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Abstract. Our main aim in this paper is to give a foundation of the theory
of p-adic multiple zeta values. We introduce (one variable) p-adic multiple
polylogarithms by Coleman’s p-adic iterated integration theory. We define
p-adic multiple zeta values to be special values of p-adic multiple poly-
logarithms. We consider the (formal) p-adic KZ equation and introduce the
p-adic Drinfel’d associator by using certain two fundamental solutions of
the p-adic KZ equation. We show that our p-adic multiple polylogarithms
appear as coefficients of a certain fundamental solution of the p-adic KZ
equation and our p-adic multiple zeta values appear as coefficients of the
p-adic Drinfel’d associator. We show various properties of p-adic multiple
zeta values, which are sometimes analogous to the complex case and are
sometimes peculiar to the p-adic case, via the p-adic KZ equation.
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0. Introduction

The aim of the present paper and the upcoming papers [F2] and [F3] is
to enlighten crystalline aspects of the fundamental group of the projective
line minus three points and add crystalline part to [F1]. In this paper, we
will introduce the notions of (one-variable) p-adic multiple polylogarithms,
p-adic multiple zeta values, p-adic KZ equation and p-adic Drinfel’d asso-
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ciator, which will be our basic foundations of [F2] and [F3], and show their
various properties and their relationships.

Let ki, -+, k,, € N. The (usual) multiple zeta value is the real number
defined by the following series

1
(ki k)= Y (0.1)
O<ni<--<ng 1 M
niGN

Especially in the case when m = 1, the multiple zeta value coincides with
the Riemann zeta value ¢(k). We can check easily that this series converges in
the topology of R if and only if k,, > 1, however, this series never converges
in the topology of Q! Thus it is not so easy and not so straightforward to
give a definition of p-adic version of multiple zeta value. To give a nice
definition, we need another interpretation of multiple zeta values.

Suppose z € C. The (one variable) multiple polylogarithm is a function
defined by the following series

n

Z m
le|,~~',km (Z) = Z ﬁ
My

O<ny<---<npy n
n,-eN

Especially in the case when m = 1, the multiple polylogarithm coincides
with the classical polylogarithm Li;(z). Easily we see that this series con-
verges for |z] < 1. In Sect. 2.2, we will define the p-adic multiple polylog-
arithm to be the function defined by the above series just replacing z € C
by z € C,. We remark that especially in the case when m = 1, the p-adic
multiple polylogarithm is equal to the p-adic polylogarithm ¢;(z) which
was studied by Coleman [C]. What is interesting is that this p-adic multiple
polylogarithm converges for |z], < I similarly to the above complex case.
Here | - |, means the standard multiplicative valuation of C,,.

An important relationship between the multiple polylogarithm and the
multiple zeta value is the following formula:

Slhy, o k) = }i_I)I}Likl,---,km (2). 0.2)
|.;,|<1

In this paper, we will define the p-adic multiple zeta value a la formula (0.2)
instead of ala (0.1). But we note that here happens a serious problem because
the open unit disk centered at 0 on C, and the one centered at 1 on C,, are
disjoint! Thus we cannot consider IIII]I of p-adic multiple polylogarithms

which are functions defined on |z|, < 1, i.e. on the open unit disk centered
at 0. To give a meaning of this limit, we W111 make an analytic continuation
of p-adic multiple polylogarithms by Coleman’s p-adic iterated integration
theory [C] and then define p-adic multiple zeta values to be a limit value at
1 of analytically continued p-adic multiple polylogarithms.
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The organization of this paper is as follows. Sect. 1 is devoted to a short
review of well-known results on (usual) multiple polylogarithms and multi-
ple zeta values and definitions of the (formal) KZ equation and the Drinfel’d
associator, which will play a role of prototype in the p-adic case in the fol-
lowing two sections.

In Sect. 2, we will introduce p-adic multiple zeta values and show
their many nice properties. At first, we will review Coleman’s p-adic iter-
ated integration theory [C] in Sect. 2.1 and then in Sect. 2.2 we will give
an analytic continuation of p-adic multiple polylogarithms (which is just
a multiple analogue of that of his p-adic polylogarithms ¢;(z) in [C]) to
the whole plane minus 1, i.e. C, — {1}, by his integration theory. But we
will see that there happens a terrible problem that the analytically contin-
ued p-adic multiple polylogarithm admits too many (uncountably infinite)
branches Li]?l,"',km (2) (ky, -+ ,ky, € N,z € C, — {1}) which correspond
to each branch parameter a € C,, coming from branch log®(z) of p-adic
logarithms (see Sect. 2.2). However the following theorem in Sect. 2.3 will
remove our anxiety.

Theorem 2.13. [If lin}’ Liy, . 1, (2) converges on C,, its limit does not
7— oo

ZGCP—{I}
depend on any choice of branch parameter a € C,. For lim', see Nota-
tion 2.12.

By this theorem, we can give a definition of the p-adic multiple zeta value

¢pky, -+, ky) to be the above limit on C,, as follows.

Definition 2.17. ¢,(ky,--- , k,) = 1in}’ Lij, ., () € C, if it con-
zeZCp—{l}

verges.

This definition of p-adic multiple zeta value is actually independent of any
choice of branch parameter a € C, by Theorem 2.13. Especially, in the case
when m = 1, we shall see in Example 2.19 (due to Coleman [C]) that the p-
adic multiple zeta value is equal to the p-adic L-value up to a certain constant
multiple. The following three theorems in Sect. 2.3 are p-adic analogues
of basic properties, Lemma 1.6, Lemma 1.9 and Proposition 1.11, in the
complex case.

Theorem 2.18. }gr}’ LiZl,~~~,km (2) converges on C,, if k,, > 1.
2eCp—{1}

Theorem 2.25. ¢,(ki, -+, ky) € Q,.

Theorem 2.28. The product of two p-adic multiple zeta values can be
written as a Q-linear combination of p-adic multiple zeta values.

In Sect. 3, we will consider the (formal) p-adic KZ equation and intro-
duce the p-adic Drinfel’d associator which will play a role of main tools
to prove Theorem 2.18, Theorem 2.22 and Theorem 2.28. In Sect. 3.1, we
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will introduce the (formal) p-adic KZ equation in Definition 3.2 and prove
the following.

Theorem 3.3. Leta € C,,. Then there exists a unique solution G3(A, B)(z)
(z € P'(C)\{0, 1, 00}) of the p-adic KZ equation which is a formal power
series whose coefficients are Coleman functions with respect to a € C,, and
are locally analytic on P'(C,)\{0, 1, 0o} and satisfies a certain asymptotic

behavior G4(z) ~ z* (z — 0), where z4 := 1+ logf!(Z)A+ (log‘;EZ))z A2 4. ..,

Then we will introduce a definition of p-adic Drinfel'd associator @%,(A, B)
from two fundamental solutions, G§(u) and G{(u), of the p-adic KZ equa-
tion in Definition 3.12 and show its branch independency in Theorem 3.10.
In Sect. 3.2, we will state precisely and prove the following.

Theorem 3.15. Leta € C,,. The fundamental solution G{(z) (z € P!(C A
{0, 1, 00}) of the p-adic KZ equation can be expressed in terms of (analyti-
cally continued) p-adic multiple polylogarithms Li}, ., (z) and the p-adic
logarithm log®(z) explicitly.

In Sect. 3.3, we will state precisely and prove the following.

Theorem 3.30. The p-adic Drinfel’d associator ®},(A, B) can be ex-
pressed explicitly in terms of p-adic multiple zeta values.

In Sect. 3.4, we will show functional equations of p-adic multiple polyloga-
rithms at first.

Theorem 3.40.
Lify g, (1=2) = (D" Y LW Jp(x(W)) (@)
W', W :words
W=W'w"

where W = Aln=1BAkn-1=1p ... AN=1B_ Here each 1,(W") is a certain
Q-linear combination of p-adic multiple zeta values (see Theorem 3.30)
and each J; (r(W’)) (z) is a certain combination of p-adic multiple poly-
logarithms (see Theorem 3.15).

Next we will see that especially Coleman-Sinnott’s functional equation of
the p-adic dilogarithm will be re-proved in Example 3.41 by Theorem 3.40
and then will prove Theorem 2.22 and Theorem 2.28.

In the upcoming paper [F2], we will relate the p-adic Drinfel’d associator
with the crystalline Frobenius action on the rigid (unipotent) fundamental
group of the projective line minus three points and compare the p-adic
Drinfel’d associator with other corresponding objects in various realizations
of motivic fundamental groups of the projective line minus three points.
In [F3], certain algebraic relations among p-adic multiple zeta values are
shown. We will show there that the p-adic Drinfel’d associator determines
a point of the Grothendieck-Teichmiiller group and discuss the elements of
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Ihara’s stable derivation algebra arising from this point and finally we will
add crystalline part to [F1].

Acknowledgements. The author wish to thank his advisor Professor Akio Tamagawa for his
encouragement. The author is grateful to Hiroshi Fujiwara who helped the author to type
this manuscript. The author is supported in part by JSPS Research Fellowships for Young
Scientists.

