the resolvent (—A — A +i0)~! of the free problem is closely
related to the restriction of the Fourier transform to the sphere |x| = v/A
for A > 0. In contrast to (1.10), which heavily relies on the nonvanishing
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Gaussian curvature of the sphere, the classical limiting absorption principle
of Agmon and Kuroda [Ag], [Kul], and [Ku2] only uses the most elemen-
tary restriction property of the Fourier transform to arbitrary surfaces which
leads to a loss of % + & derivatives in L? (on the physical side this translates

into the weights |x|%“ in L? that appear in [Ag], [JK] etc.). For further
details of the proof of Proposition 1.3 we refer the reader to Sect. 3.

It is common knowledge that the case of large energies should be the
most accessible one. From the perspective of scattering the intuition is
that particles with high energies will escape the scatterer and thus lead to
extended states (absolutely continuous spectrum) whereas particles with
smaller energies can be trapped and create bound states (pure point spec-
trum). It is of course a most interesting problem to extend Proposition 1.3
to small energies under similar conditions. Recall that [JSS] and particu-
larly [Y2] have accomplished exactly that, but under conditions on V that
are by far stronger than those in Proposition 1.3.

We also address the question of Strichartz estimates for ¢~V in di-
mensions greater or equal than three. Traditionally the mixed norm Strichartz
estimates (1.2) are shown to be a consequence of the dispersive estimates. In
fact, in [JSS], Journé, Soffer, and Sogge establish the L' — L dispersive
bound and therefore also Strichartz estimates under strong decay and regu-
larity assumptions on V, see (1.3). However, they conjecture that Strichartz
estimates hold for potentials that decay only faster than (1 4 |x|)~2. In this
paper we prove this conjecture assuming only this rate of decay. In particu-
lar, we do not require any regularity. More precisely, the following theorem
holds.

Theorem 1.4. Suppose that for some ¢ > 0 one has |V(x)| < (1+ |x|)~27¢
forall x € R" withn > 3. Then

1 1

' 2
||el[HPCf||L;IL;(R”) 5 ||f||L%(R") V(q, r, n)a 5 =n <5 - ;) ’ q > 2

provided the zero energy is neither an eigenvalue nor a resonance of the

operator H = —A + V. Here P. denotes the spectral projection onto the
continuous states.

The decay condition |V(x)| < (1 + |x|)~2~¢ is very natural from the per-
spective of Kato’s smoothing theory [Ka]. In contrast to [JSS] we prove the
Strichartz estimates directly, i.e., without relying on dispersive estimates. In
fact, we do not know if the L! — L estimates hold under the conditions
of Theorem 1.4. It is known that (local in time) Strichartz estimates can
hold even if the L' — L dispersive property fails, see Bourgain [Bo3]
for the case of the torus, Staffilani, Tataru [ST] for variable coefficients, and
Burq, Gerard, Tzvetkov [BGT] for the case of equations on Riemannian
manifolds. We should also mention the recent work of Planchon, Stalker,
and Tahvildar-Zadeh [PST] concerning the dispersive estimates for radial
data and for the potential riz
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This paper is organized as follows: Sects. 2 to 4 deal with time indepen-
dent potentials. Section 2 establishes dispersive estimates for small Rollnik
potentials in R*. Section 3 considers the high energy case for low regular-
ity potentials, and in Sect. 4 we establish mixed norm Strichartz estimates
for potentials that decay like (1 + |x|)~2~¢. The remaining Sects. 5-7 are
devoted to small time-dependent potentials. In Sect. 5 we show that solu-
tions exist for potentials that do not necessarily decay in time by means of
the Keel-Tao [KT] endpoint. We then proceed to represent the solution by
means of an infinite Duhamel expansion and we derive a formula for each
term in the Duhamel series. The most technical part are Sects. 6 that provide
the necessary bounds on the oscillatory integrals that arise in this context.
We combine all the pieces in the final Sect. 7.

Acknowledgements: The authors thank Alexander Pushnitski for valuable discussions on
the Agmon-Kato-Kuroda theory, Thomas Spencer for his interest in the problem of time
dependent potentials, as well as Elias Stein for a discussion on Sect. 6. The first author
was supported by an NSF grant. The second author was supported by an NSF grant and
a Sloan fellowship. Part of this work was done while he was a member at the Institute
for Advanced Study, Princeton. The authors are indebted to an anonymous referee whose
insightful comments lead to significant simplifications of Sect. 6.

2. Small time independent potentials in R>

The purpose of this section is to prove the L'(R%) — L*°(R?) dispersive
inequality for " where H = —A + V in R®. The following definition
states the properties of the real potential V that we will need.

Definition 2.1. We require that both

Vi Vi
2.1 IVl = / Ll(zy)ldx dy <(4m)?* and
R3xR3 X — Yl
Vi
(2.2) IVIix = sup/ VO s <4
xeR3 JR3 |X - yl
The norm || - ||z on the left-hand side of (2.1) is usually referred to as

the Rollnik norm. Kato [Ka] showed that under the condition (2.1) the
operator H admits a self-adjoint extension which is unitarily equivalent to
Hy = —A. In particular, the spectrum of H is purely absolutely continuous.
Many properties of the Rollnik norm, which can be seen to be majorized

by the norm of L3 (IR?) via fractional integration, can be found in Simon’s
monograph [Sil]. The norm || - || in (2.2) is closely related to the well-
known Kato norm, see Aizenman and Simon [AS], [Si2] and we refer to it
as the global Kato norm.

The main result in this section is Theorem 2.6. The proof splits into
several lemmas, the first of which presents some well-known properties of
the resolvents Ry (z) = (—A+ V —z)~! under the condition (2.1). We begin
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by recalling that a potential with finite (but not necessarily small) Rollnik
norm is Kato smoothing, i.e.,

1 .
2.3) sup [[ [VI2Ro(r £ie) fll 202 = ClIfll2,

e>0

. 1
sup [Ro(A £ ie) [VI2 fliz212 = Cll f 2

e>0

for any f € L*(R%) and with Ry(z) = (—A — z)~!. This implies, in
particular, that D (| V|%) O H?. The Rollnik norm arises in this context as
a majorant for the Hilbert-Schmidt norm || - || g of the operators

(2.4) K £ig) == |V|2Ro(A £i8)|V]|2.
Indeed, it is well-known that the resolvent Ry (z) for Iz > 0 has the kernel

exp(i/zlx — y))

(2.5) Ro(2)(x,y) = 1
lx — yl
where 3(+/z) > 0. Thus
(2.6) IK@)l2 12 < 1K@)lus < @Gm) " V.

for every z € C with Iz > 0. This allows one to check immediately that

S.:=|V|2Ry(z) : L> = L? for every z € C \ R. Indeed, by the resolvent
identity,

1 1 1 [ |
S.87 = — [|V|2R0(Z)|V|2 — |V|2R0(Z)|V|2]-
—2i3z

In view of (2.6) therefore

1 1
(2.7 ISP = 115851 S — 1K@ S — VI,
|5z] |5z]

as desired. One of the main observations of Kato [Ka] was the relation
between this pointwise condition in z = A =+ ie and the L? boundedness
that appears in (2.3). We present a short proof of this fact for the sake of
completeness. Although it is standard, the following argument is somewhat
different from the usual one which can be found in basic references like
Kato [Ka] and Reed, Simon [RS]. Denote 7, := |V |2 Ry(A + ig) for ¢ > 0.
Truncating the large values of V and then passing to the limit we may
assume that V is bounded. Then 7 : L?> — L?L? for every ¢ > 0 and one
checks that

T*F :/RO(A —ie)|V|2F(.) d



Time decay for Schrodinger equations 461

for every F € L3(L?). Thus

T.T/F = f IVI2 Ry + ig) Ro(ie — ie)| V|2 F(u) dp

2.8) f vt Rt ’8) RoWe = 18) 13 Fy aw
uw—+ 2ie
) _ [ KG+ o Fon s [Ke—iorw
A — u+ 2ie A — 4+ 2ie

where we used the resolvent identity to pass to (2.8). By the L2 boundedness
of the (vector valued) Hilbert transform,

/ F(w) d
rtie—puH

Using this bound and (2.6) in (2.9) yields

sup
e>0

S IFlza,

ATx

sup IT.T7 Fllz S ITFN 22V IR

e>0

which implies (2.3) with a constant of the form C|| Vllg.
Lemma 2.2. Let||V||g < 4m asin Definition2.1. Then forall f, g € L*(R?)

(2.10) (Rv(r £ie) f, g) — (Ro(A £ig) f, g)

=Y (—=D"(Ro(. £ ie) (VR (. £ i€))" f, g)
=1
where the right-hand side of (2.10) is an absolutely convergent series in the

norm of L'(d\) uniformly in & > 0. Furthermore, if |V — V,,|lg — 0 as
m — 0o, then

(2.11) sup/ [(Ry, (A xie) f, g) — (Ry(A £ie)f, g)|dh — 0

e>0

asm — 0o.
Proof. We start from the resolvent identity
(2.12) Ry(z) — Ro(2) = —Ro(2) VRy(2) = —Rv(2) VRo(2)

which holds in the sense of bounded operators on L? for any Iz # 0,
see (2.7). It is a standard fact, see [Ka], that the Kato smoothing prop-
erty (2.3) remains valid with Ry instead of R provided that ||V ||z < 4.

Indeed, multiplying (2.12) by |V|% leads to

(2.13) (14+ Q(2)ARy(z) = ARo(2)
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where O(z) := ARy(z)B, A = |V|%,and B = |V|2signV. In view of (2.6)
one has

(2.14) sup |Q(2) |22 =: p < 1 sothat
Sz#£0
sup [[(1+ Q@) Ml < (1= p) 7
Sz#£0

In conjunction with (2.13) and (2.3) this implies that

(2.15) sup | ARy (A xie) fll 212 < ClIf 2,
e>0
sup || Ry(A xie) Bf[l 22 = Cll fll12
e>0

for any f € L% Fix f, g € L?. Iterating (2.12) leads to

(2.16) (Ry(A£ie)f, g)

N
=Y (=D (Ro(r £ ie)(VRy(A £ i))" [, g)
=0

+ (=D""(Ry (. £ ie) (VRo(L £ ie)" ' [, ¢)
for any positive integer N. By (2.15) the error term is

(Ry(x +ie)B(ARy(L £ie)BYNAR (A L ie) f, g)
=(Ry(A £ie)BO(A +ie)NARy(A L ic) f, g)

and thus has L' (dA) norm bounded by C p", see (2.15) and (2.14). Similarly,
each of the terms in the sum for 1 < ¢ < N has L' (d*) norm at most C p*~!.
Thus (2.10) holds for any V which satisfies (2.1). If m is sufficiently large,
then the series expansion (2.10) holds for both V and V,,. Subtracting these
series termwise and invoking the previous bounds yields that the left-hand

side of (2.11) is bounded by

o0
D Cl IV = Vil < €U = p) 2V = Vaullr,

=1
and the lemma follows. O

The following technical corollary deals with the case ¢ = 0 in Lemma 2.2.
We state it in the form in which it is used later on. In particular, we did
not strive for the greatest generality. Below Cg(R) refers to the bounded
continuous functions on R with the supremum norm.
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Corollary 2.3. Let V € C*(R®) satisfy |V g < 4m. Then for all f, g €
CP(R?) the limit

(Ry (- +i0) £, §) = im(Ry 0. +ie) f.

exists for every A € R and is a continuous function in . Moreover, for
each X one can pass to the limit ¢ — 0 in all other terms in (2.10) and

(2.17) (Ryv(A +1i0) f, &) — (Ro(A +i0) f, g)

o
=Y (=DRo( +i0)(VRo (. +i0))" f, g)
=1
holds for every A and the series converges absolutely in the norm of Cl? ®)N
L'(d)).

Proof. Fix f, g € C*(R?). By our assumptions on V and the explicit rep-
resentation (2.5), VRy(z) f € C°, and thus also Ry(z)(VR(z))¢ f for every
z € C with Iz > 0. Moreover, z — (R (2)(VRy(2))" f, g) is a continuous
function in Jz > 0 for every £ > 0. As in the previous proof one obtains
the Kato smoothing bound

(2.18)
sup / [(RoO- + ie) (VRo(A +i€))" f, g) | dr < C(IV | r/40) I £l 12118l 2

e>0

for each £ > 1 (note that the case &€ = 0 is included here). Moreover,
see (2.4) and (2.6),

sup |(Ro(2)(VRo(2))" f. )|

Jz>0

1 _ 1
<sup [|[VI2Ro(2)gl2 1K@ V]2 Ro(2) fI2

Jz>0

<C(f,& V) (IVIIr/4)"".