1. Review of the complex case

We shall review definitions of multiple polylogarithms and multiple zeta
values in Sect. 1.1 and shall recall notions of the (formal) KZ equation and
the Drinfel’d associator briefly in Sect. 1.2, which may help to understand
its p-adic version developed in the following two sections.

1.1. Multiple polylogarithms and multiple zeta values

We review briefly definitions and properties of multiple polylogarithms and
multiple zeta values. For more details, consult [FO] and [Gon] for example.
Letky,--- ,k, € Nand z € C.

Definition 1.1. The (one variable) multiple polylogarithm (MPL for short) is
defined to be the following series:

Ligy .k, )= Y —

ny .- nkm ’
O<ny<--<ngy 1 m

n,-eN

Z'tm

Remark 1.2. This MPL is the special case of the multiple polylogarithm

ny n
Lig .. k(2150 3 2Zm) = E kl—zlm
O<nj<-<my 1 777 i
nieN
introduced in [Gon] where z; = --- =2,y = land z,, = 2

Easily we can check the following.

—

Lemma 1.3. The MPL Liy, ... x, (z) converges for |z| <

Lemma 1.4. Suppose that |z| < 1. Then

d Li @ %Likl,m,kmfl(Z) ky # 1,
— Ll ...k, = )

dz 1 %Zlelv'wkmfl(Z) k=1,
d . 1

_Ll](Z) = —

dz 1—z
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By Lemma 1.4, for |z] < 1, we get Li;(z) = —log(l — z) and the
following,

Jo YLig, e 1 Dt ki # 1,

Liy, ... k,(2) = .
1 foZ ﬁlel,...,km,l(t)dt k, =1,

from which we get an expression of the MPL by iterated integral of %
and ld—jt. Since % and ld—jt admit poles at + = 0, 1 and oo, we cannot give
an analytic continuation of the MPL to the whole complex plane due to

monodromies around 0, 1 and co. However we can say that

Lemma 1.5. The MPL Liy, ..., (z) can be analytically continued to the
universal unramified covering P1(C)\{0, 1, oo} of P' (C)\{0, 1, co}.

Since the simply-connected Riemann surface P'(C)\{0, 1, oo} is an
infinite covering of P'(C)\{0, 1, oo}, each MPL admits (countably) infinite
branches. The following are well-known ( for example, see [Gon]).

Lemma 1.6. lin} Li, ... x,, (2) converges if k,, > 1.
—

lz|<1

Lemma 1.7. lin} Liy, ... x,, (2) diverges if k,, = 1.
—>

lz|<1

Definition 1.8. For k;,--- ,k, € N, k,, > 1, the multiple zeta value (MZV
for short) is defined to be

g(kh te ,km) = }E;I}lelﬁ“akm (Z) (: Z W)
‘Z‘<1 0<n1<~~~<nm m

Since MPL’s are C-valued functions, MZV’s lie in C. However we can
say more.

Lemma 1.9. Fork;,--- ,ky, € N, ky, > 1, ¢(ky, -+ , kn) € R

Notation 1.10. For each natural number w, let Z,, be the Q-vector subspace

of R generated by all MZV’s ¢(ky, - -+ , k) with ky + --- + k,, = w, i.e.
Zy = (¢ky, -+ ky) | ki +- - +k, = w)go € R, and put Z; = Q. Denote
Z. to be the formal direct sum of Z,, forallw > 0: Z. := & Z,,.

w>=0

The following is one of the fundamental properties of MZV’s.

Proposition 1.11. The graded Q-vector space Z.forms a graded Q-algebra,
ie.Z,-Zy C Zyypfora, b > 0.



p-adic multiple zeta values I 259

Proof. At least we have two proofs [Gon]. The first one is given by the
harmonic product formulae, from which it follows, for example,

¢(m) - &(n) = g(m, n) + &(n,m) + ¢(m +n).

The other one is given by the shuffle product formulae, from which it follows,
for example,

m—1

;(m)-c(mzz(” i+l>§(m—i,n+i)

i=0

—1
+Z( +J>§(n—1,m+1)

O

1.2. The KZ equation and the Drinfel’d associator

In this subsection, we will briefly review the definition of the (formal) KZ
equation and the Drinfel’d associator. For more detailed information on the
KZ equation and the Drinfel’d associator, see [Dr], [FO] and [Kas].

Let A¢ = C((A, B)) be the non-commutative formal power series ring
generated by two elements A and B with complex number coefficients.

Definition 1.12. The (formal) Knizhnik-Zamolodchikov equation' (KZ equa-
tion for short) is the differential equation

0G A B

—w=|—+—=) Guw), (K2)
ou u u—1

where G (u) is an analytic function in complex variable u with values in Ag

where ‘analytic’ means each of whose coefficient is analytic.

The equation (KZ) has singularities only at 0, 1 and co. Let C’ be the
complement of the union of the real half-lines (—oo, 0] and [1, 400) in the
complex plane. This is a simply-connected domain. The equation (KZ) has
a unique analytic solution on C" having a specified value at any given points
on C'. Moreover, for the singular points 0 and 1, there exist unique solutions
Go(u) and G (u) of (KZ) such that

Go(u) =~ ut (u — 0), Gi(uw)y~ (1 - u)B (u—1),

where ~ means that Go(u) - u~* (resp. G1(u) - (1 — u)~?) has an analytic
continuation in a neighborhood of O (resp. 1) with value 1 at O (resp 1).
Here, u® = exp(A logu) = 1 + Al”g“ + 4 l;',g“) + 4 l”g“) + --- and
logu := [/'% in C'. In the same way, (1 —u)8 is well- deﬁned on C.
Since Gy(u) and G(u) are both non-zero unique solutions of (KZ) with
the specified asymptotic behaviors, they must coincide with each other up
to multiplication from the right by an invertible element of Ag.

I Thisisa special case of the KZ equation for P'(C)\{0, 1, oo} in [Kas].
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Definition 1.13. The Drinfel'd associator? is the element ®x (A, B) of AQ
which is defined by

Go(u) = G(u) - Pgz(A, B).

By considering on (Aé)“”, the abelianization of Ap, we easily find that
®k7z(A, B) =1 on (Aé)“” . We note that MZV’s appear at each coefficient

of the Drinfel’d associator @k (A, B). For its explicit formulae, see [FO]
Proposition 3.2.3.

2. p-adic multiple polylogarithms and p-adic multiple zeta values

In this section, we shall give the definition of p-adic multiple polylogarithms
(Sect. 2.2) and p-adic multiple zeta values (Sect. 2.3) and state main results
in Sect. 2.3, which will be proved in Sect. 3. The reader will find interesting
analogies between Sect. 1.1 and Sect. 2.3.

2.1. Review of Coleman’s p-adic iterated integration theory

We will review the p-adic iterated integration theory by R. Coleman [C],
following A. Besser’s reformulation in [Bes1]. This theory will be employed
in the analytic continuation of p-adic multiple polylogarithms in Sect. 2.3.
For other nice expositions of his theory, see [Bes2] Sect. 5, [Br] Sect. 2.2.1
and [CdS] Sect. 2.

Assumption 2.1. Suppose that X/Oc, is a smooth projective and surjective
scheme over the ring Oc,, of integers of C,, of relative dimension 1 with
its generic fiber X¢, and its special fiber Xﬁ. LetY = X — D where D is

a closed subscheme of X which is relatively etale over Oc, .

We denote j : YE — XFT: to be the associated open embedding, where
YE is the special fiber of Y and denote the finite set X (F_,,) — Y(FT,) by
{e1, -+, es}.For0 < r < 1, U, stands for the rigid analytic space’ obtained
by removing all closed discs of radius r around e; from X(C,) (1 <i <s)
(see [Besl]). For a subset S C X (F_,,), we denote its tubular neighborhood
(see [Ber]) in X(C,) by 1S[. For any rigid analytic space W, we mean by
A(W) the ring of global sections of the sheaf O of rigid analytic functions
on W.

2 To be precise, Drinfel’d defined ¢gz(A, B) instead of ®@gz(A, B) in [Dr], where
9kz(A, B) = Pkz(57 A, 77 B).

> 2mi
3 As is explained in [Bes1] Sect. 2, while the definition of U, depends on the choice of

‘local lifts’, the definitions of Aj) g(Ux) and £2;! g(Ux) (see below) do not.
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Fixa € C,. It determines a branch of p-adic logarithm log® : C| — C,
([Bes1] Definition 2.6) which is characterized by log“(p) = a. We call this
a € C,, the branch parameter of p-adic logarithm. Define

loc = l_[ Alag(Ux)v QIC:)C = l_[ Ql(’g(UX)

xeX(FI,) xeX(FI,)
where
U A(lx[) x € Y(F,),
Alog (Ux) = ind-]imA(]x[ﬂUr> [log“(zx)] xelen, - e
1
1og(U ) = Alog(Ux)de-

Here z, means a local parameter

Z  X[NY(C,) > {z€C,|0<|z], < 1}.