This implies that

o]

(2.19) Spe() =Y (Ro(h +i0)(VRo (- +i0)" £, g),
=0

converges uniformly and thus defines a continuous function. Furthermore,
one concludes that the series in (2.10) converges uniformly in the closed
upper half-plane (i.e., for all A € R and ¢ > 0) and therefore defines the
limit (Ry (A 4+ i0) f, g) pointwise in A € R. Also note that, by (2.18), the
series for S7.(A) — (Ro(A +i0) f, g) converges absolutely in L'(d)), and
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similarly for every z € C with Iz > 0. In view of (2.10), (2.18), and with
an arbitrary N > 1,

/ lim inf [(Ry (i +ie) f. g) — Sy, ()| i

gflimigfusf,g(xﬂe)f, g) — Sy (V)] dA

N
< / > limsup [{Ro(x + ie) (VRo(A + i) f. g)

=1 e—0

— (Ro(A +i0)(VRy(A +i0))" £, g)| dr

+C Y VIr/AD T fl2llgl

(=N+1
< C(1 = |[VIIr/40) " (IVIIR/40" [ f 11218l
and we are done. O

Next we turn to a simple lemma that is basically an instance of stationary
phase.

Lemma 2.4. Let  be a smooth, even bump function with ¥()) = 1 for
—1 <A < 1andsupp(yr) C [—2,2]. Then for all t > 1 and any real a,

* A
(2.20) sup/ e sin(aﬁ)w(‘/__> dk‘ <Crig
L>1'Jo L

where C only depends on .

Proof. Denote the integral in (2.20) by I, (a, t). Clearly, I (a, t) is a smooth
function of a, ¢ for any L > 0 and I, (0, r) = 0. The change of variables
A — A2 leads to the expression

I(a, 1) =2 / e sin(ar) (/L) d\
0

Integrating by parts we obtain

I.(a,f) = ; /0 h e <a cos(ar) y(A/L) + %sin(ak) w’(A/L)) dh.

Since v is assumed to be even, ¥/’ is odd. Hence,

I;(a,f) = é f h & (a cos(ar) y(A/L) + % sin(ai) 1//’(A/L)> dx

= %i / ¢ (e + 7Y (/L) di

a » oo . ) A
+ / L / e”“(e”’ue—'“)—w’(x/L)dxdb.
o 4t ) o L
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Thus it suffices to show that

JL(a, t) — / ei(t)\,2+a)\.) ¢(}\‘/L) dr

o]

obeys the estimate |J;(af)| < Ct=z for any smooth bump function ¢
satisfying the same properties as ¥. The change of variables A — A/L

further reduces the problem to the estimate |J(a, )| < C =2 with

J(a, 1) = / Pl A*+ak) d(L) dr

o0

for all ¢ # 0 and all real a. Observe that J(a, f) is a smooth solution of the
1-dimensional Schrodinger equation

2

.0 0
l EJ(CZ, t) - @J(Cl, t) = 0,

J(a,0) = / h e (L) dA.

By the explicit representation of the kernel of the fundamental solution

o0 'a*)z
Ja. 1) = (—4min)~> / e J(b, 0) db

—00

which implies that J(a, ) obeys the standard one-dimensional decay esti-
mate 1
| J(a, | = Ct 2|1 JC, Ol

Since the function J(a, 0) is the Fourier transform of the smooth bump
function ¢, the desired estimate on J(a, t) follows. ]

The following lemma explains to some extent why condition (2.2) is
needed. Iterated integrals as in (2.21) will appear in a series expansion of
the spectral resolution of H = —A + V.

Lemma 2.5. For any positive integer k and V as in Definition 2.1

k k
1 [V(x))]
221)  sup [ IV > " lxe — x| dxy .. dx

k
X0, xp 41 €R3 SR l_[j:o lxj = xjml =

< (k+ DIV
Proof. Define the operator 4 by the formula

Vi
AfG) = f YO 43y ay.
R3 X — yI

Observe that the assumption (2.2) on the potential V implies that A4 : L —
L and ||A]| ~_ 1= < ¢y Where we have set ¢ := || V|| x for convenience.
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Denote by <, > the standard L? pairing. In this notation the estimate (2.21)
is equivalent to proving that the operators By defined as

k
Bif =) < f AT > A"

m=0
are bounded as operators from L' — L with the bound
Bl i < (k + e

For arbitrary f € L' one has

k
1Biflle <D 1< fo A1 > | A" 1|

m=0

k
k—
< AT o Lo llA™ Lo oo | f ]

m=0
k
<Y el flp < G+ Degll fllp,
m=0

as claimed. O
We are now in a position to prove the main result of this section.

Theorem 2.6. With H = —A + V and V satisfying the conditions in
Definition 2.1 one has the bound

[ ), = Cr3
in three dimensions.

Proof. Let ¢ be a smooth cut-off function as in Lemma 2.4. We will show
that there is an absolute constant C such that

(2.22) sup ey (VH/L) . 8)| < Cr 211 £l gl

for any f, g € CS°(R?), which proves the theorem. It will be convenient
to assume that the potential V belongs to C3°(R?), in addition to satisfy-
ing (2.1) and (2.2). In case of a general potential V as in Definition 2.1, one
approximates V by V; € C{° via the usual cut-off and mollifying process.
Clearly, |V — V;llg = 0as j — oo and || V;|lx < [[V|x < 4m. Since the
spectral resolution Ey of H satisfies (recall that the spectrum of H is purely
absolutely continuous)

(2.23) Ey(X) = %Ev(k) = IRy (A +1i0),
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one concludes from Lemma 2.2 that
/ (EY(W)f, 8) — (EY, (1) f. 8)|dh — 0O

as j — oo. In particular, with H; := —A 4V,

(" (H;/L) £, g) — (" w(H/L) [ g)
as j — ooforany f, g € Ci° (R3). It therefore suffices to prove (2.22) under
the additional assumption that V € Cg° (R?). Fix such a potential V, as well

asany L > 1,andreal f, g € C5°(R?). Then applying (2.23), Corollary 2.3,
(2.5), Lemma 2.4, and Lemma 2.5 in this order,

sup (e y(VH/L) 1. g

<su [ WWHLIE G £ )

L>1

— sup / ¢ Y (VALY RV G+ i0) . 8) ]
0

L>1

= sup / e W(ﬁ/L)ZS(RO(A +i0)(VRy( +i0))* £, g) dk‘
0 k=0

L>1

IT5, Ve

/|f(xo)||8(xk+1)|/ l_[ atle, = xj+1|.

k
e sl [y mnysin(VEY b -
Lz17J0 =0
d(xy, ..., xp)dxodxis
|V(x;)I
<cr 3 f feollgtent | iy -
Z (477)"“ ]_[ i—o 1X; — xj1l
: Z lxe — xeq1| d(x1, ..., X1) dxo dxgyy

<criy) /R eIl k+ DAV lloe/4m)* dxo di

_3
=Cr 2| flliglh,

since | V|| x < 4. In order to pass to (2.24) one uses the explicit represen-
tation of the kernel of Ry(A +i0), see (2.5), which leads to a k-fold integral.
Next, one interchanges the order of integration in this iterated integral.
This is legitimate, since the corresponding L'-integral (i.e., with absolute
values on everything) is finite (V is bounded and compactly supported). The
theorem follows. |
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3. The high energy case in R* with an ¢ loss

The purpose of this section is to prove a dispersive inequality for e y(H) P, .
where x is a cut-off to large energies and P, is the projection onto the ab-
solutely continuous part of L?(R?) with respect to H = —A + V. We will
assume that V satisfies the following properties:

3.1) IVI = V2 + s p/ oL,

xeR3 JR3 | _y|

Under these conditions we will prove the following result. As usual, we let
x € C* with x(A) =0if A <1land x(A) =1 for A > 2.

Proposition 3.1. Let ||V|| < oo as in (3.1). Then for every ¢ > 0 there
exists some positive Ly = Ao(|| V|, &) so that

(3.2) le™ X(H/A0) Pac.llg1poe < 17248
forallt > 0.

Previously, convergence of the Born series was guaranteed by a smallness
assumption on the potential V. The following lemma will allow us to sum
the Born series for large potentials in L?(R?), but only for large energies.
This lemma is an immediate consequence of the Stein-Tomas theorem in
the formulation due to Stein [St].

Lemma 3.2. Let Ry(z) = (—A — z2)~! for 3(z) > 0 be the resolvent of the
free Laplacean. Then there is an absolute constant C so that for any A > 0

(3.3) [Ro(A +10) fl parsy < CA™ 3 ||f||L3(R;

forall f € 8.

Proof. Itis well-known that the resolvent Ry(z) = (—A—2z)~! for J(z) > 0
has the kernel

exp(iv/z|x — y[)

(34 Ko(2)(x,y) = prp—

where J(4/z) > 0. By the Stein-Tomas theorem in Stein’s version [St] one
has

(3.5) H /Rz exp(ilx — yl)

4r|x —

=CIfll 4

R3) L3 (]R3

Passing to (3.3) only requires changing variables x — +/Ax and y — /Ay,
which we skip. m|
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It is well-known, see Simon [Si2] Theorem A.2.9, that for any V €
L7 (R?) that satisfies the so called Kato condition

3.6) lim sup / M dy =0,

r=0 . g3 [x—y|<r |x - yl

the operator —A + V with domain C3°(R?) is essentially self-adjoint with
sp(H) C [—M, oo) for some 0 < M < oo, and that H is the generator of
a semi group e~ that is bounded from L7 to LY for any choice of 1 < p <
q < 00, see Theorem B.1.1 in [Si2]. Moreover, explicit bounds for these
norms are of the form

e i p e <Ct77 et

with y = %(;f1 — g ") and any A > M with M as before, see (B11)
in [Si2]. These bounds imply the Sobolev inequalities

||(H+2M)7ﬁ“Lf~>L;I- <oo forany 1 <p,g <o0

(3.7) . 3, .
and with 8 > E(p —q ),

as can be seen from writing (H+2M)~# as the Laplace transform of the heat-
semigroup, see Theorem B.2.1. in [Si2]. Since we are assuming that V € L2,
Cauchy-Schwarz implies that (3.6) holds, and thus so do all aforementioned
properties. In addition, we will use the following result of Jensen and
Nakamura, see [JN] Theorem 2.1: Suppose that V € L? satisfies (3.6). Let

loc

g € Ci°(R) and 1 < p < oo. Then there exists a constant C such that
3.8) lg@H)lr—,;» < C uniformly in0 <6 < 1.

Moreover, the constant C is uniform for g ranging over bounded sets
of C3°(R). As an immediate corollary of (3.7) and (3.8) one obtains that

forany g € C°(R),any 1 < p < g < o0, B > %(p*] — g7, there is
a constant C depending on g, V, and B, such that

(3.9) lg(H/x)ll 7, ;¢ < Cif uniformly in A > 1.

This bound is needed for the following lemma. Recall that Ry(z) denotes
the resolvent of the free Laplacean.

Lemma 3.3. Let n € Ci°(R) be fixed. Then for any A, Lo > 1 and any
nonnegative integer k one has the estimate

InCH /o) RoCr + i0) (VR G + 100 p(H/20) | 1 o
3
<o iV

where the constant C only depends on g and V.
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Proof. By Lemma 3.2 and Holder’s inequality,

(3.10)

. . _1
IIVRo(k+10)fIIL < IR +i0) fllpallVill2 = ClIVI2 277 ||fI|L;,1

4
3
X X

for any f € 4. Hence

In(H/30) Ro(h + i0) (VRy (. + i0)F n(H/Ao)ll 1 - 1
< In(H/20) Ry + 0] 4

X

I (VRy(h 40D 4
L; —L

< InCH/2o)l| 14— 132 | Ro (A + iO)Ing

3 —>Li

s In(H/ o)l 4
3 Ll—L}

VR +i0)1* o In(H/A) s
3 Ll—L}?

L3—L3 i

3 3
<O TATI(IVIATDR AT,
as claimed. O

Proof of Proposition 3.1. We start with a justification of the Born series
1
expansion for high energies. Let 49 > 0 be chosen so that || V|2 A, f <.

By (3.10), the operator 1 + VRy(A + i0) is invertible in L3 (R?) provided
A > Ao and the Neumann series

(3.11) (1 + VRy(L +i0) ' = Z(—l)k(weo(,\ +i0))*
k=0

converges in L3 (R3). Therefore, the resolvent Ry (z) := (—A+V —z)~!
satisfies

Ry(A +i0) = Ry(h +i0)(1 + VRy(A 4 i0)) ™!

=Y (=D Ro(r + i0)(VRo (A + i0))*
k=0

for all A > Aq and is thus a bounded operator from Li(R3) — L4R3).
Furthermore, since the spectral resolution E(-) of H = —A + V satisfies
P,. E(dA) = IRy (A +i0) dA, one has

o]

(Pac.E@N) £, 8) =Y (=D!S[Ro(h + i0)(VRy(x +i0)*] £, g)dh
k=0
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for any f,g € L3(R%). Now define n(1) := x(1) — x(*/2). Clearly, n €
Cy°(R), and also

Y (279 = x() for all .

j=0

Observe that at most three terms in this sum can be nonzero for any given A.
Now let 7 € C;°(0, 00) have the property that nij = 1. Then for any
f, g € 4, one has the expansion

("™ x(H /o) f, x(H/X0)g)

/0 ¢ (Edn)n(H/ (2 00)) f. n(H/ (2" 1)) g) dA

5‘ > /0 e (E(@Mn(H/ (2 ko)) f, n(H/(2°%0))8) ﬁ(x/(zfxo»dx‘
\ijiz\gl

< / ™ (Ro(A +i0) (VRy (A +i0))'n(H/(2/20)) f,
je=0 0

lj—¢|<1

k=0

(3.12) n(H/(2£Ko))g)ﬁ(K/(2jko))dk‘

[e¢)
/ ™ (Ro( +i0) (VRy( + i0)* x(H/ o) f, x(H/%0)8) dk‘ :
0
From the previous section one has the dispersive bounds

G.14) / ™ (Ro(% 4 i0) (VRo( 4 i0)* x(H/0) f, x(H/X0)g) d)»‘
0

IA

_3
Cr2 VI fIlze gl e,

/ ™ (Ry(h + i0) (VRo (A + i0))n(H/ (27 ho)) f,
0

n(H/(2"%0))8) 1%/ (27 10)) dx‘

_3
(3.15) < CoHVIFIL I gl

where we have also used (3.9) to remove the x and 5 cutoffs. On the other
hand, Lemma 3.3 shows that
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/ ™ (Ry(h + i0) (VRy(A + i0)),n(H/ (27 h0)) f,
0

n(H/(2°40))g) 7i(1/ (27 h0)) dn
3.16) < C @) IV ) I il gl
Combining (3.15) and (3.16) yields that for any 0 < 6 < 1
k=7

o0

e™(Ry(x + i0) (VRy(A + i0))n(H/ (27 20)) f,

n(H/ (2 0))8) 11/ (27 10)) di

o0 o0
,1 _ ; 3 ; _1\6k
<C YN OV @) 3 (1V 2 @720 ) LA 1 gl
Jj=0 k=7
00 R 03 o
3 +
<C Y OO 2 (Va1 gl
k=7
(3.17)

3 © k 3
< Cr 3RS VIR I f I gl < €308 gl
k=0
(o)
provided || V|[x,* < 1. The choice of k > 7 was made to ensure summa-
bility over j. The bound (3.17) yields the desired bounds for the terms
with k > 7 in (3.12). For the remaining cases of k, one simply invokes the
estimate (3.14), and the proposition follows. m|

Remark 3.4. 1t seems clear that the condition || V|| 2 < oo can be weakened

to a condition closer to L%(R3). The reason for this is the “slack” in the
Stein-Tomas bound that yields )(3-1, whereas the high energies argument
only requires A =7 for some y > 0. It appears that a complex interpolation
argument allows one to exploit this slack, but we do not pursue this here.

4. Strichartz estimates for (1 4 |x|?)~!~¢ potentials

In this section we settle a problem posed by Journé, Soffer, Sogge [JSS]
concerning Strichartz estimates for the solutions of the Schrédinger equation
with potentials decaying at the rate of |x|~>~¢ at infinity. To obtain the
result we prove a more general statement relating an L{ L% estimate for the
semigroup ¢ to the corresponding estimate for " with H = Hy + V.
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The conditions of the result involve the notion of Kato’s smoothing for the
multiplication operator |V|% relative to Hy and H. Applying the abstract
result to Hy = —A, H = —A + V with V obeying the estimate |V(x)| <
C(1 + |x|*)~'=¢ requires appealing to the Agmon-Kato-Kuroda theory on
the absence of positive singular continuous spectrum for H and a separate
argument that deals with the point O in the spectrum of H. In fact, we shall
invoke the result of Ben-Artzi and Klainerman [BK] which readily contains
the desired conclusion.

We start with the preliminaries. Consider a self-adjoint operator Hy on
L?(R™) with domain D (H). Let ¢ be the associated unitary semigroup,
which is a solution operator for the Schrédinger equation

1
l_.atll’ — Hoyp =0, Yli=o = Yo.

We denote by R((z) the resolvent of Hy. For complex z with Jz > 0 we
have that

oo
.1 Ro(z) = f et e gy
0
as well as the inverse: for any 8 > O and > 0,
oo
e Pl — / e ™ Ro(A +iB) dh.

—o0
Let A and B be a pair of bounded operators' on L?(R") and consider
a self-adjoint operator H = Hy + B* A with domain £ (H,), corresponding

semigroup ¢, and the resolvent R(z). The resolvent R(z) and Ry(z) for
Iz # 0 are connected via the second resolvent identity

(4.2) R(z) = Ro(z) — Ro(z) B"AR(2).
On the other hand, the semigroups ¢/ and /"0 are related via the Duhamel
formula
13
(43) eitHwo — eitHowo —i f ei(tfs)HoB*AeiSHwo ds.

0

which holds for any o € L2. We recall that for a self-adjoint operator H,
an operator I' is called H-smooth in Kato’s sense if for any f € D(Hp)

(4.4) 1T flly22 < Cr(EDI fll22

' The assumption of boundedness is a convenience that is sufficient for our main appli-
cation below.
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or equivalently, for any f € L2

4.5 Zulg ITRz (A £ iB) fll 202 < Cr(EDIfll2-

We shall call Cr-(H) the smoothing bound of T relative to H. Let @ C R
and let Py be a spectral projection of H associated with a set 2. We say
that " is H-smooth on  if I" P, is H-smooth. We denote the corresponding
smoothing bound by Cr(H, Q). It is not difficult to show (see e.g. [RS])
that, equivalently, I' is H-smooth on € if

(4.6) sup IPRz (A +ip) fll 2.2 < Cr(H, Q)| fll 2.
B>0,1€Q

We now are ready to state the main result of this section.

Theorem 4.1. Let Hyand H = Hy+ B*A be as above. We assume that that
B is Hy smooth with a smoothing bound Cg(Hy) and that for some Q C R
the operator A is H-smooth on Q2 with the smoothing bound C4(H, 2).
Assume also that the unitary semigroup e satisfies the estimate

4.7 le™ ol ar, < Crpllroll 2

for some q € (2,00] and r € [1, 00]. Then the semigroup e associated
with H = Hy + B*A, restricted to the spectral set 2, also verifies the
estimate (4.7), i.e.,

(4.8) le™ Poroll 11 < CrayCs(Ho)Ca(H, )90l 12-

Proof. We start with the Duhamel formula (4.3)
t
eitHwO — eitﬂowo —i f ei(tfs)H()B*AeiSHl//O ds.
0

We have the following estimate with the exponents ¢, r described in (4.7):

1
. - i(1—s) H isH
le™ Pl arr < 1€ Popoll pap, + |I/el(t VB A Payo dsll i
0

4.9)

t
i(t—s) H; isH
< Capllollzz + 1 / 00 B A P ds |0,
0

To handle the Duhamel term we recall the Christ-Kiselev lemma. The
following version is from Sogge, Smith [SoSm]
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Lemma 4.2 (CK). Let X, Y be Banach spaces and let K(t, s) be the kernel
of the operator K : LP([0, T1; X) — L4([0, T1; Y). Denote by || K || the op-
erator norm of K. Define the lower diagonal operator K : LP([0, T]; X) —
Li([0,T]; Y)

K (1) = f K(t, s) f(s) ds.
0

Then the operator K is bounded from LP([0, T]; X) to L1([0, T];Y) and
its norm || K|| < c||K||, provided that p < q.

We shall apply this lemma to the operator with kernel K (¢, s) = ¢/ =90 p*
acting between the spaces L?([0, 00); Li) and L7([0, o0); L"). Observe that
by the assumptions of Theorem 4.1, ¢ > 2 and thus the condition ¢ > p in
Lemma [CK] is verified.

We can rewrite the Duhamel term

t
D= /\ei(t—S)H()B*AeiSH PQWO ds
0

in the form D = K (Aei'H Pqo 1//0). Therefore,

is H
(4-]0) ”D”L?L; 5 ”K”Lz([(),oo);L%)aL’I([O,oo);LI(.) ”Aels KZ’OHL%L;

We now need to estimate the norm of the operator K.

o o
_ i(t—s)Ho |1 itHo —isHy p
||KF||L2L;—||/€ B F(s)ds”L?L;_”e /e B F(s)ds||L;1L;
0

0
0

< Cyy / e~ B F(s) ds|| 3.
0

The last inequality is the estimate (4.7) for e/, By duality

o0 o
||/eiSH°B*F(s) dsll;z = sup < feiSHOB*F(s) ds, ¢ >
) 1912 =1
o
= sup fds < F(s), Be"™¢ >
Il =14

IA

is H
IFll22 sup [[Be™ ™l 22
1912 =1

< Cp(HY)IF Il 22191113,
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where the last inequality follows from Hy-smoothness of the operator B.
Thus the operator K(t, s) = €'~ A is bounded from L?([0, 00); L?) to
L4([0, 00); L"). Therefore, back to (4.10)

(4.11) 1Dl po1: < CryCr(Ho)l| A Poroll 12,2
It remains to observe that since the operator A is H-smooth on €2, we have
(4.12) I Ae™ Pooll 212 < Ca(H, Q)[1¥oll 2
Thus, combining (4.9), (4.11), and (4.12) we finally obtain
lle™ ol a1, < CryCr(Ho)Ca(H, )%l 12,
as claimed. |

We apply Theorem 4.1 in the situation where Hy = —A and H =
Hy + V(x). We have the following family of Strichartz estimates for the
semigroup e 2 associated with Hy = —A:

—i 2n
le Yol o < Clivollz, V(g rn) # (2,—,n),

n—2
2 1 1
4.13) —:n(———>,
q 2 r

which hold for any vy € L*(R"). We introduce the factorization
V=B'A, B=|V|Z, A=|V|isenV,

and restrict our attention to the class of potentials satisfying the assumption
that for all x € R”

(4.14) [V(x)| < Cy(1 + [x])~'*

with some constants Cy, & > 0. This assumption, in particular, places us
in the framework of the Agmon-Kato-Kuroda and the Agmon-Kato-Simon
theorems guaranteeing the absence of the positive singular continuous spec-
trum and positive eigenvalues. In fact, one only needs the |x|~!~¢ decay for
their results to apply. We should note that for potentials satisfying (4.14) the
absence of the singular continuous spectrum was established by Ikebe [Ik].

In addition, the Weyl criterion implies that the essential spectrum of H
is the half-axis [0, c0). However, without an appropriate smallness or sign
assumption on V, the operator H = —A 4 V can have negative eigenvalues,
thus destroying any hope to have Strichartz estimates for e’/ v, for all initial
data vy € L?. Therefore, we shall assume that the initial data are orthogonal
to the eigenfunctions corresponding to the possible negative eigenvalues. We
achieve this in the following simple manner. Let P be a spectral projection of
H corresponding to the interval €2 = [0, o). Our goal is to prove Strichartz
inequalities for ¢/ restricted to the absolutely continuous spectrum of H.
We now state the result.
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Theorem 4.3. Let V be a potential verifying (4.14). In addition, we impose
the condition that the point . = 0 in the spectrum of the operator H =
—A + V is neither an eigenvalue nor a resonance (see the discussion
below, in particular Definition 4.4). Then if P is the spectral projection of
H corresponding to the interval [0, 00) (on which H is purely absolutely
continuous),

HeitHPl/,O”L?L; < Clivoll .2, Y(g,r,n), n >3,

2 1 1
(4.15) —=n<———), q > 2.
2 r

To apply Theorem (4.1) we need to verify that B is an Hy-smooth
operator and that A is an H-smooth operator on [0, co). The first condition
is easy to verify since by a result of Kato [Ka] any function f € LP' N L2
with 1 < p; <n < p, < ooandn > 3 is a —A-smooth multiplication
operator. Since B = |V|% is an L> function decaying at infinity as |x|~' ¢,
it falls precisely under these conditions.