We note that log® (zx) is a locally analytic function defined on ]x[ NY(C))

whose derivation 1 is — and it is transcendental over ind- hmA (]x[ NU, ) and
r~>
n=oo

ind—l}mA(]x[ ﬂU,) = { o) = > a,7" (a, € Cp) converging for r <

n=—oQ
|z], < IforsomeO < r < 1 (see [Besl]). We remark that these defi-
nitions of Af‘og(Ux) and .Qli,g(Ux) are independent of any choice of local
parameters z,. By taking a component-wise derivative, we obtain a C,,-
linear map d : A¢, — £2¢. Regard AT := I(1Xg, [, jT(D]Xﬁ[) and

loc loc*
ot = F(]XF—p T.Q]X [) to be a subspace of Ay, and 2},

(for JT see [Ber]).

In [C], Coleman constructed an Af- -subalgebra A¢ , of Af , which
we call the ring of Coleman functions attached to a branch parameter
a € C,, and a C-linear map f( ) AL ® F - Aéol/Cp - 1 satisfying

At
d|. o [(a) id A8, @2t which we call the p-adic (Coleman) integration

Col O
attached to a branch parameter a € C,. We often drop the subscript ().

Actually Coleman’s p-adic integration theory is essentially independent

of any choice of branches, which may not be well-known, and we will try
to explain this fact below:

Toc respectively

b
_> Aloc

Suppose that a, b € C,,. Consider the isomorphisms ¢, : Aj,

loc
and 7, : §2 S b

1 <i<s.

obtained by replacing each log®(z,,) by log”(z.,) for

loc loc

Lemma 2.2. These maps, 1, and 1, are independent of any choice of
a local parameter z,,.



262 H. Furusho

Proof. Suppose that z, is another local parameter. Then we check easily
that 1,5(2,,) = 2, . tas(l0g" (2},)) = log’(z},) and 7,,(dz, ) = dz|, because

loga(%) is analytic at e;, from which it follows the lemma. m]

The following branch independency principle, which was not stated
explicitly in [C], should be one of the important properties of Coleman’s
p-adic integration theory, but this principle just follows directly from his
construction of A¢ .

Proposition 2.3 (Branch Independency Principle). Suppose that a, b
€ Cy. Then 1, p(Ay) = Ay Tab(Aly ® 21) = AL, @ 2T and 1440 [, =
f ) OTab mod C,, - 1. Namely the following diagram is commutative.

A%ol & ‘QT & Aléol & ‘QT
At At

fin | Vo

la,b
Ata/Cp- 1 —— ALy/Cp-1

Proof. 1t follows directly because both (AbC01, f(b)) and (La,b(Aléol), lab ©
f(a) o‘[c;;) satisfies the same axioms (A)—(F) of logarithmic F-crystals on [C]
(see also [CdS]), which is a characterization of (Aléol, f(b)). O

Other important properties of Coleman’s functions are the uniqueness
principle and the functorial property below.

Proposition 2.4 (Uniqueness Principle; [C] Ch IV). Let a € C,. Let

f € A¢, be a Coleman function which is defined on an admissible open
subset U of X(C,). Suppose that f|y = 0. Then f =0 on X(C,).

Especially this proposition yields the fact that a locally constant Coleman
function is globally constant.

Proposition 2.5 (Functorial Property; [C] Theorem 5.11 and [Bes2]
Definition 4.7). Let a € C,. Let (X', Y’) be another pair satisfying As-
sumption 2.1. Suppose that f : X' — X is a morphism defined over Oc,

such that f(Y') C Y. Then the pull-back morphism f* : A% — A/ in-
duces the morphism f* : A, — A&, of rings of Coleman functions, where

Al (resp. A&, stands for Aj, . (resp. A¢,,) for (X', Y").

loc loc

Precisely speaking, Coleman showed this theorem in more general situ-
ation in [C] Theorem 5.1.

Notation 2.6. Leta € C,and w € A% ® 2T. Then by Coleman’s integra-
At

tion theory, there exists (uniquely modulo constant) a Coleman function F,
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such that f w = F, (modulo constant). For x, y e]Y(F_p)[, we define fxy w
to be F,(y) — F,(x). It is clear that fxy w does not depend on any choice of
F,, (although it may depend on a € C,). If F,(x) and F,,(y) make sense for
some x, y € X(C,), we also denote F,(y) — F,(x) by fxy w. When we let

y vary, we regard fxy w as the Coleman function which is characterized by
dF, = wand F,(x) = 0.

2.2. Analytic continuation of p-adic multiple polylogarithms

We will define p-adic multiple polylogarithms to be Coleman functions
which admits an expansion around O similar to the complex case.
Letky,--- ,k, € Nand z € C,. Consider the following series

Nm

. z
Linoay@= ), g

nkm”
O<ny<-<ny 1 m

n,-eN

@2.1)

Lemma 2.7. This series Liy, ... y,(z) converges on the open unit disk
DO:1)={zeC,|lzl, < 1} around O with radius 1.

Proof. Easy. |

Lemma 2.8. Let z € C, such that |z|, < 1. Then

d . it o n—1(2) ki # 1,
_lel’...’km(Z) — Zl ]. m
dz =Lk, k(@) k=1,
i) =
ZLi -
7 1(z -
Proof. It follows from a direct calculation. O

Lemma 2.7 and Lemma 2.8 are p-adic analogue of Lemma 1.3 and
Lemma 1.4 respectively.

From now on, we fix a branch parameter a € C,, and employ Coleman’s
p-adic integration theory attached to this branch parameter a € C, for

X = ngcp and Y = Spec Oc,[t, }, ﬁ )

Definition 2.9. We define recursively the (one variable) p-adic multiple
polylogarithm (p-adic MPL for short) Liy ., (2) € Ag, attachedtoa € C,
which is the Coleman function characterized below:

y L 0de ke # 1,
lel,w,km (Z) = 2 1 y:a _
Jo = Lig g (dt Ky =1,

*odt

Li{(z) = —log(1 — z) := 15
0 -1
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Remark 2.10. (1) Itis easy to see that L, (z) = Y ,C]ZL if

___nkm
O<ny<--<ny 1 m

lz|, < 1.

(2) Because we get %, % € A¢,, and we know that Li,‘c‘l’___ o (z) is analytic
on |z], < 1 and takes value 0 at z = 0, it is easy to see that each p-adic
MPL is well defined in AZ;.

(3) Our construction of p-adic MPL is just a multiple analogue of Cole-
man’s construction [C] of p-adic polylogarithm ¢;(z). His p-adic poly-
logarithm £, (z) can be written as Li{(z) in our notation.

The following is a p-adic version of Lemma 1.5.

Proposition 2.11. The p-adic MPL Liy, ., (1) is locally analytic on
P'(C,)\(1, 00}. More precisely, Lif, . (1) |, € AQOD, Lig, . () |, €
AQDlog(r — D] and Lif, ..., ) |, € AlooDllog" (D1

Proof. By construction, we can prove the claim inductively. m|

This proposition means that the series (2.1) can be analytically contin-
ued to P!(C,)\{1, oo}, although the complex MPL cannot be analytically
continued to P'(C)\{0, 1, oo} but only to its universal unramified cover-

ing P1(C)\{0, 1, oo} instead by Lemma 1.5. We note that the p-adic MPL
admits uncountably infinite branches which correspond to branches of p-
adic logarithms log®(z) although complex MPL admits countably infinite
branches. We call Li,‘c’]’,,,’ %, (2) the branch of p-adic MPL corresponding to
aeC,

2.3. p-adic multiple zeta values and main results

We will state main results of this paper, whose proof will be given in
Sect. 3.3 and Sect. 3.4 and will introduce p-adic multiple zeta values,
whose definitions themselves are highly non-trivial.

Notation 2.12. Leta € C, and let f(z) be a function defined on C,,. We de-
note lim’ f(z) tobe lim f{(z,) if this limit converges to the same value for any
= n—00

sequence {z,}2, which satisfies z, — a in C, and e¢(Q,(z1, 22, ---)/Q,)

< oo (which means that the field generated by z;, 22, - - - over Q,, is a finitely

ramified (possibly infinite) extension field over Q,). If the latter limit con-

verges (resp. does not converge) to the same value, we call lim’ f(z) con-
—>a

verges (resp. diverges).
Theorem 2.13. Fix ky,--- ,k, € N and a prime p. Then the statement
whether 1in}’ Li,‘jl .. k. (2) converges or diverges* on C p IS independent
7— oo
ZGCP—{I}

4 This makes sense because p-adic MPL’s are locally analytic on P'(C »\{1, oo} by
Proposition 2.11.
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of any choice of branch parameter a € C,. Moreover if it converges on C,,
this limit value is independent of any choice of branch parameter a € C,,.

Proof. Since Lil?.,~~~,km (z) is locally analytic on Pl(Cp)\{l, oo} by Propo-

sition 2.11, its Aj) . (11[)-component can be written as follows.