The condition that A is an H-smooth operator on [0, co) is much more
subtle. First, one can show that A is H-smooth on the interval [§, co) for
any 6 > 0. This is a consequence of the results of Agmon-Kato-Kuroda
on the absence of the positive singular continuous spectrum, (see [Ag],
also Theorem XIII.33 and Lemma 2 XIII.8 in [RS]). In fact, even half
of the assumed decay would be sufficient to prove this. To deal with the
remaining spectral interval [0, §), according to (4.6), one needs to understand
the behavior of the resolvent R(A &£ if) of the operator H near the point
A =0, B = 0. We introduce the following

Definition 4.4. We say that 0 is a regular point of the spectrum of H if it
is neither an eigenvalue nor a resonance of H, i.e., the equation —Au +
V(x)u = 0 has no solutions u € ﬂa%Lz”“.

Haere, L>® is the weighted L* space of functions f such that (1 +
[x|))2 f € L2 The 0 eigenvalue, of course, would correspond to an L*?
solution u.

The presence of a 0 eigenvalue and most likely that of a resonance
would violate the validity of the Strichartz estimates (4.15) for e# . Their
appearance cannot be ruled out by merely strengthening the regularity and
decay assumptions on the potential V. We therefore impose an additional
condition that 0 is a regular point. There are several situations where this
condition, or at least part of it, is automatically satisfied. In particular,
for any non-negative potential O is a regular point. In addition, it is well-
know (see e.g. [JK]) that O is not a resonance in dimensions n > 5. The
behavior of the resolvent near O in the spectrum and even its asymptotic
expansions was extensively studied in [JK], [J1], [J2], but their assumptions
are too strong for our purposes. However, uniform treatment of the whole
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spectral interval [0, co) has been carried out in the work of Ben-Artzi and
Klainerman [BK], where they obtain the following result (phrased in the
language of the H-smooth operators).

Proposition 4.5. Suppose V satisfies the assumption (4.14) and assume, in
addition, that 0 is a regular point of the spectrum of H = —A + V. Then

the operator of multiplication by (1 + |x|2)_l# is H-smooth on [0, 00).

The desired conclusion about the operator A = |V|%sgn (V) now easily
follows from the assumption (4.14).

5. Time dependent potentials: Reduction to oscillatory integrals

Definition 5.1. Let Y be the normed space of measurable functions V(t, x)
on R? that satisfy the following properties: t — ||V(t, -)||L%(R3) € L*(R)

and for a.e. x € R? the function t — V(t,x) is in 8'(R), the space of
tempered distributions. Moreover, the Fourier transform of this distribution,
which we denote by V(1, x), is a (complex) measure whose norm satisfies

V(z,
5.1) sup/ de < 00.
)7€]R3 R3 |x - yl
The norm in Y is the sum of the expression on the left-hand side of (5.1)

3
and the norm in L°(L5).
In what follows we study the Schrodinger equation

(5.2) iy — Ay + V(t, )y =0,
Uli=s(x) = s (x)

for potentials V € Y and with initial data v, € L>(R?). An interesting case
is V(¢, x) = cos(t) V(x) where V € L3 satisfies sup,, f]R} YOl 7y < 00. Be-

[x—yl
cause of the limited regularity of potentials in ¥, we define (weak) solutions

U(t, s)ys of (5.2) via Duhamel’s formula:

t
(5.3) U, 9y, = Iy, +i/ UMV sy, YU(s1, $) Vs ds).
In the following lemma we show by means of Keel’s and Tao’s endpoint
Strichartz estimate [KT] that such weak solutions exist and are unique
provided the potential is small in an appropriate sense. The proof is presented
only in R?, but it carries over to any dimension n > 3. We set

(5.4) X = LP(LI(RY)) N L7 (LS(RY))
and define Hy = —A to be the unperturbed Schrddinger operator with
evolution ¢,



Time decay for Schrodinger equations 479

Lemma 5.2. Assume that the potential V(t, x) satisfies the smallness as-
sumption

2
3
(5.5) vl ;=sup( |V(z,x>|%) <o
L 2 R3

Ly teR

for some sufficiently small constant ¢y > 0. Then for any s € R and any
v € Li there exists a unique weak solution U(t, s)ys of (5.3) with the
property that U(-, s)Y¥;, € X and so that t — (U(t, s)V¥, g) is continuous
for any g € L*(R®). Moreover; for any such g and any t > s,

00
(U(t, 5) Vs, g> — Z i f . f (ei(t—sl)Ho V(sy, ‘)ei(sl—sz)Ho V(sy, ") ...
m=0

S<sp<.<s1<t

(5.6) Vs, )e'Cn=Ho oy ds ... ds,,

where the series converges absolutely. In the strong sense, i.e., without the
pairing against g, this representation holds in the sense of norm convergence
in the space X (and thus can only be assumed for a.e. t).

Proof. For the purposes of this proof, we let F = F(t, x) be a function
of (t,x) € R;f*. For simplicity, we often write F(r) for the function
x = F(¢, x). Recall the following end-point Strichartz estimates for the
operator Hy proved by Keel-Tao in any dimension n > 3, see [KT]: There
exists some dimensional constant C; = C(n) so that for all f € szc and

2n_

FelL2L}™

(5.7 "™ fll 2 < Cill flli2s
L7L}

t
(5.8) I f TV dsy || 2 < CIIF] | 2.
s L2112 L2+

Consider the operator K defined by

t
HGF)E, ) = i f DR Y Fsy, ) s,

N

Then definition (5.3) takes the form
(5.9) [(1 = K)UC, )Y (1) = 0oy,

Inequality (5.8) and the smallness assumption (5.5) imply that the norm of
the operator K : L2L% — L?LS satisfies

(5.10)
[KsFll2e = CHIIVFIL o <CillVIE  3llFllgzgs < CicollFllgags.
=X L[2L3c5 LtooLXZ t=x t=x
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Moreover, for any g € L*(R?),

(K F) (), )] =

t
/ (V(s1, ) F(sy, -), e 70 0 gy g,

13
< [ WV Rl e gl ds
(f wesiorsi ot ds) ([ e eogl an)

1
(5.11) =G /uvn s IFG1 9 ds ) lgl

L®(LE)
=C | |V|| o1 ||F||L2(L6)||g||2

where we used (5.7) to pass to (5 .11). This shows that
ess sup, [ (K F) (@) l2 < Crcoll Fll 216

which in conjunction with (5.10) yields that

1
(5.12) [Ksllxsx < Creo < 7
provided ¢ is small (see (5.4) for the definition of X). Therefore, the
operator I — K is invertible on the space X and U(t, s) can be expressed
via the Neumann series

o0

UG, ) = [(1 = K) 7]y = Y[ ]0)
m=0

which converges in the norm of X. Writing out (U(¢, s)v,, g) explicitly leads
to (5.6). Next we check that for any F € Ltz(Lg) the function ¢ — (K F, g)
is continuous for any choice of g € L2. In fact, if t; < t,, then

(K F)(12), 8) — (K F) (1), g

%) . .
S/ [(V(s1) F(s1), (e 1700 — =120y 0 s
N

1) .
+ / (Vis1) Fsy), e~ =DHg) | ds,
1

—i(ty—1)) Hy
<IVI 3 IFlzaglls — e g,
L(Ly)

15}

1
2
+IVI (L;)(f IFeDIZgdsi)” lgle:
X n

Since the last expression tends to zero as t, — ¢, continuity follows. Hence
(K™ F)(t) is also weakly continuous in 7, and thus JK"e'C =9 o s, too.
Since (U(t, s)¥y, g) is a uniformly convergent series of these continuous
functions, it follows that it is continuous. O
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Remark 5.3. The proof of Lemma 5.2 shows that the operator K : L?L% —
w — CY(L?) maps L?L8 into the space of weakly continuous functions with
values in L?(R?).

For technical reasons connected with the functional calculus in the fol-
lowing section it will be convenient to work with smooth potentials in Y
rather than general ones. To approximate a general potential V by means
of smooth ones, choose nonnegative cut-off functions x € 4(R?) and
n € 4(R) so that x and 7 have compact support and satisfy fR3 x(x)dx =1,

fR n(t)dt = 1. In addition, let x = 1 on a neighborhood of 0. For any
V € Y and R > 1 define

v, ) = Ve, )x <E> x Rx(R")

where the convolution is in the x-variable only. Note that V,g]) is well-

defined, smooth and compactly supported in x, and satisfies || V,E,]) e < 00

since || V|| 3 < oo Moreover, it is standard to check that
L*(L%)

sup | VR |, < xllse 1V 1ly-
R>0
Indeed,
[VE" @5 < Il IV 91 REXCRI 3 < o 1V L3

whereas with I'(x) := |x|~! and M denoting measures in the t-variable,
(Vi@ 9l T)@ = sup(x () IVE e T) )
= lxlls sup(IVCE Illac £ T) ).
as claimed. To regularize in ¢, define
Vi) = [V o) 5 Rn(R)n (%)
where the convolution is in the #-variable only. Again one checks that

IVklly < (nllse + 131D [V ], < nllse + 171D 1o 1V Iy

for any R > 0. We will use that Vx — V as R — oo in the following sense:
For a.e. ¢ one has

(5.13) | Vr(z, ) — VL2, -)||L%(]R3) — 0 as R — oo.
Firstly, it follows from standard measure theory that for a.e. ¢

(5.14) |V @, ) — Vi, )|

3 — 0 as R — oo.
L2 (R3)
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Secondly, with ng(?) := Rn(Rt),
[Vat. ) = Vi@ )|l
< (V" *nr)(t.) = Vi .0 5 + [ Vi@ )] 511 = nGe/R))

< [ @ V= = vy

I =nG/ Rl VI

3
2
X
0

(6.15) = ”X”oof nr(s) [Vt =, ) = V(t, )3 ds + o(1)

o0

-0

for a.e. t as R — o0. The conclusion (5.15) follows from the vector-
valued analogue of the Lebesgue differentiation theorem (in this case
“vector-valued” means with values in L%). In combination with (5.14) this
yields (5.13).

We shall now prove the convergence of the approximate solutions
Yr(t, x) satisfying the equation

(5.16) 10 YR — AYr + Vr(t, X)Yr =0,
1pth:s = WS

to the solution ¥ (¢, x) of the original problem corresponding to the po-
tential V(z, x). Note that due to the smoothness and boundedness of the
potentials V the LfOL)ZC function ¥ can be interpreted as a distributional
solution of equation (5.16). In fact, the left hand-side of (5.16) belongs to
the space LY°H =2 In addition, ¥ is also a Duhamel solution as in (5.3).

Lemma 5.4. Let Ug(t,s) be the propagator (5.16), i.e., Ug(t, )Y, =
Yr(t,s). Then for any s,t € R such that t > s, and arbitrary functions
Uy, g € LARY), [z = llgll,z = 1 we have

(5.17) < Ug(t, )V, g > —> < U(t, $)Yy, g > as R — o0

Proof. First observe that since the potential V satisfies the smallness as-
sumption (5.5), Vg also obeys (5.5) for all R > 0. According to Lemma 5.2,

[e¢)
(Ur(, s)I//s,g)zz i" /-.-/(ei(’S1>”0VR(S1,-)ei(S‘Sz)H"VR(Sz,')----
m=0 S<sm<..<s1=<t

(5.18) V(S Ve Moy o) dsy...ds,,

for any v, g € L*(R?). Equivalently, Ug(t, s) can be represented by the
Neumann series
o
Ur(t, s) = [(I = Kgy) "' (0) = Y [Kale ™) 1)

m=0
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which converges in the norm of the space X defined above. The operators
Kpgs : X — X are defined as

t
(KroF) (1, ) = i / Y51 ) sy, ) dsy.

N

To verify the conclusion of Lemma 5.4 it suffices to show that for an arbitrary
positive ¢ > 0, all positive integers m < mg(e), and all sufficiently large
R = Roy(g, mo)

(5.19) (K — Kglt)e' ™ oy, g)(0)] < e(Creo)™ 'm.

The positive integer mg(¢e) is chosen so that 2(Cycy)™ < e which ensures
the smallness of the “tails” of the series for U(s, t) and Ug(s, ).

For the bounded operators KX, K g, on the space X we have the following
identity:

m—1

(5.20) KRl = K= Krl( Ky — Kry) K
£=0

We shall prove that for £ € [0, m — 1]
(521)  [{Krs (K = Kr) KLy g)(0)] < e(Creg)™ ™

which immediately implies (5.19).

In view of Remark 5.3 the operator K, and thus also K g, maps Ltng —
w— C?( Lfc). Therefore, for an arbitrary fixed ¢t > s we can define the operator
Krs;: L?LS — L2 via the formula

J{RS,IF = (K F)(@).

In addition to the L2 pairing (, ) we define the space-time pairing (, ), as

usual: for any pair of functions F € L{L% and G € L?/Lff/ with ¢, p €
[1, oc] let

<F,G>,,x=// F(t, x)G(t, x) dx dt.
R JR3

6
We now introduce the dual operator Kz}, : L3 — L7L;. In addition, since
6
Krs : L2L® — L?L° we also define the dual of Kg,, Kg* : L’L] —
6
LIZL 7. Therefore for £ > 1 the left hand-side of (5.21) can be written as

IR,S,I = (J{RS,IKRf_l(J{S - J{RS)J{;n_Z_lei(_S)HO WS’ g>
= ((Ks — Kr) KI L0 oy gopt T Kk L g)

t,x"
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We assume that ¢ and m(e) are now fixed and invoke Egorov’s theorem.
According to (5.13)
[Ve(si, ) = Visi, )l 3 =0, as R— oo
L
for a.e. 51 € [s, t]. Therefore, for any § > O there exists a set B C [s, 7]
such that |8| < 6 and
IVe(si,) = Vs, )l 3 <& ¥si€ls, ]\ 8B

and all sufficiently large R > Ry(e, §). Let xg be the characteristic function
of the set B. We define operators

Ys = (K5 — Krs) X8>
Z; = (‘7{8‘ - J{Rs)(l - X;’B’)

: L7276 276
It is easy to see that Y, Z, : L7Ly — LiLy. Moreover, || Zll 276,126 <

Ce for all R > Ry(e, ) and ||ys||LtzL2%tzL2 < Cicp < see (5.12).
Therefore,

1
29

——{—1 _i(-—s)H -1
Igs, = (KM ZE KR T KR g),

N
N

+ <X£K?7€71€i(.7s)m)l[/3a y;k!KR*Z—lKR;k’tg%x‘

We can easily estimate the first term by

—L—1 * %1 0—1
| KNI IZ5 s o || KX .
SUL2L0— L2081 s LS L%Lxg_)erLxg
K < g2~ (m=D),
IIJCS,[IIL%%%L)? I¥sliz2lighe: <

For the second term we have the bound
m—e—1 i(-—s)Ho %
Pl PV | I RS
tx LiLY —L;Ly

-1
KN e )
3 L2>L

L2L3 5 12L] i LiL

< xa kT Iy | o (Creg) T

sl¥sll2llgll 2
X

Observe that

—0—1 i(-—s)H, —t—1
o=t | e < (Creo) il < oo,

LS
Therefore, we can chose 6 = §(m) in Egorov’s theorem in such a way that

mo(e) m—1

3D Ixmky T o | < e(Creg)™

m=1 (=1
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Hence we have the desired bound
g < &(Crep)™ ™!

forall 1 <€ <m —1and m < my. To settle the remaining case of £ = 0
we observe that for £ = 0

Iryss = (K — Kro) K10y g)1)
= (Yo Iy g)(0) + (Zo KTy ) 1),
Similarly to the operator K, we can define the operators Y., Z;, :
L2L® — L2. Moreover,
1Zsallzrsnre < Ceo 1 Ysullizrensz < Cico.
Thus
ksl < Cicollxs K" e ™00 216 + £(Creg)" ™! < 26(Cre)™ ™!

by the choice of the constant § in Egorov’s theorem. m|

Since the potentials Vg(z, x) are smooth in both variables, the solution
operators Uk(t, s) are unitary on L2. Together with Lemma 5.4 we have the
following

Corollary 5.5. The L? norm of the solution v(t, -) of the Schrédinger equa-
tion (5.2) is a non-increasing function of time, i.e,

1U( ) Vsl < 11¥slle2

for all t > s and arbitrary functions ¥, € Li.

Lemma 5.4 also implies that we can assume henceforth that V(¢, x) is
a smooth potential with compact support in the x-variable and the vari-
able 7 of the Fourier transform relative to . We can also assume that V
satisfies the smallness assumption (5.5). We shall show that the following
estimates depend only on the norm of the potential in the space Y defined
in Definition 5.1 and the smallness constant c.

5.1. Functional calculus
The goal of this section is to obtain the explicit representation of the integral
kernels of the operators involved in the Neumann series expansion (5.6) for

U(t, s), as some special oscillatory integrals.
We introduce the notation

V(z, ) = / eV, ) dt.
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The m-th term of the series (5.6), which we denote by 1,,, can then be
written in the following form?:

< m(l’3)¢3ag> /
R
S<sp<..<s1<t

(5.22) €I V(E,,, e O oy ),

dr,..dv, // dsy...ds,, (ei(’”‘)HOeiS”‘ V(T, ...

The identity above is verified on arbitrary functions ¥, g € L2.
We shall also make use of the spectral representation of the operator e’ |

eitH() :feide()\.).
R

Here, dE(}) is the spectral measure associated with the operator Hy = —A.
In dimension n = 3, dE()) has an explicit representation as an integral
operator with the kernel

LY/l T W
dEO)(x, y) = { 4] ’
M) (x,y) {0 A <0,

Recall also that the resolvent R(z) = (Hy — z)~! is an analytic function
with values in the space of bounded operators in z € C \ R;. In the above
domain,

(5.23) R(z) = / 4EG@)
R H—Z

We shall use the following simplified version of the limiting absorption
principle stating that R(z) = R(A + ib) has well-defined operator limits
R,(}) and R_(1), for . > 0, as b — 0" and b — 0~ respectively. The
operators Ry(A) map the space of Schwartz functions 4 into the space
C>® N L*(R?).

On the real axis, the resolvent R(1) can be then described explicitly as
the integral operators with the kernels

i/Alx—yl
(524)  R,()(x,y) = lim R +ie)(r,y) = —— A >0,
e—0t 4|x — y|
R_-(M)(x,y) = 81_i>1(§1+ R(A —ie)(x,y) = Ry (M) (x,y)
PN
= 7’ )\' Z O’
4|x — y|
eV —Hx=yl
R(A)(x,y) = RM)(x,y) = ——— A <0.

rr|x =y’

2 Here we use the fact that V(%, -) has compact support in # to interchange the integrals.
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In particular, we can write
(5.25) dE()) = IR(M).

We shall make repeated use of the following regularization:

- = lim -
a+1i0 e—0F o+ ie

b » Pl @+i0b _ yi(a+i0)a pilatielh _ yilatie)a
edqg = .
a

which holds true for any finite a, b € R and arbitrary o € R.

Proposition 5.6. The function (1,,(t, s)V, g) defined in (5.22), the m-th
term of the Born series (5.6), admits the following representation:

L,(t,s) = im/ dry..dr, e @+Fm) .

m+1 k—1
(5.26) : / et Z<(l_[ RiOAT+ . +T)VE,, ->)
A k=0

r=1

m—+1
dEO + 7 + .. + r,,,)( [T Vi )RG5+ ..+ rm+1)> v, g>,
r=k+1

where we formally set 1,1 = 0. The representation holds true with arbi-
trary Schwartz functions g, g € 8.

Proof. We start by verifying that the expression on the right hand-side
of (5.26) defines an absolutely convergent integral. Recall that the potential
V(%, x) is smooth and has compact support in both variables. Therefore,
the variables 1y, .., 7, are restricted to a finite interval of R. It also follows,
with the help of our version of the limiting absorption principle, that the
operators V(7, -)R(X) map 4 into & for all 7, A € R. In addition, we have
that
dEQN) f = A NdEQ) (AN F

for an arbitrary Schwartz function f. Hence,

k—1

(5.27) K(]‘[ RO+ T + ..+ 1) V(E, ->)

r=1

m+1
dE()\ +u+..+ Tm)( l_[ V(%r—l’ )R—()\ ++..+ Tm))w‘v, g>‘
r=k+1

(5.28) <cAd+ AN

for arbitrary Schwartz functions ¥, and g with a constant C depending on
Yy, g, and V (in particular, on the size of the support of V(Z, x) in 7). This
can be seen most easily by moving the operator in (5.27) onto g.
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In what follows we shall manipulate the operator valued expressions
with the tacit understanding that all equalities are to be interpreted in the
weak sense. However, for ease of notation we suppress the pairing with
the Schwartz functions ¥, and g. The absolute convergence of all of inte-
grals involved (after silent pairing with v, g) will also allow us to freely
interchange the order of integrations.

We replace each of the ¢/+—s-1H0 in (5.22) with its spectral represen-
tation:

L (2, s)

=/ dry. dtm/ f / /dsl s, e1SVMBIT IR (L)
Rm

v Amgl SSSp=<..<s|<t
V(Tl, ')el(Sl ‘YZ)Azel‘vzrsz()uz)V(Tz, ')mel(sm,l—sm))w
ismrde()Lm)V(%m, ')ei(sm—s))LdeE()‘erl)

Z/ d‘[] d‘[mf f / /dsl dSm lm]dE()\.])

kgl SSSm=.Ss1<t
V(%,, _)em (T1 }‘H_M)dE()\.z) V(%,, ‘)el.Yz(Tz—)L2+}L3)
(5.29) AE Qo) Vi, )€ @ n bt DgE (G 1) et

Consider the first term
I = / dr, / / ds) e™MdE\) V(%, )1 MM dE(L,)e %2,
A A2

Integrating explicitly relative to s; we infer that

I,(t, 5) :—i/dn/ EMAEO) V(%, )
R S%)

eit(‘r] —A1+A+i0) eis(‘n —A1+A2+i0) )
dE(Xy)e »

T1 —)\.]—F)\.z-i-l'()

) ) ei(tfs))\.z
= —i / dr "m0 / dE(\) V(31,9 —dE(\,)
R A

A2 ) — A1+ Ay +10
dr: SO d etk d
+i T et / E(\) V(14, - —dE(\
fR 1 - (A1) V(%4 )fl T a0 (A2)

=i / drie™ / TR (A + 1)) V(31, )dE(Ay)
R %)
+i / dr ™™ / eTIMAE() V(71, )R- (A — T1)
R A

=i f drie"™ f IRy (M + ) VI, EG) +
: ’ dEG. + ) V(E1, )R_(V)).
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In the above calculation we have used the spectral representation (5.23)
for the resolvent and (5.24). The proof now proceeds inductively. We shall
assume that

(5.30)
Ia(t,s) = i”‘f dr, ...dt, &"@ttm) /ei(’mde(A; Thy ey Ti)s
m A

where dM,,,(X; 11, .., T,;) 1S the operator valued measure’ defined by

de()"; Tly oes Tm)
m

=) [Ri(r+1 4+ .. +1)VEL IR A+ T2+ ..+ Tp)
k=0
V(T2, ). V(Tk—1, VAE(A + T + .. + Tp) V(%1 ©)

R-Ov Tt + oo+ 1) V(Egs ) V(i DR- ()]

Formally setting 7,,.;1 = 0, we can also write the above expression in the
following more concise form:

dM,, (X; T, .., T)
m+1 —

k—1
= Z (1_[ RiA+ 1+ ..+ 1t,)V(E, -))dE(k + T4+ Tw)
k=0 =1

m—+1
(5.31) ( ]_[ V(#_1, )R_(A + 1, +..+rm+1)>.

r=k+1
We have already verified (5.30) for m = 1. It remains to check that

Lpri(t,s) = jmtl / dty..dts T+ A T+ Tng1)
Rm+1

/ei(”“deH(/\; 1, s Tt 1)-
A

We can deduce from (5.29) the following recursive identity:
t
L1 (t,5) = f dr / f ds\ €™ dEG) V(R ) €T L (51, 5).
71 A s
Substituting the expression for I,, from (5.30) we obtain

t
Tpyi(t,s) =i" f dry...dT,. f f ds ™ dE\)V(%1, -)
Rm+1 AAip ds

elS] (T1+..FTn1—A1) el(S] 7S))\.de()"’ O, .. Tm+])-

3 Once again we make sense of dM,, (A; 71, .., T,,) only after pairing it with the Schwartz
functions Vs and g. Then (dM,, (X; t1, .., Tm) Vs, g) is a finite measure relative to A — in
fact, rapidly decaying in A, see (5.28) — which depends smoothly on 71, .., 7,, and vanishes
outside of a compact set in these variables.
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Integrating explicitly relative to s; we infer that