Li¢ () =foz— 1) + filz = Diog*(z = 1)

+ frlz — D)(og®(z — 1))?
T + fm(z — D(log(z — )™,

where fi(z) € A(DQ© : 1)) fori = 0,---,m. By Proposition 2.3, we
see that these f;(z)’s are independent of any choice of branch parameter
a € C,. Saying }iﬁn}’Li,‘(‘l““’ 1, (2) converges is equivalent to saying f;(0) = 0

foralli =1, --- ,m by Lemma 2.14 and Lemma 2.15, which is a statement

independent of any choice of branch parameter a € C,,. Thus we get the first

half of this theorem. If lin}’Li,i’l . 1. (2) converges, then lin}’Li,’jl (@)=
7= oo z— o fm

f0(0). Since fy(z) was independent of any choice of branches, the second
half of this theorem follows. |

Lemma 2.14. Forn > 0, lin(l)’e(log“e)” =0.
e

ecC,

Proof. If n =0, it is clear.

If n =1, suppose thate, € L (n > 1) and ¢, — 0 as n — oo, where L
is a finitely ramified (possibly infinite) extension of Q, with ramification
index ey (< 00) and a uniformizer ;. Take ¢; € N such that pL > e;.
Decompose €, = u, -7'[2" where u, € O/ and r, € Z. Take s, € N such
that (s,, p) = l and u;" = 1 mod 7, O9;. Put o0, := u» — 1 € n.0;.
Then ()" = (1 +a)?* = 1 +af" =1 mod pOc,. Therefore

1 ag, snpL 1
sn_prLlog (un )e p‘L

log® u, = Oc,- So we get

lim ¢,log%¢, = lim {¢,log" u, + €,r,log"n;} = lim ¢,log" u, = 0.
n—00 n—00 n—00

In a similar way, we can prove the case for n > 1. m|

l
Lemma 2.15. Leta € C,, | > 0 and g(z) = Zak(log“(z))k (ar € Cp).
k=0
Then lirr}’g(z) converges if and only ifa, = 0 for 1 < k < L.
—

Proof. Take z, = o such that |«|, < 1 and log” () # 0. Then we get the
claim by an easy calculation. m|

Remark 2.16. (1) As for another proof of the last statement of Theo-
rem 2.13 for k,, > 1, see Remark 3.29.
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(2) Itis striking that lin(l)’Li,‘jl’m &, (=€) does not depend on any choice of

branch parameter a € C, although Li,‘c‘l’___ o (1 — €) takes whole vales
on C, if we fix € (0 < |¢|, < 1) and let a vary on C,,.

Definition 2.17. For any index (ki, - - - , k,,) whose lin}’ Li,‘('I . & (2) con-
7— oo
verges, we define the corresponding p-adic multiple zeta vale (p-adic MZV
for short) ¢, (ki, - - , k,,) to be its limit in C,,, i.e.
Cplky, oo ky) = lin}’ Lif . .. (@) €C, if it converges.
ZEZC],f{]}

If this limit diverges for (kq, --- , k), we do not give a definition of the
corresponding p-adic MZV ¢, (ky, - -+, ky,).

We note that this definition of p-adic MZV is independent of any choice
of branches by Theorem 2.13.

Theorem 2.18. Ifk, > 1, !1_1)1}’ Lif, .. ., (2) always converges on C,,.
zeCp—{1}
Thus we get a definition of p-adic MZV ¢,(ky, --- , k) for k, > 1.

This theorem is a p-adic analogue of Lemma 1.6 and it will be proved in
Sect. 3.3.

Examples 2.19. Coleman made the following calculation in [C] (stated in
Ch 1 (4) and proved in Ch VII):

7

pr—1

lin}’LiZ(z) = L,(n,0'™) forn > 1. (2.2)
—

Here L, is the Kubota-Leopoldt p-adic L-function and w is the Teichmiiller
character. In particular this formula (2.2) shows that this limit value is
actually independent of any choice of branch parameter a € C,, although
this fact is a special case of Theorem 2.13. We remark that, in the case
of p-adic polylogarithms, this branch independency also follows from the
so-called distribution relation ([C] Proposition 6.1). By (2.2), we get

7

P
¢p(n) = p”——

le(n,a)l_”) forn > 1. (2.3)

(a) When n is even (i.e. n = 2k for some k > 1), by (2.3) we get the
equality
¢p(2k) = 0.

We will see that this equality proved arithmetically here will be also
deduced from geometric identities, 2-cycle relation and 3-cycle relation,
among p-adic MZV’s, proved in [F3].
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(b) On the other hand, when 7 is odd (i.e. n = 2k + 1 for some k > 0), it
does not look so easy to show ¢,(2k + 1) # 0:
Suppose that p is an odd prime. Then by [KNQ] Theorem 3.1, we see
that saying L ,(2k + 1, @ %) # 0 is equivalent to saying

H2(Z,Q,/Z,(—k)) =0, (Lor1)

which is one of standard conjectures® in Iwasawa theory and a higher
version of Leopoldt conjecture (cf. [KNQ] Remark 3.2.(ii)).

Remark 2.20. (i) We know that {,(2k + 1) # 0 in the case where p is
regular or (p — 1)|2k by [Sou] Sect. 3.3.
(i1) Suppose that p is an odd prime. Let G denote the standard Iwasawa

module for Q(ut,~)/Q (i po: the group of roots of unity whose order is

apower of p),i.e. G = my(Z[1p~, %])p’ab. Let I denote the inertia sub-

group of the unique prime p in Q(u ) which is above p. Soulé [Sou]
constructed a specific non-zero element Xsoule € Hom(G,Z,(m))
for m > 1: odd. Let § denote the standard Twasawa module for
Q,(11p=)/Q,p, ie. § = nl(Qp(,upoo))” b Tet I denote the inertia
subgroup of §. For m > 1, the Coates- W11es homomorphism gives
a specific non-zero element x© e Hom(I,Z,(m)). Coleman—using
his reciprocity law—showed the following formula for all odd m > 1
(see [KNQ]):

powor =" =D Lymo'™) x5 Q4

Here r is the natural (surjective) map r : I — 1. By (2.4), we get the
following statement in algebraic number theory which is equivalent to
saying ¢,(2k + 1) # 0 (or, equivalently, (Logi1) ):

the prime ideal p ramify in the kernel field of XS"”le. (Pois1)

The author guesses more generally that problems on p-adic MZV’s
related to p-adic transcendental number theory (such as the problem
of proving the p-adic version ¢,(3) ¢ Q of Apéry’s result) could be
translated into problems in algebraic number theory.

As for a p-adic analogue of Lemma 1.7, at present, we have nothing to
say except the following.

Note 2.21. The limit 1irr]1’ Li,‘jl . & (z) sometimes converges and some-
z—> T

zeCp—{1)
times diverges on C,, for k,,, = 1.

For example, see Example 2.23.(a) and (b) below.

5 In [KNQ], (Lot 1) was denoted by (Cy).
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Theorem 2.22. Suppose that lin}’ Li}, . 4 (2) converges on C, for
7— oo

zeCp—{1}
kn = 1. Then it converges to a p-adic version of the regularized MZV,
ie.

¢plky, -+ ko, 1) = (=1)™I,(W) where W = BAf»—1—'p... Ab=1p,

See Sect. 3.2 for 1,(W) and Remark 3.31(2) for the regularized p-adic
MZV. This theorem will be proved in Sect. 3.4. Therefore p-adic MZV
¢pky, -+, ky) for k,, = 1 can be written as a Q-linear combination of
p-adic MZV’s corresponding to the same weight indexes with k,, > 1.

Examples 2.23. (a) lin}’Lig‘ 1 (2) converges to —2¢,(1,2), ie. £,(2,1) =
z—> ’

—2¢,(1,2). This follows from the functional equation in Ex-
ample 3.41.(a), ¢,(2) = 0 by Example 2.19.(a) and Lemma 2.14.
(b) hm Lz3 1(2) diverges if and only if ¢,(3) # 0 (equivalently if and only

1f p satisfies the 3rd Leopoldt conjecture (L3) above).

Suppose that 3rd Leopoldt conjecture (L3 ) fails at a prime p. Then we get

¢p(3, 1) = =2¢,(1, 3) = ¢,(2, 2) for this prime p. This follows from the

functional equation in Example 3.41.(b) combined with Lemma 2.14.
(c) We will show many identities between p-adic MZV’s in [F3], from

which we will deduce, for example, ¢,(3) = ¢,(1,2) and ¢,(1,3) =

£p(2,2) =¢,(1,1,2) =0.

Remark 2.24. The author guesses that to know whether lin}’ Li,‘jl o (@)
7— oo

zeCp—{1)
converges or diverges might be to tell something deep in number theory,
such as Example 2.23.(b).

Those p-adic MZV’s were defined to be elements of C,,, but actually we
can say more.

Theorem 2.25. All p-adic MZV'’s are p-adic numbers, i.e. {,(ky, -+ , ky)

€Q,.