Ly (2, 9)
=t / dry...dT,. / et e dE(M) V(11 +)
Rm+1 A1

eit(r1+‘.+tm+| —A1+A+i0) eis(t|+.‘+rm+1 —A1+A+i0)

T1+..+Tm+1—)x1+)\.+l.0

— im+l/ dT[...dTm+1 elt(r1+..+rm+1+10)/ el(t—s)k
Rm+1 A

dE(A1)
T1+..+Tm+1 —)\.1+)x+l0

dM,,(A; T2, .., Tt1)

V(T1, )dM,, (X; T2, .., Tyg1)

+ im+l / dT[...dTm+1 eiS(‘L’]-‘r..-&-‘L’m+1+iO) / ei(t—s))nldE()\‘l)
Rm+1 A
de()"y .[27 (XX fer])

V3, - —— ]+ .
) Yo —htagi0o T

According to (5.23) and (5.24)

/ dE(1) Ri(A+1+ . 4 Tyyr)
= — T+ .+ Tpet)-
iy TLF o Tust — AL+ A+ 0 + ! “

Therefore,
Jl — im+1 dT] ...dfm+]€it(tl+“+rm+])
Rm+1

(5.32) /e“”)*m A+ 11+ oo+ T ) V(R )AM, (A5 T, ey Tg1)-
A

Observe that, with the convention that t,, ., = 0,
R+()\. +7+.. + Tm+1)V(%1, )de()\., T2y oey Tm—H)

m+2 k—1
= Z |:(l_[ RiA+t + ..+ 1) V(T ))

k=2

r=1

m+2
(5.33) dEGA+ 1+ .. + Tt ]_[ V(Z_1, )R-(A+ 17+ ..+ rm+2))].
r=k+1
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It remains to consider the integral J,.

J2 — l-m+l dTl...dTm+1€is(rl+"+Tm+l+i0)
Rm+1
/ ei([_‘Y)AIdE()»l)V(%l ) dM,,(X; 7, .., Tt 1)
A A

'L'1+..+‘L'm+1—)x1+)\.+l.0

(5.34)
_ l-m+l f drl...dtmﬂeit(“+"+"”+')+"S(i0)
Rm+l
/ FTIMAE + T o+ Tgl)

A
dM,,(X; ©a, .., Ty
V(%l,.)/ (5 ) .+1).
A )»—)»1—1-10

Inspection of the desired expression for dM,,.1(; 11, .., Te1) and equa-
tions (5.32)—(5.34) suffices to verify the following formula:

de()"’ .[27 cy fer]) m+l A
= R_(A -+ .. ) V(T ) | R_(Ay) .
| et [1R-Gut ottt V50 ) R-Go)

This is accomplished in the following two lemmas, and we are done. m|

We recall definition (5.31) of the operator valued measure dM,, and
prove the following more general result

Lemma 5.7. Let ay, ..,a,, € R be a sequence of arbitrary real numbers
and let Ay, .., A,, be arbitrary 0perat0rs4. Then

1
Ak—u+m

m k—1 m
> <1'[ R G+ a»Ar)dE(x + ak>( [T ARG+ a»)
k=1 r=1 r=k+1

m—1

(535 = ( [Tr e+ a,>A,) R+ ap).

r=1

As before, the identity holds after pairing the above expressions with a pair
of Schwartz functions y, g.

4 1t suffices to assume that that the operators Ay, k = 1, .., m map the space C>(R3) N
L*(R?) into the the space 4.
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Proof. We shall write each Ry (1 +a,), for all values of r = 1, .., m different
from k using the spectral representation
dE(A\ + ay)

We shall also rename the variable of integration A to A in each term of the
sum in k. The left hand-side of (5.35) then takes the following form:

k—1 1
/ /Zkk—M+ZOHkr—)\k—ZO
m 1 m—1

<HdE(A +a))A, )dE(A + ay).

k] Ay — )\k +i0

The proof of Lemma 5.7 is finished provided that we can show that the
following identity holds true:

m k—1 1 m m
;Ak ,u+101])»,—)»k 101;[)»—)»;{4-10 EA, ,u+10
In the distributional sense
- 1
Iim lim ... lim Iim .. lim —— _
ex—>0T e1—>0F g =0t g1 =0~ £y—0" Ap — U+ 16 1k A — A — 18

1 - 1
= lim —— 1_[
e—0+ A — M—i—zksr: r#k)\,—)\k+z(r—k)8

Therefore, we can introduce the new variables z, = A, —u+ire,r =1, ..,m
and prove instead the following statement. m|

Lemma 5.8. For any pairwise distinct complex numbers z1, .., z,, € C,
> Il =11+

k=1 K =gk <7 r=1

Proof. The key identity is the statement of the lemma for m = 2
1 1 1
+ =
zi(za—z1) 22z —22) 2122

which follows immediately by inspection. The general case then can be
proved by induction. We shall assume that the identity holds true for m — 1
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and prove the result for m. We first note a simple equality

1 B 1 Zk — 21
(zm—20) @Em—21)  (@m—20)@m —21)
Therefore,
>
fm1 Sk ) g ST TSk
1 m—1 1 m—1 1 1 m—1 1 m 1
_Zm_zl Z_k Zr_Zk_Zm_Zl Z_k l_[ Zr — 3k

According to the assumption m — 1 with zy, .., z,,—; the first term on the
right hand-side gives @ . We also have

im—21)21° Zm—1

-1 m
1 1 1
Zm_ZlkZZ:Zk _1_[ Zr — Tk
= r=2,r#k
—1
1 i 1 ﬁ 1 117 1
Zm - Zl k=2 Zk r:2,r7£k Zr - Zk Zm - Z] Zm -2 Zr - Zm
~1
1 175 1
(Zm =222 Zm  Zm . T — Zm
by the m — 1 inductive assumption for z5, .., z,,. Finally,
1 1 1

@m—2z2021  Zm—1 @m—2022° " Zm 21" " m

’

as desired. O

We shall now derive the explicit representation of the integral kernel of the
operator 1,,(t, s) acting on the Schwartz functions ;. We start by noting the
following simple identity which holds for arbitrary real numbers ay, .., @, 11
with m > 1:

m+1 m+1
(5.36) E e/t =@ = =an+1) gin g = sin( E a).

k=1 k=1
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This identity can be easily proved by induction on m. Recall that

oEiIVAl -]

Ri()(x,y) = ———, pnek
4 |x — yl

with /i defined in such a way that Im,/u > 0 for Imp > 0. We have
R.(n) = R_(n) for u < 0. Also recall that the kernel of the spectral
measure

dE(M)(x, y) = 47 |x—y| dl/« n > 0, .
0 w=0

We return to the representation (5.26) for the 7,,. Let (with t,,.; = 0)

Tj+ ..+ Ty = min (7, + ..+ Tpgr).
re(l,m]

To simplify the formulae we introduce a new operator &, (¢, s), implicitly
dependent on 1y, .., T,

In(t.s) =i" f dry..dr,, "I TN EEAT) g (1 5) (2, - T,

(5.37)

m+1 ,k—1

9 (1, 5) = / =) Ottt A Ts1) Z (1_[ Ry(A+ 1T+ ..+ 1) V(% ))
A

k=1 r=1

m+1
dEO 4 T+ .. + r,,,)( [] Ve )R- G+ + ..+ rm+1)).
r=k+1

Define non-negative numbers o, r =1, ..,m + 1
or = (T + ..+ Tpy1) — (T + .. + Tpyg1)-
After a change of variables we obtain the expression
m+1l k=1

I (1, 5) = / Sy ( [TR+ O+ o V(e -))dE(x +01)
A

k=1 >r=1

m+1
( [T VG- )r-G +ar>).

r=k+1
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Observe that due to the presence of dE(A + o3) the k™ term in the sum
above vanishes for A < —oy < 0. Therefore,

gm(t’ S) = °Cm(t’ S) + e/\'tm(l" S)
(5.38)

oo m+1
L1, 5) :— eI
k=1

1
]_[ Ry (h + o) V(%,, -))dE(k + o)
1

1

§

V(%r_l, VR + or>)

() m+1

-1
M, (1, 5) :— &= Z (

k
H Ry (+ o) Vi, ->)dE0» +on)

m+1
< [T Va1 )r-G +m>).

r=k+1

To obtain the explicit formula for the integral kernel of the operator £, (z, s)
we make use of the following: the parameters o; > 0, A > 0 on the interval
of integration, and the explicit representations for the kernels of Ry (ut) and
dE(jt). We have

L (1, 5)(x, y)

m—+1
=/ dxl..dxm/ dx e~ S”‘Z[ i(VAForlx—xi [+ /At o 1Xk—2 —Xi—1 ])
Rm 0
k=1

e I WAF Ok 1 Xk =Xkt 1 | == At O [Xm—1 = Y1) sin( /n + ok lxe_1 — xk|)

ﬁ V(. x,) 1 }
+ v

=1 7T|Xr,1 _xr| 47T|Xm -

where we set xo = x. We now recall the identity (5.36) to infer that

m

V(Z,, x;) 1
Ly (t,5)(x,y) =/ dx;..dx,
o o 1

- Ar|x,—1 — x| 4|x, — Yl

m+1
/ dx e~ v)’\sm<2:‘/k—|—ak|xk ]—xkl)
0
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Changing variables in the A-integral and integrating by parts yield (for-
mally)

00 m
f di ei(tis))\ sin (Z VAt O’k|xk,] — )Ck|>
0 k=1
00 m
; 2
= 2/ dr 79 sin (Z VAL + oplxp_g — xk|)
0 k=1
i m 00 ‘ m
(539 =—)_ f d &9 cog (Z VA2 + oplxes — xk|>
t=s 5o k=1

|x¢—1 — x¢| + boundary term at 0.

A
VA2 + oy

“Formally” here refers to the fact that the integration extends to co and that
the boundary term vanishes at co. These statements can be made precise in
the usual way, i.e., by means of suitable cut-offs at points tending to infinity.
Therefore, finally

Lo (t, 8)(x, y) = —sZﬂ (t, s)(x, y) + boundary term at 0,
=1
Ly, (1, 9)(x, y)

m

V Ar’ r —1 —
(5.40) ;:/ dxl--.dxml_[ (T %) xe—1 — x¢

m - A |x,—1 — x| 4m|xp — Y

/ dj. =9 cos<z\/)» ~+ op|xp— 1—xk|)
0 \/)\.24‘0’@

To describe the integral kernels of the operators M (7, 5) we shall first
order and rename the parameters oy, k = 1, .., m + 1. In fact, define induc-
tively

wg = max{o ke[, m+17 \ {0e}eert,a—11,

and set k = k(c) and ¢ = c(k) iff 0, = w.. We shall split the interval of
integration in A in (—oo, 0] into the subintervals

_\/('(Tl ]’ [_\/ W41, \/_ for
de[2,m+1], and [—v/w,.,O0l.
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For 1 € [—Jw,_,,—+/o,], the spectral measures dE(A + oyc) =
dE(\ 4+ w.) vanish for all ¢ > d. Therefore, with the convention that
wy = o0 and w,,4, = 0, we have

m+2
Mo (t5) =Y ME,
(5.41) -
TV@d d  ko)—1
M (t,5) = / A Z( 1_[ Ry (A + wu) V(Er, -))dE(A + w.)
o

m+1
< ] V(%r_l,->R_(x+wa<r)>).

r=k(c)+1

Strictly speaking, M. (¢, s) = 0 so that the sum over d starts at d = 2. The
integral kernels of Ry (A + w,)) for a(r) < d — 1 contribute oscillating
exponential phases while for a(r) > d they produce exponentially decaying
factors. Hence,