Proof. Suppose that }1_1)1}’ Lif, .., (2) converges. Recall that p-adic MPL
ZGCP—{I}

Li{ ... (2) (a € Cp) isaniterated integral of < d[ and ;= di - which is a rational

1- form defined over Q,, and notice that sz . (z) € Q) forall z €
pZ,. Then from the Galois equivariancy stated 1n [BdJ] Remark 2.3, it

follows that Liy!, . (2)is Gal(Q,,/Q,,) -invariant for z € Pl(Q,,)\{l, oo}

if we take a € Q,,. Therefore in this case, we get Lif _ ;, (z) € Q) for

z7 € P](Qp)\{l, oo}. Thus we get lilr} Lif . 1, (@) € Qp, which yields
ze(zlp—{l}

the theorem (Recall that this limit is independent of any choice of branch

parameter a € C, by Theorem 2.13). |
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It may be better to say that this theorem is a p-adic version of Lemma 1.9.
The author poses the following question, which he wants to study in the
future.

Question 2.26. Are all p-adic MZV’s p-adic integers? Namely ¢,(ki,
, km) € Z, for all primes p?

Definition 2.27. For each natural number w, let ZI(UI” be the finite dimen-
sional Q-linear subspace of Q, generated by all p-adic MZV’s of indices

with weight w, and put Z{ = Q. Define Z'” to be the formal direct sum
of ZP) forallw > 0: Z¥ := & Z.
w>=0
By Theorem 2.22, we see that ZP = (¢, (ki -+, kw) | ki + -+ + ki
=w,k, >1,meN)gCQ,

Theorem 2.28. The graded Q-vector space has a structure of Q-algebra,
ie. Z(p) Z(p) C Z;’i)bfora, b=>0.

This is a p-adic analogue of Proposition 1.11, whose proof will be
given in Sect. 3.4. Unfortunately we do not have such a simple proof as
Proposition 1.11. Our proof is based on showing the shuffle product formulae
(Corollary 3.46) coming from the shuffle-like multiplication of iterated
integrals, from which it follows, for example,

m—1

1
¢pm) - £y(n) = Z(” .+’)¢,,(m—i,n+i>

i=0

X -1
+Z( +’)¢p(n jom + ).

In [BF], we shall discuss the harmonic product formulae [H] coming from
the shuffle-like multiplication of series in Definition 1.1, from which it
should follow, for example,

é-p(m) ' é-p(n) = é‘p(m’ I’L) + é‘p(n’ m) + é-p(m + I’L)

We note that the validity of the harmonic product formulae for p-adic MZV’s
is non-trivial because we do not have a series expansion of p-adic MZV
such as Sect. 0 (0.1).

Remark 2.29. Here is another direction of further possible developments of
our theory of p-adic MZV’s. Since the p-adic L-function is related to the
Bernoulli numbers, the author expects that the multiple Bernoulli number
(MBN for short) B&t-%n) ¢ Q (ky,--- ,k, € Z, n € N) given by the
following generating series

Lig..k, (1 —€™) 'iB("l k¥

(1 —ex)m n!

’

n=0
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where Liy,... 1, (z) and e* means the following formal power series

Y Qi and Y S e Qi
O<ny<-<ny''1 777 N’ n=0 h

n,-eN

respectively, would help to describe a p-adic behavior of p-adic MZV’s and
constructions of p-adic multiple zeta (or L-)functions. We remark that this
definition of MBN is just a multiple version of that of the poly-Bernoulli
number in [AK] and [Kan] (especially B! is the usual Bernoulli number).
We stress that the definition of MBN is independent of any prime p.

3. The p-adic KZ equation

In this section, we will introduce and consider the (formal) p-adic KZ
equation. We will give the definition of the p-adic Drinfel’d associator
¢§Z(A, B) in Sect. 3.1. In Sect. 3.2 (resp. Sect. 3.3), we will give an
explicit formula of a certain fundamental solution G(’)’ (z) of the p-adic KZ
equation (resp. an explicit formula of @I’;Z(A, B)). In Sect. 3.4, we will

show the functional equation among p-adic MPL’s and will give proofs of
Theorem 2.22 and Theorem 2.28.

3.1. The p-adic Drinfel’d associator

Notation 3.1. Let Aép = C,((A, B)) be the non-commutative formal power
series ring with C,-coefficients generated by two elements A and B.

Definition 3.2. The (formal) p-adic Knizhnik-Zamolodchikov equation
(p-adic KZ equation for short) is the differential equation

G A B
— ) = (— + —) -G (u), (KZ?)
ou u u—1

where G (1) is an analytic function in variable u € Pl(Cp) \ {0, 1, oo} with
values in Aép where ‘analytic’ means each of whose coefficient is locally

p-adic analytic.

Unfortunately, because P'(C,)\{0, 1, oo} is topologically totally dis-
connected, the equation (KZ”) does not have a unique solution on P!(C 2\
{0, 1, oo} even locally as in the complex analytic function case. But fortu-
nately we get the following nice property on Coleman functions.

Theorem 3.3. Fixa € C,,. Then there exists a unique (invertible) solution
Gy(u) € A%01®A6p of (KZP) which is defined and locally analytic on

P'(C,)\{0, 1, 0o} and satisfies G&(u) ~ u® (u — 0).
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Here u? := 1 4 2810 4 4 (e A2 . and GE(u) ~ u? (u — 0)

means that the A?ag(]0.[)®Aép-corhponent of Pi(u) := Gi(u) -u™" =

Gg(u)~ { l_lagl!(Lt)A+ (log”z(!u))2 A2_ (lag‘;(!u))3 A3 +... } liesin 1+A(]0D®Aép
A+ A(]O[)@Aéﬂ - B and takes value 1 € Aép atu = 0.

Lemma 3.4. Fix a € C,. Let G(u) and H(u) be solutions of (KZP) in
A“C()l@Aép. Suppose that H(u) is invertible. Then H(u)~'G () is a constant
function, i.e. an element of Aép.

Proof.
4 w6 = —Hw L Hw - B 6w + Hw L6 w)
du du du
B (A B ) .
= —H(u) — 4+ —— | Hu) - Hu)” " G(u)
u u—1

+ Hu)™! <A + i) G(u)

1
(A B (A B
= —H(u) + —— ) Gw) + Hu)™! + p— Gu)=0.
Therefore H(u)~'G(u) e A‘é()l@Aép is constant by Proposition 2.4. O

Proof of Theorem 3.3.

Uniqueness: Suppose that H{(u) is another solution satisfying above prop-
erties. Then H(u) is mvertlble (i.e. Hi(u) € (ACOl(X)AA )*) because it
follows easily that its constant term is 1 € A¢, ;. By Lemma 3 4, there exists
a unique ’constant’ series ¢ € Aép such that Gg(u) = H{(u) - c. By the

assumption, we get u” - c-u~4 — 1as u — 0, from which we can deduce

c=1.
Existence: By substituting G(u) = P(u) - u” into (KZ”), we get

dpP A B
—(u) = |:—, P(u):| + —— P(u). 3.1
du u u—1

By expanding P(u) = 1+ Y Pwy(u)W, we obtain the following
W:.words
differential equation from (3.1):

dPy I . o
_(M) —PW/A(M)— —PAW/(M) ifW=AW'A (W S AC)’

dPW
—(u) _PW’B(M) if W=AW'B (W € Ap),

dP —1
—W( )= — Pow () + -

1
IPW/A(M) if W= BWA(W e AQ )
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dPW 1 . ’ / A
(n) = Py p(u) it W=BWB (W' € Ap),

du u—1

dP

“Yw =0 ifW=A4,

du

d Py 1

du @) u—1 !

Since ‘fd—“ and ]dT“u lie in A¢, ® 2% and are defined and locally ana-

lytic on P'(C »\0, 1, oo}, we can construct inductively a unique solution

Piw)y=1+ > Pg w(@)W of (3.1) such that each Py, (u) satisty the
W:words

above differential equation, lies in A{, }, is defined and locally analytic on

Pl(C,,)\{O, 1, oo} and Py, (0) = 0. By putting Gg(u) = Py (u) - ut, we get
a required solution in Theorem 3.3. i

Proposition 3.5. Leta, b € C,,. Then 1, ,(G8) = Gb.

Proof. This follows from the unique characterization of Gg in Theorem 3.3.
0

Proposition 3.6. Fixa € C,, zo € P'(C,)\{0, 1, 00} and g, € Ag,- Then
there exists a unique solution H*(u) € A‘é(ﬂ@Aép of (KZP) which satisfies
H%(z0) = go. Here A?:(,l@Aép means the non-commutative two variable for-
mal power series ring with A¢, | -coefficients, i.e. A“C()l@Aép = A¢, ((A, B)).

Proof. This immediately follows from Lemma 3.4 by taking H(u) =
Giw) - G§(z0) ™" - go- O

Proposition 3.7. Fix a € C,. Then there exists a unique solution G{(u) €
A?:(,l@Aép of (KZP) which is locally analytic on P'(C,)\{0, 1, 0o} and
satisfies G{(u) ~ (1 —u)® (u — 1).