ML (2, 5)(x, )
@i

- / dxy.dx, | | Vs, %) ! f dre't =
" ATy — x4l =y

—A/@Wd—1

d—1
E ei(«/)»+w| [Xk(Dy—1=Xk(1) [ At @ —1 [ XR(e)—2—Xk(e) =1 1)

c=1

e I WAF @1 (e =1 =Xk(e4 D | FF VAt @a—1 [Xk@—1) -1 =Xk@—1 )

sin (\/k + Wl Xke)—1 — Xk(e) |)

e -yt _d+| V=@a =k Xk (@) -1 —¥k(@) |

Once again we recall the identity (5.36) to infer that

d—1
§ :ei( s vk+waIXk(u)-1—Xk(u)\—zz;clH \/)»+wb+l|xk(b+l)—l—Xk(b+1)|)

c=1

d—1
sin (\/ A + wc|xk(c),1 — Xk(c)l) = sin (Z vV A + wclxk(c),l — xk(c) |) .
c=1
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Therefore,

m

ME (2, 5)(x, :fd..dm
W) = | dxy o | |

r=1

V(Z,, x;) 1
Am|x,—1 — x| 47| X, — Y|

@d d—1
f d) &% sin (Z VA + @clXre) -1 — Xk |>
c=1

—A/@Wd—1

e~ ZZZ} V= @a =X -1~ Yk(@) |

We would like to change variables A — A? and integrate by parts rela-
tive to A, as we did for .£,,. Denote the A-integrand in each of the kernels
M (1, 5)(x, y) by F;(1). Itis not difficult to see that Fy (—wg) = Fyy1(—wg)
ford = 1, ..,m + 1. Therefore, the boundary terms will cancel each other
telescopically, at least all boundary terms that appear pairwise as both
upper and lower limits. Note that there are exactly two boundary terms
that are not of this nature, namely w; and w,,1» = 0. The latter cancels
against the boundary term at zero in (5.39), whereas the former disap-
pears due to the fact that sin0 = 0. This allows us, in what follows, to
ignore the boundary terms altogether. We now make a change of variables
A — A* — wy_1. We also re-introduce the notation o, in the new cap-
acity:

0<o0,=w,— wy_1, a=0,..,d—1,
Ofpa:a)dfl _a)a, a:dv"am+2'

Thus

m

M (2, 5)(x, :fd..dm
() = | dxy o | |

r=1

V(%,, x,) 1
A |x,—1 — x| 47X — |

§

o—

d-1
SN2 .
dr A= sm( E VAZ 4 0c|Xk(e)-1 —xk(c)|>
1

c=

1
e Y Pa— 2 Xkay—1 —Xk(a) I

Integrating by parts relative to A and canceling the contribution from the
boundary terms as explained above, we finally obtain

. d—1 . m+l

1 1 ~
M (L 5)(x,y) = —— Y ME (2, 9)(x, — Y ME () (x, ),
m(t )X, y) = — 2 Mo (t, $)(x, y) + — 2 Mo (t, 5)(x, y)
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VT, x)  IXkpy—1 — Xkl
drlx,—1 — x| 4mlx, — yl

Mfff(t, s)(x, y) :=/ dxy..dx,,
o i 1]

r=1
vhd d-1
2
/ d). €79% cos (Z VA2 4 0l Xie)—1 — xk(c)l)
0 c=1
(5.42) e nd A pa=32 13k -1 = Fk(@)| #

VAT + oy

m

dvrdx l—[ VT, x)  Ixkpy—1 — Xkl
dxy.dxy, Ay = x| dolx, — Y

d—1
. _ 2 .
dxr ¢"79% sin (Z VAZ 4 oc|xke—1 — xk(c>|>
c=1

MEE(E, 5)(x, y) 1= —

o —

§

S—

(5.43) e~ ) A Pa=22 13k 1= Hk@)| A )
Ve — A2

Combining (5.37)—(5.43) we can state the following

Proposition 5.9. The integral kernel of 1,,(t, s), the m-th term of the Born
series (5.6), can be written in the following form:

im+l

Lo (e, 9)(x, y) = / d1 )

t—s
(Zocfn(t, s)(x, v)(o1, .., Om)
(=1

m+2 d—1

+ D MEE ), YO, s Ot Pas s Prtt)

d=0 (=1

m+2 d—1
(544) + Z Z th,l’Z(t, s)(x, )7)((71, < Od—15 Pds -+ /0m+1))'

d=0 ¢=1

We interpret 1,,(t, s)(x, y) as follows: for any pair of Schwartz functions
and g

(Tt )V, 8) = /R L6, )06, ) Y (0) g0 dxdy.
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The functions
LEG Yy, MEW@HE, ),  MEE ), y)

are defined in (5.40), (5.42), and (5.43) correspondingly with implicit de-
pendence on the parameters oy, pg. The latter are positive and depend
exclusively and in a linear fashion on ty, .., T,.

6. Estimates for oscillatory integrals

The purpose of this section is to provide the estimates on the oscillatory
integrals relevant to the analysis of the integral kernels

LEE 0y, ME@s)(x,y),  ME@E s)(x,y)

of the previous section. Notice that below we partially “undo” the change
of variables A — A2 of Sect. 5. This is designed to simplify the behavior of
the phase functions of the oscillatory integrals.

Lemma 6.1. There exists a constant Cy which only depends on the constant
ay so that for any positive integer m and any 1 < k < m,

(6.1)

o0
/ e%’“2 e Xj1bj A/ X240 # dr| < Com? b,:] max by
0 VAL + oy ¢

for any choice of oy > 00 > ... > 0, > 0and b; > 0.

Proof. Changing variables u = A? reduces the integral in (6.1) to

(6.2) /ooe%”’ R RN
0 Ju + oy

Denote the phase by ¢ (#) = %u :I:ZT:1 bj /u + o;.Consider first p(u) =
¢ (u). Then

’ . - bj 1 __m bj
(6.3) ¢(u>—1+;—m, ¢'(uw)=—y —L—

In particular, ¢'(#) > 1 and |¢"(u)| < u~'¢'(u). Let x be a smooth non-
decreasing function with x(#) = O foru < 1 and x(u) = 1 for u > 2.
Then

(6.4) < C + limsup

L—o0

m .
/ ety gr(u)du
0

f o) u
0 Ju + ox

where we have set

1
(6.5) gr(u) := x(u)(I — x(u/L)) Jitor
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Clearly, |g(’) w)| < C; u=i=z for j = 0, 1 uniformly in L. Integrating by
parts once inside the integral on the right-hand side of (6.4) yields an upper

bound of the form
“ld [ 1 " (u)l 1 }d_u
/0 [¢>’( >gL(”)] /1 [¢’(u>2+u¢'(u) Ja
5/ uldu < C,
1

as claimed.
Next consider ¢(u) := ¢_(u). Then

’ 1 _ . bj 1 _ = bj
) =1 ,Z:l:——““’f’ ¢>(u)—Z—;-

j=l1 (M + O_./')2

Therefore, ¢”’(u) > 0 and ¢ has at most one non-degenerate critical
point uy > 0.

Fix some A > 0 and assume that uy > 2A. Then integration by parts
yields

/ iy du
e
0 ./u + oy

/uo+A 1

= T2 ——

w-a Nutor TP (uo £ A)|Vuo+ A+ o
1

up—A d
+/0 du q’)’(u)«/u + oy
o0 1
6.6
©o /WA PIOING:
2

d 1
up+A
o [ _
©.7) wo—A AU+ 0y ZW(MOiA)l uo £ A +oy

— du +
du ¢'(u)Ju + oy
To pass from (6.6) to (6.7) one uses that ¢’ (u)/u + oy, is strictly increasing,
d 1

so that
ug—A
/ a1
0 du @' (u)/u + oy
1 1
T PO0or ¢ o — Ao — A T ox
1 1

—_ + s
&’ O)or ¢ (uo — A)|Vug — A+ o




502 I. Rodnianski, W. Schlag

the final inequality following from the fact that ¢’'(0) < 0 since 0 < uy.
A similar argument applies to the other integral in (6.6). First, one has the
bound

(6.8)
up+A du < |: A AL i| - A
——— <min| ——,u o | £ —.
wo—A Vu+0kN VuO+A+Uk 0 ¢ \/M0+O'k
Second,
uo
6.9) Bl =Ml = [ ¢ du = 49w,
ug—A
Set A = ¢”(uo)_%. Then from the preceeding,
1 < 1 < A

|9 (uo — A)[Wug — A +op =~ AP (uo)/uo +or ~ Jug +ox

which agrees with (6.8). It remains to control the ¢’ (g + A) term in (6.7).
First

up+A m up+A b
¢'(uo + A) = / ¢"(s)ds = Z/ ———ds
uo =1 Juo (s + O'j)7

= b Z
XAZ—]'E:Aqb (1)

(6.10)

where we used that uy > 2A. Thus, as in the case of ¢’ (g — A),
1 < 1 < A .
|/ (uo + A)|Vuo+A+or = AP (uo)/uo +or = Juog + oy

It remains to estimate A = [¢"(up)]™ 2. The critical point u, is determined
from the equation

6.11) 1—2 u0+0]

Let p € [1, m] be such that
bp bj
—— = max ———.
Juo +0p  jellm] (Jug + 0
Clearly, from (6.11),

(6.12) e
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We also have that

1

= b b 1 '
muy+ o,

¢"(uo) =

3 — 3
o wo+07)2 (ug+0p)2

=

Thus

(6.13) A<m Jup+o,.

by
4/uo+ap

b, - by
Vo Fo, ~ Jugt+or

By the maximality of

It now follows that

A Sm%a/uo—i-(fpsm%b_p.
N Vo + ok by
It remains to consider the case uy < 2A. This includes the case where ug
. . . 1
does not exist, in which case we set u := 0. Define A" = m2,/ug + 0, 2

m%bp > A. Note that also A" < m%bp. As before, integration by parts
yields

[ | [ s 2
M ———| < +
0 Ju+ oy 0 Ju+tor ¢ (ug+ A)|Vug + A+ o
A 1

< + :
©.19 N VA For 100+ ANVA +ug+or

The condition uy < 2A together with (6.13) imply that o < mi, /ug + 0.
We first consider the case ug + o, > m. We have

m

ug+A’ up+A’ b
S )= [ gwa=Y [

bP

> mA’ -
(uo+ A’ +0,)2

The condition that ug + 0, > m and the definition of A’ imply that
up+ o, > A'. Thus

1
b, - A 1 _ mz2 >m7%b7]

o +0,)?2  Uoto, Jugto, P

¢ (wo+ A =mA’
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where we used that b, > m~' Jup F o, and the definition of A’. Therefore,

1 b,
<m 7
' (up + ANIVA +ug+or ~ A +ug+ox
L b, \b,
<m? <mi-2

Uy + o bk
where we used that /ug + ox > b;. Also

6.15) A - A 1 /o + 0, 1 b,

m <m—

VA + o T Jug + oy Juog+ox T b

as desired. It remains to consider the case ug+0, < m. Here the integration

by parts is as follows. Fix B = m*.

D=

2
+
Vutor  1¢/(B)IVB + o

o0
f ei(j)(u) <
0 Ju+op|

B 1
(6.16) < + .
VB +or  |¢(B)|/B+ oy
Furthermore

¢/(B)—/B¢)”(S)ds— li/lg bj dsl
) 2./=1 g (s—i—o'j)% 2

B
b
z/ L/
I (S+O'p)7

_ b by
N JUo+0op ,/B+O'p.
Since b, > m~' /ug ¥ 0, and b, < \/ug + 0, < /m we obtain that

¢'(B) >
< m>.

/ iy __du

e < + ~
0 Vutol T Jmt o Jmttox
This finishes the proof if ug > 0 exists. Finally, suppose the critical point uo
doesn’t exist. Then Z/ | j—L < 1.Ifin faCtZ/ 1 ﬁ < 2,then</) () > 5
for all u > 0. This case is treated in the same way as the phase ¢, . If, on
the other hand, » 7", \/_ >

as before. In particular, on still has the crucial property j—ap_ > m~!. The
P

§|'—
)
3

Thus

m 2m

7> then one can define the index p € [1,m]

reader will easily check that the previous analysis of the case uy < 2A
applies mutatis mutandis. m|
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Lemma 6.2. There exists a constant Cy so that for any choice of o1 > 0, >
20,20, 0020 >...>p>0,b; >0, and c; > 0, one has

N -
/ e%z}? et Xjo1bj /32 i exp< ch 0i — )\.2> A dr
0

VA + o

(6.17) < Com?b;" max b,

1<j<m
forany 1 <k <m.

Proof. As in the previous proof, we set ¢4 (1) = %u + 27:1 bjJu+o;.
The integral on the left-hand side of (6.17) is the same as

du

(6.18) /M ¢it+ W) exp(— Y /o - u) N

0 i=1

We first consider the easier case of ¢(u) := ¢, (u). In that case ¢'(u) > —,
and |¢" ()| < u~'¢' (), see (6.3). Let w(u) = exp(— S eivpi—u )

and g(u) = x(u) x(pe—u)(u +ok)*%, cf. (6.5). The cut-offs at the endpoints
0 and py, respectively, contribute only O(1) to the integral in (6.18) and can
therefore be ignored. Integrating by parts yields

‘/Ope P9 () g(u) du 5/0 ;tg(z)(tft;u)

619) < fo e qf,((”;)) + fo " w’(u)%
<2 /O "L j((b;)) u < /0 . [I%;I N |§/”($;)2|g(u)] .
S+ /loo d3—’j2 <1

To deal with the second integral in (6.19) observe that w’(«) has the same
sign on the interval of integration. Therefore, removing the absolute values
and integrating by parts reduces it to the first integral.

Next consider ¢(u) := ¢_(u). The analysis is very similar to the cor-
responding case in the proof of Lemma 6.1 and we will use the notation as
well as some estimates from there. Thus let ¢’ (1y) = 0 for some critical

point ug > 0. Furthermore, let A = ¢>”(u0)_% and suppose ug > 2A and
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ug+ A < pe. Then as in (6.7),

0
iy W) d‘
/0 © Jaixoa !

up+A du

1
(6.20) = ——+
wo—A AU+ og Xi: |¢'(ug £ A)|ug £ A + oy

N /uo—A i 'LU(M)
0 du @' (u)/u + oy

i w(u)
du ¢'(u)J/u + oy

1
N

up+A du

du

1

d -
" Oler

e
621) + f

0+A

3
(6.22) < —+ .
u—4a AU+ 0ok Xi: |¢" (o £ A)[Vuo £ A + oy

To deal with the integrals involving w(u) in (6.21) one uses the monotonicity
of w (i.e., w'(u) > 0) as follows:

ug—A
J
up—A w/(u) up—A
— Y du+

: /0 BT NTE R

/qu d 1
<2 ————— du +

0 du ¢ (u)/u + oy @' (uo — A)|Vuo — A + oy

3 2

< - .
T (uo — A)|Vug — A+or ¢ (0)] ok

To pass to the final line we use that

up—A 1
/0 T POV Jor  ¢uo— Ao — A+ o
1 1

=— +
19" O) ok |¢'(uo — A)lvuo — A+ oy

d w(u)

d_u¢>’(u)4/u + oy du

d 1
———— | du
du ¢'(u)J/u + oy

1

d 1
Ed)’(u)«/u + oy

1
du

by monotonicity of ¢'(u)/u + oy. A similar analysis applies on the interval
[ug + A, p¢], and one therefore obtains (6.22). This, however, is the same
as (6.7), and the desired bound is obtained by the same analysis. Recall
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that we assumed uy > 2A and ug + A < pg. lf ug + A > py, then (6.20)
needs to be changed only with respect to p,, which becomes the upper limit
instead of ug + A. The other case uy < 2A can be treated in the exact same
way as the corresponding case in Lemma 6.1. The only difference being
that the integration by parts needs to be changed as in (6.22). We skip the
details. O

To conclude this section, we turn to oscillatory integrals with singular
weights.

Lemma 6.3. There exists a constant Cy so that for any choice of o1 > 0, >
20, =20, 0020 >...>p;>0,b; >0, and c; > 0, one has

Vo m
/ JETENEC) SRV exp(— Zci i — A2> A d
0 i=1 i — 22

(6.23) < Com’c;' max(b; +¢;)
Jst

forany 1 <k <m.
Proof. We start with the elementary comment that we can assume that
(6.24) pe > 1.

Indeed, if (6.24) fails, then the oscillatory integral in (6.23) is

I L =
< dr = /pe S 1.
0 Or — A2 pe— A2

Moreover, note that c,:] is always an upper bound on the left-hand side
of (6.23). For future reference we also note that one can assume that

(6.25) e < JPr.

Indeed, if this condition fails, then ¢; > /ox > /p¢ > 1. Thus, the left-
hand side of (6.23) is < 1, and we are done. We now change variables
u = A? so that the integral in (6.23) reduces to

oe
Al exp( Cin/ Pi — u)
| Y /)

where ¢ (1) = 1ir? ¢ =105 /7219 Recall that the phase ¢(u) := ¢ (1)
satisfies ¢’ (u) > % and |¢" (1) < u~'¢'(u). Therefore, with x(u) the same
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cut-off function as before,

14

pe du
ey x(pe =) exp (= Y ei/pi =) o
‘ du

" ()|
_/(; ¢/( )2 X( )X(/OZ —M) exp< Zq\/ﬂ)

i=1

/ m‘—x( )x(pe — u) CXP( Zcm/ﬂl )m

pe—l U du
< P / : — -
Nfl um+fo (X' @1+ 1 (e = ) =

¢
C.
O
;0 ; Pj— U Pr— U
U du ‘ pi=1 cj
< p,?2 _ 41 —c: /o —u)——L— du
N, + 1+ / exp(—ci/p; —u)
L us/1—u Jzzljo v NP u
log py

Next, we consider the phase ¢(u) := ¢_(u). As before, we need to consider
the (possible) critical point uy of ¢(u). First, suppose that uy > % p¢. Then
there exists some 1 < p < m so that mb, 2 /o, + p;. By (6.24) this
implies that b, > m~"'. One concludes from the preceding that there is an
upper bound of the form

max;<j<mb;

9

<m
Ck

and we are done. So we may assume that uy < % pe¢- As in the previous proofs,
we will need to integrate by parts on intervals of the form [0, uy — A] and

[ug + A, p¢]. Here A = ¢>”(u0)_]7. IfA+4+uy > %p@, then it follows that
A 2 pq¢. In conjunction with (6.13) and (6.24) this implies that ug + o), 2
m~"', and thus also b, > m”\/m pe m*%, which yields the desired
bound as before. Hence we can assume that 1y < % peand A +ug < % Do
‘We now consider the case uy > 2A, and split the integration interval [0, p;]
into the intervals [0, ug — Al, [uo — A, uo + Al, [up + A, p¢]. Our goal is
to integrate by parts as in (6.7) and (6.22). For technical reasons having
to do with the monotoncity of various functions we change variables to
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v = pp — u. Setting ¥ (v) = ¢(u) and vy = py — ug, observe that " (v) > 0
so that ¥/’ is increasing. In particular, ¥'(v) < O for v < vg and ¥/ (v) > 0

if v > vy. Thus, with w(v) = exp(— Zle Cin/Pi + poe — v), integration
by parts yields

pe ‘ du
ip(u) § : Vo —r
e CXp(— Cin/ Pi — M)
/o i1 Pk — U

dv
_ o) ( — ) v
/ exp Cin/pi+ pe—v TR
(v)

vo+A vo—A
/v m /
n / d w(v)
vt | dv Y (v)m
w(vo £ A)
; [/ (vo & AV ok —pe +vo £ A
w(0) w(pyr)
W O)ox —pe 1Y (o)l Pk
wtA gy .\ vo—A ' (v) ‘
W= TN e

6.27) n / " @ (v)
' vo+A VN pr — pe + v

dv V' (Vo — P+ v

(6.26) +

S

A d 1
+
/0 dv ' (v)ox — pe T U ‘

Pe d 1
(6.28) + / < dv‘
votA AV Y (V) /o — pe + v

w(vg £ A)
+
Xi: [¥'(vo = A)[v ok — pe +vo £ A
w(0) n w(pr)
|1/f’(0)|vpk —pe W ()P

To deal with the integrals in (6.26) involving absolute values one uses the
monotonicity of the numerator and denominator. This allows one to pull out
the absolute values from the integrals in (6.27) and (6.28). Recall that '
is increasing. In particular, ¥'(v) < 0 if v < vy and Y/ (v) > O if v > vy.
Therefore, using also that ' > 0 and w < 1, another integration by parts

(6.29)
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yields that

/”“A o' (v) ' B /”"A o' (v)
0 Y (W) ok — pe +v 0 Y (W) ok — pe + U

fvo Ad 1 J ‘ N w(0)
< — V|
0 dv ' (V)/px — pe + v V' (0)/ ok — pe
a)(vo - A)
V' (vo — A)/pr — pe +vo — A
B 2w(0) 2w(vg — A)

U OWpk—pe Y (vo— APk —pitv— A
and similarly for the integral over [uy + A, p,]. Inserting all these estimates
back into (6.27) to (6.29) one obtains

e ‘ du
ip(u) E /
e CXp(— Cin/ Pi — u)
/o i— APk — U

A 3 w(vy £ A)

<S—+
VP T (ot AV — pe+vo £ A

A Z 1
_\/_ |¢’(u0:|:A)|\/ Pk —upg £ A

6.30 —
(30 f ; (wiAﬂm

where we used that ug + A < %,o@ < %,ok in the last step. Since ¢” > 0 is
decreasing, one has |¢'(uy — A)| > A¢”(ug) = A~'. Since we are in the
case ug < 2A, (6.10) shows that ¢'(ug + A) > A¢”(uy) = A~'. Hence

the entire bound from (6.30) is < -4 < V“°+g < m> IZ—Z’. Here we

ﬁ N ~
first used (6.13), then b, > m™ U Juo F o, see (6. 12) and finally ./por < ¢,
see (6.25). The remaining case uy < 2A can be dealt with in the same
manner as the corresponding part of the proof of Lemma 6.1. The only
difference is that we have /oy in the denominator instead of \/uq + oy. For
example, the analysis leading up to (6.15) now produces /m % < Jm ﬁ—f,
as desired. We skip the details.

7. Putting it all together

By combining the results of the previous three sections we are now able to
prove our main result.
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Theorem 7.1. Let V(t, x) be a real-valued measurable function on R* such
that

(T,
(71 sup V() 3 . <co and sup/ IVE@ Dl 4 - g
t L2 (R yeR3 JR3 lx — yl

for some small constant ¢y > 0, see Definition 5.1. Then

|UG $)slloe < Clt =2 [lly for all times 1,5 and any v, € L',
where U(t, s) is the weak propagator constructed in Lemma 5.2.

Proof. Recall from Proposition 5.6 that

o]

(U, Y5, 8) =Y (Tns, &)

m=0

for any pair ¥, g € 8(R?). Furthermore, Proposition 5.9 provides a rep-

resentation of the kernel of 1,,(, s) in terms of three kinds of oscillatory

integrals, which are defined in (5.40), (5.42), and (5.43). Suppose ¢t > s.
A

Changing variables A +— TS in each of these integrals brings out one

factor of (r — s)*%, whereas (5.44) already contains the factor (1 — s)~!.

This leads to the desired power (¢ — s)*% . More precisely, for the oscillatory
integrals from (5.40) this process leads to

=93 cos( VAZ+ - ) ———dA
/0 Z Oxlxp—1 — x| P iol

_1 o ir2 ) |xk—l _xk|
—(t—s5)2 | & cos E:\/k T op(t — 5) ket T XK
0 r—3s
k=1
A

\/)\.2 + op(t — )

and similarly for (5.42) and (5.43). Thus the parameters o; and p; and
|xi+1 — x;| in these expressions are rescaled to o; (t — s), px (t — s), and
b1 =] , respectively. We now estimate (7.2) and the analogous integrals
from (5 42), and (5.43) by means of Lemma 6.1, 6.2, 6.3, respectively.
Using the second bound in each of these lemmas, which is invariant under
the aforementioned rescaling of the parameters, one arrives at the upper
bound (setting x = xp and y = x,,,41)

(7.2)

dx,

max |X;y| — X;
5 osj5m+1| 1 = Xl

|x¢ — x¢—1]



512 I. Rodnianski, W. Schlag

in case of L (1, 5)(x, y), and

max |x;; — x;]
5 0<jsmtl T /
m

|xk(£) — Xk(0)—1 |

in case of M,‘f;l(t, $)(x,y), ﬂj{e(t, s)(x, ). Inserting these bounds into the
(rescaled) definitions (5.40), (5.42), and (5.43) finally leads to the estimate

L ¥s. &)1

4 _3 u |V(%r,xr)|
<Cm* |t =172 [¥slli gl sup 1'[47| -
Rm " T | Xr—1 Xr

x0,yER3

max X —X;

0§j§m+1| j+1 = %)
|xm - y|

In view of Lemma 2.5 this is no larger than

m
B VIt x>|
cm it -3 sup // drde) gl
R

yER3 47T |

dxl...dxmdrl...drm

and we are done. O
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