Here the meanings of notations (1 —u)? and Gi(u) ~ (1— Wt w— 1)
are similar to those of u* and G§(u) ~ u” (u — 0) in Theorem 3.3.

Proof. By a similar argument to Theorem 3.3, we get the claim. O
Proposition 3.8. G{(u) = G3(B, A)(1 — u).

Here forany g € A@p, g(B, A) stands for the image of g by the automor-
phism Aép induced from A +— B, B +— A and, for f(u) € A} , f(1 —u)

loc>

— A¢

loe induced

means its image by the algebra homomorphism t* : A?

from the automorphism v : t +— 1 — ¢ of Pl(Cp)\{O, 1, oo}
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Proof. By the functorial property of Coleman functions (Proposition 2.5),
T%(Agy) S A&, Therefore the proposition follows immediately from the
uniqueness of G{(u) because Gj(B, A)(1 — u) lies in A“C01®Aép, satisfies
(KZ”) and admits the same asymptotic behavior to that of G;(u) at u = 1.

O

Remark 3.9. As in the same way as the above proof of the uniqueness on
Theorem 3.3, we see that G{j(«) and G{(u) are both invertible and they
must coincide with each other up to a multiplication from the right by an

invertible element ®'()” (A, B) € A¢, = C,({A, B)) (whichis independent
of u € P! (C,)\{0, 1, oo}). Namely

Gi(u) = Gi(u) - DLLP(A, B).

Theorem 3.10. Actually QD(a) P(A, B) is independent of any choice of
branch parameter a € C,,.

Proof. Put zg € JPL\{0, 1, 00}[. Since |PL\{0, 1, 00}[ is a branch in-
P P

dependent region, the special value of G(u) at u = z¢ actually does not

depend on any choice of branch parameter a € C,,. Similarly we see that the

value of G{(u) atu = zo does not depend on any choice of branch parame-

ter. Therefore cD(a) P(A, B) = G$(z0) ™" - G4(z) is actually independent of
any choice of branch parameter a € C,. i

Remark 3.11. We have another proof of Theorem 3.10. Puta, b € C,,. Then
we get 1, ,(G8(u)) = G5(u) and 1, ,(G$(u)) = G4(u) by Proposition 3.5.
Therefore we get 1, ,(@5") = @Y0, which implies @¢)" = @¢)7
because )" and @V)7 ¢ Ag,

Definition 3.12. The p-adic Drinfel'd associator @% (A, B) is the element
of C,((A, B))*, which is defined by G(u) = G{(u) - DR (A, B).

Remark 3.13. (1) This definition of the p-adic Drinfel’d associator
qﬁzz(A, B) is independent of u € Pl(Cp)\{O, 1, oo} by Remark 3.9
and any choice of branch parameter a € C, by Theorem 3.10.

(2) In Sect. 3.3, we will see that each coefficient of CDI’;Z(A, B) can be
expressed in terms of p-adic MZV'’s, from which we know that actually
@% (A, B) belongs to Q,((A, B)) by Theorem 2.25.

(3) We shall prove many identities, such as 2-, 3- and 5-cycle relation of
the p-adic Drinfel’d associator ¢,’;Z(A, B) in [F3].

3.2. Explicit formulae of the fundamental solution of the p-adic KZ
equation

In this subsection, we will give a calculation to express each coefficient of
the fundamental solution G{j(z) of the p-adic KZ equation (KZ?).
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Notation 3.14. (1) Let A. = @& A, = Q(A, B)(C A@p) be the non-
w>=0

commutative graded polynomial ring over Q with two variables A and
B with degA = degB = 1. Here A,, is the homogeneous degree w
part of A.. We call an element of A. which is a monomial with coef-
ficient 1 by a word. But exceptionally we shall not call 1 a word. For
each word W, the weight and depth of W are as follows.

wt(W) := ‘the sum of exponents of A and B in W’

dp(W) := ‘the sum of exponent of B in W’

(2) Put M = A.- B = {F - B|F € A.} which is the Q-linear subspace
of A.. Note that there is a natural surjection from A. to A. / A.A. By
identifying the latter space with Q-1+ M’ (= Q-1+ A.- B) we obtain the
Q-linear map f’ : A. —» A./A.A = Q-1+ M < A.. Abusively we
denote by f” the C,-linear map Aéﬁ — Aéﬁ induced by f': A. — A..

(3) For each word W = B#APYBUVAP2BY2 ... APKB% (k > 0, g9 > O,
pi>qi = 1fori > 1)in M’, we define

Liy, (2) == Li‘l‘

a
Lt L it 1 1(2) € Atol -
—_——

qr—1 qg—1—1 q0

By extending linearly, we get the Q-linear map Li“(z) : M’ — A{,,
which sends each word W in M’ to Li{,(z).

Theorem 3.15 (Explicit Formulae). Put a € C,. Let G{(z) be the funda-
mental solution of the p-adic KZ equation (KZ?) in Theorem 3.3. Expand

Gio)=1+ > Jl“,(W)(z) W. Then each coefficient J;‘(W)(z) can be
W:words
expressed as follows.

(a) When W isin M', J&(W)(z) = (=)W Lig, (2).
(b) When W is written as VA"(r >0,V € M"),

{log"(2)}!

a _ dp(W)+s 7 -+
BN@ =y, (DPTL e

s+t=r
0<s5,0<1

(c) When W is written as A" (r > 0), J;’(W)(z) = {logj#

For the definition of the shuffle product ‘o’, see [FO] Definition 3.2.2.
The proof of this theorem will be given in the end of this subsection.

Lemma3.16. f'(Gj(x) =1+ > Jy(W)(») W.

WeM':words
Proof. Apply f’term by term. |

Lemma3.17. f(Gi2) =1+ Y. (=DPWLi () W.
WeM':words
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Proof. By the p-adic KZ equation, we get the following:
d 1 4 : ! 4 /
—Jo(W)(w) = —Jo(W)(u) itW=AW (W e M),
du ? u ?
d 1
—JIW)(u) = ——J(W')(u) if W=BW (W eM),
du ? u—17

d 1

—Ji9w = — if W=BeM.
du p (W) u—1 !

By Lemma 2.8, we see that the family {(—l)dP(W)Li‘V’V (z) € A‘éol} S,

satisfies the above differential equation. The definition of G§(u) ~ ut
in Theorem 3.3 especially implies that each J;(W)(z) € A¢, for W e

M’ is analytic at z = 0 and J,(W)(0) = 0 because f (Gg(u) . u*A) =

[ (Giw) =1+ > J4W)(u) W. Therefore by using J&(W)(0) =
WeM’:words

(=)W i (0) = 0, we obtain inductively the equality JEW)(u) =

(=)W Li% (u). o

By combining Lemma 3.16 with Lemma 3.17, we get Theorem 3.15.(a).

Notation 3.18. Let Aép[[a]] = Aéﬁ@C plla]] be the one variable formal
power series ring with coefficients in the non-commutative algebra Aé,,-
Let g} : Aép — Aép[[a]] be the algebra homorphism which sends A, B
to A — «, B respectively and let g : A@p[[a]] — A@p be the well-defined
C,-linear map which sends W ® o to WA for each word W and g > 0.

: : / /. A A
Consider the C,-linear map g5 o g : Acp — ACP.
Lemma 3.19. g, og| o f' =g, 0g].
Proof. By definition, we get easily g, o g1(VA) =0for V € Aép. O
Lemma 3.20. G{(z) = g, 0 g\(f'(Ga())) - z*.
Proof. By Lemma 3.19, we get
g0 8(f(G5()) = g5 0 £1(G5(@). (3.2)

Both GG{(A — «, B)(u) and u “G{(A, B)(u) are solutions of the p-adic
differential equation %(u) = (A= B YG(u) in A‘éO@AéP[[a]] and

u u—1
A—a

satisfies the same asymptotic behavior G(u) ~ u as u — 0. Therefore
the uniqueness of solution of the above p-adic differential equation (which
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can be shown in a way similar to Proposition 3.6), we get G (A—a, B)(u) =
Gi(A, B)(u) - u™, from which it follows that

8, 081(Gi(2)) = Gi(2) - 2. (3.3)
By (3.2) and (3.3), we get Gi(2) = g, 0 g, (f'(G4(2)) - 2. O

Therefore we see that P“(z) = g} o g} ( f’ (Gg (z))) (for P“%(z), see the
proof of Theorem 3.3).

Notation 3.21. (i) We define the Q-bilinear inner product < -, - >: A. xXA.
— A.by < W, W >:= 8y for each word (or 1) W and W', where

1, itwW=Ww,

8 =
- {0, ifW# W,

(i) Wedefine F' : A. — A.tobethe graded Q-linear map which sends each
word (or Y W =WA" r 20,W e M or W =1)to (—=1)" f'(W o
A"). We note that ImF' C M'.

Lemma 3.22. The linear map F' is the transpose of g, o g, i.e.
< (ghog)D(W)), Wy >=< Wy, F'(W,) > for any words W and W'.
Proof. In the case when W, ¢ M’, it is clear. So we may assume that

W, € M'. Denote W, = W,A" (r > 0, Wi = 1 or W, € M’). Then, by
a direct computation, we deduce elementarily the following

< (gy0g)(W), W, > = < (gy0g)(W), W,A" >
=< W, (=) f'(WyoA")>.

Proof of Theorem 3.15. By Lemma 3.17 and Lemma 3.22, we get

gogi(£(Gi@) =1+ Y Jm@ W

W:words

where

J W) (z) = (=DM Lid (z) ifwWeM,
JW)(z) =T (WA )z =T (F(WA)) ()

=D (f/(WoA))(2)

= (=D)L, (@) EW=WA (r20,W e M),
J(W)(z) =0 ifW=A"(r>1.
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By Lemma 3.20, we obtain

Gi =14+ Y JW@)W

W:words
W:words n=0 )

Then, by a direct calculation, we can show the explicit formula in Theo-
rem 3.15. i

Notation 3.23. We denote the involution of Aép which exchanges A and B
. A A
by 7 : Acp — ACP.
By Proposition 3.8, we get
Lemma 3.24.

Gl =14 Y  Jo(x(W)( —2)-W.

W:words

Examples 3.25. The following is a low degree part of G{j(A, B)(z).

l a 2
GY(A, B)(2) = 1 + (log" 2)A + log®(1 — 2) B + @Az — Li%(z)AB
loo?(1 — 2 loo® 3
1 {LiS(2) + (log® Dlog(1 — )} BA + 128 (2 N gy (0g6 43

— Li{(2)A’B + {2Li§(2) + (log" 2)Li§(z)} ABA + Lif ,(z) AB®
(log® 2)*log"(1 — z)
2
log® z{log2“(1 — Z)}z] B2A

- |:Li§‘(z) — (log" z)Li5(z) — i|BA2 + Li5 (z)BAB

- |:Lii2(z) + Lig,l(z) -

N {log"(1 — z)}333

G 4o,

3.3. Explicit formulae of the p-adic Drinfel’d associator

In this subsection, first we give a proof of Theorem 2.18 and then give an
explicit formula to express each coefficient of the p-adic Drinfel’d associator
@& (A, B). The technique employed here is essentially a p-adic analogue
of that employed in [LM] Appendix A.

Lemma 3.26.
lim'e *Gi(e) = 1.
e—0

ecC,
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Proof. Since P%(u) = G§(u) - u=* lies in A(]O[)®A@p and takes value 1
atu = 0 by Tl}f:orem 3.3, we get an expression P“(u) = 1 + uk(u) where
k(u) € A(]O[)®A€P. Thus

lim'e *Gi(e) =lim'e 4 P (e)e?

e—0 e—0

EECI; EEC]J

zling)'l + € - exp{—log®(€)A} - k(€) - exp{log®(€)A}.
€e—

ecC,

By taking its word expansion and applying Lemma 2.14 in each term, we
get the lemma. m|

Although liII(l) Gg(e)e*A = 1 by definition and lin(l)’ E*AGS(E) = 1 by
€—> €—>
ecC) ecCyp
Lemma 3.26, ling)e_AG(“)(e) = 1 does not hold.
€—>

eeC,
Lemma 3.27.
1%’6*303(1 —€)=®r,(A,B).
eeC,
Proof. By Proposition 3.8 and Lemma 3.26, we get
!ig(l)’e*Bqu(l —€) = gig%’e*BGg(B, A)e) = 1.
€eC, €eCy
Thus
li_lj(l)’e’BGg(l —€) = li_%’e’BG‘l’(l —€)®r (A, B) = D% (A, B).
eeC, eeCp O
It is interesting to compare 221(1)’ e BG4(1 — ) = ®%,(A, B) in Lem-

ecC)
ma 3.27 with ling)’e_A Gi(e) = 1 in Lemma 3.26.
e—

ecC,
Proof of Theorem 2.18. By Lemma 3.27, we obtain

lim' (Z%B”)-(H > W) —e W):cpzz(A, B).

eeC, n=0 W:words

Therefore especially for a word W € A - A., we see that lin(l)’J l“,(W)(l —€)

ecC,
converges to the coefficient of W on ®@% (A, B). Thus for each word W =
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At B ANTIB (ki = 1) where ky, > 1, we can say that lim'J5 (W)(1—€)
ecC,
= (—1)’”ling)’Li,fl . t. (I =€) (cf. Theorem 3.15.(a)) converges. O
€—> vmm

ecCy

Notation 3.28. (1) Put M = A-A.-B = {A- F - B|F € A.}, which
is a Q-linear subspace of A.. Note that there is a natural surjection
from A. to A. / (B - A.+ A.- A). By identifying the latter space with
Q 1+M=Q- -1+ A-A.-B), we obtain the Q-linear map f : A. —»

A./(B AvtACA) S Q1+ M A Abusively we denote by f
the C,-linear map A@p — Aép induced by f : A. — A..

(2) For each word AP B11AP2B92 ... APk B (p;, q; > 1) in M, we define

Z,(W) : = lim'Lify (1 = ¢)
ecC,
=, L+ L1 L+ 1 L+ 1),
—— ~——
g1 qgr-1—1

By extending linearly, we get the Q-linear map Z, : M — C, which
sends each word Win M to Z,(W) € C,.

We already know that Z,(W) is independent of any choice of branch
parameter a € C, by Theorem 2.13 and lies in Q, by Theorem 2.25.

Remark 3.29. By combining Lemma 3.27 with Theorem 3.10, we get an-
other proof of branch independency (Theorem 2.13) of the value
lin}’ Liy, .. (2) fork, > 1.
7= oo

2eCp—{1}

Theorem 3.30 (Explicit Formulae). Expand the p-adic Drinfel’d associ-

ator: ¢QZ(A, B) =1+ Y I,(W)W. Then each coefficient I,(W) can
W:words

be expressed as follows.

(a) When W isin M, 1,(W) = (=)W z,(W).

(b) When W is written as B"VAS(r,s >0,V € M),

LW) = (=PW 3 (-, ( f(B%o B™“VAS™ o Ab)).
0<a<r,0<b<s
(c) When W is written as B"AS(r, s > 0),
LW) = (=)»W N~y ( (B o BA o Ab)>.
0<a<r,0<b<s

The proof of this theorem will be given in the end of this subsection.
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Remark 3.31. (1) These explicit formulae are the p-adic version of those
given in [F1] Proposition 3.2.3.

(2) Suppose that k; > 1 and k,, = 1. In the complex case, (—1)"I(A*~'B
..~ AM=IB) (for I(-), see [F1] Proposition 3.2.3) is called the regu-
larized MZV corresponding to A*~1B ... A= B (just something like
a modification of the divergent series ¢(ky, - - , kyn—1, 1)), see for ex-
ample [IKZ]. Therefore we may call (—l)ml,,(Akm*I B-.- AM~1B) by
the regularized p-adic MZV corresponding to Ak»~!'B ... Aki=1p,

Lemma 3.32.
(L, (A, B) =1+ Z 1,(W)W.
WeM:words
Proof. Apply f term by term. m|
Lemma 3.33.
F(@R A B)=1+ > (=D)"Mz, W) W.
WeM:words
Proof. It follows from Theorem 3.15.(a) and Lemma 3.27. |

By combining Lemma 3.32 and Lemma 3.33, we get Theorem 3.30.(a).

Notation 3.34. Let Ag [la, BIl == Ag &C,lla, B1] be the two variable

formal power series ring with coefficients in the non-commutative algebra
Aép. Let g : Aép — Aéﬁ[[a, B1] be the algebra homomorphism which

sends A, Bto A —«, B — f8 respectively and let g; : Aép[[a, Bl — Aép
be the well-defined C,-linear map which sends W ® a” 87 to BIWA? for
each word W and p, g > 0.

Consider the C,-linear map g, o g; : Aép — Aép.

Lemma 3.35. g,o0g;0 f =g 0g;.
Proof. By definition, we get easily g, o g1(VA) = 0and g, 0 g;(BV) =0
for Ve Ag . m]
P
Lemma 3.36. @, ,(A, B) = g, 0 g1(f(Pk4(A, B))).
Proof. By Lemma 3.35, we get
g0 81(f(Pkz(A, B))) =gr0g1(Pk,(A, B)). (3.4)

Both Gj(A—a, B—p)(u)andu™*(1— u)PGy(A, B)(u) are solutions of the
p-adic differential equation fi—f(u) = (Au;“—l—%)G(u) in A%M@Aéﬂ[[a, Bl

A—a

and satisfy the same asymptotic behavior G (1) ~ u as u — 0. By the
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uniqueness of solutions of the above p-adic differential equation (which can
be shown in a way similar to Proposition 3.6), we get

G4(A —a, B—B)(u) =u*(1 —u) PGo(A, B)(u).
Similarly we get
GY(A—oa, B—B)wu) =u(1—u)"G(A, B)(u).
Therefore
GY(A—a, B—B)(u) 'G4(A —a, B—B)(u)
= G{(A, BY() ™' G{(A, B)(w),
from which it follows that
Py, (A —a, B—p) =D, (A, B).
Thus we get,
8 0 81(P%,(A, B)) = P%,(A, B). (3.5)

From (3.4) and (3.5), it follows that @%,(A, B) = g 0 g1(f (P, (A, B))).
O

Notation 3.37. We denote F : A. — A. to be the graded Q-linear map

which sends each word (or 1) W = B"W/'A* (r,s 20, W € Mor W = 1)

to Y (=D (B0 B*W A*b o AP). We note that ImF C M.
0<a<r,0<b<s

Lemma 3.38. The linear map F is the transpose of g, o g1.
Proof. By an argument similar to Lemma 3.22, we can prove this lemma. O

Proof of Theorem 3.30. By combining Lemma 3.33 with Lemma 3.36 and
Lemma 3.38, we can show the explicit formulae in Theorem 3.30 by an
argument similar to the proof of Theorem 3.15. m|

Examples 3.39. The following is a low degree part of the p-adic Drinfel’d
associator @4 ,(A, B).
@8, (A, B)=1—¢,(2)AB +¢,(2)BA — ¢,(3)A*B +2¢,(3)ABA

+¢,(1,2)AB* — ¢,(3)BA* — 2¢,(1,2) BAB + ¢,(1,2) B*A
— {,(HA’B +3¢,(4)A*BA + ¢,(1,3)A> B* — 3¢,(4) ABA?
+¢,(2,2)ABAB — (2¢,(1,3) + ¢,(2,2))AB*A — ¢, (1, 1,2)AB’
+¢,(9)BA* — (2¢,(1,3) + ¢,(2,2)) BA’B + (4¢,(1, 3)
+¢,(2,2))BABA +3¢,(1,1,2) BAB* — ¢,(1,3) B*A?
—3¢,(1,1,2)B*AB + ¢,(1, 1,2) B> A + - - - .
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3.4. Proofs of main results and functional equations among p-adic
multiple polylogarithms

Here we show functional equations among p-adic MPL’s in Theorem 3.40
and give proofs of Theorem 2.22 and Theorem 2.28.

Theorem 3.40 (Functional Equation among p-adic MPL’s). Let W be
a word and 7 € P! (C,)\{0, 1, o0}, then

WA —2= Y T{W))@) - LW
W', W” :words
WZW/W//

For J;’, I, T, see Theorem 3.15, Theorem 3.30 and Notation 3.23 re-
spectively. This formulae may be regarded as a functional equation among
p-adic MPL’s because J ;‘(r(W’))(z) (resp. I,(W")) is expressed in terms
of p-adic MPL’s (resp. p-adic MZV’s).

Proof. Tt follows from G{(A, B)(z) = G{(A, B)(2) - @I’;Z(A, B) and Lem-
ma 3.24. m|

Examples 3.41. Puta € C,,.
(a) Take W = BAB. Then we get
Li5 (1 —2) = 2Li5(z) — log“(2) Li5(2) — ¢, (2)log"(2) — 2¢,(3).
(b) Take W = BA?B. Then we get
Li5 (1 — z) = = 2Li{ ;(z) — Li5 ,(2) + log"(z) Li{ ,(2)
+ £, (2)Li5(2) — §,(3)log"(2) — 2¢,(1, 3) — §,(2,2).
(c) Take W = AB. Then we get
Lis(1 —z) = —Li3(z) — log"(2)log"(1 — ) + §,(2).

This formula is equal Coleman-Sinnott’s functional equation of the
p-adic dilogarithm ([C] Proposition 6.4.(iii)) because ¢,(2) = 0 by
Example 2.19.(a).

Proof of Theorem 2.22. By the explicit formulae in Theorem 3.15 and
the functional equation of p-adic MPL’s in Theorem 3.40 combined with
Lemma 2.14, it is immediate to see that

lin}’ Jy(W)(1 —z) = I,(W) if it converges.
zeZCpf{]}

Theorem 2.22 is a special case for W = BAM»-1=1p... Aki—1p, O
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Notation 3.42. (1) Denote the subset of Aép consisting of formal Lie series
in Aép by Léﬂ and its topological commutator by [LAP, Lép]. We denote
exp L(@p (resp. exp [LAP, Lép] ) to be the subset of Aép consisting of
formal power series in AAP which is an exponential of an element in
ILA  (resp. [IL,A , Cp] ).

2) We define the (non commutative) A¢-algebra homomorphism

A A%01®Aép - A%ol®(Aép®Aép)
C, C, C,

to be the homomorphism which is deduced from A(A) = AQI+1® A
and A(B)=B®1+1® B.

Proposition 3.43. A(®},) = &L, 2%,
Proof. Puta € C,,. By the following calculations,

A(G(A, BYw)) = G§(A(A), AB))(u) ~ u®™P as u — 0,
dA(G4(A, B dG4(A(A), A(B
( 2( ))(u): 6(AA), A( ))(u)
u du
_ (A(A) N A(B)
u —1

A(A)  A(B
:( ( )+£) A(G§(A, B)(w)),

G4(A, BYw)®GA(A, B)() = (G4(A, BYw)®1) - (18GE(A, B)u)1)
~ ut@ut as u — 0,
d(G4(A, BYu)®GE(A, B)(w))
du
(G3(A, BYw)B1) - (1IBGA(A, B)(u))}

) G§(A(A), A(B))(u)

u

d
du
di Gi(A, B)(u))®1} {1®G"(A B)(u)}

e,

ey pwar] - [185 Gy Bw))

_ (A B G%(A, BY(w)®1 1®G4(A, B
= (;—i_u—l)' oA, B)(W)® }{@ o(A, )(u)}
+ {GS(A, B)(u)@l}-{@ (A +i> GY(A, B)(u)}

_ (AB1+184 BBl +18I
B u u—1

) {Gia B@d6sa, Bw),
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we see that both A(G¢(A, B)(u)) and G4(A, B)(u)®G4(A, B)(u) are so-
lutions in A%m@ (Aép @Aé] ) of the p-adic differential equation
CP CP "

dH  (AA)  AB))
E(I)_< t Jrt—l) H®)

which satisfies H(f) ~ t*®t* as t+ — 0. Because of the uniqueness of
solution for above p-adic differential equation (which can be shown in
a similar way to Proposition 3.6), we get

A(G§(A, BY(w)) = G4(A, BY@)®G(A, B)(u).
Similarly we get
A(Gi(A, B()) = G{(A, BYWBG{(A, B)(w).
Therefore
A(®f,) = A(GI(A, BYw) ™" - G(A, B)(w))
= A(GI(A, BYw)) ™" - A(GUA, B)(w))
= (G4(A, BYWBGI(A, BY) ™" - (G4(A, BYW)BGY(A, BYw))
= (G{(A, BYw)™" - G{(A, BYw))®(G (A, B)(w)~" - G§(A, B)(w))
= QDI];Z@@I[;Z‘ O
Lemma 3.44. Put a € C,. Denote gy(a, B)(z) and g{(a, B)(z) to be
the images of G3(A, B)(z) and G{(A, B)(z) by the natural projection
ALlTA, Bll — A¢lla, Bl] sending A (resp. B) to o (resp. B), where

Ad g lle, ﬂ]].is the two variable commutative formal power series ring with
A¢, -coefficients. Then

g B =gl B =0 -2)F in  Agylle, Bll.

Proof. Both gg(ct, B)(z) and z%(1 — z)# are solutions in A¢qlle, B1] of the
p-adic differential equation

d_H[— g i H(t
a’t()_<t+t—1>' @

which satisfy H(f) ~ t* as t — 0. By the uniqueness of solution of the
above p-adic differential equation (which can be shown in a similar way to
Proposition 3.6), we get

gh(a, f)(2) =2°(1 — 2)F.
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Similarly we get

g, B)(2) = 2*(1 — o).

Therefore

g, B)(2) = gi(a, P)(z) = 2°(1 — 2)°. O

Theorem 3.45. @% (A, B) € exp [L(A:,,’ Lé,,]-

Proof. By Proposition 3.43, we see that %, is group-like, which means
that CD,’;Z(A, B) € exp Lép (see [Se] Part I Ch IV Sect. 7). It follows from
Lemma 3.44 that

@y, (A, B) = G{(A, B)(2)"'G§(A, B)(2) € exp [Lg,, L¢, |. O

Corollary 3.46 (Shuffle product formulae). For each word W and
W eM,

Z,(W) - Z,(W) = Z,(Wo W).

Proof. Consider the graded Q-linear map 7, : A. — Z_(p ) which sends

each word W to I,(W) € Z_(p) (for 1,(W), see Theorem 3.30). Then by
Proposition 3.43, we obtain the shuffle product formulae 7,(W) - 1,(W’') =
1,(Wo W) on Q,, for each word W' and W”. By Theorem 3.30, we get the
corollary. m|

Proof of Theorem 2.28. It follows immediately from Corollary 3.46. O
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